
Heegaard Floer ϗϞϩδʔʹ༝དྷ͢Δ݁ͼ໨ͷίϯ
ίʔμϯεෆมྔ

ɹޫथ౻ࠤ (౦ژେֶɾJSPSಛผڀݚһPD)∗

1. ং
݁ͼ໨ͷίϯίʔμϯεͱ͸ɼ݁ͼ໨ͷؒͷʮίϘϧσΟζϜʯʹ͋ͨΔಉ஋ؔ܎Ͱ͋
Γɼ·ͨ݁ͼ໨ͷΞΠιτϐʔͷҰൠԽʹ΋ͳ͍ͬͯΔɽ͜ͷಉ஋ྨશମ͸݁ͼ໨ίϯ
ίʔμϯε܈ͱΑ͹ΕΔΞʔϕϧ܈Λ੒͕͢ɼͦͷߏ܈଄ʹ͍ͭͯ͸ɼະͩʹ೧͡Εݩ
ுʹ͍ͭͯ͸Levine֦ݩ࣍ߴಘΔҐ਺͢Βܾఆ͞Ε͍ͯͳ͍ɽҰํͰɼͦͷ͕ͪ࣋ [8]

ʹΑͬͯߏ܈଄͕׬શʹܾఆ͞Ε͍ͯΔɽ͜ͷ͜ͱ͔Βɼ݁ͼ໨ίϯίʔμϯε܈ͷ
ղ໌͸ɺ௿ݩ࣍τϙϩδʔಛ༗ͷ՝୊ͱͯ͠஌ΒΕ͍ͯΔɻ
ҰํɼHeegaard Floer ϗϞϩδʔཧ࿦ͱ͸ɼ༗޲ด ଟ༷ମͱݩ࣍3 ίϘϧݩ࣍4

σΟζϜͷ੒͔͢ݍΒZϑΟϧλʔ෇͖࠯ෳମͷݍ΁ͷؔखΛ༩͑Δཧ࿦Ͱ͋Δɽ͞
Βʹɼ݁ͼ໨Kʹରͯ͠͸Z2ϑΟϧλʔ෇͖࠯ෳମCFK∞(K)͕ରԠ෇͚ΒΕɼͦ
ͷνΣΠϯϗϞτϐʔಉ஋ྨ͕݁ͼ໨ͷΞΠιτϐʔෆมྔʹͳΔɽಛʹ,ͦͷ͋Δ෦
෼঎ෳମͷϗϞϩδʔ܈ ĤFK(K)͸݁ͼ໨ Floer ϗϞϩδʔͱͯ͠஌ΒΕ͍ͯΔɽ
ĤFK(K)͸༗ݶੜ੒Ξʔϕϧ܈Ͱɼ͔ͭίϯϐϡʔλࢉܭ΋ՄೳͳෆมྔͰ͋Γͳ͕
Βɼ݁ͼ໨ͷछ਺ʢ݁ͼ໨ͷβΠϑΣϧτۂ໘ͷ࠷খछ਺ʣ΍ϑΝΠόʔੑʢ݁ͼ໨
ͷิۭ͕ؒS1্ͷۂ໘ଋͷߏ଄Λ΋͔ͭ൱͔ʣͳͲͷزԿతੑ࣭Λ׬શʹܾఆͰ͖Δ
ෆมྔͱͯ͠༗໊ʹͳͬͨɽ
ෳମCFK∞(K)͸࠯ ĤFK(K)ͱൺֱͯ͠ࠔ͕ࢉܭ೉Ͱ͋ΔҰํɼKʹԊͬͨखज़

΍ϋϯυϧ઀ணΛհͯ͠ɼ3ݩ࣍ଟ༷ମʹ෇ਵ͢Δ࠯ෳମ΍ɼ4ݩ࣍ίϘϧσΟζϜʹ
෇ਵ͢ΔνΣΠϯࣸ૾ͱີ઀ʹؔΘ͍ͬͯΔɽͦͷؔੑ܎ʹண໨͢Δ͜ͱͰɼ͜Ε·Ͱ
CFK∞(K)͔Β༷ʑͳίϯίʔμϯεෆมྔ͕ఆٛ͞Ε͖͕ͯͨɼͦΕΒ͸Hom [6]

ʹΑͬͯಋೖ͞Εͨ݁ͼ໨ίϯίʔμϯε܈ͷ঎܈ Cν+Λհͯ͠แׅతʹཧղ͞ΕΔ
Α͏ʹͳͬͨɽஶऀͷڀݚ՝୊͸,͜ͷ঎܈Cν+ͷߏ܈଄ͷղ໌Ͱ͋Γɼྫ͑͹ࡏݱ·
Ͱʹ (1) Cν+্ͷ෦෼ॱংͷಋೖ, (2) छ਺ 1ͷ݁ͼ໨͕ Cν+಺Ͱੜ੒͢Δ෦෼܈ͷܾ
ఆ, ͳͲͷ੒Ռ͕ಘΒΕ͍ͯΔɽຊߘͰ͸ɼ͜ΕΒͷஶऀͷڀݚΛɼͦͷྺ࢙తഎܠΛ
౿·͑ͯղઆ͢Δɽ

2. ݁ͼ໨ͷίϯίʔμϯεཧ࿦
ຊઅͰ͸ɼ݁ͼ໨ͷίϯίʔμϯεཧ࿦ʹ͓͚Δॾ֓೦΍ྺ࢙ΛৼΓฦΔɽ

2.1. ݁ͼ໨ίϯίʔμϯε܈ C
݁ͼ໨K0, K1͕ίϯίʔμϯτͰ͋Δͱ͸ɼΞχϡϥεͷ׈Β͔ͳຒΊࠐΈA:S1 ×
[0, 1]→ S3 × [0, 1]͕ଘͯ͠ࡏɼA|S1×{i} = Ki × {i} (i = 0, 1) Λຬͨ͢͜ͱͰ͋Δɽ
K0, K1͕ΞΠιτϐοΫͰ͋Δͱ͖͸໌Β͔ʹίϯίʔμϯτ͕ͩɼΞΠιτϐʔ͔
Β༠ಋ͞ΕΔ༗޲ΞχϡϥεͷຒΊࠐΈAʹ͸೚ҙͷ t ∈ [0, 1]ʹ͍ͭͯA|S1×{t}͕݁
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ͼ໨ʹͳΔͱ͍͏੍໿͕͋ΔɽҰൠʹ͸ɼਤ 1ͷΑ͏ͳม͕ܗ༗޲ΞχϡϥεͷຒΊ
΋ίϯίʔμϯτʹͳΓಘ࢜ΕΔͨΊɼΞΠιτϐοΫͰͳ͍݁ͼ໨ಉ͞ݱΈͰ࣮ࠐ
Δɽ·ͨɼʮࣗ໌ͳ݁ͼ໨ͱίϯίʔμϯτͰ͋Δ͜ͱʯ͸ʮ݁ͼ໨͕B4΁ͷԁ൘ͷຒ
ΊࠐΈʹ֦ு͢Δ͜ͱʯͱಉ஋Ͱ͋Γɼো֐ཧ࿦ͷΑ͏ͳझ͖΋͋Δɽ͞Βʹɼ݁ͼ
໨ͷίϯίʔμϯεྨશମC͸ɼ࿈݁࿨ΛՃ๏ͱͯ͠Ξʔϕϧ܈Λ੒͢ɽ

ਤ 1:ӈ୺ͷʮεΫΤΞ݁ͼ໨ʯͱݺ͹ΕΔ݁ͼ໨͸ӈखܥ trefoilͱࠨखܥ trefoilͷ࿈
݁࿨ͷߏ଄Λͪ࣋ɼಛʹղ͚ͳ͍݁ͼ໨Ͱ͋ΔɽҰํɼਤͷม͔ܗΒɼεΫΤΞ݁ͼ
໨͸ࣗ໌ͳ݁ͼ໨ͱίϯίʔμϯτͰ͋Δ͜ͱ͕Θ͔Δɽ

2.2. ܈ͼ໨ίϯίʔμϯε݁ݩ࣍ߴ Cn

ίϯίʔμϯεͷ֓೦͸݁ݩ࣍ߴͼ໨ʢSnͷSn+2΁ͷ׈Β͔ͳຒΊࠐΈʣʹରͯ͠΋
ࣗવʹ֦ு͞Εɼಛʹ݁ݩ࣍ߴͼ໨ίϯίʔμϯε܈Cn͕ಘΒΕΔɽLevine ͸nݩ࣍
݁ͼ໨ͷβΠϑΣϧτۂ໘ΛBn+3಺ʹຒΊࠐ·ΕͨϋϯυϧʹΑͬͯखज़͢Δ͜ͱΛ
શମͷྻߦ਺ਖ਼ํ܎ΛରԠ෇͚ͨɽ͞Βʹɼ੔ྻߦ਺ਖ਼ํ܎ͱͯ͠੔֐ɼͦͷো͑ߟ
ू߹্ʹɼίϯίʔμϯεͱ࿈݁࿨ʹରԠ͢Δಉ஋ؔ܎ͱՃ๏Λಋೖ͠ɼ୅਺తίϯ
ίʔμϯε܈ CAlgͱΑ͹ΕΔΞʔϕϧ܈Λߏ੒ͨ͠ɽ݁ݩ࣍ߴͼ໨ίϯίʔμϯε܈
͸͢΂ͯ͜ͷCAlgΛ༻͍ͯهड़͞Εɼ͞ΒʹCAlgͷߏ܈଄΋ཧղ͞Ε͍ͯΔɽ

ఆཧ 2.1 (Levine [8]) ੔਺n ≥ 2ʹରͯ͠ɼ

Cn ∼=

{
{0} (nɿۮ਺)

CAlg (nɿح਺)
.

·ͨɼC1 = Cʹରͯ͠ɼશࣹ४ಉܕ

πAlg :C ! CAlg

͕ଘ͢ࡏΔɽ͜͜ͰɼCAlg
∼= Z∞ ⊕ Z∞

2 ⊕ Z∞
4 Ͱ͋Δɽ

ͦͷޙɼCasson-Gordon [2]ʹΑͬͯπAlg͕୯ࣹͰͳ͍͜ͱ͕ࣔ͞Εɼݩͷ݁ͼ໨ίϯ
ίʔμϯε܈C = C1ͷΈ͕ಛ༗ͷৼΔ෣͍Λ͢Δ͜ͱ͕ೝࣝ͞Εͨɽ
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2.3. Ґ૬త݁ͼ໨ίϯίʔμϯε܈ CTop

Casson-Gordonͷ݁ՌҎ߱ɼKer πAlgͷ͕ڀݚ੝Μʹͳ͕ͬͨɼFreedmanͱDonaldson

ͷཧ࿦ʹΑͬͯɼҐ૬తίϯίʔμϯεͱैདྷͷίϯίʔμϯεͷ۠ผ͕͘ڧҙࣝ͞
ΕΔΑ͏ʹͳΔɽ͜͜ͰɼҐ૬తίϯίʔμϯε͸ɼίϯίʔμϯεͷఆٛʹ͓͚Δ
ΞχϡϥεͷຒΊࠐΈΛʮہॴฏୱͳҐ૬తຒΊࠐΈʯʹ·Ͱ֦ு͢Δ͜ͱͰఆٛ͞
ΕΔɽ͜ͷͱ͖ɼݩͷ৔߹ͱಉ༷ʹҐ૬త݁ͼ໨ίϯίʔμϯε܈CTop ͕ಘΒΕɼ४
ಉܕπAlg͸

C
πTop !! CTop

πAlg:Top!! CAlg

ͱ෼ղ͞ΕΔɽ͜ͷ෼ղʹؔͯ͠ɼFreedman ͱ Donaldson ͷཧ࿦͸࣍ͷ͜ͱΛ໌Β
͔ʹͨ͠ɽ͜͜Ͱɼ[K]͸݁ͼ໨KͷίϯίʔμϯεྨΛද͢ɽ

ఆཧ 2.2 (Freedman [4]) ݁ͼ໨KͷAlexanderଟ߲͕ࣜ1ͱͳΔͳΒ͹ɼK͸ࣗ໌
ͳ݁ͼ໨ͱҐ૬తίϯίʔμϯτͰ͋Δɽ͢ͳΘͪɼ[K]∈ Ker πTopɽ

ఆཧ 2.3 (Donaldson [3]) Alexanderଟ߲͕ࣜ 1ͱͳΔ݁ͼ໨ͰɼCͷݩͱͯ͠ແݶ
Ґ਺Λ΋ͭ΋ͷ͕ଘ͢ࡏΔɽ

্ͷೋͭͷఆཧͷܥͱͯ͠ɼʮKer πTop͸Zͱಉܕͳ෦෼܈Λ΋ͪɼಛʹແݶҐ਺Ͱ͋
Δʯͱ͍͏͜ͱ͕໌Β͔ʹ͞Εͨɽͳ͓ɼ͜Ε·Ͱͷओཁͳಓ۩Ͱ͋ͬͨLevineͷ४ಉ
πAlg΍Casson-GordonʹΑͬͯ༩͑ΒΕͨίϯίʔμϯεෆมྔ͸ɼKerܕ πTop্Ͱ
͸ࣗ໌ͳ஋Λͱͬͯ͠·͏ɽ͕ͨͬͯ͠ɼ͜ͷKer πTopͷཧղΛ͞ΒʹਂΊΔͨΊʹɼ
ήʔδཧ࿦ͷΑ͏ͳඍ෼ߏ଄Λ͘ڧ൓ө͢Δཧ࿦͕ίϯίʔμϯεཧ࿦ʹ͓͍ͯ஫໨
͞ΕɼΑΓॏཁ͞ࢹΕΔΑ͏ʹͳͬͨɽͦͯ͠ɼ͜ͷಈ͖͕Heegaard FloerϗϞϩδʔ
ཧ࿦ͷొ৔ͱ݁ͼ͖ͭɼ૒ํͷൃలΛଅ͢େ͖ͳݪಈྗͱͳͬͨɽࡏݱͰ͸ɼKer πTop

͸Z∞ͱಉܕͳ௚࿨Ҽࢠ [12]΍ɼZ∞
2 ͱಉܕͳ෦෼܈ [5]Λ΋ͭ͜ͱ͕, Heegaard Floer

ϗϞϩδʔཧ࿦Λհͯ͠ূ໌͞Ε͍ͯΔɽ

3. Heegaard Floer ϗϞϩδʔཧ࿦
ຊઅͰ͸ɼOzsváth-Szabó ʹΑͬͯಋೖ͞Εͨ Heegaard Floer ϗϞϩδʔཧ࿦ʹ͍ͭ
ͯ֓આ͢Δɽ͜͜Ͱ͸ಛʹɼ3ݩ࣍ଟ༷ମͷ࠯ෳମ CF∞ ͱ݁ͼ໨ͷ࠯ෳମCFK∞ ͷ
ॏ͖Λஔ͍ͯ࿩ΛਐΊΔɽʹੑ܎ؔ

3.1. Z ϑΟϧλʔ෇͖࠯ෳମ CF∞

Y Λ༗޲ด3ݩ࣍ଟ༷ମͱ͢Δɽ͜ͷͱ͖ɼHeegaard ͹ΕΔYݺ໘ͱۂ ಺ͷछ਺g༗
ɼYͯ͠ࡏ໘Σg͕ଘۂด޲ ͸ 2ͭͷϋϯυϧମHα, Hβʹ෼ղ͞ΕΔɽ͞ΒʹɼΣg্
ͷඇަ࿨ͳ୯७ดۂઢͷ૊{αi}gi=1 (resp. {βi}gi=1) ΛHα (resp. Hβ) ಺ͰͦΕͧΕඇަ
࿨ͳԁ൘ΛுΔΑ͏ͳ΋ͷͱͯ͠ͱΔ͜ͱ͕Ͱ͖ɼͭࡾ૊ H := (Σg;{αi}gi=1, {βi}gi=1)

͔ΒY ͷඍ෼ಉ૬ྨ͸෮͢ݩΔ͜ͱ͕Ͱ͖Δɽ͜ͷ H Λ Y ͷछ਺gͷHeegaard ਤ
ࣜ ͱΑͿɽ
ͱ͢Δɽ͜ͷͱ͖ɼSymn(Σg)܈ରশ࣍ɼSnΛnʹ࣍ := (Σgͷnݸ௚ੵ)/Snʹ͸n࣍
଄͕ೖΔ͜ͱ͕஌ΒΕ͍ͯΔɽಛʹɼSymg(Σg)͸ߏෳૉଟ༷ମͷݩ gݩ࣍ෳૉଟ༷ମ
Ͱ͋Γɼͦͷதʹ͸2ͭͷ࣮ gݩ࣍τʔϥε

Tα := (α1 × · · ·× αg)/Sg ͓Αͼ Tβ := (β1 × · · ·× βg)/Sg
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͕ຒΊࠐ·Ε͍ͯΔͱݟͳͤΔɽHeegaard Floer ෳମ࠯ CF∞(H)͸ɼେࡶ೺ʹ͑ݴ
͹ɼSymg(Σg)ͱ Tα,Tβ ΛͦΕͧΕγϯϓϨΫςΟοΫଟ༷ମͱ̎ͭͷϥάϥϯδΞ
ϯ෦෼ଟ༷ମʹཱͯݟɼ“ϥάϥϯδΞϯަࠥ Floer ϗϞϩδʔ” ͷߏ੒Λద༻͢Δ
͜ͱͰಘΒΕΔɽͨͩ͠ɼZ ϑΟϧτϨʔγϣϯΛಋೖ͢ΔͨΊʹɼ࣮ࡍʹ͸ิۭؒ
Σg \ (

⋃
i αi ∪

⋃
i βi)্ͷج఺wΛؚΊͯ࠯ෳମCF∞(H, w)ΛఆΊΔɽ·ͨCF∞(H, w)

ͷੜ੒ܥʹ͸ɼ“ϥάϥϯδΞϯಉ࢜ͷަࠥ”ͷ Z ίϐʔʹ͋ͨΔ (Tα ∩ Tβ) × Z ͕
Ε͍ͯΔɽ͜ͷͱ͖ɼϑΟϧτϨʔγϣϯϨϕϧ͞༺࠾ mͷ෦෼ෳମʹ͸ͪΐ͏Ͳ
(Tα ∩ Tβ)× {i ≤ m} Ͱੜ੒͞ΕΔ෦෼͕܈ରԠ͢Δɽ
ྫ͑͹ɼਤ 2ͷࠨਤH͸S3ͷ Heegaard ਤࣜͷҰͭͰ͋Γɼӈਤ͸ͦΕʹରԠ͢Δ
ෳମ࠯ CF∞(H, w) Ͱ͋Δɽಛʹɼͦͷ࣍਺nͷϗϞϩδʔ܈Λ HF∞

n (H, w) ͱॻ͘
ͱ͢Δͱ,

HF∞
n (H, w) ∼=

{
Z (n:ۮ਺)

0 (n:ح਺)

ͱͳΔɽ

ਤ ਤ͸S3ͷछ਺ࠨ:2 1ͷ Heegaard ਤࣜͷྫɽα1, β1͸ͦΕͧΕΣ1ͷ಺ଆͱ֎ଆͰ
ԁ൘Λு͍ͬͯΔɽӈਤ͸ࠨਤʹରԠ͢Δ࠯ෳମɽ໼ҹ͸࢝఺ͷඍ෼͕ऴ఺ͷઢܗ࿨
ʹͳ͍ͬͯΔ͜ͱΛҙຯ͢Δɽ·ͨɼνΣΠϯ (a, i) ͷ࣍਺͸2iͰɼಛʹ (a, n2 ) (͓Α
ͼ͜Εͱ homologous ͳ (c, n2 + 1))͕HF∞

n (H, w)ͷϗϞϩδʔͷੜ੒ݩΛ༩͑ΔαΠ
Ϋϧͱͳ͍ͬͯΔɽ

্ड़ͨ͠CF∞(H, w)͸ɼ࣍ͷҙຯͰY ʹؔ͢ΔҐ૬ෆมੑΛ͍ͯͬ࣋Δɽ

ఆཧ 3.1 (Ozsváth-Szabó [11]) H,H′Λ Y ͷ Heegaard ਤࣜͱ͢Δɽ͜ͷͱ͖ɼͦ
ΕͧΕͷ೚ҙͷج఺w,w′ʹ͍ͭͯɼZϑΟϧλʔ෇͖࠯ෳମͱͯ͠ͷνΣΠϯϗϞτ
ϐʔಉ஋

CF∞(H, w) ≃ CF∞(H′, w′)

͕੒ཱ͢Δɽ
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ಛʹɼϑΟϧτϨʔγϣϯϨϕϧ−1ͷ෦෼ෳମ CF − (H, w) ͱͦͷ঎ෳମ CF+(H, w)

ʹ͍ͭͯɼ༠ಋ͞ΕΔ୹׬શྻ

0 → CF − (H, w) → CF∞(H, w) → CF+(H, w) → 0

ͷνΣΠϯϗϞτϐʔಉ஋ྨ΍ɼϗϞϩδʔ׬શྻ

· · · → HF − (H, w) → HF∞(H, w) → HF+(H, w) → · · ·

ͷಉྨܕ͸ɼY ͷҐ૬ෆมྔͱͳΔɽ·ͨɼϑΟϧτϨʔγϣϯϨϕϧ 0Λ CF − (H, w)

Ͱׂͬͨ෦෼঎ෳମ ĈF (H, w)͸ɼTα ∩ TβΛੜ੒ܥʹ΋ͭ༗ࣗݩ࣍ݶ༝Ξʔϕϧ܈
ͱͳΔɽ͞ΒʹɼͦͷϗϞϩδʔ܈ ĤF (H, w) ͸ Lۭؒ༧૝ [1]ͷ༝དྷͱͳΔର৅Ͱɼ
ఆٛͷ֦ு΍ੑ࣭ͷղ໌ͳͲɼࠓͰ΋͔͞Μʹߦ͕ڀݚΘΕ͍ͯΔɽ

3.2. Z2ϑΟϧλʔ෇͖࠯ෳମCFK∞

ɼKΛS3಺ͷ݁ͼ໨ͱ͢Δɽ1͜ͷͱ͖ɼS3ͷ͋ΔHeegaardਤࣜʹ࣍ H ͱͦͷ্ͷೋ
ͭͷج఺ w, z Λ༻͍ͯ݁ͼ໨KΛද͢͜ͱ͕Ͱ͖Δɽʢ࣮ࡍɼϋϯυϧମHα, Hβͷத
Ͱɼαi΍βiͷுΔԁ൘Λආ͚ͳ͕Βwͱ zΛ݁Ϳઢ෼ͷຒΊࠐΈ͸ɼΞΠιτϐʔͷ
ࠩΛআ͍ͯͦΕͧΕҰҙʹఆ·Δɽਤ 3ͷࠨਤ΋ซͤͯࢀর͞Ε͍ͨɽʣΑͬͯɼ݁ͼ
໨ʹ͸ CF∞(H, w) ͱ CF∞(H, z) ͷೋͭͷ࠯ෳମ͕ಉ࣌ʹରԠ͢Δ͜ͱʹͳΔɽ͞Β
ʹɼ͜ͷೋͭͷ࠯ෳମ͸ඪ४తʹνΣΠϯಉܕʹͳ͓ͬͯΓɼ྆ऀͷҧ͍͸Z ϑΟϧ
τϨʔγϣϯͷೖΓํͷΈͱͳΔɽ
ͦ͜Ͱɼඪ४తͳνΣΠϯಉܕΛհͯ͠ʮCF∞(H, w)্ʹج఺zʹ༝དྷ͢ΔZϑΟϧ

τϨʔγϣϯΛ͞Βʹ෇Ճ͢Δʯ͜ ͱͰɼZ2ϑΟϧλʔ෇͖࠯ෳମCFK∞(H, w, z)Λಘ
Δɽಛʹɼ͜ ͷߏ੒͔ΒɼCFK∞(H, w, z)͸ZϑΟϧλʔ෇͖࠯ෳମͱͯ͠CF∞(H, w)

͓Αͼ CF∞(H, z) ͱඪ४తʹνΣΠϯಉܕͰ͋Δ͜ͱ͕Θ͔Δɽ
ྫ͑͹ɼ࣮ࡍʹ͜ͷखଓ͖Ͱਤ 2ͷ CF∞(H, w)Λ CFK∞(H, w, z)ʹม͢׵Δͱɼ
ਤ 3ͷӈਤͷΑ͏ʹͳΔɽ
͜ͷͱ͖ɼCFK∞(H, w, z)ͷ K ʹؔ͢ΔΞΠιτϐʔෆมੑ͸࣍ͷΑ͏ʹड़΂Β

ΕΔɽ

ఆཧ 3.2 (Ozsváth-Szabó [10]) (H, w, z), (H′, w′, z′)Λ K Λද͢ S3 ͷೋॏج఺෇
͖ Heegaard ਤࣜͱ͢Δɽ͜ͷͱ͖ɼZ2ϑΟϧλʔ෇͖࠯ෳମͱͯ͠ͷνΣΠϯϗϞ
τϐʔಉ஋

CFK∞(H, w, z) ≃ CFK∞(H′, w′, z′)

͕੒ཱ͢Δɽ

ಛʹɼCF∞(H, w)ͷ෦෼঎ෳମ ĈF (H, w)ͷ্ʹ΋ج఺ zʹ༝དྷ͢Δ Z ϑΟϧτ
Ϩʔγϣϯ͕ೖΓɼͦͷνΣΠϯϗϞτϐʔಉ஋ྨ͕KͷΞΠιτϐʔෆมྔͱͳΔɽ
͜ͷ Z ϑΟϧλʔ෇͖࠯ෳମʹ෇ਵ͢ΔεϖΫτϧྻܥͷ E1 ϖʔδ͕݁ͼ໨ Floer

ϗϞϩδʔ ĤFK(K) ʹ͋ͨΔɽʢಛʹɼĤFK(K) ͸CFK∞(H, w, z) ͔ΒࢉܭՄೳ
Ͱ͋Δɽʣͦͷଞʹ΋ɼCFK∞(H, w, z) ͔Βશͯͷ Dehn खज़ͷ 4छͷϗϞϩδʔ܈
HF∞, HF − , HF+, ĤF ,ՄೳͰ͋Δ͜ͱͳͲ͕஌ΒΕ͍ͯΔɽ[13ࢉܭ͕ 14]

͸ɼΑΓҰൠʹɼ೚ҙͷดࡍ1࣮ ଟ༷ମ಺ͷݩ࣍3 null-homologous ͳ݁ͼ໨ʹରͯ͠ ಉ༷ͷߏ੒΍ෆ
มੑ͕੒ཱ͢Δɽ
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ਤ 3: Σ1 ͷ಺ଆͰ͸ α1 ͷுΔԁ൘Λɼ֎ଆͰ͸ β1 ͷுΔԁ൘Λආ͚ͯ̎ͭͷج఺
w, zΛ݁Ϳͱɼ2ॏج఺෇͖ Heegaardਤ͕ࣜද݁͢ͼ໨͕෮ݩͰ͖Δ.ʢ͜ͷྫͰ͸
ӈखܥ trefoil͕ݱΕ͍ͯΔɽʣӈਤ͸ ෳମ࠯ਤʹରԠ͢Δࠨ CFK∞(H, w, z). i࣠͸
CF∞(H, w) དྷͷݩ Z ϑΟϧτϨʔγϣϯͰ͋Γɼj࣠͸zʹ༝དྷ͢ΔZ ϑΟϧτϨʔ
γϣϯͰ͋Δɽ

4. CFK∞ʹ༝དྷ͢Δίϯίʔμϯεෆมྔ
4.1. ༷ʑͳίϯίʔμϯεෆมྔͱɼHomʹΑΔղऍ

2.3અͰड़΂ͨΑ͏ʹɼ݁ͼ໨ίϯίʔμϯεͷऀڀݚͷؒͰ͸ɼ݁ͼ໨ίϯίʔμϯ
ε܈ͷ෦෼܈Ker πTopΛৄ͘͠ௐ΂ΒΕΔΑ͏ͳཧ࿦ʹ஫໨͕ू·͍ͬͯͨɽͦͯ͠
Heegaard Floer ϗϞϩδʔཧ࿦ͷొ৔Ҏ߱ɼ༷ʑͳίϯίʔμϯεෆมྔ͕ఆٛ͞Εɼ
ͱؔΘΓ͕ਂ͍΋ͷΛ঺հ͢ΔɽڀݚΕͨɽҎԼͰ͸ɼͦͷҰ෦Ͱɼಛʹຊ͞ڀݚ

• Ozsváth-Szabó [9]ຊਓΒʹΑͬͯ༩͑ΒΕͨ४ಉ૾ࣸܕ τ :C → Zɽ͜ͷෆมྔ
͸ɼCFK∞ ͔Β༠ಋ͞ΕΔ ĈF ্ͷ ZϑΟϧτϨʔγϣϯΛ༻͍ͯఆٛ͞ΕΔɽ

• Hom-Wu [7]ʹΑͬͯ༩͑ΒΕͨࣸ૾ ν+ :C → Z≥ 0. ͜ͷෆมྔ͸ɼCFK∞ ͔
Β༠ಋ͞ΕΔ CF+ ্ͷ Z ϑΟϧτϨʔγϣϯΛ༻͍ͯఆٛ͞ΕΔɽν+ ͸४ಉ
Ͱ͸ͳ͍͕ɼྼՃ๏ੑɿν+(K#J)ܕ ≤ ν+(K) + ν+(J) Λ΋ͪɼಛʹ ν+(K) =

ν+(−K) = 0ͳΔݩશମ 2͸C಺Ͱ෦෼܈Hν+Λ੒͢ɽ

• Ozsváth-Stipsicz-Szabó [12]ʹΑͬͯ༩͑ΒΕͨ४ಉ૾ࣸܕΥ:C → PL([0, 2],R).
ͨͩ͠ɼPL([0, 2],R) ͸ด۠ؒ [0, 2]্ͷ۠෼తઢؔܗ਺શମͷू߹Ͱ͋Δɽ͜
ͷෆมྔ͸ɼ֤ t ∈ [0, 2]͝ͱʹCFK∞্ͷZ2ϑΟϧτϨʔγϣϯΛ “ઢܗԽ”

ͨ͠R ϑΟϧτϨʔγϣϯ 3Λ༻͍ͯఆٛ͞ΕΔɽಛʹɼ͜ͷෆมྔΥͷ“ඍ෼”

2͜͜Ͱ−K͸ɼKͷίϯίʔμϯε܈ͷݩͱͯ͠ͷݩٯΛද͢ɽ
3 t ∈ [0, 2]Λݻఆͨ͠ͱ͖ɼϑΟϧτϨʔγϣϯϨϕϧ s(∈ R)ͷ෦෼ෳମ͸ (t/2)i(c)+(1− t/2)j(c) ≤ s
Λຬͨ͢νΣΠϯ cʹΑͬͯੜ੒͞ΕΔɽʢͨͩ͠ɼi(c), j(c)͸ɼج఺w, zͦΕͧΕʹ༝དྷ͢ΔZϑΟ
ϧτϨʔγϣϯʹؔͯ͠ɼcΛؚΉ࠷খͷϑΟϧτϨʔγϣϯϨϕϧɽʣ
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Λ͑ߟΔͱɼશࣹ४ಉܕΥ′ :C → Z∞ ͕ಘΒΕΔɽ͜ΕʹΑͬͯɼKer πTop͕Z∞

ͱಉܕͳ௚࿨ҼࢠΛͭ࣋͜ͱ͕ॳΊͯূ໌͞Εͨɽ

͜ͷଞʹ΋ɼϵ:C → {± 1, 0}ɼ{Vk :C → Z≥ 0}k∈Z≥0
ͳͲ༷ʑͳෆมྔ͕ఆٛ͞Εͯ

͍Δ͕ɼ্ड़ͷෆมྔ͸͢΂ͯCFK∞ Λ༻͍ͯఆٛ͞Ε͍ͯΔɽ͕ͨͬͯ͠ɼ͜ΕΒ
શͯͷෆมྔʹରͯ͠ීวੑΛ΋ͭෆมྔͷଘࡏΛ໰୊ʹ͢Δͷ͸ࣗવͰ͋Δɽ͜ͷ
໰͍ʹରͯ͠ɼHom͸࣍ͷΑ͏ͳղ౴Λ༩͑ͨɽ

ఆཧ 4.1 (Hom [6]) Cν+ΛɼCͷHν+ʹΑΔ঎܈ͱఆΊΔɽ͜ͷ࣌ɼίϯίʔμϯε
ෆมྔ τ, ν+,Υ, ϵ, Vk ͸શͯɼࣹӨπν+ :C ! Cν+ͱCν+Λ࢝Ҭͱ͢Δࣸ૾ͷ߹੒ʹ෼ղ
͢Δɿ

C

πν+

""""

τ,ν+,Υ,ϵ,Vk !!ऴҬ

Cν+

∃

##!!!!!!!!!!!!!!!!!!!!!

͜͜Ͱɼೋͭͷ݁ͼ໨͕ [K]− [J]∈ Hν+Λຬͨ͢͜ͱ͸ɼ

ν+([K]− [J]) = ν+([J]− [K]) = 0

͕੒Γཱͭ͜ͱͱಉ஋Ͱ͋Δɽ͜ΕʹΑͬͯఆ·Δ݁ͼ໨ͷؒͷಉ஋ؔ܎Λ ν+ಉ஋
ͱ͍͏ɽ্ड़ͷΑ͏ʹɼν+ಉ஋͸ʮCFK∞͔Βఆ·ΔίϯίʔμϯεෆมྔΛ౷੍͢
Δಉ஋ؔ܎ʯͱ͍͏ҙຯΛ͍ͯͬ࣋ʹطΔΘ͚͕ͩɼHom ͸͞Βʹν+ಉ஋͕CFK∞

ͷ“҆ఆϗϞτϐʔಉ஋”ʹ͋ͨΔ֓೦Ͱ͋Δ͜ͱ΋໌Β͔ʹͨ͠ɽ

ఆཧ 4.2 (Hom [6]) ݁ͼ໨K, J ͕ ν+ಉ஋Ͱ͋Δ͜ͱ͸࣍ͷ໋୊ͱಉ஋Ͱ͋ΔɿZ2

ϑΟϧλʔ෇͖ඇྠঢ়ෳମA1, A2͕ଘͯ͠ࡏɼZ2ϑΟϧλʔ෇͖࠯ෳମͱͯ͠ͷνΣ
ΠϯϗϞτϐʔಉ஋

CFK∞(K)⊕ A1 ≃ CFK∞(J)⊕ A2

͕੒ཱ͢Δɽ

ैདྷ͸ɼʮίϯίʔμϯεཧ࿦ͷ໰୊Λղ໌͢ΔͨΊʯʹʮHeegaard FloerϗϞϩδʔ
ཧ࿦ΛԠ༻͢Δʯͱ͍͏ߏਤͰ͕͋ͬͨɼHomͷఆཧʹΑͬͯ

݁ͼ໨ͷΞΠιτϐʔ෼ྨ -→ CFK∞ͷνΣΠϯϗϞτϐʔಉ஋෼ྨ
݁ͼ໨ͷίϯίʔμϯε෼ྨ -→ CFK∞ͷ҆ఆϗϞτϐʔಉ஋෼ྨ

ͱ͍͏ؔ໌͕܎Β͔ʹͳΓɼʮ࠯ෳମCFK∞ͷੑ࣭Λղ໌͢ΔͨΊʯʹʮίϯίʔμϯ
εཧ࿦ΛԠ༻͢Δʯͱ͍͏ڀݚ΋৽ͨʹՄೳʹͳͬͨɽஶऀ͸͜ͷ؍఺͔Βڀݚࡏݱ
ΛਐΊ͍ͯΔɽ

4.2. ஶऀʹΑΔڀݚ੒Ռ (1)ɿCν+্΁ͷ෦෼ॱংͷಋೖ
ν+ಉ஋ͷఆٛ͸ɼೋͭͷ౳ࣜ

ν+([K]− [J]) = ν+([J]− [K]) = 0
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͕ಉ࣌ʹ੒ཱ͢Δͱ͍͏΋ͷͰ͕͋ͬͨɼ͜ͷ͏ͪͷҰͭΛ༻͍Ε͹C+
ν ্ʹ෦෼ॱং

Λಋೖ͢Δ͜ͱ͕Ͱ͖Δɽ͢ͳΘͪɼCν+ͷ2ݩx, yʹର͠ɼؔ܎x ≤ yΛ

ν+(x − y) = 0

ͰఆΊΔͱɼؔ܎≤͸ Cν+্ͷ෦෼ॱংͱͳΔɽ͞Βʹɼ͜ͷ෦෼ॱং͸࣍ͷΑ͏ͳ
Α͍ੑ࣭Λ΋ͭɽ

ఆཧ 4.3 ౻ࠤ) [15]) Cν+্ͷ෦෼ॱংʹ͍ͭͯɼҎԼͷ͜ͱ͕੒Γཱͭɽ

• ೚ҙͷx, y, z ∈ Cν+ʹ͍ͭͯɼx ≤ y ͳΒ͹ x+ z ≤ y + z.

• ೚ҙͷx, y ∈ Cν+ʹ͍ͭͯɼx ≤ y ͳΒ͹ −y ≤ −x.

• ෆมྔ τ, ν+,−Υ, Vk Λ Cν+Λ࢝Ҭͱ͢Δࣸ૾ͱΈͳ͢ͱ͖ɼ͜ΕΒ͸෦෼ॱং
Λอଘ͢Δɽ

• τʔϥεମV = S1 ×D2಺ͷ೚ҙͷ݁ͼ໨Pʹ͍ͭͯɼͦΕʹ෇ਵ͢Δࣸ૾

P :Cν+ → Cν+ , [K]ν+ -→ [P (K)]ν+

͸well-definedͰɼ͔ͭ෦෼ॱংΛอଘ͢Δɽͨͩ͠ɼP (K) ͸ PΛύλʔϯͱ
͢ΔKͷαςϥΠτ݁ͼ໨ 4Ͱ͋Δɽ

͞Βʹɼ࠷৽ͷ੒Ռͱͯ͠ɼ෦෼ॱং≤͸࣍ͷҙຯΛͭ࣋͜ͱ΋෼͔ͬͨɽ͜͜Ͱɼ
νΣΠϯࣸ૾ f :C1 → C2 ͕ٙಉܕͰ͋Δͱ͸ɼϗϞϩδʔ্ʹ༠ಋ͞ΕΔ४ಉܕ
f∗ :H∗(C1) → H∗(C2)͕ಉ૾ࣸܕʹͳ͍ͬͯΔ͜ͱͰ͋Δɽ

ఆཧ 4.4 (౻ࠤ) ܎ؔ [K]ν+ ≤ [J]ν+͕੒ཱ͢Δ͜ͱ͸࣍ͷ໋୊ͱಉ஋Ͱ͋ΔɿZ2ϑΟ
ϧτϨʔγϣϯΛՃຯͨٙ͠ಉ૾ࣸܕ

f :CFK∞(J) → CFK∞(K)

͕ଘ͢ࡏΔɽ

ಛʹɼ̎ͭͷZ2ϑΟϧλʔ͖ͭ࠯ෳମͷ૒ํ޲ʹٙಉ͕૾ࣸܕଘ͢ࡏΔ͜ͱΛ૒ٙಉ
Ճ͑ͯʹ࡯ߟͿ͜ͱʹ͢ΔͱɼHomͷݺͱܕ

݁ͼ໨ͷίϯίʔμϯε෼ྨ -→ CFK∞ͷ҆ఆϗϞτϐʔಉ஋෼ྨ
⇔ CFK∞ͷ૒ٙಉܕ෼ྨ

ͱ͍͏ରԠ͕ಘΒΕͨ͜ͱʹͳΔɽ͞Βʹɼ҆ఆϗϞτϐʔಉ஋ࣸ૾ͱൺֱͯ͠ɼ૒
੒͢Δ͜ͱ͕Ͱ͖Δͱ͍͏ɼѻ͍΍͢͞ͷར఺ߏʹ͸ͦΕͧΕಠཱ૾ࣸܕͷٙಉ޲ํ
΋͋Δɽ

4τʔϥεମV ͷத৺ઢS1 × {O}͕KʹҠΔΑ͏ʹV ΛS3ʹຒΊࠐΜͩࡍͷɼP ͷ૾ͱͯ͠ఆ·Δ
݁ͼ໨ͷ͜ͱɽ

佐藤光樹（東京大）132



4.3. ஶऀʹΑΔڀݚ੒Ռ (2)ɿछ਺̍ͷ݁ͼ໨ͷν+ಉ஋ྨͷ෼ྨ

ஶऀ͸͞Βʹɼ4.2અͷ෦෼ॱংͷزԿతͳੑ࣭Λৄ͘͠͠ڀݚɼ೚ҙͷ݁ͼ໨ͷ ν+

ಉ஋ྨʹରͯ͠ɼ࣍ͷෆ౳ࣜΛূ໌ͨ͠ɽ͜͜Ͱɼg4(K)͸ʮK͕B4಺ͰுΔ༗ۂ޲
໘ͷ࠷খछ਺ʯͰ͋ΓɼKͷ4ݩ࣍छ਺ͱݺ͹Ε͍ͯΔɽ

ఆཧ 4.5 (౻ࠤ) ೚ҙͷ݁ͼ໨Kʹରͯ͠ɼෆ౳ࣜ

−g4(K)[T2,3]ν+ ≤ [K]ν+ ≤ g4(K)[T2,3]ν+

͕੒Γཱͭɽͨͩ͠ɼT2,3͸ӈखܥ trefoilΛද͢ɽ

͜ͷෆ౳ࣜͷԠ༻ͱͯ͠ɼ͢΂ͯͷछ਺̍ͷ݁ͼ໨ͷ ν+ಉ஋ྨΛɼτෆมྔΛ༻͍ͯ
શʹ෼ྨ͢Δ͜ͱʹ੒ޭͨ͠ɽ׬

ఆཧ 4.6 (౻ࠤ) ೚ҙͷछ਺̍ͷ݁ͼ໨Kʹ͍ͭͯɼ

[K]ν+ =

⎧
⎪⎪⎨

⎪⎪⎩

[T2,3]ν+ (τ(K) = 1)

0 (τ(K) = 0)

− [T2,3]ν+ (τ(K) = −1)

͕੒ཱ͢Δɽ

͜ͷ݁Ռʹ͍ͭͯ͸ɼݹయతͳ୅਺తίϯίʔμϯε܈ CAlgͱൺֱͯ͠΋໘ന͍ɽͦ
ͷͨΊʹɼ·ͣ CͷϑΟϧτϨʔγϣϯͱͯ͠ɼʮछ਺nҎԼͷ݁ͼ໨શମʯͰੜ੒͞
ΕΔCͷ෦෼܈Fn ʢn ∈ Z≥ 0ʣΛ͑ߟΔɽ͜ͷ࣌ɼLevineͷෆมྔͱఆཧ 4.6ΑΓ

• ૾πAlg(F1)͸Z∞ ⊕ Z∞
2 Λ௚࿨Ҽࢠʹ΋ͭɽ

• ૾πν+(F1)͸ [T2,3]ν+ʹΑͬͯੜ੒͞ΕΔແݶ८ճ܈Ͱɼಛʹπν+(F1) ∼= ZͰ͋Δɽ

ͱ͍͏ରൺ͕ಘΒΕΔɽ͜͜Ͱɼ

• πAlg(Ker πTop) = 0ɽ

• πν+(Ker πTop)͸Z∞Λ௚࿨Ҽࢠʹ΋ͭɽ

ͱ͍͏ରൺ΋͋Δ͜ͱ͔ΒɼʮCν+͸ඍ෼ߏ଄Λ൓ө͢ΔҰํͰɼछ਺ʹΑͬͯ;Δ·͍
ಘΒΕͨ͜ͱʹͳΔɽ͜Ε͸ɼCν+ʹΑΔCͷղ໌ͷ͕࡯ߟΕΔʯͱ͍͏͞ݶ੍͘ڧ͕
քΛࣔ͢ҰํͰɼCν+্ͷϑΟϧτϨʔγϣϯݶ

0 ⊂πν+(F1) ⊂πν+(F2) ⊂· · · ⊂Cν+

͕ѻ͍΍͍͢ର৅Ͱ͋ΔՄೳੑ΋͍ࣔࠦͯ͠Δɽಛʹɼ࣍ͷ໰୊͸ະղܾͰɼஶऀ͕
Δ΋ͷͰ͋Δɽ͍ͯ͠ࢹͷ՝୊ͱͯ͠ॏཁޙࠓ

໰୊ 4.7 ೚ҙͷn ∈ Z≥ 0ʹ͍ͭͯɼCν+ͷ෦෼܈πν+(F2)͸༗ݶੜ੒͔ʁ
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Levineͷ୅਺తίϯίʔμϯε܈CAlg͸ɼݩ࣍ߴίϯίʔμϯε܈CnΛղ໌͚ͨͩ͠
Ͱͳ͘ɼC1 = Cʹ͓͍ͯ΋ɼͦͷେ·͔ͳߏ଄΍۩ମతͳ݁ͼ໨ؒͷίϯίʔμϯε
Λཧղ͢Δ্Ͱେม༗༻Ͱ͋ΓɼࡏݱͰ΋ඇৗʹॏๅ͞Ε͍ͯΔɽޙࠓͷஶऀͷҰͭ
ͷ໨ඪ͸ɼCν+ͷߏ଄Λৄ͘͠ղ໌͠ɼඍ෼ߏ଄Λ൓өͨ͠ίϯίʔμϯε͓Αͼ௿࣍
τϙϩδʔʹ͓͚ΔFloerཧ࿦తෆมྔͷ૒ํͷཧղͷͨΊʹॏๅ͞ΕΔཧ࿦ͱͯ͠ݩ
੒ͤ͞Δ͜ͱͰ͋Δɽ׬

ँࣙ τϙϩδʔγϯϙδ΢Ϝʹ͓ট͖ͩͬͨ͘͞ɼओऀ࠵ͷօ༷ʹ৺ΑΓँײΛਃ
্͛͠·͢ɽ
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