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1. Introduction
ෛͷΦΠϥʔΛͭ࣋ίϯύΫτϦʔϚϯ໘্ฏ໘H(୯Ґԁ൫ B)ͷ PSL2(R)
(PSU(1, 1))ͷ܈ࢄ Γ\H (Γ\B)Ͱද͞ΕΔ. ͜ͷݹయతͳҰҙԽఆཧ (Uniform-

mization)ͷHiggsଋΛ༻͍ͨผূ໌͕Hitchin[7]ʹΑΓ༩͑ΒΕ͍ͯΔ. Hitchinͷํ
๏ʹΑΓҰҙԽ͞ΕΔྲྀΕʹ͍ͭͯ֓͠؍Α͏. ίϯύΫτϦʔϚϯ໘M্ͷਖ਼ଇϕ
ΫτϧଋK−1/2 ⊕K1/2্ʹ߃ࣸ૾ T 1,0M → T 1,0M͔Βఆ·ΔHiggs θΛ༩͑Δ.

͜ͷHiggsଋ (E, θ)͕҆ఆͰ͋Δ͜ͱͱMͷΦΠϥʔ͕ෛͰ͋Δ͜ͱಉͰ͋Δ.

͜ͷ࣌, ҆ఆͳHiggsଋMͷجຊ܈π1(M)ͷSU(1, 1)දݱʹରԠ͢Δ (ඇՄHodge

ରԠ [10, 12]). ͜ͷରԠ͢Δදݱπ1(M) → SU(1, 1)͕ҰҙԽM = Γ\BΛ༩͑Δ.

͏গ͠Hitchinͷߏʹ͍ͭͯৄ͘͠ΈΑ͏. Hitchinͷఆཧ [7](ΑΓҰൠʹSimpson

ͷHiggsଋͷখྛ-HitchinରԠ [10])ʹΑΓ, Higgsଋه্ (E, θ)͕҆ఆ (⇔ΦΠϥʔ
͕ෛ)Ͱ͋ΕEʹΤϧϛʔτ͕ྔܭଘͯ͠ࡏ, Hitchinͷ ఔࣜํ(ରݾࣗ)

R2 +
[
θ, tθ

]
= 0

∂̄Eθ + θ∂̄E = 0

Λຬͨ͢ (RΤϧϛʔτ͔ྔܭΒఆ·Δۂ).

͞Βʹ, (E, θ)ͷS1ରশੑ͔ΒΤϧϛʔτྔܭK−1/2 ⊕K1/2Λަͱ͢ΔͷͰ
͋Γ, ͞ΒʹHitchinͷํఔࣜ

R2 +
[
θ, tθ

]
= 0

Dθ + θD = 0

ͱॻ͘͜ͱ͕Ͱ͖Δ (DΤϧϛʔτ͔ྔܭΒఆ·Δଓ). ͜ΕΒͷࣜSU(1, 1)Λ
,Δ͜ͱ͕Ͱ͖ͯݟͱ͢ΔMaurer-Cartanํఔࣜͱ܈ߏ ͦͷMonodromyදݱͱͯ͠
දݱπ1(M) → SU(1, 1)͕ಘΒΕΔ.

Λ .ΈΑ͏্ͯ͛ͪ࣋ʹݩ࣍Β3͔ݩ࣍2(࣮) ϦʔϚϯ໘MʹΤϧϛʔτྔܭΛऔ
Γ, ͦΕʹؔ͢Δ୯ҐԁपଋΛS(M)ͱ͢Δ. ͜ͷ࣌, Mͷਖ਼ଇଋΛS(M)ʹҾ͖
ͨ͠ S(M)্ͷෳૉઢଋ, (v, v) ∈ S(M) × T 1,0M͕େҬతͳϑϨʔϜͱͳΓ C∞ࣗ
໌Խ͞ΕΔ. ͜ͷࣗ໌ԽΑΓ, MͷLevi-CivitaଓͷଓࣜܗS(M)্େҬతʹఆ
ٛ͞Ε࣮ͨඍࣜܗ ηΛఆΊΔ. Higgs͍ͨͯ͑ߟͨ· θS(M)্ͷෳૉඍࣜܗ
wΛఆΊΔ. ͜Εʹؔͯ͠, .Δ͑ߟΛߏHitchinͷه্ ಘΒΕͨΤϧϛʔτྔܭ
K−1/2 ⊕K1/2Λަͱ͍ͯ͠ΔͨΊ, K−1/2ʹΤϧϛʔτྔܭΛఆΊ͍ͯΔ͜ͱʹͳΓ
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T 1,0M =
(
K−1/2

)2
ʹ (ͭ·ΓMʹ)ΤϧϛʔτྔܭΛఆΊΔ. Hitchinͷํఔ͔ࣜΒಘ

ΒΕͨํఔࣜ
R2 +

[
θ, tθ

]
= 0

Dθ + θD = 0

͜ͷMͷΤϧϛʔτ͔ྔܭΒఆ·ΔS(M)্ͷࣗ໌ԽΛ͑ߟΔ͜ͱʹΑͬͯ, S(M)

্ͷඍࣜܗʹؔ͢Δํఔࣜ
√
−1dη + w ∧ w̄ = 0

dw + 2
√
−1η ∧ w = 0

ͱද͢͜ͱ͕Ͱ͖Δ. ͜ͷࣜ Lie su(1, 1)ͷߏؔࣜͰ͋Δ. ͜ΕʹΑͬͯ,

S(M)͕ίϯύΫτͰ͋Δ͜ͱ͔Β, S(M) ˜SU(1, 1)(SU(1, 1)ͷීวඃ෴܈)Λීว

ඃ෴ʹͭ࣋͜ͱ͕Θ͔Δ. ͭ·Γ, S(M)زԿ S̃L2(R)Λݩ࣍3ͭ࣋ଟ༷ମͰ͋Δ [9].

͜ͷΑ͏ͳٞΛ ʢෳૉݩ࣍2 ʹΒग़ൃ͔ͤͣ(ݩ࣍1 Կֶͱ͠زଟ༷ମ্ͷݩ࣍3
ͯల։͢Δ͜ͱ͕ࠓճൃද͢ΔཧͷجຊతൃͰ͋Δ.

ຊߘͷͶΒ͍
ຊߘͰ, HodgeରԠͱUniformizationʹؔͯ͠,ҰൠΛల։ʑଟ༷ମͷඇՄࠤ
͢Δ͜ͱΑΓ, τϙϩδʔతʹಛʹڵຯਂ͍ͱࢥΘΕΔ3ࠤݩ࣍ʑଟ༷ମͷ߹ʹ
ϑΥʔΧεͯ͠ΑΓ۩ମతʹཧղ͢Δ͜ͱΛ͢ࢦ. ಉςʔϚʹ͍ͭͯ, ͍ߴͷݩ࣍
߹ؚΊͨΑΓ֓આతͳࣄه,ʠࠤʑଟ༷ମͷHiggsଋɺݱঢ়ͱ͜Ε͔Βʡ(2024
ຊֶձಛผߨԋ༧ߘ)ΛReseachmapͰެ։͍ͯ͠ΔͷͰ, ͦͪΒࢀর͞Ε͍ͨ.

2. ʑଟ༷ମ:ఆٛͱྫࠤݩ࣍3
͜͜Ͱ, .Δ͑ߟ͍ͯͭʹʑଟ༷ମࠤఆͯ͠ݶʹ߹ͷݩ࣍3 Ұൠͷ߹ʹ͍ͭͯ
Boyer-GalickiͷςΩετ [5]Λࢀর͞Ε͍ͨ. MΛ࣮3ݩ࣍Մඍଟ༷ମͱ͢Δ. M

ͷ৮ࣜܗͱM্ͷҰ࣍ඍࣜܗ ηͰ͋ͬͯ, η ∧ dη͕Mͷ֤Ͱ 0Ͱͳ͍ͷ
Ͱ͋Δ. ৮ࣜܗηʹର͠MͷϕΫτϧ ξͰ͋ͬͯ, η(ξ) = 1͔ͭ ιξdη = 0Λຬͨ͢
ͷ͕Ұҙʹఆ·Δ (ReebϕΫτϧ). ͜ͷ࣌, TM = Rξ ⊕ ker ηͰ͋Δ. ߏʑࠤ
(η, T 1,0)ͱ, ৮ࣜܗηͱෳૉϕΫτϧଋker η⊗Cͷෳૉ෦ઢଋT 1,0 ⊂ ker η⊗CͰ
T 0,1 = T 1,0ͱ͓͘ͱT 1,0 ∩ T 0,1 = 0ͱͳΔͷ (CRߏ)Ͱ͋Γ͞ΒʹҎԼΛຬͨ͢:

• T 1,0 , ∀W .= 0,
√
−1dη(W,W ) > 0;

• [ξ,Γ(T 1,0)] ⊂ Γ(T 1,0).

MͷϦʔϚϯྔܭͰ͋ͬͯ, TM = Rξ ⊕ ker ηަͰ͋Γ, ξͷ͞1͔ͭker η্
Ͱdη͔Βఆ·ΔΤϧϛʔτྔܭͱͳΔͷΛ͑ߟΔ. ͜ͷྔܭࠤʑྔܭͱݺ
ΕΔ. .ͳΔʹྔܭਲ਼ΛͱΔͱέʔϥʔྔܭྔܭʑࠤ ͜ͷΑ͏ͳੑ࣭ͷϦʔϚϯܭ
ྔͱͯ͠ࠤʑߏΛఆٛ͢Δ͜ͱՄͰ͋Δ.

ྫ 1 (ඪ४తࠤʑଟ༷ମ) M = R3ͱ͢Δ. ඪ࠲ (x, y, t) ∈ R3ʹର͠, η = dt + xdy

ͱ͢ΔͱR3ͷ৮ࣜܗͰ͋Δ. ReebϕΫτϧ ∂tͰ͋Δ. w = dx +
√
−1dyͱ͓

͘ͱ,

dη =

√
−1

2
w ∧ w̄.
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dw = 0

ཱ͕͢Δ. TR3∗ ⊗ C = Cξ ⊕ Cw ⊕ Cw̄ʹ͍ͭͯ, Cw͕ରʹͳΔΑ͏ʹ, T 1,0Λఆ
ΊΕ, (η, T 1,0)R3ͷࠤʑߏͰ͋Δ. (: T 1,0 .= C

(
∂x−

√
−1∂y

)
)

ྫ 2 (Moving frame) ΣΛϦʔϚϯ໘ͱ͢Δ. Σ֤Ͱۂ͕ 0ʹͳΒͳ͍Τϧ
ϛʔτྔܭΛͭ࣋ͱ͠, ͦͷ୯ҐԁपଋS(Σ)Λ͑ߟΔ. ਖ਼ଇଋΛS(Σ)ʹҾ͖ͨ͠
S(Σ)্ͷෳૉઢଋ, (v, v) ∈ S(Σ)× T 1,0Σ͕େҬతͳϑϨʔϜͱͳΓC∞ࣗ໌Խ͞Ε
Δ. ͜ͷࣗ໌ԽΑΓ, ΣͷLevi-CivitaଓͷଓࣜܗS(Σ)্େҬతʹఆٛ͞Ε࣮ͨ
ඍࣜܗηΛఆΊΔ. dηΣͷۂͰ͋Δ. (v, v)ͷରͱͳΔS(Σ)্ͷෳૉඍࣜܗ
Λwͱ͢Δͱ, ํఔࣜߏ

dw = −
√
−1η ∧ w,

dη = −
√
−1

2
Kw ∧ w̄

Λຬͨ͢ (KΨεۂ). Αͬͯ, ±ηͱwʹΑͬͯS(Σ)ͷࠤʑߏ͕༩͑ΒΕΔ.

Σ͕έʔϥʔͰ͋Δ͜ͱ͔Β, Σ͕ίϯύΫτ͔ͭୈҰChernྨ c1(Σ)͕ඇࣗ໌ͳΒ
ৗʹ͜ͷΑ͏ͳߏʹΑͬͯࠤʑଟ༷ମS(Σ)͕ಘΒΕΔ.

ྫ 3 (SeifertϑΝΠόʔۭؒ) ΣΛίϯύΫτΦʔϏϑΥʔϧυϦʔϚϯ໘ͱ͢Δ. ௨
ৗͷϦʔϚϯ໘ͷ߹ͱಉ༷ʹͯ͠, ΦʔϏϑΥʔϧυΤϧϛʔτྔܭʹର͠, ୯Ґԁ
पଋS(Σ)Λ͑ߟΔͱ. S(Σ)Σ্ͷSeifertԁपଋͰ͋Γ, ଟ༷ମͰ͋ݩ࣍Β͔ͳ3
Δ. ୈҰChernྨ c1(Σ)͕ඇࣗ໌ͳΒ௨ৗͷϦʔϚϯ໘ಉ༷దͳΤϧϛʔτྔܭʹ
ΑͬͯS(Σ)ʹࠤʑߏ͕ఆ·Δ.

ྫ 4 (܈Lieݩ࣍3) ࣮ ݩ࣍3 Lie gͱͦͷର g∗ Λ͑ߟΔ. gͷࠤʑߏ
g∗ ⊗ C = Cη ⊕ w ⊕ w̄, η ∈ g∗͓Αͼߏํఔࣜ

dη = −
√
−1w ∧ w̄,

dw = Cη ∧ w

ʹΑΓಛ͚ͮΒΕΔ. g͕ࠤʑߏΛ࣌ͭ࣋, gΛLieͱ͢ΔϦʔ܈Gࠨෆม
.ͭ࣋Λߏʑࠤ Γ ⊂ GΛ܈ࢄͱ͢ΔͱΓ\Gࠤʑଟ༷ମͰ͋Δ. ߏʑࠤ
Λͭ࣋LiegҎԼͷࡾछʹݶΒΕΔ.

(n3) abelͰͳ͍3ݩ࣍ႈྵLie Heisenbergݩ࣍3) algebra)n3ʹ

dη =

√
−1

2
w ∧ w̄,

dw = 0

ʹΑΓࠤʑߏ͕ೖΔ. .Ͱ͋Δ܈N3͕ରԠ͢ΔLie܈Heisenbergݩ࣍3 N3ͷ
ΛೖߏʑࠤϢʔΫϦουۭؒʹඪ४ݩ࣍-ΛೖΕͨͷ3ߏʑࠤෆมࠨ
ΕͨͷͰ͋Δ. ,Δͱ͑ߟΛྔܭʑࠤ .ԿNil3ʹରԠ͢Δز

(su1,1) su1,1
∼= sl2(R)ʹ

dη =
√
−1w ∧ w̄,
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dw = −2
√
−1η ∧ w

ʹΑΓࠤʑߏ͕ೖΔ. PSU(1, 1), SU(1, 1)͓Αͼ͜ΕΒͷීวඃ෴܈ ˜SU(1, 1)

ରԠ͢ΔϦʔ܈Ͱ͋Δ. ,Δͱ͑ߟΛྔܭʑࠤ Կز S̃L2(R)ʹରԠ͢Δ.

(su(2)) su(2)ʹ
dη =

√
−1w ∧ w̄,

dw =
√
−1η ∧ w

ʹΑΓࠤʑߏ͕ೖΔ. SU(2), SO(3)ରԠ͢ΔϦʔ܈Ͱ͋Δ. Λྔܭʑࠤ
,Δͱ͑ߟ .ԿS3ʹରԠ͢Δز SU(2)ͷC2ͷઢ࡞ܗ༻ͷيಓΛ͑ߟΔ͜ͱʹ
ΑΓ, SU(2)S3ͱಉҰࢹͰ͖Δ.

(M, η, T 1,0)ΛίϯύΫτ3ࠤݩ࣍ʑଟ༷ମͱ͢Δ. gΛ্ࡾهछͷ͍ͮΕ͔ͱ͢Δ.

͕ߏʑࠤ g-ߏͰ͋ΔͱT 1,0∗ͷେҬϑϨʔϜwͰ͋ͬͯ, η, w্͕هͷ gʹର
Ԡ͢ΔߏํఔࣜΛຬͨ͢͜ͱͰ͋Δ. ͜ͷ࣌, FrobeniusͷఆཧΑΓ, Mࠤʑଟ
༷ମͱͯ͠Γ\Gͱද͞ΕΔ. ΣΛίϯύΫτϦʔϚϯ໘ͱ͢Δ.

• Σ͕ਖ਼ఆۂྔܭΛͯ࣋, ԁपଋS(Σ) su(2)-ߏΛͪ࣋,

• Σ͕ෛఆۂྔܭΛͯ࣋, ԁपଋS(Σ) su(1, .ͭ࣋Λߏ-(1 (Introductionͷ
ٞΛࢀর)

Σ͕0ۂྔܭΛͭ࣋߹, T 1,0∗ͷԁपଋS(Σ)ࣗ໌ͱͳΓࠤʑଟ༷ମʹͳΒͳ͍.

͜ͷ߹, ඇࣗ໌ͳෳૉઢଋʹؔ͢Δ୯Ґԁपଋ͕n3-ߏΛͭ࣋.

3. ʑଟ༷ମͷϕΫτϧଋͱHiggsଋࠤ
(M, η, T 1,0)Λ3ࠤݩ࣍ʑଟ༷ମͱ͢Δ. ξΛͦͷReebϕΫτϧͱ͢Δ. (A∗(M), d)

ΛMͷde Rhamෳମͱ͢Δ. ඍࣜܗα͕

ιξα = ιξdα = 0

Λຬͨ࣌͢, basicͰ͋Δͱ͍͍, basicͳඍ͕ࣜܗͳ͢A∗(M)ͷ෦ۭؒΛA∗
B(M)

Ͱද͢. (A∗
B(M), d) (A∗(M), d)ͷ෦ෳମͰ͋Δ. ͦͷίϗϞϩδʔΛH∗

B(M)Ͱද
͠, basicίϗϞϩδʔͱݺͿ.

ξ͕ੜ͢ΔϑϩʔΛ͑ߟΔͱ, T 1,0ʹΑͬͯԣஅతਖ਼ଇ foliation͕ఆ·Δ. ຊߘͰ
TMCͷ෦ଋCξ⊕T 1,0Λࠤʑଟ༷ମ (M, η, T 1,0)ͷਖ਼ଇߏͱ͑ߟΔ. ྫ͑, ਖ਼
ଇؔ fͱ ξ(f) = Z(f) = 0 (∀Z ∈ T 0,1)Λຬͨ͢ෳૉؔͰ͋Γ, ಛʹ f ∈ A0

B(M)

Ͱ͋Δ. ਖ਼ଇҰ࣍ඍࣜܗϕͱ, ϕ(ξ) = ϕ(Z) = ιξdϕ = ιZdϕ = 0Λຬͨ͢ෳૉҰ࣍
ඍࣜܗͰ͋Γ, ಛʹϕ ∈ A1

B(M)Ͱ͋Δ.

(E, h)ΛM্ͷC∞Τϧϛʔτଋͱ͠, ∇ΛͦͷϢχλϦଓͱ͢Δ. (E, h,∇)͕ਖ਼
ଇΤϧϛʔτଋͰ͋Δͱ, ∇ͷۂR͕

∀Z ∈ T 0,1, R(ξ, Z) = 0

Λຬͨ͢͜ͱͰ͋Δ. ͜ͷ࣌ ∇ξ ʹ͍ͭͯฏߦͳہॴϑϨʔϜΛऔΔ͜ͱʹΑͬͯ,

TrR ∈ A∗
B(M)͕Θ͔Δ. basic Chernྨ

cB,1(E) =

[
− TrR

2π
√
−1

]
∈ H2

B(M)
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͕ఆ·Δ. M͕ίϯύΫτͳΒ, H2
B(M) = 〈[dη]〉Ͱ͋Δ. Αͬͯ, ͜ͷ࣌, ࣮Cʹ

Αͬͯ, cB,1(E) = C[dη]ͱॻ͚Δ.

ਖ਼ଇΤϧϛʔτଋ (E, h,∇)ʹର͠, ∇͔Βఆ·Δ 〈ξ〉 ⊕ T 0,1ʹ͍ͭͯͷภඍଓ
∇′′
ΛEͷਖ਼ଇߏ (Dolbeault࡞༻ૉ)ͱݺͿ. ʑଟ༷ମͷਖ਼ଇϕΫτϧଋࠤ (Τϧ

ϛʔτྔܭͱແؔʹ)ϕΫτϧଋͱฏୱͳภඍଓͷΈͱͯ͠ఆٛͰ͖Δ͕,

ෳૉଟ༷ମͷਖ਼ଇϕΫτϧଋͱҟͳΓ, ͯ͢ͷਖ਼ଇϕΫτϧଋ͕ਖ਼ଇΤϧϛʔτଋ
ͷߏΛͭ࣋Θ͚Ͱͳ͍.

ྫ 5 CΛ࣮ఆͱ͢Δ. LC = (M × C, h = 1,∇ = d− 2Cπ
√
−1η)ਖ਼ଇΤϧϛʔτ

ଋͰ͋Γ, cB,1(LC) = C[dη] ∈ H2
B(M)͕Γཱͭ.

ਖ਼ଇΤϧϛʔτଋ (E, h,∇)ʹର͠, దͳCͰLCͱEͷςϯιϧੵΛऔΔ͜ͱͰ,

basic ChernྨΛࣗ໌ʹ͢Δ͜ͱ͕Ͱ͖Δ.

ਖ਼ଇϕΫτϧଋ (E,∇′′
)ʹର͠, θ ∈ A1(M,End(E))͕HiggsͰ͋Δͱ,

θ(ξ) = θ(Z) = 0 ∀Z ∈ T 0,1,

(∇′′
θ + θ∇′′

)(ξ, X) = (∇′′
θ + θ∇′′

)(Z,X) = 0 ∀Z ∈ T 0,1, ∀X ∈ TM

Λຬͨ͢͜ͱͰ͋Δ. ਖ਼ଇϕΫτϧଋ (E,∇′′
)ͱHiggsθͷ (E, θ)ΛHiggsଋͱݺͿ.

ਖ਼ଇΤϧϛʔτଋ (E, h,∇)Ͱ cB,1(E) = 0ͱͳΔͷΛ͑ߟΔ. Higgsଋ (E, θ)͕
stableͰ͋Δͱ, θʹΑͬͯอͨΕΔਅͷਖ਼ଇ෦ଋF ⊂ E͕ৗʹ cB,1(E) = −C[dη]

(C > 0)Λຬͨ͢͜ͱͰ͋Δ. Corlette-SimpsonʹΑΔඇՄHodgeରԠ [6, 10, 12]ͷ
,ʑ൛͕Biswas-Kasuya[2ࠤ 3]ʹΑͬͯ༩͑ΒΕ͍ͯΔͷͰ, ͦΕͷ3ݩ࣍ͷ߹ʹͭ
͍ͯड़Δ.

ఆཧ 1 ,HodgeରԠʑଟ༷ମͷඇՄࠤ) Biswas-Kasuya[2, 3]) ίϯύΫτݩ࣍3
,ʑଟ༷ମ(Mࠤ η, T 1,0)্Ͱ,୯७ฏୱෳૉϕΫτϧଋͱ(্هͷҙຯͰ)stableͳHiggs

ଋ (E, θ)1ର1ʹରԠ͢Δ.

ྫ 6 ʑଟ༷ମࠤ (M, η, T 1,0)ͷ࣮ଋTMҎԼͷੑ࣭Λຬͨ͢ଓ∇TWΛҰҙʹ
ͱ͕ΒΕ͍ͯΔͭ࣋͜ (Tanaka-Websterଓ [13, 14])

1. ∇TWT 1,0Λอͭ.

2. ∇TWdη = ∇TWη = ∇TW ξ = 0.

3. ∇TWͷτʔγϣϯΛT TWͱ͢Δͱ,

T TW (X, Y ) = −dη(X, Y )ξ.

∇TW , dηʹΑͬͯ, T 1,0ਖ਼ଇΤϧϛʔτଋͱͳΔ.

ਖ਼ଇΤϧϛʔτଋ T 1,0 ⊕ Cʹର͠, T 1,0M → T 1,0M ͔Βఆ·Δ Higgs θΛ༩͑
Δ. cB,1(M) = −C[dη]ͱ͢Δͱ, E = (T 1,0 ⊕ C) ⊗ LC/2ͱ͓͚ cB,1(E) = 0. Higgs

ଋ (E, θ)ͷ θʹΑͬͯอͨΕΔਖ਼ଇ෦ଋT 1,0 ⊗ LC/2Ͱ͋ΔͷͰ, Higgsଋ (E, θ)͕
stableͰ͋Δ͜ͱͱC > 0ಉͰ͋Δ. Αͬͯ͜ͷ࣌, ඇՄHodgeରԠʹΑΓ, M

ͷ୯७ෳૉฏୱଋ, Αͬͯجຊ܈ͷ୯७ઢܗද͕ݱಘΒΕΔ.
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ͯ͞, IntroductionͰͷٞΛ͍ࢥग़ͯ͠, ͷHiggsଋྫه্ (E, θ)ͷඇՄHodge

ରԠʹΑΔ3ࠤݩ࣍ʑଟ༷ମͷҰҙԽΛ͑ߟΑ͏. ఆཧΛड़Δલʹ४උΛ͢Δ.

ʑଟ༷ମࠤ (M, η, T ߏʑࠤͱܗͷมߏʑࠤ,͍͓ͯʹ(1,0 (η′, T
′1,0)Ͱ͋ͬ

ͯ, η, η′ఆഒΛআ͍ͯಉ͡ReebϕΫτϧΛͪ࣋, ͞ΒʹT
′1,0 ⊂ Cξ⊕ T 1,0ͱͳΔ

ͷͰ͋Δ. ͜͜Ͱ, Cξ ⊕ T 1,0 = Cξ ⊕ T
′1,0Ͱ͋Δ͜ͱʹҙ͢Δͱ͜ͷมܗʹΑͬͯ

ਖ਼ଇߏมԽ͍ͯ͠ͳ͍͜ͱ͕Θ͔Δ (͜ͷͰKodaira-Spencerͷมܗͱҟ࣭ͳ
ͷͰ͋Δ). (M, η, T 1,0)্ͷਖ਼ଇϕΫτϧଋHiggsଋͰ͋Δ͜ͱͱ (M, η′, T

′1,0)ͷ
ਖ਼ଇϕΫτϧଋHiggsଋͰ͋Δ͜ͱಉ͡Ͱ͋Δ.

ఆཧ 2 (ʑଟ༷ମͷҰҙԽఆཧKasuya-Miyatake[8]ࠤ) ʑଟࠤίϯύΫτݩ࣍3
༷ମ (M, η, T 1,0)͕ cB,1(M) = −C[dη] (C > 0)Λຬͨ͢ͱ͢Δͱ, దʹ༗ݶඃ෴Λऔ

Δͱ, su(1, .ՄͰ͋Δܗʹมߏ(1 Αͬͯ, ಛʹ ଟ༷ମMݩ࣍3 زԿ S̃L2(R)Λ
.ͭ࣋

ఆཧͷৄࡉΛ֓͠؍Α͏. cB,1(M) = −C[dη]ͱ͍͏Ծఆ͔Β, M্ʹ ξͷϑϩʔ͕
S1࡞༻Λੜ͢Δ͜ͱ͕Θ͔Δ. ·ͨ, ಉมίϗϞϩδʔΛ༻͍Δͱ, T 1,0S1-ಉมଋ
ͱͯ͠, L−CʹಉܕͱΈͳͤΔ.ʢͨͩ͠τʔγϣϯઢଋΛআͨ͘Ί, Mదͳ༗ݶ
ඃ෴ʹͱΓ͔͑Δඞཁ͕͋Δ.) ಛʹ T 1,0େҬࣗ໌ԽͰ͖Δ. Higgsଋ (E, θ) stable

ΑΓ, ඇՄHodgeରԠΑΓ, Hitchinͷํఔࣜ

R2 +
[
θ, tθ

]
= 0

Λ༩͑Δਖ਼ଇΤϧϛʔτଋ (E, h,∇)͕ಘΒΕΔ. (E, θ)S1ʹ͍ͭͯରশੑ͕͋Δ͜
ͱ͔Β, T 1,0 ⊗ LC/2ʹ (ΑͬͯT 1,0ʹ)Τϧϛʔτ͕ྔܭఆ·Δ. T 1,0ʹ͍ͭͯ, ͜ͷΤ
ϧϛʔτྔܭʹΑΔ୯ҐϕΫτϧWʹΑͬͯ, T 1,0ΛS1-ಉมଋͱͯ͠L−Cʹಉܕͱͳ
ΔΑ͏ʹࣗ໌Խ͢Δ. WʹରԠ͢Δඍࣜܗwͱଓࣜܗ η′Λ͑ߟΔͱ, Hitchinͷํ
ఔࣜྻߦඍࣜܗʹ͍ͭͯͷࣜͱͳΓ, su(1, 1)ͷߏؔࣜ

√
−1dη′ + w ∧ w̄ = 0

dw + 2
√
−1η′ ∧ w = 0

Λಋ͘. ͜͜Ͱ, η′ ৮ߏͰ͋Γ, ͷݩ ηʹ͔͠Δ͖ Rescaling Λ͢Δ͜ͱͰ
η − η′ ∈ A1

B(M)ͱͳΔ. w ∈ T 1,0∗ΑΓ, su(1, ݩߏʑࠤ͔Βఆ·ΔMͷߏ-(1
ͷࠤʑߏͷมܗͱͳ͍ͬͯΔ͜ͱ͕Θ͔Δ.

ҙ 1 (ϦʔϚϯ໘) ʑଟ༷ମࠤίϯύΫτݩ࣍3 (M, η, T 1,0)͕, ϦʔϚϯ໘Σ্ͷ
ԁपଋS(Σ)ͱ͢Δ. ͜ͷ࣌, cB,1(M) = −C[dη] (C > 0) c1(Σ)ෛͰ͋Δ͜ͱͱಉ
Ͱ͋Γͭ·ΓΣͷΦΠϥʔ͕ෛ2− 2g < 0Ͱ͋Δ͜ͱͱಉͰ͋Δ. ͜͜ͰgҐ૬
తछ. MΛҰҙԽ͢Δࡍʹ, ্Ͱ͍ͯ͑ߟΔHiggsଋ (E, θ) (K−1/2 ⊕K1/2, θ)ΛҾ
͖ͨ͠ͷʠͰͳ͍ʡ͜ ͱʹҙ. Γࡍ࣮ ⊂ PSU(1, 1)ͷʠ SU(1, 1)ͷࣗવͳϦ
ϑτ ʡ͕ (E, θ)ʹඇՄHodgeରԠ͢Δ୯७ฏୱଋͷϞϊυϩϛʔදݱͰ͋Δ. ͭ·
Γ, ͦͷ૾ΓͰͳ͘, Z2 × ΓʹಉܕͰ͋Δ. ΓͷSU(1, 1)ϦϑτͷղZ2 × Γͷऔ
Γํ22g͋ݸΓ, ඪ४ଋͷϧʔτK1/2ΛऔΔ͜ͱʹରԠ͍ͯ͠Δ. ͜͜Ͱ, M = S(Σ)

ͷجຊ܈Γ ⊂ PSU(1, 1)ͷϦϑτ Γ̃ ⊂ ˜PSU(1, 1)Ͱ͋Γ, ΓͷZʹΑΔத৺֦େͱಉ
.Ͱ͋Δܕ
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ҙ 2 (ΦʔϏϑΥʔϧυ) ,ʑଟ༷ମ(MࠤίϯύΫτݩ࣍3 η, T 1,0)͕,ΦʔϏϑΥʔ
ϧυϦʔϚϯ໘Σ্ͷSeifertԁपଋS(Σ)ͱ͢Δ. ͜ͷ࣌, Σ্ͷΦʔϏϑΥʔϧυde

RhamෳମM্ͷA∗
B(M)ʹҾ͖͢͜ͱ͕Ͱ͖, H2

B(M)H2(Σ,R)ʹಉܕͰ͋Δ.

Σ্ͷਖ਼ଇϕΫτϧʠVʡଋM্ͷਖ਼ଇΤϧϛʔτଋʹҾ͖͢͜ͱ͕Ͱ͖Δ. Σ্
ͷਖ਼ଇHiggsʠVʡଋϦʔϚϯ໘্ͷಛҟతHiggsଋͰ͋ΔRegular Filtered Higgsଋ
([11])ͷҰछͰ͋Δ.

T 1,0Σͷਖ਼ଇϕΫτϧʠVʡଋT 1,0ΣΛҾ͖ͨ͠ͷͰ͋Δ. cB,1(M) = −C[dη]

(C > 0)T 1,0ΣͷΦʔϏϑΥʔϧυChernྨ͕ෛͰ͋Δ͜ͱͱಉͰ͋Γ,ΑͬͯΦʔ
ϏϑΥʔϧυEuler͕ෛ

2− 2g − n−
n∑

i

1

pi
< 0

Ͱ͋Δ͜ͱʹಉͰ͋Δ. gҐ૬తͳछ, nΦʔϏϑΥʔϧυͷ, pi֤Φʔ
ϏϑΥʔϧυͷ࣍.

ҙ 3 (ʑଟ༷ମͷྨࠤݩ࣍3) ,ҰҙԽఆཧͷओுه্ Belgun[1]ʹΑΔ3ݩ࣍
ʑଟ༷ମͷྨఆཧ,ʠࠤ ,ඃ෴ΛऔΔͱݶʑଟ༷ମదʹ༗ࠤίϯύΫτݩ࣍3

n3, su(1, 1), su3ͷ͍ͣΕ͔ҰͭͷߏʹมܗͰ͖Δʡ͔ Βಋ͘͜ͱ͕Ͱ͖Δ. Belgunͷ
ূ໌ෳૉۂ໘ͷEnriques-KodairaͷྨΛ༻͍͍ͯΔ. ,ճͷূ໌ࠓ ଞͷྨఆཧ
ʹґଘ͠ͳ͍ͷͰ͋Γݩ࣍ߴԽ͕ՄͰ͋Δ. n3-ߏʹม͞ܗΕΔ߹ʹؔͯ͠,

͜ͷΑ͏ͳূ໌͕ՄͰ͋Γݩ࣍ߴԽͰ͖Δ (Biswas-Kasuya[4]).

ఆཧ 3 (Biswas-Kasuya[4]) ʑଟ༷ମࠤίϯύΫτݩ࣍3 (M, η, T 1,0)͕ cB,1(M) =

0Λຬͨ͢ͱ͢Δͱ, దʹ༗ݶඃ෴ΛऔΔͱ, n3ߏʹมܗՄͰ͋Δ. Αͬͯ, ಛʹ
.ͭ࣋ԿNil3Λزଟ༷ମMݩ࣍3

4. ʑଟ༷ମͷTeichmüllerࠤݩ࣍3 ۭؒ(ޙࠓͷ՝)
ίϯύΫτ3ࠤݩ࣍ʑଟ༷ମ (M, η, T 1,0)͕ su(1, ߏ(1

√
−1dη + w ∧ w̄ = 0

dw + 2
√
−1η ∧ w = 0

͔Βఆ·͍ͬͯΔͱ͢Δ. ͜ͷ࣌, T 1,0 = L−1/πͰ͋Δ. E = L−1/2π ⊕ L1/2πͱ͢Δ,

θ =

(
α β

γ −α

)
w (α, β, γ ∈ C∞(M))ͱ͓͘ͱ, θ͕HiggsͰ͋ΔͨΊͷඞཁे

݅ҎԼࣜΛຬͨ͢͜ͱͰ͋Δ:

ξ(α)− 2
√
−1(α) = W (α) = 0 (ਖ਼ଇҰ࣍ඍ),

ξ(β) = W (β) = 0 (ਖ਼ଇؔ),

ξ(γ)− 4
√
−1(γ) = W (γ) = 0 (ਖ਼ଇೋ࣍ඍ).

MίϯύΫτͳͷͰβఆͰ͋Δ. Higgsଋ (E, θ)͕ stableͱͳΔඞཁे݅
β .= 0Ͱ͋Δ.

α = 0, β = 1ͱԾఆ͢Δ. (E, θ)ͷඇՄHodgeରԠΛ͑ߟΔ. M্ͷਖ਼ؔhΛ

h4|γ|2 − h−4 + 1 = 0
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Λຬͨ͢ͷͱͯ͠ఆΊΔͱ, η
′
= η + d log(h), w

′
= h−2w + h2γ̄w̄ͱ͢Δͱ, D

′
=

d+

( √
−1η

′
0

0 −
√
−1η

′

)
, θ

′
=

(
0 w

′

0 0

)
ͱ͓͘ͱ, Hitchinͷํఔࣜ

R
′2 +

[
θ
′
, tθ′

]
= 0

͕ಘΒΕΔ. Αͬͯ, ৽ͨʹ su(1, ߏ(1
√
−1dη

′
+ w

′ ∧ w′ = 0

dw
′
+ 2

√
−1η

′ ∧ w ′ = 0

͕ಘΒΕΔ.

Αͬͯ, ਖ਼ଇೋ࣍ඍʹର͠, su(1, .ΛରԠ͚ͮΔ͜ͱ͕Ͱ͖ͨߏ(1 ͜ͷରԠʹ
Αͬͯ, Hitchin[7]ʹΑΔTeichmüllerۭؒͷߏͷࠤʑ൛͕ظ͞ΕΔ.

༧ 1 ਖ਼ଇೋ࣍ඍ͕ͳۭؒ͢ͱࠤʑߏͷมܗಉྨͷ্ۭؒهରԠʹΑͬͯ
ඍಉ૬Ͱ͋Δ.
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