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֓ ཁ

ຊߘͰ͸ɼ͖޲෇͚ෆՄೳۂ໘ͷࣸ૾ྨ܈ͷ͕ؔࣜ܎؆໌ͳແݶදࣔʹ͍ͭ
ͯղઆ͢Δɽ

1. ಋೖɾഎܠ
ɹίϯύΫτۂ໘Sʹର͠ɼDiff(S)ΛSͷڥք ∂S্߃౳తͳSͷࣗݾඍ෼ಉ૬ࣸ૾
શମ͔ΒͳΔ܈ͱ͢Δɽͨͩ͠ɼS͕༗ۂ޲໘ͷ৔߹͸ɼ͖޲Λอͭࣗݾඍ෼ಉ૬ࣸ૾
ͷΈΛ͑ߟΔ͜ͱʹ͢Δɽ͜ͷ࣌ɼM(S)Λɼڥքͷ֤఺Λݻఆ͢ΔΞΠιτϐʔʹ
ΑΔDiff(S)ͷ঎܈ͱ͠ɼSͷࣸ૾ྨ܈ͱݺͿɽ

1.1. ༗ۂ޲໘ͷ৔߹

ɹΣg,nΛछ਺ g ≥ 0Ͱ n ≥ ໘ͱ͢Δɽۂ޲࿈݁ͳίϯύΫτ༗ͭ࣋ք੒෼Λڥͷݸ0
1938೥ʹɼDehn [3]ʹΑͬͯɼΣg,nͷࣸ૾ྨ܈M(Σg,n)͕Dehn twistʢୈ 2.1ষࢀ
রʣͨͪͰੜ੒͞ΕΔ͕ࣔ͞ࣄΕͨɽͦͷޙɼLickorish [15, 17]΍Humphries [10]ʹ
ΑͬͯM(Σg,0)ͷDehn twistʹΑΔ༗ݶੜ੒͕ܥ༩͑ΒΕͨɽಛʹɼ͜ͷHumphries

ͷ༗ݶੜ੒ܥ͸ɼDehn twistʹΑΔੜ੒ܥͷதͰ࠷΋খ͍͞΋ͷͰ͋Δࣄ΋࿦จ [10]

ͷதͰূ໌͞Ε͍ͯΔɽ
M(Σg,n)ͷ༗ݶදࣔ͸ɼ·ͣ 1980೥ʹHatcher-Thurston [8]ʹΑͬͯn = 0ͷ৔߹

ʹ༩͑ΒΕͨɽͦͷޙɼڥք͕ۭͰͳ͍৔߹ʹHarer [7]ʹΑͬͯM(Σg,n)ͷ༗ݶදࣔ
͕༩͑ΒΕɼWajnryb [25]ʹΑͬͯn ∈ {0, 1}ͷ৔߹ʹΑΓ؆໌ͳM(Σg,n)ͷ༗ݶද
͕ࣔ༩͑ΒΕͨɽ͜ͷWajnrybͷදࣔ͸ɼੜ੒ܥΛHumphries [10]ͷੜ੒ܥʢΛn = 1

ͷ৔߹ʹ΋ࣗવʹҰൠԽͨ͠΋ͷʣͱ͠ɼؔࣜ܎΋طଘͷදࣔͱൺ΂ɼ؆໌Ͱ͋Δ্ʹ
ͦͷ਺͕গͳ͍΋ͷͱͳ͍ͬͯΔɽn ∈ {0, 1}ͷ৔߹ʹ͸͜ͷΑ͏ʹ؆໌ͳද͕ࣔ༩͑
ΒΕ͍͕ͯͨɼͦΕ·Ͱʹ஌ΒΕ͍ͯͨn ≥ 2ͷ৔߹ͷM(Σg,n)ͷ༗ݶදࣔ͸ɼෳࡶ
ͳؔࣜ܎Λଟؚ͘ΜͰ͍ͨɽGervais [5]͸ɼ͜ΕΒͷ༗ݶදࣔΛ༻͍ͯɼ೚ҙͷg ≥ 0

ͱn ≥ 0ʹର͠M(Σg,n)ͷ؆໌ͳؔࣜ܎ͷΈΛͭ࣋ແݶදࣔΛߏ੒ͨ͠ɽ͜ͷGervais

ͷ݁Ռ͸ແݶදࣔʹؔ͢Δ΋ͷͰ͋Δ͕ɼແݶදࣔΛߏ੒ͨ͠ࣄͰɼM(Σg,n)ͷDehn

twistΛੜ੒ݩͱ͢Δදࣔͷؔࣜ܎ͱͯ͠ɼͲͷ༷ͳ΋ͷ͕ຊ࣭తʹඞཁͰ͋Δ͔͕੔
ཧ͞ΕͨɽͦͷޙɼLuo [18]ʹΑΓɼ͜ͷGervaisͷແݶදࣔΛΑΓ୯७Խͨ͠ແݶද
ࣔΛ༩͑ΒΕ͍ͯΔʢఆཧ 2.6ʣɽߋʹͦͷޙɼGervais [6]͸ɼ(g, n) = (1, 0)ͷ৔߹
Λআ͘೚ҙͷ g ≥ 1ͱn ≥ 0ʹର͠ɼ͕ؔࣜ܎؆໌ͳM(Σg,n)ͷ༗ݶදࣔΛߏ੒ͯ͠
͍Δɽ

1.2. ߹໘ͷ৔ۂ෇͚ෆՄೳ͖޲

ɹNg,nΛछ਺g ≥ 1Ͱn ≥ ໘ͱۂ෇͚ՄೳίϯύΫτ͖޲࿈݁ͳͭ࣋ք੒෼Λڥͷݸ0
͢Δɽ͢ͳΘͪɼNg,n͸ɼgݸͷ࣮ࣹӨฏ໘RP 2ͷ࿈݁࿨͔Βnݸͷ։ԁ൘ͷඇަ࿨Λ
औΓআ͍ͨ΋ͷͰ͋Δɽ͖޲෇͚ෆՄೳۂ໘ͷ৔߹ʹ͸ɼ·ͣɼ1963೥ʹLickorish [14]
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ʹΑͬͯɼg ≥ 2ͷ৔߹ʹࣸ૾ྨ܈M(Ng,n)͕Dehn twistͷΈͰ͸ੜ੒͞Εͳ͍͕ࣄ
ࣔ͞Εͨɽߋʹಉ࿦จͰɼg ≥ 2ͷ࣌ɼM(Ng,n)͕Dehn twistͱʞʞ crosscap slide ʟʟ
ͱݺ͹ΕΔݩʢୈ 2.2ষࢀরʣʹΑͬͯੜ੒͞ΕΔࣄΛࣔͨ͠ɽM(Ng,n)ͷ༗ݶੜ੒
͸ɼnܥ = 0ͷ৔߹ʹɼChillingworth [2]ʹΑͬͯ 1969೥ʹॳΊͯ༩͑ΒΕͨɽ͜
ͷ Chillingworthͷੜ੒ܥ͸ɼDehn twistͱ crosscap slideʹΑͬͯߏ੒͞Ε͍ͯΔɽ
Szepietowski [24]͸ɼ͜ͷChillingworthͷੜ੒ݩΛݮΒ͢ࣄͰɼDehn twistͱcrosscap

slideʹΑΔΑΓখ͍͞M(Ng,0)ͷ༗ݶੜ੒ܥΛ༩͍͑ͯΔɽ࣮ࡍʹɼኍ੉ࢯ [9]ʹΑͬ
ͯɼ͜ͷSzepietowskiͷੜ੒͕ܥɼDehn twistͱ crosscap slideʹΑΔM(Ng,0)ͷੜ੒
Ε͍ͯΔɽ͞໌ূ͕ࣄ΋খ͍͞΋ͷͰ͋Δ࠷ͷதͰܥ
M(Ng,n)ͷ༗ݶදࣔ͸ɼ(g, n) = (2, 0)ͷ৔߹ʹLickorish [14], (g, n) = (2, 1)ͷ৔߹

ʹStukow [21]ɼ(g, n) = (3, 0)ͷ৔߹ʹBirman-Chillingworth [1], ͦͷଞͷn ∈ {0, 1}
ͷ৔߹ʹParis-Szepietowski [20]ʹΑͬͯॳΊͯ༩͑ΒΕͨɽͦͷޙɼStukow [22]͕
͜ͷParis-SzepietowskiͷදࣔΛॻ͖͑׵ɼੜ੒ܥΛʢຊ࣭తʹ͸ʣSzepietowski [24]

ͷੜ੒ܥͱ͢ΔM(Ng,n)ͷ༗ݶදࣔΛ༩͍͑ͯΔʢఆཧ 2.14ʣɽ͜ΕΒͷ༗ݶදࣔ
͸ɼੜ੒ܥ͸؆໌ͳ΋ͷͰ͋Δ͕ɼे෼छ਺͕େ͖͍৔߹ʹෳࡶͳؔࣜ܎Λଟؚ͘Ήɽ
ͦͷ্ɼn ≥ 2ͷ৔߹ʹ͸ɼະͩM(Ng,n)ͷදࣔ͸ߏ੒͞Ε͍ͯͳ͔ͬͨɽஶऀ͸ɼ
M(Ng,n)ͷؔࣜ܎ͱͯ͠Ͳͷ༷ͳ΋ͷ͕ඞཁͰ͋Δ͔Λ੔ཧ͢Δҝɼ೚ҙͷ g ≥ 1ͱ
n ≥ 0ʹର͠ɼ͕ؔࣜ܎؆໌ͳM(Ng,n)ͷແݶදࣔͷߏ੒Λͨͬߦʢఆཧ 3.1ʣɽ͜ͷ
݁Ռ͸ɼn ∈ {0, 1}ͷ৔߹͸ஶऀͷ࿦จ [19]಺Ͱ༩͑ΒΕɼn ≥ 2ͷ৔߹͸ੴ઒ߴۀ޻
౳ઐ໳ֶߍͷখྛཽഅࢯͱͷڞಉڀݚʢ࿦จ [12]ʣʹΑͬͯ༩͑ΒΕͨɽ͜ΕΒͷূ
໌Λࡍ͏ߦʹɼGervais [5]ͷٞ࿦Λߟࢀʹ͠ɼطଘͷM(Ng,n)ͷ༗ݶදࣔΛ༻͍ͯূ
໌Λ͕͏ߦɼn ≥ 2ͷ৔߹͸·ͩ༗ݶද͕ࣔ஌ΒΕ͍ͯͳ͔ͬͨҝɼ࿦จ [12]಺Ͱ۩ମ
తͳ༗ݶදࣔʢ໋୊ 2.15ʣΛߏ੒͠ɼͦͷදࣔʹରͯٞ͠࿦Λͨͬߦɽ

2. ४උ
2.1. Dehn twistͷؒͷؔࣜ܎ͱM(Σg,n)ͷແݶදࣔ

ɹ SΛNg,n΋͘͠͸Σg,nͱ͢ΔɽS্ͷ୯७ดۂઢ cʹର͠ɼcͷ S಺Ͱͷਖ਼ଇۙ๣
NS(c)͕ΞχϡϥεΣ0,2ͱඍ෼ಉ૬Ͱ͋Δ࣌ c͸૒ଆͰ͋Δͱ͍ݴɼNS(c)͕ϝϏ΢ε
ͷଳN1,1ͱඍ෼ಉ૬Ͱ͋Δ࣌ c͸୯ଆͰ͋Δͱ͏ݴɽ
S্ͷ૒ଆͳ୯७ดۂઢ cʹର͠ɼNS(c)ͷҟͳΔ2ͭͷ͖޲ΛऔΓɼͦΕΛ+cͱ−c

ͱ͓͘ɽNS(c)ͷ͖޲ θ ∈ {+c,−c}ʹର͠ɼtc;θͰ cʹԊ͖ͬͨ޲ θʹؔ͢ΔӈखDehn

twistΛఆٛ͢Δʢਤ রʣɽࢀ1

஫ҙ 2.1. NS(c)ͷ͖޲ θ ∈ {+c,−c}Λ༩͑Δࣄͱਤ 1ͷΑ͏ͳۂઢ cͷ࿬ʹ໼ҹΛ༩
͑Δࣄʢ͜ͷ໼ҹ͕೧Δํ޲Λ͍ͯࣔ͠ࢦΔʣ͸ಉ஋Ͱ͋ΔɽͦͷҝɼҎԼɼ۩ମత
ʹ༩͑ΒΕͨ૒ଆͳ୯७ดۂઢʹରͯ͠͸ɼۂઢͷ࿬ʹ໼ҹΛ༩͑ΔࣄͰNS(c)ͷ޲
͖Λද͢ࣄͱ͢Δʢਤ 6౳ࢀরʣɽ·ͨɼ۩ମతʹ୯७ดۂઢ cͱNS(c)ͷ͖޲ θ͕༩
͑ΒΕ͍ͯΔ࣌ɼtc;θ = tcͱॻ͘͜ͱʹ͢Δɽ

ҎԼɼิ୊ʹΑΓDehn twistͷؒͷؔࣜ܎Λ͍͔ͭ͘঺հ͢Δɽ

ิ୊ 2.2. (i) S্ͷ୯७ดۂઢc͕S಺Ͱԁ൘͔ϝϏ΢εͷଳͷڥքͱͳΔ࣌ɼtc;θ =
1 ∈ M(S)ͱͳΔɼ

(ii) ੒Γཱͭɿtc;+c͕࣍ = tc−1;+c = t−1
c;−c
ɽ
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ਤ 1: S্ͷ૒ଆͳ୯७ดۂઢ cʹԊ͖ͬͨ޲ θʹؔ͢ΔӈखDehn twist tc;θ.

ิ୊ 2.3 (ϒϨΠυؔࣜ܎ (i)). f ∈ M(S)ʹର͠ɼҎԼ͕੒Γཱͭɿ

ftc;θf
−1 = tf(c);f∗(θ),

ୠ͠ɼf∗ : {+c,−c} → {+f(c),−f(c)}͸f͕༠ಋ͢Δۂઢͷۙ๣ͷ͖޲ͷؒͷࣸ૾ɽ

ิ୊ 2.3ʹ͓͍ͯɼf = td;θ′Ͱ͔ͭ cͱdͷزԿֶతަ఺਺͕mͷ࣌ͷϒϨΠυؔ܎
ࣜ (i)ΛϒϨΠυؔࣜ܎ TmͱݺͿɽ

ิ୊ 2.4 (2-νΣΠϯؔࣜ܎). c1ͱ c2ΛS্ͷԣஅతʹ1఺ͰަΘΔ૒ଆͳ୯७ดۂઢ
ͱ͢Δɽc1ͱ c2ͷਖ਼ଇۙ๣NS(c1 ∪ c2)ͷڥքΛ δͱ͓͖ɼNS(c1 ∪ c2)ʹ͖޲ΛҰͭ༩
͑Δʢਤ ͖޲রʣɽNS(ci)ͷࢀ2 θi (i = 1, 2)ͱNS(δ)ͷ͖޲ θΛNS(c1 ∪ c2)ͷ͔͖޲
Β༠ಋ͞ΕΔ͖޲ͱͨ࣌͠ɼ͕࣍੒Γཱͭɿ

(tc1;θ1tc2;θ2)
6 = tδ;θ.

ิ୊ 2.5 (ϥϯλϯؔࣜ܎). ΣΛΣ0,4 ͱඍ෼ಉ૬ͳ Sͷ෦෼ۂ໘ͱ͠ɼδ1, δ2, δ3 , δ4 ,

δ12, δ13 , δ23Λਤ 3ͷΑ͏ͳΣ্ͷ୯७ดۂઢͱ͢ΔɽΣʹ͖޲Λ༩͑ɼNS(δi)ͷ͖޲
θi (i = 1, 2, 3, 4)ͱNS(δi,j)ͷ͖޲ θi,j ((i, j) = (1, 2), (1, 3), (2, 3))ΛΣͷ͔͖޲Β༠ಋ
͞ΕΔ͖޲ͱͨ࣌͠ɼ͕࣍੒Γཱͭɿ

tδ23;θ23tδ13;θ13tδ12;θ12 = tδ1;θ1tδ2;θ2tδ3;θ3tδ4;θ4 .

ਤ 2: ୯७ดۂઢ c1, c2ͱNS(c1∪ c2)ͷڥք
δɽ ਤ 3: Σ0,4 ͱඍ෼ಉ૬ͳ Sͷ෦෼ۂ໘Σ্

ͷ୯७ดۂઢ δ1, δ2, δ3 , δ4 , δ12, δ13 , δ23ɽ

Luo [18]͸ɼGervais ΊͨM(Σg,n)ͷදࣔΛվྑ͠ɼҎԼͷදࣔΛಘͨɽٻ͕[5]

ఆཧ 2.6 ([18]). g ≥ 0͔ͭn ≥ 0ʹର͠ɼM(Σg,n)ͷදࣔ͸ҎԼͰ༩͑ΒΕΔɽ
ੜ੒ܥɿ{tc;θ | cɿΣg,n্ͷ୯७ดۂઢ, θ ∈ {+c,−c}}
ɿࣜ܎ؔ

(0) (i) tc;θ = 1 ∈ M(S) (S্ͷ୯७ดۂઢ c͕S಺Ͱԁ൘ͷڥքͱͳΔ࣌),
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(ii) tc;+c = tc−1;+c = t−1
c;−c

,

(I) ϒϨΠυؔࣜ܎ T0, T1, ɹ

(II) 2-νΣΠϯؔࣜ܎ɼ

(III) ϥϯλϯؔࣜ܎.

2.2. Crosscap pushing mapͱDehn twistͷؒͷؔࣜ܎

ɹ͜ͷষͰ͸ɼcrosscap pushing mapΛఆٛ͠ɼcrosscap pushing mapͱDehn twistͷ
ؒͷؔࣜ܎ʹ͍ͭͯ঺հ͢Δɽcrosscap pushing map͸ɼୈ1.2ষͰ঺հͨ͠ crosscap

slideͷ͋ΔҙຯͰͷҰൠԽͱͳ͍ͬͯΔɽ
Ng,n্ͷ 1఺ͰԣஅతʹަΘΔ୯ଆͳ୯७ดۂઢ µͱ୯७ดۂઢ αʹର͠ɼYµ,α ∈

M(Ng,n)ΛɼMöbiusͷଳNNg,n(µ)ʢNg,n಺ͷMöbiusͷଳΛ crosscapͱݺͿʣΛ α

ʹԊͬͯ̍पͤ͞ΔࣄͰಘΒΕΔNg,nͷඍ෼ಉ૬ࣸ૾ͷΠιτϐʔྨͱ͢Δʢਤ ࢀ4
রʣɽ͜ͷYµ,αΛɼcrosscap pushing mapͱݺͿɽ

ਤ 4: Ng,n্ͷۂઢµͱαʹؔ͢Δ crosscap pushing mapɽ্ஈ͕α͕૒ଆͳ৔߹Ͱɼ
Լஈ͕α͕୯ଆͳ৔߹Ͱ͋Δɽ

஫ҙ 2.7. α͕૒ଆͳ࣌ɼYµ,αΛcrosscap slideͱݺͿɽLickorish [14]ʹΑΓɼcrosscap
slide͸Dehn twistͷੵͰද͕͢ࣄग़དྷͳ͍͕ࣔ͞ࣄΕ͍ͯΔɽα͕૒ଆͰ͋Δ࣌ɼਖ਼
ଇۙ๣NNg,n(µ∪α)͸N2,1ͱඍ෼ಉ૬ͱͳΔҝɼcrosscap slide͸g ≥ 2ͷ৔߹ʹఆٛग़
དྷΔɽ͜ͷ͕ࣄg ≥ 2ͷ৔߹ʹM(Ng,n)͕Dehn twistͨͪͰੜ੒͞Εͳ͍ݪҼͱͳΔɽ

ҎԼɼิ୊ʹΑΓ crosscap pushing mapͱDehn twistͷؒͷؔࣜ܎Λ͍͔ͭ͘঺հ
͢Δɽ

ิ୊ 2.8. ੒ΓཱͭɿYµ,α͕࣍ = Y −1
µ,α−1 = Yµ−1,αɽ
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ิ୊ 2.9 (ϒϨΠυؔࣜ܎ (ii)). f ∈ M(Ng,n)ʹରͯ͠ɼҎԼ͕੒Γཱͭɽ

fYµ,αf
−1 = Yf(µ),f(α).

ิ୊ 2.10 ([13]ͷLemma 2.2). αͱµΛԣஅతʹ 1఺ͰަΘΔNg,n্ͷ୯ଆͳ୯७ด
ઢͱ͠ɼδ1ͱۂ δ2ΛͦΕͧΕਖ਼ଇۙ๣NNg,n(µ ∪ α) ≈ N1,2ͷڥք੒෼ͱͳΔ୯७ดۂ
ઢͱ͢ΔɽNS(δi) (i = 1, 2)ͷ͖޲ θi (i = 1, 2)Λਤ 5ͷ༷ͳ͖޲ͱͨ࣌͠ɼҎԼ͕੒
Γཱͭɿ

Yµ,α = tδ1;θ1t
−1
δ2;θ2

.

ਤ 5: α͕୯ଆͳ৔߹ͷਖ਼ଇۙ๣NNg,n(µ ∪ α) ≈ N1,2ͱNNg,n(µ ∪ α)ͷڥքͱͳΔ δi
(i = 1, 2)ɽ͜͜Ͱɼਤதͷ⊗ҹ͸ crosscapΛද͍ͯ͠Δɽ

ҎԼͰ crosscap pushing mapͷҟͳΔํݟΛ༩͑Δɽۂ໘Sͱ୯Ґԁ൘D ⊂ Cͷຒ
ΊࠐΈ e : D ↪→ int(S)ʹର͠ɼD := e(D)ͱ͓͘ɽ͜ͷ࣌ɼS − int(D)Λ∂Dͷ֤ରᪧ
఺ΛಉҰ͢ࢹΔ͜ͱʹΑͬͯಘΒΕΔۂ໘ΛS ′ͱ͢Δɽ͜ͷΑ͏ʹͯ͠S͔ΒS ′Λಘ
Δૢ࡞ΛSͷDʹؔ͢ΔblowupͱݺͿɽ∂DͷS − int(D)಺Ͱͷਖ਼ଇۙ๣͸blowup

Sʹޙ ′಺ͷ crosscapͱͳΔʹ஫ҙ͢Δɽ·ͨɼblowupͷ࡞ૢٯɼ͢ͳΘͪۂ໘S ′Λ
ͦͷ಺෦ͷ୯ଆͳ୯७ดۂઢµͰ੾Γ։͖ɼͦͷಘΒΕͨڥքʹԁ൘DµΛషΓ߹ͤͯ
ΛS࡞໘SΛಘΔૢۂ ′ͷµʹؔ͢ΔblowdownͱݺͿɽ
Ng,n্ͷ୯ଆͳ୯७ดۂઢµΛऔΔɽ͜ͷ࣌ɼNg,nͷµʹؔ͢ΔblowdownʹΑͬͯ

ಘΒΕΔۂ໘Λ S̄ͱ͠ɼblowdownͷաఔͰݱΕΔԁ൘DµͱͷಉҰࢹ eµ : D → DµΛ
༩͑ΔɽDµͷத৺఺ xµ ∈ Dµʹର͠ɼM(S̄, xµ)Λ ∂S̄ͷ֤఺ͱ xµΛݻఆ͢Δࣗݾඍ
෼ಉ૬ࣸ૾ͷΞΠιτϐʔྨ͔ΒͳΔ܈ͱ͢Δɽ͜ͷ࣌ɼblowup homomorphism

ϕµ : M(S̄, xµ) → M(Ng,n)

ͱ͸ҎԼͷΑ͏ʹఆٛ͞ΕΔ४ಉ૾ࣸܕͰ͋Δɽ֤h ∈ M(S̄, xµ)ʹର͠ɼhͷ୅දݩ
h′ ∈ Diff(S̄)ͱͯ࣍͠ͷ৚݅ (a)ए͘͠͸ (b)Λຬͨ͢΋ͷΛͱΔɿ

(a) h′|Dµ = idDµɼ

(b) h′(x) = eµ(e−1
µ (x)) (x ∈ Dµ)ɼ

ୠ͠z ∈ Cʹର͠z ∈ CΛzͷෳૉڞ໾ͱ͢Δ. ͜ͷΑ͏ͳh′͸Dµʹؔ͢Δblowupͱ
ద߹͢ΔͨΊ ([23, Subsection র)ɼϕµ(h)ࢀ[2.3 ∈ M(Ng,n)͸well-definedʹఆ·Δɽ
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·ͨɼpoint pushing map

jµ : π1(S̄, xµ) → M(S̄, xµ)

ͱ͸ɼxµΛج఺ͱ͢Δ S্̄ͷ֤ϧʔϓ γʹରͯ͠ɼxµΛ γʹԊͬͯ 1पͤ͞Δ͜ͱͰ
ಘΒΕΔ S̄ͷࣗݾඍ෼ಉ૬ࣸ૾ͷΞΠιτϐʔྨ jµ(γ) ∈ M(S̄, xµ)ΛରԠͤ͞ΔࣄͰ
ಘΒΕΔ४ಉ૾ࣸܕͰ͋Δɽ

஫ҙ 2.11. ຊߘͰ͸ɼjµΛ४ಉ૾ࣸܕʹ͢Δҝʹɼπ1(S̄, xµ)ͷੵͷॱ൪΋ӈ͔ΒಡΉ͜
ͱʹ͢Δɽ͢ͳΘͪɼγ1, γ2 ∈ π1(S̄, xµ)ʹର͠ɼγ2γ1 ∈ π1(S̄, xµ)ͱ͸ɼγ2γ1(t) = γ1(2t)

(0 ≤ t ≤ 1
2)͔ͭγ2γ1(t) = γ2(2t− 1) (12 ≤ t ≤ 1)ͱͳΔ΋ͷͰ͋Δɽ

͜ͷ࣌ɼpoint pushing mapͱblowup homomorphismͷ߹੒

ψµ := ϕµ ◦ jµ : π1(Ng−1,n, xµ) → M(Ng,n)

΋·ͨcrosscap pushing mapͱݺͼɼψµ(γ)ΛγʹԊͬͨ crosscap pushing mapͱ
Ϳɽݺ
ԣஅతʹ 1఺ͰަΘΔ Ng,n্ͷดۂઢ αͱ୯ଆͳ୯७ดۂઢ µʹର͠ɼαΛ S̄ ্

ͷ xµΛى఺ͱ͢ΔϧʔϓͰα͔Β blowdownʹΑͬͯಘΒΕΔ΋ͷͱ͢Δɽα͕୯७
Ͱ͋Δ࣌͸ɼαΛ S্̄ͷ୯७ϧʔϓͱͯ͠औ͓ͬͯ͘ɽ͜ͷ࣌ɼҎԼ͕੒Γཱͭʢ[13,

Lemma 2.2, Lemma রʣɽࢀ[2.3

ิ୊ 2.12. ԣஅతʹ1఺ͰަΘΔNg,n্ͷ୯७ดۂઢαͱ୯ଆͳ୯७ดۂઢµʹର͠ɼ
੒Γཱͭɽ͕࣍

ψµ(α) = Yµ,α.

͸ɼcrosscapࣜ܎ͷؔ࣍ pushing map ψµ : π1(S̄, xµ) → M(Ng,n)͔ΒಘΒΕΔɽ

ิ୊ 2.13. µΛNg,n্ͷ୯ଆͳ୯७ดۂઢͱ͠ɼαͱβΛNg,n্ͷ୯७ดۂઢͰͦΕ
ͧΕµͱ1఺ͰԣஅతʹަΘΔ΋ͷͱ͢Δɽੵαβ ∈ π1(S̄, xµ)͕ S্̄ͷ୯७ϧʔϓͰ୅
ද͞ΕΔͱԾఆ͢ΔɽαβΛNg,n্ͷ୯७ดۂઢͰαβ = αβ ∈ π1(S̄, xµ)ͱͳΔ΋ͷͱ
͢Δɽ͜ͷ࣌ɼҎԼͷؔࣜ܎ΛಘΔɿ

Yµ,αYµ,β = Yµ,αβ.

2.3. M(Ng,n)ͷ༗ݶදࣔ

ɹຊষͰ͸ɼओ݁Ռͷূ໌ʹ༻͍ΔM(Ng,n)ͷ༗ݶදࣔʹ͍ͭͯ঺հ͢Δɽ୯Ґԁ൘D
ͷ ΈࠐΘΒͳ͍ຒΊަʹ͍ޓ໘Σ0΁ͷٿݩ࣍2 ei : D ↪→ Σ0 (i = 1, . . . , g + n)ΛͱΓɼ
Di := ei(D)ͱ͓͘ɽ͜ͷ࣌Ng,nͷϞσϧͱͯ͠ɼΣ0 − int(+g+n

i=g+1Di)ͷD1 + · · · +Dg

ʹؔ͢ΔblowupʹΑͬͯಘΒΕΔۂ໘ΛͱΔʢਤ রʣɽࢀ6
Ng,n্ͷ୯७ดۂઢαi (i = 1, . . . , g − 1), β, µ1Λਤ 6ͷΑ͏ʹऔΔɽ͜ͷ࣌ɼͦΕ

Βͷۂઢʹؔ͢ΔDehn twist΍ crosscap slideΛҎԼͰఆٛ͢Δɽ

ai := tαi (i = 1, . . . , g − 1),

b := tβ,

y := Yµ1,α1 .
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Epstein [4]ʹΑͬͯɼM(N1,n) (n ∈ {0, 1})͕ࣗ໌ʹͳΔ͜ͱΛ͕஌ΒΕ͍ͯΔɽҎ
Լͷ༗ݶදࣔ͸ (g, n) = (2, 0)ͷ࣌ʹLickorish [14]ɼ(g, n) = (2, 1)ͷ࣌ʹStukow [21]ɼ
(g, n) = (3, 0)ͷ࣌ʹBirman-Chillingworth [1]ɼͦͯͦ͠ͷଞͷ (g, n)ͷ࣌ (n ∈ {0, 1})
ʹStukow [22]͕༩͑ͨ΋ͷͰ͋Δ.

ਤ 6: Ng,nͷϞσϧͱNg,n্ͷ୯७ดۂઢα1, . . . , αg−1, β, µ1, δ, δ1, . . . , δn−1.

ఆཧ 2.14 ([14], [1], [21], [22]). (g, n) = (2, 0), (2, 1), (3, 0)ʹର͠ɼM(Ng,n)͸ҎԼͷ
දࣔΛͭ࣋:

M(N2) =
〈
a1, y | a21 = y2 = (a1y)

2 = 1
〉 ∼= Z2 ⊕ Z2,

M(N2,1) =
〈
a1, y | ya1y−1 = a−1

1

〉
,

M(N3 ) =
〈
a1, a2, y | a1a2a1 = a2a1a2, y

2 = (a1y)
2 = (a2y)

2 = (a1a2)
6 = 1

〉
.

g ≥ 4͔ͭn ∈ {0, 1}ɼए͘͠͸ (g, n) = (3, 1)ͷ࣌ɼM(Ng,n)͸ҎԼͷΑ͏ͳදࣔΛ
͸ݩɽੜ੒ͭ࣋ (g, n) = (3, 1)ͷ࣌a1, a2, yͰɼg ≥ 4ͷ࣌a1, . . . , ag−1, y, bɽؔࣜ܎͸
ҎԼͷ΋ͷͰ͋Δ:

(A1) [ai, aj] = 1 (g ≥ 4, |i− j| > 1),

(A2) aiai+1ai = ai+1aiai+1 (i = 1, . . . , g − 2),

(A3) [ai, b] = 1 (g ≥ 4, i ̸= 4),

(A4) a4ba4 = ba4b (g ≥ 5),

(A5) (a2a3a4b)10 = (a1a2a3a4b)6 (g ≥ 5),

(A6) (a2a3a4a5a6b)12 = (a1a2a3a4a5a6b)9 (g ≥ 7),

(A9a) [b2, b] = 1 (g = 6),

(A9b) [ag−5 , b g−2
2
] = 1 (g ≥ 8 even),

ୠ͠ɼb0 = a1, b1 = b,

bi+1 = (bi−1a2ia2i+1a2i+2a2i+3bi)5 (bi−1a2ia2i+1a2i+2a2i+3 )−6 (1 ≤ i ≤ g−4
2 ),

(B1) y(a2a3a1a2ya
−1
2 a−1

1 a−1
3 a−1

2 ) = (a2a3a1a2ya
−1
2 a−1

1 a−1
3 a−1

2 )y (g ≥ 4),

(B2) y(a2a1y−1a−1
2 ya1a2)y = a1(a2a1y−1a−1

2 ya1a2)a1,

(B3) [ai, y] = 1 (g ≥ 4, i = 3, . . . , g − 1),

(B4) a2(ya2y−1) = (ya2y−1)a2,

(B5) ya1 = a−1
1 y,
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(B6) byby−1 = {a1a2a3 (y−1a2y)a
−1
3 a−1

2 a−1
1 }{a−1

2 a−1
3 (ya2y−1)a3a2} (g ≥ 4),

(B7) [(a4a5a3a4a2a3a1a2ya
−1
2 a−1

1 a−1
3 a−1

2 a−1
4 a−1

3 a−1
5 a−1

4 ), b] = 1 (g ≥ 6),

(B8) {(ya−1
1 a−1

2 a−1
3 a−1

4 )b(a4a3a2a1y−1)}{(a−1
1 a−1

2 a−1
3 a−1

4 )b−1(a4a3a2a1)}
= {(a−1

4 a−1
3 a−1

2 )y(a2a3a4 )}{a−1
3 a−1

2 y−1a2a3}{a−1
2 ya2}y−1 (g ≥ 5),

(C1) (a1a2 · · · ag−1)g = 1 (g ≥ 4 even, n = 0),

(C2) [a1, ρ] = 1 (g ≥ 4, n = 0),

ୠ͠ɼρ = (a1a2 · · · ag−1)g (g odd),

ρ = (y−1a2a3 · · · ag−1ya2a3 · · · ag−1)
g−2
2 y−1a2a3 · · · ag−1 (g even),

(C3) ρ2 = 1 (g ≥ 4, n = 0),

(C4) (y−1a2a3 · · · ag−1ya2a3 · · · ag−1)
g−1
2 = 1 (g ≥ 4 odd, n = 0),

ୠ͠ɼ[x1, x2] = x1x2x
−1
1 x−1

2 .

n ≥ 2ͷ৔߹ͷM(Ng,n)ͷ༗ݶදࣔ͸ɼখྛࢯͱஶऀʹΑΔڞಉڀݚʹΑͬͯ۩ମ
తʹߏ੒͞Εͨʢ[12]ࢀরʣɽ͔͠͠ɼͦͷ༗ݶදࣔͷ͕ؔࣜ܎ଟ͗͢ΔҝɼຊߘͰ͸ɼ
ͦͷ༗ݶදࣔͷੜ੒ܥͷΈ঺հ͢Δࣄͱ͢Δɽ
ਤ 6, ਤ 7ͷNg,n্ͷ୯७ดۂઢδi, αi;j, ρi;j, σi,j, σ̄i,jʹର͠ɼҎԼͷ༷ʹఆٛ͢Δɽ

di := tδi (1 ≤ i ≤ n− 1),

ai;j := tαi;j (1 ≤ i ≤ g − 1, 1 ≤ j ≤ n− 1),

ri;j := tρi;j (1 ≤ i ≤ g, 1 ≤ j ≤ n− 1),

si,j := tσi,j (1 ≤ i < j ≤ n− 1),

s̄i,j := tσ̄i,j (1 ≤ i < j ≤ n− 1),

ਤ 7: Ng,n্ͷ୯७ดۂઢαi;j, ρi;j , σi,j, σ̄i,j.

খྛࢯͱஶऀ͕ಘͨn ≥ 2ͷ৔߹ͷM(Ng,n)ͷ༗ݶදࣔ͸ҎԼͷΑ͏ͳ΋ͷͰ͋Δɽ

໋୊ 2.15 (Kobayashi-O. ([12])). g ≥ 1ͱ n ≥ 2ʹର͠ɼM(Ng,n)ͷ༗ݶදࣔ͸ɼఆ
ཧ 2.14ͷM(Ng,1)ͷ༗ݶදࣔʹҎԼͷੜ੒ݩͱؔࣜ܎ΛՃ͑ΔࣄͰಘΒΕΔɽ

Ճ͑Δੜ੒ݩɿdi (i = 1, . . . , n − 1), ai;j (1 ≤ i ≤ g − 1, 1 ≤ j ≤ n − 1), ri,j
(1 ≤ i ≤ g, 1 ≤ j ≤ n− 1), si,j (1 ≤ i < j ≤ n− 1), s̄i,j (1 ≤ i < j ≤ n− 1).

Ճ͑Δؔࣜ܎ɿ ͋Δ༗ݸݶͷؔࣜ܎ɽ
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3. ओ݁Ռ
ҎԼ͕ຊߘͷओ݁ՌͰ͋Δɽ

ఆཧ 3.1 (Kobayashi-O.). g ≥ 1͔ͭn ≥ 0ʹର͠ɼM(Ng,n)ͷදࣔ͸ҎԼͰ༩͑ΒΕ
Δɽ
ੜ੒ܥɿ{tc;θ | cɿNg,n্ͷ૒ଆͳ୯७ดۂઢ, θ ∈ {+c,−c}}

∪{Yµ,α | µɿNg,n্ͷ୯ଆͳ୯७ดۂઢɼαɿNg,n্ͷ୯७ดۂઢ}
XΛ্ͷੜ੒͔ݩΒͳΔू߹ͱ͢Δɽ
ɿࣜ܎ؔ

(0) (i) tc;θ = 1 (c͕Ng,n্Ͱԁ൘ए͘͠͸Möbius ͷଳΛுΔ࣌ ),

(ii) tc;+c = tc−1;+c = t−1
c;−c

,

(iii) Yµ,α = Y −1
µ,α−1 = Yµ−1,α,

(I) ϒϨΠυؔࣜ܎
{

(i) ftc;θf−1 = tf(c);f∗(θ) (f ∈ X),

(ii) fYµ,αf−1 = Yf(µ),f(α) (f ∈ X),

(II) 2-νΣΠϯؔࣜ܎,

(III) ϥϯλϯؔࣜ܎,

(IV) ิ୊ 2.13ͷؔࣜ܎ (i.e. Yµ,αβ = Yµ,αYµ,β),

(V) ิ୊ 2.10ͷؔࣜ܎ (i.e. Yµ,α = tδ1;θ1t
−1
δ2;θ2

).

஫ҙ 3.2. ఆཧ 3.1ͷؔࣜ܎ (0)͸ɼNg,n಺ͷԁ൘ए͘͠͸Möbius ͷଳͷڥքͱͳΔ
Α͏ͳۂઢʹԊͬͨDehn twist͸ੜ੒ݩͱͯ͠ෆཁͱ͍͏ҙຯΛͪ࣋ɼؔࣜ܎ (V)͸ɼ
α͕୯ଆͰ͋ΔΑ͏ͳ crosscap pushing map Yµ,α͸Dehn twistͷੵͰද͞ΕΔͨΊੜ
੒ݩͱͯ͠ෆཁͱ͍͏ҙຯΛͭ࣋ɽͭ·Γɼఆཧ 3.1ͷM(Ng,n)ͷදࣔ͸ɼຊ࣭తʹ
͸ɼੜ੒ݩΛશͯͷඇࣗ໌ͳDehn twistͱ crosscap slideͱ͠ɼ(I), (II), (III), (IV)ͷ
දࣔͱͳ͍ͬͯΔɽͭ࣋Λࣜ܎ؔ

ఆཧ 3.1ͷূ໌ͷུ֓. GΛఆཧ 3.1ͷද͔ࣔΒಘΒΕΔ܈ͱ͢ΔɽҎ߱ɼM(Ng,n)Λ
ఆཧ 2.14·ͨ͸໋୊ 2.15ͷ༗ݶද͔ࣔΒಘΒΕΔ܈ͱಉҰ͢ࢹΔɽM(Ng,n)ͱGͷ
ؒͷಉ૾ࣸܕΛҎԼͷ༷ʹߏ੒͢ΔࣄͰఆཧ 3.1Λࣔ͢ɽ
X0Λɼఆཧ 2.14·ͨ͸໋୊ 2.15ͷM(Ng,n)ͷ༗ݶදࣔͷੜ੒ूݩ߹ͱ͢ΔɽF (X0)

ΛX0ʹΑͬͯࣗ༝ʹੜ੒͞ΕΔࣗ༝܈ͱ͠ɼπ : F (X0) → M(Ng,n)Λఆཧ 2.14·ͨ
͸໋୊ 2.15ͷද͔ࣔΒಘΒΕΔࣗવͳશࣹ४ಉ૾ࣸܕͱ͢Δɽߋʹɼ४ಉ૾ࣸܕ ν :

F (X0) → GΛ֤x ∈ X0ʹର͠ν(x) := xͰఆٛ͢Δɽ͜ͷ࣌ɼࣸ૾ψ : M(Ng,n) → G

Λɼ֤ x ∈ X0ʹରͯ͠͸ψ(x±1) := x±1ʢූ߸ಉॱʣɼͦͷଞͷ f ∈ M(Ng,n)ʹର͠
ͯ͸ψ(f) := ν(f̃)Ͱఆٛ͢Δɽ͜͜Ͱɼf̃ ∈ F (X0)͸ f ∈ M(Ng,n)ͷπʹؔ͢Δউख
ͳϦϑτͰ͋ΔʢԼਤࢀরʣɽ
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F (X0)

π
!!!!

ν

""●
●●

●●
●●

●●
●

M(Ng,n) ψ
##❴❴❴ G

XΛఆཧ 3.1ͷදࣔͷੜ੒ܥͱͨ࣌͠ʹɼࣗવͳࣸ૾ϕ : X → M(Ng,n)͸શࣹ४ಉ
ϕ૾ࣸܕ : G → M(Ng,n)Λ༠ಋ͢Δ. ϕͱψͷఆٛΑΓɼ΋͠ψ͕४ಉ૾ࣸܕͳΒ͹,

ϕ ◦ ψ = idM(Ng,n)ͱͳΓɼಛʹɼψ͸୯ࣹͰ͋Δ͕ࣄ෼͔Δɽैͬͯɼψ͕४ಉ૾ࣸܕ
Ͱ͔ͭશࣹͰ͋Δ͜ͱΛࣔ͢ࣄͰψ͕ಉ૾ࣸܕͰ͋Δ͕ࣄ෼͔Γɼఆཧ 3.1͕ಘΒΕ
Δɽ͜ͷূ໌ͷຊ࣭తͳ෦෼͸ψ͕४ಉ૾ࣸܕͰ͋ΔࣄΛূ໌͢Δ෦෼ʹ͋Γɼ͜Ε
͸ఆཧ 2.14ͱ໋୊ 2.15ͷM(Ng,n)ͷ༗ݶදࣔͷશͯͷ͕ؔࣜ܎ఆཧ 3.1ͷදࣔͷؔ܎
͔ࣜΒಘΒΕΔࣄͰূ໌Ͱ͖Δɽ

ँࣙ: ͜ͷ౓ୈ66ճτϙϩδʔγϯϙδ΢Ϝʹ͓ট͖Լͬͨ͞ੈ࿩ਓͷখྛਅਓࢯ
ʢळాେཧ޻ʣɼத߁ߐ੖ࢯʢळాେཧ޻ʣɼޱࢁ঵ࢯ࢘ʢळాେڭҭจԽʣɼେຊࢯږ
ʢ๺େཧʣɼࠤഢमࢯʢ۝େ IMIʣʹ৺͔Βँײਃ্͛͠·͢ɽ
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