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#lZ1X, Reeb N #RE2FEZADLGGICHMKEH D DIFHBETHS. AV X7 M bRy —
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BRIRE WS, f OFRAME c e RIZx L,
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b%ﬁt?éYﬁ@zy&&b%LT%b( w-dM%%?VfVﬁ?%V?ﬁﬁK
H . Liouville X7 MBIV, fIZED 5EZS L ZDEE (X, ) F (Y, €) D Stein
FETHL LS.

&

Bl 1.5. f:C" >R %
(21, 20) > |21 P |z

EHETS. DM = fUREY) DR Sl = f1(1) 12 LOMRIZ L D EE BT R
NME&EZE 52 OfEMER O v X 7 MEE L KO, 4 &2 EL . THUE D? % Stein AHIZ
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VHERDOFRITH D E, Selbelg—VVltten FRAZEAL, TI ok E b Seiberg-
Wltten(SW) RZ5 S Donaldson REH E & 2 Bk TEMIZ 52 2 & % T L.

2.1 Seiberg-Witten 74X &
Z ZTIZ, Seiberg-Witten AZEOERZ M T 5. M, Morgan OERIE [22](—
AKIZLDHEREDH D) 224, *©
2.1.1 Seiberg-Witten REEDA v Ty b&ETI KTy b
FT, ATV hETI Ny FEBFIICEHICRRS. 17y MIRO DD
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L ﬁ#ﬁﬁ%4@ﬁ%ﬁ%?%ofjﬁ@)22?%%%0
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D E. ZHiE homology orientation & XX, Seiberg-Witten R & D5 %
EDDBHODT—RTHb.

T RTy b2 UTX ED Spin® MG OKRBBIZN U, B2 52 58P EE S
SWx : Spin®(X) — Z.
Z 38 Seiberg-Witten REETH S, Z I TEHEIE X ED Spin® #EDRBFEHDE
HTH5.
2.1.2 Seiberg-Witten T ZEDEBRDH 5T L
9, HAEAWE 4 RTERRK X 2EE 3 5. X EIZ Riemann §t& g & Spin® &
s=[(S,p)] ZEET 5. *T £ LT, Seiberg-Witten J7FER (T4 8T 72 505 D E 2 1% 31
L 720
3P(F4) = (22%)o =1
Did =0

D, Wbpd RO Z EF] 12XV Seiberg-Witten A& & SWx(s) BWEHRIND.

MROBA B L5070 % K 03U BT 5. Seiberg-Witten SFERIE, Spin®
Pl A LIEOAYE /)L @ Dl (A, @) Z KRB L $5HHATHL. i (A, 0) DZE]
IR UQ) 7=V C(X,U(1)) BMEHT 5. T DRi% Seiberg-Witten A Df#
DEVaTAZEME LTI T

Mg, (S, p),n) = {(A, ®)| BENHEHnfF & D Seiberg-Witten HFEADME }/C®(X,U(1))
LELDN(X) > 1 THNIUZE, generic 7 n 126 U ZHUTFERILH

1
d(X,s) = Z(cf(ﬁ) —2x(X) = 30(X)) = ¢e(ST) = indexg (d* + d* + D})
(INZEY 271 ZEMO virtual dimension &\W5) TH L C™ LRRIEKDKEE %2 FFD.
ZOETHYLaREuY —HEMMPTHI LT SWx(s) PEEIND. bF(X)>2T
HAX, Riemann Fl & g, EE X NZFBFENDO Spin® #id (S, p) € 5, 8 KU, Seiberg-
Witten JAEXDEEIH n 2O F X LBMED FT SWy(s) DIEIIAETH DL Z L HR
5.

2.2 Seiberg-Witten Bp& >V 7L IF 4wy - AV YU Mz

Z OffiTlE, Seiberg-Witten Bigg & 4 Rt > 7V F 1 v i - 3IRGTEA VX T b
WG IZET 2R 2 HT 5.
221 YTV IT4 v IBKRKICTT B Taubes D SW REEDIEHRERE

SW HRBEAMNKRA XNz 1994 0D > 512, Taubes 1%, B 4 IRTZkiE X By v 7L
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AW REF B Spin® & DFBSE s, 12X L
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Tho. O

*T Seiberg-Witten G1ER %% 2 % 72121% Riemann FHE% & L, Spin® M2 AR L SV TIEARL AN Y
RIVUVARVCHEET D ZEDRBETHD (s LVWIRLBRF—DOXEOFTH, AEEZIET L &b HNIEA
BEZ L DHDHEDEBTLELEHDL VI ZLWEETHD, &5 56 TH D0 IEwD 55 AE S HED
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&, Spin® W& DR ABISE s, Y€ £ 5. Tabues OFEHEEE DA DFH DKL >~ b
i&, B Kahlerd Xt % bkik 1T, Taubes OEEIIH & XX 5 EEH (BB IEEED
KM REEDOHEEH D SW LR Z22M8) 24 L7 SW AT EH ) = V7@
(Ap, @o) DHIRIIZHER T NE Z L TH 5.

Taubes &> > 7V 7 71 v 7 4 RITLE AR ED Seiberg-Witten L2 DT 2 X 5
WHRBEIE, HOAFNBREABEOHRZ EIFI2L D EHEZI D Gromov-Taubes R
Z L Seiberg-Witten REENE L BRD L2 WVWI Wb d [Cr=SW| EHZZIHL /-
[28]. #£1Z Taubes I&, ZZTHWONZT 7 =v 7D 3tk & U T, Reeb JJ#ERD
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contact homology(ECH) & Gr=SW ® Gr fll®d 3 {XIihk & A7 T 1% . Weinestein T8
DR D% X SIZFHE X, Taubes I Gr=SW ® 3 Xt TH %5 ECH=HM % A
LU7=.

222 AV MERZRED 4 RTEHAEKICHT % Kronheimer-Mrowka DARZEE

Kronheimer-Mrowka &, BEfZ 3 X 7 bMagiEn G2 oG ma 37 b 41ko0%
BRIK (X, &) 12X U, Seiberg-Witten A28 5 D Z i
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R U7z [17). 22T, Spin¢(X,€) £ X £ Spin° i Th-> T, TR ETav iy
MEEPSEFE D 3IRIE Spin G L DRMPG 2 5N ODRMETHL. ZD%E
MziE, H*(X,0X;Z) WEHHE»DHBIWIZEHRT 5. ZOREROMEIZIXOFIETR
END. X DOERZY LEC. EOEEMBE T a2 MER N L ERFERETEE,Y
FIZ gy =A@ A+ 3d)\(e, Je) &\ 5 Riemann FHEVPEE 2. HE R xY &%, %
WYy TV o T 1 v Z RS wy = 5(12A) B & Riemann §H& gy = dt* + t2gy &5
T5. ZZTR OEEEE t LE W GEIE, O—Y EIZER o TS, 2o a—2R
D%z X (IZED fF1F 72
XT=XU(R='xY)

EWDS SRR EE RS,

|
1

1 a— ROz EY 1 72 2 hkdk X+

Ui R X Y 121 go, wo 22 S8 Kahler #EEDEE 0, /> TH/ = H)b7e Spin® HEES &
U, Taubes Of (Ag, Do) ’D 5.

Riemann §t& go 2 X™ ®MFICHE O ITHRT 5. B/ = H)V78 Spin© #Ei&Eld s €
Spint(X,€) LEED AL X 5T X LD Spint #iE % EDD. (Ag, Dg) DNEBADHE S
WISHERE £ 5. go, (Ag, Po) DWERNDILRDELY SO A REMEIZHHETH D L WD H



F%&, FEED well-definedness Z R T2 DIZfES. X+ LD, Taubes D EBIE N &
Selberg-Wltten Jirg A

50(Fr) — (29%)y = %P(FXB) — (@o®5)o
Di® =0

Dt (A, @) TH > T, WHIBWT (A, $o) 12 THNET 21 D%, MHIHBWT 112 [
T2) PUBO T TR DTS 2 51 % MM 252 3. zZT, N
5] ODERIFZZTNTH,

A—A,®—QyeL},, u:X"—>UW1),1-ueli,

Thb. 72720, B >4 %EEL, Sobolev / VL%

sl = [ VAo e Vsl £ s

CREHEL, 2D/ INVALTIAVNRT NEZERFD O YW O 72 9 28] % Sk U 72 Sobolev
[l L} 4 %%be\é JFEIUNT Nl e RO - DN GERR DL E & A B M, K

LT, MEM 33 S e BAZ Mk & 72 0 ™8 Z OWROGIFAEN Euler £

d(g,5) == (e(S™, o), [X, 0X])

THEZONBEZEWRES. 72, EY a7 A B DM E D overall DFFH % R\ T
EED (FIZE MEM B ORTCTRHORTH 72 THLE 2VHYIDAEDS B,
3?)5’53 o 73'C 3?)5@% EZOHWD 2 IZFTHOND.) Kronheimer-Mrowka(KM)

KMy ¢(s) := #M*M

LEHRIND. 72720, d(E,s )%00)2_’.% X, AFY e LIRS 5.

(Ag, ©p) ZEET L7 —IEHIT 1 L7z (T7bbH (A, D) EENTH D) 728
U(1) AFMEZZR W, Z2D728 evaluate SNHERNZIREQ Y —FHIHZ55L0E VD
DA, ZNDEH 4 RTEHARD SW RER L 57400 €Y 2 T A ZERDIRTA 0 TK
WEECAEROME 0 LT AMETH L. £72, BO L 212 SW RZRIZOWT W7
Mot >212H7220DPRNDS, LS %25 X5 (Ay, o) PBENTH % 7D
DHEHELBEWNRSTH D,

3 Floer FEOT—IEH

3.1 #—VERICHITS Floer KEOY—: B4 RTSHADTEED (3+1)TQFT

1t
Floer A€ 1 ¥ —#gwix, 1980 FUC Floer IZ & > THA SN TER, B4 LMD
X, BIERE, KRt FEOY =%y YT 251w 7., aAVRT NBMAFITH LW
BREE7Z5 UK TWS. Floer A€ Y —HiwE, VY= YVHBIZIBEIZHD (1 VA
2y hY Floer FEBRY— SW E/ K=V Floer RERY—) & VTV o710 vk
BT 25D (Hamlltonian, Lagrangian intersection) @ —FEMHIZ KT E 5. Floer
FEOY—HEROMEKIEX, S TE5&¢, Morse "EQ YV —DWEKEY Y T LI T1 v 7

SIEMEITIEZ 2T, Bl A R T 2720, SW HRRDOE R, 52 2E8HIEH n TH > T C" BB
(r>1) ’2?—1“)%0)75: generic IZHEATRLZEDEERD.



SRR E. D)V — 7% path DZEMIX, 3 RITE IR EOHEREDZE ] &\ o 72 oo IRITDZEH]
WX U TIr2726DTH .

7= VHERIZE TS Floer RERY—2 LT, 4 VAXY MY Floer " €0 Y —, SW
€/ R—=) Floer REQ V=D D03 Y, TN Z N Donaldson RE &, SW REED
(B+1)TQFTtZE 5 A TW5A. T 4 IRTERIKDAEEDEIR D & 4 RILHHRIRAN
DHILIRETH > T, 4 IRTCERIRDRIRTT 1 BT SRR > 72D RED IZ K 2 AZERED
12 0\ B RIRIITIR S R 52 25D ThH 5. 25 (3+1)TQFT Thd 2 & IZkE
=AU SERPSR

AW 3T ERRIRY I UNEE Z(Y) 52605, Z(Y) & Z(-Y) OFIZIERT
VDB Y, T %KY, B ADOIEHRE X LT THU Z(X) 52605,
X = Xl UyX2 tb\'i%‘{j-\)ﬁ 1 %%Bﬁ%*%4$&:?{:}’) f:ﬁ%ﬂfﬁﬁ)é bl %, 7_"[] Z(Xl) € Z(Y),
Z(X5) € Z(=Y)IWEXD, TNH6DRT YV UL Y Z(X) BWExEhsd. Zok5i
BER D E A RTERRIRIT U TIE, T DER D 3 TS RRIKIZHT U TE £ 2 MFED uh’
EED. ZO&O5%b0%, B LU TEXLMEMERDOAZER LN ILL T, HHAZ
| LW,

TR UEBOA VAR by, £ K=V Floer FEB Y =37 — U RFMEIZHK T 2
BERIZOWTHZHmE LTEAMEI NS L WO HFD 720, HEFEHD Floer A€
VR AGDETH AR ERIKRDARERDRONDGERH L. D=2 T T
BIL 7z TQFT X Floer HEg D& & U TIXfEgfL I N T E-E£DTH 5.

3.2 KMOS OV %99 hAZLE: SWE/KR—J) Floer FEOQY—FELTOAVY Y

NZE

BSUZ Y 27 MEEE RO 4 IRTE AR (X, ) I/ U, Kronheimer-Mrowka DA%
B, 2RO TEELI BB L LUTERINSGDOTH-72. TQFT £ LTD SW €/
R—Il Floer REB Y —DOPAN SRS & KM AEEIX, BERAE 4 IR0t hRR X ©
BHREBERY =0X LOav X7 MEE € DFROBEEYTHD. SVWHZD L, X, €
WZHUENENY, —Y ® Floer FER Y —FHIMEZ R OREENEE D, TDOXRT Y v
JE UTKMAZENMEITTENS, VR MEE L IZHLTEZ 2D KMOS 2> X
A ]

CHM(S) € HM.(—Y,Eg)

TH5 [15]. % OWERIE, HH SW AZEDOHEK L WITLTWDS. BT EEHRIEK X O
X SW AZEE %, V1) Vv X —IRITIEO 70 % B FUZ ik - T X IZEUY 13 T, Chern-
Simon-Dirac(CSD) FLEAE DR i (=3d SW D 7 — VFMEHE) OMEEE & (FRED
Z DR RITHNET % 4dSW OO 2 EiF) L LTER6NE. T FKRIZ,
KMOS v &7 MRZERIFI—V REIXY 123 U X —{RICIEO 720 RS X Y &2 BERIC
B> THLD AFIF T, CSD BRI OFMEFES L L TERI NS, SR SOBREIL, vV v
X —IR DT Z DEFFEIZHHL L, 23— DTl Taubes DIZHET % & 5 7 4dSW fi#
DO Z EWFTdH 5. EMEIZIE, Kronheimer-Mrowka (2 & %5 SW £/ K — )L Floer
FERY—ORK [18] TiX, U(1) AR Z EKHT 272012, 70 —7T v 73z SW

FfEE 2 5.
—/
[

2 KMOS 2> &7 N REEDORER,

3.3 HM=ECH=HF £V %J NFZE

SW €/ K—)b Floer FEB Y — (HM) i2i%, TN eMABTHD Z e BRH SN TW
% Floer QY —=0% 5 “20H5. —D2H, Gr=SW O & Z 5 TH T &7z embedded
contact homology(ECH) T#® %. 1, Reeb J1% R D EHBE O AR % 45kt &
U, DA F N HBERHBROBZ DT THMA 2 ERTH I L THEINS. £ 5 D7,
Ozsvéath-Szabd DER U 72 Heegaard Floer Z €W Y — (HF) Td 4. Heegaard Floer 7
T1 Y —%, Atiyah-Floer 8D SW KDY > T L7574 v 7flic4722£02 LT, %



LTSWE/ K= Floer FEBY—D LD MARuY A - flAaEbER LR %5 2
52 ERUEICBVWTEAINT.

HM &R U< ECH, HF 2 a3V & 7 MAZENEHRI NS, HM Tlda v X 7 MEdE
Z A AT, 3 — RO & R D LK B SW AR O IZ &L b KMOS o
VR NAEENPEREINIDE 7. ECHDOaY X7 NAEEILX TEES] BEDD
BRItz ExoNSE. HF DAV X7 NAERIZ, A =TV 7y e HWTE X
5N, WL DONDOEMRER VD B.

M HM=ECH 8 X UZD FTD v X7 b REREODMNGIE Taubes 12 & D EEH T 1
7-. A8 ECH=HF 8XUZ D FTDa>v 27 N REZDX L Colin-Ghiggini-Honda
IZE VEEH I N7

HM "2 pCH “Z" HF

cum(§) faes cucn(§) = cur(§).
F# HM=HF @ 3| DL Kutulhan-Lee-Taubes IZ2 & D 52 65N TE D, T DIEHIZE
WT H&H T embedded contact homology DZEFEZEHT 2. ARV T 1 ALEBRDL
NN TO—FUIIRIEZRINTVR,

4 Floer K€ ME—IEH

4.1 HHODOARRIITEL & Bauer-Furuta A& &

1994 £E12 SW HEFRAVE S U THRED 5 512, K, SW ARROERIKGGEL 2 WD
FEEEAL, T2 HWTHEAZ 10/8 REXZFEHI L 72 [6]. Z OABRKIGEBIO Tk
% I\ T, Bauer & 5 HOEFH IR UZTHWTH 4 IRITTERRRIZXTS % Bauer-Furuta(BF)
REEDER X N7z [2).

EE 4.1 X 2 0(X)=0THIHAMMLRTEHRIKE L, s 2D LD Spin° W& LT
5. Z0E, X kO SW ARBRAOARITIELIZ LD, U(l) AEELMN ELZEFRE b
Y —%F

f(s)—a(X)

BF(X,s): (RM=0"(X) ¢ N+ )F— RM @)t

MiEE S, 22T, UL) 1E RICEHBIZERL, C IR ECRmT 5. + 3 2
YR MEERT. UQQ) AZEANELERE PE—EPEX S L%, ZOEE&DN+5
REBREABBE M, N I U TERZIN, S5I2TDOX5% M,N OB JizEz -2 &,
id:R—->R,C—oCE2YARYYaY$5I2TuptoU(l) AEFEME—THELAED
rWHZrEET. O

X512 s D Spin 72 51X, BF(X,s) 2 U(1) &b K&E%& Pin(2) = STU S € Sp(1)
OXNFREE RS, 22 Pin(2) AZ K BinZz#HT 52 LT 10/8 REAVNRI Nz
BF A &%, SW RAZEROD (ZE) € P —RUHEHELTHS. £5DLF 710D &,
SW AZ &L BF AEROERI, BHRELERDORE P —HOBERIZIKRZ SNDE. FE
BUZIX UQ) fEFAATRZBER D B7-0 Z OFIEEKLLLTETH s, —JF, av
R MNERO KM AEEOFETIE U(L) FEHPRN=0, ik § 285D WK L 72 BF
MAZEDEREN KM AERTHEL VI ERIZZTDEFOEKRTIEL .

4.2 Manolescu @ Seiberg-Witten Floer ZE K€ h E—4 4 7 & 185 Bauer-Furuta

NEE
Floer FE b ¥ —HEROMERIZH HHEIE, THFEME—HDHLVIFFET Y —FEN
Floer FE QY =127 5 & 5 727Z2[H (Floer FE M —X 1 7)) 2HKE L] LWVW5EDT
H%5. ZOZEED Floer FER Y —DOfEZG 2 5. TUT, ~fKattn Y —HE»e
IREOY—EHEZEL VWL ZBE MY —FDOEEZEAH L T, Floer A€0 Y —TIXED
RWERZED M D WS HE#RD H S, Floer FEFE—2 WD FEXHZRIEL
7=D 1% Cohen-Jones-Segal[6] TH 5. BITE, Floer RE M — X o TOREEAAFEB X N7z
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£ DL LT, Seiberg-Witten Floer Z&E R E b ¥ — X 1 7 (Manolescu), Khovanov/odd
Khovanov/Bar-Natan &% b ¥ — & A 7" (Lipshitz-Sarkar/Sarkar-Scaduto-Stoffregen/
{EE5 5 N), Hamilton Floer xE ¥ — &1 7 (Abouzaid-Blumberg), knot Floer &€ k
v'— X A 7 (Sarkar-Manolescu) 2% 5.

Z DO TR TS % DIk Manolescu (Z & % Seiberg-Witten Floer ZE R E FE—X A
7"C&H %. Manolescu i, Bauer-Furuta A2 &0 TQFT fb & U T, Seiberg-Witten Floer
LRERE P E— XA T LN Baver-Furuta A& & % 2 b U 7z [20]. HAfEEfICH %2 >
RBY, ZOPMMALRE 5 B

Spin® MEEN G 2 6 N7 B 3 IRGLERRAR (Y, 8)"1%Zxf L, TS fEH > & (Spin 72 5
£ Pin(2) fERAA &) HAfT &2 SWE(Y,s) TH->T, £® (S AZ reduced) &€
0Y—2SW £/ KR—) Floer "EQY— HM,(V,s) THEED%252 5. BERTE
Spin® 4 ITLEHRIR (X, 5x) THoTH(X)=0TH2EDIZxf L, 5 BF RER

BF(X,sx) : (R""X) o C 5" | SWF(OX, 5x|ox)
A SYRZ (Spin 72518 Pin(2) AZ) EEOSLEAE N —HE UTEES. 512,
W <7V ¥

n: SWF(Y,5) NSWF(-Y,s) — S°

a0, B4 RFTEREDORIRIT 1 SRR 7208 X = X1 Uy Xy 25258 &
X1, Xo OM/AREREDORT Y 7 e UTH 4 IRIGEIKRD BF REEVRE I NS, £
72, 0 BFE AZERIZaARILT 4 AL U TEERSI N, ARAIDEK D LD,

Manolescu @ Seiberg-Witten Floer ZE R E b ¥ — X o T O TIX, dHOARIX
JEIAL (D 3 RIThK) & Conley fEEEFRDSH VSN 5.

5 Floer FEMNE—IBsgE V497 NEE: EEZDORIDOHRE

5.1 BF IR KM FZ8 (%%)
51k, KM FZ RO BF Bz M L7 [8).

FIE 5.1. (£ [8]). X 23237 bEAARTERATH>T, b3(X) =0THBHD
Y45, 2 X QBRI MEEENEZOSNTWSETS. s % X LD Spin®
HiETH > T, A s|px — 5 VEALNTWVDILDET 5.

DL E KMAZEDHETD SW ARRNOARXITTIELUZ LD, IROMEEZFFDOR

R EL
R

U(X, € 8) €mieq(S”)/ £1
PRI NG, ZZ T,
75(S°) = colimp o0 Ta4a(S™) = colimp_,oo[SV T, SV,

IXERE D d IROLEEFRE P E—HETH D,

WX ERRAEEOERIZIE, ST/ Pin(2) FZK Spanier-Whitehead % % 2 5. Spanier-Whitehead
Bl BEFERE =21 T2, ZOFERAM desuspension DIXTEE D F— X Dl % object & L, &
DM DOEFGFEMRDLE R E N ¥ —4#% morphism LT 5B TH-7-. SWF(Y,s) %D object, #ixf BF
RERIZZ O morphism & U TER/AENS. 2 ZTlF morphism & +RITDKERI ARV Y a V%
BWLTRAT S

OEREIZIZ bi(Y) = 0 230 s, 01(Y) BEBTRARVEEADILIEDKA 2 LT, Kronheimer-
Manolescu[19], Khandhawit-Lin-Sasahira [13][14], Sasahira-Stoffregen[27] 2% %. %7z, Khandhawit
i&, % Bauer-Furuta AR DI slice DEXD FIZNT 5 ¥ ¥ v F%EIE L7 (double-Coulomb A Z
4 A)[12].
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1. (KM RZROMK). dE,s) =0 DL X, U(X, £ 5) DEMHRER KMy (s) Th
5. Trbb, SEENGZBRAM H(SO) 2 Z O FT U(X,E85) & KMyel(s)
T 5.

2. (FEMPEE) M (X,w) B3 (0X,€) DIMY Y TV I F 1 v 2 RETHB LT 5 "2,
CDYE d(Es,)=0ThY, X5

U(X, €, 5) = +id] € m'(S°)
TH5.
3. (EAERIAR) (X1, 5)) 2 Spin® 4 RASRHETH>Th(X) =0 ThBHDE

U, (Xo, & 80) ZBHIZ OV 22 MEEE B 4 RASRIKTH 5T, by(Xy) = 0
THY . 55 € Spin(Xo, &) BEZON=HDETE. ZOL X,

BF(X1,81) ANVU(X5,&,80) = U(X 1 #X5, &, 51#52)
D VILD. 22T BF(Xy,s) ZUQ) fEA%Z SN0 BF RERTH D,

A% 7Td(51 +1(SO) X 7Td (€,52) (SO) — W§f51)+d(§,sz)+1(50) = Wﬁfg,sl#sz)(so)

BozyVHTH5.
O

ZZT, 5 VY EPOEED Spin i TH L. WED BF AZEEIZ U(1) AE
(Spin 75 Pin(2) A% ) THolh, AR T MEHROFETIZZ D & D 2HHEMIZR
(AN {@fﬁ%ﬁik UTHiZEWT WD Taubes DRI 726 TH 5.

KM RZ iﬁﬁﬂfi)éﬁ‘ HUWAZERE U(X, & s) FIFEAITHD L5l ns

DMEE ﬁ‘b%‘%&:'@—ié ZeNTES. 7 ZIX K3 M IZ/RE BT 72 K3#D* 3% 5
Thd.

511 FZEE V(X 5) DER: BRRTTEM

AT U(X,Es) DL, B 4 RTEHRIK Lo SW ARAOERIEEZ, - RD
Wiz RS Xt EICEITEL LS ICEEZMA LB DTHL. HoOTLaiilly
5.01>42U, FR/INIWEAR o > 0fFED Sobolev ZEff(LD N T, XT ETRIKNA S
A A d* f}Z D Seiberg-Witten HFE (KM F#kD Taubes DEEIHS (1) %)

Li(XTiN & ST) — L] | (XT3N @iAT & 57)
EEZL. INE L+C:V - W &&EL. LiXlinear part, C I% quadratic part TH 5.
fROEY 27 1 2, RO 1| {OFGER I, TV a1 EHOa o M
F, ENDFAREBLRER > 0 2R ORKCAENE Z L& HEIKT 5. 22T, AF4
2 OB b — VBHEETEI D 2 B TH B T L E D DIT by(X) = 0
&\ D BARRE % {F 5 . el D A BRI GTHR 43 22 1] D BE K 5]
Iml*cw,c---cW,CcW,1C---CW
ZEUNGESR. BEREEE P, W — W, &EL. KXY
KGILC‘/lC"'CVnCVnJ,_lC"' cV

EHGEV,=L'W, LLTEETS.

Lz, KM AZ#OMIGT 2HHHEH e 1. 5B 51265 .
*124203311‘%#1266%//71/?74 v FREICH U THE Y LD,
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L+ P,C:V, = W, 1ZSW XD TERK AU TH5H. EVa T %MDy
N7 MEDREFEE LT, taRE%n BLIOCHBEUNTEAZ R we W, IZW L,

L+ PyC 2 Sp(Viy) = Wy \ w

5 well-defined &7, 22T, Sp(Vi) 1V, NOHE R OHRETHS. BE n 2k E<
UCTHRIGGELOREE 2 EF 22 &, ZOEROENFEFERDY ARV Y a v ThH
5. ZOBR L+ P,C DEERE b Y —EARER U(X, € 5) ThHD.,

FADIG AR o T fET N EE 23 b 5 . A BRIROTIE LD 7212 13 B AT E Sobolev 42
izl 5 (KM IZEAN & Sobolev 22 % fifi 5 TW A - 72). quadratic part C D3 ¥
N SEZERGET 2 72D 12 BEZR Rellich OEBAEK D L7206 TH D, KM IHfED
BEBREZRLUTEY, EAZ+2/NI K LTEITIE, EAME Sobolev 2% F X T
LEEVaATAEMIIALICRS. 72, d DRBUARATA A% 52252 L& RTiHERD
METH 5.

52 FZEE V(X,E s) DA (£EF-Mukherjee-&0, £E&-5%-250)
Z 2 G KM M BF BRZ R U(X, & 8) O D DEMEREHEHM~%. KE N
WIS REBEDHBAL LT, AT LN,

1. REME =G, Maten Y -—HigsHHTES. FICAZH@mE2EZXDL I &IT
FOEFELWIEHNE SN S (Donaldson DX AfLEH O JIFEH, HHO 10/8 R5E
A, Froyshov BIARZ &, Manolescu @ Z A2 E A RE FARDMBR L EIEZ D L 5 7
Bl Wi g I enTES).

2. B REBIZHWPLELNERE NEINVEAREEZIZHEAHBLEGEERH 5.

3. %g‘f@iﬁgﬂ'éﬁﬁfﬁ’ﬂ%ﬁﬁlﬁli&*'@%%. Wl Z X R ARG % B § 2 DA S T
ZITHMTZMIEWTNE 2. 126 2 O REEOIEAPMED S SW BOFLEN D
Y, SWBBOFLED S MDA FN/ZHEIOFIEIIN U THEZ 5 X2 &\ D iEiRd H A
YETHD. WINB IO KM AZETIHEHAR S LWEDTH 5.

— D H OFE R IZ L -Mukherjee- 311 [10] 12 & 545 H @ H-slice EDEETH 5.

EIE 5.2. (EH-Mukherjee-#11 [10]). K C S* %K Thurston-Bennequin #t TB(K)
NETHLMEOHE TS, ZDe &, KX K3128WT H-slice TR, $72bb, K3 H

5/NE 7 4 RTEFIAE Y D B> TR 513 BRkK K3 = K3\ intD* 12 0% % proper |2

DA E N7 2 YOLFM D = D? s K3 TH-<T, 9D = K 7 [D] = 0 € Hy(K3: Z)
TH5HHDEIAEL R, 0

K3 Db b 1o, BHEIE E(2n), 8 £ 00 3 6% TOMER B(2n,)#E(2n,),
E(2n)#E(2n,)#E(2n3) % OEEEO 70 —7 v 7T F USRI 0 o, ZEHO
T A F o T IR RO [29] A I NELDTH B,

COHOEAE LT, BHE-SW-A (9] 13, RER U(X,€,5) % T, BT
WG R U(X,Es) RBFIT OV 22 M E B O 4 TSI T 2 RERTH
B3, Z OFEGHIZE 4 RSBk T 26D THS

EHE 5.3. (FH-SH-BM9). X Z2HAH CC ZHRAETH-oTH(X)=0THoHD
LU,s% X LD Spin“ W& &35, U(l) fEfZ s/ BF A4 & BF(X,s) 2JEHH]
Ths2T5. Y CX E2HEOSMVIHOAENZEGEAMFMEECTH - T, B g(3) PIE
ThdrHBDETEH. ZDLE,

le1(8)[Z]] + [Z]* < 29(%)
AR D LD O

adjunction RERIZHA, FEE UT 1 225 2> T\ —J, BEOHERX
ZRFOMIENZAN U TH, SW BB ORE R UIZEK D 2D, X 52, Bennequin AE XD
EiES 5272,
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FERHD 7 1 7 4 7 1F, Kronheimer-Mrowka @ adjunction A% = [16], Mrowka-Rollin
D — it X 172 Thurston-Bennequin A% X 23] Diiam 2T N72HDTH 5.

53 SWZREFRENE—OIV4 I MNTEE (£5-80)
FFH-A [11] 1, Manolescu @ SW ZERE M =X 1 TORMMAZH NS Z LT,
ZREFRE =D KMOS 2> &2 hAZEEEZEALL 72

T 5.4. (FEHAO[11]) (V,6) B3IV X2 N SRATH - T, by(Y) =0 TH
2H0ETE. ZOLE a—Y R x Y LT APS BRE&MA =D SW AR ROERK
MRS 2 T, A

U(E) - 80 — 2BOOT3 G P(-Y, 5¢)

MEED. 22 Td3(Y,€) € QAR 2FEGIZHNT S Gompt DEHBEAZRETH 5.
ESIZIRD @i AEARDK LD, X #EEFIZay 27 Ml € N5 2 SN i-ATH
TYRT b ARTERETH 5T, by(X) = 02D 0y (0X) =0 ThHZHDETS. X L
D Spint #Ei sy THo A sx|ox — 5¢ DWHEAONTZHDDVEEINT VWD LTS,
D E,
no (BF(X>5X) A \I](é)) = \II(X75X7£)

DD ALD. 1 ld Manolescu DI RT Y Y7 TH Y, BF(X,sx) (& U(1) fFHZ BN
FIXT Bauer-Furuta A2 &, AiIFEZEDOARLEETH 5. O

SRR DA IREE & LT, AR L a— 2 ROEGO T 57535 5 R T, double Coulomb
ATAADEMEMERT DI eREToNS. MY EEAXDIE X, Manolescu[21],
Khandhawit-J.Lin-Sasahira[14] {2 & % 2 232 b 4 POLEHARIZT T 2050 A8 A%
I—-UNEDGAEIALUEBET S TRONS.

5.4 SWF ;RE b E— transverse knot AZ £ (£&-40, in progress)

p ZH#R L 5. Baraglia-Hekmati (2 & D Z/p [AZE Seiberg-Witten Floer Z & & € b
V=214 7OMGARME N7 (1. T OPMAZHWT, $H-2 0 (in progress) 1& 3
VRO NARERD Z/p AEE UT, MG OCHO AR Z&2ER L~z 3V X 27 3
IRTELRRAR (V&) NOECHORR 22 5 A LT, AV X7 MEEICEIZELTWS
Legendre #5OVH &, 3 > &2 7 M PEEHICHE TR TH 2 WS OCEHD H 508, 22 TH
AoDEIRETHS.

EE5.5. (V) #Ha v X7 b3S REATH- T, ZHS? THDEHDLTEH. KCY
% transverse fif CHE §5. ZD& &, {£FRH p 1T L, FE AV transverse knot
N

U, K) : 80 — nBCH IO g (-3, (K), s7)

MWEEL. 22T, 5(K) & Z/p KESEHBETH D, € 137D 112 Plamenevskaya
DR [26] IZE D EPOFEBEIND IV R MEETH D, SWF(-5,(K),57) &
Baraglia-Hekmati @ Z/p [AIZ Seiberg-Witten Floer Z@EHRE h¥—& 1 7 ThH 5. O

COREEOHEBS XA O WTIZH#EHTARRE FETHS.
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Finite path integral model and toric code based on
homological algebra

Minkyu Kim (Korea Institute for Advanced Study)

Abstract

AFDHMIE, A BRREEEE T &\ S AL OB DR EIE & € DRy
BHiBR%E5Z25 b=V v 7 31—-ROFEDYV -REWZB AL DS Bz
feiid 2 Z & Thd,

1 XLl

Witten[13] 13#EBERE 7> % FHV @ ALAHIY S O Bl Gm O R T 3 ¥Rot b AR B Y — D%
IZEMR U 7z, Dijkgraaf-Witten[2, 3] 1T DB PSR e U CHRBBES & 2
KU 7z, AR ISABRED T — Y MR O AL O B % Wik 3 2 07
MR GERTH Y, ILDFFREZ T RODIPRHATH D, — ., ZIRILTIEAE
Bk TED Ay 7RO 7 — VB 9] (X 6j-symbols) & BIGRT 2 IRFER]
ETIVICHRET B [11), TDInH & LT, HlAIX, Drinfeld double (¥E=ffRw 7
RELD FEHER R RS TE) RO DRI DA B IRIRS T X 5,

=1 wo2—F [8] &IFMHNEFEIRIZE TSRV ETIERFTTH Y., ALk
PIPEEIZ 510 2 T A VRGO BRI Bl 2 2t 35, Hre LT, b=V
v 7 a— RIFERE (—#WIZ ¢ EOEMBRERIRCOFR Y TIRE) 5%
D EUS SIS BN SRR EORE 5 Ao TH D, 77—V
EON—=VY I I—=REFF oA VERPOSHMKTES (12, h—V vy 7 I21—FR
DS A FHZR DA Z2 AN LEL O AH RIS O P % FE 4 % 2 & THRIR KA
ETIVOEATN ARG E 525 (1],

K K EOR ATy TREDE Hopfel 127 —VETHY [10]. T — VB
OB DEEN %2 723, AR TIIN ARy TRE EoFER Y —REUIHH
LT, REBRY— (I, ¥1 Vv — - T — MY RBT) &F o1 VEAEKICEK
AR & b= Y 7 23— ROJLEZ 39 ©, Figure 1IEE OREIEM 2 &

.3—0

FATIHZEE TF Y T2 EDNIN M ZT VRIFET )L X — TR O
HumCilI g [14] LW YHNBHEPI D D ORI TH S, ARTIE, TD
AR EAMEDRA L UTRMWRELET N EZEARTIEYNT D,

2 b=Vvwr7a—KR&FzA VB

ZOETIFM—V YT I3—-RORBNE bz E 2. Wil y 7TREOF
A VEEREEEDT S, b=V w7 I—-ROBFRORBALRFEHZEL, €D
MR E AT =Y v 73— 20O A2 RET 5,
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Combinatorial Topological
Rmodules ——— Chain complex T (co)sheaf  —7 7 Homology |Homological algebra
g o |
This paperI II If——l This paper—i .
. Finiyédimensional _ Toric code Extended TOFT —H—  TQFT | Finite path integral
" Hopf algebras ~ - N

- " . Balsam-Kirillov
Finite-dimensional

Bicommutative Hopf algebras Freed-Quinn/Balsam-Kirillov/
Freed-Hopkins-Lurie-Teleman/ Dijkgraaf-Witten/Turaev-Viro
Morton/Sharma-Voronov

Figure 1: A58 OB

2.1 REWBRETI

I TEEMoORLYIZF oA VEAERED NV Yy 7 a—-Re2EAMLT S, F
A VEEDOTEENS N =) w7 I—RONIN M7 VIZHEYTHEHAZEZEA
T2, h—U Y7 I— KON h=7 VOEHEAEMA RN FLRETH S
ZEDHSENTWD W (1], AR EHE UCEDEHAZO YOG EMM»TF =
VERDOREOY LA THD L EIBND,

URTCIEHA L2 D R 2 [EE T 5,

EF% 2.1. R EDFEWHRBIEIR (short abstract complex over R) X 1&3 DDA
BE XX, X L2ODEM4 I, X, xX, >R, I_:X, xX_ — R CHik X, X
DA%z 7= 9,

Vxye Xy, Va_e X, Z Iy(xg,x0) I (x0,x_) =0

Xo€Xo

Lo(xy,x0), I (x0,x_) € RIFENTH (xy,x,) OBEEE. (x., x_) )32 QA L AON
BEL BT K [y 0 xo)s [ 0 x ] &L, BEESRE RS ITT D1 Wé%zé
EF oA VK RX:=(RX, — RX, — RX_) 3615, R MEE M IZX LT
H(X;M):=H,(RX, @z M) L EF%T D,

EF 2.2, A B NAHRY TREE U, A EO R ¢ 25 2%, X 2 R EOEW
MR $5, F oA VIR RX, \Z RVEF ¢ Z8HT 2 &M Hakw FIREK
DF LA VER R, x, A= Quex. A = Qp_x ADBROND, Tk (T =)
[ Hopf®® O TD) 5 o RETY—% H(X:A,¢) &EL,

Bl 2.3. HERT —OVEE G 12U THA Ry TREA = KG 2% 25, G LD
R=Z1FHIZKG LD Z i ¢ 235595, $2LHRETY— H(X;A,¢) 137 —
ROVEE HX;G) DiFET 25y TREKH(X;,G) LA THD, ZOHEIXAER
DFERR DT — RIVEED BB > & WAk TREEDOBADZ 2T 2FE T &
MHHED,

BRICB T DIN—IVRI Db UTHY TRBOMD LUORFET 0D
Wardd, mY TREA DL LIX oce A THITED xe AITHLT
ox =¢ex)o 2T EDTH D, FMEA2 LKLY D I & TRBRIZARD & &
F#LU., ABEADPDOEMAITHOIEDZ RIS LR, BB, gl0) =1 K HIFM
53\ FESYEI L WS, HGRIGCOF Y 7REDPVEFMTHD L X, TDL

WZERY ., EBMEI NS %2 E D2 EANHMIZHI SN TWS, ACIC (I
fﬁﬂj*ﬂt) RN ERRViHEM T 2 I ENTE D,

2
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E#H 2.4 A 2 PHH» ORERMR ARG #A Y TREE U, oy & 0 %
ZTHNTN A DEREINARB ERBID LT B, VIGA)=Q®, o A EEHET D,

CATET N BB NFRN DIERILARRT Y 7 2 HWT V(X;A) % N
Zeflil & AT,

A FORIEH ¢ Z2EZDV(X;A) EOXNFMEHZRE ST (X, x,3A4,¢) & ST(X,x_; A, ¢)
ERDEDITEHRETD.ET A @fﬁ*%%ﬁ% DU TCTHHT I TacAlXV(X;A)
DIL%EFEETD, TOIHERTZOIZLATD Sweedler KetikZ iS5, A DR AH
BN T Z DKL well-defined TH D

AXo(a) — (,,,@a(xo)@),.,) — ® a*e)

Xo€Xo

ZDRGIBEIZHE DO THRIEHRE SH(X, x,3A, ) IFIRD LD IZEHKT D,
(5" (2 A.0) (@ ve)= @ ((@(x  x])ol) v )

Xo€Xo Xo€Xo

CORBEANY VI LA YIS AEGT Figure 207M0 & 5 12 £F 2 & A8
TX2%, TNTNOARY V7R A # KL, LOFAE FOEANZTATA K A
LYV EARAL Y THD, £ AV RTNTNREL TR 7= RHE BE £,
SURHRI SRR 2 S—(X, x 2 A, ) 25T 2.

(S"(X.x_:4,9)) () vy, ):i=c" (H (([x. : x_]>v§?>> @

AR 2 DR H I Figure 20410 CHIIT % 2,

NB \ NINN
\V\ kN |

| | | . ".\

Figure 2: fEH3E ST (X, x1:1A,¢) & ST(X,x_;A, ¢)

T 2.5 {ST(X, x5 A, @) }eoex. U {ST(X, x5 A, ) a_ex_ (FE T IR G R 1E FH 3
Thd,

EH 26, (A,0) XD FEIND X OEBMIEAF R (the elementary operator)
H(X;A,¢) IFIRD KD ITEFET D,

H(X:A,¢):= Y. (id—ST(X,x:1A,¢)) + >, (id — S™(X,x_;A,9)).

X4 EX+ x_eX_

BB, TOE%E Vo(X;A,¢):={y e V(X;:A) | HX; A, )y = 0} LEET D,

3
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i 258 D) Vo(X;A,¢) 1F SH(X,x15A,0), S (X, x_;A,¢) D (+1) I2F 1) DIl
DEAZERTH D,

EM 2.7. ([5, Theorem 1.1]) R EORNIIE AR X 16 U TR Y 2D,
1. FEERIERE H(X; A, ¢) DOEAZERIE V(X;A) OESREEZ 525,

2. 0e K IZ H(X:A,¢) DEBEMHETH D, IS5z OEAEMEFEDY —
By TREH(X; A, ¢) ORI ARFRDTFAET D,

H(X;A,¢) = Vo(X; A, ¢)

Bl 2.8 AR —IIVEEG EBYODOD K #2525, 28Ky TREA = KG
RN ORPEMTH D, #il 238 M 27128V KH(X;G) % V(X;KG) =~
K(GX,) Doz (FFU <&, FEEREHROE Vo(X; KG)) & UTHEBTE S,
TOMDAA f DEKRINZIZ 2 ZThRD, EIELZ #5712 KG DR
EAR UG geG % |g) LEL, ¥4 7N reGX, DFETHHFEDY —HH
%z [t e HX;G) &R EIRMIK D LD,

FAED) = D) 7)€ Vo(X: KG)
[71=1]

2.2 NAMWRFFNZE/TE T IV

ARCI =) v 73— K& REIICHET 5 2 & CHAMIRIKZSE T 7
DREMEE KT B, LMD EOHIIEF 2 5 L AR 2 LT 70
YA ZE R DL OB IZHRIR T 2 2 & 3D D, Z D (3O A A
FRBUZIED < BRI L b — ) v 7 T— ROMBIRE BT 5.

& IR IEROR & 2 %5 2,

2 2.9. R EORWNHIRINER XY 2 A2, X DD Y ANDEBEEK L IT =D
ADMDEL s: (X, X0, X ) — (Y4,Y,,Y) THY, x,eX,,x.eX,x_eX_ ITH
UT [s(xp):s(x)] =[xyt x0] & [s(xe) :s(x)] =[x :x_] 2iZTEDTHD, X
HIZIRD THES ] &z d,

o [s(xo):y_]#0A&6IEX HD x_eX_ WFFELT y_ = s(x_) DY LD,
o [s(xy):y] 20 &HIX, HD x.e X, WFAELT y, = s(x0)o
SACR® IZ R LORIWHIRINER L AEGHRORTETDH D,

7 2.10. R LORBFMZEILETIV (local stabilizer model over R) & IFFL i) &
A CW ER L HDIAADED S SACR NDOXE ) A REFETHY, fiLHL
(pushout) ZfE2EDTH D,

HUHUZRD L WD REFMHTONDWYW D TfEAE] offlzR -4, Z
DEMSFFEEI NN NDF =1 YRR ETHE L VDS L L% THD,

0 — C.(E(Ky N K1) = Cu(E(Ko)) ® Cu(E(K1)) — Co(E(Ko U K1) — 0.

EK 2.11. R EORFTNZENET IV E 25 XD, E MPIHEM (topological) Td
2 LIITED R MEE M IZDOWTIROEMS %723 2L THD,



o t RINDOMDIIAA G, : K— K A[0,1]T IZHRUT, HE(@); M) =HE(); M)
AN A RVASN

o REDME—[FAMEZESHDAAR : Ky — K; DEFL H(Z(i); M) : HE(K,); M) —
HEK\);M) 23357 5,

i 2.12. R LR Z LT T IV E BRHTH D 7280 D19 Sk 134T
B (K ED) My 7REA L A ED RAEH ¢ 21220 TIROEA: % i
T ThD,

o tIEAIANDMDIAA G : K < KA[0,1]T 12X U T H(E(i); A, ¢) = H(E(i)); A, ¢)
NS R RVASH

o REDME—FMEDIDIAA i : Ky — K, DERL H(E(); A, ¢) : HE(K); A, ¢) —
H(E(K)):A,¢) 28T 5,

Proof. £9 Z PMiMHNTH D L IRNET D, My 7RE A & A ED R {E
¢ 2% 2%, Hoptl DT —_RLIABTHY A 2aLBINDEDE A L H
<o T2, AF/NX (small) BT —NIWETHD, £oT Mitchell D ILED A A
M E ) HDHER L & fully faithful 2D exact R T (: A — Mod]L DIFAE
95, SHEET Mody — Ab & &% T D & faithful 2D exact &Bﬂ% T:A— Ab
PEoND, KR RAIFH ¢ 1 1(A) %2 R IEHIZE S EIF 5, = 75%4*96’3730)?
T(H(Z(i0): A, ¢)) = H(E(i0); T(A)) = H(E(i1); T(A)) = T(H(E(i1); A, ¢)) DS LD, T
I faithful @@T“#OE@%#MS‘%%%%O “OHDEMY l‘Jﬁ% ZHEM D bmzao
BFE ME—[WMEDMDIAA i« Ky — K, XA 1(H(E(i);A,¢) 2iFET 5, 5E
BT Modp — Ab 12 & 2 [ATLDFHGILFETLZR DT, «(H(E(i); A, ¢)) IZFATLTH Y |
A3 fully faithful ZRDT H(Z(i); A, ¢) XA TH B,

WIZMED M2 ARET D, R INEE M IXHEERORE K Z 8 U TR ARy 7R
BMA=KM & A LD REH ¢ 2iFET 25, BEEROMIE fully faithful 23D exact
BT Ab — Hopfed A8 42 ZLITIERTD L. D (A,¢) 128U TREDS
PEHEHT 2 LT 2 1LDFMENENND Z VRN bhd, O

Vec! % K EONFMT SN2 MVEREEGEHRORTHE LT D,

EH 2,13, ([5, Theorem 7.3.2]) Bl A DR B AR A ARy TRELA & 2D
FDORIEH ¢ 25 A%, R EONMNEINZEMET IV EITHLUT, (A,¢) &
WD B oX A2 IS A OMERIZIR T S, EMEICIE, WFRE . 1 R
B8F Z: Cosp™(CW™) — Vecl” M 174E L T Z(K) = Vy(E(K); A, ¢) TH D,

Proof. GERHDREIEZ BN S, EH 2.7& Y NAHK R AT Z €L E 7V X 1 b4 2
Mg~ v— T4 —hrVAEFZ2 525, EBE Vy(E(K); A, ¢) =~ HE(K); A, ¢) T

. 2,124 D H(E(K); A, ¢) 13°EHH DR PR R v TREUAE
ZROYAY— - T4 — MV AEFTHD, MIIZDOEIBYASY—- T — ]
D AR I3 PRSI 2 ARG OFERIZIRIR T2 Z & & 48 THd 5, o

4TI OB T (b, K* OAR T —Z2ROTHEZRD2E D) 2HTF
WAL TESDOMBEIZIEHT 5,

3 M RE D

AFZEO HMIE, BIREXAHBXR Y TRED 77— Y MmO ) 2 WAk
v IREBUZED S AT Y —REICE SO THBERER 2 b—) v 7 I3—RD

5
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T2 I L THD, TORETHRBID 2 AT 2 2DITHy TRED
IN=I)VRAGT DRI Rk 2 BT D,

PR TI K 2EEDOKET L, REHIET IV TIEAR Y TREDKRIE DGR
D 7= OITARBINEAR K 285 A5 RS TIIMERD K O #HiAy 7REU
DWT KRB %2 3L M9 2 R & flANL T D,

3.1 Ay THERELIHR S MY
ZDFETIEAY TREDOED K ORED 2 FIRIZ LU T, Ay TR
TN S EEAT D,

% 3.1, ([4, Definition 3.4) A,B % K EDOKRYy 7REL T2, Ky THRE
E:A - BITADATED (aright integral along &) & IXIRD M % 1 72 KT GAR
/,l . B — A ‘(“%éo

VaeA,Wbe B (p(b)a = pu(bé(a)) ),
Vb e B ( u(ba) ® by = ub)n) ®&(u(b)w) ).

ZZT A(x) = X(1) ®X(2) liﬁ?*ﬁﬂ: Bﬂﬁ‘é Sweelder i@?ﬂf%éo %ﬁ:ﬁ%fcﬁ}iﬁi
TRHILTHERIZ EIWCAIERPEZERT D, £ IRITED LI € TS HHA
MO DI ETHD,

Bl 32 AFED £/ LU T u=01F £ IZIRO>BENTH 5,

Bl 3.3 Y TREADORD o 8FZD, DL u(l)=0 2~ u: K- A
REAL e: A K IZIMOBEDTH D,

Wl 3.4, BEOUERRL p: G > H %525, ¢ : KG - KH % p DiFE L 72kw THE
AT L, 5L VheH@(h):Zp(g):hg) 729 u: KH — KG 1 € 12Ih 5
FaThd,

T35 u % EWMOMPETD, éopcé = R6IE u IFEREINTHD LN

Do EREDEFIFAERD (f (T U T foéopu=p =poéop 261X u % E£mMT
ThHd LD,

EPE 3.6. (|4, Theorem 1.1]) A, B Z WA#R Y 7RI €: A — B &Ry THERTL &
T2, ELHOMATHY) EHUEINZERICOEDPFETDH L E, TD L EI
B . IRD 2 DDSEMEN I D,

1. £ DAY TREDEFILI NS %2 £ D,
2. £ DRIER Y TRENIEBULI N RBD 25 D,
BE. B UEMMLI NPT NET N —TH D,

4] TlEb - & MARETE RS, BlRIE Ay TRESE L<Ea v /82 kY
—BECKT B N— VRS DN - MDA % 35, BB, BHON
T, B by UL T & A B kiR B
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3.2 EHH DR R A RIS v TREL

EH 3.6 T ATHLR Y TREOB DRy TR DR E DR 2R/~ n5E

YRR G R 2, BRIy THERITID R A A 2 3 RA A VHRERMNDOARE
HA AR AR TEDE DTHAULEHBIKIZ KD D, IRECTHRBEESET I %
AT 272D D & D B HE Y TRED RS Ak 2EAT D,

REF 3.7, Ag & B DR RHT R A BRI TRy TREDBE L $ 5,

fird 3.8. ([7, Corollary 3.4.9]) Ak 1% Hopfee D47 —~IVIETH 2, 5. Hopfee
DRI A —>B— CIZHNUTA,CeAx 251X Be Ak D% T D,

e D AR BT R AT BRIRGE A AT FAREUTRE U TIRIR D & 5 B0k
NhHd, Lz KDOSMA®LLTD, TOLE Ag IR L/K DA TR T D
E %2 32013 2 AR T —~ROVEED B & K ZERETH 5,

(T — FinAb)® — Ak ; G — Map(G,L)".

ZZT Map(G, L)Y 13 G066 LADTHEHEZRODEBROESGTHD, ZDOH
[FfED FTETHEALUZBMMIFEARNIZRT I ENTES, GH 2 T fFll%
ZDHWT —NVEEE L, p: G - H 2 ZDEHAZHEOHMERE L T 5,
&:Map(H,I)" — Map(G,L)' % p 2FEH$T LAY THAME T D, $2& &2
ST u: Map(G, L)' — Map(H, L)' & p (263 2R ZRN— VI T E 20,
EREIZIZH D 1 e K BFAEL T f e Map(G, L) (IZR U T u(f) IZIRD &S IZHFT
%,

)=21- Zf Vh e H.

4 HEIRREEIE D

ZDETIX Ag IMEZFFDO~Y AV — - U« — MY ABEFOAMHNIG OB Em AN DL
REBIAT D, —MICZOMMHRZORERIE K* = K\{0} DitZ RO TEKZE %
D, TOIDBRBRLIIMOHHEEDO LS IIHIHMOMEENEEZLZTH, F*x
X DEEFHDOHEWT D 52N O0E25,

41 XA Y— T4 —1F) ABEFOREES

CWI % JLiifMf S ER CW ERDBE T2, 7T—)VIE A IZfiZ2FK>~x 1 v — -
TA4—hM) AT E:CWI" - A 2525, HIL, EXSENE—AZMEL A
Y— - Ua— b AREZY,

2l 3 28y (Ko LNy Kl)(WJz e P VP N S b GANE - >y
%) 1&isy TRED 3 A (E(Ky) — E(L) — E(K))) 2% T3, E(i)) DFEO L
E(iy) BT % Z LT E(Ky) ™5 E(K)) AO)E@%%% Z2HD A AV DRE
MY —FAfEE 2 5123 2 B % Cosp™(CW™M) & EH< & Z ORERITHFRE ) 1 RS
F (symmetric monoidal pseudo-functor) %52 %, DFEH I ANV DILY) &bt
EHHEM K = K\{0} DItEROTHIN.T D, TOXNFE /) 1 N T%2 E DA
PRIZERTED L IP O PIE) L EL, TOHBETFHEDZ &% 438 TIRRIIZHE S,

PI(E) : Cosp™(CW™) —--3 Vecl"
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4.2 BAREDHLK

7 —O)VRE A KU TCEAfREE (relation category) Rel(A) & ik A OXNRODE
REHIZTIBETH D, 7 —IVEDME (biproduct) (X Rel(A) D LIZE /A
NEONE % FFET 5, 4.1 TOREMENET WA I, Ay T4
RUZIR S 85 DI W72 BGRIE Rel(Ak) DIEKZFET 2720 THD, ZDIET
T DOBIEREEAT S, £ 4y FHERBITR DSBS LRy THERBIO L KT
LB % ERT D,

EF 4.1, Ck 2 PHHID DR EEM A A IR T A sy 7RO DRy T
FR & 2 I ER b I NGNS BRI NGB 5, DF D, Ck IFEHMMAD
ARV A TR GT A Ry TR AR BARTHER I N B OB THY
ATORY TR FHFII NS 2 50RO B TH D,

it K*=K\{0} IZHTHE T Cx OHIZ/EHT S, LR TIE Cx »Y Rel(Ag) D
FEK IZEDBEOIERIZESTWD I 2BMT D, 5 LT, Ay FHEE R
f:A—>BOFEETL AMNS BREFRE R, £ELS, BB, BB RIIHLTZODE
E% R 2 EL,

TR 4.2. ([7, Section 8.4.2]) IRDFATHRESHTF SN EXFE ) 1 KRBT 7n: Ck —
Rel(Ak) WFET D,

L 7 IFREITH U THEHEERTH D,
2. Ay THERIRL f & Ae K \SH LT (A f) = Ry D x(d-py) = R} TH 2,
3. FEINDET 7: Ck/K* — Rel(Ak) IXEFAE%E 5 2 5,

H*(Rel(Ak);K*) 2E /1 R Rel(Ax) ® K* RBOE2 aREQDY -2 T
5o (MEDBFHEERBD L S12) BIEK o IZEEH Ok € H*(Rel(Ak); K*) 2k D,

L 4.3, ([6, Corollary 6.2]) 1K K DM 2 THDH L E, TDE ZITRY, Ok I&
HW %,

ZOEME D IROMEENESIZHh D,
R 4.4 K K OB 2 TIEAR T NIE H*(Rel(Ak); K*) I3FEHIHTH B,

4.3 Frb LITHE

E % Ak IfEZ RO A Y — - T — MY ABEFLT D, ZEOI ANV K, 5
L< K I Ag DT E(Ky) 75 E(K) NDOBfREFETD, x1¥Y—-J1r—h
DARBE YD 2NV DR HHOEPNINT S BERO G ZNnd, /E>TE
DR L UTHRFRE /1 KRBT £ : Cosp™(CW™) — Rel(Ak) #3515, 4.1%T
DA MO BER DR IZE A (1) OFH EIFOMEEZRHLTEZZ I LINT
X5, ZITHRD B IR FoOr#M Xz~ 30E /1 REFOZ L TH
%,

forgetful ;
v Cx ——3% Vecl"

T (1)

Cosp™(CW™) —£ Rel(Ak)
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R 43KV ER 2 D5E 3RS LITWFMET IR, —RIIEAPTH D, ©
OFH LT DOIFAENEZ L € DOPRDOEHEHTH D,

O(E):=E*(0Ox) € H?(Cosp™(CW); IK*)

Bl 4.5, ARROCDZERNIZHIBRT 2 L 5 2 IHRER Y —, BHZEFH O(E). MWHMT
B, KBS, d=0,112x LT H?(CospZ,(CWI"), K*) IZFIHHTH D, AEB. IXILD
IHRNT 4 ALIZHI FRT L ARRBHRELZ D, n=1,2 I8 LT H*(Cob,; K*)
LHATH D, ZOBIEIEKS % DB DRI - BIHROFBRIZHE DN TN D,

TAFLTFD &S IZEFEHDOHK S 2 720D E D542 155,

P 4.6. ([6, Theorem 7.21, 7.33]) ¥ Y — + U« — MY AT E IROFMD E
Lo xR 56IE OF) IXHKT 5.

1. EDREDDWVIENIZAER B FERY—HigTHhD,

2. E DRI (dimension reduction) TH b, 2F . Hd Ak Iz FFO~
LAY —- T4 = ) AHEFTF PFMELUTEK)=F(K A (SHY) THD,

i 3 [6] Tld d IRGGEA D CW HAKDE ETeEINTHWLHETF E 1L T
LR DOFERZ LIRS 2,

B 46D - I Nz & SREFIMNET Iy &) — A%z &
RIIZIR L Z 2 CIROBI % 15D,

#l 4.7. ([6, Corollary 7.3.5])) D —DHDRM %W~ TH %2525, NIZASR
BREFREDY — M E, THoTHMR CW K K 12U T E\(K) € Ax &7z
TEDEZEZD, qe Z 2 U THIRE /1 RBEIF Z: Cosp™(CW") — Vecl" »3(F
fEU TR %727,

1. W& K12 LT Z(K) = E,(K) TH 3,
2. I ZANRY (+ > L — ) ITRUTIROALER 525,

Z(L) = (]_[ dim (Eq_,.(L))(_l)) g € K*

i=0

Bl 48 EHD _DOHDRM 2T E G52 D, E VIR THD LT D, T
D& EINFE 1 KRBT Z: Cosp™ (CW™) — Vecl" D3FIEL TR % /29,

L MR KU T Z(K) =~ E(K) THD,
2. IO ANY (+ 5 L ) ICH U TCIROALEREEZ 5 25, 2T ZTEHM 4605
FEHWD,
Z(L) = dim (F(L)) - 1k € K*
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HC N B DHER & REFF I BT B IS
L A (ﬁmﬁmﬁ)l

1 BA

RLAEZE BN ATNE P A i 2 A I U 7= 22 B D 38 M IZ DWW T D Nachbin DS [30] 1%, #%
BHIZB T 2RHRBORRE L 2> T WD,
ARG UL, AAE R 22 M1 351 2 e A BE A D L5812 D\ T, Nachbin D5
DI, BT, ZOROEOREELENTE LD ce, R B B GO
LR D% UCV“)L\VCYI‘E T 5. ANGEETHERHEX, EHF & ALAHIZEE U Tl Nachbin
[30], ALAHZEMNC 51 B — MR IZ D W T Engelking [12], @B DHLERIZ D W
Tl Glllman-Jerison [16], Alo-Shapiro [1], B/B} [21], BFFFIT BT 284 BER & EHF D
BfRIZ DWW TIE Bridges-Mehta [6] % F 2L TW5.

BN, R Z2FEBERDOES T, @EOAMMHE L O@EEDOLIHF <Z2H 280k L, [0,1] =
{reR:0<r <1}, [a,00):={reR:a<r}, (—oo,b]:={reR:r<b} £95.

EBTHRWES X EO2IEHBABR < LT, U252 5.
eVzeX (z=1z) (reflexive ZHHE)
e Vu,yz€X (x2yhDy=2)=2=<2) (transitive )
e Vr,ye X (x <=y ¥72id y <z) (complete 5affitt)
eVzye X (z2ymDy=2xz)=z=y) (antisymmetric KIFH)
HilE, 2uilET, Ee, 2IETIE, UTO XS IERIND.
(1) = FEH L B R 22T L &, BIER (preorder) LIFIZND .

(2) < WEHE, MR L it A2 T & &, £BIIER (total preorder, linear pre-
order), FHZREFHZIZH VT EHF (preference) EIFENS.

(3) XA, HEBFRE KNHMEEZ AT & &, IBFE (=%IEF, order, partial order)
CEIENS.

(4) IS, HERBAL, Sttt KN Z AT & &, 2IEF (total order, linear
order) LIEIENS.

HINEFF < D A> 22 TROVES X % (X, <) £721 X TR, SIIEFES LIP3, HilE
A2 (X, <) LSRR £+ X o R 2%

Ve,o' € X (z <2’ = f(z) < f(2))

EAIZTEE, FIXIEM (increasing, isotone, order preserving) WX S, ZETRRW
MAHZER X = (X, 1) DRIl <2528 &, X % (X,7,X) TX L, (MHEAIIEEZEM
(topological preordered space) &S,

LRSI R (BEH 5:19K03469) DBIRZ 21 -5 DTH 5.
T 370-0801 HER&S W miler i EAGAEET 1300 it K R E

E-mail: kaori@tcue.ac.jp
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REFHRTE P22/ (X, 7, <) BT 200 7 L RIEY < OBRIZOWT, BAFD & 512
EHFEIND.

o <X B (closed) €5 257 {(z,y) € X2z <y} 2 X2 DHIES
o < F¥FA (semi-closed) L,
D ze X IZDOWT, {ye Xy} & {ye X 22y} VX ODHEA

PARGIE P X EPACTH 5. £ 7=, MAHBIIEFZEM (X, 7, %) OHIEF < 2RI DIEF T
HBHEE, (X,7,2) BNTARNVTRMERTHSE Z e bh 5. KFIZBEWTIE, K
c:%ﬁ%t;mﬁﬁb, (X, 7, <) OFIEF < A 7 IZRRIRBI MR %2 R E L 72 W,

HIEFFAE S (X, <) DHAES S A (7214, HD) ThoE L, s < o (2714,
r=2s)MDOseSKEolre SOEEERVD. MMHFTNERZER (X, 7, ) ICBVT, X D
EREDRZ D 5V FES Fy CHINEES FLICH LT, X ORb o aWEDHRES
Up LIPS Uy WEELTE CU; (i=0,1) £ TES L &, (X, 7, %) l& normally
preordered B L IFIXNS. X 612, HIEHF AFIZNEF TdH % normally preordered %2
il 1%, normally ordered ZEfE & (XN 2 ([30]).

RIAIZER (X, 7) DG ICBEBIERE <o (T72bB, 0 <o2' &5 2 =2) 2EDL X,
REARNE P 2218 (X, 7, <o) #* normally ordered Z2[l] <= AifHZEM] (X, 7) AV IEFH A2 ]
TH5. §725, normally preordered ZERHIZERIZEF DHLEE & AT 5.

2 (MHRINERZEICE T 55 R ERE RS OHE
Urysohn O ER D IENNBEZK & U T, Nachbin (ZIXRDEH %2 /R U 7=.

EH 2.1. (Nachbin [30]) ALHATNEREZEM (X, 7, <) A normally preordered ZEfH T % 7=
DDBBENIIERMEZ, X DEED LD SV HES Fy L BINEEES F gL, i
TEMBEE f: X - [0,1] TFH C f1({i}) (i=0,1) L2 DNFET LI L THS.

MAHBTEP 22/ X = (X, 7, %) DA HEE A RICHIBRSNAHERT <4 2F A5 &
&, (A T|A, =) b ET, umﬁulﬂéF?WFﬁt 75 . Tietze DHLAEEB O MR & L T
i (9<®mfiyb=%nba%fm%

£ 2.2. (Nachbin [30]) (X,7,=) % normally preordered ZE[H, A % % DEAHD

f &2 A LOBREGEHNERE 5. 2oL E, fA X EodEnEL FLEE’C%
12 DDBETDEEZE, r <1’ TH éﬁ%—i@%#{ r, 7 1IZ2WT, Dx(f~1((—o0,7])) N
Ix(f7Y[r',o0)) =0 4228 ThHS. ZIZT, Dx(f1((~o0,7])) & f1((~o0,r]) 2
L0 X ORNOBBAEEE, Ix(f~' ([, ) & f-1([r',00)) &5 X DE/NDER
I ST R

WD X OFSEE EOEGIE BN 2RITHR T E 5007 ZOMWIZDOWTIE,
DEHMH S NT VWD

EH 2.3. (Nachbin [30], Minguzzi [28]) (X, 7, <) ZFARIEF < %% D normally pre-
ordered ZEfE], A% X DAV NI NG L3546, 20L&, A LO(LED L
BEUE X Lo BB HRE T & 5.



MAHZERGR DA S, (ARG L IEFRS W) HAEE AZBEEL Tikmd 22
ETIBHLX T 25729, Fiz, A REBOHEEE UTEREI NS C*-embedding
OB WA TH 5. NMIHHZER (X, 7) DFEDES AIZDOWT, A EO(LE D HEfEREK
frA=[0,1] X EOEGEREEg: X — [0,1] ICHETE 2L & (T2bb, HiGEK
g X = [0,1] BEAEL g[A= f £ TEBEX), Al X 2 C*-embedded T 2 L IT
X 5. ADYX 12 C*-embedded TH 5 Z &1k, A LOFERE LA RBEKE2 X LO%E
BUE SRR R CE A Z L L AETH D, ZOMHGEEZAWS &, Tietze DILIREFIX
‘X WIEHZERTH 27D DBEA ML, X DIEEDEAES A D X 12 C*-embedded
Thd LRBTE5.

RLFZEE (X, 7) DIFIERE AN X DBESE (zero-set) TH D &%, AW D %k
Bf. X —>0,1]zHVWTA=f1{0}) eREDELEZVS. X OFREEGOHES%E
X DRBESE (cozero-set) LWEXR. FHZEM (X, 7) D2 2D HEEF £ GMW X T
RO (X721%, 5C20ME, completely separated) TNDB L1, X D2 D2DKRH LR
EEE Z0. 7, ZHAVCTF C 2y, GC Z) ETEBHZLERWV, T, &5 HlkREE
f:X=0,1]TFCfY{o)»2GCfl{1}) & TELZLLFAMETH 5.

Gillman-Jerison (Z & %A F®D C*-embedding DFFEO 1 1%, HARE % (E 5 72012
AR AT > A D DD EMEE 1 B DA TTE 272D 3.

I 2.4. (Gillman-Jerison [16]) (X,7) ZAMHZEM, A 2 T DWHEEGLTEH. DL
E, A X T C*-embedded TH D720 DMBE+DFEMIE, A ETEHESHTES200
BOEEIT X CHEBOH I NI THD.

NAHTTNEFP 22/ (X, 7, %) DS EEG A EOTEOEBIEMBER f: A - [0,1] B X
E RN g : X — [0,1] ICHRETE 5L &, Al X (2 order C*-embedded T
HBEMIENS ([34]). LAF, oreder C*-embedding DFHE DS & LT 3 DDHEREZMN
5. b, BHL22 D& 512, HEINBEE f 2 BE U7z (&0 — iR, BFET &<
Hwohd) Gk THRMNT 5.

e (Hunsaker [22]) (X, 7, <) 2B < &2 & DAMHEET 220, A 2 X O HE
.Y 2HEFE2E D0 87 MIMHIEFRZER L 5.

HAEIBEE f - D — Y Y X Lot BB IR T & 2 DB+
ZMEE, Dy (B) NIy (Bo) =0 &5 Y OIEED 2 DDMAES By, Bo (ZDWT,
Dx(f~YB1)NIx(fY(B2) =025 &ThHd. ZIT, ~MIIBCZIZD
WTC, Dy(B) & B%E&0 Z /N ES, 1,(B) & Bze&T Z DR/NDH
BEINESG 2 £RT. (MAHZEMIICS I 5 Taimanov DEH [32] | [12, 3.2.1] D —f%{k.)

e (Herden [18]) (X, 7, <) 2 MMBIHPZEN, A 2 X OEIES, f: A — R ZHE
HMEHETE5. X OWDESES K, HDrec AITDVT [~ (~o0, f(z)])C S &
T& 5L %, f-compatible THBH L5, £/, X DRIWADEREN SR DLIHEE N
RD 2 DDEM (S1) & (S2) xATzT & &, £1F X D separable system & (X
ns.

(S1) B4 C By ¥7325 By, By € £ BMFAET 5.
(82) E| C By X725 {F8ED B, By € EIZXR LT, B3 € EMFMHELTE, C E3 C
EsCEy, ¥ TE5.

EGEREINBEE f - A — [0,1] 2 X OB MBEBICHETE 2720 DBE|
DEMEE, r <1 1IZD20WT, X LD f-compatible &5 5725 separable system

27
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Evpr BAFAEL, [1[0,7]) € E 2 f (1)) € X\ E (VE € &) ¥ %55 2%
TH5.

o (Y. [34]) RAHBINEPZEMH] (X, 7, <) DIBIEA ADY, & 2Hi IR f : X — [0,1]
ZHOVWTA = f71({0}) (resp. A = f71({1})) &XEZHLE, AlZ X D order
zero-set (resp. order one-set) LIFIEXN 5. AAHEIEFPZEM (X, 7,<) D 2D
DWREAF & GO (F,.G) ¥ X CIRFREAE2BE (HF 2208, completely
order separated) SN 5H &1E, X D2 DDRDH 57\ order zero-set Zy & order
oneset 71 CF C Zy D2 G C Z; LTESLEZRV, 2Tk, &5k
Wi X—=[0,1TFCfi{oh)y»>2GcCf({1}) e TEEZLLFAMTH 5.

HAREEINBEE f : A — [0,1) 28 X _EOEfEINBEBICIETE 572D DBE|
YR, r <! THBERDOFER r 7 12DOWT, (FH[0,7]), fH, 1)) X T
EFEBOMTEL L THS.

% 2.5. fAMHATERZER (X, 7, <) DI EE A D X T order C*-embedded TH %728
DB DEMT, A LD 2DDHREEDRT (Ag, Ay) ¥ A ECIHFPEBI#TE 5
L&, X LCHHFPEBENHMTELZ L THD.

R25IXEM 24 DARB— b 7o T W5,
EIR 2.6. (Y. [34]) MAHATEFZEM (X, 7, ) IZHWT, RIZFAETH 5.

(1) X DERED YT MRS EAR ALk X I order C*-embedded TH %, 1D, <
I3HHATHS.

(2) bAaTHBIEED a,be X I2DWVT, fop(a) =0 5D fo,(b) =1 2A5E5%
SRR fup : X — [0, 1] DFAET 3.

FARTIE? < % % D normally preordered Z2fI, EHL 2.6 D (2) Z AT DT, EH 2.6
FEH 23 D—ffbe o TW\W5. iﬁ/m@QG@()@x#iJ%mMnmﬂ®—ﬁm
AIRERTIEF ZEE DB RICHN T W ZEERTH 2 (KEMD 5 &),

3 BRI ERBEIMNBERDILR

2 HTHAZ L 512, Gillman-Jerison OEM (FEHL 2.4) (ZBIL T, (MAHRTIE P22 L
DR INBEBIZ — b T & 7. T, MOILREIZE L T ARRIZIHFEE Z L 72
—MALDAIRETH 227 TOMWIZEIL T, FH LIRS 22 i AN D HEER 12 D W
THROED [34] DFER EEREHNT 5.

PFHZER (X, 7) DA EA AIZBVWT, A EOLEOEGEK f: A RMP X ED
HATREEBUCIRE TE 5 2 &, 41X X IZ C-embedded TH % LIFIEN 5. F 7=, MAHATIE
FpzEf] (X, T, <) DIEL A IZEWT, AR DEGIEMBEE [ A — R ANEGEE B
g: X o RICIRTE D&, A1 X i~ order C-embedded ¥ IFiEh%.

MMHFTEF RS (X, 7, 2) DA ESR A D X 1T order C*-embedded TH 5 Z & I3,
EREOHERGEIMBER [+ A > R ZERENEK g - X — R, $4bb, IERFEK
R* =R U {oo,—co} ZfH & § S HABITHLRTE L Z L LAETH L. ZOBIRNS
i3 % &, order C-embedding (&, #IkDBER 2 MMM E RS2 WE S IZEREE U
THARATRE LR D Z & k5.

PiAHZERM (X, 1) D C-embedded A& IEHIZ X IZ C*-embedded Td %A%, Wil
FRAZ L7\, — 5, ArAEZERE (X, 1) DG Ald X 12 C-embedded TdH 25 B+



SR, Al X 1T C*-embedded 73D U¥-embedded TH 2 Z & TH S (FRH-ER [29],
Gutev-KH [17]). 2 Z T, MitHZERH (X, 7) DA ESE AW X I U¥-embedded TH %
R OHBGEE f A > RICHL, B g: X > RTf<glALR2LDN
FIEST DI L THD. ZOEHKF, ZRHE-RE[29] LLREL 20] DEAHEEZH WA Y D F
VDHDTIFARL, BB Z AWz Gutev-KH ([17]) DRMERAETH 503, AR TIE
IboEERL UTHRMTS.

MAHFTIERE 220 (X, 7, %) DS EAS A EOLEO R f: A — R L,
Eﬁ%ﬂﬂﬁgﬁgl,gg X —- R ’C“g1|A S f S QQ‘A t@é%@ﬁ‘ﬁ@?é b %, A CiX Iz
order U“-embedded &3 ([34]).

I 3.1. (Y. [34) (X, 7, =) 2 HEEFZEM, A 2 2 DMnEELT5. 2oL &, A
& X 12 order C-embedded T&H 5 HE+ 7M1k, Ak X 1T order C*-embedded H>>
order U¥-embedded THBH I & ThH5.

FERR 3.1 13, B DHLRIZ DWW T, RAERIE L U TOHLHRIZ (order C-embedding)
&, R* EEIE & U T DL (order C*-embedding) & RAEADHIR (order U¥-embedding)
THRETELV ARGHREZGZ26DTH%.

AT Z N T, MAHZER E ORI D LR (&, ALAH e R 22 [ _E o HisE i N B EK
DILRIZ ML TED Z 2R TEHMEBN L TE 720, I F MR LARWEE %8
N5,

NARZER (X, 7) DI ES A DY X 12 controlled embedded & 1%, {1 D iz
Bf: A= [0,1]L XDEEDROLLRV2DDEEE Zy, 21 TZ;NA= f1{i})
(i=0,1) £222ELDIINLT, #EEBEKg: X - [0,1] TglA= f 2491 ({i}) = Z
(i=0,1) 2222 HDDBFET DI L THS. Frantz [15] 1&, EHZER X OMES AL X
IZ controlled embedded TH 5 Z & Z/R L TWzH3, & O —MHIZ, controlled embedding
¥ C-embedding & [FfH & 7% ([33]).

NAHATIEFPZE [ (X, 7, ) DI ES AT DWTC, LR OGN f: A — [0,1] &
X D 572\ order zero-set Zg & order one-set Zy DRl (Zo, Z1) T Z;N A = f~1({i})
(i=0,1) 725 HDITH U, HFEHEMER g: X —[0,1] TglAd=f 22 g Y ({i}) = Z
(i =0,1) & T&E5%& %, AlX X T order controlled embedded & IiEN 5. Ff
2, Zi =0 (i = 0,1) £ Z & T, order controlled embedded 7273 4 1E order
C-embedded TH D Z D bnd. LU, MHZEMOGEG L ITRLRD, B LR,

PAHZER] (X, 7) DI EA A DY X 1T well-embedded TH 2 & iF, A X b LR
XDEELEZIZODWT, AL ZZEBHMTELLEE2 WD

PAHBIIE 220 (X, 7, %) DS ES A D X IZ order well-embedded TH % & I3,
X DIEFED order zero-set Zg CTANZy =07 D L, X DIEFED order one-set Z; T
ANZ =0 755 DIZDWT, 220D (Zy, A) & (A, Z)) BENTh X CHEFPBEES
HMcErLEn 0.

NFHZERNC BT 2 HERDRR & (Figure 1), MAHRTMEP 22/ 12 35 1 2 ILEDRIR (Figure
) ERD LS IZE e HONDD, KEIDHIEXT R THAL LR (cf. [34]). ALFHZEM (X, 1)
2B 1) % C-embedding = controlled embedding DFEAD L, well-embedding A3 723
B OMEEEICD 572, LU, AFEIERZERH (X, 7, <) IZB W T, order C-embedding
M order well-embedding % & 2372\,
Bl 3.2. FlZIE, X =1[0,12\ {(1,1)}, 22T, @HOBMM, BEF2E205D2 T 5.

D&, A={1}x[0,1) & X T order C-embedded T 2 D%, order well-embedded T
AQNE
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controlled embedding

C-embedding —— U%-embedding —— well-embedding

|

C*-embedding

Figure 1: fifHZEM (X, 7) DB 2RO

order controlled embedding —— order well-embedding

I

order C-embedding —— order U¥-embedding

l

order C*-embedding

Figure 2: MAHHINERZEH] (X, 1, <) 28T 2 HLR D B MR

4 REEFZRICHTHRERGF AR

RFLIZBWT, HEHBELZDE %2 HE DEDOPHWARDETIINE L TR B
RHWS NS, NHFIERFZER] (X, 7, %) EOSERMEEBRI f: X — R 2IEF RBEE
(isomorphism) ThHH L &, T74bbH,

Vo, o' € X (z 22 < f(z) < f(x))

EATZTEE, f 2ERAMARY (utiity function) £V, X X <X DEFGAEMARI
(utility representation) % ® D LMEEN D . EEGRNABEE f : (X, 7, %) = RBGFHET
5 e &, HilEE < 35t 2 A= 9. BRiEpZER (X, 7, X) LOXABERDOFE/EIZD
WTIE, IRD 2 DDEMMWEANTH 5.

EIR 4.1. (Eilenberg [11]) FARBIET < % b D#EfG 2 a0 22 M (X, 7, %) RT3, i
SIFHBEE f - X - R DFAET 5.

EI 4.2, (Debreu [7]) PARAINEF < &6 D5 2 /] 722/ (X, 7, x) R, Mgz
B f: X - RDPGFEHETS.

EHL 4.2 DFEHIZHE LN TV AIRDFHEIXTZTNEG L L THATHS. ROBHES
SIZDOWT, R\ S ODERZBEHTRVERERD X gap & LIEN 5.

##%8 4.3. (Open Gap Lemma, [7] [8]) S Z RDHDEALTD. ZDEE, g(S) D gap
MINTHEALIRD XS BN g : S - RBPEETS.

fRE 4.3 1%, BB S (EPALAICE S 2 ) kAR EZEL Z e hTE D20
IFNETHETHD ), iTHPEHTH 572D NFETELLLDIEIHNEZ 6N TE



7= (5], [23], 19], [3], [4] and [19] %2 &). —75, order C*-embedding % fH\5 Z & T, &
HLA2 1T UM 4.3 Z LS 2 JGEHZ 522 2 &I TE 5.

BAETE, dina ) HEREZE O Z L OREOIDBPHELSEA5NTWDED, T o
Dhin s 1 ORNAT B, HIEFES (X <) IZHEWT, <2 Debreu DEKTD order-
separable TH % & 1%, &4 a]H g ZCX75>Z'?—Y£b,m-<y0)<‘:%zEZ75ﬁE
=222y LTEHLEEWVD.

EH 4.4. (Brigde-Mehta [6]) (X, 7, %) Z2HilHFEAG LTS5, D& &, @i/ 3 HE
B X = RPEETZ-ODOBEADFEMAEE, < D Debreu DEETD order—sepamble
T, HFAM 7<(X) E=<(X) C T 2A7T T c‘i’C&)Z)

R f (X, 7,2) 2 RVFET DL E S IIEMERLDT, —D (5
fiff £ 1EBR S 7220 ) HINERE ORI HRBL & 1378 672\, D728, HEH O e % % 1
WBRIVF =T 4 YT 4 KA Aumamm [2], Dubra-Maccheroni-Ok, [10], Evren-Ok
[13], Ok [31] Tz X W BA T N7

PEAERTIEFPZER (X, 7, <) BY < OFERTIVF 1—F 14 U 7 14 KI (continuous multi-
utility representation) % H D &%, X DIRDEME (x) 22T 2N,

(x) Vo' € X [z =<2 < (f(z) < f(a') for Vf: X — R : HEHHINBEE) |
UTFOHEIHONT VD

o MAHATEREZERM (X, 7, <) D < DEfERTILVFI—FT 1 VT 1 RKEEZEDL &,
6y < 1XFTH 5.

o VEHLHENEF < % B D normally preordered ZE[ (X, 7, <) I, < DR~ L F
aA-F4 VT4 RKEEHD.

o FFTAVINT N, 0=V RT NigAT ARIVTER (X, 7)1, X DEEOHRIER
= DEFRYNFL—F 1 V) F 1 KA HD (Levin [25]).

o PARTIE? < %5 D k,-ZEM (X, 7, <) &, normally preordered ZEff]TH 5. £ 5T,
X F 2 ORIV F =T 1) T« i'%fﬁ.% £ D (Minguzzi [28]).

o FfE (x) 1, B 2.6 DFM: (2) &£ —ET 5. (order C*-embedding (%, FFF TlE
WVFA—T 4 VT4 KRB LTHNTL S)

5 IBFEEERE

MARNE 2B (X, 7, <) DT < Mg~V F1—T 1 VT RBE2zEDL &, F
7% a—TABDRDBD? LD ARRECAE L B, GRS B B
EHL & Stone-Cech 2 /%27 MEOH RO MMIERF 22 (X, 7, =) ~NO LIz DWW T,
Fletcher-Lindgren [14], Nachbin [30] 2* 5 #4713 5.

PARNEZ 22 (X, 7, ) I2BWVWT, X DAL DEfGARILVFI—T 1 VT KBZ2H B
(T7abb, (x) DFEMEEATZL), D, IRDSEM: (xx) & A7z T & &, —KRIL AT RERTIEF 22
@ (uniformizable preordered space [30]) & EIEN 5.

(xx) [EED 2z € X L Z DMV IZOWT, 28I £+ X — [0, 1] & i)
B g: X —[0,1] T f(z) =1=g(x), 2, inf{f(y).9(y)} =0 (Vye X \V) %
AT EDONRFEET S,

31
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NI AR T TH DAL RERTIEF 22 1%, HpZEfM & 720 [30], TR ERIIEFZER
(completely reqular ordered space [30], —Fk) IEF?H“F'EJ uniformly ordered space [14]) &
XN 5.

(X, 7, <), (Y, 7, =2) Z 2 DDfMIEFZERE TS, ZOLE, Bl X >V P X
DY ~O EFHMERBE (order homeomorphism) Td % &%, f 342 Hgh# e i
BART, fL HEGEEINERTHL L EE2 VD, 2, f: X =2 YV DY OFHEE~DIE
E‘A&*Hﬁﬁgg‘u@’éb’éé LE, fIEX DY NDIEFIEE (order embedding), £7-1%, X 1

WCIEF R S 5 L IEEN S ([14]).

S% ZETHRVWER, Fae SIZOVWT X, 2 ROAHREXE & U, BZEH ], cq Xo 128

HOBIEF < (F7DB, (2a)acs, (Ua)aes € [Laes Xa 22T, (Ta)acs < (ya)aes <

To < Yo for Va € S) Z AN72H DIFNEFF 21— 7 (ordered cube) EIEEND.

EIR 5.1. (NEFHEERM, Fletcher-Lindgren [14]). RO ERINEPZER (X, 7, ) &,
Ef7 3 2 — T EF S S 1 5.

ALAEME P 22 (X, 7, <) DNEFE 3 > /80 MM (order compactification) & 1%, I 2 /X7 b
DARNVTNEFRZERY &, f(X) DY ORERBIEG L2 L RIHFHEK f: X - Y
DHL(£,Y) 2\, X & £(X) R8T 5.

o MEFE < % & DA ZERM (X, 7, <) DEFF 2 > 827 MbEk S D720 DBE+43
REE, X Dma ERIEFEMTH B 2 L Th B ([30).

CH(X )’GXJ:@%??@@%@MEQ&%@F%%?ZT%) BT, e 0 X — ROTED %
Ef§ (evaluation map), nX % e(X) D RGN B3 2MAL 322 X, (e,nX) I X D
Nachbin I /37 MEEEIEN 5. m%ftﬁ']lllﬁﬁi S DNERE 3> 827 ME(f,Y), (9, Z)
ZDOWT, H R A Y - ZMFEEL hof =g & TEB L&, (f, )i@,)
X B9 % (dominate) &IFIEI, K2 h BIEFAAHFRIRESR TH 5 & &, ( Y) & (9,2)
HEETHLE VD,

o X R IFHINERZEME 3% & &, 0D Nachbin 22827 MbnX X, X DTART
DIERF 2 82 MMz XT % ([14]).

e X 7" aX IZ order C*-embedded X725 & 5 22JEHfF 2 > /82 MMb X 1%, Nachbin
IR MEEEETH 5.

o HEHUET <o % & DAMMET 22/ (X, 7, <0) @ Nachbin 2 > /327 M n(X, 7, <o)
&, frFHZEM & U T Stone-Cech I 22827 MEB(X,7) & —FT 5.

o HEHERRITEFEDNMH m BFORIEF < 2% 2 5L &, Nachbin 2 >/%7 b
b n(R, &, <) &, AiAHZER] & L T Stone-Cech 2 > /%2 l\ﬂ:ﬁ(R TR) & LW

([14)).

e normally ordered FAZEM (K2, PARNEFZEM) 349U & 584 FERINER 2212 72
570 ([14]). £5C, To+ () = (+%) Th 5.

o 5 (xx) 1%, X @ order cozero-sets & order coone-sets K% H 7 B3 & 97 5 AL
ME—59 5.

AR 22 T DI LD A B, YA F 2—F 1 U 7 1 REDFDDEM (x) IKHIZ,
(+%) THERE NG H 2EDRIOMEL KD SNB70, TNFI—F 1 V5 1 KIE, IE
FrHsbiAS & D & BT GBS 1B 3.
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RIS vV VI T 40 7%k L
ZDED LD Fra Y —

KB T (KBRS BERSER

1. FUSHIC

BANER EUI ESIRED F Ru Y —2HT 200%, PRuey—offRicElr 3
HEANZHWTH S, ZOMEEZEZ S LT, RAFEICEA T 505k &
A EDDH S,

AMETlE, BABEE LT TV Ty VWG EEZ, ZDHT%EMEE LT
X, VTV T4y VSR EZ 5. EEZERIEE LT, YT LY
Fav IR L L, LIk X LoIBBRt»oTh 2 2 RwpZ t T, fl(X,w) %2y
DTLITav ISR LTS, TV I T 4y 7R (X, w) DTS IRED D >
TLITavoThHsElE, ZhnHY, wORlBBICX D> v L7 T4y 7 4RRMEICR
LEER ),

VTV I T4y VERED 1 OD 7 5 RAE LT, WELSREDRH L. Z DRI
BWT, SELSHKED b Ra Y=L, @ENYIN & MHEN S RKIL 1 DBIERE TSR
BT PR —DRITIFER D D 5. #HlZ21E, Lefschetz DFEENERLX, 2 DD
DFREFE—HER (2) ZER Y —F2Bli00 2. £BVNYIK OBz E 2L,
Lefschetz R ¥ 2V, Lefschetz 7 7 4 N—22R0ME 6 1, GHESRED P Ro Yy —% X
DELSIETE 3,

DL VTV T T Ay VERHRIZOWTIEE I TH A I, TNz EDE7-0, AR
TRUTD2oDMEi%Z%5 2 5.

(1) (X, w)DRXIL2DFEUY—Hlaz—2MELLLEE, EIEDT VTV
T Ay ISR 0 2 RET 20 ?

(2) (X, w)DBDEEMEERLTE Y T LI T4y 784G EZRDEE, XDOMER
0¥ —IE ED &) BRI 00 2 0 ?

HEHIIEAE, NS OREICEIL, 6 RICL v L 7 F 4w 7% KK & 2 D ARICE %
KRR DEAIZOWTHIZE L T %, ZOWED 616 725 2 AR TN L 72w,

DIFTIRELICHIS 2R D, A XU ZOROGBRIZTXTH O »TH B &
RET 3.

2. ARV T LI T2y V8RS kED M ROY —

2.1. RRFTT2ODV > TLI T 19 VEBD ZHAE

FIHOME () IZD2WTEA T, £TRI YTV 7 T4y 7 EREBICRS T, fib
DREE 2 R > SRR TOHFBEDMEZ BZE L 72\, ZD7DICAT D X 9 1
Bz HRET 5.

* T 560-0043 KPR EFRTHEREFRILMT L - 1

e-mail: taka.oba@math.sci.osaka-u.ac.jp
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FIRE 2.1. n REHE X DFRERY —Ha € H, o(X;Z) ZEE L7 L E, a2 fRE
T 2RI 2 DG T SRR, D 2 FAMEBIRD b & TIRAIRED 2

AT LREDFRMERIR & LT, MaHHE (Bodk) 74V E—2FE 2 5.
nRILEFRIE X & a € H, o X;Z) 12 L, oZ KT 28520 %Mk 1 >fF
FELET S, T28, RFWICHEERZ#DIRT 2 & C, HIREOMDFH TRV
BRI 0 B RET B, MAOHEMHTRLETLHEEIZDLEAATA Y PE—TK

DEDLRDT, ERMEOHIZTA Y FEY 7 ThnREITLPIIN S,

RIZ, BEERNZ RN TEZ L. HlZIE, X% a2 %7 bRl 2 Kihler %
RELTS, T25&8, azf{ERTIEBHTLHREE, BEETXRTTPA YV PEY Z7Ick
22 EDHSNTLDS, IS SRR HEHIC % 5,

BEHEZ 5D, XISy T L7 T4y IMER2 52258897249, dimX =4
DEEIZ, ac Hy(X;Z)2RET 2> TL 774 ZHiHEX, WEAXDS, #5
FMHE X772 1>2CTh s, 22T, Killof Gz o ME»6 74 Y FE—IZEZ 3.
T2E, FEUFN AL YTV T4y ZHAIOIIBRT, W74V EY 7 Tho
b DA, Fintushel & Stern [FS]IC & D PNCHEL S 1, BIETIIRRA BHRBI23H 5
([Smi], [EP] % &) .

YTV I T a4 2SRRIt E TS L, ARTTDOGEDFRERE LT, AW
FEQHRATHED, 7AYV NEY 2 THOS YTV 7T 49 780 % Rk MRz %
fifchElcE 5. Lo L, GBI FAHEORMESIEAHICZ 5. flZE, (X,w)
PaDH TFIT X >TE, RELOWIFRMED 72721 D1c% % G248z X)), —
DL v V7T 4y 7RI L TYH, DX ) MBI AREIC R 2725
A

DEZFEDDZETDRDIIICES, ZORTES BTN TEEZD, 0D
MicoFEMETH 2.

| | #oE# [ 74V rE—|

HESRIRPAE 25 37 NO NO
(287 b HUHES) Kahler Z 04 YES YES
lim =4 YES NO

STV I T 4y 75k :
VTV I T 4y 7 SRRk pr—— 77 NO

1 21 ~NODEZDF LD,

EE 2.2 (K¥; [Oba)). Wiy v L7 74y 7 6 RIGHHS A (X, w) &, 4RTT
SV TV I T 4y 7SRRI DIEIRIE Y, bnez, BIFEL, B2 AT !

eV, 72biZTRTCHAEVTHNATH 3 ;
o YV, 7Bl HWIZAE FE—FETZR ., & {ITHWIZIETFEME T K,

2.2. Lefschetz 7 7 1 I\—ZE[
TH22DL Y VT T 4y 7 SKRIR E ZDE TS RARDRERRIZIZ, Lefschetz 7 7 A4
N=2ERZR2, 207 74 NN=MEDWT, 22 TREET 2.

FTY ZRAEOTONTARICEASER E T2, S2% 2R 0Bk & L, BRHERZ M
S ANTEL,
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EE 23 TR [:Y — S?DLefschetz 77 A IN—ZERTH 5 L1, XRZ2AhKTLE
AT

(i) B f OBREES Crit(f) BT, fIZHETH 2 ;

(il) HHFA p € Crit(f) &, ZHUSRHET 2 BRE f(p) DR D) TS IOEAT 21
FIERL (21, 2,), wAZNZNIN, FIRMTO X Ic#F 3

w= f(z1,2) =22+ 25,

(i) %7 7 A N—IBHIAKX D -1 DI Z & F 5\,

HSE LD 7 7 AN—DZ L2 BET7AIN—, 2SN D7 74 N—ZIEAIT 7 A
IN— LIRS,
Bl 2.4. B S? 2 CU {0} LAKL, TR

(8% x S*)\ {(0,0), (00,00)} = S%, (z,w) — w/z

%25 (K1OFEM). Ziudvbw 3 Lefschetz v 2L ThH D, HHIZ 7 43—
S2IZIHRHC, B 7 74 N—120 & coD LICH B, 244(0,0) & (00,00) TTH—T v
T2 EickD, ERI7 74 3=23 S2IZ[AI#H 7 Lefschetz 7 7 A /N—ZEM M3 51 5
(K1 ofAM), ZOBIEHE I DBERICE W THIZK S,

N (0, 00) (00, 00)
{oo} x 52
(0,0) 5% x {0} (00, 0)

1: 82 x S? L Lefschetz Xv 2V () EZ2D 70 —7 v 7 LD Lefschetz 7 7 4
N—2EH] (f).

Bl 2.4 128 WTIE, S? x SP2BELIRIKLE AL, ZOHHE%Z MM L T Lefschetz
7 7 AN L 72, AN TEETY Lefschets 7 7 A N—2f%E5 Z &
WCES, BB, 220 dHICb 26205, 22T, RIZZFDHIKIZOWT
Wi T %,

BRI 7 7 A N—=1%, IEHI7 7 A4 N— L& 2 WHEIPHIER 2 1 51> 83 2 LTk s
N3, 20X RHEMEARZEBT LIV E VS, WIS T 2 A 7 L3 EER
DOYHA CH AR 7 7 AN—DZ L%, DEBILIERNZ L1275 5 Y1 7V
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DI D & 21X, FFR7 7 A N—Z2 I DBR LIPS LI 5, Lefschetz 7 7 A
NWN=ZBREZ 6N L&, ZID006KFRER7 7 A N—ITHIGT 2 HBY A 7 vzl
N5 ET, HBRYA 7 VD (HIR) FI3TE 5. W2, H 550M% A7 HHEAITHE
DI (c1,...,cp) ZHD E, o ZIHBY A 7V ET R T 7 A4 /N— 2 FFD Lefschetz
7 7 A N—2E KT E B,

Bl 2.5. TTHEB2OMMIAZEZ, ¢, ..., ca 22D &9 R HEHEAMER & 35, Bl
PHERAR D F1]

(Cl,...,C4,Cl,...,C4)
HEZDL, ZDHNEERY A 7V DHNE T B Lefschetz 7 7 4 7N—2%[H] fo: My — S? D3

WRTE S, 20 fo BRI Mat] 12 & DB X 117z (52 x T2)#4CD” Lo 2
D Lefschetz 7 7 A /N—22Ih 72 & 750,

- E‘
— |\

e

Y

2: HAMAPHINAR c1, ¢, c3, ¢4, .

Lefschetz 7 7 A /N—28[] f: Y — S?5BIEENITH % L 1%, KRR 714 N—DH
WA A 7 VAT D Dehn YV A R B 23, IEHI 7 7 4 N— RN GERREDO I TH 5 &
ExWI), oWl EDL S bR Lefschetz 7 7 4 /N—28/1TH 5,

R Lefschetz 7 7 A4 2N—28[E1%, S? L S2 N2 BV D i g 22 &
’I'iﬁi\‘/)l!).

EE 2.6 (Siebert-Tian [ST|, Fuller [Ful]). fEE DI Lefschetz 7 7 A 73— 2E[H]
f:M— S2IZL, S2EDS2ANYFLVSHEEL, XDOHZ7a =7 7T MMBSD
Hr7a—7yv 7SO ETEELE RS,

COEMICBILZ XD 7T u—=7y 7%, f: M — S?O0HROR 7 7 4 N— Dk
BN TIro T3, LI, fOETHRORE 7 7 4 N—= LR wa, 7u—
7 TIEE T,

2.3. Lefschetz 7 7 1 IN\—ZERICIET % 6 RITZ &G & ZDEH iR E
DUMEEBE 2.2 DEEHOHEC 7 5,
HRE 2.7. LEOMMEMMN Lefschetz 7 7 A /N—=28[ f: M — S22 L, 6XIuPHY v~
TV I T4 7R (X, w) EZ2DARILS Y TV T 49 7S RERY TRE AT
bOVEET % -
e XIZS?LEDHZCPP Ny Nk 7u—7y 738 TES N5 LRI HM
Th 5 ;

e YIIXZT7Uu—T vy 7ITHONILHRFIHMDFEMETS 5.
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EIE 2.2 DIEFADBIEE. DL RIEDIE Y, 2R T 57:9, £ 313 Lefschetz
T 7AN—RHOGZ 525, fEEDn € Zyso ISR L, 2D Lefschetz 7 7 A 73—
%M g, M, — S2T, UANZHBY A 7 VDI ETEHD%2EZ 5 :

(Cly e ey CayClyen ey CayCly e ey Cpy Cly e vy Cyy
THer), o, Ti(ea), T (er), oo T ea) T (er)s ooy Ta(ea) s To(er)s oy T (Ca)).

22T, ..., e, clEX202H B PHAPHEHAR T, 713l ) A F Dehn vV A A 2 £
T ZDg,lE, Hl25TELLXL fo: My — S?D4>DaE—=%2h, Znon7 74
IN=H(fothafo)#m (fottiafo) £ LTHRETE S, M7 7 A N—DFi232TH 5

EPS, g, FHERHNTH S 2 LIHERLTEBL.

Lefschetz 7 7 4 /N —28[] go Il 2.7 Z W H L <, T 60> v 7TV o749 0%
BRIR (X, w) EZDHDARTES v TV 7 T 4y V3% kEB Y, 2145, 3D D g, I}
LT b, 2.7 2 TIULEPLDGEANE T LZ D TH DD, ZH3vdizv, H#

ZAF, 2.7 2 L TR S N 6 LSRR 2 b 3 v L 7 T 4y Z6iITH B
DI onl, HEZZ)THo7ELTH, FERY—HDHU 2 DHHE S T
Cltizbr ok, 22T, “twisting operation” & FFIZN 2 8HE2 W25, 2 Offf
IR DT, FEL WEBHIZEET 223, 7 7 A N—=FIEMED O EET, (X, w)
R VTV T4y VIS AD FE 0 —HUIE LTI, OIS EE 7 74
N=HNZBDLETHLET2HDTH S (L < IF[Oba, Section 4.1] Z B I N7z \») |

VTV I T 4y TEG SRR Y, I twisting operation ZfET. T5 &, Yl (X, w)
WTHEIN, Kg,: M, — S? (n>1D)ITHET 2 (X,w) DY VL7 T4y 7E57
SRRY, DME S NS, B, KY, ZY KA Ea A THS, £, Y, 13 M, D
7a—7y FIWAFAMTH 5. m(M,) 272D (Z/nZ) THD I EHh 56,

m(Yn) Em(M,) =7 & (Z/n7)
ERD, VbW FEHTRENZ L3005, e EMBIREoNS. O

IR 2.8. LOGEHTE 27 9,0 M, — 5% 1% Ozbagci & Stipsicz [OS] DB D> & 45
ME2HELDOTHS, HoLHEUAET, n>10LE, %M, L2070 —7y
7Y, BEFEREE TR LW EDNIHTE 3,
2.4. RREFMCPPOIYTLIT 1y V8D SHE
ZDOiTlE, Fubini-Study IR wps Z2Fi> 7% CPP D> v 7L 75 4y 7804 MHiED
M FEHEIC O WT, EROBBRD (FRAKIZ 7+ =7 a7 2B s h, FE
O)%HZ)BED, DEE%LV-Q‘T%TE/J k..E|7b ﬁfcj@ﬂﬂi&b)) %}E%J{t’\%f’ t.., m%%
1DE#RLTEL, CPPOATICBIHARIAEY 1K L, [Y] = d[CP?] € Hy(CP? 7Z) % &
BB ADTET S, ZDd2Y OREEFERZ LICT 5,
EE 2.9. (CP?wps) DY Y L7 T4y 7 ARIGEBAEEEY ORELAD31,2.3 D\
TN THBLEE, YVIZREIDFRSURTEEI NS CPP NDHt S 7 i i h
Mol cd 3, bbb,
CP? (d=1
Y &~ q 5% x S? (d=2
CP24#6CP° (d =3
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7272 L, ~3WorAHzR T,
Ak IE [Oba, Appendix A] Z 2 I 172\,

3. 6 RTTIVTILITav VSBKED M ROY—
3.1. B SFEICL D FROYVAILEHIK
ZID5IIHDDR=ICH > (2) ZHFE LT L

(2) (X, w)DBLGEMNERIT TV I T4y VDS REEZELEE, XD K
0y —ld ED K ) RlFIDD D> 50> ?

ZORBEIZDOWT, HlZI1E, ARITLDLGEIIRD Z ERHASNT WS,

EHE 3.1 (McDuff [McD1]). #ifiZ A RXTGEAS » 7V 7 T 4 v 7 LhRIE (X, w) 23, S?IC
FfHZ S v V7T 49 734 HRAEY 258035, Y OHORXEDIEATHN
iE, Y IE (CP* kwrs) (k> 013H2EH) , 73D TV 7497 SPAVE
NDO7a—7y Iy 7L 754y ZEMHTSH 3.

GRILUL EDGBZ2EZ B E, PV T LI T4y 72D EEICONCT, HORNE
RVENY PIOVICEHEZ L 277 T OEM31 0—fbix, EZEOHBIED, F7REN
TWwis\, 22T, MEZDPLEZRTL T340, XOWMKZEAT 3,

EE 3.2, (X,w) 2> v TV 7T 49 74K E L, (W] € HX(X;Z) 2 AT LT D,
RRIC2DL Y VI T4y VD ERIEY B TLI Ty VBEREVIBICH % L
IZ, PDlw]=[Y]Z &% L, X\Y » Weinstein iz A T2 L %09,

Weinstein BiEDEFEE 2 2 TIEFHL 2 \W0AS, DX ) 2iEZ X\ Y 2R & &,
BB ICDLILLT DN FLDHBTAY FAGRINDG ZEBRONT WS (ZD
HIICOWTE, HlzR, [CE| 2SI niz\v), 7, Weinstein MBI T % 50
FALNICE b b Ltk wds, EEREM ORI 2% 2, 20
FHZEENZ I HARIZ Weinstein BHEDSA S 2 £ 6, ZHUIEAHARTIZZR W,

STV T4y 7RI 2 IR T 5 &, Z ORIz D W T O DR
B (McD2], [PP]&E) ZHWBZENTES, Hlz1F, (CP? kwrs) (k € Zsg) I
YTV T4y ZEMGY YV T4y ZEFRYIE 2 S 6 KoL v TV T T4y
PHRRIR (X, w) 225 L, k=1DLE, XIZCP KHBIFMHTHD, k>1DL
E, COXIB(X,w)RZELZLEME LAV b0 S, S2x SPOBAIREI RS
DB a,b>0ICRL, S2x ST DTV I T4y VG w,, %

Wap = aPry wrs + bpri wys
TEHRT S, L, pr;: S2x 82 = S%i%, HilT~OFETH B, HlzIE, TR
Da € ZugllD0T, (S2xS%we )2y 7L o774y Z@BFHUIK L LTEHELY v
TV I T4y 7S REIEEERRICHERTE 2, LICa=1D88, (5?2 x S%w,)%
STV T 4y 7ETEYINE LCEL D, CP o2 K INE (Q°, wrs|gs) TH 5.
=721,
Q@ ={(20:21:2:25:24) ECP" | 224+ 22 + 25+ 22+ 22 = 0}.

DXy TV I T4y 7 BRI (QF, wis|gs) DARTEA I D>, W FIHHEIZ D W
T, ZOMVOEZNLTOREETH 3,
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EE 3.3 (Kwon—K¥; [KO2)). 6 XICHY v 7'V 7 7 49 7 kK (X, w) 2%, (S? x
Sy v Ty 2k Ly T4y ZiEBYVINYIME G ET S, C
DEE, XIZQIIIHWIHMTH .

AR 3.4 TRTOM (a,0) 1IZ2WT, (52 x 8% wep) B3> ¥ 7L 7 T 4y 7 VYK
ELTHBINGIRTIE RV, Hl2IE, Kwon K EFEFIIXROFERZRLZ[KOL a
ZS5LEDWET L, (S? xS wen) By L7 T4y ZBYIYIN E LTED
6 RICEHS ¥ 7'V 7 T 49 7 SRRIRIZHAAE L 72 o,

3.2. BRIEABREDEY 1 51 M

SERE3.3 OREACIBIEHIERFIO €Y 2 7 4 Z#[fZ2 2, 22313, HBUEHBKH
DEFREEET 2. (X, ) ZWMERLRELE T2, GRu: CP' — X HHRERF 72 1%
J-IERITH 2 L1k, duoi=JoduDd DL E%R\VH, TIT, ilZCP Lo
M2 EFERHETDH 5.

ST VE X,w) &, 6RITTH> v 7V T 49 7ERRIET, (52 x S%w ) 2> v
TV T4y 7 @FIYINY ELTELDLDET S, (X, w) DR OEIERIERT %2 % 2
57002, MEEMGEZINZ DD, —TLROBETHD, V252 x 20X ITET
BN PV DG 1 Chern DS [wi | IT—HTHT L6, TONVRFLIZON,]) =
pri Og(1) @ pry Og: (1) ICARITH 2 Z L3025, HBEZIEAINER Y P e -
L, RO SEEGE & BT 5 X 91T, Y OfF CEERESIIN S,
ZOMHEEGEE 2RISR L, X EO w-tame R BIEFMEE J DB TE S, Fk,
A, B € Hy(S? x S*:72) %

A=[5"x{pt}], B=[{pt}x 5

TERL, Hy(X;Z)DHDMIGT 50, MU AL BZHWA, 51T, Y254
B 2R PP D, N
BV 2794 %HEERLTWL, XOHD J-IEHERNIOEY 2 7 1 ZZHM %,

M = {(u, 20, 20) | u: CP' — X & J-1IEHI, [u(CPY)] = A+ B, u(z) =p; (i =0,00)}

T%@élGW@EB@@?@#%&%%AW@WM:HE@C”M,;@%ylﬁ
A BRI MIZRD &9 R AHBEMZRD ¢ ¢ € Aut(CPY) & (u, 20, 200) € MITH L,

¢ : (u7 205 ZOO) = (u © ¢_17 ¢(20)? ¢(Zw))

M x CP Iz b BRIC GHET 5. CHTEI®L, bbhIELHREES a7
A PR TE S

M = M/Aut(CPY), M, = (M x CP')/Aut(CP").

LM NIEG P S, M E M, ZERKICR S,

M35 JEY 2w 2ictdl, EL2a94%EME M, IZZNEFN, Boh
%) 2n—2, 2nRILHEHEIETH B,

2DODEY 2T A EHZBELTHSL. £7, [u,20,200) EMZEDE, THUIp &
Poo D X DD J-IEHIBRINTH 5., YV DS J-IEHI DS Rkikch 2 2 o, &
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Do

Do

3: BEERIEKT DR OBT

HDOFMETEIC LD, v Y DEHT 5 i TCORBINEXBUFTEICIETH 5 2 LoD
5, utY DRBINERENEI2TH S Z EHEEITANDS L, py, poe AADETuD?
VERDDE, uDBIETRTY ILGENL I EBbR S, £, TDXH % J-1EN
BRiiZz% 2 % &, Lefschetz 7 7 A N—2ETLL7z L ZADKENMU &) b DY |k
B Tw 3 (KM3)., 943, Zo J-IEHIBKII72 513 S? x S? @ Lefschetz R¥ & L% 5.
2%, ZOHRIEPS LS TR Z Lk, J-IEHBRINDOIIT, M OHPTIZIPTE L 72\
bDOVBETHZ ETHS., 2% D, MEMIFAVINT NTREW,

INFECoORIENBRINDEY 2 74 ERZH Wiz v L7 T4y 7%kED R
OY—DWE T, T2 94 %Mo ar 8 FMERATIRTHo. Z2OMHD—
D¢ LTE, BIzIX, Y 2742006 HERAE X NGl ev: M, — X,
ev([u, 20, 200, 2]) = u(z )@51’%&%%2?’1/)7’?%‘(55% TV 2742 MM, M, D
“Gromov” 2 ¥ 87 MEM, M, DZNZTNHNS, EBSEE, Zoav7 Mb
#%ﬁ%@%L%%Oﬁtvﬁ#~% Eb2 ok, bRbNDEY 27 4 ZEHD
a7 MEM, MIZOWTIREZUTDOZ E3bh 5,

il 3.6. EY 2 74 D87 MUM & M, IFIHEHEOREEZ R,

ZOMEDFIHIL [GN] 26 ERZERTED, KA ME22H 5. FTIE M =
M\ MDIG [, 2| 1220 T, wlF2200BRRT L rnin) Hiths, &5
I, %lu,z] € MeUIKL, Y OEBEY DFEEL, uDSEPFIRIY Eb k9 L2
M, uw S EOET (HE%2) 4 TKD R DONREFET 2 HTH D, s DRI
5, BHEHIERIO & Mo i) b D FEZHGT, MYDFKNDEH ) DE
B fE 2 MR T 5.

3.3. EH 3.3 DA
THOIHDHE L 22 DIE, LFORETH 5.

fHRE 3.7. MG ev: M, > X DERIEIZ1TH 3.

FEDSR D OB 2 I HUCEHIHT 5. g0 € Y\ {po, Poo } ZIERXITHLS &, po, Poos Qo
Z5 MOFHEHERIOBRIZY ICEENTLEIDTH-o%, WE g%, ev(M™)NY
PADEZ 2006 41U, FiE3 5 po, oo, o ZHE MODIGIX 1O LD, LB M
DILTH 5, qo W HTENEED A ¢ TH RIS, popx,q%@.%/\/l@mﬁ 1o
FHEL, ZHUIMDILTH D Z L3005, WAL, gD X IZEIT 36 U BFAE
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L, ev}(U) C M, T, evl|y lZWHICR 5, UNIZev |y, DIENEDEET 2 2 L
5, evDGARIEN1 LD,

WE38. OV TL I T 4y 2SR (X, w) 3RS B,

SERADBIRE. PGB ev: M, — X IZBHREN 1 TH 206, AT OFHEAEN T
ev, BEHTH B, INLY, ev, WHWHLREGSRTH S Z L 2RI XmEHHTE 3,

EV2IA MM, DEEOL—=T71t) % LD, T, M= MAM,Rev(po),
eV (Poo) BRRILDI2THE D6, BBERHLEBHTLILET, (H)IFINs X
NEFROEL TR, 0E,

0(t) = [ug, 0,00, 1] € M, C M,

LTS, ev(((t) = w(1)THD, THU, EEA— Tt s w(0) =po EHREFE Y
70H5, WAL, evi([l]) = [w(0)]=1€cm(X) %% EDb5, O

FOIADERTIE, MPM, a7 b TCHBHI EEZTIHALEZ, MM,
WIEav R P ThHB I E, BRI DL, av X7 METHITIZ & 750 M.,
M S BEELERPH 2. Iz AT FToMiE?M s 3.

W 3.9. (X, w)DHFEOY =B L TR D 3D,
1. Hy(X;Z) =0;
2. Hy(X;Z) 27T, AITXDERING,

AETHIZ AT 228, BlZIE H(X;Z) = 0%, MRS chH L 2R T &
oG, Y 27RO Ea v MEZAREWIZHOCTWEDTH S,

EHE 3.3 DFEAADOEEE. Wall [Wal] & Jupp [Jup] DRI L1UE, MEDT 607kl
57 BUEEE 6 KOS RIE T, 'R Y — IR WA, 2 O HAE XD
ToWREZIEDPHONT VS xEQWY—F HX(X;Z), H(X;Z);38EA vy 7
p: HA(X;Z2)* 3 a@b®cr (a— b— c)[X] € Z; 2 Stiefel-Whitney JH wy (T X);
%5 1 Pontryagin 8 p, (T X).

IC, imE3.8 kD, XIFHERETHS, 51T, HiE3.9 &, Poincaré Bxf, ik
REEHEZADED LT, TREDEICHL, HNX;Z)= HYQ*Z) b5,

COMBEZRT I LT, FZHXX;Z) Hy(X;Z), Hi(X;Z) DRI 0D 5,
nolE, 2NN, (W], A= (i0)).[S?], [Y]THERSNTVE, 7L, it $2x S
Y s X, §2=952x {pt} > 2 x SPIFALGEHRTH S, INkD, HAX;Z)* D%k
TS [W]=3 L, 3EAY THBX QP T BT 22 L0bs, S5I1, YO
EANY PO D) ICRAETH->7Z L6, #TX, (ioj) TXIFQ*DEHEDNNY
RLERMTHZZEDbDD, BEDS, w(TX)Ep(TX)dQPDbor 5T
5. O

IR ¥
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ETOM PR Y = VRV T L KEBRHESLEIVE L, HEEAO/NMIRSEL (5
RAFRY), SRS (RIORYE), IRTFARAEMEA (HARY:), IWFHed (h
WRA), aRASEA (REATRY), NIRRT (RELTFRY) L& itz
L LS d. ARRCRIA L 220813 B (S8 20K22306, 22K13913) DB
JRZZIFTVWET.
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T AN NEEETERBLLIZED~Y S =F a2 —F

KRE TEZ (BERF)

B =
2000 FFUZ Leisnter 12X o TEAXINTz (w7 =F 2 — K| N0 2 ik
JEM D AER W OWTIHSR L, IIDIFFEICOWTIHIN T 5. e ih$
IR E 21, v~ 7' =F 2 — NI THgEO A4 788 THDh, v/ =
F 2 — FORGEE TS~ o3 FH G DH 2 BHEERGE & TRk 3 2 ilA) TH
5. ZZCHEHINE L 2 Zh B X2 MHIEYIDEEL TEZX TV 5.

1 BREMZEHOYI/=Fa1—F

FEBEZER (X, d) 25 #X < oo Rifi/zT & N2 EIRIBBEZEM © FEX. 2000 F1X
I Leinster (3 ARIEMEZER (X, d) TN LTZDOITZFa—FERD LI ITERL
(12, 13D . £9 X R 1 o2EFZEEL, £t > 01X LTI Zx =
(e7W@W)), ex BEDD. TNHAHEORE, <27 =F 2 — K& HITHI DL

o

MagX := Z(Z)_{l)xy
.y

TEDZ. ZOMHEFEIEFOED HIZ& s, —fiid Zx & 2 3R 53, RET
g=e ' ERAVT Zx = (¢¥V), ex EEZZZdDB. Hlz1F, X = {0,1},d(0,1) =
d(1,0) = 5 O, MagX = .57 THD, MagX = 7 &V D BT 5. KTz Fik
BUER LT MagX =2—-2¢"242¢—2¢43%+... tELZ3DH 3.

Y7 =Fa— R E—ROOEREDHL2ERDDPDHPOT, $LREHED DL LRN
D, DR LB ERZD D DINERALHNIMOD THRATH 2D TENLFRT 5. %
T EB I X DR BICOVT BN T 5. Th o OMIFUIFHEEE O (1)) 1ITkE
CHIFLTOWTY T =F 2 — NHEGRHHEAE U2 BROEGER X DR L 13 ER D IEF o5
DHED B H 25 Z L BERLTEL . BRI T ITHNICE ZIE, v~/ =F 22— Fid
MHREEREE DA 4 7 — 1y THY, 7' =F 2 — FOHGmE TAIAT {7 01 F i A %
PRMERE £ CINIR S 234 TH 2 L #EEFIIEATWS. ZZCTHEMEL 22005
BANAMEZTDBELTEZ TV S,

*T814-0180 tRRIRMERITIIAFEIX LR 8 TH 19-1 AR FEC AR
e-mail: asao@fukuoka-u.ac.jp
web: https://sites.google.com/view/yasuhikoasao
2010 Mathematics Subject Classification: 55N35
F—U—F ! =Fa—N A7 v/ =Fa2—-FKEuY— KEBY—
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2 BEEFRDOA 151K

AT —AERBUI AR ZCB I 2REN LT A T4 7THY, MO - L - HARY
DEOZRI e L TERSI NS, EREICITARBEER S 1T LT

X(S) =) (=1)"#{n-face}

TEREINS. — AT, BFEEROELMDIEZ ORAIEROMHEZIRO Z 3o
TED, FICAA 7 —FHHRET 2. BIEEEK S 0OBLHTOERZIRDIE->THAS
&, E£7 face 2IRICTURIT K o THFZ ATz face poset F(S) ML, Z D poset D
chain, D2F D a2y <z < -+ < x, 122 5% face & LEF% subface &35 L5 H
HRERE R TIULZNDE LMD TH o7z, Lizho> T—fKD poset I L TH LD X
ST U THERL L 7z BRI (EFFEIK) Dt A4 7 —1B8-0E 2 o4, THUIBEMREERD +
A T —EEDIFRIC I > TWa. D% D poset P IZxf LT

X(P) = (—1)"#{mg <1 < -+ < 2}

n

L EHRTIUZ (S) = \(F(S)) TH 5.
3 BolkEO> —

FA T EBPORERY —HADOREIRA IR —DRHALEE > THHEE Tl
2L, RERY =N H, THoTT7 7R Y, (—1)"rank H, 234 4 7 —#%
BI—HT2X50300D55 ‘BWIEY 725 TH 3. BIRERDIEEIZ chain complex
(C.,0,) &

C,, = Z(n-face),
On(n-face) = Z(—l)kk—th (n — 1)-subface,
k
TEDS E—RICZDFRER Y — N ZHE, 74 7 XD s ZVIFREZFD
iz, AR EIEFR S 2 WEAEIRIIN L THERDITE S, poset DEED LEILRT S
IS

Cn:Z<ZEO<I1<"'<$n>,

On(zo < a1 <+ <ap) =Y (~D)f(ag <1 <or <Fp <o < ),
k

CERTS. TR Te 2E) TLRERT 5.

£ ZAT poset LIFHEE X ODEED 2 TTORT (x,y) &N L TZOMIZIEFEH
DB THEZDIRCD DEED, THIZZOMBRIPRGFEHBRZ T & 2 25
L7bDTH23. 22Tz <yDHaldT(r,y) = {x}(1 TEAE), = £ y DHZEX
T(x,y) = 0 (ZEE) 2 EDUL, BITOVWTHENICRZ 85 5BRBOK {+} —
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T(x,x),T(z,y) xT(y,z) — T(x,z) BHELN, DX BMET : X x X — Set
3 poset DR ZDDDTH L. T2 {x} RO HNOESHMEE LTHD 5 2 X5 IZHR
L QRNEZDO D THY, LOERZIIRT 2T MNEDFRETR Y —% KD chain
complex KX > TERTDHIENTZS.
Co = @D ZT(wo, 1) X T(w1,22) X -+ X T (1, 70),
zr,€EX

On(f1s for s ) = D (=D (frse s frrr 0 fuseoos fu),

k

7’:71:—51/ (fl Of07f27-~-:fn) = (f27"'7fn)7(f1)f2a"'7fn+l Ofn) = (flv"'vfn—l) & l-/f:
Bl ZIEH G 2R 1 O THEED G THL/MEFA—H LRI Mo TS
HREOY—DOERL —T 2.

4 737 -8qmI 57 - EERZER

I TARFFT N WHRTH 2EHMERICOVWTIRD B> TH e, THIZES X &
BB d: X x X —[0,00) DRTTHo>T, ROWHZMITHDTH 5.

(1) d(z,z) =0,

(2) d(z,y) +d(y,z) > d(x, 2)
(3) d(z,y) =0=z =y,

(4) d(z,y) = d(y, x)

FEEEZER DR D BRI EERES K& < LWk & 1-Lipschitz B{R & FEZA, DUETI3EERE
ZEffil ¥ 1-Lipschitz B0 R TEEE 2 5. HEZEMOfl LTI 77088 Fohb. Z
TN —TeZ2ELEFEZLVERERDOEEZ L. 77 7DEAESIC, 2 SO
HE ZN O EBINREDRADEIICX > TED B Z & CHEEZERICR 5. Z DRk S
377 70EEZRATWS Z e IFERT 2 (HHE 1 o 2 Sdz25 RV - &
WHZ 22 ZOMBICE > TH 7 7 DB SHEHZEMOBEANDEERHEFEIESNS
(BT ILdFLTVE) . V7972 —RIELLENRE LTERIZ 720500
HY, ZHUIAIZAZDDOWbDTH 5. AT 7 72200V THEALDIRTRADE
XN & o THEHHEZ AN/, RV SEED 2 il ZEIE S AND 5 IR
55, b LHof LTHMFME (Lo (4) 2T LIERsRW. 23wz (1) ~ (3)
B3 DTH2056, ZHIFE A CHERZERTH D, RO ERZMIBIES 27
DHRL WO RGHTES. 2 Z THEREKOMEIRE [0, co] ITHET, &M (4) ZHLD FRW
TREREZRA TR, BAASZATHEAR Y 2 SEOHEEE co ¥ $2 2 THIAZ T 71
FEE ST 52005, ZOMNBIZK o THERAZ Z 7 OE D & BEREZERH O B O S 7T
BFENMEISNE. Hilf co 2T I THEEDZ T 7 DEE b2 IE T 2 BB
{5, BRAZT 7 7 LIBLTHEEN: 2 REICEFAA ZIC—2 020 MAND 56
mZo2 78528 T, 77 70BIEAMY T 7 OEICEFEIICHDIAD 5.
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5 poset ¢ ZEEHZERY

poset EWIXIE T : X x X — {0, {x}} C Set TH > THAREFBRDIE {x} —
T(x,x),T(z,y) X T(y,2) — T(x,2) ZHATZDDDIETHo7. THUT LDOFRRESE
MOEREMTED, &M (1), (2) BERZNEBRDOBEIHIEL TS EEZ NS, Xf
PR (4) 720 TR IRRMEME (3) £CH & LT, FERERIR d - X x X — [0, 00] TS
(1), (2) Ziwi7z3 b D% —AZEEREZER] (Lawvere metric space) &S, poset & —fkiE
HEZE R OB WIS IS O ({0, {*}} C Set & [0,00]) , Z ZTOMHBLE (x & +) , %
LTRHIDFS (— & > LKiE=) THH, Tho O BEDEVZRIFIEARERNCIE
CAYTHRILDDTHS. £ T poset DA A 7 — 188U BT —REEREEMH DA 4 7 —1E
BrEZTAZ e (NEOHEL b RERRDS) |

X(X) = D (=)™ d(xo, x1) + -+ d(zn-r, 70)"

TiFLi41
LEHRTEZ5THS. LrL Y, ORLEYL dla;, 1) 2BDELERRKAILTEZ 7
WDTHRETL ¢ ZHWTRD XS ICEET 5. LETDNITZFa—RIiZd 5.
MagX _ Z (_1)nqd(:co,:1:1)—i—---—i—d(:cn_l,:cn)’
2 Tit

72720 q* =055 L2L, poset DA LESTHIZ I 20 =20, 01 =y, 20 = T, . ..
DI MTolbREb ) DHNBEZONZD, fIZ X DEREETH-TD >
FERFMITH 2. Lo TH LTI 7D XD d DENPELD oo THIIX MagX &
ERMERKTH 2. 2RI DOEEIZEDERE S FFA L Novikov #Er LTE
FT 5. WBOBBRBPEROMEICINE 20EZTVRWL, EESELL 280 HHE
(d(z,y) =0,z #y) PERLARWHZ ZTIFEHT 2 22127 5. BLL sz iud
MR, Z2TRVWEHERD LILRZET 5. B 72 AIZ Novikov FREER O BITITERIHE
DIEO0DILTH D, 7B ERBOR L EE IR L THD.

BN T E 7155 Zy = (¢ ypex BEZD. 75 7 OBHETHIOBRE L ARC
EZC, (Ix —D)"DayBoZF Ta o ylZlbE2 288 (n+1) A7 v 7T, O
HERD ¢ TEET 2BKOBU % ¢ DRSO TH L. ZoZEERET L,

S (I - Zx)" ORI = Y (—1)rgirom)ttdnm),
n TiA T
THY, SN (I—Zx)"=(I—-(1-2Zx)) =25 CaltETE 2. BLLEEADRVEE
¥ det Zx 1 ZHITHR DO TWATINIFAET 5. 2 Dkl Novikov FEER _EDITHIER DN
#EZBHI L TIEMLTE 3.

6 Filtered set category

poset ¥ FERBEZERDS TITW2 ) Dot 47— EROERTEMN T~ =F 2 — NEE
FELEDIFTH 0, REZDZDRETWB TR TIHNEN->TWB . FDFS%
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I3 filtered set (enriched) category ¥ GEEEIZ) MHINTWVWEHDTH 5. L T/HE
XS X x X — Set TH 2 B/ L7223, filtered set category 1&MfJH X x X — FSet
DZETH5. FSet FLLTTEFK SN S filtered set DETH 5.

1. filtered set X &1& ¢ € [0,00] THRFDOTF ONHIEEE X, 2 DOHEE X T
HoT, Xy CXp (<) Xoo =X BT HDTH 5.

2. filtered set X, Y DD filtered map £1358 f: X — Y THho>T fX, CY, &
723D TH 5.

3. filtered set X, Y O X XY % (X X Y), = Up, 1= Xy, X Yy, TERT 3.

HRAIZ (0,00 & > T8, + BT HE/ A XVE L Rz, FSet 1Z [0,00] LD
separated presheaf D72 3B ¥ [A—HH T, filtered set DFEIX Day convolution TH 3.
F 72 Set 1 X = X, Zii/z 7 filtered set E AR T ZENTE, ZOMBIZE > TEER
BT Set — FSet 3G 55, /NEZMER, &, HOERTHL LI 2K T 5 &,
filtered set category L IIXR, &, MDA D > TME LRI L L —L 2L TED,
X SIHHTIIIERBUC X 2 TEDIDONWTWT deg(g o f) < deg f + deg g, degid = 0 % il
72TbDTHS (degf =15 fe X \UX,) . TORBEHFIBEICOF 2T
TRABOER L HOEKANNL S BARICEF I NS,

/NE (D poset ) 1ZETDHE DRED 0 D filtered set category, FEBEZZRIIINSR x 205
Yy N—ORFRE d(z,y) DH%E D D filtered set category & ARE S, 7272 LK oo D
FHIRWZ 2ICT 5. KRBT 2504 deg(go f) < deg f + deg g B=ARFERD—ME
LiZ72>TWwa. b OR—HITEDAA DY

{0, {+}}
Set/ \
\FSet/

HHFEEINTNS. 22T FSet O [0,00] WKAEDABTHD, Ehr 2 X, =

xp 4>,
e v TEZE % filtered set IZXILE 5. 72720 co i D ICHIBEXE 2. £/-5
0 { <,

LFDORENZ O — 0o, {x} -0 TH 5.
filtered set ICH Y7 =F 2 — FWERTE ([1]) , ZHEHEREER O~ =F2—-F L
poset DA A T - EZEZATVWS. I LIITERBEOHEKR A 4 7 -1 ET.

[0, o0]



50

7 filtered set category D7REOD —

NEDERERY =% ZDF FILIRT 2T filered set category X 75 chain complex
(Cy,0x) DT Z 5.

C, = @ ZX (xg,x1) X X(21,20) X +++ X X (201, T0),

r,€X

877,(f17f27 ey fn) = Z(_l)k(flv e 7.fk’+1 o fk7 .. ')fn)v

K
2T X(zg,wip1) 1 2 D5 x50y NOFDRT filtered set TH D, &F = 4 VI
filtered abelian group T® b, fDRKESM (deg(go f) < deg f +degg) 2 HIHEFIEH
F3 filtration ZfRD. L7z23o T C, i3 filtered chain complex T®H 5. filtration 23 Zs
K& 256, —fRIC filtered chain complex 225 227 MVRIIDBHRTE 5. E)  THIZ
filtration I kK 2 F,Cpiq/Fp1Cpig TH 2. F72d LI TIUINHERER X 22 55D
e TNFEo THRONLGPEDRERY —TH 2. £3 E FITOWTRMBED 37D,

Theorem 7.1 (essentially by Hepworth-Willerton and Leinster—Shulman [10, 15])
X HERIEREZER C MBI O MBI BB TH 28, E,_, = MH (X) 3v/=F 2—F

ZELs 5. 2% D
MagX = Z(—l)” rank MH’ (X)¢*
n,f

DI D LD,

[[IARIC X 23 finite poset DRFICSH ELTHIZA A4 7 —EEZELL TV Z e bh b
(ZORZ E' B3 2) . 2% b F'HIZBEEOBRKERDORER Y —2HRL T~/ =
Fa—FRETEILTZ2DDTH 3. £/RART MLRIIO R % R T IUSIERERT 8
EIBICHIR %2 D) 2 0 Bd v (B Fo O,/ FoC, DARET Y — MHL 2 2 UER
W) . MH @RI ZFa—REREAQAS—2MENh 3. +4 7 —BEEOERIITHREI S
ETRERY — QIR ERr-72L512, v/ =F2— FFRERY—ICH X OFRMIZ
NETZ N,

E? THIZ DWW TIERDIAL D AL D.

Theorem 7.2 (A. [2]) X 2EREMZ 7 7 DR, E7 ;13 Grigor'yan-Lin-Muranov—
Yau ([7]) &0 2rE0y— H, LFATH 3.

NRAFERY =AM 770 ‘BW AEnY—iie LT—HOHAL R I TY
5. ‘BW WS DIEHEZEMDEE D7 F v Y — T Eilenberg-Maclane 3B % i 7z L
7D AREME—AEEEZEFEO DL VWSIEKTHZ ([7) . —2mAfEENT2. v 7=
Fa—RRERY =2 TRARGT LrFZRW] X587 577, 2%D 7577 X Tho
TMHY(X) =0 (¢ #n) 27525 73BN L MIZh~ 27 =F 2 — FERROITEN
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RTH5. PIZIXYV—RFERTZ 7 IENANTDH 50, ¥DX 57277 70N AN»%
O 22813 —D20KRERMETH S ([10) . Theorem 7.2 & A7 FILRFID
AR Ko TR ENS.

Theorem 7.3 (A. [2]) HIRZ'Z 7130175 5 IEHHI SR RERY — H, 132 TOT
H3.

WIEE D 77270, B3 TEDRRIIGR LM b o 2r o TV,
8 R"EFE—FZEMH

FSet I2id r € [0,00) TIHRFI SN B KRE b E—BROTIBRD XS ITERINS.
I, ZZ2ODxR 0,1 &, id THRWVWHE—DH 0 — 1 2§D filtered set category T, Z D
HOREDr THH2H DL T 5. filtered F F,.G: C — DB 1-ATv T r-lRE b
EvoridfilteredBF H:C x I, — D TH->T H|p = F, H|, = G Ziilz5HDH
FETZILRED. 1-R7T v 7 r-RE P —TERINZFAEBGZRE r-RERE—L
WO FTORIERELTr </ ITHLTr-REMY 2R -KREMY I T
H5. LLNICEREIZZET 5.

o EHED/NEIINLTIEEF F 55 GAD1-R7 v 7 0-hE b E—IZERERZ
DHDTH 5. Lihio CEHOEFEL 0-KE Y —FETHS. XML, b
XD HIL 0-RE N —FETH D, L7zd - T poset BITH T 7HERHOTFEIES
UL 0-KEME—FETHS.

o HIM1Z7'Z 712%f L Tl& Grigor'yan—Lin—-Muranov—Yau 5D HRE FE— ([7]) ¥ 1-
AEME—IE—HT 5.

o —REEEEZE & Z D Kolmogorov i GRILL7m%ZET) & 0-KE MY —[FEET
H5.

RL D LD,

Theorem 8.1 (A. [2]) ETERLZARZ MARYID B IHIEZ r-RE FE—FZE
TH2. Lo TMHIE0-FEME—FRETHD, F2HIZSRKERY —-DIIDIES
Grigor'yan—Lin—Muranov—Yau 5 DEKTHKE P —FETH 3.

L7235 T FSet ITI3 X W BEZELEKRT (EF SR YD) KEF FE—HDOHBDH 3
CHIfF RN, ZNEEMITF B ROBERIMOENTNS.

Theorem 8.2 (Cirici et al. [6]) filtered chain complex DEIZIZ, E (ZH#HtFEM %2 5
B3 % chain map Z53FMES & T 2 €T AMEEDI M, (r € Zso) DIFIET 5.

Theorem 8.3 (Carranza et al. [5]) HrZ 7 7DEICIEASZARERY —IZFARZH
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3 250 %55[E{E Y 3 % cofibration category OfE (BT AME X DD LIHV) DTELE
T 5.

D% D Theorem 8.2 D M, i& FSet D r-KE P =P OFAEEINTVWSE Z &, 1-KE
b ¥ —&fild Theorem 8.3 DHDZEZ LTV Z e WHARFEINS.

9 Y/ =Fa—FOEFH

<7 =F 2 — FOFERZHENT 27012, —REEEEc EHTEX 3D LAWY
=F 2 — FOERZPENTE. ETREPICULLHIALED o BRI OWTH ERZ IR
RTHL.

Definition 9.1 1 —RPEREZER Y 3RS X BB d: X x X — [0,00] DAl
(X,d) CHoTREMETSOTHS,
(a) d(x,7) =0,
(b) d(z,y) +d(y,z) > d(z, 2).
A8 X PERESON, (X, d) ZHR—REEREZEHE & S, IR TR 2 Lrikb
BNZ XT3,

2. BI& f : [0,00) — QPEFREBEED L € [0,00) IZDOWT f % [0,L] I
HR L7z D BnAREETH LI 255, EARGE [ 2HBEBD L 51
F=>,f0¢ eXRT3. EFEREGEEDRGTHILOMEHE f-g(() =
v J(O)g(") & ATz D% Novikov fREIR LI, Q[[¢"]] ¥ <.

3. Q[¢R)] BREATHI Zx % Zx(w,y) = ¢"@Y) TED S (X IIFEY 2 2IEFZ AR
ZDRLTOERICIFELRWY) . 2EL¢>* =0T 3.

4. B w : X — Q[[¢%]] 2% weighting ¥ 1, > yex Zx(r,y)w(y) = 1 HETO
r e X THILTAIEZWVI. DFED w BRI MLEREEZFIZ Zyw= (1) & /&
5228%W0WS. ZITETOWAN 1 DORZ PV (1) vz

5. 5% v X — Q[[¢%]] 2% coweighting 21X, >,y Zx(z,y)v(z) = 1 BETOD
yEX THIULTEILEWVS. DED v ERT MLVERLEZIZ I Zy = ()T &
BBHIEEND.

Lemma 9.2 X 7% weighting w & coweighting v QW /T Z DK, Y w(z) =
Y pex V(@) DD ILH, ZOMEE w = v DEDITICT L 5720,

FEEA D cw(z) = (D) Tw=0v"Zxw=2"(1) =), v(x) O

Lemma 9.3 X DIER{LDE; (DFD d(a,y) = 085X 2 =y , X I weighting &
coweighting Z —&IZdD.

SERA X H3IEE(L DR det Zy OEFTHIZ 1 2D T Q[[¢F]] PHTHWTH 2. koT
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Zx \En[ #1757 DT weighting & coweighting #—&EIZ % . O

Definition 9.4 X 12X L C Kolmogorov B KQX ZXD X S5 ICEET 5. X IZFMERM
T~ r~ysdry =dyr)=0TEDS. ZOFEEET KQX tEZ, 20k
FEBEREEE d([x], [y]) = d(z,y) TEDBZIENTES (r ~yBHIFETDae X ITD
WTd(z,a) =d(y,a),d(a,z) = d(a,y) DD ILD) . KQX ZIHR(LTH 5.

Lemma 9.5 HR—MEEREZZM X 13FIC weighting & coweighting Z##D.

SEEA KQX @ weighting Z w £ 35%. s € X WL Tao~y &#23yDELE C, b E
CTviE s, COMk: X — QY] % k(z) = w(z])/C, TEDS ¥,

> Zx(ey)k(y) = > Zx(x,y)w(ly))/Cy

yeX yeX

=Y Zkax([z], [yDw(ly)/C,

yeX

= Z Zxax ([7], [y)w([y])

[ylekQx
=1.

e ki X @ weighting TH 5. coweighting IZDOWTHFERRICTE 3. O

Definition 9.6 AR — M MHEEZEHE X XL TZD~ 2 =F 12— F% MagX =
Yoex W) = Y, cxv(@) TEDS. ZTITwvBZERZR X O weighting &
coweighting T®H 5.

X7 =ZFa—FRERY - IDERDY I =Fa—FHELLTWS. £ X H
FEBALTH 2 RFICIE, MH ZXEMDE MH = @,.xMH® 285, zh 2o MH® &
weighting OfE w(z) ZEILLTW3.

T
Example 9.7 ([10]) %2757 K, ML T Zx(r,y) = {q 7 7% DT,
1 z=vy

—(nl—l)q U ZNUE weighting TH S, Lo Tv I/ =F 22— FiZ

w(r) = 7

n

Magk, — — "
a8 1+ (n—1)q

=n—n(n—1)g+n(n—17%—...
TH5.
Example 9.8 ([1]) 3@ FHEHEEDOWHIZ L THWSNLS ranked poset ZHH1 5 %,

Definition 9.9 /T 0 2$iD poset P IZA T &7z 3 rank B r : P — Z>o %1
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ZTCW5B & = ranked poset £ PRI 5.

r(0)=0
r(b) > r
r(b) =7
ZZTbeoversa &ld{cla<c<b}={a, b} DZZES.

(a) if a <0,
(a) +1 if b covers a.

r(b) —r(a) ifa<b, »
ranked poset (P,r) 2 d(x,y) = W&o THEREZ AN S. Z

00 otherwise.
UL P DFF Hasse KIZHR 7778 B2 e[MUTHS. ZDEKE, P D weighting w
WE—EBITFEL T w(0) = 7p(—q) BRDILD. TZTap(—q) & P DALY REEE up
ZHOWTRTER SN S Poincare 2T TH 5.

wp(g) = 3 (0, 0)(—q)".

Lo T =F 2— RARERY —DEMBS MH & 7p(—¢) ZELLTWVWE. Th
RN Z O ZH STV,

Example 9.10 ([1]) T ZHWREREY LS 2 20ERRL T 5. 20T U—F57
Cay(T, S) B—MBICHEIR 75 7 TH 5720, v 7 =F 2— RIZERTERN. Lo LAl
IRY A ZDITH Zoay (T, S) 13— weighting w 2455, w(z) = (3,0 ¢") " &R
3. ZZTwlHEEERERT. A3401% (T, S9) @ growth series DWILTH 3. Lizh->T
Y7 =F 2— FRERY—-DENBITITEERIZ growth series ZE{LL T3, Zhdd
Wz ForEH STV,

ZOMICH <Y =F 2 — FHRERBI—DEIEZ L XIEWL 20H 5 ([3, 8,9, 10,
11, 16]) . ¥~ =Fa—RFRE P IEh 23 CW EHEKTZD@EHDAER
V=P =F2a—FEERY - —HTI2HDIMBRINTVS (4, 17) . (D
LRV a o8y MEEZER O 7 =F 2 — FIZOWTH —HOMEN I ATV .
I BHIFFT T Leinster ® Web R—=JIZHEH L TH 2 ([14]) .

FRBY =Y VRI Y AIBBETIWE LLGERETITEH N L ET, -8
DE WK & BRARED =GR ARIZIZERZ M E TRATHEAERZRaX Y M 2TH
TE L, ZOGEBED LTBILHL ETET,
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Unicellular LLT polynomials and twins of regular
scmismimple Hessenberg varicties

Pl BOE  (RIRA SRS SRR

B =
ARE Tl regular semisimple Hessenberg ZRARD twin & IFIXN 5 L HRKD

IHREHT Y — & unicellular LLT ZIEADE —DHEDTH S L\ 5, HHEH
K& OMLFEZE [1] OFEREBNT 5,

1 Introduction

ARZB NS EEGBEAHPHIRITIRD 4 D TH S,

Regular semisimple Hessenberg % #k{A

Regular semisimple Hessenberg Z kA D twin

chromatic symmetric functions

unicellular LLT % 1E=

FESEHNZIZR 2 IZE RS NIAFEINTE /2, 2D 4 DOXNRDPEIZIEFICEBEICER LT
W3 Z & EARTIEMAT 5. Regular semisimple Hessenberg ZRAD I RET Y — &
chromatic symmetric function @ involution 23F—"Td % £ \» 5 Shareshian-Wachs ¥ 48
i& Brosnan & Chow[2] iZ & D HEMNIZEN N7z, T T T chromatic symmetric function
i chromatic polynomial O —#ftTH 5., Z DOfEHIE Hessenberg ZHRkAK &\ 5 &)1
BB & chromatic symmetric function &\ 3 AR RZFEO 1T 72, — i, Ayzen-
berg & Buchstaber[3] 1$4H 57 2 [& A {H A& E X 4172 tridiagonal Hermitian matrix o
Ry EME LU 72 DEMSET S D BT, FNA regular semisimple Hessenberg %
BRARD twin & FERREZEFTH D Z & 2 FEH U, regular semisimple Hessenberg Z k4K
twin TN ENDaRER Y —OROMEKZGE L7, £/, (unicellular) LLT % H
2id skew Schur BEORED ¢-FHLL & U TEZE I 41, Carlson-Mellit[4] IZ & D chromatic
symmetric function & QXA GR I Nz, NS DERERIZERT EIRD LS Z
2%,

*e-mail: 00tkshst00@gmail.com
¥ —7 — K : Hessenberg Z#k{K, Hessenberg twins, chromatic symmetric functions, LLT ZIH=
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regular semisimple 2] chromatic symmetric

Hessenberg Rk function
3] 4]
‘ twin ’

ZOWUATEIZBEWT, Fxix2 DOMOIATRINZEGEH NMf” THHZ L 2HKA
U, FlD “E5” Z2RU7,

2 Regular semisimple Hessenberg % #&k{& & chromatic symmetric

functions
ZOETIE EIDOEZFIZOWTHAT 5,

2.1 Hessenberg Z#k{k
£ 2.1. Hessenberg Z kA & IXHHEZL BRIK

FIC) = {Vo=(VCViCVaC--- CV,=C") | dimV; =i}

® subvariety T®H Y. n x n 17451 S & Hessenberg B & XN L BEE h: [n] — [n] 2 H
WTIRD LD IZEDHND,

Hess(S, h) = {V. € FI(C")| SV; C Vi for any j € [n]}

ZZT[n]={1,2,3,...,n} 2KRU. h:[n] — [n| »* Hessenberg B TH % &%, HiH
HRAADPOMEED i € [n] Th(i) > i BEVILDEEZIZE D,

Hessenberg % #k{k1x De Mari-Procesi-Shayman[5] IZ & > TE® 5 7z variety TdH
%, 3% permutohedral variety 7 & D EE L variety 2 EATE D . £ 7-HEELERIKD
ETIREUY-0FELREIZEHVWLNS, £7-, EEHREKD I FED Y —BIE Weyl
HORAREARERIZ/ DM, regular nilpotent & FFIXI 5 X 41 7D Hessenberg ZHk{AD I
FERY—BIE, £0 Borel DFEREZZDE FHRUZIETHIBTE LI EAH o T
% [6le ZDX DSBS, Hessenberg ZRRAKIZE L7 subvariety DEZ & H A 5N
TWa,

Hessenberg LRI B B C B Y OB DEL RIS L TED D Z LN TE
275, [1] Tk A B1D Hessenberg ZHAD A ZF->TED ., KRB ED L DI T 5, 17
5 S DIH\N y,ﬁ'\:fa\élﬁﬁﬁ’i’%’) & &, Hess(S, h) i regular semisimple TdH % & WE:(E
N,

Regular semisimple Hessenberg ZKIZIZ, EPSDORE L TEE S T-EHMH 5.
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& 2.2 ([5]). Regular semisimple Hessenberg Z 4K Hess(S, h) (20 ULIRDIEALT 5,

e Hess(S, h) (3 o2 ZHKATH 5,
o dimHess(S,h) =2 (h(i) — 1)
i=1
o [HESEAIE Hess(S, 1) = FI(CY)' = 6,
o 1°%(Hess(S, h)) =0

% 7z, regular semisimple Hessenberg ZR{KIZRTH W C* BFAHTH 5, DI
regular semisimple Hessenberg ZfAD aFEB YV —1F S OERIZL 572\, BT
F. S IENATHITH > T, EWVWZERZSEAHEZR DB DL TS5, LiloBMEizLDd S
EEPRLSTHELRMBEIFAELRNDT, Hess(S,h) Z#ABETIE X(h) 2 ELZ 22T 5,
e, DBETRIRER Y -BHEIZCRETERALZLIZT S,

ZZTXM) WCET-EARDZDT, ZOEAZEUAZIRER Y — HA(X(R)) =
H*(ET xp X(h)) 2525221235, ETihR7Z&L 512 HoY(Hess(S,h)) =0ThH?
DT X(h) % equivariantly formal TH V. WEEEIHE T 554

0 Hi(X(h)) — Hp(X(h)") = Map(&,,, H*(BT))
T TH D, D, ZOHNZHWT HA(X(h) Oia254 f: 6, — H(BT) £ U
TS, LVFHELL S Map(S,, H*(BT)) 281 % Lo HE O 5% &R 72 5
TR TE D, ZHIFETHE23 & LTHNT %,

ZZTHYBT) % &0 BARMIZER T 272012, m: T — ST %& (i,4) R Z2ED BT

Bl LT, Clm) &2 m BEDD T-IHEL T 5, IROERRHR
ET X (C(T('i) — ET/T = BT
D 1 Chern $8% t; € H*(BT) £ &L &,
H*(BT) = C[t1, ..., 1]
Thb, £72. HY(BT)IZId &, BMEALTED, 0 € S, 12U 0-t; =ty TH D,
72, ZOEMAIZERIC HY(BT) EOEAICIEREI NS, D0, f,g € H(BT) Zxf

Lo-(fg)=(c-f)(o-g) & LTHIETN D,
ZIT o DBEEMIZGEELTEL,

Imt = { £ e Map(s,, 7r(pry | W)~ FWED =0 (mod tugy - tw(j))}

for any w € &, and i < j < h(i)
£ 2.4 (7). fe Hy(X(h) £T5, Hi(X(h) ED &, %

(0 lw) =0 (fle™w))
TEDD, ZH% dot action &IES,
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01 Map(6,, H*(BT)) ~OERI. 4013 H*(BT) ~OIEFTH 5 2 L 121, M
HLEHR T HA (X (h)) A¥ dot action TEHUTWS Z &35 h 5,
H:(X(h)) @t e dot action D EEFI %2155, £

zi(w) = w - t; =ty

TEDD L, ;€ HW(X(h) THD, ZHNEFEMFINTIFZESHREDO b — b hVE
MR OHE 1 M2 Chern HE LTHEONDZED%E X(h) IZHIRLZHDTH S, HIZt; I
HZ 5 EMEH S, — H*(BT) & t;, TRIT I &iZ$ 5, ZHid ET xp X(h) — BT
IZLDFERLTH D,

ST, 2O 28D Hi (X (h)) DIuh dot action TESEK RS &

o (0-1;)(w) =0 (x;(c'w)) =0 Ly—1y) = twe = Ti(w)
o (0 ) =0 (1o 0)) = 0+t = by = by (1)
b, 2FY
0-x; =1, 01 =150)
ThHdIEDDNN5b,
T ZTWEA E HY(BT)-IEEE UT Hi(X(h) = H*(BT) © H*(X(h) TH Y.

HY (X () = Hp(X(R)/ (1, - - s 1)

TH 5, Dot action &4 T TV (ty,...,t,) BEZIRNDT, dot action i& H*(X(h)) E
DEM%ZED D, DD H(X(h)) X6, DR ERILL L5,

2.2 chromatic symmetric functions
AFIZBWT, 7 738 EDODOAEZEZ, WOMEMMTIEFEZLZVWEDET S,

EFE 2.5. Hessenberg BE h: [n] — [n] 2L, TNIZMNBET S5 7 Gy, ZIRTEFH
T3, Gy DTHEESIE [0 THY, i<j<h(@) DL E {i,j} 1Z G, OATH 5,

777 G ®coloring k: G - N 2IZGOHEHEELENLS NANDEZKDZ L THD, H
REEBR 0] THBH LI 77 G U, coloring k: G — N D ascent & FEIXN 5
Bz

ascln) = # {1} € B(G) i < j, wli) < n(i)}
TED S, £7z. coloring k: G — N 2% proper TH 5 &, LED G Dl {i,5} 1ZxF
U. k(i) # k(j) THDEZIZE D,

EFE 2.6. e NIZTHU 2z 2L T2, HAEEGD 0] THDE L4777 GITHLU,
% @ chromatic quasisymmetric function csfo(q) ZAFTE#ET 5.

osfalg) = D g™

k: G—N, proper
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n
ZZ Tz = H Zi(i) ERT,

Hessenberg BI% h (25 Uy csfq, (q) & 2 725 ORISR O L IHATH 5 Z & H3KI
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2.3 Shareshian-Wachs ¥#8
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My, (& T OBEEERTARAZ DT, Y(h) b T BENPSOBTIERALTWS, F7z,
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.mmwm=22mm—@
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o HM(Y(h)) =0
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TERDDY, I Hi(Y(h) OETH 5, INEESHEERD b — b0 Y2 LEHKRD

# 1 A% Chern O EELTESNE,
(h)) %
(€

22T e Hiy(Y(h) = HA(X(h) &, f€ Hi(Y(h), w € &, 2R U
(f

N(w) =w- (f(w))
TED D,
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Biquandle Brackets and Quivers

Sam Nelson*

Abstract

In this brief expository article we review the background for biquandle bracket quivers — including
biquandles, biquandle homsets, biquandle coloring quivers and biquandle brackets — for a talk at the
70th Topology Symposium at Nara Women’s University in August 2023.
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ets, trace diagrams, quivers
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1 Introduction

Biquandles are algebraic structures with axioms motivated by the Reidemeister moves in knot theory. Every
oriented knot or link L in R? or S? has a fundamental biquandle B(L) analogous to the fundamental group
of a topological space. A finite biquandle X determines an invariant of oriented knots and links called the
biquandle homset invariant Hom(B(L), X) consisting of biquandle homomorphisms from the fundamental
biquandle of L to X. These homset elements have the property that they can be represented visually as
colorings of a diagram of the oriented knot or link L analogously to the way linear transformations between
vector spaces are represented by matrices. In particular, choosing a different diagram of L yields a different
representation of the homset elements analogously to the way choosing a different basis yields a different
matrix representing the same linear transformation, with the role of change-of-basis matrices played in the
biquandle homset case by biquandle-colored Reidemeister moves. See [5,10] for more.

From the homset, many useful computable invariants can be defined. The simplest of these is the
cardinality of the homset, a non-negative integer-valued oriented link invariant known in the literature as
the biquandle counting invariant, denoted @%( (L). Any invariant ¢ of biquandle-colored diagrams determines
a multiset-valued invariant of oriented knots and links called an enhancement of the counting invariant. The
first such examples use a cohomology theory on the category of biquandles to define 2-cocycle and 3-cocycle
invariants, multiset-valued invariants which can be transformed into polynomial invariants which evaluate to
CID%{ (L) at zero but in general are stronger invariants; see [1]. A more recent example of an enhancement is the
biquandle coloring quiver associated to a subset S of the automorphism group of the finite biquandle X; such a
subset determines a directed graph-valued enhancement of the counting invariant. Since directed graphs (also
known as quivers) are categories, this enhancement is actually a categorification of the counting invariant.
Several new polynomial invariants can be obtain from these quivers via different forms of decategorification;
see [2-4,6,9]

Our main interest in this manuscript is in a family of enhancements known as biquandle brackets. These
are a type of quantum enhancement, i.e. quantum invariants of biquandle-colored oriented knots and links
representing elements of the homset Hom(B(L), X). In this manuscript and its associated talk, we review (in
a fairly self-contained way) biquandles and biquandle quivers, leading up to biquandle brackets and biquandle
bracket quivers. In Section 2 we review the basics of biquandles and the biquandle homset invariant. In
Section 5 we review the quiver categorification of the biquandle homset invariant. In Section 4 we review
biquandle brackets and their categorification via quivers. We conclude in Section 5 with a few words about
current work in this area.

*Email: Sam.Nelson@cmc.edu. Partially supported by Simons Foundation collaboration grant 702597.
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2 Knots, Biquandles and Biquandle Coloring

A knot is an embedding K : St — R3 or K : S' — S3; we may also consider the image of such an embedding
as a knot. A link is a disjoint union of knots. A knot is tame if the embedding is piecewise-linear or
(equivalently) C°°. In the 1920s, Kurt Reidemeister, a mathematician at the Georg August Universitat in
Gottingen, Germany, proved that two diagrams represent ambient isotopic tame knots in S iff they are
related by a sequence of the following moves, now known as Reidemeister moves:

\
\ <>

\\ H \\
\\ \\.

For the remainder of this Manuscript, we will consider only tame knots and links. See [15] for more.

Thus, to prove that two diagrams represent the same knot, it suffices to identify a sequence of Reidemeister
moves changing one diagram to the other. To prove that two diagrams represent different knots, we can
identify knot invariants, functions f : D — X taking knot diagrams as inputs and giving output values in
some set X (which could be integers, polynomials, graphs etc.) with the property that diagrams differing
by Reidemeister moves have the same function value, i.e.,

D~ D' = f(D) = f(D').

Then if two knot diagrams share the same value of an invariant, it says nothing — the two diagrams could
represent the same knot or they could just coincidentally have the same value; however, if two diagrams
have different values of an invariant, then they cannot be related by Reidemeister moves and hence must
represent different knots.

To define invariants, we need to find things that are not changed by Reidemeister moves. One way
to do this is to use the power of universal algebra, creating algebraic structures with axioms derived from
the Reidemeister moves. The example of interest for this manuscript is the algebraic structure known as
biquandles (see [5,10] for more).

Definition 1. A biquandle is a set X with a pair of binary operations >, > : X x X — X satisfying the
axioms

(i) Forallz € X, zpx =25z,

(i) For all y in X, the maps ay, 8y : X — X defined by ay(x) = 25y and fy(x) = x>y and the map
S: X xX — X x X defined by S(x,y) = (ySz,z>y) are invertible, and

(iii) For all z,y,z € X, we have

(zey)(22y) (ze2)e (Y5 2)
(zpy)B(2py) = (252)p(yb2) .
(xBy)B(2By) = (252)B(yn2)



68

These axioms result from interpreting the elements of X as labels or “colors” for the semiarcs (segments
between crossings) in an oriented knot diagram and interpreting the operations as over- and under-crossing

rules as shown:
= \ Yy Yy / x>y
Y /\ sy * /\ ysx

Then axiom (i) expresses the four oriented versions of the Reidemeister I move:

- \ . % 4 / apax TBT
I 1

ey €L x B HE

/ >
i Ibr T T \ B xrr

Similarly axiom (ii) expresses the four oriented Reidemeister II moves and axiom (iii) expresses the all-

positive Reidemeister IIT move.
Since these moves form a generating set of oriented Reidemeister moves (see [14]), we have:

Theorem 1. If X is a biquandle and D and D' are oriented knot or link diagrams related by Reidemeister
moves, there is a one-to-one correspondence between the set of X -colorings of D and the set of X-colorings
of D'.

See [5,10] for more details.

Definition 2. A map f: X — Y between biquandles is a homomorphism if for all z,y € X we have
flery) = f@)e f(y) and f(xBy) = f(2)5 f(y).
A bijective homomorphism is an isomorphism.

Example 1. Given a diagram representing an oriented knot or link diagram L, we define the fundamental
biquandle B(L) in the following way:

e We form a set of generators consisting of a symbol for each semiarc in the diagram,

e We form a set of biqguandle words including generators and expressions of the forms u>v, us v, g *(v),
B (v) and S; (x5, 21) for i € {1,2} (we interpret S;*(u,v) as the ith component of S~!(u,v)) where
u, v are biquandle words,

e Then B(L) is the set of equivalence classes of biquandle words under the equivalence relation generated
by the biquandle axioms and the crossing relations.

The set of generators and crossing relations (taking the biquandle axioms as understood) is known as a
biquandle presentation. Reidemeister moves on diagrams produce Tietze moves on the presentation, resulting
in isomorphic biquandles; hence, the fundamental biquandle does not depend on our choice of diagram for
L and is a link invariant.
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An X-coloring of an oriented knot or link diagram D is an assignment of an image in X to each generator
of B(L) satisfying the crossing relations and hence determines a unique biquandle homomorphism f : B(K) —
X. Thus the set of biquandle colorings of a diagram D of an oriented knot or link L can be identified with
the homset Hom(B(L), X). In particular, a choice of diagram for L is analogous to a choice of basis for a
vector space — just as a linear transformation f : X — Y is determined by a choice of output vector for
each input basis vector, a biquandle homset element is determined by a choice of output color in X for each
semiarc in our chosen diagram of L such that the crossing relations are satisfied in X. Different choices of
diagram for L yield different representations of the same homset clement just as different choices of basis
yield different matrices representing the same linear transformation, with the role of change-of-basis matrices
played by X-colored Reidemeister moves.

Example 2. Let X be the biquandle Zs = {0,1} with 2>y = 25y = « 4+ 1 and consider the Hopf link L.
The homset Hom(B(L), X) has four elements which we can represent with the set of X-colored diagrams

a @
@ @D

Example 3. Each of the diagrams below represents the same homset element in Hom(B(L), X) where L is
the unknot and X is the biquandle in Example 2.

See [5] for more.

3 Quivers and Categorification

Categories are algebraic structures consisting of a collection of objects and for each pair of objects X,Y a
set of morphisms denoted Hom(X,Y) = {f : X — Y} satisfying certain axioms. Examples include the
category of sets and functions, the category of vector spaces and linear transformations, the category of
groups and group homomorphisms, the category of topological spaces and continuous maps, etc. Indeed,
many subject areas of mathematics can be described in category-theoretic terms. Connections between these
subject areas can often be formalized as maps known as functors between categories, e.g. the fundamental
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group functor 7; which transforms topological questions into group-theoretic questions. Similarly, functors
known as homology theories measure information about topological or algebraic structures in terms of chain
complexes and homology groups.

In the late 1990s, mathematical physicists such as Louis Crane and (my former colleague) John Baez
proposed a program of categorification wherein simpler structures are replaced with richer categorical struc-
tures. For example, we might replace natural numbers n with vector spaces of dimension n, addition with
direct sum and multiplication with tensor product. As a result, we get a richer and more powerful structure
— while integers can be either equal or not, vector spaces may be identical, distinct but isomorphic, or differ-
ent. From these richer structures we can recover the original simpler structures and potentially get new ones
via decategorification, e.g. taking the dimension of the vector spaces. Famous examples in recent decades
include Khovanov homology (categorifying the Jones polynomial) and Knot Floer homology (categorifying
the Alexander polynomial).

Directed graphs, sometimes known as quivers (as collections of arrows), form categories with vertices as
objects and directed paths as morphisms. In recent years my students, professional collaborators and I have
used quivers to categorify several enhancements of the biquandle counting invariant; see [2—4,9,11] for more.

For this section we will focus on one example, the biquandle coloring quiver. Let X be a finite biquandle
and D an oriented knot or link diagram with a choice of coloring X-coloring, and let f : X — X be a
biquandle endomorphism. Then applying f to each color on the diagram D yiclds another assignment of
elements of X to generators of B(D), and the fact that f is a quandle endomorphism implies that this
assignment is a valid X-coloring.

B Yo fla) Flysa) = f(y)ef(x)
\/ § N
_— e
Y \ ary fy) \ flapy) = flz)=f(y)

In particular, each endomorphism f determines an arrow from one coloring in the homset to another.
Thus, a set S of endomorphisms of X determines a quiver structure on the homset which we call the biquandle
coloring quiver associated to S. Changing the diagram D by X-colored Reidemeister moves does not change
the homset or the resulting quiver, and hence the quiver is an invariant of knots and links for each S. In

particular the case of S = (} can be identified with the original homset invariant. The case of S = Hom(X, X),
the entire set of endomorphisms, is called the full quiver.

Example 4. In our previous Example 2, the identity map and the map f(z) = z + 1 are the only endomor-

phisms. Then the full biquandle coloring quiver looks like
C@ =D
vy v/
ol

Cap = @x)

N
Such a quiver is a category and hence the biquandle coloring quiver is a categorification of the biquandle
homset invariant; it decategorifies to the original homset by deleting the arrows. Other polynomial invariants
such as the in-degree polynomial can be obtained as decategorifcations; see [2,4] for more.

|

|
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4 Biquandle Brackets

In the 1980s, Vaughn Jones won the Fields medal for his introduction of a powerful knot invariant known
as the Jones polynomial. The invariant can be defined using the Kauffman bracket skein relation which we
may understand as thinking of crossings as linear combinations of smoothings or diagrams with crossings
removed. More precisely, applying the skein relation to a diagram with a crossing replaces the diagram with
a linear combination of two diagrams with the crossing removed and the resulting endpoints connected in
the two possible ways with coefficients in Z[A*!]. Recursively applying this procedure to all crossings yields
a linear combination of diagrams without crossings, known as Kauffman states. Evaluating cach Kauffman
state as 6 ~! where & is the number of components and 6 = —A? — A~2 yields the unnormalized Kauffman
bracket polynomial, and multiplying by (—A3)~"“" where wr is the writhe or number of positive crossings
minus the number of negative crossings yields the Kauffman bracket polynomial, which can be easily checked
to be invariant under Reidemeister moves.

For biquandle brackets we want to generalize the Kauffman bracket to the case of biquandle colored knots
and links. To do this, we replace the Kauffman bracket skein relation with the skein relations

C

+ B

I
-+
e
|

yielding trace diagrams with dashed signed edges called a traces. Traces act like crossings, enabling us to
retain the biquandle colors in a homset element diagram. We now have skein coefficients A, , and B,
which are functions of the biquandle colors x,y € X on the left side of the crossing. Deleting the traces
and colors in a fully-smoothed diagram yields the usual Kauffman states, and we require the elements
Ay yB,, — A, Bz y to be equal, with their common value denoted as d.

The Reidemeister moves then impose some conditions on the skein coefficients:

AvyAyAcvysy = AvzAysaselepype
Al-,yBy-,ZBJCEy,zSy = Br,szBz,zExAxgz,ygz
ByyAy:Bevysy = BopAysaesaBrvsyes

Ax,yAy,szBy,sz = Az,szBx,zB:chgz,ygz + A:c,szBw,szBa:gz,ygz
+6Am,szSz,z§szgz,ygz + Bac,szBx,ZSxBxgz,ygz
Bw,yAy,zszyyzSy + Aw,yBy,zszy’zgy
+5Bx,yBy,zA:vgy,zSy + Bw,yBy,szgy,zSy - Bm,szﬁz,zEzAxgz,ygr

A biquandle bracket 8 defined on a biquandle X and a commutative unital ring R then consists of a pair of
maps A, B : X x X — R* such that the above equations are satisfied and the values § = —Aw’yB;??ll—A;"?lleéy

and w = —Ag’mB;’ L are the same for all z,y € X. Then for each X-coloring of an oriented link diagram D,
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the sum of the products of state values times smoothing coefficients times writhe adjustment w="" over the
set of all Kauffman states, known as the state-sum value, is unchanged by X-colored Reidemeister moves,
and the multiset of such values over the complete homset is an invariant of oriented knots and links.

Example 5. Let X be the biquandle from our previous Example 2 and let R = Z5. Then one can verify
that the coefficient tables

Al1 0 B|1 0
113 1[4 2
0j4 1  0]1 4

satisfy the biquandle bracket axioms with § = 2 and w = 1. Then the Hopf link with its four X-colorings
has biquandle bracket multiset {3, 3,4,4}:

+1{4)(2) + 2(4)(2)
l“} ’ | @ ‘1]()2 3”][’ @ [22
+4(1)(2) = +3(1)( =3
@ QQ @, OD
) +1(3)(2 +1(4)
9%
4(3)(22) GD [Tz 1[1 fz ) @ ol
+4{2)(2) =3 +4(1)(2)

See [12,13] for more details and examples.

Finally, we can categorify the biquandle bracket invariant using the biquandle coloring quiver. More
precisely, where the biquandle bracket invariant is a multiset of 8-values over the biquandle homset, a choice
of set, of biquandle endomorphisms S gives us an invariant quiver with vertices weighted with g-values which
we call a biquandle bracket quiver.

Example 6. Continuing with the Hopf link and biquandle bracket from the previous examples, we have the
following biquandle bracket quiver:

j.i,?
4 _ 4

These quivers can become very large and complex very quickly, so for useful invariants it is helpful to
decategorify in various ways to obtain easy-to-use polynomial invariants.
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Example 7. Given a biquandle bracket quiver, we can sum over the set of arrows terms of the form s5(@)¢7(a)

where S(a) and T'(a) are the weights at the source and target of the arrow respectively. In the biquandle
bracket quiver in Example 6 above, we get 4s3t3 4 4s*t* for this polynomial decategorification.

Example 8. Another decategorification uses the fact that while the out-degree of every vertex in a biquandle
bracket quiver is the same, the in-degrees can be (and generally are) different. Thus, we can sum over the
set of vertices terms of the form u?(*)wd&+(®) where B(v) is the weight at the vertex v and deg, (v) is the
in-degree of the vertex v. Then in our Example 6 we obtain 2u3w? + 2uw? for this decategorification.

See [6] for more.

5 Current and Future Work

I am currently working with several collaborators around the world on generalizations and extensions of
these biquandle bracket quiver invariants, and other groups are also working on biquandle brackets. In [7]
it is shown that many biquandle brackets are cohomologous to the Jones polynomial, meaning that biquan-
dle bracket quivers yield a family of new categorifications of the Jones polynomial quite unlike Khovanov
homology it is various forms. In [8] biquandle brackets are generalized to picture-valued invariants.

Faster algorithms for finding biquandle brackets are of great interest, as are new methods of finding
biquandle brackets over infinite coefficient rings. Work currently in preparation (check arXiv.org soon!)
includes biquandle power brackets, a major advancement over standard biquandle brackets in which the
value ¢ of a Kauffman state component can vary as a function of the biquandle colors it contains, as well as
biquandle-colored Conway algebras and extensions of the biquandle bracket to other algebraic structures.
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2 1RO 2« MA ~ AF 1 00 FHEIZHFET

RA & (R R A T2 Airbe)

2023 4E8 H 12 H

AFEHTIE, WA LT RMFOREED 2 2R 05 (b A2 HABE (16, 17, 18,
19, 21)) %Wz, ZODJHRZZ5 b LAOBFOHRRIZEGZ 2 E kR LMiEE2HE T 5.

1 MALEORILT 1« ALEH

1.1 )b - bA (René Thom) FLO¥ERRDHES
BIIEHAAEEETEDMAL R - NATH 7=, @HEER
Manifold Tokyo (1970) T® b A% H OB 4EIZ THES (28 %
U, YRREL -7 2D 1 714V MY —RE] 2L
TIPS VE DB IZEHM U 72, £ DD b A% THES
DRI EHEEAED/N (6] OFTHEHERS Z LR TE S,

F<HOoND LS M LIFEORAIKBLAZIRLT + X LM
AT 1958 FEAZ 7 4 — NV AEEZE L. TOHE@mDA >N
ME, 7T Ve YAV REEGH (2, 23] THRIEL TW3,
F7- b A, IXFFAERIC, SRORNESER, TR, RFE

N

R. Thom (1923-2002)

M, 2EEM, EREMNESD VRO Y -2 0@ B 2K LM A =T TH o>
2. BETIEHEINS ORI UL TW 50, Dk &40 b ADFE
AT, ROBMMEERICEILL 72 (BEZEVEDMER) OXIROPhT—fEn—-HU%
WAL U TIRZTOWZIZEWZ. BERZINSDTATT7D% LI, ORI [24]
DHFIZTTIZZDOFEBPHENT WS, T35 U7 20 AL OMEPEF 25 FT 5 —45T, b
LMET7 T VAHBBIZIZBH U ATV, EE, HoWEL XA va 7 ¢ —CERERKEE]
R EAEEY GERLRRN, AT, YNADRE...) &ZOHBIRITMmDTH
B TH DU, #MEPRR - RPERRR & O b I RAII D 2 — A7 « 7 ZDHEm DI
RTHDBH. EVYaRRVAV—IZ LM OMmIBMORFERMIESTE D L T ADK—
T — BRI EORETH - T, BiIRT D M AZHADOFFEIZERT 5.

* toruohmoto@waseda.jp
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MK THES TREMEE 572270 X VT 4 — 27 L IR TH - 7258, [EHERAE & I3
PERT2 WAL D o722 TR L =56 W ([6] 208). AR ES O A% 5T
FHRABFMESEN > 2O B RN W—HEN TR EAE E 2RV T « XL DOF 2SI
F—REC 20055, TZTET, IRLT A ALHBEZIRVE->TALD.

1.2 FA-RYN)vy—FUVEHR C° SHAEORRY 1 2 LD DA LHIKT
FEHTEL0? 20D BNV PHEFRER LR -T, IRV T 1 XLOBEE T —&UITER
O EAB (23], BRI n-ZHE My, My B3RV ET Y ek, HEEERMETV 2 b
Al (n+ )-8 W BFEELTOW = (OMy) U (—0Ms) /-3 EI2wS. Zh
AR RR I BT B AR E 72 LT, T OREESK MSO* (= MSO*(pt)) %3k
AL TERED & AR DG A A D .

KAy F=—OHDIAAERIZ LD, BHH n-ZE M %+ 53 & \WIRIE O IR
Stk = RnHE U {oo} IZHDAL. T DR v D@2 bV ESO(K) — BSO(k) ~
DG p: (v. M) — (ESO(k), BSO(k)) % 1 a5 MedhiE, M o7 ¥
TV NEMOKMED S b ABEANOISAEEE 5. SVHF - MSO(k) #1585 (Lift
EBAME C® e LTEW). £ZThA, HERZ MVHOBYIM BSO(k) (2T 5
BEWTVEEH A W CIROLERE N E—REE OB ZR U2 [25]

MSO™ = 7, (MSO) := Jim 7 (MSO(K)). (%)
— 00

embedding

M l Thom-Pontrjagin Construction l

PAEFMERRIZT QTR E NG, T74bs, AR n-ZHIEPS5 D C° G f; -
M, =Y (=12 PaRVErheiF, BRIV NT N (n+ 1)-ZRIEW & C®
G h . (W,0W) = (Y x LY x 9I) BEIELT hlow = fi U fo E% 2L E20
5 (I =[0,1]). ZHicky, ~areEnY—HHThd MSO*(Y) NEAIN S
(k:=dimY —n). T72bb, (x) OHENITEEL — TEEANDEHRDFE P —EL
LDOFRBETHS : N

MSO*(Y) — [Y,Q*MSO]. (%%)
{MSO(n)}tnez Z ML+ ARZ F I LEMRER. U(n) C SO(2n) ZEAVFEZ IRV T «
A LM MU*(-) BNEHIN .
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1.3 RBBIDRILT 4 L REEEAFOMT (KL - A—7) AEBY—H#HIC
L2502 LT, REMAF—L Y 285 i IGTAREI D 1 27 )L 04 F i 5E 4
hTHBF v IRECH;(Y) Db 5. Ik Y »IRRABAIIHRLT, SXIZEDE
HEEANDZ L TF v VB (XB) CH(Y):=CH_;(Y) (I =dimY) »E £ 2", &
IRF v DREPREN K Bia7e Y OMRE 2T 21 I ASRIRIZE S » <, EEa R
T4 AL MU* ORBEETiRE LT, ELIL - U4 TV 4 NAF—IZ K2R R
VT4 AN (BT w7 - akeEny—) B MGLY 8N, finwTlLva > - €L
VA BEOVT 1y - XY RN AT [12) 12 K 2 REN 2RV T + X LG QF 2
B 7z, BiE MGLPY(Y) bR Y — 1281 2RE (x) DLLORBEM Y 7 — =
YTHoT, EFATAYT - bh - AXRZ b I LEMAWE ALRE b —GRNERY T
Hb. BEDQNY) IF (%) ELOREN T Iy —Th->T, LEOEEH f: X =Y
(X IFERETr=dimY —dim X) OFBESAKRTERINSEHHT —NIVEEZ B AR
(formal group law) (ZXF5d 2 BIER (“HEHAURILBEIRAE WD) THI- -pRt e U TESR
IN5*2 (12, ZTNSHEADORLZHEROMIZ (xx) IZHS T ZFRBESH SN TNWD (L
T ED)

Q%(Y) = MGL?**"*(Y). (x+")
W4 bR a Y — (Thom) A AT
‘BB ORH G i G & Hilbert A ¥ — 24 (Grothendieck)
(RE%) ML RAONME | ZXHEF (Kleiman, Fulton-MacPherson '80)
BZEaRERY— REP RV OVHEEK « AZAR X3 (Totaro-Edidin-Graham ’90)
IRNTF ¢ X LB REE) I RNV T + XL (Levine-Morel /Pandharipande ’00, '09)
VAR ETAT4v T - PAART MT L (Morel-Voevodsky '00)
TE M- Al-RE b E—§ii (Morel-Voevodsky *00)
akER Y —{EHHE R a R Y —fEAFE (Vishik '19)

2 BHEISOHZ LITHMA%E~ N 12ERER

2.1 BEILRJL NEE 15 BIREOREMAR? 20 HLMEEIZ L L ~IL M 23 OF
fRRIE AR U7z, 20 15 HHZ MR IZ RN

[V a—~)L N FOHMRIZB I 282 BB MF O EMN T2 5 2 &)

EWISHIWTH D, WHPDE (Ya—)Lh - HLFaTRA) T T AT UEHMERES
RRAZREDEY 25120 aREn Y —DBEGEICET 2GR OBRHTH > T, Bl
RIZBWTHEMFNRIGRO R E UTHELTWA W THD. i TYa—~)b b
DR [22] DKL, FEAFRL 72 Z OFFEHE 2 BRI % 220 2 ETRE % K

T RAROY—TOLS IO IO Ry =R LTEET DD TR,
X, oY (i=1,2) BHEBEE, faoo=fi LARDAES o X1 = Xo BFEET DL EIZWVS.
O PG IRE SR OTFEDR R PR RN, (KR ORISR 5) B0 2{KET 5.

3
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JHIZHES 2L IZBPINT WS, 72U, BUEDOBLRD & § IR OIS Mz #
Hotz. ZOEEAD—HErlE, RESHRIEKORXXOHRD 5\ X HFRRDOEROHEEM
MEMEDSTOSNT (Z7y - T Tz T UIEN), 20 T EO T 2% m R
VT4 =7 51 K BREGEMFOMLERT, E—VOXXARB LU 80 FRD 7L b
VeI T 7=V T L SRBEMRZXEHR (Intersection Theory) [7] 2% > T
VDY FETEFERUIZES>TRWEASS., LnL, UMRNTHERS (ZEFEAOHA LI
IR 1%, Ya— XUV FSOHEELBLNFEETH 72128000567, BIEIZESET
ARENGHERNZER LI Twiawn, EBEZ 2R, 7V by 7] THashTnen
AREMNTEVEM —RREDEY 2 71 ZH—PRINTWS. 2 OFIIRECET D SR
Tz D 5. HIZERAE L FHL & SFIRRLRBERKZERT 5. BHEO7ZD,
BEEIR K IZEFBUA C 920, B0 ORBNEIATHEDZ .

NC B
—3

E:s‘.nck point N
(Whithey umbrella) double point triple”point

HHALHRA ETEBOS I, BENKEICHEL TEREED,
ZDEGIMEY 2MEDHREADEEE A LIF2"Z LICmEIND.,

u space

2.2 BIRDLZERFER SHAEMOH f: X - Y OREELIE, W5 df, DREH K
KTHWEpE X, BEUTDMITBIIBELIE F1 (X.p) — (YV,q) RIET. RSt
WIS X B AN R I NG, ARMTIRVDY S K-RIE (f 28D 541 F 7 L)
IR, BRER (AEE) &9 AL rRT. 2EEEFLIE, TO6 HE5% X
DEBDO B DEHI f:(X,8) = (YV,q) D2 THD (S={p1, - ,p} CX).
R SNy = (- ) 2B ERBRBLIES. G&E f: X - Y ORE -
B0 - B BHERR M,(f) C X BEUN,(f) CY &3, REWETHp € X B
YO qeY AT HAD X, Y 28132 H ) A X —HarEkT 2 (FELWERIZER) :
pasc 0 € X BFIELT, pi#Fp; (1<i#j<7r) T f(p1) == flp,) = q %l
72U, 1<i<riZ2WTERIE f:(X,p) = (Y,q) ¥ n RESETH 5.
ZOWMBBZL EEA, DD IXDAAFOEED AL = (A, -, Ag) THH. ffil
IR Y O BB N (f) PEFAI Nyo (f) RRFIICIE ERO X 5 %5 0 %48k
TN s X

B SRS M, (F), N,(f) B&4 X, Y O (F5H) SH%RAL 20D, T O8RS0
VB B VISR A LIFB 2L AR A OBETH S, Linl, SEEREORL L
Fid X OB DR RSO AR EDSE D 570 T AEIICEEL L, &0 bIBRRT 2
Mo AYF) 7o TR (RE) 8, 9] BB HEROKRMIHETDH S, TNIEFEEH
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zii“ﬁ@“%%*”%—Eb#ﬁ£#6%%mTé%®T%é 2 0E, #@%’
321V AXY N YO EFICET S 7y Fx (Gottsche) FAR (BIfEIXEH) |
b s r B A BRAEICHET 2 EESER (FASER) n(A]) 5T < yw n
3. H5\NE% L O b IR, Bl OSIER REET V C PT OFFEIGTHI BN S r B
HOBA LTS, AUHESER n(AD) 2VT (RATS f OBEEZX 57T &
ENB. AT R AT OS BRI g ICES A TIhEERMET 5.

2.3 EHEREH LB, XY 2200 m, [ RGOS HkE T3, B f: X Y
DRRTE Ik :=1—meZZHET. GB4F [ (X,p) = (Y.q) O K-FFSH 21,
FARBE Q(f) == Ox,p/f*myOx, DRABEDOZ & TH 5. GHEIENVERMEE & I3H6R
ROT A7 —RATHRFEPEE S LTIV, TORBORMEE k, L3lL, ki
B DA FTNE L = frmy Ox, +my ! (ORBKE) TEDo. %R
n=(N - .0) ITBWT, & FARMEEEEIREST S, SEERAE ) OEEEZ

n = n(n ZdlmOX@/Im < 00

ab,ﬂmxfﬁmﬁ%eza@ ﬁ#(=y%£ﬁ@@ﬁﬁ§@%@@ﬁ@%mmﬁx
BIRf: X > Y ICHHT28Fv— Y e(f) 2IXRTED S -

_ 14 (TY) + frea(TY) + -
)= aal) balf) 4o = B

TORTZYRIT—N—- /4078 (LN$) 2 1= (i1,00, - ,ig) ZHRTE LT
st =s1(f) = f(' () = foler(F) M ea(£) - e (f)*) € CHI(Y)

HBHNFTORIERL frsp e CHIF (X)) v LTEHI NS (1] = ZslmQ iﬁ%
EhL - ATV T TR, 9 OEENMBITH>T, TITEEO—HEZMN

~ E¥ 1 (Target multi-singularity Thom polynomials O7#F7E [19, 18]) —
EROZERFRN n 12X UT, RO (x) &7 S EERIRT v — > ZHN
R, —Zaf c! € Qler, ez -]

(JI| =0 —k) DUE—(FETD. (x) TEOEESH f: X =Y (k=dimY —dim X)
(0 U TR n RIS B SEBIE n,y () € CHY(Y )q RIROFRERD

:Zf*(RJ1)"'f*(RJS)' (1>

2T, HEORIE {1, 1} DIERAEDETHRWVESEG~DOSE {1, 1} =
JiU-UJs (s >1) TRTIZETSHEDT, &J ={j1, - ,jk} Z2WVWT, Ry I
R o) 1© € = ¢i(f) ERALEZEDTHS.
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T DR LT, E I X 0 n B ER AN m, (f) € CH " (X)g 122V,

my(f) =D R [ fe(Ry) - [*fu(Ry,) (2)

(1€ Jy) OFD Thom ZHARRLDHZEBVEMEFTRENS GEIIIZEANE). (1) OfH
BIE LN sy OZHEATH Y, (2) DAL LN f*s; BLF ¢i(f) DHEATH - T,
ZTORRERAM ) OADSEED. ZOURBLHENE (B L OERED) SERHE
BB ST B PASER R

ZEGHE X - Y TBOERBAES SITBI35HEF f: (X, S) = (Y, f(9))
WRFTLE) T, % AR m, (f), n,(f) ZENENEEREE M, (), N,(f)
D (b5EEELERN:) AHFEFEICME S5, -

Bl 21 (BEABLAN) KRGk =dmY —dimX >0DEH f: X - Y IZDOWT,
CHABXO=ZHEAANIT 70-80 FRIZHISNT WS ¢

maz(f) = f" (1) = ex(f),
K—1
mag (f) = [ fe(maz(f)) = 2¢af" f(1) + 2 <“i4‘j£:2icﬁ—i—1“m+¢+1>-

i=0
L2 L, 4&EMAARNDBEE, Whp 2HiRE 5L (curvilinear map) & FEIEN 2 RE X
NIZBEHUNTIFEIZ S ETERINTRED 572", ZTOHBITIRD 24 Hi TR 5.
n=Ay DEAETEH]L (1) & (2) &, WOZENRADFLELZRIT D, THITH—
Z ARZEDRBAALTFEE AW 5H 5O RKEREIEIC L 55 1% [20, 8] 124D

r—1
) .
Ray =1, Rjp=—cs, Rys=2 (CH + E 2105—i—105+i+1>
=0

DEIIIKRDDZENTESL, {1,2} BLC{1,2,3} OHEOMFHH» S, ML, €H1
L0 THA - ZEARARAPEILI NG
maz = Ra, R, + Ry = ST (1) = e
mas = Ray - (f* fBa,)? + Ra, - [*feRaz + 2Rz - f* fRa, + Rag
= [T L fe(D) + Raz) + 2Rz - [ fo(1) + Rys
= f*f;(WIAg)'— 2Cnf*j;(1)4_}%Ag.
Uv—=05 [14] &, #FV T PRERELT, ARETFET Ra Z2EAEL TV GE
MIZHE). 2%, 4EMAUBOLZESAAAND AEKWIZHRTRTH L Z L VEMH 1 THE
ELUZ 85, 2T X DEIfRIZ IR S 72w RO LT RSN EETE 5.

B HMEEG LI, k>0 THo>T Ay FEL (FFRE Q(f) 7' klz]/ (M) ILFAE) OAEIETIE
BERT. ZOBEFERIZZTIAIIUSBIZI>TEILIMHEINTWT, 4HAUEORX ETAR
ZEUHERBHBERAEIN RO SN TWD [10]. B TRVWEEICB I 22 ERESOEZ LFARD—
WIS I E B EFTREAHTH - T, BIZEIROT Yy F P (k= —1) XZDOHEHIET 5.

6
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2.4 EILRIV D - AF—LEORERXIERR V% £ TOEKROR R SGHTRE
IZBWT, EEOEAH f: X - YV ICHd 25 X Lo g MEEREASS LY Loy
% SR F S T VRS, ﬁ&%x#~A%ﬁ%&5%@%%&@%%%%1mt#o
. TITINSDEELESRE, REEZEBOI VN7 METH-T, 2OEFMIZE
WRDEWETHLILAR)L b - x# LENLTHZS.

X EOn HOE)R)L N - ZF—4A (Hilbert scheme) X[ 1%, X E® colength
n®DORTGHAIAF—L, Tabb, AROHER {p;} I2BEEZFD > dimOx,, /I, =n
Zii7zSATTIVEI(C Ox) BRENTA N IAXTEHEVaTAZE/THS. i
HbTTAI VEMRKRDOTIREBEHARE UTEBINDS., LIV b - ZAF—LIFIRD
£ WA TS BEROMBAAF—LZCUXxX LV o: Z U TEDT7 7
A N—7% colength n @ 0 IRTCEBDAF —ATH2HOMRHNIE, DM p: U - XM
PRV T, o ik 2y =, Spec(Ox /1) — XM 0D piz £ 551 ER L L AR
LB EBAE e LAV b - 2 -4 X 2, WA D LAV b - F oy T4
XM 8" X = X"/G, LDT7 7 AN LTEZ 605 :

il o xln]

L

X" —S5"X

FH1EAANDHFE pry XM 5 X 5 X 2#EE f=fopr,: XM 5y 28<.
21 CTHRALEZ_EHE - ZEHAARNIE, f: X =Y OF - ZFH O R R SR
 XPro xB (Zhs 3% cERER) 2HOTHRT 222 TREND. LHL,
dimX >3 Tn>40rE, bLIARLVE - 2AFx—L4 X 3RS E2HT 27201285
DORETEENTHS. TNBRSETORX EITEMZOREREOTT—RKD4EALR
(X512 n EEAR (n>4) BELFODNTTHoBEADEK YL =5 TEn .
ZEERAE = (9., n) CHLT, RAUNEIBOES (geometric subset)

2(X;n) c X

%, Mg Ox DA T TV 21 € XM T, r 59 ={p1,--- ,pr} C X 2BITHL, &
p; TO stalk 2% FRFMOA TTN I, LA THDHOREKOFY Ax - L E
95, HFNEOBATLEETETC, ABOMMTURE E(X;n) c XM v 92,

ZFITCIY—DEEY Y MEEEHD Tar X7 Mel 2 LT, BEHRH F: X =Y
2R LT EILARIL MEERE (Hilbert extension map)

el x )l (x )]

“A A T TV D HD 5755 X[ o#sES (curviliner K LA N - AF— A LIFEND) 1EFE
B TH > T, TRCOHRDIEEARBEHAORRETINE 2. Zhitiz 80 BRI il ez £

#M*# (curviliner enumerative geometry) H3EIL L1S7z.

7
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EEATE. INEATFTTNE 21 € XM IZHULT, 1 FT7VE 20 € (X x V)M
(IrE fOFIT7T CX XY OEZEAFTN) 2RSS ETERTS. BAAF— L
XM xy c (X x V)M o fln] iz k2 2% — LGRS G EBR E LRIV b - 2F—4
XMI(f), He fOT7 74 NR—IZBEZRHIDEI R ORTHAIAF—LENRTANTIARX
THEY 2S5 EETH 5,

pry

X< Xll(f) — XM xy —s Vv

I

Zo XNy g () "HEXGn) xY) &R, IhEpr & fIlkD XY ILF
BIpzricky, SERERE M,(f) C X BN, (f) CY 2EHT 5.

@ [19] : kv~ REEE G Flin L XD (X x V)P IR E AT A A (regular
embedding) T 0*5, ZokEHiz X Lo v—trooirg (1Y) cH 3.

TNbY 7T 7=V rORXE [7] DA, KRB X — ADHOEAB DA
B XYY OMBHAT—LV LOLERX .V e CH.(X) & V OBl Oy
ANDZE (moving to the normal cone) ZMUTEHZRL, ZNEHIZ o ODF Y U EH
¢ CH,.(Y) — CHL(X) OMERZMLT 2 2Ildh o7z, LOMENSF Y VGG

(f[[n]])! : CH, (X x y)[[n]]) N CH*(X[["”)

WEES., T TEFVVEL (M v pr, & f OMH L (pushforward) 12& Y, $E
FERPEZERTD (L:=L(n)1dn D K. RKTT, m=dimX, | =dimY =m+k) :

my(f) = pro. (F)E(X; n) x Y]) € CH,_(X) = CH* (X)),
ny(f) == F((FIM)[E(X:n) x Y]) € CH_((Y) = CHY(Y).

INSEEL My(f), Ny(f) 1nhzs o™,

25 REMWIARILT4 ALEAREOAV—ERAR @HRIKLVF 1+ XL MU
ZC® A7TY) =TRdINTWT, ERERFELODEE R X2 TR L <R
W, ZZCThA - APV T UEE GEHL) 282010, TARTEREEMIZHEE %
BUERBKIRLT + ZLEROBEGHEBETH - 77,

EH L OIMIZLEY 50 O Bz Hns., UFCHEHORNE S >< D 2N T
5., FTHEIAT Y T LT, KRGk DIEZROEER f: X — YV ITx U TELERRME

*» zz2w, X,V »eEes Xy (X x V) i3 iR e TH D Z L IitHEL LS.

*6 My (£),mn(f) BEE Ny(f)ynn(f) BEROEEHR fFICHLTEBRTETWI I LICHEET S, — 4,
EEH f 5 BB (BIRZETHR) DL E, My(f), Ny(f) 1 §2.2 ThAZE#HE —BL, ELV
RRTEFEO—TNTHOEAENSD £ 58 (LD REEBEEZBRNT) my(f), ny(f) 2%T

8
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B ny (f) 2SS BB, f ORI RLT 4 XLE[f: X - Y] € Q°(Y) O
RITD L BRT. B2ATY TE LT, ETHRASHN An, 2RBKICKTEX S :
o WFUEIn (r=1) LT

Any(f) = fo(my(f)) = n,(f) € CH(Y).
o ZEKEMM = (n,---.n) (r>2)ITHLT

Any(f) = ny(f) =Y Any, (f)---Any (f) € CH®(Y)

CRUEAE {1, 1y = iU U, (5> 2) TATIHES).
Z Iz & b well-defined 7254

Any : QYY) — CHY(Y)

3% (Z2TL=L(n) £BVE). TZTINHT —~NVHOMOMEREEEHETH > T
HERUICHUTHRICIESES 28 e Y - Y ISHUT, ¢ & An, #7#), B
5 An, PMIENARBNIREOS —ERRTH S Z L 21T, MENTHSZ Lk
SHID LRIV - A% — AOME

(XiuXo) = | ] XY < XY

k+l=n

IZHEOE, FIERUVICETZAHMEEI e LR N - AF—20WEMEICHET 5. ME
OHAMIE Q(Y) 1L Fb LTS CENTES. D, BEAWHHES S(n) DR
IR p:E(n) - E(p) 2VEDEABIET, $RTE CH 25 QO HICEXT
Ang,, QYY) = QYY) 2B TET, ZhPREBINIRER Y —ERHKZICR5.
BHEOATFy 7L LT, MFOY 1> 28] CE2EHER VS, ZRFERIRL
T4 ALHE MU* I28WT X <HoN7-HEDOREBERMARIZHY T 5.

EE (Vv [28]) AEEOMERaREO Y —fElFE o : QF - QL iz LT, 204
BUREBL 0 QF - Q' RzQIEF Y Rz —nN— - J VI 7EMFE s Q5(Y) — QYY)
D L@, QREO—fEaTRIND (L =Q%(k) 79— NED).

ZOEHEDY, 5)59"?—‘/%’71EﬁRQ:ZICLICI (a; EL®y; Q) DPELLELT, ERD

EAH f: X = Y ISHUT Any,u(f) = fu(Ry) 2723, HE CH" HIZIEL T An,
»5n, 2HIZRDTI LT, CH 1 OFPEEZ L.

T 1) PAEOFEEHD SEIR [11] OBKROA[MIFED Y —HTHNSMTH > T L L, HIAITREN K-
i AZHEA S EZ 505 nk(f) € Ko(Y)[8,87]. Z0%HE, BAMIMEECH L. HiEEH
CorE, ¥4 7VER Q" - MU* 28U TEZIRLT « ALRHEHIRED Y —ETHE.

2) MBI RN T 4 RLITHEIT 2 EEL O, X610 T 4T 74 RAF—  ELILVIZLEET 1
Ja vy akERY— MGL** » OBERMEZERIET 5.

3) LEMELAPHEOEZTIIE LRV N - 25 —24 X[ Eo b — b Y a vz 2 BiEEORK
DORRBETH > T, REGRMIZH T 2L OEIZHEET 5.

9
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3 bMLEZEDMDER

3.1 LHRIKZEMB & conical stratification IRV F+ XAZBLT, FAK
H1S 2 TS R TOMZMRIKD 23 %M ] 28R L T\ 26, §4]. Fpzk> O
FEDZER My := C(S"TF, MSO(k))pase B & BSO(k) IZBEWII TR h € M,
578 BB Ty 2% 2T, ORI My, — Ty ORNER (k — oo) 2°
TN TH 5. lim(My — Iy) OIRRERER S 2O & DD &, »5H MM n-Zkik M
DRAMERNTHRED—Tabb, HEEIRDOEZEDIE h 128 U TEYIR & O R
ZX h~YBSOk)) c S"F 23 M 2aRME 2D, Z oEsER S RIS FEE M
BDifft (M) EO 7 7147V =2 avTh->T M EBE AL SRR DESITHY
5. KT Ty BRE A S™HF = MSO(K) & BSO(k) & ©Bfi o R ik 12 i
CTHHIEN51E9TT, bo-xF—B@mE2NLT, V—Y— (Lurie) 5 [13, 3] D&
kT My O #8BEIL (conical stratification) 252 575 5*. —J, gk
FNVT 4 X MGL™" (=) OXARIZEWTH, Filr, ERKEEM (derived algebraic
geometry) DIFEEE [5] VWEBDOT A1 77 T REWA T — LK 0T HEAX Y
20 BFATWS., ZOHMAEEA LTERMAFOREIZO L DDHEEHEZ G A DITENR.

3.2 RHKADSZ A MOTER b2k 70 ERUE, WbY2 X
A ba 7HEROAH & REIZELUZ. 2 O S A ORIz
F 72 KA DEDE AL, —ROBJE L IEEOH%, RSO SHEITR
LHAHERDOERA D, T—/ VK, Tx—), RE- - GISIZLE>TK
ELHRBLSIZES., 1T, 777 0Va - WYy v NVERE SR
wMW&MMmd%%ﬁ%bk%ﬁ®0aﬁﬁﬁéﬁ.éf,%dﬁ%ofﬁﬁ%#%%
Morphogenesis (1972) #FL 7 T LI LD b, B®R&EME (HF 1) 28-o72. 2

PUTFEEHE R, (EBof b, Al PEMEEREOSTIIBWTT 7«
VIR AR S DR — R Y FikE 5 255D TH-T, MMAT VI Y ILDOILY ¥
Y NVEARZ DHEFEZ R >TWa. UL, BHEOLH TEET 2 IEMOGEXHEET
B —X77F v EORRET T, FrREOBAPEMOHHEVEN D 72125 %M
MFEZFEL T LX) —EREFOEEL LTIV Y v RIUVERSPHELY Yy v RILE
FRAKDBING., 22 TI7 50 Va - vy v NVRESGRZ RIGIZ BRSOk
FGRN T o —F) 2O TWS [15]. ORI TMBHARX Y 7 EOREST R A K
07 BHDIETTHEY. TOWEELSZD NADEE (27 1F, BIEBRRIZBEL
ThH, MHEHEEORMT?) OBk EMiEzHE, FAHzMWRETZZ 27255,

Ty I 7ERE EED LD, ZOEBILOMERERIZEZHMShTHARY. [8] & 5.
¥ 70 R=Y ALRMEDFEED S BB L OB H 5 (v=v 5 [4]).

10
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R A OO FI R A O AE A ol & FAFRIE 12 oW T
(ESZEGN (F#RAK), MHEHBES (FILEBER)
& DIH[FEIFLE)

P B (GLaEER)*

B =

AGHEHT [2] W&o %) O M EAANDIEHDMIPEIZDWT, IETER F o
HIRIEE, 2% b, BEEFOED L ORRTALELRAEZHWTHRS. B
FRIHEE 20 SRR L 728 TR E o> St #5610 LT, Burger—Tozzi-Wienhard
DERFA T —BEEZEZD LTV A=KRADEHEMNKD LD Z 2IZOWTHIH
35, %7z, ZDI5HE LT, Burger—lozzi-Wienhard (2 & 2 7 A 75 = il
WKXF5IVF—=7y FAEX, BLOZOESHRZOLE KD DM
TH2MITOMPEER D — AL DRGEEAZ 52 bhd Z & bR 5.

1 BA: SIF—=0y FFFALHANDOEER ORI

A0 FEEHEANOHEHEHOMIETH D, IAF—=vy FARERITZOR
FHo—oTh2. EfRFRIIRENCEL, I TEHELRNREZRZ. $3 1958 FIC
Milnor [26] A3HHE EORERL 2 ER 7 PR EOHHEROFED DDA 4 5 — Ik
T BB EIR Uz, Wood [32] 231971 i Eo—fo St FITH LT—MfbL
TEONTZDORINT—=Ty FFRERXTHZ. I1F—=v v FAFERZ Sullivan 12

£5—

FRALICINZ TULTR D & 5 etk & 5 TANCFE R - BAfR L, ZDHDWL DD TE X

BIES AR E N TN S.

Sullivan [30] IC& 2 INF—AFRDT 7 7 A V ZRRIAEND—RAL.
INF—=vy FAFERCBVTESHRILT 2 D37 7 AEH IR ZHE
ANORMAFEOEHICR 2, W HRITORIEER [23]. &)1 & 2Bk [27),
Mann (T & 2 ZMHERNO—RIL [22].

INF—=v v FARERX, KTORIMEED H R 7 & HEOBEND—HBAL [6].
Ghys IC X2 HRarEn Y -2 AWM [16].

3 RITHA 7 )b b ZRRIKDOREWTRYEEE O FERE DTS (13, 18, 19, 28].
—MRDRITTDORTE () W Z A D EARTEO/EFNN 3 2 RN E A DLk
(—LIvF—=v v FARERX), TR —HIEEEOIRAE [17, 12, 10].

* T525-8577 WRIAEHTIFE R 1-1-1 b Z - (SOF ¥ VR Uz A MU 4 V7409 BE
e-mail: hnozawa@fc.ritsumei.ac.jp
ARIFFEIEHFE (UE%F:20K03620) DBIREZ I 72bDTH %,
2020 Mathematics Subject Classification: 57M60, 57R30
F—w— 1 dhiEEE, FHEANOREH, MEORMEEE, A4 57—, 7Y RA=KR3nK, FHME
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o 7YV IRH, ML FRTZER, SGTULEA kI a7 Mgk oHEHEDOERIED
W5t [6].
o ZHROW D FIMEEOREHIMEE O (8] 2 2ZR).

BB, 70 ZEBLIINHBEHOR 7 ¥ 7 VFAROERANO AARBEHTH 5. Lo
VA PD@ED, IF—=vy FAEFEREEXTLIN TV I, Zhs0— Rz
TlE, BEREED S VU —HADEREMIMRDNS. LD INF—=7 v RAFELLMITE &
O Mann ORIEERIZ, dhE#tOFENOMHENZREH 2K, o%b, fhmiidssHE
D FIAEEE Homeo, (S1) NDHERII K &\ S SERKITTOM R Z K - T 2 ST
H5.

AFHETIE, BER LEOFHAE HZR) w5 I X7V 7 2L&RZHWT, il
EFFOMENDIEHORIMEZHRS. b, #AMAEZHWEILF—=vy FAEXSP
KITHIPEAND 7 778 — F 12D\ T, Frankel [14], Thurston [31] 72 ¥ O-FHH3 D % 340
BIFARHIR, BEEIRTETDH S L. Thurston D7 A 74 7iE [9] THERINTWVWS.

2 THRR:AMAEICHRET S S EEOH I A=K EDIEH

FH E, BRAOEMMEEED/RD DI PSL(2;R) DFEADRWETF T 2#EX 32k
¥5. FET 2 WHhEE D\D (D &K 7 > LK) 2 ¥ TRT. L EERERHD 72
DEABROI R TE2FRE, hRATEFREWIe SHPHATHE I eRFAMBETHS.
BRI 0D ~o T 1B

po : I' = PSL(2;R) — Homeo (OD)

BI7I7RER eI 5.

HIEAE O FEANDIEHOERNLAZRIIAA 77— TH 2. LML SI1IZ, T o
FNOIER p: T — Homeo (S1) 3526/ X, A4 5% e(p) € Z DEEA A
7 —% eu € H?(Homeo , (S1)) ZHWT,

e(p) = ([Z], [p" eu])

YERINZDE o7, 2L, [B] € Ho(D) 3 Y OREASCHIET 37 TH 2. L0
HATHRFFOL TWEEAEPEHICRZDT, TO XS WKIFERTER. Burger—
lozzi-Wienhard I35 REAR aRER Y —%2F5 28 T, LD AT Z2ROHEITAA
7 —HBOEEZIRL (3 HZR).

AFETIE, BEEEORARAE L XN 282 HWT, it o MEANO/ER- DM
WrEz25. £33, BEROVWTRVWHT. BEER M =3 x, S :=T\(Dx St)
Y LD STRTH-T, 774 NN—ICHMINZEREERE F 285, 2OE/ FrI—

TERRY =2 VRY T AZBWT [31] 21 Thurston DX 2EICEEFNTHRSATVWS Z L 2 EHE—
APBEATVIREER L, BHVLET.
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R T — Homeo, (SY) & p E =T 2D o7 2IT, v-(2,t) = (v2,p(7)t),
(Vyel,VzeD,vVte SY)TH3. £/, M LOREERE F IJEMEERE D x St =
UyesiD x {w} 226812 Do 7.

XKiZ, AFMPERZOWTHBRICIEN S (BHERERIZ 4 HZR). BREEBOKERD
77 AN—IZHEHITH Y, W M — X OFIROFIERLICK D Wt EZFD. &
HIR M _EOREIHFNNTH 2 21k, BLZ, ZOHENIEIZR > /BIRTIAETH S
LRIV, HLWBERTH 228, Garnett OFEH [15] 1Tk D, Ho5WEa 287 MR
RN = ZREDIIEEARHRIAEZ RO Z EDIRERT AT —=ITH 5.

ST, AEHEOFMEELIRNZ. B (1] 1%, BAIREICHET S ST &R, o%h, i
FIRIEICB 3 2 HEERD 7 7 A N=Z e DT L 2 Z e TR LN EHR Lo ST
Wie#E 2z, ZOMBROMHIHEL 1 TMRASNL 2R L. L OHDLEICETY X =
RAADRKEMAEDLETINF —=vy FAREADREINS. —/HT, TBIR T2k
DB, BRAAT—BEEZEZZ2RENDD, RADBHED IO S H»IFIEBATD
3. ANEHEOEMHRE, FARMREICHET 2 ST ERICTT 2TV R=RANNTH 3.

Wik

EIE 2.1 ([2). T % PSL(%R) oL O WEFE L, p: T — Homeoy (St) & St~
DIEATH > THERPLUEZFF R WVWe §5. p DRERZEZ, 20 LOFMAE 1 %=
BxD., plIBEL7: ST ik 0 LT X, 0 PPV EKRTHROMEL Kvol &3
5L, .

e(p) = %/ZK(z) vol(dz),

Zimilz3. T IZT e(p) l& Burger—lozzi-Wienhard O H 544 7 - (3 #izf) TH Y,
vol 13 £ = I'\D OWHik#ERCH 3.

X EADEEITE, 2OV RA=RANRIIEEMNTHBAER  FRITTRIND. 5
fich 2D, ¥ 3H R T 2ROHEDREHTIX, 7 X TR DIZOWTDOEEILEIC
3. B X 2R 58T, BRI ATERHEOBAICH, INLF—=Ty FR
EXZRTIEDTES. 61T, HFBRIEFMFITOWTEEREL, ITOMIMERE O BIFEE
HHE5Z22 N TE.

%22 (INF—=vvy FIAEKX, WITOMIMER [26, 32, 23, 6]). I' Z PSL(2;R) O
NOBVKETF, S=I\D &L, p:I' — Homeo, (S!) 22D St AODEHET2. 2O
L,

le(p)] < [e(2))] (2.1)
DERDILD. 2L, eX) B EDAAT7—HTHS. 61T, e(p) = e(X) (resp.
e(p) = —e(X)) BMDILDZ e p 3727 AEH po (resp. 7 7 ZMEHDEF L% p)
WHEZICR 2 Z EZFAETH 5.

BB, ppy KERETHZ LI, ZITWE, HEL»OEHRE 1 Th3 &S mEkE
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B f:ST = SIREFELT fop(y)=po(y)of (VyeT) BEHIDOL EIZES.

KATT [25] TiF, Burger—lozzi-Wienhard & & % % A 7% £50 il D15 E& O ITHIE
Z, P OLE OMITHIMEICIE S B2 2 TRENT VS,

KT ORME, A4 7 —BMK, DFD e(p) = +e(X) &2 X5 RIEMAIIOVT,
77 ZEH OFHEEBBR T HEZ 52 e TRENS. FAMAEDLH D X 5 IHEHEE
Brhzohsd, ROEHZHL Z L THETE 2.

EIE 2.3 ([2]). e(p) = te(X) DD L =, M OEEHRE D x ST NOFFRE D5
ZR LI h(z,t)vol(2)v(t) DIETHBDbENE. ZZT, vol IZEMKELK, v id S?
FodzRLANETHD,

1—z)?
[m(e) — 2]
ZIZT, Ct) 3BELTERE L2 D288, m: St - S BEERE £1 Db 5ERE
BTHO DD (p,po) AZE, 2FD mop(y) =po(y)om (Vyel) Zifi’zs.

h(z,t) = C(t) (Vz € DVt € S).

T, AAT—BHPMKICKRD XD BRIEMCOVWTIE LMD, FFHE D & KTT
DM EHENRENS. LA TH 2 & E, Mann [22] 37 27 X{EHO—#&fbt LT
I' - G — Homeoy (SY) D &512H 2V —FF G ZHEHT 2 FHZRAMER L ITY, %
MEERNC A E P Yy 7 2AF ISR U TRITHIE & RO R 2R L. 2o &5 ik
R 2OWTHFAFMBPIE2FAR T 24U, Mann OFEB S FHMBE L HNTRT Z T
=, HENERES.

f 2.4. fhiEEE T ORAIEMICKTE Yy 7 2/EHORMMEZiide k.
3 Burger—lozzi-Wienhard IC&K2BRA 15 —#

Z 2T, Burger-lTozzi-Wienhard I X2 HR A A4 7 —BoERZEWHT. T %
PSL(2;R) DIRN DB WIETFE L, p: T — Homeoy(S') 22D St NOEHE T 3.
L B—HETRY, 2% X =T\DBHIRTZ2HKE, ar 7 b Thne X22iE, Y0
EABEPEPHERoTLEY, T4 7 —BDPEEDRLH HTIXERTEZRW. Burger—
lozzi-Wienhard i3 FR I FEQ Y —2HOWTRD LS IKHARIZA A 7 —HOERZ IR
L7z, ¥3, RTOHIRT2YIDEL L, L 2Bt E0ar <y Mt 2727
Gromov DFRA X D, Y BIF oY oFRaftEn Y —R@ZEABHOFRaRkEn Y —I1C
FHRTHZ. MmO IIEIETHZZ 00, ZOERRHEERaRERY —IZHHETH 3.
XoT, EFREER KT Y —DHENTELY

o H}OE) — H2(,05) —L = H2(S) — HE(S,058) —~ . ..
D, g HA(S,08) - HAR) = HXD) ML %5, p DAL 5= c(p) %

e(p) = (f tp*en,[X,0%)]),
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THEFTSZ. TIT, [B,05] 13 Y OHMEAKTH 2. e(p) € Z LZWSF, T HH
HHTHLZh b, REME—ARELZRLBNI DTS, LFOARARK (3.1) ZR5
&, BRAAT—BUIH2ERTHEAMTERTH2 Z e PR TE 5.

Y20 x, FARANOBIEROXA 7 —HHBRT7 v H L BEBERHWTEIETE 3
ZrFELHLNTVS., UBRIRTE2FROHED, FARICEIAETE % Z &2 Burger—
Tozzi-Wienhard 12 & o CREATWS. WA Y LTORE £ 51 T — Homeo, (S1)
v 5. ZZT.

I—EEEOJF(SI) = {f € Homeo, (R) | f(z +27) = f(x) + 2m,Vz € R}
& Homeo, (S1) O EHERETH D, RTVHLBEIEK 7 I‘i.)—l\l_lg0+(sl) — R &

(f) = L lim —fn(l) — &

27'(' n— 00 n

9

LT, 2R DBECHIKLTERTELDE o7 ([29] BHR). [6] X b, L IX # 0
ThHH5E, m
== > (0e)). (3.1)
=1
D DILD. ZZT, ¢ Fi®HOIRT—lT21—-TTH5.
AHRAA T —BOERDZDIZZ, HHROBERHEIMEIETD 2 Z e 3RYIZ o7, EH
21 Z2@mXTE T 5 XS BROBEIEZ HND.

B 3.1. AR TR OARAREEI SRR EOFH ST FUTOWT, 2 OFRFHIEIC R
5 SRR L, AV RA=FRrDOEEEIHAE X.

4 EEWESORMAECIX

22T, FAMAEOER, FEEH, BMEEHEICOWTHRICENS. EREMN =ZHk
K (M, F) OBED FI1c) —< VEHRIEE T WA LT3, a7 NRIE L 55
LE, BME L ETHES T2 wS M FolIENESNS. ZOREEFEDH K
HLTHAE (hn/ I —A%) ThHhH, BEINAEAELMFIEING. 20O X5 RIS
HIUT F OMERH 2 DI 8, Bz LfEtE L. (M, F) EoBifmlE 2 i,
FIZiRoBRTAETHS L5 M LOREDZ & THD, Garnett [15] IZ X DE
A SN A ERE DO —KtTH 2. ZOH LI, Garnett 25 RL7ZED, M Ao
VX7 PTHH X ZTUL, IFEALRMAENFEST S, LWOBEETHL. THET
A RIENT 7 ZADEBHEIIN L TICHM I TE . FlZ1E, Thurston I X251
ZME DR (K58) = Deroin—Kleptsyn @ C! fiEEEMIE DR 23D 5.
SEORRICALT, AMPELZEERT 2. T % PSL(2Z;R) 0RO L VIETF &
L, E:=I\D 252 I OFA~NDIEH p : I' = Homeo, (S!) R LT, FKIENX
M=%x,8 =T\(Dx S #E2%. M —Si& S RTHY, M FITIZEHEI
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HETEEZEFOLOBERIT 1 OBEEMERERINIDIE 7. T 6EF 3 H A
o7V A TRYT.

E# 4.1 (Garnett [15]). M EORVARIE 1 2B EERE EORMAETH 2 L 13,

/' Af(z)pldz) = 0 (4.1)
J M

PDROMHZM T2 TERED fIZOWTHDIIDE XSS, fldary 7 raxHkb,
BEADHIRD C2H/THY, Af »EfFEL 725,

COEBRFOBE fizonTE, X (4.1) ZEHRER O LS B TFICKREVWT T AD
B b2EZ 8052 TH 5.

Lko@Ey, FMHEORMIIZOFEEEICDHZ. b L M a7, DFD
Y =7\D 2D & %, Garnett OFEHIC K D IFEALRFAMBELIEZEST S ([15, 7). ¥
MHRATBHFHOL & M a7 b TRWH, Alvarez 13 ST AD T 1EH Ol £ %
i o TERAAIE Z MR U 7.

IR 4.2 (Alvarez [4]). M FOREIERE OIEEALRRFMRAIESFET 5.

AAMHIEE, Garnett DWEEIIC LD, HEHE EDORED BT EFAMBEEZ A
TRSND. FORATE, WA 4 2 D xR IZHSL BT L,

i = h(z,t)vol(z)v(t) (4.2)

CVWHRIZHLbENS. 7272, vol IXEAKEEA, v IR LOHZRLALNETD
D, h(z,t) 1ZH2RLAATRIBEEK TS > T, v-ae t LT D x {t} ~“OHIRAIESD
TN E 25D TH 5.

5 RAMAEICTRET S ST FEHREHIX=RRRHN

T, EM21 DIEHDO 7 A 74 7 - B EZ RN S, £3, BT K BFFHEI
KT 2 ST R ORERRL ¥ iR DFHIIC OV TR S, T % PSL(2:R) DEID L%
TrLl, p:I'— Homeo, (S*) 22D S ANOIEHE 2. X =T\D &3 3. #ifficid
N7z@D, N EOBER M =% x, ST IEHAMEE o 2RO,

pIHBEL 72 S RO D 720121, W OhDRAT v THREL RS, % 1D
D x RADESE P32, 55, p 2% St 77 A N—LOWEIcHhfRT 2. %3, 1
Z Dx RIZFH LIF5 2, Garnett O3 fEER [15] 1Tk,

i = h(z,t)vol(z)v(t),

DIETRENZDE 572, 22T, vol 13D OERIKEER, v IZR FORVAHEIE, h
D xR _ED vol(2)v(t) (BT 2 JAFrAIEDT B TH - T, v-a.c. t IR LTA(, 1) &
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D EOIEFMBEETH 2. 2 € DITHLT pu, = h(z, t)v(t) & R EOREEEBL Z 2T,
0%, 2HIZRTE5,

& 5.1. £ 2 DI, p, o THEERO P2 L - THEONS ST HHiZ,
ICfIREY 3 ST T LA

INTY Iy oy ik ST BRI LN, FHOEKTHEEZROZI L ERT DI
X, p, BPRENEICK 2 HMOARFEELRT R EMIr VRSV ETH D, D _EOIEHRM
BRI 2 v F v 7 A% [3] B XU L, Li-Schoen OER (20, 21] R EZ W 523
ZZTCIEEHHZEIET 5.

JRATIT & 2 RIS DWW THIRICEAN S, 2 =21+ /1oy & L, FHEH 0 O
AMOEEZ w; B, pifIiid 2 ST HEROMBIIRTRIND 280D

/02”% ( 880191 (2,0)wa(z,0) + 88—9(2 0)w: (2, @)) d6.

ZAUZ (wi(z,0),wa(2,0)) (0< 0 <21) WS R?2 LY 7w v iEi iR o F T aEE
DIFEMEEBICH > TS, ZOMBROENY MULIZE AL ESZFTERIN,

0 __Odlogh
%w](zﬁ) = 8—{137(277_(279))

THHIeTh 5. (T IZOVWTOFHHIZEKT 2.) KoT, FEHAAFERALD
2 2 ?
(1—|2]?)2 /” dlogh dlogh
< — 7
K] < 4 47T 8:1:1 (9;62 d0
2

1 27

THY, "Fy ITER |dloghlnyp <1 &D |K| < (27)2 /472 =1 DMES.
b L O, DF D AR TERIHRWESICE, AVA=FRXDEHE

e(p) = % /Z K (2) vol(dz2). (5.2)

FIREHHEMNBIES CFBIOREINE. LrL, DRTEFHEOGEEICE, 25244
7 —BOERIS L THHERIZTNDH D, Burger-lozzi-Wienhard (2 & 2 H5H A 4
5—BIZOWTH Y 2= R DAR (5.2) B 75 L ZIEHIITH 3.

BARTEADCERZPIRAETEL I3 RDESILTH»5. 3, M OEMAL o
ZoTBL., 2O o ZHWTERIA 7 —BIIHEFREYV I+ p: T — Home0+(81) %
&5 kT,

=3 ((e), (5.3)

i=1



93

CERHRTX5DTHo%. TIZT, 1 H/(;ngoJF(S’l) S REART A LBEETHD,
miE L OFFOHDATDETHY, ¢, e D IZi BHOI AT EHA DM EIC—[EE 21—
BT B T DI TH 5.

FNENDOARATDiFEICIE, FulEZEL T2EREHEND 5. FuMELb %
{5} DEIWCRIX=ZMHITL, s 200 DEEI ¢ DRIM 0ITEDIL XHIXT 3.
s> 01X LT, of,c5, - ,c, BEIReT2ay 00 Mg XF e BL. HHEARY
TV A=RADEBIZE - T,

m

* K(2)vol(d2) = 3 r(iola(c))), (5.4)

27
e =1

THLIEDBHMD. 22T, holg(cf) : R > RIZ @ O ¢ Kifiokhn ) I —5E0D
ocXBETHVIIITHS. X BIFHEAERTHD, |[K(2)| <lae zTHBDT, s> x
D =

. K(z)vol(dz) — /EK(Z)Vol(dz)

DD IDZ e g nd. £o7T, (5.3) BXY (54) &b, (5.2) 2T 7DITFK i 1
DWNWT, oo WWHIT 285 {s,} TH->T, n—>c DL =X

r(holg (")) — —7(p(c:)) (5.5)

Y5 0% BOFIUIRV. ZOETX, T v ZARERE WG X D EERHT
x 5.

6 MITHIEANDEA

&R, FEHEZOH LU TR Z R S#moME L2 BN 2. FEHOZEICE VT, I
TEIC & o TEZ SN HEOHMBIRADRIZEGEE BN 5.

ST, 5 EITHA@E D, B X ZFABE AT S 2 ST o th=REHiX, FE
AERE N F v IARERIC Lo TREBHI N D o7, A4 BRIk 3 & X,
HIA=RADRR (DR TOEXOHEFFEHE2.1) THWS 2, Zhs0mAFERIC
BOTHEBPKILIT B e300 5. ZON, ~"LvF v 2 FREXDEBBILD HRD X
IR D.

SE 6.1 (T I REROBESRIEL [2). h BHT > LR D Lo ERN
Mr32. |dloghly, =1 2353 1 HICBWTHRD Lo, hizhs me S 2H
WTROBICH Db ENS. )

m@:mm%i%ﬁ

2%, D EOFEHRMBE h SOV THALF v 2 FEROEENRIT 2 DI, hH
TAR VB EDATHS. 22T, D EOTA~ VB LIE, HERERO— S THE
FRICHEIST % &5 7% D LoIEFMEEE LTREO o s.
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ST, ZomEED, FA 7 —BBMKICL25E, ZoFMHEr6G60 5D E
DIEFAMBABICOWT, HERERO—~HRDATHEIMT 5 20125 DT, XD XKD %HA]
MEBRZEEZLIEDNTES.

m: S — oD
t = tZESEO _EOERMBIEA(, )M%ﬁﬁw;g)m
ZDEGEm A p(L) BEUE 72 ZEM po(T) BT 2 AEIBHMND SEHIZH 5.

7B, TOBEBIIMIT [24] 1T & o THHITER IR T WA, MEMWEHE%EZT%
HEEA = Ef TRV — FIRRMEAEN IR IR Foh2 e 2Rz 18
f%h@iﬁ@iam,iﬁéf@%fﬁ%?é%ﬂ%ﬁﬁﬁﬁ®tﬁ1Mf%ﬂﬁé
—77, ARICIERES 2 BB ERDIZIZETORTRMT 5. Z OHiDMRD
INF—=0y RAEROEENHRILTZ LI RERAZIETHZ2 003, @k
1, Mann ORMMIERD I TH 2 Z e PRI,

P 6.2. MO FIFAADIENT I RDFRIEZH> b DEPEE .
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p-ZRERD LD B B ) akEn Y —HHORAK

Ry Fi—  CRERFRFAGRER AR

ARIFFLIRRE (FRAERS:22]13678,22KJ0912) DB %272 DTH 5,

1 &

A (supergeometry) IR EPITWRIE, FEEE S LOBENAH#LE IR 53,
DNEFEZ R LB —1 D3NS 2 X5 R eied, @RMIFBNTYHICEIT
RY 287 2V F Y ORI OBNFIME (supersymmetry, SUSY) Zitih3 2 Z & ZH#iik Yy
LTW3, AR EIZICNIET 2 7 2L 3 4 > OBEENR#ERE LTE, 722 213 F.
A. Berezin ® G. I. Kats[2, 3| K& > T 7 2L I 4> D LEDIED, THbH Berezin FE7
DEA SNz, BERACBI 2 ZRREDOERLE L TIEEIC G-BERIK, GH>™-#%
BRiR, Ho-BZRRE, BN Z2BERER o TnE, G-, GH®-, BXU H™-#
LR 21X, @8H D Euclid Z# D fH D 12 Grassmann REZ W7z superpoint D22
OO EEZ, TR RFINCHD b THRLNE D TH S, —/7T. KB =
BEE R ARECR M ERL e ST H, Z/RED LOBBOLTREELEL T2 R
FRERAT 222 2, Z OB Z B RBUCIRR L TR oD TH S, I
5 DERILIE. superpoint DZE[HIZ DeWitt A% 5] L 72 £ T3 N TREST B2 RRK
CEMiE RS Z B ONT WD (1], AT EIRBERM e bz v 5,

FE AT RERHE Lie REUCT BT 2 Zy KEUT Z D2 — AL L 7=K¥ e LT p-Al#k
B p-Lie RELOBEZDE Z DN T WS, p-AlHREL [4, 7] 13 e-mTHRE [14]. (T, \)-A]
PR 8] MBERTHAMREL [6] R & M TE D, p-Lie I colour (iE8) I [13] & B
MENTWS, 22T p-Al BB X O p-Lie KBz WO MU HERAT 2, 2htn
3 M. Scheunert 12 & - THRABDE THRINTEA X4, Ado DEHD p-Lic I DEE
THMRDILDZ DI REINT WS [14] ZD Y. Kobayashi & S. Nagamachi[10, 11] IZ
o T, p-AHRE DT 2 BRI OTHIRE e 2 D L D174 b L — X, Berezinian
DA SN [10], T HIT, ERMANTIIT S superpoint DR T ZE/M & 2D LD G™ 70
BICHY S 20 0% p- AR L TR L T3 [11], 2 2 TEAXINLTHA. b
L — A, Berezinian & T. Covolo ¥ J.-Ph. Michel 1T & - TA[#K 7DD 2 D5
SO Em BB IR EZ 5T WS 8, 7. P. J. M. Bongaarts & H. G.
J. Pijls % C. Ciupald 12 & » TR FH O _LOWESREIICHEHR STV 4, 7).

AHEETIIHEZREOETH S Q ZHECBIT2 Q arEuYy —HBIUEY 2

*T153-8914 HHHESH BIXH 3-8-1
e-mail: harako@ms.u-tokyo.ac.jp
2010 Mathematics Subject Classification: 58A50, 57R20, 16W50, 17B75, 53D17
¥ —v—F ! Graded manifolds, Q-manifolds, graded algebras, modular classes
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5 ORI OVWTIHA L. ThB% pilHRBICIR LT p 2 Hk, p-Q SRk Y
EY 25OV TORREETRT, MTFONERER (9] 1KES <.

2 BRHiEr Q ZHiE

OIS & CROFMER. BN B S REORBUS it e L Tadb &
Nz, Gz7—~LEfe Lzt ¥ G-/ EREK (G-graded algebra) ¥ 13, RED
BEZ D OTBMNERT VB A= P, A THoT, FED fe AiBLU ge A
WHRLT fge Ay ZHi7zTHDEVI, [ € ADPEFER (homogeneous) TH5 L IddH
2icGRFELT feA b THD, ZOLE fD(G) RE ((G-)degree)
BiTHd2LW0Wd, HRIL f DR % |f| £FEL,

To-TEUT ERED Z & ZBA (superalgebra) &\, |f| =0 2723 IC% even
BTG, |f| =1 %2W772370% odd BILE VI, SHITHENREATH- T, EEDHENRIT

f,ge AITDOWT
fg=(=1)llgf

275 H 0% BRI (supercommutative algebra) £\ 5,

REER M 2 B UL O BIRIZEH OB & 2 R 2R RFTRM 2 Mo S E TR
oMb Zeilkd, XX RD2ODD0FEEPHOLNTVWS, ZI T, BLDLR
ZRER M 12DV T, M OBIRPEEICZD LOEL» RERENEX T2 E C &

#=<o

#E 2.1. (M, 0) 2B BEIflE% D D,87 a3 87 + Hausdorff 22/ M @ Lo
JRIFTER 222 32, KIIFETDH 5,

(1) M i n RITOWE S RERRIET (M,0) 2 (M,C%) TH 5,
(2) (M, O) RN (R, C) KATH 5, THhbDE, SRpe MIZBVWTHS
FEfsE p e U C M BFEL T, B OU) = C°(R"™) 23D LD,

#iRE 2.2. M,N ZIBO 0 REMREL T2, BOREIR M — N 725 R = 220
DYEFRM (M, C37) — (N, CX) 726 DENTIE 18t 1 XEEIET .

RIS &= ZREE . U COBESBIRIEZ A D BT 2 B o 72 3 REE B aT e
Bz 3 TEMNS,

TE 2.3. KT (n,m) OBSRIKL ZRFIRMA S22 (M, o) ThHoT, ROEHET
LOTH B,

(1) M & n RITDBODRERIETD %,
2) EED p € M IZX LD 2PEEERE p € U B XYW oL o2 o™t e
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o (U) BEEL
A (U) =2 C=(U) @ A (g™ g™ 2 a™tm)
L5,

m=00k = ZBEEOW S REHEME SR, (2) O S BEEEE U 1B 0
Tid. U OEEOW RIS (21,42, ") L Lir %

igd — prt (1<i<nEzFhF1<j<nDrE),
—r’r’ (n+1<i,j<n+mDLE)

¥hB, KXo THEER o« (U) ITETERBOEE b O,

BRI B T 2 X7 P s B REMIIC K D ER SN S, BEHE (M, o)
DEDORZ PV X 2I3RE /(M) O LOEES (superderivative), 3RO BIEED
g€ o (M) 123 L

X(fg)=X(f)g+ (=1)* W fx(g)

DD LD of (M) FORBIECHEREEZ WS, BERE (M, o) O LORY PLGRHE
D373 E Vect(M) 3T (supercommutator)

(X, Y]=XoY — (-1)*Ny o X (X,Y € Vect(M))

12 & o T Lie KRB R 729,
RO ITITEDAET2HIEL LT, Q ZHEDHERLD %,

EE 24. BERAEAM 20 LR UG Q DD Q BHRETH 2 1iE, QX odd
BARZ MVGETHD [Q,Q] =0 ZiMi=T 2o,

Q] =1&D. £H[Q,0 =012 QoQ =0 L E WL SN2,

B 2.5. g ZERRIC Lie KB T2, g DFEIFE [,]: A?g — g BB d: g* — A?g*
FAEL, XHICESY LTIERT A2 Td: A°g- — AHlg* 28T 2, T30
FED Jacobi [HEEFE D did dod =0 Zii7zd. g DRTDOILE odd Bt E o729
D% Mg e BL &, AgH IFBZHRIE TIg OREERE ARE 5, Lo T, (Ilg,d) 1T Q 2tk
ez,

B 2.6. M ZHEZHEAEE L, ZOREEE (21, 22,...,2") TRT, MDY 7 +Eh
RBEROTM L&, 7 7 A N=FO B (xf, 25, ... 2% ,,) & KBS 22| =
—]z% =1 (1 <a<n+m)BIOZEHH
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WEoTEED M FORZ MLVEKHTH S, ZOXRZ MILED FOBEEIZ M O FoZ%E
N7 MVBIIIES %0 f,g € o (IIT*M) 1285 % Schouten FHIMEIE

n+m
a a 8f 89 a 6f 8.9
— 1) S 2 1) (2 [+-1) — (1=l 1+
EDS <( 1) D Do (=1) 8xaax;>'

a=1
rFRIN3, (HXR)Poisson ZHIAD Poisson ##iE P ik, M O LOZENY b L
Ped(IT*M) THoT[P,P]=0%ii7zcddDTH2, ZDLE, odd BT + L
% Qp =[P, -] € Vect(IIT*M) &EZ % & (IIT*M, Qp) 13 Q ZHIAL 725,

3 QaFxEAD—

Q ZHE (M,Q) 2BV TIE QoQ = 0 B HILD7, M O LD DR 3RE
A (M) = (M) @® o/ (M), % Zy TREMNFSNaF =4 VEETDH > THS Q 73
EHT2dDEERLILNTES, Z0aF = YEkDarEnY —#

HY(M) = H*(/ (M), Q)
ZQEZMAE (M, Q) o QAKREOAD—ELr 5,
QarEuy—HEHEMKT 25EE LT, MEFUUAEER Q ZREAD LDEY 25—
HEPEZ LD 3, BHEOEHED FOFBEERZTHREREEZHNVTER SN
%, —H T, MAREEERICH 2T BWTITHIFICHE § % S Did Berezinian

A B
THYH., KOITHITRRE 47z even 21751 X = (C’ D) W LT

[ det(A—BD 'C)-det(D)" (A, D AR LX),

Ber(X) '—{ 0 (25 TR0 )

TEFRIND, BEMHAE (M, /) D Berezinian EFRE Ber(M) &, BILHEL L

THEELFERE DD, SEE = (29), D LD D 2 BILE S 2 2 YW D(z) 12D\ TR
5 (10), LEERLy — (), OISR D ETIE

(3.1)

D(y) = D(x) Ber (gib>b

ERBHDTH 5, Ber(M) OUINT vol 13, FEELEEE U DFERE ¢ = (1), ZHW TR
M2 vol = D(x)s(z) (s(z) € H(U)) DIETRENZ D, EREDEERE v = (), WL T
s(x) A TH % & %= vol 1% (Berezin) FEHEXTH 215,

T, BB vol DIIFET % £ ZRZ M X € Vect (M) DFERL Divyg X € o7 (M)

o)
vol -(Divye X)) = Lx(vol) (3.2)

WEDEE D, BT, M2 QM Q € Vect(M) BEET 2 ZXQoQ =0XD
Q(Divyg Q) = 0 M5, THDOB, Divyg Q EaF = 4 VEIK (' (M), Q) Day A2
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Nritb, ZoakEny—4H
Modg(M) = [Divyq X] € H})(M)
QZHR (M, Q) DEZa7—8Hr v,

FCEBENE Q SBAOTY 2 5 —JIE, (BX)Poisson ZHIKIZBNTE L HbH
FEY 25 MY ROBRICENT—HF 5 2 L HEI R TV B,

FEIE 3.1 (Bruce [5]). X Poisson Z8k& M D€ 2 7 —Hi3. Q ZHAK (UT*M, Qp)
DEY27—He KT %,

Q akrEw Y —HOMOIGHA & LT M. Kontsevich i1 & 2 FHEEH DAL [12] 23Z1F
N5, FHEROES BT HW AR FERkC, > TV o714 v 7EE, HERV YV
TV T4 v 7ERER Y OREEERZ e TESZN, ZOMKIE Q ZHEE M D
LD Cn, k) RIEDS > TV I T4 v 277 7 AN=2HD QRAERRNT PIVKRE — M
BEZ. (2n, k) ZTCOEECEEFE7272 0N 3L b U R7 MOV 3 28R o o E it
REQY NS Q ZRE M O Q akEny —%25 3 MR

[ ]
H cont

(Ham$, ;. Sp(2n, R); R) — Hp(M)
LLTRIND,

4 p-uIi ek
G7—Efe L. K=REZEEC L35,

EE& 4.1. G O LO#EF (commutation factor) X1 2 ZHBEI p: G x G - K
THoT, EED I, 5,k GITNLT

(1) p(i,7)p(4,4) = 1,

(2) p(i+j, k) = pli, k)p(j, k) 222 p(i,j + k) = p(i, j)p(i. k)
22T dDODOIETH 5,

CDEHRNS, TEDi,j € GIiZOWT

p(t,3) # 0, p(i,j) = p(=j, i) = p(j,—i).  p(0,7) = p(i,0) =1
BREDEBIEINDE, £ &) KDEED i€ GITOWT p(i,i) € {£1} TH
L5, pE L lZDNWT
Gy ={ieG|pli,i) = (-1)"}

Bl G =G UG, LIERRICHET 2 2N TE S, Gy DILE even 72IT, G| D

JL% odd ZIT L A,
1 O AR T B p- IR B2 5 2 L 3B R PO o0 2,
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B 4.2. PUTCEUA H = (1,4, 5, k) 2B X %, G=73 & L,
[1]:=(0,0), [i] =(1.0), [j]:=(0,1), [|k|:=(1,1)
LD GRBE5 2%,
p: 73X 73— R
(T m), (U'ym')) e (=1t
YEDDB LT p FAHA TR D HIZ Z2 TREMT Sz p-rl ¥ e A8 5%,

Bl 4.3. © = (B)ps € M(m,R) ZELTI L F 5, 4ERIT L BIHR
Ao = (u' u?, . u™ | uful = exp(2mv/ =1 Oy )u'ul)
TERENS C LA EZIETHR F—5 X (noncommutative torus) ¥ 13,
G=7"¥ U, i=(i1,i2,...,0,) € GITHNL
(Ae)i = C - {(u')* (u®)™--- (u™)'}
IZE D G-IEMHT Ao = Byp(Ao) 5 50
p: GxG ———— C
(i,j) —— exp(2my/~11'6j)
CEDD LT p 3 RFOEMZMI T, Ao 1 Z™ TRESHT iz p-ATH B L

%%

AR BRICH D175 (supermatrix) 1%, 1T %% 2124 even 72553 & odd
BEDTD 2 DT F TEZ T W, p-A A = P, A ZERITH DT TIE
TBIUVFNCZENZN GIZXBREUTT I = (i1, i0,...,ix) € G**, T = (j1,72,...,71) €
G BHZRMEEZ D, DX BATHREE My(I X J;A) = @yee Ml x J; A)
¢ Z# <, Kobayashi-Nagamachi i&, G DWHERERTHH [ BLU J DITTHET even 72
BE. b LAEETodd A, 1755

pdet: My(I x J; A) — A =5, e
BEFHIZmLE (10, 7. BED T ITRHLTH, even 7217+ Fl ¥ odd %
A B
17 TR ENATH X = (C’ D) WZOWTH (3.1) E[AFRDE T p-Berezinian

pBer: My(I; A) — Ay DIEZE %5
Lie fREUCOWTH, AHA T2 W TARRPH 6T %,

EE 4.4. G TRENT oNTRT P2 g = P00 & K-BFIEGR []: gxg =K
DHPIRE d € G D p-Lie RBTH 2 13, EEDEXRZ X,)Y,Z € glZOWTUT%
=3z Th5s,
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(1) []OXBE dTH 2, THOE |[X, Y] = |X|+|V]|+d TH2,

(2) [(X.Y] = —p(IX], [Y))[Y, X] BRD ILDo (p-BXIFRIE)

3) [X,[Y, Z]] = [[X,Y], Z] + p(|X]| + 4, Y| + )Y, [X, Z]] DD LD, (p-Jacobi 10

F)
e 2 G TREMIoNLMERE A =P, A 13 p-THF
(X,Y], = XY —p(|X|,[Y)YX (X,Y €A)

WK o TREO D p-Lie REZ725, Bl LT, RITHBRZATHIRE ML (; A) 13 p-H
T & o T p-Lie RE L 72 %,

p-FIHRARBUS R 3 E & LT B e I % 2 ZREIENC X 2 AR T3 K O
DEDIZ DD B,

& 4.5. 2B p1: G x G — K DT (multiplier) TH 2 2 id, E£ED 4,5,k € G
IZ22OWT

(1) pli+J,k)ui, j) = p(i, j + k)u(, k),
(2) p(0.0) =1

i3 Th 3,

AHEF p: G XG> KEFRB u: Gx G KBDHb L %,

ol GxG s K
BEHRET L 25, & 510, A= @, A5 pAHRHTHS & &
fxg=ulfl:lgD)fg (f,g€A)

WED AD OB+ DEZ 2, DEOEBEEXFILT, 2D« 2B LEEERE AR
At pEL

R 4.6. A* I pt-AHIRE 72 B

W 4.7, L TR p- AR REE O R TE 2 & p-AHRRBEED 2 T EAD
PR 2 58T 5,
5 p-ZHkiF

2RI 2RI D _E DR D 72 3 RBUZ BT (REWCI D B X 72 D TH - 7225,
CDOFHEE p-n[ i REWCER L7200 %2&E X2 %, 22T, HEd 3 WIdERBUE
b0, WBOH0H VNN RZHEEEZ, O 22D LOBBOLTEE T3,
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E&E 5.1. p-ZRE L ZRARMN E2EH (M, 0,) TH-> T, RZili7zTdDTH 5,

(1) M3 6 #BEOBTHE T 5 n JTEOSHEETH 5.
(2) %ﬁ‘:_';p e M &:EL\T%%Fﬁﬁ{%p ceUcCM tmﬁfﬁ Ln+1, Tp+2y -« - s Tptm €
0,(U) BFELT, [

O,(U) = OU)[z", 22, 2],
DD IO THNED Ty, Tnyo, - Topm E IR EEIZ & FER,
O,(M)DED p-3857, THROBERD f,ge€ O,(M) ITRLT
X(fg) =X(fg+p(IX|.[f)fX(g)

Ziti/=3 0,(M) OB E R X Z2 p-ZRED EOXRT PGSR, p-RT7 ML
Btk Vect (M) & p-Lie REZ 727,

p-ZRRIR DM Dt %2 J P ER (T X 22 OH e ED 5 Z 8 T, Fo & 2R BEECERICH Y 3
LZRDEENREINS,

FIE 5.2 (H.). &: M — N ZBRNWREED G- 0 TR p-ZHRIEDB O & F
5, pEMIZTOWT, pDEDOYHT O D Jacobi [THINFETHIUX, HZpDEDLDHD
BERSGERE U C M & O(p) DFbD D DEEIFEFEV C N BFELT Qly: U — V Al
VAR

N7 IAGD G- T2 M T p-ZHREIZENTS Q BHAEZE X2 2T
%50

EE 53. pZHUA M 20 LORZ MG Q OMTH - T, |Q| 2 odd TH D
(Q,Q], =0 Ziii7=3 b D% p-Q SHKIE LR,

—RD p-AIHARENT N U CRBRD &2 L 72 H DX almost commutative Q-algebra
LRI TV S [6]o

p-Z D Lo RERERIE. B2RIEDOEGS & FA#IZ Berezinian Z FHHWTEERT
%, 7272 L. p-ZRRIRITBIT % Jacobi 1TH1E p- A2 B 2 BRI H D178 L 12 5 72
%, Kobayashi-Nagamachi IZ & % p-Berezinian Z W%, p-Zkkik (M, 0,) O LD p-
Berezinian E#FR Y 3. M OEESEHERZ AL 325 M EOEME p Ber(M)
THo T, FERE (%), & (y*), DHBEER7T D L TIE

Dly) = Dl ter (55 )

L5 DTHS, T D(x) ZHBED (24), D LD ® 2 HItZ 52 2 I TH
%, p-ZtkiE M O LD (p-Berezin) FFEER & 13 pBer(M) OUINT vol TH o T, WFT
HZ vol = D(x)s(x) (s(x) € O,(U)) £RLIE E s(zx) DAL LR DD EED 5,



104

p-Berezin AAFEE AU L TH, K (3.2) LFEUCE TR ML X OFEEL Diveg X 237E
¥ 5%, ¥R MEEK vol Z b0 p-Q ZRETIFEZRRIEDHE & AERIC Q(Divyg Q) =0
PREND, O,(M) DERIT2EM
Op)(M)q = EB Op(M)yq|

PEL
B Q AEHT B aF =4 Vilthe LTHRA, 20arEny—§ Hy(M) =
H*(0,(M)o,Q) 2t 322 T p-QZHfED Q aREQI—HMNEES, 2D Q akE
0y —#omre LT, HEERK vol 42 p-Q 2Rk (M, Q) DEZ 27 —%

Modg(M;vol) = [Divyg X] € H,) (M)
DR 5,
Bl 5.4. Bl 4.3 1CBT IR b —F R Ag 1F, 1M = {x} D LD G = Z™ TRESS

Fohi p SRk Z B D,
G =2ZxG¥rBE, G OLo#AT
P G xG —— C
((s,1), (t,3)) —— (=1)*p(i.j)
BEZ D, ALY —RE g = C™ O L OFHERY R BRI R E 0t 0%, ... " TR,
"] = (1.(0,0,...,0)) BXT [u’| =(0,[u"]) (1<a<m)

TEED G-XEMT | [ WCEoTp-BEIgx M 2EZ 5L, X7 LY,
Q= — zm: 277\/—17}%“i
g ou®
BQREEL %%, M = {x} O LOBEWAZZAEFEIER vol IZOWT, EY 2 78X
Modg(Ig x M;vol) = —2mv/=1 3 []
a=1

CETETE 3,

Fly TIZTERLLEY 2 7 —HITREKC L2 AHEFCHEOID B ZITOWTAH
ETHDIEDWREIND, p ZAHHAT, p ZRBE T2 =2, i 4.7 13RRTEOR
DEIZNZ. p-ZRRED R TE D & pH-Z AR TEANOEREZFEST 2, ZoRENI
X2 M OBE MFEIZ2IZTS, MFIZEIF2 M EORZ UG X, M _EOFE
R vol ITHIET 25 D%2ZNZN XA volh L 22T 5, QB M D QHETH
L& QI MDD QEEERED, vol' 1Z MF O LEDOERBEEREED 2 Z LIRS
b,

FI 5.5 (H.). Modgs(M*": vol*) = Modg(M;vol) TH 3.
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CARS, INTERCHANGES, TRAFFIC COUNTERS, AND SOME PRETTY

DARNED GOOD KNOT INVARIANTS

DROR BAR-NATAN, UNIVERSITY OF TORONTO

ABSTRACT. A condensed summary of a talk I gave in Nara on August 13, 2023: Reporting
on joint work with Roland van der Veen, I'll tell you some stories about pi, an easy to
define, strong, fast to compute, homomorphic, and well-connected knot invariant. p; was
first studied by Rozansky and Overbay [Rol, Ro2, Ro3, Ov] and Ohtsuki [Oh2], it has far-
reaching generalizations, it is dominated by the coloured Jones polynomial, and I wish I

understood it.

Dror B

My talk’s title and abstract were the same et

Abstraet. Reporti

you some stories about g, an easy 55

The talk used slides, and in this summary, i e awons fut o compote,

Thartks £

homomerphic, and well-connected knot invariant. o wa

T ivitimg me wiefli=hi
'r:l1i|L ( ounters, and some I’n_!n [)mu_d Good Knot Invaniants

as the title and abstract of this summary. [ Rerine ook ! l E T
Razamsky Cverbay Obtuki

Hmnu'l.l» stay;
interpresations change with

ormulas, Draw an n-crossing kne ot K as

they are ShOWIl on the I‘lght tudied by Rozansky and Overbay [Rol, Ro2, Ro3, Ov] and Oh- ght: all crossings face up, and the edges ar

PO T WO S N LB e

Those slides were all excerpts from a handout, which is attached
at the end of this document. It is where the true content lies! It
is also available on the web site of this talk, which is displayed on
the next slide.

As an aside, I really believe in this way of giving talks, with slides
and a handout. Slides are to save time and to allow for more elabo-
rate figures. But slide talks without a handout are awful! Content
disappears before it’s been digested. A handout with identical con-
tent to the slides solves the problem — you can always look back to
recall (and ahead, to decide how hard you want to fight sleep). But
then the best way to make sure that the handout and the slides

L L]

suki [Oh2), it has far-reaching generalizations, it is dominated ywith o running index k € {1....,2n+ 1}
by the coloured Jmm pnlyn omial, and 1 wish | undemood it m[.uum numhxr\ M Ln A 11 Eln,i"n* [:

are fully synced is to have the slides simply be zoomed-in parts of the handout and that’s

precisely what I do.

But it’s a waste of so much paper, I hear you say. Yes, I say, but it’s completely trivial

relative to our travel to hear each other talk. Save where it matters.

Where it’s useful,

spend.
Okay, it’s all online, at weB:=http://drorbn.net/na23. mef:=http://drorbn.net/na23 [E]5mE
There’s also a paper, at wef/APAL antS More at wef/APAI Enﬁ
Thanks, NSERC and Arthur Chu! Acknowledgement. This work was supp.orted by N:‘SERC grant

RGPIN-2018-04350 and by the Chu Family Foundation (NYC).

Date: August 14, 2023.



We seek strong, fast, and homomorphic invariants.
Strong and fast are clear enough. Especially, we care
for fast because of the likes of the GST48 knot [GST]
and the Piccirillo knot [Pi]. Polynomial time is best!

We then explained “homomorphic”. Tt means, “ex-
tends to tangles and is well behaved under tangle glu-
ing and strand doubling”.

We care for “homomorphic” because using tangles
and tangle operations we can define interesting classes
of knots, and thus invariants that are homomorphic
with respect to these operations may be able to tell us
something about these classes. See weB/AKT.

But enough with philosophy! Ilearned from Vaughan
Jones that theories change with time, yet formulas
stay. So let’s start with formulas!

To compute our knot invariant p;, we cut it to a long
knot and place it in the plane so that at all vertices, all
edges are “flowing up”. We then label each edge with
serial number and with its rotation number ¢y.

We make a (2n+1) X (2n+1) matrix A
by starting with the identity matrix and
adding a 2 x 2 block for each crossing,
as shown on the right. We let G = (gqp)
be the inverse of A.

5= +1

j+1ki+l

cs j\

Let G =

rotation numbers ;. Let A be the (2n+ 1) X (2n+1)
imatrix constructed by starting with the identity ma-
trix /, and adding a 2 x 2 block for each crossing:

(gfrﬁ) =A"
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We seek strong, fast, homomorphic knot and tangle invariants,
Strong. Having a small “kernel”.
Fast. Computable even for large knots (best: poi\ time).

ﬁj

Gompf= brhmlcl - _tj‘

........

Homomorphic. Extends to tan-
gles and behaves under tangle \
operations; especially gluings | =
and doublings: |% 1
f“'h}' care for “H 1. A knot K is ribbon
iff there exists a 2n-component tangle T with skeleton as below
'f.‘uch that (7'} = K and where 5(T') = U is the untangle:

UUU U @ B

| e HD

.fl( PN. |

phic”? Ti

-, | interpretations change with time.

Jones:

Formulas stay:

| interpretations change with time.

Formulas. Draw an n-crossing knot K as on the ri-

ght: all crossings face up, and the edges are marked

with a running index ke {1..... 2n + 1} and with

rotation numbers ;. Let A be the (2n+ 1) x(2n+1) ’< i

matrix constructed by starting with the identity ma-

trix £, and adding a 2 x 2 block for each crossing:
s=+1

i
"o

4

“t)

A |coli+l col j+1
rowi | -=T° 7 =1
row j 0 -1

Burau E

s=-1

s=-1

', For the trefoil example, it is:
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If we start from the trefoil knot diagram displayed
before, the resulting A is shown on the right.

And now the corresponding G, the “Green Func-
tion”, is shown.

We noted that det(A) is (up to a normalization) the
good old Alexander polynomial. If you are a classical
topologist, you should yawn and perhaps fall asleep
right now, for so far everything is very old material.

5 Jones:
Formulas stay;
.| interpretations change with time.

Formulas. Draw an n-crossing knot K as on the ri-
ght: all crossings face up, and the edges are marked
with a running index & & (I,.... 2n+ 1} and with |,
rotation numbers ;. Let A be the (2n+ 1)%(2n+ 1)
matrix constructed by starting with the identity ma-
trix £, and adding a 2 x 2 block for each crossing: ” b

§=+1 g==1

Y T S
J+If\r/+] H-]\» A eoli+]l col j+1
0 = rowi| —-TI° T =1
i _;\ j/ i oW j 0 =1

Let G = (g,4) = A~'. For the trefoil example, it is: Bueau
= 0 O w=a 0 0
01 =1 0 0 ] 0
n oo 1 =®; 0 O P=sp Al g ey
A=lo 0o 0 1 = 0 0 . 3
0 0 =1 0 i =2 0
0 0 0 0 0 1 = Fo [l ¢
00 0 0 0 0 1 3
1 T 1 T 1 T 1
1 T T T2
0 1 9=/ 7 ™ e |
00 5 L =t L— 1
- Tl TRl TRpel T
G=(0 0 oL TRl TRrH TR 1
0 0 =t T b S
T*-T+1 1=-T+1 =T+l T--T+1
00 0 0 0 1 1
i 00 0 0 0 01
“The Green Function™ E

Note. The Alexander polynomial A is given by
A= T2 dat(A), with ¢ = Z Ok W= Z 5.
k 4

Classical Topologists: This is boring. Yawn.

The 2 x 2 matrices are the Burau matrices. The matrix A is a presenta- Buray

tion matrix of the Alexander module, derived by applying Fox calculus to the
Wirtinger presentation. Even G is not a great surprise; it is related to the
“Blanchfield Pairing”. All of these people are old timers, so much so that their

pictures are in black and white.
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All the news is in just one slide, the Formulas, continued. Finally, set
one on the right! We defined R;(c) and Ri(e) = S(gﬁ (gjﬂ‘j + g+ —gs;)*gﬁ (gj_j+[ - I] - UZ)

p1, explained why p; is easy to compute 2
(as easy as the Alexander polynomial), pr=A [Z Ri(c) - ZW&' (gu — IEZ)]-
e . & k
and asserted that it is 1nvar1aqt (to be In our example p; = T + 2T =2 + 27! = T2,
proven belOW). If you are a classical topol- Theorem. £ is a knot invariant, Proof: later.

ogist, these formulas should come as a Classical Topologists: Whiskey Tango Foxtrot?

complete surprise to you.

These days I take what I learned from Vaughan
Jones a step further. I care for programs even more
than I care for formulas.

We load some libraries that play a mild role: just
tables of knots, and some older invariants for com-
parison, and a program to compute rotation numbers
(something we could have done by hand).

| Jones:
| Formulas stay;
interpretations change with time.

Preliminaries

This is Rho.nb of http://drorbn.net/oa22/ap.
Once[<< KnotTheory™; << Rot.m];

Loading KnotTheory' version
of February 2, 2028, 18:53:45,2897.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/la22/ap
to compute rotation numbers.

Next is the main part of the program. It is The Program
almost one-to-one the same as the formulas for Ryfs , i ,7 1 :=

p1, and if there’s ever a disagreement, the pro- s (B71 (Bj*,7 * &7,7* = Bty) - But (B5,* -1) -1/2);
gram is to be trusted better because it’s been Z[K_] := Hodule[{cs, ®s 0, A, s, 1, 3, ks 4, 6, pl},
tested extensively. Note that the program out- {Cs, 0} = Rot[K]; n = Length[Cs];

puts the ordered pair Z = (A, p1), because A A = IdentityMatrix[2n+1];

is computed anyway within the computation of CaSES[CSs {s_,i,3 )»

p1, and we consider it as a part of p;.

(IEREINCRR PSS Y (il | | B

7] =1

A = T(-Totallv]-Total[CSEALL,11]) /2 pag [A];

G = Inverse[A];
pl=)y RieeCsIkl - 3" okl (Bu-1/2)3
Factore

{a, A2pl/.atma+l/. 8a,s = 6Gla, ﬁ]]}];

We run the program on all knots with up to 6 cross-
ings.

The First Few Knots
TableForm[Table [Join [ {K[Ll gz }s ZIKI],
{K, AllKnots[{3, 6}]}], TableAlignments - Center]

3 1-T.12 -1y 2 (1472)
1.
T =
1-37:12
4 <A o
5 P (=27 ® (1a72] (2072274
1 2 e
2-3T.278 {=1+T)2 (5-4T5 72
52 ==l i S ot oll )
T 2
6 2:T) («152T) “14Ti2 (14T
1 Pt n i !
T 2
6 1-31.378373 04 (-1 2 [1aTiat2-a1da 747578
z = &
T W
_3t.si g3,
65 1-31.572-373.7 a

T2
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The program is fast! Here is the GST48 knot once
again,. . .

and it takes only about 170 seconds to compute its
P1-

Z = (A, pp) is strong! It seems that it is stronger
than HOMFLY-PT and Khovanov homology taken to-
gether.

Fast!

Timinge
Z[GSTQS - EPD[“.’:A,!J iz,]!s xs,w: xﬂ,u fzs,s: xﬁ,!SJ

Xse,75 X13,85 Xa,285 X10,415 Xaz,115 Ka7,125 X30,15,
X16,615 X17,725 Kas,835 X1s,305 Xus, 205 Xa1,925
X79,225 Xes, 235 Xs7,200 Xos,565 Xs2,310 X73,325
Xgs,335 fst;,:s;r K3g,815 X37,785 Xas,s50, i:s,su Xag,555
Kse,a55 Xeo 450 Xao,a75 Xas, 015 Xoo,a95 Xs1,825 52,715
X53.5@, i53,74) iﬁd.!Sl iTS.SS) EW,EEJ iﬁ?.!‘l
i?s.ss: iss,??; i:Jx;,su]]

4'_1?&.313, {_Ti" (-1+2T-T-T 27 -1+ 1)

{—1+T3-2T"'T57TE‘—2T?¢T8::,T—ié
(-1+T)? (5-18T+3372-327" 427" 1 427° - 627°
8T +166T% - 24277 4 188 7Y% 4 132 T _ 226 T2,
148 TP - 11T 36T - 1170+ 248 TV - 226 T +
13277, 108 7%° - 242 7% 1 166 T - 8TH - 62T 4

427427 - 32717 4337 1877+ 577) |}

Strong!
{NumberOfknots[{3, 12}],
Lengthe
Union@Table[Z[K], {K, AllKnots[{3, 12}]}],
Lengthe
Union@Table [ {HOMFLYPT[K], Kh[K]},
{K, AllKnots[{3, 12}]}]}
(2977, 2882, 2785)
So the pair (A, py) attains 2,882 distinet values on the 2,977 prime
knots with up to 12 crossings (a deficit of 95), whereas the pair
(HOMFLYPT, Khovanov Homology) attains only 2,785 distinct
values on the same knots (a deficit of 192).

L 3 : Iﬂ 1 =
a1 b |

Ooneanu Millett Freyt Uckarish ~ feteer

Traczyk  mhovanmy

Freytycki

On to interpretations, we discussed the  :2. world seie.
traffic rules for cars on a knot diagram.
All car crashes we discuss are gentle and
no harm is ever caused to the occupants

of our cars.

ICars,

00Ty 1357-1475.

v the Jones Poly-

p: =2

image credits:
dimonduraific. com ll-E
* Inalgebra x ~ 0if for every v in the ideal generated by x, | — v is invertible.

Counters. Cars always drive forw- [l
sial, Ph.D. thesis, rd. When a car crosses over a bridge *
t goes through with (algebraic) pro-
iys. 175-2 (1996) bability T ~ 1, but falls of’!'wil.h probability | — T ~ 0*. At the
very end, cars fall off and disappear. See also [Jo, LTW].
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Interchanges, and Traffic

Jomes Lin Tian  Wang

image credits;




A relevant scene with Lightning McQueen, enacted by

Roland’s kids.

We claim that the matrix G of before is the traf-
fic matrix for a knot diagram. Yet first we illustrate
the traffic matrix using a very simple knot diagram (a
single kink), and some simple-minded geometric sum-
mation.

We then used “g-rules” to prove the claim. These
are rules that tell us how to move the traffic injection
sites and the traffic counting sites, and they will also
be useful below, within the actual proof of invariance.

On to the invariance under the hardest of the Rei-
demeister moves, Reid3. We first establish that traffic
away from the Reid3 site is not affected by the move.
This is essentially the invariance of the Burau repre-
sentation.

It follows that we only need to understand the con-
tribution of the R;(c) terms from the crossings within
the Reid3 area.

We could have done it by hand, but we are lazy
and we have good computer skills. So we type in the
g-rules, the three R; contributions for the left hand
side of Reid3 and the three R; contributions for the
right hand side. We then apply the g-rules to move
the traffic injection sites and the traffic counting sites
to outside of the Reid3-move area, to where they are
unchanged by the move. Comparing 1hs with rhs, the
computer says True, which means that p; is invariant
under Reid3.

As a second example we verify invariance under Reid1.

Most of the work had already been done, because we
computed already the “traffic matrix” of a kink. What
remains is a little calculation (without forgetting the
rotation-number correction!). We do that calculation
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s p=1-T

Theorem. The Green function g.g is the 'W\/‘
reading of a traffic counter at 8, if car traffic ( -

is injected at o (if @ = 8, the counter is after '~ 08B

he injection point).
¥ ol T]’ =7 r- 1Tt
| G=|0 7 |

0
ISR 0 ﬁ
_ri\-‘f" _“l‘“-\—:\_/f“'

Proof. Near a crossing ¢ with sign s, incoming upper [\
edge / and incoming lower edge j. both sides satisfy the :
a-rutles: i gl
Bp=0p+T'gmp+ (1 —Tgmp gp=0p+gip
and always, g,2,+1 = 1 use common sense and AG = f (= GA).
Bonus. Near ¢, both sides satisfy the further g-rules:
8ot = T guie) = Bapit)r  Buj= Gt = (1 =THge -

Example.
0o o 1

Oajete

Invariance of o). We start with the hardest, Reidemeister 3:

1-T %{I T M +T(1-T) o ) 8 T
FT(1-T)
/ \“""'*_/_'H
c
W f
-‘i
l@ =

= Overall traffic patterns are unaffected by Reid3!

= Green's g, is unchanged by Reid3, provided the cars injection
site @ and the traffic counters S are away.
= Only the contribution from the R,
terms within the Reid3 move matters, and
using g-rules the relevant g,q's can be pu-
shed outside of the Reid3 area:

4 4 A,

o

= ol TEFZ

= Only the contribution from the R, ki
terms within the Reid3 move matters, and
using g-rules the relevant g,q's can be pu-

shed outside of the Reid3 area: ;
i
Bi i i=If[i===3,1,0]; ‘ W
BRules, , , i= S e (i \,u‘ k
{g".; B8+ T Bir, o+ (1—1“) Bi*, i Bis 810+ Bi*, 02

B i # T (Ba,0t = 60,0 ) s
Bz g3 Bayjt = (1-T°) Bat - 84,5}
1lhs = Ry[1, J, k] +Ry[1, i, k'] +Ry[1, 1%, '] /7.
BRules, ; . |JgRules, ; .- L) gRules, ;v 403
rhs = Ry[1, 4, 31 +R1[1, 17, k] +Re[2, 3%, K1 7/,
gRules, ; ;LJgRules, ;. , LJgRules; 4 ,«;
Simplify[lhs == rhs]
True

Next comes Reidl, where we use results from an earlier example:

i
Ri[1, 2,11 -1 (€22 -1/2) /[« Bo 0 [BT"‘ 1][[:71 A1

e 81 3
-14 2 =1
L 3 Sy s
T =O )
Invariance under the other moves is proven similarly.

on the right, using a hybrid of computer and human power (very little of each). A few further

6
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moves need to be shown — they are discussed at we3/APAI This concludes the invariance
proof for p;.

This slide ought to be shown Wearing my Topology hat the formula for R,, and
bigger. Wearing my topology hat, even the idea to look for Ry, remain a complete my- ~—
I genuinely, honestly, don’t know  Stery to me. ! 2 -.
what’s going on.

Unfortunately, at this point we had to rush towards Q H
the end, and be brief. Wearing my quantum algebra : '
hat, the first thing to note is that there is a whiff of s :.{J:agt;:;z "#ih]',' hat, I~p>uHe=~enberg_a_
a Heisenberg relation in car traffic — a difference of 1 A,
between the traffic counting before and after the place
where traffic is injected, and that may remind us of the Heisenberg commutation relation,
p,x] = 1.

I have gone through the remaining few slides way too quickly. Here I will let them speak

for themselves. The main things to learn from these reproduced slides are the references
cited in them, and the comments in red.

Drinfel"d

Lawrency

cars «+ p traffic counters + x HEISF’IHEEI}

Where did it come from? Consider | (abstractly, g. acts on its Verma module
ge = Sl§+ = L(y, b, a, flf) With I‘elatiOIlS u(ge)/(u(ge)<y’ a, b — €a — t>) o~ Q[J)]

[b.2) = ex, [by] =—ey, [b.a] =0 by differential operators, namely via H), so R
la,z] =2, [a,y]=—y, [r,y]=0b+ca |can be pushed to R € H® H.
At invertible ¢, it is isomorphic to sl, plus a| Everything still makes sense at ¢ = 0
central factor, and it can be quantized & la | and can be expanded near ¢ = 0 resulting
Drinfel’d [Dr] much like sl to get an algebra | with R = Ro(1 + Ry + ---), with Ry =
QU = Aly, b, a, x) subject to (with ¢ = e"): | e@P®1=2®P) and R, a quartic polynomial in

_ o . p and x. So p’s and x’s get created along K
[b,a] =0, [bx]=ecx, [by]=—ey, and need to be pushed around to a standard
la,z] =2, [a,y] = —vy, location (“normal ordering”). This is done
1 _ @—ﬁ(b+€a) usln_g
TY - QYT = —————

(PR 1DRo=Ro(T(p& 1)+ (1 -T)(1®p)),
(12 p)Ro = Ro(1l ® p),

and when the dust settles, we get our formu-
las for p;. But QU is a quasi-triangular Hopf
algebra, and hence p; is homomorphic.
([n]y! is a “quantum factorial”) | Read more at [BV1, BV2] and hear more at

) ) . 0efB/SolvApp, weB/Dogma, weB/DoPeGDO,
and so it has an associated “universal quan- eB/FDA, 0eB/AQDW.

tum invariant” a la Lawrence and Oht-

Now QU has an R-matrix solving Yang-
Baxter (meaning Reid3),

Z y"b™ ® (ha)™(hz)"™

ml[n],!

)
m,n>0

suki [La, Ohl], Z.(K) € QU. Also, we can (and know how to)
Now QU 2 U(g.) (only as algebras!) and | look at higher powers of ¢ and we
U(g.) represents into H via can (and more or less know how

to) replace sl by arbitrary semi-
simple Lie algebra (e.g., [Sch]). So  Schaveling

a—zIp, T—T, p1 is not alone!
7

y— —tp—e-ap?, b—t+e-ap,
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These constructions are very similar to | hence to the “loop expansion” of the Kontse-
Rozansky-Overbay [Rol, Ro2, Ro3, Ov] and | vich integral and the coloured Jones polyno-

mial [Oh2].

We re_iterated that an invariant as Simple as Pl must If this all reads like insanity to you, it should (and you haven't

seen half of it), Simple things should have simple explanations.

haVe a Simple eXplanatiOIL hOpefully, Within tOpOlOgy. Hence, Homework. Explain g with no reference to quantum

voodoo and find it a topology home (large enough to house ge-

Our current underStanding Of pl Wlthln quaﬂtum alge_ neralizations!). Make explicit the homomorphic properties of py.

bra is simply way too complicated.

Use them to do topology!

We also remind that in some sense, p; is a “friend”  PS-Asafriend of A, py gives a genus bound, sometimes hetter
of the Alexander polynomial A, and that A is perhaps
the most topologically-meaningful knot invariant. Like A, p; gives a genus bound. Does it
also give a ribbon criteria like the Fox-Milnor condition for A?

At the end, we merely flashed our theorem regarding
pa, which generalizes p; when d > 1, and our imple-
mentation thereof. For d > 2, py is more complicated
than p;, yet it retains some things in common with
p1: Once more the key is the matrix G = (ga5). To
compute p; we carry out a 1-fold summation over the
features of the knot (crossings and rotations), of poly-
nomials of degree < 2 in the g,5’s. To compute p,y
we carry out a d-fold summation over the features of
the knot, of polynomials of degree < 2d in the gos’s.
Multiple summations are of course more costly than
single summations, yet the computation of p, remains
of polynomial time and for small d it is completely
practical.

[BV1]
[BV2

[Dr]
[GST]

[Jo]
[La]
[LTW]

[Oh1]
[Oh2]

than A's, How much further does this friendship extend?

A
I
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University of Toronto: Dror Bar-Natan: Talks: Nara-2308:

Thanks for inviting me to Nara!
Cars, Interchanges, Traffic Counters, and some Pretty Darned Good Knot Invariants More at wep/APAT

wef:=http://drorbn.net/na23 @ﬁ@

Abstract. Reporting on joint work
with Roland van der Veen, I'1l tell _
you some stories about o, an easy R;msky'-
to define, strong, fast to compute,

Overbay Ohisuki van der
Veen

homomorphic, and well-connected knot invariant. p; was first
studied by Rozansky and Overbay [Rol, Ro2, Ro3, Ov] and Oh-
tsuki [Oh2], it has far-reaching generalizations, it is dominated
by the coloured Jones polynomial, and I wish I understood it.

Common misconception. “Dominated” = “lesser”.

Formulas. Draw an n-crossing knot K as on the ri-
ght: all crossings face up, and the edges are marked
with a running index k € {1,...,2n + 1} and with
rotation numbers ¢;. Let A be the 2n+1)x(2n+1)
matrix constructed by starting with the identity ma-

@4 =—1

'We seek strong, fast, homomorphic knot and tangle invariants.
Strong. Having a small “kernel”.
Fast. Computable even for large knots (best: poly time).

|

W'I' |
Piccirillo

@D

i o

\\ \\

Gompf—Scharlemann—
Thompson

Homomorphic. Extends to tan-
eles and behaves under tangle
operations; especially gluings
and doublings:

trix /, and adding a 2 x 2 block for each crossing:

R

‘Why care for “Homomorphic”? Theorem. A knot K is ribbon
iff there exists a 2n-component tangle 7 with skeleton as below
such that 7(7') = K and where 6(T) = U is the untangle:

UUU U ‘U

(n=3) K

Hear more at we3/AKT.

s =+1 s=-1
A |coli+1 col j+1
Trow i -T° T -1
oW j 0 -1
Let G = (g45) = A™'. For the trefoil example, it is: Burau
1 =T 0 0O T-1 O 0 h
0 1 -1 0 0 0 0
0 O 1 =T 0 0 T-1
A=10 O 0 1 -1 0 0
0O 0 T-1 O 1 =T 0
0 O 0 0 0 1 -1
0 O 0 0 0 0 1
1 T 1 T 1
0 1 1 T T
TP=T+1  T=T+1  T°=T+1 T+
00 T T T
e R R L
G = 0 0 1-T
TTl ToTyl. T=T+l T-7+1
0 0 1-T _ (-0 1 T
T2-T+1 2-T+1 2-T+1 -
00 0
@ 00 0 0 0
“The Green Function” Blanchfield

Note. The Alexander polynomial A is given by

Acknowledgement. This work was supported by NSERC grant
RGPIN-2018-04350 and by the Chu Family Foundation (NYC).

A=T2der(d),  withp= ) g w=) s
k c

Classical Topologists: This is boring. Yawn.
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[Formulas, continued. Finally, set

Ri(c) = s(gji (gj+1,j + 8+~ gij) = 8ii (gj,j+1 -

1)-1/2)
pr = A (Z Ri(©) = ) ox (gu — 1/2)].
c k

In our example p; = =T% + 2T =2 + 2T~ = T2,
Theorem. p; is a knot invariant.
Classical Topologists: Whiskey Tango Foxtrot?

Proof: later.

Cars, Interchanges, and Traffic
Counters. Cars always drive forw-
ard. When a car crosses over a bridge
it goes through with (algebraic) pro-
bability 7% ~ 1, but falls off with probability 1 — 7*° ~ 0*. At the
very end, cars fall off and dlsappear See also [Jo, LTW]

|
Wang

Jones Lin Tian
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and the Melvin-Morton Expansion of the Colored Jones Polynomial,
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Preliminaries
This is Rho.nb of http://drorbn.net/0a22/ap.

Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/la22/ap

to compute rotation numbers.

The Program
Ri[s_, 1,7 1] :=
S (8ji (85+,5 * 84,5* — Bij) — 8ii (85,5+-1) -1/2);
Z[K ] := Module[{Cs, o, N, A, s, i, j, k, A, G, p1},
{Cs, 0} =Rot[K]; n =Length[Cs];
A = IdentityMatrix[2n +1];

Cases[Cs, {s_,1 ,7 }»

.. . . -T°T T -1

A = H

(prci, 1, ety e (0T 1))
A = T(—Tota1[<p]—Total[Cs|[A11,1]]])/2 Det[A];
G = Inverse[A];

2

pl= " Ri@e@Cs[kl - > " o[kl (g -1/2);
Factore

{A, A2pl /. a*sa+rl/. 8,5 » Gla, /:’]]}];

The First Few Knots
TableForm[Table [Join[{K[1lyy}, ZIK1],

{K, AllKnots[{3, 6}]}], TableAlignments - Center]

17472 (-14T)2 (1+T2)
3, 1-T.T2 (D" 1T
T TZ
~ 2
4, _13mr? 0
T
51 1-T+T2_73.74 (-1+T) 2 (1+T2) (2+T2+2 T4)
12 -y
5, 2374272 (-1:+T) 2 (5-4T+5 T2)
T Tz
(=2+T) (-142T) (-1+T)2 (1-4 T+T2)
61 - 2D (12T DT AT
T 72
6, 13737237374 (-1+T)2 (1-4T+4T2-4 134744 T5+T5)
2 "
2 313,74
1-3T+5T2-3T3+T
63 _ - 0

19 18 1

¥ ¥RY ¢ b
515053 4 4

f *Hl$ . \/ »O | | | /)

Timinge
Z[GST48 = EPD[X14,1, X2,205 X3,405 X43,45 X26,55 Xe,955
Xo6,75 X13,85 Xo,285 X10,415 Xa2,115 X27,125 Xz0,155
Xi6,615 X17,725 X18,83> X19,345 Xss,205 X21,925
X79,22> Xes,23> Xs57,24> X25,565 Xe2,315 X73,325
Xga,33, Xso,35, X36,81> X37,705 X38,50, X39,545 Xaa, 555
Xsg,455 Xe9,465 Xgo,475 Xas,015 Xoo,495 Xs1,825 X52,71,
Xs3,605 Xe3,745> Xea,85> X76,65> Xs7,665 Xe7,045
X75,865 Xss,775 i78,93]]
1 2 3 4 15 -8
{170.313, {-—8 (-1+2T-T2-T 27 -1+ 79

T
3 4 5 6 7 8 1
(F1+T-2T*+ TP AT =274 T8, —
-|-16

(-1+7)% (5-18T+337°-32T°+ 27" +42T° - 62T° -
8T +166T°-242T° + 108 T*% + 132 T - 226 T +
148 TS - 117" - 36T - 117 + 148 TV - 226 T*® +
1327 +108T%° - 242 7% + 166 T - 8T - 62T +

427 4 27% 3277 1337818724 5T39)}}

Strong!

{NumberofKnots[{3, 12}],
Lengthe
UnioneTable[Z[K], {K, AllKnots[{3, 12}]}],
Lengthe
UnioneTable[ {HOMFLYPT[K], Kh[K]},
{K, ALllKnots[{3, 12}1}1}

{2977, 2882, 2785}

So the pair (A, p1) attains 2,882 distinct values on the 2,977 prime
knots with up to 12 crossings (a deficit of 95), whereas the pair
(HOMFLYPT, Khovanov Homology) attains only 2,785 distinct
values on the same knots (a deficit of 192).

- W S
Hoste Ocneanu Millett Freyd Lickorish Yetter Przytycki ~ Traczyk Khovanov



Theorem. The Green function g.s is the
reading of a traffic counter at 8, if car traffic
is injected at a (if @ = B, the counter is after

the injection point).
1 17711
 G=|0 T 1

L

6

T-1

NHEIKE

Example.
Zp>o(1 Ty =T
0 0 1

Proof. Near a crossing ¢ with sign s, incoming upper k

edge i and incoming lower edge j, both sides satisfy the

g-rules: i ]
8ip =0+ T'giip+ (1 =T")gjs1p  8&jp=10js+8&j+1p

and always, gy.04+1 = 1: use common sense and AG = I (= GA).
Bonus. Near ¢, both sides satisfy the further g-rules:

8oi = T (8wiv1 = Ouis1)s  8aj = 8ajrt —(1 = T")gui = 84 js1-

Baxter

Heisenberg
Drinfel’d
Lawrence

N

Wearlng my Quantum Algebra hat, I spy a Heisenberg
algebra H = A(p, x)/([p, x] = 1):
cars & p

traffic counters < x

=
HEISENBERG
L{y,b,a,x)

Where did it come from? Consider g, = sl5, =
with relations

[b,x] =€ex, [b,y]l=—€y, [b,al=0

l[a,x]=x, [a,y]=-y, [x,y]=b+ea.

/At invertible e, it is isomorphic to s/, plus a central factor, and
it can be quantized a la Drinfel’d [Dr] much like s/, to get an
algebra QU = A(y, b, a, x) subject to (with g = e"):

[b,al =0, [b,x]=€x, [b.y]l=—ey,

Invariance of p;. We start with the hardest, Reidemeister 3:
T(l T)

| 1-T 172

<l41\D2+T(1 T)

=
}g o
N e =

= Overall traffic patterns are unaffected by Reid3!
= Green’s g, is unchanged by Reid3, provided the cars injection
site @ and the traffic counters 3 are away.
k[
s_,i,j *F j Nk (i \j

= Only the contribution from the R,
terms within the Reid3 move matters, and
using g-rules the relevant g,43’s can be pu-
shed outside of the Reid3 area:
6i . :=If[i===7,1,0];
lgRules
{8is 281+ T gir 5+ (1-T°) 854,45 8js = 81 + 8,5
8a,i P T (8a,it =6
8aj ™ Bayit = (1-T°) 8ai - 64,50}
lhs = Ry [1, j, k] +Rq[1, i, k+] +R1[1, i*, J+] e
gRules, ; , UgRules, ; ,+ UgRules, ;+ j+;
rhs =Ry [1, i, j] +Ry[1, i*, k] +R1[1, 3°, k'] //.

gRules, ; ; UgRules, ;+ , UgRules; j+ +;
Simplify[lhs == rhs]

s kH

N

jH

l‘H

a,i+) E)

True
Next comes Reid1, where we use results from an earlier example:
11t
eT'1
0 01

Ri[1, 2, 1] -1 (822-1/2) /. 8a ,5 [ [a, A1

1
1 } —1+T

T =)

Invariance under the other moves is proven similarly.

{

1= —h(h+ea)
la,yl ==y, xy—qyx=
Now QU has an R-matrix solving Yang-Baxter (meaning Re1d3)
n,m m n
R= Z Vb ®'(ha)‘(hx)
m,n>0 m: [n]q :
and so it has an associated “universal quantum invariant” a la
Lawrence and Ohtsuki [La, Ohl], Z.(K) € QU.
Now QU = U(g.) (only as algebras!) and U(g.) represents into
H via
y-e-—U)—e-xpa
abstractly, g, acts on its Verma module

U (U@ Y, a,b — ea— 1)) = Q[x]
by differential operators, namely via H), so R can be pushed to
R e He H.
Everything still makes sense at € = 0 and can be expanded near
€ = O resulting with R = Ro(1 +€R; +- - -), with Ry = e/P@I=x=p)
and R, a quartic polynomial in p and x. So p’s and x’s get crea-
ted along K and need to be pushed around to a standard location
“normal ordering”). This is done using
(P@ DRy =Ro(T(p® 1)+ (1 -T)(18® p)),
(1® p)Ro =Ro(1 @ p),
and when the dust settles, we get our formulas for p;. But QU
is a quasi-triangular Hopf algebra, and hence p; is homomorph-
ic. Read more at [BV1, BV2] and hear more at wef3/SolvApp,
wep/Dogma, wef/DoPeGDO, wef/FDA, wefl/AQDW.
Also, we can (and know how to) look at higher po-
wers of € and we can (and more or less know how
to) replace sl, by arbitrary semi-simple Lie algebra
e.g., [Sch]). So p; is not alone!
These constructions are very similar to Rozansky-Overbay [Rol,
Ro02, Ro3, Ov] and hence to the “loop expansion” of the Kontse-
vich integral and the coloured Jones polynomial [Oh2].

la, x] = x,

, ([n],!is a “quantum factorial”)

b—t+e-xp, a—xp, x— X,

Schaveling

3
pr=1
2

If this all reads like insanity to you, it should (and you haven’t
seen half of it). Simple things should have simple explanations.

Hence, Homework. Explain p; with no reference to quantum
voodoo and find it a topology home (large enough to house ge-

'Wearing my Topology hat the formula for R;, and
even the idea to look for R, remain a complete my-
stery to me.

=

neralizations!). Make explicit the homomorphic properties of p;.
Use them to do topology!
IP.S. As a friend of A, p; gives a genus bound, sometimes better

than A’s. How much further does this friendship extend?




A Small-Print Page on p,, d > 1.

Definition. (f(z;), h(())z) = F(Oz)h| (o» S0 (PP, e7) = 2¢°.
Baby Theorem. There exist (non unique) pow-
er series r(p1,pax1,x) =  Ya€ri(pLprxixv) €
QIT*!, p1, p2, x1, x2 ][ €]l with deg r:;' < 2d + 2 (“docile”) such
that the power series Z” = 3 pZed =

exp Z r*(pi, pjs Xis X)) | , €Xp Z 8apTadp
c a,f {Pars)
is a bnot invariant. Beyond the once-and-for-all computation of
8ap (a matrix inversion), 7" is computable in O(n“) operations in
the ring Q[T*'].
(Bnots are knot diagrams modulo the braid-like Reidemeister mo-
ves, but not the cyclic ones).

Theorem. There also exist docile power series y#(p,X) =
>d edyg € Q[T*', p, %ll€] such that the power series Z =

Y pae’ =

exp er(Pi, Dj» Xis X)) + Z)’%(ﬁk,ik) ,
3

c

exp Z gaﬁ(”a + &a)(fﬁ + é?,b’) + Z ﬂ'ag:a
B

@ {ParsParssXps %)

is a knot invariant, as easily computable as Z”.
Implementation. Data, then program (with output using the
Conway variable z = VT —1/ VT), and then a demo. See Rho.nb
of wef/ap.
Veys,, [k.1=0(1/2-B,%); Vexs,, [k 1=-0"BXc/2;
Veys,, [k ] :=-¢*P,X./6
V@l‘l’s?[i_, J_] i=
s (-1+2pix;-2p;x;+ (-1+T°) prpyxt+ (1-T°) pixd - 2pi pjxi x5+ 2p2 x; x;) /2
ver; i[i_, J_1:=
(-6Pix: +6pjx; =3 (=1+3T) pip;x;+3 (-14+3T) pixd +4 (-1+T) p? p;x} -
2(-1+T) (5+T) pepix}+2 (-1+T) (3+T) pix}+18p:pjxiX; -
18p3X; X; - 6pi p;XiX;+6 (2+T) pi p3 x5 x; - 6 (1+T) p3xi x; -
6 p; p? x: X5 +6p3 x; x3) /12
ver; 1 [1_, 7] :=
(-6Tpix; +6T p;jx; +3 (-3+T) Tp;p;xi -3 (-3+T) Tpixd -
4(-1+T) Tpip;x}+2(-1+T) (1+5T) p;p3x3-2(-1+T) (1+3T) pixi+
18 T2 p; pjX; X; - 18 T pix; X; -6 T2 p2 p;j X2 X; + 6T (1+2T) p; p3 x; x; -
6T (1+T) p3xix;-6T p;pix; x}+ 6T pix; x5) / (12 T7)

Z,[GST48] (+ takes a few minutes =«
(1-422-612*-2072°-2967° - 2107'°-77 2% - 14 7" - 7*°,

vers [i_, j_] :=

(4pixi-4p;x; +2(5+7T) pip;x;-2(5+7T) p;x2 -4 (-5+6T) pip;xi+
4(-16+17T+2T) pipix3-4(-11+12T+27T) p2x3+3 (-1+T) pip;x?-
3(-1+T) (4+3T)pipixt+ (-14+T) (13+22T+T) p; pdxt -
(-1+T) (4+13T+T?) pix?-28p; pjx; X; + 28 P’ X; X; + 36 pl p;j X2 X; -
12 (9+2T) pipixix; +24 (3+T) p2xix; -4plp;jx3x; +28TpZ p2xix; -
4 (-6+17T+T?) pip3xix;+4 (-5+10T+ 1) pxdx; + 24 p; p2 x; x5 -
24pixix5-24pipixi x5 +6 (10+T) pipi x; x5 -6 (6+T) pixi x’ -
4p;pix;x3+apix;x3) /24

vers y[i , j_] :=

(-4 T pix; +4Tpix; =272 (7+5T) pip; X2 +2T2 (7+5T) pi & -
472 (-6+5T) pip; X} +4T (-2-17T+16T%) p; pi x? -
4T (-2-21T+117%) p3xd +3 (-1+T) TPpip;xi -3 (-1+T) T (3+4T) pZpixt+
(-1+T) (1+22T+137%) p;pixt- (-1+T) (1+13T+4T7%) pixt+
28T pipjx; X; - 28 T2 2 x; X; - 36 T2 p2 p; X} x; +12T% (2+97T) p; p3 X2 x; -
24T (1+37T) pixix; + 4T pd p;x3 x; - 28 T2 p p? X3 x; -
4T (-1-27T+6T°) pipixix; +4T (-1-10T+57%) pixix; -
24Ty pix; X% + 28 T2 pdx; X% + 24 T2 p? p2 X x5 - 6 7% (1+ 10 T) p; p3
6T (1+6T) pixix;+4T3p; pixi x3-4Tplx;x3) / (24 T)

2.2
XI-XJ-+

P XS P X ={m &7, &) (2 )" = (2945
zip,[&6] := &3
zip,, .. 4[&1 :=
(Collect[s // Zip ,.ys 2] /. f_. 2% o (DIf, {z*, d}])) /. 2" > @
gPair[fs , w_ ] :=
gPair([fs, w] =
Collect [ZiPJoinmrabu[{pmsa,xa,?a},(a,w)] [
(Times ee (V /@ fs))
Exp[Sum[ga,s (7o + 7o) (€5 + €p)s (0 Wy {Bs W} ] - SUm[E, s s w3]]]s
g_, Factor]
T2z[p ] := Module[{q = Expand[p], n, c},
If[q===0, 0, c = Coefficient[q, T, n = Exponent[q, T]];
cz2" +T22[q _c (T1/z _T-1/2)1n]]]5

2, [K_] := Module[{Cs, ©s Ny A, S, i, 3, ks A, G, d1, Z1, 22, 23},

{Cs, ¢} =Rot[K]; n =Length[Cs]; A = IdentityMatrix[2n+1];
-TS TS -1 ] 5
o -1 ’

{4, G} = Factore{T(-Tetallv1-Total[CIALLAIN /2 pet @A, Inverse@A};
Z1 =
Exp[Total [Cases[Cs, {s_, i_, j_} » Sum[e™ roy . [, j1, {d1, d}]]] +
sum[e® yay, opq K15 {k, 20}, {d1, d}] /. ¥_e[_1 > 0];
72 = Expand[F[{}, {}] xNormaleSeries[Z1, {e, @, d}]] //.
FIfs_, {es___}Ix(f: (0| ¥)ps [is__1)P-" =
F[Join[fs, Table[f, p]], DeleteDuplicates@{es, is}];
Z3 = Expand[Z2 /. F[fs_, es_] > Expand[gPair [
Replace[fs, Thread[es » Range@Lengthe@es], {2}], Lengthees
1/.8a,s »Gleslal, es[A111 13
Collect[{a, z3 /. e” > p! A”e"}, e, T2z] ],-

Cases [Cs, (s_, i, 7.} » [A|I{1'., 31, (i+1, §+1}] +=

1+ (382°+2552% + 1696 2° + 16281 2° + 86952 2'° + 259994 7' + 487372 2'* + 615066 z'° + 543148 2'* + 341714 2% +

153722 7% + 48983 2°* + 16776 2°° + 1554 2%° + 132 7% + 5 7°%) € +

(-8 -4842% + 9709 2* + 165952 z° + 1590491 z° + 16 256 508 z'° + 115341797 2% + 432685748 z'* + 395838354 7'° - 4017557792 z** - 23300064 167 2*° -
70082 264 972 77 - 142572271191 7** - 269475563700 2°° - 221616 295209 7°° - 151502 648 428 7°° - 23700199243 7% +
99462146328 z>* + 164920463074 2°° + 162550825432 z*° + 119164 552296 z*° + 69153062 608 z*% + 32547 596611 z** + 12541195448 2*° +
39613841552 + 1021219696 2°° + 212773166 2°° + 35264 208 2°* + 4537548 2°° + 436600 z°° + 29536 z*° + 1252 2% + 25 2%) €%}

TableForm[Table[Join[{K[1l¢py}s Zs[K1], {K, AllKnots[{3, 6}]}], TableAlignments - Center] (+ takes a few minutes «)

31 1+2?
4 1-22

14 (22242% e+ (2-422432%4 425 28) &4 (-12+7422-272%- 202 82% 4 6210+ 212) &3

1+ (-2+22% e?

51 1:32242% 1+ (1022 +212%+122°+22°%) ¢ + (6-2827 +332% +3642°+ 6552° + 536 2'° + 227 2" + 482" + 4 2'%) €% + (-60 + 970 27 + 645 2% - 3380 2° - 3280 2° + 7470 2 + 19475 2" + 20536 2! + 12564 2'° + 4774 2'% + 1109 27° + 144 277 + 8 2*) &3

52 1-227%
61 1-227°
6, 1-22-2%

63 1+22+2%

1+ (62°+52%) c+ (4-202°+432%+642°+262°) c* + (-36+ 498 2° - 883 2* + 100 2° + 816 2° + 556 2'° + 146 2" &>
1+ (-22%+2% e+ (-4+4422+252°-82°+22%) €®+ (12+ 15427 - 223 7% - 608 2° + 100 2° - 522" + 10 2" &
1+ (-222-32%+22%4+2%) e+ (-2-422+292"+282°4+422°-82°-22"+ 42"+ 2'%) €+ (12+ 166 2 - 155 2% - 194 2° - 2453 2° - 1622 2'° - 1967 2'? - 258 2! + 49 2'° - 30 2"% + 220 4 6 272 - 27%) &3

1+ (2+822-162°-242%-162"-2212) &2
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Higher homotopy normalities in topological groups
R FEM (JuREE)*

2023 #£8 H 13 H

1 8A

1.1 7#t higher RED%EEZ ZDH
ERTTDERE 2 Z LD LTS5 THIZRZABRWHE] OEMAFEIZSEWT, (3) KE

AY—FCHREMNE—F (FHZEAXRE) REYEFIAOHORDLD & LT, KRELEE 257
LTE. INSOAREROBELELMEL UTHRE NE—FERELDH L. FEFE—R
ZMEEIFHRE MYy 7S (MU NAMEMOMOERE S 2L, BICHEGEHR2 2R
%) f=~g X Y DPFREVY—HREZEFLWVERZFETLILTHL. 2D
MORE M —FAELREMOFRED Y R EDPRBIZZLZZ PRSI DOTH-7-. Z
NOEDREEDEEMNZEHMED —~D L LT, up to homotopy DMEIZEME Y THZEARE
NE—@RPFELZ. FE ME—RIZBWVWTIEEHIZE T up to homotopy TH X TL
FRFEEVWE S IZEBbNDE D, HiTZNFEEFFITHEMTIX AR,

#I 1.1. Milnor [Mil56a] (3 e B i & TR LKA X B A & )L — T2 0D
MAHBEE TV Gy 2R U7, Gx BHE QRS E )V — 720 QX & H-[FfE (up to
homotopy THHEZ MR DEMRIZL > THRE MY —FE) THY, X 2EEME T25HE
FGx-HEFODZLELIEHLTVWS (DF D X X Gy ODAMEZEM BGx OFRE M —H]
ZFiD). ¥l RO OERERE f: H — G BPFRE MY —RMEEER S
DHEFOMDOARE MY —FMEEGH BH ~ BG 25845, T, n (9(75@?55]‘?2%??
CP" D Gepn lEn>20 & &, ERERE S x Ggen & H-FMHE 25 Z e I5 0 TWS
UL URIST 2 08EMITTNEN CP? & CP® x S Thbh, ZNSHIEFEFENE—
FMETIERN., R 2 DKRE b —FAERERPEFET 5000 HEEMORE Y —
FEDE S 25, H-FEEROFAEZ T TIEAEEMOFBE b E—FREIZEDRNE VD
ZeThd. ZOMEICHLT, R [Sugbl] ix strongly homotopy-multiplicative
map £V EHIRFE M —TRHABINEIMRIT Lo T, KEEMPFE I —FAEE
B2 ODMBESFRMEZFTLR L. ZNIZ & o’CﬁJ\*EWF'EJO)‘J’\JE M =X, up to
homotopy TIF I ¥ bBE =L TELRWAY (HEFB TR &%) Tup to higher homotopy ]
TIXIVYIE—LTELZ RN o72. 2O Stasheff [Sta63] 12 & b (b
N, A-BEROBERNEENT.

* T819-0395 BRTAX LM 744  JUM K RFBECL A 5L
e-mail: tsutaya@math.kyushu-u.ac.jp
web: https://www3.math.kyushu-u.ac.jp/~tsutaya/
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ZDHID K 512, up to homotopy DHEE L FEATHRINLWE (EFRBDER f(gh) =
f(9)f(h) 72E) L DRIZ, &RFEME—WLRBERPBATVNLEZRHD. ZOHO
A, Gepn 225 ST X Ggonit ~ND A, -EBRTHE MY —FRMEERTH 5 H DWBEIEL
2\ Z & % Stasheff 2L TH Y, HEHEKRTINPERBITHDERE b E—[FHEZ
LEDONRFIELIR NI LI 2R AENREE L > T V5.

1.2 A,-B&

ETAU A-BBIZOWTHIIN D, ARFEEHO EEICEDS 72O LS T 5. &
B, YURHEB L UOHETIEIAEZ AX T < T2 720 MIN iM% %0 0 RIEMEICER
TEHEIeNHLH. FTNHE/ A FOMOES f: H— GH H-Bi& (20O H IXE R
DOANAMEEH O Z L T7%< Hopf DEX TN H L 6NTWD) ThdLix, fIFHATE
BALGIZETEBRTH T, fom=mo(fxf) CRENEY V) LRBHILTHD. Z
ITm:HxH—-H&m:GxG— GIFNHE/ A FOREERA 254 THS. Th
i f R 2MEHDTTOM%E up to homotopy TERDEWD Z & TH DD, DL DILDOME
ZXD ThW] ETHROZ L ZEFETLDMRD A,-FHRTH 5.

E&HF 1.2. ffHE/ A F G H OBORAITLERODESR f- H - G D A~ (n =
1,2,...,00) LIELF & TERDE{fi: [0.1]"' x H — G}, TH 5.

(2) fi(tr, ... ticishay oo hy)
B {fil(tl, by B hY) (te = 0)
felty, oo ters by oo he) fioe(tea, -yt haewas - i) (B = 1)
(3) filtr, o sty hay oo he1, %, hgen, ..., hy)
= fi(ty, ..., max{tr_1,tp}, - s to_1; P1y ooy Pty Pty ooy Bg)

ZIZTx IFHALLERL, max{ty, t;} ¥ max{t; 1,t;} FETNEHGEZRS 2L 2EKT
5. ThoDx f=(f{fi}) 2 A-BiRE WS,

WALTEIZBIT 540 3 2RI, AyBe HERIIALSDTHS. HEHRTH S
F2DDARE M —IE f(hihs) & f(h1)f(he) D7 < hy, hy 2B L CHilEAE DT 5
5. A-BlETHE7H0 TEURE FE—] BKOMD LS 2EDIZR5.

Simh)fhs) — fh) ) hs)

VE

Sihhyhs) S hohs)
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B 1.3. fiFHE /) 1 RO ORI EGRIT A-EHRTH 5. EE, HERAMNEE f H— G
D A BR{fi}2, LULTRO ISz i K (a2 A -TER).

f’i(tla"'7ti—1;h1)"'7hi) :h’lhz

Bl 1.4, (BEAEH DBERILZEL] TH2%561) f- H— GW A B z2RDOE &,
feRERER->-THREMNCY 2E R g: H—- GHE A BX%2RD. GEHIEARE b
Vi E EZ Y IR IV, 2ok EO#Ihs, B f: H— GH A,-BEX
ERT RN 51F, ZOFEHRIZVPRLERIE L RE MY Y 7 TRV ERDD5.

1.3 FEMNE—T 74 /37
T7AN—RHOWERE N —HEOAZRMOHE LT —HILLAEZMEE LT,
Hurewicz 774 7L —>3>v® Serre 774 7L —YavrifiohTnwsd, o £ —
BRIDE5%K 7747 —arvThbeE BOESEDT7 74 NN—DAEGH%E
i:F—-EYrT5L, RDFENE—RERINPVEFEONDIDTH 77,

o a(B) = m(F) B m(E) 2 m(B) = mo(F) 2 mo(E) 2 7(B)

7747 L=y a kLTI Serre ARV MLRFIO & 574 (3) FEOY—-DFH
WHEZZEELHY, 7747V —YavidHRATHRAETHEEETHD. I 51
REME—MROBRBIZILSEPNTWVWD LT, FEDOEH f: X =Y BHDEIKT
BHEPE T 74TV =23V THEPDOEIIITHEDI ZENTE, ZTOT 714 3—=I1ZFfY
THRENE—T 74— i Fy - X BREHRIND. T8, FEME—RELRS

oY) o m(F) B m(X) L m(Y) o mo(Fy) 2 mo(X) L mo(Y)

WEON, NIind 5 Serre AR MIVRINE[FEZ 5728, FE MY —T7 74 =5 HEgx
FHRIZBVWT U LIRIERET 5. FREOERIZHUTHERNE =7 74 N=2HN5 &
WO ZelE, REME=T7AN—DHRRER: Fy > X DREIE=T 714 13=%
NMHEZEeNTESL. IHICIOHEFHOIRTILENTE, FHROIPFONS. TD
LD EHOIIFEITFRE FE—RMHEEZRWTIRO L 512 TREW] 2745,

oy soRSaox oy s S x by

CITOX X LORSMENV-TORTEMTHS. TOXIBRERDIZERE b
E—774N=58\n>5. FEME—T 7 A N—FOKERDERITIZEDEBLRDEKE b
V=774 N=27%>TW5.

ITKRE MY =7 7 A4 N=FNIEITIZBITIE T 20, HIZIZESTHAD 0. —
U IZAIIEIE T OIIXATRETH 5. #Hl 21X, Aiin SA T 4 DHLABEOZERIXIL—
TR LI TWE D, TOHEAFRTRTRIINE R ST, 774 N=F2HITHIZ
EIEELDITTIHAENWZ Db sE. ZTNEFBESMIZEEH U ZEmZED, +a5Miz
DWTIFIRDALFEEEZ W72 IR0 D 5.
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Bl 1.5. f: H— G 2HESHOGAEEHRETSE. Z0OLE (HIRE LV BES
DY) FAEBEANORYE G — G/H 3 H-Re/wb. EG — BG #%&E¥ G-RLdT5L,
G D G/H ~NOEFEHDRDE G-K

EG xG/H — EG x¢ G/H

8%, EGDWTMETHZI S EGx G/H X G/H L REME—FRMETH Y,
EG xq¢ G/H = EG/H \$alfE7a M0 H OFMEM (THEY2E2-2750)
TH#l> 7222 W7D T, H OHMEZEM BH L REME—RAMETHS. TH5IZG/HADG
EROFEMER FG xq G/H — BG HH25DT, WIFHAENE—T 7 A N—Flle bk
No5.

HL G- G/H— BH — BG

nP, MBEOEHIT fPOFEXNDIER Bf: BH - BG L HRENEY I THDHI L
HHERTE 5.

Bl 1.6. ERHEARHDEEN C HIZWNU G=H/N b E7AHEL R I L ITIERT S L,
FOWHIE RBEDZHERZE >TIROFE RN E—T 74 N—F|%28 5,

N—-H-—-G—BN—- BH — BG

IDFREME—T7ANSFNTELELREEZGATINS. D2FD, 27ZDEH
N — H TIEAIZIEIZEEZ0E S0 o0, TEEMBESIHTHE] L WVWOINER

BIFXINEAIZEET ZEBRARIZRE2 2 WS DTHD. EiZINidd b EKRTH
LKL T D, il 1.1 THA U7z Milnor Ok &2 VWY, —BOEHR X - Y 7o
ﬁbh%$%kk—774ﬂ—ﬂtmL&16?%6&5$%bt—774ﬂ-ﬂ~$
BHNZIZAUEDTHDZ 2D bhd. DF0, LEOFKE NE—=7 74 N=Fi% [KE
MY —FEZFRWNT] RO & S 3 iEEE KD,

EA HE[E Y
N B B T e FEEH

s H s BN - BH — B@

FEME—GNITIZZORBIEHZEERTHAEZDPHNOREERTIFA+HSTHS. DFD,
FEME—AELRMEEE U TEHBIZEERERTWARWAZD, TOKRE Y —inihiEE
ﬁ:@ii?i&m’<w®ﬁﬁé AAf5ET NERME] OEREFE N —EEZ 5 H
RD—DE IS5V EEHRZMETLII L THS.

1.4 crossed module

ERBEB RO EIRFBE DY —fREF ZDE1Z, EHRERTEE L WS HEOWEEBRIUIA
DO —ALIZDOWTHINTE <. ZIX crossed module LIFIXNTHH, i< &% 1940
HEMRIZIE MacLane * J.H.C. Whitehead 512 & D #fZES T\ 5.

EFE 1.7. MAHREORIO¥ERA f: H — G 2 crossed module 1%, G ® H ~DAitH
BED R & 335206 p: G — Aut(H) 52 5NTWT, ROWEEHETZ L.
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(1) FED z,h € HIZNU, p(f(h))(x)=hah ! 725,
2) TEDze HE ge GIZHL, f(plg)(x))=gxgt &725.

EHEIZIXAER p OERMEOEIRZ 1> X2V I T IBENH LD TIXEKT 5.

Bl 1.8. H MMIMEE G OIEHEAEEOL Z, 0 e HE ge GIZHU p(g)(z) =grg ' € H
LEDNIE, BEEMR f: H— G X crossed module TH5. DF D, crossed module
EIEHE A EED b TH 5.

#119. E—-B%277A47b—Yavil, TOIT7A4AN—% F 95, ZOLE, &
BHERAL 1) (F) — m(£) (ZHUFHS & ER S 0) 13 (BB %) crossed module &
BB ENHONTVWD

crossed module (23 UTHHI 1.6 & RFOHERAHIZR S Z & 13 Farjoun & Segev [FS10]
MEEHLTWaA. D% 0, f: H— G » crossed module ® & &, Borel #% FH x G
FEHRICAAEREL 22D, ROFBE D=7 74 N—FIDIFET 5.

H—G— FEHxyG— BH — BG — B(EH xg G)

1.5 ZDFEETHKRIAR
AFEFIXEF T X 50X [Tsu2d] IEDWTARONEZES .

o HURE NU—TERME (N,(0)-FM%) O

o Np(0)-BBDT 74 "= 4 X A,-7E% F\ 7 R 13

o Ni(0)-BEOFEZEIIT LD < S WG ASRIZT 2

o SU(m) — SU(n) & p-%ﬁﬁﬁ’ﬂ&: ¥ OREDERAE b E— M E & O

AIFFUUZ & > T N (0)-F5HH Lie HEOEIRAE M E—TERMED TIRA] %23id 3 2121
HEIEXVWBDTHLE I eWDro7z. UL Ni(0)-F441% crossed module @ & 5 72
(BEOEHE] 26 EPRDENHEDOTHD. DFD, I 5RDERKE ME—MHLREM

ZIRE VIR D IZE D crossed module (2 I1XirD 1 2. KRz RG22 (IERE 21X Borel
W) 1ZERT B REE A IEFE 2. i?‘:, AT D £ 0 BARKIZHDONT I 7%
Mol2H2D [ “HERATNE] OFERFE RN —2HF->TED, BRI UTEE
AT DY —#EZ BRI R T2 DITIEBRAP K TWS. S EIOMZIZIX Joyal *
Lurie 512 & 2 @B O LIV TWRVY, ZhEVRWEAEEEZEZLZDTH
NiE, FOBEINZETHROI 2BV EASLFEZITWA.

2 N, (0)-Bi&

2.1 N.(0)-B
ALtfE H, G IZR L, H o GAD A-5HBO3 2R %Z A,(H G) £&E<. Moore
path & W TH RS SV — Tl & H-FMEZAME ) 1 F2fFd & & L AROEHRT
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A, ZRRPMMEET, H 25 G NORFOELEDZER A, (H,G) &b XD mhiiHE
(topologically enriched category) KT & % [Tsul6]. 743, B A, & L THO &K
BN EMEEZEZ 2L UTH, DUT OIS E S TR UESIEARIZITAS &/
bihd.

T, COBEOLE A (H H) BERCHUTMHHE ) 1 Rens, 2L TikEs
5.2 %84 conj,: H— A,(H,H) (conjy(h)(x) =hzh™) IFE/ 1 NOUERBI L7225,
7z, fitHE/ A FOREID A, -FHBEFEKRIZAHEE S 1 FOEMADORO A,-FZEE4SE
FIND. ZORWT, N(O)-BHBIFRD LD ITERIND.

T 2.1. MHEROMOERBIGHE f: H — G2 Ny(()-Bfg (1 <k (<o) ThHdL
X, A5 p: G — A(H, H) D52 50 TWT, IRBHYILDOI L.

(1) pof: H— A(H, H) & conjyy: H — A(H,H) ¥ A-Ff&E LTHE R 2,
(2) 18506 fauibI 258 « - A(H,G) & GEHIZEL T A-FEEHT
HoT, TD HANOHIRIFZHWR Ap-lEREeFEMEY 7. 2L, xIZIEGIE
HIHIZ/ER L, Al(H,G) IZIFHIE o — conjg(g) oo p(g ) 2k > TIEHT 5.

CDEFEDFMIIBE LHOEER 1.7TONLTE5:M4% THEHIREE M=k 28D~ H
DIZIH>TW5,

5l 2.2. crossed module f: H — G BT 21/ p: G — Aut(H) 1& Nuo(o0)- Bl %
52%.

Bl 2.3. K <khD 0 <IDLE, N(O)-BMiE Ny(l)-5TH5.

Bl 24. k=(=10&E, N(1)-BHTH2 I LIE McCarty [McC64] IZ & 5+ E
FME—EREEROERIZ T L. T CMHMEMOERE f: H - G P FEME—
FHERTHD L1, GA& 7 GAH — HWEELT po(fAidy): HAH — H
WEM (hyx) = hah ™ la™d EHREPMEY I THST, fop: GANH — G BEH
(g,2) = gf(x)g ' f(x) P EREMEY I TH-T, TNHLDFEME—% (DRI
LEOWAE P2 LTER (ho) = flhah—a)) B SBDPRNEE P E— &R E b
Vv orThdll.
7 g mid) 1
i

(ida, /)

22 HREBET7AN—T4 X A,-ZH

fLAHAE G 12X U n REFZER B,G BEHRS N L. HREEMOHERIZ IZ N — KRz
V2 £ D> Dold-Lashof IZ & %35 D74 038 553, Milnor DK [Mil56b] i & #uiZ,
B,G & G @ n+ 1D join G* ~D G OXANIRIEHIZ X208 G /G & LTH
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HTE5. BHRRUEER B,G C B, 11G 12T 2B BG X G OXEERTH 5
(BG w2zl U, RZEMPAHETH L LD 7%FE G- K (FE¥ER) EG — BG M #E
T5).

B 2.5. S°CR,S' CC,S° C HixZNENEL, HRE, WLHOHIME 1 Do
% Lie BEE B Z 5H, XGd % n IRETFZERNITIEHE O RK T OHFER RP", CP™, HP"
AT

ST A, BEASEN. EE, AB& [ H > GAd5Y, BEEE
Buf: BoH — B,G #3505, & 5ICRAM YLD A FOBIEAES [Tsul6] I2 &5
B, kS IR E F X EABTHSNTINE).

T 2.6. MAHBEOMD A,-B44% f: H — G IZN LS EAR L A& EHRDEK
B, H 2y B, = BG

X X5 ER
An(H,G) = Map, (B, H, BG)

(Map, 3R 2ROEHROLTERMEZRT) FFPHE MY -FAMEERTDHS.

ZDOEMIEX Milnor DEEFMEN—TEH Gy 2HVWE L HRZFEE M —FE X ~
BGx BFIHET 2D T
A, (H,Gx) ~ Map,(B,H, X)

E\WVD D LMDV R T S BRIV RTH L. —H, TORRIF A-FHREVD
EIRBRE MY =T — X 2 BUREMMIETE OEMORERRICL - Tl ks Z &
HERULTEY, WHIETHRKICELD. SROFRIZECZOAAETORAIZZRS.
NFHEED TR IRCHZ2 7 7 AN—T A4 BB L TH T 74 NRN—T4 X A,-E
BT 7AN—74 XF/EEE, 774 N\—04 ADFEEREVERIN, FAROMER
LD 3L D.

Bl 2.7. X G- P — BIZAL, GO G HENOIEIEIIZET 2 FER P X oo G — B
27 7 4 N—7 1 REABRECH 5.

23 FEHE
FEHOTATTIX RAZE] 2 7747V —vay] THERTAZLWSZ L THAS.
ZHIXLA T OHIOEMTH 5.

Bl 2.8. MiAHEE G DM X ~OEMANH L &, B EHR EG — BG OFRMEKR EGxqX —
BG Egond. — 5T, MY 55 BGADEML f:Y — BG Rdbde, WEIEHD
FlERLDOEZM f*EGI1Z GHWMEMTS. 20 IGOfEH] & TBG ~DEH] DD
G, U2 AE M E—RNRERT 11 RE] THEZ RSN T VS,
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TEFH DO ERARE b Y — R E XD TN L WA, 77 A4 N—T 4 AKRE M —
i (BROFBE MY —5n) OBEMHGRIEE N OS L OMEFER D O, EHLGHE %K
S FHEBHEHFHET L. EEHIFE 2SR EFE N —T -2 0OEE RmZ, £0O K
S 7 B 28 H O R o 72 A ORI IR S 2D TH 5.

IRPAEDECHTH D, ZORTIT7AN—DA4A X A-EREE WO HENRHETL %
A, TNEFHEEOEREFE AU E nHOBETHERAZDBDTH L. FEiEE
DEEMNZDHIERTEDOLVRLETULPRKDOTWIRNWI LZEKRLTWDS., 72, *
H-K By H — B H XS EEHR FH — BH % k (R %EM BLH EIZHIBRLZH DT
H5.

EE 2.9. NAAROMOMRBIEL f: H — G 25 N,(0)-5B L 702 72 D BB+ 5
7 7 ANR—=TA XA E - BG Y fhoFEINEEMR Byf: ByH — BG F
DT 7AN=TA X ABMg ¢: ExH Xeonj H - E & ByG LD 7 7 A XN—=T 14 X A-E.
B : E— EyG Xeon G BEAELT, WEMEZTI L.

(1) 91F&T7 7 A N—LETHKREPE—FREEHRTDH 5.
(2) Yo 3B ByH — BG ED7 7 A N—T4 X A By LT f hoBEIns
77 AN—T A RUEAEL B H Xy H = ExG Xeon; G L RE MY 2 TH 5.

EHORMFIIEE 2.1 OB 2D EMIRT LI >TW5.

EE 210 EFEOEZHIFADAUERA->TWS., TORXTIIERICERZ2EETT
DAL \N2IZ, A-ZEfIAD A-BRY A 28RS D A R0 S RIEES L T\
W, RbDIZo % THME] 2T222T, TORBEERML TS, BHEX N EKE
MDA TIE ERLOEZ HOFFTHRELKILT S0 EbNS.

2.4 BEEADEEBEDER

ERES RO EEME L LT ORICHENEET 5 2 L BEIF 56N 5. crossed
module DHEITIE [HE MY —f] Th S Borel HSIZHHEEELET 5. TlE Ny(0)-
BHROGEIIEDITHAINTH LB FEFEILS bhroTW0ARWY, D 2 HLRA
FRALT 5.

T 2.11. MAMHEEOMERR f: H — G 5 Ni(k)-GA42THD Borel % X = FH x5 G
WZHRULS 73 —DfHii cat X < kDD D e X, X I3 H-ERoMEE2FE> (D
F 0 AT R FFO R CIEHEBE A R D).

ER 212 LS A7 TV — 3 X OZEMD 2B MRTEA 20 2RI HTHL.
DYXIRT I D &K S LAEREPBND DIFAEERITE D b Lanwn, WRsEle LS 4
73 —DIZEVERDY D D Z L AVEMD Ganea TAD AR &S [Twads] (2
EhESshTnS.
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3 EtEH

3.1 SU(m) — SU(n) OESMK

Ny(0)-BfTH 2 Z L DSEHHNZRE M E—GROMBIC RS I ND LR R0, FHE
WEIRAERPBONZOTHENT S, £iXSUm) - SUM) E2<m<nThHERY
Ni(1)-BETTSew. LA L p-Rt (p 3&REB) 2752 HREEMREEZRFDZ
b L. TITEM X O p-FRFHL X &1, REETIZE > THRE b E—#ED

B EDBEFMIIHEINGER/OZ ETHS. DFD, pEHWZELRRENIZE
TEHEBFETELS - EMTHZ (28, ETCORLNIETIHELZEL LAE
NE—EZHL T 2OREHAE NE—GTH D). MHARD p-FArLIIMFHREE L TH
FMIZEBTEE0T, TOLEMEEZRT SN TE 3.

TR 3L WHEREa N7 M Lie b= AL ZePHONTWDEAD, &b
<, REME—AHEFE T N7 N Lie #fd b= AWLMo TVWS
[AJT60]. L L#aFEMp 2L CTRAMET 2L, HIZIESU(n)y) idp >2nDE ERE
FE—AHLE B 2 BHONT WS, ZOHID K 512, Lie #EZKE2FEH p THRATL
THEEWAHE R OMAAH S, Ik, TR EREICEULTER
BROZENEZ DTS5 PHTE S,

EE 3.2. WEGKRD p-RFL f: SUmM)y) — SUM)p) 2 <m <n) iIZ2WTIRAEK
URVASR

(1) p>kn+0m 751 f1E N(0)-FHETH 5.
(2) max{kn —m,(k—1)n+2} <p<kn+ (L —1)m %5 f ¥ N,({)-BETZ\.

—D2HO IR SU(n)p OFRE PE—HOFRE»S, —ODHOTREF 77 A N—-T A
A A-BRD 7 74 N=7 A ZHFEZERO mod p A REB Y —DFEPSIHHINS.
Z ORERIZNI2 0 OHiFHZ AN—LUTWBD, p <max{kn—m,(k—1)n+2} DEHL
kn+ (0 —1)m <p<kn+Im DHEEFEZ LS Dhr>TOR.

5 3.4. SU(Z)(5) — SU(3)(5) i N(1)-BBRTH B, Ni(2)-BETIERW. Ny(1)-BH
MEDIMITIZDEMD S IEDD 57,

FANEIS T AY, SO(2m+1) = SO(2n+1) (Sp(m) — Sp(n) & L THFEER) IZDOWT
%I_ch‘;jtk#%ﬁ‘ SNTW5S., io¥FREIZOWTIXELEEZONTE ST, Bl
TR T ARENRIIFEEFAZERRBIE S TWHIRETH S.
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