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15:00 - 16:00 FFEeEE— (KBNS KRF)

A spectral sequence for cohomology of knot spaces

16:20 - 17:20  Alexander Berglund (Stockholm University)

Characteristic classes of manifold bundles and graph homology
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10:50 - 11:50 At 8 CUERR RO i 55T )

Pseudo-Anosov properties in cluster algebras

15:00 - 16:00  Victor Hugo Yanez (ZEE K% - JSPS-DC2)
Topological groups described by their continuous homomorphisms

or small subgroups

09:30 - 10:30 )1 & (FEHEPK F RN W22 Al )
symplectic field theory & & DRERKIZ DWW T
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WHEEOH - #&AH D3 U3 Alexander 2 TEH
R F2 (BRRER)"

B =
LN Alexander ZIHHAX I L ZORIDHMIZHF U TEESZALETH D,
Alexander ZIHA D B % —#fbiZ 72 > T\W4. Dunfield, Friedl, Jackson (&
FHEE WK BAEGH R E DWW T, MO H DR e/ I —REUC
fTBE L 7242 UV Alexander ZIHADKECHD 7 7 4 N— ML T ZRET 5
EFRLTVWS., ARTIEZOFPRIZET 2508 DR REBBIL, SUHHE A
HIZHd 3 b hzFRRIcOoVnTERRS,

1. (ZFC®HIC

1 U4 Alexander Z AR, 3IRIGERMH S WOFRETHIZ D WTIEX.-S. Lin [29]12 & D,
—MEDAERFREEIC DO WTIIAHE 43I X D BAZI N, T 2 DORIDHMIZ
NUTEEAAELETH D, HELEZ Alexander ZIHAD 1 DD HAR e —fbiz7z > T
W5, B, MIEIFE 1N RRZ2R OB -G O H & Conway F5 O H (206 13 HIAZ
Alexander ZIHAZFfD I 2 — XV M RAECTHOHITH ) %, ARK EDORBIZ(THE
U724 U Alexander ZIHXZ FHHWTXHI L TW5.

Alexander ZIHADV R OME D% < 134 U Alexander ZIHAIZ DWW T H LR X 4,
FOBWHIRSEEEZ LIELIEE 25, Bz, SOHDO 7 74 XN—MHO¥HE S & O
DY T B MEIZL < OIFEFIZ L > TSN [4, 8,17, 25], FAMNT X Friedl,
Vidussi [12, 13, 14] 12 & b, BERISIRITCEHRIRD 7 7 A /N =M & Thurston / )V A 03 (B
75 7 ZRMEDEE X [10]), U Alexander ZTHATIRE I NDE Z L ARSI N7z,
WHIRIHIZIET 7 A N—=DEEIZIL, R UN Alexander ZIHADNNE L 705 & 5k
EWEHETAZE2RLTED, L UTARTY VY TV I T 14w VS RMKIZEET 5
Taubes T % HEMIZHIL TW 5.

Dunfield, Friedl, Jackson [7] I&, MHiFEFHDFH /) I —RBIHEL 7z LN
Alexander ZHADWE Z 4T\, FHEBOEMAIZ X 5 KEBLBMEEHEIZHE W T,
WL DODDEIFENFREZRIT TS, AT, Z20ORH1D1DTH2MHFECHD
7 7 A N— LT OPEIZE T 2 T (7, Conjecture 1.4 IZDWT, ZNETIZHS
NTVARERZMBIL, WHHFEAE TN T 2 b N7 F/H- 34 12DV THRBRRS.

AU Alexander ZHHAD ISHIZZIFIZE->TH D, AFETHE S ARIZZD T —H6
IZHEE L. Bl TIE, SL(2, C)-48EEZ RRIKD ideal point £ T D22 U Alexander %
HADOZHZ 9 % Dunfield, Friedl, Jackson DD F4R [7, Conjecture 8.1] D453 HY
figr (28] %2, 7 U Alexander ZIHA & WA (3, 15], 77 7 DIFFIEAM E X — &
BE%L [16] L OBRIEB S MIZINT WD, £z, 2IRGTEHETEHADRA [21] %, #
Y RNAY A ZNVAEEDB RS OBE 20) bEATE D, ADEIIBEDEREF
TH5. TOMOFEEPRE S 5 CHIZDWTIX[11, 32] #2 ML THRL .
AR E GREE 5 17TK05261) DI ZEZ 3725 D ThH 2. 748, ARIZHAEES 2020 54
MERE DB ERNHEEDOT TA NI 2 NIMELEZEDTH 5.
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7B, KFETHENT 29E8EIE, 12 Anh T. Tran K (University of Texas at Dallas)
& DILFERSE [33, 34, 35| ITHE DK HEDTH 5.

2. R LN Alexander %IE1
2.1. #{xF
9, ARTHEL D HEEEMT 5.

SYRILERI SPICHIDIAE NI HWIZR D S R\ & LEF DW= L ORIES
L=LU---UL, DI % p-BntkHEE VS, $OH LI, LEMMEAEDOZ LT
5. HAHLOWEREREZ N(L) 235, ANEZER E(L) = S\N (L) DEARZ L
DIEAEHE (=10 TXECHM) 2WVWWGE(L) = 1 (E(L) TRT. UFTIERIC
Br 520D, Lidnon-split (L B30 HEL TWAIEAIRRZ R 72700) LIRET 5.

M & DWW Z#EAE L O Seifert i ¥ & 1%, SPIZHDRAEFNZMEMIT SNV
NT MHETE O R TOEFEL D BEREFD, 08 = LD LOMRE AT 2655
INBAETL—HTEHDTH 5. #AH LIFE(L) D Seifert fiH D E(L) ~D IR %
T77AN—CTLHE EOMEROEE 2R DL E, 774 NN—fAHLE VI, A
HLODOME g(L) &1, LD Seifert i OMBORAMED Z & TH L. £/, E(L) D
WIS E BRSO E 2 R D & &, LA H & WS,

[ E M o N7l 2 87 b 3ReE k2 M & §%. H'Y(M;Z) = Hy(M,0M;Z)
DD IEIE M WIZEA I SIA F N7z GERE L IZR S 7220 [ EHT g > 8o b
B X ICKDERTES. Ih6 S2PBLUDPHEAERWTRONSHHZ S 55
LE, (D) = |x(D0)| £BL. ZDEE Y€ H(M;Z) @ Thurston / )V A ||| D3,
Y @ Poincaré M TH 5 & 5 2 12 D2WT D v_(X) DFE/MiEE UTEE % [42].

TEVEAN & ZRRIK (M, Ry, y) &1, ST SN/za 3D h3IRTGEMRIKM T, 2
DO Ry € OM OIBEDOEER ~ TR > 72 0M DR E 2 FKHO>EDTH 5.

2. SL(2,C)-181 2L #kik
RIZ, SL(2,C)-FEIEZ R DEARIHZEE T 5 GELSIX 6, 18] 22D I &).

AREKHET LT, C EoT7 71 YREEHA R(T) = Hom(T,SL(2,C)) %
SL(2,C)-RILRRIk L WS, KBlpe RT) DI x,: T — C,x,(y) =trp(y) (y€T)
EROEL % SLQ2,C)-HEEZ AL IFC X(T) TRT. £/, t: RI) — X(T) %
t(p) = x, TEDS. RI) ICIFHBIT L > TSLE2,C) HMEAT B, X(I)ITiF A
FHERERDE570C EDT 74 VREESHRIKORIEDR A D, B2 AZL G
B R(T)//SL(2,C) #EBT 2 Z ehohTnwd. FEBE, HEHIL : XT) - C*%
Lix,) =trp(y) (veD)IZ&oTEDD &, BT DEREDEMR{n,...,nHITHLT
(L, M2y X[ DT 7 1 VRS2 5.

BERY72 SL(2, C)-RBLOIRE R kD 5 72 WA HEA D, X(T) DT Zariski Bl %
Xi(T) TET.

M G RAEOTMMENK SIRTTE AL T8, 20L&, MIXEREERH b :
7 (M) — Isom™ (H3) = PSL(2,C) 25, HP/Impy = M HED LD, ZDRE py 1k
M®xa )/ I —RKELEEN, £E2ROWT—ERIZEEZ 5. Thurston DFEERIZE D,
po \ESL(2,C) ~DEEHUMERBZY 7 T 5.

ABEBEG(L) = m(BL) 2 LT, fli#anrzo R(L) = R(G(L)), X(L) = X(G(L)),
Xi(L) = Xin(G(L)) TET. MHIFEOCH K Dsm / I —£Bp, : G(K) — PSL(2,C)



DY T b plZHUT, xp &2EE X (K) DBERIE D Cy (canonical component) (& HifzE
IZIRB 2 EDNHSNT VWD

2.3. Riley 18R

—RITHETH K DAV T4 T Y mg lZHUT, trp(mg) = 2 %2723 IEAH#RE p
G(K) = SL(2,C) 2T RV v 7RBL WS, 2/ H K = S(p, q) (p, ¢ \FAWIZHER

T Tp>0,—p<qg<pZm’=d) DTEEL, RRGK) = (r,y|zw=wy), w=

l(Pll)/degz gl g = (_ )lq‘z] RO, ﬁff:\p( ) (0 1)7 (y) (_lu (1))7 u # 0

MRNTRY v KB p: G(K) — SL(2,C) &5 DX, p(w) = (wiy) (XL Twy =0
LRI EDPRETDTH D [40]. dgpqg(u) = wn € Zlu] & S(p,q) D Riley ZIHA &
W3, Riley ZHR dg (0) Z2BRHECHZ (BBLZ)DETEIEAHSNT VS,
Z OFEFEIX Riley ZIHR DO WM & A5 HEEO M O 2GHHERBLOFEIZET 2580 5
> [26].

2.4. D LN Alexander ZIER

1a U Alexander ZIHARDE FITIE W < D0 [22, 29, 43] h3d 5 A, ARTIEAIH
DEF [43)| IS Z 2128 5. FIHD R U Alexander Z NI ABBEIZDOWTH
ERIZEHZSI N, HEOMIEES OBA) S L EERZHEH-TWS. KAHH (1> 2)
DR U Alexander ZIHANIT L AL TERNE UTERI NS D, Z 2Tl 1 2HUTER
ILEN/ZZHEHAZEZ DI 2127 5. b, 13U Alexander ZIHA D FE AR HIFIZ
DNWTIE [24] 2B D &,

L=1LU---UL, % 3Bk S* NO#EAHE U, G(L) DARE 1 DERR (B Z
X Wirtinger &%) Z[EE T 5: G(L) = (x1,...,24|71,...,75_1). F72, G(L) DA[#
LR % of : G(L) — H(E(L);Z) 2 7+ = <t1,.. |ty = 1) TRY. &t &
Z = (t) DEEIC L IT RS 525 HERE + « H(E(L);Z) — Z IR L, A5G
Toay:G(L) —» Z2BIZaTRT L, ae Hom(G(L) 7)=HYE(L);Z)Th 5.

AR TIINHAEABRHO R T ) I —REDY 7 b ZR&HEIZ, FIZSLER,C)-FKBp :
G(L) — SL(2,C) & Z 5%, PA T ORERIE—MDRRBIRIUZ DWW T EFBRIZEL D 32D,
p & alFHARICHER LORERI ) a Z2FFEL, Tho DT vV IVERE ap | JERYERIKY
ZIG(L)] — M(2,C[t*])) 2 €D 5. B s DHEME F, = (x1,...,2,) & L, G(L)D
RRDSEE DL L D&% @ : Z[F,)] — Z|G(L)] L‘%M(z C[t*]) THT.
A= (a;j) % a; = <I>(a”)’CEiE>(s— )x sl T 5. 272U, 2 Z[F,) — Z[F,) &
HEMS 2R, An ‘””ﬂﬂ%:ﬁmHmﬁ%%héﬁﬁﬂ%A € M(s—l M(2,C[t*1]))
L, Tk M(2(s—1),C[t*]) Dt fisd.

EFE 2.1 ([43]) HAHLDOEE p € R(L) IZMHEL 7243 U3 Alexander I AT (t)

R

det A;
A% (1) = J
L) det &(z; — 1)

TEHTD. ZHiEth (ke )22 %L U T well-defined TH 5.
BANZEE U7 G(L) DRARP AP SO BRGNS TITAY () WEF D L,

Alexander ZIHAD & & L AIFRIZRT Z &N TE 5. €FD O, AU Alexander Z1H
NIIEHEBE LTEES. £/, #UOH =1 D EZax =a &R5DT, fijH



DIz a 2 EHME LT Ak, (t) L5 S, Milnor DFERD—fRILE LT, Ag (¢)I1EE(L) D
Reidemeister b —> 3 v L&l TH 2D Z LB SN TWS [22, 23].

FE 2.2 (1) L2 EOMAE [43], D0 E, p= 19D p € R(K) HIEr
K [25] 6 1F, A¢ (t) € CItF 3K D 2.

(2) BB p,p € R(L) BERRSIEAG (1) = AF () YLD, 512, HHIE
Xp € X(L)IZHUTAY (1) 13t(p) = x, LD LI BEBL p D& b SIS TIT
EED, ZEHAOKBKIX (L) LOBEKE RaE5 7. ZoBlHArSs0hlN
Alexander ZIHADMFFEIZDOWTIL [7, 28, 32, 37| 2B DO Z L.

(3) LA b —F AMAHDEA dim Xin(L) > 1 &850, Af (1) DRI X (L)
FORTEBBEBIZR S Z RSN TV [27).

(4) AU Alexander ZIHA L reciprocal, D& D A} (t71) = A¢ (t) Z{i7=9 [19].

Bl 2.3 K % 3otk SPND8DFEFEVH & 5. ZHITKOHD T — 7V TR
BN NHECTHTH Y, 1O 7 74 N—FECHTHS. BHG(K) X 2BECHE
LTOXRRZFD: GK) = (z,y|r =zwy lw™), w=[y,z7 . £/, "IKIvZ
#FBlp: G(K) — SL(2,C) % p(z) = é } , ply) = _1u ?)’C“ﬁ&bé.f:f:‘fb,ueC
Fl+u+u?=0%{7z9. ZD&E, RIHpIZAEHL 727U Alexander ZIHA
det ®(Z5) 72t —1)2(12 — 4t + 1)
det®(y —1) (t—1)2

Ag,(t) = 2 At +1

THzZoN, 2RDE=Y Z7ZIERITLS.

ZIHA f(t) e CHME=Y I THDB LI, f(t) DEREIRBDOBREN L1 THD L &
20D, I AE LT U TIRA K D 3D,

EIE 2.4 ([4, 8, 17]) 3IKICEKE SPND T 7 A N—#&AH L LAERDERSL p : G(L) —
SL(n,C)IZR LT, AZ (t)iEdegAS (1) =nllal|r Zili7z3E=y 7 ZHATH 5.

ER 2.5 FHHAKECH KIZHUT, ||lallr =29(K) —1Th2Z o NTNS.
EIE 2.6 ([8]) &Flp: G(L) = SL(n,C) 2N L Tnllallr > deg A% (t) A3 Y ALD.

Friedl, Vidussi [12, 13, 14]iIZ K > CTEH 24 DHDE O LD, T HITEH 2.6 DES
ZEIT D &S BRI (AREAORE) OFENRINTVE. ZTNH5DRERIZED
FEAED 7 74 N—M & Thurston / IV DIFRENTIRE 5 Z L1205, EBICIEAE
REEANDRBZ I ANTEZADREDDH Y, EHETHRHNE IS VEW. FiZn=20D
A ZFARRD T & P D LD EKRIFRTETH 5.

3. Dunfield-Friedl-Jackson ¥#8
AET TN AEEE Y H 1253 % Dunfield-Friedl-Jackson PAIZ D WTihR 5, BfE, PAH
Y R—bTE3EMEINRDUTOBEALETONTWBIRNTDH B0, —RIZ IR



l crossings

1. KTV 4 A MECH (aH) J(k, D).

Dunfield, Friedl, Jackson [7] 1%, &8/ I—FKIlpy: G(K) — PSL(2,C) DYV 7 +D
DB, trpoimyg) =285 7 b py: G(K) — SL(2,C) IZfJFE L 7242 U 21V Alexander
ZHN Ak (1) ZF LS BRELUTWDE L S AR, (1) = Agp(t) Ziii729 £ 512
EREEINZH D2 R b —2 a Y BHRNE MO T (t) L LT WS, T (t) 3FFD
BEAMME L LT, Te@)dtITEED 1 DFEMZRAL TH non-zero TH 5 Z & A3
LNTWD. FHI Tr(t) FIFEHHTH 5. £ 72 Menal-Ferrer, Porti [31] 12 & D, Tx(1)
ET(-D)EIa—T—YaVAREETHLILDHMONTVWS (Tx(t) BHIEI 22—
TV aVAELRLIRNT EITER).

Dunfield, Friedl, Jackson &Gt HABEDEAIZ & 6 KB RBUEETFEIZFEDOWT, k%
FRLTWS.

FA8 3.1 ([7]) 3¥RIuEKE S* NDOMHHFE ' H K (23 U T deg Tk (t) = 4g(K) — 2 D3 D
VD, IR T@)MBE=Y 7ZHALR LI, KIZ7 74 N—fEOHTH 5.

FREFAE, B5RATOTRTOMEFEOCH (313,209 1) T LTlb DI &
PETEEZ HWTHEPO O NT WD [7]. L2LARA S, Alexander ZIHAIZ & - TH
T AN B RZ SND LS RFEOHICH LTS, PR 3LIERMIRTH 5.
ZO—F/T, 1 20LHEADIHFRDO A THEO HOBMAMEELRE TN D &0 D BIRIZ
BWT, OGP E > TWS.

FR 3L EOMEFECHOH & LTk SNT WD, J(k 1) 2K 112H 5
LD FEOH (AH) T 5. J(k, ) DFECHE LD DIF L MEBDE ETHD. T
EXTIVYAANMECHEZ WS,

EIE 3.2 ([33]) MHEI X 7Ny 4 X MECH K = J(k,2n) 12X LT, degTx(t) =
49(K) =2 DD, 5T, k=2m+1, k=2, £72&, k=2m»D)|dmn—1| €
Py = {p: A EE| 213 (Z)p) DERTE TR U T, Te(t) BE=y 2%HAZ 51, KiE
T77AN—FECHTH 5.

EH 3.210%, FAH 3.1 2172 AR O H O R RA 2 5. 2 BRI 7> T W5,
2FERE OV J(k, 2n) IERRAETHDO—FEZR DT, £D 7 7 A N—M: & FEHUL Alexander
ZIHATHREINDD, FHU I WM —2 a3 Y ZIHATEH KD LD L\ apriori
BHEHIZWEDE ZARDD TV,

Ytrpp(mi) = —227%% po DB I 12DV T b pp 28 UT, Ak (t) = Ak po (—t) BILY LD



EH 320D p ZALGK)DTRTONRTRY) v 7 RBUCH U CHEHATE S
Echxnsg. £ I TiERiley ZIHR ¢k 0n) (u) BARBER K E 2 RT3 (P 1B 5
Zefhd Riley Z I ¢ j(am,2n) (u) DEERIMEZRGES 5 DIZHW S D). IRETICT—RILE
17z Dunfield-Friedl-Jackson PARIZB T 545 R 2 8 RXBERIZ, GEHOH S £ L %2 H D
DUFFULKEIHT 5.

SHEU EOMEFECH IZDWTH, T 3.1 2572 T H QMR RFIBFHET 5.
R D canonical component Cyp EDTRXTD/NTHRY v 7 RBUTHK U THED 32D
(LY U0 H D U Alexander ZIHAIZ D WTIX[2, 37| HSHD Z &).

EI 3.3 ([35]) ML v 2 VEEOH P2k + 1,2k + 1,2k + 1),k € Z, k # —1,0
2 U TP 31D YLD,

TA 3.1 OFEBUCE T 2 ERICOWTIE, LK RFEAMEFEOCHD 7 7 Rz LT
LEEGDVHO DI EDBHENDSNT VWS [1, 39).

3IRILERM S® NDFECH K &, E(K) WIZHWIZR D 52 \WER/NEE Seifert il
DELEY = U BFIEL T, E(K)\X % book of I-bundles Df§id % Frofg\ HfF &
ZIMEDHES 705 & E libroid EUH & WS, libroid fERHIZTARTD 7 7 1 N —
EOHZEGEATEYD, 7z, libroidd#&CTHD 27 7 AN THU TWS Z L AURE
NTW3 [1]. &oT, MEDMNWZ/NY KD plumbing 7* 515 5415 9 X T D special
arborescent #& 'H (Z N Z 2f8FECH 2 & L) X, HMHZA Alexander ZIHN % K D5
H DR RS2 ibroid 5 HIZR 5 Z &0 5.

EIE 3.4 ([1]) MHHEY libroid #5TH K 12K U T deg Tx (t) = 4g(K) — 2 D3 D 32 D.
—75, Porti B9 1FWEHH b —2 a VLI Ty (t) DIRBUZ DO WTIRERLTWS.

EIE 3.5 ([39]) 3WRIuEKME S® NDOBMHFE O H K IZH U T deg Ti(t) > 2 DD LD,
FHZ T (1) 13IEBEIATH 5.

EHL 2.6, 3.5D% % UTIRDEK D LD,
% 3.6 FEEC1 OMEIFE O H K12/ U T deg Ti () = 223K Y 320,

L ORI 7 7 A N—FEOHIZ8 DFHEVH (B 2.3) DATH B Z LIS NT
WED, FEI1IDT 7 A N—MEIZET 5 FRIFFEB IR > THRBIRTH 5.

4. WERF&E A B~ DAL

4.1. —fi%{t 7= Dunfield-Friedl-Jackson ¥78

ARETIEFHE 3.1 OMHEAEAND —BLIZOVWTHERS, FOHE R D, KAH
(1> 2) DBEIFZZD T 7 A N—M LRI AH DI X ITKAET 5 2 L ITEET 5.

L=LyU---UL, % 3IXJCERM S* WD & DN W7 -l Mtliig A B & 456, 7z,
po: G(L) — PSL(2,C) 2 BE(L)D&An /) I—FKBELT5. ZDLEpDSL(2,C)~D
D7 ME2HEFET S, du/ I—REDY 7 M E(L) DAY UHEEDRITIZ 1R 1
DRISDFET B Z 2 BH SN TWS [5).

ZITEHLDERDT L DAY T AT Ym T UT, trpg(m;) =2 %7297k
po:G(L) = SL(2,C)2EZABZ LIZT 5. —fIZEAVT AT Vm OBR L —A
20175 & 72 B IEAHEREL p : G(L) — SL(2,C) 2 NNF RV v I RBEIFRZ LI2T 5.

EBL 2.4, 2.6 & PRB1IOBEP S, BHFEABIZN U TR o & PRI NS,



F18 4.1 ([34]) 3KILERE S° WO E D W BHHAEAH LIZx U Tdeg Ag , (1) =

o[allr B YLD, X HIZAY () AEZY I SRR SIE, LIZT 71 A —EHHET
b5,

SR 4.2 LAERBAE OB, (allr = [lafla 2D 1D 2 & AHIS AT N 3.
ZZTC|laljatda e HYE(L);Z) ® Alexander / )V 2 [30] 23, Alexander / )L Al
(% 280) Alexander ZIHATE X 5D T, ||alla = deg Ar(t) — 1A D 2D (AL(t) I a
T 1 ZEBIZERL X N7z Alexander ZIHATH 5). &Ko T, p-Ead MR ARAEAH
LIZ2WTI deg A7, (1) =4g(L) +2(p — 2) DY LD L PRI NS 2.

FRAIDPE OB LT, M1DZETVYA A MEAHL=J2m+1,2n+ 1)
BHo. LERMEAETH DB DREEEm,n ¢ {-1,0 TH 5.

EIE 4.3 ([34]) WX TIVY A A MEAHL = J2m +1,2n+ 1),m,n ¢ {-1,0}
DIERDA S U TFRE 412550 2D,

EH 4.3 DI RO A TH S (B 3.2, 33 BLHAMKTH B). £9, BAHR
G(L) DFEREEET 5: G(L) = (z,y| 2w = wr),w = (y~'z)™ ((yz~)"yz(y~'z)™)".
Z D& & Petersen, Tran [38] 12K D, X (L) Z BARMIZEIR T 52 &N TE 5!

Xin(L) = {(a,b,c) € C*| F(a,b,c) = 0}, a = trp(z), b=trp(y), c = trp(xy™).

Z 2T F(a,b,c) l% Chebyshev ZIHAZ FHHW TIN5, RIZ, L DAL N Alexander
ZIHADPFEB g(L) L LDT7 7 A N—MZRET 5 X 578 X, (L) DWDES X, (L) =
Xiw(L\Zy, Xf(L) = Xin(L)\Zy ZHRET D, WEIZ, TAXDYT b py : G(L) —
SL(2,C) (D% D F(2,2,¢0) =0, co ¢ REMZT xp = (2,2,00)) DS Z,, Z; DEH 51T
LEEENRVI L ERT IETERIEONDS. WTNWDRT Y THYFERTH S0,
BARZRFHRIEPREMTH 5.

53 Nguyen, Tran [36] 1%, twisted Whitehead #&& H L @ 2 243 U 11 Alexander %
R AYE (1, 1) DHRARE 5R2 2 LT, ZOMAEIK LT PR 415K 0 2D
ZeaRLUTWS., ROEMFAD ) I —RHIDY 7 b x,, 2ECHEED DT RT
DNTHRY v ZRBUIK U TR Y LD,

EIE 4.4 ([36]) 3¥RIuBKI S A DM twisted Whitehead #AH IR U T TR 4.123
% D 37D,

4.2. XZR) v I RE

Dunfield, Friedl, Jackson [7] &, p < 287 ZJjii7= 3 WA 7 1 N—2#EEH K =
S(p,q) (3,830f) 12X LT, A/ I—KREDY 7 b LIRS RWATRY v 7 RKE
p:G(K)— SL2,C)IZfBEL 7= Ak ,() WK D7 7 A N—M L FBERET D L %
FHEEEHWTHE,PDOTWD., FAHIEFTIIRTEZE51Z, P31, 4.1 27727
MEIAE O H - MAHDRTKRY v 7 REUE, 77NN EBUCEL TR I —
FKIEDV) T b po LRAIFEDERZFF> TWEZ Db hb. TITROMEEZEZEZ 5.

B 4.5 [ & DA W MHEAH L DIERD/ANT R v 2 KB p - G(L) — SL(2,C)
XRUT, A ()X LDT 7 A N=1EE Thurston / WV A [|af|p ZTRET %20,

2Crowell L N DFERIZE D, - RMREEAE LIZH U Tdeg AL(t) =29(L) + p— 1 DY LD,



MN/ g

2m crossings

DS

—2p crossings

2n crossings

> M%\

2: 2f@#&AHE L = C(2m,2n, —2p).

M 4.5 D EEMNRRZFFCIE, P 3L 41IDBPELVWIERELSIZON2S. LrL
BING, UMFTRZ2 L5, MAHOGEIIEAITIEENTDHS.

ERB m,n, p 2 LT, Conway DFLH T C(2m,2n, —2p) IZ & > TR I 15 WY
2MEHAH LEFE 25 (K 2). ME 4.5 OMAfEEL U TIRAED LD,

EIH 4.6 ([34]) m,n,pem #£p LR EFHOME TS, 0L I 2/ AH
L =C(2m,2n, —2p) DIEREDRASIZIHULT, AF () IZLOERZRET S, 51T,

(1) ged(m,p) = 172261, G(L)DTRTDNTRY v Z7RKE p: G(L) — SL(2,C) Iz
FUT, A (t)1dg(L) Z2HRES 2

(2) ged(m, p) > 372518, g(L) ZPE LBV G(L) DT R v 2 BB p hFIET 5.

FR 47 H20MEICHLTg(L) =170, 1 DDEADMAEEKNIZTEIET
EEDLDASIZOWTIg(L)=m+p—1&725. FEH 4.6 (2) OREZEPREL R0
NI R v I RBEILHTHEDGEICHNS.

EHL 4.6 DIETIL, #EAH LDTRTONRTKRY v 7 RKELZ GRS 5 Riley [41] D
FERPABIZHWS NS,

RRIZEODHEE FE T TAREZRZ 5.

SL(2, C)-4BEEZ HRIE X (K) DN TR Y v O RBUZ L B AT A A L TD T (t) DFE)
DR S P 3T e —FF 572017, £TIHROLEFS T U720,

B 4.8 7 7 A N—MH U IFHEHEZRE LRV, MEIFEOCH D NZ R v 7 KB
TFAES B 7.

Friedl, Kim [9] %, & 2.6 DESFHHL D LD & 5 RRY p DFHESRM 2 EVEMN E
ZRHRADRER Y —DSETHABLTWD. EH 341X OHESRMEZHONTRIN
5D THRIZIROMENEZEZ 5N 5.

B8 4.9 BUHh# libroid K5 O H 2R 4" B f5 58 & Mg A~ H D5 & 12— kb &.

72, @ 351%, AU Alexander ZIHADREBA LB U IR I FEQT Y — DD
BBROZTVIDSHEINSE Z E2HWTIHIHI NS,

IR 4.10 AR b —> 2 Y ZIHA O RE D G I B 3 2 5551 %2 Nhi& A H 05412
— At & REICREEO O AR H LIZH U T deg A, (t) = 2[|aflr &t



2IEFRECHEZ ELEOPOMHFCHD 2 7 2T LT, 207 7 A N1k L i,
H 5D “HRME % i A 72 #iFE 2 C C X (K) (C 1 canonical component Cy & &
B 5 720 ) DIFLEI & o TR 1T 5015 [32].

B 4.11 ZOES S WA AEH D 7 7 4 )N—PE & Thurston / )V A Z HRER K.

HEE. BOTREI MR Y =Y VRV LNIBHE NS o LA KRZOMEERIK, HH
AWK, RERZOFHNB—K, LHEERFORATRIZONSEH#H WL £,

Z7E 3R
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A geometric description of the Riedemeister-Turaev torsion of
3-manifolds

7K R (KBRS RZE AR [ 8RR 2 BB A W 52T )

1 EREROBE

AFTIE, MED 6Nz 3 IRITTLHAIKD Reidemeister-Turaev torsion & Chern-
Simons BEERIZHK T 2 H AL EOMOBEBRAZHANT 5. ZORNIEMH I ELK
EEREEMAEREZ D DI Z2RBT S, ZDAIT Lecsop 12 L% Betti 81 D 3
RILERRARITN T 2 A ([12]) DILRS KRB ENED T B I LN TES.

M ZAEF SN 3IRITLEMRIRE U, H=H,(M;Z)/Tor £ B <. H DR
BIIETRT ZLIZT5. HOR LORIRRH Opitk% Q(H) £ EHL. HDOLD H
~NOMERIZARIZ QH) ~NOEAZFET 5. Zhz

po: H = Aut Q(H) = Q(H)”
eELZ LT B, B, K 2ETQH) ® po 2HEHEZE HWTEMARIMIZERT 5.
po(B B WIFFEARHED 7 — )b L DERK)
(m (M) =)H = Q(H)*
I MDEDRERZEDS. ZORMASBFE UGS pp THLS Z 22T 5. B py
WIERTH D Z L 2 RET S :
e % M @ Euler #i& & 4% (Euler #EEICB L TiX 2 22 M) &, Reidemeister-

Turaev torsion
Tor(M,e) € Q(H)*
NEFZRI NS (3%). Reidemeister-Turaev torsion I& M D py (2 F = 1 Y EIRDIE
FRUER B IR DB G (RERIZIZATHIR) ZHVWTERIND.
5 M & e D o RMFPRN LMK 2 R TH DAL &
d(M,e) € H® Q(H)

NEHEIND (43). EFERIZZ D Tor(M,e) & d(M,e) HEB DR % BR\ N T
ThsdILrFiRT 5.

11



. BB D:QH)* - HQ(H) dH-> TRV LD,
D(Tor(M,e)) = d(M,e).

E@¢@Dmﬁﬁwﬁ%%me§éM6E@@%@,Eﬁﬁ DIFHMB KD T
5 (FEAIEZ 5 2). d(M, e) 1% Chern-Simons BEGERICES DA AZEETH O, K
E:;Zi M 2 M OEREZRRE M x M A TORARES A = {(z,2) |z € M}
D H A& AL (self-linking number) & U TEFRZRIND. HOAKARZERT L1
framing 232D, Z DR EX Euler i e AR 72 7.

SEE 1.1. Lescop (& [12] I2BWT tkH = 1 DEEIT d(M, ep) Z5HE L, EHOA%
%TV%.CZT@i%%ﬁﬂ@%ﬁﬁT%%&Edﬂ%L% LTS (22%S
). EOEHIZ Lescop DR & rkH > 2 DGHITHAERE T % & FFIZ Euler #iE(1C
LB EZGEALHDITHoT NS,

2 ETEDFFM
2.1 BRMAKRERR (BAR) ICDOWVWT
M Z[W & DT 5 N7 3IRTGERIK, m &2 X DEARE, H = H(M;Z)/Tor %% D

LIRTEARERY —FHORQUNARVER L T 5. AFTIkAEn Y —FOMEE (e
UCTOHEFE) IFETELZLILT S, HOHEE {t,... .44} C HE—DEELTHL:

H={t" 7% | n; € Z}.

H ORfBi%
RH = { jg: e 8 15

T DRk
QH)={f/g| f g€ RH, g#0}
&35, RBlpy: (m —=)H — QH) DEDD M D LEDFFiTHRD pp TEHE, 20D
I RRE D A E R VR
H.(M; po)

RERTHRI TG (DD po KHIIRTH 2) 2 & 2 HET .

2.2 Euler ##&ICDWT

M EDIFERZ MVG X, X' BREQHATH S L1E, M H»5 1 HE2BRW=Z2HMK
M\{pt} ’\O)%UBEX‘M\{M} X' ’M\{pt} MHEEMNEYITHBEZEND (/”JU@ W
EITNIE2ATINV N UADHIBENRFERN Y 7205 28). M EOIEERT NG
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DHRET AL B EfERE%E Euler #1E &\ 5. Buler &I IZWL D DEHMER S
W ZDFEL, FFIT spin® HEiE & D BIfRIE Reidemeister torsion & Seiberg-Witten
AERDOMEREERE TSI ATHEHETHS. I T, BTHELLD Morse B
Aoz E VWA 2N T 5.

Morse BAZ % FH\ 7z Euler & D 2 W i 2

f:M—R%ZM®DLED Morse %&£ 9 5. MIZ Riemann g% O & DEE L,
HELR 2 MV gradf ZH5. grad f IZIEEBRMEDZE R (Morse B2 50) B3 5 0%, %
Nz

Crit(f) = (gradf)(0) = {p1, ..., Dk q1s - - -, i}

95, ZZTHER p, ..., pr D Morse fEBUIMEETH O, FFRNq,...,q. DT
NIZEHTHH LT 5. MANZHOAENZHER I N7 MaE DI 5z 1IR

S TP
dey = Zpi - Z%‘

LB DR LD, gradf DER%Z ep DFFETIFENT MIVGIZESHZA 5 LT,
M DIFEXRT MG EFGDEIENTES. TDO—D% gradf /ey £HFLZLIZT 5.
B X i 2 D SEEIT ambiguity 238 % D T grad f /e 1Z—ETIERWAY, &K T 5 Euler
MEE—RICEE 5. WMEHREZAVWTESIIERTDE, 0= pi—> ¢4 %
ey DHIDEIRE T DL E, ef & e, DEWEDD 1T A7)V [ef -] € H(M;Z) W
0THBHI L&, gradf/es, gradf/e; KT 5 Buler MiEA —Hd 5 Z & HIFEME
ThdIehpgmd.t

X FME % 7D Euler Mt

M EORZ MU X IZH LA ET—FIZ 152 L THEONERT NMUGE —X
LELZRIZTE. MAAE DT oN3RTEHRKTHEZ S, X, & —X,
MAREOHATH D LD RIEFERT MV X DFEET R bbb, FELLIZ
BWTIEZD X, MUK T S Euler i (D120%) ¢y &ENT.

3 Reidemeister-Turaev torsion Tor(M,e)

Z DE T Reidemeister-Turaev torsion M 1 D DE K (Morse Bz FH\\W 726 D) D
BEIRE 23k R B, X DFEL <IFBIZIX [14]) 228, £ TI3FEIIRTF = 1 v ERIZS T
% Reidemeister torsion DE & %= ik X 5,

Co=(Cy0) == Coy 5 By = -

Lz Z 255 Buler S RKOES Eul(M) & H1(M;Z) 2BfER2 VM E T3 affine ERIOMEZ KD Z
EEHN5.
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EEROIMIIRE T 5. % O, 126 F LORBIGTBEN L T5. Zor s,
degree % 1 D EIF % #E[E#Y

9= (gn : Cn—l — Cn)n
T, IRTOnITHLT

an-i'l O Ggnt1 + (_1)n9n o an = ian
%{%f:j_:t) 0)75)EX;1/L5 . C(even = @n:evencn; C(odd = @nzodan &H < et %,
a + g(: (@n:evenan) S¥ <@n:oddgn)) : C1even — C(odd

ISARERITIES 2 725 . Coyen @ Cogqa DIEEE c 2 1 DWD B Z L TO+ g DITHIA%
A ZeNTES. ZNH Reidemeister torsion DEHZTH 5 :

tor(Cy, c) € F™.

28, tor(C,,c) ik g DELD FITIEMK S 2.

f: M — R % Morse BI#{ & 9 5. M IZ Morse-Smale 5&fF % jiti 72 9~ Riemann &f
BE2—DH5. AR po 2FREE T % Morse-Smale 1K (Cf (M, py),0]) & 2 5.
% CH(M, po) 1% Morse Fe#8ln DRR NI T 5 Q(H) ZH 2D 7- Q(H) LOKRE
ZBiTHB. (CHM,py),0f) DFEOY—IE M D pg fREFET Y — & —8F 5
SR TH 5.

M D Eulerfifidie 2 1 DEET 5. e 2K D LikuEHibe, 2 —DM5. %
Morse R p € Crit(f) (XU T Q(H), D?0 TR\t cp(p) Z— 23 Dillo7z 2
Lo vavid Cf (M, p) DRIE c; 525, ZOXDIIfEo72HETH>TUT
DE&MZENT-THDE LS KK p, g2 ey DEFEHKD ¢ THIFN T VWS D725,
vecr(p) = cp(q). PAEDY¥EMD T, Reidemeister-Turaev torsion Tor(M,e) AL
TTEHIND.

Tor(M, e) = tor(C{ (M, po), cr) € Q(H)*.
FLIE cp DIEVHIZIE ambiguity 235 25, FHEAEFITITREL 2.

4 FEEd(M,e)
M & Euler i e 2R LU TCARAZL &
d(M,e) € H® Q(H)

DEBEMRNT B (FEEOHERIETF =1 VO EEHVZEMZEDTT, Fx
1V DBRBBRATRTH 272ORAMVEL Lo TWET. BB U TREE

23R po 1E M OV QH) K 525D, TDpliBlb 774 1N—% Q(H), £ #ELZ&izT 5.
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RITLTLZEI W), FliE [13],[4) F2 2RO Z &, ZDARZEE Chern-Simons
%maw<%bofm5# ZOZ LI LTIHED6EIZBWTE KT 5.

KB pg & T DRKFREL ps DIMNBT >V VERIZ 6 IRTTE K M x M O _EOIE#IR
IREFR pRp* 2D D, po X ph DNAREES A = {(z,2) |z € M} C M x M ~
DHIBR po X pi|a = po @ pi W ATMEFE LR id € Hom(Q(H),Q(H)) = Q(H) @ Q(H)*
DED DYWL DFHETSD. Ro1=1€p@p512&>T,

H3(A;R) C H3(A; po @ py) = Hz(A; po X pga)

AT BEARREOY—H[A] € H3(A;R) C H3(A; po®pi) (& Hy(M x M; po X pf)
D3IWLAERY —HEEZ S :

[A] € H3(M x M; po X pg).

pRp* IR TH 5025, [A] =0TH 5. £oTL4F =1 U3 e Cy(MxM;pXpp)
ThH-T,
X =A

at%%wﬁﬁﬂ%.ZMmbﬁAam%%%%ﬁwﬁamﬂﬁ@@é.:@iif
FHHENSTELDT, 518 HRSMA] 28328 T, TA56MOR
ZRZHD BT, RS XX OBEROERE N(OX) ~NDOHIRTH 5. v, % Euler
1‘%1_ e 2 RF&K T 5 M D non-vanishing vector field £ 95, ZD& &, TERSEM] |
UPrTdINns.

N(OX) = {(z,tv.(z)) |z € M,0 <t < e}

TDI A, OX ikl Euler fE 2 AR 27 MUVGOGEIZA Z "YW
5T & THDB. 4-chain B\N(0X) € Cy(M x M; poXpg) & 3-chain A € C3(M x M;R)
DRZE(D\NOL)NAZCL(A;pp@p*) DA I NVEEZ S, LT AT py® phld
A FHHTH S5 5, H(ApoRph) 2 H(ARQQH) =HRQH) THA. &
TR Y —HEDOFEDP SIROMEIRES .

BE 4.1 [(S\NOD)NA] € Hi(Aipo®pl) X H@QH) L DX b HIZk 5%
WM, e DNMHAZETH .

MM |

ZEs

\

A
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EFE 4.2.
d(M,e) = [(X\ N(0%)) N Al € Hi(A;po ® py) = H @ Q(H).

FE 4.3. (1) 4-chain ¥ {& Chern-Simons £ #5% 12 & 1} % propagator(®D Poincaré
M) D—DTh5D. gHflld 6 EE2SRDOI L.

(2) d(M,e) DEBIFIRDO XS IZFHABR TSI HTES (AEMZ ETHENLZE
LHAUTHS). £9, ADMx MIZBI2+0/NEWERERE N(A )%ao
THL. po W pilna) 1 po @ pg LA —FHTE %. Thom [FAY

Hy(A; po ® py) = Hy(N(A),ON(A), po @ py)
& YR Y
Hy(N(A),ON(A), po ® py) = Ha(M x M, M x M\ A; pg X pg),
E5IT (M x M, M x M\ A) DHDFRED Y =525 0 o fEHER T (p, A
HIRTH D S ZNIEFABTHE Z D09 5)
Hy(M x M, M x M\ A; py B pg) % H(M x M\ A; po B py)

DE
D Hi(A; po ® py) — Ha(M x M\ A; pg X pg)

FAETHS. A% EulerfiiGzED BT MG AT K> TEEIL, MxM\A
WIZH L ZATRONDS 3IRTLEHIARZ v.(A) £ 55, BLED¥EfHD T,

d(Mv 6) = (I)_l([ve(A)])
1E>.

5 T
G D QH)* — HoQH) %

{Zt ® ( log)}(f) — gtl@% (tz-a%(f))

TEDD. ZITly,...,.t,e HEFHDR FORETH-72. DIFHEIZIZLOX
WZ EDEPDOND.

Bl 5.1. D(1+t3+t2t5) = m (t; ® 313 + t; ® 26215 + ty ® 61215)
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LEDBEDS &, IRDAXDED L.

T (F8).
R ) D(Tor(M,e)) = d(M,e).

Bl 5.2. M =S xS*r9 5. H=H|(S'x S%ER)DESLE—DLD, t&T5:
H=(t). 2Ok &, L7 Buler & e IZXF L,

Tor(S* x S?%,¢e) = € Q(H)

1
(t—1)2
THHIENRSENTVS. Ladt-> TEHEZMAT 5 &,

d(SleZ,e):D((t_%)Q) —t®t_—2t16H®Q( )

6 AEEI(M,e) DEZR : Chern-Simons EER
A d(M, ¢) DISEIT & % Chern-Simons B IZ D\ TR

6.1 Chern-Simons EE):H

Chern-Simons & 7% O Bim O 2 Bl BIEUE, 3 IRTERKRDANMHAZLZRTH S Z
EARFEI NG, BB ZEDD DXV EOBETIIRKA L \NDY, Z OWE &R
T& % Chern-Simons B HEFwIZEFTH Y, Kontsevich, Axelrod Singer IZ £ > T
1990 FARYISHIZ L X 1v7z ([11],[1]). Chern-Simons #E#jiw i 3 {km&ﬁﬁi M &
Z @O b IR 72 R R OAUIZ X D A% E’Ejﬁ%b:ﬁf“)ﬁ@“. ZDWEE, —F
TE A X [propagator DR DIE M2 BLEEMME S ZHWTHOHET ] £DTH 5.
propagator(DHRE T Y AIVRIE) I M x M ND 4 F =1 T, ifINb5M (5
&M, MFREZRE) IV DO T =2 a v DD BH, d(M,e) DRI
W7z X 1 propagator D—D & AB T ENTE 5. HEEE, ¥ & LT, Bott & Cattaneo
\Z & % Chern-Simons #E#jF ([2],[3]) THW 545 propagator ZH{ 5 Z &R TE 5.
Z @ propagator Z W DEHEL, TOMLZRAAS TOREEZANT Y NTHI LT
propagator 2* 5 M L JFATRDOEREZIO KT &N TES. 20 IREEHIT Vb
T5) FEZEEEAES LW, EHTHIREDXA TIZ & > TREZEMMED X
BEDEEZEZONDED, WURREZDRA TT-HbE2RETLHIETREENFON
5, TNOREDRA TEEETDLVEER 7T 7 L THALLZE DX Jacobi
X %\ i Feynman K72 & L IEEN TV S

N
\_/

& Jacobi DAl
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6.2 RBEFRHMNBEAAIEE D Chern-Simons EEiH

MZFEOYIKAMNS 1 HNELEFZEDE LT, ARE UTIEEBEARDOD
e, DEDBEFEOEMBRBFIEO Y —%2FEZ 5. JacobiXE L TIX O] DD
75 7%-oTK 5. OVHERTHHEZEMED L, AN TIIERKIZRZLDS
propagator’z 3 D& > TENS 3 DR DB E A K (72720 AER =D S BRAL
T5), LWOEDT%RS. propagator DEEFR M THWBIEEFER T MIVGOER %
IELMIEL TR DL, MOAEENF SN, ZHiL Casson AL EDEBEIZ—
HETBZEePHONTWVWS., 72, o ML Jacobi M2 Fi-oTLK 5 Z & THIR
AL LIENE 7 T AT DAEENTRTHELNEZLHHONTVWS

6.3 RBEFRHMNIEBRAAIGE D Chern-Simons EF#R

—75 R R IEEAZREE D Chern-Simons HBEIGROMEE IZH E D bhroTWRR

BT RMBIEEHEREGG L ARG E & TIN50 BE R S5 293,
ﬂMﬁ@i%@%ﬁ@ DEREELUIZEDERZIDIENTESL., T Teylx2.2
HCTEALZNFMEZ S D Euler BETH 5. RFRDPEHHZR & ZITIFHEIZd(M, e) =
0CTHEI b, d(M,ey) I propagator & X AHKE A DRAZIZ K> TEHRS
NTWEDT, dM,e) = 0 1IFMRBARAEN O THDELE NS ZETHD. THIT
d(M,eq) =0D & Z & propagator Z A DMETHEMIZERL T, K2 (REH
ITEHR)ARBIEELRVWE S ITHNE Z eV oNT WS, TORE, EEZE
M %2 T 5L ZIZAMEDUENEZGITIRBZDTHS. FARVIEARZ L &
%, 7= & ZIXRATRD SU(2) HOEHEH D Fv ) I —HEFRIN SR E S L 54l

BT d(M,eg) = 0 THDI LRI N, HEERD L & LIZIEHAEBRIZLT
Chern Simons B#F % EHT 5 Z LN TE 5 ([13)]).

Lescop (X [12] IZBWTrkH =1 TH 2B M &EFlpy: H — Q(H) IZX3 % Chern-
Simons HHERZEAL TWb. ZOHEITIEA(M, e) lF—fIZ 0 TiERL, 0D
ERPBETHD. FEBE Lescop 1 d(M, eq) 2 M @ Alexander ZIHATHRT A%
HEzTw5a., F7z, JHEHEIZ[16] 12BWT1kH = 1 ®HE O Chern-Simons EE5i D
Morse homotopy (Z & b Fmz 52 T\W5

7 EIEDILRA DL
7.1 EBROTATT

M _EiZ Morse B#% —DHL5. Tor(M, e) IZ/EATRERELD Morse-Smale 4K (CY (M, p)o, 0)
@ Reidemeister torsion & U THRRTELDTH o7z, H5DLFLIRABD L, Tor(M, e)
WXERHERRL 9 L HERTL g DIERP S EE DD TH > 72. Morse-Smale #EIKIZ

% 0 D Euler Mg 12 X 5 B EIZE S % RBUTH DB EZRIX trajectory Z JFFTR D bﬁ

3% Z1E propagator IZROFHBETAY O —LTBHENDH 5.




FOLEANETHY VY NT B LTEAEING. M, INIZRS X512, d(M,e)
2% Morse B Z W2 BRI RERRE2 525 2 LR TE, trajectory & g L EAfR
THEHREHNTRI NG, TS Tor(M,e) & d(M,e) DFRm % i $ 2 D AVGE
DREDPZTNTDH 5.

7.2 Morse homotopy Z= W7z d(M,e) DFRR

d(M, e) & Morse B & FAWTHRR T 5 7201213 propagator & Morse BIUZ kK > TFH
ARITNERW. £Z THWA DI Morse homotopy & & IEN B FETHS. ZZ THW
% Morse FE b E—IZDWTEEL < 1E [5],[15] 22D Z &. KR [5] D Introduction
WA T O DT A T T HmMIcE e dTH 5. f: M — R % Morse B & T
5. {®] M — MYyer % f DHEFAZ SV gradf HVERK S 280 FHE4ED 1%
TA=RT773IV =T 5. MxM®D4WRTEBI LK

£°(f) = {(2,®{ (x)) | = € M.t > 0}

LD, ZHEWHDIEAZgradf D70 —T " HLUT"B5N5 4IRTEHETH
5. t=0DEEIZ{(z,®)(z)) |z e M} =ATH515, ERIX(MNIZAZZD
—HIZED. EBRITIE Morse F R RUTHISRT B J|OFFR P T Y RBEET 508, %
Nz GESHIK - FLESHEREHWTHETIZHIELTPS I ETIN(f) =A LR
BA4F AV N(f) BEDZENTES. I 2T IZMN 2 W A R DA% E
WTHKL

2(f) = {(2. @] (@) | v € M.t 20} + ) gpolAp X D).

p.q

p.q V& Morse BIE & BT R DIEHRP 5L X S Q(H), ® Q(H); DT T, Tor(M,e) D
EEBE)DEIATHWEg: C, — Copy LHELSBRLTWS. propagator DEL
REMIFHBERI PVGTEZONT W, Fo A v S(f) DEFITARNRS MV
Ay =L INTWED, AR MVBIEE—BRIZER 2D, 22T, FU
ST 5 DB EFF DR PV —gradf Z HHWTHEROFG 2 HK I 5!

S(£f) = 5(5() + 3(-1).

V(£ f) IEHEBRIZ propagator 12725 Z E D HENRD 5N 5.
S Td(M,e) = [(B(£f) = NOZ(ES) NA] THo7z. (A, xD)NAEpLyq
% i S AR (trajectory) DHIERETH D Z LITHEET D &,

dMye)= ) ®vog,€HeQH)
vtrajectory
AHUIIPIAIRE [15]) 22O Z L. EBIZT V2 MERRAIRBROERVPLETH 5.
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THEZePohrb. ZITHIEAEZMD1IFzA AR LEZEDTHY, v, €
Q(H);@Q(H ) &y M- 72 JBATRDRLNTDH 5. .00, & Aut(Q(H),) = Q(H)™
DIETH5. BLED (M, e) D Morse B ZE WK R TH 5.

SER 7.1. (1) Morse BI#U% i\ 7z Reidemeister torsion 12X 57 70 —F & LT
Hutchings & Lee 12 & 5 {15 ([7],[8],[9]) #3% 4. Hutchings & Lee i% S* ffi Morse
B D trajectory ICEH U, HfuE & 2 50 MR ERZRESE S U kG
N trajectory DIEH THIE T 5 Z & T Reidemeister-Turaev torsion 23HY » Hit
52 %mUTz. 72720, R C St &A7 LT Hutchings-Lee DAEHR%Z R AED
Morse BIBUZ#EA T 5 L HIHA AR 2> T U E S, UL UAFOEH & (XS
ROER TN, WHEZ2ECERRIEVRREINS.

(2) RER d(M,e) IFMERD (WH# 2 XRS5 30 FFIRRBUIIH L TEREI N D.
UL UEDEED d(M,e) & Reidemeister torsion & DEERIZEH S 22785 TW
2\, —HT, (1) THST U7z Hutchings-Lee DOFE RO IE AR BIAN D HLAR I35
H, Pajitonov [6], ALl [10] ST K> THRSNTWS.
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VT FigAHD IV F—AZEE
R e (CRORY - HAEAHRB SRR A PD)*

1. IELC®HIC

1950 “EfRIZ Milnor [10, 11] iF g REE L IFFIXN 5 3RGCERHIN DR A H DAL & % &
# U7z R SN GRn oA LICHU, £E5{1,..., n}OILE2IHIIE DK
FITIZHIG LTI F =R EENSEB (D BEL D, INT —Blug(l) Dd B FH
REU,(NELDILIZED, LOLEEVFOND. ZORREPIALETHS.
BH T OIEIZEE PR NGE, 0,1 IE) Y7 RENE—AREETHL IR HNT
W5 [11). 22T, YYIREME—LIBIASRAELIZE > TEREI NS FEHERELRD
Z & TH5[10]. 1990 F1Z, Habegger-Lin [5] i&#&AHD IV —#% 3IRGTEHRAKA D
A2 M) VT AHDAERBITHE L., ZOBBUEREEZ A MY YV THEAHD 1 A
2LV,

1990 FER DN, AHDO—MLIZH -2 LT, 7Ty RIEHENEHRS
N7z[4. vz T v NEAE LFRIZ, D27y RARNY YV TEHFELEHEINS.
2010 412 Dye-Kauffman [3] (385 OIHIZEE X R WEEITEAH DO p A% &EE Y )V
Ty R#EAEANEIR U 7208, 2013 412 Kotorii [6] 1& Z DHLIRAE L < 28\ Z & % 5%
L7z. (I B3|ENnz\v.) £ U T, Turaev [14] ®F 7 7 — NG Z2 W72 &6
R FIET, gAZEED Y VT FIEAEANDILEEZ 5 A E L. £z VT Y R
A MYV TREAEIZH LT, 2011412 Kravchenko-Polyak [7] 1%, AW AKX % W7z
MAEMNARFIET, BHIOHIZEEP R WEAIZAN) VA p A EREZ L
ik U7z, Kotorii ® Kravchenko-Polyak IZ & 6 I )V F —AREEDHLRIZES OIHIZ EE
DR WgGE, Thbb, VY IRENE—AZEDOHEIZRSNT NS,

2017 412 Audoux-Bellingeri-Meilhan-Wagner [1] i 4 X ICERAKAD ) AR > 2k56 A b
DU TRABIZ uy A EBEEHZ U, T 5IFa—TEHEHAGDET, [LEOES
T BA RN VIREAHD uAEEE T VT Yy RA N Y EAAANERELZ. Z
T, Fa—TEBEBLIIVINTY RAN) UV IEAHZ D RV 2UGEA MY v ZHEAH
RS ELEHRDIETH S (cf. [13, 15]) . Audoux-Bellingeri-Meilhan-Wagner [1]
CHEBLD N R T YAV TFIET, 2020 402 Chrisman [2] IZAEREOEINZT B HEAH
DUAEEE DT VT FIEAEANIEIRT 2 Z L 12Uz, [, 2] TU o7y R (X
M) VT) #ABIZHL INF —ABEPTERBIPTERINGD, TOFRIFFR
OYVHANBREDTHS. VzbTy R (ANY VD) EAaEIE, REKRIC XD ER
SNLMEERNBENRTH L7720, TNODINF —AEEDEHRR T DAEMED
AEHEMAERN R TECTEZ D Z L IFEERRETHL L ERS.

Milnor & [11] THAZ Wi AH DO g AL R 251H5H 5 k% 5 X 72. Milnor ®
ARG IRIFAERE AH KRN U TH@EHTE S, LD Chrisman [2] DFER KD,
Milnor DFHHEGIEN S/EONBMEIXT 2V Ty NIEAHOAERTH b, Bzl
DAEDAZEN: & A A H MR D A ZHWTAIT 5 Z LB ARETH S, D K5 il
GEMNARAEH 2 EBICEZ 5 Z BN TELZDOT, ARGHETIXT OFEH OB 2 fE
AR S GRERS : JP19J00006) OBIKEZIF 6D TH S,

* T 560-0043 KB Pt AR LI 1-1 KBRS R B B 4 R 0k

e-mail: ko-wada@cr.math.sci.osaka-u.ac.jp
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5. £, VT Y FigAHD g AL REIIBHOIHIZEE L WGEIZH AL
[FEOAZERTH S Z &, T DFEAHIF LD Audoux-Bellingeri-Meilhan-Wagner [1]
DFFROAGEEH Z E0 Z L BN T 5. KaHONRIE, HERFRK (HBHAKRE),
ZIRB R (RREKY) & OHEMZE [12] 128D <.

2. 7Ty KIEHFBEDIINF—FEE
AHiTIE, Milnor [11] DM ZHWAEAH DO u AL EDFE k2RI U, V=
VT FiEAHD I ALEDERZBNT 5.

FTUIATY NIEAHZEHET . FHIZIEORAENZn@HOMNETHY, £E
ROEW LR 2EBEROATHSEDZE n HNAPRBEBIKEABRKXE WS, TO2EAIE, K
LHORINZERELFENZ DD L, REREZELIFIENDGEODO _FHENDH 5.

A X

s A8 28 7
4 1: AR A H XD ZRH D 28 %

TODRMEIEAHKAPRETH L L1, TNODRVIILTY RIATIARY —
BE LTINS X 2RI N2/ \FEEDOFBMAK R1-R3, V1-V4, OCOAERSIZEL -
THWIBLAES LE2 VWS, n M EEAHKADOFRMEEZ n a7 LTy K&
HFEE WS, BRBLUTTHE, KEKRAHKAB LG VT NEAEHDOEZKS L, M
SLIEERRESNT WD LIRET 5.

e Fe )R REX
S )R OREX

2: V)T Y RIA4TIA AR —KH)

D % n AR A MR L §5. &ie {1,...,n T L, DOFES EIZ1Rp,
Z2EVEET 5. %)ﬁpi iR OERE VL, nq’@%/ﬁ@%ﬂp:(ph”wpn)%
DOERYRATFLLNR. £z, RV AT LpaMEo/KA D% (D,p) TEY. D
DEFZAEL nlDHES py, ..., p, T & D DIIEREOHERER S HE SN, D
EHERA % (D, p) DT — 9 LIEER. (D, p) DT — 2 215K L2 P M50 6 &
NTHEW.)

HEip DoHiEAOMEIZN->T—AL, @ELEEIZ (D,p) DET =727 R
)bail,az‘Q,...,aimi+1 25 (M3sk) . 22T, mmLHi(D,p)@%zﬁJZéj\O)T——
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7@%@;&'@%5 7z U5 € {akl} % Qjj et Qjj+1 EXRTHET—0 L L, €ij € {1, —1}
f&aij,aijﬂ,uij blgtéiﬁo)f@%}:j—%

a1 ;2 ;3 Q35 | Aij41 Qim; | Aimi+1
e o o % % « o o %
Di
Us1 U;2 Uyqj Uim;

3: (D, p) D i Bis DRI

A= ag,... o) ZHEB 0 OHHBEE L, A% (D,p) DT — 7 2KDOESE {a;; |
1<i<n, 1<j<m+1} CHEERINDZHBME TS, £, FHujuy - u € A
(1<j<m) %o, TET. BRI, (D, p) ITATbE L 72 ¥ERMEL Dy, = n,(D,p) :
A— ARIRTEET 5.

771(%’) = Qy,
1

Ngt1(ain) = i, Ngra(aiz) = ng(vyZ)aimg(vij—1) (2 <7 <m;+1).

ZU(X1, .., X)) ZEBURBD Xy, ..., X, BIEAHILER L T 2RI M &
T5. YT TRARBALIFIRTCERINSIERBERE : A — Z{(X,,..., X)) DT &
ZANEY

E(a))=1+X;,, ElajY=1-X;+X?-X}+--- (1<i<n).

IR 2.1 ([8]) A, 2 ADEFLIIDHE g HHDOEAHEL $T5. HED 2 € A ITXHL,
E(z) =1+ (qiR A EDIH) A3 b 32 D.

Kie{l,...,n} XL, (D,p) DFEi KT DOHAREZDFEMHZ w; £ U, &Ea," vim, €
A% TRYT. ZOFEL%Z (D,p) DEIBEZEOY Y Fa1— NLIER.

EFE 2.2 BE5{1,... ntOREHETEIHIj...j0 (1<s<q) T2 (D,p) DI
WH—8&ix, n,l) O 7 FAER Em,) 1TBiT25 X, - X;, DRBEDZ L TH
0, 1D G- jsi) TS

R 2.3 1<s < gl U, 1% (.. ed) = w5 G i) DR D 320

E%z&;mqﬁ+ﬁﬁgwmﬁﬁﬁyﬁmﬁna(@%%%bfmmﬂﬁmﬁn
ERUTELEZARV., ¢IMEEIZKREL NSO, S qIE D REVARETH
5EIRETS.

ZODHLT EHEAREABK AV ESRGERAETH D LI, ThoVELTEEFR
WU ZVTY RIATYA AR —BE LK ADRMEROERINTHNIBIED &
xRV,

AR 2.4 M50 FHEHORMEIIZEE A & FHEICE W THHEDE X a0,
XD & D INTH R ERAREAEKRD IV F —BUIE RN EFEOARERTH 5.
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R

4: FERIDMIARZ % 2 8 9 % R A

5: A EEMEIZBEWTHHATE R WO /[T K

EIE 2.5 ([12, Theorem 3.1]) —DDHELN SR AHKN (D, p) & (D, p') 135
AN ERETH 27551, EEOEFI TN U pppy (1) = pprpn (1) DI D 0.
(D,p) & (D', p) DE i FEHD VI Fa—Ra&x LI TR, EH25%2RT 7
DIZIE, (D,p) & (D, p) P 1IEDEREEERNT VT Y RIA4TYA AR —KH)
/- il4o>)%)ﬂﬁ7*ﬂbf%b SLEEFA, n,(D,p)l) &n, (D', p')(l) D% %5
THIEE V., ZOEIZDWTIRD G015,
8 2.6 (D,p) & (D, p') ZE N SREAEMAE U, [ &1 %22 DH FiEHED
YYFa—RNed5. (D,p)& (D,p)BELAMEEMETH L7551, n,(D,p)l;) =
n(D',p') (1)) (mod A,) A3EK D LD,

ME2.6 IO TEM2.5%23FHHT 5.
EIE 2.5 DA FE2.1&mE262MASDLES L,
E(ng(D,p)(ls)) — E(ng(D',p')(1})) = (¢IREA L DIH)

2185, o TERLD, EEOBF ji...jsi (s < @) U, pop)(i-..js) =
o p) (G - - - Jst) DI D 3L, O

T & (AR A E R (D, p) D IV F =5 oy (s ... i) RIELS 2T L p D
MOHIMAEL, —TD 2 LTy KA HDAERTRAN, 22T,

Appy(iy...1 )’a?

Ji---ds 2<s<r)idip...i. o —D2P EDIH
ZHLOFREFRD 2 KE[EHR XS THE S N5 85

ged {,U(D,p) (Ji---Js)

TEETD. 72720, Applitis) =08 EDHD. ZDEERMAHKY L.

EIE 2.7 ([12, Theorem 5.2]) — DDA HKA D & D' PFRMETH 572513,
DY D &% IS Y A5 A p & p/ 128 LKA D 3.

(1) FEREDOBIIIIZH U, ppp) = o p)) (mod Appp)(I) TH5.
(ii) FEEOBINITIZHN U, App(I)=Appn(I) THS.

T 2712 X b IRDEF L well-defined TH 5.
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F 28 LEnRvzVTy FigAHE TS, BE{1,... ,n} DuzEHETIHH 1
TS LOGARERB LI, FIARE upp (1) (mod Ap () DI ETHY, 1, (I)T
#9. 22T, DILOHATHY, pld DOERVATLTHS.

FR 2.9 ££28D 7 )VT v FigAH LD AZ R, Chrisman [2 [ | WEHL LA
ZELFAMADLDTHS. &<IT, L3R uEKANDIEAH DEE I Milnor [11] D
FVIFNDOuAZERE —ET 5.

3. T 2.7 DA DL
AEITIXEH 2.7 DFEA DS %2 ik R 5. if n A REREAEHRA D 2EEL, D
DHERMY AT LEWOBEZBEDn, () DEAEEZRT LI N 0HD 5.

DOETREIZIDDEEIN DODKEFER T Z DDT—7 205, (DDT —7IZ
T ERECREREPGEENTE RV, £/2, DOT—2%(D,p) DT —7 DEFHIX
WD LIERINZV.) Kic{l,... n i/ L, FiRkHDT —2 % —DEVH
L, TDT—=2127)Vvay 2135, aq & TRV ST =SB ITH-
THIRDZ AL, B@EUZIEIZED DT — 27127 v agy, ... am, 2F5. ZZ
T, mlEDDEIHRDIDT — 7 DB THD. DI, DOT—IDITN)Vay,...,am,
EEIELTHEZS.

%, DI UERY AT Lp=(p1,...,p0) 25Z 5. FKie{l,... n}iTWL, EX
P BULT — 7 DRFOHE2FEH OB % p(i) TRT. HIZIX, mﬁaw ZHB5
X, pli)=jTH5bB. ZIZT, DDT—TDITRVPS (D,p) DT —T7DITR)VEE
DB, (D,p)iZBNWT, p2BLDDT =7 ajpp) Ep 12D DI nHENLDT,
%ﬂbkil6®i9kwtam”t7ﬂw%ﬁf5 ZDMD (D, p) DT — 711,
DOXMIGET BT —2DITRVEMNTS.

Qip(i)—1 by Qip (i)

(2

Aip (i) Aip(i)+1 Qip(i)—1 Aip(i)+1

Di
D (D,p)
X 6: DOT—=2DFR)VE (D,p)DT —2 DT X)L DX

PEQBEDFT, MHITER L (D, p) (B L ¥R, (D, p) 12X D &
SICFBEND. MEDD (D, p) & P TRT. 1P OEEIAL {a;;} U (0P} THER
éﬂ%ﬁﬂaamfm 1A = (..., ap) ~OISIZIRTE 2 5N 5.

ny (ai;) = o, 0P (0)) = au,
Mgt (@ip() = iy 07 (ay) = ng((v5_1)” l)aiﬂg(vfj_l) (7 #p(i)),
77;)+1 (bf) = 775((“3,(1-)_1)7 )@inq ( ip(i)—l)'
i ij . .
ulPFE;)) uzp‘z()):ll ' 'ujjj (p(i) < j <my),

Cip(i), Cip()+1 Cim; ) €41 Eij

uzp( ) U’zp( )+1 ’ uimi S uij (1 S j S p<Z) - 1)
ThHY, vfy=0p, LEDD. T5IT, (D,p) DHEFEED I Fa—FIPIE

p_ —w,P
7= Gip(i)Vip(o) 1
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THZLoN 5.

DODEFRALEEZTHZI D DE SN D DEFEER D Z DDEIT—U L0,
(DDYIT—=Z7IFMERZENEENTEIW.) DORLEVATLEHRDELEZ P
L, BEpDEIRADORASIZHR > TEINRENOHELILIT 7 LITHBHELTA
T (pry. ., pn) BRDEGEZ Py CP LTS, £z, PoOILTH DK p; D a;y LITH
LIV AT L (pr,. .., pn) Z P CTRT. URNTI, fHHEDZD (D, p.) ITAFBEL 724
ARG P L B D VD F 2 — NI K, L, TR

HERV AT LpePIZHLFEN c A%

W:{%@”wﬁﬁi@@#m
o (p(i) = 1)
TIED, WRBMEG P A — A%

g (ai) = ng (AD)omg (W) ™) (4> 2).

TEHTS. MP 2 ATBIT S {¢P([ain,()]) |1 <i<n}OEHBELEL, M, =
[lpep, MPEBEL. ZDEE, DOEERY AT L% p. 76 p Il BX 72D (L) &
nP(IP) DEMPRD &S IFd TN,

EH 3.1 ([12, Theorem 4.8]) p € P2 EREDIHL I AT L E L, py € Py & po(k) =
pk) (1 <k <n)ZAETHEVATALT S, &ic{l,...,n}ITHL, P(P) =
PP (g ((AP)~LAP)) (mod A, M,) 3L D SLD.

TEHL 3.1 DFFIZEEd 5.
22T, wpl) = pop(D): Ap(l) = Appy(D) EBL. 2, u(I) = pippn (D),
A(l)=App)I) BL. ZLT, Z{(Xy,.... X)) OmflA F7IVD; %

{Zyol...js)Xﬁ---xjs g =) et S0 “i”ﬁ}

TEDS. EHLD, D, Dt

S (AGL - jd) DRE)X,, - X, + (qIRBA LD

s<q

EWSBTEREING. Lo Tyy(ly) &P (1) DE URIARI (g1 - . . jsi) (mod A(jy ... jsi))
2HEABIEEVIITIE, EMP(P) — E(ng(l)) € D; ZiEH T HUE & W, £ 2 TIRD
iz HET 5.

%8 3.2 ([12, Lemma 5.7]) ffiz,y € ALIHLTV AT Lp e PITXHL, EDI €
{1,...,n} TIRAEL D AL D.

(i) E(z 'n,(l)x) — E(n, L)) e D;TH 5.
(i) E(oR(ny(li))) — E(ny(li)) € D; TH S.
(iii) ® Lz =y (mod A,M,) TH 575X, E(x)—E(y) e D; TH5.
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filiid 3.2 258, EH31 LMALGDLED I L TREHT 5.
& 3.3 ([12, Proposition 5.8]) [EEDHL T AT Lp e PIZHL, IRV D LD,
(i) EEDBEHITIZHL, pup(I) = p(I) (mod A(I)) TH 5.
(i) EROBIITIZNL, Ay(I)=AI)TH5.
EEER (i) poe Pozdck e {1,...,n}iTUpo(k) =plk) 2ATHRLIATLET
5. BH 316,
My (7)) = 05" (ng(\P*)iAT)) - (mod A M)

135, x=¢P(n,(\") € ALBL Y, Hil 32X DAY 1D,

EmP(IP)) — E(ny(l)) = E(z'¢

= E(@ ) (E(5° (ny(1)) — E(ny(L))) E(=)
= 0 (mod D).

Lo TIERDES ji ... j i U, pp(hr - jsi) — u(r - .- jsi) = 0 (mod A(jy ... jai))
Thb.

(ii) BN ORI KT 2IMETRT. k=208 &, EHRLDA,(I)=AU)=0
ThHd. k>2RETDH. J(I) 2 IS5 EZ—DHENY BREKRD 2 K0 EH S &
THRONIBHNEEDEL LTS, £/, Tu(l) &2 IH S~ EOEE Y S5
D 2 KEEHIETHONIBINREOEE LTS, BIWNEDIKEL D, EROHS
JeNRNIZHUALT) =AJ)THB. ZDLEWMBELD L.

Ap(I) = ged{pp(J) | J € T>1(1)}
JeJgi(I)

= ged | |J (mpDyu{m(J) | € J>1(J)}))

JeJi(I)

= ged | | ({up(J)}U{Ap(J)}))

= ged | | ({up(J)}U{A(J)}))'

JeJi(I)
ZUT, ()& pp(J) = u(J) (mod A(J)) TH Bz, Ay(I) = A) B Do, O
T 2.7 DI (D,p) & (D.p) EEAEEERVT LTy RIA FoA AR —F

7, M4DRMENR, BLXOM5 O _FfEORFZEEOARITHWMIBIE S 1280,
EF2TIXEH 25 L ME3 3N ORED. O
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4. BEREL
BERBI L, M7TICRSNE ORISR E SRR B RHEN CH 5. &
A E ARG A H RO 30V I —He e B AL L DBIRIZ DO WTIRD 0 5.

| X I >z< |
X 7. H AL

EIE 4.1 ([12, Theorem 6.7]) —DDE: A SRR ABHMA (D, p) & (D', p') 13—
FlOH AL TE D &5 5 olE, HIZEHEDOZWERDOEI T/ L pupp) () =
/UL(D/’p/)(]) 753}3& b ﬁO

“OoOD7 Ty KEAENPBOREBERETH S 2L, TSSO T LTy
R4 T~ AR —BEL 3 ARBUILOERIITHWMIB I ES &2 \\WS, EH 25,
27, BLXU412HMAEDLEL L TIRNESND.

EIE 4.2 ([12, Theorem 6.1]) =20V =)L F v Fi&AH L & L' »H SARELFE
TH5H561F, HIZEEDORMERDOEI TN Ua, (1) =1, (1) A D LD,

FR 4.3 HARERBIIT VT Y RIA4 T30 AX—FBE) & 5 ARE(LOFRYIT
FEHEIND (K8 . T4bb, Z20U )Ty NEAHNY VI KREIEY 2
TH5%61E, Tho T LEETH S, Lz > T, EH4A2FHEAHD I A
ZEDY) VI RE ME—AEWEIZET S#ER [11, Theorem 8] D—fkfb & 7> T 3.

Xg\ @iﬁfft &X
)

e 4

8: HORAZMD A RELIZ & 2 EH

5. 7Ty RAN) VY IRAFPBDINST—FERE

ALK [01AIZ0 <2 < <a, < 1ZAZST nflD R 2y, ... 0, ZZBOFEET 5.
7200, 1] DnfE0a—[0,1],...,[0,1], ZFZ 5. RDEME (i) & (i) ZA7=TED
AA L, 0,1]; — [0,1] x [0,1] D ZE n ARBR M) v IRBABRRX L WS,

() &ie{l,....,n}IcHL, 9f(0,1);) = {z:} x {0,1} TH 3.
(i) fOLEAMIERELIBREZDHW L 2ERDOATHS.
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DIIVTY RIA4TYA AR —BENC L > TEKRS NS FEHERERO T TO n o RAE
AN TREAHRRNDOFEEREZ n D7 TILTy RAKN) Y ITBAB LN,
S%&En AR MY VY IRAEHBANE TS, [0,1] x [0,1] ZFEANIZAN, ZO5
oD LS, &ie{l,... . n T U/ (2,0) & (25,1) &2 D7 < LKA A H
AR ONSG. T HIT (1;,0) ZEplp ERRT I 2T, HA S AR A H KA
—REzEohsd. IhE (Dg,ps) THT.

4 N\
)
T Tn
S e S
X1 L, P1 an
J
(Ds, ps)

0: A2 1Y ¥ AE IR S 5 518 5 B H AN S KA H KR (Ds, ps)

FEH5{1,.. . .n}OIXEHETEIHINIIZHTDSDINT—8%E uipgpy(I) TESR
U, us(I) 23K3. ZDODFEMA MY v IREAHKAS & S'DEETH D351, BHS
MZ (Dg, ps) & (Dgr, pgr) BIEMMNERMETH B, o TEH25 XD, 7=EHITRA
fFond.

% 5.1 ([12, Corollary 7.1]) Z2OEMA M) Y Z7HEAHKAS & S DEMETH %
2ol EREOBINITIZHNU ps(I) = ps (1) AL L.

Z DRIFIRDEZED well-defined ME % (REET 5.

EES520E2nEBAVIVTY RAN) VIEAHE TS, £E5{1,...,n} DLEIH
CEBEIICHAT B0 D uREEBLIE, INF—Bus(I) DI ETHY, pu,(I) TH
9. ZZT, SiFooHATHS.

FE 5.3 5207 VT Y RAMN) VIHEAHD u AL R L, Audoux-Bellingeri-
Meilhan-Wagner [1, Definition 5.3 2’F 2 — 7 EH 2 HWTEH L 72 p REE I FHE
REDTH 5.

T OITEHAI P ORPRONS.

% 5.4 ([12, Corollary 7.2]) =207 )Ty RA M) VZiEAH o & o HHCK
HULFEMETH 570 61X, HICEED IR MERDBIN T U (1) = o (1) DL Y LD,

AR 5.5 R5ADFEDERBEVILD I EHARSNTWS (L, 9].

BRIRIZ, FERN E AR AHMADE RN & B BLREI L 208252 5. 2
T, ZODE[AMEHEBAHMAVPERNEESRBIERETHDS L1IX, T05
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MEEEEEFRVTINTY RIA4TIA AX—BE, M4DREMEK, BLUOHIK
HULOERITHWMIBOES L &2 WD, ©H25, TH41, BLUOEELL 2 HA
HbEB I ETIRMREONS.

EIE 5.6 —DDHRMN S AEREAHKK (D, p) & (D', p') H¥EERUT & B AR LRIET
21 DDBEANIEMT, HIZEEDORNMERDOES 1T U pipp) (1) = po (1)
MRV DZ L THD.
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YEOEIZIR » iGN iz DWW T
B~ (HARKSESIRER)

1. EA
AREDHIL, 3IRITERARADFE O HIZIN - 72 & T4 (cosmetic surgery) 2B
5INETOMFEEZMBIL, ZDOHTRIZEZ DD - 72 [IS18, 1J18, IW19, IIS, ITMS]
EHDMNIESRZITS ZTHD, NSO, EHL, FEHHE (FEKE),
KK GEEKY), Thomas Mattman & (VY 7 ANV =T ML KRFEF AK), ik
R (LBEEKRY), Zongtao Wulk (FHthXKZ) & OHFEMFEIZHED L,
DR, ®TOEEAKIFIASHIAETHI L, —DDEENGEZONTWS LT
5, KFETIE, MEDToONEEHEMIZHLT, FDO[MENEGEZS5NELHEEKE
—MTHET, £/, 22DMEIDITonNLHEM, M IZXHLUT, MEz2EDRMEE
Bh: M- MPFEETEIZEE MM RS, foT, [ME%¥ilET 3 EMEES
WM — MDPEETDIZEE M2 -M ERIND,

2. Bx

REITIE, #OHIZH - BRI PR OB & 22 5 72 TR EMZEM P B &
T2 D—BALIZ DWTHEE L 7282, FEOHITR - BN FROERZ 52, £ O
HOHLIRBETH L TEHN T TR 2809 5,

BUGLERRA M NOFECH &1, S92 6 M AOMDAABHROGLEEHRI NS,
ZUTCEE, MADO2OOKUOE K, K'WFAETHZ Lk, 5 M EOHCHMEE
BhDFHELT W(K) = K' 272322 Th 5, H>T, 1 DODZRRIKND 2 DD
CHMHEETH B & &, TOMEMITAEHEIZRS,

1908 4£1Z [Ti1908, pp.82] IZHWT, Tietze 1 Z DK D LD H &\ S [\ % Fikd
U7z TUHBRBICELS KR L o7 ECHMEMTH] THh 5,

HUOBRZEFAE  3IRCEREN S ND 2 >0V H BRI MHER 2 5 2% 61F, %
NS IXFEETH A S 2,
B X ZR0EHED 1989412, Z D AL Gordon & Luecke (2 & > THERIZEFIA X
Ni- [GL8Y], 7272 UEBIZAH S Nz DK DOEHETH 5,
EIE 1 ([GL89]). FEEMHARMEH TR > I EAHR T — >V FHiE 3 24 LR,
IZT, SSHOBUCBE KICHAT=T—VFMielx, ROBETHS, ¥3 K O
BIREEEI D RS, T2 THRONERNE 3SR E, ZOOHEDRZE
M E(K) I8, ZOMBZEME(K)IZY Yy R h=F AV = D? x S' 2 HHRT,

2010 Mathematics Subject Classification: 57M27, 57M25
F—U— R 7 — VA, R
* T 156-8550 BURLAN A X bk Bk 3-25-40  H AR AR
e-mail: ichihara.kazuhiro@nihon-u.ac. jp
web: http://www.math.chs.nihon-u.ac.jp/"ichihara/index-j.html
Lcosmetic DARFEL U TEHF IZBAIMEREL TS B A hEE L, SbRENITBEZL,)
2Tietze 1 31yt —2 1V v REMR3 ATHS TWED, ZITRZOEDOMEICADET SBHNL
L7,
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EEZIX, VOBV & E(K)DBERIE(K) X h—5 ATHORMZEDT, DM
MIGHIZE > TOV L OE(K) Z2[F—8HT 5,

H UM HMEM TROE & 255 OCEPMFHE L2 T 5 8, ZOEOHEIZH
723EEAZ T — R4 (HEZ22E) TS BEL S, LA L, Gordon-Luecke @E@
X0, ZOEH5RZILIFRISHBVDT, EOHMERFEPELWVI &R,

— 5T, IFIFRRHHIZ, SPHNTIERL 2 x ST ST ED =7 ZARHNDFECHIZ
WTH, AU EMRHDIDI A Gabai 12X > T (R 1 DEREZHAWT) &
INTWD [Gal7].

IDE5Zehs, HMOHMZEMTFHEO L LT, ROZEeRFHRINT-,

F38 1 ([Go90, Conjecture 6.2], [Ki97, Problem 1.81(D)]) M & D o7z 31kt%
BRIKMHAND 20080 Ky & Ky 1I220WTC, L, M-K 2 M- K, %51, K,
E K ZAETH A D,

ZOFPHEEL LS, TV RMEHVTRI N PREMRICARS 72012, 1’
DREFE & WS 5,

EH 1. #EU0H K TO22DFAM AR — T 'ry &y lZif o 727 — U A HEERIA (cos-
metic) TH 5 L\E, 135607z 2 DDA SIRTTERIK K (r1) & K(ro) BRI E 5 Z &% W
I, KT, K(r1) = K(ry) D30 LD & EHKERG (purely cosmetic), K(r1) = —K(ro)
DI D LD & EXEEEI (chirally cosmetic) &\,

o, bo—fbxn=#OEMZEMFEIE, ROBEHKFMFE (Cosmetic
Surgery Conjecture) 7> H&ENLN5,

BEMFM T : ([Go90, Conjecture 6.1], [Ki97, Problem 1.81(A))]) BH 3¥XILZERA
NOKEOH K TO2DDOFMAT =T r & ry iZih 2727 — VFMHE, v & ry AFEMET
WL S IXHUEEI TR WTH A D, (DX D K(r) Z K(r)) THA5,)

ZIT, MOHMEEME(K) OBER EO20oD A0 —TWEETH D LIk, TNT
NERFKT 2 BMEAMKRD E(K) OHCFMEESRTEDHS> T x2S,

ZOFRIFBUETHRBILTH 20, W D2hDT7 Fa—FIi kb, HE, KEL
MDA TN D, BT, Thoic D 0WTHEHZ LTS,

3. IbNTWBIHER

ZOHITHE, EOEBEMTEOMIE, B &7 2015 FEHE COBMKTMICET 3
e % B3 3,

S3NDFEOEIZ I - 7= BRI AT D IE H A2 BA D F1IE, 1990 4E1Z Mathieu 12 & -
THA SNz,

3F—VRMIBWT, VNTHIKEES OV FOBMEMR 2 1220, ThelivAband
OE(K) EOHHMPEAMIKR v 25 2 5, W0 ADLEHEEATH, p b &b HlPATh#RA v &
1YV by 7 ThnX, BoNDH3MTEHRAROREIIZED 57\, 22T, yDIE(K) ETD
1Y ME—H¥%E, TOT—VFMO FMAT—T LIER, —fIZ 200 b —F A T? Lo B RR
DAY ME—FEAT—TLIEIN, TnoE H (T, Z2) DERRZEFEE L2 E, QU{1/0} T/
FA—Z—IFINZ, SPHOKPETOT—VFHHZDOWTIE, 8%, Hi(0E(K)) DERRE L
T, KOAVT 1 7Y (KDEWREFBENTT « A2 %135 BMEATER) cRESIhEe, KOorY
UFa— R (K OINFZERIA Tl & 44 arag e dhim 2 13 5 BBl oI sz eh, 1/0
c:im‘m“z)ms‘x VF4 7Y, 0/1HET20P0 Yy Y Fa—RThHbLICT 5, FiZr=1/0

Motz T— /?ﬁ]’&éﬁﬂﬁ—r YFMiE WS, DB, AT, FhAD—-TE2EEHBTERST L

b FMAB—Tr 2oz K TOT—VFMiTRONDIZREEZ K(r) TRT Z LI2T 5,
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EHE 2 ([Math92]). S WO =DEFECH Ths Z2WTH, LEDE > 01X LT,
P

S(180) & 7, (18520 A5pg 0 370,

B, ZOAn—7 B e B FEETIIE Y. 2O Eh o, KT AR
IZBEWT, MEEZEDEVWIREDNE LN LD N 5,

I SIIZ EOHIOHEERE LT, Rong (2L 0, L > XZE[R] S LA DB 3IRTTLARIRN D&
CHT, MMEZEBDBT A 7 2V SRS TH D EHDIZDOWT, BHiTHMiZE 250
DHENG-Z 5172 [Ro93], TDHRELT, HIZIXIRDZ &b d ([IIS, Appendix
AD. SBND (r,s) 8D b —F ZKECH T,  WEMIFMR 2 £ DDIE, s=22Dr >3
(FH) DL ZIZRD, ZorE, TOBMHFMIRTNENTHY, EEDOEDE
Bom 122\ T, B LD,

2r2(2m + 1)
r,s(m) )

Z D, T 51Ty REMNOIERHRARE T IZX L Tk, Matignion (2 & b iE#ifF
MDTERIRDIEN G Z 5N TS [Matil0], T o DFERIZEWT, EBITIE, #E
FRIFAMIIFAEL <, I TEX SN BHINFM L2 THERNTH - 7=,

PAEF2T, EIZEMPFHRE WS HFEIHEIZEA I NS UIOMERTH S, &
i T DOWT, RANCHMEICERZ BN, TOMRDOEFER LR >72DIE, 1999
FIZHIR I N 725X [BHWIS| TH 5, £ Z Tk, FEHHRKEARIFMm %2 FrAa 3 5 M
EOHOHO TOEMAEHIA1 D52 6NT W5, FNIES? x STHOEMKKZ 1 DDk
CH2 L THZzoh, BRiATMRIIGERNT, BoNzH3RITEHRERIZL > X2EM
L(49,—19) = —L(49, —18) TH > 7=,

—JH, BROoNAECHEIEHNTFNEZ OO0 E S hDOHEIZDOWTIE, WHERE
THRIIZESNZDIE, RO Boyer-Lines DR L Bbih s,

EE 3 ([BLI0]). SPHDOFMEOH KIZHUTAxkt) Z KDT VY v X—2HA LT
%, 272U, Ag(1)=1,RB5EDICTEHLLTEL, 2Dk E, AL(1) #0561,
K 3EHiFM %2 B 72700,

oI, FEABRER Y —KAOF vy Y VAL REFRT 5 FMAREH
WTERINTWS, EB, Zo®»S, 3MLEHRIKDO AL E L ZDOFMARN%ZHW
T, BN FMOIGFEEZRT I LN, FhFHEELR o7, 0B, T0 A1) Dffl,
MOHKDaIY D 24 LHAD 2IROFEH ax(K) & —HT 22 enLHonTED,
FOHD2IRDARMAZREIZE > TWVWD,

21 AT A D, Ozsvath & Szabd 12 & D [OZ04] IZBWTEAINIZL—H—F - 7
L7 - R Y=, BT OMEIZ BRI H I -, Ozsvath & Szabd H
BIZE23D0E 5D TEIOVOERIBLNT WM, E—H—FK-TVL7 - FEH
V—DATKRL, TOMDAELEZMAGDLE D L L DBWVFERIFLNDE Z LR
FIZOhoTE, HIZIE, £9 [Wull] iBWVWT Wu %, SPHOEUH K iZih-
=D HIE, (2,3) MO N —F AV HTHHDT, TOXHBKILET S, b, S8 A

BHZHEDIAE NI b —F A RIZHi»NEREOHZ b —F AFEOCH 2 WS,
5200V VN b=F %D HEDLETHRSNDIHIMTEIRIR, LA, L(p,q) T(p,q) BOL Y

A7 E KT,
Sz K 2GRS 2 a8 b 3IRILERRK,

( 2r2(2m + 1)
rm+1) -1

I
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P2 F =V FHICOWT, ZTOFMAT — FHREIFE 73 S ISHMBMIIC R S mnW T L &,
E—H—=F - 7VL7 - FEOY—LFr vV VREBEEDETHVWS I L TR,

51T, NWISHIZEWT, 3IMILEHRIEOF v vV v-T—- RV ALESEDET,
IRDIEF ITHRNFER DG 5 N7z,

EIE 4 ([NW15, Theorem 1.2]). S* WOFECH K £ 82705 FMiA T — T ry,r (IZH L
T, BUK(r) 2 K(ry) &5, IRMBEDLD, (a)ri=—ry (b)r1=p/qk
FlL7eE, ¢>=-1 (modp), (¢) 7(K)=0 (7% Ozsvdth-Szabd IZ &> TEHEI N
- AER),

ZZT, #O0H K BPRRFECH (RO EFRRRNZENE XA %2 OFECH)
DBEIE, T AERIE, KHSNEHEOBOHER(K) &8T5 2 hHISNT
BY, WEBWERCHETE LA TES (42 HiTHIIT2),

4. FonER

4.1. ¥ 33— X%\

AHITIE, AEEZHWEHK TR OFLEDHEIZDOWT, IW19 TRONZ, i
CHDOY 3 = ZZHAIZET KR 22BN T 5., ZEXEED, FFMIZOVWTIE
[IW19] % 2,

EI 5 (IW19, Theorem 1.1]). S* HDFETH KIZH LT Vg(t) 2 KDY a — v X%
HRAE T2, Z0&E, VA1) A0 £721E V(1) #£0 BEY LD 61E, K IXKERTH
Fhi 2 B 72720,

ZOEHIE, EH 3THWSNZ AL (DI LT V(L) = —3A%(1) D3>z
Ehro, BHIDIODIEL AL ZENTE S, X 51T, 3RTEHBEDERIIAZ
ENPORTE, BOHOERMAZENS KT, T 3DMLELR->TWS,

EH 5 DFEHTHWZ DX, Lescop IZX > TEBEI Nz M-AEEEFEIENS 31K
TLEFIRDAZETH D, THIFEHEFAED Y —BRKEIZN LU TES S vz Kontsevich-
Kuperberg-Thurston A& & 7, D 2IRD/N— MKt b, 20 Z, I3 LETO Y —
REIZH U CERSINZARBEAZEOEEAZLEL > THED, FERHITHORALE
BEThHDL, BEFY YV UAEERZXIROARMAZETHD ZIZHELTWS,

Z D M-AEEZDIHRNZZFMARIX Lescop IZ22WTC, RO LS IZHEZS5NT WA,
SBHADFEVOH K COFMAT— T p/qllin o7 T — Y FMiTR/RONZLRRIK K (p/q)
XU T, IRAED SO,

p

M(K()) = <]%>2 NJ(K) + <]%> ws(K) + c<g> as(K) + Ao (L(p, 9))

ZITN(K) & (D)3 K ROFMAT—T p/q TREBERERT, AAMNLRDI,
Lescop IZ& 2T ws(K) L RINAEPHOAZERTH D, TDw3lZ2WT, Lescop
RGO EH DR AELZHIZE ST 5 AT A YRR E S5 ATWE, TOAT A VEBA LR

BILNTOERMAZEDOEABRAZIE TSI LIZL-T

1 1
w3(K) = ;5‘6?(1)‘+’§Z‘5¥(1)

WO DZ LR T ZENTE, TN o OGS (REIZEE 46615 ),
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BB ws IIHEOCHOAZEEL U TIRESOARMAZRETH S DT, FEOHDOERM
SEEZHWTEM 5 2EEMZBHZ 6 TE S ([IW19, Theorem 3.5]),

EM 51X 3T D ERMAZEIZEDLSEDTHY, EH ALY —H—K -
TL7 - REOY—IZEBRER L IIMNICR D, EEE, BARRREECH 94y (K<HS
NAEOCHREZS) LT, T—VFMTHIN LMK K1) & K(—1) 2H
Blige —H— K- L7 - REQY—2FOZ M oNTWED, EH512k-T
INoDEHEREXRTEIENTE S,

PAED#ERIE, Kontsevich-Kuperberg-Thurston A& & 7, % 312 U 7z Lescop Dk
RiZEoTWaED, 5 —2ORRUEAZEDOEEALETH S LMOALEZ TN
HEARDS, B, FEEIZ X ->THELSNTWS ([1It20)).

4.2. 218U
ARETIE [IIMS] THRON 2BHCEICET AT ORREBN T 5, £2—HTI,
ZNLARNIZBIFE N7z [I1S18) DFEEZHWT WA DT, TOffab a5, S% ik
LED, FEMIZDOWTIX [LIMS] 2201,
EIH 6 ([IJMS, Theorem 1.1]). S3 ND 24F#E O H ITAEEAR FAM 2 £ 727200,
S HILEDFIEEAWT, KR 7 74 NN—FECH, ZRATL v Y 2 )VEECH
DB TN Z & 72w Z BRI NS ([IJMS, Theorem 1.2]),
ZIT2BEUHEIE, SPHOMUHET, MM - M/NRZZNZTN2 DAL D&
IBREAXZEHEDEDTHSE, TOLIBRKATEIYARILKERLZEDEa Y Y
AR EE W, BRBEEYZ2HWVTRIT IV TE S, Z OS85 BUEFE O K
HEUTEHELBONEZEMEEZHVWS L, 20037 o1 MANRI NS 2/BHED
HORFEEINE S DR Y, HeliERezBEsIl e NTE5, F-ESBERME UTRIZ,
BEDAZL DD, ZBSDOEPIETHREDEP2UEIZRE2EDREEZNSZ L
LETE5, I6IT, ZOZLho2lBME0HIIRRWMECH TS Z L H b5,

X TEM 61%, XD Hanselman OFERIZAKEMLEFELTWVWS,

EI 7 ([Ha, Theorem 2]). S? NOFEVH K TORZZFMAT—T r o' o7z
F = PRI 2 S IR D LD, (i) {r,r'y = {22} T2k {£1/q) , (i)
{r,r'} ={E2y DL E g(K) =2, (iii) {r,r'} ={£1/q} DL E, RHBFKD LD,

. th(K) + 2¢9(K)
T 29(K)(9(K) - 1)
ZZT, g(K) I KO (KRS 51 7 )b bEOB/NER), th(K) ik —H—
F-7V7 - REQY—DEH (thickness) LIFHEXND R,
Rz, ZARIFEOH KIZDWTIE th(K) =025 DT (iii) &0 ¢=1b» 5,
DFD, THALADEL LB DNB,
HE 1. SHORARKECE K TORBRZFMAT — T r o IR - 727 — > Fidshl
@i 51F, g(K) =2, o(K)=0, {r,r'} ={£1} £721F{£2}.

AR, EofiE% B IZEH 6 OFEHH O % 5HiH 3 5,
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3, EH 50%& LT [IW19, Corollary 4.5] iZBWT, RO &% RLTH-
7zo B UM 2 D 2fEF O H K B HUEMIK T Z 5 00 61F, KITHInT @080
27,2y, —2(x +¥),22] TH D, 5T, >0DDy£0BHKD LD, ZHF2FEES
Hoa oA MEA» S A7 14 VERRNIZE D wy 25IHTHZ 2 THRONDS,

ZF I T O[22, 2y, —2(x + 1), 22] IZXIGT B 2R OH K 2% 25, RIZH
B LIZED, BOHOFEHIZOWTo(K) =026 ITNIERSRN, ZDZ &h
55T, y< 0D (z+y) >0 ERSBRIFUITNIT RV EBbhrsd, ZIT, &R
kG O H ORFSEIZ DWW T, Lee & Traczyk (2 & D MINIIZ o(K) = o(D) —y(D) — 1

EVIRAPHSENTVWEDT, ZNEFHLEZ, ZOELIEHKOH K O/REH, H
BEENETNK ORXRKAD»SIRELETH DN, T TIHHHZAEIKT 5,

PEED, 22,2y, —2(x+y),22] (x>0, y <0, (x+y)>0) IZIHT 5 26
CHEKZ2ZZNERWV, ZDLE, 2TORASMVIEL R ESHEFICESHRZI L L
22— 1,1, -2y +1),2(x +y) —1,1,22 - 1] D L DT/ 3,

ZZT, [IS18 THWZSL(2,C)-F v v Y Y AEEZRMHT 5,

SL(2,C)-F v vV Uy AR EIE, FEFICKHERS VA ZTHIE, B3 IRITEREIK
TIZXHUT, m(X) D SLER,C) REDRFSGHNFEMEMHOEHE5A5EDTHY, £V
VFINDF YUY U AREEOERE LT, 2001 FIZ Curtis (X W EAINZ, TOD
#, Boden-Curtis IZ &> T, 2f#ECH KIZHUT, FiiAw—"7p/qiZih>72 K TD
T—VFMTHRONTZERRIKK (p/q) IZ2WT, Aspeco)(K(p/q)) A total Culler-Shalen
I WA LIEEFE-BTEIENRINTWVWES, 2O I IV AIEKBORERIZ X
D, KOEFRAT— (SERZEM E(K) 12 DA F N ARE W HIE OB R TE £ % X
O—7) OEENRLRDONBEZ Db NrD, X517, 2BECHOER AT — 71X
Mattman-Maybrun-Robinson (2 & > T, 2 TDREDNIEL 5 HES RPN SHEAT
B7NTY RLNEZS5NT WS, ZN5EHIZ[ISI8) T, 5 2BHTHD 2 J 2
TOFMPEMH LR SR NI 2R U T\ (ZORERIFEIC [TW19] THRI vz
DT, ZITIREWTS),

ZIZTH, OB 2 - 1,1, -+ 1),2(x+y) — 1,1,22 — 1] (z > 0,y <
0,(z4+y) > 0) BT 2 2BHEOH Kz LT, BfiAT—7 {£1} £7/21F {£2}
2o T — V%ﬁfﬁ%ﬂ%%ﬁ%®su2C%¥¥/VVTWE%E%MKEﬁT
5ZriZ&oT, %b%@Kﬁ%F%%%ﬁ%%oabix_—%aabaim
WITRWZ &R R Uz, ERE, o= 2y DA, T s 28BE0HIEH A FH
(amphicheiral) 1272 0, SL(Q C)-FvvV /T”TE &, 3IMILE IR & £ OEA THE
N—HT2DT, ZOHHIFMATERW (6 fib3MH),

RBRIZ, v =2y bfi?ﬂ@@ﬁﬁ@%%ﬁ%?é & [4n, —2n, —2n,4n] (n > 0)
LEZMZONDEDT, ZOESBIBICHIGT 2 2BECHK 2525, ZOKIZ
DWTIE, [It20) THONZFERZFHT 5, £ I TIE3RILERRIED LMO RAEED
K3 DN— Mp o, FECHMEHIFM %2 5 D720 DRMED, 4iIRE 6 IRDFETH
DERUAZEZHVNTHESONTWS, H L ERROESBEMIZHET S Kizow
THETNER WA, R, REMIZEZDIEj,(K) EWHETH -7, Zhidy a—
VAZHAVg(t) Tt=e" E LTRBALZRDARDBEHTH D, ZOMEZFHFETZZ
LI 5T, BMAIZETO 26RO H 2SI FMm 2 5 727200 2 EAGER X Nz,

TSP NOREVH K I1E, TOHBEMEERs THMETH DI, LAFRTHD LWV,
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5. &RIEDFERICDWT

ARz HEL CTWBHALE (202049 H) T2, Bk Hanselman D HE % 2Rk~
HAEOCHIZH U THERMEoNT WS, BN TIEETT LY U N EEBbhs D
T, arXiv ODF S L HLIZHELTH L,

e [arXiv:1906.06773] J. Hanselman, Heegaard Floer homology and cosmetic surgeries in
S3.

o [arXiv:1909.02340] K. Ichihara, I. D. Jong, T. W. Mattman, T. Saito, Two-bridge knots
admit no purely cosmetic surgeries.

o [arXiv:1909.05048] R. Tao, Connected sums of knots do not admit purely cosmetic
surgeries.

o [arXiv:2005.07278] K. Varvarezos, 3-braid knots do not admit purely cosmetic surgeries.

e [arXiv:2005.12795] 1. Petkova, B. Wong, Twisted Mazur pattern satellite knots and
bordered Floer theory.

o [arXiv:2006.06765] A. 1. Stipsicz, Z. Szab6, Purely cosmetic surgeries and pretzel knots.

e [arXiv:2009.00522] B. Boehnke, C. Gillis, H. Liu, S. Xue, The purely cosmetic surgery
conjecture is true for the Kinoshita-Terasaka and Conway knot families.

6. X EREEMAIFAT

ZOHiTIE, NEBHATHICOWT (118, 1IS] THE SN2k R 2 T 5,
MBI FANIZ DWW T, IBRTFM AL D 0 RO AR I N T VDA, &
HEIGHHI TN DWW T, Mathieu OFER [Math92] 72 212 & - T, & b EHEZRID

ZID52LE26NTVWD, URTIE, KICIS|IC&-oTHoNMEREHPIL T
D5, [JISIZBWTHESNZH L WHIZDOWTHENT 5,

6.1. B 1 OXRKETE

FEOH K TD2DDFMAT—Tr & rylZifho 727 — VR TR N2 DDA 3T
SRR K (r) & K(ro) I2DWT, K(ry) =2 —K(ry) 238 0 32D & & X E KGR (chirally
cosmetic) EWIDTH -7,

Hifiafle LT, $AFECHICR 72T =V Fihinid 5, K% SPHDE A FH
HWOHET 2L, {0,1/0} #R<AEBOAT =T r & —riZD2\WT, K OAERZERICH
ZWilEd 5 HOARMEENFEEL T, Au—TroRETE —r ORETIZET, fito
T, r & —rZAMEIZRY, K@) 2 —K(-r) D802, £oT, r & —riliin’:
T — VR EEHK T D B,

Er—J, SEITHEALEZESIZ, SPHO b—F AFEOH IZIE B 725 G T
filtze D,

BRRTHONT WS S3HNORETHIZIR - BRI FHRIE I NZITTH Y, FEER,
[IIS] i BWT, 1 ORRIFETHIZOWTIX, ITNTRESLZ %2R UT,

EI 8 ([IIS, Theorem 6.4]). S3 NOFEE 1 DRXRMFEVCH K TORLR B FfiAn—7
o 2 o T2 T — Y TSR BB 2 S IERDWT DA D LD, (i) KIZb AT
BMThHb r=—r, (i) KE=EDFEFETHTH O rr' 1 Mathieu BN5-A 7= A0 —7,
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[[IS] TIXET, Fv vV UALREFYY Y V-O—-FVREEEZHNT, A0—T7D
SREETTEFY MNCET 2EAZ2EE, ZWCERBEAZEDRE 2 & CTEIZHEMH
ZLTW5B, 72720, B DBRE THIINAIZER > T U £ o 725 FHIZ DWW T, SL(2, C)-
FyrvYUREREBLL—H—KN TV T - REOY—-TESNHER (Ozsvath-Szabd,
NiiZkd) #FHLU7,

ZOEHMNS, IOMENRBERIZEL S CREEE 206 Lvandd),

B, bAFHRTHL b= FAFOHTH 200 53 N O H A E B FM Z2 & D
ZenbbBn?

COMBERBERF{TES L & EF A\, FEER, [1J18] 2B\ TIEH B 750 Gy
Tz b OMHFEOHZH#E L TW5 (7270, SSHOMEOHTIEARW), KRIZ, Z0
FEE (B 2T 5,

6.2. NEBMRFiT % © DNHEHFE VB

EEI T & WS HEEZE AL, TOMEDOEFRER L 2> 72 [BHWIS] TIX, FEHMHA
RGN FAM A2 AT A MHFECH WD TOERKFIR 1 D52 5N TW\Wiz, Thik
S?x SO EAN R 1 DOFECH & LTH A 60, BNFMIEIENT, #Bohd%
BRAKIZ L > X230 L(49, —19) = —L(49, —18) TH 5, T OMEILIEE TRk Y ) v
F-b—%zW@ﬁ@E%ﬂ%be@ —Ab T 2 DIFIEEICHETH 2 & 51T
b T W7z, EBE, [BHWIS] T, IRD LI BRFHENBRSNTND

%M:(EMW%JmmmMe%[mwimwmuﬁumﬂ)%3WEﬂ@%%w%
U5 &S BIERINTFMZ © ONEFE O HIZFFEELRWES S,

IDFRDOH %2 52 T-DRIROFERTH D,

EIE 9 ([IJ18, Theorem 5.1]). P SIRTCMIMZ AR Z AU 5 & 5 ZREMIHI Tl 2 © DM
HiAS ' H DMEAET 5,

Z DG FMIINERNTH D, WNIHEBRTH 5 & 5 IR %2 BT 5, B
T, ZOEIOREKGEE, TOMEIMREZ2ED L SITR UYL, AT 5,

9, floddRiITiFVbWEIEVYTFY /A MY IRV, EVTFY /X - b
Vw7 2iE, SSHOFECHI BRI MK TH D L E, TR 72T —VFfiTcHE N
2L MEE 2ENIEWE L LTH DL KA ZMKT 5 HiETh 5, BARRIZIX
H.Z2 o Nz i@al S OV H % S R C#l > TR O N HEAE D S, NV RFAIC
EoTT—VFMBOLIKZ 2EDIEHE L U TH DEAH ZHET 5,

[BHWOS] TR S 7z filix, T—V Pz &> TRRENT Wiz, £ITZOH
DEVTY IR NI EHWERRZRDTZ, T DHRREHEGHNSTMES & KRl
MFEEN TRZZ] KO ERLEZONK 1TH S,

MODEDKECRH K 2 S6fkDNNY RIZiho TH - TER TS (N RFEMiT3) & A

DFEOCH K 1275, —HT, FROAKEHIZEALTK OFG%E LD 2/3n [T 5 &
K'D»goinsd, 2F0, NV RNFEHMZEL > THEENPESNEETENRER DD o7, FE
X Z DFECHIK, 997 EFFEN S 2FEKEOH T, TO2EDIEMHEITL v XZE/E 5,
> T, [BHWOIS] DHID X ZEIEH T T o N5 ZHRIKN L v X2/ 5 DT
HD,

SEEOH DO & 2 Wil d 5 X 5 72 180° DR 2 & DfE O H %2, MRAfE O H WS,
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1: Bleiler-Hodgson-Weeks Ol (#&U'H 997)

Bleiler-Hodgson-Weeks D% X/R$ 5 Z LW TE/-DT, H LI 2EDIHE N
HIZRRIRIZ 725 £ 5 12 2 Dl —Ab T iX RV, FEEIZIE, K 1T3 Mg RICHE
SNTWAEOH % b MAHRICEE U THlZ Rk L 72,

MO S, 36N HMNHERBHIKFMEZ DO LIZEBIRKS, HLiT,
ZDFECHPMHMTH 5 Z &, BOoNTZLZRRIEDNENTH S Z &, X 5IZIEEIFR
PlThHod i mTdil, 2DOFMAT—TDREMTRN & 2 RTBELVD 5,

SEE—DTHEEN 2 525 L 2HKE LZDT, ZThoDl ezarya—
REffioTF v UT, fUCHSBEUESNZLHRAEDOMEMEIZ DWTIE, BARTIZ
[HIKMOT16] THIF L7 712" F I “hikmot” ZF|H Lz, 2D 70T T LI, 3IRIT
ZRRAR OB TR D &I 52T O N DRG0 G A 2 KR EA & BUEETHE 2
FAWTIES Z 212k, BPRRDOD o 58 ITIENHHNTH 5 2 & &2 BUARNITREET
%, I5I7, FMAE—THRMETHRNZ LI, hikmot ZJSHL T, IEL MR D
o 125G T 3T E AR DNFMEZ TIN5 Z £ 3T & % [DHRI1S] TR I N 7
0s I LERHALUEZ, 2o DEFHREIZDOWTI, EHFEEKIC KL S [1J18] @ Appenndix
2SI UTAL W,

7. by

BRTI, Hanselman OFER [Ha| e —H—F - 7L 7 - FEQY—I2LB7 T0—
FO—DODEEHREINTWVWE (BN TEH 5729 Gainullin ¥ Ravenomanana 12
FOMRBEETH L), FHERKIZLSE LMOAERIZE ST 70 —F [1t20] IZIEHFIZ
MO THOELETHEN, BRWLFE EOH L X255, Eiximolr, Mih%mz i
W=7 Ta—FIZHEREDDEA U070, ao#Ee ETcHEwI 5%
B h 572 (Jeon IZ & BHEHR X Futer-Purcell-Schleimer (2 & A4558), iz & BT
HLAERTHNTE R o722DEH S (cable knot (ZEHT B41%% (Ran Tao, k), 4
WD hARua Yy —2H\W~7 7a—F (Lidman)),

AR TIXEMNTMZ2MET 288 LT, SOHMZEMETHEB L2000 —#ibs
SEERIRO DY, MUT, SITTERREBIOEEL LT T — U FiliflimHEifE e LTo
MEMTEHE, WTWZUTEEEENEL, Hizhflmiro07 To—FRNEE
N5, FHRICIO MG FHWV) HEEDSAZIREL 720,

B AWERES B2 >C, HAMEHE TH 2 OMEA BT, FEHRCLR, %
KR ZHNZECEEEE Uk, COBEBMH0 UTEHHL BT ET,
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A spectral sequence for cohomology of knot spaces

AR RS (KBRS

1. IZL®HIC

AT, IEED Goodwillie-Weiss DD IAAIENT 2L LizART v R e #HldIA
HDZEH DBHEIZ DWW T OWFE 2 B L 7212, #8TEE O 4 XoTDl b BEESPA Al i 77 24k
ROHFDENHD R TEMOFRaRER Y —ICHT 2EREBRS. F2HB LU
HICIEXHO TR BEBEBRBRVO D ED TART v FORIREFEDIIL 2 EN
T 5.

2. ARF Y F

ATy FIEHRE -2 REBBEE 2 S 72912 May 12 & o Tr— 72RO 5E
TEHAZINLZDDTHS. FE -2 REREORKR LMl LT, Ehffz
N—TEEQX) DFEND 5.

QX) = {1:[0,1] » X HHFM |1(0) =1(1) = *}

3%, 2T, XIFHLMEEET, QX)) WCELYRMEEANS. K{FSATY
% X5 —T 20 C M a* bIFFE IR ENTIER WYY, KRE M= (axb)*c~
ax(bxc)DMFET S, EHIRADDL—TOEEER, REM—ZHVWTHAYIZ
—DFTOMIFBFEZ TV ERD IS L5AENTE L (LT TIEEHHEDLD, axb=ab
e&EL).

a(b(cd))
//// \\\\
(ab)(cd) a((be)d)
(ab)e)d (a(be))d

N— TR RS BRI, ZO5AFONEZHED 2 KSR AE M-I 5
RD” FRE PE—DREITRD. ZOXIBRERDAE P E—2WS VA A RT v
FTH5.

EE 1 (1 ]) 7?/\"5 v Feld, MEZEFOH {O(n)}s1 T, & O0(n) NOXFEE S,
DEF &, #9 &K (partial composition) & FHIN 2 BB (—o; —) : O(m) x O(n) —
am+n—m( <i<m)EES DT, ROFKMEHI-TDIDOTH 5.

1. (#E) 2 € O(n),y € O(m), 2 € O ITH LT,

zo; (yoj2)= (oY) oy 12 (1<i<n, 1<j<m)
(xojz)oiy=(x0iy)ojim-12z (1<i<j<n)
AT R E GREES:17K14192) DR EZI 72 DTH %,
F—U— R EOCHDRZTZEME, A7 v F
* T 599-8531 KPRAFRTTHIX2ERNT 1%/ 15 KRS R H2ERIIZER

e-mail: moriyasy@gmail.com
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2. B 1€ O(1) 23D, 2€ On)IWLT, ro;1 =z, 1oy 2 =u.
3. X, DIEMH & B & D Rl BE 5 2 S (REAIG )

T, a0z Z2HIZEREVWS 22D 5.

EANTIZO(n) DITIEn HER 2R T, GRUCET 2ER 1 ORMEHDOERKIZ, tree
ZHES EDLLDRTV. 2 On) ZRD KSR nID leaf ZHFD tree & A7LT.

1

2

T2L, FIER(— o —)IFRD X S 7R tree DFEG & AI2E 5.

1 1 1 1
4@<i e—%j N
n \ t+m—1

n+m-—1

S~ a4+ m—1
n+m-—1

ERL1DEEFRDO—DOHORIZ, XD LD IC=2DITEDOEMDFERIE % B 2 IEHF
WELRWIEREKRT 3.

1
1
i+j1 4<< = % = 0

n+m-—1 l

X 1: & o, (yojz):(:ﬂoiy)okz(k:i—kj—l)@ﬁﬁ%ﬂ

BEREDD S —2oDRI 2 1T LTy, 2 2 WHNTER L ZRERBIEFICE SRV
CEEWRT S, £z, WHEEOER T leaf OFSDORITIEZICHIGL, ALY DR
MHd ZDtree Z HHWTHETE 3.
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Bl 2. E TR —TDFEDKE b ¥ —1X associahedral operad KX D—HTH 5.
K1), K2)&E—, K3)EXMI0,1], K£(4)k Lo s/ (MFEt) T, —Ki2K(n)
En—2XCDOZHELE 25, BTEN 3D 2HANDOFREEHRTEZ NS, HlZIT,
(—o1—) : K(2) x K(3) = K(4) & (1) ((ab)c)d — (a(be))d iZXIET 5. (KEFE—
(a'c)d — d'(cd) I2HEa' = ab € K(2) Z BN T 2EHTH 5. ) IEFMEICIE, Z DFNIAFR
FEDOTERZ R WIERI A R T v FOBITH 5.

il 3. kR NERIEFRZ v K (little balls operad F7:zId little disks operad) Dy
i, ROESWCLTELSART Yy FTHS. DF2RFD0ZHLE S 5 HAFHER
T5.

L. Di(n) ={c=(c1,...,cn) | cFRFDBAEKT, ¢ C DF, i+ j72561F cine =0}
EBL. DF D, Di(n)ld DF OFO/NRDOIEFAT ZELEZEMTH 5. Di(n) 3%
IR I LT Z DL EEEEAIEEE S T 2 IT X o T (DF) x R* DR
Mz A 3.

2. (¢,0) € Di(n) x Dip(m) WX LT, DF % ICEHBFNCET, (REEEEF R0V F
T8 e L DD BB e, - RF — RF 2Hlo T, D, DEDEREZRD XS
WCED S (X25H).

COiD = (Cla cee 7Cz’7175i(d1>7 v >Ei<dm)7ci+1a o 'Cn)
(c=(c1y...,¢n), 0= (d1,...,dp))

3. X, DERNNRDBES DN I EZTED .

<_ O9 —) : Dl(g) X D1(2) — D1(4>

0 ¢ e=00y¢C
di doy ds C1 Ca2 €1 €2€3 €4
o e e s e | o o e |

2: Dl @%Béj\l/fl\ {

Tz, NERIKA RS y ROERE LT, BROMLEE DTS NREARS Y R D,
BERTE L. FMAERIIERT 22, fDi(n) = Du(n) x SOk " THZHNS.
ARETIEL L, fD, =D, & 5.

KD 3SR T2RE I —%2a> b u—LT33DT, D (k> 2)3fEE
Bz, AT 2D 2BRBEETCORE N —280bDTHS. FRFv F
& May [18] IZ & » TEA XN, JTOREZEL— TEBORBIVEHE S T D720 O
7207z, ZD#% 20004 Z A2 Tamarkin[24] 5 Kontsevich[14] 12 & > TEEE& bz D
BAGRCHI 72 ICHIR D S 7o, KRE FE—mMIDOADr BB FHEINS X 51Tk o7z &k
S5TH3. BIETESEIFN T 2HDIABDFEELINC D MO ZREDEY 2 5 A4
ZEERPECE 2% D (secondary) homological stability 72 £ (AR I0H [11, 16] S HD
Mo TW5B,
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3. Goodwillie-Weiss DIBSHIAA BT E AR W R

Goodwillie-Weiss D 8 A AENTIZ FMEGRR E DR E b —FmIcBIT 2HDIAAD
MRETFIEERITRL, ARELZDBDTH S, ZHUIKD X 5 ITHDIAADZER ¥ 2k
RO DER (F 7213 M88) ORELE 22/ 2 BETT 5. DUT, ARTIE M, N 20[#Mn%
Bk L, zoXotkzhzhd, e 3%, Emb(N, M) % N 25 MAOAH7HED
IAADILTZEM T 5. ZEB D tower

Emb(N, M) — --- = TEmb(N, M) — --- — TyEmb(N, M) — TyEmb(N, M)
BRDEIICERT B.

TEmb(N, M) = holim Emb(V, M)
VEOk(N)
Z 2T, Ok(N)ZDe D kAEHL T DIELZANH I ERE 22 N DBIE 2 24 A D 72 5 E 4R
fRIZ & % poset T, holim % “ &€ M E—RDMIEZEIT- 72 () R " TH 3. holim D
RS S, B SRy, : Emb(N, M) — T,Emb(N, M) 5551 3. Goodwillie-
Weiss DIV EHIIXD LS5 DTH 5.

B 4 ([12]). ZHENRES 9, © Emb(N, M) — T,Emb(N, M) & (k(d — e — 2) +
1—e)-#iETH 5. KT, d—e > 3DK, ny : Emb(N, M) — T.Emb(N, M) (:=
hgiilmTkEmb(N, M)IFFAEME—[FETH 3.

Emb(N, M) X D & TREmb(N, M) % T, Emb(N, M) D3N T WD T Z DFEM
WBEHT®%. 72720, d—e>3 WO EHNDH2DT, ZOEHIEZ S DITRXK
T EW (B L) DIBETH 5. @E D 3RILZEMDH D (long) knot DHFEITITEH
DYYFEMEIFR D L7700, ZOHEITOWTIIER 1L 2ZHo Z b,

BHREODLDIC, T, T DEERNZETLVERT 5.

Bl 5 ([12]). (1) TiEmb(N, M) & N 225 M ANDIEDIAAD 2§ ZEM & §5KE  E—H
fETH 5.
(2) ToREmb(N, M) ZRDOHADAE =T 7 A N—FH L IZFHRE P —FETDH 5.

ivmap™?(N x N, M x M) — map?*(N x N, M x M) < map(N, M)

ZZT, Nx NEEWKX (2v,y) — (y,2) TZ2DIEHEANTED, map??137/2-F
BRI BAR, ivmap®? 3 Z)2-RZET, TS5 1 (Arn) = Ax, T (TiwAu) =
T. Ay (x € Ay) E7RZAIWDBRDZEMTH 5 (T IIHEEMZRT). EOEBRIZAR
RUBER, GOBBIIf— fx fTHEZABNS. F7, Arone-Szymik[2] 13T, D F,
CERRZETAVEEZEZ, knot DZEMOMHAEMIICHL TV 3.

2R 6. HOIABIEN D THEHT (calculus)) W5 DI MgkET) 2EKT 5. Good-
willie 1% Z DHEEROMIEE D £ © (JBAWR) BUMED -0, ZD L5 a7, filzx
X, TpEmb(N, M)Z N OHREDBIERD poset TIRE 2D T, (BREDORTRE )
ZHEAEVOBEM e A5, ZD72® {T,Emb(N, M)}>0 1 (Taylor R OFEPL
T)Taylor tower & FHEN 5. DAL ) EFERK D, HDIABLDWAETT 1 EFEA
EABPFEHIBMED DR TV LILRW.
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XD Sinha 12 & 2 EHIE FELOEH4A%Z N = ST OGE RO T WIRICHEBR L 72
H D7z,

EIE 7 ([22]). RD & 575 cosimplicial space C*([M]) DBIEAET 5. (AT TN % Sinha
D cosimplicial model & FEX. )

1 CHM)EMIZBY 5 (N7 PRS-+ 1A OIRR (SRR 2R L R
2. d > 408, §HE b E—RffholimC*((M]) ~ Emb(S', M) BHFET 5.

(BEEWCWZAR, [22] Tl & 2 2 TOENR Y bUVHEE 78157 O DIAAIZ
DOWTEBTICHYE T2 ZIREINTVS. ) 5, ZOETALEZRIDHD long
knot DHGEIWCDOWVWTEZ B Z 2L D, knot DZE[E & operad & DBRMBIEF LS. Z
Z T, long knot £ IZHDHAAR — RAIT([0,1] DA TIREE X NZERIC—KT 2D
DD TH3. &bIEREICIE, long knot modulo immersion ®Z£f Emb, (R, RY) %
EZ5. ZHUE, immersion % L TD unknot NDKRE b ¥ —fFE S 5 long knot D
ZERTH 5.

EIE 8 ([23]). HBH5AXRT vy RO A - KaD3dD D, RHBEDILD.

1. A — Kql3/DRIEARZ v FOBDBERZRE D, — Dy & (E 472 EKT) 55 FE
TH5.

2. ZOART v NOFNZHARIHNBES % cosimplicial space K§IZDWT, d > 4D
¥ %, §975K8E b E—[AfE holim K§ ~ Emb, (R, RY) A3 H 37D.

Z DEFDH{IZIE Turchin 12 & % Vassiliev D 27 F L RF & Poisson A7 v KD
Hochschild cohomology & DA E DE IR L LT OHLIEDFEHR, [25] 23D - 7-.

TEFE 8 DFFE TN ZJGH & LT, Lambrechts-Turchin-Voli¢[17]1Z & % Vassiliev D &
7 MVRINCEE S 2 RO EENERDH 5. Vassiliev iZ long knot DZE[# Emb, (R, RY)
DARERY =TT 2 RART MLRIIZHK L. d=3DL X, ZOARY MLHR
D E - SHDXHEA TR (KEL0 DFERT) ITHH4 7% Vassiliev A & (ARBIAZ &) 23HI T
%. Vassilievid ZDARY MVRYD B HTIRILT 2, SAEDTVWRIX, chord M &
Vassiliev AFEENXT LT 5 Z & 2T L 72, Kontsevich lZXAETICOWT ZOFAEE
EFURBCTHEA L 7223, ik OBILIC O WTIEARMBIRD % £72 572, Lambrechts-
Turchin-Voli¢ IXEH 8 ¥ /NERIKA R F » K D formality & W5 HHE % W THBEEBURE,
d > 4 DEFEIT T D Vassiliev D FAEZ HE IR L 7-.

EHE 9 ([17]). long knot D AKREB Y —ITRT % Vassiliev D AR FILVRINZ A > 4,
HERBOK B, HTIRML T 5.

SRR 10. HOALRN L BLUR O 5 2 HDIAA O TFiEL LT, BLEZHBED DD
%. Cattaneo—Cotta-Ramusino-Longoni[9] {Z d > 4 D E 1T Kontsevich DF&EHZH -
THEEZEME S 2 W T 7 2 7 OBED 5 Emb, (R, RY) @ deRham IANDF = £ >~
EREBKL, H2HTREEANIRETRY —DHFICHR->TWE I ERLE. Z
ORI T A 7 NV OBARN TR ERTEZEZ 2 e WO MRDD 5. 5148 [21]
& 2 OWD Emb, (RF, RY) ANDILRZ 52 TWad. £/, (20, 28]72 Y, HDAAMR
MDENZ S RITTENGETHIEME I FH T I eNTEL K57,
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2R 11. d = 3DHE D Taylor tower & HRBIANZERDBRIIOWTIE, 6,5, 2772
TR TV, flZIE, [27 TIHEEOEBIRBOEREALEED T, Emb, (R, RY)
ZHEBETHIEEZRLTVS.

TERLT, 8 DIEE DDA A DZEFANDHIRZ 1B B 7=012, ROBEZEANT 5.
EE 12. ATy FORMLT, HO-MEELE, ZEHEDF{X(n)},s1 T, & X(n) N
DY, NOEHE, BT EMREMENSFR (— o0, —): X(n) x O(m) = X(n+m —1)
ZHESHDT, ARF v FeFAKROHAIZHZTHDTHS. HlZIX, ue X(n),y e
O(m),z € O()ITRLT, uwo;(yojz)=(uo;y)oj_12TH5.

5 13. M IZRiemann gt & ZEE L, 6 %2 M OHEHHHREE T 5.

Ball, (M) = {(D1,...,D,) | D; & M O£ 6 LUT D geodesic disk T D; N D; = 0}

EEDDB. Vi(M)Zxze M bEDT7 7 A N=0T,M D orthonormal k-frame TH 2 &K 5
BRI 7AN=RKET S, FMn) ZROKAD 7 7 4 XN—FHE LTED .

ection

==Y

Ball, (M) 25 < Pt v (ar)<n

(1) (2) (3)
FM Dy(m)
e . @ @ 7%
@ (o F S S E—

ROEBD—RINZHDAA L AT v ¥ OBt OBFRE 52 5.
EIE 14 ([26, 4]). ROFIKRE b ¥ —[FAEITFET .

TwEmb(N, M) ~ RMaproq— o, (FY, FM)

e ) e

2 ZT, Mapmod—gp, (3 [De-NNEED S RARITIE 5 72 AiAH 2 AN 722 T, RMapl
ZOFREME—BOMEERITo2bDEERT 3.

HlziE, 2] TR OEHOELYEFHWT, N 2R OBESZHETRIITHE
WEEE, FEAErY — H,(Emb(N,RY),Q) & N OFHEAE M AU U KEFEL
BNWZEZRLTW5.

4. Bk

AEE O FEARITFE ST 26 4 Rotbl b o BGEFEFAZ RRA M AN DM D IAAH D 2L/
Emb(S*, M)(M OHFOFECHDZER) D arEn Y —FHCINHR T % 27 MLRFI DR
e ZHUCFEH-D K EIETH 5. Sinha @ cosimplicial model 2> & EIFEIZ Bousfield-Kan
RDART PILRFIDPMG BN EH, ZIUT By HIC—MICIFEH A RS Bl E 22/ o a5k
ERY-EENS. HrOHNIHT 2EIHEIED 2FRERRE L BbiL 503, — IV,
REBENCETEATREIR AR FLVRINZRR LW BT ODEETH 5. £/, R
M D long knot X long embedding DL DHILIRD S & LT, Emb(N, M) D M %7z

47



BENZ2—2Yy FZEHEDPLROZRIRICT 2 I EDBEZONDD, N(EHRHK) &
—fRITT B 2) I X o T, Digl & HEHBRE TR D ABW 2GR TT S
NTVBEIBDT, MZE—RICTZADPEHL I LB DIFKD—DOTH 3.
BANFHERETE Z T\nehl, ZD 5 HIZ Campos-Willwacher[8] & Idrissi[13] 1T & -
THEZEM DA RT v FEEAADERE S —@DETIADBE I oM, Fif
ZHT 7D ROBITER L ZeiC L. R217%Y, MR LTRTER
DIZEFL Vo E887dH 5. Emb(ST, M) IZBF % Goodwillie-Weiss D ikt % Fu 7z
THFEHIWELERK Z A 22 & Arone-Szymik][1], Budney—Gabai[ ] Knudsen-Kupers[15] 12 X -

THRRINTED, st OBER long knot D TRD AR P ILRIIAND
rl:\)iﬁttk, %KVC&?\_L\ Xi))ﬁ_‘*l—]/u\ﬁvcll\ﬁ_ck H ﬁiﬁ’)i))o’C%TL\é
5. EFE

DT CREHEREE T5. RO RaREnY —% H*(—) TRT. #HHE DMK
L7eART FAVRINZE, A4 788 (M) ZBREREZ — kI2XD ko Rl
e &, (M) =00 x(M) € X DRIZ B, R=Y DZFNZNRT - 72 REWNFRR (M
DAKRERY —DRT A VREZEHOCTER) 2F:D. (FHT k2R SIXFE I
WRRERD. )UTTIE (M) € k* DFEDARNS.
& 15. (1) LA DORT U HLRE H (F7E KB 7 ax=0 2880 1%, k-
e UTHBETHRAERR B T Hr & #IBREES ¢ - HY — k O
T, &K

W OH % H Sk
DHRERT H = (HA) ZFET2DD% 0.

QH ZXITLAdDRT > HLREET 2. {a}: & H O(MEEE LTo)REEL T
H* DX Ay ZRDOXTERT 5.

AH = Z(—l)‘aj‘bjiai(}baj.
,J
B)H ZXILAdDRT > HLRE T 5.
2d — 1 RTCDRT Y HVRESH ZRD XS ITED 5.
SH* = H=2 @ H=?d - 1]
a-b=a-b
(a€ HS92 b e H2?d — 1] 1& b € HZ2 1T T 202K T. )

Bl 16. M WM ZTVTWT, HY(M) BEH k-MBEORE, H*(M) & e : BAKH —
lekizkb, Ry LREE BT,

E& 17. simplicial dga B*(H) Z XD XS IZED S. T T, simplicial dga & 1%, H
FA% d; RiRILE G s; 2R DR BN ERBDO L TH 5.

o (2EH) IS EREL LT,
By (H) = (SH)® " @ /\{hija 9i;10< 4,5 <n}/T
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(deggi;; = (—1,d), degh;; =(—1,2d—1))). 4 771N J IFRXRDOEAFRXTHERK

INn5.
g?j:h?jzoa hii = gii = 0, Gij; = 9ji hij:_hji
(e;a —eja)g;j =0, (eia —eja)hi; =0 (a € SH),
3-term relations for gij and for hz’j s (h” + hkz)gjk == (h” + h]k)gw

Z 2T, 3-term relation for ¢;; €&, 6,9k + 9jkgki + grigi; = 0(0 <1i,7,k,<n)
DI LT, hij T2\ TH M.

° %’(ﬁ@iﬁﬁ‘f‘ﬁ@é da =0 (CL S S%®n+1> y 8(‘9”) = fijAH, (9(/1”) = fijASH-
ZZT, fij: HOH — H" M X i jO~NDOHATH 5.

o HFI% d;: By (H) - Ay (H) (0< i <n) BARTED B,

) & -+ D A4 & -y (Oglgn_l)

i € SH),
+a,a0 ® - Q ap_q (t=mn) (a )

dz(a0®®an)—{

: A VE) _
di 9, = 95 k', dl h'7 = h'/7 /. ::VG, ]/ = . i . s k/ %)IEH‘%’C
(9i.k) 3’k (hj) 3’k j—1 (>
H5.

o IMULER s, Bi*(H) — By (H) ZSHO 2 D i RITND 1 DAL, gk, hik
DIRZAF I+ 1DAF Yy TTEDS.
BI*(H)Zdbehodh2Mror 8i(—1)d; k> T2ER K ARL, ZOLak
EOY—% H(B*(H) £ 55, XROEKROEEHTH 3.

EE 18 ([19). M ZHEEAZ AL L, Xotldd >4 5%, H* = H* (M) &8
X, H IZHBHEMET, x(M) e k* 8ARET 2. ZOKE, RDKLIRART bR
HI{ER9} HTFIET .

Ep* = H(BI*(M)) = H"(Emb(S', M)),

TEE p=%, gq=x—0THZIONS.

Z DFFFNIZIZER 7 D cosimpilicial model ¥ 511 13 D45 Dy-IEE FM w5, Lido
ZRY M VERH R Cech ARZ PNLRINEIERNZ L I2F 5.
6. ETEH
O TIREH 18 F7213 2D x (M) = 0 DHEDELYNEDWIGHHZHNT 5.
6.1. M B EEDERDGZS

R19. k% Z EREF, p BH)L T2 k2aE, | 2EBeL, &F k+5<
[<2k—3 22 |3k—21|>2)F7& 1+5<k<20—3 2D |3l —2k| >2)%ifi/s
&9 5. H* := H*(Emb(S, S* x S")) £ BL &, XD Y LD

LA H =k (i=k-1k 2k—2, 2k—1, k+1).

49



2. 5L k=F, Tp#£2%5%, R

H =k (i=k+1-2, k+1-1,2k+1-3, 2k+1—2, 2k +1—1).

3£20.2ek*55. k1220, k+2<1<2k—-2DD|3k—2l]>2
M DILDOY T 5. H = H(Emb(S!, S* x §Y)) 2 BL &, ROFEBHMNED LD,

H=k (i=k—1kil—1,1Lk+1—3k+1—2k+1—1,3k).

ORI i <2k+1 WZOWTIX, H =0. O

6.2. M B 4RTDHE
Imm(S', M) Z23®iAA ST — M D7 T2 E 5 5. Arone-Szymik[1] 1R DHE Z 12
EL 7.

MR8 : &5y - Emb(SY, M) — Imm(S*, M) 25 7y TIEEAZR A — X V28D
X 5 e BGHS I A T B RRRIIIFAES 200 ?

(IEREIZIETE 51F “ It would be interesting to see a calculation showing an example of
a simply-connected 4-manifold N for which the map Emb(S!, N) — Imm(S*, N) has
a non-trivial kernel on 7, 7 ¥ BN TW3. F/z, N PIEHEFE DL BT S OFER
% Budney-Gabai[7] IC & 2 TN = S' x S* DEGHICKERMEREOZ EPHISATY
3. ) EEISEHAWT, ROXS X ZOMEDOHHERD 2 Z L N TE .

% 21. M % BOsEPURTTEZ AR Y 5. Hy(M;Z) # 0% L, Hy(M;Fy) EORKIE
RERTITINIRARTD S5 B2 D —2F 0 TERVHE T ZFKoOr 5. 2
D E, WEEHR iy IEARORMEZFHFES 5. K12, m(Emb(S', M)) = Hy(M;Z)
TH5.

Bl Z1X, M = CP*#CP? 3R 21 oMzt L, M = S? x S? I35&H2h7
XV, Fi, ZORDIREZ M ZIROVIGEICOWVWTIE, Hy(M) = 0DHEITIE,
Arone-Szymik i & - T Emb(S!, M) BHEFTTH 25 Z LRI NTED, XMHMTD
TARTODHEITFEE OHI AR D R TH 5.

7. RT7VALRE TR

COMITIEH 18 DARY MARINORD T 4 77 Z2FHT 5. ERT AT 7%
Sinha @ cosimplicial model & Bendersky-Gitler[3] D 227 LRI DN = A E
DEZZETHS. Bendersky-Gitler (IR T A L-L 7> = Y BN H*(C,(M)) =
H (M*™ U i A) & 908 {A ), 1B % Cech k% FIWTRARY FVRFIEREK L
2. 22T, Ay ={(z1,...,2n) €E M | 2; = 2;} TH 5.  Bendersky-Gitler D
%% Sinha @ cosimplicial model \IZFHAALERICARBEINIIRD & 5 REEZEZ 5 Z
LIz 5.
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BRE . ROMKXZ AU T 2 X 57, “BMANBRHELFD”, F24 1L NLD
EEHIRAELAET - C.(M) @ Co(M) — Co (M) \ETFET 25 ?

C*(M) @ C*(M) £P~ C.(M) ® C.(M)

I )

€ () —L2—— €. (M)

CIZTEPDEHAFICE XYy T, Uidhy THERT. EHEEIX(ERDOEKE
P—%ZFFLTd) 2D X I BRRXEEZH SR, BRI D Thom H & YIRREAY 2 -
THRERY —TRIXBEPERTE LD, TOMKET =4 ¥ LOUWZHRS EIFCE
LD XD R - SR ERT 2DIXRNHTHS. ZOMBERELTA M)
7 bR Y =BT B D BRI & 7257z, Cohen[10]1F/V— 7FE & Hochschild
cohomology DFHD[AIBIZ T 2B, (ZEKRE PE—DEKRTD) ZARZ 7 DE
ICBWF B LRlD &5 BRXHOREW 2L TWe. THEIGHT 2 Z 8 TARY
FLRANZHER L7z, FRED X S BN FEOFESMEIC R Z 8 IdINETHED
ol Bbihah, Campos-Willwacher[8] %0 Idrissi[13] 12 & 2 BLiE 2= ] D FEREHY
ETFMICBOTHRT VI L dg R cyclic Coo-RELE WS F 24 Y LRILDFEE W
MEZWIALZEZ72DDETAPHCLNTED, BLEZZE DI IIIN D FiE
BEED Do TL 2008 LV, £z, ZOMKOERETH 13 D4 D-hn#t
FM %2R \W7z. Cohen DM Z AT 512572 D, cosimplicial space TlX EF Wiz
WERT DD D, KD FRBHA L UTEINEDBRE R 277D TH 5.

8. BE

SRIZZDARY FMIVRIINDERAZDO IR, M IERER LGS D AT bLHk
N DFOEROINZE, FRED 7 A4 77 % FHWIAEEFRE D Vassiliev 227 FILZRFD
WMFREITO TETH S, T, ZOWMFEOBETHREZEBDORARY v I EHWEET
ADBESNTD, TOEFAIZOVWTHIFET 3.
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Characteristic classes of manifold bundles and graph
homology

Alexander Berglund (Stockholm University)*

1. Background

In recent joint work with Ib Madsen [3], we found a surprising connection between
differential topology of high dimensional manifolds and automorphisms of free groups.
Namely, we found that the stable rational cohomology,

lim H*(Bf)\i-f/fD(Wg)Q Q),

g—0o0
of the block diffeomorphism group of the 2n-manifold (2n > 6)
W, =#5" x 5",

relative to an embedded disk D = D?** C W, could be computed in terms of the
homology of automorphism groups of free groups. The connection is relayed by a
certain graph complex, a version of which is described below.

In principle, this means that classes in the homology of automorphism groups of
free groups, or equivalently graph homology classes, give rise to characteristic classes
of block bundles with fiber W,, relative to a disk. However, the computation in [3]
does not yield a workable definition of such characteristic classes and it does not show
whether similar classes can be defined for manifolds other than W,.

The overall goal of the work presented here is to solve these problems: We introduce
new families of rational characteristic classes of M-bundles associated to graph homol-
ogy classes, defined for arbitrary simply connected closed oriented manifolds M. When
specialized to W, the new classes lead to a better understanding of the computation
of [3]. In particular, we are able to solve the main conjecture of [3] about the relation
to the generalized Miller-Morita-Mumford classes.

1.1. The graph complex

The graph complex we study will be denoted F™ and is defined as a certain twisted
Feynman transform of the Lie operad, in the sense of Getzler-Kapranov [5]. More
concretely, F™ is a direct sum of finite dimensional chain complexes F"((g,n)) that
may be described as follows. Let F™((g,n))" be the vector space over Q spanned by
connected graphs G with

o dlmHl(G) =g,
e n univalent external vertices, or ‘hairs’, labeled 1,...,n,

e ¢ internal vertices of valence > 3, each equipped with a cyclic order of its adjacent
half-edges,

This document is, up to minor changes, identical to the extended abstract for an invited talk at the
Autumn Meeting of the Mathematical Society of Japan 2020 (Topology Section).
The work was supported by the Swedish Research Council through grant no. 2015-03991.
2000 Mathematics Subject Classification: 18G85, 55P62, 57R20.
Keywords: Graph complexes, characteristic classes, rational homotopy theory.
*e-mail: alexb@math.su.se
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e an orientation of the vertices and an orientation of each edge. If m is odd, then
add an orientation of H;(G).

We furthermore impose certain ‘shuffle relations’ locally at each internal vertex, but
we omit the details here. There is a differential 9: F™((g,n))" — F™((g,n))™! given
by ‘edge expansions’, e.g.,

059, O
2/\1 2/\1 2/ 1

This yields a finite cochain complex,
F7((gm)" - % F™((g.m)) 2.

We regrade it in order to view it as a chain complex:

F™((g:1))agin-3 = - 2 F™((g,n))o-

The homology of this graph complex turns out to be expressible in terms of the homol-
ogy of automorphism groups of free groups. To state this more precisely, let A, ,, denote
the discrete group of homotopy classes of homotopy self-equivalences of a bouquet of
g circles, relative to n marked points. Then

Ago = Out(Fy), Agr = Aut(Fy), Ay, = Aut(F,) x F;

where F} is the free group on g generators. The following can be deduced from results
of Kontsevich [8, 9] and Conant-Kassabov-Vogtmann [4].

Theorem 1.1 (Kontsevich, Conant-Kassabov-Vogtmann). Suppose m is even. For all
g+n>2and all k,

Hy(F"((g,n))) = Hp(Agn; Q).

The homology groups Hy(A,,; Q) have been studied extensively, but they remain
largely unknown.

1.2. T'M-fibrations

Let M be a closed oriented manifold with tangent bundle T'M. The new characteristic
classes will be defined not only for smooth M-bundles but for a generalization that we
call T'M-fibrations [2].

Definition 1.2. A T M-fibration over a space B consists of
e a fibration M — F 5 B, and

e an oriented vector bundle 7. E over the total space E such that T E| 14 ~ TM
for every b € B.

Every smooth oriented M-bundle (i.e., fiber bundle 7: E — B with fiber M and
structure group Diff " (M) gives rise to a T'M-fibration by letting T, F be the fiberwise
tangent bundle. One can also show that block bundles give rise to T°M-fibrations,
where T°M is the stable tangent bundle. We remark that not every T M-fibration
comes from a smooth bundle.
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1.3. Characteristic classes

A characteristic class A of T'M-fibrations is the association of a cohomology class
A7) € H*(B)
to each T'M-fibration M — E = B, such that

[r(A(@)) = A(f*(7)) € H*(B)

for every map f: B’ — B. By specialization, every characteristic class of T'M-fibrations
gives rise to a characteristic class of smooth M-bundles.

The well-known Miller-Morita-Mumford classes, originally defined and studied for
surface bundles, may be generalized to give characteristic classes of T'M-fibrations, one
class k. for each ¢ € H*(BSO(m)), defined by

() = /M (T,E) € H"(B).

2. Results

The following gives more precise statements of our main results. These will appear in
forthcoming work [1].

2.1. Characteristic classes associated to graph homology classes
Theorem 2.1. Let M be a simply connected closed oriented m-manifold. For every
graph homology class a € Hi(F™((g,n))), there is a family k* of rational characteristic
classes of TM-fibrations M — E 5 B of simply connected spaces, one class

Ko o (m) € H(B;Q)

C1,...,C

for every n-tuple ¢y, ..., c, € H(BSO(m);Q).

The cohomological degree is given by

|k ()| = |ea| + ...+ |en| — kK +m(g —1).

C1,---yCn

Remark 2.2. The characteristic classes k* associated to ‘vacuum’ graph classes, o €
Hi(F((g,0))), are defined for arbitrary fibrations with fiber M (no bundle over the
total space is required). In this case, we recover classes introduced by Matsuyuki [10].

2.2. Detection theorem

A natural questions is whether the new classes are non-trivial. We have the following
detection result.

Theorem 2.3. Let m > 4 be even. If the graph homology class a € Hg(F™((g,n)))
is mon-zero, then the family k* is non-trivial, i.e., there exists a simply connected m-
manifold M, a T M-fibration of simply connected spaces, m: E — B, and cohomology
classes ¢y, ...,c, € H*(BSO(m)), such that
Koy, .en (M) # 0 € H(B; Q).
The case m odd is work in progress. It is an open problem to decide whether graph

homology classes a can be detected by evaluating the characteristic classes kg, . on
smooth manifold bundles, rather than on T M-fibrations.
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2.3. Zero dimensional graph homology and Miller-Morita-Mumford classes

It will be clear from the construction that if 1 € F™((0,1)) = Q denotes a generator,
then we recover the generalized Miller-Morita-Mumford class,

KL = Ke.
More generally, we have the following. For m even,

Ho(F™((g,n))) = Ho(Agn; Q) = Q,

and a generator €,, may be taken to be the class of the graph

Qg...yjj_._.iil_n.

Theorem 2.4. We have that

€g,n —
Crrenen — Fedcy.cns

where e is the fiberwise Euler class of [6].

By applying the above result to the T*W-fibration associated to the universal block

bundle over a suitable cover of BDiff p(Wy), and by tracing the new classes through
the computation in [3], we are able to solve Conjecture 1.11 of [3].

Our approach is algebraic. To define the new classes and prove our results, we
use rational homotopy theory. In particular, we develop a theory of relative C..-
algebra models for fibrations. We comment that some of our techniques are similar to
techniques used by Kajiura, Matsuyuki and Terashima [7].

References

[1] A. Berglund, Characteristic classes of manifold bundles and graph homology, in prepara-
tion.

[2] A. Berglund, Rational models for automorphisms of fiber bundles. Doc. Math. 25 (2020),
239-265.

[3] A. Berglund, I. Madsen, Rational homotopy theory of automorphisms of manifolds. Acta
Math. 224 (2020), 67-185.

[4] J. Conant, M. Kassabov, K. Vogtmann, Hairy graphs and the unstable homology of
Mod(g, s), Out(F,) and Aut(F},). J. Topol. 6 (2013), no. 1, 119-153.

[5] E. Getzler, M. M. Kapranov, Modular operads. Compositio Math. 110 (1998), no. 1,
65—126.

[6] F. Hebestreit, M. Land, W. Liick, O. Randal-Williams, A vanishing theorem for tauto-
logical classes of aspherical manifolds. To appear in Geometry & Topology.

[7] H. Kajiura, T. Matsuyuki, Y. Terashima, Homotopy theory of Cu-algebras and charac-
teristic classes of fiber bundles. Preprint, arXiv:1605.07904 [math.GT]

[8] M. Kontsevich, Feynman diagrams and low-dimensional topology. First European
Congress of Mathematics, Vol. II (Paris, 1992), 97-121, Progr. Math., 120, Birkh&auser,
Basel, 1994.

[9] M. Kontsevich, Formal (non)commutative symplectic geometry. The Gelfand Mathemat-
ical Seminars, 1990-1992, 173-187, Birkh&user Boston, Boston, MA, 1993.

[10] T. Matsuyuki, Double graph complex and characteristic classes of fibrations. Pacific J.
Math. 301 (2019), no. 2, 547-574.

56



COBORDISM THEORY OF MORSE FUNCTIONS AND
APPLICATIONS

DOMINIK J. WRAZIDLO (KYUSHU UNIVERSITY)

ABSTRACT. This is a survey talk on recent developments in the cobordism theory of
Morse functions. We present results on the computation of several cobordism groups of
Morse functions of compact manifolds possibly with boundary.

1. INTRODUCTION

We are concerned with differentiabldi maps between differentiable manifolds. Cobor-
dism groups of differentiable maps with prescribed singularities are generally studied by
means of stable homotopy theory (see e.g. the works of Riményi and Sztics [13], Ando
[1], Kalmar [10], Sadykov [14], and Sziics [19]). Historically, the topic was pioneered in
the middle of the 20th century by René Thom [20], who applied the Pontryagin-Thom
construction to study embeddings of manifolds into Euclidean spaces up to cobordism. In
doing so, Thom reduced the study of cobordism groups of closed differentiable manifolds
to the computation of homotopy groups of certain spaces. In the sequel, the structures
of the n-dimensional oriented cobordism group Q¢ and its unoriented version Q¢ have
been completely determined by several authors. It remains an interesting problem to study
cobordism theory of differentiable maps with concrete prescribed types of singularities.

In this short note, we shall focus on cobordism theory of Morse functions. Recall that
Morse functions of closed differentiable manifolds are real valued differentiable functions
whose critical points are all nondegenerate. We point out that Morse theory is a fun-
damental tool in the study of differentiable manifolds, for example by virtue of Smale’s
h-cobordism theorem. Thus, when studying Morse functions up to suitable notions of
cobordism, we expect that we can still detect important information about algebraic
topology and differential topology of manifolds.

Cobordism groups of various types of Morse functions have been studied by several
authors by applying explicit methods of global singularity theory of differentiable maps.
For instance, Tkegami [4] used Levine’s cusp elimination technique to compute cobordism
groups of Morse functions on closed manifolds (this generalized results of Tkegami-Saeki [5]
and Kalmar [9]). An application of Ikegami’s techniques to the construction of topological
invariants of generic differentiable map germs was found by Ikegami and Saeki [6]. Saeki
and Yamamoto [17, 18] studied Morse functions on compact surfaces with boundary up

This work was supported by JSPS KAKENHI Grant Number JP18F18752 and a JSPS Inter-
national Postdoctoral Fellowship.

'In this note, “differentiable” always means differentiable of class C™.
1
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to so-called admissible cobordism by using the cohomology of the universal complex of
singular fibers in [17], as well as a combinatorial argument based on labeled Reeb graphs
in [18]. By using similar techniques, Yamamoto [26] studied versions of these cobordism
groups without cusps. Saeki [I5] applied the technique of Stein factorization and Cerf’s
pseudoisotopy theorem to study cobordism groups of so-called special generic functions,
i.e., Morse functions with only maxima and minima as their critical points. In [22], the
author has imposed more general index constraints on the Morse functions, and studied
the resulting cobordism relations for such “constrained” Morse functions by means of
the two-index theorem of Hatcher and Wagoner, as well as handle extension techniques
for fold maps due to Gay and Kirby. As an application to high-dimensional topological
field theory (compare [21]), the author has shown how exotic Kervaire spheres can be
distinguished in infinitely many dimensions from other exotic spheres as elements of the
cobordism group of constrained Morse functions.

Let n > 2 be an integer. In this note, we consider several variants of cobordism
relations for Morse functions of compact n-dimensional manifolds possibly with boundary.
In principle, one defines cobordisms of such Morse functions to be certain differentiable
maps of (n + 1)-dimensional cobordisms (with corners) into the plane. Following Saeki
and Yamamoto [17, 18], we impose the natural requirement that these maps are locally
modeled on C'*° stable map germs into the plane. At interior points, it is well-known that
the possible C™ stable map germs (R"*1,0) — (R?,0) are

(w0, 1), regular point,
(1.1) (z0,...,&n) = < (zo, £22 £+ £ 22), fold point,
(z0,zo71 + 23 £ 23 £+ £ 22), cusp.

At boundary points, we point out that the possible C* stable map germs (R"x [0, 00),0) —
(R2,0) are given by

(20, 1), O-regular point,
(zo, 223 £ £ 22 | +xp), 0-fold point,
(1.2)  (zo,...,zpn) — @ 5.2 4. 0.
0,L0x1 + X £ 75 Ty g+ ), cusp,
(zo,£a? £+ £ 22 | + a2 + xoy), By point,

where the first three types are regular map germs that are named after their restrictions
to the boundary (R™ x {0},0) C (R™ x [0,00),0), while the so-called Bs poin is a
singular map germ. In Definition below, we introduce various cobordism relations of
Morse functions by requiring that cobordisms are locally modeled on prescribed subsets
of the possible C*° stable map germs into the plane. On the technical side, we note that
our definition of cobordism relations differs from that of Saeki and Yamamoto [17] [1§]

2According to [26], the terminology “Bs point” has its origin in the case of dimension n = 3,
where the map germ is a versal unfolding of the function germ By = +22 + y? (see Arnold [2]).
2
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in that we do not assume Morse functions and their cobordisms to be proper C° stable
maps. Nevertheless, by means of slight perturbations we see that both definitions result
in isomorphic cobordism groups.

Next, we introduce the cobordism relations that will be discussed in this note. Let
M be an n-dimensional compact differentiable manifold possibly with boundary. By a
Morse function of M we mean a real valued differentiable function f: M — R which is a
submersion near the boundary 0M, and such that the critical points of both f and f|gas
are all nondegenerate. We consider the following notion of oriented generic cobordisms
between two Morse functions fy: My — R and fi: My — R of oriented compact n-
dimensional manifolds possibly with boundary.

0, 1]

FIGURE 1. [lustration of an oriented generic cobordism (W, V, F) from fj
to f1. The singular point set of F' and its image in the plane are indicated
as follows. Fold lines are red, cusps are triangles, and Bs points are squares.

Definition 1.1. An oriented generic cobordism from fo: My — R to fi: My — R is a
triple (W, V, F') (see Figure [1]), where

e the pair (W, V) is an oriented cobordism (with corners) from My to M, that is,
W is a compact oriented (n + 1)-dimensional manifold with corners such tha
OW = MoUapng, V U_grr, —Mi, where My, —M; and V' are oriented codimension 0
submanifolds of OW such that MoNM; =0, VN My = 0My and V N M; = OM;y,
V' is an oriented cobordism from dMy to dM; (that is, V' is a compact oriented
n-dimensional manifold with boundary 0V = dMy U —0Mj), and W has corners
precisely along 9V, and

o [': W — [0,1] x R is a differentiable map such that

3For an oriented manifold X, the manifold with opposite orientation is denoted by —X.
3
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— there exist collars (with corners) [0,e) x My C W of My C W and (1 —¢,1] x
My C W of My C W such that Flqoyxn, = idje) X fo and F|q_c1jxar, =
id(1_¢ 1) % f1, and

— at every point x € W\ (My U M), the map germ of F at x is C° right-left
equivalen to a C'* stable map germ into R? (see (1.1)) and (1.2)).

Similarly, we can define an unoriented version of the notion of oriented generic cobordism
by ignoring orientations of manifolds in the above definition.

As it turns out, oriented generic cobordism (or its unoriented version) is not an interest-
ing cobordism relation to study because any Morse function f: M — R is nullcobordant,
i.e., there exists an oriented generic cobordism from f to the unique function on the empty
set. (In fact, the double M Ugps —M of M is oriented nullcobordant, and any oriented
nullcobordism W can be considered as an oriented cobordism (W, M) (with corners) from
M to the empty set. Then, the desired differentiable map W — [0, 1] x R is obtained by
a generic extension of the {0} x M-germ of the map idjy.) x f defined on a collar (with
corners) [0,e) x M C W.) Nevertheless, we can use the above notion of (oriented) generic
cobordism to define the following more interesting cobordism relationsﬂ

Definition 1.2. An (oriented) generic cobordism (W, V, F) is called
(i) an (oriented) admissible cobordism if F' has no By points.
(ii) an (oriented) fold cobordism if F' has no cusps and no d-cusps.

(iii) an (oriented) admissible fold cobordism if F' has no cusps, no 0-cusps, and no B
points.

The oriented cobordism relations of the previous definition clearly define equivalence
relations on the set bM,, of Morse functions of oriented compact n-dimensional manifolds
possibly with boundary. Let b¢&,, b§,, and b2, denote the sets of equivalence classes
[f: M — R] of Morse functions in bM,, up to oriented admissible cobordism, oriented
fold cobordism, and admissible fold cobordism, respectively. Disjoint union “LJ” induces
an additive group law on each of the sets b€, b§,, and b2, as follows. The identity
element is represented by the unique map () — R, and the inverse of a class [f: M — R] is
represented by —f: — M — R, x +— — f(z), where —M denotes the manifold M equipped
with the opposite orientation. We call b&,, (resp. bF,, b2l,,) the n-dimensional oriented
admissible (resp. fold, admissible fold) cobordism group of Morse functions. Similarly,
we can define bME by ignoring orientations of manifolds, and the unoriented versions

4Given differentiable manifolds N possibly with boundary and P without boundary, two
differentiable maps f,g: N — P are called C*° right-left equivalent if there exist diffeomorphisms
®: N — Nand ¥: P — P such that Vo f =go ®.

"More generally, it seems interesting to study cobordism relations for Morse functions on
compact differentiable manifolds with corners. As this problem is beyond the scope of the

methods presented in this note, we mention it as an interesting direction of future research.
4
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b&9, bFQ, and bAY of the oriented cobordism groups b€,, bF,, and bA, by using the
unoriented versions of the cobordism relations of Definition [1.2l

Saeki and Yamamoto [17] [18] introduced the cobordism groups b€, b2, and their
unoriented versions b€9, bAY. Tn [I8], they showed that b€Y = Zsy by means of a
geometric method using Reeb graphs which is based on [5 9] [16]. Moreover, they posed
the problem to study the group structures of b&,, b%l,,, and b@g, bQ[g for arbitrary n > 2
(see Section 6 in [18]). Based on similar techniques, Yamamoto [26] showed that bF§ = Zo
and bQ(ZO =7 DL D Lo.

In the following sections, we outline our results on the computation of the oriented
cobordism groups b€, bF,, and b2, and their unoriented versions b€?, bFY and vAY
for arbitrary n > 2.

2. ADMISSIBLE COBORDISM GROUP OF MORSE FUNCTIONS

Our Theorem [2.1) below answers the problem of Saeki and Yamamoto [18] to determine
the group structures of the (oriented) admissible cobordism groups of Morse functions
b€, and b€? for all n > 2. Our proof is based on a geometric method that combines
Levine’s cusp elimination technique [12] with the complementary process of creating pairs
of cusps along fold lines.

N AR
df iz, (va)
M 1
dfﬂc’s (U3)
—f’
3 df, (v2)
| drio)
T

FI1GURE 2. Illustration of a Morse function f: M — R of a compact surface
with boundary induced by the height function in R3. The surface M is the
connected sum of two tori with two small open 2-disks removed. The critical
points of f|ons are 1, x2, 3, and x4. Using the indicated inward pointing
tangent vectors v; € T, M, we see that oy(z;) = +1if and only if i € {1, 3}.
Hence, we have S [f] = {z1}, S{[f] = {x3}, and thus x*[f]=1—-1=0.

In order to present our result, we need to introduce some more notation for Morse

functions g: N — R defined on p-dimensional manifolds possibly with boundary, p > 1.
5

61



Following Curley [3], we assign to every critical point z € N of the Morse function g|gx
a sign o4(x) € {1} (see Figure [2) that is uniquely determined by requiring that for an
imward pointing tangent vector v € T, N the tangent vector

og(x) - dgz(v) € Ty)R =R

points into the positive direction of the real axis. Let S(g|sn) denote the set of critical
points of the Morse function g|gy. We note that the resulting assignment o4: S(glon) —
{£1} depends only on the map germ [g] of g near ON. Let S;r[g] C S(glon) denote
the subset of those critical points z of the Morse function g|gy of index i for which
og(x) = +1. If ON is compact, then S(g|pn) is finite, and we define in analogy with a
well-known Euler characteristic formulaﬁ the integer

where ;" [g] denotes the cardinality of the finite set S;"[g] (for example, see Figure .

Theorem 2.1 (W. [23], 2019). Let n > 2 be an integer. The assignment b./\/l,(IO) — Z,
(f: M = R)w— x(M) — xT[f], induces group isomorphisms

bdzO) =R Lo, n even,
7, n odd.

In particular, b€Q =2 b&,, for alln > 2.

3. ADMISSIBLE FOLD COBORDISM GROUP OF MORSE FUNCTIONS

In this section, we discuss a structural relationship between admissible fold cobordism
groups of Morse functions and SK K-groups of compact differentiable manifolds possibly
with boundary (see Theorem below). The concept of SK K-groups of manifolds goes
back to Jénich [7, 8], who observed that the index of elliptic operators is invariant un-
der natural cutting and pasting operations on manifolds. This operation cuts a closed
n-dimensional manifold along a submanifold () of codimension 1 with trivial normal bun-
dle, and pastes back together the two resulting copies of () in the boundary by means of
some gluing automorphism ) — ). The resulting notion of SK —invariantsﬂ of closed n-
manifolds was studied systematically in [I1] by viewing S K-invariants as homomorphisms
on a universal SK-group SK, with values in some abelian group. As a generalization,

OIf h: P — R is a Morse function on a closed (p — 1)-dimensional manifold, then the Euler
characteristic of P can be computed as x(P) = Zf;&(—l)i - vi(h), where v;(h) denotes the
number of critical points of A of index i.

"from German “Schneiden und Kleben” = “cutting and pasting”
6
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the notion of SKK —invariant and the corresponding universal SK K-group SK K, in-
corporate a correction term that may depend on the gluing automorphism Q) — Q.

In Theorem below, we compute the (oriented) admissible fold cobordism groups
of Morse functions, b2, and bA9, in terms of the (oriented) SKK-groups of compact
manifolds possibly with boundary, which we will denote by bSKK,, and bSKK?. The
underlying bS K K-relations are a version with boundary of the S K K-relations which are
studied systematically in the manuscript [11] by Karras, Kreck, Neumann, and Ossa.

Py Py Py Py
e U &$H — B || ¥

S

—PMI —P —PMI _PN'

FIGURE 3. bSK K-related oriented n-dimensional manifolds X and Y.

Definition 3.1. Two compact oriented n-dimensional differentiable manifolds possibly
bSKK

with boundary X, Y are called bSK K -related, X ——— Y (see Figure , if there exist
e compact oriented (n—1)-dimensional differentiable manifolds possibly with bound-
ary PM, PM/, PN, PN/, Q, Q/ such that —8PM = 8@ = —8PN and —8PM/ = 8@’ =
—0Pn,

e compact oriented n-dimensional differentiable manifolds M, M’, N, N’ with bound-
aries OM = Py Upg Q, OM' = Py Ugg Q', ON = Py Upg Q, ON' = P U @,
and corners along OPys, 0Py, 0Py, 0Py, respectively, and

e orientation preserving diffeomorphisms ¢, : Q — @’ such that

X =(MU,-M")u(NU,-N),
Y =(Muy, -M')U(NU,—N').

Let b9, denote the set of oriented diffeomorphism classes of oriented compact n-
dimensional differentiable manifolds possibly with boundary. We regard b, as an
abelian semigroup with addition [M] + [N] = [M U N] and identity element 0 = [0)].

While the bSK K-relation on b9, given by Definition is obviously symmetric, it
might not be an equivalence relation. Nevertheless, we can use the bSK K-relation to
define an equivalence relation ~pgx g via stabilization as follows. Given two manifolds

8from German “SK -Kontrollierbar” = “SK-controllable”
7

63



M and N in b, we define [M] ~psxk [N] if there exist manifolds X and Y in 090,

such that X 2255y and [M] + [X] = [N] + [Y] in 90,,. Then, it is straightforward

to check that “~pgx " is an equivalence relation on bI,,. The quotient ¥IM,,/ ~psK K
inherits an abelian semigroup structure from v90,,. We define the additive group bSK K,
to be the Grothendieck group of ¥,/ ~pskk. In particular, note that an element
of bSKK,, is not always represented by a manifold, but can in general be written as
a difference [M]| — [N]. The group bSK K, is called the n-dimensional oriented SKK -
group of manifolds possibly with boundary. Similarly, we can define an unoriented version
bSK KnO by ignoring orientations of manifolds.

By taking boundaries of manifolds, we obtain natural maps bSK K,(LO) 5 SKK9

to
n—1
the usual SKK-groups of closed manifolds. The groups bSKK, and bSKK? do not
depend on singularity theory of differentiable maps, and will be computed in [24].

To relate admissible fold cobordism groups to bS K K-groups, we define an assignment

vo(f)+ -+ ve(f), n=2%k+1,

(M) —x(M)

3.1) 29 MO 57, (Mo R) - J
pr—1(f) + =——5—, n = 2k,

where v;(f) denotes the number of critical points of f of index ¢, and p;(f) = vn—i(f) —

vi(f). We also recall the definition of the assignment MO Z, f — v [f] from

Section , and set 1 [f] = v . [f] = v f].
Theorem 3.2 (W. [24], 2020). Let n > 2 be an integer. The assignment

A oM S bSKEK,,  (fr M= R) = M+ 20(f) - [+ 2 (Floa) - D7),

mduces a group isomorphism

210 2, 45K KO g ZLn 12 g Zln-2)/2] g 72,
o
[f: M = R] = (w )[f],li[(n—n/zj (f)7ML(n—z)/zj(f\aM),Man [f]);

g\‘}‘) = ( (+) (+) ).

where we make use of the vector notation p R T

4. FOLD COBORDISM GROUP OF MORSE FUNCTIONS

In Theorem [4.2] below, we determine the group structure of the (oriented) fold cobordism
groups of Morse functions, bF, and bF9 (except for b, in the case n = 1 mod 4).

First, we need to review the group structure of the (oriented) fold cobordism group
of Morse functions of closed manifolds. For this purpose, let M,,_1 denote the set of
Morse functions of oriented closed (n — 1)-dimensional manifolds. An oriented generic
cobordism between two Morse functions fy: My — R and f1: M7 — R in M, is an
oriented generic cobordism (W, V, F') from fy to fi (seen as elements of bM,,_1) in the
sense of Definition [I.1|such that V' = (). We call (W, 0, F') an oriented fold cobordism from

fo to fi1 in M,,_1 if F is an oriented fold cobordism from fy to f; (seen as elements of
8
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bM,,_1) in the sense of Definition . This is obviously equivalent to requiring that all
singular points of F" are fold points. Oriented fold cobordism clearly defines an equivalence
relation on M,,_1, and we denote the set of equivalence classes by §,—1. Disjoint union
defines an additive group law on §,_1 in a similar way as for b§,. We call §,_1 the
oriented fold cobordism group of Morse functions (on closed manifolds). We can also
define the unoriented version ngl by ignoring orientations of manifolds.

Theorem 4.1 (Ikegami [4], 2004). For n > 2, there are group isomorphisms of the form
O (I)O
g0 U2 g0 ggln

and
Fur LY, S0 g 7ln/2), n#1 mod 4,

Sn-1 —— B’QA) % QY9 @72 a7y n=1 mod 4,

where B9 O — QO | (resp. B: Fn-1 — 39, ) is the natural map [f: M — R] — [M].

By construction, there is a natural map al0). bgﬁl S 1 induced by restriction to

the boundary, [f: M — R] — [f|on]-

Theorem 4.2 (W. [25], 2020). For n > 2, there are short exact sequences

(@] (@]
O—>b§,?—a——>32715—>Qg71—>0 n=1 mod 2,

O (’Yo»ao) o) Opry O _
0 — b5, —>Zg@$n71—>9 1 — 0, n=0 mod 2,

and
0—>b§ni>gn L Baso o n=23mod 4,
0—>b{§n Zg@{% 1 — Fopr, QSOI—>O7 n =0 mod 4,

where the map ~© bS’QOk — Lo (resp. y: bFax — L) is given bﬂ

[+ M = R] = X(M) + 5#5(floar) mod 2.
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Pseudo-Anosov properties in cluster algebras

PET I O (PN

B =
AfE i EOBASEIZN T 58 Anosov I EDILEEE L TY 7 A X — R
WBWAERNL— T TE2HFERELLE WO EMEE2EAL
o SHALAT & dlii O BAREHIZ DWW TIXHEE Anosov M & — R T 5288 M A3 E]
HERbZ L,
o —fRIZIFESLZERNRE path 2 H DL RNL—TIZOWT, FEI NS Y
FAR—EBWOMRET Y vo ¥ —2 7525 —(BERF O T
flicEsz &

E BT 5. AREOWEIZHOH THRF ORI 2 DIRPIZEIET <.

1. 7

ZUDIZT T AR —RBDOEAZITNTE <. IROHIT Teichmiiller-Thurston
i & DREAREZIRARS. 75 A8 —RIL (cluster algebra) & 1&, Fomin—Zelevinsky [FZ02]
XD ERINAMAGODERO DT TH S, FONRBERITFET (seed) &I
XN s 32oM (B,A, X) BLUZDEE (mutation) LIFXNBEIETHS. ZTZT
B = (bij)N_y WEATTH, A= (AN, BETX = (X)), 3Zh Tz 5o
MTHd. WmFke{l,.... NHIWNU, k fHDOERE 4y, (B,A, X) — (B, A, X')1&
ROV =)V THLUWEFZED T

/ —bij ifi=korj=k,
bij = ' (1.1)
bij + [Dir) 4 [brj]+ — [—bir)+[—brjl+ otherwise,
- [b j} [*b j] ep -
A — Akl(Hje]Ajk T AT ifi=k, 12
oA if i # k,
X—l f L ]{7
Xi=9 " e (1.3)
X (14 X, 8Oy b if £ .

T ZTHEBa e RIZHLUTla)y := max{a,0} & F N7z,
INSDORE—REMTH L), TITRERABLOX, b0 EHEH
WRWAEBEZE L ((EABZS L positive rational map) TH B Z &, £H 5 & A IZAT
FIBTHHIINTWS Z &, THIZFOLEHIL—)V BAEDVFRFIZEHBRINTWSZ
&, RMEICEHI NV, B (1.2), (1.3)22ZNETNT T AR — AL, 7T AR —
XEWENER, 7T A —RBOERMELIK, Z D & 5 R EEER A R Gm,
DR, I T—NIMER BT ORRL RTINS ZEBNRHEINTE 2. RO TIX

AH5EI% JSPS BHF 22 (18J13304) DBk A Z 72 D TH 5.
2010 Mathematics Subject Classification: 30F60, 13F60
*—7— N BRIERE, 7 7 A X —REL, 5 Anosov P
* T 606-8502 AR ZZ PGB ML) SR EE SR E T ST T

e-mail: ishiba@kyoto-u.ac. jp
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Z o DOZEHEDMHE D Teichmiiller 228 L OHIEN & T I 2 — a v DOEMIZEIT 5
FEfEZE LY U CHARIZENS Z L2 R 5.

2. Teichmiiller @M 57 5 2 4 — KB

LSEEB gB IO hEDOEAE S DME D 5N E TS, Euler By () = 2 —
29 —h<0,h>0%KETS. XD Teichmiiller 2] T'(X) & 1%, ¥ EOMHRBEAR, 5EH
7 ARG AR DA & [HE BRI isotopic R FIHEERD 2T HTElI > TR N D
BRRIXITCDOESHRIRTH 5. BEFEHMC(S) P T(D) ITHRIEHL, A - 74V R
T(X)/MC(%) iE Riemann [HIDEY 27 1 2] TH 5.

2.1. Teichmiiller Z2E DY 5 X5 —ER

Teichmiiller 22 (D 2 FEDfLAR) D _EAZ X OFAA=AE 0 ENAFEL 72 2FXHD K
IR DEAES B, HIZ DWW TEEL < 1& [Pen, Chapter 2] Z 2 72\,

Y ORI o TH > THidmm A P LIZdH % H DD isotopy FH % LA (ideal arc) &
IER. PUSAD L THWZRZ D S 2 WHATDOE A = {a;}Y, TH o THKLH D% H
=M 0E] (1deal triangulation) EIER. AR TORED S & A= MIE0ENTH 127
L, TN EENZHMEN GLL LIER) OBUTHIZN = N(X) :=69—6+3hThH 5.
HBZ o HE=AESE AT U, BB U 72 3E3FI %2 AW T Fock—Thurston
JREREE

XA = (XQA)QGA . T(Z) — R§0 (g Rf;go—(j_t,_gh)

CIEEIN D KIS R (B DIAAR) BEZR I NS, FEMIZEIE T 258, #/LE Teichmiiller
Z2f# (enhanced Teichmiiller space) & FEI¥#13 & 0 K X 72 Teichmiiller 5[ T(X) k12
HIFRMIELIC K DR 2 IRk 5 Z LT E, W FME

Xa = (XD)pen : T(E) S RA (2.1)

PEONS.

I, HAZAEAE A 20 BA -G OEELEREZE Z 5. $HLAF S HHH S % [FH
ELUI, ZOERD 2 OOMB=AAEHIE 7Y v TEIFEN 5 HAZE (K1) %
HREEST Z LT YA e ERINIZASNTWS. a e Ao 7 )y 7%
fo i A= NETEHE HBEER X o XN EK 1O XS IZ5ER 6N,

COEMARNIFEHEIZARANTZ 2 T AR — X BHD—H LT85 TWB. ATLED AR
1151 B = (bi;) {3 b;; = #{arrows i — j} — #{arrows j — i} £/ 5 X5 0k Q TRE
52 LICEHERL, BEEMESEI A ML 72 QA 2 =K LD

ERLD EDOETERT S, B 2WILT ARATHIE T DL, fo: AN — AITDNT
XFET (BY, Xa) X (B2, XA) 20 a MG L2 FRAOERTHE NS Z L DR T
5.

75 AR —JERE RTINS & BAERE MCO(X) DBR{ER Teichmiiller 2R T/(X) ~®
TEFZ RPN AXRTRRTE2ZENTESL. TRV E Prolemy 2777 7 (labeled
Ptolemy graph) Trix ZIRD X377 F7 7L ULTEDS:
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Xo

La€e AZR-727 YV FITxtin g % FEAEA R X oo X1

o THI TN EHBEAENE (AL, 22T {1,...,N} = AZAD TN
IWAHT % 5 2 % 2 B

o 4. RD2FHDIAMNS725.

(1) k=1,...,NZ&HUL, IRUFETV YT fi + (AL — (AN). ZIZT

N = fuy(D)TH YO O LG) = L6) for i # k, O(k) € N\ (ANA) & UTHE

5N DTV

(2) H¥to = (i j) € Gy T L, TRVOHEM o : (AL) = (A ol). ZIT

o l(i) := (o™ 1(7)).
Z R)UASE Polemy 277 7 DTHR (A, 0) 125 U THERER XA = (Xf(i))i]\i1 : f(Z) =
RY, BEE DL (A L) L (N 0)IZiZk FAOERTE X 5N 5 EEEA R 7 RY, —
RY, 2%, 3 (A ) =2 (A, 0 0) \ZITEERED HTH 2 51 5 A fo . RY, — RY,
MENTNNBET 5. Trig lEFETH 205, GHEE o € MC(X) B LUTES (A, L) 12
XF U, edge path

Fo it (00 B (AL G) o (D ) = 071D 0)

PFET 5. 22 TR EIEHESL, .. NEHRABRTHBL L, ¢ (A L) = (¢~ (A), ¢ "o

(). 2Dk ZEEDOHERD MC(X) HAEMED S, IROKIRPAHTH 5:

fe
RY, — RY, RY,
X(A,Z)T TX(p—l(A,Z) XA L0
T(8) =——= T(8) — T(D).

@
ZIZTfy=fi oo ff &7 TAR—ZMWME H|IHDERTH %0 5 IEAHLH
ThHhd. ZOMADS, BEEEHD T(X) ~NDOEHRZIEHOBERRTIEAHEAHTERS
N5 VN5,
EMR 2.1 (ffi 0 A E Teichmiller ZEffi & 7 T A X — AZH)., 7 5 AR — AZEILH D fF
& Teichmiiller Z#f#] (decorated Teichmiiller space) T'(X) LD \ K MEFED FEFEZ 1 & L
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THNS. SOMBE=ZAELEAIZHLTae ADNEDOHIZMEFE
Ap = (A%)en - T(X) S RE,

BED, TV YT for A= NN 2 EEEMAN 0 AL BT FTAR—AZMTH B,
I DIEFIFXNIE U7 IEABZ M f3 & U CTHERR S NS, A0 Teichmiiller %
725 DRERIFIROEAIZT D SN 5:

(%)
AN

() — T()

2.2. Thurston AV /N MEERIERZ S I x—Y 3>, BREODER

RIZ, BARSHD FEEM T 5 Nielsen—Thurston 72382 D W TR 5 . Teichmiiller Z2fH
@ Thurston 2 27827 MET(X) := T(Z)UPML(Z) IEFFHICFAME TS b, Teichmiiller
ZEFEI AN D BAGBREAE N Z O MR BT EBIC RS 5. 22 TPML(R) IS EOHIE
&7 I 42— 3V (measured lamination) DZEE ML(Y) %, JEADEHRL R FH
TE 72D THD. ML(X) IEROOT21 (Z[FAIFH 7R X 73 IR L BRAK (piecewise-linear
manifold; AN PLZMK LK) TH 0, (EFEEDEAL E multicurve (HHIEAHH#RD
FER D isotopy FH) 2R Z I EA L LTED.

I 2.2 (Nielsen—Thurston 7%, e.g.[FLP]). ¥ LOLEDEGH ¢ € MC(X) 1FIXD
X123 DDRIZ X 3, Thurston 2 /N7 MEADIER DO FEE O MEIZ X D R
fironsg:

L JEHI: o I3ARRAEZ 2. GERIEDEI & 72 5 DIE Teichmiiller Z£[H T'(X)
ICHEERE DD & L IFE.

2. WK ¢l T EDBH B multicurve Z[EE T 5. BURHP AL 725 DX PML(Y)
WD dH % arational TIRWEHENREMN E T I 2 —Ya vV 2EET 5 T & L[FAHE.

3. i Anosov: 2DODWENEZ T I X —T 3 ‘/qu BLCERHN, > 1DFEL, ¢l
G(Ly) =1Ly

AT T . BB Anosov £ 72 B DI PML(X) ND & % arational 725 2
HEMESIZ—varvEBEET S & LA

SR DB S BRI N DI Anosov BEITH 5. HE N, > 1 2HiEATF
(stretch factor) &3, #E Anosov B8 ¢ 1X Thurston Bi5t PML(X) O _E TR
%% (North-South dynamics) % 2. §72bDbH

: +n _ +
lim ¢="([L]) = [LF]
MERDOHFEINEMNE T I 2= a v (L] € PML(E)\ {[L]} 2V THDILD.

WEMEZI IX—Ya v OEMICH B =M SHE A AR U 72 B (39 W MR,
shear coordinate) BFIET B: xp = (15 )aen : ML(X) = RE. FEMITEIZ T 208, Z

«
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ZT /\//l\ﬁ(E) R RLI AT £ 9 X 2 — 3 3 ¥ (enhanced measured lamination) @78
TPLEMRAERTHD. £72, 7V VT [, A = NS 2 A 0 025 1XH] 212
RINTVWBE LI 1O MOEAINELUTEAONS. EFHZER f O (max-plus)
R

Az, an) = P_{%tlogf(exl/t, et

TEHINDPLEKRTH L. 3L I [FGOT] 2 I 0.

x1 T2 x1 + max{0, o} x9 — max{0, —zo}
Ja
Lo
«
Ty T3 xy — max{0, —x¢} z3 + max{0, zo}

B 2: a € AT o727 VY FITNIET 2 EIEEH x 0 0 2

GAIARED ML(S) ~D ERBAEFID 20 12 & 2 R RIX§ 2.1 AEOHR TR
FWTE PLER(fHTTRIND. ThoDRFENS, WENE I I X - 3 vV D%EH
12 % IR T Teichmiiller 2/ D “ b @ EAIVEL TH b, Th 5 ORI OE#HIZITSE
EORBIEEDNBA TS Z VR THNS. ZhEftL, —MbL 72 DR H
TR B 7 T AR =KD GRTH S, T 2T, EEVAMEIZMO MO E 0T &
oMWz REIFTH<:

B& 2.3 (Papadoulos—Penner [PP93]). GE3H ¢ D Nielsen-Thurston 0 %, IEAEEL
Wfy, fo dBVIEZTNSD NI EAIVEEEL(f2)T, (f$)T Z2HWCTREMT &

HEZEMOMEHIZZOMZINT A0 ED2DEER2 5 2 52,

3. VSR —LHKELDOIFEZR
M COBREFTLHLLIRD X 51274 5:
o Teichmiiller ZZ[ T(X) i (A, ¢) € Trix IZA1H U 7= K EkE % # b 3 (A, 0) -
(AN OVITATEE U 7 B WL 7 S AR — X BT H 5.

o WM 25 32— 3 v DI ML(S) 1 (A, 0) € Tris 1256 U 72 Kt & 5
B, (A 0) L (N 0) ITSBE U 72 BRI HIZ 2 5 A X — X O ha ¥ L
HTHS.

LPPO3| TldZ 9 AR — AZHEB X OZ D b EAIVEUDANRERINT VSN, B0 52k

DHEHIZBE VTR X BMOFFSHLLNTH D, ALBORFFIET ¥ 2 TV %8 U CRIRIIZ R

FHTEDDNE. i, 77 AX—REUZB T B c-vector DFF5—HEME (sign coherence) [GHKK18]

&Y, BEL-TORMBEZ NI EINV X EBROATHREIND Z EDHSNT NS,
2 UM WERTHEM, 7 7 AR —REUZB T 5 b o ENIVEE L ORELE M % B U min-plus b O

EHVEL fUP (2, .. an) = —fT (—21,...,—2N) BID.




o LELDZEMIANDEB/RI ¢ € MC(X) DIFHD (A, ) IZAFE U 72 JERE R R, Trix
D edge path f : (A 0) = ¢ H A O ITNBEL 722 T AR =2 f1 5LV D
FEEIIVELNTEZoNS.

75 AR —ZHRARDMEmIL Z N o DG 2 RENIZHISE L7z D e FEZ T LW,

3.1. V3RS EERIN—T

§ 1 TRz 7 AR —REDEA S % Fock-Goncharov [FGO9| IZHE - THRMFHIZ
AL 5. ARES T ZEET 5. HENSKRTN =@, Ze; BELUZD LD
MRSFEIE A (, ) N x N = ZOH (N, (, )) % (Fock-Goncharov DK TD) F&E 1
(seed) LUIFZ3. by = (e5,e;) TR E DKNIMTIN B = (b)) jer & #1475 (exchange
matrix) EFE. K (N, B) 2T LIERZ 2 Hd 5.

Bl 3.1 (A=A DENAEL 72/ 1), St S i X OB =A 0 H A 126
U, Ba e ANTHBEL 72 BRI e2 THERI NI T N2 = P, A Zes B LT
§ 21 TCERLEKMITFI B % EZ 5L, (N>, BA)IIETTH 5.

aEN

IWIMHEZL 25D LT 5. FiTERE (seed pattern) & 1E T; DA THAUITE T % XD 1
25Ms T2t (NO =@, , 2" BOYTH->T, 8t L ¢iz2nwT B & BW)
Dk FAROITHER (1.1) TEES T SNTVWE LI REDTHS.

U ZRY =Bk, Kt e T2/, Xy = Hom(ND,G,,) 12 & O AREH b —F &
MWEED. T TG,y = SpecZlz, 2] IETIEMIEA F — L4 FLEE ) A & e IR #
x Xy = G, 0 = eeM MEES. Wt +— v izonT, 75 2% — x &
Wi s Xy = X &

z\* v () (Xlgt))_l if i = k?
()" X3 = (t) (BN —sen(b®)\—pB) g
XV (14 (X)) =hu i i £ k

1

TEEAIMEHERE TS, 77 AX— X EZRRAK (cluster X-variety) 12415 DG D
BOET—EDNOEELAXF—LTHS:

XS = U X(t).
teT;

BRI 7 ik & U T, A+ M = Hom(N®, Z) (2 (Bl L 72 REH b —F A
.A(t) = HOHI(]W(t)7 Gm) f:% 72 7 7 A é? _ AZ@@ Mz . A(t) — .A(t/) Iz cl: D El'ﬁ D é\;b“i"f
77 AR = AZGHRIK Ay = Uper, Ay BFONSE. 2DD T T AR =ZIRIKET VY Y
7§ (ensemble map) p : A, = X,, p X" = Hjel(Ag.t))bE;) THES TN S.
HERR 2.1 & S vz,

RIS, BEEN—TEVTRI—FVaT7—8. SRoNETEEs»S, IX
VAT & Ptolemy 775 7 DAL TH 2 K125 7 (exchange graph) Exch, Z K TE 5.
R IIHEBDOBEMRTAEAIKT 25 GEL < IX[IK] 22M), Exch, DTEAIX T, DIEAt &

3Z ZCIHKAFRFE - Cd o TKMETHA (frozen vertex ZH 722 0WHDE2FZ TS, — D& AbIC

DNTIE [FG09, GHKK1S] & B X o,
KK IZ9WT G (K) = KX DT, LT Gy % CX R CHABATHE R A LLAR.
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Eifto € &; DM (¢, 0) DR [FAEF v = [t, 0wy TH > T, HPA ZHEE N —F 2D
PPN

Exchy 3 v = [t, 0luiv — Xy = Xit.o)

M—RBNRFAMEZRWCT EFKEZDEIBREDTH L. FTT 7 A X —LHIKIE
X, = UUE]EXChS w &FFD. ke [IZDWT Exchy, NOW v N

— W 7 Xy = Xy DY, H#io € G120 Tilo —— o B KOO E
0% Xy = Xy B H%'@’“%. Exch D edge path

Vv =g g By = (3.1)

R UT (kX TDOILERIZS, WO M), 77 AR —ZHE X RO BIDO 5K
& UTIEABAM 1 - Xy = Xy PEX S, BllIRRY IOV Tl =id TH 5.

edge path (3.1) 1Z B") = BW 2 A7/-3 2 &, T£8L—-T2RETE] 0. Z
DEE, NEME AR

1

Xy = X)) = Aw) (3.2)

WEES. 22T, BEOEEIIFET (NO, B®) & (N, BC)) oD B4R E R 5
BEINDZEDTHD. BRIV —T%2REKT 52 DDedge path (Zf1fET 2 NEHH
[FRL (3.2) D30 T AR —%RRIKR X, ND Zariski AR A ET—HT 2 L EFAMETHS & W

W, [FAfER ¢ = [v]s Z BRI — T LIEIR. HIT, v 1% ¢ DFK path (representation path)
TH»HE VS, WEHACHR (3.2) 1IXERN— 7 ¢ L THN v € Exch, DERDO AT

£5. INZDuIlBT B BIFFREIFT, ¢f, &EHL.

BE)N—T2EDRTHE I I AR —EV 2T LT, T, 2RI, 22 CRHEE
1M path DEFETED S: ERDOELENL— T ¢ IIMEEDIEM v € Exchy 22T
LZREFEpathzRHOZ eh s, ThiF EFLEBINS.

BEF)N —TIRNHEE O ¢f ) OIFD BHOEIZED 7 T AR — yﬁ¢XJﬂ>
(EHIZ) HCRBZED, [, DX, AOEANESND. ZOEMDSEL B HERD
AR TOHKONRTH B,

EEEROES EEDYA (semifield) P = (P,@,) BEORBHAN—F AT =
Hom(N,G,,) 12 L, ZDOPEADES

T(P) = HOIIl(Gm,T) K7z, P=M X7, P

NEEFSL. ZZTMIINORASETTHS. EAHEHR T - T EPEMADOBDE
B f(P): ( )—=T ( VEFETLHIEVHOoNT VWS, INE T T AR —ZHIZHEA
THILT, 77 AR—ZIRIKDO PR DES

vEExchg

MEES. [LFX(P)ITHRIEHT S, PRE LTIRD2D0DHR L HW OGN S:
o EEBDORKIZSEDD DR EBDWEEEZ 5 A THRONS FAERy = (Rao, +, ).
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o EHMAMRIZME LT 2HE A max %, e LTI D50/ +%2EF 2 THLNEH
ART = (R, max, +). FARZEAR™ = (R min,+) b L<HWO6NE. 55
LEE M AV ER LTINS,

Bl 3.2 (BHfLAS Z ). sy &AM SHIT S QBB =AELEELOTZD T Y v Th
SRONDSHEFEEL TS, LR ZE ISR SETRT I &ITT 5.

o X5 7 Exchy = Exchs, &YX DX 7 & Ptolemy 77 7 (tagged Ptolemy
graph) LIFEN 5 EDIZFEETH D, Ptolemy 27T 71X Exchy D532 7 7 Th
5. B¢ € MC(X) IZAHE U 7z edge path f, 1325V — T2 MRE L, FHDIA
HAMC(X) = Is, ¢ [folsy BEONS.

e § 2.1Cfili#17= Teichmiiller Z2f T(X) |0 Fock-Thurston JEZIZ X b, MC(S) [
ZREAR X, : T(S) 5 Xo(Rog) BMESNE. FRICHENES I 5 —v 30 0%
M ML(S) L BW Iz X 0, MCO(S) MZRFE 2, - ML(E) = X,(RT) H35
LN5.
3.2. BRI —TORSREN
RIS TDWe L v ITHBEL A b OIS 5 AR — L5 P = T (ROP)
X(v) (Rtmp) — X(vr) (Rtmp) ITwe X(U) (Rtmp) W20 L/, XD XS G:%H'%

{_x?Vw> iti =k

2 (w) + [sen(a)” (w)b) Loy (w) i i # k.

2" (p(w)) = (3.3)
BT, e € {4, —}ITH U Ter)) > 0 TEBS NS VEBHY) LRETH S Z L 23b»
5. Z DML GBOEEER (21)ie BT B KBTI B L # <
Exchy D edge path (3.1) D w € X, (RYP) IZH T D/ F5%, IRTEX 2175751
e, (w) = (eo,...,en-1) € {+,0,— " L ULTEHT 5:
€, 1= sgn(x,(:zi”)))(uki(y) (w))), v=0,...,~h—1.

22Ty vp B 0 2 S v £ TOES path, (ki - ki) 1RIRF DS

k= (ko,...,km1) DR TIDIEIZXIET BT TH 5.

555 e, (w) W strict, DX D e, (w) € {+, -} DK D LD & FITIEPL G pr =
(2 (R™P) Ik w D% ETHIETH D, T DRBUTIIL ES™ = g R RE T
5. 22T

i(v) v
P, (k; WHHD & %),
P, 13 H o DERBUTIITH 5.
T 3.3 (5L EMN). Exch, AD edge path (3.1) AR )L —T ¢ =[], #RKT 3
YIRGET 5. O C Xy (RP) % Rog 12 & B EBHHEH CRLERBAEL LT B, 20
L E MO EFSRE (sign-stable) TH S &1, strict B FI] ey € {+, -} H3HF
FEUT EREDOw e Q\ {0} UTHAREngc e NTH->T

{E,E;Uz(”)) (/{52 = k:i(,,) celD& %),
Jki =
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PETDN > ng lC2VTRYVEDEDDIMNG I L2V, FE ey 2yD QT
BRI L IRR, A5 B = BD ") & 2 RBUTH L IR,

EIE 3.4 (Perron-Frobenius ). Exch, N® edge path (3.1) WAL — T ¢ = [y], X
KU, Q EHBLETHDLRET B, 20 L SRERIUTH By DARY NV
BEEAE o > 1 TERING. £, 5T 2EERZ MVRQWITEET 5.

#vg € Bxch, ICH U, CE ) 1= {w € Xy (RUP) | 2™ (w) >0, i € [} & B <. L5
Dpath y:vg = vIEINSDHONIHT—EDREE2RE, MR LsIZHTS b
EHNVFHEMENDE EDIZ—HT 5. ZOEKRTR  AEES

Qo) =1t €l UintC,
f@ﬁ%ﬁﬁ%m%%%K%f%é.%ﬁw—f¢ﬁm%iﬁ%ﬁi@ﬁimm%
oL &, IEEAE A = Aporn 27 T 29 —fHEET (cluster stretch factor) &
I 3%,

R DR T EMEIINEK path DFEIITHKATFT 5 Z L ITHERET S, BRIV — T oI HMER
DR path  : vo — v AR FEEE R - Xy (QP) ECHBRER L &, —RICHS
ZE (uniformly sign-stable) TH2d & 5. T I TQ"P := (Q, min, +) C R"™P. &
BEOMEADPS, TNEIEREN—-THEOWHETHS. 20 & TRITKERFEK pathy : vy — v
MO ETRBEE R LRI, 25 A% —WEHN T £ 5.
3.3. X EHE
(1) ¥ Anosov it E RFSREM. sy 28N SHEA»SEZ M FEEL IS5 (H3.2).
FHIE BRI ¢ € MC(X) EEEN—T ¢ = [filo, € s 2EDD (AUFETRT).
IRDYEGFADHE Anosov DR ENEIT X 2RI TH 5:
T 3.5 ([IK]). $HLAF S dhiE S EOBESSH T3 U, IRIEFAMETH 5

1. B35 ¢ 1385 Anosov.

2. BERN—T ol SLRE.

3. GHIH ¢ I SAp(RUP) LTHALNFERE DD, RVASH/BEH LIV TS
T U T DB Us (REP) = piop (A5 (RYP)) C X(R™P) IZJBT 5.

ZDe&E BEN—T oD T AX— R T I ZMHEE 7 Ny 12— T 5.
E7, MO TERBIIEWT —RRICHSLERETRIL— 71 [[sh19] DEIRTZ
AR —HE Anosov TH 5 (LKL D VL7270,
(2) V29 —ZEHOKRBHWTY hOE—., REH M- 2 EONEHEE p : G —
GY ORI b v —i&
a. : 1 n
Swlg := lim sup — log(deg(¢"))

n—soco N
ICEDERINL. QY ETRHELERNRRpath 2 L D2ERL—T 920 T, €
DREREET ¢7, ), 2 € {a,2} DRBIHT Y b O E— 2RO & 5 ISFHHTE 5. KB
¥ PRE—BRARERIC RO ETRATH Y, £ =& RIHmv, DERITES
RN EITHEET 5.
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EE 3.6 ([IK19]). ¢ = [v]s 2 Q@Y FRSZE R AR pathy 1 vg — v &2 B DEEN—T
rI¥BeE,

log p(Ey) < &5 < log Ry,

MWD LD. T TCRERBITHE, .= F &J(]Lb’C By = (E3)~", Ry :=max{p(Ey), p

Thb.
ZDFIIFIRDTAEDE & FRIZED SN D!

F18 3.7 (AT MVIETFAR). EREOEEIL — T ¢ O— DK pathy IZ ﬂb %
HMTORETH ES™ v EO™ @f%rétézrlﬁﬁ FREROBFEERNTEL W, FHT
5 DFFHD ART N ILVELEITEHE L.

A EEICAME T 2 FEE sy 2B WTIE, TR STIMEZEDERL—T, ZD
K& path B &L FUg(RYP) EOEEDFUIB T EFRFHITDWTIEL V. R Anosov
BEBIEHIZOWT, B 358 L OTH 3.60°5

a x to

it I s, 22 “C“S;OP 1% ¢ &2 REKT B8 Anosov D FIMHD A = > b o ¥ —T
HB. iz, 55 llNT 27 T AR =ZIRIRDRMZENZELR D S, £ (resp. £F) & T E
Dffi 0 {7 E 483 SLy JRFTR (resp. Hft & PG Ly FFTR) @%‘/1747??3’\@4’?%@
REPI T bR - IRTE 5.
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Topological groups described by their
continuous homomorphisms or small
subgroups
Victor Hugo Yanez (Ehime University)*

Abstract

Continuing the classical work of Bohr on almost periodic func-
tions, in 1940 von Neumann introduced the concept of a minimally
almost periodic (MinAP) group. A topological group is MinAP if all
its non-trivial homomorphisms to a compact group are discontinuous.
Around the same time, the 5th problem of Hilbert was resolved in
the works of Gleason, Montgomery-Zippin and Yamabe who proved
that Lie groups are precisely the locally compact NSS groups. A
topological group is NSS if it has a neighbourhood of its identity con-
taining no non-trivial subgroup. We examine the history of MinAP
groups, from von Neumann to the recent progress of Dikranjan and
Shakhmatov. By looking for a connection between NSS and MinAP
topological groups, we are led to compare groups described by their
small subgroups, with those described by their continuous homomor-
phisms.

1. Notations and preliminaries

We assume that every topological space is Hausdorff. If X is a topological space,
given A C X we denote by clx(A) the closure of A in X. If G is a group and
g € G is an element of G we denote by (g) the smallest subgroup of G containing
g. A group is said to be Abelian if its operation is commutative.

For a group G with an operation -4, there is a natural product mapping
me : G X G — G such that mg(z,y) = x - y for all ,y € G. Similarly, there is
an inversion mapping ing : G — G such that ing(z) = 7! for all z € G.

A topology 7 defined on a group G is a group topology on G if the product
mapping mq and the inversion mapping ig are continuous in the topological
product (G, 1) x (G, 7) and in the topology 7 for G respectively. The pair (G, 7)
of a group with such a topology is called a topological group. In what follows,
when we refer to a group G as being a topological group (without specifying ),
we assume the group G to be equipped with some Hausdorff group topology.

Symbols Z and C denote the groups of integer and complex numbers, respec-
tively.

This talk was presented as part of the author’s Ph.D. studies at the Graduate School of Science
and Engineering of Ehime University. The author was supported by the Research Fellowship
for Young Scientists (DC2) no. 19J14198 of the Japan Society for the Promotion of Science
(JSPS).
2000 Mathematics Subject Classification: Primary 22A05, Secondary 20K27, 54H11.
Keywords: Minimally almost periodic group, locally compact group, NSS group, Lie group,
small subgroup generating property.

*e-mail: victor_yanez@comunidad.unam.mx

web: https://researchmap. jp/hugo_yanez
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N denotes the set of natural numbers, and P its subset of prime numbers.
Definition 1.1. Let G be an Abelian group and p € P U {0}.

(i) A subset X of GG is said to be p-independent provided that for every n €

N, each pairwise distinct elements x,...,x, € X and arbitrary integers
mi,...,m, € Z, the equation » " , m;z; = 0 implies that m; = 0 (mod p)
foralli=1,...,n.

(ii) The symbol r,(G) denotes the maximal cardinality of a p-independent sub-
set of G (which exists by Zorn’s lemma).

(iii) The cardinal r,(G) is called the p-rank of G.
(iv) The cardinal 7(G) = ro(G) + >_ cp p(G) is called the rank of G.

2. Hilbert’s Fifth Problem and topological groups without

small subgroups (NSS groups)
Definition 2.1. Let G be a topological group. We say that G has no small
subgroups (commonly abbreviated to NSS) if there exists an open neighbourhood
of the identity of G containing no non-trivial subgroups of G.

The class of NSS groups played a fundamental role for the solution of the
classical 5th problem of Hilbert from the 1900s. This classical problem was in
regard to a characterization for locally compact groups which are simultaneously
topological manifolds (known commonly as Lie groups). The solution, which is
due to Gleason [11], Montgomery-Zippin [15] and Yamabe [26], involved the class
of groups from Definition 2.1:

Theorem 2.2. A topological group is Lie if and only if it is both locally compact
and NSS.

3. Topological groups described by their continuous homo-

morphisms
3.1. Von Neumann’s work on almost periodic functions

For a topological space X, the set B(X) denotes the family of all bounded
complex-valued continuous functions on X equipped with the topology of uniform
convergence. Given a topological group G, an element g € G and a complex-
valued function f on G, we define the translation of f by g as the function

fy: G — C satistying f,(x) = f(zg) for all z € G.

Definition 3.1. Let G be a topological group. A function f € B(G) is almost
periodic if every sequence {f,, : n € N} of translations of f by elements g, € G
(n € N) has a subsequence which is uniformly convergent in B(G).

Real-valued almost periodic functions play a central role in the works of Bohr
pertaining to harmonic analysis, and years later the same concept was considered
by von Neumann in the context of complex-valued functions. In [17, Theorem
36(i)], von Neumann proved that the family of all almost periodic functions of a
topological group G separate its points when G is either compact or locally com-
pact Abelian (and separable). This result motivated the following two concepts:
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Definition 3.2 ([17, Definition 16]). A topological group G is called:

(a) mazimally almost periodic (MAP) if its family of almost periodic functions
separates its points.

(b) minimally almost periodic (MinAP) if its family of almost periodic functions
is comprised of only the constant functions.

The above mentioned result of von Neumann implies that compact groups and
(separable) locally compact Abelian groups are MAP. von Neumann also showed
that almost periodic functions can be replaced by continuous homomorphisms in
Definition 3.2:

Theorem 3.3 ([17, Theorem 3|(i)). Let G' be a topological group.

(i) G is MinAP if and only if it admits no non-trivial continuous homomor-
phism to a unitary group.

(i1) G is MAP if and only if the family of continuous homomorphisms to unitary
groups separate 1ts points.

By the classical Peter-Weyl-van Kampen theorem, every compact group is
isomorphic to a closed subgroup of a product of unitary groups, so Theorem 3.3
can be reformulated as follows:

Corollary 3.4. Let G be a topological group.

(i) G is MinAP if and only if it admits no non-trivial continuous homomor-
phism to a compact group.

(i) G is MAP if and only if the family of continuous homomorphisms to com-
pact groups separate its points.

In [18], von Neumann and Wigner focus on the class of minimally almost
periodic groups. In their paper, they construct a handful of examples of minimally
almost periodic groups [18, Section 5] via linear transformations. They note,
however, that constructing groups in this class is not a trivial effort.

The class of minimally almost periodic groups gained a great deal of attention
from experts in topological group theory thanks to two high-profile open problems
which we shall describe in the next two subsections.

3.2. The connection of MinAP groups to extreme amenability
The first problem is related to the concept of extremely amenable groups.
Definition 3.5. A topological group is extremely amenable (or satisfies the fized

point in compacta property) if every continuous action of it on a compact space
admits a fixed point.

Extremely amenable groups appeared in the context of Harmonic Analysis
and Dynamical Systems (see [10, 19]). These groups are intimately connected to
the class of MinAP groups by the following fact:

Fact 3.6. Every extremely amenable group is minimally almost periodic.
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It is known that the converse implication does not hold in general. However,
whether the converse implication holds or not in the realm of Abelian groups
remains as a major open problem to this day:

Problem 3.7 (Pestov, 1998). Is every Abelian MinAP topological group ex-
tremely amenable?

A topological group is monothetic if it contains a dense subgroup which is
isomorphic to the group of integers. Every monothetic group is Abelian. The
following particular version of Problem 3.7 was posed by Glasner as far back as
1988:

Problem 3.8 (Glasner, 1988). Must every monothetic MinAP topological group
be extremely amenable?

This particular version of Glasner has important implications in number the-
ory. A negative answer to Problem 3.8 of Glasner would provide an answer to
the following ancient problem (see [24]) of combinatoric number theory:

Problem 3.9. If S is a big set of the integers, is it true that the difference S — S
is a Bohr neighbourhood of 07

Problems 3.7, 3.8 and 3.9 are still open.

3.3. Algebraic structure of MinAP groups

The difficulty in the construction of MinAP groups sparked a great deal of interest
in regards to their algebraic structure. First examples of MinAP groups were
the additive groups of some topological vector spaces [3], as explained in [14].
Nienhuys [16] constructed a connected monothetic group of cardinality at most
continuum which is minimally almost periodic. This implies the existence of a
MinAP group topology on the group Z of integers.

In 1984 Protasov posed the question of whether every Abelian group admits a
minimally almost periodic group topology. In 1989 Remus provided an example
of a bounded Abelian group which does not admit a MinAP group topology, so
Comfort proposed the following modification of the original question of Protasov:

Problem 3.10 (Comfort, 1990 [1, Question 521]). Does every Abelian group
which is not of bounded order admit a minimally almost periodic group topology?

The bounded case was resolved by Gabriyelyan [9] who showed that a bounded
Abelian group admits a minimally almost periodic group topology if and only if
all of its leading Ulm-Kaplansky invariants are infinite. The general case was
resolved by Dikranjan and Shakhmatov [6] in 2014:

Theorem 3.11 (Dikranjan-Shakhmatov [6, Theorem 3.3]). For an Abelian group
G, the following conditions are equivalent:

(i) G admits a minimally almost periodic group topology;

(i) G is connected with respect to its Markov-Zariski group topology [5];

(i1i) for every n € N, the subgroup nG = {ng : g € G} of G is either trivial or
infinite.
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3.4. Classes MinAP(C) for various classes C of topological groups

The author proposed the following terminology in [25]:

Definition 3.12. Let C denote a class of topological groups. We say that a
topological group is MinAP(C) (or satisfies the MinAP(C) property) if the only

continuous homomorphism to a group contained in the class C is the trivial ho-
momorphism.

The following remark is obtained from Corollary 3.4 in this new terminology:

Remark 3.13. The class of MinAP(Compact) topological groups coincides with
the class of MinAP topological groups of von Neumann.

We are interested in finding natural classes C of topological groups for which
the class of MinAP(C) groups becomes a proper subclass of MinAP groups. A
necessary condition for this is that C has at least one group which is not MAP.

Naturally, if a class D is a subclass of C, then

MinAP(C) — MinAP(D).

Theorem 3.14 ([25]). The following diagram describes implications for all topo-
logical groups. In Figure 1 below LC stands for “locally compact”.

MinAP(LC) + MinAP(NSS)

/ lQ \

MinAP(LC) ——— MinAP(Lie) +—>—— MinAP(NSS)

MinAP

MinAP(Compact)

Figure 1: Diagram of implications between MinAP(C) properties

Arrows 2-7 are not reversible in general. The reversibility of arrow 1 is unclear.
For Abelian groups, arrows 1 and 5 of Figure 1 become reversible:

Theorem 3.15 ([25]). For an Abelian topological group G, properties MinAP,
MinAP(Locally compact) and MinAP(Lie) are equivalent.

4. Topological groups with many small subgroups

4.1. The property DW of Dierolf and Warken

Definition 4.1 (Implicitly used in [4]). Let G be a topological group. We say
that G satisfies property DW if for every open neighbourhood U of the identity
of G, every element g € G can be written as g = [[;_, @; for some zy,...,2, € G
such that (z;) CU fori=1,...,n

In [4, Proof of Theorem 1.1], Dierolf and Warken essentially prove the following
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Proposition 4.2. A topological group with property DW is MinAP.
The original theorem of Dierolf and Warken [4] can thus be stated as follows:

Theorem 4.3 ([4, Theorem 1.1]). Every topological group G is topologically iso-
morphic to a closed subgroup of some topological group Heg (depending on G)
which satisfies property DW. As a consequence, the group Hg is MinAP.

4.2. The SSGP property of Gould

Gould [12] isolated Proposition 4.2 from the result of Dierolf and Warken and
considered the following class of topological groups:

Definition 4.4 (Originally by Gould [12]). A topological group G has the small
subgroup generating property (SSGP) if and only if for every open neighbourhood
U of the identity of G, the set of all ¢ € G such that g = [, 2; for some
elements z1, ..., z, € U satisfying (x;) CU (i =1,...,n), is dense in G.

The difference between the SSGP property of Gould and property DW used
by Dierolf and Warken is subtle, but none the less non-trivial. Property DW is
an algebraic expression for all elements of the group depending on the neighbour-
hoods of the identity. Meanwhile, in Definition 4.4, the requirement is that the
set of elements which can be represented in the way proposed in property DW
is topologically dense. Gould [12] proved that every SSGP topological group is
MinAP, so

DW — SSGP — MinAP. (1)

Theorem 4.5 ([22]). For groups of bounded order, properties SSGP and DW
coincide.

4.3. A family of SSGP(«) properties of Dikranjan and Shakhmatov

Dikranjan and Shakhmatov invented an operator-based approach to define an
entire series of SSGP-type properties in [8]. This operator (denoted by Sg for a
topological group ) was designed along with a series of very carefully crafted

iterations (which are denoted by S(Ga ) for every ordinal «). The iterations of this
operator are monotone with respect to subsets and with respect to ordinals:

Proposition 4.6 ([8, Lemma 4.5, Lemma 4.8]). The following hold:

(i) The operator S(Ga) s monotone with respect to subsets. So X C Y C G
implies that S (X) C S (v) € S&(@).

(ii) The operators S(C? ) gre monotone with respect to ordinals. So 8 < « implies
that SY(X) € S (X) for all X C G.
With this iterated operator, they define the following:

Definition 4.7 (Dikranjan-Shakhmatov [8]). A topological group G is SSGP(«)

(or satisfies the SSGP(«) property) for some ordinal « if and only if S(C?) U)=aG
is satisfied for every neighbourhood of the identity of G.
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The above definition is an extension of the SSGP property, as it was shown in
8] that the SSGP(1) property coincides with the original SSGP property of Gould.
Comfort and Gould had pioneered a concept of a countable number of SSGP(n)
properties (for every integer n € N) in [2]. The series of properties defined by
Dikranjan and Shakhmatov, however, are substantially more general as they are
defined for every ordinal (including infinite ones). Moreover, these two concepts
were shown to coincide in the realm of Abelian groups ([8, Corollary 6.3]) when
the index is a natural number.

Dikranjan and Shakhmatov prove in [8, Proposition 5.3(ii)] that every SSGP(«)
group admits no non-trivial continuous homomorphism to an NSS group, i.e. it
is MinAP(NSS) in the terminology of Definition 3.12. Combining this with the
hierarchy described in [8, Proposition 5.1] and arrow 4 of Figure 1, we obtain the
following transfinite chain of implications:

SSGP = SSGP(1) — - - - — SSGP(n) — SSGP(n + 1) - - - — SSGP(ar) — ...

2
-+ — 8SGP(a + 1) — - -+ — MinAP(NSS) — MinAP. 2)

Definition 4.8 ([25]). We say that a topological group is SSGP(o0) if and only
if it is an SSGP(«) group for some ordinal a.

As an application of a theorem of Yamabe [26], we proved the following
Theorem 4.9 ([25]). Every SSGP(c0) group is MinAP(Locally compact).
Combining this with (1), (2) and terminology from Definition 4.8, we get

DW — SSGP — SSGP(00) — MinAP(NSS) + MinAP(Locally compact). (3)

Therefore, the implications in (3) can be added “on top” of Figure 1.

4.4. Abelian MinAP(NSS) groups are precisely SSGP(o0)

The following theorem bridges topological groups described by continuous homo-
morphisms with those described by abundance of small subgroups.

Theorem 4.10 ([25]). Properties SSGP(c0) and MinAP(NSS) are equivalent for
abelian topological groups.

Theorems 3.15 and 4.10 lead to the following diagram for Abelian groups:

MinAP(NSS) ¢ SSGP(c0)

| L

MinAP <-—— MinAP(Lie) <;—— MinAP(Locally compact)

Figure 2: Simplified diagram of implications in Abelian topological groups
Corollary 4.11 ([25]). An Abelian topological group G satisfies the equivalence
MinAP(Locally compact) + MinAP(NSS) <= MinAP(Lie)

if and only if G has the SSGP(c0) property.

83



The following example shows that the converse of Theorem 4.9 does not hold,
and Theorem 4.10 fails for non-Abelian topological groups.

Example 4.12 (Shakhmatov). Let S(N) be the group of all bijections of N with
the composition of maps as its group operation, equipped with the subspace
topology it inherits from the Tychonoff product NN when N is considered with
its discrete topology. Then, S(N) is a complete separable metric (Polish) group
which is both MinAP(NSS) and MinAP(Locally compact) but is not SSGP(c0).

4.5. Algebraic structure of SSGP-type groups and MinAP(NSS) groups

The following problem is a natural heir of Problem 3.10 of Comfort and Protasov:

Problem 4.13 (]2, Comfort and Gould]). Which Abelian groups admit an SSGP
group topology?

In the series of papers [12, 13, 2] Gould constructs a variety of SSGP groups.
He also provides several examples of groups which can never be equipped with
an SSGP group topology. One aspect of note, however, is that the results of
Gould required very careful manual manipulation of group metrics, highlighting
the difficulty of obtaining a full answer of Problem 4.13.

Definition 4.14 ([7, Definition 7.2]). For an Abelian group the cardinal r4(G) =
min{r(nG) : n € Nt} is called the divisible rank of G.

Problem 4.13 of Comfort and Gould was solved even for the wider class of
SSGP(00) topological groups. The result was achieved in three steps. The first
step concerning torsion groups was made by Comfort and Gould themselves, by
showing that a torsion group admits an SSGP group topology if and only if it
admits a MinAP group topology. The second step concerning groups of infinite
divisible rank was done by Dikranjan and Shakhmatov in [8]. The remaining
case of positive finite divisible rank was then reduced by them to a very specific
question, which in turn was recently resolved in [20].

Theorem 4.15 ([8, 20]). The following are equivalent for an Abelian group G:

(a) G admits an SSGP group topology,
(b) G admits an SSGP(co) group topology, and
(c) one of the two conditions is satisfied:
(i) G is of infinite divisible rank, or
(i) the quotient H = G /t(G) of G by its torsion part t(G) has finite free

rank ro(H) and r(H/A) = w for some (equivalently, every) free sub-
group A of H such that H/A is torsion.

Combining this with Theorem 4.10, we obtain a complete description of
Abelian groups which admit a MinAP(NSS) group topology:

Corollary 4.16 ([25]). An Abelian group G admits a MinAP(NSS) group topology
if and only if G satisfies condition (c) of Theorem 4.15.
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4.6. Algebraic structure of DW groups
Thanks to Theorems 3.11 and 4.5, it only remains to describe which unbounded
groups admit property DW.

Theorem 4.17 ([22]). A torsion Abelian group G admits a group topology with
property DW if and only if every p-component of G admits a group topology with
property DW.

For Abelian groups of positive finite O-rank we have the following necessary
condition:

Theorem 4.18 ([22]). Let G be an Abelian group such that 0 < ro(G) < co. If
G admits a group topology with property DW, then there exists a prime number
p such that the p-rank r,(G) of G is infinite.

As for the construction of these topologies on Abelian groups, we have the
following sufficient condition for countable groups:

Theorem 4.19 ([23]). If a countable Abelian group G possesses one of the fol-
lowing properties, then it admits a metric group topology with property DW :

(i) G has infinite ro(G) rank,

(i1) G is torsion and every non-trivial p-component G, of G is either bounded
with all of its leading Ulm-Kaplansky invariants infinite, or it has infinite
divisible rank rq4(Gy).

Theorem 4.20 ([23]). Let G be an Abelian torsion group which is either divisible
or countable. Then G admits a group topology with property DW if and only if
each of its non-trivial p-components G, admits an SSGP group topology.

For non-Abelian groups, we have the following results for free groups:

Theorem 4.21 ([21, Theorem 2.2 and 2.3]). The following hold:

(i) A free group with a countably infinite set of generators admits a metric
group topology with property DW.

(i1) A free group with infinitely many generators admits a group topology with
property DW.

By contrast, the symmetric groups S(X) with the topology of pointwise con-
vergence do not admit an SSGP(oo) group topology by [8, Example 5.4(d)], so
they cannot have a group topology with property DW by (3).
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b — 7 ARDOE &= Tk & M T-hR Atiyah-Singer 52
T
WFEH T (SRR SRR )

1. B

ARG T, Atiyah-Singer DFEBUEELD HE-Fik) ([14], [13]) Z#N 9 5. Z ORI
R TYHEYEOM 77 — ViR L XN S S OME» 0 ERE2 /2D TH 5. b
e LT, 17 —YHEmcs1r % [Wilson-Dirac fEFZE DR OIKRIE ) 2HY -
F5.

2. B FI—VERILDEFNRN—T 3V

My —VHERIZB VT, BIRD H 2 LR Z KT D £ D GIRMED A TEML, Zhk
W EDIERHZEZTES RO DI T EOEHZOMITICIEZSMA CEIHEEZ T2, LS Z
ER TG, BT EDOYDEIRIEAZDOED & S RIEHREHS X725 TDEEIKD
BlIkDH BHEHREZTELLETLTE20H, &0 REIZ O WTIE, YFRZE CRERIIZA S
NTVWAEREANZ 2 RHI N T W ARWHIE 2 72 TAD Y, BFEDOVHP 6 HIZHE
FIZHAWT = ThdeBEbhd. RGFEHTEID LIF501%, LA EOREMIRME L
EHZE D Fredholm 850 % £ 5 % > THF EOIEHZDER» SEILTE21 722 W5 [
HETH5.

PAZ bkiA M L OREMEL/E-ZE DX U T % D Fredholm 54X Ind (D) 2°

Ind(D) := dim ker D — dim cokerD

CRERINDG. BHEWERHZITEZICE VTR RGH TEN, Z O Fredholm 54X
DEERGEHEZRZLUTEZDOIEES FTERV. HOMMIZBEWTE, A VLMK
LD Dirac fEHZDELITIGRD (7 /<) — | [CH#ET IR EELRETHS.

T, 2R M 2EBREO R TEL L& &2, ¥D & 512 Fredholm 88 & 805
EMEZTCHED. ARTIEMZnIRGGh—FAM :=T" = (R/Z)" & L, £ERK
2R UT M ORFIEB B, == (FZ)Z)" C M %2 #F A %. M EIZRZ bVRS, &S
NEZoh, BHBEIERZ D: C°(M;S,) - C*(M;S_ )52 on/zed5. D
Fredholm #§8(Ind (D) % { B} LOERAZEDOEFHR» SE L L2\, T2 THE—DORMEN
BHns.

B 1. DO TEEBGEML 2 UT, {B}y ECEDE S BAEHZEDE{DF}, 25 2 BN
=M

A ERARZ T 2 DRE0 5, BRICENMEARICESMA TELTIEEI VLD
B bnd. UL UEIR, BRTEE51T, 2OLI8F A =T 725ETIES £ 0
AR

FI1AMET 22 LES. BB T TH 5.

AR ISR 2 (FRRER 5 :20K14307) DBk &% 72 D TH 5.
* T 606-8317 sUABF AUl i Ae s DAL L TE AT I SO R A BB A 2 i

e-mail: mayuko@kurims.kyoto-u.ac.jp
web: http://www.kurims.kyoto-u.ac. jp/ mayuko/index.html
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M 2. BE{DF}LIZRTBED LD BAEEEZZZ X, HEMR L — oo T Fredholm &
B Ind(D) 20 5707

IhbBIEEWRMETH 5. GIRIRIT Hilbert 221 0 i D& AE FH 3 @ Fredholm #§
U3 Hilbert ZZM DIRTTDATIR_E > T UL F 5728, DF 725 D Fredholm 88 D D
S TIIWITRWZ 23bn5.

1R L Tid, By —YEm Tl HoN@ENH 5 (8], [7]). M1 D
IZ Wilson-Dirac fEFZFR L FIXN B EHZE DY, (€325) # HHWA Z & THB. 2T
Dby WM TFD LSRR LT\,

DDW Dr]?alve + /VWk l2(Bk’ (S+ S S—)lBk) - l2(Bk7 <S+ D S—)lBk)

T T Df e BICD D DM 22N TEIMA T A —TRIEMTTELEMRTDH
%5. —H, yWFiE TWilsonIH] &IFXN S FRXGEBREDIHTHS. £ L TH2D
figt 1, Wilson-Dirac fEFHZERIZ S 512 TEEIH] mky 2 A 7AEHZE Dy, + mky DIED
BB ZEZEDRIT rank(Ewo(Dhy, + mky)) ZFZNIE IV, EW0WSHDTHS. 2F D,

By =V TESHONZHEIUTOEDTHS.

EZE 3 (Adams [1] 2001, Y [13] 2020, Kubota [9] 2020, Fukaya-Furuta-Matsuo-Onogi-Ya-
maguchi-Y (in preperation)). 0 < m < 2722 FEHm I LT, LR KLT 5.
| "

Ind(D) = klim rank(Fso( Dby +mky)) — dim 12(By; (Sy © S )|s,) - (4)
ZOHEERKITIE, $TIT Adams([1]) 1T & 2 BUARNT BB RGEHP M S T W5 . i
DFEHE, B DOPUR %2 Rt A5 RIC K D RTHDTH 5.

A CHIBIZ L2 WO R OB =DM TH 5.

5. HEJNIRLT, hROYINRHHEZGEZSZZ L IXTERWDA?

DX 2T 2HEIILLTOED THD. (4) DLELDIZHN S IR T
® Frednolm F5%1%, Atiyah-Singer DFEHEHIZ L 0 K HERNZB IR TR I LA T
5.

EE 6 (Atiyah-Singer DFEEUE R, Atiyah-Singer [5] 1968). FAZRRIK M E D5 B
WA ERZE DIZX LT, 2D Fredholm 88 Ind(D) I&PA R 2 {729

Ind(D) = m[o(D)].

ZZTlo(D) € KAT*M)EDDEYVERNVOED S K BEwD G, m: KO(T*M) —
K°pt) = Z13T*M D EHRR spin° ¥ 0 o € £ 5 K HERD push-forward 44 TH 5 .

Lo T, (4) DABIZH LTS, MIET 5 b RO IV BARDH 5 Z &AW
XD, 2F0, 20X BMNPL BT TFDO ETEE > TWBIEAZEDHED A
X7 MVOIRBENNIKN T 5, KT Atiyah-Singer 88U 2 €L L T, vz
o THEAZHML 72\, LV OPARMEDEFR—a v THY, REHD T —
Y THb.
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3. EFIE : BFhR Atiyah-Singer 15 E &

ZDHiTIX, EFERTH BT Atiyah-Singer FEBUEHIZDOWTEHAT 5. Zhix, £
AR M DEF DI { By}, TIEBIE N TWBIRI T, K+ EICEE > 7-H R IEHE
DI D} /U T, ZDIEDEHEZEMDIRTTDE — c0 lZBIFEZEH %2, =D [PV
RV O KBRAEREZHNTRHRRTE2HDTHS. EH2IRT S720I121F, £9
T iRD T ERZ L Y YRV ORIG] ZIEDRBENRD L. Ta/NHi3.2 TS,
ZFNEHAVTNI33IZPWTECHEZ RS, /N34 TEIHT 2 X 512, iFHIZIX
symplectic ZFRIKD L & FAL O MR Z W 5.

3.1. /T
FIEEHOREEZDRSL. KRR Z2FO>%HKD 2 5 AL LT, Baffine %
Ka2E25.

EE 7. nIRTCEE M O affine & 21X, M OREERTH > T, BEELHD
GL(n;Z)xR"DILTHAONEEDTH 5. Eaffine iED A > 72 LK M % E affine
LRI & IS,

# affine ZRAKIZIE, BFATINIZIZ TRFREES ] PWEITBEIOEZRWTEES.
DIEFRESEZ KIFIZER T SOOI T — X LT, /REL—J ARDFET
ftzF 2 5. %affine iE» S, R TM — M OB THAIHERAN - M, DE0&
T77AN=N, (x € M) BT, M O Z" \ZRABIZBAHTHE2 77 A N—{HPEE 5.
A CT*M % ANMZTR AR E 5. T M OFEHER 72 symplectic FE D &, R~ —
FARX =T M/ (2rA*) 1Z% symplectic M w AFFEE I ND . 2 X — M IFIFRER
Lagrange b — 7 AR TH 5. X EiT, U(1) #HHilf & D hermitian EfgH (L, V) TH->T
V2= /- lw i3 02EET 2 (INEMEFERLIER). HiRFLRIELE
52 LidETE LS (W] € 2rHY(X;Z) LAETH 5.

COHREDS &, M OREHERZL TR T /GEBL BUIFTERI NS,

EZ 8 (Bohr-Sommerfeld ). L IZH LT, b € M A LRIk D Bohr-Sommerfeld

mThDLIX, (LF, V) %20 EDT7 714 N= X, = p~ 1 (b) IZHIFR U7z & & AR
EDOHPIR (C,d) LAMTHZZ L &9 5. By % L~k D Bohr-Sommerfeld sl 22k
DEG LT 5.

Byl B OB EG %2 U, EBET EMMIZEE 5] &FEWIZ1/E-M 1%
BPRIBINZHED H o2 DIZH > TV S,
Bl 9. M = R* & U, ¥R affine i x ANnbd. TOLEIREN—F AKX
(X,w) = (R* x (R/(27Z))",dx A df) &725. ZDEARTERTILRE LT (L, VE) =
(C,d—/—1"2df)) BN 5. § 5 & L)L kD Bohr-Sommerfeld OEA X By, = 127
R0 FEE/ kKT RES L —E UL TWA. Armold-Liouville DER ([3]) 12 & 0, FEF
972 Lagrange b — 7 A& 2D EORiEFERIE, B EOE D LR TH 5.

M =T" = (R/Z)" \ZFHEN 72 B affine HE DA > TW A 5E1E, EOR" DEEOHE
%% 7" VEH

(2,0,0) — (z +m, 0, eV Hm0y)

THEl> 72 DMWRE S —F AR EFIE LR Z 5 A, L)Lk D Bohr-Sommerfeld ;{0
®EBE By = (3Z/2)" C (R/Z)"TH 5.
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3.2. BT A ERFRE Y Y RILOXIG]
FREMAZIRARD 72012, FADY[14] THEK L 72, & ThR TOERZR E & VRV OS]
WZDWTHEHT 5. M Z% affine ZHIKE U, pu: X = T*M/(2rA*) — M ZRE: b —
FARET L. /NGO K DT, BiE AR (L, V) REZ6NTWHE L, LXLVED
Bohr-Sommerfeld si8E& % By ¢ M & BX.

IND SRR L 720Dk, BB G4 D {64} 1,

¢ C(X) = B(2(By)). (10)

TdH5. ZZ THilbert ZMH T U TB(H) IZEFARBFEMEZEDOEME2RT. Lizho
T, REN—F AR EOB f € C(X) I/ U T T EOIERZEDSI{ 8 (f)} e ARG
TEHEILITRBED, 2O D BFHEOY YRV THY, {6 ()} ixZTD TPEREIZ
EBFEB] LABRITRELDOTHS. WHEDOLHRIK LOWAEAZN S VRV EE
Z5E/BEFAENRHIZRoTVWD Z LITERSI N,

T, HROEFR=—ya v EHAT 277201, BEDOEHEEED YV RIVEHIZ
DWTHEHET L. ZHRIEM EOWASIEHARZ DI LT, £ FRILo(D) € C°(T*M)
DRER EOBEBE L TERINDDTH - 72, FATHICIE,

4 $ a%f 4
D= ax) — —  o(D)= ar(z)e!
I Oz I: top degree
RBENIETHD. SEEBELDIE, NPT MD 1774 N=HHD7—Y TZ&H| T
BRoNTWHE WS THd. ZOHULE X, 1T B, LOEHREREN -7
AR X =T*M/2r\*) EOBEEBED, 774 NN=FHD7—Y TR 1Z&->Tx
535, LW DBERDT AT 7 ThHhS. FTHEMMNEZETLE LT, M =R IZHE
UEMK 728 affine Wi 2 ANTZIGAIZUTO L S IZEHT S,
EFE 11 (M =R"OEAEDEHK). M =R L, /REF—F ZHE X =R" x (R/21Z)"
EBL.CR(X) T, C®-/ VAP —RRIZERTH 2EBO L TipERZH 507, IE
BT U T, SE B

¢": Ci*(X) — B(I*(By))

\ &
EUTCTEHRTS. feCR(X)BER6NELE, f(2,0) =, g fn(z)eV 1m0 &

77—V ITEREALSZAT, ¢F(f) D THiFEE] A

(W6, 0" (f)0e) = frip—o) (0+¢)/2) (12)
ThHDEIITEDS. ZZT, bce B "C%D, Uy € ZQ(Bk) 6iwb(b) =1, ”be(C) =0
(c#£b)RBITLLT 5.

RIZH B2 L THAS.

#l 13, f(x,0) = fo(z) DFE, 2F0 fT7 7 A N=FARIZEBTH 255, oF(f) X
folZ 2T EMFEHETHS.
Bl 14. HBm e ZMIZHUT f(z,0) = eV 1m0 WS BELTWS & &, ¢F(f) IX
[(m/k)->7 MERFE] THB. DFD, g€ P(Bp)ITxLT,

(
¢F(eV 1) (2) = g(z — m/k).
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Bl 15 EMEFAZEDOY Y ARIL). ZOBEOFEDV & D%, LA FELTHER
WZHND [ESMEHE] OV RLADPMHBEIZEITIZZ L THDE. £1<i<nlZHLT,
i ST DRI E N EMFZEVE € B(12(B)) %,

) gle +ei/k) — g(z)

1/k

Vig (z):=

CEDD. ZZTe; e R"IZi RO NV THD. ZDE X,
kgt e—Fwi—1( =V}

TH5IEDEHEIZOND. DEVEBe V1 — 1 c OF(X) IIMEMAZDH {1V},
DYYRILVTHB.

EFEILE— AR OREEDOE D HITEIFEL TWB XS IZRZ 50, FEIXR® D*F affine
MEDAZIE>TEFE > TS, EEE, KFRZEET 5% affine £ ¢z — Az + b,
(A,b) € GL(n,Z) x ZMIZ & > TREE b —F AKRDPERLE (2,0) — (Ax +b1AT0) L&
MINEZLITERETDE, feOX(X) 25 AT & bce Bz LT (12) DAE
DIEIEZ DIEREECTAETH D, ZOWEEAREME L & FIZH U TO*(f)1dk — 00T
FAHfEL TW Z et 2 &b s L, E&X 11 OFEMNLEREZ THiDAbEs] Z&
LT ERD (REN—F AR EOHTE LR D & D) % affine ZHAA M IZXT LT
TR T ERZ L > RV oxtit] (10) PR TE 3.

3.3. T FHE

N 3.2 THRERG U 72 TR RS v AV ) 2 FIWT, TH& 1R Atiyah-Singer f580E# ] %
AR D . FI/NEI3.2 DEREITMAT, ZO/NATIEM DBEHATH S Z L 2RET 5. #E
B4 (10) IFBERICATHMERBIC T U T H IRk N, &1 EO BN MVE EDOE
AENEZ 605! :

o*: My (C™(X)) — B(I*(By) @ CY).

7z, AN TiE Hilbert 22 LD B AR EHZR DIZX LT, Eso(D) 12 & Y X[H# (0, o0
IZRIET B AR MVEE (EOREIEEMANDOHE) 2dHo5bT.

I 16 (I 1K Atiyah-Singer f880EH, [13]). N 2EREOBEREL T 5. f € My(C®(X))

% A0 3 O AT SMERIE S U, {68 ()} Z RIS S 2488 7 EOIEFHZE DI ¢F(f) €
B(I?(By) @ CN) 2§22, +HREREICHUTUTAERLT 5.
) * ) *

rank” Buo(¢"(f)) =m" [fl®[L]* . (17)
ZIZT[L) € KAX)IFMEFIERD I T A, m: KO(X) — KO(pt) = Z & X DERR
spin KEIED O E £ 5 K BERD push-forward G TH 5. %7z, [f] € KO(X) & f DIE
DEAHR (€ X IZHUT f(z) DIEDEAZE[EZNIGIED I LIZLDTES X LD
NI RVR)DI S ATH .

LRI MVKH EOERAZZ RN -0 E EiX, AARICHEDIADIE I WD T, Z08E&%2EF 20X
+HTHB.
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Fl%IAREDY—IZ EBRRTBFEWE, (17) ZU T LAETH 2.
+

*

rank) Ea(¢5(f)) = (2my/=T)~ im0 eh(p e T (18)

Bl 19, —BREHERHBIE LT, f=1¢€ C*X)DEEERTAS. ZOHA ¢ (1) =
idiz(p,) TH L5, (17) DFELIZdim *(By) = §Bg, 2 £ Y L)L kD Bohr-Sommerfeld
RO L35, —F, A8 m([L)*) X LF T -5 72 X EO spin®-Dirac /EfHZE DR
Ind(Dggrr) TH Y, AFERV—IZ X BRREH UL (27) 7 td(w)e &725. U
Do TEMI6 L, TaEkPREVE E,

By, = Ind(Dggr) (20)

DRALT B & WD FiRIZAR S, FEEE HIZIEM =T DG, mAiE k" THh DR
Dk TEHERDKLT 5. FIF—MITER (20) 1ZEED kTHELT 3 ([2)).
3.4. FEAICDOWT : BEREF L DERD G
FEF 16 DFEHHIZIE, symplectic ZRMRDEREFILOH R Z WS, & LW D
BEERNZ ISR 8 B IR, 2 O— RAERD RGBT SH T E 72 2\ 5 DDA
DHEHALFH L WERSTH 5.
symplectic ZRRK (X, w) D35 Z o7z & &) BAEER C>°(X) IZ1% Poisson FEilFHE {4 &}
M, fg € C®(X) Iz LT
{f, 9} =w(Hy, Hy)
TEES. ZITHy, H\3ZNE N f, gD Hamiltonian X7 "V (w(Hy, § = df TRE
R MVE) EHODT.
SR X,w) DERE L KXDIE, —fRICHEERZRARE DG {A 1} h(formal 2 &S
P9 &, MIEEE Op,: C°(X) — A, ORITH > T, IRDEAM:
Opy(f)Ops(9) = Opy(fg) + O(R),
723 DTHD. BARKIZIE, UM TFTO2EEOEKE b2 EZ 5.
¥ formal B ZF=F1t.
C>=(X)[[n]] DAE AR FERSE« TH > T, 1 DEALILTH D,
fxg=fg+0(h),
f*g _g*f = h{fag} +O(h2)a
Zi723H D% formal REFMEFIL L L& ZTHIE{A }n = (C=(X)[[A]], ),
Opp(f)=f L LEzbDIzHET 5.
¥ strict R =F1t.
Hilbert ZZ/IDF{H ,} 52, & Btk %2 RO ELDH QF: C(X) — B(Hy) Diffl
ThHh->T,

1) = 11 lleo

- $ %
Q.+ Lty —0 5
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729 H D% strict REMEFILE LR ZHIFEOERTh = —vV/-1/k &

FiE, /3.2 TR L 728 7R T ERSE L ¥ Y AL ORIE] (10) 1%, R#E S —
Z AR X D strict BEK & FALIZHR>TW5S.

Rl 21. Hilbert ZZ DI {12(By)} 1, & X (10) DAME B o8 C(X) — B(I*(By)) Dl
&, (X,w) D strict B Z R ETFIEEZS.

— 1% D&, BEEFILE VWD L formal RAKEFLOZ L 2IEL, 25D
DEITHTE I N T E 72, KT, formal R AL E TALIZA U Tk, Atiyah-Singer D f5EUE
Mo MBI TH 5, Nest-Tsygan (2 &5 [REMTEEEH ] BHIoNTWS.

FR 22 (REFIEEEH, Nest-Tsygan [11] 1995). B symplectic Z K (X, w) @
formal 728 AL (C(X)[[A]],*) BGAoNTzLT 5. xICHTHEREE e €
My(C=(X)[[A]]| G2 oNIzEE e=eg+OR) EH ST L, LNDVHIT 5.
+
7(e) =  chleg)td(w)e 1 @)/2eb/
X

ZZTr: C(X)[[h]] — C[h~t, h]] IFAEZHER 72 b L — ZNBIEL (7 (f*g) = T(g* f) Z Tz
T Cl[h]| FIEEHRTH 0, FHERLLEO I PGFIET D) TH D, 72, chleg) € QV(X)
1T My (C™(X)) DR EFTTeg D Cherntils, 0 € H*(X; C[[h]]) 32K E L+ DED
LRPMEH ([11]28)Th 5.

16 (BB WVFAFERY—ICLBAK(18)) L FHE2IF L THELMEEZ LTV
5. 20508, i & HIT symplectic ZRMRDEN &b 5 A7 LT, B I
RE{A BT BREEFELD MU —R (3l) 2, Jits 2 Al #REC=(X) Dt (¥
YAN)DAFRERY—HIZIORT (GL) RAEADIENTELEN6THS. 22
T, EH 16 OLBIFERED b L —A ((REB(*(By)) D L —APEE) 2 W T

*

vank’ Boo(6*(f)) = Trace(Eoo(é*(f)))

EFIRTEBH I 2NV, £ T, #&1hR Atiyah-Singer 58U B (EHE 16) % Y
fRECEH (F5222) D Tstrict i) & A% U T, strict BEE & 7L { "}, % formal 722
BErine G20 6] T, REMBEEHZIEHL &5, W5 ODEEHO T
1TT7TH5.

FBE, strict WA E TL{¢*} 1 1FPA T DRI T formal 22 ZE & 14 (C°° (X)[[R]], *ary)
EHRETLIENREINDG. T T Tryy & Moyal-Weyl 2 TdH 5. Moyal-Weyl 5 %

e
frmy g = WG(f,9).

J=0

EHobd e LFAEANLT 5.

(R, tda A dB) (2 A B B b FEHERY 73 formal 7R 2T & 1-{b A5 Moyal-Weyl B & FFIEI T W5 ([12] e &%
ZM). S X = T*M/(2mA*) (ZIEF 7R symplectic B S A 5 728, Moyal-Weyl F& & KIS 12 1
DELEBRILNTES. ZZTIEID formal REFE 1% Moyal-Weyl F8 & FEA TW 5.
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8 23. (FED f,gc CP(X) 1 eNIZH LT, k= colCBWTUTARKLT 5.

- #l $_ — 0/0] $ %
LMDt - Y (G :

J=0

INnDbohd e strict BEFETL{ "} & formal R & AL (C(X)[[A]], *my)
LN OX SN TE 5.

strict 2 & 7L { 6*} ), ‘ formal 72 2B & 11k (C°°(X)[[A]], *rry)
TERR D&KL " (f)9"(9) Moyal-Weyl % f xury g
YEFZED b L — X Trace b L— ZNEEL T

ZORIEE WS & EHE 16 AR BUE R (F522) 2 ERGEMN T 5 & TR S.

4. BFT—VER/ADIGH
ZOHITIE, fi2 THRAZME T — VHEEROMBEIZN U T, iR Atiyah-Singer fE2UE
HEM16) Z2I0HT A2 TR YNV ARiEE 52 5.
4.1. F%7E
FTHREEZBRNRS.
¥nze L, M=T"=(R/Z)"&$ 5. M FITITEEHER G & TR EIAZL
IMAY KGR AND. By = (+Z/2)" C M %2 LX)V EDIFREG LT 5.

¥Cl, 2 nXEFE 27V 74— NBRETS. ZhidnflOAEKT {c}r, &BFRR
CiCj —I—CjCZ‘ = —2(51] TCL%%%M%:I%TB’D% C: = —C; c:c]: > T *-{%ﬁ*ﬁ%%)\
N3, v:i=cicdd8d B &, ve; + ¢y = 0D T 5.

¥ S%&pIRAY /IVZER] D% b ClL, DBENIRIIZER & 95 ([10] 22 2|). Zh
FYDERIZED S=8, @S & Z- B IFoNDE. M EDOAYE / IIVEIZHIA
KS=MxSTH5.

¥ (E,VE) % M Lo E hermitian X7 ML E 5.

N7 VKR E T¥g > 72 M _E® Dirac fEFH3& @ Fredholm 58 % BEHCE I 518G L
20, L WS ORETH S, T 2T, Dirac fEARE GEGMOIEAR) XL FTER X
ns.

E#E 24. M LD E TR >7% DiracffA%R D: L*(M;S® E) — L*(M;S® E) 2R
TEHRT D.

H"
D = CZV%X)E
=1
ZITVSSE IVE L S FORMERDOT VY IVETEZ 2 ERTHS. ZHiEyIT &
B Ly RN ITIZBI L Todd 2220 H s RIMOMERR TH 5.

— 5, A OEREZE LTI, MFTOEDEEZ 5.
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EE 25. FIEBBEIZH LT, 2(By; (S®E)|p,) EOIERAZEVE, DE . WEEDITTE
#795.

¥ R1<i<nlZHUT, - AADHIMEZSERE VY 2415 LRKICED S, 7=
ZUSENEVEIZ LB T8 8 2 AV 0RENH 5.

¥ L)V EDKF DiractEB&RD:. 2L FTEDS.

H k_ (F)*
Dﬁaive = Gi vl (Vl) .
=1 2

ZUX Zy RS T IZB L Codd REFHETH 5.

¥ WilsonI& W2 LA FTED S.
Wk # k4 (V)
: ——

i=1
X Zo IREAHFIZBI U Ceven RIEHEZETH 5.

}F Dirac fEFHZFE & Wilson HOM % & > T TE/EHE DY,y = DF .. +WF %
Wilson-Dirac fEFAR YL L., X512, IEDOEHm > 0128 U T "E&IEH] mky Z A
7B Db, +mky 2 B2 & Wilson-Dirac fFRFR L L. ZhidBH & /EH
FZTH2BD, HifiD Dirac EFHFED Zy XBUFHFIZE LU Codd TH-72DIZH LT, &
H=A & Wilson-Dirac fEF Z 13 THRE DIHTH 6 Wilson JH & B EIHDFE T odd T
T2V DFD, SQE=(S;®FE)® (S-®FE) LWS 2B L TN T NDMEHZE

WELARDEEZLTWAS. / /
. . Wf + mk D{‘;
DF Wk —mk

0 D,

D= ,
D 0

D’BW +my =
E &=} Z Wilson-Dirac /EHZE D [ED[EAG Z2[E DRI AN LD Dirac fEFHZE D Fredholm
el k > co THEHILT S, EVIHEIIZHF LT, FrILWIlHZ 5 X 2 00NHETH 5.
4.2. SEFA DR
HHE 3, A DR RFEEL (f638) L& IO (G10) D—3, L RB Z &
MTED. ZZTHEHDO T A 7 7%, @i 1% Atiyah-Singer D FEECEH % | #& 712
IXA&Fhil Atiyah-Singer FEEUCEEE 2 EH U, & OMAKIER D £ 0 ¥ VRV % HHEKd
BZLIIRETS, EWVWSIEDTHD. ZITHRERLZDN, UTOAMYRTH 5.

KO(T* M) frean K°(X) (26)

K°(pt)

ZZT, ipy: TPM — X = T*M/(2r\*) EEYIM M C X DiEFBENDHMDIAART
H%. (26) DA, push-forward DEIFME L D o2 5. RO GEH EHI D F
B, GO GEEPE RO EHRTH S Z L L0, MR & M TIRD > > RV A
ipaan: KO(T*M) — KO(X) TESBRT 202X X V. BARIICIEGEHIZELT
DATY TN61R5.
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(1) E&EAFE Wilson-Dirac fEFHZIZTIGT 2 2 Y BV fow(m, E) € My(C®(X)) %
B 5.

(2) ROBRERT.

ir=mi([o(D)]) = [fow(m, E)] — [-7] ® [E]
= ([fow(m, B)] = [-7] ® [E]) ® [L]* (27)

(3) Atiyah-Singer 8 #UC B (52 6) & &Il Atiyah-Singer 88UCBL (ZHL 16), T 5
A (26) & K (27) ZAlAGDE D &, HEIBRD.
BAT Y TIZDOWT, fBIZHHT 5.
(NIZD2WT. £TEWHIEKR(E,VE) = (C,d)DHEEZZS. fpw(m) € C*(X)®
End(S)Z LA NTEHT 5.

# o "
fow(m) := —V—1¢;sinb; + v (cos6; — 1) +mr. (28)

=1

Bl15 & FEREDFHEIZL D, LTFA0H 5.
¢* (fow(m)) = k™ (Dpy + mk).
U725 T fpw(m) IZE &M & Wilson-Dirac [EFIZD kM fHIZR T 52 VRV TH
%, ZZT, %fim@%ﬁ:@%ot, VRV D AR HEDD B, 3
1 4 T / 24
(fDW(m))2 =, sin? 6, + (cos; — 1) +m 5
=1 =1
THBHILED, m¢{0,2,448n} THIUL fou(m) ZHHTHEZERbM3B.
ZZ T, WilsonJHCERIHZEA L) > 7256, 2F D+ 1 — 74+ Dirac /EH
KDl EBZTROE BT DY YRV, € (0,7} RAERTHH TR Z>TL
5720, EHEMABEHTERVWI LIZERTS. Zhh, M1IZBWT T4 =772k

Mﬁu5i<w#ﬁmjth@m§%%?%5w
EW =D, FBRIZ LT k1 Dy +mky | SIS 2 Y YRV DR KB

WMDY 7 A [fow(m)] @ [E]l e KAX)THEZONEZLDBbrd.

(2)IZDWVWT. HLRZDIFRDODFEFETH L. Znhy, [HEfEH Dirac fEFHZED K Wik
F AL A Wilson-Dirac fEFHHEZETH 5] ZEDHBPEEIRTE 5.
B 29. 0<m <2295, X(2B) TERINDS fpw(m) & C°((R/(2rZ))")@End(S)
DL AR LEZLE, KO(R/(27Z)) IZBWTUTOERDKLT 5.

it ([1]) = [fow (m)] — [=7].

ZZTiw: {pt} = (R/27Z))" 1Z 1 ADOMDIAATH D [1] € KO(pt) 1TEF L% D S
b

202D B &, FRX Q7)) I, iy M — T*M Z2HEY)Wi~OHDAAR L T 5 LiH
FelD Dirac [EFZED Y VRV D7 T AN

[0(D)] = ian([E])

THEZONTWZZ &, BXUOEYW A X D Lagrange ¥ 3 Z MK TH 5 7- D pi= 1k
WLOHIRIFHRTHS Z &, KO HEHIZHRS.
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5. REEREE

ARG TIE, BITH % % affine ZHRAIKDIE T ELL ETORBUEE &\ 5 ) SRR DBEEX
ERLE WD B o 3D EAR R Z Ko7z WA S, BE LU TRMITD 5/
X7 S AHED, LRIZ2DDMEEZT 5.

B 30. & al neZhRIR L IXIR S WS RRIEDEHOELUI S L TH, TR >R e
TERZDOX IS 2R TERWN? TNz HWTHERD THThR Atiyah-Singer Fa%UE
M| 2L —RICHEITERNN?

ZRMRDBEBOO L E W o 725604 127 T ADEDHREZ 5NED, S DFiLL[F
FRIZE =T AROERETAADOHGwRZICHL LS T4 061K KR 74 N—%2FT
Lagrange b — 7 ARDEZEM & UTHNDS & 572, FEMEZ TR affine 2K %2 H5 X
L5ONHRTHS. ZOLIRNFITEHERZILF T E L, FIRAIXM = S2D5E7%
WA B ERARDIE BT I Z Tl & EFEMA S HIEFEICH AW Bbh 5.

B 31. B D LA LD Atiyah-Patodi-Singer 8 8UEEE ([4]) 2 L TH, FEED TH
Fh] MTERNL? ZFNE T, Wilson-Dirac/EFIFZ DI DINE D APS kK
([6) =R U CHLHFMEEHAZ 5 X2 Z 83 TER0Wn?

B O 22K EOREMBRIEA R IZH % Atiyah-Patodi-Singer fa 2%, ¥1HIZ B W
THROFEHZEDTWS. EAJIH-IAR-ZFR-rP - REAR-ILO ([6]) 1&, TRAA Y
74— ZE AL Wilson-Dirac fEHEEZEZ 2 5 Z & T, HE3D APS IRV
52 MR I & 0 PRELU 2. ARFEEH T U 7248 7hR Atiyah-Singer $5 850 #
D APSIRZERT 22 2T, WSO FRISKH U CHRFERHPEZ 525 2 L IETERL
N2EVSONMETHB.
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