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1. Introduction

This report provides a comprehensive overview of the author’s recent research [35, 36, 30, 37]
on the geometry of spaces of metrics on topological spaces, which will be compared with some
well-known results on the one of spaces of continuous functions. Given a topological space X, we
denote by C(X) the space of real-valued bounded continuous functions on X equipped with the
topology of uniform convergence. The space C(X) is a Banach space with the sup-norm ‖ · ‖: for
any f ∈ C(X),

‖f‖ = sup{|f(x)| | x ∈ X},
and it admits the sup-metric. Let PM(X) and AM(X) be the spaces consisting of bounded
continuous pseudometrics and bounded admissible metrics on X, that is, metrics inducing its
topology, respectively, both of which are subspaces of C(X2). As is easily observed, PM(X) and
AM(X) are cones in the Banach space C(X2). In this report, we shall investigate the topological
and metric structures of these function spaces.
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2. Recognizing topologies on spaces of metrics

Infinite-dimensional topology has developed together with the study of function spaces. Rec-
ognizing topologies on function spaces is one of the most important issues in that area. It is
known that every infinite-dimensional Banach space is homeomorphic to a Hilbert space of the
same density (cf. [1, 31, 52, 53]). In particular, we have the following:

Theorem 2.1. For an infinite space X, the Banach space C(X) is homeomorphic to a Hilbert
space of the same density.

Research in this direction has advanced, and the topologies on many function spaces have been
identified. In this section, we will decide the topological types of spaces consisting of metrics.

2.1. The Borel complexity and the complete metrizability of spaces of metrics. In the
recognition of infinite-dimensional manifolds among function spaces, finding their Borel complexity
plays a significant role. In this subsection, we shall study the Borel complexity and the complete
metrizability of spaces of metrics, which summarizes the paper [36]. Recall that for a topological
space X, the sup-metric is complete on C(X2). The subspace PM(X) is closed in C(X2), refer to
the proof of [29, Lemma 5.1], so it is also complete. Y. Ishiki [27] showed that the space consisting
of admissible metrics (not only bounded admissible metrics) on X with the topology of uniform
convergence, that is, an extended space of AM(X), is a Baire space, and hence its open subspace
AM(X) is also Baire. It is well-known that completely metrizable spaces are Baire (the Baire
Category Theorem, cf. [44, Theorem 2.5.1]), however the inverse does not hold. For example, the
space R× (0,∞)∪Q×{0}, where R is the real line and Q is the set of rationals, is Baire but not
completely metrizable. Whether is AM(X) always completely metrizable or not?

Given a metrizable space Y , let A0(Y ) be the family of open sets in Y , and let M0(Y ) be the
one of closed sets in Y . For a natural number n, define inductively the collections

An(Y ) =

{ ⋃
k<ℵ0

Ak

∣∣∣∣∣ Ak ∈ ⋃
m<n

Mm(Y )

}
and Mn(Y ) =

{ ⋂
k<ℵ0

Ak

∣∣∣∣∣ Ak ∈ ⋃
m<n

Am(Y )

}
.

Denote by An (respectively, Mn) a class of spaces X such that X is belonging to An(Y ) (respec-
tively, Mn(Y )) for every metrizable space Y which contains X as a subspace. We call An and Mn

to be the absolute Borel classes. Recall the following:

• A0 = {∅} and M0 is the class of compact metrizable spaces.
• M1 is consisting of completely metrizable spaces (cf. [44, Theorem 2.5.2]).
• A1 is consisting of σ-locally compact metrizable spaces (σ-compact metrizable spaces in

the separable case) (cf. [48]).

The Borel complexity of spaces of metrics are restricted by the one of their underlying spaces as
follows:

Theorem 2.2. Let X be a metrizable space and n ≥ 1. If AM(X) is in An (respectively, Mn),
then X is in Mn (respectively, An).

By M(X), denote the space of bounded continuous metrics on a space X. Note that M(X)
coincides with AM(X) when X is compact, however that they are not coincident in general. For
an example, define d ∈ M([0, 1)) by

d(x, y) = min{|x− y|, 1− |x− y|},
so d /∈ AM([0, 1)). It follows from the similar argument as the proof of [29, Lemma 5.1] that M(X)
is a Gδ set in C(X2) if X is a σ-compact metrizable space, and that AM(X) is a Gδ set in C(X2)
if X is a separable locally compact metrizable space. Moreover, we have the following:



GEOMETRY ON SPACES OF METRICS 3

Proposition 2.3. If X is a σ-compact metrizable space, then AM(X) is Gδ in C(X2).

Proof. Since X is σ-compact, we can write X =
⋃
m<ℵ0 Xm, where Xm is a compact subset. Fix

any admissible metric dX ∈ AM(X). For m,n < ℵ0, set

U(m,n) = {d ∈ M(X) | d fulfills the property (?)}.
(?) There is δ > 0 such that for all x ∈ Xm and y ∈ X with d(x, y) < δ, dX(x, y) + δ < 2−n.

Then we get that

AM(X) =
⋂
m<ℵ0

⋂
n<ℵ0

U(m,n),

and that each U(m,n) is open in M(X). �

As a corollary of Theorem 2.2 and Proposition 2.3, we can give an equivalent condition on the
complete metrizability of AM(X) as follows:

Corollary 2.4. Assume that X is a separable metrizable space. Then X is σ-compact if and only
if AM(X) is completely metrizable.

The following example contains a good technique to prove Theorem 2.2.

Example 2.5. Let Q = [0, 1]∩Q and P = [0, 1]∩ (R \Q). Suppose that X is the topological sum
P ⊕ (0, 1], so AM(X) is not completely metrizable. Indeed, for each q ∈ Q, define dq ∈ AM(X) by

dq(x, y) =

 |x− y| if (x, y) ∈ P 2 or (0, 1]2,
|x− q|+ y if x ∈ P and y ∈ (0, 1],
x+ |y − q| if x ∈ (0, 1] and y ∈ P.

Then the set
{dq ∈ AM(X) | p ∈ Q}

is a closed subset isometric to Q, which is not completely metrizable.

F. Hausdorff [18] showed the metric extension theorem, which states that for every metrizable
space X and its closed set A, any d ∈ AM(A) can be extended over X. We can get its pseudometric
version, where their sup-norms are preserved.

Theorem 2.6. Suppose that X is a metrizable space and A ⊂ X is a closed subset. For each
d ∈ PM(A), there exists d̄ ∈ PM(X) such that d̄|A2 = d and ‖d̄‖ = ‖d‖. Moreover, when
d ∈ AM(A), we can choose its extension d̄ ∈ AM(X).

This extension theorem has been developed due to the efforts by C. Bessaga [11, 7], T. Banakh
[5, 7], O. Pikhurko [43] and M. Zarichnyi [62] (see also [9] for the variable domains case and [26]
for the unbounded case), and we can obtain the following extensor on spaces of metrics.

Theorem 2.7. Let X be a metrizable space and A ⊂ X be a closed set. Then there exists an
isometric embedding E : PM(A)→ PM(Y ) such that E(d)|A2 = d for all pseudometrics d ∈ PM(A)
and E(AM(A)) ⊂ AM(X).

These results will play key roles in constructing “nice” metrics instead of Urysohn’s lemma through-
out the report.

Observe the following basic properties on absolute Borel classes.

Remark 2.8. The following hold.

(i) All closed subspaces of certain metrizable space in an absolute Borel class also belong to
it.
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(ii) If a metrizable space is a union of a locally finite family consisting of subspaces belonging
to an absolute Borel class, then it is also belonging to the same one (cf. [16, 4.5.8 (a)]).

(iii) For a metrizable space X, X ∈ An, n ≥ 2, (respectively, X ∈ Mn, n ≥ 1,) if and only
if X ∈ An(Y ) (respectively, Mn(Y )) for some completely metrizable space Y (cf. [45,
Theorem 5.11.2]). If X /∈ A1, then there is a completely metrizable space Y such that
X /∈ A1(Y ).

For spaces A ⊂ X, denote the interior and closure of A in X by intX A and clX A, respectively.
Now we will provide a proof of Theorem 2.2.

Proof of Theorem 2.2. We only show the case that AM(X) ∈Mn. Suppose that X is not belonging
to An, and take a bounded complete metric space Y = (Y, ρ) so that X /∈ An(Y ) by (iii) of
Remark 2.8. Put B = X \ intY X and Z = clY B \X, so B /∈ An(Y ), Z /∈Mn and clY B = B ∪Z.
According to (ii) of Remark 2.8, we can find a locally finite open cover U of clY B such that
Z ∩ clY U /∈Mn, Z ∩ U ′ 6= ∅ and clY U ∩ clY U

′ = ∅ for some U,U ′ ∈ U . Fix any point a ∈ Z ∩ U ′
and choose a sequence {an} ⊂ X∩U ′ converging to the point a. Then A = {an} and B′ = B∩clY U
are closed in X, and Z ′ = Z ∩ clY U /∈Mn. Define i : Z ′ → AM(A⊕B′) by

i(z)(x, y) =

 ρ(x, y) if (x, y) ∈ A2 or B′2,
ρ(x, a) + ρ(y, z) if x ∈ A and y ∈ B′,
ρ(x, z) + ρ(y, a) if x ∈ B′ and y ∈ A.

Taking an extending map E : AM(A⊕B′)→ AM(X) according to Theorem 2.7, we have that the
composition E ◦ i is a closed embedding, which contradicts to (i) of Remark 2.8. �

2.2. The topological types of spaces of metrics. This subsection is devoted to determining the
topological types of spaces of metrics, which provides a summary of the paper [35]. A topological
space X is said to be generalized compact if every open cover of X has a subcover whose cardinality
is less than the density of X. When X is a separable metrizable space, the compactness coincides
with the generalized compactness. For an infinite cardinal κ, let `2(κ) be the Hilbert space of
density κ (see [44, p. 16]):

`2(κ) =

{
x ∈ Rκ

∣∣∣∣∣ ∑
γ<κ

x(γ)2 <∞

}
,

and denote `2(ℵ0) by `2 for simplicity. The symbol `∞ stands for the space of bounded sequences
with the sup-norm, which is homeomorphic to `2(2

ℵ0). We can classify the topologies of PM(X),
M(X) and AM(X) as follows:

Theorem 2.9. Let X be a metrizable space of density κ. Then PM(X) is homeomorphic to

(i) [0, 1)κ(κ−1)/2 if X is finite;
(ii) `2(2

<κ) if X is infinite and generalized compact;
(iii) `2(2

κ) if X is not generalized compact.

Theorem 2.10. Suppose that X is an infinite σ-compact metrizable space. Then the spaces M(X)
and AM(X) are homeomorphic to

(i) `2 if X is compact;
(ii) `∞ if X is not compact.

Using the following criterion due to T. Dobrowolski and H. Toruńczyk [15, Theorem 2], and
T. Banakh and R. Cauty [8, Theorem 2], we will prove Theorems 2.9 and 2.10, where a sufficient
condition is given for Gδ convex sets in Fréchet spaces to be homeomorphic to Hilbert spaces.



GEOMETRY ON SPACES OF METRICS 5

Theorem 2.11. Let C be a Gδ convex set in a Fréchet space. If the closure of C is not locally
compact, then C is homeomorphic to a Hilbert space. Especially, if C is not separable, then C is
homeomorphic to a non-separable Hilbert space.

It is shown that PM(X) is the closure of M(X) and AM(X) in C(X2).

Proposition 2.12. For every metrizable space X, AM(X) is dense in PM(X).

Proof. For each d ∈ PM(X) and each ε > 0, we will find ρ ∈ AM(X) with ‖d − ρ‖ ≤ ε. Fix any
admissible metric dX ∈ AM(X) of norm ≤ ε, and define ρ ∈ AM(X) by

ρ(x, y) = max{d(x, y), dX(x, y)}
for every (x, y) ∈ X2, which is the desired. �

We will estimate the densities of PM(X), M(X) and AM(X).

Lemma 2.13. If a metrizable space X contains a closed discrete subset of cardinality κ, then the
density of PM(X) is greater than or equal to 2κ.

Proof. Take a closed discrete subset D = {xγ ∈ X | γ < κ} and fix a point x0 ∈ D. We can define
a pseudometric da ∈ PM(D) for each sequence a = (aγ)γ<κ ∈ {0, 1}κ by

(1) da(x0, x0) = 0 and da(xγ, x0) = da(x0, xγ) = aγ for any 0 < γ < κ,
(2) da(xγ, xλ) = |da(xγ, x0)− da(xλ, x0)| for any 0 < γ ≤ λ < κ.

Note that the subset
{da ∈ PM(D) | a ∈ {0, 1}κ}

is closed and discrete in PM(D), and hence the density of PM(D) is greater than or equal to 2κ.
By virtue of the metric extension theorem 2.6, the restriction

PM(X) 3 d 7→ d|D2 ∈ PM(D)

is surjective, which implies that the density of PM(X) is also greater than or equal to 2κ. �

In the papers [10, 14], cardinal functions of topological spaces and their function spaces are
estimated by the generalized compactness of them. Combining the above lemma with several
results of those papers, we have the following:

Proposition 2.14. Suppose that X is a metrizable space of density κ. The density of PM(X) is
equal to 2<κ if X is infinite and generalized compact, and is equal to 2κ if X is not generalized
compact.

Now Theorems 2.9 and 2.10 are shown.

Proof of Theorem 2.9. We will prove only the infinite cases. Combining the latter part of Theo-
rem 2.11 with Proposition 2.14, we can establish (iii) immediately.

Similarly, to show (ii), it remains to verify that PM(X) is not locally compact. Fix any pseu-
dometric d ∈ PM(X) and any neighborhood U of d. Take ε > 0 such that if ‖d − d′‖ ≤ ε, then
d′ ∈ U . Since X is infinite and generalized compact, we can choose a point x ∈ X all of whose
neighborhoods are of density ≥ κ according to [10, Lemma 11]. Hence for any neighborhood V
of (x, x) in X2, there is y ∈ X such that x 6= y and (x, y) ∈ V . Applying Theorem 2.6, we can
obtain a pseudometric e ∈ PM(X) so that e(x, y) = ε and ‖e‖ = ε. Let ρ ∈ PM(X) be defined by
ρ = d+ e. Then ‖d− ρ‖ ≤ ε and ρ(x, y) ≥ ρ(x, x) + ε. By virtue of Arzerà-Ascoli’s Theorem (refer
to [41, Lemma 45.2]), the space PM(X) is not locally compact. �

Proof of Theorem 2.10. Recall that PM(X) is the closure of M(X) and AM(X) by Proposition 2.12.
As is seem in the above proof, PM(X) is not locally compact. Applying Theorem 2.11, we can
prove Theorem 2.10. �
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2.3. Problems. The complete topological classification of PM(X) is obtained. In fact, they are
homeomorphic to a Hilbert space. In infinite-dimensional topology, it is known that for each
absolute Borel class, there is its universal space, which is a dense subset of a Hilbert space. Their
topological properties and characterizations have been studied, refer to [13, 60, 12, 47, 40, 33, 34]
and [45, Section 5]. Moreover, there are a lot of research on function spaces that are homeomorphic
to such spaces. In [23], the denseness and Borel hierarchy of function spaces consisting of several
kinds of metrics are investigated.

Problem 2.15. For a metrizable space X, which subspaces in PM(X) are homeomorphic to uni-
versal spaces for absolute Borel classes?

3. Isometric universality of spaces of metrics

In this section, we shall study the metric structures of spaces of metrics, which is based on a joint
work with Y. Ishiki [30]. Given a class C of metric spaces, we say that a metric space Z = (Z, d)
is universal for C if every X = (X, ρ) ∈ C can be isometrically embedded into Z. For an infinite
cardinal κ, let Sκ be the class of bounded metric spaces of density ≤ κ, and let S = Sℵ0 be the
one of bounded separable metric spaces. Denote by T the class of totally bounded metric spaces.
Note that T ⊂ S. There are many results on the universality of function spaces. S. Banach and
S. Mazur proved the following (see [4, Theorem 10 in Chapter XI]):

Theorem 3.1 (the Banach-Mazur theorem). The space C([0, 1]) is universal for S.

This section is devoted to giving variants of this famous theorem. Especially, we have the following:

Theorem 3.2. The space AM([0, 1]) is universal for T .

3.1. Banach-Mazur type theorems. The following is a key lemma, which can be proven by the
method based on Example 2.5.

Lemma 3.3. Let X = (X, d) be a bounded metric space. Then there exists an isometric embedding
from X into the space AM(X ⊕ {∗}).

Proof. We shall define I : X → AM(X ⊕ {∗}) as follows: for each z ∈ X,

I(z)(x, y) =


d(x, y) if x, y ∈ X;
d(x, z) + 1 if x ∈ X and y = ∗,
d(y, z) + 1 if x = ∗ and y ∈ X,
0 if x = y = ∗.

Then the map I is an isometric embedding. �

We will investigate the universality of spaces of metrics on topological universal spaces.

Theorem 3.4. Let C be a class of bounded metric spaces and Z be a metrizable space. Assume
that the following condition is satisfied:

(†) For each X = (X, d) ∈ C, there is a bounded metric space Y = (Y, ρ) containing X as a
subspace such that ρ|X2 = d, and there exists a closed topological embedding from Y ⊕ {∗}
to Z.

Then the space AM(Z) is universal for C.

Proof. Take an extension Y = (Y, ρ) of X = (X, d) ∈ C as in (†), and let i : X → Y be the inclusion
map. It follows from Lemma 3.3 that there exists an isometric embedding I : Y → AM(Y ⊕ {∗}).
By virtue of Theorem 2.7, we can obtain an isometric extensor E : AM(Y ⊕ {∗}) → AM(Z).
Consequently, the composition J = E ◦ I ◦ i is an isometric embedding from X to AM(Z). �
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Let κ be an infinite cardinal. For every completely metrizable space Z of density ≤ κ, there
exists a topological embedding f : Z → `2(κ) such that the image f(Z) is closed in `2(κ), see [44,
Theorem 6.2.4]. We denote by Q = [0, 1]ℵ0 the Hilbert cube. According to the method of the proof
of the Urysohn metrization theorem (see [41, Theorem 34.1]), Q admits a topological embedding
from any compact metrizable space.

Theorem 3.5. The following statements are true.

(1) For every infinite cardinal κ, the space AM(`2(κ)) is universal for Sκ.
(2) The space AM(Q) is universal for T .

Proof. For every bounded metric space X = (X, d), take the completion X = (X, d̄) of X. Then
the extended space X ⊕ {∗} is a completely metrizable space of density ≤ κ if X ∈ Sκ, and is a
compact metrizable space if X ∈ T . Therfore the condition (†) in Theorem 3.4 is fulfilled. �

As is easily observed, we have the following.

Lemma 3.6. Let X be a metrizable space. For every d ∈ PM(X) and every ρ ∈ AM(X), their
sum d+ ρ ∈ AM(X).

Applying the above lemma, we can prove the following:

Lemma 3.7. Let C be a class of metric spaces, and let X be a metrizable space. If PM(X) is
universal for C, then so is AM(X).

Proof. Fixing any admissible metric d ∈ AM(X), we can construct an isometric embedding Id :
PM(X)→ AM(X) defined by Id(ρ) = ρ+ d due to Lemma 3.6. �

Let X and Y be metrizable spaces, and f : X → Y be a continuous map. Then we can define
an operator Jf : PM(Y )→ PM(X) by Jf (d)(x, y) = d(f(x), f(y)).

Lemma 3.8. Let X and Y be metrizable spaces, and let f : X → Y be a continuous surjection.
If AM(Y ) is universal for a class C of metric spaces, then so is AM(X).

Proof. As is easily observed, the map Jf : PM(Y ) → PM(X) is an isometric embedding. Let
Id : PM(X)→ AM(X) be an isometric embedding as in Lemma 3.7 for any fixed d ∈ AM(X), so
we can construct the desired isometric embedding Id ◦ Jf |AM(Y ). �

Combining Theorem 3.5(2) with the above lemma, we have the following:

Theorem 3.9. Let X be a metrizable space such that there exists a continuous surjection from X
to the Hilbert cube Q. Then AM(X) is universal for T .

We are now in a position to prove Theorem 3.2.

Proof of Theorem 3.2. There exists a continuous surjection from [0, 1] to Q (the Hahn–Mazurkiewicz
theorem, see [61, Theorem 31.5]). Thus the closed unit interval [0, 1] satisfies the assumption of
Theorem 3.9. �

It is said that a metrizable space X is an absolute retract, briefly AR, provided that there is a
retraction r : Y → X of an arbitrarily metrizable space Y that contains X as a closed subspace.
Recall that X is an AR if and only if every map f : A → X from a closed set A in a metrizable
space Y extends over Y (cf. [44, Theorem 6.2.5]). We can establish the following as a corollary of
Theorem 3.9.

Corollary 3.10. For every uncountable Polish space X, the space AM(X) is universal for T .
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Proof. An arbitrary uncountable Polish space X contains a topological copy C of the Cantor set
(the Cantor–Bendixson theorem, refer to [32, Corollary 6.5]). Then there is a continuous surjection
f : C → Q (cf. [61, Theorem 30.7]). Since Q is an AR (cf. [45, Theorem 3.8.7]), we can obtain an
extension of f over X. Theorem 3.9 implies that AM(X) is universal for T . �

3.2. Kuratowski type theorems. Due to the same argument as Theorem 3.4, we can construct
some isometric embeddings from a given bounded metric space X = (X, d) into AM(X), that is
an analogue of the Kuratowski embedding theorem (cf. [19, p. 100]).

Theorem 3.11. Let X = (X, d) be a metric space satisfying either of the following:

(1) X contains a subset A such that A is uniformly homeomorphic to X and its closure clX A
is a proper subset of X;

(2) X contains a closed proper subset B homeomorphic to X.

Then there exits an isometric embedding from X into AM(X).

Proof. For a uniform homeomorphism f : (X, d) → (A, d|A2) in the case (1), there exists an
extended space Y = (Y, d̄) of X and a homeomorphism f̄ : Y → clX A such that d̄|X2 = d and
f̄ |X = f . By the assumptions (1) and (2), we can choose points p ∈ X \ clX A and q ∈ X \B, and
regard the extended spaces Y ⊕{∗} and X ⊕{∗} homeomorphic to the closed subsets clX A∪ {p}
and B ∪ {q} of X, respectively. It follows form the same argument as the proof of Theorem 3.4
that there exists an isometric embedding from X to AM(X). �

3.3. Problems. We obtain that the space AM([0, 1]) is universal for T . Compared with the
Banach-Mazur theorem 3.1, it is natural to ask the following:

Problem 3.12. Is AM([0, 1]) universal for S?

P. Urysohn constructed a separable metric space universal for S, which space is called the
Urysohn universal metric space (see [54, 55]). It is known that this space is homeomorphic to `2
(cf. [56]) and has not only that universality but also a kind of homogeneity for finite subsets. In
the category of ultrametric spaces, Y. Ishiki detected an analogue of the Urysohn universal metric
space among function spaces consisting of ultrametrics (cf. [24, 25, 28]).

Problem 3.13. Do the spaces PM(X) and AM(X) of a metrizable space X admit “nice” properties
like the Urysohn universal space?

4. Isometries between spaces of metrics

This section provides a concise overview of the paper [37]. Throughout this section, an isometry
means a surjective isometry. Isometries between function spaces have been studied in functional
analysis. The Banach-Stone theorem [3, 49], which asserts that the metric structures of function
spaces decide the topological ones of their underlying spaces, is one of the most important results
in that field.

Theorem 4.1 (the Banach-Stone theorem). Suppose that X and Y are compact Hausdorff spaces.
Then X and Y are homeomorphic if and only if C(X) and C(Y ) are isometric. In this case,
for every isometry T : C(X) → C(Y ), there is a homeomorphism φ : Y → X such that for all
functions f ∈ C(X) and for all points y ∈ Y ,

T (f)(y) = g(y)f(φ(y)), (∗)

where |g(y)| = 1.
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Various Banach-Stone type theorems have been researched (see [17] as a historical note), but there
seem to be very few studies addressing this issue on multivariate function spaces. In this section,
we shall establish a Banach-Stone type theorem on spaces of metrics. As will be easily observed
in the proof of Theorem 4.3, PM(X) and PM(Y ) (respectively, AM(X) and AM(Y )) are isometric
if metrizable spaces X and Y are homeomorphic. However, Theorems 2.9 and 2.10 mean that X
and Y are not necessarily homeomorphic even if PM(X) and PM(Y ) (respectively, AM(X) and
AM(Y )) are homeomorphic. In the case where X and Y are compact, M.E. Shanks [46] proved
the converse of it as follows:

Theorem 4.2. Suppose that X and Y are compact metrizable spaces. The following are equivalent:

(1) X and Y are homeomorphic;
(2) PM(X) and PM(Y ) are isometric;
(3) AM(X) and AM(Y ) are isometric.

As is seen in the Banach-Stone theorem, isometries between function spaces can be described
as weighted composition operators by homeomorphisms of their underlying spaces such as (∗).
Furthermore, D. Hirota, I. Matsuzaki and T. Miura [21] (cf. [50]) showed a Banach-Stone type
theorem on non-negative cones of continuous function spaces, where the isometries are composition
operators of weight = 1. On the other hand, Shanks did not give such a canonical formula. For a
metrizable space Z, set

Pc(Z) = {d ∈ AM(Z) | there are {z, w} ⊂ Z and a compact set K ⊂ Z

such that d(z, w) = ‖d‖ and if d(x, y) = ‖d‖, then x, y ∈ K},

Pp(Z) = {d ∈ AM(Z) | there uniquely exists {z, w} ⊂ Z such that d(z, w) = ‖d‖}.
Remark that Pp(Z) ⊂ Pc(Z), and that AM(Z) = Pc(Z) when Z is compact. Let P(Z) be either
Pc(Z) or Pp(Z). We shall generalize Theorem 4.2 and describe isometries as composition operators
as follows:

Theorem 4.3. Let X and Y be metrizable spaces. The following are equivalent:

(1) X and Y are homeomorphic;
(2) there is an isometry T : PM(X)→ PM(Y ) with T (P(X)) = P(Y );
(3) there is an isometry T : AM(X)→ AM(Y ) with T (P(X)) = P(Y );
(4) there is an isometry T : P(X)→ P(Y ).

In this case, for each isometry T : PM(X) → PM(Y ) with T (P(X)) = P(Y ), there exists a
homeomorphism φ : Y → X such that for any d ∈ PM(X) and for any x, y ∈ Y ,

T (d)(x, y) = d(φ(x), φ(y)). (∗)

Except for the case that the cardinality of X or Y is equal to 2, the homeomorphism φ can be
chosen uniquely.

4.1. The peaking function argument. We will prove Theorem 4.3 by using the peaking function
argument, which traces its history back to Stone’s method, and is different from Shanks’ one. From
now on, suppose that X and Y are non-degenerate metrizable spaces and T : PM(X) → PM(Y )
is an isometry. Then T is norm-preserving.

Proposition 4.4. For any d ∈ PM(X), ‖T (d)‖ = ‖d‖, and for any ρ ∈ PM(Y ), ‖T−1(ρ)‖ = ‖ρ‖.

Proof. This proposition follows from the equality T (0X2) = 0Y 2 immediately, where 0X2 ∈ PM(X)
and 0Y 2 ∈ PM(Y ) are the zero functions on X2 and Y 2 respectively. Assume that T (0X2) 6= 0Y 2 ,
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so there exist points x, y ∈ Y such that T (0X2)(x, y) > 0. Then

max{‖T (0X2)‖, ‖T−1(0Y 2)‖} <
∥∥∥∥2‖T (0X2)‖+ ‖T−1(0Y 2)‖

‖T (0X2)‖
T (0X2)

∥∥∥∥.
Since T is isometric, by the similar argument as in Lemmas 2.3 and 2.4 of [21],

2‖T (0X2)‖+ ‖T−1(0Y 2)‖ >
∥∥∥∥2‖T (0X2)‖+ ‖T−1(0Y 2)‖

‖T (0X2)‖
T (0X2)− T (0X2)

∥∥∥∥
=

∥∥∥∥T−1(2‖T (0X2)‖+ ‖T−1(0Y 2)‖
‖T (0X2)‖

T (0X2)

)∥∥∥∥
=

∥∥∥∥2‖T (0X2)‖+ ‖T−1(0Y 2)‖
‖T (0X2)‖

T (0X2)

∥∥∥∥
= 2‖T (0X2)‖+ ‖T−1(0Y 2)‖.

This is a contradiction. �

Given a metrizable space Z, let Fin2(Z) be the hyperspace consisting of non-empty finite sets in
Z of cardinality ≤ 2, which is endowed with the Vietoris topology. Denote by D(Z) the subspace
of doubletons of Z. For each {x, y} ∈ Fin2(Z) and each d ∈ PM(Z), set

P(Z, {x, y}) = {ρ ∈ PM(Z) | ρ(x, y) = ‖ρ‖},

F(Z, d) = {{z, w} ∈ Fin2(Z) | d(z, w) = ‖d‖}.
We can prove the following, which is a key lemma in this section.

Lemma 4.5. Let Z be a non-degenerate metrizable space. For each d ∈ PM(Z) and each {x, y} ∈
D(Z), there exists ρ ∈ P(Z, {x, y}) such that

d+ ρ ∈ P(Z, {x, y}) ∩ Pp(Z).

Proof. Adding an admissible metric e ∈ P(Z, {x, y}) with ‖e‖ = 1, we get that d′ = d+e ∈ AM(Z)
according to Lemma 3.6. Let a = d′(x, y) > 0 and

b = min
{

sup
z∈Z

d′(x, z), sup
z∈Z

d′(y, z)
}
.

Using Theorem 2.6, we can obtain ρn ∈ PM(Z) for each natural number n such that

(i) ρn(z, w) = 4b if z ∈ Bd′(x, a/2
n+1) and w ∈ Bd′(y, a/2

n+1);
(ii) ρn(z, w) = 2b if z ∈ Z \ (Bd′(x, a/2

n) ∪Bd′(y, a/2
n))

and w ∈ Bd′(x, a/2
n+1) ∪Bd′(y, a/2

n+1);
(iii) ρn(z, w) = 0 if z, w ∈ Z \ (Bd′(x, a/2

n) ∪Bd′(y, a/2
n)),

if z, w ∈ Bd′(x, a/2
n+1), or if z, w ∈ Bd′(y, a/2

n+1);
(iv) ρn(z, w) ≤ 4b if otherwise.

Here for every z ∈ Z and every r > 0, we write

Bd′(z, r) = {w ∈ Z | d′(z, w) < r}, Bd′(z, r) = {w ∈ Z | d′(z, w) ≤ r}.

Then ρ = e+
∑∞

n=1 ρn/2
n is the desired admissible metric. �

Using the finite intersection property in compact spaces (refer to [16, Theorem 3.1.1]), we can
get the following:
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Lemma 4.6. Suppose that T (P(X)) ⊂ P(Y ). For every doubleton {x, y} ∈ D(X),⋂
d∈P(X,{x,y})∩P(X)

F(Y, T (d)) 6= ∅.

Proof. Remark that P(X, {x, y})∩P(X) 6= ∅ by virtue of Lemma 4.5. According to the assumption,
fix any d0 ∈ P(X, {x, y})∩P(X), so T (d0) ∈ P(Y ) and there exists a non-empty compact setK ⊂ Y
such that for all z, w ∈ Y with T (d0)(z, w) = ‖T (d0)‖, z, w ∈ K. Since K is compact, the natural
surjective image Fin2(K) of K2 is also compact (cf. [58, Lemma 5.3.4]). Observe that F(Y, T (d))
is closed in Fin2(Y ) for every d ∈ P(X, {x, y}). Then the family

{F(Y, T (d)) ∩ F(Y, T (d0)) | d ∈ P(X, {x, y})}

has the finite intersection property.
In fact, for all di ∈ P(X, {x, y}) ∩ P(X), 1 ≤ i ≤ n, observe that

d =
n∑
i=1

di ∈ P(X, {x, y}).

By the assumption, we can find {z, w} ∈ Fin2(Y ) such that T (d)(z, w) = d(x, y). For each
i ∈ {1, . . . , n}, since T is isometric,

T (d)(z, w)− T (di)(z, w) ≤ ‖T (d)− T (di)‖ = ‖d− di‖ = d(x, y)− di(x, y),

and hence according to Proposition 4.4,

‖T (di)‖ = ‖di‖ = di(x, y) ≤ T (di)(z, w) ≤ ‖T (di)‖.

This means that {z, w} ∈ F(Y, T (di)). �

We can construct the following corresponding between D(X) and D(Y ).

Proposition 4.7. Assume that T (P(X)) = P(Y ). There is a bijection Φ : D(Y ) → D(X) such
that for every {x, y} ∈ D(X) and every {z, w} ∈ D(Y ),

T (P(X, {x, y}) ∩ P(X)) = P(Y,Φ−1({x, y})) ∩ P(Y ),

T−1(P(Y, {z, w}) ∩ P(Y )) = P(X,Φ({z, w})) ∩ P(X).

Proof. We can define Φ by

{Φ({z, w})} =
⋂

ρ∈P(Y,{z,w})∩P(Y )

F(X,T−1(ρ))

for each {z, w} ∈ D(Y ), since the intersection is not empty by Lemma 4.6, and it is a singleton by
virtue of Lemma 4.5. �

4.2. Composition operators. Show that the isometry T is a composition operator by some
homeomorphism φ : Y → X. From now on, assume that T (P(X)) = P(Y ), and let Φ : D(Y ) →
D(X) be a bijection as in Proposition 4.7.

Proposition 4.8. The equality T (d)(x, y) = d(Φ({x, y})) holds for every d ∈ PM(X) and every
{x, y} ∈ D(Y ), where define d(Φ{x, y}) = d(z, w) with Φ({x, y}) = {z, w} ∈ D(X).
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Proof. We only prove that T (d)(x, y) ≤ d(Φ({x, y})). Using Lemma 4.5, we can take ρ ∈
P(Y, {x, y}) so that T (d) + ρ ∈ P(Y, {x, y}) ∩ P(Y ). By Propositions 4.7 and 4.4, since T is
an isometry,

T (d)(x, y) + ρ(x, y)− d(Φ({x, y})) = T−1(T (d) + ρ)(Φ({x, y}))− d(Φ({x, y}))
≤ ‖T−1(T (d) + ρ)− d‖ = ‖ρ‖ = ρ(x, y),

which implies that T (d)(x, y) ≤ d(Φ({x, y})). �

We shall construct a homeomorphism from Y to X which is compatible with the bijection Φ.

Proposition 4.9. Suppose that the cardinality of X or Y is greater than 2. There exists a home-
omorphism φ : Y → X such that for any {x, y} ∈ D(Y ) and any {z, w} ∈ D(X),

Φ({x, y}) = {φ(x), φ(y)}, Φ−1({z, w}) = {φ−1(z), φ−1(w)}.

Proof. We can define a bijection φ : Y → X by

{φ(y)} =
⋂

z∈Y \{y}

Φ({y, z})

for every y ∈ Y . To verify that φ is continuous, fix any point y ∈ Y and any open neighborhood U
of φ(y) in X. According to Theorem 2.6, we can find d ∈ PM(X) so that d(φ(y), x) = 2 if x ∈ X\U ,
and d(x, x′) = 0 if x, x′ ∈ X \ U . Then by Proposition 4.8, for every z ∈ BT (d)(y, 1) \ {y},

d(φ(y), φ(z)) = d(Φ({y, z})) = T (d)(y, z) < 1,

which implies that φ(z) ∈ U . �

The subspace AM(Z) is dense in PM(Z), see Proposition 2.12. Furthermore, we can obtain the
denseness of P(Z) ⊂ PM(Z) by the similar argument as Lemma 4.5.

Proposition 4.10. For every metrizable space Z, the subset P(Z) is dense in PM(Z).

Now we shall prove Theorem 4.3.

Proof of Theorem 4.3. The implications (1)⇒ (2), (1)⇒ (3) and (1)⇒ (4) follow from Lemma 3.8.
Indeed, take any homeomorphism ψ : Y → X and define the isometry S : PM(X) → PM(Y ) by
S(d)(x, y) = d(ψ(x), ψ(y)) for any d ∈ PM(X) and for any x, y ∈ Y , namely S is the composition
operator by ψ. Observe that S(AM(X)) = AM(Y ) and S(P(X)) = P(Y ). By Propositions 2.12
and 4.10, AM(X) and P(X) are dense in PM(X), and hence each isometry in (3) and (4) can be
extended to the one in (2), which means that (3) ⇒ (2) and (4) ⇒ (2) hold.

The implication (2) ⇒ (1) and the canonical formula (∗) hold from Propositions 4.8 and 4.9.
To show the uniqueness of φ, let ψ : Y → X be a homeomorphism such that for all d ∈ PM(X)
and for all x, y ∈ Y , T (d)(x, y) = d(ψ(x), ψ(y)), and suppose that φ(x) 6= ψ(x) for some point
x ∈ Y . Fixing any y ∈ Y \ {x, φ−1(ψ(x))}, we can choose ρ ∈ PM(X) so that ρ(φ(x), φ(y)) = 0
and ρ(ψ(x), ψ(y)) = 1 by Theorem 2.6. Then

0 = ρ(φ(x), φ(y)) = T (ρ)(x, y) = ρ(ψ(x), ψ(y)) = 1,

which is a contradiction. �
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4.3. Problems. There are many variants of the Banach-Stone theorem for subspaces of C(Z) on
topological spaces Z, so it is interesting to consider this issue for subspaces of PM(Z). The author
[38] showed a Banach-Stone type theorem on the subspaces consisting of uniformly continuous
metrics on uniform spaces, which is an analogue of [2, 20]. Furthermore, given a metric space
Z = (Z, dZ), let

LPM(Z, dZ) = {d ∈ PM(Z) | lip(d) <∞},
where for any d ∈ PM(Z), put

lip(d) = sup
x,y∈Z with x 6=y

d(x, y)

dZ(x, y)
.

The author also established Banach-Stone type theorems for LPM(Z) and its subspaces. A variant
of the Banach-Stone theorem for spaces of Lipschitz continuous functions with the Lipschitz norm
was shown by N. Weaver [59].

Problem 4.11. Solve a Banach-Stone type theorem for LPM(Z) equipped with the other norm:

‖d‖lip = max{‖d‖, lip(d)}.

Tingley’s problem [51] is one of the most significant questions in functional analysis, that asks
whether an isometry between the unit spheres of two Banach spaces can be extended to a real-
linear isometry over the whole spaces (cf. [42] and [22, Introduction] for the recent developments).
T. Banakh [6] solved the problem for 2-dimensional Banach spaces affirmatively. Although this
question remains open in general case, it has been solved for specific function spaces since the
study due to R. Wang [57]. The author [39] solved a variant of Tingley’s problem on function
spaces consisting of metrics on compact metrizable spaces.

Problem 4.12. Solve Tingley type problem of function spaces consisting of metrics in the non-
compact case.

Acknowledgments. The author would like to express his deepest gratitude to Yoshito Ishiki,
who initiated the study of spaces of metrics as moduli spaces of geometries of their underlying
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[18] F. Hausdorff, Erweiterung einer Homöomorphie, Fund. Math. 16 (1930), 353–360.
[19] J. Heinonen, P. Koskela, N. Shanmugalingam and J. Tyson, Sobolev spaces on metric measure spaces, An

approach based on upper gradients, New Math. Monogr., 27 Cambridge University Press, Cambridge, 2015.
[20] S. Hernández, Uniformly continuous mappings defined by isometries of spaces of bounded uniformly continuous

functions, Houston J. Math. 29 (2003), no. 1, 149–155.
[21] D. Hirota, I. Matsuzaki and T. Miura, Phase-isometries between the positive cones of the Banach spaces of

continuous real-valued functions, Ann. Funct. Anal. 15 (2024), no. 4, Paper No. 77, 11pp.
[22] O. Hatori, The Mazur-Ulam property for a Banach space which satisfies a separation condition, Research on

preserver problems on Banach algebras and related topics, RIMS Kôkyûroku Bessatsu, B93, 29–82, Res. Inst.
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[32] A.S. Kechris, Classical descriptive set theory, Grad. Texts in Math. 156, Springer-Verlag, New York, 1995.
[33] K. Koshino, Characterizing non-separable sigma-locally compact infinite-dimensional manifolds and its appli-

cations, J. Math. Soc. Japan 66 (2014), 1155–1189.
[34] K. Koshino, Characterizations of manifolds modeled on absorbing sets in non-separable Hilbert spaces and the

discrete cells property, Colloq. Math. 167 (2022), 127–147.
[35] K. Koshino, Recognizing the topologies of spaces of metrics with the topology of uniform convergence, Bull. Pol.

Acad. Sci. Math. 70 (2022), 165–171.
[36] K. Koshino, On the Borel complexity and the complete metrizability of spaces of metrics, Anal. Geom. Metr.

Spaces (2024), Paper No. 20240014, 5 pp.
[37] K. Koshino, Isometries between spaces of metrics, Adv. Oper. Theory 10 (2025), 83, 16pp.
[38] K. Koshino, Banach-Stone type theorems on uniformly continuous and Lipschitz continuous pseudometrics,

Rev. R. Acad. Cienc. Exactas F́ıs. Nat. Ser. A Mat. 120, article number 129 (2026), 25 pp.
[39] K. Koshino, Isometries between the unit spheres of spaces of metrics, arXiv: 2606.25558 [math.FA].
[40] K. Mine, Universal spaces of non-separable absolute Borel classes, Tsukuba J. Math. 30 (2006), 137–148.



GEOMETRY ON SPACES OF METRICS 15

[41] J.R. Munkres, Topology, Second edition, Prentice Hall, Inc., Upper Saddle River, NJ, 2000.
[42] A.M. Peralta, A survey on Tingley’s problem for operator algebras, Acta Sci. Math. (Szeged) 84 (2018), no. 1–2,

81–123.
[43] O. Pikhurko, Extending metrics in compact pairs, (English, Russian summary) Mat. Stud. 3 (1994), 103–106.
[44] K. Sakai, Geometric Aspects of General Topology, Springer Monographs in Mathematics, Springer, Tokyo,

2013.
[45] K. Sakai, Topology of Infinite-Dimensional Manifolds, Springer, SMM, Springer, Tokyo, 2020.
[46] M.E. Shanks, The space of metrics on a compact metrizable space, Amer. J. Math. 66 (1944), 461–469.
[47] K. Sakai and M. Yaguchi, Characterizing manifolds modeled on certain dense subspaces of non-separable Hilbert

spaces, Tsukuba J. Math. 27 (2003), 143–159.
[48] A.H. Stone, Absolute Fσ spaces, Proc. Amer. Math. Soc. 13 (1962), 495–499.
[49] M.H. Stone, Applications of the theory of Boolean rings to general topology, Trans. Amer. Math. Soc. 41 (1937),

no. 3, 375–481.
[50] L. Sun, Y. Sun and D. Dai, On phase-isometries between the positive cones of continuous function spaces, Ann.

Funct. Anal. 14, (2023), No. 1, Paper No. 17, 12 pp.
[51] D. Tingley, Isometries of the unit sphere, Geom. Dedicata 22 (1987), no. 3, 371–378.
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