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BIRTCAERT Y —BREA DT RET Y —[AIERE &
Chern-Simons M EEZX

ALIERE (B - EDO)”

1. F

ARETI, AMKREDY—3BKM Y OB|BREHFTEREFREZE {1,(Y)} el %
HAT5. ZOAREEIE, AV AXY MY Floer BB Y —DREENEHVTERIN
%. T OREALIZIE, Chern-Simons PR DRI UEZ HWS. 512, ZD—HB ro(Y)
EHWSZ LT, 3B ER Y —IKEDART HRED Y — A, B|RKX%EFIEH
ICRF DT ONEREDINEZEAT L. TOBANS, 3L AED Y —[FHIEREICD
WTWL D0H LWHEEZEL . RFETHENT 2ERIE, TR, FREHIK e
DILFERFE T D 5.

1.1. F21: FEOQOY —FEE

R E DY — BRI, SIS BRAD PLEEER Z AR A SO ERBIZEb > TEHS
N7z ([24], [18]). (PL) REQY—RIERIE, KDL ICEHIND;

O = {HBMPLFET Y —nIKI }/ ~ g s -

ZZT, Y, &Yy H-[A5E (homology cobordant) THh 5 &%, BRI /N7 b (n+1)
IRTEPLERRIR W HBMEEL T, OW = Y1 1Y, WEEHRL Y, = W(i =1, 2) 1%
REORERN Y —ICFAMEZFET L2 L2\ D, BEERNIE, O (CATHMEtOME %2 5 2
%. 2 1969 4F, Kervaire (R0)I2&>Tn#£3& 45L&, O 2{0} THD I LIR
TNz n=30DW, 0% 1% BOPLEHREKDETERLZEDEREIZRE3 LI,
0% X, WOLRLHRADETERLZLDLEEZXS. LEOARAER Y —3EKEY
X, B3R NACVARTEHRAEW OEERE 5 Z e T WD, TOW
DR AL XD (W) (EDEAEDIEE — B DOEAEDMEE) 225 LIi2&k>T
HE[R Y
w03 — 727, Y]+ I(W)/8 mod 2

MEF XN, Rochlin FEELIFIEND. u(X(2,3,5) =1 THE95, n Z2HTH
5. 122U, X(p,q,r) &,

S(p,q,r) ={(z,y,2) € Cla? + ¢y + 2" =0} N S°

2L o THEZ 6N Seifert 3IRTLEMRIETH 5. (X(2,3,5) 1 Poincaré BRH & FEIEH
%.) T D%, 1978 - SO4EIZ, FAAK ([24]) - Galewski-Stern([18]) 1%, ['5-Z & 1172 5 LA EDIX
T E RS RRIE M = MIE R B2 D=0 OB+ NG, HHIREDY—

AR I% JSPS BHER 17704364, B L OB 7a > 547 - V—FT 4 V7 RFEROEE2Z 1T 725 DT
H5.
*e-mail: masakit@ms.u-tokyo.ac. jp
Lz (PL) A ER Y —nERE & 13, BERSEOY -2 S" ORER Y- LA TH S (PL) B n ik
TCERRD Z L 2489, ZOFERTIEIN ST uE, ZRKIE, Borkdbor§5.
22O, FE PE—REOHOFER Y —fREAMT I ETE S .(21)
33 - AMTTAIAHZ AR IR U C, PL SIS & GG 22 13700,




Ny

ADEH BERKX)

FO(AM)) € HY (M, ker p) WHA D Z & THB.] LWVWHOEHEZRLUZ. ZHITkD,
(03, ) =AML EDOFEMELEOE Z ENH S hoz. LU, ZORNT
X, 0% 1%, BRHETH 20D 0E0 0o TV o7z, ZD#, 1982412 Donaldson
IZ & > TRSI N7z Theorem A ([5]), B X TZFDOEHHIZ &2 Mk ([15) W5 Z
LT, %(2,3,5) A%, O3 DT torsion TR\WZ EAVREIND. F72, ZOFERE ik
5T, 1990 4F, HH ([16]) - Fintushel-Stern([9]) 1%, {3(p, ¢, pgk — 1)}, 2XO% D
TN THBZ %R LTz —FHT, 2002412 meWQ])ié%ﬁﬂm

h:©% — Z: Frgyshov #ERFE

ZHE U7z, T OARZEE X, Theorem A % BT & 4 IRGGERRIRIZ — AL 3 B BRIC
HRIZBENDAZEBTH S, S 5I12FD 10 4, Manolescu ([23]) %, Rochlin A2 &
p: O3 — Z)2Z M split LW Z & & RT 2 8T, ERTCMHEZ IR D =M1 73 8741
ZHEEMNMEI L 72, £ LT 2018 D £4E, Dai-Hom-Stoffregen-Truong([4]) 1&, 425
HEFR ¢ 0% - Z*° 2R L7z, 2D Z LiX, 0312 Z°-summand DMFEET 5 2 L %
HMkd 5. Lk AEnY—RBEHOERZ, ERIZDOWTOHRRRT. [5], [8], [16], [9],
12122V TIE, X DFHELELEDE 0, 1.2BEIIBNWT, I FH LA

1.2. BR2: 7 —VHER

BAIZBIT 57 — VG, 1982 HFIZFEER I 7 Donaldson DX 2 hF O & LT,

BRI DR Y — DO RMBILFEEIZZ S DB Z 2 52T, Fr—UHHmTIX, 4T
SRR X 1T L TEZIND, ROEY 25 1 22

M(X) := { VB D IERHP w8 0 TR D } /X

EERTSL. M(X)IE, “Z<0587, ARESZR &, ARIKIGEHRIKORNE % £
D. ZUT, M(X) DERIXTEHEKROEE» S, X BEDOEREED, L\05D0BT —
U HE ’Cﬁj—‘b;h/éAiAm]@(}lhm’C%é AR TIE, FIZ anti-self-dual (LLF, ASD) A
BXEZHVWTRERASNSHEHIZOWTIERNS.

1982 4F, Donaldson (¥, 272X A EEMETH 5, HHFEA AP 4TS Mk X 1206 L
T, ASD iIRRADMDEY 27 A ZEM M (X) 2B $TH I LI12LD, Theorem A%ZRL
7z. Theoerm A I%, BEFEA A 4 RGTLRRIKD L2 ADY, L‘%Eﬁtxb £, ®v(x)(—1)

CAMTHLI L2 ERT D, TOMHIE, M(X) Dl EARFEREZBETLI LT
fTbtvad. Z®d Theorem A, B X FZDFEHAIED, RO ZDDIREIZEHT 5. —
u;#—B?j—wP&ﬁ@4%i%ﬁ%tﬁ?éf—9ﬂ%?%b,%5~omJﬁ
B EARTEFREADIIRTH 5. HIEHIZDOWTIHRAR S, 1985 4, Fintushel-Stern 13,
Z@ﬂp%—ﬂ%ﬁﬁ’%94mﬁﬁ V74—V REHWCTS —VHmE2ERT S Z

&0, S(p,q,pgk — 1) 73, ©3, D Ttorsion THRWIZ L 2R U7z, HEimDHF Tid
%gfﬁ)ot &, X(p,q,pgk — 1) IS 5 A -7+ =)L R ZHWS Z & T, @
ERQUININT 5 ASD ARRNDOBEO—BFAEMNMRIAITE DI L THD. 517, TD5%
iz L5k 2T, 1990 4, & H ([16]) & Fintushel-Stern([9]) 1, {Z(p, ¢, pgk — 1)},
DO NT—IUMNLTH D Z L% U7z, ZDIEHIE, Fintushel-Stern 23\ 7 FEHF R
HICHIR T % ASD ARRADED—EFIE L, Chern-Simons B DEEFIED 5 E
FEEDODEY1AT7MAZERAICHT 2HWEMAGLEL I LITL-oTiTbNE. 20N
1%, Seifert 3IRTCERIRIZMNET A2 A —E 74—V RZHWTWAHE WS T, TDF
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FCIE, —BOFED Y- 3BREADILEEIX, #E L\, RIZ, Theorem A DIEFT & 41K
TR DILIRIZ D W TR RS . Theorem A 1L, “ S92 2RO & D 41k c%
BRAKW DR A AP S, Dy (—1) EFRBTHZ 7, LWH RN TE 5.
S3ZFBERY—3ERMY IZH D #1 X 7l Z AR S /= Theorem A L3222
5. ZOW, MOMWEEZEZ 5,

Bl 1 EOLDBBERY—3EKEY 12X LT, HLRE 117z Theorem A (XKL 5 D07

ZHIRT B —D2DEX L LT, Donaldson([6]) I, “BEF 0y € I'(-Y,Q) HiE R
TWB Y IZDWT, #i5RE N7z Theorem A DKL T 27 2T & Z2mU7z. (Y, Q) I,
Z)8T D EHRIRITT Q-RXZ MVZERITH D, Y DAV RE Y~ Floer A7 REQ
T—CIEENG. AV AXY NV Floer(3) AET Y —IZ, Floer([11]) i2&>TY xR
X9 % ASD HBADEY 2 7 A 28R TH I e TERSI N, ERIZERT
LB, A4 VARV NV Floer R E T Y —(%, Chern-Simons INEIE % Morse B & 3 5
“Morse RERY—" L UTHEINS. £/, M1LIIHTHE 5 —DORERRFE L
U T, Froyshov([12]) I, “Froyshov AZ & W(Y) B0 TFDO Y IZXR L T, HLiEE N7z
Theorem ADENLT 57 2 ZRUT. h(Y)IE, 1 VAKX Y MY Floer(a)FEBT Y —
D“HLIFRERY =" L LTORMEEZHWTERIND

1.3. FR DIFRICO VT OHRE

A VARV NV Floer MO Y — BI Oy DREED S, Oy DNHATWRITNIE Y xR
FIIEFREREERFZBHICE DL IR ASD ARROEIFAET 5. Kxix, ZoME
54 5 Z & T, £EED Fintushel-Stern AWz, BRFE RIS 5 ASD A12
ROBDBEIES, 040y € I'(Y) EVWS £ ERVNTRATESZ L 2B L. £
7z, diH ([16]) - Fintushel-Stern([9]) T, Chern-Simons LB D i 5L (2 B3 5 il
EHWTWED, Z0HE#RE, 7409 —&14 2 RF Y MY Floer(3) REQY —
I (V) BEW, 7408 —ROBEEN € I (V) (—00 <5 <0 <7< o0) EAL
BIETRETEDZERBIRU. 74 NVA—f(EA 2V AX 2 NV FloerhEH Y —
(&, 1992 4F, Fintushel-Stern([10]) IZ & > TEEINTWbD &, KENIZFUTH 5.
ZUT, 74 VA —ROBEEE Y € Ir (V) EAWTRER(Y) %

rs(Y) :=sup{r € R5,|0 = 95’7“] € I[ls’r](Y, Q)}

X TRERLLS I, FRKEZF I FEEMEAZLE L7220, H ([16]) - Fintushel-
Stern([9]) * Floer([11]) D7 27 =y 7 %{fi5 2 & T, RER Y —[AHEALE L 25 Z &)
RIND. £z, BA ([14]) - Donaldson([6]) IZ &5 1 Y AKX b ¥ Floer FEB Y —D
HAEHNARXZ, 74NV R—FEDGHEITBIETE I LITE 5T, ro(V) ITHAEN AN Z 5
ZTz. 60T, ro(Y) OEAERAREMES 2 LT, 0L 1M 1I1Zd D XD WD 7 1
WV hb—YavibZ7 dH - Fintushel-Stern D& L 7251 {X(p, q, pgk — 1)}, 1%,
IDOESITHIMU TV ZEWBETE, TNENPHOEELE LT TWAS Z &
5, {3(p,q,pgk — 1)}, MWOLITHBWT KM TH B Z & iF, FREIIZETHENS.

4 Chern-Simons LB E W2 7 1 )L & —.

SZDEIBRAERI, 29 ITBVWTRIICERSI N

CZDEHIF, A=Y ATV MFREBRY =%, ECHIZHJ 5 spectral A2 ([19]) DA Y A XY bV
Floer REQ Y —IZBI357F0uy—LE25.



ADEH BERKX)

ZOBI, BEC, ro(Y) DEFEFARZHANT, 0L 1T 20 D008 L WEE %2
Bz, (EHL6, EHLS, i 3)

2. FHER
ZOETIE, £7 {r(V)} OMEIZBET 2 EEHEZRBXR, ZDE, ro(Y) ZHWT, 0%
CESA DK RSN EZEAT L. M1, TOHKRINERIZLZEDTHL. SLE

KS([). q.pgk — 1 )}::

0% (>0) = e3,
e} (=)

0} (= 1/264)

O3, (> 1/120)

1: @% D&

DEMEFERP, WSO DIeAIE, K125 Z & T, fEMICHET S Z R TE 5.
2.1. FEE

RINAFED EEMTH 5.

EHE 1 (BB-EB-a0, [26], 2019) s € Reg I {—cc} EHMFER Y — 3EKA Y IZ
SUT, MIBRZHFTEOEBEALE r (Y)DPEED, U FOWEZRD.

L (BFAME) s <7251 rg (V) <r(Y) DEALT 5.
2. (rg(Y) D) & TDsIZx L Tr (V) DI,
{SU(2)-Chern-Simons JN.EE £ D BER 722 i 5L A D B SUE } 1T {00}
ZEENS.

3. (AEAER) Y, Vo2 R ERY —3EKMEE T5. 72, W 2 RXERADPAEMT
HZAVNT NERARTERED > T, OW =1L -Y, 27> TW0W5b 2T 5.
P2

rs(Y2) < re(Y1)

DAL T B, 61T, r (V1) DVERT, W A HERS 2 51X,
rs(Ya) < rs(Y1)

NDAVACIRSS
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4. (EFERIRAR) rolzxf LT,
ro(Y1#Y2) > min{ry(Y1),70(Y2)} (1)
D AYACIY

5. (FEEBAME) Froyshov REE h(Y)DWETH LI e e, r (V) DERTHEZ L
FFAMETH 5.

FE 1 9, DD Remark 2R3

o 2018 4F, Daemi ([1]) 1, HFIATO Y —3ERAY &, k € ZIZH LT, Ty (k) L IT
BB, MEIRA % I ORI RERE LR L. Ty (k) 12k 2 D\T, B
KINTH B,

Ty (=1) <Ty(0) <Ty(1) <

X 512 Daemi DRER LA VA Z 2 N Floer Big a2 HWTE D, kE BIER ST,
Iy (k)% FH 10235 %729, ZOZ 06, IROMWIZEHRTH 5.

B 2 Ty (k) & ry(Y) IZBIRI2 8 B2 2
ZAUSH LT, Ba 13RO T L A EEW L7

EIE 2 (FIB-cBk-50,026], 2019) LEOFREBR Y —3EKMH Y IZH LT

DAL T 5.

Ir VML T y(D)ANOWFINEEZDZ v 005, Ty(k)(k<0)&, {r(Y)}
DEHRIX, K7ZDD > TV,

. Y:E(2,3,5)#(—2(2,3,6k—1))( FHAE) T B, rs( VI s 12D WTER
TR, 51T, Y] = X(2,3,5)#(—X(2,3,6k — 1)), Yo = —%(2,3,5) D2\ T
Daemi D A2 & Ty (k)(k irtm%sz) FEAERIZA (1)%{%tém\

o HHERARILrg T UTDOA, Bk U7z, —fRD s 1I2DOWTIX, BIEZELRTTH
5.7

AEEZER UK, TOEMREMZMRIET S I EIEEETHS. KLl ROV
T AD Seifert 3IRTTE RIS U CEIE %2175 7=,

TROBIZI2BZ 2 FHRLTVWS

rs(Y)> min {rs (V) —s2,rs, (V) —s1}

s=s1+S2

(8]



ADEH BERKX)

T2 3 (FIB-1EBk-50, [26], 2019) (p,q) ZAWVIZELBLARBORT LT 5. £72, k
ZERBETSD. ZOR FRDs € Reg T {—oo} I LT

1

rs _E ) Y qk - 1 - —7
(—2(p,q.p ) P

rs(X(p, ¢, pgk — 1)) = o0
b LU,
ro(=2(p, ¢, pgk + 1)) = rs(X(p, ¢, pgk + 1)) = 00
N RVAC IS
[26] (21, Seifert FEBT Y —3BRMEIZEL T, K0 Z L DEIEBINDH B, F 7z, Seifert 3
RTEERFARD N DD DEFEFRNZ K U T, IRD & 5 iR 5 V2T 5.

i 1 (FIE-Bk-80, [26], 2019) Y %, Seifert 3 IRTTE AR DA FRAE O HAEH T
PNBRETY -3 E T 5. ZOHFE, 7, (Y) € Quo 1L {oo} BRI T 5.

2.2. 04, D74 RL—ay
E&E 104> %,

O3(= 1) == {[Y] € O | min{ro(Y),ro(-Y)} > r}
EUTEDD.
ro(Y) DEFERAXIT L o T, MBARINS.
T 4 (FB-1EBk-50, [26], 2019) (TEOEHr > 05 L IEr = c0 T LT,
03,(>r) %, 0% DERREL 5.

FE 2 k2 IEOEE Y 3 50, Daemi DAZE Iy (k) 12 LT, #EERMAR (1) 272
XRWHINFLETE720, [T 4V L= avz2EDD I eNTERN. £z,
—fBz, Ty (k) OEFEMARI, £EFBZSNTWARW., TIAT, kZ2 00U TFTOEKE T
LI, Ty (k) DIEBEALEREHNIA STV,

IR &, RO,
O}(> 00) €+ COY(= 1) C e C O}(>0) =0}

NEond., ZOHSHOFEEM 3 ZzALETEL L, LRHOM1 DX 5.
{S(p, q. pgk — 1)}22, 1F, MEEIZHEBL TWE, ZNENOMTH £ T2 5D,
HABETH D720, {S(p,q,pgk — 1) 15, M—IKMITH B & WD FHEEEZ, SIRMICHRZ
BLEMTED. ZNHDFOL(>r)IZDVTHR>TWE I EIE, £ <RV, ROKE
B, [16], [9] DFEROKEILE E X 5.

IR 5 (BIB-£EE-A0, [20], 2019) {£EDr > 0127 LT, 63,/03,(> r) X, 2~ %
HOREX L THRD.

7, BENSWIBAEE O%(> 00) I, ZEALZ L NDINS.

3. RT b AROY —~DIGH
ZOFEIIZT, {ry(Y)} P55 FTIHIZDWTHRRS,
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3.1. 3 RFTHREOY —REE

9, FEUY-HBERCIB T HERRS.

T 6 (FIF-1EBk-50, [26], 2019) K % SSHOFETHTH - C, h(SP(K)) <0TH
595, ZOH, {Si”/k(K)}z‘;1 X, 0% OHFT—IXMITH 5.

R(S1(K)) <02 WO EME, K1IZBWT, Si(K) A 0% (> 00) DIMIWVWD Z & % FEik
$5. TUT, HI{S} (K)}e, &M 1Ic 70y b U7, Bie MR T Bk R
TN HHOT YN IA Vv THE. ZOEMIK, KE2 = AOCHT(p,q) £ T 5
Z iz &, dH ([16]) - Fintushel-Stern ([9]) DFERZ2E LT 5. 512, h(SPHK)) <0
Zl7-SREOCBE LT, Ml - U7 74 MECHOMIRRS Z MK AIfETH 5.

il 2 (HE-fagk-20, [26], 2019) A(SP(K)) < 0 %2723 MEFECTH, 774 b
OV H D BRI DT 5 .

O3 DIATIZEIE, Seifert FEBV Y — 3BREIINTEH2HDNIELAETHS. —F/T,
0% DETDILIE, W 3T ERRIAEEZREITLE LTHROZ LB S NT WS ([25]). %
DERP S, IRIEERBFNTH 5.

B 3 0}, D& TDIIE, Seifert 3ITLEMAEZAFILL UL TR DN ?

ZOMWDEZIFETH S, T3l 2015 H1Z Seiberg-Witten(LLF, SW) Ham S %
AW T, Stoffregen D3GERAZ G- 2 72 ([28]). 1.1 ETIX ASD AR Z W TR/ LN S,
Yang-Mills(PA N YM) BiERIZ DWW T DA, ik 7208 75— VBRI IE, SW AR Z W
TSNS SWHERANH L. YMHEHE SWHEIZ, WU THRBLTEZERLH D,
HAZHE OBIRIFEGR I N T & 7. B4RTERRIRITN U T, Donaldson A28 & & SW
AEEPEMTH S5 L WD Witten FREVDH O, TD—HBMEIrNT WS ([7]). £z,
Theorem A I&, YM HiGm & SW HEm O Wi ERICH W T BETH S, — AT, ko> %
Bk dEa v 82 b 2T A5G, ERO MBS SN TE ST, EBICRTT 2
DPAPTH B K5 0L < DENMVBH 5. Hald, YMEGRZHWT, M3DEZNET
HoZ LDHEEHZE G R Tz

EIE 7 (Stoffregen, [28], SW i@, 2015, FIF-LB:-A0, [26], YM ¥Ei@, 2019) 0%
DILTH > T, Seifert FEV Y —3EKMMZNREKLE UL TEXRVEDNFIET S.

7z, “HEAONZBFEOY—=3ERAEY IZXUT, Y D0k bR ER R ZRD 4150
SRRDBR L2507 L0 S [EI, 1.2 8 T N 724558 X 4172 Theorem A TR L
Bk % R - T & 72, Bl 2R, Seifert FE T Y — 3BREPHEOH M cELNS HRED
V—3ERkmEIE, BT, KEFAVEEME, H USIFAEMTH S 37 NEM 4IRS
FRIRDIEF L7256 Z e PHIONT WS, r(Y) DEFEMARZH WS & 3IZEHERS
TR MOMWIZEEZZ 525 LNTE S,

B4 ZAEADEEM, © USIBAEMETH D a7 AR 4IRTEHIKRDEERIZ
RO, REOY —3BREIFFMLET D07

ZHIZH LT, IR&ExRLU T

EIE 8 (FiE-cEk-a0, [26], 2019) RAFAMNELMHE, U IFAEHETH 5 4100
RO 0 3700, REBR Y = 3ERMOE {Y, 12, PMFEET 5. KT, [Vi] 13,

8 Pin(2)-monopole Floer FER Y —Z2HWTERIND «, 8,y EHOVTRI Nz,
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Seifert HE T Y — 3B, FOHDOFMTHT BHER Y —3KEE G E B, 512
ZDE>R V)2, %, (V] O ITB T M TH 2 & 5 ITRRZ EHT
x5,

TEHSDRE UT, WHLTHHRES . ZOFREED SWHEZ W2t BHIZF S T WA,
5T, 32 &0 —M bl ZRwe LT,

Bl 5 0} DETODItIE, Seifert 3IRTCEREDMAFEG THRIL S NDE D7

EWHRIWDH B, — AT, il 112 L >, r (V) &, Seifert 3¥RITEBEIRDIRALEE A
TEPNTVWEH. AHBTH-72. T2bE, r (Y)W EEKTHE L5 2Y 2 KR
THE M5 ICEA 2525 NTESL. ZNEREIZ, RO LS HREEEIT T,

AVE21—%58E 1 EEDsIZH LT

r5(S55(53)) A~ 0.0017648904 7864885113 0739625897 0947779330 4925308209
1070 A=K =THWALT 5. 72721, 57 ,(53) &, Rolfsen D7 — TV OFEOH 5, D, §i
BD12FMhTH5.
D% RS & INBURBA I A IE D 230,
B 6 LD s TR LT, 7,(57),(55)) 1S MEHED 2
Z DR WP E MNP NT5E, RINDEI e LT, RIBD 5.

i 3 (FE-tcik-20, 26], 2019) b LM 6 PWEENIZE» L, 03,/0% 1%, Z %
WAL UTED. 272U, 0313, Seifert FEBT Y —3BRMEIZAEK T N5 03 DI HE
L9 5.

4. RFEEREIRE

4.1. FEOY—RAEEHICOWVWT

OF DHEHEIZBET 2 KRFRFEE L LTIk H 5.

B 7 ©% 1%, torsion 2K DA ?

ZOMEND—DD7 7u—F & UT, HLFEWZEE ORI, RO X 5 2 nlagk
RIERU K% SSHOAARECRE T5. S(K, K" % K & —K*(x 38R D) O
ATI54 AT B, ZO 2S(K,-K*)] =0 0} THEZeMBHAISNTWS. Lo
T, BAMEOH KTho>T, S(K,-K" )M ehEnY—FAETRVWHDEFKATE
X, A#K 2 D torison DFFEN DS, ZHIZDWT, AERE r (V) IFHZ LWEA
D

Bl 8 ry(S(K,—K*) #00 TH 2 LIWAMKEVCHK & sid, FIET 507

Z DMV E RPN NIE, 03 1T torsion WRDNE. F7z, Fex DML 728585
BEDH O3, (> r) IZDOWT, IRD & 5 8 H 5.

B9 r < IZXULT, 04> r)/03(> ) IZERERN? 7z, 0% (> co) A RE
Jhs ?



8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM)

Z OFEX, 03 2 ROINZ L CHEST 5 AReEIcEb 5. ZoME~NDT T
O—F& LT, B4 OFEE, SWHITHWONTWS “FAM " 057 =v sk
HABDLETISIZED DI AMEREZEAZSND. 72, 03(> co) D Z>° DAt D5
HELUT, {S(p,q,pgk + 1)}, DB 5.

10 (p,q) iEL\L%EH@&(@/\?&T%ﬁ {3(p,q, qu+1)}k E, —RIRNE

SWHERZ W TE»N S, 10/8 & ([17])) 25 Z & T, (2, )b‘torsmn’C&b\
ENGIrG. —H, YMBEGEEHWTHES NS X {r(Y)}, Fy( ViE, 2(2,3,7) iz L
THH(SPIZHTAEEFEL) &0 5. SW@ Mmoo ND LZEeEIZFORERY —
FIBEAZE R o, 8, v([23]), k ([22]) 1%, B(2,3, ) TR UTHATWRWIZ LA LN TS
D, INoEAVSZ X M10%2H XEE’J RS BRIZIE, —DDAREEE 52 5.

42. 1 VRAY YV MV Floer REOY—ICDWT

Tz, Sf/k(K)ﬁ§—Y9(§$ﬁ“G%é7L:&)@+§J\ %5 2720, ka( YDA VARV b
> Floer FEQ Y —I4, A?b‘o“CL‘iIL\ £0 ﬂx@‘?‘iU‘EKLﬁbf A VARV B
> Floer Bl % HEIZH DS 720121F, Floer R EQ YV —DEtRENPEE L 05,

B 11 26§ 0 H K&, 0 TRWER k€ ZISH U T, S (K) D1 Y ARV k¥ Floer
']_\:ED/ %.’n+%:'d_41

FRZ K = T(p,q) &5 & ZTOFFEIX, 9] TlHbNTW5E. £/, HHEAED—D
DHEEMEE UT, P2 E WS WS HERH 5 ([3]). mRIZ, 1V AX Y Y
Floer BlEmIZ B 1 5, AN MEEZ 21 5.

B 12 —BDO3UMGEERMAY & SUQR) RIZH U T, HEENK SRV [E" 1 VAR Y
k> Floer v €0 Y — 2k &,

ZOMBIZIX, % < OAPFRENRIGEITHRER L T ([13], [2], [27]) DY, K72, PEiyzs
EFHITE 2 Ea%m\m\. IN#EDRRTEIL, “7r —VHEDEE 7 12D B2 H D,
ERIZFGIZE D, BENCH T 2MEEMER, “02 £ 07 BT AMENENS.
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2770 Va- 77 —HER»SHEI N
R REEERI L & Z D8I

JIIIES BB (USRS SR RS S B PD)”

SHMeaE/AHEH

1. EA
AR CTIIZHREIETEETERDOLZVWEDER2EZ 5295, /-, AFTIEEIZC®
WMDLIIK%EE Z, O REHRE VZIEEIZCo kLT 5.

EHF 11 M% 2 IRTEHRIKETB. M EO RO R0y v T L2510y 7R
ThHdEE,wDHAFEN, 2FVdo=0TH>T, EEDxe MIZDOWT (W), # 0 &7
L THD. MBBIRTEHREMEZTDEDY TV TF 4y 7R 0 D (M, w) %
DVUTLITav IEBFRIEE WD,

MENRRBERBDF[HEL LT, Yo7 L2274y 2R w s x e MIZOWT,
we: TMXTM - RIFZIRIERE UTIERILE B Z s NT WS,

TFDOHEID XS IZRERIZIZERRY VTV T4y JRBEEDRAD. TN ZThY v
TV T 14w 7 RMZ DI SHEE U 7 SRR TH 5.

Bl12 N2ZAL 5. NORERTN I RO LS mEARRY VTV I TF4v 7
fﬁwo%:%?

n:T*N > N2 HRREK L T5. 20L&, — MR A % 1(v) = p(r.v) (g € N,
pE T;N’ v € Tpg(T"N)) RO ERT S, wy=dly £ T DL, w T IV o Tav s
EXThH5.

VYTV T vy IR E Z D MOERE L, PR A @ L2 — < & DB
R, I 7 —XFMED AR DR, 77— T — Rl & 8 U 72 RECET & DREfR R ¥ 2
IZHEB N, 2 TIREIZT B,

M,w)2> > TV I TAavIERMKE U, ZD LD COFERT VIO T ES % X(M)
YB3 MEDEBH: M>RIZDWT, FONIJILNY - R MNUIBX, %

FEEDV e X(M)IZDWT, w(Xy, V) =—-dH(V)

Lo TEET S (IFIEREZRERLZDT, 2OL5 R X, 1 E—RIZEE 5).
HES' 2SS =R/ZIZE>TEDS. ¥/, ARETIREEKEFELa VX7 bEE2ED

NINKIVEREEZS. DF0OARIIBEWT, VT LI T 149 IZ8E M, 0) £ED

NI KN VEEEIL,BONLEEMH: [0,1]XM >R TH>T, ZOEHN[0,1]x M

ADOIAVNY NEBDEEGERDEDEET. 72, "INV M VEEH: [0,1]xM - R

IZDOWT, ZDBINIA =R 1 2BEEL-HD% H TEDS. DXV H: M >R%

H((x)=Ht,x) Ik >TEHT .

ARSI R GRER S:18100765) DB Z %213 725 DTH 5,

F—U— N HBERE, NIV N UMAFRMER, 775 Ya s 7L T — M

* T 606-8317 FUHRIF R T 22 5K AL 1113 2 T 50 K 27 B AT B 5 7

e-mail: kawasaki@kurims.kyoto-u.ac. jp




1z NEEE REBX)

NIV VEHEBH: [0,1]XM - RIZDOWT, ZDONINV Y -4V b E— (¢! o &
IRFAIZEML T B R PV (X)) I K DR E LTRERT S, D0, R ¢) =id
——_&m®%ZbTEaT5E@;@ﬁwHa%ﬂbZM%HE K WEMRSI N/
SN UMD REEREIEC, NIV N VD S ERS NAMA R GG EZ NI b
VA REBEER L S,

VUTV T 4w TERRR (M, w) IZDOWTAHAIN N VDOETEESEZNIIL N VD
BEFEEE L LY, Ham(M, w) £ KL T 5. ZHIEARTOE D BERDERIZ D WTEEZ KT
(72720, ININW DN VEBTERINE] EWOTETOEED-D, EBRICREZ KT Z
LT 5D LIEAHTH %)

XC, 22Ty TV T 4y 758K EDARZEBE LTIV b U0
HEERUZDITED, bR Y =R MAOEMER LS TNE YTV IT109 0
W& 2 RO FHEBRDOKTEETH D v TV 7T 4y 2 FEMHEES AR ST
HAS AFEDNIN S UMD FEMEEGIEY TV 2T 4y 2R ERFEL, HIZWA
ENIV N U RIFREZY VTV o T 4y 2D RO EFE D RETH 5.

NIV VS FEMEEHam(M, w) % TV —F] L ARTHE, 20 V-] Thb
Lie(Ham(M, o) 1ZN3I )L k>« RZ MUVGO K TR ER &2 5. NIV Y - R2Z b
JAGHIN IV N VEHBDOMAD DA TIRE D Z L 25 X 5 L, Lie(Ham(M, w)) 1 C®(M)/R
T E, RN IV b U FEERS TIRERGOTY —HE) THh 5.

IR, v TV T4y 2 8M% (N I)V bV J17F%R) DB 5 non-displaceability D
fEZEZ 2 5 D70, ZHEEDPRIRT L AN IV NV HERVPARETERS & 5 7%
Rt 2RO Z LI ZOMEDHEHAI D D. X, Y22 VTV 7T 149 755K M, w)
DEDELE LTS, XY H 5 displaceable TH 3 L 1%, H 5 f € Ham(M, w) HFLE L
T, fX)NY =032 TH5. ZIZT, YIIYDEHEATH 5. HIZ X 7 displaceable
EWV o G EITIE, X DX HE7» 5 displeceable Th 5 Z & %457

FTWRRTDEEEEZLD. ZIRTDGE, Y7L v 7RITHEEER
E—HT20EH-T, ZOMEEZH ULHET 5 LTHMTH 5.

Bl 1.3 ZIRGTERAIS? %2 S2 = {(x,y,2) eR? | X2 +y? + 2 = T Ko TERE L, BEHER 2 >
IV T a4y 2R (HEERN)w 2E X 5. KB F: S? > R%Z F(x,y,7) =z CED .

ZDEE,Fl(c)ldc# 0D& Zdisplaceable T, ¢ = 0 D & X non-displaceable TH 5.
B X SO3) < Ham(S2, wo) 7* 5 L72A35 (2 2 T, SO3) IFMEHER A Gt & 2 Az §2 D
] & 2 ROFRAEMO IR & [ —H). BEIEIN IV VMO RBEEGRY T Lo
TAv IR =EERZ2RETEI LR S.

F~1(0) 1ZBH 5 22143 [FIAH B4R T displaceable TH B DT, ZDHINR S ESH Y VT
Vo T 1y 78D THIME] 20D Z5 80N EELNETHAD.

Bl14 —RCh—F AT % T? = S' xS TEHKEL, fY ma//7v774/0ﬁ
XA NDw 2525, ZOLE, LEDc € SLIZDOVWTRAMR (¢} x ST ¢ T* I
non-displaceable Td 5.

ZOBNFFEEMARIZIIEINDE Z L DEZVEDTHD. EWVWIDL ) xSHIXT? E
DIFATEE) (x,y) = (x +a,y) (a # 0) TEZIZ displace T4, ZDFATRBENILY > T Lo
TFTAY IR w ZRODPSTHS. 2F0, 2NV TV 7T 1w 20 REEAE L
NIV N U4y [EIAHBAS & T displaceability (20 H B Z A RLTED, NIV bV
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NERFAED THIM] OFEZBRSRBTEIEDTHS. £72, NIV bV FERITIE
B—7 7 — %O AREHE - BRSO FEER MO THIME] $Ho5nTWER, Zhs
& non-displaceability & DR E AL X N T WS (Bl 21X [Po98, Pol4]).

VTV I T4 T ERRMR (M, w) EORIRIEFE LR WANINV N VEREF,G: M - R
WZDWTC, ZDRT Y VIEF,G) % w(Xg, Xp) I L > TEHET 5.

EE LS M) Z2nIRTY YTV I T 49 0% MKET 5. oM REHRD: M — R
PERD I, jIZDOWT{D;, 0} =0 %729 & &, BEHMEERTHL L\ D.

HEENEGMRD T 7 A /N— D (non-)displaceability I&/i < WSS 4, K2 b —V w 7 &5k
IR E B 5 BAR D £ 2013 2000 FACBARERR 2 2RI L TN TV 5. HEEERD T 7
A 7N —® (non-)displaceability (Z 2T D HHFER T, ARG CTRIZEZE L 725 DT T v

NZ7EeRVTOT 4y FIZLBUTNOEHTH 5.

EIE 1.6 (([EP06]) ©: M —» REZHY Y TV I T4y 74K EDHEBIEESR L T 5.
ZDY X, ®lEnon-displaceable 727 7 A1 N—% 5D, DFE D, HDy, € RFBIFIEL T
®~!(yp) I% non-displaceable & 72 5.

AROXEIT L HHNK 222528 Ths. €F1.61ENINVIY - T
7 —HEEHWTIEH I 0D, ZDOHNNZEZZ R 512H->TCEI7I7 Va7V
T—HEmAEHWAZ LTS, T L DA U AEMAIEREEIZ DO WTIZEIZEHIT 5.

EE LT M) 2 2Ry Yy TV I T 49 28 E T 5. MDD ERAK LD (M, w)
DTSR THZ L, LORTGHEn T, =085 TH5.

5] 1.8 ZHAKN DREER T*N DZEYIW Oy (X (T*N, wg) DT 75 > 2853 2 K.

ARIZBWTIRHIRE TREDOR ] 575 0 a4 kiihkz FI2EZ BN, 2D
TR EMPEIZT 272012 TRVWERHE] LW 022 TEeHTHL.
EELI M w)DT T 72T 2D ERAK LM () 2723 1%, LFDSRMADO W
TN EMZTIEEZ N,

() (M,w) "D LEHZHRIEN ORBERTN & ZDOREHERZR Y VTV 7T 19 7R w,
T, LIEZDEYW Oy TH 5,

(i) (M,w) DAY VTV I T 4y %K Tr(M, L) =0.

FE 110 ARICEIGT2EHOL LD —BRORNTEHIEFAIRETH 203, PP 2
LI ZEETE7201IZ EOXSIzE N, EMREIFICERT S, 9770 Va- 7L
7 —hEOY—DIEHHEERIARER LM TH B,

EELI LYY T VT 4y 0% MEM,0) DT 75 2T ai L RIRTERM: (x) %
WzdHbDE T35 0: M->REMw) FOEHEGEHRE T 2D E, Hby,eR
DPFIEL T, @ Y(yo) X LD 5 H @7 '(yp) 22 5 & non-displaceable & 7 5.

AR TIHER 111 %2 Zil 0 O FIETHEILT 2L T2 D 5. 2O DDOREFE/LIX
FADBES i izdEd b0 TR, TNETWREDIHZR >T0wsHDTH 5.



14 NEEE REBX)

2. R7 Y VIEIAEE
VTV IT 4w I EREE (M, w) EDO 1 ONEIF = (F,,..., Fx KU, k(F) %

! !

k(Fy= max |l xF. yFl
x,ye[0,1]V ; i

WEDEERETS. (M, 0) DERBBEU = (U, Us, ..., Uy} IZDOWT, ZOKRT YV VER
ARZEE pb(U) % pb(U) = inf k(F) IZ & > TEFET S. T2 T FRinf 3 U THBET 3, D
F0Supp(F)cUi=1,....N) 225 1 DNEF LOEDTH 5.

FE21 Y F - FkDOERIZEEFHREGRYE FHIEHRLED L. ZOLREE
DEFD TIEEAZENEOZHBA] 2, i T 14X O RS O FHT
% 5.2 % ([PR] D Section 9, [P]). Z ViEAHEEVERIGR B O THE 5] ([PR]) ThH 5.

ME22 O: M —» REEFEFHELGHEL, V = (V,Va,...,Vy) & O(M) DAREIHK
B35 ZokE, MOERBEE OV = (O'(V),d'(V,),..., 0 (V)T L
pb(@ V) =0, 705,

COMBIMEEOEFEEHR O: M > R CATLEZDIE S D REEA,B: d(M) - RIZ
DWT{Ao®,Bo®}=0D D iDZ &2 HWNIEES IZRES.
NINVPVEHEH: [0,1]XM >RDA—7 7 —E|H|ZUTDOLIIZEHET S.

1
[|H|| = (max H,(x) — min H,(x))dt.
0 XYM xeM

M DR EE X, Y IZDWT, X DY H 5D displacement energy E(X;Y) Z L FD & 512
EHRT D.
EX;Y) = inf{||H||; H € C>([0, 1] x M), ¢5,(X) N Y = 0}.
X 23Y 7* 5 non-displaceable 785G IZIX E(XX;Y) = 400 25, F72, E(X;Y) %2 E(X;Y) =
min{E(X; X), EXG;ICX D EHRT S, M OBEWEE U = {(U,,..., Uy} I2DWT, E(U),
E(U,L) % ZNTNEU) = max; EU;; Uy), E(U; L) = max; E(Us L) IZX D EFET 5.
ZZOWT, AT a Ty 4y FIIA R E2R L.
EH 23 ([P]) U={U,...,Uy}E M DBIHFE T, % U, ld displaceable TH 5 &9 5. T
DeE EU) >0T,
pb(U) > 2N?* - E(U))™" > 0.

2.2 LR 2.3 D O R 1.6 DME S . THEDBIFR CREIHIZHIZX 9 523, [displaceable
B A D+ /NS VBT 1 displaceable] WD FHEE A WIIZRRWHEMETH 5.

EIE 2.4 ([Kal8]) LZEEM () 229575 v Y2tk 356, U={U,,...,Uy}
FBAME T, AU IZ L L IXU; 5 displaceable ¥ §5. 2D & &, E(U;L) > 0T,

pb(U) > 2N? - E(U; L))" > 0.

MEE2.2 L2405 111 S DIFEM 1.6 DIGELFEKRTH 5.
B 2.5 (Uy,....,Up, Vi,..., V) E W, Wy ZZNNENS OFIE CLA R 237329 5.
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o EEDL, jEkiZDWTU;#8",V; 8" & W, S DKL,

e EEDI=1.... . MIZDOWVWTO0e U, fEED j=1,....,NIZDWTO ¢V, HKIL.
ZOLE T*ORWBEU, Uy, U ELL N TEET 5.

U, ={U; xS, V;x S, Uy = {U; X Wi, Vi x 8"} s Us = (Ui x Wi, Vi X Wil e

ZDLE, pb(Uy) < pb(Us) < pb(Us) BHISNTH Y, ME2.2 X 0 pb(U,) = 0, EH 2.3
X0 pb(Us) >0 %5, Z LT, EEDEH24 XD EAFD pb(U) > 050 5.

3. B &R
EH1LIIDOE 5 —DDEHICEE 2B £ 5.

FTEFZ UM 7ERLTOT 4y FIZEDEAINZH L WO ZHAT 5.
E&EIL(EP6)) X222 T VLI T4y VLR M, w) DIV NT NBDEEET 5.
MDAV NESY I ROEM 27T HEEER O = (O),...,0): M — RFH
GFHETDHE EIZBE VD,

(1) 5y e RFEELTY = O (y),
(i) fEEDy # yo 2D WT d!(y) Ik displaceable TH 5.

[EP06] IZ 5\ Tl (M DSBS RRMA D5 E12) (T D3t A non-displaceable T 5 Z & A3
AEHE N, TN S 2B I L6 MR o Tz, £ D, [EPO9 IZHE W TR X & (258
W T 2522 AU FOEHDOILTRI Nz,

EIE 3.2 ([EP09]) (M,w) 2> > TV I T4y 72K E U, X, Y % (M, w) DL T 5.
ZD L E,XIXY H S non-displaceable TdH 5.

LOEHTX = Y DG % F ZNIXE D non-displaceability AU 72535 .
B THHNR] & UTEEPEALZMRIEILLTTH 5.

E&E33(Kal8]) X2 VTV I T4y %A (M, w) DIV N ELGLT 5.
MDAV NVELEY L TFOEM 27T EHEEBR D = (D,...,0): M — REM
GIETALXIZX-BE WS,

(i) Y =07(0),
() EEDy #0122V T O (W IEX £721Z 0 (y) HE 7 5 displaceable TH 5.

B34 V=< ZEEW, o) LORERTN ETEEBH(q, p) = 5lpll; 25X 5. HIXEK
B—EDOATHKTNE D THEEEEGHRT, H(0) =0y AHD T 71 3= 0y £ HW
2R D B2\, KFIZ 0y 72 5 displaceable TH 5. U723 T, ZEYHIWi Oy 1L 0y-ETH 5.

ZDEED TFHMNEK] IZD2WTEMHI2IZHYTEIDIEILUTOEMTH 5.

I 3.5 ([Kal8, KO19b)) > > TV I T 1w ISR ME M, w) DT 7T > 258532 R
LIZZM () 27230 e U, X, Y 2 L- e 35, ZD L X, XX Y H S non-displaceable
THb.



1€ NEEE REBX)

COEMMNSEH IR EEBIZNS. 2O 0Ei-% L% o ThEZFn
DR [HME ) 2D Z B MBEDTHLEM, TNE2EBRIZR DI TWEDONELE L
PriHBERE K & D H[E#FZE [KO19c] TH 5.

F3.6 WODPREBH: T'N - RDPEM: (%) iz 3 &1%, LD
() FEDceRIZDWTEDESH! (—oo,c]$c T*NPI Rk,

(i) AEDge NIZDWT,
H = min H
(4,0) Jmin, (¢, ).

BT e ThB.
S (%) BT T EKEH: TN - RIZDOWT,

mg = rglee}@cpngn}vH(q, p) (1

CLUT, TNDOEHPEESy 2 PO LI IZEET 5.
Su=1{(q,p)€T'N|H(q,p)=my}. (2

A (h) 27T B E LTI, AV F =B H(g, p) = 5lpll; + UlQ) R ED D 5.
727U, slIpl; IGEB T AV F — (g 13 — < VEHR), U(g) BRIBETZ X V¥ —Tdh 5.

I 3.7 [KO19c]) N #FAZREAE L, @ = (y,...,D): T*N — RF 2 REER Lo iHE)
BEHE TS, FHIZ, O IR x) Z2iZLTED, O o) DWHES DF D,y e REDIE
TELTD(Se) = & BDENET L. ZDLE, O (y) AAD DD T 7 1 N—135Y]
Wi Oy 7° & displaceable TH 5. KFZ, O~ 1(yo) 1L Oy- 8 TH 5. EHL3.5, #13.4 X D O !(yy)
Z 0y 22565 O (yy) HE M 5 non-displaceable T 5.

ZOEMIZE>T, HIZIETSOB) LORFEDRTH D77 T Y aDMET*SO3) —
R3 D 1T 0g00) B EFRTES. MIZIZATORLD 3.

% 3.8 ([KO19c]) N #FHZ A H: T*N — RIFSEM: (%) 2z T E 5. T L &,
H ' (my) 120y 2255 H ' (my) HE D> 5 % non-displaceable T 5.

H P T3I)VF — DG E T H (my) 53 non-displaceable 72 D 1% [CFP] 12 & D GEHH &
NTWB D, Oy 2 5 D non-displaceablity 1FHZ 6 L HONTWARWFRTH 5.

E7-, EH3 T CIro a2 W T T ORIEM PR o NS, ZOAREEREMNE
NUE E AR RO MK O Z E K £ DRDD, AFHERMTIIEED K< 0o
TV,

EIE 3.9 ([KO19c]) NIV b VEEH],,. .., H;: T*N—)I%ixﬁ:(*)%ﬁ%tb R D,
JEOWTHLH) =057 LTWB 2T 5. DL E, % Sy #0.
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4. pHRE

ZDETIE T T T Ta AR MIVAEEDE S5 —DD0HIZOWVWTHEZS. NI
N Uy EIARE IR 2 2R Rl 2 FF O Z e IS N T E D, TN D & S 7
PHEZFFOPITA SIS NT WS, ITHRIZEZ/ RS DI A — 7 7 — Il i1
ETHEM, ZZTHEHRAELVWSIEDEHES.

AR, 2—21)w RZERIZITEFED L VA - |2 ANVTEZS. Z8 Tl - || D
72"~ DEIRZEZEZ, AL |-l 2EL.

Ua> VTV IT 49 0 %MK M w) OEGEL TS, 20L&, NV Y I OH5R
B (Ba) IZ& D, FEED ¢ € Ham(M, ) IZ DWW, JEEIEH L, [0, 11 x U287 b &
ERONINV S VEBH,,. .. H € CX([0,11x U) NIV b YIS EREGE Y, ...
PIFAEL, ¢ =¥ b1 -0 o EEFITB. g D (UIZDOWTD)RAE (|glly & 2D &
IRk DIBHRNDEDELUTEET 5.

NN HDRHHEII T2 IS >V TV 7T 149 7% RED N IV b VI [FAREEDS
B ThHdZ L OEHTHWSNZEH DT, fZAEEE WO MEE I N IV b U FAE
FEDOREERIIMEE L R < Db 5. 3B 72 & PR O RFFIFHEED BAiME 2 v 5 BED
RIFRFTEN AR L BEET 5 Z 2 B H 5N TWS ([LR)).

LA g DY -~ vt L, widZD LDV YTV I Tav o R T B T T
VFEVTNVAFENHAEIZOWTUTDZ & 2R U .

EIE 4.1 (Br]) g2 2 EOEDOHE L, U %L, OffkfEaL 35 20L&, WY
Ty B HEE] Y

I:(Z%72,|| - ) > (Ham(Z,), || - llo),
DIFET 5.

ZZ TR RHHEZRATELS &, ZNUENZ 7 ST, 1T 7 ) 7RV Ta T 1y
F [BIP] 23 g BIEDGEIT (Z, || - ) 2* & (Ham(Z,), || - ly) NP Y T BLAHHER R %
ML TWA. oD IZNIL MY - AR MVAZEEZHAWS—H, 75V F v
TIVAFDOFIEITE 2 TR L. WITEARE 1, (Z,) LOBER A S Ham(E,) EOHHE
[ 2R T BRIV T O oy FRERK XN S FIRIZ L D TNEMBIL 7. HOFik
7 L7 —Himze —UHW WD TH S,

EDOEMAI THDAENZDIZZ2 2 TH 12D, 77 VTV ITIVAFIE—EDIED
BNIZOWTZN Z2HDAD N1 %[ S 72 [Br, Remark 1.5]. Z D% EH & HriHEE
BERIZLATD X 51Tk U 7-.

EIE 4.2 ((KO19a]) g, N 2 EDE L L, U % X, DAlffEeESG L T5. Zo & &, WY
Ty Y BGTHER R
I RV, 1) = (Ham(Z,), || - ll),

DHEAET B

TIVTF YT NAFOMENRET DR ST, B g DFHiit R U7z EiczZV @
WHAAZRVIZETIRL TWD Z L IZHET 5. A OFIRIZZ, N DIE ] B
HIERIZOWT DI T Va - AR PVAZLEBEBZAVWSEDTH 5. T, NOIEATHEH
FMEAHARIE NIV Y AV PE—TOEZRVTE)BEIZFEL, TNSHIZDONWT
DITTvTa ART MVAEEIZ ML L7225 DN, ZOEHRDFFHOHETH 5.
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5. ARV MINAEBEE T4 NIY—FET7LT7—EH
AFEDFHRERDIEIHIZBWTIEARY MIVAEREEZ WS, BIZHAT 2 X512, [
NIV S U EMRE EOBERTID X 572t D TH 5. D=, (FEIT 2 “CZ/ZZ
95,

FTIFARRGCE—AMBIBIT 2B LVET IS E2BOE LT EH. (M, g) % H
=< VSR U, TDOEDE—A - AXA—)VEBF: M > R%E2#Z 5. reRU{+oo}
WZOWTCrit'(F) %2 F(x) < r £ 725 F O EDOEE L T 5. Crit’(F)féEﬁJZémz>
Z2Z A BEE CHI(F) X LU, 2D ETE—ABHEZZ A, ANKOBZ EIF Ik F =1
VIERDMN R EET D ZOF oA VEEKDRED Y — Za‘:HM’(F)t‘d‘é DFD,
HM® BEHEDE—R - REQ Y —THKHM (F)IXBHEDE—A + A A= )LEKRDERSY
BRDOKREBR Y =T, r < sIZW UBi,: HM'(F) - HMS(F) DB EE 5 (ZhiE7 4
WY —1FEE—RAREOQAY— N, EETIET — X TORIEICEDET/A—2
AFV MNREQYV—LIEENS I EL ). ZZTCHEMR a e H(M;Z/2Z) iIZxf L,
ARG NIVAEE cy(F) % c(F) = inf{r | a € Im(i,10)} L &> TEET 5. 0B, D
BEBF: M S>RIZDWCTIEFA2E—A - AA— )V TIHEPT AL T (F) 2 EHT
5.

WIZNIN RV« AR MVAZEEBIZOWTHHT S, ARTIREBEDOZD, (M, w)
M) =0%7-3H Y TV I T av LKL T A NIV MY - T LT —HiE
CIFEIROEMD o T£— A Th 5.

Ly(M) = {z€ C™(S', M);[z21 =0 €[S, M]).

NIV B H : [0, 1]><M—>RLOL\’C LJ\TOD(IL WA LoM) > REEZZ 5.

1
Ap(z) = H,(z(t))dt — 7' w.
0 D? &
72720, 2: D* - MIE 2y = 2 ERBWOSDREHT, (M) =0 &Y, Zwldz OEV
TS T, Ap(z) 1d well-defined £ 725 . r e RU {+oo} ICDWTHES

P'(H) = {z € Lo(M);z(t) = ¢}(2(0)), An(z) < r}.

BEHERBE, IV AL <r k725 Ay DEEFUE : DES L 725, HAY [FERIE] 22
IV VEEDE E, PH) TERINS Z2Z iz OWTa YL — - ¥ X —1q
MWD EREDTREQY —%2EZX5E, 749 —1FENI)LbY - 7L T7—FHEDO
V—HF (H)WEHETES. B REOY— QH.(M,w) DIEEIAZ T a1z L, ARIX
FTLEABRIZUTNAIIRNY - AR MVREE c,(H) PEHZRI NS, BLE, HOWERBHIZ
Mo TUE o720, L < 1 [Sch], [Oh05] 7 & &R,

AR CTIIEED 72D, L2 SN (x) 272377 7 v I aif NSk 5. 577
Va7 7ML TOERDO LT TE—AMEm TH5.

Qo(L) = {z € C7([0,1], M);2(0),z(1) € L, [z] = 0 € m (M, L)}.

NIV VEKECH: [0, 1]><M—>R6;’)L\’C LMWML WAL : LoM) > REH R 5.

1

AL (z) = ) HGz0))dt— % o.
D2



8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) 1€

&
72720, D> > MIE [z LEEAMEE] T, mM,L)=02wL=0&D S 40242
EOSITH ST, AL (2) 1 well-defined £ 72 5. r € R U {+00} ITDWTHEL

Ch'(H; L) = {z € Qo(L); 2(1) = ¢3,(2(0)), A(2) < r}.

EEZDE, INEALR) <r &8 d AL DEFFHEz DEG L85, HAY [FERLEL] 722
IV VEEOL I, Ch(H, L) TEREI NS ZR2ZAIzonwTtaryl— - ¥ X —
BN 2EDOTHRERY —%EZXDE, T4 &S50V TLT—iK
EOYV—HF (H;L)DEHTE 5. BFHRERY— QH(L) DIEAEZ Talzt L, AR
WL HBRZLTZ TV ARY NVAREEBLH)PEHZ I NS, M E, MO
2> T U 57278, L < 1L [Oh97], [Oh99],[L], [LZ] 7 & A

ABRRTTE 2 RIS TR BT & B30T DB H 12DV T cu(H), cL(H)
FEEIN, ¢y, L 2 CX([0,1] x M) LOPEE L B s. BIF, 25U THLZ
Cx([0,1] x M) EOPNERBD Z L2 ZNTNNIN DY « ART NIVAER, 57TV
Var AR MVALERENERE TS,

6. ER O RAER B & KR AT R Ef

PAE, AR SVAZE &% BEZER ETRER LA, Tz IV b Uil FEEEE O
T Ham(M, w) ETHEHT 3. 7272 L, Ham(M, 0) 1213 C¥ fifHE ANTWS. 2D I
T ()51 7 REIAT AR AT D22 T3 S & 5 12) Ham(M, w) LD G4id 2 FE i &
T2 D2 % 5 2 2 FUERIAR TH B Z & TYHE M Ham(M, ) ZHER S 5. N 3L b
VEEH: [0,1]X M > RIZH U ¢y 1F3E AP heo) DIRKT D0 KT LT 5.

TC,e: C([0,1]XM) 5 RENINVDIY - AXRT MIVAEEE ULIET 7TV a-
ARY MVARERET S, ZHIZOWT, BUESTRMEAD, ¢ Ham(M,w) > R %
@) =c(H)IZEVWEHETS. ZZT,H:[0,1]xM > Rixdy=d2mBNIHUE
BTH Y NI HDEVTZ & 5T well-defined TH 5. 7272 L, M DD GG ITIIE
RULSRAE | Hw' =0 (Y1 e [0,1]) BT

T 6.1 c: Ham(M,w) > R&2 YV TV I F 49 %KM, w) EDNI VY - 2R
I MIVAZE £H1E5 750V AR MNIUVAZREL T 5.
MOBEEUDcIZOVWTDARY MLVLBEC(U)ZUTD LS IZEHT .
C(U)= sup {c(@r) +c(@).

FeCZ2([0,1]xU)

EF 1.6, 23, FH 32 DT L 22 DIXA TOMETH 5.
WRE 6.2 UZMAY Y TV T 4w 7 ZRRIK(M, w) D displaceable 2R, c: C2([0, 1] x
M)->RZNINVDIY - AR MNVARZEEL TS, ZOLE,C(U)<EWU;U) <+
—HFTINnNoD [FHMNK] THAEM 111, €24, @M 3.5 OHFFIATIXLL N O4E
MWhXx s,
WRE6I LEY YTV IT 4w ISR (M, w)D T 75 2 il S hfih TSt () % i
723HDed5. U%L HLLIZUBED S displaceable 2BHE S, ¢ C([0,1]xM) —» R
BELIZOWTCDI T TV Ta AR MUVAEEL TS, 2D E,C(U) < E(U;L) < +co.
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fHE 63D F JIZHIE6.2D MY DB ERNRD THAS. TN TIEMiEG6.3 X
ZAFHTENE, BIFT YV P T7RRL TR T 4y F I LB BEDEmE LY TIEDONIE
AREDHEHNHBIBONDEDER S D, FZF AR D 5.

c: Hm(M, w) » R% (BE7CIZOVWTO)NIN Y - ARZ MUVAZEE LIS
PV a s AR NVALRET S 2oL E, c DA o, : Ham(M, w) — R % L
TOXIIZEHET 5.

c(¢")

o) = lim ——.

ANRY MVAEED ZHAREAD S EOMRDFIENNZ B,
f.g € Ham(M, ) IZ DWW, AR g ;3) BT DX S IZEHT 5.

q9.7(8) = skug{c(f‘kgfk)} + skug{c(f‘kg“fk)}-
D 72D qeja@) DT & % g (3) LEL . ZHUTART ML - V)V IR, AR
MUVARZEOXIRTIREL 2SHONTWEEDTHS. uH, FED f,§ € Ham(M, w)
IZDWTC g f(3) < +00 BNLT 2 NFBIED L Z A5 52 THWARL,
ZDeE, LTFNOAREXDED LD,

8 6.4 H c: Hm(M,w) > REZNINV Y - ARZ MUVAZREE LSS5
Va: AR MVAERE TS, 2D E EED f,5 € Ham(M, w) IZ2\WTEA R AL
AVAE I

oo (f3) — ol f) — 0@ < g, f(B)-

ST, BEERDDIE . ;3) DFMETHS. £9, NIV by - ART PIVRLRIZ
FHBEREUDRDH B, DX VEED f,5 € Ham(M, w) 122V T o(f12f) = ¢(3) DKL T
5. ZHUTE D g f1(3) = q(8) BHED . & o T, [T g h'displaceable ZHEE S U 12 A & Ff
DONIN N VEBTERINEGEIZIZME2ICX D

9.7(8) = 9.(8) < C(U) < E(U; U) < +00

DAL T 5. B, ZOXI R EORBDZ & 2O BRERB L IER. [g DAV
XV BEICIRBEREDO LS IZXBES5 L VWS ONHEHTH B.

—HT, 295 Va AR MVAZEIFHEBEFRETIEARVDOT, #i6.3 %2 HWT
LEFABEOREE A2 L LD T2 HRUDENTHRALTLESIDTHS. ZHIEAR
TIRAR7ZAER (EHE .11, T 2.4, EHL3.S5, M 42) Z R TBRICHEZE U SES. 20
MEZ R L =D EZEDHETH BD, MEOMIREIZT RAhy 7, D lET L
W EFW THRITE] 2BEUHT SO T, MR RIRED H 5 DI Tk v, Lzdi-
T, BRI RS IZ DO W TR &S SCIT B2 D 720,

NIIRY - AR MVAEETHRIL LZHREREENZ T Z Va2 ART MLR
BERLERILABWEREDS, ChiEZ 77 Ta - 7L 7—EBRIEEZE VI IREIIC
DWTRELBWIEICED. Z2OZ L IFHZIELTOHRERERIZELBATH 5.
EE6.5 [£FED f,g € Ham(M, w) 122\ T, #Fix(g) = #Fix(f~'gf) IZHFIZIE L WS,

#HLNgL) =#LN flgf(L)IF—FMITIFIEL L 7\, 2 2 T, Fix(h) £ EWI5E121F
Bh: M > MOEERESEEIET.
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#Fix(W) NI Y - 7L 7 —BEROERTC, #(LNhL) T 7T Y2 77—
AMDAERRTTIZ IS 5 Z & 2 BV Z WL, FEHEMROFHE IZE HHEEDOMEDAE
IJMEDBTHAD (LEL 720,

XTC, ETCEVWET S Va s AR MVABEPHERLETHRWI L TEL 5K
HOWS O BREZF IR U DTN, 2 THERINDIT TRV, &I, 5
RIFRD F FHRINTVWBUTNOMEZENT 5.

[E%8 6.6 g, N Z LD & U, C % X, NOIEaHg AR & 3 %. C %5 displaceable %%
T, DIERDOBEG UIZDWT, RY, |- ) 25 (Ham(Zy), || - [lp) ~NDMY Ty BT
[FIRLIIAFAES 2 2.

AR 6.7 LOBIATIEET &aMEH6.4 05 JATHRDHED DL S ITFE WA, TN
FHNTIZIEL < & & R I EM 2 RUE TIZRW. 6.4 BIKIFEZEDRRTH D,
T U7 BT 583 T NEART OB D TH 5.

ER68 77V a s ARYT MVARER c DRIRAL o DRI DWW TIXEEIZ ST i
ZIMVZ]I D50, THIFHE63DIGHIZEE 2 E L ARMOWE L 1ZRkE L HrtEo
BB EDTHD. 12720, @ A2 13H14 T, T DOFFHIZIEMiE 6.3 Tld 7 < [MVZ] D
TAT4T2HNS.

R 6.9 ARTHN I BYERTL Y WO BERIL, EHEOHBEO T M7 LT H
71y FOMLE[EPOS] DHFTHIO TEL LZHDTHD. o DKIT 7 L 7 — Mm%
FAWE D TARTORERS T 5 ThH - 7208, HRZRWE U T (BHER L TARW) ¥4
BHERBID 7 L7 —Mimz HOW R WRTEHEND 2028 WS DR H 5.

ZORE L LT, EHITERIZ T L7 — Mm% VT2 HimR?", wg) b2 ER HEHE ]
& RERR U 72 [Kal6]. & DR ICAN [Ki] DM ERRT T VA REEET, 79V TV 7V A
¥ &7 R J [BK] DMATELAZ AR BT OO EERBIOMEIZRII L TW5, £72, %
SHRHEF LR D N X7 RO E B S Bk e BRI U CREBI S T\ % [Kal7].

A B

FTRATHPEDOKEEZ G2 T EI > HEEAOERICE#H - T, ARTER
U7X D WL DWRIEITHESR K & DILFEMFRIZ L 2 H DT, T OBXITHIZ &
U7z KBV K 9. F 72, AIFFRIRES DRI A FE e SO AR 28 8 OK g R B e b
EIHIET) 12\ 72 AR ORIZZ I 2RI 7SI > THE D, \BI:YRE B HERIZ R -
T BREMREEICD RO TEHDEEZFTL LT, TZICEE2H<BDELET.
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Braids, polynomials and real algebraic links

Benjamin BODE (Osaka University)*

1. Introduction

In the last chapter of his seminal book [8] Milnor discusses the real analogue of links of
isolated singularities of complex plane curves, later termed real algebraic links.

Definition 1.1. A link L is real algebraic if there exists a polynomial f : R* — R? such that
e 1((0,0,0,0)) =(0,0),

e V£((0,0,0,0))=(9999),

e there is a neighbourhood B of (0,0,0,0) such that (0,0,0,0) is the only point in B
where the rank of V f is not full,

e 71((0,0)) ﬂSf) = L for all small enough radii p.

The first three conditions state that f has an isolated singularity at the origin in R?.

Milnor himself points out that it is highly challenging to construct examples of such links
that do not come from complex plane curves f : C> — C. Indeed, the family of links that is
known to be real algebraic is still comparatively small [5, 7, 9, 10].

One difference between the complex and the real polynomials is that in general the argu-
ment of a real polynomial as in Definition 1.1 (arg f : Sg — S1) is not a fibration. However,
Milnor established that the following is still true.

Theorem 1.2 (Milnor [8]). If a link L is real algebraic, then L is fibred.
According to Benedetti and Shiota, this implication should be an equivalence.
Conjecture 1.3 (Benedetti-Shiota [2]). A link L is real algebraic if and only if L is fibred.

In this short note we discuss a construction of real polynomial maps with isolated singu-
larities as in Definition 1.1, following [5]. Section 2 reviews the this construction in a quite
general setting, while Section 3 focuses on the class of homogeneous braids.

Definition 1.4. A braid B on s strands is called homogeneous if for every i =1,2,...,s — 1
the generator o; appears in the word B if and only if Gi_l does not appear.

The 3-strand braid (010, ])2 for example is homogeneous, because o7 always comes
with a positive sign and 0, always comes with a negative sign. If we change one of the
signs however, or if we consider the same braid word as a 4-strand braid, we obtain an
inhomogeneous braid. Note that the homogeneous braids contain all alternating braids that
do not close to split links.

Theorem 1.5 (Bode [5]). Let B be a homogeneous braid. Then the closure of B* is real
algebraic.

This work was supported by JSPS KAKENHI Grant Number JP18F18751 and a JSPS International Postdoc-
toral Fellowshipship.
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Keywords: homogeneous braid, singularity, algebraic link, Milnor fibration.
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web: https://sites.google.com/my.bristol.ac.uk/benjaminbode/



24 Benjarmin Bode (Osaka Univ.)

The proof that homogeneous braids close to fibred links is due to Stallings [12]. An
important aspect of the proof in [5] is that for a loop in the space of complex polynomials, we
can establish a close relation between the braid that is formed by the roots of the polynomials
and the braid that is formed by their critical values. Here, we give more details on this relation
and illustrate how this could be used to generalize the construction to a larger family of links.

Section 4 gives an example of the outlined construction.

2. Constructing real algebraic links

Let B be a braid on s strands. We denote by % the set of connected components of the closure
of B or equivalently the set of cycles of the image of B under the permutation representation.
For every C € ¥ we write s¢ for the number of strands that make up the component C or
equivalently the length of that corresponding cycle. Then the total number of strands s equals
Y ccw sc. Suppose we have a parametrisation of B in C x [0,27x] given by

U U (FC (HZ”J) +iGe <l+2ﬂj>,t), t € [0,27], 1)

Ce? j=1 sc

where F¢, Ge : [0,27] — R are trigonometric polynomials. Such a parametrisation exists for
every braid and in fact there are even some bounds on the Fourier degree of F¢ and G¢ [4].
Then we can define the polynomial g, : C x [0,27] — C,

B (. t+2mj\ .. [t+27)
ST (e (e (M0 e (37))) o

with A > 0 and the nodal set g;l (0) is B for all values of A.

Furthermore, expanding the product in Equation (2) results in a polynomial not only in
the complex variable u, but also in e and e .

We now replace every instance of e in the polynomial expression of g; by another
complex variable v and every instance of e by its conjugate v. This identifies the variable
t with the angular coordinate of v. We thus obtain a polynomial f; : R* = C?> — C = R?
in u, v and v. In general, f; does not have an isolated singularity. However, it is an easy
calculation to show the following.

Proposition 2.1 (Bode [5]). Let k > (deg f;,)/(2s). Then for all small enough A > 0 the map
Py R¥*2=2C? 5 C =R given by

sk u 1%
— = 3
prtun) = 00 (i ). ®
or equivalently
. 2sk u ;
p}{/(I/l,rell) — r gl <r2k7t> l:fr > 07 (4)
u’ ifr=0,

has an isolated singularity at the origin if and only if argg; : (C x |0, 27r])\g2L (0) = S'isa
fibration. The link of the singularity is the closure of B.

There are a couple of things to note here. Firstly, the condition on arg g, does not depend
on A. Secondly and very importantly, the map p; is in general not a polynomial because we
have introduced square root terms. However if Equation (1) is a -periodic parametrisation,
then all of the exponents with non-zero coefficients in the trigonometric polynomials F¢ and
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G are even. This can be arranged if and only if B is a square, i.e., B = A? for some braid A.
It follows that in this case all exponents of v and v in fj can be taken to be even, so that all
square roots in Equation (3) cancel.

Proposition 2.2. If a braid B can be parametrised as in Eq. (1) such that argg; gives a
fibration over S', then B* closes to a real algebraic link.

We now want to investigate which braids satisfy the condition in Proposition 2.2 and
study in particular the case of homogeneous braids.

3. Homogeneous real algebraic links

For every ¢ € [0,27] the map u — g, (u,t) is a monic complex polynomial. We denote by
vi(t),i=1,2,...,5— 1, the critical values of g, (u,t?), i.e., the images g, (c;,) of the critical
points ¢; of u — g, (u,t), determined by the condition %Llj(c,-,t) = 0. It is again a simple
calculation to show that arg g; is a fibration over S' if and only if foralli = 1,2,...,s — 1 the
derivative w never vanishes. This has a nice geometric interpretation in terms of the
movement of the critical values in the complex plane as ¢ varies. Since g (u,¢) has distinct
roots, the critical values v;(¢) are always non-zero. The inequality states that no critical value
vi(t) ever changes the orientation in which it twists around the origin 0 € C as ¢ increases

from O to 27. Every critical value moves either always clockwise (% < O) or always

counterclockwise (% > O).

Proposition 2.2 can therefore be updated and rewritten in terms of polynomials and criti-
cal values. Let X; be the space of monic complex polynomials of degree s with distinct roots.
The fundamental theorem of algebra gives a straightforward identification of a polynomial
f= Hj-zl(u —x;) € X, with its unordered set of roots {xi,xy,...,xs}. This allows us to

identify a loop f; in X with the (closed) braid that is formed by the roots of the polynomials
N
U (x(),t) cCxs". (5)
j=1

Proposition 3.1. Let f;, t € S', be a loop in X, such that foralli=1,2,...,s— 1 the derivative

% never vanishes. Let B be the braid that is formed by the roots of f;. Then the closure

of B? is real algebruaic.

In Proposition 3.1 we do not require explicitly that the parametrisation of B is given in
terms of trigonometric polynomials. Since these are C!-dense in the space of 27-periodic
real C!-functions, we can always approximate a parametrisation as in Proposition 3.1 without
losing the property that % does not vanish.

We can also assume that the critical values are distinct. This means that

s—1
0,nHulJ;@),r)cCxs! (6)
j=1

forms a closed braid. Let X; C X, be the space of those polynomials in X, that have distinct
critical values. Then the space of possible sets of critical values of a polynomial in Xj is
given by

Vo= {(1,v2,5vs-1) € (C\{O) ™ s w vy if i 5% 3 /Ss1, ()
where S;_1 is the permutation group on s — 1 elements. Then the braid in Equation (6) can
be interpreted as a loop in V. Another interpretation of Proposition 3.1 is therefore asking
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Vi

Figure 1: If the critical values v;(¢) move on ellipses around the origin in the complex plane
without ever changing direction (from clockwise to counterclockwise or vice versa) as ?

dargv;(r)

varies, the derivatives —5, - never vanishes.

dargvi(t)

which braids can be parametrized as loops in V; satisfying the condition on =5~ and such
that this loop is the image of a loop in X; under the map that sends a polynomial to the set of
its critical values.
The words
A i =0,0; o070 o o withi<j<s (8)
i, jOj—1---0i410; O ... 0; 10; =>J

are a set of generators for the braid group B,. The generator A; ; takes the strand j+ 1 and
twists it around the strand i.
Lemma 3.2. The s-strand braid H 111 can be parametrised as in Eq. (6) such that
dargwilt) ;1o

_dt 7
lj:k.

s — 1, never vanishes if for every k =1,2,...,s— 1 there is a j such that

Proof. The parametrisation can be achieved if all v;(¢) move on ellipses in the complex plane

as t varies as indicated in Figure 1. Then for every j the generator Ay ; can be parametrised

d i . .
such that arg+l(t) does not vanish and all other strands are stationary. We can now con-

catenate the parametrisations for the Ay ; to obtain the desired braid word.

The fact that the generator Ay ; appears in the braid word if and only if A } does not
appear implies that none of the v; ever turns around on its ellipse. The condltlon that for
every k=1,2,...,5— 1 there is a j such that i; = k means that every v; moves at some point.
We can thus slightly perturb the parametrisation of each Ay ; such that none of the v; is non-
stationary. For example, for the parametrisation of A ; every v; with i # j — 1 moves an
€-amount on its ellipse. ]

The braids in Lemma 3.2 allow for the desired kind of parametrisation. What we need to
check now is that there is a loop in the space of polynomials X;, whose critical values form
that parametrisation. Then we want to know which braid is formed by the roots of these
polynomials.

The following theorem is very useful for this. Recall that X is the space of monic poly-
nomials with distinct roots and distinct critical values.

Theorem 3.3 (Beardon-Carne-Ng [1]). Let X0 C X, be the space of those polynomials in
X that have constant term equal to 0. Then the map 6 : X? — Vi that sends a polynomial
fe X? to the set of its critical values (vi,va,...,vs_1) is a covering map of degree s*~ .
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The map 6; is well-defined even if the constant term is not equal to zero.

Corollary 3.4. Let X; C X, be the space of those polynomials in X; whose critical values are
not equal to their constant terms, i.e. v; # f(0) foralli=1,2,...,5s— 1. Let y be a loop in
V, and § a path in Xy such that 6,(¥) = y. Then any homotopy of 7y in Vy lifts to a homotopy
of 7 in X;.

The homotopy lifting property in Corollary 3.4 means that the properties that we want to
check do not depend on the particular braid parametrisation, but only on the braid type. We
are going to show that there is a braid that is conjugate to the braid in Lemma 3.2 for which
it is relatively easy to determine that if it is interpreted as a loop in Vi, then it lifts to a loop
in X;. Furthermore, determining the braid B that is formed by the roots of the corresponding
polynomials is straightforward. Corollary 3.4 then implies that the braids in Lemma 3.2 also
lift to a loop in X, and the braid that corresponds to the roots of the polynomials is conjugate
to B.

We start with a polynomial f, whose roots are real. Then all of its critical points and
critical values are real as well. This is depicted in Figure 2. Between each pair of roots there
is exactly one critical point. We label the critical points {c,-}izhzws_l such that ¢; is the
critical point between the i and i 4- 1" smallest root. We set v; = f(c;). We now consider a
particular loop % : [0,27] — C in the target complex plane based at the origin. The loop stays
close to the real line and encircles the critical value v; in a counterclockwise direction. The
loop % does not intersect any critical values. When it is about to encounter a critical value
vj, it avoids it by moving into the upper or the lower half plane. If j > iand i = s+ 1 mod 2
orif j <iandi=smod2, then ¥ moves into the upper half plane. Otherwise, it avoids v;
by moving into the lower half plane. At the moment this choice might seem arbitrary (and
to some degree it is), but we will come back to why this turns out to be a good rule. An
example of y; is shown in Figure 2b).

Now we look at the preimage f~!(};). These are s — 2 distinct loops and two paths that
exchange the ith and i+ Ith smallest root. The braid that is formed by f~!(;) forms the
generator o; if we choose the convention that the overpassing strand corresponds to the root
with the smaller imaginary part. Note that this braid is given by (f~1(1i(¢)),t) = ((f —
%(¢))~1(0),¢) C C x [0,27].

This gives us therefore a parametrisation of the generator o; as a loop in X, whose critical

values form the braid |
S—

0,0)U | (vi—%(t),1) c Cx [0,27], 9)
j=1

4

depicted in Figure 3. We can consider the path y =[], yf]_j , which is the concatenation of

%. The path f — y(t) is a loop in the space of polynomials X;, whose roots form the s-strand
braid B = Hi‘:l Gl.ij and whose critical values form a braid that is easily seen to be conjugate
to [T, Ylf’ , where

Al 1 if j is odd,

A

15
This is illustrated in an example in Figure 4.
We have shown the following.

J— 2
Y; j if j is even. (10)
1 5+

Lemma 3.5. For every s-strand braid B = H§:1 Glij there is a conjugate of B that can be

: o . . . g .
parametrised as a loop in X whose image in Vg corresponds to the braid Hf~:1 Yij" . Equiv-
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6] C2 C3
—_— — —A—@ — .+
|

b)

44|

e

Figure 2: The definition of the loop 7. a) A real polynomial f has a critical point ¢; between
each pair of roots and the corresponding critical values v; = f(c¢;) must be real too. Points
with the same shape have the same image under f. E.g., the circles are the roots of f, all
squares get mapped to v; and so on. The lines in the domain are the preimage set of the real
line. b) The loop ¥; encircles vy. Its preimage set under f consists of two loops and two
paths exchanging the first and second root.
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a)\ b) \
\ \

if—%(f)

Lf |

<l \> ~

g OO-D
~ | —1

Vi vz 0 W™ vivs 0 W2 Vi vi 0 WM

Figure 3: a) The relation between the braid of roots and the braid of critical values. a)
The preimage set of y;(¢) under f forms the generator o}, while 7, (¢) itself forms the braid
(526]262_ L (We read braid words from the bottom to the top.) b) We can interpret o] as
the roots of the loop of polynomials f — ¥; (7). The braid of its critical values is isotopic to

—1 52
0, 0501.

. . . . . E;
alently, every parametrisation of any braid that is conjugate to H§:1 Yij’ can be seen as a

loop in Vi, which lifts to a loop in X;, which corresponds to a conjugate of B.

Note that if B is homogeneous, then the braid Hf~:1 Ylf’ is as in Lemma 3.2. Recall the
rule in the construction of the loop ¥; that determines if ¥ avoids a critical value v; by moving
into the upper half of the complex plane or the lower half. This rule is quite arbitrary. The
only thing it changes is which generator Y; corresponds to which generator ;. With our rule
we have the nice correspondence that Y is directly related to o;.

& . A
Corollary 3.6. Every parametrisation of H?ZIA1 Jij lifts to a loop in X and the correspond-

ing braid is conjugate to a homogeneous braid. Conversely, for every homogeneous braid
& .
J

there is such a braid of critical values H?: 1A
ol

The construction that establishes this relation between the braid that is formed by the
roots of a loop of polynomials and the braid that is formed by their critical values takes a lot
of inspiration from work by Rudolph [11].

The main theorem now follows from Lemma 3.2 and Proposition 3.1:

Theorem 3.7. If B is a homogeneous braid, then the closure of B? is real algebraic.

It can also be shown that on 3-spheres of small radius argp; is a fibration of the link
complement of the circle, exactly as in the complex case [5].

4. Examples

In this section we give an example of the explicit construction of real polynomials with
isolated singularities. If we wanted to strictly follow the procedure outlined in the proof of
Theorem 1.5, we would first have to write down the parametrisation for the braid of critical
values and then lift this loop in V; to a loop in X,. This corresponds to solving a system of
polynomial equations for every ¢ € [0,27]. In practice, this will be done for a discrete set
in [0,27] of sufficiently many data points. The resulting interpolating function gives a braid
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Figure 4: a) Concantenation of the loops ¥; allows us to construct any braid as the roots of a
loop of polynomials in X,. Here we see the braid 6,0,0 o5 262 as the roots of f — y(¢). The

corresponding critical values form a braid that is conjugate to YY»Y] Y3_2Y2. The generator

Y; describes a movement of the strand labelled by the critical value v; around the O-strand.
b) The resulting braid Y;Y,Y; Y3_2Y2 can be parametrised such that % never vanishes. This

is possible because 010,010; 262 is homogeneous.
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parametrisation, which is then approximated by trigonometric polynomials, which we can
use to define the functions g, and finally p, in Proposition 2.1.

Depending on the number of data points in [0,27] this can be a computationally quite
extensive process. For our purposes it is easier to start with a trigonometric parametrisation
and vary some parameters until the resulting g, leads to a fibration.

For all values of a, b > 0 the parametric curves

4 } )
U (acos (t—i—jm) + bisin (M) ,t> (11)
j=1

1

form the braid (6,0, 05 h.
Weseta=1and b = % and obtain

1 .. 3 1.
g,l(u,t) :I/l4+),21/t2 (Ee_lt . g . Eelt>

4 Vo o Ui 4 e b T 5,
+A (—ﬁe +1—6e — ¢ +1_28_Ee ~356° ) (12)

Figure 5 shows a plot argv;(z), argv, () and argv3(z), the critical values of g (u,r). We
see immediately that there are no stationary points. Therefore argg; (u,?) is a fibration and
this means that (u,¢) — arg g, (u,nt) is also fibration for all n. This justifies our choice of a
and b. Note that the nodal set of (u,) — argg; (u,nt) is (620, 'o5 ')". For even exponents
we obtain the following polynomials:

1 3 1
fl (u,v) — I/t4 —|—}l,2bt2 (EVZn _ g _ 5VZn)
1 1 1 1 1 1
14 - =bn, ~4n "~ 2pn -~ - 2n__— _6n
* (256V 16 T3 T8 16" 236" )

pati) = ()2, ()

1 1 1 1 1 1
14 - o Snslln o - 6n=10n 2 Tn9n |  ~ N8 ~ On=Tn ___~ _1ln5n )
+ ( 555”7 +16vv yAad +128(W> 6V 7 TasgV
(13)

Here we have chosen k = 2n, which is larger than deg f /s = 6n/4. Note that all exponents
of vand v in f) are even, so that there are no square root terms in pj .

Therefore the braids (020, ! o5 ! )" close to real algebraic links for all n. They belong
to the family of lemniscate links which where studied in [3]. Note that the constructed
functions are semiholomorphic, i.e., holomorphic in one complex variable u and deg, p) = s,
the number of strands.

If we want to construct real algebraic links that are not in the family of closures of squares
of homogeneous braids, it is important to recall that in our construction we only considered
one lift of the braid of critical values Hﬁ-: 1 Ai’;j. If any of its other lifts in X; are also loops,
then the closure of the squares of the corresponding braids are also real algebraic. Recently,
this was studied in more detail [6], but since it is challenging to check if a given link is the

closure of a homogeneous braid it remains unclear if the constructed families in [6] lead to
new real algebraic links.
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Figure 5: Plots of graphs of the arguments of the 3 critical values of g as functions of 7.
Because of symmetries of the braid parametrisations two of the three functions are identical.
None of the functions have any stationary points.
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BRILIVAZAX—ZEMRI DT 72="(Xy)H
| " |

! , !
1120 420,00+ 1, 1]

=0

2
Y

VI 1A & 2 AT AN B M2 R L v ),
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Wiz EE, 2= (X, y) IR T Z 7 B LIRS, 3RITGL—7 ) v P2
R? v DA, T2l CER I N7 7 7 1I3FICBR %, & v 9 Bernstein
DEHHE D 2D, FHEkIZ, R OELA&D, SFHTERINLMAS 77 (0F D, %
MR 2 E %% 75 7) FFmEICR 2 2 £ A3 Calabi ic X hREikz, LaL, BE
Mo, 2 VHCER I NRGINVESE 77 7 ¢, EEITND» ORIt v
BIEFAET 5, [25]IcBWVWTHA 6N

z = xtanhy, z = log(coshx/ coshy)

32D &) RIEATVYMESR 77 7% 52 %, TE, 2VHETER I NEATN
R 7T 7 O RN REIEDS [8] 12 & D 52 & 17 (cf. [2)).

IRAT O I ST A IS I T\ % [4, 5, 6, 7, 8, 9, 10, 13, 24]°F
PR E M IR A B W T O ERIE R TH D, B I D & A~
DMNBIBOEICHIET 2 Z DS NT V5 [6] 7z, BAMDOFE TR W
R X AAE L 72\ [20]

3. XMRICH T DAV AMEDEE)

Afiicl, RETII OIEBRIL 2SI BT 2 4 A MR ZEH) % T FE R %2 4
9%, 7, IATUAZETIVELIENNTHIBIEANEZEATS, X5
12, B2 (BB LFE TR WIRRIL AN RE) ORNZR 7 7 ATH L Ly-ROERT
5. Ly-RIEY N ADRBRZETNVE LN TH 5. 208, H1IHEGHNRICET 2
AERE LT, RFEME, XAEMELZ2EAL, 2062387 AEOH AP
HIA ORISR E ST 2 2 L 2R T, 618, BRAA 7 AMEZ R ORAT
[HIZ X9 % Gauss-Bonnefl DEREEK D 2D 2 & #FENT 5.

3.1 B1IEAMR, L;-=

fol = MPZEAHMEE T2, | OEELH (U;u,v) IZBWT, E = (f,f.),
F= (f,.f,),G:=(f,f,) £BLLE, HIEAPIS X

ds’ = Edu® +2F dudv+ Gdv?

tRIns, B =
"= EG - F?

EBEL. Hpce U (resp. 22N AL, IRFEIA) TH B 2 & L, "(p) =0 (resp.
"(p) > 0,"(p) < 0) XFfETH 2. d"(p) #0 TH2NMip e LD ZIERIE & M5,
DL E,

o BERIBEIE LD, HDIEHK#> 0L DIEHIHEFES() (Jt| <#) T$0) = ph
LD ZpDEfFHETSM) ICL D RNTI R I RIND LI BRDDVEET 5. $(1)
Z Rl & PSS,

o 5, $(t)ITH ) X7 FIVEWt) TL(L) := of (%)) IZM3DIERT S L% 5
Z5bDDVIET 5. W) ZReERER $(1) 1230 9 B{LR 7 b v E RS,
I REL S, BT, PR E ST 713 H =027,

ST f: 2 — RS ANEM 2 A AN I L 72 0 5 IR PIEE 5 7ch 2605 L &, F
¥R E & SN D




3 AHESE BEEKX)

EFR 2. R R p € LD IR LT, $(t) (Jt| < #) Z p = $(0) Z & 5 Ktk iz,
%t) Z $(t) IS D IBLR7 PG ET S, T E,

o $%0) &£ %0) LK. TH B & &, pEPEILEHANE LS, 29 Thuvt &,
P2 LR,

o &t):=det($Xt),%t)) LB L E, p= $(0) v Lff (resp. 5 2ffH) TH L7 DD
W35 &0) 7 0 (resp. &0) = 0) THZ 6515, BRI p e LD
H

&0) =0, &(0) 70
il L&, Ly-mo LS,

FRERRER S() Df I X 22 8(t) = (f o$)(t) B &, M3DIEHIHftTH L, 2

DL E, pHHLHE (resp. i 2FH) TH B 2 & L HY0) € Ty,)M HIZEMIN (resp. YY) T
HHZEDVAMETH S, p2HEIFNNNTH S L E, HIIEHS> 00 FAEL T, T
BOte (-89 IS LTSH) bFELFEENRE RS, 2FD, 8(1) (t| < B 1EFM3 D2
M7 IERTHER©d 5.
HE 3 CEFHHRO NI B T 285 LR oR) . —fikic, 52 ENsp e LD
L, 8%0) € TypM BHINTH 225, t 20 DL E ) 1IN E D »iEbd 6
o, HLIEBS> OBFELT, ROt e (88 ITHLTHE) (t|< B iEM3D
KR IERIFRTH 5 L E, pZ L. -mEMS, JEREZENR p e LD 2L - TH
% 1= DA EAML, TEDt e (88 12xF L TH) & %t) B1X6EE, 0%
&) =0¢%2 L) RS> OBFHET LI ETHD, ROFFEPHAIS N T3 ([20,
Proposition 3.5], [46]):

f:l > M3ZEAMING, pelD 2IBBLANSEETS. L,
SR H D pDatF THE AL S, pliLl. -RTH B,

IS, EEiESFHmOILHE LRSI L. 8 Th D, i, m—L v Y ERE
NI E R CTH 2 BHH OGN, & <L, BRI TR VLEAD NN RO
EOI[AB]ICB W THRNS N TV S,

3.2. BIEANRDOAREE

pe LD 25 1HEEIA, $(t) (Jt| <#) Zp= $(0) Z#H 2 Frlkdh#t & 5, ¥ 5 1F
#>0%2+a/hsLr2LT, ~MEEZEDLTIC, EEDL € (—#,8 1T L TH()
AL TH S EIREL TEW, ZDEE, $(t)DFf I X 2H8(t) = (f o$)(1)
(Jt| <#) 3M? D2 A DT, tZ2IMENTX—=FICNYET I ENTE 5,

o HtIZBWLT ) (e TypM3) FZEMIRZ P DT, $Xt) DIEHIZEH
(BX1)” 13 Ty()M 2 DRI 2 2R IGH 3 22T H 5.

o L(t)= of (%) 13 8%0) ICIERT 2 M3 DHINRZ L DT, L(t) € (BY)% T
H%.

o ZOLE, H()ITIHI M3DINRT FIVEEN (1) T, N(t) € (8K1))* 22 (N (1), L(t)) =
1 %2729 DVREET S,
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L(t)—

N(t)~

HRp e LD IZBWT, T,! DR PLAEIE LRIGE 2% %3, pe LD
DIfFUICB W TERI NIRRT PG %T, FHgelD 2BV TYe T, 1HBHR
P INELZD, DFEDL, = & (D ETigM2 EHRT FLTHS L E, %e X(U)
ZIBIEANT N IVIG &S,

#HRE 4 ([19, Proposition 2.6]) YfUrip € LD 235 LGS TH % 72 0 DL TE+475
%, % (dF (N, dF (%) 70 THEZLNS,

EFE 5 ([19]). (M3, h) @ Levi-Civita ##i% V ©#& 7. F 1M pc LD I L T,

1
(% (dF (%, oF (%)
" n(P) = (% (A, o (%)

L. L(p) 2 ERISFRME, ' v (p) 2 ERNEBEETE LTS

FERUEF R | R v 13 $() R %D & ) IR S I8 F 5 LGRS
BT ZAERETH S, R | LR v 13, [40]TCEAINILA A
TR 2 B AZ R ORR R |, MREHE , cZ2hZniEl Tw 3,
FRig, ' i3 IWHPOWEZ RO 2 2R T2 L3 CE S, HlZIE, ' 135 1A
RDOATERT Z LB TEZNNAZLRETH %753 (40, Proposition 1.18F &), ' 1 b
WINAERETH S, F7z, [40, Corollary 1L.I4[CR I N/ X 51T, ' YN ADREICE
WTC —o0 ICFERLT %208, [ARED 2 &S D 37D,
EIE 6 ([19, Theorem A]) % 2F MM p € LD I LT, S5 1SN M6 % 5 15
I{p,tneny Tlim,» p,=p&d2%. ZDLE, KRR 13 {p,}en ICHH>T
—oo lZFEMT 5. X518, b LpALs-mThRVE 2NN AL 61X, AR v b
{Pn}nen ICHY > T —o0 ICFEHT 5.
3.3. AV AHRDEH)
pclD ZHFEIMNENNE TS, ZDLE, pOMEELTH (U;u,v) T, u-BlidYesigiae T
HD, (%=) (,VWRAELRT7 PV THE LI BRDDBIAET S, D X9 RS (u,v)
ZWAT (adapted) & WS, AT EERICE\WT, ds? = Edu?+2F dudv+ Gdv?

# $
"o(p) = Vaa$%0),L(0)

W= e

)
# $
)3 Vaa$%0), N (0)

AELEDEN S IE D A T HEETILE L TW S, FZIE [26], 33, 14] 22K,



x AHESE BEEKX)

ERTLE,
% &,
-1 1! -

'p(p) = ————~ G, (E (E,, — 2F,,) + E,F,) — ZE, EG,, — 2(F,)’
5(P) 2EG.)S (E( ) - (F.)

(u,v)=(0,0)

LB AR EER (U, V) DE D HICk 6w, ' g %2 FHEE (balancing curvature) &
2

EE 7 ([19, Theorem B]) f : ! — M3 ZiRAMHHH, pe LD ZIER LR L ¢
5. 6L, A7 AMEK PpoiitiU THRZSHIE, plkE1EENNETHL. S5
IZ, pelD ZEIMNGNEET S EE, B AMKK pDitfEU THRATH 570
DHBEAIy ML, U NOREIIFRICIE > T

'p=0 D 'N='p
B ODDZ ETH B,

EM 7 OFEHOBEE AT 5. £, KO X BN AEEROEEERT :

WRES. f ! - MZEAMMME pelD 21NN ET 2, ZDLE, pO
BHIES (U u,v) T, (u,v) i EANTHD, E(u,0 =1, ",(u,0) =1 Ziiiz3dbon
T %, 22T, d?= Edu®>+2Fdudv+ Gdv? ThhH, "= EG -F?2 ¢t 7 5%,

il 8 D X 9 LHEFEILEE (U; u,v) IZB VT
0 1= 2K
U LIS PRIIER IS, 612, H 510 0%EBI%"(u), Cy(u, V) BIELEL T
R (u,v) = —%' L(u) + %{' yUu) =" gu)+ " L(u'Cu}v+ %Cz(u,v)v2 (3.1)

LERINZIERDDS, —F, "(U,v)= vOU,v) (OF0) ERINBZILEDS, &
HL7 OBV, ZOZEICEM 6 2flAaabE s L, EH 7 OHIRELHES.

7, XA BL 25, L' (p) > 0456I1EK(0,00< 0THB I Edbrs, 2
T, R ="2K DT, I AMEK OfF5 &0 DFFE T3, 512, M3H3
RIGI A7 AFX—%E[MM? = R} DBE, sgnK) = —sgnK gye) 2SR 2D, 22
T, Kpo lFHHET 1! = RIZ2—27 Y v P20 R® Ol & &7 L 72BR D 4 A g
ELTWwS, 2D, ' (p) DIEAE Ky (0,0) DIEAIZ—3T 3,

% 9 ([19, Corollary 5.7]) Hl0iA FNIRAHIENEST ! — RIICKL, pelD 251
XS ETS, BL L(p) DBERSIE, T DBRIZT (p) DL TEHRITH S, —H,
"L(p) IS IE, f DOBRIZT (p) DL TR TH B

2RI IS LR Y ERE L w0 3G, EF6 LD L D EIEATH B,
L 7278 TH 2 S 0 TR ANIZ R T H 2 2 L 3b D 5.,

% 7z, Pelletier [36], Steller [42]i X b, Ogenericlil& TR B ili#ios QbR O» 5
7% 5541213 Gauss-BonnetfI D E DL D 32D 2 EBFIS T w5, (R [19] =
2, ) BT 25, B AMENER LS IXZDRELZM LTI EDBb2Y, Y%
5.

\

Bl
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% 10 ([19, Corollary D]). ! Z#fECH & Sz 2GS EE, 11 M3 %
RAERMmE T2, L, f ORTONRMNEPIBRILTH D, f 2GR 20T Ai#EE

o725 12, L
— KdA =*(
2 . ")

DO ILD, 22T, *() X! AL F—BEET.

4. REEDATEH - AT

AREIClE, YRR b LOCRREIIR O NEN: - e Z2 3G 5. JGIRRR IR X
NINAE R TH 5T, KBEHBEINNALRETH 2569 % ) ThOEADRH
%, 22T, eI

o WNRFRHHRPMEEMNICIH Z % £ SHINALRTH S Z & (R 11),
o JEMRFEITERDIY Z TICE MBI TH 2 5EICEINIALERETH S 2 L (F 12)
ZHNT 5.

4.1. XMNFEMTEORNEYE

f:l SM3Z2EAEMEE T2, % ! DR, 3L<I31:LD - REFREEL
WY, DED, [IF! LD OEEOR) FIitkoknwboziFd., fALHE| 1! — R,
HLLIE1 LD - RPAMTHB EIE, | 13 E,F,G LZDMuIcksB%TE
ZbNBHEERV), TITC, ds?= Edu’+2Fdudv+ Gdv? & L, (u,Vv)ldds®> DA
EFHOWTEZZHERLET S, AZ2ElI ! - R, LI LD - RPAWTH
% &%, MOWATIME F2FEL T, | & FIFERN (0%, dsf = dsf;) 7203,
L) Z I(F) £%22 &R0, HlZ1E, A7 AMKRK ZHNALETH D, FEHiE
HIZNMUAEETH D ZEDBHALNT NS,

5.7 5 NI AEBDRNIDNEDE D) D RIVET 5 2 L IZEANZMETH S, F
T, CIVRRRIE L IINNTH 5. FHEE,

E.(u,0)
2E(u,0)” G,(u,0)
ERIND, L, (uVv)IFEET, 2FD $(u)=(u,0), %= (, ZimizTHEESR L
LTWw3,

4.2. ARGEREORTEN - AEM
—77, JERREE v 3R REIRD (4.1) D k) BERE RS, WL E

AV EFRRICHET 2 2 LI TER, UL, A7 AMEK OfHLER (3.1) £ 0,
LD _]:T"L:OZI%cf

fo(u)= —

(4.1)

" n(u) = p(u) + 2R, (u,0)

LRI, Wil 8 DX I Rk EAEIERE (u,v) IFE—HEAEds? DAIZ L > T
EEFLLDHDT, UFTDOZ Vb5,

% 11 ([19, Corollary C]). iIBEARIMHET 11 — M3 IR LT, HNMEALD 135515
KR »r6R25ET5, L, LD T

'L =0



4 AHESE BEEKX)

DR VL% 51X, JEREIER v FNALERTSH 5.

H 11 OfRGE Z 7z S 7 eih, D DIEIRRIER L BSH A B WEEITE, S
By BANAERTH L Z 30D 5

F 12 ([18]). FEMHTHYZRA R ;! —>R3 ICH LT, pe! ZHIEENHT

"(p) 70

iz d LT 5, ZOLE, H5poiifFuU & EMITNAREAGEER: U - R} T,

f &fEAUHE BRI 2RO, " vp) Z+n(p) THELDDBFEET S, 7KL,
sy R TTOERIRIIR 2 R, & I, SRR § BAMUAZETH 5.

DUF, ZOiEHOMEZENT

#RE 13 ([18]). IRAUME T < —>R3 IRLT, pe!l ZEIMEHNET S, 20
LE, DT OSM%N7 T pDEEELLE (U;u,v) DIFEIET 5 ¢

o (U,V) IFEEAEH, DF D pDEFHEFTURNIEIRESLD & —3L, %= (, R
ExR7 P VG252 5,

o (U,V) IFERHEER, DFD(F =) (f,,f,) =020 i>, D

o JINEADERD S 7% % R? ORI IEAIHARS(u) := f (u,0) FINE ST X —
YRRNTHD, DFD $$(u),$$(u)) = E(u,00=1 TH 3.

ZOLE, HHU LEDOf ITIHHIRT P+ T
(+,f,) = (+,+)=0, (+,f,)=1
272 T ODBFET S, (+Z2L-HIOABEKEES, )

ZOLE, F=(f,f,+) ZfRIMRIR D7V —L0%52%, LfJ“]ZEA%?+ Iz
WL, A= (fuu+), Bi= (fu,+), Ci= (fo,,+) E8LE, FIRIREWLT

Fu = FU, Fu= FV, (4.2)
=7 L
*E, E, A *E, G, B”
+  2E 2E E + 2E o E.
u=*%t A B . vi=%t B C 0 ;
" E, G, "G, G,
~5'—AG —'-BG -B SL-BG —*-CG —C

L%, R (4.2) OARSEEU, -V, = [U, V] 1E
A, —B, = E(EUA— E.B)+ B2—AC (Cod1)

B, C,= —i (G,A + E,B) (Cod2)

E.
Eyo+ Guu — Gz—E = 2G(AC —B?) — G,A+2G,B + E,C (Gauss)
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EHEfETH 5. Wiz 2 Dty /ifE% (Codl), (Cod2), (Gaussyzf#{ Z L3 TEN
FIRATRIHH 2N T 2 2 L3 CTE % &), IRATEE I3 2 i o FEA S B
ZRT I ENTE 3 [18]

A 7 T (U u,v) I8BWT, p=(0,0) T (p) # 03D ZDARSIE

E,(0,00)Z0THDZ DL SE, ZDEZE, (Gauss)li
0 1
_ 1 E.G,+ Eg 9
C= m E.,.+ GHU—T—GUA+ZGUB +2GB
EEZEINS I ED S, (Codl), (Cod2) IZARAMBIKA, B X3 2 IEME DR
HBRRICEFE T2 2 L TE S, 21U Cauchy-KowalevskiD Bz wH L, 22

RIS I3 2 HhiER O A C B [17] ZH W5 2 & TR%2H 5.

B 14 ([18]). FEMHTHRIESTMET ! — RIS, pe! 25 1HENET
"(p) FO ZiLTHDLEL, $(t) & p(= $(0) ZHEHFREMARE T2 (2L Jt] X
+a/N). o, | Z0c |l #&TEIXEM, #:1 — R % FEMHTH 4 M ihitc
#0)= 0, 22OHERZ PAPFETEVLLD0L L, ZOHREC =#(1) B, 2D
LE, pe! DilfFU L EBITNRRSTRIHF: U - R} T, f(p=0TdHDH

o f LFIXFUEHAEALEL,
o $(t) DTk 2R Imagefo$) IF# DIRC DIFTEATH 5
X)L DDHFET S, IHIZ2DLI) R IX40HET 5.

ZE R # | — R} ZWUNGER T LIC k- T, RATEE OJE A HZ RS E
BB o N, R 12038 N3,

SE R
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A BRI i = PR 2 R~ O FEEH O [E € sV

IR T (BERT)*

B =

FEDMIAH T AR D7 CAT(0) 24 I EEA DB BMMIEHT 2 & &, HD
HBICDPFEIZEERZFREFDZDDFMFIZDVWTIERD . £2ZDEME%2 W
T, Richard Thompson O F DA BRI CAT(0) 22N DE A D
BFZLERIZDOWT, R IR DR DA R A E e R 2 7D Z
L EFARDL. M E LT, Kim, Koberda, Lodha iZ& > TE X 6N TW5H
AL (B U IZHAIH) D& 242  ARMEEGO KA RAE BRI D
W, [ mMEE %25, F#iZ Thompson £ T & & OF Higman-Thompson
DEET, 12 DWTIE, ARIRITTEN CAT(0) 22~ D Hiffi 722 B A A3 K Ik
WEEHE2RD>E S A5 (FarbDWEEFA,) .

1. EA

AFETIL, ARAERED [H 5FOHEHEMICEFERIERT 2 & & HITKIEEE S %
ol (T72bb, 2R EO—fHTh-> T, BOMERED LI L > THEI NS H DD
FAETS) LWHISHEIZOWTHRRS, 2O L5 E%2, HOBESMELITRZ &
129 5.

HEVEESME 2RO WS 22 E, BELD, BEXATVAHEEERIZZ DN “R
WER” (BIZIXEHZIERAPEAERIEH) 27220 nS5 2 2EKLTWS. £
72, Rl 72 B S O RIZ DO W TCTHEE MM EZZEZ 5 2 LT, ZOFIIDOVWTD I 51T
FENERPBONDZEDHDE. 2D KD RBEEONREMZHL, BEDBIRAANDE
AR ZEZBHZLIZE>THEOSND. HEEED, BUKKKRANDEE D HEARA 72/ DE
2RI EE 2D & &, T DX Serre DMEE FA 2D 2\ 5 . Serre DME FA
&, BEOMAEG O BRHEZFLIA L TWAE Z DR oNT WS, EEE, H DEED Serre
DOMWEFA ZF>Z &%, TOMIPEAHBMAEBOME 2727, Z D24 % £
TERERTHE e EFREETH S ([13) .

DA TS [ 5E s 1, Serre DMEE FA @ “Eikouib” 122725 —f% b TH 5. B
RIIZIE, IRD KD B DEZEZ S HAHHD, KIRIL5EM CAT(0) ZZHANDEF R 3
MIEANE I KISNEC R 2 /DL & ZORIE METFA 2F>2 w5 ([5]) . 7272
URTTIZAIFER T2 EIRk T 5 (ATFEL) . fEAMVEEMTH L Z L DEHIF2ETHE
w95, LUF, CAT(0) ZERIZDWTEZR 2B 5.

CAT(0) =R & 1%, MM H#EMTh-> T, EROHUM =ML -2V v R4
BN TORBZAB L HART “RoTWRW £ DO TH L. $5bb, A EHEE 22
(X,d) NOMERE O =M Ax,y,z) 125 LT, R? WIZKTEMAM OIS L W=
M AKX, Y,2) PERZRWT —EIRIZFET 225, AX, Y, 2) EOLEDO —fia bk,

AR DOWNBIIRIE GREERS:17J07711) DBk % Z T 7RI E DN T W 5.
2010 Mathematics Subject Classification: 20F65, 20F67
F—U— R : BEAOEEMAME, CAT(0) %M, VF¥—FK - b7V VO
T 790-8577 FALLITH SCATHT 2 % 5 5
e-mail: kato.motoko.yy@ehime-u.ac.jp
web: https://researchmap.jp/katomotoko



4€ MEgEAF BEX)

A(X,y,2) EOXIIRT % ~5ia, bR
d(a,b) < dgz(a,b) (1.1)

DOBREMPED 22 (K1) . % < OEZEZRFREEZER- A CAT(0) ZEROME 2 H>. #Hilx
I, BARRARIZ 1RGO CAT(0) =/ TH 5. T Z THARKARANDOE R IZE I L]
M7 D T, HE FA; 1& Serre DPEE FA & 5\, Hilbert 22[H H Fei CAT(0) 22/ D4l
TH 5. F/=, Flf T oefi 7 Riemann ZHAA D5 G121, CAT(0) ZEHTH S Z &1,
BITHRAE TRV E WS ML —3T 2 (2] 288) . Z ORI T CAT(0) ik, B
22 U CHREMRE 2GR T o ME L > TV 5.

X X
jé . § d(x,y) _ d(x, z)
< b
y b z y d(y, z) z
A(X,Y,2) A(X,Y,2)

1: CAT(0) ZZR DML = F4T6 & R2 0 L = f4 .

CAT(0) ZEH Dkk %< 72 MEE X, £ 0 —#%iN7: Busemann JEIEHAZEEREZERE (LAT
Busemann ZZf) IZDOWTHK D 2D, Busemann ZE[H] & 1%, FRHEEEL Y TH 5
£ O MR %2 5 S . b b JHIAEEREZEE (X, d) A Busemann ZEf# T &
% &iE, X OIEZOWMER D D cy : [0,a1] — X, ¢ 0 [0,8] — X IZX LT,

d(ci(agt), Cx(agt)) < td(ci(ag), C2(az)) + (1 —t)d(ci(0), c2(0)) (1.2)

M7z Nd & &% 5 5. CAT(0) Z¢fH]1E Busemann ZZf] TH b, HHEAE5E i Riemann
ZRIRDIGEIZIE, 206 OBERIFIICErmii RS IETARWZ L 2Kd. L LRIz
1%, Busemann ZEft] Td > T CAT(0) ZEITHRWEGENH S, HlZIXp / ViLiE AN
Banach ZEfIP2E 25 &, ZN5HIE1<p< co D& & Busemann ZZfTH 50, p # 2
D & E1F CAT(0) Z2[H TR\, AFE T ld Busemann ZE [~ O FEAEH O [ E sUMEE I D0
TIEBR A7 WD, Busemann ZEflDGEIZH EBRIDOEE M E 2 IRET 5 Z & T, 5
CAT(0) Z=R D& L FRRIZHEGR T 2 Z e TE 5 ([11]) .

WL DPDEEREHIIDOWTIE, BEFA RSN T WS, #HlZIE LEDHRK
KEEEDILAEOHARENIZDOWT, SL,(Z) 1XHEFA, 28> ([5] 20@) . Farb [5]
FERED 3L EOHARE N 12DV T, SL,(Z[Up)) WHEEFA, , 2FD2Z &R U7
Bridson [1] 1&[A] & A5 A geFE 2 g PRI O BARBHRE P MEEFA, 2> Z & 2R U7
(g > 1IZHEAE) . Varghese [15] [ZHHEHED H ARAEE Aut(F,) IZD2WT, TH5A
MEFA 222 8%, n>42Dk< min{i|n/(i+2)] |2<i<k+1} D& TR
L.

AR TIZ 0 IZEDWT, BHZNMET D&MD A HWTHEFA, 2 RGES 5 ik
WZDOWTkR2E (EH2.3) . IRIZZEDFHEZIGH U, Richard Thompson D& & I
BENBHEE ZD—RALIZ OV THEERTEE ZHim S 5 (3.1, £H3.3) .
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2. BRRITCAT(0) ZEANDEEADETE R
(X,d) 2@, ) 2 X OFRELMHmE T 5. X OMHESE Min(!) 2R TED 5:

Min(!) = {x € X | d(x,! (x)) = infyex{d(x,! (X)) | x € X }}. (2.1)

Min(!) AZETRWE &, 1 IFFEBEHE 5 5. HOLERMEHOERMMEL, THOMEED
VLR EEAE UTEALTWS Z 2] LEHRT S, LHMA I2O0T, !
X WICEERERAWE &, M E S 5. 5af CAT(0) 22 D BUHh ) 75 55 R 25 #:
LZDWTIE, UMD & 512, Min(!) 23 11 2SEAFRBE) T T 2 il AN 7123t
A REEZROZ RS NT VWS,

HE 2.1 (2] 21). X 25M CAT(0)ZEfE U, ! 2 X OMINREELAH LT85,
DL & Min(! ) IXEREHHERR x Y (Y 1$d 5 CAT(0) Z2[) 1cE KA.

oI EHAREREAE AL 1 Min(!) =R x Y ZEBOMEZIAD
TERD. B |Min() % Min(! ) D RAHE AT &, 0 R OFETRBE &5
BT Y DRI RT 5.

PG RIEH 25 2 SBIIIRAK D LD

E 2.2 (2] 2HR). MiE21 T X OF¥RMAEREMIZo7-$5. DL
UiMing) & Min(!) OFFRZ#E UTHLEH. X512, 1 |vin(y) DED DY DFERLEH

COHEDTLMRTHDEH 23 2 BRE720, BEE T OEDREDOMIZDOWT B [EE
RMEEE2ERELTEL: HEWMOBOM (G H) WEEFA, i3 21k, GA Kkt
CAT(0) ZZM X IZEREPDEHMIMEHAT 251X, H B ICEER 2/ %2 5D,

T 2.3 (10). KZTEOBHRBMEL TS, GIIHTH->TgpecGrT 5. GO

{0 b1<i<k DNhHo>TRZ2WI-T &3 5:
|
© 61 5 Zalg) CEEND (1<i <K). KL Zg(h) rh D G TOHULMER &

J

9.
o@@%kGWTﬁ@T%&gﬂﬁgt!;ﬁ%@ﬁﬂ@%%ﬂéié@
. giti! 20 Za(9) DT — LDt e U T A .

ZDrEHM(G, (g) IFMEEFA, 2RO

FERA. HNRIZ X o TRT. ZD720, GAKIRITFEM CAT(0) ZZM X IZFEN DY H
MUIZEHLTED, g BEEMREZR-20WE T 5. EHOEREMMEDIE XY, g lEN
. W22 K0, Ze(go) 13 Min(go) (2 FHEMITHEHT L. TG 13 g DHEAZ LD T,
{5 & D [EE 2 FF72S, Gulving goy & Min(go) ORI 70 55 25 .

i 2.1 &0, Min(go) IFEMR x Y, DG 2 RS, Za(g) P Min(go) ~DIEA I
R DEATBE L Y NOEREAIZHRT 2. FTROEGTHENZOVWTHTAS L,
O (X Z6(0)® N THIRMNE DT, gp DED B FETBENTES 0. IRIZ Y, ~NDOEEE
FIZOWTHRTAZ L, fliiH22 K0 ZOEMIFERMARDT, g 1d Y, DBEIHY 72255
REAMEED L. Y, OMMHRITIEK — dim(R) = k — 1A FZ2DT, X 2Y, L& &
Z,C%Zo(gp) LESHA, g g LiBESHA ETH UMM REIC RS, T5L



48 MEgEAF BEX)

Y: D Min(gr) = R X Y22 U, g DY, (Rotk —2B0F) OB EREHTH %
ZeDohd. FAKO 7O A% HAKk+ 1R D IRT & gay, HIRIE0 D Yoy, DB

EHL2.31%, BED D B e HEE R 2RO Z L B RHE L TW 5D, KIS 722 [E 52 s D IEAE
RIS, EH23ITMATIROMEEZ WS, ZomEiE, ARKca—2Y)y K2
Mo ESRIZE T % [Helly DFEF ] O—fkfbe LTHEON5.

WRE 2.4 ([1], [15] 2H). k 2 AR, X ZAMHRTT k O5EfH CAT(0) e 3 5.
Ki,...,k, € N20 < k < Y k; 272995, {S}icicn &, Isom(X) DHWIZ
A D BTG RHR G L T 5. £SO, [LED K-o B3 HE X T FEE R % Fr
D5 IE AR @S@E DA R EE 1T EDEE S %2 FFD.

3. Richard Thompson D& DA

EHL2 3 Tk R7ZME F A, D¥ESMIL, Richard Thompson W&t (AN Thompson
B) NDOILHZZBEIZEWT WS, Thompson FEIZIEF, T, VO 3IHELH D, ThE
Miﬂﬁﬁﬁﬂﬁ&ﬁ/F~N$A®Hﬁ%@®ﬁTﬁ&bfﬁiém5.bﬁb®
BIXWTNEAREREE (RUCARAERE) TH2D. TLVIZEMEETH D, AEFR
HABEDES EFIDTOHE LTEZLTH S, FIFHEMEETIER WD, F O #F-E5
HERMEECZRoTWDS. IS ORIERA WIFEHAMEE 2R > Z Lo nTs

D, KT F BEERECH 2008 5 DIE /R EBIREETH S, LRTIEF, T 20D
—ALIZDOVWT DA, EFLBEERMEEZRT-ODHmEIBRD0 VX 20—l
DA FARICERTE S ([10]) .

Thompson #f F (&, BALXE DM & % £ D HAFRMEEHR2IEDOF T, X2DIitXe, X1
MOERINDE (42 . ZhoDstld, BRI EIRAFH UEE (HRME) OXHE
WZENETNRE SN, KX ET 7740 THBEIREBHITR>T WS, HlZIXX2

ZBILTIX[0,1] = [0, 23U, U3, 1] CEH#IE) BXT0,1] =[0,3U[3, 2JU[3, 1]
(fEIR) DI ITREXINTWS. 2o DRENTE T, B KD S KD EH5IZ
FoTtfREonsnEThHhs (ARZESBILIES) . BHFIZIE, Zok3ZLTHESN
% (§bbERB LB DN EDERD “IHAENZ & > THE SN, BAEBKDHIZT
T77A4VTHHE57) [0,1]0AEE2EOHAFAMHEELN2TEENS (428) . H
BRIZ, Thompson #f T (ZHALH D[] & & Lr D H CRMEGHREAERDOH T, B2 DIt X, X1,
"DHERING. T, ERIEE MO SENERO ZHAENIZ L > TR LN, B
PEDNZT 774 THD LD BRBAMOME 2R OEACHMEGEHREZ2TED.

—_

D= s

Xo =

.
ol —
o

0

1

2
X 2: F, TOAERR. FlIxe& xi25, TidXe, Xq, " (ALK B DM R —41 L, St
MOEGE #7279) PHEKRI NS
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IR, FRTOEM L tE2RRTE720, REZZQRAOMIZE 2R EZZH WD
A SR 2 DIEAR L IIZM3IZRT I 7THY, ZTOHEAZ—D2R\WT3TH 5.
— DT H B 2l DTE &R L PP, AT S R IR DS TEAIL, KM3D XSz, #
MEED THEHPENZ L >THESNEXBE WG DT o TWE LT 5. ZOEEN
UC, A EHR2 DIEAD LOTES 725 1%, BALXF[0,1] D2ENIIFIELTWS
U7z oCF, TOETLEBMNEAR-AIEADHMEZHNTRTZEATES HIAIX
X4) . tf'bTODJE’aE?%TB‘" X, 028X BOEDRIZT V0 LTERI Z 2RI
5.

3 M SR I ARDKTEM E KEOXE (R T ED7/2d, FLITRP S5 @S
MAHEE 2 ANTHIWT WD) .

Q= AED ATA

4: B2 D Xo, X1, t ERIET DA & AR IEARDHL.

Thompson FEDEEAEFH D EE BB IZ DO WTIEWLK D DETHERD 5. HlZI1E
Farley [7] &, T &V %3 Serre DWHEFA 25> Z & &2/" U7z, ZI T, FIZFHNNHLK
DIEIER FF D728, Serre DME FA % F57-72\0. 72 F, T, V IZERRITD CAT(0)
BIRIZEREPDEAFIC (L7hd > TRBNEE R Z2F7237012) fFH$5Z 2%, Farley
[6] IZ&k > THISNT WS, Genevois [8] 1&V DAERIKILD CAT(0) Sitk#EA (cubical
complex) NDOIEAMHIZ KISEE R Z2 R D Z & 2R U7z, ARIRITD CAT(0) S
BN DEELRBENTEBMEN 20T, ZORKRIIMEFA, (KIMEEDHRE)
FOEFHVERTHD. ThoDERZEEZ5L, TPV OWETFA, 2R Z L
TEHARTH 5.

E 3.1 ([10]). kK ZEEDOEHARE L 9 5. Thompson #f F O3 R [F,F] DAT:
BEOIE T LT, #ML(F, () IZEEFA, 25

FERA. ERE2.3 LM 24 2 FHWTHERT 5. KBTS ﬁFFﬂ#F@% TEEGE L
T 10, 1 DFZEFETHE 1 L 22 580K 3 F O —HT 5L (42R)
ZHWS & RO € [F,FlIZHLT, (0,1) W@l%ﬁlZF'aﬁJlbW?Eb’C supp(f) C J1
Zi7z 9. £z, BAXBEO ZHAHIZ I > THONDXE I, TH > Tsupp(f) &
LOHBENEDHEND. FIXHEAXFE OB CRMEERDET RO T, BIXRE (0,1) 12
HARZMEAZ D, ZOEMR, B0 a7 VES R EREOFESNIZETEHT
H5 (42R) . LEdoT, 01 2, OREIZE S th, € FAFIET S ZDLE
supp(f ") = hy(supp(f)) 1Z Int(Jo) NDOPAK I hy(3) IZ&EENS. BRI IEENS
F ORI, F OWMAaHEZKT. ZOHAHEZF(J,) &<, I & [0,1] DFE—HIZ



5 MEgEAF BEX)

J J
J, Ja

Jl J3 -~
0 1
5: IZFEﬁO) 4—9‘_14 V&4 I) :/7 \]7, _\]i+1 et Ji+1 _‘Jz (U yﬁ@i%é, {ﬁi‘\?cimod
n) 32T <, J;Ud; (i —k| > 2) 1&ZE.

£, FJy) & FOMOMAEMBEONS. ZOFRMEZNTEI LT, 1 2FJ,) DR
MR EENTVWDEZ DN, f L F () IZa 72D T, F(J) & Zp(f) I
GENSE. LMo TEMIRZp>(F),Zp(F) 2@ EN 5. ALEREZM (G, f)DRDD
2 (F(Jy),f hl) WZDOWTHEDIRL, F Dt A{h; br<icre 1345, F DD {0 hr<i<ke %
g =fMh CEDDLE, ZTNSHIXEM23DNEZEN-T. O

F Ot T OGAEICHEE FA, Zi&ind %720, Kim, Koberda & Lodha [12]
DEALUZF, TORIEOZSEEZHNS. 216D —#ki% Homeo, ([0,1]) L < I
Homeo, (S) OFEBRAERIBIREE LTERIND. n > 22 ARBMLT5. [HF DT o1
=nEDBXREIDH] (I1,...,d,) D, TREDEED G5 & EDAIBHANETRN] L0
IRMEMTEE, INoxn-FoA YIRS (H5) . F = {f;}1<i<, C Homeo' (R)
%, H (supp(f1),...,supp(f,)) Din-F =1 VEET LIRmLL T 5. [LEDNIZDONT
(fi,fir1) DX Thompson fifF & [AAIZ/R 5 & & F CTHEKT 115 Homeo™ (R) DR EEZE
n-FxA Vet PR HXRMORFEZEZ modn TERXSZ LT, EEFEEKIZN-Y VT B
NV VB EERETS (K5) . ZOEHEDOHFT, BV ESEMILAF 24K
51 EWSRER, IRD & D I3FERIZEDINT VWS,

8 3.2 ([12]). Gr %, {f1,f,} C Homeo® (R) THEK I NEHEL T 5. ERILDOH DM
(supp(f1),supp(f2)) M 2-F =1 v &2HT LT 5. ZOLEN e N2+ RE L,
FNFNVIEF LM 2B,

EH 3.3 ([11)). nZ 2 oA L T5. F = {f;}1<i<n C Homeo, (R)IZDWT, [
X DH (supp(fi))i<cicn DN-F = A Y E721ENn-V) V72T LT 5. G &, F CTHE
INBN-F oA VHEERLEN) Y IHET S H 2 LT8R (Gr, Gr] DA BRAER
Wkt 95, #l(Gr,H)IZMEEDKk e NIZHUTFA, 2K D.

SRR, %1 <i<nicUTH, = (fifu) 2B< . SEH OERRLT 5. [Gr, Gy
1 {[Fir Tt bcian 10 & 2> TIEBERSNBDT, S = {Sybrcien 1 [f1, Foun | DA
HLMHEAELUTRW. §562K1 <0/ < niZxUT, supp(sy) 1& (0,1) NDOEAK
M, I2&EENTWS. 2-F =1 VBf (ky, ko) & supp(ky) U supp(ky) DR DEAX [
ZAEBOBEGNICET ([12) OT, &1 <i' < niZXUT, Iy Z supp(H,) AIZ
gy A gy = hi---h?-..h? (h' € [H;,H]) DESIZLTHlNd. ZITS%
S = {87 Jrcirenw ULh Hcicnaciow EIMD X 5. S IEH OHBERRDE ETH 5.
S OETTIL[H;, H] ORZIZEENS.

Gy A K UIE5EHE CAT(0) ZEMIX (12 B EA D LHEMIZAEALTWD T2, H, I3F &
W THENG, FEINIH, OFEAICH U TCER312EHATE T, SDOELIETN
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vupp
[H 5, H3] [Hi,Hyj
Supp 3)

% 6: g DR (V) > I BEDS

supp(f4)

ZTNETEHERFOE DS, fTEDOM>n, Eﬁ@n FrA VEEGIZH L TG A
m-F A VEEPFET S ([12) OT, n VK IZHRTHAREVEHEL TR, §
% S DIEED (k+ 1) i 8EE S, | ﬁbf S KEENSTOEDHIL, (0,1)
DHHHXMIZEEND. ZOHKMZ BEWIIZD SR WHESNIZET L5 GrD
JeA (K + 1) fEHEN S . fiE2.4% SICHEAL T, SOz b AOBEERZRD Z &

BSHES -
n#&H
i%%ﬂ\ Xn,i n n#%&H n / Xn.n n /nﬁﬁ
N\ (1<i<n-1) n n\{”*l)%a n \_n&H
n n

7: Higman-Thompson OEEF, DA KR,

SN AN T
(1)(2) - (n)
273 % 373 n 73 %
8 NN < 7.

FoA VLV IHIL F, TELXOZENS DI TH > T Higman-Thompson D
HF, LT, EENEHD (3], [92H) 2EBATVS. [EEOEHARE N > 212K L
T, 0,1 BLUS'OnHAEEEZEZSL, FBXOT LAOMEEK T Homeo. ([0, 1]),
Homeo, (S) DI AEEAAF SN D, T 5 % Higman-Thompson DFE LIS, F,, T, &
T F, LIEXZTNTNF, T —HT 5. F, T DA LFARKC, nHYE 2B EDE
Bﬂn DIEREHSIESEDZ LT, F,, T, D2 BN EHREN DEROHTERRTE 3.

WX TIREINZnAD B X, (1<i < )T@ﬁzémm\é ([3], [4]) . 7=72L,n
’C7/\JI/‘9 Fon=ARIEnpkERST (K8) . T,1dF, BXU, slmm%%:ﬁ'«)
2"In EEECHEKINTVD

R 3.2 1ZIFIRD & 5 72—k nid 5.

8 3.4 ([12)). nZ 2L EOHARK L T 5. {f.}1<icn C Homeo, (R) Z, FAX[E DS
(supp(fi))i<icn BN-F AV THD LD WEHE TS, Gr & {f,}1<icy TEHIND
Homeo, (R) DAL T5. N e N2+ REL LB L, GrDIAHE ({f N hicicn) IE
NFxt VREEAD, XSICF, LAY 5.



3

MEgEAF BEX)

n (1<i<n-2) n AA n\<

n fn,n+1 n

9: Higman-Thompson DFET, DHr L WAER.

A3 4L, F, bR AGEN-F oA VEEDPFEIET D5 DT, Fy IZDWTEH 3.3 236

%35.n>3t95%. H%ZF, DX T-HBEOHERERRAEEE 5. Ml (F,, H) I
FEOKe NIZDODWTHEEFA, #FD.

T IZDOWTH, )V ITHEOEEZFFDZ DR ES.

W8 3.6 ([12]). X, V,Z,WERMN —c0o < x<y<z<w <oo%iii’zd235. f,
g € Homeo, (R) %, AHBHXH (x,2), (y,Ww) TH D LO%cL T 5. gf (y) > 27251,
(f,9) IXF &%,

B 3.7 ([11]). FEDON > 2122WT, T, ik (n+1)-V > ZBE.

FERA. vy, 2 2'In MEETH->T, 0% 1— 1N IZETHDLTD. T, 1EB 7D {X,, b1<i<n

Yy THEBENG. fu=xix, 1<i<n-1) 2B f,, =x, 8L,

{frniticicn FF, ZHEKT S, £/, y, & F, ODIGDOBETREDS 0 (H9) Z4H1T

g & {supp(f i) bicicnss EV Y7 &KL, T, Z4EKT S, 72, #iEH36I12LD,
Fimfivin) (L<i<n) & (f o) ldF S XoTT, & (n+1)-V > IHEOKE
xR, O

WHE3TBXOT, WEREREENRMEFETHL 2L ([3) 2HVSE L, FHL3.3 &

DIRBUTZ8D.

%38.NnN>22F5. T, I3MEEDK e NIZODWTHEFA, 2HD.
SE Xk
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Brane coproducts and their applications
EH B (REURY BUTRIFEHIZRL

B =
ARETIE, ANV VYIEMAZEZ, FHZLVL—7R/REO 7L —r bRy —~D—
RALIZDOWTHRS T 5. —BALDEE, H2ERTOEHRZEMD THRRT
M Thh, BRABAICEHTAI L TCMED (7L — R 2R
T3, ¥7-, TNSEBHEROIREQY—IZB85 Y THOHLED
MBS 5.

1. FIROER

Chas-Sullivan[CS99]Z, M 2% m {XJtA [AEREEHZ BRIK D5 E 122 O HH L — 722 /]
LM =Map(St,M) OFER Y —F LIZIL—FEH (LM ! LM)" Hp n(LM) %5
#F U7z, V= THRIE, TERN &V — T EE ORME D & 8 X 15 Pontrjagin &1 &
[ZHRARDFER Y —FIZBIT 2R XM 2MlAGHLEZEDTHS. Pontrjagin F i
M BED K S BRAMERTH > TEHMET 2D, KXMIIM BEHRETHL Z L, K
ARG ZH > TERINDGBDTH S, X 512 Cohen-Godin[CGO4}E L — TFE
2L T, L=TREH,(UM)" Hp n(LM ! LM) REDA MY Y IEHER
ML, THod(1+1) ot HNE 75 OHE (TQFT) 2749 2 & ZFEIH L 7=.
NS DERZENEHELN - 7EEORED Y —ICE8ERRBNEE2 52 5 Z &2
FFEhTWiz, LZADBENH [Taml0 iz & D, V—TREMIFLALYHHTH S Z
X, V—TRBEEN—THOARNHEIZHHATH 2 Z L WGEHI N, DX D, A

MYV IERZRIZEERRBIEE CTIERWI BN 272D TH 5.

ZZ T, 220D HEAAND—BbA Thb Nz, 121%, Felix-Thomas[FTO9iZ &%, M
7 GorensteinZE[Hl DG E~ND— b TH 5. Z Z TLEMM DD Gorensteintf: & 1
y%wﬁ%ofhkﬁ@ﬁﬁ@%#ﬁ?é@%f%b,M®%£3%14/ﬁﬁ#
LB M AT TERING. ZHITAREGEEAZ A, a2 87 b
KV —BEO SRR, X 5121EH 2D Borelifiz 2 GATE D, EHROIENT Z
2% 5.2 %. Felix-Thomas ® G2 & 50— TREOEZHEDHIL, Pbration (Zih> T
BRZEMANERZXBERD BT 28 ThsE. 22T IRXM] X, HHMD Ext
IEEDTTH Y, MNAHDAA I M " M! M 2 Gorenstein ZZ[f D =ik THBR A
R THBIEMNOEE S shriek mapThH 5.

£S5 —hHD—k{kb e LT, Sullivan-Voronov[CHV06, Section 5] & 5 7' L — V&M
¥IFonsd., Molx ROt DK D 5 O ERZER SKM = Map(Sk, M) 123 L T,
ZOFREVY—D EIZTV—VRHEREINIFEER L. ThiE, V—TRHOL &L
[Fkf 1232 XFE & Pontrjagin 2 il G bz D2 LT TE 5. £ 250, SKM
FOMREBIFEE ZV — TEMOBE L HRTZ UL, K2 [TV —VRE] LERR
ERMIZSM EIiFEl I nTnWied o 7z,

AFE Tl Felix-Thomas O FiEx LIRS 2 2 & TfBED [TV — VR MK
U, ZORHAE LT H (SKM) B850y 7RO B 2FEOHEEFIHT 5.



5 E=0=L

b

BRK)

2. DGA M Ext hngt

¥ 9HEi & L C, DGA (di"erential graded algebra) E® Ext IIEEDFE 3% & FAM 70
Ha2HHTE. MRFKZ2HKEL, (Ad) 2 K ED DGA 2§ 5.

£ 1 (c.f. [FHTO1, Section 6]) (A,d) MEE (P,d) #% (A, d)-semifree NIFETH 5 &
&, (P,d) ©iB5 (A, d) IIEED ]

0=P#1)$PO)S$P(L)SaaasP(n#1)$ P(n)sadasP
PEELT, Rehmzdleiznd.
¥p= CP(n)
¥ £nizoWnT (P(n)/P (n# 1),d) 1IZEHI(A d)IRETH B,

Zh, (EEDO)EEONMBEOHERIZE 5, AHMEE? SR 28RO —KILTH
D, TOGEICELATD XS RFARDAET Ext IR EHETE 5.

EE 2. (L,d), (N,d) Z (A d) IniEe 3 5.

¥ #HEE L (P,d)E (L,d) THoT(P,d) 2 (A d)-semifree TH 2 £ D% (L, d)
@ (A, d)-semifree LD,

¥ (A, d)-semifree/fi# ! : (P, d)# (L, d) 2T,
Exta(L,N) = H'(Homa(P,N))

LEHT D, TDLETERRMEGEEEXA(LN) " Homy: ay(H' (L), H'(N))
ZH'(#) eEL.

T, pullback FE & Ext IIEEDRERIZOWTIARS, IFARETIE, £TD%
MoarER Y —I3HFRETHL LINETS. p:E" B » (Serre) bbrationT, B
MEGERECH B X S 72 pullback XX

RERD. ZOLEHEIF A VR C (#) DO WTIIE G4
P Extei g (C'(A),C'(B) " Extei g (C'(D),C'(E))

PUTDELSIZLTEHESINS. £9, C'(A) ® C'(B)-semifreesfi# (P,d) & 5.
TOLE, ideg EDFVYMEEE DI L TIRILE

Home: 5)(P,C' (B)) " Homc: g)(C' (E) %c: gy P,C'(E) %c: ) C' (B))  (3)

REF5N 570, Eilenberg-Moore®D £ [Smi67, Theorem 3.2}k © C' (E) %c: sy P I
C!(D) @ C!(E)-semifree METH 5. ft>T, (3) DAFERY—%2LBZLT, p
NERIND.

%12, Poincare BUSME & Ext MIEEDBIFRIZDWTIRR S,
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fed 4 ([FTO9, Lemma 1)) N % n{RJtD Poincare AU ZEMH], X Z GRS 72 22 ]
U, HEEHT X" N 2E25. Z0rE, ARIZEZRINDROEHILFLT
| ! ! #g n" | n #
Extli ) (C'(X),C'(N)) # Home H™'(X),H"(N)

3. W7 L—VRE
3.1. Gorenstein Z2[&
GorensteinZ¢fi] & 1%, PoincarefCHZEM DO —fifbe LTUTDO LS IZERI ND.
£ 5 ((FHT88]). MuiifkZa 22l M A3
$

. k=
Ext&: oy (K, C' (M) &

0 k

3

Ir

m

-3 E, M Zkotm® (K)-Gorenstein 22 &\ 5.
BN EMHE LT, ARD 200 IFoNns. KT (b) £, GorensteinZE[iHd
RICIZEDFEBIZE R0 GD Z D30 h 5
#l 6. (a) & 4 £ b, Poincar XXﬁWF'EJ (B iz A MRS P2 BRIK) 1% Gorenstein 22
MTHhb. X512 GorensteinZEf] & L CTORItI, Poincare A u2zEfie LTD

ot —HT 5.
(b) 2> X7 N Lieft G O %% BG 1k GorensteinZE[fTH b, £ DIRITLIE
# dimG TH 5.

AR, FHZRFRT L — U RBEOERITB W TEHEER&E % B7-3 GorensteinZZf
77 AD, UTFDOEHIZEDEZ6N5.
/EIE(; ([FHT88, Proposition 3.4, Proposition 5.2]) chK =0 & L, M % HijHikzeR]
T, n(y)%Kﬁ&ﬁﬁﬁ(km&%O)t‘é’% ZD & E M X GorensteinZEfi] TH b,
ZORTEE (lyl+ @#Ix]) TERSNE. 22T, {x}y & "een(M) %K O
K, {yi} & "o WK DEETH Y, |xi| ®ly;| 1EZ NS DK E LT,

F7-, ZH& [FHT88, Proposition 1.71& 0, IRDFEMEMED KD LD Z & 2 FEL T
L.
iR 8. k ( %/ab M % ks ZEl e §5. 2o E, # M Y GorensteinZZ[#] T
hdrlr, | n(M)%KﬁﬁBﬁ(ﬁsz%é CIXFEETH S.

3.2. M7 L—VREDE
ZOffiTtld, —DHDOT L — /éﬁﬁ TRHROLRAET L — U RE (D) DEEE 5
Z5. a:ra DEHIOHNEIE, k=1 O&EIE Felix-Thomas [FTO9JIZ k2D TH D,
K( 2 DEEEHEEIZE > THEoNz—BRIETHS.

FM % kit 35, 70— UREORKIX, ROXAZHWTITONS.

comp

SkM 2™ gkp 1, SkM Dy Sk 1 Sk

lreso l (9)

SKIM «— M



B¢ HRR ERKX)

b

ZZT, regp (FKE S 1S Sk ADRIRER, oM " SKIM XEMEHE L TD
HWDIAATH Y, EDOMUMAIIE pullback I TH 5.

EF 10. [LEDI " "
#) Extgige1yy C'(M),C'(S¥ M)

EEETS. ZOLEH#IIMNMT IR TL—VRE (DO P 2L TFDEHKE LT
EF#®T D.
S H (SKM | SKM) #F H!(SKM 1y, SKM) AR Y H!I(SKM)

W7 L — VR, ROBEERTHMMTH 5.
#p 11 ([Wak19a, Proposition 6.4]) (L&D %,&) H'(SKM) 12X L T,

$Y %! &) = (#1)*ISIgh, (&1 %
WIS, 22T, " SKIM " SKIM 1ZSK L oA X & KEEXE B EE) S E
LZEMBTHY, " IEEND Ext MBEICHEET AP ERTH 5.

XTC, TL—UREEZM DIEBRDOANSED B 72I121%, Ext IIREDOME %ZFRT
e # %2 [5FL) BETHIRENRD L., TITHERIGELLT, UTOHRETS
ns.

#l 12 k=1 7T, M » mikst Poincare S 22 DEI121%, i 4 X0

m | 1 | & " 2m" m 2m | #&
EXt® (yam) (C'(M),C' (M ! M)) & Home H (M),H>™(M ! M) &K

ERBDT, #1ZZDIRITEARZ MIVEBIOERTTE U TEDIVUZTE.
L0 —ROGEIZIE, ROEHZH WS,

I 13 ([FT09, Theorem 12] k = 1), [Wak, Theorem 3.1] k ( 2) ).
PROWTIhhrZKET 5.

(@) k=1T, M X GorensteinZEft]ITHh 5.
(b) k( 1,chK =0 T, #¥ M % GorensteinZ[fT»H 5.
ZDr %, GorensteinZEfle LTOWLE m=dm# M B &, LFORAED
D AYAE IR
Extei g 1m)(C' (M), C' (S M) &H"m(\m)
FOEBIZBWTRIZ I =m £ $25 22T, AT
) EXt¢ se 1M)(C! (M),C'(S¥"'M)) & K

2135, TNEMWTH#H=0 bl LT, WMTL—VREE $°= § LERT 5.
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3.3. TL—VEBOESH
M % kiftEnzfle 45, 20T L—riEE, MR

SKM I SkM <" gkpm 1, SkM 2P Sk

levo &evg l

MI M < M

ZHWTEK
U H(SKM) A% H(SKM 1y, SKM) SRS ' Hirm(skM 1 SKM))

YLUTEHRINS. 22T, 1) EXtD yem) (C'(M),C'(M I M)) & K 1%, &8 13
Dk=1DEENPOEELEHRTTHD. 7LV (TV—rURBEEEST) K( 2
TH»HZLIZHRKT ZHRE TR, V—THEEFAKDAEICL>TEEINTVWSZ
LEERELTEL.

34. TL—V (R)BEOME & B4&H

PR chK=0, M % k#E#E2=ME L, # IM X GorensteinZZ[HTH 5 L{RET 5.
ThrxE

H: H (SKM I SKM) " He n(S*M) (7L — )
$:H (SKM) " Hp m(SKM 1 SKM) iR T L — o 47H)

NEBINDIDTHoT. V—THPN—TREOIERE LT, Ths koS %
Wi7=9
EHE 14 ((Wak, Theorem 1.5]) 7L —VFEE AT L — U REIE, REET S L
FEBY—H (SXM) = Hi+m(SXM) 12 Frobenius REDHEEEZ 5 X 5. Thbb,
TV —VBEERMT L — VR (R) EED2D (R) i TH D, FrobeniuslEE X
$*u=x(1%p)*($%1)=+(U%1)* (1%%) %i7=7.

T, TU—V (R)EOEAPMEZ RTHER L UTROEEH %2157,

EIE 15 ([Wak, Theorem 1.6])) M = S2"*L Zxf LT, 7L —VHEIZ L B REH, (S°M)
I, RELY| = #2n# 1, |z = 2n# 1OIEIC X D ERE 0B ARRE +(y, 2) & RHT
Hb. THIZ, ZOFRMOTTHIET L=V REFUTO LS ICEHEINS.

$1)=1%yz# y%z+ z%y+yz%l

Hy) = y %yz+ yz%y
Hz) = z%yz+ yz%z
Nyz) = #yz%yz
ZoHNE, M DBERERDGETHE T L=V, R T L — U RBOWEDIEEHT
HhdDILERLTED, V=7 (R)BEOHELHNBHTHSE. ZOZehs, TL—
UHERHZIFANY VOERAZR LD S EELRRBIMEEZ S A TVWEEEIONS.
T, TV—VBEEHMT V-V REE2ISIBRELTEHILIZEST, ThooD
BIHIEEPTH D &5 2l Uiz, 2D LS BRIEA MY v 2 EHZE (k= 1)
DLGEIZIEADP-oTELT, ZOMRS TV -V IEAZENEER#EE2 52X T0W5
ZEERTHERETHELEEZXS. FHMIZDOWVTIE [Wakl19b] 2 X 7z,



4. IE/MT L — U RTE

ZOHiT, B DODTV—VRETHIIEHAFT L -V RE (DR OEHEE S
Ab.

AR, M % BERE 72 m IRot Poincare SN2l & 45, 2 Z TR (9) Db D 12
MO AEHZ 5.

SK M <= SEM 1y SEM s SKM 1 SEM
lresl lprl (16)
ZZT, SKM i f) SkM &L SKM oiliRERE K>, DM = Map(DK,M) T&
. 7z, reg i EEIREAOHIREL, (1Xp5 4k D! DX)D k= Sk 2 Hipdx

NEEHRTH5.
ZDrE DKM (, M) I Poincare AU % 729 DT, i 4 &b EKT

: #
() EXtQ puy, C'(SM),C'(D*M) &K
NEEL. ThEANT, ERETL -V REIUATOESKE LTEHESINS.
FoH'(SIM 1 SEM) T H(SEM 1y SEM) AP Hem(st, M)

ROMEIZ, (FIZOWTOREZL 72 ETO) FERNTRT L — > RFED BARMK 725
BARX252TW5.

B 17. f 2 EEE40:SK" MITKE MY IREE, ENHTL - VR §
i u,v) H' (SKM) iz LT

Fo(u! v)=evy(* & (u)) av

CEDEETES. 22T, *) H' (M) IE M OREMIETHY, evp: SKM " M
WBEETOFEES, c:M " SKM IZEMEEHE L TOMDIAATHS.

5. ZHEHEODT L —VREDLE
BBIZ, W7 L - RBEEIENHT L — o ABiZ BT 222 T, H'(SKM) 281
%7y THED B AHFEOHEEEGEHT 5.

PAFRTIEM % kiEfE2 m kot Poincare BURZEffl & 375, 2D & ERDEAIZED
THEEOT L - URENEEM TSNS,

SkM <&M gkp 1, SKM Y, Sk 1 Sk

lresl lp" 1

DKM +— 5 S*M

lresz lev

SKIM +——— M,
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FEE, ZORROIMINIIERFET L — v REDOERITH WK (9) 12, EAE5 16 FF
TU—VRBEOERIZHANZHA (16) I NEFN—EL T3, £72, res*res = 1eSo
THBHILZERLTEL. ST, EREOIL#) EXT g1y C (M), C (s My %
EEL, ZHIMNETEIAMT L - REE2EZ LS L ZoE - R@EOT L — R
BIZLLTFTO LD ITERSINLDTH - 7=,
$°=H'(res' * res' (#)) * incl (18)
$e = H'(res' (())) * incl’
IS EHBT 57017, + ) K 2 FEDEHRHOM) A HO(SK M) E H(M)
EFAWTE * (H (#)(1) = + & IZLDEDD.

fRE 19 ([Wak19a, Proposition 6.2]) EOIRED N T, res'# = + a( ML d 5.
5T (18) & DIRA LT 5.
=+ axt

ZOBBRREHWT EEDO TV — U REAELKT 52 8T, 1y THEOHERIZE
THRDEHZGS.

I 20 (Wakl19a, Theorem 1.4)) fEEDIL#) EXT g 1y,(C' (M), C'(S¥ M) %
BET S, ZO&E, D %) H>O(SKM) I/ LT, AT 5.

+oevp* 4%=0) HF*M(skMm)

Proof. B4 evp: SKM " M 1ZHWic: M " SKM % EO DT, EHISEHO(SKM) &
H>9(M) - Ker(d) 218%. %) H (M) D& XX, KEOEEH®SH S DI %* =
0) HFFM(M)=0 TH 5. IRIZ %) Ker(c) DHFEEEZSL. ZOLEMELTLD,
MDEHIZHETE 5.

FL(L! 99 =evy(* ac (1)) &%= evy* &%
$4(%! 1) =evy(* &' (%9) 41 =0
SHICmE 1L L HE 19 &k,
+FOL! 9= $HL! 9= K5 (%! 1) =+ H2U% 1)
2185, IN50OEANS, +er &%=0) HFFM(SKM) 21595, ]

UL2L, L+ =0 ThhiE, ©H 208G FREZ>TULED. /KoT+ B
FEEHHATHD X574 # DRV HBETH 5.

fnRl 21 ([Wak19a, Proposition 6.7, Proposition 6.11]) A FOWFNnZ2IKET 5.
(@ k=1
(b) k( 1F&EE, chk =0THH, #< M I GorensteinZEfiiTH 5.

ZDEE, H5# VEFEL, + X Euler B, (M) T—37T 5.
LYREDS Section 3 L 7w b Z L IZIER




HRR ERKX)

£oT, EH 20 21K, ROEEH 2G5,

EIE 22 ([Wak19a, Theorem 1.4]) five 21 X [A UAKED R T, {EED %) H>O(SKM)
R UT, IRPEALT 5.

, (M)evy* &%=0) HF*m(skm)

7E, k=1 22 M BEEAEDEE X Menichi [Men13]DEELTH b, THL 221
ZO—fibLmoT W3,

S Xk
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HEREeZEAE - MUy s b ROYV—DERDL -

P st CRBR S K%)

52

1970F:tH|Z Demazure, Mumford, =E-/NH S IZ & D b=V v 7 %faf D LGRS
X, M=V v 78 MI5EMOELEDY RS, -1 TANTES
BEUTHRELTWS, b=V IR MOIEFELRLZ2DE T =10y I7LERIEE NS
BEMOFNRERE WS MEEHRONROMIZ 3 — DX IEAH b L WS HETH
% ([9], [A5)2M). Zni, b=V v 7&MMiE, RECGEMEMEEmEESRIBLES
AZ5.

ZOr—=Uy &%z NROY—OBENPSERTIHAADLD 72, RYDHAMAIL,
19914F @ Davis-JanuszkiewicaZ & 5 X TH 5 ([8]). Z D IFEH < HDOHZ R
Mmoo 72h3, 20004ELHIZ Buchstaber-Panoviz & 0 B D L & —#fbh3 7% & vz ([5]).
—J, ZOEHEEHSTIT, EHIE (REHREEDHIHHET) b=y &% b
RE Y — DS S BT 5ikA % T > Tz ([13], [10]) ZDH NS OF & 2347
LT, h—=UwZ hEOU—2 S HEHEENE (6]). ORERS LT, h—1Uw
7 b Ruoy—bilaEin e BEICERLTVS.

A#EHTIE, P—V w2 bROY—IZBWTEEI EE L L HEICEE ST 258D
W, RO 3IDEMHNT 5.

(1) b—F AFHEH L B2’

(2) MZHELSEFS5NE Y — < Y Z kA L 3IRGT A Z BRA

(3) ELIFMANDEIE b —F AHEDE, EMRZmAK, &R Lo
D IEF =y I7RMMTHONTWEZHED bR Y — DB S DIRR, (2) & —
Uy 7 B DRI IE T 55, ) IEh—V v 7R MAOHIBIZE I SHETDH S
N, TNETOBEMIE B2 BbLNEBEDKRTH 5.

1. b —F ZARHE & e 2
RN D5, St 2RI 1 OEFREN S 58
S'={geC]|lgl=1},
S2EZEMC xR =R NOHEAZFOE U7z BAERE
S?={(z,x) eCxR||z]*+ x*=1}
5. ZOrE, S'OSEADOHRBIER (EOFE D DE#EE)
S'xS* = 8% (9.(z,%) — (9z,%)

DOEZEM SYS X, (z,X) D#LEZ X [CET XL, KEI =[-1,1] & F—®HHT
&%. S LS fEHOARE) SEA Fix(S!, S?) 1246H6 (0,1) & B (0, —1) D 2 555 5

AHFZRIE R EE GRETE 5:19K03472) OBk % Z 725 DTH 5, .
1
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2 R et (KRBT EA%E)
0, INSIEKHE OFEAES V() (21, R o2 {F1iTiaLTns.
S

|Fix(S',8%)| = [V(I)| =2

Thb. —fH, SPOXA TN (SHE2THBHH, oD —HIMBARTIZZAR WV,

EiofloEmoiibe LT, nfloERE (SH)" 252 5. Z ZI12lE, (SH” BHEARIZ
FERLTED, #iEZEM (SH™Y (SH™ Zn RGN AR IZ75b. ZDr &, REHES
Fix((SH)™, (SH™) & 1" DTHMEAVI™) IZ 1 X 1 OXIRH Y,

| Fix((SH)™ (8™ = V(™| =1 (S =2"

N AVA UGN

EOHINRT LS, HUEEHOTEMESIIMEHE2EOEMOA 1 7 — B L

TWBN, [HBHEMT] TlE, BoEzfiEd > LIRIIDERER>TWS., £9 (55
T 12DV THRS, C EOREHERK 7 (S FEF

(1.1) (Z1,...,2,) €C" = (Ghz1,...,0:2,) € C" (0i,...,0,) € (SH”

DEEZERIX, (z,..., z,) DEEIZ (|124], ..., 2,)) ZRIGEEZZLI2&D, RPDHF 1
KR (Rso)” EFRI—HTE 5. (SH" D HCFHEEE Aut((SH)") DL TEHZEL > TH
BLEZEMIEZE D 5 720,

EF. 2n ROtHZRRIAEM o (S fEHIZ, BRI (L1) OfFHERIUTH S & & (IE
MEZIE, Aut((SH™) DIETIRU > 7-EfH U TH B L Z), locally standard & 5.

2n IRTAZ A M A3, locally standard 72 (SH" fEHZ L > TWd LT 5. 2Dk
&, LOFHELD, HuEZEFE M/ (S IXRATNIZE 1 RIR (Rse)” TH S0 5, nikit
DML EIRE 705, AAZRAROIAEE U CHEMMNZHELE DS, 22T, nikid
M HEARDPEM X, BREMAIZBWT, ZOHAZEORUOT L OEVPTENETH S
&, £, FHEHAPS TEnNHEHOUPETVWEEEFE>TH X\,

QZ nikANZIkikE 5L, MEEERDOGEG LFEKIZ, £0<i<niZHLTIi
POCHAERTE, QDIRILHDOEZ ,(Q) xEL. 22T, QHEFIZQD n Ik TH
RV, (Q)=1 & T#d 5. ORJtH ZTHA, 1RsTH %24, n—1RTH%Z 7 7Y
FEHEWD. 1,(Q) 2 2MFAE Y Lz%IHN

fo(t):= ) f(QU
i=0

ZQDf-ZHAL W, ZOZHADEH%2T 5L THONDLIHA

ho(t) := fo(t — 1)
ZQDh-ZHANE WS, f-ZIHAE h-ZIHANIFR UE#RE R > TW5H, BIFTIh-
ZIHADHRIZENS.

wmfm%:2W%?>;@,n40:u+am L7435 T hya(t) = (t+1)™

171X (S2)" D (SH" fEFIZ X 2HEZERMTH - 7223, EOHIE D, hpm(t) X (SH" D
AT Y HVHEA Y rankg Hy (S & —BL T3, ZOHKEE, |" DIEFE
ADEHBHADZLIZED, (S)" DRy FEBDNPE I RLTWAS. (SH" X —
)y 7SRO —FIT, ZDOXIBREEN =V v I EFRDGEITHRIT 5 Z I3
SNTWED, IROEMIZ, ZOBHEKE M=) v 2ZBKIZES T, bRnY—oHilE
TN THI L2 R7ZEDTH 5.
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EE 1.1 ([14]). M %, FHEIRDO I FED Y —HZ TS 2n IRTTEAT D rTREZL BRK
95, ZDELE, M EORESEZ DD (SYH 1EMIX locally standard 12720, HhiEZE
Q= M/ (SH" o&KHEIZ (QHETH) ik, 51

ho(t) = ) ~rank; Hyy(M)Y

j=0
MHALT 5.

M DETT. M Oy FEIE EFEEDO K S IT#HEZEMP SR ESD, M DIFRERY —
BOBRMGEIZPEERE QAT ES AW, M OarErY—BE2IkRd2I121%, Q
D77y NIRRT S M ORIRIE 2 DERD LK% [EE T 5 S RED NG # A 6 2E
THbd. bIDLELLIRZ L, QD 77y +%2Qq,...,0, 2L, "M = Q
WEBQ,DIEERL" Q) &M, &EL &, M, IIRKIT2DEHED L IIAT, (SH”
DH5S' RS, DAFERESIZR->TWVWD. ZDS; %, ED DR G 4%

v;: St — (ShHn, (vi(SH='S)
3%, Hom(S!, (SH™) 2 Z" 2| —f3 25 & v, X Z" Dt EBx, 512 v; 1 +18
OB TEHNZVEIRELTEY (ZDEE, v, IFE2BRVTHE—DIZIRES) .
RS {vhm, 2B IRIRDSEME (1.2) AT, | 2 {L,2,....m} ODESEST|I|=n
L35,
(1.2) Qi QDU ARSIE, {v;|i €l}ixHom@S' (S)") = Z" DHEETH 5.
el

WIEEMQ LT — X {vi}, B’M O REO Y —BH* (M) OEEE kD 5. Fid

Lo L, M IZQ & {vi}m, 25 Q x (SH" DrEZEH

(1.3) M =(Q x (SH™)/ ~
EUTHEHITTES., ZIZT(Xt) ~(y,91F x=yT, xDBQ;=),c;Q% PHRZES
XA {,2,... mOHBHHEET|I| = nLIFESHRW), t7isiEv(SY) = S

(i €l) TEBEINS (SH DEABIZEENE L WS LMETHS. DED, Q x (SH)”
ZBEWT, QOKkIiH Q; E (k=n—|I]) Z&®5 (SY)" %, {vi(S") |i €|} THK
INBZKWGTE N —F AT, THET (DO TIT,; 2E23) LM WELTES. V)V
A—[-1,1]x S IZPWVWT, 2200BHRDOS 2 1 JIZET L S2HAESNLD, Zhd
— L TH 5.

2. ZHEP SESNB Y — < VERMA L 3T Z Rk

AIFIZ B 2 EFEBURC 2 EBARRICE S I NE, HIREERROERIIKLT 5.
—DOREEWNE, BIHITH D Ho 2L RRIRIE, BEARIZHEER LD THSHH, KA
THLO KD (SO EA%Z & D nIXotEHkRIE, BEFETIER <, £ < DA aspherical
LK TH 5.

StoRDDIZSY = {1} 2F A, nIRTHZHRIEN LD (SO EAD, FATHIC
(2.1) (X1,.., %) €ER™ = (X1, ..., GuXn) ER®  (Q1,...,0) € (SH)"
LEUTHSEZ, locally standard 2\ 5 ((L1) &) . T &, #HEZEMQ =
N/ (SO)™ 1Z n RICAMNERRIRIZZR D, (1.3) ZRBRIZ, N & Q x (S%)" Dzt

(2.2) N =(Qx (S)")) ~
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4 BHE st CRERGH L REE)

YEREND. SOBE, (L2), (L3IZBIF5 v 1 Hom(SY, (SO)M) = (Z/2)" DIt & &
5. (13)1F, 22 ADQ %, v, =bDF— X ZHIZ Q DEEFRIZH > THED &8 TN H
JLCTEBHILEEKT S, QPHMMEZHIKTH S L E N % small cover& 5 ([8]).

. (2.1) D (S EAIE, nxot (FE) b—FARY (2Z)" LOEA%ZEL. ZOfF
FiiZ locally standard T, #uEZ=flE n IRGCNL iR & 72 5.

LB, 20 EHD nIRTENL R E BT TR D 8 TEHE N —F A F o5
ZEERLULTWVWAMN, &R 22258 (EWHINE, v, =220z 5L),
M= AL IxEB b5 a0 87 NEHY —< VERRAEABRE O NS. ElX, ZDOL5I1ZLT
BoNDEHY —< UL RARIX, FE Bott 52 IEIEN S RP! D4

B, —>B,1—-—B—By={1x}
Dhrw FZHhHE%4HKB, L LTHESNS. 22T, £RP ¥ B, »B,_, 1% B, E
D 2 DD EFFHKED Whitney HIDE AL TH D 2 ODEMRKDONA, —HIFHFKRE LT
H—fMiT b)) . B, 25 Bott kAL L.

I T MEHDY) — < VERRRIZ S IROTE RE TRARE T AT E 55 (Bieberbach
DEH) , F Bott ZRARIZERIIXIRD KL T 5.

EH 2.1 ([11], [7]) 5 Bott ZRRKIX ZI 2 8B D a3k E0 Y- TR .

5 Bott ZFkIAB,, 1%, A1/ I (S DEAREL WS RHRB D THSA, 1
YNT Y — < B RAR DB & BARRNIZ S5 IZRE TS (T Table 1) .

n 123 4 5 6 7 8 9 10
Dil n |1 2 4 12 54 472 8,512 328,416 ? ?
Orin |11 2 3 8 29 222 3,607 131,373 *?

Sympn|0 1 0 2 0 6 0 31 0 416

Table 1. Di! n, Orin, Sympn X, Z1Z#, nXJT Bott ZHRIADH
SN, ZOWNMEMAERED, 6Ly TV I Ty ZEENA
5H5DDHERT.

(2.2 1I2BWVT, Q VALK THNIZMA TREL AN EoN5AY, EEED &
) =X VHEEREZEZ DL OIE, MAVPEATHALELNDS. LTI FHHEZ
EZTD, RIZ3WTEAHEIEE2Z 2 5. 3T NHEEICEHL CEHEADNEA 25
"M% [ A 1% PogorelovZ ik & IEIE N, IROMAR RS 23 s nTn5.

EIE 2.2 ([1], [16]). 3 IRITHEMNMZ HAKDY Pogorelov Z HAR T &H % B+ 50 1%, 4
HATZRL, 3RV ME YRV NEREZRNZETHD (R, 3AFE JAROHIZ
)

SUTTIMZ AP D k ~)L k&l (k > 3), P D kEDHEDKEF] (P, Py, ..., Py) T,
A X 1Az G L, BEELDAMIR DD AR, T 5I23DDMHIFIESZLAEL T
WRWZ & TH5B. Pogorelovd HARIIMIRIZIRILD 5. HIZIKXIE 12K, —#&IZHD
5D 6 A1 Th 5 31ktimZ HEA (combinatorial fulleren & FEIZIT W 3) 1
PogorelovZ AT » % ([3]).

PogorelovZ [k Q 2 FAWT (2.2) DRk %2175, 2%, Q#8(=2%)HHEAEL, %
NS EEIZIH-> T 5. WHHZEROH T Q OKHEMMBEMPDZ, T DK T 31X
TCRHBAZ AR DE S B A%, Z it Lebell BL 2 IEE T\ 5. Mostow DRI EHEIZ
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BER L SR - =) v 2 b RE Y — OB S - 5

FNE, 3WITCPL DAL RRAIZEEARRETX AT E 298, Lebell B0 3R A
SRRRIZIRAVE, L 2.1 L FEBLDIRDKRAL T B

EIE 2.3 ([4]). Lobell B1D SIRTTMHZRRIRIX ZI 248D a R EB Y —EHTXHIHES.

ZOEMODFEAIZIE, moment-angleZ ik WS b=V v 7 MR Y —TiffsEI
TWVWABNEEZHANDE (B, PXRERILEZEDRH D) .

2. Nikulin OHOEIZET 2 ARAEX» S, REAIEMS L 25 5IRTLA EDMEHE
HIFFEELRNZ E D50, 4RGETIEZD & S M2 HE Q W FEET 5 (Hl 21X
120fE D IE 12HAAZ 3IRITHIZH 2 1200E4K) . 2D XS BREDITH U T (2.2) DRERK
2758 (D0, Q& 16(=2Y)HHEL THEATH Y &8 T) 4RcOMhEHZ ik
WELNED, NS U T EEOEMAKILT E0E D DD > TV,

3. MEMARIZB I 2HEHE b — T AWEDOMW, EMMLHAR, EFRE O

HEH & ZHRDBRT 5012 5 5 122 5. AHiDFEE, Hii2 D& 300k
25, HEEMKRFI(Cr) & 2B T 2 AR L FELZ BN, £

FI(C™) = (Vi C Vo C -+ CV, = C | V; i C" DRI i YL A2 ).

T =(C)" D& %= C* DEKLDTHITF S/ERIEFI(C) Lo T EMZELS. ZOFH
DAFREAIFEIAES, CR—HTE5. FEE, weS, ITdLT, K

(€w(1)) C (Bw)r€u@) C -+ C (Bu(1)r--+» Cum))

ZRGSELRNRVE—HEEZ S, ZIT, e,..., e, 1% C" DFEHMERLR T, ( ) 1
IZHBILTHERIND TN VR Z KT
FI(C™) i1, Plucker itz FHHWTE— A ¥ F B4

u: FI(C") - R"

WEHTE, BUFI(C) & (n — 1) KoL B mk
Perm, := {(v(1),...,v(n)) e R" |veS,} D

E—HTAH, ZHIZEALUTIRODZ LRI NT WS,

AR 3.1, p(w) = (wi(1),...,wi(n)). X512, 2TEM u(w) & u(v) % Perm, @34 T
FEIEN D BB DML, w=vs, &b HMS, = (i,i +1) DMFHETHI L THS.

ZOWMBEICBEEL T, S, FICXOFEdEE 2 5.
d(u,v) = #u 'v).

ZZT, #w) IFEBwWOEXT, wolsfiieE-TH LWL, wizEHs,, ..., S,_1
DETHREERRLUZLEDs 25D B ->TH L. EOMEL D, d(u,v) iX, u
& v & Perm, ODTEA p(u) & u(v) -S> &, Zho 268 Perm, © (U674 5) jE
THREOEDODEILEZ 5.

uesS, IZxLT

Cu) == {(X1,...,X,) € Z" =HOoM(C", T) | Xy1) < Xy(2) < -+ <Xy}
& 25 (KRERIZ Weyl chamben . C(U) DIt $SIET D 1837 A =X EHREETED,
FI(C)M®) =FI(C")T = S,
Ths. ZITXY=Fix(G,X).
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6 BHE st CRERGH L REE)

T, FIICY) 2 ofEREIC 1Ay Z2H0, TOTHEOHAY 2525, £7,
Y crECcH'=s,

IZIER T 5. Atiyah-Gullemin-Sternberg OEH L 0, u(Y) iZu(Y?) 2HM L 9 5M%
HARTHS. uecS, TR LTS$eCu) LRIz D,

im$t)yeY”cs,
t—0

EZD. FEHOMBEAIZS DD FIZ3EST uDAIZES. LEA-T, B4
Rety:S, —>Y'csS,
21850, ZOBEMIIIROEH®E HD.

I 3.2 ([12)). Rety XV F I 7 b (0F 0 YT HEFEEH) . 72, Fuec S, 1T/ L
Td(u,v)=du,Y) x23veYT BZ—27ZFH b, ThiERety(u) THZX 5N,

FRHOEMOEYIE, S, DEEDOHSEGICTHLTHED 2D TIERL, YT I
S, ® Coxeter matroid X FFENTWEHDIZZR>T W3S ([2]). 7, YT BREKRHIZ
Db EE, Rety # BARMIZKRO 5 HENH 5. £72, DLEOFEIE—MH Lie DES
BRARIZH U CRNE T 5.
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A = A A AT RE R T O AR D PR R RIZDWT
KA B CGROBERIRY: - BT 2EE)!

B =
ARETIE, [ E N AT et O GAASERE O BRI 2 ERE R IZ O W
TS 5.

1. BA-B=

a7 ME SIZR L, Dil( S) % SDEERIS LIESMZ S O H S [FAH B4
RN BEE TS, 72720, SHAEMBEOSGEE, ME 244D H S FHE 4
DAHEEZDHILIZTD. ZOK, M(S) %, BROZEEZEET TV hE—IC
X2 Dil( S)DEEREL L, SOERIERE LT,

1.1. EAHMEOIZE

"gn ZHEg! 0Tn ! OfEDEIS KD &2 RO a8y METhE & 5.
19384EIZ, Dehn [3[i2 & 5T, " gn DEBEHEM (" gn) #3Dehn twist (5£2.1ES
BB) b THERINSGEHINRI N, TD, Lickorish [15, 171 Humphries [10]iZ
L2 TM (" go) D Dehn twistiZ & 5 GREFRAEG A SN0z, FiZ, T D Humphries
DAERAERRIL, Dehn twist iZ X2 EHADH THRE/NIWVWEDTH S FHHEHX [10]
DR TIEHINT VS,

M (" gn) DEBRFRIE, F3 198042 Hatcher-Thurston [8]iZ & > Tn =0 DHAH
ZHZ NIz, TDHK, BHRAPETRVEEIZHarer [7T]I2& > TM (" gn) DHEBRFR
M2 50, Wajnryb [25]12 k> Tn " { 0,1} DHEAICT L VAR M (" gn) DHEE
MG Z 607z, 2O Wajnryb OFRI%, R % Humphries [10D 4% (Zn=1
DHBEIZE AR Lz D) & U, BRASBEFORRLELER, liTHS LIZ
ZOEBDINEDE ST WS, n"{ 0,1} DFEITIZZ DX S IZfEIHRRREIE X
SNTWVWER, TRETIZHSNTWZn! 2O5EDM (" gn) DERKRIK, B
ZEBRRE L EATW, Gervais [51F, ZNHS5DAERFRZAWT, F£EDg! 0
Enl 0T UM (" gn) OfEIHAZRBIGRAD A% FFOMREREZHE L2, 20 Gervais
DFERIFIERFRICEHT 2D TH 50, WRFRZHEL7ZHT, M (" gn) D Dehn
twist 24kt L TEEROBEBRE LT, EOMZEDRKREMIZBETH 5 hiEE
HXh7., 0%, Luo [18]iIck D, Z oD GervaisDERF x% & b Bk U 7= R
mEHEZONTWS (EE 2.6). FIZZDHK, Gervais [6]iF, (g,n) = (1,0) DL
ZRSEREDg! 1&n! 0L, BIBRADEIHRM (" gn) OERERZFERL T
W5,

1.2. AENIFATEHEDSZE
Ngn ZHE%g! 1Tn! OfEDEES RS % KDkl mm E AT rIRE 3 > /82 bl &

T5. Tbb, Ngold, ollOEHH T RP2 DR S n OB DIEL R %
WO BN=ZEDTH S, S RATREMEOS A2, £9, 196342 Lickorish [14]

' T 278-8510F HEIRES H i (L 2641 HURERRL RSB T AU R
e-mail: omori_genki@ma.noda.tus.ac.jp
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Z&oT, g! 205EIZEAEREM (Ngq) %8 Dehn twist D A TIHAEK S R WHED

RINT. HIZFEGERT, g! 20K, M (Ngn) A Dehn twist & ** crosscap slide ™’

EWEEN Dt (BB228BR) Lo TEKINEFHEZR L. M (Ngn) DA RAR

R, n = 0 DFAEIZ, Chillingworth [2] 12X > T 1969FEIZHIOTH A 65Nz, Z

@ Chillingworth @4 %% 1%, Dehn twist & crosscap slidéZ & > TR I N T W 5.

Szepietowski [24, Z @ Chillingworth D4t % & 5 9 5T, Dehn twist & crosscap
slidelZ &2 X D/NET WM (Ngo) DAEBRAESRZEZ 5 A TWS. FEEIZ, BEK 912X -

T, Z @ SzepietowskiD 4§/ %%, Dehn twist & crosscap slideZ & % M (Ng o) DAk

ROHPTHRE/NIWVEDTHEHEMNEHINT NS,

M (Ngn) DEBRERIE, (g,n) =(2,0)DHEIT Lickorish [14], @, n) = (2,1) D&
IZ Stukow [21] (g, n) = (3,0) D4 Birman-Chillingworth [1], ZdDftdon " { 0, 1}
D561 Paris-Szepietowski [20Fc & > THIO TH A 6=, D&, Stukow [22]H°
Z O Paris-SzepietowskiD 2 E &z, ARz (AEMIZIX) Szepietowski [24]
DHEEFRETEM (Ngn) DAERFREGZTWVWS (BE 2.14) . ZHh 6 DAMRER
&, ERRIIEHRDEDTH LD, +OEBPKRE VGG ITEMRBERAZZ AT,
ZTOE, n! 20582, RIEM (Ngy) OFRRIIFER S NTWRP 072, FHIZ,
M (Ngn) DR E L TEDHRBREDVPBETH D02 BT 5%, (FEOg! 1&
n! 0z U, BARADHARM (Ngn) OIERFROMEEZIT-o7 (EE 3.1). 2D
FEEIX, n"{ 0,1} DEEXEFEHEDR L [19NTEZX SN, n! 205GEIFA)I TS
LHMFERO/NMAER K & OIFEMSE GaX [12) IL&->TEZ Nz, Th 6 DiE
%1758, Gervais [B]D#kix 2512 L, BEFDOM (Ng,) DAHBRERZHWTIE
HZITSH, n! 20BEIFEFEERRREVBASNT WD > 724, X [12]NTEK
e ARFER (M8 2.15) 2L, ZTORRIIN U TiEamzir- 7=,

2. #E{f
2.1. Dehn twist DOFEDEFRIAEM (" gn) DERKR

SZENgnBULLKIE"gn &9 5. S LORMEAIKR cIZHL, cDSHTOIEALTEE
Ns(Q M7 =2 T A" g LMAFMTH BHclIRETH S £ F\, Ng(Q) DALY A
DH Ny EMAFMTH M clIBRTHEEES.

S _ED Rl BAEAHER clo i L, Ng(o) DERZ2DDMEZ2HLD, TNE +. & #,

L. Ng(QDEE" "{ +,#} ITHL, te Tellifto7z[E " B9 %4 F Dehn
twist €% 35 (X 12R) .
FEE 2L Ng(QDE" " { +,#J 25A2FHEX 1D X S il c ORIz KE % 5.
Z5H (ZORMPRL HaZIERLTWS) REMTHS. T04, LUK, BIRH
2526 M- BURN 2R B EA R oot U T, didg ol i K2 5. 2 % T Ng(c) DAl
EAERTHLT S (K652 . £72, BAKICHEMEARcE Ns(c) DI E " A5
ZHNTWVWBE, to =t 2EHEL I LIZT 5.

PR, #iZ & b Dehn twist D DOBERAZ W < DN T 5.
8 2.2. () S EOHEMEAMIRCHASHTHMNA Y ADHDOHER L 7258, te, =
1"M (S) k%5,

(i) KB LD ttew, = to 1, = ter ..
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1: S LRI BATEA AR c 12 o 72 & " (ZBE S % 45 T Dehn twist t, .

B 23 (71 REBR ). "M (S)IZRL, BAFHED D -
ftef =t o),

BU, fi i {+,#}${ +i #r} 1Tf VFET D HIFRDITLE D & DR DGR,

I 2.312BWVWT, f = tg« THDck dOBMENZ SBAMORDO T L1 NE%
R () 27 L1 RERR T, 21T,

i 2.4 (2-F =1 VHIRRX). ¢ & & S EORMIINT 15T 22 2 MU A0 HUEH i
3B, ¢ & DIEHIER Ng(c %) DIFERZ#E B E, Ng(cL %) IZME%z—D2h
2% (22 . Ns(0) DIIE " (i =1,2) & Ns(#) DFIE " % Ns(cy %c,) DI % 7>
SHUINBME L UK, WA LD

(tcl;!ltCz;!z)6 = .

R 25 (7 X VERN). " & o4 WO FEMHLR S O & U, #, th, #, #,
tho, tha, the ZX 3D K 572" LOREMEAMIRE 5. " IZmE 25 A, Ns(#) DR E
" (i=1,2,3,4) & Ns(#;)0mE"; ((1,j)=(1,2),(1,3),(2,3) 2" D& 2558
INBME & UK, IRV NLD :

[EPRFIPRY ST CIPH PP COFPY CPRPY CVI O DY

2. %%IEF%EEE?[?%CL X« Ns(cp %c,) DIEEHR
#. 3: "oa EWIFIMHZR S DS hE "k

D HAIEAMAR 4, #, th, #, tho, ths, ths.

0

Luo [18]i%, Gervais [SJh3RD7ZM (" gn) DRREWE L, PAFORREGT-.

EH 2.6 ([18]). g! 02>n! 0IZHL, M (" gn) DERIFZUTFTTEZONS.
AR s {tg [c: " g,nJiO)%'%@%Hﬂﬂ(ﬁlﬂ B I PN
B -

©) () ter =1"M (S) (S _LOHHFAMT CASS N THBDBER & 72 2 1),
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(i) tes, = toru, = tor,
() 7V FERR To, Ty,
() 2- F = 1 VKL,
(mny s> xR

2.2. Crosscap pushing map & Dehn twist DEDEHR

Z DETIX, crosscap pushing mag £ # L, crosscap pushing mag Dehn twist D
MIDBERRIZDWTHAT 5. crosscap pushing mapk, % 1.2% THH/r L 7z crosscap
slide®® 2 EHRTO—#fb L m> T3,

Ngn ED 15T TREWHIZ A4 2 BN 7 Bt dhaR p & BAEPAMAR $ 1T L, Yyu "
M (Ngn) 2, MebiusDir Ny, (M) (Ng, WD MebiusDii % crosscap & IE3) % $
N> T LS E2HTHESND Ny, OMHFRHEGRD Y NE—HHL T2 (K45
B . ZoDVY,us %, crosscap pushing map &I,

Y/t.n
'.I’ —> @
Y/I.ﬂ
— .@ ‘

4: Ngn EOhfR U & $ 2B 3 5 crosscap pushing map EE:AY$ 23U 854 T,
TEP$ DRAIRIGETH 5.

FER 2.7. $2PUIZRIE, Y4 % crosscap slide & IEX. Lickorish [14]i2 & D, crosscap
slidel Dehn twist DFE TR T HNHKDZVHIRINT WS, $ BT H B, IF
HIBERE NN, (M%$) 1ENoy &AM & 72 % &, crosscap slidélg! 2D EITEH T
k5. ZoHENG! 20HEIZM (Ng,) A¥Dehn twist 725 THEB I NIRWRK & 72 5.

DA, #iEZ & b crosscap pushing mag Dehn twist D DR % W < D 0E 7
T5.

*ﬁ% 2.8. \{ki)s‘ﬁi b j'j . Yu'# = Y‘L#l! 1 = Yu' l’#.
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W 2.9 (711 FBIRR (). f "M (Ngn) (2L T, BURASHD 2.
FY et = Y-

& 2.10 ([13]D Lemma 2.2) $ & p Z HEWYIZ 1T S Ng o b O I 72 BLATEH
fifke U, #h & #h 2 T NZTNIERDEEE Ny, (L %S$) & Ny, DEIFED & 7 % BB il
M35, Ns(#) (i=1,2DM&" (i=1,2) 2K 5Ok AE 2 UK, DR
DALD

Yus =ttt}

X

5 % b‘ﬁ‘(ﬁ”@i%/fl\@mﬁ”i&’f% NNg,n (u %$) & N1’2 e NNg,n ([.1 %$) @fﬁﬁttﬁ% #
(i=1,2). 22T, Mf®D' HiXcrosscapg £ L T\ 5.

LAF T crosscap pushing ma@ #2725 R 5% 52 %, S & HALFHD ( C DM
DihHe:D% int(S)IZxFL, D:=¢eD)BL. ZDK, S# int(D) % !D D&xff
M- Zeizi-sTHRoNLHlEE S d5. ZOLIITLTSHS S %G
L¥E%2 SO D IZBIT % blowup LIER. ID D S# int(D) N TOIEH I IZ blowup
12 SFIND crosscapt 72 5 1IZIEET 5. 72, blowup DWiEfE, b b illim S*%
ZOWH OB BB L TUI O E, Zo/RoNERIZHKD, 210 68T
HiT S %153 5 #(F % S*®O 123 % blowdown & IFE.3.

Ngn EOFMIZ2 BAEAMIR L 2 H S, Z DK, Ng, D pizf3 2 blowdownlZ & - T
Fonsidhfiz F& L, blowdownDiEfE TEHNS MM D, & DR —1ie, :D$ D, %
H52%. DyOHDLRX, " DyITHL, M (8,x) 2! FDOEME x, ZEET 5 H AW
DEMEGDOT AV N1 o b2 35, ZOK, blowup homomorphism

&M (Z, %) $M (Ngn)

YU TOXS ICEHINDERBELETHS. £h"M (8,x) 1L, hORET
h*" Dil( 8) ¥ LCTIRDEME (@) #HL IR (b) 27T 02 L 5

(a) h#IDu =id Dy

(b) h'(x) = (e *(x)) (x " Dy),

fBLz" ClzdLz" CrzzOEFENELT S, ZD&57h*E D, IZBE9 2% blowup &
&3 % 726 ([23, Subsection 2.381), &u(h) "M (Ngn) & well-dePned? & % 5.
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¥ 7z, point pushing map
jui 18 x) $M (%)

LIt X BEEETB G EOEL— T (LT, Xk (Ko TIASEBZ T
HFonsd GOHAMARMEGEED T4 Y PE—Hj ("M (9,x,) RIS ELHT
BONIHERTIEHRTH 5.

FR 211 ARITl, ju 2HERBIEHRIZT 2812, ' 1(F,x) DBEDIERS A0 550 2
IZT5. T805, (4L(2" "1(FX)ITHLU, (2(2" " 1(8 %) &1F, (2(2(t) = (2(20)
0) t) H2oGGLM) = Rt# 1) (G) t) 1)2A2LDTHS.

Z DIF, point pushing map& blowup homomorphismd & %
)= & *ju 1(Ng 10, X0) $M (Ngn)

¥ % 7z crosscap pushing map &, ) ,(() % ( 12 > 7z crosscap pushing mag
38,

REWTHIIZ 1 5T D Ny LD $ & A EAPH iR p 2L, $%2 L
DX, 2L T 2N —TT$H5 blowdowniZ X > TRHLNDZBDET S, $ A
THHRE, $2 I LORMNL—T L UTH->TEL. ZOK, IR 2> ([13,
Lemma 2.2, Lemma 2.38#) .

R 2.12. BEWIIIZ LRICR DS Ny, EOHFEHINKR S & Bl 72 BfBA AR p iz L,
IRDIEK D LD,
) u($) = Yz
RDOBARAIK, crosscap pushing map ' 1(9,x,) $M (Ngn) 22oHF6N5.

WEE 2.13. W% Ny, LORMIABMBIRE U, $ &% % Ny, LoRMBiRTEN
Ol LETHEBINICZDEH0LT 5. BE$* " ' (9, x,) B G LD L — T TR
KINDBLBEET . $* %Ny, LOHMAMMTE = $5 " ' 1(Fx) LhDBHEDL
35, Zok, UTNOBEKRRz2E5

Yu’# Yu’$ = Yu’#$ .

2.3. M (Ngn) DEPRFRSR

RETHE, EHROMFHIZHWSEM (Ngq) DAERZRICOWTHNT 5. BAMHKD
D 2RI " o ~NDH N ZEb 57 DASe D% "o (i=1,...,9+ )& ED,
Di:= (D) &L, ZDMENG, DETNELT, "o# int(+L,,D;) DD, +44a by
WZES S blowupiz k- TESNLHIEEZ &5 (K 637) .

Ngn EOBFMEAMRS: (i=1,...,9# 1), *, uEzX 6D LS ICHS. ZOK, 1
5 ORI B9 % Dehn twist % crosscap slidég: LA R TRE#HT 5.

a = ty (i=1,...,9#1),
b := ts,
Y = Yui#-
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Epstein [4i2&>T, M (Nyy) (n"{ O, ) BHFIZR B Z L ZBHoNTWS. B
NOFRERIX(g,n) = (2,0) DRFIZ Lickorish [14] (g, n) = (2, 1) D#iZ Stukow [21]
(g,n) = (3, 0) DT Birman-Chillingworth [1], % L TZdfttd (g,n) DK (n " { 0,1})
IZ Stukow [22]35- 2725 DTH 5.

6: Ngn DET IV E Ngn EOBMPEAMIRS,, ..., Sg 1, %, Ho, # 1, Fe 1

EIE 2.14 ([14], [1], [21], [22]) (9. 1) = (2,0), (2,1), (3,001 L, M (Ngn) &L FD
KRzERD:

M (N2) = <al,y|a1:y2:(aly)2:1>=Zz' Zs,

M (N21) = (any|yay *=al),
M (N3) = (ana,y|ada = aaa,y’ = (ay)’ = (ay)’ = (aa)’ =1).

g! 47on"{ 0,1}, #L<Ik(g,n) =(3,1) DM, M (Ngn) EELFD X 5 2Fm%
feo. AEETIX(g,n) = (3,1) Difay, a, Yy T, g! 4DKay,..., a5 1,Y, b BRI
DUTFDOEDTH5:

(A1) [a,]=1 (g! 4, 1i#j|> 1),
(A2) aa+18 = Qv+ (i=1,...,9# 2),
(A3) [&,b =1 (g! 4,i=4),
(Ad) asba, = bab (g! 5)
(A5) (aazaub)™® = (ayaazaub)® (g! 3),
(A6) (azazasasash)’ = (aiayazauasash)’ (g! 7),
(A9a) [by, b =1 (g=6),
(A9Db) [ag" 5, ba 2] =1 (g! 8even,
AL, b= a, b =h
b1 = (B 182841 @gi+2 B2i+3 D) (0 1821 85i+1 Bziv2 B2iv3)  ° 1) i) (‘3"74),
(B1) Y(azasalazya; la;_ 13; 1a; N =( a2a3a1a2ya; 131 la; 13; Yy (9! 4),
(B2) y(azary' 'a,'yasa)y = aw(azary’ &, 'yasap)ay,
(B3) [a,y]=1 (g! 4,1=3,...,g# 1),
(B4) ax(yay ') =(yay Yag,
(B5) ya, = a; 'y,
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(B6) byby ' = {ayazas(y’ *azy)a; ‘a, fa, N &, tag t(yay t)asas} (g! 4),
(B7) [(asasasasaasanazya, ', 'a; "a, 'a, fa; fas ta, ), b = 1 (g! 6),
(B8) {(ya, 'a,'a;'a, ) (asasaany’ M) (a, ‘e, 'agta, )b (asasazan)}
= {(a,"az"a, )y(aasa0) K a3 'a, 'y taagH @, 'yaly't (9! 5),
(Cl) (maaaady 1)9=1 (g! 4even,n=0),
(C2) [a1,+]=1 (g! 4n=0),
U, +=(aadédy 1)? (g odd),
+= (Y 'aasdady 1yaasdddy 1)'7 Y taasdddy . (g ever),
(C3) ¥=1 (g! 4, n=0),
(C4) (v ‘ayasdddy \yaagdddy 1)’z =1 (g! 4o0dd,n=0),
BU, [X1,X2] = X1Xa2X; X, L
n! 2058DM (Ngn) DAEREKRIE, IMAKEFFIZ X LEEMFTIZ L > TEAEK
NI S 7 ([121208) . L L, ZOEREBROBBRANL T E 54, ARTIE
%@ﬁ@%r@é&ﬁ@&% THHET .

B4 6, X 7D Ny LOHEMEAHERH, $ij, Hij, .15, 8 ITHL, ANORRIZEERT 5.
d = t. 1) i) n#1l),
a; = tu, (1)) g#L 1)) n# 1),
Mg = lwy (1) i) 9.1) j) n#1),
Sij = g (1) i<j ) n#1),
@ = ta, (1) i<j ) n# 1),

- Pij

7: Ngn i@%%@%%%ﬁ&‘mj, Hisaije G-

INKREG & ZZH D72 2055 DM (Ng,) DABRFRIIUTOLS b0 TH 5.

& 2.15 (Kobayashi-O. ([12])) g! 1&n! 2L, M (Ngn) DHEBRERIE, &
L 2.14DM (Ng1) DERFARIZU FOAERB I EBEFRREZIMA 2 HTHOND.

MABERT o (i =1,...n# 1), ay L) i) g# L1) j) n#1), r;
(1) i) 1) j) n#1),s; (1) i<j ) n#l)8 (1) i<j ) n#l).

Mz 2B/ H 2 HEEOBERA.
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d

3. EFER
DLRAAREDO LR TH 5.

EIE 3.1 (Kobayashi-O.). g! 172n! 0iZHL, M (Ngp) OERIFUFTEZ SN
5.
AERGR {tc;! |c: NgnLODXXfE\u@%?%@F%%%%, "+ # S}
%{Yyx | U Ngn EDBRMAIZ BFEARKR, $ :© Ngn O BHHE HhfR )}
X % EOEEIPr o8G5 T 5.
REFRA

(0) (i) ter =1 (CH Ngn ETHHH L < 1Z Mebius D5 % ik 5 1),
(II) tc;+c = tC! Ty, = t::;..lci

(III) YH,# = YLI,#l! 1= YH! L#

() 7L+ FREEF%RRA

(i) frof '=teny " X),
(II) qu’#f"]': Yf(u)’f(#) (f " X),

(N 2- F =1 VER%RK,
any oz UERR,
(IV) il 2.13DBFRR (i.e. Yy = Yur Yus),
(V) #HE 2.10DBFA (e, Yyu = ot h)

FER 3.2, EH 3ADBFRR (0) 1k, Ngn ADMIAE U < 1X Mebius DR DIEHR & 45
& 2 2 HhfRIZI o 72 Dehn twist 4Bt & U TARE . WS EikE S, BIfRN (V) 13,
$ DT H % & 5 72 crosscap pushing majpY, » % Dehn twist DFETHR X N 5 720D
ot UTAEE WS BkEZRD., D0, EH 3.1OM (Ngn) DFERIE, AREHIZ
&, ARt %2 TOIEEBZ Dehn twist & crosscap slidez U, (1), (1), (), (IV) @
Bz R ORRE B> TS,

EIE 3.1 OFFADOEIRE. Gz 310K R S/OoNDIHFE TS, D, M (Ngn) &
L 2.14F 7213 2150 A MRADPS/ONDBELH—HT S, M (Ngn) &G D
MDOFRBEEGZ LN OMICHEK T 2 HCEM 3.1%2/RT.

Xo%, EH 2.14F 7213 2.150 M (Ng o) DARFROEBTCESG LTS, F(Xo)
XX THHIZER S NS HBBEE L, ' F(Xo) $M (Ng,) Z2EH 2.14% /-
W 2150 R RN o /[O N5 HRBREHHERRESG L 5. Bz, ERREEK- .
F(Xo)$ GEEX" XolZxL-(X):= X TEHTS. ZOH, G) :M (Ngn)$ G
Z, X" XolZH U TiE) (x*1) = x* (FFEHEIE) , Z2DMMDf "M (Ngn) (25 L
TIR)(F):=-(F) TEHETS. ZZT, f" FXo)IZf "M (Ngp) D' 15 BT
)7 hThHDB (FHER) .
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F (Xo),
'!!lq

M (I\.Ig,n)") tG

X ZEM 31DRRDAERRE U, BARBREHE&: X $M  (Ng,) 25 HER
MEE&: GSM (Ngn) ZiFET 2. &) DEHLYD, b L) WEREEEAR S,
&*) Zidy (ng,) £7RD, BT, ) BREHTHL2EVDINS. H-T, ) BEREH
T OENTHB I LEZRTHT) PAMEHRTHLHNGNPD, EH 31I1ELN
5. ZOFHOARE LRI PRI EETH 2 HZFEHT 2HM2ITHD, Zh
FEHE 2.142 1 2.150M (Ngn) DABRERDO R TORRAICE 3.10KRDE R
ANOSH/ONDIHTIEHTE 5.

O

BHEE ZOEEEEH ROV -V URY T AIBHEE T I o HEAD/NMAEANK
(FKEHREET) , PRyLRERREER (RRHKEET) , IHEOFERIK (RREHAKEEXUE) , RAFK
(JERED) , EABEK (JuRIML) 1200 SRS HE L B £ 9.
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2IRTET 7 A N—FEOHIZNT % Gluck twist 12D
W\WT

fwH E (REPEZERY AR HAFZE A PD)'

1. IXLC®IC

2 RIGAE OV &3 4 ROTERTENZ I S 2T HOIA E N2 2IGEEREIO Z L 2 W 5. KZ
ZOMEMMN ST EO7 7 A N—iEE AT E, TOMUOHEZ 7 74 N—FECHE
WL BRI 2 RS OTH ORERIZ DWW TR Artin 12 & > TEARKZR 2IRTTT 7 1
N—FEOHDORERIZDWTIE ZeemaniZ K Y 1 A b 285 H [15]% Litherland
IZEBVA A RO =L Z S UEECH [9]7 ¥ S TV B A, ARSTIE Pao iz & b
WAk X 1172 branched twist spin % >. Z Z T, Branched twist spin O # % fifj #.1Z
WARD FELWERIZR2.251). S* LORATE S P THRNZ SEHE# 25, Z
DIERIC X 2 HEZERID S ThHh B L &, FERIL28TH Y, HlsMHEILE~ 2 FE%H
FAET 20, 1 FEEOHIINE & [EE 2R DORER X 2 IRouEKE & 0 FIFEIZ R 5.
Z @ 2 k5tEKHE % branched twist spin &\ 5.

LIRGTT7 7AN—FECH, 2F0 S icimoriclbilsh/ SETI7743—-T
HBED, IZOWTIX Nielsen-ThurstonlZ K> TFDT7 7 A N—KDE/ K I —»
irreducible, pseudo-Anosov, reducible® 3 FEMHIZ T E 5 Z LMo N T WS [14]
K#1Z irreducble iI2x4 53 2 6 DIk b —F AFECH, pseudo-AnosovZ s % H Dl
MHEERE O H, reducible 2T 525 DIEY T 74 MEFHEMENS 2 7 AIZELT
BY, TNETND 2 I AN PO CHOREN 7 Z AL L LTHIGNTWS., —K
T2RIC7 7 A N—FECHIZBEI LT, periodic IZX 59 % £ D id branched twist spin
CIEIEND 2IRTTHREOHTH B Z A3 Plotnick 1IZ& Do nTW5 [11]7%, Fhbisk
DE/ FEI-BFENMLINTES T, BT 2MaMiOCEHD I JAEHSNT
WRW,

—7T Gluck twist &% S* 225 2IRICHECHDREREZINO FRE, HHEH ! (2
Lo THED RIEMEDZ L 2\ 5. Gluck 1% S?! St ED[H & &R DM FHEHD S
L, T4V ME—TBOED DKUY S?! D2 NLETE 55 D% AL 7z AfExS
AR TR 22 LRBITH Y, FIZFDER T ! THEIZL2RULE[T]. ZhiZ
X0, 2T CHIZR > 72 FMCTARENRS DIEE % 2FEL 2R WZ &b 5.
Gluck twist 12 & > T 4 kyeEKTH & 2 RoTukE O H O & Fi7z 7 4 IRGTERTH & 2 otk
CHODHPR SN B DY, #7702 4 IRCEHARIEEAD D BERE T H 5 DT, FreedmaniZ
KB ARTEART v AL FROKER? S AR HREm L FAMHREDTH D Z L hb
BN, TDARTEREDN S* EWMAFRMHTH 2085 NIERMRHETH L. E
B, Gluck twist (£ 4ot H T v A L FREOKFIDBAHE UTHEI N T WS,

Z 2 CARTITIROEHIZIEDWT Gluck twist 12 & % branched twist spin D2 1L
EEEETD.

AIRFE ISR (SR 5:18J11484) DMk 2 2T -6 D TH 5,
2010 Mathematics Subject Classibcation: MSC-codel, MSC-code2
¥ —177— I : Surface knots, Gluck surgery
' T 184-8501HUEH N H AT EIEILET 4 TH 1-1 BURFERT: BHE L
e-mail: mfukuda@u-gakugei.ac.jp




& ‘BARZE ERFEK)

£ 1.1 (Pao[10]) Branched twist spin {Z7A - 7= Gluck twist T#F 515 4 IRt kk
RIiE S* LA FRMETH 5.

ZOEMIZL D, branched twist spin (2 L T Gluck twist %47 5 §i#& D 2 RockE
OHODEEA AR 2D, EBIZED LS REVCHIZRE N2 RETE/ZDT, TD
FERIZDOWTEHHT 5.

2. Branched twist spins
2.1. S™-YFM
4 RSCERTHE _E D R 5 D2 D sh Rk 72 S-YEH X Fintushel & Pao (2 & D R D EHE
PHISNTWS
EI2 2.1 (Fintushel [2], Pao [10]) S* LD AT 5 h Db R 7 ST-1EH 0 95 [F i 4
SIRDOESL & orbit data LIEIENEZIRD 4 DD R A TREDESIZIZL : LY IGHELE
T 5.
{D3%,{S%,{S3 m},{(S%,K),m,n} (m,niZE\ZHERIEEL.

ZT, 200" & " HAEEMETHS LIE, HD S EOMOFEMESR H & St

Lwaaﬂﬂs—m‘% # PFELT, IROKAD IR D Z &%\,

Sl gt i g1y g4

| -
st mf

# SN
Orbit data 1ZIXDIEHRZEFD ;

{D3}aasuEZefilid D3, [ s LA 1% S?, filstiiE 7z L.
{S*yaasEZEx S°, FE LA X 2 S, HlAE R L.
{S®, mlaal il Ze g S®, EEMEAIR 2 MES, Z,-X 1 T OHISNHEDTFEIE.
{(S,K), m,n}aadi g2 S®, Ew MBS 2 mES, Z2,-2 1 T Z,-2 1 T ORI
FLEAFEL, HE#EUANOBE LA OGIX AR K %727

EE 2.2, M 21 3T VA L P AAMRIT BN RE N ERTH D, F
B, Fintushel @& [2] Tl & 2.18D S* 1ZHKE M ¥—4RocBkiE, D3 I3hE
=3Ik, SEIRAE MY —3WIGEREE LTRLTWS. TD% Pao il & b,
S4 D3, S® LMAFAMTHE Z LRI, EH 21D EENKLT 5.

ZNZ D orbit data 12X B REM L SIEAZBNT 5. 3ot B2 RS
PEERO R? ZEZ 1 FEEXE/ZED2 307 METAZ 212X D S ELSNS.
Z DR E SEHTH D EE D S2 TH S DT, orbit data {D3} 129 B S-E
Iz > TW5. LA O orbit data ([0 d 5 S-EAIIK, S° Eo SM-EH%ZH
WTIRD LD IZHEKT 5. £7, S3$ C? 2C?2 NOEAEREE L, 20D S® EOREE
MO\ S ER %% 2 5. Jacoby & SeifertiZ & > T S EDEEMDRWERD St
ERIZEWIZERIEOEK m,n 2V,

eiqb(rleiel’ rzeiOQ) — ( rlei(91+ mqﬁ)’ rzei(92+ nqb)) (21)



8865 NMROY— 2V RYY LFEIEE ROI19FESH FAHTM) &

725 SYEHEAETH L Z RS NT WS [5,13) HEELT, m=n=1 Thh
i, "y 77747V —yarThd. ZOEMAOPEZERILXS? THD, L mwl
THNIE, Zp-2 A1 TOBINGEPFET B, T T, Zp-X A TOHIINIE L 1,
EERDEEDS Z,, E RN B EDZ L TH D, HINHEIPFEET GEICE, T
EWN LB A T E L= 2 A TOHISNNERIKDESZE,, E, EESZ&IZT S, £,
E. & E, DI 22 ZThZThE! E 95, LOS-EMEEDS KL,
BEE2Z25ZTS* Lo SEH%ZES. B U EDIEHT, Z, -X 1 TDHDHH
HoEz koL &, S* ETIIFIAEIE & EERDONES E,, & F X 2XICEKHITH D,
E! &F' [ZfuEZEM S NOlc 5. UZ, -2 7L Z, -1 7O 2f %% filsh
e LCRDE &, E,&F & E,&F BZTNTN2RCERETH D, 2 DEE S F
TOAERINIZ R D> TWD. F/z, E! &E! &F' I3#EZEM S® WO HAARKEOH
O Z>TWA., EomnizxiLT, —HOEUOH K 2HKd 28546121k, O O
RS N(O) 2o K OB N(K) ~DFRMEEE%Z HWT orbit data D m,n =%
ZTIZK ZHETHZENTES. ZOK IZRUT, Fintushel IXi5 0 &bhHE DGR
DO REMOIEARTENEHHIZZ S Z & Z2/R L, {(S3K),mn} OLZEMAKE Y —
ARTCERETH 5. £/, Pao lZefiiEiz k> T, {S%, {S% m}, {(S3,K),mn} @
EEMZETHIFRMTH DI L2 RU. Kz, {S%) OLZRIT EElicd 7z
S* LW M7 B DT, 2T O orbit data (ZXEd S S* ED S-EADMER X
722l 5.

2.2. Branched twist spins
Branched twist spin O #% 2 1 orbit data {(S3,K)m,n} 2\ 5.

£ 2.3. K = E,&E} &F' # S ND 1 kiU HE T 5. ZnE &, K O (m,n)-
branched twist spinz K™" := E, & F TE®H 5.

FEE & LT, Fintushel & Pao DEHIZ L > T K IHMEED 1 Rt UHEZRS Z &
N TEBDT, branched twist spinld K & HWMZEREOEH mn iIZk ke h
5. ¥72, n=1 ®& %, (m,1)-brandched twist spiniZ ZeemaniZ & > THiK X 172
m- 4 A RN AN VEECH & 7 5.

IXIZ S* % branched twist spin (Z{R > CTHRST 2. D A2 £ THIEZERM S 04
fpx 5.2, SEHOMGE LT S* ONEEZ 5. HINHLEDE E), & E DNEB
ZENTNK 1O XS mEHRAHES EC ES 2HLS Z 2T, HEZEM S Idko &
ININRETES.

Ec*
\D%*
N
S
Dy

1: N (K) D5 fi
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S® = N(F')&N(E!)&N(E!) & (S®\ intN (K)).

ZZTC, N(")IXFEMNOBEHEZRT. 5, FER2KDI L, 1 KOEMHEEZ D &
BLZLIIZT 5., ZOEFEOERSDY O SHEMIC LI SE ThY, ST-EM
X (2.1) TRINBEHLDTHB. 4, D2 % M D? Oz FIEAIZE D m EHAIK
WEL TS, SEIIHINEER 2FEERFODT, ZTOHINHEIZIN>TSE 22200
VYy Rh=F2A$D2 ! D2 & D2 ! $D2 IR JAZeNTESL. Z0D S® D% HY
5222k 4RocEk BY L STEHT, BBz DY THEEHE DA TE 5.
O~ HDEERTHRKDEMmZITO T LITXD,

N(F)= D2! F'! D2

nEohd. 7z, $D2! D2 3 E), LOKREZTLLETE K DAY T 17 VHRD
SHMERIZ L2 TH D Z LITIERET D L,

N(E¢)= $D2! EZ 1 D?

BEonsd. [FERRIZ,
N(ES) = D21 EY | $D?

REoNd. mEIZ, SEVINEN(K) @ SEHIZ L 2#&IFE S-HOMEEZ S B,
Ho(SP\VintN(K),Z) =0 TH2Zeh5, (SSVIintN(K))! ST THEZ AR>S, DA
FoEREFLDBE, SYIFRODHEE DS D.

S*=(D23! F'! D2)&($D2! ES! D?)&(D2! ES! $D?)&((S®\intN(K))! Sh.
(2.2)

3. Branched twist spin (28 o 7%= Gluck twist

HI® T, branched twist spiniZih->7- S-EHIZ L 5 S* ORf#(2.2) % 52 7-. ZDFE

T, HMREUZE— AT EEE2 ANS Z 2T, b &bE4%BAARIZE 2, Gluck
twist 1Z & > TH/EHND 4 IRTE AR Z BARIZERT 5.

BOIZ S*omE e SHEHZEET 5. HuEEHOEHEATH S SB\ intN(K)
DFERE (Y%, X, D ZIRD LD IZED B, FHR $(S3\ intN(K)) DEEREE U T preferred
meridian-longitude X} (%,% % & 5. ZOBER $(S3\ intN(K)) ® S\ intN(K) ND
IS LTSS\ intN(K)) ! [0,1] 252, ZTOREREE (%,x,y &35, FEELT
$(SE\ intN(K)) 1 $(SE\ intN(K)) ' { O} BT 2EDET 5. FEE (%,X,Y &
SLEHDEEETH % h ZHWT (SB\IintN(K)) ! S DJERE (%,X,y, h A% S* D &

—HTBEIITEDS. THUT LD $(SE\IntN(K)) ! St DREERE (%, x,h HEF B,

FEERDEHETHS D2 F'! D2 OERIFIRD LS IZEDSD. 2 D0 4R0Ek%E
ZThZEN B, B L, (r,%) & (r,,%) 214 B AND D2, & D2 O &
T5. BEDPHIUKX, r1,r2,%,% O EZHEYNZEDIET I T, JEE (ry, %,r2, %)
MSPDEEL KT BEDICMBZENTES. £/, BRETHNIEB, & By, D
ZAF e ANEZBHI LT, LTEDZEEX X By DA HFEL, Eum Z@#D
B, DFUSAMBMS HaE LT (X 22 /&), ERIZ, (r,%) & (r,,%) 221
ZN By N D2, & D2 OIGMER LT 5. BEXRHNIE, ry,r1,,%, % O E % HEY)IZ
BWOBETIET, B (r,%r,%) BS*OfEe —HT2LICMBIENTE 3.
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0

Vi x S V, x BS

2:V,,! E¢ &V, ! EY EOJREEx

T2 )
C*
Bil V'I'Il X Ern Bg
Tll _—'(I:> \l, Tll

3: @Z*% r11r2ar‘i1r;ix
ZDLE, ri=r,%=%1="1,%=%&cn5ZxERELTEL (M3 x2H).

B2 $D2)1 ES ! D2 & D2)! ES ! $D? LM EED D, T o DRERIE E
TEDE B BE SFEINZLDTHY, ¥bob (%X %) THRIND.

PAEIZ & D D72k E -V TR D 8544 %% 2 5. Branched twist spin Df&E O
HfiZeftl % ik 5 &z, $D2! ES! D2 & (S\intN (K))! St Okh &b %aE 2 5.
ZNTNOE—AZFEHHPEPFEL T Y, £EHEIZ$DZ! ES! D2ZHNTIE %
HENZ m &, % A1 n AT 5 &5 eHMEAMFRTH 0, (S intN(K))! STATIXh
AN 1 AT 2 BB TH 2. ZOZ oM b EH g:$D2! ES ! $D2 #
$(SE\VINtN(K)) ! SHIZRD &S ILEEINS.

(%, x,h = g(#%+ nh,x," &% mh).

ZIZT, #,&IE m#tE+n&=1 2§73 8ETHSD. BE (% X% ZHONIE, gl
KD ESIZETB.
9(%, x,%) = (m%" n%, X, &%+ #%).

ZDEMSEFNT K™ OFECHMZER SY\ int(N (K ™") IZIRD 2%+ D.
ST int(N(K™™) = ($D2 ! ES ! D2) &, ((S®\ intN(K))! SY

FIkkIZ, D21 ES! $D2 & (SA\intN(K))! St Db AbEEfke: $D2! ES! $D2 #
$((SPVIntN(K)) ! SHIFIRD kS IcEHEIND.

&(%, X, %) = (M%" Nn%,x, &%+ #%).

BIZ, D21 F'1 D2 A3 ($D2! $EZ ! D2)&(D?! $EZ ! $D?) officRoh
2 LIlERETSE, SEVIntN(K))! S Db AbEid g & e DARBRILKRTH
ENB T eNbnd.
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ZNSDEEY EhEESREHWT S* OOfR(2.2) IZIRD & 5124 5.

S*=((D3! F'! D2)&q($D2! EZ'! D2)& »((D3! EZ! $D2)&,((S\intN(K))! St)).
(3.1)
ZZT, e lke% (D2 F'! D2) &g ($D2 ! EX ! D2) ANEHLRULZBRTH 5.
CZETOELRTS DNREHEZ BN TEEDT, LFTIEGluck twist 12 & -
THEOND ARTEED D IRIZDOWTHIT 5. ST Gluck twist @ EARM) 72 FR
ZH5Z2THEL. 2k CHDEHEOER L WA FHMHTH S S?1 $B? ZIRD 3 DD
HEERR T B L

S?! $B?=(D?! $I! $B?)&(S*! 1! $B?).

ZZTD?! $I! $B2 AL T, D? OERE % (r,9%, $B? O EEfE % [H U < M C

E3He, ST $B2IZBLT, H oD St OREEIE % = mko D $D? JE
B ZHWCRTIENTEDS., £/7, | OEEEZ x TELZLIZT5. BEEL
T, %3 S? LRI AT AR B, x 1% S? Lo TR BETH 5. T DR
ZH\WT Gluck twist ! = ( & (" 1 XIRD X S I12FE T 5.

((n9,x")=((r%" ")x"), (r%x")( D! $I! $D?

((%,x,)=(% "x" ), (%,x,)( S 1! $D2

Branched twist spinK ™™ {27 7= Gluck twist T 5% 4 IRtk % 1( K™")
THRTZ L 2L, K™ D Gluck twist 12 &> TZ{L L7z 2R FH %2 K™ TR Z
LIZEBE, (K™ & KM RO ESIZER 5N,

I( K™") =((D?! $1! B?) &g ($D?! 11 B?)& g

(D7 ! E,,! $D7) & ((S*\ intN(K)) ! SY), oo

K™ =(D?! $1!1{ 0})&($D?! 1 1{ O}) $ I( K™™),

Branched twist spin K™" [ZEZE NS & D K™ BMFEFEL, K™n 1IZiho7z
Gluck twist IZ &> T K™™ &¥i7272 2IRuA OENE 29 5. ZORUHZ K™ =
({0}! $1! B2)&{0}! EL! $D2)$ I(K™") LELZLIZT B, 2D s
I K™Y (3R e UTR%EME 2 DDFETHOM (I K™"), K™ K»™) 2D, Z0
3 DRI U CTIRDEBEA K D 3L D.

EE 3.1 (F.[4]). 32M ((( K™™), K™ KM™) & (W K™ mnm), K™™K 35
ELUTHAFRMETH 5.

AIERA DR -
Gordon 1% I( K™Y Ofpff%E 52, TOVY—ADREEE2 > F<{MOEXS I LT,
(K™Y & (K™Y RMAFRMETHL 2Rz [8l EH 3.1 1% S* D4 fE
B2 XL T Gordon D7 A T7 % —fifbkdT 52 kickoTRoNsd. BURTI, M
PWEEImIIRIEL T Ak L7z Gordon D7 1 7 2L, ifHZ 52 5. TH3.1

LI T K % 2k D? EXKAI$57-% B2 ZHWTW5.
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D FIRERTTBR72 K 512, branched twist spinK ™" [&xf& LT K»™ 2FfD. Zh
5D N(K™™) & N(K™™) 1% (3.1) ANDFt 5% HWT

K™"=((Dy,! F'! D;)&q($D7,! EJ! D)),

K™™=((D2! F'! D2) &g (D2! ES ! $D?2)),
YERINB. T, (K™ HTIENK™) & NKP™) RO &S IcEINn5,

Klm,n:(DZ! $I ! Bz)&id ($D2| | ! Bz),

K™ =(D?! $I1 B?)&, (D! EZ ! $D2).

X 32 DHEUDHEAZMOFEZ D Z LIk, IROXSIZ K™ K" 2#RKTZen
TZ 5.
K" =(D?! $I! B?)&, 1 (D?! |I! $B?),

K™ =(D?! $I! B?) &g ($D2! E; ! D2).
ZOHEORLY BRI £ 5T (K™ BE4DHMO &5 RAMER. 22T, kM

E(Km,n) E(Km+n,n)
——————— dpp2xorxp? -~ — = — — — — -—————-= 1
ID2><8I><B2 I D% x I x B? 'D2><8]XBZI—>
___________ , - rearrangement T
> POTES W
- TR - [ Xxs |

4: Decompositions of (K ™) and !( K ™*™m)

D) &) 1ED2 $1! B2X $D? |l B2 D AbEEH e’ & Glucktwist | = (&('
DEWEHTHELONZHEDTHY, ARO p & P IZRTcEINS D21 $1 | B2 e:
$D2 1 Ec | D2 DHED &bE 54 € & Gluck twist DG 1% = (%L g (" D
KEBRTH 5.

€' (%, %, %) = (mM%" (M+ n)%,X,&%+ #%).

ZDOANEZD GordonIZ &7 AT T7THY, KETHNIEE > LR ATY —
ADWOBEZZATO DN, SEIT@EFPZEZL T, Rf) L REBEDDHEDOKRT DA%
FIHL TV (FEfIE[4] 2 R X).

X T, Gluck twist [Zxf4 (involution) THBZ &6, | & 1% 374V b l:°/7’C~‘
HY, THIWEOE—ADOWMOEZEZIEK ODNHAMEZEZ W LIZEET 5L, X3.2
D% e DEHENS I K™ ) ORRE G2 TS, BLRIZ X b 272/ I K™n) &
I( K™t mmy QS FEFEPRES. X512, BIFEDE—=ADANZEZIZ L > T K™
WT K™ & K™ ERINTORFECHEI, | K™ e NTiE K™ & K™ e
RINHMECHIZBE Z b0 5. Lo TERIEKD LD, ]
ER 3.2, W11 TRBRRZE ST I K™™) & S* EMARMIZARS Z 23T TS
NTWaY, TH 3 1LIXZTORGEIHZ S 2 5. ik o1, 3. 1DOFEREEZEVIEL
HHATAZ LT, ((K™) X KO £ LLIE (K MaRMIICZRS Z E23hh
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5. EHE5055I12 Gordon DEGAICRE SN, S LM TH S Z LAVRE N
5., —HT5e, EH3ATIEK™ Om UPZETERWEDICEZEH, I( K™
WG S CRIEI AR SR AR T 2 2 25, I K™m) 1 {(S3,K),m,n} &
1 7D orbit data % H;>. Orbit data ® m,n (ZJEF X7 <, Z D orbita data 7> 518
TLEND 4 IRTCEHFARIID FMEZBRNT —ETH B DT, Gluck twist Z i3 %5 U H
EANBZLZLIZED, nIZ2OVWTHB(LZ2IBEILNTE 3.

X (3.2) ZHWVTI( K™™) DSEFE S P CTRIERNZ SIEAZ2HAT 52 L I3RD 2
545, Branched twist spin DEHED S S* DN EATH S K™ OGO HH
ZEfflTcd b (D2! E!,! $D2) &, ((S2\intN(K))! S Eicix S-EHAMPER TN TW
L. ZOERIZ I K™) NEHEIRT 5 Z 23T E, orbit data 1% {(S3,K), m,m+ n}
Thsd. LOFELLIE, Gluck twist (2 & D BEEMIZKSD XS ITEVOCHEZEZ T,
BIAFED XA TDAEEZ L. EHEILHS K™ OFEO HEfZMILFERHZ K"

E* jon

m-+n

X 5: K™™|Z# > 7= Gluck twist (2 & 5§ @22 24k

DFECHMZEMTH D Z LA bn s, HulZ=MN TR K™ EHIAGE Z,s -
A TLEESRDOHNESGL UTHBRINTWAZ R bhrb.
ZDIZEMPSIRDENRES.
T 3.3 (F.). K™= Kmm+n,
757 A4 N—EOHIZB LTI OEHA Plotnick 12k > THIS T\ 3.

EIE 3.4. JEHHL 27 7 A N—FEOH K IZH LT, ZOE/ Ka I —DAED
AEThHhNIE, K &K, 1ZELS.

Branched twist spinK ™" {7 7 1 N—fEOHTH 0, FHIZDE/ FE I —DH K
EmThHsd. KoTRDILENBHRED.
% 3.5. JEHHA% branched twist spin K™ 12X LT, m 2RFHTHIIE K™ &
Kmm+n (357305,

Z N E TOD branched twist spin D 3 ¥HIZ B9 5 Ze{7H%5 Tl%, Hillman & Plotnick
12 & B K IZHIBR % F% 1) 72 branched twist spin DJEHEAME: [6]%°, m 2B TH 2546
DHF %475+ 05 BILBRISNT WL 7223, ZEllE m BREHRTh 550
IR E252TEY, FEOHBBE VWD TORETH 5.

Z& 3Rk
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INTERSECTION SPACE COHOMOLOGY SHEAVES

J. TIMO ESSIG

Abstract.  This talk is meant to give an overview on the sheaf theoretic
approach to intersection space cohomology and discusses its advantages
and disadvantages. It gives a hint on the construction of certain inter-
section space complexes on toric varieties with Poincam duality for their
hypercohomology groups.

1. Introduction

Poincare duality is one of the most important topological properties of
closed oriented manifolds and does in general not hold for singular spaces.
The initial question of this talk is: Can we change the singular space (locally
near the singular set) to produce a space that has Poincar<luality?

This is done by the theory of intersection spaces: It assigns to cer-
tain types of stratiPed pseudomanifolds by a local spatial procedure CW-
complexes that have Poincare duality for their reduced singular (co)homology
groups with rational coel!cients. The construction is explained for spaces
with isolated singularities in [8, 2] and for general depth one spaces in [6].
For these types of spaces, the construction was modibed in [12, 14] to yield
actual rational Poincare duality spaces in the sense of Browder. For spaces
of greater stratibcation depth, intersection spaces were debned in [3, 1].

The resulting (co)homology theory (reduced singular cohomology of in-
tersection spaces) was studied independently using di"erential forms on the
nonsingular part or blowup in [4, 9, 13], usingL2-cohomology in [7] and a
algebraic approach in [10].

In this talk, the focus is on another approach to the intersection space co-
homology theory: Via sheaf theory. This was studied Prst in [5] for complex
projective varieties with only isolated singularities. The authors proved the
existence of a perverse sheaf that describes intersection space cohomology
and carries a natural mixed Hodge structure. They give precise conditions on
the self duality of this sheaf complex and the existence of a pure Hodge struc-
ture satisfying the Hard Lefschetz Theorem. For general pseudomanifolds

Date: June, 2019.

2010 Mathematics Subject Classibcation. Primary: 55N33, 14317, 58A10, 58A12; sec-
ondary: 57P10, 57R22, 81T30, 14J33.

Key words and phrases. Singularities, Stratibed Spaces, Pseudomanifolds, PoincasDu-
ality, Intersection Cohomology, Intersection Spaces, de Rham Theory, Dilerential Forms,
Deformation of Singularities, Mirror Symmetry, Scattering Metric.
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there cannot exist a perverse sheaf describing intersection space cohomology
because of the stalk vanishing conditions such a sheaf has to satisfy.

In the second part of [1], Agus&n and Bobadilla explain the construction
of a cohomologically bounded complex of constructible sheaves to describe
intersection space cohomology. They give conditions on the existence of such
a intersection space complex and characterize it by a set of properties. In
general, there is not a unique intersection space complex. We provide an
overview of these constructions and results in Section 2. It is not clear if or
which intersection space complexes are self dual. The non-uniqueness makes
it impossible to use the techniques for proving self duality one uses for the
intersection homology sheaves. AgusiR and Bobadilla give a partial solu-
tion to this problem for spaces with one singular stratum. They introduce
the notion of general intersection spaces and show that general intersection
spaces of complementary perversities are dual to each other.

In Section 3, we explain a construction of so called Kinneth intersection
space complexes for toric varieties (or other singular spaces with compatible
triangulisations for their link bundles) that respect the trivializations on the
link bundles of the singular strata. Those intersection space complexes are
then the candidates to give a positive answer to the self duality question.
This is work in progress and joint with M. Agust®n and J. Bobadilla.
Conventions and Notation: Throughout the paper, the terms Osingular
spaceO and Opseudomanifold® denote a Thom-Mather stratiPed pseudoman-
ifold, e.g. a Whitney-stratibed complex projective variety.

Following [11], the cohomology sheaf of a complex of sheaves* on a
spaceX will be denotes byH ¥(A ¥), while the hypercohomology groups will
be H(X :A¥). We work in the derived category of cohomologically bounded
constructible complexes of sheaves, which is denoted 2.

2. Intersection space sheaf complexes

Intersection homology by Goresky and MacPherson was one of the brst
approaches to re-establish Poinca«duality for singular spaces. Initially
invented to dePne characteristic classes for singular spaces, it became fa-
mous for its impact on singular topology and singular alegbraic variety. A
sheaf theoretic approach to intersection cohomology, motivated by Deligne
and introduced by Goresky and MacPherson in [11] has been used to prove
Poincare duality and topological invariance of intersection cohomology for
topological pseudomanifolds. It also led to a proof of the Kazhdan-Lusztig
conjecture via D-modules, relating representation theory and intersection
cohomology. The axiomatic debnition has another advantage: It makes it
easy to check, whether a new approach computes intersection cohomology
or not.

With these promising results in the back of oneOs mind, an analogous sheaf
theoretical description for intersection space cohomology is desirable. Here,
I want to highlight the approach of Agust®n-Bobadilla in [1]. Based on their
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iterative construction of intersection space pairs, they derive a constructible
complex of sheavesiSi; and show that its global hypercohomology is the
cohomology of the intersection space pair, see Section 2.1. Moreover, in [1,
Section 6], they introduce a set of properties, called thés*;-properties in the
following, mimicking the axioms for intersection conomology of [11, Section
3.3]. A sheaf complex satisfying these properties will be called amSi;—
complex. There are three main di"erences from intersection cohomology:

(1) Except for the case of isolated singularities, ariSi;-compIex cannot
be a perverse sheaf complex.

(2) The ISﬁ-properties do not bx anISi;-compIex of sheaves up to quasi-
isomorphism.

(3) In unison with the other approaches to intersection space cohomol-
ogy, there does not always have to be amSi;—compIex.

In the following, we use the notation of Agustn-Bobadilla : LetX 9 be a
Thom-Mather stratiped pseudomanifold (e.g. a complex projective variety)
of dimensiond with Pltration

X:Xd! ngz! . Xo! Xglz"

Let Ux := X \ Xg  with open inclusion iy : Ugx ¥ Ug+r and ji @ Xar i\
Xa k1 ¥ Ugsr. Let further @ denote a perversity function in the sense of
Goresky and MacPherson andygts dual perversity.

2.1. From spaces to sheaf complexes. Agust&n-Bobadilla construct in-
tersection space pairs (PX, 1 PX 4 »), where Xq » is the singular set, by
iteratively replacing link bundles by their bberwise homology cotruncations.
The existence of such an intersection space pair is obstructed in general and
each choice in the iterative construction of the pair might a"ect the follow-
ing steps (in the spirit of obstruction theory). An intersection space pair
always exists for toric varieties or other pseudomanifolds with compatibly
trivializable link bundles, see [1, Theorem 3.30].

To assign to an intersection space pair a cohomologically bounded con-
structible complex of sheaves orX , with hypercohomology the cohomology
of the pair, Agust®n-Bobadilla dePne an increasing sequendd®{* X, | P"X 4 )
of modiPed intersection space pairs which are all contained in a certain ho-
motopy model" : X" $ X of X . Loosely speaking, for increasina, the re-
placement of link bundles by their homology cotruncations is done on smaller
tubular neighbourhoods of the singular strata. One then debnes the sheaf
complex K™¥ as the kernel of the induced map of#” : IP"Xq » ¥ 1P"X
on cubical singular cochains with rationals coelcients. Since the sequence
of modibed intersection spaces is increasing, there are canonical morphisms
inuN2 - KN2¥ # K N0¥ for ng < n,. This gives and inverse system and one
sets

ISg:= "4l K™Y,
n$N
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Agust®n-Bobadilla prove in [1, Theorem 5.16], that the hypercohomology

groups of this complex are the cohomology groups of the intersection space
pair. For the whole constructing and proofs of the statements, [1, Section

5] can be consulted.

2.2. An axiomatic approach to intersection space complexes. The
cohomologically bounded, constructible intersection space compleieij, of
the previous section satisbes the following set of properties:

(1) 1Splu, = Qus,

(2) H'(ISg =0for i {{ 0,1,...,n},

@) H' (jf1Splu,,,) =0 for i * a(k),

(4) the natural morphism H' (j#I1Sglu, ) # H' (i fiuISplu,) is an iso-

morphism for i > g(k).

From now on, any complexB¥ ) D 2. that satisbes these properties will be
called an IS*,j,—compIex. These properties look similar to the axioms for the
intersection homology sheaf of Goresky and MacPherson, see [11, 3.3], but
there are two major di"erences: The intersection homology sheaf always
exists and is (up to quasi-isomorphism) uniquely determined by the axioms,
while this is not true for ISij,—compIexes.

Agustdn-Bobadilla also give a construction ofSi;-compIexes that is inde-
pendent from intersection space pairs (and their existence). That approach
is more general (see e.g. [1, Section 9.1]). Their construction is inductive,
starting on the regular stratum. In the k-th step, an ISf,—compIex (ISf,)k! 1
on Ux can be extended to a complex satisfying the axioms oty if and
only if the following distinguished triangle in the derived category splits.

. . - 1
Soqeio) fika(IS Pk 1 — [ fika(IS Pk 1 — $ o] fiks(IS Pt 1 =Y

If this triangle splits, one has to choose such a splitting to proceed. The
obstruction at each step might, as for the construction of the intersection
space pairs, depend on all the previous choices. X is an algebraic variety,
Agustdn-Bobadilla show that the construction can be lifted to the category
of mixed Hodge modules onX: If an ISi}compIex exists, it is a mixed
Hodge module, i.e. its global hypercohomology groups have a mixed Hodge
structure (see [1, Theorem 8.3]).

Agust®n-Bobadilla give necessary and sulcient conditions on the exis-
tence and uniqueness of ansﬁ-sheaf complex, living in certain Ext! and
Hom sheaves respectively, see [1, Corollary 7.6]. It follows from [1, Theorem
9.10], that spaces with isolated singularities have a unique intersection space
complex.

Concerning Poincare duality, Agust®n-Bobadilla only have a partial an-
swer. Although the Verdier dual of an ISi;-compIex is anISi;-compIex (1,
Theorem 10.1]), this does not imply global Poincare duality. If an inter-
section space of a two strata spaceX 9 of dimension d with singular set
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X a1 k exists for a given perversity g the intersection space complexeskSij,
are parametrized by the vector space

Ep = hom ($ g ki i1 k#Qluy » Svegi kid it k#Quy )

(see [1, Corollary 7.6]). An eIementISij,) Ep is called aGISg or general
intersection space complexof X with perversity @, if the hypercohomology
groups ofISi; are minimal compared to the hypercohomology groups of all
complexes inEg, that is dim (H'(X, ISj) = min gege, H' (X, S¥). Provided

the existence of such &GISg IS¥, Agust®n-Bobadilla prove that the Verdier

dual ISg := DISg&d] is a GISg, with g the dual perversity of g and that

there is an isomorphism

H (X, 1S¥) = hom <Hd! H(X, |S§),R>

of Q-vector spaces for alli, see [1, Theorem 10.6]. It is not clear, what the
conditions are that determine the existence of such &GIS g-complex and

how it can be constructed. It is interesting to know, whether the intersec-

tion space of Banagl-Chriestenson in the setting of [6] or the intersection
form complex #I; of [4] give rise to GIS g-complexes. In the following, the

Poincare duality question is discussed for toric varieties.

3. Kwnneth intersection space complexes for toric varieties

The purpose of this section is to introduce speciaISi;-compIexes for toric
varieties and other pseudomanifolds with compatible trivializations for the
link bundles, that respect these trivializations.

3.1. K4inneth intersection space complexes in depth one. We outline
the idea of a Kunneth intersection space complex for a two strata pseudo-
manifold Prst.

The setup in this section is the following: Let X9 be a d-dimensional
stratiPed pseudomanifold with Pltration X = X4 ! Xaq =Y, closed in-
clusionj : Y # X, andlet U = X \ Y with open inclusioni : U ¥ X,
such that there is an open (tubular) neighbourhoodY + TY + X that is

trivializable. That is there is a stratibed isomorphism $: TY é Y, Z
with Z = cone(L) = 2 -{ v} and inclusionsiz : 2 % Z andj,:{v} ¥ Z.
Let Y % Y , Z & Z be the factor projections. Let further Y =TY\Y
denote the tubular neigbourhood ofY with the singular part removed.

The idea is: By [1, Corollary 7.6 and Theorem 9.10], there is a unique
intersection space compleﬂSﬁ(Z) on the coneZ for any perversity g that
is there is only one splitting of the map Sygr)jvai i5,Qa # Jvaivia,Qa-.
We use that fact to construct a unique intersection space complexS ,(TY)
on TY and hence forX (since it must be the constant sheaf onX \ Y) for
perversity g which is compatible with the trivialization $. Its Verdier dual

97
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(which is an IS¥ complex) will then also be compatible with the trivializa-
tion, implying the duality IS¥ IS¥[&d] Compatibility with the trivializa-
tion means that the complex pts |nto a certain Kunneth structure.

DePnition 3.1.1  (K+4nneth property and structures). A sheaf complex< ¥)
DB(X) sgtisbes the Kdnneth property with respect to the trivialization

$:TY& Y, Zif thgre is exists a sheaf complex.¥ ) D 2(Z) and an
isomorphism%: K ¥ty & $#'5L¥ Atriple (K¥ L¥ 9 is called aKdnneth
structure for K ¥,

For example, the constant sheafQx on X has a Kanneth structure. There
is a unigue complex that satisbes the propertles of ar8¥ -complex and has a
Kdnneth structure (IS¥ IS,,(Z) 9, WhereISp(Z) is the umquelS¥ -complex
on the coneZ, which is compatible with the Kanneth structure of the con-
stant sheaf onTldy . We want to elaborate the construction of such a complex:
By [1, Theorem 9.10], the coneZ, which has only one isolated singularitiyv,
has a unique splitting & : jy4j fi@#(@g # gy val fig#Qﬁ. Together with
the canonical adjunction morphisms related toj and j, and the natural
Kunneth structures of ixQu and jj *i#Qu, this morphism bts into the fol-
lowing commutative diagram, where the dashed arrows are induced by the
other morphisms.

i¥Qu —— $* 2'2#(@2 ~_ Tl

(1) l |

& wnw Tu R I
j# ¥isQu — $* glv#lff'z#(@z — $# 2$%q(r)lv#lv #.Qs

We set IS¥ := cone(' 1 )[&1]. By the same arguments as in the proof of
[1, Theorem 7.3] (see p.39 therem)JS¥ satispes the properties of anS¥
complex. By construction, it has a Ku-nneth structure with

ISglry =$ 3 cone@®) =$ ™ 5ISg(2).

We do not provide the arguments that IS*,; is unique up to quasi-isomorphism.
To prove Poincare duality for the rational hypercohomology groups oflS¥,

one shows thatDISi;[&d], where D denotes the Verdier dual, is the Kanneth
intersection space complex of the dual perversitygg

3.2. Compatible systems of trivializations in depth two. In general-

ity, compatible systems of trivializations for Thom-Mather stratiPed pseu-
domanifolds are explained in [1, Section 3]. Since the notation in the general
case is rather involved, we focus on the special case of a depth 2 pseuod-
manifold X with Pltration

X =Xg! Xagrm! Xari
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and three strata U = X \ Xgim, Saim = Xarm \ Xg 1 and Sg | = Xaqr 1.
The Thom-Mather control data provide tubular neighbourhoods Ty m, Tar |
of the singular strata that have a Pber bundle structure

(aom:Tam# Satm, (a1 :Ta1# Sai

with Pbers cone( g m) and conel 4 ;) (and suitable transition functions),
such that on Tqi . Tg it holds that (g i/ (gt m = (g 1. A system of
trivializations for such a space is a tuple of Pber bundle isomorphisms

&
%dtm )Tam& Lam, Sam,
&

%gr 1 )T 1 & Lari, Sa i,

where the bundle projections on the right hand sides are the second factor
projections. Note that the link Lg | of the bottom singular stratum is a
singular space itself with singular stratum S- and link L m. The system
of trivializations is then called compatible, if there is a tubular neigbour-
hood T} | of the singular set in Lq | (dePned by % (|1, ,) that has a
trivialization

% )T 4 gL st

0 d | d m
such that the following diagram commutes:

"l
)Ta - )Tam ——5—)Th,, Sa

&J/" (i—m,l &J/" L' id

id' " |
Lam, (Sam-)Ta) —z— Lam, S*, Sai

As an example, the torus action in toric varieties always induces a compatible
trivialization for the link bundles.

3.3. Ktnneth intersection space complexes in depth two. We use the
notation of the previous section. To generalize the construction of Kianeth
intersection space complexes of Section 3.1, one uses an induction on strata.
Starting with the constant sheaf Qy on U, one Pbrst shows that there is
a unique Kwnneth intersection space complexg |IS§, on X \ Xq ; with a
Kdnneth structure as in the depth one setting. Then, one proves that there
is a unique ISij,—compIex on X extendending g |IS§ that has a Kuanneth
structure (IS g, ISp(Lar 1), %, with I1Sg(La 1) the unique Kunneth intersec-
tion space complex on the linkL 4 |. Note, that the two K-unneth structures
can be chosen compatibly since the trivializations are compatible. After-
wards, one proves that the shifted Verdier duaIDIS*;[&n] is the unique
ISf,—compIex with the above Kdnneth properties.

At the end, the uniqueness of the Kdnneth intersection space complexes
and the Verdier duality theorem imply Poincare duality for the hyperco-
homology groups of the Kunneth intersection space complexes of comple-
mentary perversities. These ideas will be explained in more detail in an
upcoming article.
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Topological invariants and corner states for some
Hamiltonians on a lattice

WO (FEHEATA AT - AT R PD)"
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CHBEARIINT S PR Y —2FE T 5. (EiR) bRT YR Vifiigiko
ML B L T, RIZRUOL2DADH 5 RFFAD N Ra Yy —2EHL, £D
MEFZERT 5.
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1. 8=

YIEIBLZIZ B WT, PR Y = EERKEH 2 RZLTWES. Wb 5 (JAFED) bR
0 Y AOVAEARY I R, ROUOGE NMETAEI NG M Ru Y — (AL E)
WIET 5. o OYEIZ V7 HEHiATH DD, TO ARy —%2 KL THN
B RMNZJFHE U 7= FIEE (T y DR [T X D RMD H LB EITIRD S LD
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IVAETRRAR D JEER 1T & U Tld Klitzing 512 X 2 & 7R — VIR OFE RN H 5. Thouless—
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2.1. Toeplitz {EF %
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C\{0}DODEHH DEHEL.

3Kitaev 2 & - THEIZ K BEHiRAH W 517z [11, 5]
ABTHRARB EDIC2WTT FTAA L TIRTEZ FA AN EIFIENE H B2 T ADRICR->T WS, E7-
Ml SRR % £ D LA B AR D AR R, Z DEERI T 1 T4 T 2N T 5.
SERHF P g 12 &5 My @ compression T 12(Z o) EOVEFHFE T, 25 Z DB, Pr oM §Pr o & KT
5ZENEWV. AFTH ZOXRGLEEZFRAT 5.
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index(Ty) := rankcKerT; # rankcCokerTy
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HEEFEHRT? $ Herm(V), (&9 +$SHA(&, ) 2FE X 58 T*DH/MTHA&, ) Z/EH X
¥4 LA(T%V) EOEHFRIL, Fourler £# 2 #8H U T 1%(2% V) LA FHIEH 1%
EFEHAZ2TED 5. BEROENERRLE LTZ2 2NNV IDETIVERZL, 22Tl
HAZNILINIWMZT VWS NI BB ZFEDMEIARTH L XS5 HRDNI
W=7 VR RHITEE, IRODIEZES .

RE 3.1. HA 1ZA] 3%,

ZOREDE &1Z, FZr (&) ! T2 L, TV I— MEAZEHA& DAY ML
sp(HA(&, D) IZ0Z2EE R\, fE-5T, HFRTHA&, ) DEDEAMEETIINT A
ZEEDEMAN Y FIVERER(&, ) ZHLD , /XT A —RZEHT? ETXZ MVERER(&, Y
DifizEz B, RSV 7 DEHERZ MIVHRER$ T2 5N 5. EgldBlochRe
IEIE 5. Bloch HEp O i— Chern # 10 % & 2 FHAMIRARIN 72NV 7 DAL R E AL,

8ZZCHerm(V) &V EDTIL I — MEHEIRD 723 72R.
SPIZIFATDIRDI?(Z4; V) LOEFRACHEMEHIREEE XS (22 TIX(Z%5V) DIL# = {#a,y} (2222
XV DIi#,, DFIT | |#eyll} <’ Z2HZTEOLHZLTVD).
’ $

(H# )2y = Ap.a#aspysr (Apg! Endc(V))
Pnite
72720 (O 7=dI12) HRAD (p,g) ! Z2 ZFRVTA,,=02T5. ZOLEH Ex &y AAOI
HESEFAZE L A TH D | Fourier 2T & > Tt G4 T $ Herm(V) 2 5%, 4 DETIVIZEE N
5.l UTiE 1R+ 7 =)V I A4 VD tight-binding NIV =T VA3 5.
PT2omEiE =20 TOMEDETEDS.
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NIV ZHEH LR, Z0&EIE TKNNE L SN TWw5 (18]
3.2 (VL7 K, TKNNE). | 2228(HA) = ¢ (Ep), [TH-! Z.

NIVININNZT VU EEGEHRT? $ Herm(V) OHIPFINTHEBREL TS & &, )
E 31DPMEIZN AR D IIM)IET % Bloch RIZFFLT, > TNV ZHEBIIAETH 5.

WRIZTZw I %EZD. B4 Fourier 2HUIZ K> THA %2 T TNHRIA—XFHFE Nz
12(Z,V) LOEFEH S HESAEHZEDHE{HA ()} her (ST 5. 2 2T Toeplitz fEH
ROME{H (1) = PogHA(U)Psobier 2H A D, ZHEIYININMZT Y LIF
SE2ARED S, TOWEIFT T/NT A =X A1 7z B A% Fredholm fEFHZR O /EH
RVLZET D#METH D, ZOBEDANRY MV, T8 BIE{H G, (1)} er DA
RIZPMVEODRX %, BEELRXDOHEHLIADTRHENETHAZHD (TOME
WXL, 0 LENSEIIRDERNZ +, ENPOAIIRDLEIRXX % # THAD), Ty
%=t @A PSS
3.3 (T VIRED. 1 i (HA) == sf{HA, (Dher ! Z

BRI, HBH ! TIZDOWTHy,, () ODEHAHEODEARZ bb (T v DIRE) 2
FIEST 20T, Ty VBT y VREBOMEB 2SN ETHX LT DLEE X 5.
Ty VBP0 THRTINE Ty DIREBWEET 5 Z LIRS 5. LD OE &1,
SNVT - Ty UG (O M ARB Y =1 fllE) 1k, LROEE TR 515,

EIE 3.4 (N - Ty VHIE). |t (HY) =120 (HA).

WHoTNI 7D RMROY—ERMLT AN RO AILRIT Yy DRENENS. LD -
Ty VXG0 EFLOE AL & FEHIE Hatsugai 12 K 5 [6]. £ Z Tld Kellendonk—Richter—
Schulz-Baldes[10] IZ & % Toepliz /D 885w & W 2Rt 2 /9 5. RO
IZEHT 5.

Ko(C(T3) K (K(I2(Z59)) . C(T))

q!m, L
AZZ
ZOLERIFLATTH S,
¥ Ko(C(T?)) £ 2kt b — 7 ZDMAMM K HERKO(T?) LA TH O, T2 EOARR
TV IEHERT MK TH 5 Bloch HEg 13 Z DK DG [Ep] 2D 5. ¢ 1 T?
FOBERT v I HEFERT MVHRIZZDHE— Chern & WH S & 2 HHEREL {5
T[Eg) Dy 12 & B4 28850 DAHA) Th 5.

¥ 12(Zso) EOF R H A% Fredholm fEAFZE D 2KRZER D, bR B Y7L
FEE B — D DEFE RN & FredS? (12(Zso)) £E L 1B, K(K(1%(Zso)) . C(T))
&, T 25 Fred$® (12(Zso)) N D EHRD A E b ¥ —H [T, Fred$® (12(Zx0))] 12
ARTHD, ART MVRDBER D ZANDEREVRHEH. Ty ININV =TV
{HEAdge(t)}tET X2 ZDILEED, BAEsfIZL > Ty VR EQQS(HA) IE%.

U2 2GS OMMBALD = DITI12(Ze 0,V) =12(Z0 o). V EOMEHZEP. o, 1y P g & EL UTF, &
LHFAZ D W TIEARR DKL 2 T 5.

RHA % 70 ol Z 1T Dirichlet BER &2 FIWTHIR S 2. T VIZiR D y BlG AN IEAERE 2D T,
%@ﬁrﬂb:%ﬁﬁj\FourierE@bf:%@ﬁf{Hédge(t)}t#T f&)é

BAEMARZ LA # ,0) & (0,4 )DELLITHEEENDZ I LDRWVIZ(Z o) LD HCHE
Fredholm fEfE R 57255 D. fEFAZ / VLA THMZ AN S . MiFHN K L BED FEZEM % 725,
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¥ # 352 (1) I2C(T) 2 T v VI LTHELNI R MZFAMNET S C ED
K P G oD 5 SR UE [] Y
CZTCEAOMANAHTH D Z DS EH 340D
3.2. 1RtV 5 R AIII
AHITIEV BRI SIZZ,-RBEFOL TS, T hbbEZMEEHRIT VS V Tho
TP =145300526N07289 5. @EEHTS Herm(V), (&, 1) +$HAL(L) A
Fourier £t % RH L CED 5 12(Z; V) LOH O EHEZE2 HAL b E & N1

ININ =T VR &2 V) BIZ& T 7 A N=~DIERIIZ & > TR U 72 /F
AZZHVINTRTIEDET S, ZD& IROINEZEEL

RE 3.5. (1) HALEA[H, (2) HAT & IT 1 Al 4.
BAIDOZMIE NIV T 03B B FEOMIGIA R E T IV OEFRIIIGT 5. BEDOSMIEHAL

MAA ZIVHIE L FHEN S H SO BT AR RNFWERZ R OEATH D 5 2D

A TIERZ LR, 774 ZIOVFRIEIC & 0, HAT [ZIR D off-diagonal 2L IZER S 5.
% &

0 h*
HAT =
h 0
RAE 3.5(1) KO hdAHTH S, HEEHRT S C\{ 0}, t +Sdet(h(t)) DFEHED # 1
%% ZDRDNIL T IEE L R,
3.6 (VUL 2. | 2 (HAT) = # Wind(h).

RIZ, Ty YDETIVE LT Toeplitz fEMIFE HEL, = PooHYM P 25 X, v I
SNE=TVERR Ty ININ =T VIRITERKABTH Y, ED 5 Hl,, P T
D off-diagonal B/} PsohPsg (X Fredholm fEHETH 5. Z DM E Ty VIR EITA.
3.7 (T VIR, | g, (HA) == index(PxohPs,).

IEHEL, & XA 7, ARIRTTR 7 VAR Ker(Hpq, ) (EA L, €O BRI
1?%5.IvV%ﬁ@H&Mﬁ%ﬂLHEﬁ%ﬁ@ﬁﬁ#%#lﬁﬁ%%@ﬁﬁ%m
Wz b DIZ—BS 5. o Ty VHBIIHAL OREAE0DEARZ b (T IR
) O E HOEHIZ LB EMETHAZHDOTH Y, Rz vy VIRED 0 TR
METy DIREVFHET D, 2D DL D LD,

EIE 3.8 (/N2 - Ty URHE). | o (HAT) = | g3 Al (H AT,

CHUEEHR 2.1 (2) D32HITOREMMNSEBIZH S . ARTE LS - Ty I

(B 3.4, 38)IT K D HWZHEL WEKEZ, 2h il DAHA) & | 1DAT(H AT @ L9

4. A—F—0OHBRICHBIFB hROY—ENLI Ty Y - O—F—RtIS
UTRTH2DE D RIRG2DM R DR %im S 5. 4, bEDORNRIE 7] 12HED L.

We(T) M C! B0 Tretz Ao,

BhAt INHFMEEZEDRITAILE WD 7 7 AZHHEI NS, FHIAFREZ EiE L2 W3 1o r —A
Z7 7 A AT I NS [14].

B 3.555 V MBI TRITNIER S RN L ITHEET 5.
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4.1. BE

HHEHR T $ Herm(V), (&, (1) +SH (&, (1) 225 12(Z3V) DNV I NIV =T v
HZZEZX%5. RIG2DH%ZRDORELTH2D LS 2R%E%E Z 72\, #85 Fourier &
HIZ X -T2 V) EOEHSBROBR{H (Dher 2% A 5. HY :=H* . V & EHE, [k
IZHS HE* 258892, 205D EADNILZ NIV R=T U H(t) D compression %
MEZLTITYYDETINEIA—F—DETIVEZEATS. FTTYIDOETILVEEA
T5:

Hige(t) == PPHOP* H $H §, HE (1) :=P*H({t)P*: H{ $H .

INSOERECHEEAZEEZTIYINIINZT VLR RIZIA—F—DET I
=1 .
2EHAT S Gt

Corner

(1) :=P**HM)P*® H{® ¢ H{®
HES ()2 TI—F— NI h=T Y LR

ARTIEATOREEEE, Tl EH#HiRT 5.

RE 4.1 EEOL! TIZHL, ZODZy YNNIV ST YV HEL (1), Hig, () 13352
A THEETS.

ZOREDH ETRNVININVI=T VHEAETH S, o THRAMNEETS
RBFNIW I B ZDDIT Y VEMGHENLREETINET D, ZOREDE &I, AR
TODOMHAZERZEHL, TOWEELHRE#ERT 5.

4.2. N)VI Ty IREE
FTHHFR_DODTYY (LN 2) NIV =T v EHWTMNHAEEZEHT 5.
SOOIy ININV =T VHE (D) & Hﬁdge(t) F2NIVZ NIV =T Y H(t) D com-
pression & L CREFZINZDTH o7z, 0T #(HE (1) = H(t) =" $(HY,,.(1) T
BHY, RT (Hi (), Hpg (1) XMy (S*) DT TH 5. MK g: R\{0}$ R%Z
# ,0)DLETIXL (0,4 )DOLETIF0ASHDETSH. TDE E continuous functional
calculous IZ & > TLAF DS R FONS.

P:=g(H g Hiage) ! Mn (S C(T)).
ZINOAHAZEZLLTOCEROK HEDme UTEHRT S 1718
EF 42 (N7 Ty ORER). 1DAH) = [p|! Ko(S*®. C(T)).
4.3. O—F+—1EH

RIZA—=F =NV =T v EHOCTMHRERZERTS. 22T, "(HES L0) =
(Hige (1), HE g () IEARE D 5 My (S*8) DFHTETH U, fito TEI 22005 HES (1)

Corner
IZ Fredholm {EETH 5 Z L 202 5. H 4% Fredholm MEFISEOESHE{HES (O} ier

MOHARY MVRIZ & o TREBIEDMHAEE 2155, ZNE2WVWEOEDDOARLE L
EHRTD.

TC'BAITHL, K BEKo(A) X, A DITFIBRM . (A) DEETT (T72b5q! M, (A)Tqg=d =@ 7%
%50) = b DEA (N IMEED AR E & 5) 1[I AR E AN TERS NS [12].

B3 1TV I8 % 5 2 72 Bloch Eg I3IRD & S IZHETE 5. g(HA) 1M N (C(T?)) DEFILE E
D, H>TC BBOK BEK o(C(T?)) DitaED 5. DT K B DRITIK o(C(T?)) = K 0(T?)
&> TBloch HDZ F A [Eg] IKHIET 5. ZOEKRTNILY Ty UREREDEEIX, Bloch HHE
2 KOT?) DILOkEf%E EE 725 DTH 5.
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EH A3 (T—F— ). 122 (H) = sf{HES  (Oher ! Z

Corner Corner

EHDPS 00 (H) P ERTRINET—F =N I =7 Y OEAE DA R 2

MV (A—F—RE) BEETZ Y. o Ta—F—fiia—F —REOHEBETS
NETEEELADTHA EIT/-HDTH 5.

4.4. H8E

e es] (2)I2C(T) 2T Y IVLTHRONDREERINCFEMES 5D C* EHO K HEmD
6 TEHTE 25| DB FHER T #,: Ko(S* . C(T)) $ K (KH*®). C(T)%2%x5. ki
D DDMMHAZEEDHITIZA T ORBEFRYH 5.

FIE 4.4 (H. [7), SV2Z Ty - a—F =K. sf &#H(1 2D4H)) = 1222 (H

Corner ) .
Proof. A—F =3IV =7 2 {HE  (Oher 1& [T, Freds™ (H*$)] = Ky (K(H*$) .
C(T)) D% ED DD, fit > TEHRHERA 2L >TI DA H)RZDY 5 AIZES

L EENDNITE, THIXERAERE 4 OEB» SR TE S, O

Mo THHEIBHFAMADNILIETYIDMROY—%5KRL T, TOEENCRT LT
TEEAR O —F—REARN, I—F 2B 2EEEAIIRS5ES.
ER 4.5 AROHERIX, NIV Ty U BIZ BT B [10] D <3 H U, Toeplitz /EH
FZORD Y IZPmE Toeplitz EHZEZ W -igmz2EBHI A2 THONZEDTH
5. X HITRIRTTTH K ERIGE DI P\ % ATREIZ T % & B FED Toeplitz /EFHEDFEEL
BRERIZ (4, 3] 7 CTRIE AT WA 2
HER 4.6, BMADHBETIENIVININ ST VIEA[HETH 5728, 3.1 Hi & FRRIZ VL
TDARERRBEZDHINTES. BRKIZ, T3 £ Bloch % 3.1Hi& FRIZEREL,
Bloch HASED B KT = Z* Z* Z* ZDi%kEZX5. —2ODZIEBloch D 5 >~
ZIZHIGEL, D D=DD ZIZHIRT 53507 DAZERIL (3IRITET T A ADRD) G5
BELIENSG. BLZDINED FTIRHEZDOP[ALRIFIETOTHL I EHIHATES
[7]. ZOEKT, AROI—F —IZBE L7z MRD Y —0ELE, R0 M ROY AL
HORMROY—IIR L THIERMNA MROY —DOFRLAEMNITONS.

5. BEEBIOERE
BIEICRER U722 —F —IZBH U AL R OIEA R BRI OMEKEEZ 5 X 5. K
HiTIES =0, %=" &7T5.

12(Z2,Vy) EOERFZEHA %2 2T 7 A A D N EB Y AIVIIFRIAD /3L 7 8 )L b
=7V (B1HiBR), 12(Z,V,) EOERAFEHAL 2 11R56 2 7 A AL O bR Y 77 )Uififsk
DNV ININ =TV THA ZURFMEFZIT TERZA NS HD (32HiBR) &F
5. ZZTW=V,. LB ZNH2HWTUTIDI2(Z2, W) EOFRE DI
HEEZEZEHET 5.

H:=H". II4+1. HAT

Fourier Z2#1T12(Z% W) EOERAZEDOHE{H (t) = HA(t). TT+1. HAL} o IZ0fi#S 5.
EHE 5.1 (H. [7]). EREONINVI=TYHIZHL, BARARELD 2D,
V- ZCORBEIRILY TAA LIFENEREEZL TS ZLERBL TS

202 ZCHE {Hmer (D} e Y Fred?™ (HOP) KA S BV B H D324, TOHEIF 152" (H) b
(02 H)YH0THD. 2 TIIEAPRESE2BRNTHRT S,

Corner

A 72 UARIROE 2 DIGE DOFER [13] LIRS 2 &, ZOHAEDADHRIZFHIRRIZB SN TN S.
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(1) Ft! TZDODT Y INIV =T Y Hp (1), HEg, (1) E 3w,

(2) (1) &0 3—F—HEEMEHIND. I—F—HRFHA L HA O bR Vs
BEFWTIEDA (H) =1 DAHA)QIDATHAT Th 2 5h5. 22 THDIE
TODEBDH.

Proof. (1) %t ! TIZHRUHE, (1) DA TH S Z & 25RF. Hilbert 2R DRI H =

lz(ZZO;Vl) . |2(Z,V2) 6:c]: D,

Hige () = PCH (P> =HE (1), T+1. HA
ThHb. IO Frrdr HEHM IO T
(Hiee(1)? = (Higee(H)? . 1T+1. (HA2

(Higge(0)? ( 0 (HA)Z2> 0 & D (HE,. (1) > 0. > THR, () 1FAH. HY . (1) D
AV FRRDRIZ K > TREIND.

(2 HA L HALZNZND Ty HREE! | | 12(Zsg; Vi) &1 oL 12(Zsg; Vo) D3 o T2 &
95, bbb, HHt! TIZDOWTHL, () =0 HML !, =04 YD, 20
L&

Hema (1 12) = (Hige(t) . IT+1. HEL)( 1. to) =0
ThHhh, HAHA ZnZhOTy VREDT VY IVEIEa—F—REE2 525, —FK
TZIZITODETNTIRI—F—REIZZY VREOT VYV ILVEOKEME L THTE
INZZeWbrsd. HDa—F—REOMEKE HA, HAY O v REDEE % (7
BIZEREL ORI 22 TR AVBFLNS. O

EH 51 2HWEZ T, kD ROV NVAH DO S BARFI 2K TE 5. FEE
D ERBNL (7, 8] ¥R BRI NN,

FERE 5.2 (H. [8]). TZETO#mMIZI—FT —DAEN 180 E X D /NI WA IZR> T
WA, K3EKD LD BAENISVEL D KERMMADBELARIZER S Z LN
TE5. ZOBRDOMIZHT 2 H BFED Toeplitz EFEIZH L THEH 2.2 & [AkEDHE
RBOBEONS, AE 4.1 O R THR AT 2 3 —F — BB HRICERI NS, 22
TP (L) & MELA O 3 —F —HREOMIZIE# 1 OB D 2D Z L AUR
NG HOTNVININVITUVERFEELUTCHDIVIREEZ DL 2FEXDHL X,
a—F—EEIRICIG U TELT 5.

6. IGABI : BR MRO Y IV

hARBT VAV 3 —F —REER RO R, WIMEYEE TRER M RO S HILIERIE L
IFEIE [15], IR ACHIZE R I N T WS [2]. ARETIE3RILY T A A TRIRGL2 D
D—F—%2FDOREW o720, 2IRGTRIRG2D I —F —%2 Kb, I 5123280 &5
ZAATIVHMMEEZRD 7 T AAIIDREZEAS L, BHHED I —F — R EER S
, I—F—IZBE L 72 MR V=2 oW RO % BT 2 2 A TES (8] I
Fi#il & U T, Benalcazar—Bernevig-Hughes ® 2 {RIGE TV [2] 1£77 4 TV KFEZ & O
ORI RS, EEIZa—F —REZ O, ZDZ L 24 DFIETHHT 2
ZENTED. TROEEH 5.1 LHLOEMRZ HWT, 3—F — il KEIZER L,
HEAWUTH L LR TES. 2K -T2 OEF VDD I —F —RIEDHH%
2D NETY—I2DWT, A1 T IVHFREDEEIDE S 2 2 7525 72 [8].
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On the topological regularity of spaces
with an upper curvature bound

KEF S (A"

B =
ARETIE, Lytchak K (70 v K5) L EF T X B HhRAY LI0H R P22
X B — O ILFEISE [30, 31] D 5 B, FHZEMFH b R0 Y — OB S
156 N AAIERIEIZ BT 25 [31]) RO ERFERRIZDOVWTHET 5.

1. [FU®IC

A. D. Alexandrov (& 1950 FARUZ M = AT O LB G2 & > THIR A /il B 7
R BRI O R 2 EA LUz, O 2 H & 9% Alexandrov 2% 1%, 1980 AR D
Gromov DIfFE 2 2Kk L U CTHINZB OB Z 1275, fiRD Nica R iiZ= i 1
HZ Alexandrov 22l & I X4, BREEZE IR IZATS 5 Gromov O 7L a3 87 |k ﬁmfﬂ
12 & 0 KIg Riemann B # 2 B W T KERMAESRIZE->TWS. — 5T, #iEH kI
SR AN Y R F"ﬁ &, R 72 XL AT CAT (k) 221 & X3, Gromov O MUHHEEIZ BEHE S 5
AT IR 12 35\ T Gromov WHEREEZER] & & IR 2 &# 2 H > TW 5.

lIFNinﬁﬁﬂﬁﬂ%ﬁRﬁWﬂn—Uﬁmhﬁ%h%ﬁ%@11%?.@%
MR ANZE R ER X 12U T, e e XITBIT 5 HAZEM%E X, X THRL, £D

Euclid#ff & U C@HEINSHEEMAE2 T,X THT. B EMT,X DIEHSZ 0, TKT
£ U X »¥Riemann Z AR TH VL, HIMZEH S, X IZBALEEERE 12, $E25M T, X 1385
DEZZERINT, THR 0, (FIEH O REZEH] DR /UMY 4 5.

3 Lytchak & 2535 [31] DI LIZE R R ZEMITN9 2 RAAHERMEERTH 5.
FIB 1.1. ([31)) Hi=A LIC A RRRAT a8 2 b EEEEZER X 12 LA R I EETH 5
(1) X & niItiHZRRIATH 5.

(2) EEDSr € X IZBIF2AAEML, X XS HIHE N —FAETH 5.

(3) EEDORz € X ITHBITHHEMT, X ER"IZFAMETDH 5.

FER L EHLLIRO LIS TE 5 ([31]). #iRD LIZER B2 v o M
HEZE X AT UM RIXAETH 5. (1) X IINAHZ IR TH 5. (2) FATHE 2 Ak 22
SHFEELT, &rr € X ITBWTHRAZEMES, X EXIZHRE MY —FAETHS. 3) F
BRIGEAIAHZERI T AFAEL T, Kale € X ITB W THEEM T, X ETIZHMETH 5.

EH T IERMITH > 72 A. D. Alexandrov DIE ([1) ) 125659 5. €8 1.1
ZBWT, X DB n kot HEEATHZ T2, 2O E KB 5 %Ik
S"TERUAERY—HERD (n— DRI HER YLK TH 5 (E3.5 %2 S]).
Hln>5ThhiE, & TOHMERD (n— 1) RTAHZREIKTH 2 L IFHE S 20,
EB, 2D & S B 272 3611%, Edwards O —ERRHEEH ([17], [11)I2& D, (n—2)
mﬁﬂmmM$%ny—@ﬁ®*$%ﬁtbf%&éﬂéqmML@QWMJ%%%)
flifin <4 ThNE, ERUTHBIT 2 HAZEMIES" IZAMETH 5 (EH6.2 2 2.

HR o N BT (GRREE 526610012, 21740036, 18740023) & “FARIEAMRAIIISE B HIRE O Bk % 3217 72
* T 305-8571 IR D IR EH 1-1-1 S KA RO E R U7 I8
e-mail: nagano@math.tsukuba.ac.jp
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RIS D BICE R RFRED Y =SR2 MHIERIMERTH 5.

EIE 1.2. ([31]) IR EICAERZIEBO nIRIEHER Y —ZRA X 126 L, X DA
BRI EE ENPFEL T, ZHEE X — EldnkaiHZ A TH 5.

FEHL 1.2 [E KRR T DH - 72 Quinn DRE 41 ITHENRfEEZ 5 A TWS

PURTIX, BREEZEE O 5 p 2 HD & 3 245 r OBEEIEERAR 2 U, (p), Fﬁﬂﬁﬁﬁﬂﬂlfi%
B,(p), BEBEERT B, (p) — U.(p) % 0B, (p) THRT I &IZT 5.

HE R FIZ A R DA RIXIE Alexandrov 22N U CEH 1.1 REM 1.2 D E
ARASER D NLD Z &, Wu ([50]) AR U7z & 512, Perelman O & Fr# k22 ([36], [37])
»HEPN S, Perelman O JFFT#EMEEH O FIRIZIRDED TH 5 ([26] K. Hh*
M RIZE R AR Alexandrov Zfl X ODiilz € X 2525 &, +03/NSIERED

€ (0,00) XU T, FMHEGHh: B.(z) — Bi(o,) BFEL T, h(aBr(:);)) Y. X D
h(:z:) = o, 27z U, $#IREBR OB, (x): 0B.(x) - L. X BFAMTHS. T T T, Hi%EM
T, X NOPHHEBRI 0B (0,) & SFZEM L, X LR —HLTW5.

Hi3R S BIZE SR GG, BEEEZEE A RAT 3 v X2 s CRATIMMEKSECH v | 216 T
HoTH, FFTHEMEEHEA L O L7272\ 2 A Kleiner [28] 12 & o THf X 17z (A
D BRI SRR AR 1L [33]) 2 2 ). @ 1.1 EH 1.2 23EH T 5 72 121%, Perelman
DESLC[36], [37) LITERIRETA T TBRRBETH 5.

B LICE R ARET Y —ZRRRITH U T, IRDJ[ATHEMEE AL D LD, 7Rd,
n =5 DEE DG X Steven Ferry K (7 b — A K% OB % 21T TW5 (EEG6.1).

EIE 1.3. ([31)) BRL LICERBRnIRIGHAET Y —ZEE X 12OV, TBDO/Mr e X
X UT, X 2B 5 0EHEU, &, ST EHUSER Y —REERFD I V8T b (n—-1)
TR AHZ BRA M, SFAEL T, U, 1& M, EORH#EC(M,) IZFETH 5.
TR 1.2, M2 [31] T, MO EEBAML TV, Thabb, EH13IZENT, 3L
n<ATHNE, EEDHs € X IZOWT, FRIRTRTDr € (0,D,) I LT,
FREEERIE OB, (2) 1XS" P L H UAER Y =2 DT VR b (n — 1) IRGCAFHZ BRIK
Th Y, BRI U, (2) 13 0B, (x) EOBISE C(OB, () A TH 5.

=2 Bz A a2l 3 2 R A ERIPEREEE 1.1 1%, RIZER R 2 & 5 7R
12 A 55 Riemann ZBRAK51 D FE A RS FR O A7 48 1F JIME & A AHZ e % &<

EIH 1.4. ([31]) CAT(k) TH % s & n kot Riemann Z ARSI (M;, p;) D3 RAF & EA

FREEZZ X 12, M4 E Gromov-Hausdorff fiAHTIPER L TWB & 95, ZD e & X i
n(ﬁ(mh*ﬁ%ﬁﬁifﬁ) D, X NOMEEDORKEAFZEMIZKEICHEHMTH S, T48bb5,
Zme{l,... npIIOVWTHEEDr e X,§ €3, X,...,6n €2, - L D X ITH U,

KAEFZEM Y, - e, X, X &S MR TH S, AT, B L XMV T
HZE, + D ROEZDIZH U TMIZXIZFEMETHS.

W R 23 T IS S0 IR 3 Riemann ZRRARSNZN U, 2 1.4 O FTE O AL IE R
X V. Kapopvitch [25] IZ X o TRINT WS, EH 1.4 DDA AL €M X Perelman
DA FZEMEH ([37]) DIFFETH . Perelman ONAHZLE M EBLD EiRIZIRDME D T
b5 ([26) L), #iFED k PLED n kIt Alexandrov ZEf X (TR U T, 5 € € (0,00) B3
FAELT, & UHIERD £ BLED n ikt Alexandrov 22 Y & X DD Gromov-Hausdorff
HREEDS e R CH UL, X LY IZFAMTH 5.
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—f%IZ, A BT SRR 2 O S A 22X CAT (1) /I TH 5. & -T, CAT(1)
ZE [T ﬁ@“éﬂ?E;EIE CEM LI ZMAGDE D &, M I Z AR o g
IZED %, Lytchak & 53 [31] 13 B 1.1 &2 W T CAT(1) ZZ M3 % 2 5 BRI E
PHRBERHEH Z R L TWS. 51T, FHEAY 3412 & D BEAEVPTTDODNTNS.

AFETIE, EH1.1-1.4 DO I DWW TS 5. (DA MR EAARIEAR D 8 faf
FHIEBIX CAT(1) B2 A3 5 ([3]). 725t EOAHERATED 3 >80 NS
£ & PL ZHARDNIZ CAT(-1) il 2 A9 % ([2]). Z vl Kirby-Siebenmann D&
H(27)) & 0 6 IRTCMAETHNIXCMHERRITH U THIEL W, BAFEH RO Y —D
B SR LA T MR O A AERGE 2 90T 5 2 L IZBIRE N WA & 5.

2. RN EICERGEEHEBOEAME

iR A EICE R M2 fIC B9 2 & ke LT 6], 8], [10] 2 IFTHL.
2.1. BiRA LICHE R

PREEZZEN O AR & XX [E D 5 DFERKBLDAAMBRDO Z £ TH D | AR &
R ERAIARD Z & TH B, IEDILREL - € (0, 00] IZX U T, BHREZZR] DS r- RIS
BMTH D &, Bl r KDL D 2 SRR CHEIEN 5 & 125 . Bz
EASRAIMEI T H 2 & 1T co- [ TH B & Z 12\ S . J& il i i P e 22 ﬁb%mwmm
T TH D & E, UimZFRE DT R TORMKRNZ DR ZBEATHETES L &I
5. HHEEZEHEAE R TH % & IMEROMBEEERALS 2 X7 b TH D L EITWN S, %m
B EERE S AR 2 > 87 N TR A NIXREFIEETH 5.

FE ke RIZH U, il x O HERE iz M2 TR, TDOEZKEZ D, £ B<.
SERERREZE DY CAT (k) TH 5 & 1E, D-HAITH v, D AEDN 2D, K DIERD
At =T M2 NDR UEZF D =MAE L AR TELSZVWE ZI20n ).

FREEZE X RS LICERTHD L, DDk c RVFIEL T, [ERD Nz € X IT
HNUTHSr e (0,D,/2) BWFAEL TEH I IEREZERN B, (2) 2 CAT (k) TH B L EITW .
LG, X OMEIIRUTTHE LV,

HiE DS LIZH R TH S FEEEZEEIZ ANR (fdhEfE LY 22 8) TH S ([35], [29]). E
5%, iR BIZAERTH 2R IRTN P O RA#TH L. Thbb, RO
CAT (k) BD 2 122WT, &r € (0, D, /2 i2: U T B.(2) &M TH 5. &re|0,D,)
ERUT, e SERD My € Bo(o) lEME—FNIC REHIMAR TSI Z 23 TE 5. Rz

()mﬁx#bﬁﬁﬁéw%Mﬁﬁk ' > T B.(z) DR TR IZHHETH 5.

Bl 2.1, Wrim gl R —kRIZ £ LR TH 2T D580 Riemann Z AR 1E, fiED x LLF D
PREEZERI T 5. 5Efi Riemann ZEAD CAT (k) TH B Z & &, Wi g3 03 —FRIZ x DA
RTHY, OB EEN—HRIZD . UETHEZ tiﬂﬁf%é.

Bl 2.2. FHEEZER X EO Buclid # C(X) 1% Euclid B 2 fif 2 72 A8 [0, 00) x X/{0} x X
EUTCEXS. HHlfEZEH X ED Euclid # C(X) A CAT(0) TH D Z & &, X B CAT(1)
THhdIZLIEFAMETHS.

Bl 2.3. BREEZEM X, Y OBRERE X « YV IXBRE A EEEE % ff 2 7255 [0, 7/2] x X x Y/ ~
EUTEE S, FEHEZEH X, Y OBRMEAE X «Y DICAT(1) THd I &, X LY hLd
WCAT() THEZ LAl THS. 2B, S™ 1S HES™ ™ NZERNTH S, i
72 Z 123 BRI S? « 7 1% Z EoBRm R e S 700,
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2.2. Hﬂﬂ$7§*‘it:ﬁﬁ@ﬂ€%ﬁwfﬁﬂﬁU’%)ﬁl""il%bzf'aﬁ, & ZEME

B LICERTHHHEMEM X ORr e X ITHUT, Koo ftEd 2IEHMHL
BHAMAR AR DOELE %2 Y X TRT. Mo llB I 5ME £, 13X X FORRREE 72 5.
ZIZTC, N XD2DDIty;: [0,a]) — X, i € {1,2} DDA £, (71, 72) &,

L@ ) BB dn(h) ()
2t t1,t2—0 2t1ts

Zo(71,72) = lim 2sin
t—0

2729, 72720, diE X FOHHTH S, Mo ltB 2 HAER Y, X (%0 k2
Y X)Ly = 00>7u4f*4t2: LTE#RIND. Tzé”hF'EJTX M ZER 2, X o Euclid #
C(E,X) e UTEHRIND. ALEDSAZEMIECAT(1) TH Y, 722 CAT(0) TH 5.

iHE S N S RN L R I SR A +6a\/J\é7;/\37) EPRRERRR I A 22 I R E
M:"»—lﬁ,lfﬁf%é. FEE, CAT (k) ZZMD 2 1I2BWT, TRTDr € (0,D,) IR LT,
U (z) = {z}® B.(z) — {z} IZ T, X IZHE ME—[EMETH 5 ([29)]).

ARz LT, PREEZZ M OO dim (AT (ETOT) 2K . #hE2 LICE R
AR ZE ] X AT U T, dim X = 1+ sup,ey dim X, X DD LD ([28]). T 51T, &
LdimX =nThL, H Do € X DIFIEL H, 1 (3, X) B EHPIZEETIZ AW ([28)).

2.3. EAZRAY_E (2 574 Rl B9 5T fm R At 22 ]

(SN ’ﬁ%‘?f‘% O RT3 > 82 bR SE 4l 2R T BREE R o Z & %
GCBA ZE[] 2 I3 2, ER AT TH B & &, GCBA(k) Z L IER. L X A
GCBA ZE[E]TH 1 i %‘591; € X \ZHIF2FMZEM X, X PHEZEM T, X 13 GCBA Z2[H]
Thd. i, HAEML, X 1Zav 7 b Th Y, sl EBEEM (T,X, o0,) E T EHE
RZEM (rX,x) Zr — oo & U7z & & D RS & Gromov-Hausdorff i (2 #ﬁﬁ’]’@%é.

MAZEM X Ofir € X PEHRERTHE L1, HEnil OV TRz B X IZBWTR"?
CEMBBEEZ DL 2V . ZOEE 2 2 n RTEHRER L ITR. ma 2] X A
DIEL IR RN S R 2 8EE%E S(X) TRUMENBRERES LITR.

Lytchak & 235 13503 [31] 1256479 33 [30] 12 B W T GCBA Z2[H D [ D 5
BRI 72 GE 2 AT o 72 G [30] N DAL 2SR &2 O ik R 5. £ D GCBA
22 X AZR LT, BURAYR D 320, (1) dim X 3BT ERTH 5. (2) X — S(X) &
W LMD ERAETH 5. (3) X IZHWT, #22[H A Eulelid 24 & F RN 2 8260 5
RAEGIIMETHS. (4) X P niktTHNE, dmS(X) <n—-1Tdh 5.

IR Lytchak & 2835 [30] (IZ K B JRATAE P —LEREHTH 5.

EE 2.1. ([30]) {EED GCBA(k) M X Ofixr € X IZHLT, 57, € (0,D,/2)
PIEFELT, IRTDr € (0,r,) IZDWT, Bu(z) &3> /37 b3 D CAT(k) TH Y,
OB, (2) 1L, X IZHKRE PE—HETHSD. S 517, GCBA(k) M7 (X;) DEEFE X, D
M € X UT B(a;) 33 282 D CAT (k) TH D, (B, (), 1) 7 (By (), 2) 12
AT E Gromov-Hausdorff fiAH TR L TWB & 95 &+ RKERITH L TIB,(x;)
OB (2) IZHREME—[HEfHETH 5.

3. IR LICERARETOY —ZHRIK
AMTI, H, CZEREREREO Y -2 KT,

3.1. R EOY —ZRIFICH T % LSRR I
HE WY —ZRMAIZ BT 2 ZRRA D R OFEEIZ D W T FRITIR R B ([14] 2 2).
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JEHTa X7 Naf s BEEEZEE M S n RITREQY —ZRETH S & 1F, ED R
pEMIZBWYEREMAtER YR H, (M, M — {p}) » H,(R",R" —{0}) IZAMTH 3
L EIZWS . AIRIRGEANR TH % n ikt A E R Y — S kK% n RITT—IRZHRIK L I35,
D n IR —REFRAIRDIRTCIE n IZFELW. B L n < 2THNIE, Moore DEHIZ
& o T, [EED nIRITT—BERRIRIIN S BRIKTH 5 ([49] 2 2 1H).

RiFHZE M DR D 8 EAES 5 o: X —» YV DA TH D 21, (FEDOHyc Y D
77 ANR—o  ({yH) X IZBIT BT RTOREEDOHTHMTH S L X2V D. 7,
nARTE— IR ZRRAR M, N DDA G B o: N - MHBL VY )a—23 v Ths L,
N BRGNS RETH 2 2 120D, AT, nIRIT—RE KA M DL YY) 12—
TavERFOLIX, HEnIRTNMASHIEN PSS M ADL YY) 2= a VIBFET S
LEIZWVWS. Quinn DLV a—Y 3 UIFEFEEH ([39], [40]) 12 & D IRAIEE D LD,

EE 3.1. ([39], [40)) n > 5 & T 5. HfE n IRGTT—MAEZRRK M 1%, n IRTTE AR
EHETHE LYY a—varvERD.

PABE, B* T R* D 2 RGeARHERAT BT & R 3. FREEZEM X 28 DDP (PR 2 B 1)
BT o0k, EROHEHEER 0 B = X, 0 B — X EfEED e € (0,00) 125U,
TG G B — X, $o: B — X BMFEL T, %0 € {1,2} 12DV T d(p;, p;) < €T
HY, 51 (B NGB MWEELETHDLLEIZWVWD. 22T, did—HkfMch 3.

Edwards ® DDP L ') 2 — a VIERUEHE ([16]) & Quinn D L V') 2 —¥ 3 U IEE
EHL ([39], [40)) 2 & bE S &, IRD Edwards-Quinn ® DDP ZRRAGREHE N E SN 5.

EIR 3.2. ([16], [39], [40]) n > 5 & 9§ 5. kG n RO —MERRIK M 723 n IRouhiMZ 4%
ETHBHZ e, MPnikRaERIkE 2R L, D DDDP 2§29 Z L IZEMETH 5.

PAHZEM X DEBRES K P X ICBWT I-LCC(RFrREER) TH D L 1%, KDY
MOEEIZWD. TRLEL [EEDOEp e K&, X I8 5 p DIEEOBIERE U T3 L
T,pDHLBEEV BFHEL T, TRTOEGEEK 0 S' -V - Kz LT, »obi
G5 e B® - U— KDBFEL TS =0 20727

%1% Cannon-Bryant-Lacher {2 & % 1-LCC Ui EH ([12])) TH 5.

EIE 3.3. ([12]) M Z nixyt—Ekke 35, L S(M)D1-LCCTH Y, 2m+3 <n
2723 mIiZ OV Tdim S(M) < m THIE, MIiEniRuhitHZ kA TH 5.

FR 3.1. Cannon-Bryant-Lacher ® 1-LCC IUiE R 3.3 1%, 416 — SRR DI
Bestvina-Daverman-Venema-Walsh ([5]) IZ & > TR INTW5.

3.2. RN LICERRREOY —ZHREOELRMEE
—MBIZ, HEEEDS B R EEZE X IZANR TH 0 ([35], [29]), X DEAFI > 82 b
TRFFIHLG 5206 T HUE X IZRARIC AR T TH 5 ([30]). £72, X AiAED YV —
SRR TH UL, X IZFFTHMISER CTH 5 (— MBS RRIA DA [47), MHZRADOLE
6] 22H). X o T, lHEDN EICARZAED Y —ZKIEGCBA ~ A TH 5.
P. Thurston ([47]) I3MERICEMZER b Ao Y — DGR Z HWTIRZ R LU 7=

EIR 3.4. ([47]) HED LITE R 3IRTC— IR ERIRIT 3IRTCAMHERRIATH 5.

WO MBIE, Lytchak & 25 (3112 & 075 & N7zl Lo A5 573 BEBEZ2 R 1= 515 5
RE WY — SR ERROETH 5.
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o8 3.5. ([31]) HhERA LIZHE 2 mATa o8N o M EEEEZERE X IS UM FIZFRETH 5.
(1) X EnkthEaY =4 ETH 5.

(2) Fir € X N UTH, (2, X) = H,(S" 1) %372

ZOHE, Fir € X WZBIFAAMEMY X & (n - DIRTHET Y —ZHRIKTH D,
BT, X EnRthEO Y 2RIk TH 5.

Edwards @ —EHRREEH ([17], [11DIC& D, n>5& T2 L& FED (n—2) kAR
TV AVKRERY—IRE X2 O ZERE (S” (S X)) i, n IR MHE A TH 5.

B 3.1. ([1], [4], [21]) n > 5 &9 5. FERERS (n—2)Roua 87 bIEEHIREFERD Y —
BRI Riemann ZR(A (Poincaré R E W Y —3KMH) X2 2 5.2 5. @YNCILRLTE 2%
CAT(1) TH 5 & L TRV, BREWERES +2" 21X CAT(1) TH Y (n—1)ReHER Y —
ZRRATH 5. BT € SU X218 B HAZEM S, (S”+Xn72) [E o2 1L R
ThD. BRI L IFZRRARATIE AR, BRETY B S” «(S” «Xn—2) 1& CAT(1) 22
Thod. BFESre € SOx(S" X2 12812 izl 2, (S° #(SY*+Xn72)) 1& S0 %72
WEREMNTH D, R, ST EEMTIRAVWARE FE—FETH 5. Edwards D —HE
R EH ((17), [11]) & 0, SU (S «X"2) & n IR TCAAHZRRIRTH 5 .

4. REMNE—REWHE 774 TL—23 Y
4.1. FE FE—REM & BAREGEEE

IEDSEE e € (0,00) 12X U, BREEZEH DM OEARES f: X — Y De-HRE ME—RE
THd el HH5EHRGHRg: Y - XDPFEL TR E D LD E IV D, Hif G B
go f LMHEGKidy ZFERNEFEFE—3: X x[0,1] = X &, fog&idy ZFEIKE b
E—U:Y x[0,1] = YDPFEELT, IRD (1), (2) 2723, (1) Ko e X ITR/LT, dhfr
0,1] 2t (fod)(z) €Y DBEDERENY OFTeRilETHS. (2) FyecYIIxL
T, HHAR[0,1] 2t — Uy(x) € Y DBERDEREVY OHFHTeRiHTH 5. FHBEEM X, Y 2
eHRENE—RETHD L IFeFREME—AEES [ X > YV PFETHEESITWVWS.

BEEL p: [0,70) — [0, 00) BEFEBIETH 5 L 1F, p(0) = 0522 p > idp ) Z 7z L, &
DIZBWVWTERTH D L ZITWD . ATHEREE p 120 U T, BERfEZEM X 2 LGC(p) TH %
(B MZNEHETH D) &1k, LREDOMr € X LIEDOFEEr € (0, 00) 12K L THHH#E
BREK U, (2) DSFRDERAR U,y (2) DR THHETH 5 & EIT NS,

{13 Petersen ([38]) 12 & % LGC(p) ZEMIZHTHHRE P —LEMEHTH 5.

IR 4.1. "HERE p L AR 252 5. D e € (0,00) 12X LT, H5 6 € (0,0)
PIEELT, nITEA R TH 5 22D LGC(p) ZE#H X, Y D dgu(X,Y) < § 271X,
TN e ENE—EMETH S. 7272 U, dgpy 1& Gromov-Hausdorff FEECTH 5.

ROEFIE, HIHAE b Y -2 AHEGEHRTIEMNT S5 ot UEHDORRHTH L. 26,
- ERUERIX, n > 5 DG Chapman-Ferry ([13]), n = 4 D35 (2 Ferry- Weinberger
([19]), n = 2,3 DEEIT Jakobsche ([23, 24]) IZ K> THENLE T WD, 72720, n =3
D6 D Jakobsche ([24]) D E 53R (F Poincaré FREADf#EHR (Perelman) 2 B2 & L T\ /z.

EIR 4.2, 3287 MEREEZER] M DS n iR GAMHZRRETH D L &, TRTD a € (0,0)
LT, 5 e € (0,00) BHFAEL T, (EED I V827 b n RTRAIZREA N 225
D eFT NE—FEGH N - MISHUT, HBFMGEHE [: N = MAFELT
d(f, f) < aDE YLD, 72720, diZ—HEETH 5.
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4.2. 7747 L —=avET A N=K

NARZE ORI D HEREE f: X — Y D3 (Hurewicz) 774 7Lb—>3 > Thd L, f
PEZEDMMEMIZN U THRE P —Fb EIFHEZZTE EI120S.

NAHZEM ORI OHEREEE f: X — Y DRAMIC—RRT#ER 7 7 4 N—%Z&/FD L iE, (T
BEO/Rze X &, XADxDEREDRIEREUIZH LT, X WD x OFLERV BMEEL
T\/CUT%D IROMWEZRT-TLZIZWVWD. T8b5, BLiycY DT 713~

{yH) AV bR, EES ()N VIR ) NUDOHTHHETH 5.

m@7747v > a VEMIE Michael ([32]) & Unger ([48]) D#fZEH & E 0 5.

T 4.3. BT N7 N AROUIEEZEM X, Y IO\, R5HEEHES f: X — Y
DRI =B #i 72 7 7 A N =% Fb, FEDRy e YIIRILTT7 714 3= f1(y)
NENHEOHTHMETH DL TH. ZOLEfIET7714TL—2arThb.

7747V =3 viE 7 7 A N—RIZIR D35, FlTil X7z oG BUERE 4.2 & Dyer-
Hamstrom ([15]) D 7 7 4 N— MR 2 DY B &, WEES ([18], [42 2 2 H]).

EE 4.4, Bra 87 MERRGE ANR BiEEZEf] XY oo 7y 14 T L —vayv
[ X 2 YDV ERBDORy e YIZBIF27 74— 1 ({y}) a7 Manik
TTAAHZ IR TH NI, FIZRANICHIAR 7 74 N—_TH 5.

X1 Ferry DL ([18]) DZFRK TdH v, Perelman (2 & % Poincaré FAE DI % B D
ANz ERTH 5.

T 4.5. B3> 87 MERIRGE ANR BE#EZEH X 2 oKX I ~AD 7 74 7L —
Yavii X 5 TIZDOWC ROt € [ITBITD 7 715 fFLH{t}) DS n ikt
ZRMATHNIX, X 1X m+nﬁmuﬁ%%%1%é

5. MIEN EICERLEMZERICE T2 HAREEHARER
Lytchak & 235 1503 [30] (25T GCBA BT 2R L HESHROBEE
HBAULE. gtk Z 7I’Lb6 X htnd B AR ORI, B2 FIZHA 7 Alexandrov Z2[H] D
B[ 2T B WTHEARN R E % F 72 LTV (9]). FEBE, Perelman ([36], [37]) iZ#i=R A3
TMIZAE AT Alexandrov ZERIZ B 1) M REGE P RATRNIZHHZ 7 7 14 N —H

ThdIe%amRU, LITBX G e 2 FEH U 72

GCBA(k) 226 X N OBEEMEERIR U, (2) BN TH 5 & 1%, r < D,,/100 Z {7z U, P
FEREBRIR Bo, () X2 2827 b CAT (k) M TH B L ZITWVWD . fla LIXHERRD 2
Y,z € Biop(2) TR U T, Mo & iy 26 SEEHHER S fle & 52 %8S AR
DEDR 2z ITHBIFEMEE L,(y,2) THRT. 228, fEED GCBA (k) ZZHNDIEED 5L
UNGABEREBR A 2 R D 2 2 ITTHEE T 5.

IEDZEHS € (0,00) 52 5. GCBA(r) 22 X NOWUNHEBEERIK U, (20) DAL
x € Upy(20) (2R U T, Biopy(xo) — {2} WD EED KD (pr,...,pp) PR ICE TS
(k,0)- R TH B LI, Bioy (o) — {o} IZHID L EHDSOM (1, ..., qr) BFEL T
AR SEDE ZIZWD. (1) Fie{l,....k}ZDOWT, fEEDy € Bioy (o) — {z}
X UT Zo(piyy) + Loy, @) < m+0 2729, (2) HHER S 0,5 € {1,...,k}ITDWVT,
Lo(piypj) <7)240, Lu(pirq;) < 7/2+0, Lo(giyq;) < 7/2+0 25729, £z, Uy, (o)
DI EA WAZK U T, Biog, (20) ND kED SO (pr, ..., pp) W IZB TS (K, )1
RBTHD L, M (py,...,pn) DRz e WIZBWF S (K, 6)-MEH/THD L EIZWVS.
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TUNBHERBEEERAR U, (20) WOBHIEE U 2 @ HIB L T 254 f: U — R 5 (k,0) R
BigThHdLlE, UILBITD (kO MESR (p1,....,pp) WEIELT f = (dy,,...,dy,) %
73 EITWS. 2T, dyy,. .o dy, W EENTE R0y, o pp 2O OFEEEBIE 2 KT
GCBA(r) B X HD (k,0)-MEGH f: U - RFIZOWT, EBBU DNz c U D
SHLIROWBE %72 T HERDERE Upy110s TRT. THbE, Hdppe X LUN
D x DREEE U, BWEMELUT [ = (f,dy): Uy — RFFU S (k4 1,120)-EEKTH 5.
T, fOT77AN—IIINUT, EQL) =1 — Upp1105 EBE, NOBIARES LIER
GCBA(r) 22 X D (k, §)-HEGHEDAFK 2 EE IR D@ Y TH 5 ([30]).
(1) fEED S € (0,00) LALED 2 € X IZH LT, BB +H4/NE 71 € (0, 00) HIMEE
UTC,dy: Up(x) — {z} — (0,7) 1% (1,0)-HEEHTH 5.

(2) (k,0)-MEBH f: U — RFiz2WT, £EDf 2 € UL T, +Ho/MNEk

€ (0,00) &, UIZEENS (U(x) — {a}) N f7(f(z)) ODBIEREV BFIEL T,

fr=(fde): V= R (k+1,120)-HEGHRTH Y, FHIV C Upy110 TH D,

(3) (k,0)-MEGHf: U >R DEEDT7 v A N—TLIZ LT EI) IXERTH 5.

(4) 20k0 < 1 %73 & & ATED (k,0)-MEBG f: U - RFFFEEHRTH Y, UDIT
BOAVNT MESEEKIZNU, 515 € (0,00) IEEL, TRTDr € (0,70)
Cre KIZHU, l#Hn U.(z) N fH(f(z) I ZZNEHEDOHF T IZAHETH 5.

5) BLdmX =nTHY, §X+/NITNE, EED (n,0)-MfEGH f: U - R
IEM Lipschitz HlDIAARTH 5. X 512, X1 (n+ 1,0)-MELGLE2HFEL LW,

HEE LEDS € (0,00) XL T, GCBA(k) 22 X OBES U 6 OEEGH
f:U =R % (0,0)-MEGHREER. DIFTI, JFAERESKOESE N, TET.

B D GCBA(k) 22 X D (k, 0)-fREAAD AR ZRMEE ((30) &, 7714 7L —
v aVER AR EDOKMEN N RO Y —OHEREH NS LIREEL Z N TES.
EHE 5.1. ([31]) TRTDE e Ny B LV € (0,1/20k) 12X LT, D GCBA(k) ZE[H]
DRIEEG U 2 EF/RE T 5 (k,6)-MEGH f: U - RVGREFNZT7 71 TL—va v
Thsd. IVFELUL EED2zcUIZH LT, 571, € (0,00) FHELTB, (z) CU
272U, $RTDr e (0,r,) IZ2OWTHIBREGE f|B,(2): B (x) = f(B.(x)) 13K %D
T 7 AN=IHHEIRT 74 T =23 v Thb.

JNZ T, Raymond ([42]) D—fEZ A LD T 74 T —>a v ORIZ L W IRERS.
EHE 5.2. ([31]) IXNTDn e NgB KU € (0,1/20n) &k € {0,1,...,n} ITH LT,

D LICER R n Ot RER Y —ZRKRORES U 2 ERIF L §5 (k,0)-MEEH
f:U = RFEDETIHRNMERD 7 74 N—1& (n — k) IRt — B E KA TH 5.

6. BIRA L ICE R EEREZEE O AIME IE R
6.1. REQOY —ZHRFICH T BAHEERIM

HIR DY B RRRE R Y — SRR 2 A IERIMEE I 1.2 2155 7212, IRIZ
AR BMEGHRD 7 7 A N—1Zx5 9 BAAHIE R E R 2R T

EE 6.1. ([31)) EEDn € Ng i LT, 26 € (0,00) BAFFEL TLARDIL D 37
D, WP LA L niRuFREO Y —ZRIKRORAEA U 2 EEIE L T 5 (k,0)-HE
B f: U - R DEEDT7 74 N=TLZH LT, IR EES E(I) IZERTH Y,
IT— E(ID) % (n — k) IRTCAAHSZ A TH D, MAT, HLn—k<3THhD%26IE
(n — k) IRTTAIMHERRIKTH 5.
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SEBADRERE. (n — kIZEET ZIRINIE) ERDn € No 2R LT, +2/h& <6 € (0,00) %
0, RN LITERBZnIRGHRED Y —SHRRDRES U 2 ERIE L T 5 (k,0)-HE
B f-U >R 2522 EBHOMELID, ZTRWMEED fOT7 74 NX—11D
IS EES E(I) IZARTH S, TE52 L 0D Ik (n — k) Rt —MRERRIKTH 5.

Dn—k<2&9%. ZDO&E, Moore DEH KX O ILIZ2IRTTAHEZEIRIETH 5.

M) n—k=3&33. FEDOpcllE2E52%. ZOLE, FHNSBEEDr € (0,00)
U T (k+1,120)-MEGE f+ = (f.d,): U (p) — {p}—)RkH?ﬁﬁfj_é 5.1

E(D) &b, fHEET7 7 A N—=PHE7R 2R Z A TH B 7 71 T L —2a v T
H5. £oT, Bd,: (U (p)—{p}) NIl = (0,r) IZ& T 7 A N=H32 287 |+ 722100
NAZIKTH L7 74 T L= a v Thh, 44 X0 EAAIZHAR 7 74 3=
WTh5. Bz, (Up) — {p}) NI (% S YGRS Bk T 5. ZDHE, Uy(p) NILH
R3 cf.l*ﬁfz%é EWbhd. Urhio T, ILIE3IRThitHE A TH 5.

M) n—k=4292 EEOzcll- EAD) XL T, » Db S5FEH U, ETESR
NIz (k+1,120)-AHEBE [+ = (f,dy): U, — RFIDFEAET . @H51 2 (1) &Y,
[HR& 7 7 AN =D 78 SRR ERIK TH L 7 71 TV —2 a v THB. Bif
dy: Uy N1 — dy(U, NI G T 7 A N=D33 VX7 S22 2R E ik TH 2 7 7
ATV —=2avThh, EMA44 X REMICEELR Y 74 NX=KTH B, Kz, U, NIl
E ARG SRR TH B, &> T, 1T — E(I) 1 4IRThZ A TH 5

(IV)n—k>529%. TEDzcll - E(I)IZHLT, xm@éﬁﬁi&{ﬁU ETE#
Nz (b + 1,120)-HEEE f+ = (f,dy): U, — RF 23587 5. BIZBWT,
U, NITHY (n — k) OThidZ Rk TH % Z & % Edwards— Qumn@DDP 57%4$mmn§hﬁ
H3.2 ([16], [39], [40]) &2 FH\WCREERAS 5. GERH D@ TR Z 73S 2 BRI E R 4.5 72
ExRHAWBD, ZOMFLIIEM RN TS 5 (FEIZER X [31] 22 H). WFhittE &
IT— E(ID) 78 (n — k) RThMZ A TH D Z L D3 bh 5. O

12050, &R EICERBREBD n ke hER Y =2 X 12 LT, X I
GCBAZEHTH 5. ZD & &, X ZWUNHPRREERIK CHUE L T, BHUNBEBEREERIK U, (2)
MoDEMEB f: U (z) > RO ICEHG61IZHEHT 5 &, ke 12285, O

6.2. FRTAIAEIE R
F R AAHIE M E B 1.1 OFFH OBEIE 258 R 5. R TEH 122 W5

EE 1.1 DFIROEE. (1) = (2). iR LI2E RAREEEEZER X 5% n IRoTA A& AR
ThHsrLT25LT3. FEDRre X 2525, @35 &0 A%, X a8
2 b (n—1)RIE—EERERTH Y H (2, X) = H (S 25723, Bz, 2, X 130K
HEETHD. HLn<3THNE, S, XIS HNZFEHETHS. M Fn>42 L, 8, XA
S"HZARE MY —[AETHZ Z 2 2RT. ZD7HITIE Whitehead DEH L D ¥, X H
HEiETH D Z L 2R TIER V. /NS BREEDr € (0,D,) LT, Up(z) — {x}
WXHEKETH D, 9 oz XIZKREME—FMETHSE. £-T, L, X IFHELETH S.
(2) = (1). Eﬁﬂ"fﬁ’ AR N7 PEERERER X IZDOWT, e e X ITH
WTE XS HNHZARE MY —FAETH D LTS5, @35 &0 X IEn ks —MRE K
THbd. bln<2THNE, X IEZnRTMNHEHFAETHS. UM Fn >389 5. EHf
1.2 X D REARE X DEDEE EPFMELTX — EldniRiHZRMEATHS. 22
T, ERr e XITHWT, +/NSBMEEDr € (0,D) IR UT, Up(x) — {a}ld X, X
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WZARE MY —EETH O, BEFETH D Z LIEET S, Ko T, EIZXHTI-LCCT
HY, X512dim E = 0 %72 3. Cannon-Bryant-Lacher ® 1-LCC Y& 3.3 ([12])
0, X EnikAMHERIKTH 5.

(2) & (3). HATIZHE ATz (1) & (2) DIEHI L FKIZ (2) & 3) 2T TN TE 5.
72720, (2) = (3) DA TIFIROHEFEEZH WS, T74bE ) Wi n IR AHZ RRE DS
R"[FHTHZ Z L L MBEFHEFETH D Z LIEFAETH D (n=3DL (7] & [43],
n=4D&E[20],n>5D& E [46]). FEE, wHERBEAER T, X 23 niIRoGhHZRIAT &
52 % RULERT, ZNARICHMTH S Z & 2FEHT 2BRICHWS. O

R ODEBLD X (1) DFEHIE, P. Thurston OEH 3.4 ([47)) IHEEHE 52T W5,
EIHE 6.2, ([31], [47)) #HhED EITHE SR PEREZEM X 1268 U TU A& D 32D,
(1) X PnIRITEHRER Y —ZRRIRTH D, n <3 THNL, X IINMHLRIKTH 5.

(2) X D3 IRTTAAHSHRIA T, n <4 THNWE, (TEDz € X I LU THRZEM S, X
SN IZFEMTH B.

SERR. R (1) IR LICEENT WS, FIE Q) 2R T D, n<4b L, gD LI
AR RS X P n RIS A TH B L35, Z D& &, FFTALAE I PEEE
L1E@#E35 &0, ERle e X ITBWY 2 AMAEM S, X &3 237 M (n— 1) Roc—#
SRETHY, ST ERE N —FAMETHS. HLn <3 THNIE, Moore DEFLL D
Y X EnKTCAMERMATH D, S"HIZFHMTH . b Ln=4ThNE, FR() &
0 S, X X 3RTAAMZ AR TH 0 | Perelman 12 & % Poincaré TAEDMEHIZ X 0 S 1Z[H
MThsd. Z5UTEIERR) 2G5, O

6.3. REOY—ZRIKRICH S % BTN
BRED Y =SR2 R #ENE 1.3 2195 72D IZIR % /RT.

EHE 6.3. ([31])) EEDn € NgIZHUT, %6 € (0,00) DFFEL TEARDE D V7D,
B2 BIZER L nRTGAER Y —SHRIKDOHES U 2 8 HIE L 55 (k,§)-METH
[:U =R DIEFEDT7 7 A N—THZR LT, IRDE VLD, (EEDH e e IMIZH LT,
MIZBIT2 e OFEEU, &, S eRUAER Y- 2/FEDI VAT N (n—k—1)
RTEALAHZRRAR M, DIFAEL T, U, 1% M, DB#EC(M,) A TH 5.

SERADREBE. (n — k2B ZIRNIE) LD n € Ng 2/ LT, +2/h&E <6 € (0,00) %
0, P LIZHERRnIRGHRED Y —SRRDORES U 2 ERIE L T 5 (k,0)-MHE
B f U >R O77AN—11%2525. [FEDz c IMIZHLT, +/NSBREED
r € (0,00) IZDWT (k+1,120)-MEGE f = (f,d,): Up(v)—{z} = RFDFET 5.
EH51 LD, fAIIEE 7 7 AN—DHETH B LI BT 74 7L —2a vy ThHY, G
dy: (Upo(x)—{z})NI — (0,7) &7 71 T —>a > Thd. KRN = (U.(2)—{z})NII
EHEL.EH61LD NI (n— k) IRTAAZHRIKTH 5.

Dn—k<3&35. EH6.1KD D (n— k) IRCAMEERRIKTD D FEAE D LD,

Mn—k=4&35%. ZO&E(0) LD [TIEKT 7 A NI AR 3T HZ bR
KTH27 74T V—=ravThd. £oT, G d,: N = (0,7) &7 74 8=»31
YR NIR3IRTNAASRIRTH D7 74 7L —2a v ThH, A4 XD FATIC
HEFZ 7 7 A N=RTHD. ZDL &, a7 Mg 3IRTMNMHERE M BPEFEELTN
1 (0,7) x MIZ[AFHTH B, ULzh> T, FRVPKOIDZ Ehbhrb.
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(Il n—k>5&79%5. FiREZ/RTZOIZIE, (n— k) IRTGAHSRENIZE T 55
XIS 2346D%, (n—k — 1) IRt > X7 MIMZ K M 12X 5T[0,00) x M &84T
TIN5 L2 REIERWY. £ Ln—k > 6THNIL, Siebenmann D€ H ([44], [22]
2SI RO FEERVBULZDD. HOlEn k=502 ETH5E. ZDLE IFNEDINE
) DH &, Quinn DL V'Y a— 3 YIELEER ([39], [40]) DREfETH 2 €M 3.1 % H
WT 5 IRTENAHZ RRAR N D FAfT 2 17\, FiiE D 5 IoeiHZ B4k NT 12 Siebenmann
DT EEE ([45]) 2T A Z LIk > T, ERZIHT LI LN TES. O

FR 6.1, EH6.3Dn — k=505 DEHIE Steven Ferry KOEB %2217 T\W5

EIE 13O, fiE2 LIZARZERED niRuARER Y — SRR X %GNG PREEBR A
THIE LT, BWUNGHELEERRAR D 5 D EEERICERL 6.3 2 M 5 & R, O

6.4. RN LICERRY —< VU ZHRADIERIBBIROIERIM & 2EM
ARETIE, IITHRAR 2 EH 1.4 OFSFREIRKIZ DWW T DART . EH 1.4 D KIE S5 HZEMIz
B9 % EROFEH X EME THANIN T h 2 FEMIZERSC[31] 22 R).

EH 6.4. ([31]) CAT(k) TdH % gifl & n ikt Riemann Z 54451 (M, p;) 23546 E A
PRAEZEI] X 12, A E Gromov-Hausdorff fIAH TP L TWE & 45, ZDE &, X I
nGCNMHERRIETH S, AT, B L XA a7 bThHIE, +RKOEED 125
LTMEXIZHAHETHS.

SERA. MRERZEM] X 1X CAT(k) TH 5 GCBA(k) ZElTH 5. 21 L0, [TEDOrc X
WX UT, br, € (0,D./2) BFELT, $RTD7r € (0,7,) IZ2WT, FAMFREERIA
B,(z) H 32827 k2D CAT(k) Th 0, BilEBRE 0B, () & $,X 12 R E b ¥ —[FET
Hb. T, Mre XITPURT 8 M, Dz, € M; 2383 ZHEMIERIA B, (v;) 3
aAVNT S D CAT (k) TH Y, (B (), x;) 1% (B (2), ) (IZ 54T E Gromov-Hausdorff
MHETPERL TWad. BOEH 21 &0, +9KER T LU TIB(2;) X 0B, (2) IZ78
EMNE—FMETHS. BT, 0B, (1) I& ZxX IZRE B 1:° [FfECH 5. % M; 1ZCAT (k)
TH 5 nikit Riemann ZHAKTH 5D T, sla; € M; \ZHF 5 BHGRERIZ—RHRIZ D, PA
ETHY, 0B (x) 1ES™ (@”%\)mafa@% otof Y. X IESTHZAE Y —FfE
Thod. R MHERMEER 1.1 &0, BR2ZE X En oM EHRAETH 5.
UFRXParvns hThdeds. +HREBVEREDIINU M; LIV RXT N TH
5. —fRiZ, CAT (k) 221X LGC(id)p p,)) TH 5. Petersen DHRE b ¥ —ZEMHEH 4.1
([38]) &0, FEED e € (0,00) ITDWT, THRELITHU M & X ZeREME—[HE
HTHE. £oT, o EBLEHL2E D, +HREZRNUIHU M, & X ZFRAMETHS. O
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Heegaard Floeh €1 ¥V —IZHK T 2 CHD I v
J— RV AL

e ekt (CRERY: - ISPSKFZE A PD)'

1. %

MOHOOYO—4 Y22, FEOHOMO IaRNVT 1 XA L] 1ZH7-5EEBEERTH
b, FECHDODTAY FE—=D—RILIZER->TWVWD., ZoRMEESRIECRI Y
O—F VAR JIENE T — VB2 KT, TOHMEIZOWTIE, REZIZERUNWIT
DEB/LMET ORESINT VAR, — /T, ZOEIRITHLIRIZ DWW TIE Levine [8]
o THEERSZRITIEINT VWS, Z0Zens, HUOHaYya—&X Y ARD
fRIAIE, Rt bR Y —FRrE O EE LTHIoNT WA,

—4, Heegaard Floer FEOY—EHE 1, ARERTCEZHAL 4RCa RV
TAARALDRTENPSZ 7 4 VA ESHEROBE~NDEAF 2525w THs.
5z, MUOHKIZHUTIFZ2 74 VR EHEERCPK (K)ot shn, %
DF A VHEMNE—EMEEIMMECEHDT MY NE—REREIZRD. B, ZDHDHER
DEEEDOFED Y - HFK(K) 3% 08 Floer REOY - LTHMSNT WS,
HFK(K) ZABRERT —~UVEET, D3 v Ya—XEHEREAARERTH D 4H
5, MOHOMHE FEOCHOY 1 7 o)V bl OB/NER) 7 714 =M (FEOH
DFfiZE[EAY St EO AR OMEE %2 H D ED) 72 & ORHMEE %2 5 2ICIRETE 5
AREEE UTHAIZR S T-.

PR CFK (K)IZ HFK(K) L gL CEHEDPREETH 2 — 1, K2 =Fiif
PNV RVEEEZNUT, SMILEMRIRITAIBRET 2 88K, 4000 RIVT 1+ X LI
MNHSTEF o1 VEGRLBEEIIBEb>TWS., TOBBHIZERTS 2T, INET
CFK" (K)» o4k aya—X Y AREBWERINTEZA, TN 51EHom [6]
WKLo TEAINEZEOHI Y=V ABOBEEC,. 2/ U CaAGMIZEEI NS
£ o7z, FEHOWMIEHREILX, ZOEHEC, s DRHEEDOMHTH v, HIZIETBEE
TIZ (1) Cpv EDOEANEFF DEA, (2) FEEL L DFEOH D C o WTHERT BEBAEED R
E, R EDEENESNT WS, AT, TNS5DOEEDMEEZ, TORELNE R
B E 2 CHHNT 5.

2. EUEHOOYyO—4 Y Ak

AETIE, EOHDOIYaA—-XV ZAHERIZBE T 23R CELZ2IEDIKS.

21. o BaOvI—4vREC

HMOHK), Ki; DAy aA—489 Y NThd i, 7227 ADESNRHDIAAR A: ST x
[0,1] = S® x [0, 1] PFIEL T, Al gy = K; x {i} (i =0,1) 2ili7zd 2L TH 5.
Ko, KiM7A4Y Y I THARLEEFHSNZAYy A=KV MNED, T4V ME—=7
SHEEINDIEAMT =27 ADHDAMR AITIIEREDt € [0, 11T DWVT Algig o HHE

WSS IZ JSPS BHH#EE 18J00808 DBk E % T 726 DTH 5,
F—U—KN:§OHIYa3—-&X VA, Heegaard Floer FEH Y —
* T 153-8914 HHUHD H RXE 3-8-1 R K F R AP BRI E T ST
e-mail: sato.kouki®mail.u-tokyo.ac. jp
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UHIZRZ WS R D S, —MiZiE, M1DLSBEERERT =25 ADOMD
AARTERINSEZD, T4V My 2 TCHRWECHR TS 2y a—& Y MZR 05
L. ¥, THHAEFSEOHEaya—X v v ThEZ ] 1E THEOHD Bt AOMKOH
OIAAIZHEERT A Z &) CEMETH D, MEHBO LIS MBS EH S, 51T, KO
HOaya—Xy2ZHEeRCIE, HEEMZIMEE UTT —VEEZ KT

@QWNN

X 1: D (R T 7FEOCH] EEEN 5880 H 1345 T trefoil & /2T trefoil @ E
oS 2L, BIBILWEOTEHTH . —FH, MOZE®S, A7 7Y
HIZEHGHECHLE Iy IRV FThHhB I R bhb.

22. BRTECEI Y-S U REE O

a2 a—R Y ZADRERIEERTEEOCH (S" D S" 2 ADHE S MDA A) 12 LTH
HARIZHES N, BHICERTHEVOCBI Y I—49 Y ABEC" 551 5. Levine X n ikt
FECHOY A 7 )V MilE %2 B" P WIZHDIAEF NN RVIZX > TFIT A2 L %
EZ, TOREL UTRKHIEATH 2 MM 72, X612, BEBIEHTH2A0
FhH LT, ava—Z AL EFERNITIGT 2 FEEBEGEIEZEAL, KEHIY
A=V RBECa E LIEND T —NVHERER L 2. @R O H 2 v a— & v A
FEIRTIDCp ZHWTEIR I N, 5120, DFEE LRI NT WS

EIE 2.1 (Levine [8]) %#in > 212X L T,

o e | {0} (n: 1% ‘
Caig (n: &)
¥z, Cl=CizxtLT, 4R
Tag: C! Calg
PEET D, 2T, Capy2 0Z, ©Z, Th5.

Z D%, Casson-Gordon [2]2 & o T g WHEH TRV LRI N, TOFEOHI v
I—RVAREC = C'DAPRE DR ENE2 T 5 Z LRS-,
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2.3. MEMWETBE I Y =4 Y 2B Crop

Casson-GordomD#& K LA, Ker may, DIFEAEEAIZ 725 72h%, Freedman & Donaldson
DHEIZE > T, BNV A=YV REMERKD T Y =K 2D K F|HVE < B X
N5&512%%. 22T, MEMNIYI—F VR, TVI—XVADERIIBITD
T =27 ADOMHDIAAZ TFFEHRAHNEOIAA] IZETHIRT 2 Z L TERS
ha. y@a% TEDHE L FMRCAENE B I Y I—4 Y RE Cr,, HEO N, #E
A 77 a1

TTop| T Alg:Top
C 'CTop 'CAlg

ENRING. ZONRIZEAL T, Freedman¥ Donaldson DIk D Z & 2B 5
MZU7z. 22T, [KIEEOHKDa Yy a—X Y AFERT.

EH 2.2 (Freedman [4]) #EO'H K @ AlexanderZIHAN 1 & 4257 61X, KIXEHW
WAEOH A Y =X N Th D, TbbH, [K] € Ker .

EIE 2.3 (Donaldson [3]) AlexanderZIHAA 1 & 5450 HT, CDite LU THR
Mgz e 28 DWELET 5.

FEDOZODEEDFR L UT, [Ker o, 13 Z L AR %2 55, RIZERMETH
5] WS ZEMNHLNIINZ. BB, ZMiT@I%&L,\’C&)otLevme@{ﬁ?ﬂ
B a1 ¥ Casson-GordonZ K> CTHZ oN/za vy a— XV ALE R, Kernp,, LT
HBZEEZ > TLES. LEAR-T, _ODKeerOpO)I;'éﬁﬂp’Eébkw&bé?’&)
T—VHERD KD RG2S AHERN T v O — X v A BMTEE
XN, IVEBEHINSG LS IZR-72. LT, ZOH E A Heegaard Floerk €0 ¥ —
HERDEL LD E, WADHEEZRT RERFE T L0 o7, BETIE, Kermp,
Xz LEBRERK T [12]%, Z, L EBZRESHE [5] 25 D Z & 4%, Heegaard Floer
FERY-HEmE A UCIEHINTWS

3. Heegaard Floer F~EQOY—E
AHITIX, Ozswth-Szals«(Z & > TEA X7z Heegaard Floerh €10 ¥ —HEHIZ DWW

THES 5. 2 2 TIERHT, 3SR ENR CF LHECHOBEERCFK O
BRMEICESZEVW T Z2ED 5.
31. Z 74y —E#HER CF
Y ZARE3MTEHAL 5. 2Dk &, Heegaard HIE & ITFIEZND Y WO ¢ A
FPAfTE ! FEAEL T, YIZ22DNY FWVIKH,, Hp 23 nsg. 512, |, |k
®3Exﬁﬂfa$f@%ﬁﬂﬂﬁ®n’*ﬁ{az _, (resp.{B:}_)) % H,, (resp. Hp) P\]“C%X/L%Z/Lél%&
MEMEEES £S5 R0 LTESIENTE, =M H=( 4 {adl,, {6}
DS Y DM FMEIIE LTSI ENTES., 20O H %2 Y OfE gD Heegaard l
n & LA

WIZ, Sy & nHEREE T 5. 20X E, Sym'(! )= ( 0 nlHER)/S, iZikn ik
TCEELHRARDEENAD ZEDBHI SN T WS, Kz, Syml(! ) 1k g IRTCEELZ A
THY, TOFIZIE2DODEgIRTE h—F A

To=(ar X Xa)/Sy BEU Tz := (1 x - x )/,
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NHDAFNT WS & Bt 5. Heegaard FloerE#IA CF' (H) 1%, KREHIZE X
E, Symf(! ) & T, T 22NN Y TV I T Ay 4k 200575097
VIS SRAKIZHAL T, 05275V T7 %X Floer ZEB Y -0 DK% EH T 5
e, 2L, Z 740 L —varvEREATLEOI, FEEIZIIEM
P\ 00U B) EOERwE2EDTHERCE (H,w) 2ED 5. £7CF (H,w)
DEFRIZIE, O 77V T VALDRXOD Z a¥—1ZH725 (T, NTs) x Z
BHAINTWS, Z0rE, J40bhb—YarybA)bmDWH/EERIZIEZH &S E
(TaNTp) x {i <m} THEEINDHAHEITINT 5.

Bl Z1E, K 20LEKHIES? D HeegaardXAD—2>TH D, HRILZNIZHILT S
FEIR CF (H,w) TH5. KT, ZOXEnDOFRERY % HF, (H,w) £&ES
e R |

0E (e & MR
0 (n: &)
L1
i=-1 i=0 i=1
(a,-1) (a,0) (a,1)
A \(b,—l) N (,0) N b, 1) N
| l )
(c,-1) (c,0) (c, 1)
> i
H=Z, {1}, {B1)) CF*(H,w)

4 2: X% S® OfEE 1D HeegaardXIADH. oy, By ldZENZ ! | ORNHIE AMET
MR Z R > CTWa. GRIXAERITHIGT 2 8EEAR. KRANIIE R DM B3R DRI
2o TWBH Z L aEERT D, £z, Fx AV (a,1) DIREIX2 T, FiZ(a,2) (B&
U2 & homologous’s: (¢, 2 + 1)) 2 HF,, (H,w) DHRERY —DERICE G591
I EIRS>TWVS.

ERU7ZCF (H,w) &, ROBEERTY (BT SMMHAEEZFF>TW5.

EH 3.1 (Ozsvath-Szab« [11]) H,H®% Y O Heegaard®X & 35%. Znr &, *
NENDEEDIEF w, vz D2WT, Z7 4 NVE—(TEHEEERE L TOF =1 VAE D
Y —[A il

CF" (H,w) ~CF" (H®uwY

MEALT 5.
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KRz, 74V b= a v L)L —1OMSER CF(H, w) & Z DOREEIK CFH(H,w)
IZDWT, FEINBDEERY

0— CF*H,w) = CF (H,w) = CF"(H,w) =0
DF A VHEME—FAEEP, FEB Y525
oo HF®(H,w) - HF" (H,w) - HF " (H,w) — - --

OFEBEEIL, Y OMMEAER LS, £, 74 L —2ar L)L 0% CF?(H,w)
T > WD WEA EF(H, w) 1%, ToNTs 2AERRICEDERIRTHEBET — VR
LB, X5, FOFREDY R HF(H, w) 13 LZEMTAE [1]OHk L 2 3504 T,
EHBOHIEPMEOMIEL Y, 5T IDAITHEI TN T V5.

32. 2274 IV — T EHEKRCFK

Wiz, K% SPHOMEOHETE.1208 %, SPOH 5 HeegaardA\A H £ ZD LD
DOER w,z ZHVWTHUTE K 2RTZeNTE5. (EBE, NV NIUAH,, Hs O
T, o B DIRA IR ZEET 72D 5 w & 2 ZAESRD DHDAMAIE, T4V hE—D
EERWTCTENTN—ZIZETS. MI3DEMEMHETSRINLW.) XoT, Y
HiZIZ CF (H,w) & CF" (H,2) DD DOEERPFRRHIFIET S22 i2mb, 35
2, 2O DOOHEERIIEENIZF 1 VEBIZAR->TED, WEDEWNIZ 7 1)

NL—=2a DAY DA ERS.

ZZ T, BRI F oA VABEZ N LT [OF (H,w) BIZEfE 2 ichkd 52 71400
N—=2avaIolNd 5] 28T, 22 74 VA —NEHEERCFK (H,w,z2) 218
5. BT, ZOEE»S, CFK (H,w,2)13Z 74 VX —(EHERE UTCF (H,w)
BEOCF (H,2) LEEAZF oA VRAMTHD I Db 5.

B ZIE, EBRIZZOFHRETK 20 CF (H,w) 2 CFK (H,w,2) \IIE#T 5L,
M 3DAMD LS I1Z75.

ZDrE, CFK (H,w,2) D K IZBET57 A4V bE—=FREHEIZIRD XS I2BRS
ns.

E 3.2 (Ozsvath-Szab« [10]) (H,w,2),(HEw® ) 2 K 2% 5% O _EE S
& HeegaardX& & 95, D& &, 2274 VA —EPEEHRE L TOF =1 VKE
N i 1

CFK" (H,w,z) ~CFK" (H3uw® 29

MEALT 5.

Bz, CF" (H,w) DEORGEAREF(H,w) D BlzdEf 2 izdikd 52 740 b
L—=ya v AD, ZOF oA VHRENE—REELPKDOTAY NE—FRERELRD.
ZDZ T 4NE—FEHEERIINET D ART MLRHID B R—IUDHEOH Floer
FEDY— HFK(K) 12®75%. iz, HFK(K) 12 CFK" (H,w,z) 5 i E e
Thb.) TOMIZEH, CFK' (H,w,2) 52 TO Dehn FiD 4FED K€ T Y —Ff
HF' HF% HF+ #F DFETETHE IR ERLSNTNS. [13, 14]

THEBRIE, L0, RO 3IRITTEHAA D null-homologous Z#EONH (2% U T [ABRDRERK P A
ZBMEDENLT B



1 B WRKA)

(@, 1) e

(a,0) —— (b, 1) j=1

' l
(a,—1) e— (b,0) (c, 1) j=0
— (b,—1) (c,0) j=-1
(Ca_]) J= -2
ai v
H =y, {1}, 61D CFK®(H,w,2)

31 ODAMITIE oy DIEZS MM Z, AMUITIE 8 DIRDHRZE#IT T2 DDEK
w,z g8 &, 2EIERN E Heegaard AR THEFTHIELTE S, (ZDHITIE
AT trefoil KBINTWS.) ARIE EZRNCKIST 288K CFK (H,w, 2). il
CF' (H,w) TRKDZ 74NV L —=>arThh, jllildzichkdsz 740 L —
varvThb.

4. CFK®ICH¥ET 22 0A—49 VY AREE

41. BRIV A=YV AREEE, Hom I & B8R

23fiTHRREZE ST, FOHaYya—X v AOMEEOMTIE, UOHaya—x v
AFEDIBAREKer oy ZFE LU KFAROND LS BHEERICHEHPEE > T Wiz, ZLT
Heegaard Floerk €1 ¥ —HEmD LU, 4Ry a3 -V AREEPIERI N,
eIz, AR TIE, 20T, RICAHELEHD O PENDDZHNT 5.

o Ozswth-Szalx[Q) KA SIZ L > THZONHERMER 7:C - Z. ZORE=E
X, CFK' hoFEINEEF FOZ 74V L —2avaHVTERINS.

e Hom-Wu [7] IZ &> THAONTEBR vt C — Zgo. ZOAERIE, CFK
SFEEINSG CFT LD Z 74V b —=YarviaHAnWTERZINS, v (¥
RTIE7R WA, HIEN vt (K# J) < vH(K)+ vT(J) 265, FIZvH(K) =
vH(—K)=0 2R3 2R 2ECHATHOREH, 21K

e Ozswth-Stipsicz-Szabe [12[c & > TH 2 5 Wz ¥ERBIGE": C — PL([0, 2], R).
772U, PL([0,2],R) ZEAKXM [0,2] LOXKOWEEREADESTH L. &
DAREREL, £t€[0,2]Z¢IZCFK EDZ27 40V L —va vz GO
LR 74V b= av3zHVWTERI NS, i, TOLRELRER" OG0

222 TC-KiE, KOava—&R Aot LTOWnE£T.

Ste 0,2 2L LZLE, 74l hL—Yary L Abs(e R) OEDERIZ (1/2)i(c) +(1-t/2)j(c) < s
Bz F oA Vet ko TERENS. (727201, i(0),j) i, Hiw zZhZhizhkd sz 7+
VR —=YaViZBLT, c2B0RNDT 4V ML —Y 3 v LR
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EEZDY, BHYERE" S C—Z" BMESNE. TIUTE ST, Kermg, 212
CRBAREMNKE T 2D Z LAY O TEFH S 7.

ZOMZH, e: C— {£1,0}, {Vi:C — Zaotw 2, , BRERRX BABENERINT
W3, EBROAEEITTRTCOFK Z2HVWTERERINTWVWAS. LEH-T, Zho
ETCORERIIN LU THENEZ H ORLEOFAEZMEIZT H2DIXHATHS. 2D
RIWIZX U T, HomIXIRD & 5 i = 5 % 7-.

EHE 4.1 (Hom [6]) C+ %, COH,+ \(ZLABEREETEDS. ZOWF, IvaA—K VA
Z:E%T, V+," ,E,V}g Ciﬁi\f, %ﬁ%ﬁﬂ'lﬁi C! C,,+ & Cl,+ %ﬁjﬁiﬂjakj_égng@éJ&c:ﬁﬁ@
95

ZZT, ZODKOHEMN[K] - [J] € H,+ 2723 Z &1,
vi(K]-[J) = v "([J]-[KD=0

DO VDOZ L LEETH D, ZHIZE->TEESHEOHDOBOEMERGZZ !+ FE
Wi, B ki, vtEER TCFK o EXx5 a3y a—RV ARERZKEIT
LHEMERGR] L WO EKREZBEIZR > TWaDIF72D, Hom XX S5I1IZ vt AMENRCFK'
DOLERE N —FHOZH =22 TH DI LB SNIT LT,

EHE 4.2 (Hom [6]) #UH K, J» v AETH DI LIFROMELFETH S - Z2
7 4 VX —fF EIERREIR A, Ay DIFEL T, Z2 74 VA —[EHERE L TDOF =
A VHE MY —[FEHE

CFK (K)® A, ~CFK (J)® A,
DL T 5.
WekiE, Ta vy a—& 0 ABEROMEZ fEIHT 5720 12 THeegaard Floerk €1 Y —
HERZIGHT2] EWORKTH -5, HomDEHIZ L > T

WOHOTAY b —0% — COFK OF A VEKREDNYE—[{ESE
HOHOavya—X v ANE — COFK OREFRE MY —[AESE

WSRO S IR, [#HEIKCFK OWWEZMBIAT A28 12 Tava—&KY
AHEmEIGHT A EWOMEREF /- IZAREIZ I o 7=, FHH L Z DBLUE D S BIEWSE
BHEDTNS.

4.2 BEBICLBHEKRRQA) : Cr EANDEDNEFDEA

v EMEDEFE X, —DODEX

vI([K]1=[J) = v ([J1 - [K]) =0
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DHBFIZEILT AL VNI EDTH 7208, ZDHHED—D%HWINIXCH FIZHSIER
ZEATHIENTES., 94b5, CrD2tx, gL, Bz <y%
vi(x—y)=0

TEDD L, BR<IEC LOMAIET L5, 61T, ZOMAIETIFIRD X S 7%
FWVWHEEZE D,
EH 4.3 (t£fk [15])) Co+ EOFAIMEFIZDONWT, A RND Z AR D 7D,

o TED2,y,2€C+ IZDOVWT, z<yBHiFar+2<y+ 2.

e FED 2,y CprilDPWVWTC, <y By —y < —z.

o NEB T v " Vi & Cpr ZIIHE T HEHREALT L E, TN oXHDNET
ZRFT 5.

o h—=J ARV = S' x D2NDOAERDFETH PIZOWT, ZHIINNEET 254
P:C,+ = Cpi,[K]+ — [P(K)]+

T well-debnedC, 2O nIHF 2R EFST 5. 72720, P(K) I P2 AR—VE
TEKDOYTIA MECHTHS.

X5, REOMEL LT, HONET < ZROBEKRZFE>Z L7, 2T,
FrAVER fC — CoPRERETHL LI, FEBY— LIZHEEI NS UERR
fii Hi(C)) — H (Cy) BRIBIBZIZI > TWE I ETHD.

EI8 4.4 (1) BARIK] <[J]+ DKL T A Z L IXROmE L FfETH B : 227 «
VR L= a3 RN U - REE R E G

f:CFK (J) = CFK (K)

PFET B,

Kz, 2202727 4 )V 2 —D ZFHEIRDON G AN EEFTIBGMRDVFIET 5 Z & % WEEE
BILIERZ L1293 5L, HOmDBZLIZMMA T

HOHOaya—X Vv ANE — COFK OXREFRE MY —[FAESE
& CFK' ORI 4%

EWVISHNEBFONIZZ LT85, T HIT, ZESE MY —FAEGEG L HEL T, W
T OEFRMEGIT TN ENMITHER T2 e NTEE 0D, BT DR
LH5.

AR =T ARV OFLERS x (O} KIS £ 51TV & SSITHDAALEED, POBELTEES
MOHDZ L.
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43. ZEFICLDMRHR(2) : B 1 OBVBED v RERDOSEE

FEHITT 5T, 4280 NEFe DR MEE 2 FE L <HZEL, EEOFECHD vt
FEREIZN LT, IROAERZIFH L2, 22T, gu(K) X TK D BATIRS A
HDB/NER] THY, KD4RTEHEIFIINT WS,

EIE 45 (&) TEOMUOHKIZHLT, RERX
—g4(K)[T2 3]+ < [Kl+ < ga(K)[To3],+

M DLD. 72720, TyzldtaFRtrefoill 2K 7.

CORERDIGHE LT, I RTCOEH ] OEOCHD v A2, tAZE2HWT
SR MET A Z L ITRI L 7.

T 4.6 ({£ik) TEOMEE 1 OFUH KIZDOWT,

$
%[Tw]ﬁ (r(K) =1)

[K]+ = 9/’90 (r(K)=0)

—[sl+ (7(K) = -1)

ML T 5.

ZOFERIZOWTI, AR T Y 3 — XV ARECay L HIRUTEHIE V. %
DT, FTCOT4 NV L —2arve UT, AL TFTOROHSER] TR X
NECOENBEF, (ne€Zgy) ZEZD. ZODW, LevineDAZEELEMH 4650

o Gma(F)IXZ ©Z, ZEMETIZED.

o Bm, +(F) X[ T3]+ 1T Ko THERINDIRKERET, FZm,+(F) 2 ZTHh5.
WOt Re NS, T T,

o ma(Ker mr,,) = 0.

o 7, (Ker mpp) 1&Z" ZEMKFIZE D,

VOB DB 0, IC,+ Ik EZ KId 5 —/T, MEBIZE>TSHHEW
MR HIRXI NG| EWHIEBLRPBFEON-Z 125, T, C+ 2L 5 CDMIHD
[RA%2RT—HT, C+r EOT74 Vb L= a Yy

0C m+(F) Crp+(F2) C - CCpr

MNP T VR TH LA REE S RIEL TWAS. Kz, IROMEIZRERT, FHEN
SEOPEE UTEEHALTWSEEDTH 5.

78 4.7 E%ﬁ\@n € ZgollDOWT, Cor Do 7TV+(.F2) IEAERA R ?
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LevineDAREK T > I — XV AR Cpre 1, ERICT Y T — XV AFEC" ZfRIAL 727215
THL, Cl=CizBWVThH, ZOKREPLHEEY AN LEOCHMBEOa Y a3 —X VA
ZHRET D ECREEHTH Y, BAETEIRFICEEINTVS., SBOFHED—D
DHE, Cqr OMEEZFEL <ML, MotEz XKL Zza Yy a—X v A8 L KIR
T hART Y =128 5 FloerBlam ARZEDO W OBED /- DIZERINSHH L LT
BRERLEIETHD.

BEH ROV U URYYACBHELEE ok, LEFOERICL K DR E H
LR
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Conway-Gordon D EHLD ¥ # AL & —fikAl
W st (RO P RPBRABEET)"

B =
28 6 THASER T T 7 ND 2 [0 #& A H O A DRI T FE T, £7248
M 7TEASER 2 7 7NDOFEOHD Conway ZIHAD 2 IR DRI DIRFNZ T
W TH B LD FHIHIX, Conway-Gordon DEHLIE LTLLFSNT WS
AR TlE, Conway-Gordon DEELDEEE RS EIFIC & K5 AL, B&U“Tﬁﬁ—:‘kiﬂ(
SLALEDFEET T T AD—BALIZDOWT, BoEDFER 2 TR ET 5.

1. Conway-Gordon D EIE

ARETIE, 1IRTER CW RO ZHIikE 727 LIFC, 2D 0 itk z2TER, 1k %0
EMERZEIZT B, 7577 GOR ADHDIAA f: G — R % G DERIEHAH L
WO, 204 F(G) 2 GOEBITZ 720D (K1.1). G ORI 5 7 (3 EK) TH
JUZEMAR S DEH A 2L eV, G OZERDAA f ROH A 2L (DIEZEH) A 12
XU, fN) X f(G) NOFEUB (A B) IZIFN7R 5720,

1.1: =M 57 1.2: BT D 0 ik

757 GD2ODHEMT T 7 f(Q), 9(G) BEETH S LIk R OHCFHMEEH ¢
PIFAEL T O(f(G)) = g(G) £ mp & T3, =I5 7 f(G) »BBETHS LI
f(G) D R3 NDEMIZEENDHDEMT T 7 WG) THMETHL L E 20D . S
SR tl‘ﬁ% B0 7 O FEIIERAMMETH L, FEOHEmRIIBWTEZONT
WAMESPALEREDL S WEMT T 71— BfbInd. X 1208 T0D 0 RO LS
2, BENDHEOCHPKABLRAZEHATS, HEIXIEAHREM T T 7P EET S Z
W, DHERMEEMIET A1 OO TH L. T2, 7T 7 DIEALNLEDO S EE X
58T, RENDNY RV (N RIVEECE) PHE O InHI NS,
NoIFER T 7 7 OMERMEDOMIEE WA D, —T, 77 70+ TRE W] tmc;t
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TRT. 72, (n— 1) BRD1IBRLLTHRONDG I 72 nTARTEELI T 7 L0\,
K, TETIHIZn=06,7 D& Z, Conway-Gordon I$IXDEH %2R L 7.

EIE 1.1. (Conway-Gordon DEIE [6])

(1) K¢ DIEEDZERMDAA fIZBEWT, 3o,k K(f(V) =1 (mod 2). ZZ
Tlk E R IZBITSBHAE 2L LT

(2) K; OEEOZERBDIAAR [ IZBWT, 3 1 gy a2(f(7)) =1 (mod 2). 2T
ay & Conway ZIER 3 D 22 0)(%‘?5(’5:%'3‘

1 6

3 4
B 1.3: Kg, K7 D275 7. KEERIZ /D Hopf #&AH, AD=FEREOH IZ [EME.

EH11D S, Kg DZE/MT T 71306 DR 20 (AHEEL T L, 72 K, D%
272 7303 HEAHMTHZED Z L2820 (K 1.3), TOHFEEFEL T Conway-
Gordon DFEH Wb d Z bWt —fRITHE /BEOME LD/ 7 71 {84+ B
PﬁH%UEWET%5KVW\_mb@% HaRD7 7 7 ORI ZEM 7 7 D
HERIZH T HEERFET — <Y TH 5. FFIZ Robertson-Seymour-Thomas 12 & 5, #&
&EWT&77®777v4% HIERIZ X AR T IZREREED1DTH D [34],
— A TR ERNIES T 7 ORHEAS i%ﬁ&éhfwammu_[9%2aéﬁw)
UL L% DAFTOEKIIAOHcH S, WE, 2777 f(G) NOKEOH /#
AHTE2TOHMAZELCLDE, 7T 7 Hind HGE kﬁﬂ(of Hamilton #§0'H /#&# B
CIERZ 22T 5. Wx OHMIE, BB 1.1 %, M5 7 HOMEOH - #EaH 2 AU
REETHD L WS VGPSTHEAE n > 8 @ K, (It L, Hamilton #5U'H /#& A
HOIRBDEHNZFARDZLTHD. TOXIIBRMRIFIINETIFLAE LRI o72LD
Wb, DK EEEZIZTOMRBEUNMS D577,

EI 1.2. (1) (Foisy [11], FHF [13])° Ky DAEEDOZEMMDIAA fIZHWT,
ZVGFS(Ks) az (f(v)) =3 (mod 6).

(2) (P8 [13)) n>9 D& &, K, DIEEDOEMMDIAAR fIZHEWT,
> ern (i) @2 (f (7)) = 0 (mod 2).

p 1, nTHRDI B EDRLD2THED, b &5 L 1 ARKDLTHIENTZ 77(%5
%‘ril%%&a L=JUK IZHUL, Hi(R® - K)=27Z O%nxx © & LT, [J] =1k(L)Y &7&5 k(L)
% L ORIFPEE VD, L OMA»SFHETE L. L B HEEAH (%L:EBH) %5 k(L) =0 Th5.
SHIKAE L © Alexander ZIER AL (t) € Z[tF2] %4 IZ ERALL, ZHEH 2 =12 — 17 %
il TRONBBEHLIHEN Vi(2). FHZARRETH K © Conway ZHAFAEITHK ST, £/240
T4 Y0 ani(K)22 OBIZRI NG, K HBEWERS Vi(z) =1, FIZ aa(K) =0 TH 3.
4 K¢ 1B LTI Sachs 57128 L TWT [36], Conway-Gordon-Sachs DEHE Wb b Z v H 5.
®Foisy & 2 ers (i) @2 (f(7)) =0 (mod 3) 2R U [11], FHE 37 1) (g a2 (f(7)) =1 (mod 2) &
U= [13).
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(3) (Kazakov-Korablev [19]) n > 7 D& &, K, ODEEDZERIOIAA f IZHEWT,
D pamn 2oner, (k) I(F(X) = 0 (mod 2).

FEH11DOA ) VFIVOFEHIZA RO LS IT Iz, K, OERBEDIAA f I
U, 3 a(f) =3 cro ) @2(f(7)) (mod 2) ASLDHDLELIMTRETH S Z z:%
RS, o T aff) FEDAA fITRS T, WITEMAINZ a(h) = 1 L7325 HDIAHK
h 252 a(f) = ah) =1 %2185 (EE, K13 © K; OZEMZ Z 7%, 4360 H0
Hamilton #5C'HD 5 BHE1 D7ZITIEEHIAT ay = 1). Kg DZEMEDIAA fITHLTH,
0(f) = Yrery o) K(F(V) (mod 2) 12 LML TBEREBAT o(f) = 1 HIR
SN, FHEimlE AT — b ORAEHWZHERREDTHODTT 72y TV TH D
M, &0 RERERBD K, ~DO—ifb, 5 WVIEAEFRRNOREEAZ ZEIZNS LK
ANEHE Y 720 0 | BT BRI DA A b 12DWT a(h) 2EET 22 b —BIZIEAS
TR\, %Wa= DFHFIDHFEPHER S NZ KR D 1D TH S L5l bns. wm
EFIFX10EH, L OEEB n=06,7 I28WT, €H 1.1 0B8EEFES LIF 252 T
63452 Ik L, ;iir B, R PR CRREL KT L ORFMIICE D, 20
EIEHAB N >8 D K, IT—tT 52 LIZHRIN L7z, AT, TOMEZHET 3.

2. Conway-Gordon D EEDFEZRIL
1L (1), (2, WINELATD XS5 I8 EOFERICES EA's

EIE 2.1. (HrE [26])
(1) Ko DIERDOZEMBDIAAR fIZBWT,

2 > w(f()) -2 > wf())= >, k(FN)-1 (21

’YEF@(KG) ’YEF5(K6) )\EF3yg(K6)

(2) Ky DEZOERBDAA [ IZBNT,

TY  ax(f() =14 ) ax(f(v) =2 > k(f(N))*+3 > Ik(f(N)* —42. (2.2)

~El7(K7) ~el5(K7) XT3 4(K7) XeT'33(K7)

KBX, (2.1) OO mod 2 ZHLS L EH 1.1 (1) fFoNnD. 7z, (2.2) OHHLD
mod 2 ZMUB L Y 1 ey a2(F (7)) = Xnery s (V) T, FIFADIE AL (#23d)
IROTERLL (2) 256N 5.

EH2TIEMUFOLSIZUTHHE N, WE, K¢ 522D 354 ZIVOIELH %
BRONCTIHOND T T 7% Kyy TRILE, G =K £721F Kz3 DZEMEDIAA f (2
XU, Simon REEEIFIIND FBUEAEE L(f) DWEFRIND S £72, 1" 2 G = K;
DEE D =T5(Ks), G=Kss DEE T =D4(Ks3) £T2LE o FEE off) H

a(f) = as(f()) = D aalf(7)) (2.3)

~ver” ~ET4(G)

TEHEIND." Simon AELFEE o AL EE OMIZIE, A FOREF:

65X D2 JBdiEZEM Co(X) = {(z,y) € X x X | 21 # 22} REZD EDOWE 1(x1,22) = (22,21) I
WU, Fx A VB Ker(l+ 1) DEFRIRED Y —REE H* (Co(X),0) 8T, G=Ks £721F
Ks 3 OZEMEDIAA f XL, H?(Co(R3),1) XZ DERHIE X O (f x f)* IT&26 (f x f)*(2) €
H2(02(G) )T % f D Simon FAEBL W\, L(f) TRT. Zhd [ OMA»SFETE S [40).

£E1 1 ( ) nEHE j’é K? @ii&)ﬁyj\f ’fi%bfd\l/\% Oé(f) @74 ?’f 7%*/IE%JEL/, G = K5,K373
RS T, X0 —BRINREED FT, BT 7 7DKRE ME—RERL LTEAI N [39)].
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Sato) - Y w(e) = 2.0

yer” ~€el4(G)
DI 0 3D [28] (AREMNZIEARME-A 1 [22]). WD T Kg DIEEDZEMBDIAA fI1Z%f
U, Ko 1& B &S E6MD Ky ITABZRIBD 7 G (i =1,2,...,6), B &5 E 10
D Kz \(ZRBRES 257 Hy (j=1,2,...,10) ZE A,
6

10

SOL(fla)? =Y Lfle)? =4 > Ik(f(N)?

Jj=1 i=1 el 3(Ks)
MDD Z N, Ky DZEMZ S 70 [REQY =58 [40] DISHIZ L W REND.
ZZTHE L(flm), L(flg,) 1T (24) 2@HUEBHET L L (1) BMEFoND. (2) 1K, K D
EEDOEMMEDIAA fIZN U, Ky D37 T 7T K ICHMHBRED F 22 THEZ (X
2.1), flp \CEH21 (1) ZEHL, 2TO FIZDOVWTRLAEDEEELTHEONS.

2.1: K7 DED 57T Ky IZEFHRS D

EH2.1 (1) DFFHDHFL, B 77 70 FEn Y —ALBEZECHKD D ay 2 HW
TR L, 22 ICHRERY —BR0HE2EHL T RNRBER2E5L2A5TH5 8
THIFBIRR (24) ZBABICHVWSONET A T4 T THH o1z

3. Conway-Gordon DO EED—i%1b
2.1 (2) DFEHDOFEIZ D K, (n=28,9,...) IZIk% L#EHATE, I f(K,)
D Hamilton F5OH D ay DIRFIDY, 551 ZIVAETHD ay, MO 2 O FEAH D 1k
MOIREDZEIFFEBMU TV, kYA ZIUEECHE YA ZIVEECEH» S5 2 5%
DiEAEE (k1) BHPBELEILE (6<k+1<n), % (k1) EAHOD 1> OBRHDO—
R BN S D0 63, MR BRRICRE RN T W, L L, Ky DZEM ST 798
FEOUTOMEIZ (&30 L) AW &h8, BN 25 #e ko7
EHE 3.1. (BRI [20]) K; DEREOZEMBOIAAR fIZBWT,

> k(=2 >0 k() (3.1)

Ael'3 4(K7) Ael'3 3(K7)

AERALE, 2.1 (1) L FABRDOFHET O’Donnol 2R U 72582 3Ml7 7 7 Kiz, OFFE
4t Conway-Gordon BLAK [29] %, Ky BELRTD Kyy, (ZHBZMAD 25 7125#
HI2Z8i2&d. 22 TEM3LEER2.1 (2) 06, K; ODZEMBEOIAA fIZBWT

Yoo oa(f) -2 Y alft))= Y Ik(f(N) -6 (3.2)

vyel7(K7) ~v€l's(K7) XeT'33(K7)

S2TD n 2oV, K, DERZ T 7DRTOHRED Y —EAHRKI b2 > T3 [38], [25].
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DE D 325, [Hamilton #5OH D ay DFEFNE, 534 ZNVAETCHD ay OFEFIE (3,3)
WBAHD K2 DRI TRERLSEFZING] EWVWIIREDIHEIZRES. KMEIZIZZ O
21U T, HAIILLTOMRZE7-.

EHE 3.2. (HRF-FE[20)n>6 D&, K, DIEEOZEMMOIAA fIZBWVWT,

>, ()= (m=5) ) a(f()= (H;S)! ( > Ik(f(N) - (n51>>.

YELL(Kp) YEL5(Ky) Ael'3,3(Kn)

EH 3205, f(K,) ® Hamilton fETHDRZ VA VWALNWERZTL 5. £7,
n>6DEE K, D2DOD3Y A ZIVDIERH N € [33(K,) 2ELHT T T 7T K
AR DIEFME—DTH DI EITHEETS. ZOZ g 1l (1) 2o, f(K,) D
(3,3) #&AHD 1k* DML, K, O Kg (CRBAESZZ 7 OMEH () ETH 5.
o TEM32LD, LFORVEONS.

%33.n>6 D&, K, DIETEDOZEMMDIAA f IZHEWT,

Y a(f())—(m=5)" Y GQ(fW))Z(n_5>(nz-_6?)(n_1)!-

el (Kp) vels(Kn)
EE 3.4, @B KB, EUENER 25 7 OFRD —BRE LT K, DEZERKRR LT
ENBMDIAA f, ZEAL [7], HIZKBIE, £, (K,) O TOIEDEE (3,3) #&AH K
L x5 (7) D Hopf #AHTH S Z L &R U7z [30]. #5THR33D FFRITHRRT
H5. HIZ f(K,) ORTDO5H% A ZIUETHIZAWHZD T, Kz

Z(K) () = 2= ((g) _ (n - 1)) _ (=) ._66!)<n 1! g

HF SN S, Hamilton fFEHZZSDFECHBMONRZR ST & H ay DRRFID DD -
ZEWHFEHUTHRLWY. ZUTZOFEMR3S OREH CTEHEERSEH 2 R 727,

R, n>7TDEE K, DZEMT T 7 f(K,), 9(K,) IZBWT, ZNEF D Hamilton
FEOHD ay DMFDOZED mod (n —5)! #El> TA LS. 3205

Sl - D agh)

’YEFn(Kn) ’Yern(Kn)

J"ﬂ( SRR u<<g<A>>2) (mod (n—5)) (3.4

)\EF3,3(K»,L) )\GFgﬂg(Kn)

LIRBN, fK,), g(I,) D (3,3) #EAHD 1k* OMBFI, EEL1.1 (1) 25 WThE mod
2T (3) IKARBDT, ZDEIMEHETHS. £->T (3.4) 15
S a(f()= Y. axg(y) (mod (n—5)) (3.5)
YET L (Kp) Y€ (Ky)

¥ 72%. Bt Hamilton $50VH D ay OFFIE mod (n —5)! THORAMKS 2\, Z
IT g & UTHE3ATRRERERRIEL fi, 2#AZ (3.3) & (35) o

> aton="52((5)- (") a5y o)




14C R RRETFK)

PMEREDZERIDIAA fAZDWTHED LD, () =1 (mod 2) & n = 6,7 (mod 8),

(";1) =1 (mod 2) & n=0,6 (mod 8) BENENFMMTH S Z LITIEREL T (25
UZF9 % Lucas OFHZHVNIEEW), LFORVESNS.

%35 n>7DEE K, DEEOEMIDAA fIZHBWT, D mod (n —5)! D&
CEEW:N A RVASE

(@ - 5)! (n . 1) (n=0 (mod 8))
> a(f(1) =40 ‘ (n#0,7 (mod 8))
T n ; ol (Z) (n=7 (mod 8)).

BIZIE n=T7 D& EIZ, > era(gn @2(f(7) =T7T=1 (mod 2) &7 b EH 1.1 (2) A3,
Rl n=8DEEIE, Y 1k a2(f(7)) =63 =3 (mod 6) &7V EH 1.2 (1) 17
HEND. FlZn>9 DL EIFEH12 (2)D—BILT, 3LAAFERTH 5.

S THAIE, 253 Hamilton #&AH DIEABDIRDS TN WS B S, EH 1.2 (3)
EUTOESITHETEILHTE .

EE 3.6. (ﬁ—F—%ﬁ 21)n>6 &L, p,q>3% n=p+q RDERELTEHLZ K,
DEEDZEMMEDIAA fIZEWT,

(n=6) > k(f(\)’ (=9

1k A 2 _ Ael's 3(Kn)
Aer%m) ) 2(n —6)! Z k(f(A)? (p# q).
AeT'3 3(Kn)

Kz,

YooY KEW?P=m=5)! Y k()

p+q=n AEFpﬁq(Kn) )\EF3’3(K”)

FEHIE (B DEZA) b io HBIT, n=7TDEED 31) IZMAT, n=8 D& &
STOk(FA) =4 > k(FN)L DY k(NP =2 ) k(f(N)?

)\EF315(K8) )\GF3,3(K8) Ael'y 4(K8) )\EF3 3(K8)
75§Jﬂzbﬁ’)lt%i<bf75>6”%fﬂmjé IZFEE S, EH3606, K, DLEDZEM T Z 7
IZB\WT, Hamilton $ECH®D a, DHE LR UL, 264 Hamilton A HD 1k* DA

fH mod (n — 5)! THODIAAIZ ﬁkb?lb\@ FHIRENZ & ThHh S, BRIZRZL DI
Z)\Ergg Kn) Ik(f(N)? > ( ) THo=D6, RORHLELIZFEONDS.

R37.n>68UL,p,q>3%n=p+qRIPBHELTEHLE, K, DILEDOZEMMD
AA fAZBNWT,

Kz,
> Y KGOz -5)

p+a=n AeTy 4(Kn)
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FER3ATHRNZEY | K, DIE¥ERRE f, ITLX>oTR3TO FREFEHI N, fiE>T
XERTHD. K, DZEHT T 7 NOIEG R A H O /MEEDOMFEIE, Fl 21X Fleming-
Mellor [10] IZR 64, R3.3EXZDRBR T2 o DFHli 25X 7D VWA LS.

4. TR T Z 7D

EH 3.2 DIGHANRE EEMIZ BT 5ZEM T 7007 7 AL LT, EER T S 70
EiFohd, WE, BT T 7 (= 1RO BRERNERO LK) G DZERBOIAA f B
WBETH2L1E, G DIEREDL e XL, ZTDH fi(e) B R D (F-7 <4)FRHT
HHLERWD. nHEOEM I 7 71X K, DD T Z77THY, K, DEEME RPN
DR (1,62,43) RITEE, B2 XD 2JHAD 1 RO THESIZ & T1 DORE &%
MHOIAADNFONS (K4.1). Th%E K, OEENRIFEEMEOIAALIERZ L2
T2 5> TEREDHM S T 7 1B LML A A% KD,

fr(Ke) fr(K7)

4.1: K, OEHERILZER S5 7 (n = 6,7)

MM 2 S 71, DF PR Y —I2BWTHO LA ET IV E LTHRIZ
BN BE%T WA [1, §7] 22M), 2=l 2 T 7 OREFIZENERIA 20 5. KR
Bz ix, MEEM 77 7 OFEOH /#AH NEMEX Hamilton #50VH /#&AH 02582
DRH 5. K, ORIEZERZ 2 7 N® Hamilton FEOH /i&A HIIBIEHEn LT TH 5
TEIZERLELD. 22 THAHE L OB s(L) 21X, L © R? NTOREKZENZE
5 1THRERDOR/NIDZ & TH O, RNERBUZ DOV T TOHEENIH SN T WS,

Rl 4.1. ([1], [24], [2], [5]) #&AH L OB s(L) (22WT, IRHBEKH DM
(1) L IEEMFEOHLS, s(L) > 6.

(2) s(L) =6 <= L I% 3;, 02, 22 DWW 1h & [FfHE.

(3) s(L) =7 < L 1% 4;, 2 dDWFhh L FEfE.

(4) S(L) =8<«= L X 51, D9, 61, 62, 63, 31#31, 31#31(, 819, 890 A= 5% ODL\TZ’L
MEFME. 2 2T # 1385, * 3EGE LT

4.1 ()T D, 5RO 1 BEN S 22 ECHIZEHATH 5. o T, #IEZEN T
THND5H A ZVFEOCHIZETHHE 2D, CH32N LU TOEMVPELIZFEONS.
9Z ZTIEEIE & L7223, linear, rectilinear, straight edge 72 & O HFEMEDL N, I TWRW.

0 4.1 D K, OFEHER 72832 MO AM, EIZX 1.3 O K; OZEMEOAA L [FAETH 5.
HEFECH - BAHD T ~0ViE, Wb 5 Rolfsen T — 70 [35] 12> 7z.
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T 4.2. (F F-HE [20) n>6 DL =, K, DEEDHBERBDAR [, IZBWT,

n—>5)! n—1
> wto =" X weer- ("))
’YEFn(KH) A€F373(Kn)

4.1 (2)I2& D, 6RD 1 HRDP 5725 2 itk AaE K, BWHAEAE 02 2 Hopf
HAEH 22 OWTIhDIZFEETH D, 1k(02) =0, 1k(22) = £1 THB. fE> T (3,3) #EA
HoD 1k* OFNE (3,3) Hopf #&AHDMEBUZE L <, EL4212 &V, K, DFPEZEM 2
Z 7N Hamilton fEOHD ay DRRANE, WHRD n>6 1I220WTH, AL ST A
7‘/7‘)1/0)&7&7 DA CHIRINZI F 5. EHILZ DFERPIAELRITA-ST VWS,

A2 5, R33ERFABRICUT 3 ) a2 (fi(y) OTRBBONG. —fi
DDA DWW TIE EIZE R THRWD, BRSO IAA f, 122\ TIE E
WHEERTHZZ W, UTFIZRRD Ky OFIEEMZ Z 7AD (3,3) Hopf #&AHD
fEEUZ 2220 B RN 2 S o 9 B
fpd 4.3. (Hughes [15], Huh-Jeon [16], & [26]) K¢ DEEOMILAEMELDIAA f, 12
BWT, f(Ke) &L Hopf #AHDMEBUL1EE 72 IX3ETH 5.

A3 D (5) < Pnery e K(F(N)? <3(5) 78D, fE> TEH 420 5RO
ErFons.

R 44.n>6 DX E, K, DIEEOFILZEMEDIAA £, 1IZBWT,

—_ —_ —1)! — — —1)!
(n 5)(35)(71 DL S w () < 3(n 2)(7;.6!5)(71 Dt
YELn (Kn)
Bl 4.5. (1) R44Tn=6,F2& Y | xya(fh(y)=012%5. Ml (2)
£ fily) IFEWHRFECH 0, £2721% ZEEHECH 3, TH Y, ax(01) =0, a2(3;) =1
D5, fi(Ke) WED ZERCHOMEEIE, 0Ol E 721X 1 TH 2 ([16) THEER
FIRIZ & DR EN TV HEDBIGERA).

(2) n=T DL ¥ RIALTHLL (2) D5
1< Y a(f())<15 Y a(fi(7)=1 (mod2)
vel7(K7) €7 (K7)

THs. A1 (2), (3) 25, fuy) 1X 0y, 31 FZIXSOFHECH 4, DVT I
THY, ay(4)) = -1 25, fi(Ky) EBT =FEHECH % AT (Brown [4], Ramirez
Alfonsin [32] THRAEMKTIEIZ X W RENTWIZHFEDJIZEH).

(3) n=8 D& & RA4LEHL2 (1)H 5

20< ) ap(fi(9) <189, > ax(fi(y)) =3 (mod 6)
v€El's(Ks) y€Els(Ks)
THd. MEAIIZE> TSRO IHENSRIFETHIZETOR->TWVWT, 55
31, 51, D2, 63, 31931, 31#3%, 819, 820 DWW T ay > 0 TH B, > T fi(Ky) 13db
TINSDWTNDEED. FIZINSHETHD ay DEDHKMED ay(819) =5
ThHdZ Lo, f.(Kg) &, ay > 0722 Hamilton f§OH %27 &% [21/5] =5
fA&s (EEs26 2R X).
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SEE 4.6, 244D FRUIKEHER AR ZE M DAAIZ L W EHI N, RETHB. —
F, EFIZOVWT, Bl n =7 D& &, FehEzERIX 15 THBD, Jeon et al.
(18] BT BEM~ b uA REEROIGAIC & 2 3HEBHERIC L UL, K, OfEZERME
DIRAB fr T 3 pyey @2 (fi(r)) = 13,15 LB BDEFFAEL VS L. ZHULE
#4275, (3,3) Hopf #&AH DA 19,21 THEHDONPHFIEL BN L LAETH
L. =2 n>T71220WT, R44DHRED EFUTH S TV,

BB 4.7. n>7TDE &, K, ODMIEZERZ Z 7 2KI128\WT, Hamilton f5OH D ay D
RO KEZIER K. 7214, (3,3) Hopf #& A H OEELD Bkl % REE L.

Bl 4.8. M42D2D0D Ky DZEM 7T 7 %EF 2 5. Kl 3] THRALNZEHD, FHiF Ky
DIEHE) AR 22 775 7 CHWZEME TR WA, 2 WENDE[ 75 7%, £ ToIE
HEH72 Hamilton #5O0HE LT, & 5 L2l HD =EE-ECHEZET [3], 33] (ENhH %
BRUTAK). EHIIZD 21 L 0SBITMPE®RLEH B LELEDDH, 104EM Eb
N5 ITIZWz, UL USHE, FHZR33Tn=80D¢ &, L LETDO5Y 1 ZLETEHN
HHH7: 5, Hamilton #5OH D ay OFRFIE 21 LA ET, iz TOIEEFAZA Hamilton #E
CHMRZFEOCH RS IE, B2 EE RS, Z0h (21 D1IDODEKRTH 7.

4.2: Kg D2DODEM I 77

5. BRRBIGAME

FEHA2DIEHIZOWTESAURTHFI S, 12HIX, K, DIEEZEM T 5 7 DIEH
HH72 Hamilton #&H OB/MEBTH 5. o(K) THUH K ORIREHRZ2RT L Z,
o(K) < (s(K) —3) (s(K) —4) /2 B3 LDZ & (Calvo [5]), £72 as(K) < ¢(K)?/8
DL D VLD Z D5 (Polyak-Viro [31]), n ARD 1 AN 542 25 H K 12DWT

as(K) < {("_3)2("_4)1 (5.1)

32
REOND (|- IZKER). £ZTR44DTFHRE (5.1) ZHWT, K, ORIEZER TS
7 OIEHEAZA Hamilton & H ORAMEELD FH 6 OFMii 2 5256 Z LN TE 5.
EE 5.1, (HRFHE [20) n > 7 DL E, K, OfMEZER2ZZ 7 OIEEIHZR Hamilton
FEOHT ay >0 7225 OO E/MELIE, IRD r, LETH S ([-] 1&RKHBEE):

i ’7(71—5)(71—6)(71—1)!/(2.6!)"
' [(n—3)%(n—4)2/32] :

REOEMS ST 3 A 25T A 2 Nh T k=2 OFAH [257) U [13846] % & LAY, £ D%
277 7T, ERD X € T3 5(Ks) 12U, £ DEAIZFEILEIHEAE D Hopf SEAHTH 5.
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T D7T<n<16 1285 ELNZMEIZLTFDED THS.

n (781910 11 12 13 14 15 16
o || 1] 21292772 | 7187 | 73628 | 823680 | 10015889 | 131436569

FE 5.2, K, DFIZ LIRS BRW—DZEM T T 7IZDO0WT, n=8 D& EX ay B
B Hamilton F§OHD D & 3MEFEL (FE [14]), n > 9 D& Eld ap DHK
® Hamilton AEOCHBDRL LD (n—1)(n—2)---9-8HFHET DI VRN TW
% (Foisy [3]). % IZAREEM T Z 7D ay HIED Hamilton FEOCHZF X TWEDT
NG BN, n=9,10,11 D& Z r, I& Foisy D FAREDEHEREN. —Hn=8D
L& Hlas (3)THZEY ro =2 XD BHRWVEHI 5] 2356158 WIFicLTH,
EHL5.1 DOFHIi L n > 8 IZDOWTIKREIZITFEERWE Bbihd.

B 5.3. n>8 D& &, K, DIIEZEM T 7 72K\, JEEAZ Hamilton O
H(Tay,>07%%%H0)DE/MAKERES L.

2 OHDBHIX, K, DfIEZEM 22 7 @ Hamilton FEOHD ay ODIEDRKETH 5.
WERLAD S, K, DFIEZEFMDIAAR f 1IZBWT

(n—5)(n—6)(n—1)!

max {as(fi()} (K > Y as(f(7)) = 561

eln(Kn
YET R (Kn) el ()

Thbo, mHh%E i1, (K,) = (n—1)!/2 TH->TUTFHESN S M
EHE 5.4. (BRF-FE 21]) n>6 D& &, K, DLEOILZERMEDIAAR f IZBWT,

(n—5)(n —6)
| nax | {az(fr(v)} = ol :
EH 541X, K, ODFIEZERZ T 71%, n B+ RETNE, ERITKER ay DfEZE
FfO Hamilton fEOCHZ BT ELEES>TWS. I XD, FIIZIROFERMESNS.

% 5.5. IEDQFEH m 1T L, n > (11 + /2880m — 2879) /2 72 5, K, DIERDFREZE
2727 f.(K,) %, ap > m 7% Hamilton #50H %2 & .

EE 5.6. -, K, DRYELIEBR SR WZEM 2T 71220 T, Kigp DIEED
78177 71X |ag| > 2% RAKEVCHZEL Z L, FEQEH m XL, n > 96y/m
55, K, DIERDZREM T T 7 f(K,) & |ag] >m 25FVCHEZGL I & 2R U7k [37).
FHZRIBZEM 272 7 12BN, Fex OFERO AR LD B (BIFDO T — 7V 22 R).

m 1234567809710
n (FF-210 [37)) | 48 | 136 | 167 | 96 | 215 | 236 | 254 | 272 | 288 | 304
n(ZER-%E[21) | 7 33|44 [52] 60| 66 | 72| 77 | 82| 87

Fix, KVBAECH/AEAH L 1I22WT, n Do RETNE, K, DIEEORY
2T 71k LIZFAERFEOCH/EABE2 G0 Z 2RI s nTE Y (B E [24]), %
D&% n OF/NMEZ L ® Ramsey 8 & \Wo>T R(L) TEY. HlziX R(2?2) = 6,
BHIZ K3311 ERINDELBMS DR AMT T 7 OMIEZEM S T 713463 az > 0 725 Hamilton

FEOHZ A A (FBA-HE [12]), 20k Ky O Kszq1 CHEEZR (280HD) #0277 7 C#HAT 5 Z &

T, o b HWiHli 8] B S5NED, Bo L IhbE Tldaw.

Y Hamilton #&HH D 1k* DEDHAMHEIZDWTE FAKOMEREIE LN,
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R(3,) =7Td»2. EOBHE m 12U, K, DILEDORILZER- 2 T 705 ay > m 7254
VCHZEL LS 7% n OBRuMEZ R(m) TRIZLIZTH L, ax(K) > 0 72250 H K
IZH U R(ag(K)) 1& R(K) 2 T2 S5HIS 5745, R(m) OPE ERDIER IZHE L.

ERE 5.7. m > 2 12U, R(m) ZR& &.

RBRIZSHBOBEZ 2T TH <. Conway-Gordon DEIDKEEAL . — bz DWW T,
1k, as IZBTBEBRAE UTIZEH 3.2, €H36PIEMTH D LSS, —74, 1k,
ay WX ENTNIRE, 2 DBRBEFEE (Vassiliev TEE) TH S, Hamilton F5H /
BAHDIRZ BN 2L AZRBL LTI, n PRELLBRDLEINSTEATDT, &b
FIRDERBAZRIZ L2 RFHRINS. TD L5722 [EIRD Conway-Gordon
AN ZREBTON1IDOFETH 5.1 #il 21X Naimi-Pavelescu 1%, Ky O —fEDZER
77 713N HEEAE & GT LTRSS WA, MIBER ST 73T e I &
FHEBSRR TR LT WT 23], —MDZEM 7T 7 LfBZER 25 7 L TREOH /#& A H
WIEMED R 5. ZOBRWA IR &5 7% TER] OARIZL > THiliTE 2 LM
HW. £7z, ¢4 TNz k512, SPEM T 7 71307+ b Ru Y =128 65 1LEW
DETIVD1DTdHSH, Flapan-Kozai [8] T, o HLEWOEAE VD E T IV
D1IDEUT, SAKRHND T Y XL Ien iz HRE S S K, DZ V8 LFHBERT 57
DRI NTE D, TOHEADH X DFERORDNEISHE I NS,
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