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An Introduction to Cyclic Cohomology

Toshikazu Natsume (Saitama Uu.)

The purpose of this note is to outline an introduction to cyclic
cohomology. Directed at topologists, it requires basic notions

in homological algebra.

1. Prologue

l1.1. Let us consider the canonical trace Tr on a matrix algebra
Mn(E). For each positive even integer k, a (k+l)-linear functional

. s
Qk on Mn(m) is defined by

(pk(xo,xl,...,xk) = Tr(XO'"Xk) .

The functional " has the following properties:

(1) (pklixk,xo,t..,xk_l) = P EKgseenX),
(ii) j% (-1 (pk(xo,...,xjxj+1,...,>ck,xk+1)

+ (-nFH A C I 9% SRS SN
Notice that in the formula (i), if o is an arbitrary permutation

of (0,...,k), the equality

(‘ok(xv(o),xo,(l),...,xv(k)) = sgn(o”) ‘fk(xo,...,xk)

does not in general hold.

People working on differential geometry or differential topology
tend to think that it is quite natural to expect objects to be symmetric
or skewsymmetric under an action of a symmetric group. However, as
the functional (Pk considered above, there exist familiar objects

which do not behave nicely under a symmetric group action.

1.2. Motivated by the equalities (i), (ii) we introduce the following
object for an associative T-algebra A . For each nonnegative integer
n, let CE(A) be the totality of all (n+l)-linear functional q7 with
the following property:

—12—




() P& XhanX ) = (D PX X))

n-—

for X, € A.
J n+l

Define a map b: CE(A)-)(IX (A) by the lefthand side of the
equality (ii).. It requires some computation to show that for each
@ e Ci(A), the functional b(p  actually belongs to C%il(A). It is
a good exercise for the reader to check this for the case n=2 or n=3.
Another good exercise is to show that b2= 0. Having done this, we

obtain a cochain complex {C;(A) = @ CE(A), b } .
n

+1.3. Definition. The cohomology of the cochain complex {-Cﬁ(A), b}
is denoted by Hf(A) = g H:(A) and is called the cyclic cohomology

of a T-algebra A.

1.4. Example. The most elementary I-algebra is & itself. In this
case (PG-Cf(A)' is determined by the value ((1,...,1). By the condi-

tion (%), C§?+1(A) =0 (n20). Therefore the cochain comple has the
form: T->0->CT->0~> .... . Consequently Hi“(m) 2T and H%P+1(A)=

0 for ngZoO.

1.5. Example. Let d : A5 A be a derivation, and let Te A*. 1If
T(8(a)) =0 for any a € A, then the following formula defines a

cyclic l-cocycle:

(ao, al) —> 'C(ao S(al)) for aO, a1 € A.

2. General properties

2.1. A reader familiar with homological algebra might have noticed,
by looking at the operator b , that cyclic cohomology is closely
related to Hochscild cohomology.

The dual A* of A is an A-module in the following way:
(alPb) (x) = (P(bxa) for a,b,x € A and (Pe A%,

Let Cn(A,A*) denote the space of all n-linear functionals with




values in A*. The coboundary map b: Cn(A,A*) - Cn+1(A,A*) is given
by |

(b(P)(al’...,arH'l) ‘= al((e(aZ"'°’an+l))
n 3 N
+ él(-—l) (F(al,...,ajaj+1,...,an+l)
» n+1
+ D (Plagse.a a

We get a cochain complex {C*(A,A*), b } . A Hochscild 1l-cocycle is
“nothing but a derivation A —»A*. For ®e CI;(‘A), if we consider
as an element of Cn(A,A*) by putting (P(Xl,...,Xn) (XO) =
P(Xy»X s---»X ), we get a canonical inclusion Ch(a) G C(A,A%). A
point is that C}¥(A) 1is a subcomplex of C*(A,A*). The cohomology of
C*(A,A*) 1is the Hochscild cohomology H*(A,A*) of A with value in
A%,

Consider the following double complex CA):

il .
. .

ib (N To

2 1-t 9 N 2 1-t
C2(a,A%) —3 CP(AA%) —> Co(AA%) — ......
N
To 1-t Ty To 1-t
1
laar) —s cl(aar) — ClAAY) —5 ......
)
Tb 1-t T b N o 1-t
0
Oaar) — cO(A,A%) —> CO(AAR) —3 .ounns

n .
_ 1 J
where (b'(P)(aO""’arﬁl) —éo( 1) (f(ao,...,ajaj+1,...,an+l),
_ (_1\D n *
(t(P)(aO,...,an) = (-1) (P(an,ao,...,an_l) for PecC (a,A%),
n n . . n
and N: C (A,A*) = C (A,A*) is given by N = l+4t+...+t .
2.2. Lemma. The equalities (1-t)b = b'(l-t) and bN = Nb' hold.

2.3. Lemma. We have that Ker N = Im(l-t) and that Ker(1-t)=Im N.




These two lemmata are shown by elementary linear algebra.

2.4. Assume that A has a unit.
Define s: Cn(A,A*)—>Cn—1(A,A*) by
(slp)(ao,...,an_l) = (P(l,ao,...,an__l)

to get b's + sb' = Id on Cn(A,A*) for n 21, and sb' = Id on
CO(A,A*). Thus we see that the cochain complex {C*(A,A*), b'} is
acyclic.

By definition, Ker (l-t) = C4(A). From this it follows:

Theorem ([8]). The total cohomology of the double complex ¥(A) is

isomorphic to HH(A).

2.5. Now we modify the complex &(A) as follows: for integers
qz2p =0, put B(A)p,q = Cq_p(A,A*). Let the coboundary map
B(A)p’q-—) &(A)p,q+l be the Hochscild coboundary b, and B: §B(A)
—')ﬁ(A)p_H’q be given by the composite Cq_p(A,A*) l-;th_l%A,A*) 3,
cU P haany N TP Ls any.

Of course, the differential B on B(A)p’p is defined to be zero.

It is easily checked that B2 =0 and bB + Bb = 0. Thus we get a

P9

double complex. Let Tot B(A) be the associated cochain complex with

coboundary map b+B.

2.6. Proposition. The cochain complexes Tot(A) -and Tot §(A)

are quasi-isomorphic.

Proof. Define a cochain complex homomorphism from Tot &(A) to

Tot A by lettin A A be the identity and
ot B(A) by letting C( )2p,q™ B( ) oo y

A - B be Ns. This map commutes with the co-
A )2p—1,q B )p,p+q-1 P
boundary maps and gives a homomorphism.

Using the decreasing filtrations of (2(A) and 8(A) by columns
and applying the comparison theorem of spectral sequences, we see that

the above map induces an isomorphism in cohomology.




2.7. Consider the degree 2 map of Tot $3(A) into itself given by
shifting the double complex B (A) in a natural way in the upper right
direction; more precisely the elements KS(A)p’q go to 63(A)p+1,q+1'
Denote the image of this map by Tot[2] which is a subcomplex of

Tot B(A). It is obvious that Tot B (A) /Tot[2] = C*(A,A*). Thus we get

a short exact sequence
0 = Tot[2] - Tot B(A) & C*x(A,A%) = 0.
Consequently by the snake lemma we obtain a long exact sequence:

oo 2 H(Tot[2]) = H™(Tot B(A)) — H"(A,A%) )

C) 7 (Toe[2]) = 5™ (Tot B(a)) = 8% A, a%) — ... .

By Theorem 2.4 and Proposition 2.6, Hn(Totxa(A)) = H?(A). By const-
ruction Hn(Tot[Z]) = Hn_z(Tot BA)) = H&_Z(A). Thus the above long

sequence turns out to be

0 5> HO(A) = HO(A,A%) » 0 = Hi(A) = H(A,A%) -)H,(\)(A))

2 2
C)HA(A)% HO(A,A%) = ... j

n-2 . n n
CHA (A) — HA(A) —> H (A,A%) j

QHH;I(A) - HI;:H(A) — B"laar) — ... .

Denote by S the map Hz—z(A)-é'H?(A) induced from the shifting.

The map H?(A)-é Hn(A,A*), which will be denoted by I, in the above
long exact sequence is nothing but the one indeced from the canonical
inclusion C;(A)-ﬁ C*(A,A*). Moreover the connecting map Hn(A,A*) -
Hgfl(A) combined with I is just the map B given in 2.5. We use
the same letter B to denote the connecting homomorphism.

Summarizing these observations, we get;




2.8. Theorem ([3],[8]). For a unital associative algebra A, There

exists a long exact sequence:

S 1 B
' +1
Lot = B e) = B"auar 2 @) 2 ... .

2.9. Corollary. If Hn(A,A*) =0 for n ;;no , then

no-l n0+1 no n0+2
Hy, (A) TH, (A) T... ,and H, () THA, (A T .....

I'4

2.10. Example. We give an example to which Corollary 2.9 is applied.
Consider A = M (€). It is known that H' (A,A%) =Oo for nZ 1.

So, to compute cyclic cohomology it suffices to know H,(A). By defini-

tion, HQ(A) is the space of traces on A, hence in our case HQ(A)QE,

and the generator is the canonical trace. Therefore

i
1P

T H?(A) Hf(A) = ..., and

n
1

0

Hi(A) SHO(A) 2 ... .

In general, for Mn(E) the computation is similar.

2.11. As we have seen, the definition of H§(A) itself is quite
natural and simple. However, explicit computation for a given algebra
by using the cochain complex C¥(*) 1is an another story. It is some-
thing like trying to compute the singular cohomology groups for a
given topological space: it is virtually impossible, except for certain
simple cases 1like €. Thus to carry on computations, we need some
tools.

Let us go back to the double complex W(A). The decreasing filt-

ration of W(A) by columns giVes the following result.

2.12. Theorem. There exists a spectral sequence abbuting to HE(A)
with E?’q = Hq_p(A,A*) and where dlz E?’q 2 Eﬁ_l’q is given by
IeB.

2.13. Example. We consider an example to which Theorem 2.12 may be

applied.




First, we review how to compute Hochscild cohomology. An algebra
A 1is, in a canonical way, a module over the enveloping algebra A® =
opp . .
AﬂmA of A. Take a finitely generated projective resolution
(Mn)n_z=0 of A:

0(—A€-—MO(——- Ml(—-— ceeen .

Then the cohomology of the cochain complex
HomAe(MO,A*)-—> HomAe(Ml,A*) - ...
is the Hochscild cohomology of A with coefficient A*. If we take
the standard resolution where Mn = AeKﬁA , the associated cochain
complex is nothing but {C*(A,A*), b} .
Let us consider a truncated polynomial ring A = E[X]/(xn). Then

e n
A™ = Tx,y]l/(x ,yn). As a projective resolution we can take the follow-

ing:
b b b
0 A a% e a2 p°3 ...,
where b (resp. b, ) 1is the map given by multiplying x-y (resp.
n-1_ n29*t 312 n-1 0 .
+ x y + ...+ xy +y ). From this resolution, H (A,A%*) =
e and wi(a,a% 2™l (52D

The second step is to compute
-1
IeB: H (A,A%) —> H'  (A,A%).

A problem arises at this point. The map is given in terms of cochain
complex C#*(A,A%*) associated the standard resolution. So our task is
to compare our resolution with the standard one. More precisely, we

have to construct A®-module maps h, k so that we get a commutative

diagram

06— Ae—A%e— ASe— AS— .....

I I nipx 0|k

06— A« A% M e— M e— ... )

Since (M,)j and A° are projective Ae—modules, we know that there
J

exist those maps. However we need the explicit description of the maps.
Fortunately, in our case, we can manage to get the maps h, k explicitly
to see that the map I°B: HZHH'1(A,A*)-—)H2“‘(A,A*) (mZ 1) is an

—18—.




2m
“isomorphism, Hl(A,A*) - HO(A,A*) is injective, and that H  (A,A%)

- Hzm_l(A,A*) is a zero map. From this together with Theorem 2.12,
we get
2m+1
m2™ay 2 ¢, HA(A) = 0.

2.14, So far we have consideréd only finitedimensional algebras. We
turn now to infinitedimensional algebras. However, if we deal with
infinitedimensional algebras in purely algebraic way it will be rather
difficult to compute such groups H}(A). On the other hand, if the
algebra has a topology which is compatible with the algebraic operations,
then H{(A) becomes computable. .

Let A be a topological algebra. By considering continuous co-
chains we will obtain the notion of continuous cyclic cohomology. 1In
order to define continuous Hochschild cohomology, we must assume that
A 1is a unital locally convex topological algebra. The reason is the
following. In the construction of standard resolutions tensor products
are involved, and there is no canonical topology on the algebraic
tensor product of two topological algebras A and B. If A and B
are locally convex, so that their topology is given by a family of semi-
norms, then there exists a strongest locally convex topology on ASB .
With respect to this topology the completion of ABB is denoted by
ABB and is called the projective tensor product (see [15]). Thus for

a locally convex algebra we get a welldefined standard resolution.

2.15. Example. Consider the algebra C(X) of continuous T-valued
functions on a compact Hausdorff space with topology given by the norm
£l = mgxlf(x)] . It is known that Hn(C(X),C(X)*) =0 for n=21
([7]1). From this together with the long exact sequence, which is valid

also in a topological setting, we have the following result.
Proposition. We have that (1) HQ(C(X)) =~{Radon measures on X }; (2)

HY(C(X)) = HE(C(X)) = ..... ; and (3) H)(C(X)) = HR(C(X)) = +.... = O.

Thus Radon measures are the only interesting cocycles.




2:16. Let X be a possibly noncompact, paracompact C”- manifold. Then
the space CQ(X) of C”-functions is a unital Frechet algebra. In this
case, we have other interesting cocycles in addition to Radon measures.
A closed p-current C with compé&t support on X gives rise to a

cyclic cocycle (pc by
0 0..1,.2 i
¢ (£ voeesf?y =(c, £af df". . .afP) for f € C¥(X).

Actually we have the following result.

Theorem ([3],[16]). (1) H(C®(X),C®(X)*) = { n-current with compact

support }, (2) D = IeB: H (C™(X),CT(X)*) —> e (@), c® (%) is
the deRham boundary map for currents, (3) HE(C“(X)) = {closed n—current}
& Hn—Z(X’m) o Hn_4(X,E) #® ...., and consequently (4) for n » dim X,

BN(CP(0) = H__,(X,0) 8 H _, (X,0) & .....

The proof is based on a special projective resolution.

2.17. Motivated by this theorem we give the following definition.

Definition ([14]). For a unital algebra A, the cohomology of the co-

chain complex { H*x(A,A%), IOB}' is called the de Rham cohomology of
A.

2.18. We now briefly describe an important algebraic operation on
cyclic cohomology. Let A, B be two algebras, not necessarily unital.

Then there exists a map

H0(A) ® HY(B) — Hy " (ARB).

The construction and the well-definedness of this map involve an inter-
pretation of cyclic cocycles as graded traces on a differential graded

algebra. This requires quite lot of computation, and we refer to [3].

The image of W® N in the righthand side is denoted by wH1 .

As a special case if we take B = [, we get a map

HN(A) ® HL(T) —> HY " (AEB).

As we have seen in 1.4, HZ(E) % L. So, choosing the generator o of




Hz(m) so that 0(1,1,1) = 2ti , we get a map
+2
Ha(a) —> Hx  (A)
W W
w b—> Wk

Proposition ([3]). The map w F—>w#g given above coincides with the

operator S up to constant multiple.

From now on, G denotes the map wrH>w* 0.

0.1 _2
2.19. The map S: H?(A) —_ HE(A) is given by (ST)( ,X ,X) =

ol tx’x!x?y.

2.10. If we take B = Mn(E) and Tr € H?(B), we get a map
k k
Hy(A) —> Hy(M (A))
w w
® > PwTr .

The explicit expression of @#Tr is as follows. For X ,...,X €

Mn(A), we have

@H1EC, ... 8 = ) L P
jO,...,jk

O x5k ),
Jody 12

where X;q is the (p,q)-component of x' € Mn(A).

3. Relations with K-theory

3.1. The reader may be wondering why Qe do want to compute this often
difficult object Hf(A). The answer comes in part from its relation
to K-theory.

Let A be a unital algebra. Its algebraic K-group is defined as
follows. The isomorphic classes of finitely generated projective A-
modules form a semi-group with respect to direct sum. The Grothendieck
group generated by this semi-group is denoted by Kglg(A) and is called

the algebraic K. -group of A.

0
1 0

For Example 2.15, KS g(C(X)) = K (X).

Now let P be a finitely generated projective Aamodule. Then for

some integer n, P is a direct summand of A" = A@A®...8A. Therefore

the projection from A" onto P is defined. With respect to canonical




base for A » this projection is given by an idempotent e e M (a).
Let e € M (A), e' e M ,(A) be idempotents. We say that e and e

are equlvalent if in a blgger matrix algebra M (A), m> n,n", there

exists an invertible element g such that

[e'OJ "8 [e o] 5.

It can be easily checked that if e and e' correspond to P and P'

respectively, then P and P' are isomorphic if and only if e and

e are equivalent.

Now Kglg(A) is described as follows. Denote by [e] the equi-
valenceclassof an idempotent e. Consider formal difference [e]-[f]
of the equivalence classes, and regard two such formal differences
[e] - [f] and [e'] - [f'] are equivalent if for some m,

e e'

£ and f
I I
m m
are equivalent. The group Kglg(A) is the set of formal differences
modulo the equality given above.

The relationship between H%*(A) and Kglg(A) is stated as follows.

3.2. Proposition ([3]). (1) The following formula defines a bilinear
map Kglg(A) X B2™A) —> T

<[e],[(p]>= (2mwi) Tt (‘P#Tr)(e,e,..,e).
(2) The equality <[e],S[(,°]> =<[e],[<€]> holds.

3.3. Remark. The reader may be worried by the above formula, for at
first glance ((?ﬂ:Tr)(e,...,e) does not look linear in e. However,

1 .
using the definitions of the sum in Kg & and the cochain (P#;Tr,

1
the value (Q# Tr)(e,...,e) is in fact linear in [e] € Kg g(A).

3.4. Proposition 3.2 suggests the following:

2m, : odd . 2m+1
Definition. The groups ev(A) liy H;?(A) and H (A) = ;39 H,
S

(A) are called the stabilized cycl%c cohomology groups of A.




3.5. 1In order to get HeV(A), HOdd(A), we have to compute the map S:

Hn(A)-9 Hn+2(A). Fortunately, we have the following assistance.
First, we modify the double complex W(A). Put Cp q =
9’
Cq—p(A,A*) for q > p, not necessarily positive. As in W), co-

boundary operators are defined.

Theorem ([3]). (1) The total cohomology of the double complex C =

C ) is given b
( P>q & Y

Hn(C) 2 H (A) if ne€Z is even,
i) 2 8°°%4)  if n ez is odd.

(2) There exists a convergent spectral sequence { Ez’q} associated
to C, where E1 term is given by E?’q = Hq_p(A,A*), and dl: E?’q_g

E1p+l’q is 15B.

3.6. Let us consider again Example 2.13. As we have seen there, the
cochain complex {H*(A,A*),IoB} is acyclic except * = 0. Therefore
by Theorem 3.5, Hev(A) =2 T and HOdd(A) = 0. We want to determine
the generator of HeV(A). Let <« € Zo(m[x]/(Xn)) be (f) = £(0).
The class of the unit 1 € m[x]/(xn) .represents a class in Kglg(A).
Obviously, <T(1) # 0. Therefore by Proposition 3.2 we see that st

# 0 for any n. Thus =T is a generator of HeV(A). The fact that
alg

T(1) # 0 tells us also that the class of unit in KO

(A) 1is not a
torsion element, in particular it is nonzero.
For an f € L[x], the cyclic cohomologies of E[x]/(f) are given

as follows.

Theorem ([9]). Let n be the degree of f, let m be the number of

distinct roots of f, and let A = T[x]/(f). Then,

(1) HogA,A*) = ¢, H?(A,A*) o ™™ for § 1,
2) 823y 2 ¢, w23 = 0, and
(3) HeV(A) & Em, HOdd(A) = 0, moreover the generators are those

O-cocycles evaluating at the roots of f.

3.7. 1t seems interesting to get a several variable version of the




above theorem: especially to determine the behaviour of the cyclic
cohomology and the Hochschild cohomology according to the shape of the

singularities of the variety determined by an ideal I C E[xl,...,x ].
n

3.8. Consider Example 2.16. In this case the operator S: HE(C“(X))
n+2
-> Hy (c“(x)) is nothing but the map sending a closed n-current into

its homology class and the identity on Hn 2(X,E)$.... Thus
B (CT(X) T @ H,_(X,0) ,
2n
n
Hodd L)

(cx) e

H2n+1(X’E)°
n

4. Noncommutative differential topology

4.1. 1In the preceding section we considered a pairing between Kglg

. 2 ‘
and cyclic cohomology H}m . Although a nontrivial pairing between
K?lg and H§w+1 also exists, this may not be meaningful in the follow-

ing sense. Due to the existence of the '"periodicity operator" S ,

the cyclic cohomology may be regarded as a cohomology theory of period
2. Thus it becomes important to consider the stabilized gyclic cohomo-
logy, which has two groups 1Y and HOdd. On the other hand, there
does not seem to exist a "periodicity operator" in the algebraic K-
theory. This seems to suggest that the setting for cyclic cohomology
should not be purely algebraic: in particular that we should look for

a pairing with topological K-theory.

4.2. For a Banach algebra A, KBOP(A) is defined to be identical with
Kglg(A). Then the topological K1 is defined as follows.
The group GL(A) = Liy GLn(A) is a topological group in an obvious
n

way. Put
K;7P(a) = GL(A) /6L, (A),

where GLO(A) is the connected component of the neutral element.

For a non unital A, the groups K:oP(A) is defined to be the



~ to ~ _ ,
kernel of the map T, KioP(A ) —> K, p(E), where A" = A®L is the
A with unit added, and Tt 1is the canonical map from A~ onto
A™Y /A =

top,, top .
The groups ,KO (A) and K1 (A) are related: namely,
t
Ky P (CoR,8) 2 KTOP(a).

The Bott periodicity tells us that if we put K p(A) = KtoP(C R,A)),
then K P(A) toP(A) Thus we have two groups associated to A, i.e.,
t°p(A) and K %P(a).
At this stage the reader may consider a pairing between KEOP and
odd-dimensional cyclic cohomology.
In deed we have the following:

Proposition. (1) The following formula defines a bilinear pairing

between K;OP(A) and H%? 1( A):

{lul,[91) = 1/(rui)™((m-1)/2)---(1/2))) x
(P#Tr) (u-l—l,u—l,. .. ,u—l—l,u—l) .

(2) The equality ( [u]l,[¢¥P] = < [ul,S] CP]} holds. Consequently

top odd

we get a pairing between K1 (A) and H (A).

The proof is the same as in the case of the algebraic K (see

(3.

1

4.3. 1In 4.2 we obtained a pairing between the (continuous) cyclic
cohomology and the topological K-theory for a Banach algebra. However,
in the important example which we can compute, this pairing degenerates.
Let A = C(X) for a compact Hausdorff space X. Then Swan's theorem
says that KtoP(A) T K*(X). On the other hand as we have seen in 2.15,
Odd(A) - Thus in this case the pairing detects nothing. We suspect

that this pairing always degenerates for C*-algebras.

4.4. Theorem 2.16 says that the cyclic cohomology of C®(X) recovers
the homology of the space X, which is a topological invariant. At
this point the reader may wonder what KBOP(Cw(X)) might be, for the

Fréchet algebra C%(X). For a compact manofold X it is known that
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alg, e - yalg + 0
KO (C (X)) = KO (C(X)) = K (X), and the first isomorphism is induced

from the natural inclusion of C%(X) into C(X). So we can define
to oo :
kP ) = KB ).
For a Fréchet algebra A, its topological K

in [14]. For A = C™(X), we have

} 8roup is defined

K Pemm) 2 k%P = k',

The pairing given in 4.2 is generalized to the case of Fréchet algebras.

In the case of A = C”(X), the pairing

K, OP(C™(X) x HX(CP(X)) —> T

- is nothing but the evaluation on a homology class of the image under

the Chern character K*(X) — H*(X,Q) of a class € K*(X). 1In parti-
cular, for a C*-vector bundle E on a 2m-dimensional closed oriented

manifold X, we have

Ch([ED[X] = {[el,[®]),

where e is the idempotent € Mk(Cw(X)) corresponding to E, and
is the cyclic 2m~cocycle

o, ..., %™ = Jfodfl...dfzm

associated to the orientation.

4.5. We have just arrived at the hesrt of the noncommutative diffe-
rential topology.

The underlying philosophy of the (ordinary) differential topology
is that in order to get topological information about a space a C™-
structure is used.

In the noncommutative differential topology, the space is replaced
by a C*-algebra, that is a norm-closed *-subalgebra of the algebra of
all bounded operators on a Hilbert space. The C”-structure is replaced
by a dense Fré&chet subalgebra having a certain property: this property
is referred as stability under holomorphic functional calculus (see
[4]). A typical example is C%(X) as a dense subalgebra of C(X).

A Lie group G acting on a C*-algebra A is another example. The

subalgebra A® of all C -elements with respect to the action has
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the required property (see, for instance, [2]).

When a subalgebra sd of a C*-algebra A has stability under
holomorphic functional calculus, then K:Op(sﬂ) = KiOP(A). Thus we can
get topological information about A , by choosing a suitable ''smooth
structure" s, and using cyclic cohomology.

A noncommutative version of the'Chern—Weil theory is presented in
[1] and [3]. Consider S1 as the subset {z el ; |z| =1 } of .

On a Hilbert space LZ(SI), for a given 0 € [0,1] we have two canonical
unitary operators U and V; U is the multiplication by the canonical
coordinate function S1 T and V is induced from the rotation of

S1 by angle 27O. The operators U and V satisfy the equality

Vo = 270 4y

s

and generate a C*-algebra Ag in B(Lz(Sl)). There exists an action
of TT2 on Ay , and we get a C™-structure Ag . A projective module
over A% is an analogue of a C”-vector bundle, and noncommutative
analogue of connection, curvature and so on can be defined. In [1]
and [3], the pairing between KSOP(A:’) and HeV(A: ) is computed in

terms of connections and curvature.

5. Recent developments

5.1. The Hochschild cohomology and the cyclic cohomology of Ag are
completely determined in [3]. The algebras A}y are special cases of
the so-called noncommutative tori. R. Nest determined the Hochschild

cohomology and the cyclic cohomology of noncommutative tori in [13].

5.2. The existence of a Farrel-Hsiang type exact sequence for the
cyclic cohomology of a twisted group ring A[Z] for an action of Z
on an algebra A is shown by Nest in [14]. He deals also with actions

on Fréchet algebras to get a similar exact sequence.

5.3. In [6], for a smooth action o of R on a Fréchet algebra 4

the smooth crossed product xﬁqu is considered, and it is shown that




there exist isomorphisms

Hev(d x‘xR) A Hodd

Hodd

(«d),
(% R) =B (A).

5.4. As a special case of 5.3, the Schwartz spaces of simply connected
nilpotent Lie groups are studied in [12], where the generator of the

stabilized cyclic cohomology is explicitly given interms of geometry.

5.5. For a compact Lie group G, the convolution algebra C™(G) 1is a
natural object to study. In [11] it is shown that HeV(C“(G)) is
generated by the characters, and that HOdd(C“(G)) = 0.

5.6. The cyclic cohomology for the Schwartz space of a real reductive

Lie group is studied in [16].

5.7. 1In April 1987, a workshop on K-homology and cyclic homology was
held at the University of Warwick. The impression there was that the
theory is at a new stage of development. Up until now, to explicitly
compute the cyclic cohomology for a given algebra and to describe the
generators was important in itself. Now, fundamental properties are
understood firly well, and we have many computed examples in hand.
Thus it is now time to relate cyclic theory to other branches of
mathematics. Many people are now working in this direction. For
instance, mathematical physics may be the next battle field. As A.
Connes mentioned in [5], the noncommutative differential topology might
be suitable machinery to analize noncommutative phenomena arising from

physics; cyclic theory may play an important role there.

6. Epilogue

Consider an action ¢ of a discrete group G on the circle as ori-
2 . .
entation preserving C -diffeomorphisms. We wish to use cyclic cohomo-

logy to study the K-theory of the reduced crossed product C*-algebra




C(Sl)XuG.

The Thurston cocycle, which is a group 2-cocycle with values in
the space of differential 1-forms on Sl, gives rise to a cyclic 2-
cocycle Ty Oon a convolutlon algebra C (S XG) (see, for the details,
[4]1). The subalgebra C (S xG) is dense in the reduced crossed product,
" but it does not have stab111ty under holomorphic functional calculus.
It is important to point out that the cocycle Ty does not have any
extens1on to the whole C*-algebra C(S )x G. Thus as a cocycle on
C(S )x , it is densely defined and unbounded. In [4] (see also [10])
it is shown that T;* has an extension whose domain D(1;o has stabili-
ty under holomorphic functional calculus. Hence Ty gives rise to an

additive map
GV : Kgpp(c(sl)x“g) =k, P(T) > T

by Proposition 3.2.

It is shown in [10] that the map GVy 1is stable under Cl—conjuga—
tion. If two actlons X, P are uz—conjugate, then a canonlcal isomor-
phism C{S )x“G = C(S )xpG maps D(Ty) disomorphically onto D(tﬁ).
When ®& and P are only Cl—conJugate, even though the C*-algrbtas
are isomorphic, the domains D(%T) and D(Z@) may not be related to
each other. Therefore in this case, in order to compare Ty and 7%3
we have to restrict them to a smaller subalgebra D §=D(I&)r\D(ZP)
with stability under holomorphic functional calculus, and then they can
be shown to be cohomologous in HZ(D). From this, we get GVy = GVP .

Besides the above example, there are many examples of C*-algebras
with densely defined cyclic cocycles. Some of them come from geometry
or physics. For instance, a vector field on a closed manifold V and
a measure on V invariant under the associated flow gives rise to a ‘
densely defined cyclic l-cocycle on the C*-algebra C(V) (see 1.5).

In order to describe cyclic cohomology in a categorical way we
started this note by defining it for a given algebra. However, as the
above examples illustrate,quite often we are a priori given a cyclic
cocycle defined only on a dense subalgebra of a C*-algebra, and it
turns out that we only have to do analysis on that or some other dense

subalgebra which has stability under holomorphic functional calculus.




As these observations above suggest, in applying cyclic theory it
may be more important to choose cyclic cocycles first rather than to
choose algebras. This point of view is the underlying philosophy of

[4], and will be a principle in the development of cyclic theory in the

future.
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10 'JULIA SET 1

20 CONSOLE 0,25,0,1:SCREEN 3,0,0,1

30 DEFDBL A,B,C.D,R,X,Y.Z

40 INPUT"INPUT CX, CY ";CX,CY:CLS

50 INPUT"INPUT X0, Y0, RO ";X0,Y0,R0:CLS 3

60 XS=X0-RO:XE=X0+R0:YS=Y0-R0/1.6:YE=Y0+R0/1.6:D=319/R0
70 X=.25-CX:Y=-CY:GOSUB %5Q:X=X+.5

80 X=X-CX:Y=Y-CY:GOSUB %*SQ .

90 IF RND>.5 THEN X=-X:Y=-Y

100 IF (X<XS)+(X>XE)+(Y<YS)+(Y>YE) THEN GOTO 80

110 I=(X-XS)*D:J=(YE-Y)*D

120 IF INKEY$="s" THEN GOTO 40

130 IF POINT(I,J)=0 THEN PSET(I,J):GOTO 80 ELSE X=-X:Y=-Y
140 IF (X<XS)+(X>XE)+(Y<YS)+(Y>YE) THEN GOTO 80

150 I=(X-XS)*D:J=(YE-Y)*D

160 IF POINT(I,J)=0 THEN PSET(I,J):GOTO 80

170 X1=X:X=X%X-Y*#Y+CX:Y=2%X1%Y+CY:GOTO 100

200 %SQ |

210 R=.5%(SQR(X%X+Y*Y)-X)

220 IF Y=0 THEN Y=SQR(ABS(R)) ELSE Y=SGN(Y)*SQR(ABS(R))
230 X=SQR(ABS(R+X))

240 RETURN
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10 "JULIA SET 2

39 INPUT"INPUT CX, CY ":iCX.CY:CLS
150 X1=X:X=XX-YY+CX:Y=2%X1%Y+CY : XX=X%X:YY=Y*Y
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10 'JULIA SET NEWTON'S METHOD
40 RR=.01-1:C1=2/3
130 X=A:Y=B:XX=X%X:YY=Y»*Y:RZ=XX+YY
140 FOR K=0 TO N
150 X1=X:R2=RZ*RZ:IF R2<{1E-10 GOTO 180

| 151 X=(2%X1+(XX-YY)/R2)/3:Y=(1-X1/R2)%xY*C1

i 152 XX=X*X:YY=Y*Y:RZ=XX+YY

‘ 160 IF RZ-2%X<RR THEN PSET(I.dJ), (K MOD 6)+1:GOTO 180

160 IF RZ-2%X<RR THEN PSET(I.J).(K MOD 2)+1:GOTO 180

161 IF RZ+X-C2%xY<RR THEN PSET(I,dJ).(K MOD 2)+3:GOTO 180
162 IF RZ+X+C2%Y<RR THEN PSET(I,J), (K MOD 2)+5:GOTO 180
Wtk 1 Pregl o 10, 40,150 160 & B 2 3. \SOUS|\S R
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111 IF POINT(I,J)=7 GOTO 180

160 IF RZ<RI THEN PSET(I,J),1:GOTO 180

161 IF RZ>RO THEN PSET(I,J),2:GOTO 180
162 P=(X-A1)/R1:Q=(B1-Y)/R1

163 TF (P<0)+(P>639)+(Q<0)+(Q>399) GOTO 180
164 IF POINT(P,Q)=7 THEN PSET(I,J), (K MOD 4)+3:GOTO 180
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10 'CUBIC MANDELBROT SET
20 CONSOLE 0,25,0,1:SCREEN 3,0,0.1
30 DEFDBL A,B.C.D,R,X,Y,Z
40 INPUT"INPUT 1 Rb,Ib 2 Rb,Rc 3 Rb,Ic 4 1b,Rc 5 Ib,lc
45 INPUT"INPUT C, D "5C,D:CC=CxC:DD=D*D:CLS
50 INPUT"INPUT A0, BO, RO "3A0,BO0,RO:CLS
60 INPUT"INPUT N, MX, MY ( =< 319,199 ) "iN,MX,MY:CLS 3
70 R1=R0O/MX:A1=-320%R1+A0:B1=200%R1+B0
80 I11=320-MX:12=320+MX:J1=200-MY:J2=200+MY
90 FOR J=dJd1 TO J2
100 B=-JxR1+B1:BB=B*B
110 FOR I=I1 TO I2
120 A=I%*R1+A1:AA=A%A
130 ON S1 GOTO 140,150,160,170,180,190,200 .
140 BX=A:BY=B:CX=C:CY=D:BXX=AA:BYY=BB:CXX=CC:CYY=DD:GOTO 210
150 BX=A:BY=C:CX=B:CY=D:BXX=AA:BYY=CC:CXX=BB:CYY=DD:GOTO 210
160 BX=A:BY=C:CX=D:CY=B:BXX=AA:BYY=CC:CXX=DD:CYY=BB:GOTO 210
170 BX=C:BY=A:CX=B:CY=D:BXX=CC:BYY=AA:CXX=BB:CYY=DD:GOTO 210
180 BX=C:BY=A:CX=D:CY=B:BXX=CC:BYY=AA:CXX=DD:CYY=BB:GOTO 210
190 BX=C:BY=D:CX=A:CY=B:BXX=CC:BYY=DD:CXX=AA:CYY=BB:GOTO 210
200 BX=A:BY=B=CX=A*C—B*D:CY=A*D+B*C:BXX=AA2BYY=BB=CXX=CX*CX3T
210 RB=SQR(BXX+BYY) :RR=RB+SQR(CXX+CYY)+1
220 XXO=ABS((RB-BX)/S):YYO=ABS((RB+BX)/6):XO=SQR:§§E}___~d,//
230 IF BY>=0 THEN Y0=-SQR(YY0) ELSE Y0=SQR(YY0)
240 X=X0:Y=Y0:XX=XX0:YY=YYO CYY=CY»CY
; 250 FOR K=0 TO N
f 260 X1=X:X=X*(XX-3%YY+BX)-BY*Y+CX:Y=Y*(3%XX-YY+BX)+BY*X1+CY

270 XX=X*X:YY=Yx»Y

280 IF XX+YY>RR THEN PSET(I,dJ), (K MOD 6)+1:GOTO 360

290 NEXT K

300 X=-X0:Y=-Y0:XX=XX0:YY=YYO

310 FOR K=0 TO N

320 X1=X:X=X%(XX-3%YY+BX)-BY*Y+CX:Y=Y*(3%XX-YY+BX)+BY*X1+CY

330 XX=X*X:YY=Yx*Y

340 IF XX+YY>RR THEN PSET(I,J),(K MOD 6)+1:GOTO 360

350 NEXT K

360 NEXT 1

370 PRINT J:NEXT J

380 END
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DIM G%(602),H%(602)
INPUT"INPUT 1D, 2S, 3L, 4C, 5V, 6V, 7 M, 8 R.
IF S<1 OR S>3 THEN GOTO 32 =7
IF S=9 THEN END ‘9 E ";S:CLS
ON S GOSUB %D, %S, xL,%C,%V1,%V2, xM, *R:GOTO 32

D

INPUT"INPUT 1 A, 2 X. 3 Y, 40, 5 XY ":;SH:CLS 3

IF SH=2 OR SH=4 OR SH=5 THEN J1=200

IF SH=3 OR SH=5 THEN 11=320

199 GOSUB *DR

200 RETURN

1000 %S

1010 INPUT"INPUT N ";N$:CLS

1020 DEF SEG=8HA800:BSAVE"1:da"+N$,0,&H7D00
1030 DEF SEG=&HB00O0:BSAVE"1:db"+N$,0,&H7D00
1040 DEF SEG=8&HB800:BSAVE"1:dc"+N$,0,&H7D00
1050 RETURN

1100 »*L :

1110 INPUT"INPUT N ";N$:CLS

1120 DEF SEG=&HA800:BLOAD"1:da"+N$

1130 DEF SEG=&HB0O0O:BLOAD"1:db"+N$

1140 DEF SEG=&HB800:BLOAD"1:dc"+N$

1150 RETURN

1200 *C

1210 PRINT"! F, 2B, 3 F, 4S, 5R "

1220 KE=1000:S1=5:JJ=5

1230 JJ=(JJ+SI1) MOD 6

1240 FOR J=1 TO 6:COLOR=(J, (J+JJ) MOD 6 +1):NEXT
1250 FOR K=1 TO KE:NEXT

1260 I$=INKEY$:IF 1$="" GOTO 1230

1270 VA=VAL(I$):IF VA<l OR VA>5 GOTO 1230
1280 ON VA GOTO 1290,1300,1310,1320,1330
1290 SI=5:GOTO 1230

1300 SI=1:GOTO 1230

1310 KE=KE/1.2:GOTO 1230

1320 KE=KEx*1.2:GOTO 1230

1330 FOR I=1 TO 6:COLOR=(I,1):NEXT:CLS:RETURN
1400 =V1

1410 SCREEN 2,0,0,1:RETURN

1420 %V2

1430 SCREEN 2,0.0,4:RETURN

1440 *M

1450 SCREEN 3,0,0,1:COLOR=(0,7)

1460 FOR I=1 TO 7:COLOR=(1,0):NEXT:RETURN




1470 *R

1480 SCREEN 3,0,0,1:FOR [=0 TO 7:COLOR=(I,1):NEXT:RETURN
1500 *DR '
1510 J1=400-J2

1520 IF SH=3 THEN J1=200-MY

1530 ON SH GOTO 1540,1550,1560,1570,1580

1540 RETURN

1550 GOSUB 1590:RETURN

1560 GOSUB 1610:RETURN

1570 GOSUB 1590:GOSUB 1630:RETURN

1580 GOSUB 1590:GOSUB 1610 :RETURN

1590 FOR J=201 TO J2:JJ=400-J:GET(11,Jd)-(12,d),G%
1600 PUT(I11,JJ),G%,PSET:NEXT:RETURN

1610 FOR 1=321 TO 12:11=640-1:GET(1,J1)-(1,d2),G%
1620 PUT(II,J1),G%,PSET:NEXT:RETURN

1630 FOR 1=321 TO 12:11=640-1:GET(1,dJ1)-(1,200),G%
1640 GET(II,J1)-(I11,200),H%:PUT(I,J1),H%,PSET

1650 PUT(11,d1),G%,PSET :NEXT:RETURN
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