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FOURIER-HERZ ZEf L T?HD NAVIER-STOKES ARERDETYE & ZDIGH
HE ZA (BINKRTF: THER)”

1. INTRODUCTION; NAVIER-STOKES EQUATIONS, FUNCTION SPACES

1.1. Navier-Stokes ATERICX T 2 MREEM. AT, K12 ORMEAER, FHrakiz o
FEMETR AR 0 3E B 2 5058 5 2 JEFEREM: Navier-Stokes SRR OWIHIERE R, d Kot —2 U v RZ2
BIRY (d>2) FCEET 3.

Ou—vAu+divu®u)+Vp=0, t>0,zeR?

divu =0, t>0, 2z cR? (1.1)

Ult=0 = o, z € R%
7 lu=u(t,r): Ry xR = RY p=p(t,z): Ry x RT — REGZENZN, TKDEERY b
B FENERTRAMEBTH S L L, up = ug(z) : RY —» ROZIHHITEEZ LS. T/ v > 0 13KE
REERL, 7V Y w @ uld d RIEFITH (uug)ij (u; BIRERZ S u O i %R T)
TEREIND. dive =0 DFEHTFTIE, div(u®@u) = (u-V)u 2D ILD.

Z OWIEMERTE (1.1) 1Rt 2 FRBRARBRMED—D & LT, 2000 27 L A BEEHEFD &
fEIE X N7z, Navier-Stokes HEERDBDIEEL B O E ) BEITFo N3, ZOBRODD T
Tu—FO—22 LT, R TEYME) XN 2 WE %, TR & M3 2 (K Rl sz
M E TIN5, ZHETHRAITONTE . 22T HEYIME 2%, Hadamard 12 & D 2
IBxh7zd DT, PIHIEMEORD (1) FEM, (2) —&ME, (3) PIHIEESHRIEME (WIHHE uo 3T
TOMRBBROLENE) OMMHTH . L (1) 25 (3) DHEEDOHN—DOTHEEI NS, ZDY)
HAMERIRENE TIREY)) TH 2w, 7 THERFRZER) &, AR EREIROREZER 7 — LA
WXL, 2 VAR 72 2 R e EFR S 5. BRI, PIHAERTRE (1.1) O (u,p) EEEDS
A =R N> 0 LT, AT —VEHLTBBDM (ux, py) = (uar(t, ), pr(t, z)) %

ux(t, z) = Mu(N\%t, \x),

{px(t, ) = Np(X*t, hx),
CERTDE, (uy,py) DELAERX (1.1) DR RZ ZePbhb. ZORT =LA L /
IV AANZENT T2 2 R 2R 24 & LT, Bochner 22 L™ (R4 X) (1 < r < 00) IZBWVWT X ZHXK
Sobolev 2] H5(RY) (s € R, 1 < p < o0) LIBAT L EDBEZER L7 (Ry; H3) Bl LTEZT

(1.2)

*T 380-8553 REFIERRIFHAEH 4-17-1 BMNKF REFF v V8% AWM (W2 ) 6 F& 602-5.
BINKEE: TEES TR 27 #= B1#. E-mail: nakasato@shinshu-u.ac.jp

Navier-Stokes 2R DEDTEE LI & H X IDOWT:

(7 L A EEEMFERT D HP) http://www.claymath.org/millennium-problems/navier-stokes-equation



BB, DL (r,s,p)D2/r+d/p=1+sZHilzTHOIE,
Hu/\HrT(R+;H5) _/0 H]'"_l[\f\sﬁﬂ\\zpdt
—2_dqaor [0 s~ 1|7
AR [T ) = e

MDD Z 26, 2/r+d/p =1+ s Zilile THEE (r,s,p) KV EED L7(Ry; Hy) I3HIHHE
IR (1.1) DR EM e 725 2 e 3bh 5.

1.2. #HAERIRE (1.1) OBELIE - IEEUIMEICRET B EITHE. p=2 & L7z DR Sobolev 22
f 715 (RY) T, 1964 4RI Fujita-Kato [12] 1 & 1, RO BRI IHETIE (e, BRI AT=f
DIFERZIBER) &, FIHIED H*”g(Rd)—/ WA TIPS Ve Z | o 13 IREORIEGE T
BT 2 BIHSPICR 272, D Fujita-Kato DIEBRAT AR BFZELIRE, B 4 72 BRRZER) (LY(RY),
B;ijg(Rd) (d < p < 00), pr;;% (RY), BMO~Y(RY) ~ F,(RY)) ECORZERREIH ST
% (cf. Cannone-Meyer-Planchon [5], Kato [17], Koch-Tataru [18], Kozono-Yamazaki [20]). L
L, Wi p = oo DEEDER Besov M Bl (RY) LTI, AEEEDMIHESEKIF DT~
TD o € [1,00] IZX L THKES %70, FIHERIE (1.1) 1ZIEEVNCR 2 Z e 5N TV S (cf.
Bourgain-Pavlovi¢ [4], Wang [34], Yoneda [35]). Z ZC_LiRDBREZEMICH LT, RO &R
D DILDZ EIEFERT 5:

. o3 g .
HS(RY € LURY) € Byao " (RY) (d < p < 00) € Bl (RY).

—7C, it p = co DFEITDOWTIE, fED Fourier fRDTT T DHE) & FrEIEICEH U7
S22 LT OMNELBTFET 5. FeBRIRISL e LT, 2008 £Ei2, Giga-Inui-Mahalov-Saal [13] 12 &
b, FEHIEZER F M, LR 12BWT, IARERIEFHT & Coriolis J11f & @ Navier-Stokes /2R 1%
R REGEYICH 5 2 L AEEH S Lz, Z D&, Fourier-Herz 24 égo{g (RY) (cf. BRADERE 1.1)
T, EED o € [1,2) 1t L, WIHAMERE (1.1) OFRIERER AR UM 272 3 2 2 SRS h
7z (cf. Cannone-Wu [6], Iwabuchi [15], Iwabuchi-Takada [16], Lei-Lin [21]). %7z [16] TiZ,
o > 2 OB EIXHIIMARIE (1.1) 3IEEYITH 2 2 ¥ REATHD, B, (RY) LTl o =2 2
12 (1.1) ofE0@ETIE - IEEYMEDS NS Z DAL IR o 2.

AT, R, RFEREBGEYIEDG SN S RFE D7 7 2 J}A?go{Q(Rd) WERZSET, 20 ETo
frDWIERIE (18 500 &) L RFFEZEEFNICOWTER L.

1.3. Fourier-Herz ZEf  JHAMERIRE (1.1) OBBOER. LU T T, AfZ2E L THWV 2 Bz
& FIHAERTE (1.1) OICEIL, ZHh o DERE BN S .

d>1,1<p<oolZRL, LP = LP(RY) IZ Lebesgue ZEM# & 3. Schwartz 22 S = S(RY) 12
J&F % B £ 1SR LT, 2 O Fourier 24 f = f(¢) (£721& FIf] = FIf](€)) %

Y 1 —ix-
Fi&) = FUNO) = Gy [ ¢S ) de



LERT . WIS, g € S(RY) W&ht LT, Fourier W%t F~'[g] = F~'[g](x) %
—1 o 1 / ix-&
CEFRT S, F7z Fourier I CORNM DR E LT L HWHR B, Littlewood-Paley @ 2 #EH
DR {d}jer ZBAT S, {d)}jer C S I ROMWHEZ M- THENETDH 5.
- ~ ~ ~ 1
0;(6) = 0(277¢) (G €Z), D 0;(€)=1(6#0) and supp ¢ C {£ €R% - < [¢[ <2}
jez
{6 }iez DREKIZOWTIE, Bl 212 THE [3, Proposition 2.10) #B8E &. A, f .= F ¢ f] L&
BITDL, Y e Ajf = fDRERMERIRL S OAAITHR D LD, SEA L7z 2B {¢;}jez
% BT, Fourier-Herz Z2ft] £ Chemin-Lerener ZURF 22 pE 22 2 A R CTER T 5.
EFE 1.1 (Fourier-Herz spaces [14]). s € R, 1 < p,o < oo &3 5. Fourier-Herz ZZft] ]/E\'?;,U =

E;,U(Rd) EED/ VA - ||]§S BT CESET 2

~

5s._ ! mdN. B 1 d . R L SIIA . £1] -
By = {7 € SR Fe Llu®. A5, <o 1A, = {29080, |

7272 U Fourier-Lebesgue / VA4 || - |7, Z || fllz, == \|ﬂ|Lpr CERL, p i p D Holder %2 £ 7.
¢
EFE 1.2 (Chemin-Lerner spaces [8]). s€e R, 1 < p,o,r <ook L, T € R IIHLTI=10,T]
LED 5. Fourier-Herz ZEff] % 4 & L 72 Chemin-Lerner ZZf 2 RD X S IZED 5
STIIA - -
28z )

72721 Sy = So(R?) 1& Schwartz Z2[H] S(R?) DESEATH D, supp fc C\{0} %7z 3L

HOEETH2LT 2. BLT =00 LENZHE, L'(R; By ,) b XKl T 5.

~

Il 2
DEB ) = O 705 Wz, o= |
"Ppo

/o

EE 1.3 (Mild solution to (1.1)). & 2 WIHAME up = up(x) WL, u € L2(Ry; E‘X’) W ROEDTT
Bz %, o ZWERE (1.1) Off (FHICEE) TH 2 0.

t
u(t) = e"Pug — / VA D div(u@u)(r)dr in L*(Ry; L™).
0

7L, eBuy = F e PG TH D, Py ld Y L/ A ZNZERIAD Helmholtz STEIERE % £
L, X7 e e S'(RY LT, Povi=v+ (-A)"'Vdive L EFRIN 3.

2. MAIN RESULTS; ANALYTICITY, ASYMPTOTIC BEHAVIOR
2.1. EHERT (BIFE L [P-L! BBRFME). LR TE, s e R v e S'(RY)xfL, |V[v =
FUEPP D] e ED 5. FIMERRE (1.1) 120f LT, RO & RERRER M BE 3 2 iR 2 15 7-.
EI 2.1 (Global well-posedness and Analyticity [29]). S'(R?) DEKT divug = 0 272 3 #IH
fiug € BH,(RY) CHLT, B2 TN WER 0 > 0 BTEEL, luollz-1 < e ALDILDE



RETZ. 2oL =, FIYHERE (1.1) ORI « 25 —ENCHFEL, Rz d
we O([0,00); Byly) N LA(Ry; BY 1) NI Ry Bl o).

(Analyticity) B2, H2EHC > 0 DL L, w lFROIE—AEHE %2 i 72 3
VIV |

lle < C’Huoﬂfr1 for allt > 0. (2.1)
00,2

L(0,4:B1)NL2(06B% )NLL(0,6BL, 5) =

AR 2.2. E;O{Z(Rd) T ORMRBGEEYIEICOWTIE, @i [6, 16] NTRUCAERHZ A TW3. &
2.1 T, [6, 16] T SN KR w 23 u € L2(Ry; fagoyl) ¥ R tEEHi (2.1) 28232 2 2
LT LTz, Bk T 27EH 2.4 ¥ 2.5 OFFATIE, (2.1) BIAREANCEE 2% EH 2 R 5

AR 2.3, (2.1) O X S RN, 1989 4R, Foias-Temam [10] IC & D BERINT2dDTH
%. Oliver-Titi [31, Theorem 6] & [AIFkDFE T, EBHL 2.1 TIF SN/ ff u I, FERTEHEEAERD 2
FATHZ CYR) WET 2 bbb s, R ECofiriiiiciE s 2m5te LT, fi
Z1Z, Bae [1], Bae-Biswas-Tadmor [2], Lemarie [22, Chapter 24] 23Z81F &0 5. [EAGIERGPETRIR
DEHE T AANDIGHIZ DWW T, Charve-Danchin-Xu [7], Song-Xu [32] ZZHE¥ K.

I 2.4 (LP-L! decay estimates [29]). 1 < p < oo ¥ F 3. WIHIE uo \XEM 2.1 ¥ 7 UARE % i
F=Fel, Biu € BY ((RY) dililz T LAET 5. Zob &, FIMEME (1.1) OREEAIRRE u
&, EED s > —d/p T UT, XD LP-L B =3l % 5% 7= 5

11V u(t)lz, = O 27 9)75) (¢ - o0). (2.2)

2.2. EHERI (Fujigaki-Miyakawa BIOFLERE). ©H2.1 D (2.1) L& 2.3 DJSHT, Miyakawa
[25, 26] %° Fujigaki-Miyakawa [11] T{§ 58T %, Refined decay estimate XR¥R#E DM EHIZ D
WTHEHMNAIEETH 5. HAN Z Hardy 22T O & o R ICEE L T, Okabe-Tsutsui
[30], Tsutsui [33] TEH ATV

Z ZTIXERX [11] 12> T, “summation convention” DJERTEEH 27BN 3.
EIR 2.5 (Asymptotic expansion [29]). d > 3,1 <p <oo &5 5. FIHE ug \FEH 1.4 L[ TR
ERMT L, HiZug € LYRY), zpup € L'(RY) (k=1,2,...,d) difizT eRET 3. 2D
=, PIHAMERTRE (1.1) DRERIAINE u 1,

s>—1—min{;l,§/} if 1<p<oo, s>-11f p=1,00

2723 TRTD s € RIIH LT, ROJEE M % 6723
=)+ (U( )+ (0kGy)(- )/ yruo(y)dy
= 0.

+ (OkSt)( / / upw)(y, dyd7>
R4 Tp

7272 Gy(a) := F e V] (Gauss %), Sy (x) := F e I P, (€)], P, (€) := (5lm—i£‘l§%)1gl,mgd
(Helmholtz FHEHZR P, D> Y RL) &5 5.

lim ¢
t—o0




3. PRELIMINARIES; ProDuUCT ESTIMATES, MAXIMAL REGULARITY

3.1. Fourier-Herz ZRDEAXME. Z Z Tld % 3 Fourier-Herz ZZH O HEAME I OWTHR D H
2RSS, amEOFEHRR 2 ZTIEED BFIRWEARTEIZOWTIE, &3 (9], [19], (23], [24], [27]
REESRE XK.

8 3.1 (Sobolev-type embedding [27]). s € R, d>1,1<p; <ps<00,1<01 <09 <0 &F
5. ZDY X, ROBHIZIDIAADL D 3LD:

~s—d(L L

B (RY s Byt 7 (RY).

1,01

R 3.2 (9], 19)). s €R, d>1,1<p< o0t F 5. Fourier-Hers % B ,(RY) & Fourier-
Sobolev ZEfH] H3(RY) 1%/ v ARMEOEKTHMTS 3; B, (RY) ~ H3(RY). & 2T Fourier-
Sobolev ZZf] H = H3(RY) WEMUTFD & S ICEH SN 5:

HyRY ={f € S'sf € LL (RY), HfHﬁ; <oo}, |fllz, = IIVEfllze-
3.2. Fourier-Herz Z=EE_E TOIEEHEEM. K2 Navier-Stokes HERD 7 7V 4V §Hfi 2 B H 3

2 FERDIFIEIE div (u @ u) (F721F (u- V)u) ITHW S, B OFERHEZ W < D05 5.
RDfnEIEE S [24, Lemma 2.4] TS N7zd DT H 5:

#3R8 3.3 (Bilinear estimate [24]). s >0,1<p,o <oco &T5. 2D Z, HDEHC > 0 H{FLE
L CRORGERIEEHIAS L D 3D
Iz <€ (Wlgloly 171z oz~ ) (1)

ROFEFMNE Besov ZZITIE LK HISNTWBEHDTH DY, 2% Fourier-Herz 22[E_ L THI
L7bDTHB (& DAV FIRICOWVTIE, & [27, Lemmas 2.4-2.6], [28, Lemma 5.2] 72 ¥
ZZ e X). Besov 25 _EOFERAMICRE L Tld, Bl 2 135ZHR [3, Theorems 2.82, 2.85] 23FF L L.

8 3.4 (Product estimates [27])). 1 <p,c <oo & F5. L s R,
|s|<—£l if 1<p<2, —ﬁ/<s<§ if p>2
p p p
Zi/z 3RO, HDEKRC > 0DFEL T, ROFHMAFL D 320!

fallzs <O fllze 4. 3.2
| gIIBW | HBp,a”g”zoome (32)

p,00

8 3.5 (The estimate for Bi(f,g) [29]). 1 < p, p1, p2 < oo I %0 = p% + p% Zile 3T e IRET 5.
TOLE, HDBERC>0MFELT, TD ¢ > 0120 L TROFFERDK D 320:

HBt<f7 g)HEp < CHfHEm HQHZPW

772U Bi(f. 9) = Bi(f, 9)(t, ) := V"IV (e VIVl fe=VVilVIg) (2), v > 0 TH 3.



0l 3.5 DFEEFA. I LD p # 1 DYGEEE X L. GHAEIIHT % Young DAER & =A%
A< IE—nl+[nl &Y,

1B:(f, )70 = || F(& —m)e Vg

/

7
~ p’ 1/p
< [/ ( em(|§\—|§—77|—|77\)|f(£ _ 77)|§(77)’d77) df]
R4 Rd
s“égf@—nmamuﬂtg<uuﬁmmu% 17120 gl

MEONSE. p=1DEEICE L TiX, Holder DAZER X

5.9l < | [ 7€ = mlgonlan

L < Aoy MGl oy, = 11121 gl

Doh 27D, PLE XD 3.5 OFAEAMTE 175 5. (I

3.3. BAREXNORAIEAMY. MM - IEEMTEREETRIA OB £ 71 O 57250 T O f#tiic K
L FHG L0, IFEB RO FEE A o TRAKERME) MIn2METHS. 2
Z T, Fourier-Herz Z¢f] L TORABEAOFRKIEAIMIZOWT, ZOFiREABNS.

WIHAMERE (1.1) 12 P, ZEHXE2 22T, Pou=u (divu = 022 5HE5) & P,Vp = 0123
BEL, ROILEREE v >0, A% f (= —P,div(u®u)) & T 2IEFXBAHERDPBLNS:

ou—vAu=f, t>0,zecR?
(3.3)
ul=0 = uo, z € RY,
Duhamel OJFF X D | (3.3) Dff u IIROEITHERDIETERYE 2 Z 8 ITHEEE X
t
u = etl/AuO _|_/ e(t—T)VAf(T) dr
0
(Z Dk &, PIAERE (1.1) O u ZER 1.3 DX TERT 2 ZLIZHRILLWVWR D).
R 3.6 (Smoothing estimates for (3.3) [24], [27]). seR, 1< =po< <oo,1<r<r<ooll,

TeRITHL, T:=(0,T) £BL. ¥ ug € Bpo, o fe Ll Bo2 ™ R RET 3. c0
&, IFAXRBSER (3.3) O w TR L, ROFKIERIMERIEHEiAI A D 37D:

L™ (I3Bp0")

vwwmwwgscow@5+WIwmﬂ,ﬂﬁz>.

p.o L1 (I;B )

8 3.7 (Generalized maximal regularity [24]). s € R, 1 <r<oo & L, f € L}(Ry; 23301) b 7
ETD. ZOLE, HBEHC > 0DBFEL T, ROFHEDL D 32D:

H ]V\% /Ot e(t_s)”Af(s) ds (3.4)

<Cf ,
Lr (4B 1) LU(R+BL )



4. OUTLINED PROOF OF THE RESULT ON ANALYTICITY AND TIME-DECAY

4.1. FFEIEFIFADT-H DR, AR TIE, EH 2.1 D (2.1) & EH 2.4 DFFFH DS %3R8 5. DL
2 00MEIE, ZD7DOWE R ZFHETH D, Z 2 TIEHFFIIIARNTIHERDAZLEKT 5.

#H78 4.1 (Bilinear estimate I [29]). T > 01X L, I = (0,7) 7213 [ =Ry LEDD. TDL X,
HBERC > 0DBFEL, ROVHIEFHMDIK D 3LD:

i

S (|F||NA-1 L L L= v S < P )
(IB ) L>=(I;B LY(I;B LY(I;B L>°(I;B o )

7L F =eVHlVlf G .= evillVlg v L7

B8 4.2 (Smoothing estimates for the linear solution [29]). 1 <r < oo, s € R, 1 < p, 0 < oo,
co>082F 5. ZDLE, HBEBC > 0DTFEL, ROFHAIAALH LD:

1
[e'e] ) DR r "
| (e ezegaly, ) i) <ol s
0 ‘ez ¢

pr

4.2, FRAFIESTAE (2.1) DSEBADBIER. LUK, U = U(t,z) := V"IV lu(t,2) ¥ § 5. u 3 HIHIERE
(1.1) OWFETH 2 DT, EH13ORED U=U(t,¢) 1%

t
0

VI 5HIER — 51 (4.1)

t ~
_ / VPPl § (=T o= 5 (=TIEP p(e)ie . FIBL (U, U)]dr
0

iz edbhd. ZIT, RERZ U a, bR LT, Bya,b) = V"IVl ViVlg
e~ VViVIp) ¥ B\ 7z, Fourier-Herz / L 4 DFHfi %18 % 7212, (4.1) WL ¢; ZHT 5 &,

o t
U1 < 7= gyth0] + / =720, F(B,(U,U)]|dr (4.2)
0
MIOND. T T =v/8 LBEE, (4.2) B DBICRO B Z L 7e:
VIHE-SHER <\ Jg Ve VITIE S (-l < 2,

(4.2) DI OWT, LE (RY)-/ V2% 2 5 20T

t
T —cot2% | T~ —c T
0500 S e sl + [ PG FB WO dr (09

2185, FEHEBRBETOREID, IRTD1<r <o liZHLT,

0227 in—1
le™ % N rmyy S (2%) 7 (4.4)



BEFHN 2 DT, (4.3) DML LY (I)-/ V2% 2 D Young DARFENXEHAWS Z 2T,
Hﬁj(t)HLr(I;Lg') SHG_COQQJ.'HLT(RQ”ngﬁoHLg’

o o
b il PN 3 A (4.5)

Ly

HPRONG. 772U, 1<m <rtydl=1+] - L 2T L5 TRAL. (4.5) OWIC 29
ZPTTUL(L)- I VB8 T,

_250 5 A —255(-14+2)j 7
S2 sy + 272G FIBU D)

UNA < - 4 |BUO)| 4.6
00, S ool +IB@ODI_ s (16

%15%. (4.6) T (r,s,p,0) = (00, —1,00,2) or (1,—1,00,2) &EL, fliEH41 ZHVZ L,
10 3 i,y S ol + 1B Dz, .
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FIXED POINT AND CONVERGENCE THEOREMS
FOR MAPPINGS DETERMINED BY SEVERAL PARAMETERS

TOSHIHARU KAWASAKI

ABSTRACT. In this paper, we introduce the following: Fixed point theorrm,
mean convergence theorem, and weak convergence theorem for widely more
generalized mappings in Hilbert spaces; Fixed point theorems in metric spaces;
Acute point and skew-acute point in Banach spaces; Acute point theorem
and skew-acute point theorem; Mean convergence theorems by using acute
point and skew-acute point; Weak convergence theorems by using acute point
and skew-acute point; Generalized acute point and generalized skew-acute
point in Banach spaces; Generalized acute point theorem and generalized skew-
acute point theorem; Mean convergence theorems by using generalized acute
point and generalized skew-acute point; Weak convergence theorems by using
generalized acute point and generalized skew-acute point.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty subset of H. A mapping
T from C into H is said to be generalized hybrid [24] if there exist «, 5 € R such
that

ol Te = Tyll* + (1 — a)|lo = Tyl|* < BTz —y[* + (1 = )|z — y||?

for any x,y € C. Such a mapping is said to be («a, 8)-generalized hybrid. The class
of all generalized hybrid mappings is a new class of nonlinear mappings including
nonexpansive mappings, nonspreading mappings [26] and hybrid mappings [28]. A
mapping 7" from C into H is said to be nonexpansive if

[Tz =Tyl < [z —yll
for any z,y € C; nonspreading if
2|Tz — Ty|?* < ||Tx —y||* + || Ty — |
for any z,y € C; hybrid if
3|17z — Tyll* < ||z — yl* + || Tz — y|I* + | Ty — ||

for any x,y € C. Any nonexpansive mapping is (1,0)-generalized hybrid; any
nonspreading mapping is (2, 1)-generalized hybrid; any hybrid mapping is (%, %)—
generalized hybrid.

Motivated these mappings, in [21] Kawasaki and Takahashi introduced a new

very wider class of mappings, called widely more generalized hybrid mappings,

2010 Mathematics Subject Classification. 47TH10.

Key words and phrases. Fixef point theorem, Mean convergence theorem, Weak convergence
theorem, Acute point, Skew-acute point, Generalized acute point, Generalized skew-acute point,
Generalized pseudocontraction, Hilbert space, Banach space.

11



Toshiharu Kawasaki

than the class of all generalized hybrid mappings. A mapping T from C into H is
widely more generalized hybrid if there exist «, 8,7, d,¢,(,n € R such that

al| Tz = Tyl + Bllw = TylI* + 1[I Tx — y|I* + 8]z — y|*
+ellz = Tz|” + Clly = Tyl* +nll(z — Tz) = (y — Ty)||?
<0

for any xz,y € C. Such a mapping is said to be (a,f,7,0,¢,(,n)-widely more
generalized hybrid. This class includes the class of all generalized hybrid mappings
and also the class of all k-pseudocontractions [3] for k € [0,1]. A mapping T from
C into H is called a k-pseudocontraction if

1Tz = Ty|* < llo = yl* + kll(z — T2) — (y - Ty)|I?

for any z,y € C. Any («,)-generalized hybrid mapping is (o, 1 — o, —f3,8 —

1,0, 0, 0)-widely more generalized hybrid; any k-pseudocontraction is (1,0,0,—1,0,0, —k)-
widely more generalized hybrid. Furthermore, they proved some fixed point theo-

rems [7-12,20-23] and some mean convergence theorems [7,8,20-22].

There are some studies on Banach space related to these results. In [30] Taka-
hashi, Wong and Yao introduced the generalized nonspreading mapping and the
skew-generalized nonspreading mapping in a Banach space. Let E be a smooth
Banach space and let C' be a nonempty subset of E. A mapping 7" from C into F
is said to be generalized nonspreading if there exist «, 8,7,6,e,( € R such that

ag(Tz, Ty) + Bo(x, Ty) +vd(Tx,y) + 0p(x,y)
<e(@d(Ty, Tx) — ¢(Ty,x)) + ((o(y, Tx) — (y, x))

for any x,y € C, where J is the duality mapping on F and
def
¢(u,v) = Jull® = 2(u, Jv) + [Jv]*.

Such a mapping is said to be («, 3,7, 0d,¢,()-generalized nonspreading. A map-
ping T from C into F is said to be skew-generalized nonspreading if there exist
a, B3,7,90,&,¢ € R such that

ag(Tz, Ty) + Bo(x, Ty) + v¢(Tx,y) + 0p(z,y)

for any x,y € C. Such a mapping is said to be («, 5,7, 9, ¢, ()-skew-generalized
nonspreading. These classes include the class of generalized hybrid mappings in
a Hilbert space, however, it does not include the class of widely more generalized
hybrid mappings.

Motivated these results, we introduced a new class of mappings [13-15,17] on
Banach space corresponding to the class of all widely more generalized hybrid map-
pings on Hilbert space. Let E be a smooth Banach space and let C' be a nonempty
subset of E. A mapping T from C into FE is called a generalized pseudocontraction
if there exist aq, as, 81, 82,71, V2,01, 02,€1,€2,(1, (2 € R such that

a1d(Tz, Ty) + axp(Ty, Tx) + Br1o(x, Ty) + B29(Ty, x)
10Tz, y) + 720y, Tx) + 010(x, y) + d26(y, )

+e1¢(Tx, x) + ez, Tx) + C19(y, Ty) + G2 (Ty, y)
<0
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for any x,y € C. Such a mapping is called an (a1, @z, 81, 82,71, 72, 01,02, €1, €2, (1,
(2)-generalized pseudocontraction.

On the other hand, in [29] Takahashi and Takeuchi introduced a concept of
attractive point in a Hilbert space. Let H be a real Hilbert space, let C be a
nonempty subset of H, and let T' be a mapping from C into H. = € H is called an
attractive point of T if

e =Tyl < |lz -yl
for any y € C. Let
AT) ={x € H | |lx — Ty|| < ||z — y|| for any y € C}.

Furthermore, they proved that a mean convergence theorem of Baillon’s type [2]
for generalized hybrid mappings without convexity of C.

In [30] Takahashi, Wong and Yao introduced some extensions of attractive point
and proved some attractive point theorems on Banach spaces. x € F is an attractive
point of T if

o(z, Ty) < ¢(x,y)
for any y € C; x € E is a skew-attractive point of T if

(Ty,z) < ¢(y, x)
for any y € C. Let
AT) = {zeE|¢(Ty) < ¢(x,y) for any y € C
B(T) = {ze€FE|¢(Ty,x) < P(y,x) for any y € C}.

In [1] Atsushiba, Iemoto, Kubota and Takeuchi introduced a concept of acute
point as an extension of attractive point in a Hilbert space. Let H be a real Hilbert
space, let C' be a nonempty subset of H and let T" be a mapping from C into H
and k € [0,1]. = € H is called a k-acute point of T" if

lz = Tyl* < lla = yl* + klly — Ty?
for any y € C. Let
i(T) ={z € H | |z = Ty|* < llz — y|* + klly = Ty|* for any y € C}.

Furthermore, using a concept of acute point, they proved convergence theorems
without convexity of C'.
In this paper, we introduce the following;:

(1) Fixed point theorrm, mean convergence theorem, and weak convergence

theorem for widely more generalized mappings in Hilbert spaces;

Fixed point theorems in metric spaces;

Acute point and skew-acute point in Banach spaces;

Acute point theorem and skew-acute point theorem:;

Mean convergence theorems by using acute point and skew-acute point;

Weak convergence theorems by using acute point and skew-acute point;

Generalized acute point and generalized skew-acute point in Banach spaces;

Generalized acute point theorem and generalized skew-acute point theorem;

Mean convergence theorems by using generalized acute point and general-

ized skew-acute point;

(10) Weak convergence theorems by using generalized acute point and general-
ized skew-acute point.

2
3
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2. FIXED POINT THEOREMS IN HILBERT SPACES [21]

Let H be a real Hilbert space and let C be a nonempty subset of H. A map-
ping T from C into H is said to be widely more generalized hybrid if there exist
a, B3,7,6,&,(,n € R such that

o| Tz — Ty||* + Blle — Tyl|* + 7| Tz — y||* + 8]z — y|?
+ella = Tzl + ¢lly — Tyll> + 0l (x — Tz) — (y — Ty)|?
<0

for any x,y € C. Such a mapping T is called an (¢, 8,7,9,¢,(,n)-widely more
generalized hybrid mapping. We first prove a fixed point theorem for widely more
generalized hybrid mappings in Hilbert spaces.

Lemma 2.1. Let H be a real Hilbert space, let C' and D be non-empty subsets of
H, let T be an (o, B,7,0,¢,¢,n)-widely more generalized hybrid mapping from C
into D, and A € [0,1] Then T is an (o, (1 — X)B+ Ay, A8+ (1 = N)7y,0, (1 — e +
A, Ae + (1 — A)¢, n)-widely more generalized hybrid mapping from C into D.

Theorem 2.1. Let H be a real Hilbert space, let C' be a non-empty, closed, and
convez subset of H, and let T be an (o, 8,7, 6, ¢, (,n)-widely more generalized hybrid
mapping from C into itself. Suppose that there exists A € [0,1] such that

(1) at+B+y+52>0;

()  (1-Ne+AC+n>0;

(3) a+(1-=N(B+)+Ay+e)+n>0.

Then T has a fixed point if and only if there exists z € C' such that {T"z | n =
0,1,...} is bounded. In particular, a fized point of T is unique in the case of
a+B+v+6>0.

By Theorem 2.1 the following are derived.

Theorem 2.2 (The Banach contraction principle). Let H be a real Hilbert space
and let T be a contractive mapping from H into H, that is, there exists a real
number o with « € (0,1) such that

[Tz =Tyl < allz -y
for any x,y € H. Then T has a unique fized point.

Theorem 2.3 (Kocourek, Takahashi and Yao [24]). Let H be a real Hilbert space,
let C' be a non-empty, closed, and convexr subset of H, and let T be a generalized
hybrid mapping from C' into itself, that is, there exist real numbers o and B such
that

a|Tz — Ty|* + (1 = a) |z — TylI* < BTz — ylI* + (1 - )|z -yl
for any x,y € C. Then T has a fized point if and only if there exists z € C' such
that {T"z |n=0,1,...} is bounded.

Theorem 2.4. Let H be a real Hilbert space, let C' be a non-empty, bounded, and
closed convex subset of H, and let T be a strongly pseudocontractive mapping from
C' into itself, that is, there exists a real number k with k € [0,1) such that

T2 = Tyl* < llz = ylI* + kll(z = Tz) — (y - Ty)|®

for any x,y € H. Then T has a fixed point if and only if there exists z € C such
that {T"z |n=0,1,...} is bounded.
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3. MEAN CONVERGENCE THEOREM IN HILBERT SPACES [21]

In this section, we consider a mean convergence theorem of Baillon’s type in
Hilbert spaces. We need the following lemmas.

Lemma 3.1. Let H be a real Hilbert space, let C' be a non-empty, closed, and
convex subset of H and let T be an («, 8,7, 6, ¢, (,n)-widely more generalized hybrid
mapping from C into itself. Suppose that T has a fized point and there exists
A € [0,1] such that

(3) a+(1=NB+¢)+Av+e)+n>0.

Then the set of fized points of T is closed.

Lemma 3.2. Let H be a real Hilbert space, let C' be a non-empty, closed, and
convex subset of H and let T be an («, 8,7, 6, ¢, (,n)-widely more generalized hybrid
mapping from C' into itself. Suppose that T has a fized point and there exists
A € [0,1] such that

(1) a+B+7+35>0;

(3) a+(1-=X)(B+)+Ay+e)+n>0.

Then the set of fixed points of T is conver.

Lemma 3.3. Let H be a real Hilbert space, let C' be a non-empty, closed, and
convez subset of H and let T be an («, 8,7, 6, ¢,(,n)-widely more generalized hybrid
mapping from C into itself. Suppose that T has a fized point and there exists
A € [0,1] such that

(1) a+pB+v+6>0;

(2) (I=XNe+A+n>0;

(4) a+A8+(1—=XNvy>0.

Then T is quasi-nonexrpansive.

Theorem 3.1. Let H be a real Hilbert space, let C' be a non-empty, closed, and
convez subset of H and let T be an («, 8,7, 6, ¢, (,n)-widely more generalized hybrid
mapping from C into itself. Suppose that T has a fized point and there exists
A € [0,1] such

(1) a+B+v+6>0;

(2) (I=XNe+A+n>0;

(3) at+(1-=X)B+)+Ay+e)+n>0;

(4) a+ A8+ (1—=XN~vy>0.

Then for any x € C,

def 1 n—1
€
Spr = -~ kg_o Tk

is weakly convergent to a fixed point p of T', where P is the metric projection of H
onto the set of all fized points of T and p = lim,_,o, PT"z.

4. WEAK CONVERGENCE THEOREM IN HILBERT SPACES
In this section, we consider a weak convergence theorem in a Hilbert space.

Theorem 4.1. Let H be a real Hilbert space, let C' be a non-empty, closed, and
convex subset of H and let T be an («, 8,7, 6, ¢, (,n)-widely more generalized hybrid
mapping from C' into itself. Suppose that T has a fized point and there exists
A €10,1] such
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(1) a+B+~v+0>0;

(2) (- Ne+AC+n>0;

(B a+(@=NB+O)+Ay+e)+n>0;

(4) a+A8+(1—=XNvy>0.

Let {av, be a sequence of real numbers with o, € (0,1) and iminf, . a,(1—a,) >
0. Then a sequence generated by v1 = x € C' and

Tyl = QnZn + (1 — ap)Tx,

for any n € N is weakly convergent to a fixed point p of T, where P is the metric
projection of H onto the set of all fixed points of T and p = lim,,_,, PT"x.

5. FIXED POINT THEOREMS IN METRIC SPACES [10,12]

Let (X, d) be a metric space. A mapping T from X into itself is said to be widely
more generalized hybrid if there exist real numbers «, 3,4, 4, and ¢ such that

ad(Tz, Ty)2 + Bd(z, Ty)2 + vd(Tz, y)2 + 0d(z, y)2
+ed(z, T:E)2 + ¢d(y, Ty)2
<0

for any x,y € X. Such a mapping is called an («, 3,7, 0, &, )-widely more general-
ized hybrid mapping.

Lemma 5.1. Let (X,d) be a metric space, let T be an (o, 8,7, 9, ¢, ()-widely more
generalized hybrid mapping from X into itself, and A € [0,1] Then T is an («, (1 —
A)B+ A A8+ (1 —N)7v,0,(1 — Ne + A, Ae + (1 — A)()-widely more generalized
hybrid mapping from X into itself.

Lemma 5.2. Let X be a metric space and let T be an (o, 8,7, 9, ¢, ()-widely more
generalized hybrid mapping from X into itself. Suppose that there exists A € [0, 1]
such that

(1) a+ (1 —=Ne—+ A+ 2min{A\G + (1 — \)v,0} > 0;

(2) a+0+e+(+4min{\3+ (1 — X)v,0} > 0.

Then {T"x | n € NU{0}} is a Cauchy sequence for any = € X.

By Lemma 5.2, we obtain directly the following theorem.

Theorem 5.1. Let X be a complete metric space and let T be an («, 8,7,0,¢,()-
widely more generalized hybrid mapping from X into itself. Suppose that there exists
A € 10,1] such that

(1) a+ (1 —=XNe+ A+ 2min{A3 + (1 — A\)v,0} > 0;

(2) a+d+e+¢+4min{A\3+ (1 — A)v,0} > 0.

Then for any x € X there exists lim,, o, T"x.

By Theorem 5.1, we obtain the following theorem.

Theorem 5.2. Let X be a complete metric space and let T be an («, 58,7, 9,¢,()-
widely more generalized hybrid mapping from X into itself. Suppose that therre
exists A € [0,1] such that

(1) a+ (1 —=XNe+ A+ 2min{A3 + (1 — A\)v,0} > 0;

(2) a+0+e+(+4min{ 3+ (1 — X)v,0} > 0;

(3) a+ (1 =N(B+C)+Ay+e) >0.

Then T has a fized point u, where u = lim,_,, T"x for any x € X. Additionally,
ifa+B+~v+6>0, then T has a unique fixed point.
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We obtain the another type theorem also.

Lemma 5.3. Let (X,d) be a metric space and let T be an (a, B,7,0,¢,()-widely
more generalized hybrid mapping from X into itself. Suppose that therre exists
A € [0,1] such that
(1) a+ (1 =XNe+ A+ 2min{\8 + (1 — \)v,0} > 0.
Then
d(T?z, Tx) < VAd(Tz, x)
holds for any x € X, where
64+ Ae+ (1= N+ 2min{A3 + (1 — A)v,0}
a+ (1=XNe+ A +2min{A\8+ (1 - N)v,0}" |~

Lemma 5.4. Let (X,d) be a metric space and let T be an (a, 8,7, 0,¢,()-widely
more generalized hybrid mapping from X into itself. Suppose that therre exists
A €1[0,1] such that

(1) a+ (1 —=XNe+ A+ 2min{A3 + (1 — A\)v,0} > 0;

(2) a+ 2min{ A5 + (1 — A\)v,0} > 0.

Then

A:max{

d(T3z, Tx) < VBd(Tz, x)
holds for any x € X, where
(I=XNe+ X 9
B = — 0, A
e {m”‘{ a+2min{A5+ (1 - A),0}’
(1 —=X)pB+ Ay +2min{4,0} ol 4
a+2min{\3 + (1 — \)v,0}’
~ A+ (1= A) ¢+ 2min{AB + (1 — A)v,0} + 2min{, 0} 0
a+2min{\3 + (1 — A\)v,0} a
Lemma 5.5. Let (X,d) be a metric space and let T be an (a, B,7,0,¢,()-widely
more generalized hybrid mapping from X into itself. Suppose that therre exists
A € [0,1] such that
(1) a+ (1 —=Ne—+ A+ 2min{A\G + (1 — \)v,0} > 0;
(2) a+2min{\5 + (1 — A\)v,0} > 0.
Then

-+ max {—

d(T3z, T?*x) < VCd(Tx,x)
holds for any x € C, where

B AB+ (1= Ay 0+ A+ (1—-X)
Cc = max{—a+(1_)\)E+)\C,O}B+max{—a+(1_)\)E+)\C,O}A.

By Lemma 5.5, we obtain the following theorem.

Theorem 5.3. Let (X, d) be a complete metric space and let T be an («, 3,7, 9,¢,()-
widely more generalized hybrid mapping from X into itself. Suppose that therre
exists A € [0, 1] such that

(1) a+ (1 —=XNe+ A+ 2min{A3 + (1 — A\)v,0} > 0;

(2) a+2min{\S + (1 — \)v,0} > 0;

(3) C<1.

Then T has a fized point u, where u = lim,_,, T"x for any x € X. Additionally,
ifa+B+~v+6>0, then T has a unique fixed point.
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6. FIXED POINT THEOREMS IN BANACH SPACES [13,17]

Let F be a smooth Banach space and let C' be a nonempty subset of E. A
mapping T from C into F is called a generalized pseudocontraction if there exist
ai, ag, B1, B2,71, 72, 01, 02, €1, €2, (1, 2 € R such that

a1¢(Tz, Ty) + a2p(Ty, Tx) + B1é(z, Ty) + B29(Ty, z)
16Tz, y) + 720(y, Tx) + 616(2,y) + 520(y, =)
+e10(Tx, ) + e26(x, Tw) + 1oy, Ty) + Go(Ty, y)

<0

for any z,y € C. Such a mapping is called an (a1, a2, B1, B2, 71,72, 01,62, €1, €2, (1,
(2)-generalized pseudocontraction.

Lemma 6.1. Let E be a smooth Banach space, let C and D be nonempty subsets of
E, let T be an (a1, s, b1, B2,71, 72,01, 02,1, €2, (1, (2)-generalized pseudocontrac-
tion from C into D and let A € [0,1]. Then T is a (1 — XN + Aaa), Aoy + (1 —
Aaz, (1= X)B1 4 Ay2, Ayp + (1= X) B2, (1= Ny + AB2, ABr + (1 = M)z, (1 —A)dy +
Ado, Aoy + (1 — /\)52, (1 — )\)61 —|-/\<2, )‘Cl + (1 — /\)82, (1 — /\)Cl + Aeg, Aep + (1 — )\)CQ)'
generalized pseudocontraction from C into D.

Theorem 6.1. Let E be a strictly convex, reflexive, and smooth Banach space, let
C be a nonempty, closed, and convex subset of E, and let T be an (aq, @z, B1, B,
Y1,Y2,01, 02, €1, €2, (1, (2)-generalized pseudocontraction from C into itself. Suppose
that there exists \ € [0,1] such that

(1= X)(a1+ B1+71 +01) + Mag + B2 + 72 + d2) > 0;

AMag +m) 4+ (1= A)(az + B2) > 0;

A(Br+01) + (1 = A) (72 + 62) = 0;

(1 —=Xe1 + A& > 0;

)\Cl =+ (1 — )\)62 >0
and suppose that one of the following holds:
(1) (1 =XN(a1+ 81+ )+ Mazg+72+e2) >0 and Aey + (1 — X\)¢2 > 0;
(2) (I —=X)(oa + 61 +¢) + Aaz+v2+e2) >0 and Aep + (1 — X)) > 0.
Then T has a fized point if and only if there exists z € C such that {T"z | n €
NuU{0}} is bounded.

Furthermore, if (1 —X)(aq + B1+v1 + 1) + Az + B2+ 72+ d2) > 0 or Moy +

B1+71+01)+ (1= AN (az2+ B2 + 72 + d2) > 0, then the fized point is unique.

Theorem 6.2. Let E be a strictly convex, reflexive, and smooth Banach space, let
C be a nonempty subset of E satisfying J(C) is closed and convex, and let T' be an
(a1, a2, B1, B2y 71572, 01, 02, €1, €2, (1, C2) -generalized pseudocontraction from C' into
itself. Suppose that there exists A € [0, 1] such that

(1= N)(o2+ B2+ 72+ 02) + Mar + B + 71 +61) > 0;
Aoz +72) + (1= A) (a1 + B1) = 0;
A(B2 4+ 62) + (1= N)(y1 + 61) > 0;
(I —Aea+ ¢ > 0;
Mo+ (1—=X)eg >0
and suppose that one of the following holds:
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(1) (I—=X)(ae+ B2+ C2) + AMar +71 +e1) >0 and Aea + (1 — N)G > 0;
(2) (]. — )\)(O[Q + ﬂQ + C2) + /\(011 + 7+ 51) > 0 and )\62 + (1 — >\)<1 > 0.
Then T has a fized point if and only if there exists z € C such that {T"z | n €
NU{0}} is bounded.

Furthermore, if (1 —X)(ag + B2+ v2 +02) + A1 + 81 +71 +01) > 0 or Mas +
Ba+ 72+ 02) + (1 — A) (a1 + 81 +v1 + 61) > 0, then the fized point is unique.

7. ACUTE POINT AND SKEW-ACUTE POINT [13]

Let E be a smooth Banach space, let C' be a nonempty subset of E, let T be a
mapping from C into E and let k,¢ € R. z € F is called a (k, £)-acute point of T if

¢(z,Ty) < ¢(z,y) + ko(y, Ty) + Ld(Ty, y)
for any y € C. x € E is called a (k, £)-skew-acute point of T if

¢(Ty,z) < ¢y, =) + ko(y, Ty) + Lp(Ty, y)
for any y € C. Let

Geo(T) = {ze€E|ox,Ty) < ¢(
B(T) = {zeE|o(Ty,x) < o(

It is obvious that
Gy 4, (T) C Gy 0, (T)y By 0, (T) C By 0, (T)

for any k1, kg,ghgg € R with k1 < ko and £ < 45.
The following lemmas are important property characterizing them.

z,y) +ko(y, Ty) +Lp(Ty,y) for any y € C'};
y,x) + ko(y, Ty) + Ld(Ty,y) for any y € C}.

Lemma 7.1. Let E be a smooth Banach space, let C' be a nonempty subset of E,
let T be a mapping from C into E and let k,¢ € R. Then o, (T) is closed and
convex.

Lemma 7.2. Let E be a smooth Banach space, let C' be a nonempty subset of F,
let T be a mapping from C into E and let k,¢ € R. Then By o(T) is closed.

Lemma 7.3. Let E be a strictly convexr and smooth Banach space, let C be a

nonempty subset of E, let T be a mapping from C into E and let k,¢ € R. Then

the following hold:

(1) If (k,0) € (—o0,1] X (—00,0]\ {(1,0)}, then C Nt o(T) is included in the
set of all fized points of T';

(2) If (k,0) € (—00,0] x (—o0, 1]\ {(0,1)}, then C N By ¢(T) is included in the
set of all fixed points of T'.

8. ACUTE POINT THEOREM AND SKEW-ACUTE POINT THEOREM [13,17]

Theorem 8.1. Let E be a reflexive and smooth Banach space, let C' be a nonempty
subset of E, and let T be an (a1, as, 51, B2,71, 72,01, 02, €1, €2, (1, (2)-generalized
pseudocontraction from C into itself. Suppose that there exists z € C' such that
{T"z | n € NU{0}} is bounded and suppose that there exists A € [0,1] such that

(I—=X)(o1+p1+71+01) + Aaz+ f2+ 72+ d2) > 0;
Mar +71) + (1 = N)(az + B2) > 0;

A(B1+61) + (1 = A) (72 + d2) > 0;

(1—XNep + A > 0;

AG 4+ (1 —X)eg > 0;

19



Toshiharu Kawasaki

(1 =XN)(aq + B1) + AMag +7y2) > 0.

. (1=X)C1+Xea Ae1+(1=X)Co ;
Then there exists a (— (RSN CTEN RS Yrewwre ty (1_)\)(a1+ﬂ1)+/\(a2+v2))—acute point.

Theorem 8.2. Let E be a strictly convex, reflexive and smooth Banach space, let
C be a nonempty subset of E, and let T be an (a1, as, 51, B2,71,Y2,01, 02, €1, €2,
1, C2)-generalized pseudocontraction from C into itself. Suppose that there exists
z € C such that {T"z | n € NU{0}} is bounded and suppose that there exists
A € [0,1] such that

(1= A)(ag + B2 + 72+ d2) + AMay + f1 + 71 +01) > 0;

Mag +72) + (1 =N (o + f1) > 0;

A(B2 +02) + (1 = A)(m + 61) = 0;

(1=XNea+ A > 05

A+ (1= X)er > 0;

(1= X)(az + B2) + AM(ar +71) > 0.

_ (1=N)Ca+Aeq . Aea+(1-A)(3
(I=N)(2+B2)+ A (a1+71)?  (1=N)(a2+B2)+A(a1+71)

Then there exists a (
point.

) -skew acute

9. MEAN CONVERGENCE THEOREMS (ACUTE POINT VERSION) [14]

Theorem 9.1. Let E be a uniformly convexr Banach space with a Fréchet differen-
tiable norm, let C' be a nonempty subset of E, and let T be an (a1, s, B1, B2, V1, V2,
01,02,€1,€2, (1, (2)-generalized pseudocontraction from C into itself. Suppose that
there exists A € [0,1] such that

(L= X) (a1 + B1+7 +61) + Moz + B2 + 72 + d2) > 0;

Mai +71) 4+ (1= N)(az + B2) > 0;

ABr+61) + (1= A)(r2 +d2) = 0;

(1 —=XNe1 + A > 0;

AG + (1= XN)eg > 05

(]. — A)(Otl -+ Bl) -+ )\(Oég +"}’2) > 0,
and suppose that

o (1=X)¢1+Aeg Aep+(1—N)Co (T) C B(T) 75 0.

T AN (a1 B8 FA (e Fr2) T TN (a1 +B1)FA(az+v2)

Let R be the sunny generalized nonexpansive retraction of E onto B(T'). Then for
any x € C,

dof 122
S, &= k
"X - Z Tz
k=0
is weakly convergent to an element

qc JZ{, (1=X\)¢1+Aen B Aep+(1—M)¢o (T)7
A=XN)(a1+B1)+A(ag+v2)’ (A—-N)(a1+81)+A(a2+72)

where ¢ = lim, o, RT™x.

Additionally, if C is closed and convex and one of the following holds:
(1) (I=XN(a1+81+¢)+Maz+y2+e2) >0 and dey + (1 —N) > 0;
(2) (1 — )\)(al + 51 + Cl) + /\(012 + 72 + 52) > 0 and )\51 + (1 — )\)CQ > O,
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then q is a fixed point of T.

Theorem 9.2. Let E be a strictly convex and reflexive Banach space with Kadec-
Klee property and a uniformly Fréchet differentiable norm, let C' be a nonempty
subset of E, and let T be an (a1,a2, b1, B2,71,72,01,02,€1,€2, (1, (2)-generalized
pseudocontraction from C into itself. Suppose that there exists X € [0,1] such that

(I=XN(ag+ P24y +0d)+ A1+ 51 +71+0) >0

AMag +72) + (I = A) (a1 + B1) > 05

A(B2 +02) + (1 = A)(m1 + 61) = 0;

(1—XNea+ A > 0;

Al + (1 = X)er > 0;

(]. — /\)(Otg -+ 52) + )\(Oél +"}’1) > 0,

suppose that
B Aeo+(1-M)¢g (1—M)¢g+Aeg (T) C A(T) #* 0

T AN (axtB) A (a1 t1) T T=N)(az+Bh2) A (a1 +71)

and suppose that J ' is weakly sequentially continuous. Let R* be the sunny gen-
eralized nonexpansive retraction of E* onto J(A(T)). Then for any x € C,

def 1 n—1
Spx E T =N aTk
e = J <n JT x
k=0
is weakly convergent to an element

q€B_ Aeat(1-2)¢; _ (1-A)Ca ey (T),
T= X ap t B FA(ATF1) (TN (an+ B FAGTFD)

where ¢ = limy, 0o J 'R*JT"z.

Additionally, if J(C) is closed and convezx and one of the following holds:
(1) (1 — /\)(042 + B2 + CQ) + /\(041 + 71 + 61) > 0 and \ey + (1 — /\)C1 > 0;
(2) (1 =X (g + B2+ () + Ao +71 +€1) >0 and Aeg + (1 — X\)¢1 > 0,
then q is a fized point of T.

10. WEAK CONVERGENCE THEOREMS (ACUTE POINT VERSION) [15]

Theorem 10.1. Let E be a uniformly convex Banach space with a uniformly
Fréchet differentiable norm, let C be a nonempty convex subset of E, and let T
be an (a1,aq, 81, B2,71,%2, 01,02, €1, €2, (1, (2)-generalized pseudocontraction from
C' into itself. Suppose that there exists A € [0,1] such that

(L=AN)(ar+ b1 +7 +01) + Aoz + B2 + 72 + 62) > 0;

Ao +71) + (1 = A)(az + B2) = 0;

A(Br+01) + (1= A)(r2 +d2) > 0;

(I —=MXNer+ A > 0;

G+ (1 — )\)62 > 0;

(1 =X (a1 + B1) + Maz +2) >0,
and suppose that

o (1-A)¢1+Aen Aep+(1-A)Co (T) Cc B(T) # 0.

T A=N(ar B FA(azFtr2) T (T=N) (o F81) FA(az +72)
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Let R be the sunny generalized nonexpansive retraction of E onto B(T') and let {ay,}
be a sequence of real numbers with o, € (0,1) and liminf, o o, (1—cay,) > 0. Then
a sequence {x,} generated by v1 =z € C' and
Tpt1 = QnZpn + (1 —apn)Txy,
for any n € N is weakly convergent to an element
qc ,!Zf_ (1=X\)¢1+Aeo _ Aeg+(1=XN)¢o (T)7
(A=N (a1 +B1)FA(a2+72) " (A=X)(1+B1)+x(az+72)
where ¢ = limy, oo RT.,.
Additionally, if C is closed and one of the following holds:
(1) (L= N)(a1+B1 + 1) + AMag + 72 +€2) > 0 and Aey + (1 = N)G > 0;
(2) (1 — /\)(041 + 381+ Cl) + /\(042 + Y2 + 62) >0 and Ney + (1 — /\)Cg >0,
then q is a fized point of T.

Theorem 10.2. Let E be a uniformly convex Banach space with a uniformly
Fréchet differentiable norm, let C' be a nonempty subset of E satisfying J(C) is
convez, and let T be an (a1, a9, b1, B2,7V1,Y2,01,02,€1, €2, (1, (2)-generalized pseu-
docontraction from C' into itself. Suppose that there exists A € [0, 1] such that

(1= AN)(az + B2+ 72 +02) + Aox + B1 +71 +61) 2 0;

Maz +72) + (1 = M) (a1 + 1) > 0;

A(B2+02) + (1 = A) (71 + 1) > 0;

(I —=MXNez+ A > 0;

Ao + (1 — )\)61 > 0;

(1 =X (a2 + B2) + Ma1 +71) >0,
suppose that

» Aea+(1=M)¢y (1-M)¢gtrey (T)Cc A(T) #0

T IO N(ax BT A(ar+1) T T=N)(az+Bh2) T A(ar+71)

and suppose that J~1 is weakly sequentially continuous. Let R* be the sunny gen-
eralized nonexpansive retraction of E* onto J(A(T)) and let {a,} be a sequence of
real numbers with ay, € (0,1) and liminf, o a,(1 — ay) > 0. Then a sequence
{zn} generated by 1 =z € C and

Tpy1 = J HopJz, + (1 —ap)JT,)
for any n € N is weakly convergent to an element

qQEPB_ Xeg+(1-2)¢y _ (1=N)¢atXey (1),
(A=XN(ag+B2)+A(a1+71) " (A=X)(a2+B2)+A(a1+71)

where ¢ = limy,_yo0 J 1R*J2p,.

Additionally, if J(C) is closed and one of the following holds:
(1) (1=XN(az+Bo+G) + Mo +y14¢€1) >0 and Aey + (1 — NG > 0;
(2) (I=XN(ag+ P24+ &)+ AMar+71+¢e1) >0 and dea + (1 — X)¢ > 0,
then q is a fized point of T.

11. GENERALIZED ACUTE POINT AND GENERALIZED SKEW-ACUTE POINT [16]

Let F be a smooth Banach space, let C' be a nonempty subset of E, let T be a
mapping from C into E, and let k,¢,s € R. € E is called a (k, ¢, s)-generalized
acute point of T if

s(op(x, Ty) — ¢(x,y)) < ko(y, Ty) + Ld(Ty,y)
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for any y € C. x € E is called a (k, ¢, s)-generalized skew-acute point of T' if

s(¢(Ty,z) — ¢(y,x)) < kd(y, Ty) + Lp(Ty, y)
for any y € C. Let

ens(T) = {z € E|s(¢(x,Ty) — ¢(z,y)) < kd(y, Ty) + {3(Ty,y) for any y € C};
PBras(T) = {veE|s(o(Ty,z) - o(y,x)) < kély, Ty) + Lp(Ty,y) for any y € C}.
It is obvious that

ey 01,50 (1) C Sy 3,65 (T), By 1,55(T) C By g5, (T)
for any ki, ko, f1,¢2 € R and for any s1, s € (0,00) with % < k2 and % < L

S92 52’
”kah[l,sl (T) 2 "Q{szmsz (T)’ ‘%)khfhsz (T) ) ‘%)kmfz,sz (T)

for any ki, ko, l1,¢> € R and for any s1,s2 € (—00,0) with ]:—i < ]:—; and % < ﬁ—z.
Furthermore

o 0,0(T) = Bro(T)=E
for any (k,¢) € [0,00) x [0, 00);

e 0,0(T) = Bruo(T) =0
for any (k,¢) € (—o0,0] x (—00,0] \ {(0,0)}; otherwise,

quk7g70(T) = F or @, ﬂk,g,o(T) = F or @;

however, it is generally unknown which case holds.
The following lemmas are important property characterizing them.

Lemma 11.1. Let E be a smooth Banach space, let C be a nonempty subset of E,
let T be a mapping from C into E and let k,¢,s € R. Then @, ¢.s(T) is closed and

CONvVex.

Lemma 11.2. Let E be a smooth Banach space, let C' be a nonempty subset of E,
let T be a mapping from C into E and let k,€,s € R. Then By ¢s(T) is closed.

Lemma 11.3. Let E be a strictly convex and smooth Banach space, let C be a

nonempty subset of E, let T be a mapping from C into E, and let k,{,s € R. Then

the following hold:

(1) If (k,£) € (—00, 8] x (—00,0]\ {(s,0)}, then C Nt ¢s(T) is a subset of the
set of all fixed points of T;

(2) If (k,£) € (—00,0] x (—o0,s]\ {(0,5)}, then CN By ¢.s(T) is a subset of the
set of all fixed points of T'.

12. GENERALIZED ACUTE POINT THEOREM AND GENERALIZED SKEW-ACUTE
POINT THOREM [16]

Theorem 12.1. Let E be a reflexive and smooth Banach space, let C be a nonempty
subset of E, and let T be an (a1, as, 81, B2,71, V2,01, 02, €1, €2, (1, (2)-generalized
pseudocontraction from C into itself. Suppose that there exists z € C such that
{T"z | n € NU{0}} is bounded and suppose that there exists A € [0, 1] such that

(1= A)(a1 + B +71 +61) + Maz + B2 + 72 + d2) > 0;

Mai +7) 4+ (I =) (a2 + B2) > 0;

A(Br+01) + (1 = A)(v2 + 62) = 0
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(1= Xer + A > 0;

G+ (1 — )\)62 > 0.
Then there exists a (—((1—=A)1+Aea), —(Ae1+(1=N)C2), (1= A) (1 4+ 51) + A2+
v2))-generalized acute point.

By Theorem 12.1 we can proove Theorem 6.1.

Theorem 12.2. Let E be a strictly convex, reflexive, and smooth Banach space,
let C be a nonempty subset of E, and let T be an (a1, a2, 1, B2, 71, Y2, 01,02, €1, €2,
1, C2)-generalized pseudocontraction from C into itself. Suppose that there exists
z € C such that {T"z | n € NU{0}} is bounded and suppose that there exists
A € [0,1] such that

(1= M(az2 + B2+ 72+ 62) + Mo + B1 + 71+ 61) = 0;

Maz +72) + (1 = N)(ag + B1) > 0;

A(B2 +02) + (1 = A)(m1 + 61) > 0;

(1—=XNea+ A > 05

)\CQ + (1 — )\)51 Z 0.
Then there exists a (—(Aea+(1—=N)C1), —(1=A)2+Ae1), (1= A) (a2 + B2) + Al +
~v1))-generalized skew-acute point.

By Theorem 12.2 we can proove Theorem 6.2.

13. MEAN CONVERGENCE THEOREMS (GENERALIZED ACUTE POINT VERSION)
[18]

Theorem 13.1. Let E be a uniformly convex Banach space with a Fréchet differ-
entiable norm, let C be a nonempty subset of E, and let T be an (a1, aq, B, B2,
Y1, Y2,01, 02, €1, €2, (1, (2)-generalized pseudocontraction from C into itself. Suppose
that there exists A € [0,1] such that

(I =XN(a1+B1+m +01) + Mag + B2+ 72 +d2) > 0;
Mar +71) + (1 = N)(az + B2) > 0;
A(Br+01) + (1 = A)(v2 + 62) > 0;
(1—XNep + A > 0;
AG+ (1 —X)es >0,
and suppose that
D (=M1 Aea),~ (a1 +(1-X)G2).(1-A) (e +81)+A(a-+72) (T) € B(T) # 0.

Let R be the sunny generalized nonexpansive retraction of E onto B(T). Then for
any x € C,

dflnfl
S,r = = Tk

is weakly convergent to an element

4 € F_(1-M)¢1H+Ae2),—(Aer+(1-A)Ca),(1=A) (1 +81)+A(azt72) (T);
where ¢ = lim,, oo RT"x.
Additionally, if C is closed and convex and one of the following holds:
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(1) (I=XN(aq + 614+ )+ AMazg+v2+e2) >0 and Xey + (1 — A)(2 > 0;
(2) (]- - )\)(041 + ﬂl + Cl) + /\(OZQ +’)/2 + 52) Z 0 and )\61 + (1 — >\)<2 > O,
then q is a fized point of T.

Theorem 13.2. Let E be a strictly convex and reflexive Banach space with Kadec-
Klee property and a uniformly Fréchet differentiable norm, let C' be a nonempty
subset of E, and let T be an (a1,a2, b1, B2,71,72,01,02,€1,€2, (1, (2)-generalized
pseudocontraction from C into itself. Suppose that there exists A € [0,1] such that

(1= XN(az + B2+ 72 +02) + Mag + B1 + 71 + 1) > 0;

Mag +792) + (L= A) (a1 + 61) > 0;

A(B2 +02) + (1 = A)(m1 + 61) = 05

(1—XNea+ A >0;

A + (1= X)er >0,

suppose that

B (reat(1-2)C1)s— (1= N)CatAe1),(1-A) (az+B2) + A (a1 +41) (T) T A(T) # 0

and suppose that J 1 is weakly sequentially continuous. Let R* be the sunny gen-
eralized nonexpansive retraction of E* onto J(A(T)). Then for any x € C,

deof 1 n—1
S -1 = k
N J <n Z JT"x
k=0
is weakly convergent to an element

4 € B—(rert(1-2)C1),—(1-N)CatAer),(1-2) (az+82) +A(ar+11) (1),

where ¢ = limy,_yo0 J 1R*JT 2.

Additionally, if J(C) is closed and convexx and one of the following holds:
(1) (I =X)(a2+ o+ )+ AMar +791 +e1) > 0 and ez + (1 = X\)¢1 > 0;
(2) QA—=-XN(az+B2+C)+AMar 4+ +¢e1) >0 and dea + (1 —N)¢ >0,
then q is a fized point of T.

14. WEAK CONVERGENCE THEOREMS (GENERALIZED ACUTE POINT VERSION)
[19]

Theorem 14.1. Let E be a uniformly convex Banach space with a uniformly
Fréchet differentiable norm, let C be a monempty convex subset of E, and let T
be an (a1,as, 81, B2,71,72, 01,02, €1, €2, (1, (2)-generalized pseudocontraction from
C' into itself. Suppose that there exists A € [0,1] such that

(L= A1+ B1+7 +61) + Moz + B2+ 72 + d2) > 0;

Mai +71) + (L= A)(az + f2) > 0;

A(Br+61) + (1= A)(r2 +d2) > 0;

(I =MXNer+ A > 0;

G+ (1 — )\)62 >0,

and suppose that

G (1-2)C1+Ae2),—Ae1 +(1-N)C), (1= N (a1 +81) +A(az+12) (T) € B(T) # 0.
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Let R be the sunny generalized nonexpansive retraction of E onto B(T') and let {ay,}
be a sequence of real numbers with o, € (0,1) and liminf, o o, (1—cay,) > 0. Then
a sequence {x,} generated by v1 =z € C' and

Tpt+l = QnTp + (1 - an)Tx7L

for any n € N is weakly convergent to an element

4 € T (1-N)G1+Ae2),~(Aer+(1-2)G),(1-A) (e +81) (@ +72) (1)
where ¢ = lim,,_, oo RT,,.
Additionally, if C is closed and one of the following holds:
(1) (1=XN(or+B1+¢)+ X Maz+v2+e2) >0 and Aep + (1 — N) > 0;
(2) I=XN(a1+81+G)+Maz+v2+e2) >0 and Ae; + (1 — M) >0,
then q is a fized point of T.

Theorem 14.2. Let E be a uniformly convex Banach space with a uniformly
Fréchet differentiable norm, let C' be a nonempty subset of E satisfying J(C) is
convez, and let T be an (a1, a9, b1, B2,7V1,Y2,01,02,€1, €2, (1, (2)-generalized pseu-
docontraction from C' into itself. Suppose that there exists A € [0, 1] such that

(1= A)(az+ B2 +72+02) + AMaa + B+ 71 +61) = 0;
Aag +72) + (1 = A)(oqg + B1) > 05
A(B2 +02) + (1 = A) (v + 61) > 0;
(1 —=Xeg 4+ A > 0;
A2 + (1 —X)er >0,
suppose that

B (reat(1-N)C1)— (1= N)CatAe1),(1=A) (az+82) + A (an +41) (T) T A(T) # 0

and suppose that J~1 is weakly sequentially continuous. Let R* be the sunny gen-
eralized nonexpansive retraction of E* onto J(A(T)) and let {a,} be a sequence of
real numbers with ay, € (0,1) and liminf, . a,(1 — ay,) > 0. Then a sequence
{zn} generated by 1 =z € C and

Tpy1 = J HoanJz, + (1 —a,)JTx,)

for any n € N is weakly convergent to an element

4 € B (re3+(1-0)C1),— (1Nt Ae1),(1= ) (@z+82) +A (a1 +71) (1)

where ¢ = limy,_yo0 J 1 R*J ).

Additionally, if J(C) is closed and one of the following holds:
1) Q=X+ P2+ )+ Aar+71 +e1) >0 and Aea + (1 — X)G > 0;
(2) (]. — )\)(042 + ﬂg + CQ) + )\(Oél + 7 +€1) >0 and Aeg + (1 — /\)Cl > 0,
then q is a fized point of T.

REFERENCES

[1] S. Atsushiba, S. Iemoto, R. Kubota, and Y. Takeuchi, Convergence theorems for some classes
of nonlinear mappings in Hilbert spaces, Linear and Nonlinear Analysis 2 (2016), 125-153.

[2] J.-B. Baillon, Un théoréme de type ergodique pour les contractions non linéaires dans un
espace de Hilbert, Comptes Rendus Hebdomadaires des Séances de I’Académie des Sciences.
Séries A et B 280 (1975), 1511-1514.

[3] F. E. Browder and W. V. Petryshyn, Construction of fized points of nonlinear mappings in
Hilbert space, Journal of Mathematical Analysis and Applications 20 (1967), 197-228.

26



(4]
(5]
(6]
(7]
(8]

(9]

(10]

(11]

(12]

(13]
14]
(15]
[16]
(17]

18]

19]

20]

(21]

(22]

23]

[24]

[25]
[26]

27]
(28]

Fixed point and convergence theorems

D. Butnariu, A. N. Iusem, and E. Resmerita, Total convezity for powers of the norm in
uniformly conver Banach spaces, Journal of Convex Analysis 7 (2000), 319-334.

I. Cioranescu, Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, Math-
ematics and its applications, vol. 62, Kluwer Academic Publishers, Dordrecht, 1990.

T. Ibaraki and W. Takahashi, A new projection and convergence theorems for the projections
in Banach spaces, J. Approx. Theory 149 (2007), 1-14.

T. Kawasaki, An extension of existence and mean approzimation of fired points of generalized
hybrid non-self mappings in Hilbert spaces, preprint.

, Fized points theorems and mean convergence theorems for generalized hybrid self
mappings and non-self mappings in Hilbert spaces, Pacific Journal of Optimization 12 (2016),
133-150.

, Fized point theorem for widely more generalized hybrid demicontinuous mappings in
Hilbert spaces, Proceedings of Nonlinear Analysis and Convex Analysis, Yokohama Publishers,
Yokohama, to appear.

, Fized point theorems for widely more generalized hybrid mappings in metric spaces,
Banach spaces and Hilbert spaces, Journal of Nonlinear and Convex Analysis 19 (2018),
1675-1683.

, On convergence of orbits to a fixed point for widely more generalized hybrid map-
pings, Nihonkai Mathematical Journal 27 (2016), 89-97.

, Fized point theorems for widely more generalized hybrid mappings in a metric space,
a Banach space and a Hilbert space, Proceedings of Nonlinear Analysis and Convex Analysis,
Yokohama Publishers, Yokohama, to appear.

, Fized point and acute point theorems for new mappings in a Banach space, Journal
of Mathematics 2019 (2019), 12 pages.

, Mean convergence theorems for new mappings in a Banach space, Journal of Non-
linear and Variational Analysis 3 (2019), 61-78.

, Weak convergence theorems for new mappings in a Banach space, Linear and Non-
linear Analysis 5 (2019), 147-171.

, Generalized acute point theorems for generalized pseudocontractions in a Banach
space, Linear and Nonlinear Analysis 6 (2020), 73-90.

, Fized point and acute point theorems for generalized pseudocontractions in a Banach
space, Journal of Nonlinear and Convex Analysis 22 (2021), 1057-1075.

, Mean convergence theorems to generalized acute points for generalized pseudocon-
tractions, Advances in the Theory of Nonlinear Analysis and its Application 7 (2023), 387—
404.

, Weak convergence theorems to generalized acute points for generalized pseudocon-
tractions, Advances in the Theory of Nonlinear Analysis and its Application, to appear.

T. Kawasaki and T. Kobayashi, Ezistence and mean approzimation of fixred points of gen-
eralized hybrid non-self mappings in Hilbert spaces, Scientiae Mathematicae Japonicae 77
(Online Version: e-2014) (2014), 13-26 (Online Version: 29-42).

T. Kawasaki and W. Takahashi, Ezistence and mean approximation of fized points of gen-
eralized hybrid mappings in Hilbert spaces, Journal of Nonlinear and Convex Analysis 14
(2013), 71-87.

, Fized point and nonlinear ergodic theorems for widely more generalized hybrid map-
pings in Hilbert spaces and applications, Proceedings of Nonlinear Analysis and Convex Anal-
ysis, Yokohama Publishers, Yokohama, to appear.

, Fized point theorems for generalized hybrid demicontinuous mappings in Hilbert
spaces, Linear and Nonlinear Analysis 1 (2015), 125-138.

P. Kocourek, W. Takahashi, and J.-C. Yao, Fized point theorems and weak convergence the-
orems for generalized hybrid mappings in Hilbert spaces, Taiwanese Journal of Mathematics
14 (2010), 2497-2511.

F. Kohsaka and W. Takahashi, Generalized nonexpansive retractions and a prozimal-type
algorithm in Banach spaces, Journal of Nonlinear and Convex Analysis 8 (2007), 197-2009.

, Fized point theorems for a class of nonlinear mappings related to mazimal monotone
operators in Banach spaces, Archiv der Mathematik 91 (2008), 166-177.

W. Takahashi, Nonlinear Functional Analysis, Yokohama Publishers, Yokohama, 2000.

, Fized point theorems for new monlinear mappings in a Hilbert space, Journal of
Nonlinear and Convex Analysis 11 (2010), 79-88.

27



Toshiharu Kawasaki

[29] W. Takahashi and Y. Takeuchi, Nonlinear ergodic theorem without converity for generalized
hybrid mappings in a Hilbert space, Journal of Nonlinear and Convex Analysis 12 (2011),
399-406.

[30] W. Takahashi, N.-C. Wong, and J.-C. Yao, Attractive point and mean convergence theorems
for new generalized nonspreading mappings in Banach spaces, Infinite Products of Operators
and Their Applications (S. Reich and A. J. Zaslavski, eds.), Contemporary Mathematics,
vol. 636, American Mathematical Society, Providence, 2015, pp. 225-248.

[31] H. K. Xu, Inequalities in Banach spaces with applications, Nonlinear Anal 16 (1981), 1127—
1138.

FAcuLTY OF ENGINEERING, TAMAGAWA UNIVERSITY, TOKYO 194-8610, JAPAN; FACULTY OF

SCIENCE, CHIBA UNIVERSITY, CHIBA 263—8522, JAPAN
Email address: toshiharu.kawasaki@nifty.ne. jp

28



**HOMOMORPHISMS BETWEEN GROUPOID
C*-ALGEBRAS

FUYUTA KOMURA

ABSTRACT. ARITIZT X — LIRS SHEK S 5 CHEL (TRE CHED) %1k
5. ANHOEAFNE LT [HEE CBIOME 2 T X — L HilO 5 5ETR
MOT 2] 205500 BH 5%, ARTIRIER CHELEOWERRAT X —1
TRED SHETHAT B b DML RS, RE LT, HkECHEOL
B3 [ CRREH D W TSR A 5.2 5.

0. INTRODUCTION

Ve R B X BT O — BT b, EIT R T O IR A e AREUE &

S TH S, ERHZFZERIITE D AHIZ & 5 T von Neumann B & CFERIZ KAl
INDH, KFETIXCHREZELS. CHEREIZIARMIIZE 2 involution & SE4H
mINVLERD CRETHS. HlxiE, 47518 M, (C)Hilbert 25, H E®
BRI FED R T CH R B(H), 2237 NEM X O Lo RGBSR
C(X)ZCYROBITH B, Z DD BfAkplZ2 BIEICHET 5 Z L I3FEEIHR
MIRE & 72508, BUETIIR % 72 CYEROBEEGEVPI o N T WS, HE <D C*
BRAMKT 2 HEL LT, X - VHFEZHWSHERH L. =X — Vil
P SRR B CHER (FRE C¥BY) DFIZEI Renault[12) 12 & - THhD S, B
TETHERRAZ IRRFEHE T & o CTHifE CHROMZEM TN T WA, filZIE, [13]
TIXHAE CH B O T X — VIl Z RN S 5, & WO HHOKIRMABF ST
5. i, #EECHROEMMEICOWTIX [B], BRI OWTIX (1] T
I TNV5.

AFETHN T DERICOVTHHT 2. 1B ORfle LT, 220X —)b
iR Gy, G ITN U, ZOHR CHEAHETH 251X G & Gy WRBITH
5L \WVS EHNR oD (IEMEZ EIRIK [I3, Proposition 4.13] 22t &).
BR% 78 CHERDVHRE CH¥ER e U TEBII NS 720, Z ORI CHERDIEA W b
Yy ZIZHI T WS, FIZIE, DFERP OIS N5 CHERP LR S
KEND CBROMMTIINEAL HEXBMRTHS. ZD LS [13] 13HE
TR THBA, [0 Tld (3] Db e U THE CHEDOREL L IZR S 7
WHERIBERE K- 7-. $abb, [13] OFROMIE CHROFRBIEGH 5
R = VHEORM GG EZ LT 22 TH DD, ZOFHEN CHEROFER L
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EBR S R WHERIBI BRI U CHABETH L I % U TRUZ. ZORAL
LT, HECHRD L H 5 HARBBENRT X —)LVHEEOH AFRBEE L 1-cocycle
OB TRBRTESZ A2 RUL. Rz, Hift CHRANOBEATH > TAEA
BN+ REVEDIE, REMIZATHEEHTH 2 Z AR RLr o0 5.

AREORRIZ DOWTHRARS, £, TX—IVEFCHE CHERIZDOVWTESR
CEARNRMEE 2R, Z0%, EHEORE U] OiFRe, FEHOME%E
BB, mEIZ, FEHOHESBROBEIZDNTIHNS.

Acknowledgement. A#f5¢i% JST CREST Grant Number JPMJCR1913
& RIKEN Special Postdoctoral Researcher Program DBk % 51772 % D
T9.

1. YEff

AETIECHRE DX —IVHEMOERLHIZMENL, =X —IVHEFPS CF
BREMET 2 HIEIZDOWTHRRS. CHERG % & OIEH R DWW T [15)]
(@) %, TR—IVHIEEE fRE CHBRIZ DWW TR [12), [14], (1] 2208t L.

1.1. C*BROEZ LB, CHROEHR LHIZHNT 5. ML 18] X [@) 25K
k.

RHMEFZE 2 1E, C*R & I3FE & involution % i 2 7-#33% Banach Z2[H] A T,
FBROEMZATZTEDODI L THD. AETIIEHLREEZ5 250D
iz, BARBIZRENT 5.

Example 1.1.1. X ZFr3a /87 hNDU ARV THEFET S, C(X) %2 X
EOERLMEEG R R E» o BAEL TS, fe CX) MWERETHA
L, EEDe>01T5U

{z € X|f(x)] = €}

NAVNRT NERIZRBZ 2T 5. ZOLE, Co(X) % X EOMIRETHA
LGB ERN O RBEALTH L, Co(X) X CHRE RS, FEE, Co(X)
FEETOHEIZL>TC R MVEMEBEOBIEZFED. £/, Cy(X)
® involution IFF M TOEBHBZIZ I >TEES. f € Co(X) D/ VA
|f]l == sup,ex|f(z)| LEDSND. MLEDHEEIZ LT, Cp(X) & CHERE
5. Co(X) DRENAEMTH B Z L ITIEEE L. £z, [LEOAH CHEEH
Co(X) DL LTHRLNS Z & Gelfand-Naimark DEH & L THISNT
W5,

Example 1.1.2. H % #3% Hilbert 22 & 5. ARAMEIEHZ 2K S 7%
584G B(H) 13 CrERE 45, EBE, SRTOERIZE>TBH)IZCAY
MV RS, £, BBROBKIZEL>T BH) OENEEXS. B(H) D
involution |&H FAREAEHE D adjoint IZX>TEES. £72, T € B(H)
D/ IVAF|T| = supyy <1 |Tz|| THB. LA EOREEIZ L > T B(H) & C*
BRrihd., H=CrOE&E, B(H) & nRIES{THIN S22 58 M,(C) &
A5, £z, &2TO CHRY BH) OMAEEL UTEBTE S LN
Gelfand-Naimark DE¥H & U THIo N TW5.
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HGRIIZIZ B(H) DN BRE2HEZ 52 L TETO CBRAEKRTE 54, Z
DAHETHHBAEIZ CHREMKT 2 Z N TH L. TDD, CHEEHR
DS TIEkE % 72 CHEROEIENE 2 51, TOMEIFTONTE 2. AR
TIET R —VHIER S CHEREMR T 2 HIEICDOWTHIAL, =X —)VHiffe
CHERDOBRIZ DO W TS T 5.

1.2. TH—)EBEOEHEEH. =X —IVHEHHEOEZLHZ2HNTS. L
& [12), (1], () &2 S L.

ﬁﬁ? IMEEHLEWRTIE L 728E&Th 5. dBEE— M BT %2 SRR
b, MAMWIZOAEBRINIZBER DL WS CHEZRIEL & TH 5.
ﬁﬂ'%‘ﬁ’\]ﬂi&i, HEEL X (R TCOHPAHTHE LI /NE] LEEINS. K
FCIEHERIZOWTU FOREE A5
IkmmanmLﬁﬁaﬁuT@4oﬁ«1d%¢m#6aa

(1) Bhimh 5x 24848 GO C G,

(2) domain map & range map d,r: G — G,

(3) () r(B) 75 a,Be GIZXL, %@ﬁaﬁeG,

(4) a € GIZRL, ZOF Lot € G. 272U, #id ala = d(a),

aa‘ =r(a) 279,
0) %2 G @ unit space & IT3.

Definition 1.2.2. G ##iff L 9 5. & W02 05 E4H fﬁ‘{fvﬁkﬁéﬂi‘ﬁ
% GOMHATWAR, G2MAMHEREIES. 72, d: G — GO MRATFEME
Bfgr it &, MHERHG 2T X —)VHBELIER, 72720, d D EEHEE
@T%é&ﬁ,dﬁ%g@ﬁ%of,%aeGKﬁb%éa@%ﬁ%UcG
PHEIEL dly WMEANDFREE/ LB THS. ZOHE, r BRMFENEE
@amézaﬁm®:dm4)am5@ﬁaﬁm%m55@#ﬁm@%5:
EIroningd
T X — )VEREIA AR & B 2 B DS TH 5.
Example 1.2.3. G = GO 27z 3= & — VIR, ATAHZER & S0l 72 i

TH5(Z @m,ﬁvLmiawtaé)ik,ﬁ®#1£%Aaaéz
2 —)VHEEL, BESOREE EMAME S TH 5.

0%z, BEEEEOMMZEBANDIERPS T X —)VHiH 2K T 52 &
MTE5.

Example 1.2.4. T Z#t#HE, X 262 E L, 7: T~ X 2/EHE T 5.
EA
', X ={(y,s,2) e X xI'X |y =75(x)}

BLZDEE, I, X BUTFO LS X —VilifoME 2>, 7,

unit space 1£ (I'x,; X)) = X EbSENDE. 22T, HGf
Xozm— (re,x) eI, X

WE->2TX %2 x, X DHEREALE—FLTWVWS. domain map & range
map Z ZTNEN (y,s,2) € ' x, X ITX L.

d((ya S,CC)) = .%‘,’I“((y, va)) =Y
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LEDD. HdmidzhTh

(z,s,y)(y,t,x) = (ZvStv‘T)v (yatvx)il = (‘T?tilvy)

ko TEDONS., INSDREEIZE>TIx, X IZHEREE D, EREAMHE
DI FFIZ L > Tl x, X IZZT X — )Vl L 72 5.

FOHITIIEEAD S T X — )VHifEZ R L 72, &0 —#I, WEEOE
Ao T X —)VHREEZBKT 22N TES. B, £TOITX— VI
HEHOERA» 0/ NE. TS DFRFERIZDOWTIE [I0] X 6] 22 K.

AT, TX—VHEFEE>5RAMAY NI bNTARNLVTITHS I
CEINET D, ZOREIE, TX—I)VHEEEOEGEESEEICFETHI L
ZIRFET B 72 DICHEFE I NS (FEBRIT, AR2ETld Urysohn OFfiEX> Tietze
DILREH IR EPBE AT NDS). —FH, N7 ARV T7HEIEE FEWRE
THY, EBIINT ARV 72 I 20T R —)VHER T EHRICE NS,
DA RN T TIRNT R —)VEEREDHL D N2 DWW TR, 1] [6] 2 2HE K.

1.3. B C*ROESR. AHiTIIT X —IVHiEE» ORI N5 CHER (HfE C*
BR) DEFRTDOWTHIAT 5. BEER & FRRIC, HifiE C*ERD convolution algebra
EMOTERS NS, DT, TOBEZHHT 5.

GZRfa vy /N bNT ARV TIRER—)VHiffET5. C.(G) 2 G LD
IV MR- bR oEREGEBRE»r 0w RAEL TS ZDLE,
Co(G) IEBHTOEHBIZ L > TRY MVERE RS, f,g € C(G) IZRL,
convolution f x g € C.(G) & involution f* € C.(G) ZZNZH

Frg(y)= > fla) (v) = f(y"")

af=y

CREDD (12720, yEGTHB). fxgWEBRIZC(G) Dt LTEESZ
CIIETIEHHTH 50, TX—IIVHBEOMEE2HAWCITHT 2 Z TS
% ([1a) 72 &2 2iEE K).

ZDESIZUT, C.(G) IF*-algebra(involution % fifi Z 7= C X)) £ 72 5.
B C(Q) ZY 70 ) VTN T 5 Z & TCHRVBBESND D, VLA
DEVCHIZRIZIE—E TRV, FIZHWSNS /)L Al reduced norm &
universal norm @ 2 fEFHTH D, MDD/ NV LAIZOWTIHEFEEES GO TIEH
AR THS. AT, reduced norm & universal norm L’)L\'C:ﬁﬁﬂ'ﬂ"é.

%9, G D reduced norm IZDOWTHHTS. z € GO zxL G, =

1{z}) LEL. ZDLE, dVEFAMEHRTHEZ NS, G, (ZHERE
BB Zebhb. 12(Gy) %

ﬂG)—{fG-%C

> ot <

a€Gy

LREDD. ZOWE, 2(G,) 1 Hilbert & 72 5. KT 2(G,) DWRE%E
&,m e ?(Gy) 1T/ L
(€)=Y &a)

a€Gy
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LE (NRBESIETH D Z LB L), [ € CuG) TR, A(f): 2(Gy) —

2(G,) %
> fla)s

a€Gy(p)

Lo TEDD (ZIZT, §5 € P(G) X BT, TDMTO LARZEHTH
%). FLEDELAL RIZED, D € P(G) 1T LTIk N (f)E = fxE X
BB LITHEE L. A (f) IERRIUIERRIC LB Z bbb, B
Ao Co(G) = BU2(GL)) MESND. 51T, N, 13 & ROUERBIE 4T 7
ZrHbhb.

ZZ7T, CG) D reduced norm ZIXD K S IZED B.

Definition 1.3.1. f € C.(G) IZXL, f ® reduced norm %
/1l = sup [IXa(£)]

z€GO
LD, L, FLITEND 2V AIE BUA(G,) DIFFZE ) VLA THS.
Ce(G) D reduced norm IZ & 256 bz CF(G) L FHZ, HerHHE C*ER (reduced
groupoid C*-algebra) & .35

Ifllr < o0 ZRTDITFHEFOHMPLETHS. HlAIF B, Lemma
5.6.12] = HE K.
YRIZ, universal norm (2D \WTEHHT 5.

Definition 1.3.2. f € C.(G) IZX L, f @ universal norm %
1F 1l 2= sup]i=(£)]

EEDD (12720, HAD sup 3L TORH 1: C.(G) — B(H) X UL#E 2
TW3). C.(G) D universal norm (2 & %5k % C*(G) & ;
C*ER (universal groupoid C*-algebra) & IE.X.

reduced norm O & [FBKIZ, universal norm %* well-defined TH 2 Z &
LIEEPTH 5. [3, Lemma 5.6.12) O Rz dH 2 i E2 SR L.

EHBDS || fllr < [|fllu PMEED f € C(G) ITHUTHEY LD, f£-T,
Co(G) LDMEFEEHIZ ¢: C*(G) = CHG) &\ WS BRI GEHITHER I N 5.
g EFTH S Z LiE CHERO—MERP o /DD, —MITHEHTIERV. G
PENE &\ D‘HE ’3’:%’) EE, gVHEHFTHD I D ([3, Corollary 5.6.17]
SRR X)), WER D72, ¢ DEHTEIR G ORUEMEEE L LIFRS 0.
Dk 7;151—11/%% G OFNZDWTI [16] 22 &k, £72, G OHREHE
P& C*(Q), CHG) DB & WS HEEDFEfETH 5 (3, Theorem 5.6.18] %
ZiaE X).

KEOmBIZ, GO PSEE S CH(G) & CHG) DFEIRDBRIZ DWW TH
B4 5. GO c G314, Lemma 8.4.2] & &E%Afa‘oéf (EBIZ 13 12,
Lemma 8.3.2] X WHTHH3), HRZEAEGHK C.(GO) C C.(G) »ESN
5. ZOUEEHIFCH(GY) C CHG), Co(GW)) c C*(G) Ik x5 (14,
Corollary 9.3.4] % 2t X).
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2. FEH

HIfiClE T X —VHiEE G 6 2 FHO CHER C*(G), CHG) ZHERk L 7=.
C*G) X CHG) D C¥RELTOMEE =X — )Vl G OME & ORFR%ZH
RBZEN, KGEIZEIT 2 EARNLHEE#RTH S, AHiTIE, #HEECHER
Lo HERBINT X - )VHFEOSETHRA OND 2D DFMEITDOVTIHRET
5. BARMIZIE, HiRE CFER EO* HEFI LAY unit space b EIRER % £ D
oI, TORMERMIITR-IVFEHOSETHRTESL L VWHIEHDHEE
G IZDWTHIHT 5.

2.1. BWEF C*RED*-EREDOHEHK. 9, #HME CHEREO RN T X —
NVHEED ED & 5 BBEEP SRR S N B 05T 5. BN AZEHESED S *-
YER L 2 K9~ 5 HIRIZ D W TERBH L, IRIT cocycle & BREEDUER] T2 5 * HE
AR T 2RI DOWTEHAT 5. Bl &kiE, =X — ) VHfHIREFI Y
NI MNTARNVTTHEIERIRNET 5.

Definition 2.1.1. G 2T X —)V#E# L T5. F c GO BNRLETH5 LI,
FEEDae GIZNUd(a) e FIRoldr(a) € FBHRDILDIEETE. ZD
YE, Gpo—d\(F) L #<.

FCGOaREREEGLTS. ZOLE, Gpld G OMMIHR 05,
GO —FehaziziEt k.

AELHAESIZ, AT XS T+ HEFT 23583 5.
Proposition 2.1.2 ([I4, Proposition 10.3.2]). F ¢ GO # RELHES &
5. ZOLE,

res: Co(G) 3 f = flay € Co(Gr)

R E 0D, 7z, ZOBHREBEHN-HERM res: CHG) — CH(Gr) &
HET D,

RIT, TR —)VHERED cocycle & HEFRITIA HERE X 4 2 ¥ HEFBRLIZ D W TRl
B4 5.
Definition 2.1.3. G Z TX —)VH#iffe U, T 2HEAREL T5. @i dEq

Ble: G- T%, GEDcocycle EIER. F72, G _ED cocycle kD575
Ea% Z(G) LB, Z2(G) RERTOREIC &> THHBEE 75,

Proposition 2.1.4 (cf. [8, Proposition 3.13]). G & H # TX —)VHifEL ¢
5. ©: G — H zRrRMEERERLE U, ce Z(G) &35, £/, A
GO ECHEHTH -2 RETS. E5IT, vea: Co(G) = Co(H) %
pea(NE) = > ela)f(a)
aed—-1({6})

LD (172U, feC(G), 6 € HTH D). ZDI, ¢.o: Co(G) — Co(H)
(TFHEFTL L 70 5.

Remark 2.1.5. EidD ¢ 73 CH(G) LO*-HEFBLIZHLRT E 2 LTS 72
W B, G EIEEZEERE (B AE, B2 L Lol R YY), H %
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HEARE L U2 oo DVHEREL o, o0 CF(G) — CHH) IZHEREIND Z
LlFimn. TiE, IEREIERE ORGIRE CHERDY L IRTTR B2 Rz WO
FE» 5355 (B, Theorem 2.6.8] ZZMEXK). —J, ¢co % universal AT
CHER ED*YERM . ¢ C*(G) — C*(H) \ZHE5RT % Z & 13 universal norm
OHEELDWOTHHHETH .

UEXD, CHG) RIRIZEZRTEH0E I PEREVPDBETIEH 5D, AE
PSR, cocycle & HERFDHEE T S* HEFIUZEL Z L AT E /2. IREIT
E, ZOLSIZUTHEONS - ERMORE O 2 FEHE UTHNT 5.

2.2. EFEHE. FIHICIE, AEREASESA, cocycle & HifiFDHERRIA & * HE[F] £
KT THRmE 2R L. AHiTcld, Zok5I12LTHESN D> HEER
DR %2 FEH L LTHNAT 5.

F9, EEHIZAVWONIMSEEET S, 5I&kE, =X VHEIXE
FRrayv /87 hANT ARV TEETHDE I EIRET S.

Definition 2.2.1. G # TX—)VHliffr 3 %. G Meffective TH B L 1L, GO) =
Iso(G)° WD NLDZ & & T 5. /272U,

Iso(G) :={a € G |d(a)=r(a)}
TH O, Iso(G)° 1L Iso(G) DR %E KT .

GO C Iso(G)° IMEED T X — VHlifE G IZN U TH D D728, KA
WaE GO 5 Is0(G)° B effective D ARE R RARETH 5.

Example 2.2.2. HBTRWEEEEE D 1% effective TIZRW. 72, G =GO
&7 T X —)VHlifE (ie. FAT3 VX2 N2EM]) I effective TH D, —fMIZ, &
a8 NER X ~NOBEEER 7: T ~ X 128U, 7 BMHEMIZEBET
H5751F, T'x, X iFeffective THD. TIT, 7: T ~ X DA H
ThbElE, LEefbht

I'y:={sel'|rs(z) =x}
WHPE 2D E 57 e X WX THEICRDZ L THD. £/, T PAIAT
HBENETSH., ZDOLE, I'x, X Weffective THE561EX7: T ~ X 1Xh7
*ﬁﬁ"]bi@ﬂﬂf“%é ZHE Baire DA77 3V —EHNSBHITHKD.

EEIZE 2 1E, effective 7 T X — )VHEEREIZBEEGHED S D2 T BN /- = & —
WHiHETH B, effectiveness ZIRET 5 Z & THEEHEH kD K% JER T 5
TN TE B2, effectiveness IXHiRE CHERDZEIZE VT LUIXLITAWVWS
NLIETH 5.

KD 1r: T~ X AT 26 & FARkIZ, %< OEMAFIZE T X —)Vi
BEDLZEAREZIZEA L HIHE 0 5. %5’5‘3, I R — )LD effectiveness (2
DWTIRD Z D SNT WA,

Proposition 2.2.3 (|13, Proposition 3.6]). G Z# TX —J)VHififL 45, z €
0k,
G(z):={aeG|dla)=r(a) =1z}
LiEL. ZDeE, G)={z} 2552 GO NGO THETH I 5T,
G X effective THD. F7-, GHE_MHTHDH51E, Wb LD,
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AMROEEHIZOVWTIHERSE, G HEzTX—)IVHifEE U, H % effective
95, £9, TX—IVEEEG T USRI HRE CHER CF (G) & T Doy B
Co(GO) DR SN D Z LICHEE . ROEEHIX, Co(G0) % Cy(HO)
W2 & S A HEF Y A3 Proposition 212 & Proposition 2214 0 *-#E[H] I D
BRELTHRoND Z L& ERT 5.

Theorem 2.2.4 ([0, Theorem 2.1.1)). G & H # T X —)V#ffE L, H
effective TH 2 LIRET . £z, *HRAE o: CHG) — CHH) IZTHL,
O(Co(GONMRCHH) Iz FTLELTEENTWEET S, Z0EE, £
ZREEE F c GO, cocycle c € Z(Gr), RrFAMZMERMEGE D: Gp — H
PHEIEL,
o(f) = pea ores(f)

PMEED f € C(G)IZH UKD ILD. ZIZT, res & o 1EENE 1 Propo-
sition & Proposition 214 (2N 2 * HEETITH 5.

PROOF. FEDEEIEIZ DWW TR S, £, Fc GO oK TH %0,
ker o N Co(G) = Co(GO\ F)

il IHEA F c GO L LTHRENS., 20X 5% F OFEIX, Al#
CHERCy(X) DA T TN X OBESGE 1N 1LITHRT I 65, F
7z, EHEHED»S FCc GO BRETHEI L 0D 5.

®: Gp — H OBV REIEEATH 5. HHilE CHEROMIED S T X — )Vl
HEOEE % FRER T 2 B % [13) TR I N T W B 728, [13] DFEf % W2
ZENEELRD., —F, [13] TIEFEIZ effective 78 T X — )VEEED b T
WBH, G X Gp 1% effective & 1ZBR 5\ 728, FEEICIZ [13] 12BN B Hiff
ZWR U OBPRBEL RS, FH#ld [0, Theorem 2.1.1] DFEH %2 S K.

BEIZce Z(Gp) THBHN, THid o & p1.9ores ZHIKT 5 & THEL
IND (772U, 1€ Z(Gp) ZREH cocycle & U T). 0

FRDFIATEIRAR L 512, GIT effective HEZ L TWARWEIZ A EH
DFM TN D B, £z, H D effective 24T Z L IZARATRETH 5.
TR, B CHROMO*HERBZHOSEDATHIRT 2 Z L IE—MBITAAEE
Thd(G=17)27, H=1/3Z DE5&EIREEZZK).

2.3. 5. AHITIXFIE O X EH Theorem 24 DR HIZ DWW TR AR S, F
12, HEREC*ER B E AR EM4IZ0 L Theorem 2224 Z2 il T 5.
9, B2 HET 5.

Definition 2.3.1. A% C*BR& L, BC A% C*ERET 5. Aut(A) % A
OHCEMEER» OB LT 5. £72, Aut(A) DEBEEZETNEN

Aut(A: B) = {p € Aut(A) | o(B) = B),
Autp(A) :={p e Aut(A) | BTDbe BIZHL ¢(b) = b}
LREDD.

Autp(A) ¥ Aut(A; B) DIEBEMARETH S Z 2ICERET L. A = CHG),
B = Co(G®) & L, Theorem E2Z4 ZGHT 5 Z L TIRORAMBESND.
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Corollary 2.3.2 ([I0, Proposition 5.7], [d, Corollary 2.2.2, Corollary 2.2.6]).
G % effective R T X —)VHliffL 5. ZDLE,

T: Aut(G) x Z(G) 3 (B,¢) = @ea € Aut(CF(G); Co(GV)

L U CORBIBGRTHS. 22T, Aut(G)x Z(G) 1 ERBMEH Aut(G) ~
Z(G) BT B HERMTH 2. £z, U(Z(G)) = Autey o) (Cr(G)) ALY
VDL 0T, WIFZ(G) & Aute o) (CF(G)) DRIOREBI T B EZFHET 5.

PROOF. FEHADEIIE 2R R 5. £3, U DS well-defined TH b, FEHEREITH
52 ERGMENEEGE PSS, U ORHENIEAHTH LA, Zh
i¥ Theorem P2ZA M SEBIZHES. 22T, RABEHIZOWTIEHIET 54
BHEAGF VRGO b Gp=G Ld I LITERE L.

BEDOERIT, [0 € Aut(G) D O|y0) 2T HRSIXE =idg &5 &
W EEPORKES. FEL K IE (9, Corollary 2.2.6] & & K. 0
Remark 2.3.3. Corollary Z32 2 D\WCHid %9 5. [10, Proposition 5.7
TIX Aut(G) x Z(G) & Aut(C(G); Co(GO)) OFEMA, GHWE_AHTH
BEITRINT Wz, [9, Corollary 2.2.2] Tk G W AR & IZR 6 R\
BIZH ZOFMBHPEL W &2 L. Z(G) & Autg, (o) (CF(G)) DA
TdH5Z Ll [m, Corollary 2.2.6) THOLNAERTH 5. [4, Corollary 2.2.6]
Tl topologically principal &\ 9 effective & D 5EWHEE%Z G IZHE L TV
20, FEBRTIX effective TH3TH 5 [1].

24. SHEDBRE. SHBORLIZOWTIERS, Corollary Z32 12 \WT, B
oD [F

Aut(G) x Z(G) ~ Aut(CH(G); Co(G?)
HEoNz., — I CHROECRMEE 2R T2 Z L IXREECH 5720, Z
DFEEE CEROE QRO I EERFERND 2GR LLHEZONS.
2T, EORAMEHWT Aut(CHG); Co(GO) D BARMK 23 H PRt LT
OlEEZTARD Z L WBZEORETH 5 L EHIFZZA TV S.
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Pearcey RIZ¥3 % WKB D Borel f1D
EE TN NS IAN
WH R (HAKRSE BT

1 IZC®IC

Voros [26] 12 & D B4 S 7-5248 WKB f#ffrid, 3212 2 FED Schrodinger B O HE 77
FHEUTH T 2 O KB 2 E 2 IS 2 DI THEMNRFETH 5 2 L2315
NTW3 (16, 23]. BT, 7 7 XX —REMERH LR & &7 HifR oM & OB
HH M Tn3 [13, 14].

2] Ti&, 2FED Schrodinger RO H T /TSI S B Voros #EH AT [26] 23, @R
FRfERT OBRD SRS T WS . GEIFEIROWTA LR S, 7, TR AR T
V¥ v VEFFD 2D Schrodinger O E M RN E, HIZ D D RUEMHE T, RE7R
NI R =& ED Airy TRENIERCEIRT 5. ZoEHUCHN 5 B, &
R ERZHVWS Z 8 TIESET 2 Z e TES. U, KER AT A=K &
D Airy FIEUTHTT 2 WKB D Borel 2413, Gauss DERMEKETEIT 2 Z & ZFE
S %. 2 LT, Gauss DERMEEDE /AT HWS Z 12X D, Voros D#EHEAF
ZaERH S 5.

2] DFEERTlE DIz Gauss DFERTEHE D T X —&1F, Schwarz DV R b [24] 12
FENTWS. ThbE, Airy FERITH T 2 WKB fi#D Borel 213, 3 XOREEHEL
ZPHOWTRTZLATES. ZOMRKRZIGHT 2 Z 2T, Airy FEERUITXH T % Voros D
Bt v X%, Gauss OEEMHEZ W REEEZHWT, 552 23 TE 5 [5].

[18] T, 2 Xt Garnier 7B X T Z O EMBE TR ORHREIHHm I TN 5.
RRZ, LH(5) & Airy TR Z 2 Z2BITHRR L2 RICHE T 5. ZDRIE, Pearcey R &
X B AR D T RERNR & FiTH 5. Pearcey RIIXTT 55848 WKB T,
#E[9, 10, 11] RUARZ-FE-TH [12] 1 K D EBHRNCHZE S ATV 5. KR, [9, 10, 11]
T, Pearcey %3 & U2 DEFIEIRITHT 5 Stokes i (HIFR), HHi Az 0%
RINTWS. £7z, Pearcery RIIMVIEHD 1 D% [EE T % &, Berk-Nevins-Roberts
7)1 & o THIFE S N7 3 FEDMALIE M /7#20 (BNR ifER) 7 5.

AFHEHTIX, Pearcey RICXT S 2 WKB 2D Borel 2153, 4 XROREEHE D —KEEE
ELTHRINCE T 2 Z e 2N 5. 2Dk LT, Pearcey RICH T 2 WKB fi#id
resurgent [8] TH 5 Z & b\ 2. £/, BB OMNEANLEZE 2 5 Z £ T, Pearcey
RITNT 5 WKB D Voros O ANKDBEHNE Z & Z2ibR B,

2 Pearcey 20D WKB f#
ARHITIE, Pearcey RICHTT 5 WKB DRI OWTEHAT 2. nld KERF
X—=2e L, ROWREETZE R 5:

u = /exp (n(t* + 2ot® + a1t)) dt. (1)

Z DFEINE, RERST X — X Z D Pearcey f57 L XN T WS [10, 22]. 7272 L, f&
T EEIHAR T BB ST TR T 5 & S I EZR P LB E LS. Pearcey BT,

* T 274-8501 TIERAMETTEEE G 7-24-1
e-mail: uchida.shofu@nihon-u.ac.jp

AW, AARELR GE#RY) MOIARBRER (D#8RY) & oFEPTEICED <.
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RERNT X =R{FED Airy FEH77
/exp (n(t® + xt)) dt

D BERZIER Y BT Z & 2T E 3 [18]. Pearcey 7 1E, XOMRAURM D R %
7z [1, 10):

Quu = (40} + 2n*w90, + nPx)u = 0,
Qou = (n0y — 07)u = 0.

722U, 0, =0/0x; (i=1,2) &5 5. ZOMEURMD AERXRZ, XROBERM S /R
KR L FMTH 5 [18].

(2)

le = (48182 + 27].’1}281 + 772131)w,
Pyp = (405 + na101 + 203205 + )Y, (3)
Pytp = (ndy — 05)1).

Pr=n""(Q1+40:Q-),

P2 = 7’]_201@1 + (477_2622 + 877_28% + 2[1’)2) Qz,

Q1 =nP —40,P3
iﬁ)ﬁ D YLO ‘EEJJE;?Z LT, P2 = ?7_181P1 + 2 (277_182 + 1'2) P3 iﬁh&\ D ELLO

PR T EECR (2) © WKB ok ME L, B [9, 10, 11] B X UOARZ-H5-

e 12 1IC & o TEAPNCIHZEINTWS. LA L, A (9, 10, 11] % [12] 234 L
EolBIRDPOEZ L. BIRRNCIE, n ZREBR AT X =K TIIRL, (BFR) i
LTEZS. 2ot %, BBRMD TR (3) 1& subholonomic [15] TH D, Pearcey
B (2) TRl

qu = (3!17161 + 21‘282 — 4778,7 — l)u =0
bz 3. ZDHFERIL, Pearcey B DA XML DG5S, 22T, HER
P4'¢ = (313181 + 226232 — 4T]8n — 1)1/1 = 0 (Q3'¢ = O)
EHEURM o T ER (3) & 2 B b A REM T TR
EZDL. ZOMERMS TERR 4) %, D-IBEOHEGREH WS 2, XD XS5 ITER
b2 TES. DIFER (21, 20,n) TERSINS Weyl KRB L, TE P, (k =
1,2,3,4) TEREIND DDEATTNE TS, $7, MIZ [ TERIND L DML

95%5. 3bb,
M =D/I

Y55 VT F—REDOT LAY XA, 21] ZEHTAZICLD, RPFEAT
x5:

Lemma 1 ([5, 6]). /& D-IBE M X, rank 3 D holonomic RTH 5.
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RIZ, M D WKB 2t 5 5. #BHRM D TER (4) OARFERE w 1R LT,
S = O1u/u, S = Oyu/u

B ZorE SMW SO E Qu=0 (k=1,2) &b, ROIEFEURM D T ERR Z
7=

nS@ — 9,80 — (SW)* =0,
Z OIEEHREM I TR AR O i,

{ 4 (SW)* 4 222,50 4 pPay +125M8, SO 4 49250 = 0,

SO = g (x1,22,M) ZS (x1,22)m (1=1,2)
j>—1
LWSEERRELTRD 2. T3, SO D leading term S = ¢ 13 3 AR
4C° + 225¢ + 11 = 0 (5)

iz L, £72, SV (5 > 0) BEESY (j > —1) &, KoMt z#ET Z L hb
%

1
Sél) = —581 lOg (6(5(_11))2 + 1'2) s

n_ 2 3 (1) o)
%= 6(S"N2 + 20 \ 555 5
-1 2\ j1tjet+iz=j—2 (6)
—1<71,72,73<J

+3 Y SYasy + s, | (>0,

Jitja=j—2
—1<71,92<y

2
(59 = (s0),
, y<'+1 )1 ; X (7)

L7285 C, WLt (6), (7) BT (5 )%eﬁﬁmz):u:ot b, AR
S(’L)’ZIS( xl,l’g, Z S LUl,.ZL’Q j (Z: 1,2)

j>—1

AR T2 TES. 2L, S =¢ (=1,23) L, ¢ ((=1,23) 13K
BERAG + 202+ 2, =0 DR T 3.

Lemma 2 ([1, 10])). 1R w® = SW-Ldn, + S@tda, \ZEAFRTH 3.

1, 10] T3
—1/2 (m1,m2)
Y =mn"""exp sz ) w (8)

% WKBELIEATWS. ZZT, (a1,a0) € CLIHEMICEEINHTHS. LoL,
o WKB fi@ORERLTLE, 2 M0 H R

P4’l7b = (355161 -+ 21’282 — 477677 — 1)1# =0
EHOWTOWZRW. BEXNEEZIGES 2 &, ROGEHTE 5.
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Lemma 3 ([5, 6]). w\” 13 w® @y (j=-1,0,1,2,...) IKBIT 2L T3, 2oL
X M D WKBFE Y, 73 Pypy =0 %0725k 8

1 2
/w((f) =3 log (6 (S(,ll)’é> + m2> +C 9)

¢ 1 1,0 2),0 . -
[l == (3nsP +2m8) (521,52 0) (10)

MDD Z LI EF G THE. 22T, C BEEERTHD,
/ WO =3y / e
j>-1
THs.

Lo T, ekl Lemma 3 1IZBWVWTC, C =02 LzdD% M D WKB f# & FER,
M O WKB f# 1, (£ =1,2,3) OFRREZREIXRTEZ 51 %:

n (1), (2),¢ ,

exp <— <3:E15_1 + 2295 )) —j

_ 4 _ n (1), (2),€>

Wy = Y 73 €Xp -E>1 I <3x15j + 2255, . (11)
(77 (6 <S_1’ ) + :U2>) =

3 ZEHDE¥ StokesES

AEITIX, M D Stokes G236 ROMRBEHEZHNTEIT 2 Z e Z2@iHT 5. MIZ
W3 22D D B XU Stokes B DERZ, [1, 10 THZSATVWS. 3, M ITxd
BZH DRI OWTHENT 5.

Definition 4. (,k € {1,2,3} 13/ # k27335, H7=(1,7) € C?HBMD
type ((, k) DEDL D HTH 5 &3,

DR DD THAB.

TRTD type DEDDROERZ T RS, ZOT % MOEDLY REA LR,
EFRED, TI1E3RNAC + 209 + 21 D (CWCBT2) HAHIRKOFLHESLEFE LV L
b5 (1, 10):

T = {(x1,75) € C* | 2725 + 8a3 = 0}.
Iz, Stokes BEEZERT 5.

Definition 5. K7 = (11,72) # (0,0) & type (£,k) DEDDHRE TS, k7 Z2idd
Stokes B & 1%, RORTERSINLHETDH 5:

Im/ (w(_? — w(_k1)> = O} .

HH S, % type (¢, k) D Stokes I & WS . F72, IXRTD type DEDL DT €T
B35 S, DFIES%Z M D Stokes HEHEWVWW, S & FRT. Lemma 3 ZFH WA Z &I
XD, RZAHT 2 Z e TX 5.

S, = {:L‘ = (71, 29) € C?
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Theorem 6 ([6]). XD 6 XITERIC K > TERINZ2REEEE F L35
16F° + 3215 (2727 — 23) F* + 1622 (2722 — 23) F? + 22 (2727 + 823)° = 0.

oy E,
S = {(x1,29) € C*|Im F(z1,22) =0}.

K2, SIECCoHDHEEL LT, FREBMEESTH 3.

CDEHICTED, 6 ROREEEEZ FIWT M O Stokes EEZHEL 2 TE S, IF
B LT, B RBEDOTT, SIEFRENESTH 2 ZepRENATVWS (11, 17] .
4 WKB 20 Borel Zi2 ¥ CE K

AEITIE, M O WKB fi#D Borel Z#0REEHED 1 K ETHIT 2 Z & Z2iiHd
5. M DWKBE &, n TREHT2ERXRDESICEHETS:

Y¢ = exp (nwy) anjféfj,e (71, 22) (£=1,2,3).

j=0

72z,

Ty

<3x151 + 2258 )

»Jklb—

1
2

fou (z1,29) = (6(5(_11”)2 + x2>
5%, MO WKB RO Borel Z#1% oy p £ KT

fje $17$2 §j—1/2
Y+ w .
Z LA

ZR (21, 10,y) TEFRSND Weyl REUZ Dp &L, P (k=1,2,3,4) THEKEN S
Dy DEATTNZ g T 5. ZZT, Pop (k=1,2,3,4) 1% P, D Borel £k 5 %:

Pl,B = 48182 + 2$2818y + xlﬁj,

P2}B = 4(93 + xlalﬁy —+ 2.’13'2(9261/ + 8247

Py p = 9,0, — 07,

P47B = 3(1)181 + 2%282 + 4y(‘3y + 3.
Ip TERINDE DBt % Mp & 55%. $72bb, Mp=Dg/lp &3 5.
Lemma 7 ([5, 6]). £ Dg-IN#E Mg &, rank 3 D holonomic R T®H 5.
Remark 8. JI1XQy (k=1,2,3) TERZNSZ DDEAT7LEL, NIZJTERIN
i D-IEEE 35, £72, Jpld Qrp (k=1,2,3) TERING DpDEA T TNV E L,
Nl Jp TEEINBLE Dpg-IEtL 5. ZD¥ &, Nidrank 3 D holonomic ZTH %
A3, Np & rank 6 @ holonomic R & 5. 37405, NglZld 3 Kot DRRB L ENTFAE
3 5. J D monomial order n = 1 = 2 ICNT BTV T F—HIKG = {G1,G, G3,Gy}
[

G1 = T](48182 + 27].1‘281 —+ 7’]21’1),

Gy = 0° (405 + 1nx101 + 202205 + 1),

Gs = 7732 - 812,

G4 = 3]3181 —+ 2$282 — 4T]8n —1
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THEZoN3. Gy (k=1,2,34) 2SI nDETHZ 2212k, P (k=1,2,3,4)
N"EHNS.

M @ WKB f#® Borel Z#1d vy = —w, CFRERZEFS, u=u ({=1,2,3) 1%, X
D3RRz w77

256u” — 128zou” + 1622(927 + 23)*u — 27 (2727 + 423) = 0.
L7230 T, M @ Stokes E S1&, LOHBRKOREHNTRD X 512FHFT 5:

S = U {(21,22) € C* | Im (u; — uy) =0} .
J#k

Mp @ singular locus (&, 7'V 7 F —EKDOHE [21] ZHWS Z &I12&D,
{(z1,29,y) € C*| 256u® — 128zou? + 1625922 + 23)*u — 22(2722 + 423) = 0}
EEFD. IR, e iz +y D (21T ) IR OBAES L —HT 5.

Pearcey FE70 DikamIC R 5. Pearcey 877 (1) 1%, BBEH y = — (2% + 292 + 112)
PHIT Z 2I12& D, Laplace BT DIBICE XWX 2 Z e BT 5!

/ exp(—ny)g (21, 72, ) dy. (12)

727z L,

1
423 4 2002 + 1y -

g('rlax%y) =

1,22,Y)

L, 2= z(xy, 20, y) EHEKX 24 + 292% + 212 +y = 0 DR E T 5. Laplace HE77 (12)
¥ WKB f#®D Borel FIOTZIZBIT WS Z 2 KD, M IZH$ 2 WKB f#D Borel 24 1, g
g ZHWTRT e TE S N5 [1). [12, 25] TIE, m DEEEHTVWS &
X, (12) 1% (4) ® WKB f#®D Borel FlIZH BT 5 Z & ARSI NT WS,

Lemma 9 ([5, 6]). F# g 3XDOAERIC I D ERSI N2 RBEBE T 5

(4xfw2(36y — x§)+16y(:v§ — 4y)2 — 2736‘11) g 13)
+ 2(—8xoy + 225 + 927) ¢* — 8119+ 1 = 0.
DY E, gl Mg DIETH 5.

4R (13) 340D gy, (k=1,2,3,4) 2FH, 2O5id g +ga+ g3+ 92 =0
7.

Theorem 10 ([5, 6]). WKBfR®D Borel Z# 5 (€ = 1,2,3) 1%, (13) TEZ 3 K%K

R D—RIEETHET 5. FHZ, 5 FREEETDH D, oy 1& resurgent (Borel $#5F1R]
RE) TH 5.
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5 EHAR

AEITIX, M ® WKB f£®D Borel ZHDREERE D —XFEE THHRINICR T Z & 23
TEBRZ 2T 3. 20%, HHARICOWTHHT 2. M © WKB f#D Borel 2
E&Gi, ﬁ%ﬁ‘lﬁ@ﬁ?ﬂ%ﬁ P4’ng’3 =0 %ﬁf:j—o)f,

wé,B ()\lea )\2-2727 )‘4y) = )\_3¢E,B (371, T2, y) (>\ 7é O)

MDD, L7edoT, 2, A£0DE &,

T
(N (1, %7%3) = 21,5 (71,22, Y) -
N

DD D. Ko T, HILWER s, t ZHAT 5.

Y T2
(S7t) = “A/20  9/2 .
RIEATE

3 s’
pfzme%z (6:172,3) t£< x1¢€,B|t:0 %/ﬁs:pé"é)ﬁﬁﬁj‘% 87
21/6 o -
$1¢K,B‘t:0 — _\/3_71-6 23 Y s ) ) 1/2

7 omi 385 2mi
x(l—me 3Z<S-pz)+w€3z<8—p5)2+0((8—p€)3)>
2185, 72720, s—p,Dbranch iF, s € C\ {p} (£ =1,2,3) 1L T

—m<arg(s—py) <

E LTES.

—77, (13) TERI N MREEHE g 1%, Lemma 9 K D o p & FRREAXEZ RO
ZeDbhrd. LdoT, x1g(xy, 10, y) ITEE (s, 1) DB E AT 2 e TE, Zh
Zhis,t) ERTZ 2T 5. BHERFHBEICED, h=h(s,t) 1ZRD 4 XX Z /T
Zehbhrb:

(2565 — 1285°t* + 165t(t* + 9) — 4t* — 27)h* + (4t° — 165t + 18) h* —8h + 1 = 0.

(14)
JFERGEPFIC BT 2 RBIREL h @ branch h; (j = 1,2,3,4) ZRD XS IED 5:
]_ 4 27 2 27i
hl(S,t) = §+§€7TS+§€T7§+ y
ha(s,8) = = + 2eFs + 2ot
AU T3 Tt T g ’ (15)
1 4 2
hy(s,t) = = 4+ ~s+ ~t +---

hy(s,t) = —1 — 25t — 45> + ... .
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REEBh Dt =0 NDHFIREEZ D L, h(s,0) iEmis =p (0 =1,2,3) ICRRAT
DI bbb, REEE L % M s = p, TPuiseux BBT 22 212X D, s =p lTfBIC
B B REEHE h D branch hy)(s,()) (1=1,2,3,44=1,2,3) ZRD LS ITED 5:

(0 _ 1 —27p ) —1/2
h’l (570) - 25/6\/§€ 3 (pf S) +O(1)7
() _ 1 —2mge o \-1/2
h2 (570)_ 25/6\/§€ 3 (p@ 8) +O(1)7
S (16)
[
B (5.0) = =2 + Olpe = 9),
4—iv2
h(s,0) = == + O(pe — s).

72720, pe — s D branch i, s € C\ {p,} (£ =1,2,3) 1T LT
—m<arg(pe—s) <

ELUTESR. ROMEIX, ZhoDbranch D LS IZHIEL TV S 72 FERT 2 S
DTH%.

Lemma 11 ([6]). R D D :

h(s,0) = b (s,0) = b (5,0) = B (5,0),
ha(s,0) = hs? (s,0) = b (5,0) = b7 (s,0), an
ha(s,0) = h{¥(s,0) = b (s,0) = B (s,0),
ha(s,0) = h{P(s,0) = iV (s,0) = P (s,0).

7‘37'5L,8621U22U238L,

= {0 |0 < 0 < ps},
Yo = {0 | 0 < 0 < ps},
Yy ={c|0<o<ps}

3%,

g =hy/r1 (G=1,2,3,4), ¢" = h0[x; (j =1,2,3,4,0=1,2,3) B [wa| B+
TN EIWVE X Lemma 11 £ D
a=09"=g" =g,

3 2
g2 =95 = gi" = g,

g3 = g = gt = ¢!,

gu=g" =g =g’

i RIRVASN

Theorem 12 ([6]). |22| IF TN INVERET 2. ZDL =, WKBIRD Borel £
Yopld, ROKIBETELZENTE S

l

Yep=—=(—1)"" g —gq) (£=1,23). (19)

™

Q‘
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Theorem 12 ZHW5 Z 212X D, M 123 2 WKB fED (Borel M10) it N3
Bohs [6]. BRGNS OWTIEEEEFITHENT 2. 20 2 0 TRWERH cITHIR S % &,
BNR A& [7] & XN 2 HE 0 e

(402 + 2¢0, + ) =0

MEHND. ZDOEMITTTERD WKB f#iZ resurgent (Borel #8F1R[RE) TH D , Pearcey
ROYGH AR ERERGL I ENTES.
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TEBISATVEZFEALOAREOQS—DABICDOWVWT

B8 7 (CRAUR PR ZZ BRI 2T SRR

1.

ARREOEZIE, k<p+q TRUTEFEEINEMT 7 A< VLA
X =Grf(Cr) LD o aFERY—TH5. X IFFIv T MTHDY,
ZDIARED Y —ZE/-IFMERIRICD Frechét ZE[H & 72 5.

ZZTHWEZREZHHT S, WE, CM 2/5 (p, q) DAEMEGH&E

(z,2) = |zl + 2l = |zpsal = -+ — |2pg [

AT p+ g WEOERNS MAVEME L, FEMBS T 2<%
th X = Gri(Cr9) %

Grif (CP9) = {CP? O maximally positive 7% k RTG53 22 }.

LEDD. X XTS5 AT VERK Gry,(CPH) = {CPH D | IRoTERA 22 )
BT EHEGE L THESHREKDOEEZED. 61T,

X iZayvs k = q=0%7k ke{0,p+q}
X F¥akA VSRR < p=k

EiBHDT, X I, —&kiZiE, FEI VNI DI Y Rk VEES
A TH 5. BHY) —HTHLEAEMELI=X )R

G:=SU(p,q) ={g€SL(p+q,C):Tgl,,q9=1,,}

BRGNS 5 A% VBRK X = Gri (CP9) 12 BUE Rl p D HERS 12 R
T3. X IE G OWHER Y LT

Gri (CP9) ~ G/ Ly
5 63 [ FEEEGH - BRI AR YR D A, 20249 H 9 H (H)-11 H (),

KRR % v VN A - BELRL AR - K=,
R OBl —, ke Ri&, BARER.
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ERINSE, 22T, L ZROXRTEHREINDS G DHR/ETH 5.

L — S(U k) xU(p —k,q)) (0<k<p),
SUp,k—p)xUlp+q—Fk) (p<k<p+q).

k#£0,p+q D& &, X EDOG FAZRIERERFKIT N e Z THES
N5, Thbb, FEERIE L, D—IRLRE C) &

det*X1: L > (A, B) — (det A)* € C*.
Ly :=Gxp,Cy— G/Ly ~ Gr}(CP)

ELUTERTDIDTHD. X = Gr)(CP) ODEFELRRIKEL L TOREHE
EﬁﬁKXi*@ﬁ&fﬁwqbﬁéMé

T, =0 DEAIE G IEav X7 NEESU(p) &2 b, L2
Borel-Weil-Bott DEMIZ LD,

FO(A=—p—quwy) i=k(p—k)

(1.1) H5(X, L)) = {O i # k(p—k)

2:73:5 \__\_-TFG(KC(}]C) 6i£u)k—£( ceey ,07 O) %EE_‘_[%‘WI’T‘}\
h\/—’&\/—’

ptq—k

95 G DRI THS. Thl iﬁﬁﬂ(ﬁm%fﬁf% b, TDOWITIX
k ptq—k
NI (Critj—1) ei3.
i=1 j=1

PAFTIE, 1<p,g 2 0<k<min(p,q) &L, X =Grf(Cr?) &
Y= Gry, 1 (CP7) 205 2 DOEREMMEZFAIFIZHEAS. \peZ
IZRLUT, 220 G AZREAERREZEZ L S:

GXLk (C)\ ~ ﬁ)\ ,C“ ~ GXLp+q—k C“
i + l +
X :=G/L, ~ Gr(CP9) Gri g w(CP) ~ G/Lyg =Y

p,q>172DT, G=SU(p,q) 1FIEar "7 vTHbH, (1.1) DL
ELUTRHRONDMBPRGTDORILL, T X —XPREBUNRBER TV D
&2 AD good range ([14]) 72 61X, —MFw (Zuckerman, Speh-Vogan,
Beilinson—Bernstein fth) (Z & 0, f)’ﬂ D RSHEfEINTWS. —BEud
SRRoNSFHFEEMEL UTRAL TEL.
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e 1. \u>p+q x:=k(p—k), yi=k(q—k) £B<.

, 0 1# x,

(1) Hy(X, L)) = ,
SU(p,q) DRELL UTHN i =a.
0 L F Y,

2) HAY,L,) =
(2) H5(Y, L) SU(p,q) DEHE LTI i =y,

(3) (1), (2) ® 0 T\ cohomology 1% SU(p,q) DFRILE LT, HW
(ZFfE TR,

INT A—Z M good range DEIFHTIX, T >/37 b Y —FED Borel-
Weil -Bott ELD MR TTIK & U TR L 23T WEDFELIAE O 32> T
WBHEWZR B, LZAD, XNT A=K good range oA ND & G W
AR MNDGE (p=0 £721F ¢=0) OFRXCOIAFRER Y —%
e G »HEIVRT NDGE (pg>1) DFERIGTOIFRER Y —%
MeTIERERERVPES. Thbb, GBRarv T OEE (¢=0)
D (1.1) TEA>p+q DIREZESILT, HIZIEAN=p+qg—1,T 53
EETOWRBDAFRERY —DHWMLTLEID, G AT T b
DGEDME L TN\ u>p+q DIREZFRDTH 2 IR (HBWIE y IR)
DIAREBY—FT ITIFZHBL LWV, 502, (\v)=(p,q) &\
BRI X —RIZBWTIE, ITOREELBERNBEL B.

EIE 2 (Twistor Z#1). 0 < k < min(p,q) &5 5.

ZDEE, 200 Fréchet %2 HEPV(X, L,) & HEP(Y,L,) &0
Mz BRZ MR GEEPFEST S, 512, ZOAHEFMNEGIZ
G =SU(p,q) DERIZMEADKIEAEZEL > TWVWS:

k(p—k ~ k(q—k
fgka¢giﬁﬂglkx@y

2. WLBETLD S DB

Z Dffi L REiTlE, Kirillov-Kostant-Duflo-Vogan D #fiiE 1% D 8 5
oM 2 DEkRE BHET 5.
—iiz, G &Y R L,

G = {G OB 1= ) REORMEEN S % 5HE )

L. GG DAY YT EITEIENRS.
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—%, g% GOV —REEL L, BEERB Ad: G — GL(g) DKIEHER
% Ad: G- GL(g") £T5. ZorE, g-/Ad Q) IZRMHEAENE
DEEGERT.

Kirillov O#IEIEIE, 1 D DERIRTCREUIAIHE U 72 R AL #LE D 22
M g*/ Ad*(G) 2%, TRTOHH =XV REDRTES LHEVERN
HBENDIEDTHS.

(2.1) g*/ Ad*(G) =G

G PHEMEESY -2 51F (2.1) FARBEYH TH 5 (Kirillov,
1962; B [2]). —H, G S SU(p,q) D & 5w HflY) —#EOLAEL, 2
ZRVIH G RFERCESEINTWARND, Dl (2.1) DL
VN T Y 2 EERSRAE 2 SIF IN R 7-FEE T, functorial 7R 2 HH 1G5
NNV EIXEFEIZDZ->T, 2L OHEMRIZLE>THEMINTE /-,
Bl 20X, FHRAIRBUIEE DR AL AN D DDV HE L & F2EK
INTWE.! 20 XS5 ulH2 &80T, PEEEI=X )N G 0%
SO MRZ BT 5 H I 2Rl TV 5.

ST, (21) EWSHLA FAMIZTE)FET D ETIEX, ZD
RIEEHIE Oy = A" GAIZH LT, G OHZHEHNLT=2) KB 7,
DRGT B Z ik b. —h, REMATHE O, 121% Kostant-Kirillov—
Souriau DY VY TV 7 F 4w 2RI DYV TV I T 1w 7 %KD
RSEDAD, G ORBEEEFIZANAIN VTS, 5T Oy ~ )
X TV I Ty VERMRDBMAMEFILE BRI b,

BRI EL LTI,

Oy = Ad (G)\ — 7y = Q(O))
2 & o TRMNE 7L
Q: ¢’/ Ad*(G) --> G
Mgt/ Ad*(G) DEYRHAES ECEHRIND LHHT20TH .
LR, m— LYY BEDT AT OHIRSIEE A SR T & o THIS L, B

W (21) ILAINF— 22525 2 2T, BREEORH LW BbE 52 5 205 6
BHESHTNS (3)).
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3. AR E D T & 7L

G EE) —# D & X Killing form Zfi->T, V—K#kg &%
OB g* ZE—HTEIEDNTES. gt g, Ao Hy, ERIELTWY
&, REMAEHIE O, = Ad* (g)A T LT

O, DEM#E < ad(H,) € End(gc) XA AEET,
IR T OEAHEDFELL.

LEETHE, N AEMBBME L positivity & AT L E,
WM ABEMEBE O, = Ad(G)\ = G/Gy C g".
DR TAL 7y = Q(Oy) 1
O, ~ E%EﬁﬁﬁyzGéCyﬁ@A

~ Fréchet %fﬁ G m Hg(om [’)\)a

Okamoto, Schmid

=R YKH 7, of G

~>
Vogan, Wallach

LLTREoNns (FEL <X 5] OISR,

Bl 1. G MaV A2 hDE X m = Q(Oy) HERHIARIGEEH O
Borel-Weil-Bott OF§SIETH 5.

Bl 2. & D Harish-Chandra BEHCRFIERILZ A 73 regular 7> strongly
elliptic (& Gy compact b —FA) D& ED 1y, = Q(0,) & U THIK
TIN5,

ZZ Ty =Q(0,) 2P HR IZE X 2FHE O, D&% [ghy] &
BE, ROMEE2EZ 5.

B 1. SETER T4k Q 1% [gf,] LT A

] 1 ZEMEIZIRR B 72121, Tp 7 ] & \WVWo 7 IEH U % By &
FALIZBWTED LS ITH DAL ZIRD R ITNIE R SR WD, ED
FIDEZIE—MITIE No THB. HIZIX G Bav 7 DL EDH
BH72 1 ROeRBUL, EEHRIKTHIREL SRR TS B IHZRER R
DY DZERIZ HARIZEB IS (Liouville DEH). ZD LS54, NF
FHPAZ) KA 1 IERZ 0 E20, ZhiTkENT 2 PR
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BZ: ] r— A& LT, Eb—fiz, av NI B T7A4NN—%2%D G
MMER T 2 EEMIN 7 74 TV —vay

NS

AT 23R ET Y —DARY MVFIMBIET A ZIC&k o TED
LA Q(O0,) ~ Q(O,) bHFIET S, TD XD IZJKWERTa Y NS
¥ D Borel-Weil-Bott DEHIZIRETE % G A% “elementary 7%
[ WS Z iz b, TITH 1 2EELLT

2. BT E T Q 1 (“elementary ZR[FE” ZFR< &) [gf] B, B
ANy

WO HEEZEZ L. RENERIGROMERZHNS Z 2T, 238
Z A —Z M good range IZ A5 TWIVUXEERTH 2 Z 20 Hh 5 ([10,
Thm. 4.1]). &> TR 2 IZBEEHRGEVEET B & TE, A p 2
good range IZBI R WRERLRNT A - R DGHIZR 5.

EHL 2 DFEREZ ZOXIRTHRT 2L, HRBETEES Q 1% “el-
ementary ZR[FEE” TIERVDIZHEFNTIZR S RN EDFEBRIZH D E
%, $0b, B2 ORHIVD D N5,

ZOMTERTALS. BHEHTERUIZAEMT T A~ VLK Grl (CP9)
1% G = SU(p, q) DARMMEBE & [T 572012, KD &> LrfafT
§U<E% %ft'éi

B, = +/—1diag(1,...,1,0,...,0) — ﬂlpﬂ €g.
N—_— e N——

p+q
k pt+q—k

D& & ad(Ey) € End(g) X FHMTE OEAMEIZT N THEL L
85, HEoT, \u>0,T5LE, BEfkHE
O, =Ad(G)(\E,) Cg
Oy :=Ad(G)(1Ep+q-1) C 9

FWInE (EHE) EPETH D, BERDIHEPZNZN Ly, Ly g
E—HTBHI NS, O, & Gri(Cr) & O, 1EGrf,, (CP) &TEY

ptq—k
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YD, REE 2 RS R EROML (\ ) BBEAELE, 0, & 0, D
SR TLTH B 2002 =2 ) KEOBIC

Q(0x) ~ Q(0,)

WA A= XY [EELRK DN DI EEELTVWADTHS.
—H, p£qE5IX0, & O, FBEHITIZZRW., T 51T, av
NI N T 7 A N—%E DEERMBNL G 7714 T L —vay

OA\Z/O

LEMELZRY, Tabb, G R QO,) ~ Q(0,) li ‘elementary 7%
[FH TIE7ZW (A & piE good range TIFRWIZ LIZERT 5). 20D
21U T, B 2 3M 2 ITHENLHE5ATNWEDTHS.

4. EE 2 OFEHHD A v F

2 OFEHDOT A T4 72l R 5. EH 2 OFBITHIR I 7[R R
TR < (—Mfb T 72) Penrose Z# 7% fHAG D1 TRATAYIZERA S
LIENTES. BITHRZDIE, (—MbE N 7z) Penrose ZH#TH 5
(11, 8)).-

DIRTH, X 2Y 205 2 00EZELHAD I REn Y —2M L
ICHEBE XN G N

Hi(X, L)) & Hi(Y,L,),

EHRT 5. X & Y ITIXEHEOH TRV, 3 DOERERLHIA X/, Q
Y B¥EEL, IRD G EREEFRDT7 v TV —2a v 2525

HX/ Hyl
;7/ \YL %7/ \Ni
X 30 Y

ZOXART, EHDO X 128230y — D Y 128750
REOQOY—Z2EHATD QIR ->TL % &, RUMBHHERDOKISREIZ
A WD G TEM 2 2R
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(X' &Y' 3T 08 enEhn (X,9Q), (Q,Y) T3 % Chern fi-
bration {272 > THED, IHIT 774N N—a & BIFIET T D
AlfE, u & v EIA VNI NIRRT T AN—LIRB)

ZOHHIENZHBIZOVWT, TEATD Q »SHHET 5.
M(q,p;C) % q x p IRODBERITHN P S22 M e U, AFRNFREE Q
%

Q:={ZeM(qpC):1,—ZZ" > 0}

LD, QX G =SU(p,q) (BT 5 TL 3 — R FER G/ K ¥
KB LICEEL LS.

HARE k€ {0,1,2,... ,min(p,q)} T LT, (M) iI2&bH, BAFD
k+1 FRO/NMIFIA DR FERNRE2RTHD LT 5:

0
J
ZZTIlE JIlE
Ic{1,2,...,q}, Jc{L,2,...;p}, tl=8J=k+1

AT EEZRL, % I& holomorphic 2P EFHZETH 5.

Q LRI DZEH %
Sol (2, My,) = Sol(My) :={F(Z) € O(Q) : F 1& (M) D% }.
LREDD.

Bl 3 (p=4,¢=3DHE): G=5SU423)).

0 0 0 0

9211 0712 0713 0714 a11 a12 a13 a14
0 o o o b
_8Z: 291 Ozas  Ozas  Ozo4 = a21 822 a23 a24

e} o) el el
0231 732 733 734 831 a32 a33 834

1) k=0 OBa. BHHRR (M) 1 1 RO EHETERS
N, Sol(, M) 1 Q EOEREROIDSHD 1 REEM L2,
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2) k=1 DBA. MHHER (M) I 2 ROMSEAZTERS
N, Sol(Q, My) 3% EHMEDEM L 72 5.

3) k=2 DGAE. HAHERN (M) &3 ROWAIEHARTERS
, OO SIRADREL 25

011 O12 Oi3 011 O12 Oua 011 013 O 012 013 O
det | 921 022 Doz | F=det | 021 Ooo 024 | F=det | 021 D23 0oy | F=det | Oo2 0O23 0oy r=0.
031 Os2  Os3 031 Os2 O34 031 033 Osq O32  O33 Osa
CHIZHNEL 7 S BEORMD FRARTEREINZZEBDOEFT AR
Gelfand #BRM AN Z X SIZ—BAL L 72 AR A DD T DZEE)” 12
DWTIX [7] ¥ & Zunderiya [6] DIIFENDH 5.
1) k>3 OBA. (M) =0,

ROBECRES. X DAV AT MBS ERIE Cx = Gr(CP) &
BEHILTESNS 2V R0 NEDSRIKDIE (51 2 LR

{9-Cx:9€G}

X QIZES>TNRIRANTAXEINS, FHRRIZ, Y OV T MR %
B Cy = Gry_1(CY) 2 EBBILTHELND Y OOV 87 M Sk
KD (Y1 27 )VZE[])

{g-Cy:geG}

HERICZEM QIZE>TNHRTIA NI XEIND.
X EoakEny—% g.-Cx ETHATAZLICE>THEONSE
Br%E Ry, &RT. T8, Ry &

Ri: HE"™M(X,L,) — C®(Q)
LW EHETH D, FRRIC
Rptq-k: Hg(q—k)(y’ Ly) — C=(Q)
EWVWDIEB/RPEED.

T 3 (8, 9]). Ry & Rprgs FZNEN Fréchet ZHIZHBIF 5 G
KHORM G AME 525,

Ry He" (X, L,) — Sol(Q, My),
Rprg-i: HaO(Y, L) > Sol(Q, My).
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EH 2 DOFJEIWCRD. BAD X, Y, Q135 Tt L =22, X/
LY BRI THIHDOZERTH 5.

X :={CP? ® maximally positive 7% k XTG> 24[H] },

Y :={CP? ® maximally positive 7% (p + ¢ — k) IRIGHE53 241 },

Q) :={maximally positive p KL ZEM },
~ X OV A 7 )72
~Y OYA U )LZEH

X' :={X & Q @ incidence relations},
={VcCcWw:VeX WeQ},

Y :={Y & Q ® incidence relations},
={WcU:UeY, WeQ}

B, ZZTONRX DY A2 NVEETHEERIIZY OV 1 2L
L THEHBIEVNEHEETHD. Thbb, MA

EIXI Elyl
X 3N Y

NHALRETHEONS. :@’tﬁXﬁ:Y@:ﬁ%uy—Wﬁéo
RIFBHE D, Thbb, Eid X EoarEny— LAk
@:ﬁ%ny—#a%ﬂ%m&%b,AA¢@WﬁQf®wﬁﬁhﬁ
THEBIZARD Z o T8 2 OFEHDEKT 5.
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[(REMT T AT VSRR ED I FET Y —DETIZONWT | OIFEME

o 4 Hi X (My)

(§7[5\‘) det 0 F(Z) =0 7 = (Zij)’iel
8zl-j ig[ j
J

jeJ

(i) det ( 0

Zij

) F(Z)=0  Z=(z)1ziq
icl

1<j<p
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FEXTRRE LA R D RBARIRFEAN O L IoHIiCD
WT

FHER DEE
August 23, 2024

1 FLC®IC

e, 2 N\OBEEBTOX vyt —I DR DI %, RIEENTFEET 2 BEK
FOMEEICR DI §200HMTH D, BEEAWEEERESEE L
b, BERBIIRKEZLDUT, BELeEEL VS 2 000U X h RS,
ek id, BEENIX vE—%, BIHFICHILRWAISLDOFICERT 5
WHDOZrThHD, BEELIEERINTZX vt —I%TCDX vt — IR T
DI THb. ZOBBLLESEZNZILEEE L ZEEDVFITT 27201213,
TGS e HEH e MEN 2 RRIRERE, TNZNLEEEEZIT ORISR L
TWAREND L. 2HMTHESHE, ES#TENCEET 22008 o—D>
LT, NHEEEERD . NHEXELIE, HI2EEGD]1OOERE, KEEH
PEAET ZEEREHWT, 2EFMTMEERICERT 2HMTchD, 2z
THERINERD, EMEHR Y FRINESHE, B5# LTHuLNS.

NG OREN R 7 LY X4 LT, Diffie £ Hellman 512 X - T 1976
FICER I N7 Diffie-Hellman ST (D-H)[4] L FEIN 2 OHH D, EXRDH
5 50 MR o L BET D, EROESEEOEE RIS LTH
WHRTWA, UL, EHESTEELRKEZH-TWS D-H TH 3D, Z0it
BRhROBEXNMERINE Ze2H 3. —fRIC, D-HEIZUD L T3 EE
T, EtEHoRety, HAEMEH#HOL v FRED T X — XX EEI DB
BUEDRD D, BWEENEHET 27201213, BV EOIEWE#EIEEXH
ZRENDH L. LrL—HT, ROEEMEREZERT 2-0121F, 2 NO#ERF
FHr I, IO RELRFAEERIVEICR S, SHEMERIZOREL L b2, BHE
H2a—F—DHVZHERDOMREN B E L TWANES, LRIUEYL 72 2
BHORXDBELHUNTELA R-oTED, O hEdLESEERHES
%, LLIE, ZbZ bR I WITEWEREHVG 21— — b
MLTW2E ZeMEXNTNS [2]. 2D &5 2RI, D-H LN OHILETE
WA FBICYTIEX 3.

AT, LIoNBBEREOZ 2EH LOMED—E8%, Accardi 512
FoTERINWIENFIRBEE 7L —2 T —27 1] ZHOWTHRTZ 2
T ARG (6] ZRANT 5. TRIENFRREIE 21X, ABEEEO—DD S S
ATHY, PR Rz, 2 NOBEEFEEDER ZFHEBANHE > THEME
HOERETS ZTHD, ZORBERILE DO IEFE L IEATVS., 207
JERM RBEHEEZH NS Z 2T, 28D S5 —ORBHEFENZ LWVIEERE

*FROAUHIRIR S Al o2
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TCHEEEOHEHEZ M LXELNZ ZeARINTWS. AFETIE, FER)
Lol b e IR OBFIREOE R ST 2 2 e 2 ERENE T 5.

AROMEUILA T D@D TH 2. 2ETIE, BEBEORANIPHAY, BE
WEOLREMIZOWTEHAT 2 2 2T, NGRS EEICB T AMEN
GEHMECT 5. 3ETIE, NFELEOREN LAY, BeMED—HIIC
O EICEIONE 0 EFHHT S, 4 ETIX, WIEGMREEE 7L —2av—2
DL DTV —L T =712k o TH 70X MEEHHEANCREL, Z0
ME v sRIEFRR B 7L T XA 0E R, JERREEE 7 LT ) X4D
BEAMREICER L TERT 5.

Es i

2
2.1 BBES%
s

SR (1) BT RO 500 (HIR) #£4 X DHREN2 558 (M, C, K, €, D)
ZrTHD.

o M: FIXZEMEMIND. M OEREFEL LML,

o C: BEEXEM LTINS, C DEREREE L LA,

K: 2L E RIS, K OER T it L AN,

E={B,: M—C|lkeK}rl, &DEZRERSLBKLMER.
e D:={Dy:CoM|keK}tl, DOERZESEBLIER

D

Ve e K,3d € K,s.t.,Vp € M, Dy(E.(p)) =p (1)

77U, B. e & DygeD. %7, (1) %2i#lirkTeeck2BERL LT,
de K Z1E5H e M.

PED (M, CK,E,D)IZBNVWT, HrHEEHec K 81EEHde D EHWT, £
BEORX vt —Y%kEEtB X MESIREREES 7 barzK 1 DL 51 LTH
RT&E 2. ¥z, B e ZHBERICANT 25 RE NHERS, NBELZV
b D% HE (M) IS L RN, BEEEY e ba e Bld 3 LTEERZ

m B c B m
- Encryptlon Decryptlon Bob
Device Device
E.,(m) =c Dy(c) =m

Secure —
In-secure ===p

Figure 1: W58
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X, ZADBEHE (Alice: X vt —YDEEFEH, Bob: X vt—I%E#H)MT,
Alice DEET 2B L c = E.(p) €C &b, FXpe M OERPIRHIZN
X2 banz#Etya e Thb. Thbb, HEX cPEEINBERE
f Bz, BHEHE Eve DEET 2L BREL, BHEED Alice D% - HEE L
W p DVEHRBENUEEEENTVWEDLICE - T, W57 a b arnidse
THE2EPIHEIENS.

—fc, HBBEEROFHEOHEROR, ¥/ YTy brb—[?7] LIRS
RETHSNS. LIFDE 2212T, Eve hWEET 2, BEX chAELFELpD”
HRORE %, v /vy bob—2HWTERT 3.

2.2 KSaEEFEITENH
(i (lBIRE)

HHBERDI Y /YTy brbE—, HZWVIERREL, "HER E2D LIERS
N3, EAZEME X L, B oBGRREEL T2, X ={z1,22,..., 70}
DEIICEKES. 2O E, FRITER v, OAEMERT p(x;) ERL, INHEK
DILDET 5.

i=1

PIRgETIE, BUD D EARZERIZ S RN THEBD AR TH S §5. £k, Lido
BERUER DM p = (p(z1), ..., p(xn)) WL TUTD &S 12, HFERL Z04ER
MELE RN R EFERFRR LR (AT, EAZER e NIET 2 582H
HREFLS VARLTEY).

X _ :1:1 x2 PR .’I/‘n )

( p(z1) plz2) - plza)
FEFRR X L TAURDLSICERSNLS(X) 2 X DYy /v bR
P— (Hizzy ta b= EIhs Z N2 L.

S(X) =- ZP(%) log p(x;)
i=1

CIZTHRIWIHNLT, —logp(x;) FHCHEHER LIN, o BFFOTERS 2R
. COBBRE B3I ARSI RS o, HROR (HHE) EER s,
B 20E p(z;) DIEANE TSNS VIEY 1; OBKSIZE R, ThbS 2 D
FoOmEIIRZVWE AR INS. S(X) ZEERP DL HLVOBEIK X Z2Hi2h
% plz:) TEHLEBDOTHD, T X OROEHRE L ALT. S S(X) >0
THD, TRXTD z; DEMHER, DEDTRTO N LTp(r;) =1/n DL X,
S(X) I3 AKMElogn 2L 5.
2k, 2o0eRRRx = (0 o Yy (0
p(z1) plx2) - paa) p(y1)
KRLT (p(y) >0 (Vi), X" p(yi) = 1 £553), HAFRRZ X xY 253X
5. HR (v;,y;) DERERE p(x;,y;) TRL, Vi € {1,...,nm},p(z;,y;) >
0, > plzs,y;) =1 852, %7, x; &y PWHNIZRERTHNE p(as,y)) =
p(zi)ply;) €35, HERERROTY PrE— S(X xY) bFEKC, UTD LS
WCEFRINS.

nm

S(X xY) == plwiy;)logp(x:,y;)

i=1
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T/, BEERR X xY IIHLT, BITHER z; 215872D & TORMEN =fiER
p(y; | zi) & py; | @) = p(wi, y;)/plx;) EERL, x; ZIF7ITTDY DEMAFA
XL bbb —S(Y |2) BRD XS ICERT 5.

m

S(Y &) ==Y ply; | 2:)logply; | ;)
=1
INEHWT, RX 2522 TOY OFMFFEbae—SY | X) X
DEIITERT 5.

SY|X)= ZP(%)S(Y | ;)

CORIE, WItHER ; 2B TOY OFEREE p(r;) THEILEZDDTH
3. Thbb, RXEZHoEBETRY B TWAIEHRELZET. REI, &
XY OMHELY bu— (HEERR) L N2 B2 ERT 5. HAERRE
BIX,)Y)eEE, RY OFEREBLZE &R X OBEREOBAVEEZRL TWVW3.
Thbb, I(X,Y) 3D XS IEHRSNS.

I(X,Y)=8(X) - S(X |Y)

RY OEHRERZ TR X DEFRENFD T2 133805, RY OE#RE
BB THBELER X OBKXOETH), RXKZOVWTRY »oEEBT
EEHRRERL ORI 22 TES. £/, S(X,Y)=9(X)+SY | X) =
SY)+S(X |Y)DEDIIDZ e kb, RO ILD.
I(X,)Y) = S(X)-S(X]Y)
= S(X)+S(Y)-S(X,Y)
= S )

|
=

>-.<

>

ESEEORSM

TRk 512, BEEET T P aL0RSME, RS R UHEATAE (Alice 25
ET BB ¢ = E.(p) RIEETE ) 7 Eve WEBEMICHFET 3 2 L 2I0E
L, Eve ¥ DL SVOFEZOMREEES Z LA TESHTERSNS. %8
BIEER L AP EERT 572012, UTORRREERTS. Alice £ Bob 1M
SEERMGD BHNC, (1) Rl TIEEH e LR d & 2N 2IER. fiiHo
b, LIETIE (1) 27T e,d EA—0iETh=c=d DX 5 2ET. OF
D, BZER K OBEEME I LT HE, UFAKDIoTVWEET 5.

Vie{l,...,1},Ym € M, Dy, (E,(m)) =m (2)

Alice & Bob &, %73 (2) 238 k; %, HAHHER p(k;) THEX. RIZ, Alice
bi%{gbftb\)( ‘7']:’."“\/ m; e M ;’&_’)’ ki G:ﬁ?ﬁ’é?‘biﬁﬁ% p(mj) TEU, HI%"%L)Z
cn = Ey,(mj) & Bob IZEET 5. 7272L, MOHIZ, p(m;)=0,782X57%
m; FEENTVWARVWE T 5. BHEE Eveld, EDRXT v 7T Alice 2343 L 720
T cp, KRB TENTE, SHIERHERFRM & K, SR, ESEHED
HEEEDBH->TWVWE 2T 3. Eveld Alice £ Bob DFEATS k; & Alice D30E S
ftL7em; DAZHSIRN. SR C DEZFH 2 s 52k, Eve 3EED
he{l,...,s}ITHLT, Ex(m)=cy Zii7TIRNTD (m, k) e M x K, F7%
b%ﬁg/ﬁ\ Sh = {(mj,kl) c M X IC | Eki(mj) = Ch} %%ZZ) Z KT, HXEI:%Y Chp
DT 2R p(cn) % plen) = Z(mj,ki)esh, p(m;)p(k) T X DEET 2
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TE%. £, EEOS ¢, € CITXF 2 LR S, ZHWT, FXm; 2EREIC
EEST 28T, BB o, 21572 & TEL m; 2152 50 ZHER p(my | cn)
b p(my | cn) = (X, (my ) es, P(M)p(k:) /plen) ERIRT S 2 EDITE 3.

Eve (31§75 ¢, & b Alice DX 72 FXDIEHRZ R0, M XD EDF
XDEE L NI ZH S0, Ko T, EveldTRTDj € {1,...,n} LT
p(mj | cp) ZETREL, FEXDOMERDIAM (p(ma),...,p(my,)) LHEET 22T, YO
EXDES N, M pDHERZITS (BRI, % j I L Tp(m, | ep) =1
THIUF, Eve lFFXm; ZIETLT LI eHNTED).

ZZTHL, IRTOhe{l,...,t},je{l,....,n} ITHLTp(my; | cn) =
p(m;) DD Lo THIUL, m; DEGS(LDBIET, FXDMHERDHBZE(L LW
CEZERL, ZO5E Eve 32 FXOMERTMD AN > THERIT 2 Z &
2%, bbb ORI THEERTIE, EREOESUIC, FXOMHER
—YEER TRV EZEKRLTWS, EE, TEERR M, C XL T,
BHIT S(M) = S(M | C) BID D Z e 05, Eve SR C X HiF5Hh 3% M
OEHRE, TROBHEEZY bR Y- I(M,C) X045,

WIZI(M,C) = 0D Lo TVB L &, WAEERRE MXCIZBWVT (mj,cp)
DAFEHERE p(my,cp) ERET DL, I(M,C) BUTORTHIFZ I hb:

(mj’ch)

p(m;)p(cn)

I(M,C) =0 <= V]7h7p(mjach) = p(mj>p(ch) <~ Vj,h,p(mj | Ch) =
p(m;) &7 5.

PLEo, I(M,C) =0 Zii/ $HE5%RIE, Shannon [?]12& D, LD LS
EREINT.

T 1 GZRREN [8]). 52 ONEBERY, FRTOHEL ¢, €C, TRTD
P32 m e MUK LT,

n t
I(M,C) :Z p(m;, cp) log ——~

p(my | cn) = p(my) (3)
i3 %, ZOWBERIITESFWELFEO LN 5.
(3) Zifi/=3THEERD 7 T A%, Z2TidRW. EE, LROFNZEEAS % Vernam
DS TR, TRsFMMIEEROZ 22, [8] 1B W T Shannon I & - TR
ENTW3,

ffl 1 (Vernam FB55). Vernam %5 Cyer = (M,C,K,E, D) I FXD & 5 ITHK
n5.

o M,C,K =175 =1{0,1}"

o KIZOWT, 2T 2" HOMTERBFEL, ThZhOLERMERII 5+
Y55, MBERIC, 2T 2" [AORTERKBIFEET 30, Thzho
ARERIIED &S BT MHIHE-> TWTDH RV,

e E={E,: M—=C|(Ex(m))i=m;+k; (mod 2),keK,ie{l,...,n}}
e D={Dy:C—> M| (Dg(c));i=c; +k; (mod 2),keK,ie{l,...,n}}

Crper BT EMEMZMZT. TRXTOEESL ¢, € C EFX m; € MITH
LT, NAXDEHED, LEFRICERSNEZMMNEMHER p(m; | o) =
(Zkh(m]‘,ki)esh p(m;)p(k:))/p(m;) ZHWT, p(m; | cp) 1FRD X 512K 5.

plen | my)p(my)

p(mj | cp) = .
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ZIT, EDERID, B2 ke KITHLT, Ey(m;) 3RRIESX2AENT 5.
£oT, Ei(mj) =c; 27T k € KHBZ—21FEL, pley | my) 1ZZ DDA
RERER 1/27 TF L. Fe, ETANL LS, plen) = X, 1)es, P(my)p(ki)
ThbH, ZITHRKICEO-BEMEZHVT,

1 1
plen) = Z p(m;)p(k;) = on p(m;) = on
(mj,ki)ESH m;EM
s, FER,
plen | my)p(m;)  5=p(my)
p(mj | Ch) p(Ch) - 2% - p(mj)

&5,

TR K512, ERMEMEZFOBERIIBWT, BEXOHFITFEXDNE
WO—YEZENTORVDTH L0 5, WEBE Eve lZHEE U LT 5 f#
el iord, Alice WiEo 7 FEXEEILTEIEDTERY. ZOIEeDDH,
FHRTIE Vernam 5 %2 &1, TERMEMEZ RO SSRGS EETRE R
HEH->TVWENEEZLN 2D LR WS, ZhsDBESRPIAVWLNS Z
YIRIFr AR, FoflERZ Y005 XS5, Vernam BEE%E AW THS@E
BEFEHT 3 7-0121%, Alice ¥ Bob R THANCH &k ZHZEM L X b —HI2E
UCHET2HERD 5. Ak, —ROBEESRIZOVWTDH, ITRTOBEL, F
AZH LT (2) BRI T B 72DI2iE, HEM DK E IHELZEROK E XL By
DEPEDERIERD 1/|K| TH 2 Z L BRERMETH D GEHIZEIET 2 (9, 10].
72| | 3REOEFERERT. ), HEHEHNT Alice - Bob B THE T 2 HED
HBEZDRFRAUCTH3. HEEZHET -0, BLRBERK, $742bb5 Evel
FHELRZRWVBEREHEETZ2HELD D, 0 X5 REER 2 IZEEKINIC Alice
L Bob WEEICTHEN TV Y P INLMEFIEST 2, 2 THHYHEN L
ZRES. TR D O RT, TRMEEZR OB SHE L FEHT 5701213,
A A MPRENWZ DS, FEFIESNIHBTUIrPHO O TVR.

3 RHREHRE (BHH)

SERMEBEMEZFORESEEE, EHaX FoBA»S, FLACEMGSTHVS
N3z ridkwv, —ic, DURNTHHT 2 2NF#EEE (EE) 2 v Hiffiz Av
T, Alice ¥ Bob I THED k € K 24 L, AES 72 ¥ OGS 5 X% H
WT Xyt —Y DS EATThbNs. AES IZRICHIAT 3, StEBNZ2ME LT
BB RICHE SV TREIEN S TH D, HEICHAT 3 &, BELRERE
DB HEMOMRERD 2 Z LIIEFICKE LRI » 2025 Z e 2FH L
BaThh, ETHALLTELMEEXDITOEERTH 5. AES OFIHIIART
BT 5.

3.1 NRE#EEBEO—MRIBREEA

o X4, Xp: BREAT, THAF1 Alice, Bob OMEHZERM L IFER. X4, Xp
DERZ ZNFH Alice, Bob D& X FES.

o V: AIREAT, RHHEMEMNE. Y OERZ NG LR
o K: AIREET, HSRTERLLD D L FHICHZERM &I,
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o Fa={fAXaxT'|i=13,...,2l—1}: BIEODEAT, F1 OEHE% (i
% HD)Alice DIFHFEERBIR L A

o Fp={fP:XaxTi|j=2/4,..21-2}: BBOEET, Fp DERZ (j
#HD)Bob DIxBFA RKBIEL XI5

en=2—-1&55%. ga: XaxT" = K,g5: XpgxT" > KZZhZTh
Alice, Bob QUL AKBEIEL & PR,

EED 24 € X4, 2p € XpITRLT, UTD 4DBEDIDOLE, 404
(9a, Fa,gp, Fp) ZRB#IE H 2 WIZHIZHILE LI

gA(mAvtltha"'vtn):gB(xBatlat%"'vtn) (4)

7R li=1,3,... niLTt; = fAwa,ti,ta, ... i), =2,4,...,n—

LN U Tty = fP(ap,t1,ta, ... tj1) £ T 5.
{L\\Bﬁﬁg‘ﬁi‘ﬁ (gA, FA,gB, FB) %%%j—é c:%?:of, Alice &iJ:%E‘, t17t3, ‘e ,tn &
AL, BEEEOHE LRI, 20 5% Eve DIFET 2i8{EH %/ L T Bob
WEET 5. Bob & to, ty,... t,_1 ZAEKL, FUBEFEZHWT Alice 122
835, 24, vp BENFNMWERICHEE L, @EK LA LRV, Alice &
Bob & ty,to, ... t, ZIREEL T2 (Eve dAMICHFLTWVW3) DT, ThEh
gA(J?A,tth,...,tn), gB(l‘B,tl,tQ,...,tn) %%‘[‘ﬁj—é Z kﬁ’f%é Ch%@
FHEARIE (4) KDE—TH D, ZoEZHEEMEHRD %\ Secret Shared Key
(SSK) & I3,

NEREE OLeMIX, BEROZEM RIS, REXA TV 21EH (3
BOBRFME) ICEIUIYE SSK DIERVEFENTVELIC s THIZ Z BT
5. DFD I(K,Y") OfEH 0 1ZEWIE Y, Eve l3NFfE» HHEETE 2 SSK D
BRI DIL 5. LU IK,Y™) =0 ZERT 2 NP XBE TS
NTWRWY. FEga, gp WK 2EIEMRICDH 2 —EDREZFFL, T/hE7%
e>0IMLTIK,Y") <el, MODONTFMEEERT 2HLHTRIIFEL,
BB84 AR [3] b &I LB TFHALIES Maurer O EIE(E [7] 2 W%
EOPRENTDHS. LrLInso@EEAE, EHaX toflgaky, 1~
X =2y MREDEE»POEHADEZIEDIRD SN ZEEIRETHWS Z 213
EINTVARY., — &I, MUIRofIc® % Diffie-Hellman #3677 (D-H) [4]
YO, FIEENZENR S BEEIHVLR 5.

Bl 2. T T 0 FIDIZ, Alice ¥ BoblZLLTDNRG XA —REHRET 5.
p: REREH
Z/pL =Ty : p & DR N2 HIRIK
g€ 7Zy: Ty \ {0}y DERIT

Step Al Aliceld x4 € Zpy Z—HRT7 Y X LITEY, ZhE2WERIRETS.
Z DR ya ZRO LS ITHET 5.

Yya = ng S Zp.

Step B2 Bobld zp € Z,—1 Z—HT7 VX LGEY, TheWEHERICRET 5.
Z D%, RN yp ZRD LS IETET 5.

yp =g " € ZLp.
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Step A2 AlicelZ Bob DNt yp LA 24 ZHFHLT, UTD kg ZFE
T5.

KA e yB.’tA — (gTL‘B)IA :g.’thA e Zp-

Step B2 Bob % Alice DN ya EMER 25 ZFEH LT, UFD kp & %5
HY 5.

KRB = yA.’EB — (gJCA)xB — g.'ch.tB c Zp.

TRTD v,y € Zpy1 BEL g € Z, ITHLT, g™ = g¥* DD LD,
Alice & Bob\3RIUME k = ka4 = kp € Z, ZFH, ZOD k @RS OES{LB
FOEEDH Y LTHEHT 2. D-HOoZ2MIX, BRIKICE 2BESOS R RE
(DLP) %f# Zr OWREEXI2HSVWTWS. DLP 235260z b=a" €Z,
BERZ,N\{0} DFIETC a 1IN LT, 2 € Zy_y ZFIRETI2HETH D, AN
fR S HIRIERIZHA DD o TWRW. RN Z E < LIRS, n = logyp
WHLT, H2ZHA p BEELT, Eikp(n) BIOUETHEDREEZ RO 2 Z
e THY, BIZHEHARMTRIT 2, R b s ZenZv. MEZREN
iR, iy nz 2 OERNLIZDETERS.

3.2 FEENZSM
DUNCRAIAS 2 — AR, AtREENLEMICH T 2 HELRERDO—DOTH

Z. —HEMBEECEHHT R0, FTIXMERER O R RMERIZIE R 7
NIV X LY DI 2 S 5.

BRZHICOWVWT

HEREMIC BT B HEREHNZ, WERZEM D & a[IZE A ORI HIBEE Y L TER I
%. BAKRCIE, FERZER (Q,F, P) L lZeR (R, B) A5 2 ohib &, FeR
ZHXFIEBX Q> RTHY, FEORLLVES B € BIIMLT, &8
{weQ| X(w) € B} e FHRHIID., LaL, ARFTIE, [5] BLUZL D
SHEREE O R & FRRIC, MERAEE & ORER % n] 22, fesRsen, A%
MEERERTZ 2D ES. BARIMICIE, FEREH X 3EE S »oEER
D, SORBERIZED YU TOLNIMRPIZ02S 1 FTORKTHS. HlzII,
S={a,b} L, ad? S hOBEINDMERE P[X =a] =L, bIEINDFERE
PIX =b] = 2 b RT. FHg, HEREHD Us L RSN BHE, A S LT
DICHES T 5. 2R, S={a,b,cd THIL, TRXTDz e SITMLT,

BERM FEREMN) 7TV L

TNAITYRXLEX, HLHEEORNEEZ 2 7-DDOEREOUHDELZ DD L
THh, AL, MorothEzf75. ERN 7LV XakiX, 5xoh
AN LT, BFRCHEREIETTAITY ZLTHY, BIZIEH2HRENT
NTY XL MIZHLT, OB ANOEER S, HHoEEEZT v35L, %
r€SIIHMLT, HI2REoREHycT #HTIRET. ThbBEREN T LITY X
DFEBM S 5T 2 LTEZTIW.

TAH LT, BER7ZATY XL R, AT -2, 7T )X
LN CERINZEE (a4 Y PR K E->TREZNZDDTHS. Thbb
RN 7LD XL M X, ANOEEER S, HHOEEET 352, A
B M S x{0,1})" = T L TEZXBIENTES. L7ZL{0,1}" 1 E M D
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AETITbN 2 AREDa 4 > b R2RT. —INC, M AEciTbhdaA
YRRIE, M'ITRTARANEEEOEDLT, ze Sl T M () k5L
TM OMN%ERELETZ. £/, af VbR re{0,1}mI2&>T, HOXED
2DT, M'(r) ZHEREB M (z) : {0,1}™ - T EX BN TE, M'(x) D
y €T &L BMERE I PIM () =y = 3 cio,1)m i (o,r)=y 30 P& ITERT S
TYNTES.

Kk, 722 X202 LT, 52 oN7RENRT 2 0EE TR, #
CDIEST R ZER T2 e HAEETH S, FHERIE, —RICAHDOKE
X (B M) o AIHERK AR TER SN, HIEMBEK T N - N TR
N, THZERFE LI, H2c>0, DR ng BEFEELT, IXTD
n>ng ML TT(n)<n¢&RBZZEEFV, M PZHEARM 713V X LT
HBelE, M OFHEFHIZEARMTHL %2 E .

—AREERHRCHEENT 2N

M EoRERERELZHWT, —ARMEBIIMTO X5 ERSINS. FRLRE
T, |- |p BANINLEEOEFEBOL y MRERL, IFBERORRERS 72
DICKHBEBEMHER T2 2 IcEET 5. HlziE, S={abcd} DHE, SO
BWEIATHY, |S|p = [log,4] =2 TH 3. AR, IHOEREFHOES
T OHE, TOBEZEBIZITHY, |T|p=[log,9] =4 TdH5.

k2. EES L ST 288 f: S — 5 DUTF 220%&M2ifiT L &,
JESaVAILIEHE S @t S g

1L EED z € SITHLT, WENZHEKKH 7 LTV X8 ADBFELT
A(z) = f(z) 207z 7.

2. EEOHERNZIEARKBE 7L 2) X8 A BXOEEDEDZIER p I3 L
T, H2ERE ng DFIEL, |T|p=n>no Bz 3TEEDT C SITHL
T, LURDSE D 3L,

b

PA'(f(Ur)) € f~H(f(Ur))] < )

()

2 OHDZEME, ZHARME WS HI0 T, EEOATI 2z € SITRL
T f(z) DR ZERD 2 Z e BT EHMRMIFFITBE NI 2R LTWS. £,
CDEFREIDDEm <ng KTOVWTRDZENEZS. RUEEf: S — S nt
LT, |T|p <mEifil-THEROEDEET C SITHL, B f %2 TICHIRL
72bD, Thbb f:T - S F—AAEoMEZR v, T27bb, 50
RMZIERRFE 7 L 3) X0 A", EOZER p/, BROEEE m < ng BFEEL,
IT|p <m ZWM7ZTHEROEMAEA T C SITHRHLT, R ILD.

1

" -1 >
Pr[A"(f(Ur)) € f~(f(Ur))] = o m)
AR 1. BB ERIZ LO@ED 720, ZOERZIML T ERINTVD
BIBIIBE S COL ZAFELRWV. 2% D, —HREEKTHLeEZHNT
W BERLE, BIZ—HAED 2 0HDERMAF T e IRESN TV LRI TH 5.
Thbn, Hl 2 0HRIE EOREBEIEUL L DBIENE, 2 O0HDERMITHIT B MEE
DHERZIERIFE 7 L) X8 A7 w5 7L —X%, "TROBROMERNZ
HAR 7 LTV X0 A7 FAEZT-b 8T, Kbzl

(6)

69



F7z, —HAMERO L WHIRENFEHETH-722 LTH, ZOBEERHW
BB 7L ZLADGFHEMNCKERTTH S LIFRLRW. 2 0wH Db i
FTHERIN:, #EEZREIUHE T IHERNRESEEF>EEX LA TVS
BE7LIT) XAICENT, BE7LITY) X AR5 MED, ZeMoRgyr L
THW 2 —HAMEEBOMGEZ RO 2HBEICHETE S ZIIREINTVEHD
D, ZOWDFEHIZIh TWiRy., —RICEbI TV 3 EIEENZ 2T E RO
F7LIV XL, WS REREBUINT 2552 KD 2517
VZLBEOD TR, 2o, MGERDZDINCES 7 LT XL %205
BRI BETENROP o TRV DETET.

4 BIENVARBEET7ILIVILEEOME

COETIE, AHOEMTH 2RI 7L TV X 0L, ZOMEIOW
TR 5.

4.1 EIEGTREE L —-—LT—2

SEIEFRRLE 7L — 2V — 2 21X, Accardi & [1] 1K > TERSINHILHD
PHEAD—DTH D, 4T Strongly Asymmetric Public Key Agreement & &
s, Dk, RIENHEIEE 7L — AV —2 %, BEHOEFER L D SAPKA
ERILT 5. SAPKA X, DURD X 512H 280 & FHEA OB ZDEIC
XoTidihah 3.

SAPKA o#BHEE Ot X

F3, Alice ¥ Bob i3 "o HS & S 2L, ThASIEAHTS. L
TS EZITEB 21,23: S =S BEU z,24: S = S BEER,

EHE 3. IRNTDyeSITHLT:
zyoxa(y) = x3024(y) €S (7)

ZZT, o 3T O0BBOERERT. ZOXBERTZT 1,20, 3, x4 T EHIEM
B3 LR,

INSD 4 ODBEEIE Bob OMEETH D, X 512 Bob I3ROMERICIE S
%)I‘L%Bgﬁk)&?j%oggﬁ N1 S =8 %EBHTEX 12‘15 ) OO)B@%{ T1,X2,T3,T4
BIE N 3R O&EN (1) 27233 5. SAPKA ofHE ot
AT XS IcididEh 3.

Step 1(Bob) Bob 3D NBE yp 1, yp2 & ZNENROBBE UTHRL,
yp1 = N ' oy,
YB,2 ‘= T10X2
ZHE Alice 123 5.

Step 1(Alice) Alice IIMZH x4 & S D HIEL, KD XS IR ya ZEFTE
T5.

ya =yp1(ra) = Ny oxy(za)
2% Bob I23£5%.
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Step 2(Alice) Alice iZXD kg ZFHHT 3.
RA ‘= yB,z(CCA) =1I10 IQ(ZL’A)

Step 2(Bob) Bob 3D rp & ZFHET 5.

KB ‘= I3 ONl(yA) = T3 ONl O]\ff1 O.’I}4(£CA) = X3 O{,C4(.’EA)

BIBEIXET 5 LI, Alice DS H2WIE S DTN TOHERIIN L TZOBEER
HY 2700107k, MorOMEEAHT 2L 2EKT 2. HIXIE, f(z)=d"
LEREND [ 1Ly > Ly BERLLVEA, o € Z, EXETIR, ZEE
FEIRTD x €2, TRLUT fz) ZEET 22T 3.

Mg %2 ' 225 8 NDFTRNTOBBDES, Ms % SHH S ANDFTRTD
BEMOBE LT 2. %72, Ms % Ms OEBEETHD, TRTOAMEED
SRBEEYL T 5. SAPKA X (3) il TEIEC X DM 2720, B
TOXS> BELEMNS.

E% 4. x1,72,T3,T4 ?)E#ﬁ‘[ﬁ (7) PREOEOR ($1,$2,$3,$4,N1) € Mg %
Mg X Mg x Mg x Mg EEROEER Csapra r&EL. /2, ZTD7 Z 228
TBHILEE SAPKA 713 X4 L IER,

4.2 SAPKA O#E>M8&

4.1 BT THPA L7 SAPKA DK = 2R8I, Alice ¥ Bob TR T 2, N
PISEDEADEIZ D, ZAUEW, WHE OB - SSK OEKMAINEZ 2 Z &
TH 3. "BIEF L1, Ao S ut 2IcBII 5 ZoMED Z ¢ 2#5F. D-H
ZIRILDHETAEROBEIE 7 LT Y X LIEF—/5T, WEOWERE, NEHEES
N OSRAERRRIAE— 72 b DBNFL AL TH 3. "sRIEN REHE 7 LT Y X 4
ERHLT, 2hHD7 AT X AR A L IR,

%72, SAPKA 2# 3 % 5 DOBEUCIR I N TV A M (3) & Ny AiE
BEFOZEDATHD, IFFICKRERBIEED I IATHLIDBEZILNS.
EIE, WL OhrDONBIZEEIEX, Coapra CEENS. LIFT, il LTH
MBI EHEETH 2 D-HD, Coaprxa DEHETHS L ERT.

FIB 1. D-HEHEEIZ, Coapxa ZEENS.

Proof. il 2 £ [FAkRIZ, KELRFH p, ARIKZ,, FB0C g 3R HERE $5. 3.1
BEORGLEHAWD , ROXSIIWCERING {1 Zy1 = Ly, [P 2y > Ly,
9a  Zp-1 X Ly = Lpy G+ Lp—1 X Ly — Zyp ZFANT, D-HIZ (9a, fi*, 95, )
*ERE5.

H@) =@ =9 ;  galz,y) =gs(ry) =y

ﬁi’%‘u\@ A, TB € Zp,1 @:;ﬁbf, ﬁ‘@(&gﬁﬁﬁ tl = flA(ﬁA), tg = le({L‘A) &
U;@ﬁ*’ﬁ%{ﬁﬁ gA(.’EA,tQ)(: gB(:L‘B,tl)) %%Jﬁ?f% % X 5 fé: (.’L‘1,$27$3,$47N1) S
Csapra DWIFET 5 Z L 273, SAPKACEI 28,8 %28 =7,, S =7,\{0}
L, 5 O0BBELUTDOLSITERT 2.

r1:=1idg , Ny :=idg

yeS m(y)i=(¢"2)W eSS , ye& —asly)=yreSs
yeSay(y) =gY €S
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3_5 t, T A 0:?#1_/‘/( Z/B,l(fFA) = Nl o $4($A) — gZEA — tly ZUB,2($A) =250
fL'Q(:TA) = g$A$B = gA(xA7t2)~ B L:jﬁbvc, X1 © .’1’,‘2(1) = ng = t2, T3 o
Nl—l(tl):ngacB :gB(l'B,tl) YA, O

YED XS 1z, B DN BHE X Coupra DERETHZZ 2B bhoT-.
L2 L, Coapra DEZETHEND EWo T, SAPKA DMETH % Alice * Bob
HEDFEMAINEL 27 2 W HHEEAREMNCR > TWa DI TiERW. Lo
EHIZBWT, yp1 FHINCHEEINATVWS g 2 L ITHENTED, 2%
Bobldyp 1 ZEE LR & D Alice IZNFHEE g™ ZEHET LM TES. iz,
B yp o DIEE D28 Bob iX g% ZEET 22T TH S, THUL Alice
DB FA— DB ZHELTWE Z L 2EIKT 3. SSK d[AEHIZ Alice  Bob
EE—DFEEIT-> TV,

b LNz A %2, SAPKA 2 W THE AR 23 EHHANCHES X512
WRZITS e TEIUE, ANBHHE - SSK DFIE DK, Alice, Bob MT&#4
BICHERFHER T v TBICER BRI ONZ5E80H 5. 2D %, Alice,
Bob DSV 2 7N ZDMRE (HNIRE B 72 D ICHIETRER R T v TR L, %
NEFNEN, Ep € RT ERT) 1Ko TiE, BHAICHELRFHERM (M35 T SSK
FERLEDLZ ETORME) 2EET22ehTES. LRTIhERT. T
TREEMCITRTOBEE 7L ZLDEER Cpra &5 5. £, £ED
HEHETZ LTV XL A€ Cpra lZHRLT, Alice & Bob DFHHEZ T v 7H% SSK
EN &ZS@LT%?@@MB@@( SA,SB : CPKA XN — NVC?%‘?_ D-H %Cib‘@&?
R E T, IR DD

SA(A7N):SB(AaN)a (8)

CDXIRHEIAEE As—p € Cpxa ERT. —HT, XD XD R5MEH3H#
HE% Aacp € Cpia rRITZLITTA.

Sa(Aa<p,N) < Sa(Aa=p,N) 9)
Sp(Aa<p,N) > Sp(Aa=p,N) (10)
P EoRGLEZHWNT, ROTHEHEZAHT 3.

EIE 2. Pt H Au_p %E&EL, L WgEE Aacp € Cpga E-eT5.
D E, Ascp ORIEHITHERFHERMD A p ORLEICHERFHER M %
TS £ 57, BEEEL (Ba, Bg) (7272 L Ea < Eg) MEET 5.

Proof. Ap—p ICBWT, Ey < Eg TH5 ¥ & Alice ¥ Bob M#& A SSK 4l %
Bz BRI T X3 1cRE N 3.
Sa(As=p,N)

Ty = ———— 11
b . (11)

WD Ay p 1IZBWT Alice ¥ Bob @ SSK FHEMINIZHZNT, 4 := SaAa<n.N)

Ea
BRUT p o= 22Ua=nD) T b, REFRE T IZCh S ORAMEY LTRSS
N3 T =max{Ty a,T1g}. TOLE, Ty <Ty 7’3 (Ea,Ep) &7 5%MH&
UFo&s5ickdon?.

o Thp <TiaDEE, (9 BHKHID/D, (FED Es,Ep(Ea < Ep) WX
LTHLRICT < Ty TH 5.
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e T1 A<TipDEFE, Tip<Ty 272N+ THS. T4 (11)
LD, UFHFEETHD -

Sp(Aa<p, N) _ Sp(Aa<s,N) _ Ep
Sa(Aa=p,N)  Sp(Aa=p,N) Ea

Ep B KREFUIZUIZERTE 5.

(12)

4.3 HESIENTER SAPKAHY I IS X

HL (10) LD Lo TORWES, Th < Ty &HER D, EH 2 2ilik3/
DIARBEMNRGEMEX (9) THEEERS. 172 (9) 2iiled Lo cH|LEFE7 L
DYV RXLEHUBTELL LTDH, Alice DRI T 2 HEBENEH IR ->TL
F o T, EFAMOBRTERLRV. EoT, FADHEEE, (9) B DIL-T
WTd, Alice DNBASIZXT S 2 W&, Bob D ZFAUTKH T 2 RE v [RIERHE L
XEFFOSAPKA B 77 SRR T2 TH5. ZoMER, STHEHEIENTR
=R LI

Csapra lTl&, TdZHHWENES (Alice DG, Bob OO WITH
25 b SSK ZIANM TR D 3 Z L 23[RE) REHAEVE TN TVWEDT, %
T D & 5 WHEEO— AR ZHWT, 2D &5 2HE 2RI S 2 02
BH5. PR, S=8=Z,2L, ye SITHLTai(y) =a3(y) :=apy €S,
o =1x4 = ids, BEXUPyeSITMLT N (y):=npyeS tEFTS. 2T
rB,nB € S X Bob @*ﬁ%ﬁt?é DR (1‘173;‘2,&63,1‘4,]\]1) € Csarka =8
ZIHARE TSNS, BRERS, By & yp2 & Alice ’IEL K EFIHET 2
729012, Bobldzp & np XIEETIMENDH27-2DTH 5.

—AEEEHE AW SAPKA YT IS5

6] Tld, EEO—AMMREK f: S - S BEUL 2| = aboal B/ o), xh, 2f
S = S EHW SAPKA %77 3 AR INT WS, ZOH T2 I AT, f
12& 5T Bob ORI yp 1 BEL yp o 2 LR ZHEICENTERVWESIZ
ERINTVS. BERIIZ Bob XL NORFREZ MRS 5 ¢

yp1:=Ntoxy=fouxl (13)

Ypo:i=T10x2 = for] (14)
ZDrE, BobdSSK ZEHHET 2701213, B 250 Ny DBLUR B/ TN
»5.
z3oNioypy = x3oNjofoury
— fouor (15)
YB,1» YB,2, B x30 Ny DA (13) "o (15) D (1‘1,1‘2,$3,$4,N1) S

Csapxa DEEZ, REVEN—THRAMEEE f: S-S 2L TWwWd It
gﬁ%ﬁ]?%f:@b: Of,S,S’ ti‘éj—
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HEEIERHEERFED SAPKA 7ZILOdU X L

Cts.s ODFICEHAERIENMEZFOREE 7 VT X LNFETZ2 %2, B
KE T2 2 TRY. ZOREET LY XL, 6] TIREINZHDTH
D, & 1@ D-H ® SAPKA £BUIH LT, AR LB 1T5%2 v
Z2HDWEBRL, Ny 2 EEFEHRTROHDE T2 8T, REMTIEFRZRE
i (Alice & Bob THEMADGRL Z) 2Fil-EbDTHE. £, ZOT7NLT
Y X 50X, Schur-Exponentiation & FREN 2 HEZFHWTWA Z 255, Schur-
Exponentiation based Diffie-Hellman(SEDH) & FHIAL 5. LUK SEDH D
ZINT.

deN* :=N\{0} L, pZRELFEHLTL. RTOERNZ, ITH D dRIT
EFTTHOEREE M(d,Zy) ¥ F 5. 2L, Z, LD dRIERT PAVERT, Z,
D d HDMEFH & DRSNS, FRICHEESRWVIRD, X7 Ml u e Z§ 07
B, BHERKTOEELIEY. “HEE 0 20 x 28 — 22 2 RD X 5 1TEHR
35

V1 oUuq
vOU:=

Vg © Ug

TIT, c BEEILOREEZET. O, ZI13 o MU TRERF L%
D, RDOXZ bV ZRBAITE TS .

TFTHEINS 20 OWHES
28 = {u = (u,...,uq) € Z2: u; € L =2, \ {0}, j € {1,...,d}} C Z¢

F o WAL T#E%ZRZT. MHIC Schur-Exponentiation DE&RZicb 3 5.

EE S5 ANT—ce L, TXBTH M € M(d,Z,) D Schur-Ezponentiation (&
RDOEIWEFRIND

(cM)ijo=cor i e{l o d}

FRRIC, N7 Pl c€eZ,ITXBRT MLwe Zg D Schur-Exponentiation (XD
XIWTEREIND :

()i =" ; ie{l,---,d}

BIZIZ, NZ b & BITHID Schur-Exponentiation (XD & S ITER I BN
JMVTHB

M= [ WM™ . ie{l,....ad)
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ZIT, M e M(d,Z,) BEUY €2 THS. £z, MHOBRFIFL
TE o ZMEHLTWVWAY, BHEICBVTEDRIENSES L T 2003k 5
SN THZ ZLICHERT 5.

SEDH 743V XA TIE, Alice & Bob I3 S = (Z¢_,,+) BLU &' :=
(z,0) 2V, ZhbEnahs. 512, Alice ¥ Bob i 2 OAEMIT g
BEY, ZHHNMT 3. Bobld, N2 M(d,Z,_ 1) NTHii 2> & 57,
M(d,Zp—1) D2DDfTH xp ¥ Np ZEMT 2. Zhbid, KL T Bob 23
BRI, ThHEHVTBob i, XD ESICZ 6 724 ~DOBE 22,24
BLU Zg N5 Zg DB Ty, 23, N7 %%ﬁj—%

Trq = ’Ldzd
yeZy o as(y) = g™ €Ly wmlyhi= [] @)Y ez
1e{1,...,d}
ye Zg = as(y) =y~ € Zﬁ ;o x3(y); = H (y)l(wB) ez

T1,X2,T3,T4 &ii% 3 @%%Tﬁ&'lﬁﬁiﬁ 5Z Z L:E%‘c\?é . %B%‘%,
Ty 0x2(y) = ¢°"PY = w30 m4(y) = 23(9°Y) = (9°¥)°"" = (¢°""Y) (16)
ZZT, REOEFEZIRDZ LMD ILD.

(= I o= I @)= I @

4.4 Key agreement of SE-DH
Step 1(Bob) Bob iZAFD yp1 & ypo ZWERL, Alice ITE5.

yp1(y)i = Nj'owzy(y)

= I w=¥ (18)
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TZTie{l,....d}¥35. %7, yp1 &, UTFO XSk Nns 22
Ho LI NDEHTH B L ABRTILHTES.

yeZl = ypa(y) = Ny'owzu(y)
= Ni'(g™)
= (g
g°NBY ¢ ZZ
FBRIC yp o DUATD X SICRE 5.
yEZL | ~ypaly) = ¢°""Y €Ll

Bob 7b§ YB,1 & YB,2 % Alice 0:;}%6 Zwn ‘5 Ze &i, J:%E@ J: 5 &:, Bob 23
yp1 & yp2 ZAltHT 271 DITHERMOOELZIEET 2 I L 2 EKT 5.
ZOBE, U ¢°NE, g°%s € M(d,Z,) DITAE%ED Z L IHY T 5.

Step 1(Alice) Alice 13 x4 % Z%_ | 2 HERITES, BHOMERL T5. X
12 Alice I%, Bob OO —D2TH % yp 1 & BT OMER x4 VT,
RDOESWCHBHDR ya Z5HHE T2 (e {l,...,d}).

(ya)i =ypa(za)i = Ny'owzy(za);
_ H (goNB)EﬁA)z
= (g°NEa), (19)

Step 2(Alice) Alice %, Bob D® 5 —DDRHHE ypo &, WEH v4 ZHNT,
RDESIT kg TRINDZHHD SSK %515H T2 (i {l,...,d}) .

(HA)i = yB,z(l"A)i = X190 »Tz(JUA)z'

= H (gowB)EiA)z

(7725 4); (20)

Step 2(Bob) Bob i, y4 2L Tkrp TRINS, HHD SSK ZilH T 3
(ie{l,....d}) .

(kB)i :=230N1(ya)i = wsoNioN;'oxy(za)
= a30N(g°VE™);

_ H (goNBxA)l(EBNgl)i,l

— Siet.ay(Npra) (@ NG )i
= g { }
— g(mBNEINBxA)i

gleme) = (g0, @)

% (16) B DALDZ 2 & D ko = kg BSRILT 5.
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EE 2. BB, 2h, 0 0 S - SEZAEN 21(y) = 2By, 5(y) = 2pNg5",
Phy) = Npy (y € S) LEBRTB YL, ), = 2ozl BRD D (20 o (ZEED
BRERT). [:S S8 % f(2) =g (xcS) LERTHY, AUl 206
FRAA EOFERBIR 2 NI D[RRI d BT S5 EHETH 5729, DLP O#HEL S 2R
ELRBZ, 20 fIE—AmEEETH 5. £72, Bob DREH#E yp1 & ypo &
P EoBBERNT, 2z (13) ¥ (14) OFELOETRET 2 e TE 5.
%7, 230N, (& (15) 27 LTW2DT, SEDHIE Crs.s DERCTH .

T/, UEDOHWREDROERIBOLNE Z L ICHERT 5.

BEL LIFDg, f, ya L 24 3 L TERLLDDTH DT 5. x5 € SITX
LT, Nytoxy(rg) =ya DD IO BIE, op =24 TH .

Proof. %, g € L5 \ZEMRTTHRDT f REHHFTH L. H->T, ya = N'o
zy(zg) = forxh(axp) THMULT, z:=a4(zp) & f(z) =ya ZWilcTIZ—D2D f
NDANe B, ¥z, 24(y) = Npy THY, Npid M(d,Z,—1) L TIERIZD
T, zpldo=0f(zp) ZMiTLE—2Da, N\DANTHS. ya= forh(za)
THHDEDTag =24 TH5. O

4.5 SEDH O:tEEIETR4E

SEDH O&HREBEIENFMEICOWTHRAT 2. ZOHBE O FHEINIENFE & 13,
b L x4 DY Bob OMEHIEINSEES LD SR 20ITNSVESH, HEIIN
Y LTh, Alice DEH 24 ODREMD Bob OWEHR (T72bb 2 € M(d, Z,)
BLUNg € M(d,Z,)) LFAFEDLNALTHB I REKRT 2. ZhEiHT
27292, RDFEL Eve KHT 2 WL O OFKMREEEAT S, =771, MU
TDng & (5) ZHMil-THRKTH 235, THEIHHT 272012, ROE
E Eve BT 20K O ORMREREATS. fREE 2 TERLZBOLL,
LIR®D ng & (5) 2. T AR THZ T 5.

(@) $F, f:S > & B HIAMBMTH2 L L, g» L OEBTETHS T &
EIORHEHTHE. ZHX, [Slp=n">nyTHH, FEDaecSITXL
T fla) ZFtET 2 Z e BZHEARHTRIGETH 2 Z e 2 EKT 5. LA L,
Bz fla) e ST LT, a=f1f(a) CcGL ZROIFZZIX%Z
TERRFEFRIANTIIEREAARETH 2. BIRINICE, TEOMRNZIET
R 713V X6 A CEEDIEDZEA p I LT, UTFHBHILT 5.

Pr[A'(f(Us)) = f~1(f(Us))] <

p(n’) (22)

(b) H2EEH m < no LT, EREOEHAES HC S T|S|p <m EHMLT
boHRE N flidbdo &S ic—Arattcidzwy. 5, E8DgeZ;
LT, Ty ={¢°" |z € Lin,g € L3} 3D Y, |Tylp =m ZiiiiT.
BTDgeZITNLT, f: T, —» S B—AMEEKTIERRNI L 2XD
FowEMbTE S, Thbb, MRNZEARKM 7 LIT) X4 A" LIED
ZIEN p BPEEL, UFPBLT 5.

1
p'(m)

Pr[A"(f(Ur,)) = f~(f(Uz,))] = (23)

S m & deN\ {1} DU TOZHABEFRAMZL TVE e L, Alice DM
o 3Rl g € Z3ITHLT, T, 25ERIN2235. ZOLE, ROKR
HELNS.
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FE 3. SEDHIZBWT Eve B LFED (a) BX U (b) OHFIREEZIFI T3 & &,
EveSya o x4 #1320 O HEE, —HAMREE f 220 HETH 3.

ZOEHEDFFIIIEFICRE W29 [6] KT 5. URCHEHD 74 77
DI DAFLE T 5. G, Eve DSy 25 x4 & B0 2 Z ZHERRR T
I Lzt E, COMBEERR 7AITY RLZFALT f oilitgERkd 3 2
EWTES, OFD fA—AHAEEROL WHIRERTFEIELD L ERT I
¥ T, EHIRENS.

IR, 24 Zys SV EHT2HL XWCET2EETHD, LoEHDIIHA
CERLRVHDOD, BERWRMEZYIT27DDbDTH 5.

ER21. 1 58 B30OFTHTHS. LEd-T, FEDje{l,...,d} B
J:Ua,bl,...,bj_l,ij,...,bdES’ KﬂL“C, a:b1®--~®bj_1®bj®
a€ZIWTHLT, 5 je{l,....d} BHDFTRTD i T b; HMERITHEIE
NTH, a=b O ©by Ziifi7=3 b; BWEITFLET 5.

2. Alice DWMEH x4 % 24 = (1,...,0q) €S ERL, Bob DWEH Ng &
NB = (nl,ng,. . .,nd) Zﬁ”’\\7 }‘/I/’ni € S’Ejﬁ’\f:%)®’C2§L, %/?-\Sgoni
& Sgon; 1= {go’mi |ke{l,....2m}} LEERT S (IXRTDie{l,...,d}
WOWT) . EEDje{l,....d} ZEET 2L, 1. Dikimd»o, FED
bi € Sgoni (i #j) KN LTb; €S (BFLD Spen; ITE/T2DI TR
W) BELEL, URELT

Ya=b1 Obs ®--- O by (24)

ZIMBEIE—BREERS R j=d T B, ZDHEmICLD, R
D (by,...,ba_1) € Sgon1 X -+ X Spona 1 B3 (24) DAL 72 DHFZ L E
ZABIEMTES.

3 BFRTD ¢°™ BRI TVWBE I ED, a;=¢°*™ £32%, L
Eve ys D5 v EMRINCEBHTE 2R 51E, $TXTD a; 2EHICE
BTx5. ﬁb:, Fve WRDEED S ((11, ey ad_l) ERIRPNCEOI 3 2
EINTEBZRLIT

S = {(b1,...,ba-1) € Sgon1 X -+ X Sgona_1}

hEHWTCas ®ay = a;_11®~ atoya BEMET 5. RINEE (b) &b,
Eve lZIRTD i € {1...,d} IDWT logyon; a; (= loggon, g°*™ = ;)
% (23) DU LOERTEZIHAXRNR TR TEZ 2. AT, ya 2D x4
T HOU) 2D S 25 (al,...,ad_l) FROTIEERIETHE L
ZEET 3 (KK, (b) OMRNZHEAKM 7 L3) X4 A" 2 6GR
THWT, IRXRTD o; ZRDODZ N TEBHERND 2ZHEASD 121 E
THD BRIV EWVT RV, B -DEET 3 ).
COLEFHIREIE, TRTDITOWT, Eveld Alice IT Xk > TEHE
STz g™ DEZEFISTRNVE VWS HTHS. o T Fveldzg KD B
7‘3@0: (al,...,ad_l) % S J: Dﬁb%’lfiﬁh‘ﬂbiti 67214\. /5\5 OJHE%:\@
(bl,. . .,bdfl) ) (al, . .,ad,l) @{I%@VC@ b, b L Alice ® Tg N5} T A %
H—IGERR B, Evell 5T, % a; 1 Syone ET—RRICAHL TV
XOICRZ 3. NBERUMINC 24 T 2F00 D BB FEZRNDT
HIUX, Eveld S LTOREREZEITL 1 DORERDOT 2 Z & BRBET
HHM, BESDOREXF 2D LFTHD, 2 2 mdNE EITAT
b, dZERICKRELC T2 e TR RROETRMZAERICRE< Tt
MTES (W =md B L FTHTEW).
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Bilinear oscillatory Fourier multipliers *

EH EAT

1 EA
1.1 HEDFBEICDOWT

¥7, BEO 7 -V ZFEFHZCOVWTE R S. R LOFRREKICHLT, 7—
Y TR 0(D) 1%

~

1 .
_ - 1x-& n
HD) (@) = oz [ e w@OT(€) e a e R
Y EZRINBZEIUERZETH L. 12770, FIER" O 2Ly AR R, fliiz
DI7—)IZHHERDLT. 0D BN F T4 v —EDLT.

XBXUYIZ ) /s || |xBXU| |y 22heddiziz Rr Lo
T3, 7=V IEEEARID) X - Y BRTHSZL1E, 5 C >00B8FELT,

16D)f||, < Cllfllx, feSNX,

BT EZeE2HobT. ZIT, S=SRIER" Loy 2 9Ly O&ARDBEEEEK
EHODT. AFETIE, VR—2EH L, N—TF 4 —2E H? B X OE R EIRE R
RO TZEM BMO L TOEREICOWTEZ .

N—F 4 =2 HP = HP(R") 1%, 0 <p < oo XL T,

fp@Rﬂ::{fezstﬂ):|UﬂHp::Hi£4tn¢@L>*fwtp<<m}

CEBRSNSHEBEEMTHS. 72721, ¢ € SR [, ¢(x)de # 0 Zififzd. »N—
74 —ZEEOEFIT ¢ DHY HIKIFELRW. F2, 1 <p<ooDHFAHX, HP =[P T
HH, p=1DHAIEH - L' THZZePHILATVS.
A FCFIIREN BB R DR 3 22/ BMO = BMO(R™) 1%

1
BMO®) = {f & LL(R) + [ fllawo =sup 5 [ |f(a) = foldz < oo}
Q 1QJg
CERSNDBEBEMTH S, T IT, supg (FIFT72340% D R DALTTE Q 2k
EOWTO ERERD L, fo BITTitkQ EOMATH, $72bB, fo— QI [, fTH
A, EMREEZR GRZTR), EHEARK CRBK) , MEEBR (KRRK) L oILFRTI

Ho<.
T4t B2 TR R A ek
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5. L*(R") C BMOR") TH»2Z BN TWS. ZhbOBEZER DI DN
TiX, HIZIX, Stein [13, Chapters III and IV] Z & X.
XT, s>02L, UFOEDODSAF 54 Y —%EZ 3 .

0(€) = (1 + (¢,

DDV F T 74X —=I1IHILT 57— TR EEHR IO T 2687 ICo0T, M
ToZehPHILNTWS

Theorem A (Sjolin [12], Miyachi [7]). n > 1, s # 1, 1 < p < oo, m € R& L,
o) =1+ [P eBL. ZoLE, 7— Ui%&ﬁ%ﬁwWﬁDmuw—uﬂﬁ%
TH 2 7DDRE+HME

L (1.1)

P 2
Thb. 12720, p=co DEEIEHP % BMOICBEEHZ 5.

ARETIE, Z® Theorem A DRFREDIGENDILRZE Z 5.

Remark 1.1. s = 1 DFHIIE, (1.1) DFEAF%
1 1
< _—(n—11==-2Z=
m < —(n 1)‘p 5
B X2 T, Theorem A R CFRPHKILT S Z e oNTWS, 72720, n > 2
TH5. s=1DHAEDFRICOVTIE, HlZIX, Miyachi [6], Seeger-Sogge Stein [14]
REEBREINIW.

m < —ns

1.2 MRFDZEICDOWT

Rz, FEREDHZEITOVWTERZS. R x R* FOFRBEE 0 = o(&,n) ITH LT,
BHRE 7 — V) ZRIEMEMR T, 1%

T 0@ = o [ @ ole T dedn. @ € B,

CEBRINDZIBGERAZRTHS. 72720, [BLUgER LD 29 LYD&
Mr L, FBXUOjIEz0 77—y e zhzhRbT.

X YBIEZE B /vas || x |-y BEE| |2 Z2d >R _LOBEEZER &5
5. T,WX XY - ZBRTHZLIE, 50 >008FELT,

ITo(f, 9, < Cliflxlglly, feSNX, gesSny,

DT B E2RDT.
AT, s>02 LT,

el e o (g, m)
LWV DOME DY NTF T 74 Y =25 X %. MET 5 ARIE 7 —V THRIEEAR
T e kb¥. Thbb, T5%

~

TH.9)@) = G [, @I M (e ) flOam) dsdn, @ € B

LEFRTDH. ZIT, cBIRTERINDIZITRIBEBLTWERHDEEZS.
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Definition 1.2. m € RiIC$%. 0 = o(£,n) € S{H(R*) TIRTD a,f € (Ng)" =
{0,1,2,..., " IR LT,

[0200(€.m)] < Caa(+ [€] + [t
Rilli7T b DRARE S7y (R LERT .

XT, UTTlEs #1D5E5%2E X X 5. &ilf, Bergfeldt-Rodoriguez-Lépez—Rule-
Staubach [1] Tl&, U TD Z RS,

Theorem B ([1, Theorem 1.4]). n>1,s#1&L, 1<pg<oo, 1/r=1/p+1/q&

35, ZOLE,
1 1 1 1

mZ‘“Q;‘é*b‘éD (1.2)
751X, TRTDo € STHR*™)ITH LT, BRE 7 —V 2 REFEHRT; E HP x HY — L7
ERTHD. 121FL, p=q=r=00456I%, L x L* - BMOERTH 3.

F8¥im = —ns(|1/p — 1/2| + |1/q = 1)2) B v =T RIDTH 0 E I MITONVT,
WoHFRDZ & ZRLTWS ([1, Section 3.2]) .

Theorem C. n>1,s#41¢0L, 1<p¢<2FkiF2<pq¢g<oo,1/r=1/p+1/q
3%, ZOLE, TRTDo e SPH(R™) ITH LT, BHIE 7 — Y ZREEHE T »3
H? x HT - L' G5 (727U, p=gq=r=00ib6Il%, L®°xL>® = BMOER) TH?

%5, 1 1) 1 1
m < —ns(| 2 - 5 +15 - 3)
TdH5.

AROHEHMEZ, 1<p<2<q¢<oo $2B1<¢<2<p< o0 DFAEI, 175 DHER
FRRTHIETH 5.
FREREZARRZ 72012, mu(p,q) EATDEIITERT S :

0<s<1lDl %,
—ns(!%—%]—i—]é—a) for (1/p,1/q) € TUTI,
ms(p,q) = { —ns(1 —s)|2 — §| —ns|t — 4| for (1/p,1/g) € IU VI,
—ns|; — 3| —ns(l—=s)|; —3| for (1/p,1/q) €IVUV.
s>10D¢ %,
—ns(|%—%|+|%—%|) for (1/p,1/q) € TUII,
ms(p, q) —ns|i — 3] for (1/p,1/q) € MU VI,
—ns|5 — 3| for (1/p,1/q) €IVUV.

772U, LILULIV,V,VIIZL T TER I N5 Hi 2K 5.

[={0<1/p,1/q < 1/2},
nI={1/2<1/p,1/q < 1},
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M={0<1/¢g<1/2<1/p<1, 1/p+1/q<1j,
V={0<1/¢<1/2<1/p<1, 1/p+1/q>1},
V={0<1/p<1/2<1/g<1, 1/p+1/qg <1},
VI={0<1/p<1/2<1/g<1, 1/p+1/g>1}.
IUTUIMUIVUVUVI={0<1/p,1/g <1} TH 3. T/, FHHEIILLTOKD X512
HDEToN/ZDDTHS.
1/q
1

VI
I

1/2
v
|

1/2 1 1/p

KD FERIILUITOEY TH 5.

Theorem 1.3 ([5, Theorem 1.3]). n >1,1<p,qg<o0, 1/r=1/p+1/g& L, 0<s<1
FhlEs>135. ZOLE,

m = ms(pv Q)

251E, TRNTDo e STH(R™) I LT, BEHE 7 — Y ZRIEFRR T I HP x H? — L7
BRTHB. 12770, p=q=r=00blE, L°x L® - BMOBHRTH 3.

%3, (1/p,1/q) € IUIl DFAEE,

( ) ‘1 1 ‘1 1
ms(p,q) = —ns|— — =| —ns|— — =
p,q 2 g 2

THY, EFED Theorem B Tib\7z Bergfeldt, Rodriguez-Lépez, Rule, Staubach & D
RO eFUERTHS. A2, (1/p,1/q) e MUIVUVUVIDHEEX, 1/p=1/2
HHNNE1/q=1/2DHFEERVT,

(0.0) > —ns| .~ |
ms(p, —ns|l— — =| — — ns|— — =
P, q P 5

THs. @RI, Theorem 1.3 11X Theorem BOHRE L2 > TWE I e Nbhnb.
X BT, BADGZ T8 m = mu(p,¢) 1%, HHEHIZBVWTIES vy —7RbDITK-
TW3., AFED2OHDOFHRIILLTOEEBD TH 3.

Theorem 1.4 ([5, Theorem 1.4]). n > 1, (1/p,1/q) e TUTUIVUVI, 1/r=1/p+1/q,
meREL, 0<s<1%RE1I<s<ootTd. ZDLE, TXRNTDo e STH(R™)ITH
LT, BMEIE 7 —V ZREEHRZR T D HP x HT — L' GRTH 5 (2L, p=q=r=00
D EX, L®xL®— BMOBR) TH5H5IX, m <my(p,q TH5.
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ZDEBMS, (1/p,1/q) € IUIUIVUVI DFEIZIE m = m,(p, q) 1&> ¥ — FiaEuc
BoTWbZewbrsds. (1/p,1/q) € TUTL DAL Bergfeldt, Rodriguez-Lépez, Rule,
Staubach DFIRE[FIC S DTH 223, [5| TIFERBEHAZEZ TV, (1/p,1/q) € MUV
DBZBET my(p, q) D3 v — TIRIEBD E I IOV TIIIRED L ZATHLREETH 5.

Remark 1.5. s = 1 DFEITHNT 2 WHE 7 — V) ZRIEEHZR T OFFEICE T 2058
l% Grafakos—Peloso [2] 25X U £ D, D, Rodriguez-Lopez, Rule, Staubach & D—
HOMFE[9, 10, 11 I X > TERNEZ 6N Tn5. T RE, o OMRITX IR
T 5% Z & Kato-Miyachi-Tomita [4] IZBWTHOL2IZR > TV, KREDOHEIZ [4]
WHIBZEZII THD 7DD TH 20, AROTEIs £ 1 DBETH 2050, EROFE
HZEIBRZ Z 2 IZOWTIXEKT 3.

2 FERAD#(E
ZDHEITIX, RIS il e MElm S 5.

2.1 BEHZERICDOWVWT
JRFiN—7 4 =22 bt = hY(R") &1Z

PR = {f SR ¢ |Ifln =

sup [0« £, < oo

CERINLBHERTH L. 22T, ¢ € SRY T, [¢#£0%iIT. RFiN—T 14—
ZER1E Goldberg [3] 12 & D ER S NABIBZERTH 5. Ffin—7 14 —ZEHDEFEIT ¢ D
Wh AL ZePHLNTWS., £z, H' < hl = LI THEZeHILNTWY
3. JapionNn—7 4 =25 RN E T A BBUI LT 207237 b & L N 5 BB DR X
s ([3):

suppa C {ly — g <r}, faflp~ <77 (2.1)

BT, r<1 DA
/‘M@dx:O (2.2)

iz s5. 2)Zr>1eLTHMAST 7 MAfIZR1)Z2r=1LTHALTT
N LDFEAEETROT IR TED ZEPHILNATVWS., 2D L DFMICOWTIE,
Bl z1%, Miyachi-Tomita [8] 2. r < LI LT, (2.1) & (22) 237 o f %
h-atom of first kind £\5. F£7z, (21)Zr=1% LT3 Db D% hl-atom of second
kind EPER (B—X ¥ FEMHIIZERE V) . ThoD 2 ED 7 P a2 T EHTL-7 b
LEPER. ATED h(R™) OBBUE h-7 b 2 DF {a;}; ZFAWTHETE 2 Z e HIBH
T3,
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2.2 f#RE

0 € S(R") iFsuppd C {|¢| <2} ZiiTeT DL T 5.

¢ € CPMR™) iEsuppy C {|¢] <21 THD, [¢] <1 RBITpE) =1ThH3LL,
(=1-pCEDL. (cC®R")THD, [(|<1BBEE)=0THD, [{]>27%51F
((6)=1TH3.

ROED 7 — VY TRIEELZITHT 50 O DA BB R & E %2 B3

S;f() = (¢4 (@67 J1©)) (), TS@) = (¢4 p(©)]©) ().
7l2L, jeENyTHD, VId7—V iz

\Y _ 1 i&-x
(©)"(@) = e [ ate)de
ERDT. THOEHEAKORREH VS 2T, UTOXSCHRDOT LN TES !
Sif(e) = K f@), K(w) = (¢ C(00270)) (a),
Tf()=Lxf@), L) = (9 00) ().

% K 122\ T, UFDGLT % ([5, Corollary 3.2]) .

Lemma 2.1 ([5, Corollary 3.2]). (1) 0<s<1D&&. N>0&35. H25c> 07
FELT,
S if o] < 1
|KJ(IE)|§C % ’.T| ’ Zf |$’— )
2|, if |z > 1,
MINRTDj € Ny IZDODWTHALT 5.
(2) s>1DE. N>0t355%. H5c>0DBFELT,

|K(2)] < e x {(1 T |x|)7%+ﬁ7 if |z < s857120(s=1)
J =

|z =, if |z| > s8571 2001,
MITRTD j € Ny IZOWTHILT 3.

S DFHilX, suppy C {27! < |¢] <2} BT ¢ € CP(RY) KL T,

(e p(279¢)) " (x)

WX 2 ZHNS Z eI X DERNS. FEHIICOWTIE [5, Proposition 3.1] 228
CELAA%E
Lemma 2.1 ZfWV2 Z &2k D, ST 2L TOFHENEF SN 5.

Lemma 2.2 ([5, Lemma 4.1]). 0 <s<1F7&Es>1&L, 1<p<oo&dd ZOD&
&, c>0DFELT,

i\sn|L-—1
1) £l poqany < €(22)™ 721 £ || Loany

MINRTD j € Ny IZDWTH D ILD.
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Lemma 2.3 ([5, Lemma 4.2 (2)]). 0 <s<1¥7%ZF1<s<oo&l, fIELAFD, F
Zr OFRCHEEZDDM-T PLATHHLRET L. TOLE, A>2rTHD, NI

0§N<2(1—Tis), ’if0<8<1,
0 <N < oo, if 1<s< o0,

R Y R
o N
155 (= HL2 (A<ja|<24) = c(2)? (QJ(1 )A)

MIRTDj ENGIIHUTRHRILT . TZT, E8c>0lEn, s, N, QICOAKRET 3.
ROWEIL s < 1 DEBICDAKIILTE2HDTH 5.

Lemma 2.4 ([5, Lemma 44]). 0<s<1&35%. 2O X, c=c(n,s,0)>0DfFEL
T, UTHRLT 5.

(1) fDREFAFD, FEr <1DRIKEZBDI-7 FATHERHIT,
19 f (x HLl(\x|>2) ¢, J€No,
DI D 3D,
(2) 0< A<10ITHLT,

195 @ 2 <

J € N,
i AIRVASS
REDOMEIX s > 1 DGEICHLTE2HDTH 5.

Lemma 2.5 ([5, Lemma 4.5]). s > 123 5%. 2O, jeNy, A>206D 753

HS Sz HLQ(\:E|<A < cA? HfHL""(R")’

MDD, TZT, ¢>0En, s, 0 ICOAKETLZERTDH 3.

3 EERHDBIBS

ARHITIE Theorem 1.3 DFEBHDOBE Z bR 5. GEHHO 74 7 71%, H' x L* - L' FH
RErzRRT2 2 TH5. BENICIX, UTZEEAL 7.

Proposition 3.1 ([5, Theorem 5.1]).

sn s(1—s)n .
e A A P TS
m= { 2 2 /

-, if 1<s < oo.

5%, ZDLE, ge SR ZHIE, MBHE 7 —V 2REMERR T 1E A x L — Lt
ERTH?.
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FFFIZ, Proposition 3.1 23AEH X 114UZX, Theorem B ¥ flifl] 35 Z 12 & D, Theorem
1321860 5.
AT, fHEOLDHIZ, 0<s< 1,
ns ns(l—s)

m< - - (3.1)

2
DHFETOVTOREG R 5. s> 1 DFEPm = -2 — U= OBFEIT OV T 5]
EHEBLTIZLL.

Z0TIX, FEIZ (3.1) DHBEITHF % Proposition3.1 OFEFIZDOWTIAN 3.

%3, Littlewood Paley @ 2 #7fi# 3 & Of Fourier fFEUBZ W3 Z & T, MITOE
ELTVWEIALFTI3A4Y—ICH LT, h' x L™ - L' EFRMEEZRBRZ IV e 83bh 5 !

50(&,m) = cobr (&) B2(n),
G(&m) =D ¢ 01(279€) ,(277m).

jEN
72720, {cj}jen, EEBRDFIT |¢;] < 2™ 27T dHDOTHY, 0,0, € CFR) 1F
supp 01, supp 0y C {|¢] <2} 27z THDTH 5.
DITTE, YSAF 774X =G IOVWTDAEZS. BRNCT: 2 FEET T L

Ti(f.9) (@) = > e (770277 D) f(w)) (" 6227/ D)g(x))
JjEN
rEbED. X510, EReBIVCEAVT, T2 2UTOLSHET 5.
T3(f,9)@) = Y e{ T F(@)T2g(w) + SLf (@) Tig(a)
JEN
+ T} f(2)S29(x) + S/ () S2g() .
2L,
T f(x) = (¥ 0()0:27€) [(9) (x),  Sjf(x) = (¥¢()276)[(©)", =12,
rBWE. ZLT, | S2mTHBEHhE, b x L — LN EREERE 31213,

> 205 Vil S lllgllo, UV € {8, T}
JEN
ZREBRTITHS. 61T, W D7 AT EH» S,
S 2|UffVEgl, S llglle=, UV € {8, T} (3.2)
JEN
METD -7 b & fIZDOWTHRICKILT 3 2 L 2B+ TH 5. AT AL
U=T%7%R3V =T DOHREDMEPIARTIERT 5. ZhdDHEDFHIIICOWT
X, Bl ESRLTIELL.
LIF, (U, V)= (S,S) DBEDA%EEZ 5.
%9, 32 DEAD L' J VL ELITD 32127515,

H T HLl(R") - H T HL1(|x|g2r) + H T ||L1(2r§|x\§4) + ” T HL1(|2|24)
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3.1 L'(|z| < 2r) OFFE
a—Y— a7 AYVOARENRY, Lemma 22 kD,

1551 55

JgHL1(|m|<2r

‘Slf”Lz(]Rn) “S?g||Lw(R7L)

<72
Sre | fllre@n)2? |9l o@e) S 2% ||g]l oo gy

22T, BEOARFERICTBWT fHRR-7 A THE AV ©ZIZ, m= —ns/2—
ns(l—s)/2 < —ns/2 & D,

ZQjm|‘S}fSJ29||L1(|z\§2r) S Nl

jeN

z215%.

3.2 L'(|z| > 4) OFFHE
ANV —=DAEK L Lemma 2.4 (1), Lemma 2.2 & D,
HS}fS?QHqum@;) = HS;fHL1(|m|24)HS?g”Loo(Rn) S 2%HQHLC"’(R")‘
Wz, Hifi R T,

270181 S0l oz S Mlollie

jeN

2155,

3.3 L'(2r < |z| < 4) DFFHE
LT, 2 oHDHIZH T 2% &
2270181 839l s rparny S N9l
jEN
BERD.
XTC, LTSI UTELAD LY 2r < |z <4) /7 V2 ZHIH»PL 7855 ¢
Z2jm“5;fSJ29HL1(2rg|z|g4) = ZQjm Z ”S}fSJZQHLl(szg\ﬂgzkHr)

jEN JEN keN,2kr<4

FAD LYV LZOWT, DTOFEZRENS 10< N < 5505 £ T2, ZOLE,
ITARTDEkEN, 2P <4, ITHLT,

127 8201 1 o puzanonsy S 200 (200-0ghy) R

::(261?—33%3ﬁ(2ﬂ1—@2kr)—N+

(1—s)n
2
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DD D, ZHUE, a—y— - 227V DAREKX] Lemma 2.3 ¥ Lemma 2.4 (2) 2>
BIES. £oT, FZ, N=0t LT, ZOPrELrHVZL

. ns_ ns(l—s)
>, 1SSl ey S @) Y (@0I2)

keN,2kr<4 keN,2kr<4
2i(1=s)9kr<q 2i(1=s)gkp<]

S (2]) T+
%%é.::f,%&@$%ﬁf@1—s>06%é’t%%mt

—HT, N & < N < s il T &S5RI (0 < s < 1OBAIE, Hic
DESBEOHHTES),

(1 s)n

n.s(l s)

ErE S (@)F (200 N
3 P9l L1 @kr<|a|<aktip) S
keN,2kr<4 keN,2kr<4
2i(1=s)okp~1 20(1=s)9kp>1
< (21)%+7"S(§_3)
Y

2185, ZhHOiHfiz L HT,
Z2jm Z HS;fszg||L1(2kr§|x\§2k+1r)

JEN keN,2kr<4
" i 1S5
S Z 2 ( Z + Z ) HS] f S] 9 L1(2kr<|z|<2k+1r)
JEN kEN,2kr<4 kEN,2Fr<4

2i(1=s)okp<y  27(1=9)2kp>]

< Z 2] m+n>+"9(1 s)

jJEN
<1

2185, BREBEOFERTm <~ - 20D TthHz v 2HVE.
Remark 3.2. ZZ ¥ TOIHOHTIZT b4 fDE—X ¥ MM
f(z)dz =
Rn
ERVTORY. ZO&MHIm = -1 - 0=
EBRBLTIELW.

Remark 3.3. EFUZIE, AFX SITHWT, S BXU S DERICH 5D 2 B0,
Oy DEAFHEICOWTHEHERE LTIz & 2 20Uz okzw, L L, MED012, Z
DI LDV TIIAEM L TR L 7.

DE ZDAHDHTHWS. FEL <1 [5]
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The distance from a projection to nilpotents* T

ot (HOREGE /AT iTHEMS)

B E
B m € {1,2,...,n} @ nxn EIHPATIE nxn XFFITHIREOHBEZ (2cos =75) "

1 XL®IC

COMIHIZRIECIK GLERR) & R 8] 1IcHo L Ak z@t, n 2 (EESH
ha

h
7)) EOMBETE. RZ A h= | | eCr L, k] = /TP el ot ]

hn
CEDD. WE 0 xn fTHRKE M, E£T. Ac M, THL, |4 = sup |Ar| &

heCm, ||h]|<1
EDD. ar,ag,...,a, € CITHNL, & (i,i) HAD a; (1 <i<n) TH2 nxn WNATHEZ
Diag (a1, az,...,a,) £RT. nxn XFETHEKE N, &£T.
RPAFHIC B 2 FEHTH 5.
FE1(8). 1<m<n¥¥3. P, :=Diag(1,1,...,1,0,0,...,0) iZxfL
m n—m f#

~1
inf ||P, — N| = <2cos T )
NEN, +2

n
m

i ARTAON
3HEi-4FNCBNT, CEHE T 2642 L0 ZIZHOERE R TZOMHE S X 720, 5 [8] 1T
& DR BREERIZELNTVE D, ZHUTOWTIE 5 i TS 5.

=] -
2 B=E

EFR 1 ANOFER AL X 52, (A[4)) 35 Hilbert 22 H, K 2L, H 26 K ~NOH R
WrERZE 2R E B(H,K) £ £3. Ac B(H,K) IZxfL,

Al (= lAlls(a,i)) == sup || AR
heH, [k <1

*2024 EE FEEBGH - BRI ERS Y R DD 4 HEE R

TEHE RIS GREE S 22K13934) ICX 2R EZIFTV5.

fmmori@ms.u-tokyo.ac.jp

I, fFH05EE T LTIRS 20, [8] &bk Mgt U B, McHmE TEICHEVWLEF»Z 45 5.

2AHONAED—ENZ [11] EHL TV 5. AL H 208 /M2 E 0. Kid 3 8- 4 #iTlEAT
FIDGE LE 2720,
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LEDDZBE, B(H,K) X/ VA |- I22WT Banach 2% 723, 2D/ VAR d(A, B) =
|A— B|| (A,B € B(H,K)) Z&®», ZOiHH»> B(H,K) OFifd (/Vahit) 2EE5.
A€ B(H,K) XU, (A*k,h) = (k,Ah) (h€ H, k € K) 723 A* € B(K,H) »M—>D71FfE L,
|A* (| 5(x, 11y = I All B, reys 1A All (o) = ||A||%(H,K) DD SO,

IR, ¥r LT H=K DEEEZ2%. B(H,H) % B(H) £3. BH) Z&KE#Hr LT
Banach 3% %3 (||AB| < ||A|||B|| 25E b 3i2) . B(H) DHATIE H EOEEEHRZRTH 5.
I Ipy HBWVIE T ERITZLICTS. n=dimH <oco DL E, H »56 C" ~D (fEFE
FERE) FAEGE Vo UR, BEOTIRICED, B(H) & nxn BRITHIRED 72322 M,,
ERHEND. ZD XS BREHIIONT, FIEITEDATIID 2 Vv LFZAFTEDTAEHERED
IV —HT 5.

TEFHZE N € B(H) IS L, H2IEQRE k BFELT NF =0 A D IO &, N IIRFF
(nilpotent) TH 2 &\W\H. B(H) DRI FLILEEKOESE N(H) ££T. AcB(H) THL, A
tNUD@ﬁ%Ng%JM—Nﬂ%uM)Zﬁ?ltﬁ?é.%%ﬁﬁ??$i5m,Neﬂu
PRFIBTHLZILWE N'=0THHIefETHS. LEdoT, nxn XFETHOEEK
Ny E M, OHEATHZ. ThEhrig, Ac M, ITHL, v(A)=0TH3ILiF AcN,
TH2ZLLFAETH 3.

WolXH, dim H = co DEAE, NIBEEHZRLEROEGIZAEETIIR V. /EHZE A c B(H)
HL, ZRZ PN e C| A — AFAGETRN Y} % o(4) TET. Ae B(H) DARY b L
o(A) —REE {0} THBLE, AZENRFE (quasinilpotent) TH2 WS, Gelfand DR
R MVERRTED S, ADPERXFFETHE 1L |A*||VE =0 (k—o00) 2L LEMET
5. I, NFEFHRIERFETDH 5.

YEHZRmICRE$ % Paul Halmos OF %7 10 ORE [5] O 7 M, EEOHERFFEEHARIT
N(H) OFECESTY?, WO MBETH 2. ZoOMBIIEEMNCHEIrNTED, X DRWLATOE
HAH N TWS.

FEI 2 (Apostol, Foias, Voiculescu [1]). A € B(H) 73 N(H) OFclZES %5 (F748bD5B v(A) =0
L78%) T2DIIERD 3D LD Z e PRBEF T THS.

1. ADARZ MUZF 0 2EA, BIETHS.
2. A DKREARZ v LT 0 2 EaA, HIETHS.
3. A€ CITHL, M — A 2 semi-Fredholm 72 51X A\ — A @ Fredholm index (& 0 T 3°.

NI EBEHEAOHEZ (Al 225) o iRD BT, v DEARNZEEZ S 5ITHHNK
5, LEZDILRBHABFETDHAS. IAH, ZRREEIRLHFLAARVWSHLL, v AR
R EAM SN TWRIEARE, v B uoE (L&) 2kRE, H 2ARXITTHERXTT
BORDIRENTHS. v DEIEALIISNTVE WL DD HEEZ U NMTEXRS.

o (FE®D A,BeB(H) £ AeCIZHL, v(M) = [Ap(A4), v(A) = v(A*), [v(A) - v(B)| <
|A—B|| TH3 (EFRLDISD) .

3A € B(H) %51%, sup{|\|| A€ a(A)} = Jim |ARIYVE T2, Zofie ZART FILEEL WS,
— 00

1A € B(H) 7 Fredholm TH 2% k1%, A OEDHT, dimker A < co 222 dimker A* < 0o TH2 I L EZEEKT 3.
A OEERARY FILEE, A — A »3 Fredholm THW X € C O&k%FR Y.

SZIUIDE D XREREKRT B, A € CITHL, A\—A OEHHT, dimker(AI—A) < co H2WVIiE dimker(A—A)* < oo
TH 2% 51, dimker(A — A) = dimker(A — A)* TH 5.
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o U € B(H) »EEBHERAZE (U*U =1 #o1X, v(U)=1T»H5. wU) <1 FHS .
N € N(H) 251F, h € ker N(# {0}) &ML (U - N)h| = |Uh| = ||h]] £7227®,
v(U)>1TH3.)

e (Apostol-Salinas [2, Theorem 3.5]) fEE®D A € B(H) TR L, v(A)d A DRARY FL
FEURTH%.

P € B(H) 2§18 (projection) TH 2k, P=P?=P* TH5Z%i65. B(H) DHF
KoEE%z P(H) e RT. 7, M, OHEREKOEEE P, XL, P, DILTHEL m TH
2HDRE% Py EEF. P =Diag(1,1,...,1,0,0,...,0) € Pum THB. F72, P Pom

—_———— ———

m il n—m {#

BBIE, HBL=RVH U € My BEELT UPU* = P, Y55 2 LSO, £oC, (FH
D P € P 1K L v(P) = v(Py) TH2. HEREANLERNETSH 25, HEOBEICH-
Td v DRELHBIDEIEF CTEONTOWEP /2. BITHRZ LD TALD.

o FIICNT 2 v DMEDFHEE 5 X 72 HWIIEIZEZ 5L [6) THD. ZOMXTEED
Hedlund i, FBTRVWHHZRIKOEES L NV(H) OFERECOWT “the determination of the

precise value (HH§) seems difficult, even if H is finite-dimensional” & RT3,

e (Herrero [7, Corollary 9]) dimH = co D& %, P € P(H)\ {0} OEHBEERITZ 5
v(P)=1/2, BRXT%6 v(P)=1TbH5%.

e (MacDonald [9, Theorem 1]) P € P, %51, v(P) = (2cos ;75)"" TH .

o (Cramer [4, Theorem 3.6])) n>2, P € Py 1 K5I, v(P) = (2c08s ="5)"! TH5.

MacDonald [9] i, {EE®D P € P, \{0} i L v(P) > (2cos ;j5) "' YD IO FHELIz. i
{##E1X MacDonald O FAUCEEA% 52 72 [10, 11]. Cramer [4, Conjecture 5.1 & m € {1,2,...,n},
PePum %5I1E v(P) = (2cos VL THhre TR EHUIXZOTHEEZIEAL MRS

fli7e & 72,

s
+2

n
m

3 #fm

FEHIZOWTEZ 57004 LT, 1TAICET 20 O00FHERNK S, Ft& OHfE
BT 2720, FEHDLATZARDT S Z I,

79 A e M, iIZxL, ZO L —R% trA, 1751:% det A, FEEE rankA ¥ RT. A D
ART ML o(A) 1F A OEHEREK, ThbEEFZHAOEEKOES MR SRV, i,
A = (aij)i<ijon KL A* = (@)i<ij<n THB. A PITILI—1MTH] (A = 4%) DL &,
o(A) CRBED D, T I— MTH| A DEFMENTNT O ETHEEE, ARETHEL
WS, TAI—HMMTH A BIINL, B-ADPETHZLE, A<LB rEL. ZOEMFE, TE
D heCr T (Ah,h) < (Bh,h) £725 2 LAfETH 2. LichoT, < IFPIEFHEGKRE %
5. Fiz, AYTE X € M, ISR L

A<B < X*AX < X*BX (1)

ThHdZedbhrd. TLI—MH A BIZNL, B-—ADBEPORHMTHEEE, A<B Y
EFELZRITT B,

93



—fIZ, 75 X L, XX, XX* ZIETH 5. T/, EHD0 7 L 23 RKEEEICEL
WV, Wz

[X]| <1 <= | X*X[ <1 <<= X"'X<I
= |X'<] = | XX <1 < XX"<I

(2)

DI D LD,

I I— MTH A e M, DEIHED (BEEEZADT) M > > >\, THELE, HD
=R VTHI U € M,, PFFEL T, A =UDiag (A1, A\a,...,\)U* DR D D, BEEL f: 0(A) —» C
WHRL, f(A) = UDiag (f(\1), f(A2), -+ fF(\u))U* EED %6 (functional calculus) . f D%
DR, [0,00), {z€C||z| =1} KAENZLE, f(A) ZEhZhTLI—F, F, 2=X) Ltk
ZZEIERLTEL. 0<A, fH)=t'2DrE, f(A)=A2% AD (IED) FARL WS,

RD2ODEHIIEELLHEHTH 5.

EIE 3. ABeM, £T5%. Zhrx, AB OFE%ZIENIT BA OEEZEN L —8T 3.

FERH. A DA L 213 BA= ATY(AB)A DS . —RDEGE, /NS WVEEDFE e >0
WXL, A+el EA[#RDT det(x] — (A +el)B) = det(z] — B(A+¢l)) SR DILD. & — 0
LWSIBIRT %% 2 AU det(z] — AB) = det(z] — BA) TH3Z e hbh 5. O

EE 4. VI —-MFIABeM, BIE-AHTHILT5. ZOE A<BY¥ B l'<A!
WEETH 5.

S A< B <2 p1/24p-12 <1 & gi2p-ipg12 <1 A g1 g1 u
1TH AT DB IC B W THEAR 72 min-max EEZEWHZ 5.

FIE 5 (min-max EM). Ae M, ZZVI-MTH, 1<k<nt$5%. ZOrZ%, A0 (B
E2iAD) k FBHICKZWEFME A\, IZDWTRHLD LD,

A = max{min{(Ah,h) | h € V, ||h]| =1} | V i C" @ k RITEb7» 22/ }
= min{max{(Ah,h) |h €V, ||h]| =1} | V X C" ® n —k+ 1 KITH7ZH }.

GEFH. O oHDEFERT. ST O0DDESDOIEHDFERETH . A 22 =2 VITHNC X D XA
ft32%28T, A=Diag(\1,Aa,..., ) DEERIFETE 3.

(> OFEH) £k BH X DHIORD D ITRTERTHERZ MLEIE W Cc C* DXRITE n—k+1
THd. £oT, VCC" % k RHinze s, VW #£{0} TH5. /L 1DXRT b
LheVNW iU, he W kb (Ah,h) < M\ DHES.

(< OFFH) k FEHEDBORDHRITARTEXRTHERZ FLO2KE V c C* £ BIHI,
min{(Ah,h) | h € V, ||h|| = 1} = X\ DD ILD. O

WEL TAI-MIFI XY eM, D XY ZililzTeARETS. B f:0(X)Uo(Y) > R
HBHEFARD S, tr(f(X) >tr (f(YV)) TH2. bLIBIC fHRREFT X £Y B85 tr (f(X)) >
tr(f(Y)) TH 5.

ST ZD XS REMFRIMZT2I=2Y U OWRD HICESFICEE 3.
"21ERE € C DB ARL, 2 e CITHTIMMREEZS.
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AFFH. X <Y & min-max EH LD, X O (EEHEELZAD)) E HEHCRKZVEEHEIZY Ok H
HICKEVWEEEMUL R TH 2. XoT, f(X) Dk BHIPHIVEEMEIZ £(Y) Dk BHIHX
WEBEM ETHZ. P —REEHEORMTHZ0 5, tr(f(X)) > tr(f(Y)) 2D IO,

X<YD»PDXAY %o, r(Y —X)>0TH57%D, % ke {l,2,...,n} TDOVWT X Dk
FHIKREZVEAFEIZY Ok BHICKEZVEEELD B/hXV. ZhE b B¥ESRES. O

XD interlacing inequality & XX 25K (3) 1, min-max EFHOREL LTHLNS.

FIE 6. ABeM, ZTVI—1MTH, A<B,rank(B-A)<1t32. AOHEAFMHEEZ (HEHE
EEADT) ag>ay>-->a,, BOEEMEE B >B>-->6, £BL. Zorx, FR%ERX

Lz >fa>ar> >0 >, (3)
DI D LD,
RDOFEED L LHALNTWS. T4 interlacing inequality & BIfRAZEW.
W8 2. kK ZIEOBELT5.

Ay >ap > ah > > > gy > oy,

PEREBE TS A —MTH Ae M1 DEEMED o > a0 > -+ > a1 DL X, [EHEH
af>ah> - >a), THEIINI—MTH A e M, THoT, A DELED (k—1) x (k—1) K&
DA =BT 2HDODFET 3.

EIEEH UAU* = Diag(al,a27...,ak,1) =D }:Eéﬂ-—“—ﬁ?‘)ﬁﬁﬂ U e Mkfl %XZ) h1,h2,...,hk S
_ D h*
RIZHL, h=(hi,ho,...,hp1) EBE, 175 (h h) WOWTEZR S, ZOREEHEIZ

k

U 0\ (UAU* b\ (U 0\ (A (hU)*
0 1 R k) \0o 1) \nU hy
h*

DEFEIC KT 2. L7ehioT, &iFeiild A OFEZ WD 720121, (l}? L ) D& EA
k

oy >ah > >al ¥RB K7 hyha, .. hy € R ZHEDFAUTE V. ag >as > > ap
TH 5127%/5\&:{_\"@'“&;, 1@@3&%@%15:503%%5 L?’:?fﬁo’C, ]l > Qg > 0 > O @i%/ﬁ\%
Ez2k>. pel{l,2,.... k—1} XL

k
(op — O‘;)

q=1
hp =

H (ap — ag)

qe{1,2,..., k—1}\{p}

LEDDE REOHREIZOUEOER LRI ICER). ZLT,

hie = (a3 +ag+-Faf) = (a1 +az+ - +ap-1)

LEDD. 30D k REER

D h* b )
det (J:I— <h hk)) , lljl(a:—ocl)
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DEE f(z) EBL. THE, fIEdEL k—2 ROFERTHD, 7 flar) = flon) = -+ =
flar-1) =0 2535 DHIDENETD, f=0ThHs. ORI

D h* k
det | 2T — -
D h*

TdHbh, EH@ED <h ) ) DEFMED o) > ah > > o) 125, O
k

SWVIITH 5 Ve offi iR R L THL.

BE3. TAI-—MIAIX,Y e M, DX <Y Bilil=-TIRET 2. EeM, 21 05FL s
5. ZOLE max{t eR| X <Y—tE} DHEL, TN tp £ BL L rank (Y —tpE—X)=n—1
D DALD. Fh, t<to WL X <Y —tE TH 3.

A X =0 8 REL T —lMEEEDbRV. ZOE0<Y 2R3, Y —tE = YY1 -
tY1R2EY VY2 e, [—tY V2EY V2 i2onTEZZ LW, Y2EY V2 3 - B
B1DIHITH 5. tY V2EY V2 pEr RS t B tg L BHE (0FD tg= |V V/2EY 2L
YBIR), FAUI - tY V2EY V2 BIEERBZRARD t C—HT 3. [t Y V2EY ~1/2 13B4
Bon—1 0 THD, Ld>Trrank (Y —toE) = rank (YV/2(I—t,Y V2EY ~1/2)Y1/2) = n—1
BB t<tyg L O0<Y —tE TH2Z L bEGIHEIrDONS. O

4 Cramer OF1EDEEEA

0 * -+ %
Mg E=AMA, O%D (.) (.) | LSBT HS nxn (THIOREE T, LR, B
. . . *
FTWHIEHE, 0 <m < n XL, P, THATTHI Diag(1,1,...,1,0,0,...,0) #RI. ¥
m & n—m i
PeM, L, Pr=I-PYEDBZL, PLHEFELLE. v DEZFAXRSZIZHI-D, Arveson
DFFHEAN 3] O—fr L THISN A ROEMPEETH 5. FAEHEHID 20Tk [11]) 22X h

7z
EI 7 ([13, Lemmal, [12, Theorem 1]). A = (aij)i<ij<n € My, &35, TDEE, F/IMH
min |A — T|| DFEEL, Z4UF max ||P AP IZFL V.
TET 1<k<n
N e M, BWREIFTH270IE, H22=R VT U IZOWTUNU* €T, 725 EHWE

T THBE. LIedoT, nxn 2=XV{THeKE U, LR, N, ={U*TU |U €eU,,,T € T,.}
D DILD., ORI, TED Ae M, Il

v(A)= it [A-UTU| = _inf  |UAU*-T| EET inf max ||PL UAU* By
TeT,,UcU TeTn, UeUy UeU,, 1<k<n
Y#B. ZIZT, A=Pp, 1<m<n OWEEEZS. {UPLU* |U Uy} = Ppm THZIDH,

Pn) = _inf P PP
v(Pm) = dnf - max [Py PP

82=% V{75 &k 3 L=FA1k (Schur triangulation) %% 2 X.
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DD LD, WZIZ, P € Py ITHL max | P PPy 2522 Z e HEEL 2.
LR, PePym ZEFELTEZS. —HIC, 179 X,Y TR L

IXY|* = [(XY)*(XY)| = [Y* X" XY = (X" X)2Y)* (X" X)2Y) || = [|(X*X) 2y
e | XY = |(X*X)V2Y | 28D io. RS | XY = | X(YY*)Y2| THB. Zhkb,
IPi=, PPyl = (P21 P) - (PPy)|| = (PP, P)!/? - (PRy)|| = (PP, P)"/* - (PP.P)'/?|

Ths. £oTC, Ay = PP.P (ke {0,1,...,n}) LEDB Y, |PE PP = |(P—Ar_1)24%
Ztﬁé. Ak —Ak,1 = P(Pk — P],ﬂ,l)P T%éﬁ’%, 0= AO S Al S S An = P, rank(Ak -
Ay ) <1 TH 5.
FE LI - Ay =P 4 (P—A) &b, - A )2 =PL+(P- A, )2 TH3. %
72, A= PP.P k) PLA? =0 TH3. BlEED, (P— A1) 2A)% = (I — A1) /2A)°
THBIeHbhd. LEhoT, |PE PP = I - A 1)24%| TH 3.

0:=7(2+2)7 LB B1<k<n ML (2cos0)! & |PL PP = [|(I-Ap_1)/24;
YR LW, 22 THEZEED, 0,7 —20) 205 [0,1] NOHEFE AL 2 H G

‘s 1 sint
2cosf sin(t+ )

BFEZD. ZOWEEE W functional calculus IZ& D, 0< By < (m—20)P BX U
1 sin By,

"7 2cos sin(By, + 61)

ZWilz3 By, € M, DME—o2en 399 Zor % By =0, B, = (n—20)P TH%. ¥/,

A <A <--- <A, &b

A

sin By sin By < < sin B,
sin(Bop +01) ~ sin(By +6I) =  ~ sin(B, +01)

TH2. ROMEHNEETH 5.

WAL fkc{l,2,...,n} ITHL,
(T = A )2 4% < (2c080) ™ = tr (By — Br1) <9,
(I = Ag_1)2AL?|| < (2co80) ™" <= tr (B — By_1) <0
DI D 3D,
FFINEHAOT v(P,) = (2cos0)"t ZEZ 5.
v(Pp) > (2cosf)~! DFERA.

(;max [P PPy =) max [[(1 - Ax-1)"? 4% < (2cos0) ™!

FIRETS. 1 XD, U tr (By—Byr1) <0 27%%. Lh>T, tr(B,—By) < nb
THb. By=0,B,=(r—20)P &b, (1 —20)m<nf, DFED §>na(L +2)"1 7D, FJ&
BE o, O

YEADSED sin(By + 01) WFALET, sin By & sin(By + 0I) ZEAHER DT, HBO L5 R L THMEITRE =
V. AT XD, 03 RKRLESHLZHTS.
WZoRD &S BREEHIMHOEA Y b7, ZOXIXTZL5FLWKHEIEWEDE DD > TRV,
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v(Py) < (2cos0)~! DFFH. KOG EMZTFEE B € 0,m—20) 1<k <n, 1<I<k) %
(RATH XWVwoT) EELTEL.

k
(a) LD ke {1,2,....n} KL Y Bu=k TH2.

=1
(b) fEED ke {1,2,...,n} XL
B = Br—11 2> Bra> Pr—12> 2 Br—1.k-1 = Br .k
TH5.
) I<mZBBIEByu=m1—20, I>m B By=0ThH5s.

7= 2,
B = max{min{m — 20,k — (I — 1)(7 — 20)},0}
ETNEEN W T DDA AZHEID NS,

1 sin B
~ 2cosf sin(By +0)

8L, BBt~ sint/sin(t+60) 1% [0, 7 —20] THFARDOT, (b) DK ke {1,2,...,n} L

(673 € [07 1]

Qg1 2 Q11 2 Qg2 2 Q12 2> " 2 Qg1 k-1 = Ok

b, @RI, WE2EBBDBELHAVWSZET, TAI—MFI Qe M, THoT, & kI

xt L Q DEE k x k 707k 35/MTAOE B Qp1 = Qro > -+ 2 Qkk B Ek5b0D

DBehs. (¢) kD, Q€ Pum THB. Ay = QP,Q B, FH3 XD, A = (PQ)* (PQ)

¢ (PQ)(PQ)* = PyQP, OEIHEHEIEF (EEEZIADT) KT 5. £oT, A, OREAMHEIZ

k1, 2y - -+ Ok, 0,0,..., 0 TH D, 0< B < (n—20)Q BXU (4) Zii7z3 Bpe M, &t 3
NGRS

n—k f#
t, %@ﬁﬂ_ﬁcjs Bklaﬂka"'7ﬁkk70707"'70 VC‘@% L7}C7\77§OVC, (a) iy D tr(Bk _kal) =40
—k 1A
Dke{l,2,....,n} ITHLKDID., WRIZ, i 1 % P=Q ITHEHTIUE, & ke {l,2,...,n}
IH L |PL QP = (2c0s0)~L THB Z L b 5. O

DUF, @1 oftHZ TS, 36T 3 2%HT 5. o=0/2 £ BL.

B 4. LI —MTHI BB eM, BP0<B<(n—20)[,0< B < (n—20)] %i/z3 3 5.
DL E,

sin B sin B’
< > ,
sin(B + 6I) ~ sin(B’ + 6I) <= cot(B + ¢l) > cot(B' + ¢I)
ThHr, F7-,
sin B sin B/
o (SiH(B+9I) sin(B/+0[)> rank (cot(B + ¢I) — cot(B" + ¢I))
DD 31D,

Heott = cost/sint = 1/tant 1% cotangent K73
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AERA. 23K sin(a 4+ B) = sinacos B £ cos acsin B & RFAATHEZR L I — MTHINCHAH LT,
sin(B + oI &+ ¢I) = sin(B + ¢I) cos(pl) £ cos(B + ) sin(pl)
= cos psin(B + ¢I) + sin ¢ cos(B + )
218512 wzIg,

sinB  cosysin(B + ol) —sinpcos(B 4 oI) 21 7
sin(B+6I)  cosgsin(B + I) +singcos(B+¢I) I+ tanpcot(B + ¢I)

DD LD, [FRRIC,

sin B B 21 i,
sin(B’+60I) I+ tangcot(B’ + ¢I)
L5, WA,
sin B < sin B’
sin(B + 0I) ~ sin(B’ 4 01)
=8

21 < 21
I+tanpcot(B+ ¢l) — I+ tanpcot(B’ + ¢I)
CRMETH 2. EH4 KD, THIEZ ST cot(B+ @l) > cot(B' + oI) E[FMETH 5.
AGEATANC T 2R X1 -y 1= X" 1(Y - X)Y~! &b, BBy 2EX8/(oh3. O

fiE 5. ZLI—MTHI B,B e M, 0<B<(n—20)I,0< B < (r—20) /=33 5.

4_ L snB ,_ 1 sinB
2cosf sin(B+01)’ 2cos sin(B’'+0I)
EBL. DL E,
(I = A)Y2(ANY2|| < (2cos0) ™t <= cot(B' + @I) > cot(B + 3pl), (5)
(I — A2 (A2 < (2cos0)™! <= cot(B' + pI) > cot(B + 3¢I) (6)
DI D 3L,

FAERA. sin B + sin(B + 201) = 2sin(B + 01) cos(61) = 2cosfsin(B + 0I) £ b,

7 1 smB 1 sin(B + 2601)
2cosf sin(B+6I) 2cosf sin(B+61)

sin(B + 261) 1/2 sin B’ 1/2

sin(B + 01) sin(B’ + 01)
DK DALD. Kz, fE 4 DFEHE FFRDFHED S, S = tan g cot(B+3pl), T = tan p cot(B'+¢I)
R

ERB. WZIZ,

<1

(I — A)Y2(ANY2|| < (2cos )t ¢=>‘

sin(B+201) I+tanpcot(B+3pl) I+S

sin(B+60I) I —tanpcot(B+3pl) I-S

BIO
sinB" I —tanpcot(B'+pl) I—-T
sin(B’ +60I) I+tangpcot(B' +¢pl) I+T

L2 ffarRgie TV 3 — MTFIOMIE, 2 2=2 VTFIC X DRIFFCHAILTE 2720, 0 X5 2P 5.

99



AR D ALD,

T4 S\ Y2 /1 _1\?
(=) (=)

/2 1/2

@ (I-T\"?(I+S8\ [(I-T

<1 <2 <71
= <I+T> <I—S I+T =

21

PO e (IS—I) (I-T)2<I+T

— 20 -T)V*(I-8)"Y(I-T)"/*<2I
— [[-T)V*I-8)'U-T)"?<T
Lo U182 < T
Loy or<r-s

< cot(B’ + ¢I) > cot(B + 3¢I)

THBPE, (5) WRENE. FARORMLEHK LD (6) bFoN 5. 0

#E 6. TLI—MIFIBeM, BP0 B<(n-20)] #3353, EcM, 2104
W35, max{t € R|cot(B+¢l) —tE >cot(B+3pl)} & tg £BL L Z,

tr (arccot(cot(B + ¢I) — toE) — (B + ¢I)) =6
DI DALOM, Fie, FERLITHL
cot(B + @I) — tE > cot(B + 3pI) <= tr (arccot(cot(B + ¢I) — tE) — (B + ¢I)) < 0
TH%.

AERH. C = cot(B+@I)—toE, D = arccot C £BL. @3 KD, rank (C—cot(B+3pl)) =n—1
DD LD, cot(B + I) DEFEMEZ N\ > Xy > - >N\, C=cot(B+pl)—toE DREHER
A= Xy > >N, eBL EE,| interlacing inequality & D,

MEN A >N > >0, > N,
B D 0. LihioT,

0 < arccot A\; < arccot \| < arccot Ay < arccot Ay < -+ < arccot A, < arccot A, <

2195,
tr (B+l) = Zarceot Mg, trD= Zarccot g
k=1 k=1
THEH b,
tr(B+¢l) <trD<tr(B+ol)+7 (7)
S

2

B_J<S<I, - I<TL<ITH?. I -8, I+TIFAEED, I+8, 1T IFAHLRELZNT LITHER.
Marccot 1& cot: (0,7) — R O¥EEE (arccotangent) Z&RK7T.
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&b

toE = cot(B + ¢I) — cot D

» 21 N2,
=\ e 7 ) "\ @7 "

— 2i((62i(B+<pI) _ I)—l _ (BQiD _ I)—l)
2

i(eQi(B-HpI) _ I)—l(eQiD _ 62i(B+<pI))(e2iD _ I)_l

)

1 = rank (toE) = rank (%P — ¢2/(B+¢D)) — prank (¢2Pe~2(B+el) _ ) (8)

Th3. FRRIZ,
n—1 = rank (C — cot(B + 3pI)) = rank (2 — 2{B+3¢D)) — rank (¢2Pe~21B+el) _ 4w (9)

TH2. (8),(9) &b, 2=KY 2P 2B+ QEFHEIZVO L OERE 1 T, BDODVLDOIF
e4i<p — 621‘9 "Cbléé eQiDe—Qi(B+<pI) @?ﬁﬁ”ﬁ%%i%w: KVG‘, e2itrD€—2itr (B+¢I) — 621'0 ;2?%
%. £o7T, 2itr D —2itr (B + @I) = 2i0 + 2inl, DF D tr D —tr (B + ¢l) = 0 + 7l 72 288 1
PEETS. (7)) &0, 1=0TH3. WA, trD—tr(B+@l)=0 255, ZhHPHEX LT
WS R & 720,

#®HIE, cot: (0,7) —» R DERHEFRD R 2B CH L v &, ME 1, MiE3, BIUAPEX
DIES. O

i 1A 4, 5,6 KDEBIHED (B = By_1, B’ = By, = arccot(cot(B + pI) — tE) — @I
DEEEER L) .

5 von Neumann IRAD—%{t

B(H) @ * #HoRE a2 MVERT, « BROEKEBEICOVWTHELTWS D) ThHo
T, I &4, »OmEARME (FRICEAME) THTH % D% von Neumann TRE W 5.
von Neumann 2R CTH->T, ZOHDLH CI TH 3 HDEREAFERY L5, von Neumann BRIZEIF 5
FE AL DHEIIRFROGECRESNS. MNP TORFEROBEICR-oTEZL I LITT 5.

HFERIE 5 DDA 7 (BY) 1IN, FiffiCHlo 721788 M, 131, B Xidh 2 KFIR
THhH, ZHUId oL BfEHZ von Neumann JRTH 2 EEZXHNDE. ZDIIDIIRD 4DDXA
TRH 5.

oI ®

2

- SERRCIC Hilbert 22 H (53 B(H) BZAUcHiz5.
o IT; BUSR ... MREEABEO L IEHIRI D SR N7 SADHIRE DD 5.
o IT, BYER ... II, IR Y I BIERD TV YV LVETREINS.

o IITBYER ... 1 ZHh R DIFVAEH L V. EHMEEGEZ HVWTHERNLNS.

5, b3 — MTH] X ISR L det e?iX = 20 X TH 3B Z L ICHE.
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HFERALZDIL AL, ACETEIRFIEFHERNRL A LOEHE va(A) ERT L
W25 5. B P e AT 2 vg(P) IZDWT, FlZiliR7z Herrero DFERPB & O von Neumann
RO o, Kosbihrs10.

EI2 8 ([7, Corollary 9], [14, Section 8]). A % I, I, IIl DWTFNHLD XA TORTERE T 5.
Pe A\{0} L3 5.

e VV=[-PoPDI-PAVV*<I-P%5VeAPFETIHOE, vy(P)=1/2T
H5.

o T3 THVELIE, vi(P)=1Th2.

BREANTWOMNT, By I, BOBETHS. INHORIIBEEOEREY Xidh, FilxMtE
%3, von Neumann ¥R A _FORREIFEE 7: A — C 2%AMF

o FED Ac AL 7(4*A) >0,
o [EED A,Be AITHL 7(AB) = 7(BA),
e r(I)=1

iz E, 1 2 LB WS, FZ, ARMEEFRE N L —RREEZME—ORSL, £
L —2REZFORFRIZARTH 5. # (8] TlE, AREAFRICOWT, HF Pec Al
W32 vy (P) ZERITHRE L 72,

FE O (8)). ARETHE, r % A LO ML —2KE, Pe A\ {0) 2HELTE. COL X,

7(P)w ))—1

P) = (2cos — V)T
va(P) ( 1P

NI AV RIAON

A=M, DEEIZ 7(A) =trA/n TH 270, EHIITHIHOMROIEE & 5. EHI % 1L,
RIBICH LREA S 2125720, va(P) O L5 DFHIC O W TIRTEIOMEZISHTE 2 (11, &
BROHFIZ M, D=2, LWIHEEEZHWS) . 55 0FHi%215 5 7o idwitie &
UES AR E L 25, ZHUX, M, 2EZ2BCEME THEOER 1 IR TH 21750
ERHOWZHEREP I BERTIHEZ S, Wl 1 1I2H722H 002D FFDOETIEKD Liziniz
ODTH5. ZO»bhIC, NEFMEOREY OREIZRLTELREES £ ER S I L TIAHAMNT
X%, FHLEHK 8] 2BHE A,
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"R —HORH & FoPraEE EORE %

J S —

1 FL®IC

) —Boa=k ) REEZOBE D> SHET 2 2 2k, LIEILIXEERRZH
HELELT. HlREY =2 ny Y [VRIICEZ RS S —HEEY 24 b2
=X VYVRBEDTGHIEIT 5, VI v 7H8RE [Wa] DEHIZOWT, RELOBEKI 7T ED
BEDPORDESITEZTARY. Tol=a- 0y GRoFERE, R
HO— L ZEZ NS, O—FNVEBICERL, o T\ RIEE M Fo 7 —
Y T2 BT, v o B ZER oOfMEIcE 212 7. O —FOLEB Eo, B
277 4 YEBORICHEAT 2N EREBEBOFTTHRATH 202K EEZ 5L
X ZO7—)IBHE, IhLEEN L ERINIBOEBROEEZ LTV,

T, BEZA TV AEEBDERGE ORIV E X XIGT 2BH =% 1)K
BHRELZ WS ERTOMELEMEIH L TWE ZICEH LWL, ZOHEE
Mo, AW 7 —BEEmY 24 PR VREADIMMTH 201K F, EXATVWDET
7 4 YEBDOHANDHIFRIC & 2 B DN EICERICKR 5. AT, Zofl%
RHEICEE, 207 74 YEBOR (BFEV-—HTDHS) 2 ZOMTRHCEEIRZ
72360, REOBEEELEELHALT 202 LTS . 7272 L, SFMERZ T
TR L, MFMEIMED KD THRONFMEEY XN 2 O — 7 Vs —ik(b
LCRIEZS . X512, B FIcERTRER LR ICOWT, Z OB D
AR RCEDIERT S, U XD, BERO Y =7 ViDL < U OFED
Trnr, TNETIRBZAONTELERY —HZUT TR, ZOHaEORK L
HRRDOT B WO EKRT, X — Rk oM ET 22 e TE 5,

¥ 7z, RELOMERMD, HILEORMPIEE & FHICHEL TW5 2 225
LNTVWS. AT, V—HorHINER L REANEACESZYS T, 2o
r OBRIZOWT H RN 3.

*Department of Mathematics, Tokyo Gakugei University, Nukuikita 4-1-1, Koganei,Tokyo
184-8501, Japan
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2 FEEINIL HERIZEM & %

BRI D 1T LT, 20 LoERIBEEEO K T2/ % O(D) TXRL, 2~
N FRNEEEZ S ZeiTk D, BANIHZER e A5, V-8 G OEAIAEC
FANC KBS BIER G xD3(g,2) = g-2€D P52 6hizr & #HGERE
(10, O(D)) R TEZE %:

m0(9)f(z) = flg7"-2) (geG, feOD),zeD).
AR ANV NEM H OV B G D22 VKRB 1 2EZ 5.

ES 2.1 ([Sch, §1], [Kob3, Definition 2.1]). 8 7 ¥ my ORICHE 5072
G-HEFRM & BFEET DL E, =X VR 71X O(D) ICRHETNB LS. 2O
YE R OH) (FRFHICH) B OD) O G-AEEIRIL FEBDZERI L FER. X
521 BN TH 2 2 &, B G-AE L~V M ERTZERI Y WS .

Y —ZORBUEHICTER LT, HANAHZER O(D) @ G-AZE e )L~ b ko2
fl H L, B K € O(D) R TERT 5:
(f, K% =f(z) (feO(D),zeD)

DxD LB K(z, 2') TH—BDIOWTIER I oW TKIER], =L
I I OIEEMERD DZRKEBE S, Zho 2RO THEAR (D) TRT.
CDrE MM K" c(D) D K=K (., 2) X&oTEE 3. 612 T¢(D) C
(D) % GAZEREBERDORTHEL U, B8RS ext(Te(D)) C I'e(D) %
MR 2RONTEEGL TS, 22T, RN T NERX oI E 2O K
PIETHZ2E, DL K=K, + K, (K,K, €T) ERINATWEH51Z,

K - )\1K1 == )\QKQ ()\1, )\2 Z O)

DEDIDZ 2V, ROEHIIEARNTDH 5.
FEIE 2.2 ([FT, Proposition 1],[Sch, §8]). it I'c(D) (£721F ext(L'¢(D))) DEH
X O(D) ® G-AZE (£33 G-AZ) B~UL MR 2ZEH & — R — e ins 5.

R, iR EAEBR & I WA 2, IR DT TEL 2R TED I LITD
WTHIAT 5. N7 R RV 72/ A 26 0BG 8k E S

A3 A K* € ext(Tq(D))

D ext(Tg(D)) ORBBNFAMIE—>a3>THD LI,

ext(T'a(D)) = {0} [] [ R0 K™
AEA
DD LB, 5 6 DU EMGIERBAFTHTDH 2 Z WS, BB, BEOFRMICD
W, N R RILZZEM A DSR2 > %7 OB AETHIUI T THS. Z
DEIRRIAPINVE=2a v E2—DEETEEE ROEHEPHOLNTNS.
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EIE 2.3. [FT, Theorem 1] fEE®D K € T'g(D) X LT, "V R RV 72 A &
D7 K VHIE m BFEEL, ROXDFD LD:

K(z,2) = /A KMz, ) dm(\) (2,7 € D). (2.1)

2B EFOESDIHIZOWT, a7 VEE ETO—RRICRZERT.

3 EERM
B G Oa=2) REOMEENEITHEERD LS ITERSND.
EF&k 3.1. n HEERETHL L, R
Endg(H) = {A € B(H) | An(g) = n(g)A for all g € G}
WA TH B2V D).
E 3.2 ([FT, Theorem 2]). XDZKMHIIFETH %

(i) O(D) DIEED 2 DD G-AZE L ~UL M 522D G DIRER R D
LERINTVD L E, 2056 DBPHAZEME LT—HL, FEIhiN
B HWCEBEOBRE 725,

(i) fEED K e Ig(D) LT, MO FR (2.1) 25257 FE m H—F
FINCEE 5;

(ii) O(D) IZFEHENS G DEEDO2L =X ) RFLIMELHTDH 5.

AT, EH 3.2 DRMERGED S b ENDL—DODBHE DD F 1o IIEEET
HBrWI . FaxDFREICBWT, REOMEHENE L BEHLEORM2ENEE » DM
WHRWHE SO ENDH S, 22T DIFERAFEBICERIFETD % L RET 5 (LA
TS 2R, BRI 2ERDIZAD IR ELR W L ICHER XN
W), £3 D oI YEFRIGIERIFEMERE (V —#HoE 2 o) OfEHIEL
TARETHS. 2O s, L2 BRI EEIKTZ2EM H*(D) foa=2V3%
BEpdond. 2, 7L 74y ZERAPBRICERINS.

EE 3.3 ([HW]). D OEHIFMER ORI R OMER S REANTH 2 L 13, BF
NBEHEDI R TRETNE T ZRIEL 725 D O (TR BETEEDFE
THILLERT D.

—J7, AIAYE R DGR [Kob3] 13, REFTRINEM & 13RI DBl D & RI D EEE
Meih>.
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EE 3.4 ([Kobl]). (1) D OLFEHDZHIE S BIU G-AZE K (ZBTRWV) FI%
BD CDT, FRCEENZRTD G-HED S Xb3 k5%bDHTE
52 = AFHZERFNTDH 2 LTI 5.

(2) 51T, 2TD 2 SITHLT J(T,9) C T,(G-x) D& &, MEAIHRPIER X
BAIRMTH % e MEN5. 72720 J, € End(T,D) [ $EFEMEE R T.

(3) 7, B3 D ORIEAMMIFAKGS o HEEL, Koz SN2 L %, HEn]
HRTER SRR T h 3 L IENS

O'|S = Ids,
o DDE GHEBEZREFET 5.

PUR, s#A[ R & WS & & RIERI FRIEER o 5 EHITH 2 L v 5 &fF%
BMLTERS.

RIFOIEGNED, BITEZNRATZ I 08PN D L. 1L, EEHED
2R D TIX, LUNOFER & ARG THR & OMICHE R T E&RR?H 5 DI TR
20,

FI2 3.5 ([FT, Theorem 3], [HW, Corollary 7.6]). XD D 3LD.

(1) D OIERIFEIME#FOESE 3 > %7 DB OWT, (EHRRESNTH S Z
e, BV MER HY D) Loa=% ) REVPEERTH 5 2 & IEFEE
Th?.

(2) B G @ D ~NOIEHDEAIERZL 513 7 BEEETDH 5.
ARORE LT NSDE LT, ROERY —FHOMZZEIT 5.

i 3.6 ([Kob2, Theorem 1.10]). G/K %/ > a7 MII L I — PRz &
TR E B GOMKL=RT Y MESEED G/K ~NOERIEHRAIHN TS 5.

4 =47 )LiEE e ERRER

DURTIX, AfezdEL, V—HoV —REZRIFEL LT, 6T 2 R4 Y
FERHAWS. HERXZ PVERV EZORE W IHLT, XZbvoveV O W
WET 2 EEHEE 7V TRY. KR RICHIBT 22 THLNAZERY b L2
MV % VR eRT. —F, BEXT PVEBEREEY) KRB W LT, 208
FEWRRC % We ERT. X7 b oveWe ODEARBERIEE Iy 2 EL
ZeWHBH. Fl e W R LGS, BRI X > T We Lo#HAER
WIRREN-b DRI H 5.
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4.1 T—4)LElH

Y=V B RO KL TH D, EEOE REEERIL Y — F VR
WIERIFEMET® % [VGP]. / Y a v 87 IV I — POHRZER-IEAY &2 - F v
YEIHDIAAICE Y, EEEREEE L THEREINL 2D, O — 7 LiEBICIER]
FMETH 2. U, V 2 TN TN ERITES K UOERERY bLZER (dimU = N,
dimeV=M), Q40 CU ZEHREEZRVEMNMME, Q: VXV = Uz EXZ bl
LI — MERT Q-IF, $hbB Qv,v) € dd(Q)\{0} (ve V\{0}) 2ifi7=3
DEFT2. 2O E XRTERINIZEREIZ—FILEH  FFIThTw5:

S(Q,Q) :={(z,v) € U x V | Imz — Q(v,v) € Q}.
AR—ZREICET 2 L2 FHIBMEERO T e-~0r NE/ L2(S(Q,Q)) D%
B¥E S(Q,Q) DRNILIIUKE NS,

EIE 4.1 ([Gin]). S(Q, Q) DR VIR DIER TR

K(z,v,z’,v’):/ &A= H2Q) g o(€). (4.1)

ZZT
Q:={\eU"| (\y)>0forall yecl(Q)\{0}}
THY ms ZZDLEDOAN—ZHIEICFERHETSD 3.
ZIZT, B e ITRLT, #fEDEE%K
(=) 12Q())

WBUATICERT S S(0,Q) DT 7 4 YEHHE GV-AERKBIE (im) TH5. %
LT, BOER (A1) 13 G 02=XVER (m, [2(S(Q,Q))) WREHTH 3
LERLTVS. 22T KU € VIHLT, K S(Q,Q) O7 7 4 V&
i n(zg,v0) : S(Q,Q) = S(Q,Q) &

n(xg,vo)(z,v) := (2 + xo + 2iQ(v, vo) + i1Q(vg, o), v + Vo)
TED, EHFE/ W CcVITHLT
G" = {n(xo,v0) | 20 € U,v € W}

BV VB gV X UeW rBRICE—-HEINS. 2Tk b, #HEL, W
e Y OBE T 2 X7 ML B RI—H XN 5.
EHAI2HHRICAETCIREE LT, RDOEHIRHDPEFLNS: (1) m 23
GV DR LTEEETH 20, (2) GV OEADPREHNTD 2D, (3) iBAES
FRXRMYE = a YOIBIERD O LD XS RERICH B . —RIC, OB
BRSO D L OROEMEEUENESND (EH 3.2 BIR). T/, HEEED
D SLD/NEWERIZOWTHINR S Z L IXERE. £ 2T, AETEROMEL
2Tz, 12U, RO, 4.2 HiCE AT 2 B FREBICIRE L TT 5.
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M 4.2. (1) ¥DO XS RFEEDZERM W C V ITHLT, # GV o#ifERE my 2
WEHTD DD,

(2) F7 2B RS MR TS B3P,

(3) MANRTIA NI Y =2 arvikrXDkiicehsd.

4.2 HFBXIFreEE

FONFREIIE, O — P VBB ONIMESREO—D 2 e L2 L TERES M
% [Sat, §5]. T DEIET, FONFRFEIBIINFIEIICHE U7 D 7 7 RIZ|E L TW»
2rEA5. 7B, ZOEBOAMIM—INTESL T, NS — 7 L
CIHIN B Z 2 H S, LURTIE, ARICHE L -E CERUMERZ €8/ T 2. TD
EFERZOWEZOFMIZOWTIE, Btz S REI 0.

I3, MM Q CU & LTHFREDTEEINZ Z 05, EXRT MLVEM U I
Y al X RBOENA S WS HFERIZOWT, [Sat, Chapter 1, §6-8] IO X
M 3. B

G(Q):={ge GL(U) | ¢ =Q}

W, BRIV —HoMEZ2HRD2. G(Q) OIEANM BN TH2 L %, O 25 EH# L
MEXN. U OWNFE (-, )y ZEIEL,

Q" ={zeU|(z,y)y >0 forall y € cl(2)\{0}}

B U OEHEREEEZHOT RY oAXR—ZHEIHLELEE X, Z
Nz U FOAR—ZHIELAKRT. Q = Q Or XHHH Q % XL e
Acgl(U) D (-, )y BT 20fE%E tA TRT. Q 2N 5. 2D & R-
B GQ) cGCGLU) T, ¥V RAX—(MHICEE T 2855 G 25, L& 25t
B gty BEOBH R-BERZ2DDOBGFETZ IO TVWS. HLX
UHE 0 g(Q) > A~ —tA € g(Q) IHIET B g(Q) DINER LIRS

t:=9(Q)7,  poi=g(Q)’
B HEH ecU E LTRZE-THDOR L 5!
Acty e Ae=0 (Aeg(Q)). (4.2)

e U WHUT, SBIEH T, cpy T The=a Zii/l=-TdON—BEIFET 5.
RTEHBRSINZHEEICHLT (U, e) EHAILEFOY a VX RETH 5

xy =Ty (x,yecl).
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V EoEEMEEE j TRIT. h 2V Eox I —F A L, ZONEICEES
% Begl(V) Okiftx B TRT. B:g(Q) — gl(V) 2V —1R% g(Q) oRBIT
Aeg(Q) BV 2z e U ML TRZ[MALTDDOLT 5:

B(Taz) = B(A)B(T:) + B(T2)B(A)", (4.3)
B('A) = B(A)", 4.4
B(1dy) = %Idv. (4.5)
xreU TR LT

EBE, AR PUEILVI—PFER Q:V XV = U ZRTERT 5:
2h(R,v,v") = (2, Q(v,v"))y (z € U,u,0v €V).

ZZT, () B CURERNHEER Lz, 20 Q 2o TY—F LR S(Q,Q) A
EHRINBH, AT 2N E BIFREE & PR,

5 EHEER

FEART FVEER Vo EOXFRBEREIER b € Sym?(Vo*), B X OED 2 W, C Vo
WX LT,
Wot? = {v e Vy | b(v,w) =0 for all w € Wy}

eBL.2ecU LT g, € Sym?*(Ve*) ERTERT 5:
ga(v1,12) == (x,Re Q(v1,v:))y (v, 05 € V).
FEEDZEM W CVITHLT, EED%EM S CV 2XTERT 5:
S(:= S(W)) := jW e,
Y anl X MDA RY FVER [FK94, THEOREM II1. 1.1] & D XA E»h 5.

el 5.1. £ LT
ImQ(S,S) = {0} (5.1)

D E ERMHL D ALO:
(,Im QW9 W)\, =0 (z€U).

ARRDFEBIIRTD 5.
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EHE 5.2. S(Q,Q) ZHEFIEE 5. EHDZEME W C V IZOWT, UNEFE
ETH 5.

(i) GY DEHRE my IWEHTD 3,
(i) G Da2=& VKR (9, L2(S(Q,Q))) I IMEETH 3;
(iii) X (5.1) 2K D ILD;

(iv) S(Q,Q) L& GV-HLEIX ( NV VEHEPSEELS YTV I T 497
BB L C) REFNE D ZRIKTDH 3.

AR 5.3, (1) (iii) 3 =7 VEBORM R HFI S & U THBE < 22 55
HNTED (H 21X [Gin, Proposition 1.3] ZZM), BRRNTIZ Y — 7 L 3HEI
S(Q, Q| (sais)x(swjs)) P ERFEBICERIRIET S % W05 &2k 5.

(2) B 5.2 DFEHICOWT, £3 (i) = (il) ZEH 3.2 25405 . (i) = (iii) X
GV OBy =2 VR L TCOMEEEZH VWS (4.1 HizZHR). 22T
GV D=2 VRED GV ~NOHIRD & & % 2 BEK 7 R I 72 2 53, BE
GV DEBV—HTHL L IWEET S &, REEAHUEDTEICBWT, a—
V4 7= =7 OEEER [CG| ZitBHICHHTZ .

BEMDE[ PCV %
P.=Wn 3w

TERTZ. 2 cUITHLT, HEEHHZEM N, C P BXUOEHD2EM S, CcV %
RDEDICERT 5:

Ny = {qEP’gw(%q) :0}7
Sy =W W (5.3)

0<k<dimcP IZXLT,

gm|p><p QiiiéJ‘_EiﬂE, } (54)

Ap={zeU|
" {x © dime¢ N, =k, N, C ker(g,).

rEE AREE ANS. KiZ, ZhSDERM A = [P0 A, M E AR
5. (51 DBE ext(Tew(S(Q,Q))) DRERNTA PV E—a romisie LT

A:=AxS*
Nend. P OERIBIZEM P ZXRTED5:

P*:= NF%NP.

111



T 5.4 XG.1)DBE ze ATHLTRIHED IO,
(1) Sy NjS, = PNnker(g,) = N,.

(2) HEERTZEM S*c S, TN, ODfMZEME22bDEERICEET 22 W =
P*® S, =P®S® DL,

reAr¥s EH542) kD
V=P&S qjs*

TH2ILITHERLT, HERT FVZER S5° @ jST NDOFHD S & jS ~DflfR
S®JS—V & p* <. (S ®jS.h) EOHTHRIEMR A" ZRTERT 2:

A" = 2(p")" Rup”.
WE (2,x) € AITHLT,
K*X(z,v,2',v") :=exp(i{x, z — 2/ — 2iQ(v,v"))y + h(s — ?S,Ax(ES —5')))
. e~ ix0s—s)
EBL.KELuv=q+s,v=¢+5(q,¢ € P,s,s € S®jS) TH5.

EIE 55 (B DHE A (2,x) = K € ext(Taw (S(Q,Q))) DFBBE T R
M= arr523%.

6 FIfRREA

EIE 6.1. # G @ S(Q,Q) ~NDIEHIEAHNTH S Z b &, EXT bLVZER
W IZEENZ V OEE V, BFEELT ImQ(V, Vy) = {0} 23D > Z & iXlA
fETH 5.

ZOFERIE— DY — FNAEBIC L TRRAL T 5. L7z > TEH 202 TD
FEMHE G D S(Q,Q|(sajs)x(s055)) NPOIFRMHRAIRNTH 2 Z L LAHETDH 5.
—77, B 5.2 DEMED S BbWINp—ORWM D IOoR SR, BE GV D S(Q,Q) ~
DIEREAIHN TS 5.

7 FFEIE5.2 (iii) = (i) OFEFEDBIE

COHIONEZ, FEMICEEZXA P VX =2 a VORELRILHNETDH 5.
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7.1 dkb—L > MIREE

FIHRAOWOBHIHERY —HTH D, REHFPLEDTIEIMEZR 5. # GV DBE
FL=R VKRB (r,H) » O(S(Q,Q)) IKEBEh, FVn7 - R7FERIE -
T (—v) € (¢") 2@ 2 REEHFEISHLS 2 EIRET 5. REFIEHZ Ad* T
RIeZ ALGY)(—v)|ly = —vjp KERLT, a—v4 Y ZJY—=YU—TJDH
BSOS v, HIR ResCoy 7 1E—DDBHIRB DAY —TH 3 Z L 835515
CORFIZE D REWTI2FT F e OV) BFIET 5:

Koy (z,0) = €Y F(w) ((2,0) € S(2,Q)). (7.1)

DIFTEU OWNHE (-, )y &b U & U* HARFE—MHL, LB v Tvly e U*
BT B U ORZ b RRT I EDDD. f=KL, tB&E K" o GW-
REM X D XPEPNS:

dmo(a)f =0 (a=gq—1ijg,q€P). (7.2)

TIZTL=RYRH moly & my CEMEL, WIRI dng ZEIBHEMICE T
(") ORBUCHEER L7z, H O ZER%E P(H) TRL, HEEH T/H BX O
TpP(H) OMOBRLHE pr 2EZ 5. TpP(H) EO7E = A&7 4 FH&EIE
TTHEzZHNS

_HMMh%—KﬁhMR

2

TZTH(72) 25

dmo(h)f C Cf (7.4)
i TEREBLANRE b c ¢V ZROTZZ3AEHTHY, X (7.2) Zak—
LY MRERHOERSZHEOEM (hoh = (g") EFFRIRWV) L AKRE S [Lis2).
a:=q+1jq(q € P) WX L TR ILD:

(dﬂo([aaabf? f>71 _

ldpy (dro(a) )]s = —i{w, [a,a])u. (7.5)

17T
L7z TR%E1E 5.
fER8 7.1 (c.f. [Lisl, 2. Proposition]). x =v € U IZR LT
_i<x7 [avaDU = 8<x7Q(Q7 Q)>U > 0. (76)

geP THLT, (,Q(q.q)y =0 DL = R (7.5) BIHA B T L &RAEH
ns.

MET72. r=veU ITMNLUTRIKD ILD:

N, C ker(g,). (7.7)
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RGD)ERETS. VarX o REDARY MVEBEHWS Z 2T [jW]. N
W], = [Pla(x € U) Ehrhb. 7L 2 e UBLEEBDZEM V, CV
WX LT [Vole := Vo + ker(g,)/ ker(g,) C V/ker(g,) CEEWE. 2 =v D&
%, ZonfRe X (7.6), (7.7) »5EH 5.4(2) oaf@E»ELN, X (7.1) KBV T
FeO(S"ajs) tEZbNS. MK K" s Thd Z e b 5.1 20
2o T k(s,s) = e Q"5 =N p(s - &) € ext(Tg (¥ ®jSY)) HiE»N . &
ZT, ze AMITHLT s € S*@® jS* DEHE 5 2 57 L HIE LT

' 7.3. H2 y e (S) BELEL, KD D ILD:
K"(z,q+s,2,¢d +5)
= exp(i(v, z — 2/ — 2iQ(q,¢") — 2iQ(s,5) —iQ(s — 5" ;3 — s'))y) (7.8)
e ilos—s")
ZZT,q,d e Ps,seS"®jS" TH5.

AR 74 ab—L Y MREC VWS A2 O ERZEBR T 20 LK
W, 22T, R (74) BAHEEHFEEICEBRLTHS Z e 2N T 5. BRI
&, SIRMERZR A = idmo(q) & B = idmo(jq) DIREE [fo] 2B 2 EEWE, Z
NZN oa([fo]) & op([fo]) & LGE, K& [f] X Th 6 DMEE RN T 5 EA
& 72 % [Nee, XV.3].

7.2 TIORSUHA—« ARXRRZ> MEH

T 7.3 ORI Y 0 & 5 BB 2= 2 ) BEEED TN S5, REkHE L
TSR, EERB R ECH M, 7URAT Y H—  ARXY MCk
BB FE LB OB (AK]) EHIMEASE V. ZhUE, ROMBI TR, ¥
SR VT EBE RN T 2 TS 5.

zeA o€ (S) IKHLT X,, € (g") ZRTERT 2:

Xa:,a(anQO + 30) = —<ZL‘,J}0>U + <07 SO> (‘/L‘O € U’ qo0 € Pm730 € Sﬂ?)
BERITMER %2
p=Uc®(S:)c®{g+ijg|qe P} C(g")c

EBL. IhohrolEN 2 ERZBEMIGREREEZ V,, 2B, oy, =0
D xE B GY ORH V,, 2 OS(Q,Q)) WEHINE. oL =0BEB
q,¢ € P, s, s € 5% @ jST TR LT

L*(z,q+ 5,2, +5)

=exp(i(z,z — 2/ — 2iQ(q,q') — 2iQ(s,s") —iQ(s — 5" ,5° — §'))y) (7.9)

. e—i(a,s—yz)
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L7530 (T8), (1.9) #HET 2L ¢ — v HOBEER o € (5,)° %, iR
S, = S" @ N, IBWT x € () OER#RE Uik &, KB (n, H) HRBERE
B GV X, ST 5 2 LA 5 [Fu). BiRic, KRS BET 2 2 v T
SRR S 5.
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e —&

1

Smoothing estimate for the heat semigroup with a

homogeneous weight on Morrey spaces *

EL R I

B

° 0 = %, Laplacian: A.
e Lebesgue #llfZ: |E| (E C R™).
{1, r ekl
o RitERISL: xp(x) =
0, z¢ E.

o JILLAFHIIZBWT, A< CBMRDIIDOL &, A BICEENZHEZFDERIC
WEFLLBVWEB CIIZERLT, ASBERT. 54, ASB»PDAZ BDLE,
A~BrRY.

e 2D/ VARXHE X = (X, |- |x), Y =Y, - |ly) €2\,

Ifly SIfllx (7 € X)

MDD E X Y 2R, T, X Y 2O XY D& X2Y ¥
x£7.

T:X—>Y: AREAR —  (Tflly SIfllx (f € X).

Lebesgue 22/ (p rIFE 7 74 BAE2AR): LP(R™).

B(z,p)={yeR" : [z —y[ <p}, B(p)=B(0,p)={zeR": [z| <p}

e; =(1,0,...,0) € R,

BA

FRA D IERE I Z R 0B R

{atu(t,m) — Au(t,z) = |u(t,2)|* Lult,z), (t,2)€ (0,00) x R, )

u(0,2) = up(x), x eR"

* REFSRIEIMHESAS (BLEERTAERT, BIERSY:) ¥ OHERFBIFIC & D Iicko <
TRy T2 R E X, n.hatano,chuo@gmail.com
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B EIN TV S, JEETIE, IFIEIHICE 512 E (homogeneous weight) 237z
BUR D & 972 Hardy-Hénon ORI TR OMIEH L {ITOA TV 5:

Ou(t,z) — Au(t,z) = ||~ |u(t, z)|*tu(t,z), (t,z) € (0,00) x R™, (1)
u(0,x) = up(x), reR"
ZREL,a>1,v>0&795%.

AR L1
(1) Hénon [7] 23753 (HH) OEHMEZHWT, [HEEDEEHEDHIEEZITo 72 &
DEIRE Lo T3,
(2) Ben Slimene-Tayachi-Weissler [1]: /7 (HH) (Z%f5 % Lebesgue 22 _E D KIS
T2 WY
(3) Tayachi [11]: Jj#&23( (HH) I2¥ 3 % Lorentz 22/ _E DD FESAF—TM.

72 (HH) 1% Duamel O FHIC & b, 5 HTER
t
u(t, z) = e"®ug(x) + / DA |z (T, )| Lu(r, )] dr
0
WKIREXNS. 22T, {e!®}is0 ZEEEE (heat semigroup) DZ 2 TH D,

e f(x)

—M) F@)dy,  (t.a) € (0,00) x R”

1
J " / . exp( 4t
CERINDG. 2D E, Young DAFERITED

n 1

_n(1_ 1
e flle St EGHflle (1<p <5< o0)

~Y

DRSS,
FERIEIEIC BT 2B f s ]| - |77 f] 1SR 2 BB LR (smoothing estimate) 033
ERRIIULTD L 52605,

FE1.2. 1<p,s<oocandy>0tLl,

n n n
§ p b

EIRETS. 2D X, LFNOFIRMK D LO:
(1) Ben Slimene-Tayachi- Weissler [1]:
e 20 17 Al S € EG7D 73 £,

~Y

(2) Tayachi [11]:
121 7Y e St EG2) 73 £ oo

Z 2T, RETIX, Morrey 22 % W FIE LR OB B Z AN T 5.

118



2 BHZEROEA

ZDOHIT, AW TR & N FAERD EIRPALA 2 18N 5 72 D10 B 70 BE R Z= [ 2 E A
5.

2.1 §9 Lebesgue ZEf

ARWFFETIE, 59 Lebesgue ZEMIEFEEH DI TH W %, Lebesgue 77w IC BT %
Chebychev OAERITL B &,

o R - [f()] > 1))} < (An\f(x)!pdw);, 1> 0

MDD ZEPHISNT VWS, Z2T, KDt IZBT2 LR L TEDSNIHE/ VLA
% o BIE 2SN, BT IC B W T EHERRE 2 £,

E&E 2.1 (59 Lebesgue Z2f], cf. [5, Chapter 1]). 1 < p < oo &3 3. ZDL X, 55
Lebesgue Z2[H WLP(R™) HRRZ 8k L 4

1fllwer = supt|{z € R" : |f(z)] > t}|7
t>0
RO f £2KTH 5.
59 Lebesgue ZEBNCH L TIXL ROMEDFHI SR TN S,

AE 2.2.
(1) #=A15EK
1f +gllwree < I fllwee + llgllwre

MDD, K2, 7 V2 D=AFREXDORDLDIZZD X5 R =ATEFXIKD
SO E B VLAEMINTED, Tk L a2EE O Z ¢ 2 Banach 2% &
(ARSI

(2) KT p > q 2 BI3,

Ifllwee ~ sup  |E|F~3 (/E \f<x>|qu)q

0<|E|<o0
DD D. o Tp>1DEE K qg=1DHBATHAE /LA LTHRATH
X, WLP(R™) 1% Banach 2% ¥ 72 % .
(3) #DAA LP(R?) — WLP(R™) AR DD, X512, BEFle LT |z|7P €
WLP(R™)\ LP(R™) AT S5 3.
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2.2 Morrey ZEf8]

Morrey ZE[H & 1%, 1938 1 Morrey K [8] I & o TEA X NBEBZEMTH D, Z DZE/H
ZHAWT 2 FEEARREMD A EXOMDOE O T 2R e RIEE RoTWna. FHTY
RE DR T, BEBIED Morrey ZEHICIE T % & 22D X 5 2 BEUZ Holder ##iTH % &
W HE

1f(2) = FW) S NV Al =yl >
PRENTWS. 2T, Morrey 22 MP(R™) IZLARD X S ITERSNLB.

E& 2.3 (Morrey Z£f#, cf. [9, Chapter 1]). 1 <p,g<oco &3 3. 2D %, Morrey ZZfH
MP(R™) I3HRZ /L 4

1
flag= s pis ( / |f(y)|"dy>
(z,p) ER™ x (0,00) B(z,p)

ZrRiOR B f 2K TH 2.

Morrey ZEENIZ LA DEAMEE DI D 3LD.

s,

AR 2.4.

(1) Morrey Z£fi]i% Banach ZEfTH 5.

(2) p<qo&E, ME(R") = {0} D3ALD LD,
B)1<g@<qg <p<ocoDrZ, HDAA

MB(R™) = LP(R™) < MP (R") < MP_(R")
DR D 3D,
BZ p > q DL F, HDAL WLP(R™) <> ME(R™) D 0. X 512,

B(107eq, 1)

Tt

E=B(1)U

J

LB, BEBIE LT yvp € ME(RY)\ WLP(R) 2250 b5,
2.3 BFh Morrey BYZER]

T EM O DRI & 72 2 B ZER & LT, Morrey ZERICL/-BAEZERIT D % J[RiFh
Morrey BUZEH 28 AT 5.
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EE 2.5 (JAPT Morrey #422[#H, cf. [10, Chapter 16]). 1 < p,g< o0, 1 <r < oo & T 5.
ZDr &, JAAT Morrey 27 LM?P (R™) ZHRZ /L 2

1P
w " " q d
[l @) | ) e,
0 B(p) p
sup p =% / f@)rde) r= o
( P>0 B(p)

ZROHRIBER f 2k 5 2.

3=

[RAWYIER

G Morrey ZUZ2RIC A3 2 HAMEEIZUATOE B D TH 5.

AR 2.6.
(1) r = co /A, ThbB, LM? (R™) ZFRFT Morrey ZEfH & & FFiXH, LMP(R™)
rbEIND. X2,

[ fllame = sup [[f(z —)loae
rER™

27z s
(2) r<oc0DEE,
LME,(R") #{0} <= p>gq

DI D SLD.
(3) G >q DL % HDIA B LMgl 7,( ) — LM?P ( n) DI D 3D,

q2,7r

(4) 1 <ro DY E, BDIRS LM, (R) > LM, (R") 23D 310,

(5) Burenkov-Guliyev, [3, page 159]: || fllpae, = (n - —) H| v

C OB ZER O EE A ST, ERBER Y WS FEMEZ 2 22 TH 5. EREZEEITIL
TDESICERINS.

EE 2.7 (cf. [2, Chapter 3]). Xy, X7 % (#)Banach 22l 5. 2D &, RFTRX—X
6 € (0,1) &re (0,00 1ITX LT, EMAZEH (Xo, X1)o,r A NDORME L L

= ([ e ) ([ )

p
DERE 2 B8 f &2kt 5 5.

SR ZERNCA S 2 HERMER, MEEHE N U NOEHIAEETH 5.

:'EEE 2.8. Xo,Xl,Yo,Yl %f (ﬁi)Banach %Fﬁﬁt L, T XO — Yb & T: X1 — le NEBHIT

HRIERFETHD,
ITflly, < *Millfllx, (i=0,1)
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BONDET5. ZOrE, R5X—=%0€c(0,1) &re (0,00 XL, T: (Xo, X1)or —
(Yo, Y1)o.r DEFMERARLE D,
||Tf||(Y0,Y1)9,r < M()1_9M19||f||(X0,X1)9,r
LAY RVASR
S22 O BRI 2 5 EAS RIS E 2 0 A BRICEEERME T —~< Ko TV
5. FHZZ 2T, FEEZIEHT 2 BICHWARE R L O TEL.
EEE 29.1 S q Sp(hpl < 00, 1 S 7o, T1 S o0 & L7

1 1-60 6
po#p1, = +
p Po Y41

CIRETS. 2O E, LURPBEDHILD.

(1) (X, X)o,r = X.

(2) (LPo(R™), LP*(R™))g,00 = WLF(R™).
(3) (WLFo(R™), WLP'(R"))g,p = LP(R™).
(4) Burenkov-Nursultanov, [4]: (LMY, (R™), LMEL (R™))g» = LMD (R").

q,T0 9,71

ZDEMD (4) LTEE 2.6 (5) 25

(LQ<R”J~IQY‘Z>,Lq(R”,y|p1_q>)&aaééLAAgﬁRn)

%&Diﬁ)«iif,Lq@@J-ﬁ_%>ﬁ

0 gagy3-2y = 117

%NV e§ AHENMNE Lebesgue ZZMTH 5. it 5 T, Lebesgue 22 I o i B8 FHEm 1 Al [
HEmzAGDbE 5 2 2id, Morrey ZEHICH L THEMAR T Ju—F k2 e PRALTWS.

3 ERER
THEREUTFO L5152 B3,

EHE 3.1 (H-Ikeda, [6]). 1<g¢<p<oo,l1<s<ocoandy>0%tLl,

YIRETS. ZOE %,

12 - 17 s St 2G93 £ e
DI D 3D,
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Proof. ¢ > s DA, HE 24 (3) &V, ¢ < s DHEEDARBIEFTDTHS. UK, q¢<s
CIRET S, BIBIEHZE f o 2] - |7 f) OB R IECHMEEEZH WS, £,

l<g<s
27z F N7 XA =& p,q,§ B,

— —n(l_1 _ _n(1
e 177 e <t G e ~t 2

DD LD, EBORE & D, NI R =K (]5, q, 5) = (pi,qi,si) (l =0, 1) %N

n n n

So—=y=n-— @0=¢ q=1
49 Po D1
7Y & DISED, MHEERE VI,

120 177 Al 20,210,

1-6
<(t—s<;o—sz)—z) (t—z(;l—:l)—

NS

~

0

) 1Al cazt, mart g
_n(l_1)\_2

<¢3(G-1) 211 oz, maamy o

753\5‘201-:0 J:OVC?

A — _n(l_1)\_2 _n(l_1)\_2x
12 17 flllwee St EGH 73 e <t 2G| £ e

PEOLNDE. EBIC, s> qTHEIENBRNTX—K 55> 51 > q BEL, bOH—ERMETE
2w,

A _ _n(l1__1\_2o
12 - 17 llewreo wrenyo. S 6 EGTD 73| Fll vz aany,

LB, ki
_ _n(1__1\_2o
12 - 17 e St 2G93 |l ue

BEohs. O

BE 3R

[1] B. Ben Slimene, S. Tayachi and F. B. Weissler, Well-posedness, global existence
and large time behavior for Hardy—Hénon parabolic equations, Nonlinear Anal.
152, 116-148 (2017).

[2] J. Bergh, J and L. Lofstrom, Interpolation spaces, An introduction. Grundlehren
der Mathematischen Wissenschaften, no. 223. Springer-Verlag, Berlin-New York,
1976.

123



[3] V. I. Burenkov and H. V. Guliyev, Necessary and sufficient conditions for bound-
edness of the maximal operator in local Morrey-type spaces, Studia Math. 163
(2004), no. 2, 157-176.

[4] V.I. Burenkov and E. D. Nursultanov, Description of interpolation spaces for local
Morrey-type spaces, Tr. Mat. Inst. Steklova 269 (2010), 52—63. Proc. Steklov Inst.
Math. 269 (2010), no. 1, 46-56.

[5] L. Grafakos, Classical Fourier Analysis, Texts in Mathmatics, Springer, New York,
Third edition 249 (2014).

[6] N. Hatano and M. Ikeda, Smoothing estimate for the heat semigroup with a
homogeneous weight on Morrey spaces, arXiv:2404.14094.

[7] M. Hénon, Numerical experiments on the stability of spherical stellarsystems,
Astron. Astrophys. 24 (1973) 229-238.

[8] C. B. Morrey Jr., On the solutions of quasi-linear elliptic partial differential equa-
tions, Trans. Amer. Math. Soc. 43 (1938), no. 1, 126-166.

[9] Y. Sawano, G. Di Fazio and D. Hakim, Introduction and Applications to Inte-
gral Operators and PDE’s, Volume I, (Chapman & Hall/CRC Monographs and
Research Notes in Mathematics).

[10] Y. Sawano, G. Di Fazio and D. I. Hakim, Morrey spaces-introduction and appli-
cations to integral operators and PDE’s. Vol. II, Monogr. Res. Notes Math. CRC
Press, Boca Raton, FL, 2020, xviii+409 pp.

[11] S. Tayachi, Uniqueness and non-uniqueness of solutions for critical Hardy-Hénon

parabolic equations, J. Math. Anal. Appl. 488 (2020), no. 1.

124



	00_hyosi
	01_preface
	02_prog
	03_mokuji
	10_nakasato
	11_kawasaki
	12_komura
	0. Introduction
	1. æºŒå‡Ž
	1.1. C*ç™°ã†®å®ıç¾©ã†¨ä¾‰
	1.2. ã‡¨ã‡¿ã…¼ã…«äºœç¾¤ã†®å®ıç¾©ã†¨ä¾‰
	1.3. äºœç¾¤C*ç™°ã†®å®ıç¾©

	2. ä¸»å®ıç’ƒ
	2.1. äºœç¾¤C*ç™°ä¸−ã†®*-æºŒå’„åž‰ã†®æ§‰æ‹’
	2.2. ä¸»å®ıç’ƒ
	2.3. å¿œçﬂ¨
	2.4. ä»−å¾„ã†®å±Łæœł

	References

	13_uchida
	14_sekiguchi
	14_sekiguchi_2
	15_jimbo
	16_shida
	17_mori
	18_arashi
	19_hatano



