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DIZ, K =[0,2r) DIDEE K1, Ko & K3 2[HET 5.

37 51 7
K = {Z ZW’ %, I} . Ko =[0,7/4) U (3n/4,57/4) U (Tr /4, 27),

K3 = K\ (Kl UKQ).
& 500, WEEMM S OWAEA K; S ZUT DX ) ICEHT 3.
K;={’:0eK;}, (j=12,3).
ER L BEHMEME ULV =90 (0 <0 < 27) 27230 € KIS LT, LIRS D 37D,
TV (H), Ty (H) € U(2) <=0 =0, .

INED,AN=21DLE UyV =+ %72 TR U € Map(Z, C?) ICFEE I 45 & Ml
FEIZ, RIS E OISR ©0) IS T —RRIEIC R 2. $4bb, T 25 5.

¢(\Il) € Mumf(UH)

FEoZNFNDY A TH6, LTO 3EEOEFNENES T 5. 1 DHIZ, 2 XEHEN
A TOEFEHET, ZOEEFZUTFTTELONS.

.l
M&qp(Uc) = {,u e Ms;(Ug) : 0< xlgiloo L;Q) < +OO}.

2O0HIE, AR A TOEFEMET, ZOEAIILL T TGN .
M paa(Uc) = {p € Ms(Uc) : 3C > 0s.t. p(x) < C (x € Z)}.
BBD 3 OHIE, BB A T7OEFNET, ZOEGIUTTEA SN S,
Moeap(Uc) = {p € My(Uc) = By, e > 0(er e #1) st

0 < lim M<—i—oo, 0 < lim M
T—+00 Cﬁ- z——00 ¥

< +oo}.

331 ZEXILTOEFINE

EENM ST EOWSHEA K T, 2RSER Y 4 7OEHMEIC 22 2Lk Ah5. S
512, U(0) DELD HIZ k> TUE—IRMEDEN 2 2 L 2N T 5. JFHARICEE T 2 WIHER
U(0) (¥ € Map(Z,C?)\ {0}) ZLLTF D X H IcFdidd 5.

vE(0)
wh(0)

U(0) =

SDI] (p1,2 € C).
©2

W1 QREHERY A 7OEEHE [13]). A€ ST 2 Uyl = \U 2z dbDE L, \=e?
OeK)LEL. ZOLE UTOFEEEZES.
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(1) FeEABRROMIEMREA, =A_ L2 e SHE DT THEZ6N%.

(2) (a) 0 = n/4, 5r/4 € Ky (<X LC, EAMHEME ULV = 90 207 TR
Map(Z, C?) ICFFE I N EFHMEIILTDO X H 1274 3.

d(¥) € My gp(Uy) ++---- lo1]2 + |@a|? # 2Im(p172) D & X,
o(V) € Mypig(Un) -+ 12+ |p2]? = 2Im(p1pz) D & &E.

(b) 0 = 37/4, Tr/4 € K1 N LT, BAMHEME ULV = 90 27 TR U ¢
Map(Z, C?) IZFFE I N2 EFHMEIIMTO X 5124k 5

o(¥) € My gp(Un) -+ [o1]? + lp2]® # —2Im(p1ip2) D & &,
o(0) € Mum'f(UH) """ |<,01|2 + |<,02|2 = —2Im(p1p2) D & Z.
HETHZ WS L, RDEHICEHTEL 2 LICHERET 5.

(T () elge (@
¢(¥)(2) = 4 ol (
Ty (E)pl2e (a

COLE, E LICBNZ LT O&EMEZFEL KNS,

8
IN I IV
R
=

lo1* + p2® = 2Im(01@2), |1l + |2* = —2Im(1P2).

F1(HRRMEIC R 2720 DM [13]). %0 € K1 TR T, ¢(0) B HRHMEIC R 720D
EA DRSNS,

(nezg,%JﬁchuTﬁmbja
A(¥) € Munis(Un) <= ¢ € S&)if.
3m Tw . .
(2) 6= T 1 IR LT, BUF23E D 32D,

A(V) € Mynif(Up) = o € S

unif?
EL k=121t LTsS® 2 TokIIcE2 2.

unif
S = {¢ — [@01
P2

332 BRYIMTOEEAE

HEW ST EOWHES Ky T, HRIA TOEMMEEC 2D L2 RE. S50, 4
WY 4 PO D P X 2RI FEIE 2 b o 72 DS ELET 2 2 L 28N T 5.

(2k — )7

€ C?: |p1| = |pal, arg(p1) — arg(ps) = 5

+ 2nm (neZ)}.

MR 2 (ARY A 7OEEME [13]). 0 € Ko I LT, AN %2155,
11



(1) A4l = JAL] (Ay #A).

(2) |o1] lp2] < 0o ERET 2. ZDLE, FEAMEME ULV = PV 252 TR T
Map(Z,C*) ICFFEI N2 EFHMEIEREZ b > EFRME L % 5. $hbs, DIT
2135,

¢(¥) € M paa(Un).

2D (1) X0, DTFARD 7o,
A= |A-|=1(0 € Ka).

it> T, LR 2079 & € (0,2m) DIFET 5.

— Jeé (0<0< T, E<o<)
A+'A_: . .
e (77§0<%,%”<9<27r)

cos& =1 — 2cos 20, sin&; = —2v2cos20sin 6, e = 71,

Fue |J MOUn) e LT, ou(z) BRD K HHE LTS,
AEK>

2 o
A+1A7 ’ <W1(<P1,902,9) —2Re ((A - A—)‘”WQ(tpl,m,@))) z>1,

wa) = lerl* + [pal® z =0,

2 R
A+iA, ‘ (Wg((pl,gag,e) — 2Re ((A+ . A_)xW4((p1,g02,(9))> X S —1.
Wi(p1,92,0) (i =1,2,3,4) 1, IHIER ¢ & 0 € K DAITHKEFE L T 2B8TH 5. BRI
2B, [13) 2SI v, £, T ICHERT 5.

>
~ 4cos?26

1
Ay — A

(9 S KQ).

FEE2. 0K LT 0=0bLIFn2M->TL 5. TDLE, XD LD,

E(C2>.

Wa(p1, ¢2,0) =0, Wy(p1,92,0) =0 (90 = [il
2

ER 3 Wa(p1,02,0) =0 ERET S, TDELE DT 255,
Wi(p1, pa,0) = 4cos20(|1|* + |p2|?) # 0.
Wilpr, 09,0) = 0 EIRET 5. 2O L %, UF#35.
Wi (1, 02, 0) = 4cos20(|p1]? + [2|*) # 0.
RN My € N Z @R p OB E X2 12T 5.
Mimin = rr}riln{m eN:plx+m)=p(z) (x €Z)}.
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EIE 4 (EHHEORMME[13]). 0 Ky £ 552, 2D EE, LUFARD 370,
(1) Walepr,92,0) = 02> Wy(p1,92,0) =0 TH 2 ERET . DL E DIT2E2.

pe MY (Un) = Munis(Un).

s,period

(2) Walipr, 92,0) # 05 Walpr, 02,0) #0TH B EET . pe | )] MO (Ug) I

K
LT, BUR2YR D 32,
2nm T 37
—eN <0§9<,<9§7r>
&1 44
uSZERINC R Z & D «—
2nm S5t 1w
- < D
5 eN <7r_9<4, 4<¢9<27r>

7272, neN.
fE> T, EHHEE p DFIIIL T TE X 5.

2
mmm:min{meN:m:m(nEN)}.

Bl4. 6= g DI —A%REZ D,

ZDLE UT%ZE5.

2
mmm:n}in{mEN : sznWX?ﬂT(nEN)}:Zl.

Thbb, Uyl =ecV 26 FHHS 2 EHME LA 4 %2 b0

p(w) e MY (Un).

333 BHYMITOEEINELEERER
BHEHT ST oMY ES Ky T, YA 7TOEEHIEIC A2 2R3, 21T,

P

CNEDMEL2 E3ERIT 2 L, HETH o7 My(Uc) D33 DICHIRTE 2 2 LAVRE
nz.

M3 (ERY A4 7OEFENE[13]). 0 € K3 £ T 5.
(1) 6 e K3lcx LT, T 245,
T 57 377)

s
A 1> A= — <0< -, —<¥
Ay >1>]A_| >0 <4< <5 g <0<

s 3rm 3w s
A 1 A — < — — < — .
IA_|>1>]AL| >0 (2_9<4,2_9<4>

(2) EHMERE Uy = 0 2307z 3B U € Map(Z, C?) ICHHE S 2 &M IR
ZATOEHEMEL %5, Thbt, UT2145.

d(¥) € My.cap(Un).

il 1,2,3 6L T 215 5.
13



EES (7Y=L —7D3IMEOEFNE[13]). Z LT ¥ ~—1L7 5 —7 OfEH{E
ME»SHONLZEFHEL2EZLSL. ZOLE DUT25%.

—_—~ e~ /Y~ /Y~

MS(UH) = Ms,qp(UH) U Ms,bdd(UH) U Ms,emp(UH)-

7277 L,
M j(Un) = M j(Ug) N Ms(Ug)  (j = qp, bdd, exp).

ER 4. AR, R 1 ROT 2 REBORT Y 4 — 7 OEHHEEICEIT 2R E T 5o
7o fEDET MK L CTHIEI T 5. Fil 21E, ZEHFE—RkBE T A TIR]9, 19, LA ¥ —
TSNV (G 2B N,

34 BRTBFLOERERE

ENiNGES %?r"]ﬁ 7 DB BR D—2Th 2 JRTEALICE B L, & FHESRHIEE % HE K
T2 .02, BEETND T —N=—7 4 =7 0L AP — . Ju—N—7 5 — 7 ZFEs
#Z B RN Ch 5. 22T, 24 FOBMEE T LVORTIA—7 LAY —ETILDE
TIA—=J7 U TOETLDILETHS. {er,es,...,eq} % 74 DEHERLIE, {n1,...,np} %
CP OREHERLR L L, P, % 1 RytiBr 22 Cn; ~DERHEF LT 5.

BEETILVOEFIVA—Y NHEHHEZ D=2d T 3. 2D L =, DLNOREFIEEHE
Uo CHEZON DM BB 7+ — 7 2 BEETILE IR LIZT S,

d
(Ucf)(x) = Z (P2i710f(33 +ei)+ P Cf(x — ei))~
=1
Thob BT T VORI A—7 &, 74— = 2d HOBEESICEREIT2ET LT
5.

LAY—FETIWDEFIA—Y : NiBHHEZ D=2d+1 5 %. 2D & E, DUT OFHF
BEHZ U- CHEZON LM HrBT7+—7%2bAI—=FFTILEX R LIZT 3.

Ucf)(x

M&

(PCF@+e) + PiynyeaCl(@ - €)) + Pua Cf ().
=1

Thbbt, EEESTFNVICHEZHEZMITIZbDTH S, 22T, EEET )LD o —N—
DA = DoBRONLFERDOAREHNT S.

341 7—YIZEi

Bsf% f:[-mmd —CH¥E L, k= (ki,ko, - kg) €[-m,m) £T5. ZDLE
B f D Fourier I T TEZ 64 5.

1

)= —— cH(@kK) T dy,
FDE = g [ AR @ ez

EL, (x,k) 13 R OEMENIITH 5. $ 72, 2 DL F* 13

900 = (Fk) = Y- e g(@) (g€ Map(z?,C*), k € [-m,7)")

xcZd
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L%, COBEDS & T, IRIF U, % Fourier WAL 72 b D% U, (k) LB 2D EE, B
TOBIGRXIE»NS.

U1 (k) = Up (k) (K).
72721, D x D DAl Uc(k) ZLLFTE 263228 VITHITH 5.

d
Uc(k) = 3 (% Py 1€+ 70 ).
j=1

342 BEECEEEESEAE
KEITIX, RO DRXDaAAL AT C =Gp THZ6NE 70 —N=—"7 53— DBFRICKE 5.
2

72720, D RO JIETRTOEITD 1 DfTFE T 5. 2= V751 Gp THZ 615 %EH
—MRBRT YA —2713A=N=0A—=2 L LN TS . Z LoV AP —ET VDI a—
N= 3 =77 FLOEEHEE T LD /A — "= 1 — 713, 22—k 7 2 IREEDE T 7 + —
7 CEREN o BEEPEI (6,7 22T, Ma e Z¢ THHIRE o lcB VT, BT
= ZIZEEARZ B E1E, DT TERINS.

lim sup g, () > 0.

n—o0

w17 4 — 7 OIRTEACIZRE R RBIEAZ O BEEEDO L L BB I b o T0 5. il Z21Z,
Tate [33] IC X > TUTOEBIRINT V5,

EIR 6 (JA1Efb & EAEMOBIR [33)). U % 2(2¢,CP) Lo =% VR /EHE L T 5.
ZDEE, XD LD,
(1) UDMEAEwZ2b2Z L, U(z) BMEED z e TH 123 LTHEEEw 2 6> 2 &I
licdh 5.

(2) UDpix € Z4 128 W, YIREE o TRE(LEZ b D Z L &, spec(U), # 0 IZFfET
bH5b.

JAWIR L = 5 ) HEREIRFOERIT [33] z2l S v, @B 6 13, FL =% 1) #
BAEAE U DRELE b OB 0217 ) DI,

74 LOBHER TN D Ia == 4 = 2128V T, Ug,, (k) 38k ITHKTE L 2w FH i
ELTH1 2602 EDMSNT WS [14]. FAME 1 OFEARMEZ U(k) £BL. 2D X,
Ug,, (k) DFEATE 1 OEARE U K) EUTO X 5 1 BERICEBTE 2.

WEL X;=ch L, X, =™ 92 Z0LE, Uh)UTDOX)IcildTE 2!

[(1+ X)) 1oL+ X)) (1 + X)) ]
(1+X0) T, (1 + X)(1 + X))

) T, (L KD X
RIS ol RS o e a1 & ®

(14 XTI (1 X1+ X))
1+ X) [T A+ X))+ X)) |

BRI, FERE -1 OFERIBGEETE S, £7, 27 LOLA P —ET DI U =N 5 —FITE 0T,
UGy, (K) EBE K TR L ZVEAEE LT1 250 (EAMH -1 3b7kn) JEALoNTR 2 [14].
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Bu=(uy,...,ug) € ZZH LT, 2 DIIEA KL c 24 # T THE A2 52

d
K= {m = (z1,T2,...,24) € Z¢ : Z(% —u;)? < \/g} :
=1
5 (K2). K2 = {(0,0), (£1,+1), (£1,0), (O,jzl)}.
%@ ezl oL, R (8) & Fourier 241 F % T T & 9 1cisk vl #5E#%5 5.
v (x) = (FU)(x).

s

22C0=(0,...,0) 3 ZI DB ETE. I51C, Fce K§ ISR LT, 2d RILEFER 7 b

TH5Z%. ¥, uec 2l it LT, B o™ . z2d — CM 2R TERT 2.

UM (x) = > acbuic(T). 9)

ceK{

KO DOERIZ, T =D —DPucZiDEHL) THABEERT Fl)a. 2> T BRI
TH5. 2oL E EHI™ DA supp (q/gw) 37 ORBESEA LS. Thbb,

supp (\Ifgu)) = K2

Bl 6d=212BF2% a.).

= = O N NN NN

DL E, 7 LOBEE TN Dy a— = x— 7 OEFIEE 5 2 2iRIE U € Map(Z4, C?)
EMAT R E 2.

I 7 (EFIRIE [12]). {pulyczs % ¢ =0 TRWEREOEEZRFNETZ. 22T, p=013
vu =0 (u € Z4) ZEWT 2. B 0P (2) 2 RCERT 2.

V(@) = D o UM (). (10)

u€czZd
cokE U ()13 Us,, OEEIE 1 OEAREEE %%, toT FELT
QS(\I’SD)) € MS(Usz)'

2155,
RS =34 PRI, L, FX IZES X OILoETH 3.
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Fh, LAY — . Ju—R—uxr—70fE, BXO=ZAKTFEo/a—R—23—7D
EEHEICE T AR EREICE2 2 N TES.

B 7 (2> EOFHEE TN D 7 a—N—"7 % — 7 OEFHERIEL). fGHO7-d, S E LT
FURDBOMEEZ 5. F1e, X (10) D gy & LTERUER - 22T 2. ZDLE,
DUR OMEE p 13 EHHERMEEIC e > T 5.

p(@1, w2) = | U (21, 22) |t
1

1
= (3000 + § (0 + 801+ 810) +5(-10)

1
+ 57 01 + 01 +0a) + 5(—17—1))) (1, 22).

FEBLT D o & L THRRERE & 5T, I 0P 13 oo B2 2. 7=, %08
DEEAERICTIUE U 13 2 BB 2 RSB T IRIEDE T 2% 2 5 2 135D
3. COfERIE LT A — L 4 — 7 OEEHE R R L I A E B D,

4 EFIA—IVDBEH

HIfiClX, BT 74— 7R EOWE TH 2 RAEIRRZFIH L, EHERHIE 2L
7o, ARk, BiE A L 72 R7EGICBE T 28812 3H$T 5. 2 2T, BE~UL b ZER]
(24, CP) Lok EIEREE2E2 5.

*(z,CP) = {f 28— CP | fIP = D I (@)Es < oo}-
xcZd

BTV 4— 7 ORREZEEICE W MEOHMS V¥ Ly xr— 7 Tl s s WBEL &
KIENZBRDH O, RFERIENFE (2 =2 VIEHE) OEEEOFE & FHICBb > T
% (Hiffi T 6 #2M). Z DBRIZ, Mackay et al. [21] 512 & > CTIEGK T LD 7a—N—
TA—=T7 DY 2L —a vy THEIN, Inuietal. [6] 5 I Lo THRIHI N, 2D, 100
SREEDL AP — . a0 —N— 3 — ZI2EBWTHRESIET 22 EBMEIN TV 5.
Thbob, BEEETIVORT YA — 7 ICHE2HEZMIMZ % LIRENMDIRE 2 2 LT
I oI, EHEE T ILVORT Y 4+ — 7 KK (R %2 5- 2777 — A8 W TH JRBE
B EREND 2 EDBHSNT VS,

AT, 70 == 4 TORT 7 +— 7 DFEREHNT 5. X DFEL WHAK L. Komatsu
and Tate [14] Z & I 1720,

KR (7 THEZLNBMTH Gp 1F (Gp)? =1 % LTE2DOPFETH 2. 22T, Ju—
N3 =02 GUUTORTIA—27ICERZY TS, a4 V791 C % AH 7 —17HThk
WDXxDDL=Z)VITHIET S,

e JO—INN—HATF: a4 AT CHC?=]%2ilil-TET2. ZOCITHBET 3 Us
TEHZONBBFIA— %270 —N—F L 7L IR LT3,

FEES. C?=1%0T FHAfHE LT 1250, BAME L OFGEER%Z (1) LB E, FGH
—1 DEFH %R % e(—1) &7 5.

Hie{1,2,...,d  ITRH LT, BV R ER 224, CP) oy 7 MERE n # T T4
5.
(rif)(x) = f(x—e) (f € P(24,CP), wel?)

17



d
72720, {e1,eq,...,eq} 1Z 7 DEEHERLR E §2. X512, a = Zaiei c 7R L,

i=1

o 061.” Qq
TV =1 T,

L5 ZOLE a4 VI C RO TERING VY n—nN—¥ 4 TORMREEHE
Uc : 2(Z4,CP) — 2(2¢,CP) 2% 2 2.

Uo =Y 7PaC, (11)

a€esS

7272 U, {Pa}aes 3N 2723 CP LOBELSEOBRE T 5.

PuP3=0 (a#p), Pi=Pa, Y Pa=1
a€esS

(D) BN D 24 DOHRIEIES S, U TEMAZL T30 TH 5.
fTEDxc2lyczi\ (x+5),0c CPIZHL T, (Uc(dz ® ¢))(y) =0.

Ditg, 2D 728 DERFIES S ZRATYTERL LI LTS, AT v 7H4E 5 13, Rt
FBEMFBICED, 74— A —DBROWGINBET 25 2B TN 5D TH 5.
ETFNDEL T+ =713, BT 2 2 OSBRI TE2ET LV THo7. Thbb, [HiHEE
TNDRTIA—TDAT Y THEE S LS = {+er, tey, -, tes} THD. —Ti, LAY —
ETNVDAT Y 7HEAE S 13 S ={0,+er, tey, -, tey} LD ROEMERT IO, A
T THEAICLUT O 2 3

RE1. aeS = —acb.

T8 (/u—nN—=5 4 TORIEN [14]). ATy 7HEE SPMKE 1 2l LT3 75, %
7, Uz EoX () ThE 263 7u—nN—3 4 7ORMEEBEREZEETS. 20L& T
HOpeel)  aeSICHLT||Pgl2n = |Poad|in 27 LT 2% 51, Us I3EA
i1 2 b2, RIS, fERD ¢ € e(—1) & a e SITHLT||PadllZp = [|P-adlltp 27z LT
W36, Us iEEAE -1 %2 b .

B8 d>2 LT3, dRICEBEKEL FLOEHEEF)ILD S0 —nN—"7 5 — 7 1 FHEHE +1 2 b
D, 2PN, EEEIX D 7272\,

B9 d>1ET 5. dRICEBIETLEOLA P —FTFTLD e —N—" 3 — 27 Z[EAE1 %
b, FRBAC, FEAEMEIZD 72700,

RDAT v THEEGES ZHEZD.
S = {e1, e2,u3}, uz = (—1,-1). (12)

ER 6. EH ST, AT v THEAICHIMEZRL 7. HI2E, Atk Lo T Lo
T4 =273 ATy 7HEEL LTEINHMERH D, BAMHE £1 25D [14). —77T, X (12) T
526N AT v 7HE S BIENMA=fAlg LB+ —7 [11] 1> TE D, FHAHE
O I EMPBBEHEDP G F 2y 7 TEL. ZDO LI, ATy TREREAICHTRED Kb
& HAMEZ bR LD 5.
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Algebraic and Lyapunov Reducibilities and the analysis of
Linear Dynamical Systems and Quantum Systems

Takeo Kamizawa

Abstract

The analysis of linear dynamical systems can be difficult even for the simplicity of the linear
structure. In this article we will study two main approaches for the analysis of linear systems:
the algebraic reducibility and the Lyapunov reducibility. The algebraic approach concerns,
roughly speaking, the reductions of the system into smaller invariant parts, and the Lyapunov
approach tries to transform the system into another kinematically similar system so that the
coefficient is time-invariant. These techniques can reduce our systems and help us analyse
these complex structures further. In addition, we apply these techniques to the analysis of
open quantum systems.

1 Linear Dynamical Systems

Let us consider a linear differential equation:

4 a(t) = AWa(t) 1)
or a linear difference equation:
z(t+1) = Alt)z(t), (2)

where z(t) € C" and A(t) € M,,(C) is bounded with respect to ¢ € Z (Z is either R, R, Z, ZZ in
this article). Even these equations are linear, i.e. the structures are relatively simple, the analysis
of these systems can be difficult depending on the structure of A(¢). For instance, there are only
a few classes such that the solution to the linear differential equation (1) is known to be written
in a closed form. What can we do in order to analyse linear differential or difference equations in
detail? There can be several approaches for this problem:

1. If the generator is constant, i.e. A(t) = A = const., then it is well-known that the fundamental
matrix solutions @ (t,tg) to (1) and (2) are given by ® (¢,t9) = exp (A (t —tp)) and ® (¢,tg) =
A=t respectively.

2. If the generator A(¢) can be brought into a block-diagonal form by some constant S:

Qu(t)
STLA(t)S = , (3)
Qss()
then the total dynamics (1) or (2) is decomposed into s independent components. This
decomposition simplifies the structure of the dynamics and our analysis becomes easier.



3. If there is some change of basis (t) = P(t)y(t¢) such that the transformed equation

Syt = Boy() (W
y(t+1) = By(r), 6

has some constant generator (i.e. B(t) = B = const.), then one can compute the fundamental
matrix solution of the transformed equation, so finally the solution to the original equation is
obtained.

The second approach is connected with the algebraic structure of the associative algebra A generated
by A(t), and this will be called the algebraic reducibility. On the other hand, the third approach
was developed by Lyapunov, so this will be called the Lyapunov reducibility.

The main purpose of this article is to summarise the ideas of the algebraic and Lyapunov
reducibilities, propose some criteria of reducibilities, and apply these techniques to the analysis of
open quantum systems.

2 Algebraic Reducibility

2.1 Block-Diagonal Reduction of Generator

Let us consider the dynamics given in (1) or (2). The main idea for the algebraic reducibility is to
find invariant subspaces with respect to A(t) so that all the trajectories starting from each of them
stay inside for all the time. In finite-dimensional cases, this is realised when the generator A(t) is
block-triangularised under some basis, i.e. there is some constant matrix S such that

Qu(t) - Qus(t)
STLA()S = L
Qss(t)

for some block matrices Q;;(t). Moreover, if the system is block-diagonalised, i.e. there is some
constant matrix S such that

Q11(t)
STTA(t)S = , (6)
Qss(t)

we are able to consider the original system as a union of s independent subsystems which are
smaller in dimension. Thus, the analysis of the linear dynamics becomes much easier. However,
it is not always possible to bring the generator A(t) into a block-diagonal form. When is the
block-diagonalisation available? A key object is the ’algebra genetated by A(t)’.

2.2 Linear Decomposition of Generator

In order to construct the algebra A generated by A(t), it is useful to ’separate’ the time-dependent
factor from A(t). A simple observation similar to that in Theorem 2 in [34] can show that the
generator A(t) can be represented as a linear combination of basis matrices.



Theorem 1. Suppose A(t) in (1) is bounded and piecewise continuous for t € Z. Then there are
linearly independent constant operators Ay,..., A, (r < n?) and time-dependent scalar functions
Y1 (t), ..., v (t) such that

A() = (t) Ax. (7)
k=1

2.3 Shemesh Criterion

The first criterion for the algebraic reducibility introduced in this article is the (generalised)
’Shemesh criterion’, which is a method to determine the existence of a common eigenvector for
matrices. The importance of the existence of a common eigenvector is that, if the generator A(t)
is represented as (7) and if there is some common eigenvector  for Aj,..., A, then the matrix
P =lx,v1,...,v,-1] can block-triangularise the generator A (t) for all ¢:

(* denotes some number),

where v1,...,v,-1 € C" are some vectors such that {z,v;,...,v,-1} is an orthogonal basis of C™.
Then, on the subspace spanned by @, the linear equation (1) or (2) is one-dimensional, on which
the solution can be computed in a closed form.

Shemesh [43] established a necessary and sufficient condition for the existence of a common
eigenvector for two matrices. Jamiotkowski and Pastuszak [24] showed a generalisation of the
Shemesh criterion for an arbitrary number of matrices.

Theorem 2. (Generalised Shemesh criterion [24]). Let Ay,..., A, € M, (C) and
n—1

N (A A)= () ker {A’f%uA,ﬁ*,Alf---AﬁT (8)
ki, ;>0

where the intersection is taken so that Y, k; #0, >, 1; #0. Then, N (Ai,..., A,) is the mazimal
common invariant subspace containing all common eigenvectors. Therefore, Ay,..., A, have a
common eigenvector if and only if N (As,..., A.) # {0}. Moreover,

n—1
N(Al’.”7AT):ker Z |:Alf1A7k.:7,Al11A£":| |:A11€1A§',Al11A,lr' ’ (9)
ki, ;=0

where the summation is taken so that Y, k; #0, >, 1; # 0.

An important point of the (generalised) Shemesh criterion is that the computation of the RHS
of (9) can be done ’effectively’, i.e. the procedure can decide the existence of a common eigenvector
step-by-step in a finite number of steps.



2.4 Associative Algebra and Wedderburn Decomposition

For discussing the block-diagonal reducibility of A(t), let us introduce the concept of ’associative
algebras’. Throughout this article, an algebra A is defined as a linear space over a field which is
closed under a bilinear map the so-called multiplication, and if additionally the associative law is
satisfied with respect to the multiplication, the algebra is said to be an associative algebra. We
only consider associative algebras in the sequel, so we simply say ’algebras’ instead of ’associative
algebras’. For an algebra A, we define the centre of A by

Z(A)={Ac A|AB=BA (VBe A)}.

An element of an algebra N € A is said to be nilpotent if there is some j € N such that N7 = O.
Moreover, an element P € A is said to be properly nilpotent if PA is nilpotent for all A € A. The
set of all properly nilpotent elements in A is called the radical of A and denoted by radA. An
algebra A is said to be semi-simple if rad A = {O}, where O is the additive identity of the algebra.
An algebra which has no non-trivial ideal is called a simple algebra. According to Wedderburn [45],
a semi-simple algebra can be decomposed into a direct sum of simple algebras:

Theorem 3. (Wedderburn decomposition, cf. [11, 17, 40]). Let A be a finite-dimensional semi-
simple algebra over C. Then, there are simple algebras Ay such that

A=P A, (10)
k=1

which is unique up to the order.

Let A € M,, (C) be a matrix. An A-invariant subspace ¥ C C™ is a subspace such that AU C 0.
Obviously, {0} and C™ are invariant subspaces for any A € M,, (C), so they are called the trivial
invariant subspaces. For a set of matrices 4 = {41,...,A4,} C M,, (C), a subspace ¥ C C" is said
to be an A-invariant subspace if U is an invariant subspace for all A;,..., A,.. A set of matrices
A C M, (C) is said to be A-reducible (reducible, in short) if there is a non-trivial A-invariant
subspace and A is said to be irreducible, otherwise.

Theorem 4. (Burnside’s theorem on algebra, cf. [1, 11, 17]). The only irreducible subalgebra of
M, (C) withn > 2 is M,, (C) itself. In other words, for an algebra A C M,, (C) with n > 2, there
exists a non-trivial A-invariant subspace.

Since each simple subalgebra is isomorphic to the full matrix algebra M,,, (C) for some ny, we
have the following statement:

Corollary 5. The generator A(t) in (1) or (2) can be block-diagonalised in the form (6) with s > 2
if and only if the algebra A generated by A(t) is reducible and semi-simple.

We say that an algebra A is completely reducible if A is reducible and semi-simple. At this
point, we have the following questions:

e How to construct the algebra A generated by A(t)?
e How to check the reducibility of A7
e How to check the semi-simplicity of A7

In the following subsections, we will study ’effective’ methods to answer these questions.



2.5 Construction of Basis of Algebra

As we have seen above, it is important to analyse the complete reducibility of the algebra generated
by A(t). Since the algebra generated by A (¢) is identical to the algebra generated by the constant
operators Ay, ..., A, in (7), it is enough to construct a basis of the algebra A generated by Ay, ..., A,
to check the reducibility of the algebra and test the semi-simplicity of A.

Let us review how to construct a basis of the algebra A generated by some matrices Ay, ..., A, €
M., (C). First, we are able to assume that Ap,..., A, are linearly independent without loss of
generality (because if, for instance, A; and A, are linearly dependent, the generated algebras
A(A;) and A (A1, A2) are identical). A simple and direct method for constructing a basis is the
following:

Algorithm 6. Let Ay,..., A, € M, (C).

Step 1 Set B={A;,..., A}

Step 2 Compute A; Ay for some j,k € {1,...r}.

Step 3 Check whether BU {A; Ay} is linearly independent. If so, add A; Ay into B.

Step 4 Repeat Step 2 and 3 for all combinations of (j,k).

Step 5 Repeat similar processes for all possible combinations of indices with lengths 2,3,4, .. ..
Step 6 The obtained set B is a basis of A.

Note that CardB < n?. This procedure finishes in a finite number of steps because of the
Cayley-Hamilton theorem, so the length of the products of matrices Ay, --- Ag, (k; € {1,...,7}) is
bounded above. However, several better results on the upper bound for k¢ have been reported by

Paz [39]:
2
e < {n —0—2" (11)
3
and another bound by Pappacena [37]:
2n? 1 n

ke < —+ -+ - —2. 12
e=Mm-pytita (12)

2.6 Discriminant of Algebra

Let A C¢ M,, (C) be an m-dimensional matrix algebra with n > 2. Recall that a matrix P € A
is said to be properly nilpotent if PA is nilpotent for all A € A, and P is properly nilpotent iff
trPA =0 for all A € A due to the Dickson’s theorem (cf. [9]). If we take a basis B = {By},-, of
A, the matrices P and A have linear expansions:

P = Z;anl WkBk, A= Z;;nzl akBka

where 7, a, € C. For a fixed element P € A, it is easy to see that

tr (PA) = Z miogtr (B;By) =0

k=1



holds for all A € A if and only if

iwjtr (BjBr) =0 (Vk e {1,...,m})

j=1
or in the matrix form:
tr (BlBl) tr (Ble) T
D = : : : =0. (13)
tr (BpmB1) -+ tr(BmBm) T,

If P # O then D needs to be singular and this is also sufficient for (13) being satisfied. In other
words, if D is non-singular then the only possible properly nilpotent element in A is the zero, (which
means A is semi-simple). Therefore, the invertibility of D can be used as a criterion to distinguish
if A is semi-simple or not.

Definition 7. Let A C M, (C) be an m-dimensional algebra and B = {By,...,B,} € M, (C)
be a basis of A. The quantity
discg A = det D

is called the discriminant of A with respect to B, where D is the matrix in (13). The matrix D in
(13) is called the discriminant matrix.

Theorem 8. (cf. [36]). An algebra A C M,, (C) is semi-simple if and only if discg A # 0 for some
basis B of A.

It is important to note that, since the invertibility of D does not depend on the choice of basis
B, the zeroness or non-zeroness of the discriminant is independent of the choice of basis. The
discriminant of an algebra is a useful tool for determining if a given algebra is semi-simple or not.
Using this fact, we have an effective algorithm for testing the complete reducibility as follows:

Algorithm 9. Let A C M,, (C) be an algebra.
Step1 Compute a basis B of A by Algorithm 6.

o Ifdim A = n?, then the algebra is irreducible due to the Burnside’s theorem (Theorem 4), and
the algorithm stops.

o If dim A < n?, then the algebra is reducible. It means, indeed, the elements in A can be
simultaneously block-triangularised in matrix representations, and go to the next step.

Step 2 With respect to the basis B, compute the discriminant discgA.
e [fdiscg A =0, then A is not semi-simple, so A is not completely reducible.

o [fdiscgA # 0, then A is semi-simple, so the algebra A is completely reducible. In the matriz
representation all matrices in A are simultaneously block-diagonalised.

The discriminant of an algebra was applied to the analysis of differential equations by e.g.
Mitropolsky and Lopatin [36] and to the analysis of open quantum systems by the present author
[26].



2.7 ALS-Criterion

Another effective method for the complete reducibility we introduce is the ’ALS-criterion’. The
standard polynomial with ¢(€ N) arguments is the polynomial:

Se(X1,.. ., Xe) =Y sgn(0) Xy - - Xoo),

where o is a permutation and the summation is taken over all possible permutations. First of all,
let us revise some properties of the standard polynomial (cf. [38]).

Lemma 10. Let Sy be the standard polynomial with € arguments.
1. The standard polynomial Sy is multilinear.
2. 8. Xy X)) ==Se( ., Xy, X, L) for any pair of 4, 5.

The following results by Amitsur and Levitzki [2] and Shapiro [42] play the crucial roles of the
ALS-criterion:

Theorem 11. (Amitsur-Levitzki theorem, cf. [2, 38]). The identity Sa, = 0 is satisfied on M,,(C)
but not on M, +1(C). Moreover, the identity So, = 0 is the only multilinear identity of degree 2n
on M, (C) up to a constant multiplication.

Theorem 12. (Shapiro’s theorem [42]). Let my be a polynomial in £ non-commuting variables
with coefficients in C. Suppose mp = 0 is satisfied on M,(C) but not on Mp41(C) for some p.
Let Aq,..., A, be given n x n matrices over C , A = A(A1,...,A,) be the algebra generated by
Ay, ..., A and suppose A = A*. The identity my = 0 is satisfied on A if and only if every matrices
in A can be simultaneously block-diagonalised so that the size of each block is less than or equal to
D XDp.

Combining both the Amitsur-Levitzki theorem and the Shapiro’s theorem, we obtain the fol-
lowing criterion, which we call the 'ALS-criterion’.

Theorem 13. (ALS-criterion, cf. [23, 38]). Let A1, ..., A, be given n X n matrices over C, A =
A(Ay, ..., A.) be the algebra generated by Ai,..., A, and suppose A = A*. Then, the followings
are equivalent:

® Sy, =0 on A for some p,

o A is completely reducible and the dimension of each (decomposed) subalgebra is no greater
than p.

Note especially that the algebra is automatically a *-algebra if the generating matrices A, ..., A,
are normal. The ALS-criterion was applied to the analysis of differential equations and quantum
mechanics by e.g. Jamiotkowski, Pastuszak and the present author [23, 38].

2.8 Eberly’s Method for Computation of Decomposition

As we have seen above, we are able to effectively decide if an algebra A is semi-simple or not. If
A is semi-simple, A can be decomposed into simple components according to the Wedderburn’s



theorem (Theorem 3). Furthermore, in some cases we are also able to compute bases of simple
components explicitly. Here we will study a technique to obtain bases of the simple components by
Eberly [12, 13].
Let A € M, (C) be an associative algebra over C. Recall that the centre Z (A) of an algebra
A is defined by
Z(A)={Aec A|AB=BA (VBe A)}.

It is known that the centre of a semi-simple algebra is a semi-simple subalgebra and it is com-
mutative. Moreover, if A is semi-simple with the Wedderburn decomposition as (10), then we
have

2(4) ~ @7 (A) (14)
k=1

and Ar = Z (Ag) A (cf. [5, 12, 22]). Thus, the computation of the explicit Wedderburn decompo-
sition of A is reduced to the computation of the decomposition of Z (A). In addition, suppose we
have a basis B of A such that B C M,, (F) for some number field F (finite extension of Q). In this
case, the algebra A over C can be considered as an algebra Ar ®r C, which is a scalar extension of
the algebra A over the number field F.

Lemma 14. (Lemma 3.2 [13]). If A is an m-dimensional semi-simple algebra over a number field
F, then there is an extension E of finite degree such that

A®pC ~ (Cl ®]EC)@"‘@(CS®]E(C)
for some s, where Cy,...Cs are simple subalgebras of A Q@ E over E.

Eberly called the field E in Lemma 14 a semi-splitting field for A over F (cf. [13]). For finding
the decomposition of Z (A), the concept of ’splitting elements’ was introduced [12, 13]. An element
Q € Z(A) is said to be a splitting element of Z (A) if its minimal polynomial is square-free (i.e.

there is no repeated factor) and the degree of it is m, 4 dim 7 (A).

Lemma 15. (Lemma 2.1, 3.1 [12]). If F is a perfect field (i.e. every irreducible polynomial is
separable over ) with cardinality at least m., then Z (A) contains a splitting element. Moreover,
if H C F is some finite subset with CardH = [en(n—1)] > m, for some ¢ > 0, the element
Q = > 12, MQx for some some random A1, ..., Ay, € H is a splitting element of Z (A) with the
probability of at least 1 — X, where {Q1}1*, is a basis of Z (A).

c’

Due to the representation (14), there is an isomorphism ¢ such that ¢ (A) = (Ay,..., As) for
each A € Z (A), where A, € Z (Ag). Then, the minimal polynomial 14 of A € A satisfies

wA = lcm(lpAl?""l/)As)?
where 1 x denotes the minimal polynomial of X. If A € Z (A) is a splitting element for Z (A),

Lemma 2.75 in [3] insists that ¢4, ,...,14, are pairwise relatively prime, so
S
wA = H /l/)Ak .
k=1

Thus, for a splitting element A, there exist polynomials g1, ..., gs € F[X] such that

gj = 1 (modl/JAj) , 9k =0 (mOdek) (.7 a k)>



and we can check that g1 (4) ..., gs (A) are the identity element of Z (A1), ..., Z (As), respectively.
With the considerations above, the procedure for the explicit decomposition by Eberly is sum-
marised as follows:

Algorithm 16. Let A be a semi-simple algebra.
Step 1 Compute a basis of A as in Algorithm 6. Let B = {By}]" | be the obtained basis.

Step 2 Compute the centre of A and a basis. This can be done by solving ZBy = By Z for all k
for an unknown variable Z. Let B, = {Qy},=, be the obtained basis of the centre Z (A). If
B, C M,, (F) for some number field F, we proceed to the next step.

Step 3 Find a splitting element Q of Z (A). This may be solved by choosing pi1, ... fim, € F and
constructing Q = Y, 1kQ-

Step4 Compute the minimal polynomial g of @ over F.

Step 5 Compute the factorisation of 1q into distinct monic irreducible polynomials g, ,...1Yq,
over F.

Step 6 Compute the polynomials gi,...,gs such that deggr < m., gr = 1 (modipg,) and g; =
0 (modipg,,) for all j # k. Set Ey, = gi, (Q) (this is the identity element of Ay,).

Step 7 For each k =1,...,s, compute a basis By, of the algebra A = EpA.

Step 8 The obtained bases By, ...Bs are bases of simple algebras Ay, ..., As such that A = A1
By _As,

3 Lyapunov Reducibility

Another aspect for the reduction of the linear system (1) or (2) is so-called the Lyapunov reducibility.
Consider the linear equation (1). For some change of basis x(t) = P(t)y(t) such that P(¢) and
P~1(t) are bounded on Z, the equation is transformed to

G0 ={P0a0re -0 (5r0) fuo = oy, (15)

then the equations (1) and (15) are said to be kinematically similar. If, in addition, the coefficient
B(t) = B is constant, then the equation (15) can be solved as y(t) = exp (B(t — tg)) yo. Thus,
finally we have x(t) = P(t) exp (B(t — tg)) P~1(tg)xo for the original differential equation (1). In
this case, the equation (1) is said to be Lyapunov reducible (cf. [6, 19]). Erugin showed the
following:

Theorem 17. (Erugin’s theorem [15]). The linear differential equation (1) is Lyapunov reducible
if and only if there exist a constant matriz B and a nonsingular matriz P(t) such that P~'(t) and
4 P(t) exist for all t € T and the fundamental matriz solution ®(t,ty) is given by

D(t,t9) = P(t)exp (B(t —to)) P~" (to) - (16)

It is important to remark that any time-varying system (1) is Lyapunov reducible in fact [46]:



Theorem 18. (Wu’s Theorem [46]) Any linear time-varying system (1) is Lyapunov reducible.

Despite the Wu’s theorem, however, it is extremely difficult to obtain the closed form of the
fundamental matrix solution ® because it requires the complete a priori knowledge of ® in general.
In some special cases we can compute the closed form of ® only with a partial information about
.

Similarly, one can consider the Lyapunov reducibility for a difference equation (2). For some
change of basis (t) = P(t)y(t), the equation is transformed to

y(t) = P~H(t+ 1AM Py (t) = Bt)y(t). (17)

If, in addition, the coefficient B(t) = B is constant in time, then the equation (17) can be solved
as y(t) = Bty (ty). Thus, finally we have x(t) = P(t)B!"' P(tg)xo for the original difference
equation (2). In this case, the equation (2) is said to be Lyapunov reducible (cf. [29]).

3.1 Periodic Systems

An important class for the Lyapunov reducible system is the periodic systems. The equation (1)
or (2) is said to be periodic if there is some w > 0 such that A(t +w) = A(t) for all t € Z. In this
case, it is known that (1) is Lyapunov reducible.

Let ® (¢,%9) be the fundamental solution to the w-periodic system (1). Since det ® (¢,%y) # 0,
there exists some M such that ® (t 4+ w,tg) = @ (¢,tp) M for all ¢. Moreover, according to Lemma
8.11 [33], there exists some C' such that M = exp (e¥). Let P(t) = ® (t,to) exp (—C (t — to)). Then,

B(t) = P Yt)A(t)P(t)+ P1(t)P(t)
= C (const.),

so the system is Lyapunov reducible and the solution is given by
D (t,t9) = P(t) exp (C (t — tg)) .

In the discrete-time case (2), a periodic system is not necessarily Lyapunov reducible unlike the
continuous-time case (cf. [4, 10]).

Theorem 19. (Proposition 3.2 [4], Theorem 2 [10]). An w-periodic system (2) is Lyapunov re-
ducible, i.e. there is some w-periodic transformation P(t) such that B = P(t + 1)A(t)P~1(t) =
const., if and only if the rank of ® (tq + k, to) is independent of tg for allk=1,...,n.

3.2 Functionally Commutative Systems

Consider a linear differential equation (2). The equation (2) is said to be functionally commutative
(or the Lappo-Danilevsky system [8, 16, 30]) if the condition

[A(t), / A dT] -0 (18)

to

is satisfied for all ¢t € Z, where [X,Y] = XY — Y X is the commutator. In this case, it is known
that the equation is Lyapunov reducible and the fundamental solution is given by

O (t,to) = exp (/tt A(T)dT) .

10



Obviously, the condition (18) is satisfied if A(t) is diagonal. In the 2 x 2 non-diagonal case, the
relation (18) holds if and only if A(¢) has the form:

_ | aa(t) +biae(t)  aqft)
A(t) o |: bgag(t) al(t) :| ’

where aq, ap are time-dependent scalar functions and by, by are constants (cf. [15, 16, 19]).

The functional commutativity was generalised by Fedorov [18] (see also [16, 19]). The idea lying
under the generalisation is that we consider the functional commutativity not on the whole space
C™ but on some non-zero invariant subspace. Let

K= nﬁl ker | A(t), (/t:A(T)dTﬂ

teT j=1
and suppose K # {0}. Then, with a constant projection L onto K, the equation (1) has a solution

t
x(t) = exp (/ A(T)dT) Lx
to
for some initial condition x.

A subclass of functionally commutative systems have been also studied. The equation (1) is
said to be semi-proper if

[A(t), A(s)] = O (¥s,t € T) (19)

and we also say that the matrix function A(-) is semi-proper. Theorem 7.4.1 in [33] says that the
semi-proper condition (19) is equivalent to the condition:

[A(t),/stA(T)dT} =0 (Vs,teT).

Similar to the Fedorov’s approach for solutions to a partially functionally commutative system,
the present author constructed a criterion for the existence of a closed-form solution to a 'partially
semi-proper’ system in [28].

Theorem 20. Consider a linear differential equation (1) and suppose the generator A(t) has a

representation as in (7). Let
t J
A(t), (/ A(T)dT) ]

n—1

Ks = ﬂ ﬂ ker
s,teZ j=1

Then, the equation is partially semi-proper (i.e. Kg # {0}) if and only if N (A1, ..., A,.) # {0},

where N is the set defined in (8).

The equation (1) is said to be proper if there are scalar functions g : Z — C (k. =0,...,p for
some p) and a constant matrix G such that

Alt) = Ag(t) & zp: g (t)GF (VteT),
k=0

11



and we also say that the matrix function A(-) is proper. Any proper equation can be shown to be
semi-proper, and it was proved in Theorem 5 [49] that A(t) is a semi-proper matrix function if and
only if there are proper matrix functions Ag, (¢),...,Ag,(t) for some g such that

A) =) A, (1) (20)

with the commuting condition [G;, G;] = O for all ¢,j. This decomposition is called the spatial
decomposition [49, 50]. If A(t) is semi-proper with the spatial decomposition (20), according to
Theorem 4 [50], the fundamental matrix solution to (1) is given by

D(t,t9) = Hexp <i:/ gjk(T)dTG?) . (21)
j=1 k=0"to

Zhu and Morales established an effective method to compute the solution (21) in [49, 50].

3.3 Wu-Horowitz-Dennison Systems

Consider a linear differential equation (1) and suppose A(t) = 4 A(t) exists. Wu [47] showed that,
if there is some constant operator D such that

d
ZAM) =D, A(t)] (vt € I), (22)
then the equation (2) is Lyapunov reducible and the fundamental matrix solution is given by

P (t,t0) = exp (D (t —to)) exp ((A (to) — D) (t — to))

(see also [46, 19, 25]).
Wu’s result was extended in [48], and we say that the equation (1) is Wu-Horowitz-Dennison
system [47] if thete exist a scalar function h : Z — C and a constant matrix D € M,,(C) such that
h(t) = 4 1(t) exists and . '
A(t) _ h(t)
h(t)  h2(t)

Then, it was shown in [48] that the fundamental matrix solution to the equation (2) is given by

®(t,to) = exp (9(t)D) exp (9(t)H),

(D, A(t)] =

At) (VteI). (23)

where
(o A
#o= (i) P
g(t) = t h(r)dr, g (to) =0,

and conversely this condition is also sufficient for (23) to hold. One can easily observe that the
equation (22) is obtained by setting h(t) = 1 in (23).
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3.4 Shifner-Erugin-Salakhova-Chebotarev Systems

Consider a linear differential equation (1). A type of solvable linear differential equations was
considered by Shifner [44], where it was shown that the system

D a(t) = (@)A1 + (1) A2) () (24)

with time-dependent scalar functions aq, as and constant opeators A1, Ay such that [A;, [As2, 41]] =
O (second-order commutativity) is solvable in a closed form.

This result was extended by Erugin [14], Salakhova and Chebotarev [41]. We say that the equa-
tion (1) is a Shifner-Erugin-Salakhova-Chebotarev system if the generator A(t) in (1) is represented
as

At)=PH)+Q (1),

where
P(t) = i%‘ (t) Pj
QW) = > e,

with some scalar functions A;, ¢1; : Z — C and constant operators P;, Q); satisfying
[P, Pe] = O, [Q;,Qk] = O (Vj, k).
Then, it was shown that the following conditions are equivalent:
[ )
[P(1),[Q), P(t)]] = O (vt € I).
e The fundamental matrix solution is given by

®(t) = PO M),

where
t
D(t) = Q(r)dr
to
t
M) = / PP (o) e P do
to
and p
(0. 510)] -0
forallt e T.

In the 2 x 2 cases, Merkys [35] showed that the non-commuting but second-order commuting
relation holds iff A;, Ay in (24) have the forms:

[ a+2me —m2c | b+nd m(m-—n)d
Al_[ c a ]’AQ_[ d b

In this case, the linear system can be solved in a closed form according to the results above (see
also [20]).
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3.5 Perron-Vinograd Reduction Method

Consider the equation (1), and let ®(¢,t9) = [1(t), ..., 2, (t)] be the fundamental matrix solution to
the equation. Then, the Gram-Schmidt procedure can provide an orthonormal basis w1 (¢), . .., w,(t)
from @1 (t),...,x,(t). Let U = [u1(t),...,un(t)]. Then, U is unitary and one can check that the
change of variables & = U(t)y can transform the generator into a triangular form:

G0 = {rrwawve - oo (u0) b
bll(t) s bln (t)
! bn®) |

where the diagonal entries are non-negative real numbers, so the transformed system is simpler in
structure for the analysis. This type of reduction is called the Perron-Vinograd triangulation (cf.

[6, 8, 31]).

4 Open Quantum Systems

The modern theory of quantum systems is described by a certain type of dynamics on a Hilbert
space Hg over C (S refers to the ’system’). According to the Schrodinger picture, if we ignore
the environmental noise, the time-evolution of pure states on Hg is described by the differential
equation the so-called Schrédinger equation:

L d
ih g Lo = H (1) o)

where 1 > 0 is some constant (Planck constant), H (¢) is a (time-dependent) self-adjoint operator
(called the Hamiltonian) and |p;) € Hg on the time interval Z. In order to express more general
situations, we introduce the so-called mixed states, and the set of all states on Hg is described as

SHs)={pe B (Hs)|p=0, trp=1},

where B* (Hg) is the set of all bounded Hermitian operators on Hg. The dynamics on S (Hg)
which is independent of the noise is given by the equation (the so-called von Neumann equation):

oo d
ihpe = Zhﬁpt =[H (t),pd], (25)

where p, € S (Hs) and [4, B] = AB — BA is the commutator. A quantum system without noise
from the environment, in other words a system such that the time-evolution on S (Hg) is described
by (25), is called a closed system.

However, usually it is extremely hard to avoid the influence of the noise from the environment
so we have to consider the noise effect in general. In this case, the von Neumann equation is no
longer satisfied and the master equation on S (Hg) is in general expressed by the general linear
equation

po=L(t) pr, (26)
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where L (t) : £L(Hg) — L(Hs) is a linear operator called the generator. A quantum system with
the influence from the environment is called an open system.

One of the most famous form of the generator L (¢) under the Markovian approximation is the
well-known GKSL equation (Gorini-Kossakowski-Sudarshan-Lindblad equation) [21, 32] on a finite-
dimensional Hilbert space. Suppose Hg is n-dimensional (n < oo and in the sequel we assume so)
and the generator L (t) = L is time-independent. The GKSL equation has the form

1

pr = Lp= 5 [Hs, pt] +Dpy (27)
1 n?-1
Dpy = 3 kZ_l ag {[Frpe, Fi] + [Fr, p FR 1}

where {Fk}Zi(_)l with Fy = I is a basis of B(Hs), oy are non-negative constant scalars and Hg
is the system Hamiltonian, which is constant. We can choose aj and Fj so that aj > 0 for all
k=1,...,M for some M (< n? —1) and oy = 0 otherwise.

However, the analysis of open quantum systems can be difficult in general. The dynamical
system with the equation (26) is structured by the generator L(¢) (which is an operator), and
features of it arises in its eigensystem. If the dimension n of the base space is small such as
n = 1,2,3, it is relatively easy to calculate the eigenvalues and eigenvectors. However, if n > 5,
due to the Abel-Ruffini theorem, there is no general algebraically closed formula to compute the
solutions of the characteristic polynomial of L(t). Even worse, the operator L(t) may not have
eigenvalues if the dimension is infinite, so some alternative mathematical tools which does not
rely upon a priori knowledge of eigensystems are required for analysing general higher-dimensional
systems.

4.1 Reduction Methods and Open Quantum Systems

Let us consider applications of the reduction methods introduced above to open quantum systems.

Consider an n-dimensional complex Hilbert space Hg. Then, the generator L(t) has a matrix
representation, which can be obtained by the ’vectorisation’, where the vectorisation function is
given by

aip - Qin

. . T

vec : : :[an,...,anl,...,aln,...,ann]
(€275 I Apn
For instance, the vectorisation of the GKSL master equation (27) reads
. i 1 _ -
veep, = |5 (I®Hs —HI @)+ 52% (Fr® F, — I ® FuFy — FFL @1) | vecp,
k
= f/(t)vecpt, (28)

where we used the identity
vec(XY Z) = (Z7 @ X) vecY,

so the n? x n? matrix i(t) is the matrix representation of L(t) and we are able to apply the algebraic
and Lyapunov reduction techniques to the linear differential equation (28) on c.
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4.2 Reducibility Criteria and Decoherence-Free Subspaces

The reduction criteria introduced in this article can be applied to more physical problems. At the
end of this article, let us study the ’decoherence-free subspaces’ and a criterion for the existence of
such a subspace.

As discussed above, usually it is extremely difficult to prepare experiments protected completely
from the surrounding environment. However, in some special cases, open quantum systems may
have protected ’parts’ from the surroundings, and the existence of such a part is quite beneficial
in applications. For instance, in a quantum transmission process, if there is a protected part from
noise, the data transmitted through this part does not change, while the data may be lost outside
of the part.

There have been several formulations for the decoherence-free subspaces (cf. [27]), but in this
article a decoherence-free subspace is defined as follows:

Definition 21. Suppose an open quantum system obeys the equation (26). A non-zero subspace
Hprs (C Hg) is called a decoherence-free subspace (DFS) if S (Hprs) is an invariant subset for
the linear evolution operator ® (¢,%g) of the equation (26) for all t € Z and ® (¢,%() is unitary on
S (Hprs)-

For the criterion of the existence of a DFS, let us review another formulation of quantum
dynamics, namely ’quantum channels’. Besides the description by master equations (26), one can
view the state change as a mapping from one time to another, i.e. if a quantum state changes from
the initial time to through some time ¢, the relation between the initial state p (o) and the final
state p (t) is described by a linear evolution operator A = A (¢, to) so that p(t) = Ap(ty). Here, since
A maps a positive semi-definite (PSD) operator to a PSD operator, it requires to be a positive map.
Moreover, since states on a product space must also be mapped to some states, A is often assumed
to be completely positive and trace-preserving (CPTP). If a map A is CPTP, according to Choi [7],
there exists a representation:

Ape =y K;p(to) K, (29)
j=1

where K € B, (Hs). The representation (29) is often called the Kraus representation and K’s are
called the Kraus operators in physics. This kind of CPTP maps are often called quantum channels
and they represent evolutions between quantum states.

With the descriptions of state changes by quantum channels, we have the following statement
for a criterion of the existence of a DFS:

Theorem 22. (c¢f. [27]). Let Hs be an n-dimensional Hilbert space, A be a quantum channel
and for operators X1,..., X, € B(Hs) let N (X1,...,Xx) be the set as (8). There is a DFS with
respect to A if and only if N (Ky,..., K., K},...,K}) # {0}.

The condition N (K1,..., K., K},...,K}) # {0} in the theorem above can be checked effec-
tively due to the generalised Shemesh criterion (Theorem 2), so an effective procedure can determine
the existence of a DFS for an arbitrary quantum channel.
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T D%, 1981 412 Pathak 2% || - [|lo (23 LT, C[0, 1] IZ4E5R L 7=

T 3.4 ([38]). 2EERGILEIMEET - (CW[0,1],]]- o) — (C™[0,1],]| - |c) &, TN e T
* T,
T(f)(t) = Mf(e(t)  (vte[0,1],Vf e C™0,1))

LERED. L, ot)=t (Vte[0,1]) £E o(t)=1—1t (Vte[0,1]) TH 3.
Xz, BBEHE WD OV A TUTNOEHEZE . 22T,

so0 = [ g(s) ds (vt € [0,1],¥g € C((0,1))
L BL.

EE 3.5 ([26, 27)). E € {o,m} &35, ENERGWPERMESET - (C™[0,1], - |lp) —
(C™10,1], ||| p) 1&, HfEH w : [0,1] — T, FMHEER ¢ : [0,1] — [0,1], &EHi7: {0,1,...,n—1} —
{0,1,...,n =1} BETEE N\, M1, s A1 €T ZHWT,

nl (T (k))
(50 = 3 O (o)) () (v e 0.1, v € ¢, 1)

k=0
ERES.
IHo OEBTHEHTANE RIE, RREEGEEEBEERPHMESHRIERZOEEZ LTS 7,
LTWARWRIZDOWTTHS. |- losl - s || - [ ie2WTlX, MEEGEIEMAZORT, |||, &

|- o EAGE S AEFAEDIG TR\, BB L LD ¥ AN ST G R 8 LT\ 3 7
EWVWDZEIZIDE EREEE 57z,

7z, Lip[0, 1] ® ACP[0, 1] KL TH B2 XS BIERABSNTVT, || s R [|m i2WT
DR ERIFRM G HRIIMESREHRZEDOIEEZ L TW5 ([6, 39, 21]). #EEHEIZ ] -], & ||
IZDOWTIF BN ERFILEFRMER I ESREARDOIEZ L TWARWI & 28 E kD7

T 3.6 ([26, 27]). (Lip[0,1], | - |o) F7z1% (Lip[0,1], || - ||lm) E DS EEAEE MBS T 1%,
L0,1] 225 L®[0,1] D EADLLERFAIBEE & & |w(z)| =1 (a.e.z € [0,1]) £725 w € L0, 1]
ROEHNc T 2HNT,

T =20+ [ Cw(s)@F)(s)ds (vt € [0,1),Vf € Lip[0, 1)

LRED.

T 3.7 ([28]). (ACP[0,1],] - |l,) F7z1& (ACP[0,1], | - ||m) LD EHERIEF MRS 4R T 1%,
LP[0,1] EORSEBERILEFEMEGSR U EEBNe T 2HNWT,

T(f)(t) =Af(0)+ /Ot(\Iff’)(s) ds (Vt € [0,1],Vf € ACP[0, 1])

LRED.



FEH 3T OFEHIZOVWTIE, 1 <p< olZHULT, 1/p+1l/g=1%2Mmzdq¢gxtd (p=1
DEE g=0c&FZXD.) ZTDEE, (ACP0, 1], - lo)* 25 (ACY0, 1], || - |lm) EFRFATH D,
(ACPI0, 1], || - [|m)* 23 (ACH[0, 1], || - ||lo) EFEREIIZRE. ZNoDHEEEZ S LIZHFOMER LM
TR T ERZER O AIZET 2aEE 5 £ <5 Z &I12 X 0 RHEAHT 72,

ERZEREOHRIZDWT, IROZ EPHISNT WS, (A -a), (B, |ls) &/ VLZERET 5.
BERZEM AX BD/IVLIZDOWTIRD2D%2EZ 5.

(@, D)l = llalla + [Iblls
(@, 0)|m = max{llalla, [|6]]5}

8 3.8. (a,b) e AXx B &7 5.

((a,0) € A x B)

(1) (a,b) € ext((Ax B, ||-||o)1) TH 27D DRBEA3ZMIE, Ta € ext(A;y), b=0] £721F Ta =0,
beext(B)l 5L TH5.

(2) (a,b) € ext((AX B, |lm)1) THB1=DDBENFEMIF, a€ext(4) PDbeext(B) &7
H5ZLTH5.

% 7z, P 3.7 1% Botelho and Jamison [5] {Z &k > T2 MVEBEBUZHLREI T W 5.

3.2 RRTnFREAR, 7 MEEZR, 2-local isometry

RIZ 2 TR VEBEMILEEREHIZ OV TDREE L & 5. 1966 412 Holsztynski 1 C'(X) O
DR & IFBR S 2 WERRE F IR TSI D W TR I S vk,

EHE 3.9 ([18]). X,Y 2332 b Hausdorff 22 & 4 5. R4 & ITR S R WERRE SRS
BT (CX), |- lleo) = (COY) |- lloo) &, Y OFESY,, EHHEK w : Yy — T & 2554
0: Yy > X Z2HWT,

T(f)y) =wy)flely)  (VyeYo,Vfe X))
ERES.

% 7z, Novinger [36] 1 Co(X) IZBWVWTHBRT WD, N7 MVEEEIZ DWW TIE Cambern [7]
MBAR72H L TW5. Jiménez-Vargas and Villegas-Vallecillos [22] 1Z & D, (Lip[0, 1], || - [|ar) =D %
WTRWERMIEFHEREGOREN PRI NTWS.

— DR TR WEREILF IR GBI D\ T ORI T 1E, 23 OB EILEIERE G 4T &G
RPGEKHUNWEREETWS., £ ZTHEERMFZ2ED (2L FRS\) ERZERM G5
DRI DOVWTHE R THS.

EF 3.10. E,F %/ VLAZERE 5. BRT : E - F PRRTnEREMBE (codimension n
linear isometry) 1%, NFDZ & &7z & &2\ 5.

(1) T 13EEREEEMETHRTH 5.
(2) FEZE/ F/T(E) Y ($B2Ef & LT nikoeTH 5.
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BB, n=0DLE, Thbb, RIRTCOFRFEARIEHTHS.

RIRTEn FEAMAFEMZIZE L T, A% 2B TRE T X v Tnwa. il 21X, Takahasi and
Okayasu lZFLA D Z & Z /R U 7z,

EIE 3.11 ([40). RXTEn FEIEHZET  C([0,1]) — C([0,1]) 1%, 24112742 5.

Font [13] & HAI 7t %2 £ DEBERZ D EIF72 9, Aruajo and Font [3] 1&~X 2 M LEEEE D i
BEBOEBIZOWT, $ERE2/TVS. flIZH, [2, 20, 23, 17] R EWH L. Rkt 1 FRMEHE
DR7HHEDE LT, Y7 MEHREWI $DEH Y, TDFAEMEIT OV THHEIZZR>T WD
(8, 19, 41, 15)).

F 72, IRD 2-local isometry (ZBH3 5 Z & HIFIE, LN H 5.

& 3.12. JIVAZEB(E || |lg) 25 (F, | - ||r) ~NDEALT » 2-local isometry TH 5 & i, {F:
E@ﬁgeELﬁbf,
T(f) =Trg(f) 22 T(g) =Trglg)

Y 72 B R G EMI S G % T, - (B, | - |ls) — (B - |lp) DEAET 2L 25205,

Gyéry [16] 1£ Co(X) ED 2-local isometry (ZDWTH X, X LK D EHTHBL5H5L %D TR
GiEND DLl £z EEHE S X (CM]0,1],]| - ||l¢) ED 2-local isometry (&5 TH Y,
WMEABEHAZORE2 LTV Z %252 & kb7 ([25)).

4 E=HRFHREER

ZZF CTHERBUEERNE U FHEMEG 2R TE. 22 TEATUBME LTRSS 0
#ﬁ%%@%&?#f%@Mmmme@ﬁ@KMj:/»Awm@ﬁ®ﬁﬁ%ﬁﬁ?5$%@%
PSR IZHBINICERMIEERTH D I L 2RIEL T WD

EHE 4.1 (Mazur-Ulam OEH). B, F %/ VLAEEE L, T: E— F 225 0OFHMESGE 3 5.
ZOrE, T-T0)EEHETHS.

ZDOFEMIZ & 0 2R OFEHEMEGIE, KERIZIZ RN ERLEFERERTHL I DN 5S. L
23T, R ERLEFEMEBROLEZRET DI LIZTDODVWTERD.

éé%f%%%%ﬂiggﬁﬁﬁﬁé;é% DWTIE, Ellis [11] B Hfou% & DEBER TR AN T W2 D | Miura [31] (3
BALCZ Rz 0 WBBERIZB W TR R T WA, £72, K., Miura, Takagi and Takahasi [29] 1% Cy(X)
D H o BRMILER 7 2B W T2 OEMPLFHRRESRZ K> TS, THIZODWTALERD.

& 4.2. X /A3 /327 b Hausdorff ZZ[f] & U, A & Cy(X) ODERMILIR T Z2EM & T 5. (R
0):15 EXITHUT, e, € A" Ze,(f) = flz) (VfeA) DD, ZDr&E, Ch(d) ={ze X:
e, € ext(A})} & A D Choquet IR L V5.

AR X DR ZBOBT 2L 1%, MEORBRDE 280,y € X ITHUT, |f(o)] # |fly)| &£7%5
JEAWFET DL EE WD,

7, AV X D% 3 BN MET 58 1E, ERDORRD 32,y 2 € X ITRUT, |f(x)| #|f(y)
MO f(2)=0,725 fe ADGFHETDLEE V.
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EIE 4.3 ([29). X, Y 2REA3 /82 h Hausdorff 22 & $5%. A B2 ZNFN Cy(X),Co(Y) D
BRI =ML T5. ADX OR% 3REAML, BRY ORZMomd s3T5 2ok
&, RREMBERMEERT : (A ] ||lo) — (B, - |leo) &, Ch(B) DN DH%ES K & HiGEIEK
w: Ch(B) = T &FAMEH ¢ : Ch(B) — Ch(A) ZHWT,

wy)flely)  (yeK)

(Vf € A)
w(y)f(e(y)) (v € Ch(B)\ K)

T(N)y) = {

LERES.

ZD XD, HELEDOIEI D H 2D, T DZEMTORPEHIE I G4 E G REHED
BaLTWdeWnWS ZeAFZR5.

T, AR DM TIEE S THAID. ZIZT,2e CITHLT, 2]l =2, 2] t=2&
ED D,

T 4.4 ([33]). EHEMPEFEEHGST - (CY[0,1),] - |ls) = (CV[0, 1], - |2) 1&, EENe T &
§ € {+1} ZHWT,

T(f)(t) = Alf (@) (vte[0,1],vf e CV[0,1])
YEED. 2EL, o) =t (Ve [0,1]) ik ot) =1—t (vt [0,1]) TH 5.

FIB 4.5 ([32]). EHFELEHEHGET - (CO0,1], ] - [lm) = (CO[0,1], ] - [|m) &, EE A € T,
EGERAR B [0,1] = T, FMHEB ¢ : [0,1] — [0,1] & 6y, 01 € {£1} ZHWT,

T(f)(t) = ALFO)]™ + /OtB(S)[f’(SO(S))]‘Sl ds  (vte[0,1], Vf e CW[0,1))

LRES.

Nk, A5 ALRHEZRMEFEMEGOEE2EATWS. 2 2T, 2HEZRE SRS 4
D ZATEMNZD, JNVLDENZ LD MEAEIEHZEDILIZR SRS NR 70T 5.
ZTUEIRE . £z, JNVLADRED S T IZEMT B M, TOMHAEIZE TV T IS ZFEHC
WD HEERm R, TS DEFEEDNS, IV AE—BIEUKE RIS 2 2F X T
. FUTC, NN —EEEE SRR 212000, 1] LD - [lo, |- s, |- llo ZEE 7V A
EEHL, 2O/ NVAIBITS CV0,1] EOLREMLEHMESRERBMN T2 2o/ Vva%
CM0,1) TEALDTHRREZENTEDT, FLHTIITHSI ZLIZT S,

D ZEREZE/ [0, 1] OEfEa VR MER LT B, E72, ¢ (VE€{0,1,2,...,n}) ZIEDEK
Y45 Dk E,

n

| fll<p> = sup {ch|f(k)(rk)| (10,71, ..., 1n) € D} (f € c™[0,1])

k=0
yBL.TBE,

Dy ={(r,r,...,7) €[0,1]"* :r €]0,1]}

D2 = [0,1]ﬂ+1

D3 = {O}n X [07 1]



EBE, o BEEITEDS LY lenis = Iflle (o= ) Ifllemn = (e =)
1fll<pes = I fllo (cr=1) TH2BZ L hHH 3.
72, EED k€ {0,1,2,...,n IZHLUT, pp: [0,1]" = [0,1] ZFE kKA NDHELT B, T
Bnhb,
pr((ro, 715 -0y 1T0)) = T (Y(ro,71,...,m0) € [0,1]"1)
&35, DIXEME TV RT NEALRDT, pp(D) = [ag, br] (ap < by) & 8K
ZDINHZELT, BARD 2 DO EDAL D LD

ﬁ%4&HMd»ﬁcwmu@/»AK@%t@@%%+ﬁ%ﬁﬁJJmun:puﬁﬁbﬁ
k=0

DI ThH5.
MR8 4.7. p(D)=1[0,112T5. ZOLE K, >0, Ky >0M»F1EL,
K fls < Ifll<p> S Kallflls (Vf € C™[0,1])
MDD, £oT, 20L& E (C™[0,1],] - ||<p>) t& Banach ZE[HIZ 7 5.
T 4.8. D % [0, 1" OEfEa Y8 MEAL L, | pe(D) =[0,1] £ F5. ZOrE, REFERY

k=0
SEHREEEAR T - (C™[0,1], || |l<p>) — (C™[0,1], |- ||l<ps) 1&, B {0,1,...,n} = {0,1,...,n}
Y&k e{0,1,... iz LT, Ok SBEE By ¢ Jak, bi] = C (|@k| — Cg’“)), Ok My FIF 5.
k

1’%%% : [ak,bk] — [af(k),bq-(k)] EBJ:U‘(Sk S {:l:l} %fﬁﬁb\f, FTRTDE e {0,1,2,...,71} Kjd‘b"c,
(T(NH = Bulf T oo™ on far,bs]  (Vf € C™[0,1])

LRES.

n=10D¢E B IXEFERIZRSEZ D050, Kawamura, K. and Miura O#fEHR & 722
% ([24]). 7z, Dy ={(r,r,...,r) € [0,1]" : r € [0,1]} DEEE 7 PEEFBEBHRIZRDE I LN
by | LHHE RSSO Pathak OEH (EH 3.4) OIIRTH B Z e Wbhb. X512
Ds={0}"x[0,1]D&&E 7(n)=n&7Z%b, EMI5D| ||, DIRTHE I LPbnd. E, &
B PMEHFEERIZRDEMTOVTEHEL > E D Lo TVARL.

SO, MDE S/ NV AIZEU TH R ERERREGOREMN TP FONS.

% 4.9. n=2c=c=c =1, D4:{O} X [0,1] X [071] Dl S K, J IV
1£ll<pa> = 1 O] + 1Moo + 15" lloo
ThHDB. IOLE, RHERIVEEREEGRT  (CO0,1], ] - [lens) = (CO[0,1], || - [lens) &, &
BN, peT& by d {1} AT,
T(f)(t) = AFO) +ulf() = FOI (Ve [0,1],Yf € CP[0,1))
F721%
T(H)(E) = MFO) +plf(1 =) = I (V€ [0,1],Yf € CP0,1])
LRED.



5 BHYIC

1y AT RE AR BEER D 22 [ _E DFRREE BARIZ DOWT, T TIZ—EA S N T WA EERE H 5 Rk~ 72k

RDIEZ 65NDE. T ZTHEITEHNTELBL T, —fRD n MO mTEE 72 B D22 X 51—
AL U 7222/, & SIZIX 2R EE SRR G40 25 & 3R 5 2 WEEBE AL, 2o 24
BOEED UTEAHIZEZDZENTE S,

o D IWVLATORERZD IV LD—fAL
BlziE, 1<p<ood&E, CW[0,1]ITBWVT,

3 =

1A= CLAIE + 1F11%) (f € ¢V0,1])

DIGERE.

o N7 MVIERIE A DHLIE
iz 1E, (E,| - ||g) % Banach Z2fff& U, CM([0,1], E) % [0,1] LD E 2% & 5 C! §hEI% 4L
wed5. I VbE

Ifle =sup{llf @)z + If Ollet €01} (f € CV([0,1], E))

LEHET DL, (CY(0,1],E),| - |lc) V& Banach 221272 5. 2009 4E(Z Botelho and Jamison
ZARDZ & #FFHH L 7=

TE 5.1 ([4]). F 2 HBRXE Hilbert 22235, 20L&, L5HEEMMSIME% T -
(CO([0,1], E), || - lc) = (CO(0,1], E), || - |lc) 1, 5 EMIBEIEMEMS U E — E L[H
MIEH ¢ :[0,1] — [0,1] ZHWT,

T(f)(t) =U(f(e(1))) (vt e[0,1],Vf € CV([0,1], E))

rEED.
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EILRIL FZERIOHEHZEROEE EFROEIILNIL FRIF

e 2% (WATATANI, YASUO) Juk¥i

ABSTRACT. Hilbert 22D n D E/FZEM OBELEIZ DWW T, E720h> THZRW
T EBEV, FHT 1 ER 2 iR 3 HRC 4 fH DSy 22 M OB EOREEIZ O\ T, A4 F
TOWFRD survey 2B 729, A Z D DEFNZ D3N 72V EBEK 7Bl 2 Z 435
%, Hilbert Z2fi] HIZ/EMA 3 B2 1EABOEEZAINZ Z 7 (i quiver) IZE > TE L
b D% quiver D /YL RRBLEWW, ZOHF T ODEFNIDPNRNE D72
DHEBEIEIERH VD, BV NREDOERIFBRN AT 77— 5 b D EHEBHY
REHLVIH, ZHHD quiver DL~V RERBITIT 1 o F o KIBICBEEN B 5,
F7-. EASZEMORE I, BRI quiver DB AL FRHLE b AR T, bl
BHEICEBR LTV D, ARIOAFITT X TEAK E OLFEFFETH D, 4B RF
TR To e EHGEE D FUsk® OV M HAFERIC KL D) MR/ — o
B 234N 0 TUVET,

1. HILBERT Z2f§] D n H D522/ OB E

M : THilbert 22 H O %123 % n 8O ZEM E,, ... E, ORE GHxBopzE
BIfR) ICIXEARBEHDOLORH DM ? |

EEZ XD, FRCEERR T CEANCHMRE LRV (BB E WD) 22 ORE %

HolF X, Z OIS L, BRSO LR UVERSS Z2 [ OBE & OIEEIZ OV T,

oy 22 OEEDS 2 HLL T 72 & IERRR T OGG TIEAAE LRV, 4HEL EoGEI
HERKITTDBHBE THET D, LA L 3EDOLEEIIFET bbr bR, 2k, A
BRIR T T @AV 3850 4 I8 DF /3 22 M DO EEEAI R FLE 1T T X TH BTV D,
BERDDIIKDZEITTHD -

1EOESZEM - RIT & RIRIT

2 EDERSyZEM] - ML, operator range
3EDERSZEM] - HEERI DAL, 2 =M. 5AF

AEDF S ZEM - A EFEEL (defect)

Definition. Hilbert ZZ[] H Oz nlADOEHS2EM E,, .. . E, D355 &S = (H|Ey, ...

 H OnfEoEsr22f OBliE £ 7213% (a system of n subspaces in H or an n-
subspace system in H) &\W5, S=(H|E,,...,E,)0&1%, H=0TbhsZ &
Ths,

WRIZ Hilbert ZZM DERS 22 M DOBLEIZ R U CTHER 5 FERREZ B 47 5,

1



Definition. Hilbert Z2[{] H ® n {E D45 22 W] O BLE
S=(H|E,....E), S=(H|E,....E)

R LTH®RD & 3 I 2o RMERGR % €335 .

(1) S Zae & (REMWFEE) THDZ L% p(E)=E! (i=1,...,n) 25#H
SHH o H— H BPHETHZETED D,

2) S 2 S (==X V[EH) THDHZE % p(E)=E (i=1,...,n) 7ad=
=XV —VEH#E o H — H BPFHETDHZETED D,

(3) S ¥q S (FRFEME) THHZ &% o(E)=FE (i=1,...,n) 2585
BB o H— H PEHETDHZ L, LEDD,

bbAHh, (2=FVEHE) = FEREAME = ERE@EE 7223, &

WHER Y SET2 720,

Definition. Hilbert Z2fi] H @ n {E D522 [E] O EC E
S=(H|E\,...,E,), S8 =(HI|E},...,E)
(2% L CZ DEFIDRLE &
SeS'  =HeH|E\®E,....,E,DE)).
TEHT D,

Definition. Hilbert 25f] H @ n HDEHIZEHROENE S = (H|E\, ..., E,) B531#
"HE (decomposable) £1X S 230 CHRWEEDEFNZARFEIZ/RDZ ETH D, F
7en EOEHZZEMO 0 TRWELE S = (H|E, ..., E,) BEBEX (indecomposable)
CIIRTRETIX RN L TH D,

Example. H=C*& L, f1/£0 (0<0<7w/2) %[EET D, 2% %

B ={\1,0)| e C}

Ey = {\(cosh, sinf) | A € C}
TEHDE (H By Ey) 1T
(C*};C®0,00C) = (C;C,0) @ (C;0,C).

LASFHEIZ 2D DT (H; By, Ey) I35 RECH D, T2 Tey & eo ZEBIZER EL &
Ey~DHHE LT 5, €1 & e ICLoTHEREND C*-B C*({e1, e2}) 1% B(H) = M,(C)
E—ET D, TOLITHIET B C-B C*({ey, ea}) DEEKMEIIELE (H; By, Ey) @
ELEERIME 282, B iE O BEEERMEIEXHG T 5 C-BROBERME L 0 375 L ik
BHThHY 2B 2RI DITT o LEELYY,

2



2. HILBERT ZZf > 1 fifl 00353 22 i o Firl it
Theorem 2.1. RN 5.
Hamel-dimE, = Hamel-dimE]
1) (H | Ey) =, (H'| E}) & ’
(1) (] By) = (H'] E1) {Hamel-dz’m(H/El) = Hamel-codim(H'/E}).
dim F; = dim F,
dim Ef- = dim(E})*.
dim £ = dim E7,
dim E{ = dim(E})*.

(2) (H | E1) Zpie (H' | BY) & {

(3) (H | Br) = (H' | EY) < {

X5z, LEOHSEMORES2E 2 H5RY =% U [FEfE (unitary isomor-
phism ) & ARFME (bounded isomorphism) (%[R] UIZ72 5 2% 2 ffl LA LoD 45 22 ]
DELE TIXZ O Z oD FMERIRIZNZR VIED D TH D,

3. HILBERT ZE[H D 2 i D4y 22 DB

=% URMEIZES L T2 5., Hilbert 22D 2 E DER /322 M DELE X522 Do
T3,

Theorem 3.1 (Araki[l], Davis[3], Dixmier[4], Halmos[13]). Hilbert 22 H @ 2 {#
DRI ZEM] By & By OFREIT 2 =2 U [AEZERNTIRO K 52T 2,

H = (B, N Ey) @ (the rest) ® (E1 N Ey) ® (B N Ey) @ (B N Ey).
ZZ T, (therest) 1IZHHHR2EM K o T K@ K OEEZLTWT, S HIZITD

D kernel BEDEFEHFE ¢,s € B(K) TP+ 52 =1 BT HONFELTRD &
272> TN D,

10

)@(EmEj)eaoeao,

2
Egz(ElﬂEz)@Im<gs e ) ®0@® (B-NEy)@0.

% Z T functional calculus 5 [E3 5 & angle operator & KX 25 EAEHFE 0 037
LT, RO ESEHITTND,

c=cosf, s=sind (Ogﬁgg).

Remark. & 5122 @ the rest part 7217 ZH D H LT, generic position (2 % &
WOHOMETHREHTZEH TES: Hilbert 22 H ® —H>DHEy2Ef] B, Ey C H
23 “in generic position” Z& 5 &1

E\NE,=E NEy =FENE,=FENE;y ={0}

BRI ET, ZOLE the rest part [FKD X ITHFERTE 5 1 K O LD
IREFILE FFOMAUNERFE T : D(T) (C K) — K TKerT = {0}, ImT = K %7if§
3



T b ONRFELT
(H|M,N) = (K& K| K&{0},graph(T))

HREEIZBI L2 5, Hilbert 22D 2 E D422 OFLIE DB K THE T
% 50

Theorem 3.2 (BA 4 [8]). H % Hilbert 22fjE L, H=K o K L5 T
W5 ¢35, T,T € B(K) I LT, RIZFETH S :
(1) (H | K ® {0}, graphT’) =y (H | K @ {0}, graphT”).
(2) (H | K& {0}, {0} & K, graphT) =q (H | K & {0}, {0} & K, graphT”).
(3) dimKerT = dim KerT" TéH->7T, H5Wifi7g S € B(K) MAELT S(ImT) =
ImT".
(4) B2 C,D € B(K) BPME{ELT T = DTC.

Example. K = (*(N), H=K &K &7 2%. IROILHOD 2 HDOHE Gy 2ER OFLE %2 5
2B.

(1) S = (H | K ®{0},{0} © K).

(2) So=(H| K@ {0},{(z,z) e H|z € K}).

(3) Ss = (H | K @ {0}, graph(A;)).

(4) Sy = (H | K @ {0}, graph(A,)).

(5) S5 = (H | K & {0}, graph(A4s)).
=72 L,

1 1 1
1/2 1/2? 2

Az = 1/3 o Aa= 1/32 A= 3

D DBERRITTOBNTI L TRA DD D,
[ ] 81,82783,84,85 0?]:@—(1&%(%@{@—?&)50
L] 81782,33,84,85 TEDOD_Z>H =F ) Iﬂﬂﬁvﬂifoﬁb\o
o 81,82785 lié’(ﬁﬁlﬁlﬂﬁ T&)éi)i, SQ %bd 83, 82 %bd 84, 83 %\ébd 84. oF
0, HREPEE (S, S,,85), {Ss), (S} &7 5.

4. HILBERT ZE2[H D 3 fIH DE4> 22 [ D ELE

3 DD ZEM DOELE CT—RBFHEM 72 Z L X EERINEND Z B HDHZ LT

»H5b:
(E\V E) A Es # (B A Es) V (Ey A Es).
Definition. Hilbert Z22f] H @ 3 DO 2 DBLE S = (H; By, Fa, F3) 28 2=
147 (double triangle) % 72% LXK {H, Ey, Ey, E5,0} 2 AR ERTI L T,
DFED
EVE;=H, and EAE =0, (i#jij=123).

ThdHZLETHD, 0L EHEIEANIEN TS,
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Definition.Hilbert Z2[#] H @ 3D ZEM OBLE S = (H; By, By, E3) 25 E3 D Es
LD 5 MEERT LR {H, B, By, E3,0} X E3 D By &5 5 MR ERTZ
LT, DFD,

EiV E,=H, El/\E;g:O, and F3 D Fy with E37AE2.

LD ETHD, 0L EHEIEANTMN TV D,

Example. K =/*(N), H=K& K & LT
1
1/2
A= 1/3

EEZT
E, .= K@ {0}, F;3:=graph(A)
LiEDDHE EyVE;=H Tha. S6IZ, ImnANM = {0} &7225HRKITCESIZE
1

1/2
MMCH%ZED, HlxiEMELTM=C 1?3 L5,

Ey = {(z,Az)+ (0,m) |z € K,m e M}
B, T5&, (H|Ey, By, Es) i35 Z>< %,

—FRICRDI G EIE 2 217 S 7200 Z S I3RAS 2 AT R E 723 5 AT R &2 & e
ZELAETHD (B2 [12) A K), F72 von Nuemann BE 723 finite TH2D Z
LIXEDOHERD S AR EG L RN L LFIETSH D,

Definition. Hilbert Z2[#] H @ 3 DD 22M OBLE S = (H|E, Es, E3) 25 Brenner
RGREE S DEX, SHUTERTTRT = (H|F, F, F) EARARICRDZ &
THD : HDOESZEM S, Ny, Nao, N3, My, My, My, Q, L 3FAE L T (Q; Q1, Qa, Q3)
2HE=MBERL,

H=SON &N, ®N3s S M SMo® M3 D QDL

FF=5S®0 &Na®NsdM; 0O O Q10O

FE=SON D0 &NsDODMyd OPQsdO

FB=S®N &N ® Op0® ODM3® Q3O

Theorem 4.1 (BrennerciteB). Hilbert 22 H @ 3{EDEG3 2RI DOBLIE S = (H|E1, E», Es)
DAERZER] H BFRRIRICTR HIX S 13X Brenner 3R E B, £ 0 2T =M Q
X

(Q|Q1,Q4,Qs) = (KD K|K ®0,00 K, {(z,z) |z € K})
5



EWVWIHIEELTNA,
Theorem 4.2 (A4 [8]). Hilbert 22 H © 3EDEDZEMOELE S = (H|E\, s, E3)
ZOWTRILFETH 5 -
(1) BF (B VE)+E, X (ENE)+E 3HTHD  (i,j4,ke{1,2,3}
T i#jEk#0),
(2) 3EDEIFZERM DELE S 1% Brenner Bi53 R % & D,

Hilbert Z2f] ™ 4 LA LD ZEM OBLEIZ DWW T, — M7 Z L1 b bbb
RNDT, YU FTITEEER R DICREL TR Z LI L X 5,

5. HILBERT ZZ[H] D n fIfl D43 22 [ D EEEK) 72 Bl &

Hilbert Z2fH] 0 n 8O EF5y 22 OBLE OMFFE CHRER &L, R HZREFIZ D)
NRVEBRRREZRT Z L ThH D, ARKRILOGE ., (EEDESZER ORLE X
ELREA) 22 B i O A RAE D EFNCAREAFE (AR 127250 T, ZhZTTY
NTHRDLNDL T LITRD,

1 DHER Sy 22 OFCE THEBEFI 72 b D1

(C1C), (Cl{0})
7 Th Y. SRR IT Hilbert 22 0 — #8522 O EEER) 72 BB TFAE L 722U,

2 flfl O E S Z2 ] OFLiE TEPERI 2 b DI

(C|C,C), (C[cC{o}), (C[{0},C), (C|{0},{0})
72 THY . MR IE Hilbert 22 D 2 {IE D45 22 [ D ELEER 72 BL i 1 XAF7E L2V,
SEDEH /2 OB E CEBEN R b DX, ARKRITZ6, RO8>OHMZE 1K
TCOEE S, ..., S & 1 ODIEEHMR 2RITDBLE So( 2EH=MAIE) D LinLldH
MThbH:
S = (CJ0,0,0), S, =(C|C,0,0), S3=(Cl|0,C,0),
S, = (C|0,0,C), Ss=(C|C,C,0), S = (C|C,0,C)
S; = (C|0,C,C), Sz = (C|C,C,C), Sy = (C*C(1,0),C(0,1),C(1,1)).
LU, MEERKIETIE, 3EDOE 2 O E CEEBER R b DITFEET B AR
FETH D,
A A DO/ ZEM O E CEB R b DI, ARKRITR S, T TIZMHN TN,

Theorem 5.1 (Gelfand-Ponomarev[11]). A BRRITD 4 {5 0OHEH 7322 [ O EBEK) 72 B
EIIFERCOFINTERY, R H 5,
6



UAREN B TEXAN, 22Tl defect & KITN A BEELRARALERTZITHEAN
35,

Definition. fRKITTCOEIZERDEE S = (H | By, Es, Es, Ey) @ defect p(S) %

4
p(S) = Zdim E; —2dim H

i=1

TEFRT D,

Example. K =C", H=K® K &L, Ae M,(C) & 5. 4AfHDH»ZEM O E
SA = (H ‘ E17E27E3)E4) %

E, = K @ {0},

E,={0} K,

Es={(x,z) | x € K} = graphl,
E, = graphA

ETBH. ZDEE, SADEMNTHDHZ LE AL Jordan block TH 5 Z &L I1E[F
ETH 5,
IR T OB 2B 2 X 5,

Example. H? % Hardy ZZfi] & L, unilateral shift {fEH3F S € B(H?) 2 & 5% :

(Sh)(2) = 2f(2), [fe€H"

\_o)}f_% H HQEBHz <1_)_ I/'C ﬁ(@[ﬁ]ﬂﬁ]@%’”“?ﬁ'ﬂ@@ﬂ%" SS = (H ‘ El,EQ,Eg, E4)
EHEZLD

E,=H*®{0}, FE,={0}® H? E,=graphl, E;= graphS.

T DESZE DOERE Se IXEEEKTH B,
HERRR TELDOEEE D defect IZOWTITIRD L 5 2 TRBWS, AIERICD 4 5 D5
5yZE M OBLE S = (H | By, By, B, Ey) 128 L TROXERTE %

1
- Z dim £ = 2dim H = o > dim(E; 0 ) — dim((E; + E;)").

ij=1 1<i<j<4
Zhix
dim F; + dim £ — dim H
= dim(E; + E;) — dim(E; N E;) — (dim(E; + E;) + dim((E; + E;)*)
= dim(E; N E;) — dim((E; + E;)*)
ZZC, defect DRLFEAERDEAILIZH TL 2%t dim(E; N E;), dim((E; + E;)*")

NETHRTH D & IR ILTD defect ZZ DX TERT D,
7



Theorem 5.2 (BIAARA [5]). HEEMRRITDOLGEBLKIZR 4 5 D F 55 2% [ OBl E D
defect DI 2 281X 3712 1cb x5 E—ET 5.

6. QUIVER D b )L~L K FKH]

Quiver(fi) LIFAMT T 7D & TH D, £DIHFMIZ LAV MERZ G S
¥, ZOBICEMEHRERNESEDZ 5B 2D, THE quiver DB L~UL &
Bl (Hilbert representations of quivers) & XIE9 [6], [7]

Definition. I' = (V, E,s,7) 23, quiver(fili) Toc 5 &ix, 45 V BEHAES T,
E0 F RDEST, st E bV ~DEET . acEIKLT. sla) eV A”
a DR THY, r(a) eV, aDERBRTHLILDEHEETDHILDOTHD, OF
V. M (quiver) EIWIHMT T 7D ETHD,

%l 2 1 Kronecker quiver Ky = (V, E,s,r) &1X, 2 EOTEHAR DM %R U & 0id
dH D quiver THDH, 2FEDV ={1,2}, E = {«a, 5} ;s(a) = 1,5(8) = 1, r(a) =
2,r(B)=27225bDTHD :

K2 . 1:2
Definition. D& DOH (H, f) 23, quiver [ DL~V hRELTH D L1, H =
(Hy)pev 1E. HRZBIZHDE AL MEMOKE T, [ = (fu)ecr 1. BITEZD
AT R DT, fo 13X Hy) 22D Hyo) ~PERMFIZRoTVDEHDTH
%o quiver [ D 22D~V NEBL (H, f) & (K,9) kLT, ¢: (H, f) — (K, g)
DYERBI GG 21X, ¢ = (o), FARBMIBEAE 6, H, — K, (v V) DIET,
¢r(a)fa = ga¢s(a)<a € E)

ERIETHEDTHD, Hom((H, f), (K, 9)) Z. (H, [) b (K, g) ~DYAER G
w35, Hom((H, f),(H, f)) %, End(H, f) &FE<, Quiverl' ®t /L)L FEKE]
(H, f) & (K,g) BRI EIX, HEFRNGH ¢: (H, f) — (K, g9) DFETHZ ETH
%o

Definition. Quiverl' ® 22D b L~V N Kl (K, g) & (K',¢) I LT, £D
B (H, f)%. Hi=K,®0K'(veEV), fo = ga D g.(a € E) TEFHT 5, Quiver T
DOe YL NREL (H, f) BEBER (indecomposable) &%, (H, f) 233EHB B 72 EFn
T IRNZ &ETH S,

Definition. Quiver I' ® B~V NERHL (H, f) BZHEBH (transitive) &%, End(H, f) =
CIDZ ELThD,

Quiver ' D e L~V NREL (H, f) BHEBHY (transitive) 72 HEEER (indecom-
posable) Th b, LA L, WIIILL 7RV,

ZIT, ETAHRKRITLOGE DAL 7 Gabriel D EBZHFINTT 5,

Theorem 6.1 (Gabriel[10]). ARREAS quiver T' (2% L TRIX[FEMA :
(1) T OABRKRITOEPER 2 ZBUTRERI R 2 B THRME L2720,
(2) MExZENTr T 7 U] X Dynkin K% A, (n > 1), D,, (n>4), Eg, Ex,
By DV FNNTHD.
8



—~

n>1) (n > 4)

Es
Z 2T, IR ITEO B L~L RRBLUZOWTE X K 5,
Example. S % K = (*(N) Eofilv7 b &35, Kronecker quiverKy d E /LX

WRNKRBL(H, )&, HH=Hy =K, fo =S, fs =1, 8B, TOL&, ZOELX
v NRBL (H, ) IXEEER TH % 23 transitive TIX72 V),

Example. S % K = (*(N) Lo 7 N &35, K DREEE e, e9,... £ T D,
A= (N)i EL°(N) & N # N #£ J) Bl TbDET D, w= (w); € *(N)
., w, # 0fEED n € N) ZWlcTbDET D, b,, 577 1 OFEHFLT
%, Kronecker quiverKy De/~YL "REL (H, f) &2, HH = Hy, =K, f, =S, fs =
SDy+ 00 B, TDEE, ZORAYL MREL (H, f) IX transitive TH B,

L2rL, Z® Kronecker quiver Ky @ FDADAIE St %A 2 72 IRD X 9 72 quiver
I' = (V,E,s,;r)&&2%, £V V = {1,2}, E = {a,8} s(a) = 1,5(0) = 2,
r(@)=2,r(B)=1725LDTH5H :
r.-1.-2
Z O quiver DX ST EEND & ZIUTIERT 4 U F VK Ay 12725,
Theorem 6.2 (HIA-MA [9]). Z D quiver T
r:1--2
WZiE. BERRIRITE D transitve 72 & V)L RRBLFE LRV,
Ho & EIZRD Z & DBERILT D,
Theorem 6.3 (BIA-HAY [6][7][9]). T' ZARRMEDIHRA G 72 D372 quiver &5 5,
()b LE ST 2 SNERNT T 7 [T BERT 4 % VK D, (n > 4), Ee, B,
Es o Enpeagte/s biX, mME ST 69 transitve 72 MEFRIR I B L~UL &
BIMAET Do B
(2) b LINE DT 2SN T T 7 |T| DIEKRT 4 R VK A, 72 BIX, transitve
7R IERRIR T B L~V R REBIBFET D72 DB 5355 T 28 oriented cyclic
quiver TIRWZ & ThH D,

(3) b L& ST 2SN EM ST 7 T BMERT 4 »F VKB A, (n>1),D, (n >
9



4),Fg, F7, By D ¥z ate i biE, & SF12Bb 59 indecomposable 72 BERRK
JLE UL N RBIDEET D

O N

Ag A~ (n>1)
n(n > 4)
l N
E~7 Eg

7. PATH ALGEBRAS

AHBRD quiverl’ = (V, E, s,7) IZ%9 % path algebra GEBR) C(T') ZEF L. quiver
I ®EeL~JL RREL & path algebraC(T') ORBLB BRIZXIET AL 1L & 9,

Definition. I' = (V, E,s,r) ZARD quiver £ 35, I' = (V,E,s,r) LOEIH»Nn
D path a = ajag -, EEnHDBL o; € Eji =1, ,n O THFEEER S DD
ZEThD, TZTHRMIIEEIE s() =r(i), € E, &L LTEL, FRZERIN
0 @ path IZTEHRZDH D LFIRL THE L, &I n D path &K% Path,(T') &<
&\ Patho(T) =V ,Path)(T) = E £ 725, &5IC path &K%

Path(T) = U, Path, ()
Th b7, paths v € Path(l') ZRETLE T D7 MVZERZ CT) &7 5,
C(I') =1 Z ayey | ,ay, € C, {v;a, # 0} is finite}.

~vEPath(T")
S B IZ path DG (concatenation) Z > T, C(T) L algebraiZ72%, 2% bH, =

D@D paths a = ajay -, & =[G ITK LT, B L s(a(n)) =r(B(1)) 72
HEFEARET, Z 0L X 2O

Oéﬁ = Q109 O‘nBlﬁQ e 'Bm
LB, ZoLE, HE
€a€s = €ap
EL. BLls(an) £r(BQ)DEEiTewes=0¢EFTHLNWS5ZLTHD, DX
22 L T2 bivkz algebra C(I') % quiver ' 12k} % path algebra & FES, BN
X1 =3Seve, THY., e, (TMELITRDDT, ZHFHNTONRE S D Z &

RTX B,
10



ST, Z® path algebra C(I') @ Hilbert & © &%, H, 7 Hilbert Z2[i] T 7 :
C(I') — B(H,) IX unital algebra homomorphism T, & HIZ, §XTHDIEFv eV
WXL Cr(e,) BFREIZRDZEODI ETHD, ZHE LR TH, similarity &
BRATZ ORI TE 20T, MEIZRV,

ZDEHITTHZ LT, quiver ' @ Hilbert & & path algebra C(I") @ Hilbert
KB ARIKIET 2 Z LIHFEW LT 5,

Proposition 7.1 (#IA&-#A). T = (V,E) AR quiver £ 35 L T DB~V MK
TR

Hil(T) = {(H, f); (H, f)is a Hilbert representation of T'}
& path algebraC(T") O Hilbert &R B

Rep(C(T")) = {m; mis a Hilbert representation of C(I')}

DOINIIRD & S IHEHFI AN EE 72 1 0 1RGNS T D e L~L NREL (H, f)
W2k LTl path algebraC(T) @ Hilbert &8 m % IR THERK T 5,

Hy = ®U€VHU'

HRv e VIZKRLTIX, H, b H, ~DHEZ 7(e,) LT, Hae FIZxLT
L. VEHHEITH 7t(eq) & r(e) — s(e) BRAD fo TEDMODRLFIZ0 LT HZ L TED
%, —MKD path o = ayay -+ -, € Path,(T) 2% LT,

() = m(ay)m(ag) - - m(aw,)
AR (=S NAN

Example. fx b HRGEE20< B, B HIZEFR CZ & TH D, WD 1ED quiverl’ =
(V,E) %V ={1,2}, E={a}, s(a) =1,r(a) =2 T&®D %, (H, [f)% I ® Hilbert
KBLT2E [ € B(H, H) lchoTND, SOEX. H, = H & Hy Trle;) = P
T Hy 206 Hy ~DHETH Y, FEHFERIUL

(7.1) eq) = (J?a 8)

ZD 1N XY quiver ' @ Hilbert 8128 indecomposable T 5 Z & R tran-
sitive TdH 2D Z & 23 path algebra C(I') @ Hilbert RELD Z LT TEE D,

Proposition 7.2 (HA-#A). [' = (V, E) 2GR quiver £ 3%, TOEA~L FE
Bl (H, f)\ZkHE&T % path algebra C(T') @ Hilbert X8i% m &35, 35 &, HEFRAER
End(H, f)IZ#FB n(C(I)) RIS, EHiT, TOEAL~L NREL (H, f)
2 transitive THH Z 1T n(CT)) =C THDHZ LIFFMETHD, T DEJLL
NRBL (H, f) 25 indecomposable TH 5 Z L 1% n(C(T)) OMEILD 0,1 L72nZ
LLFRMETH 5,

11



[1]

[12]
[13]

REFERENCES

H. Araki, A lattice of von Neumann algebras with the quantum theory of a free Bose field, J.
Math. Phys. 4(1963), 1343-1362.

S. Brenner, Endomorphism algebras of vector spaces with distinguished sets of subspaces, J.
Algebra 6 (1967), 100-114.

C. Davis, Separation of two linear subspaces, Acta Sci. Math. Szeged. 19 (1958), 172-187.

J. Dixmier, Position relative de deux variétés linéaires fermées dans un espace de Hilbert, Rev.
Sci. 86 (1948), 387-399.

M. Enomoto and Y. Watatani, Relative position of four subspaces in a Hilbert space, Adv.
Math. 201 (2006), 263-317.

M. Enomoto and Y. Watatani, Indecomposable representations of quivers on infinite-
dimensional Hilbert spaces, J. Funct. Anal. 256 (2009), 959-991.

M. Enomoto and Y. Watatani, Strongly irreducible operators and indecomposable representa-
tions quivers on infinite-dimensional Hilbert spaces, Integral equations and operator theory,
83(2015),563-587.

M. Enomoto and Y. Watatani, Relative position of three subspaces in a Hilbert space, to appear
in Acta Sci. Math. (Szeged).

M. Enomoto and Y. Watatani, Unbounded strongly irreducible operators and transitive repre-
sentations of quiverson infinite-dimensional Hilbert spaces, preprint.

P. Gabriel, Unzerlegbare Darstellungen I, Manuscripta Math. 6 (1972), 71-103.

I. M. Gelfand and V. A. Ponomarev, Problems of linear algebra and classification of quadruples
of subspaces in a finite-dimensional vector space, Coll. Math. Spc. Bolyai 5, Tihany (1970),
163-237.

G. Grétzer, Lattice theory: Foundation, Birkh&user, 2011.

P. R. Halmos, Two subspaces, Trans. Amer. Math. Soc. 144(1969), 381-389.

(Yasuo Watatani) DEPARTMENT OF MATHEMATICAL SCIENCES, KYUSHU UNIVERSITY, Mo-
TOOKA, FUKUOKA, 819-0395, JAPAN

12



BB DIEZEE Feynman fRERED &8 5 DM AU EREH 2

BE

ARG T, — MR DA BLRBI R RE RN § 2 FHZEZ MRS 0 12 D W T DRER [14], [15] %
s 5. a7 v AH—ARBRAICH U THELU KR [11], [12] (BlTW B AH U Tidsw)
WAL T 27280, ¥ a LT« v —HRENCHEDR D 5 /55 EWTRU .

§1. HEZEEREREDEIE

0<T<T<oo,zcR* LT3 (EHFE UT,0) % m ¥ (m > 0) DELREHEY)
HEROEAME T 5.

(1.1) (aT + H(T,x, —i@m))U(T, 0)u(z) =0, U(0,0)u(z) = v(z).

zo ERVICEHT A7 -V ZAHY (e RUICEHTEW 7 —Y) AW T

d
1 .
U(Q?) _ (X / ez(x—wo)ﬁov(xo)da;odgo,
2T R2d

. 1) (5—20).
—i0v(z) = (%> /R2d el O)goﬁov(@"o)dmodfo

LEITBDT, WM EHZE H(T, x,—id,) &

d
H(T,z,—idy)v(z) = (i) / e/ 0 H(T, &, &o)v (o) daodéo
2w R2d
LETL. MO FEHROBGR T H(T,x,§) TREINLIMFEARZRD (cf
Tsutsumi[19], H. Kumano-go[9], M. Ruzhansky-V. Turunen[17] ). E:A&fE U(T,0)
ZEBOETRET 5 HEEZEZX5. # U(T,0)v(x) DELE LT

d
I(T,0)v(z) = ( ) /de pile—10)€0 o~ [o H(tw.0)dt (10 daodéy

2000 Mathematics Subject Classification(s): Primary 81540; Secondary 35S05; 35K10; 35K25.
ARZ2ix JSPS Rt JP19K03547, JP15K04937, JP24540193 Ok % %172 DT .
*FTEEBRRT WA AT LABEEERL, T 192-0015 HUH#H /£ 1 b BT 2665-1.

1

27




VS (EB, H(T,z) % H(T,&) OBEEMRE 2 2). i U(T,0)0(x) 2% LIz

K D, X[ [O,T] DAL D 7 #H AT70 =Ty >T;>--->T) >Ty=0 W_jﬁb,
U(T, 0)o(z) = U(T, T))U(Ty, Ty 1) - U(Ty, Ty)U(T4, 0)o(x)

LETE b4 =T, —Tj— & BE, DEOEORKMEE |Arg| = max ¢; TR,

1<j<J+1
Tj41 =X t"é_é |AT,O| —0 D& %, U(Tj,ijl)U(l‘j) O)ﬁﬁ;{a L/f

d T
1 : — [7 xj,&5
I(Tj,Tj_l)U(:Ej) = ( ) /Rel(mj_f”j—l)fj—le ijfl H(t,x5,€; l)dtv(xj_l)dxj_ldﬁj_l

2T 2d

EHWS &, JEARITIE

(12)  U(T,0)(z) = lLm I(T,Ty)I(Ty,Ty_1)---I(Ts, T1)I(T1,0)v(z)

|AT,0‘—>0

J+1

1 d(J+1) > (i(mj_xjfl)fjfl_fq?jil H(tﬂ?jagjfl)dt)
= lim — ei=1 !
|Ar.o|—0 \ 27 R2d(J+1)

J
X ’U(SL’()) H d.%jdgj
j=0
y#F 5. X, HAME U(T,0) %

d
(1.3) U(T,0)v(x) = (%) / ¢! =20 ST, 0, 2, & )v(x0)dwodEy
R2d

TRIT LB U(T,0,x,&) 2FAB. (1.2) & (1.3) &b
(1.4) @m0 OU(T, 0,2, &)
J+1 T
> (i(mj—wjfl)fjfl—fT;_l H(t,xj,€5-1)dt

1 dJ ) J
= 1 il j=1 dE -
|AT1,£I|1—>O (271’) /deJ c j];{ dm] SJ

L &EHT 5 (cf. [10, Remark of Theorem 2.1]). Feynman [5] (24> T, ¢(T;) = z; £72%
RLEREES q(t) & p(T;) =& 722 EEERES p(t) 2BEAT D &, (1.4) IZFRAITIE

(1.5) et #=20) & (T, 0, z, &) =/ ' @P)D(q, p)
q(T)=z,p(0)=£0,9(0)=x0
CEIFLH, T
(1.6) 6(¢,p) = / p(t) -dg(t) +i [ H(t q(t),p(t))dt
[0,T) [0,T)

FHZEROEHTD D, Feynman @EAHZERBEEBD [0, 0)2e0 a(0)=0 ~ P(@:P) %
q(0) = xg, q(T) =z, p(0) = & £78D T XTDORE (¢,p) IZEHTEIMTHS & ERL .
RERS ORI (1.2) ® (1.4) XKD ERELE 2 FEIEN 5.



Lo U, Bz, RS OHIE D(q,p) FELR. ¥, BREBI 2B S
ZBDH. X5 IHEMDGE, WHMIZE, AHEEFMHIZ & OAE o) L EBE pt) %
AL ¢ IZHE T E 3. 7z, FEHZROICR (1.2) 29721 T, 7@ 240 O #F 8
7 EAHEMORBEAZEA L TORVWEDICEE R 5. 2, HERREK L S X500
F 72, HEMRBESICB T2 RN RERIIHE 7252 525 REMD H 5.

ST, AT [14], [15] T, KB EERIEIZ & S FE D EHELIEZ W T, — &7
MBS F(q,p) % B DHIZEMREER 4

(1.7) P F(q, p)D(q, p)

/q(T)=w,p(0)=£ovq(0)=a:o
DEEWNAFAETS 2 — IR D 2 DDEE Fo, Fp 25 A 7. KT (1.5) & (1.7)
D F(q,p) =1 DEHLwE. K0IEMHIZE XX, (EEONEE F(q,p) € Fo U Fp (X
U, (1.7) ORFESEREEED, M EREOM N v & EBEREE O & U TAHK —
PRINR G %, 2 DDHEE Fo, Fp (&, FEARMWLRPEEZ & &, Fl, 4, BEEOFLITHH), £
D IERIRRIE 2, BB OEFIZE LT U TWS. £ A, RIEEHD WiER%
SONBEBEZRADZENTES. I oIT, FHTLIBICIFTERZL D BERDH LD, £D
MZEMBREESITEWT, MoOMWEIZEM U ZHWE 2 U2, &0 EfECS 21X, MH
ZE[ERE RS 0 & B & DIET 2, MHZZ RS R 77 & MPR & DIEfE 23 #, RERK 0D [ A5 28
20T 5 HARAAME, EE R OSEATRBENC T 5 BARRME, B R O NN
MZETBEHAED ZFAH L. UL, Yalb T g v H—HREADEA [12] XKL T 5
K DT T ETNLEREE D SEATEENT X 5 HIR R MR AL E R RS O PLEI B (2 B3 5 6
DB T D EIITTEEZNE DI NIEDLDR SRR,

FER. Valb T v A—ARRICHT AHERMBRRESIZOVWTIE, Bax T Ta—F
Dd 5 (cf. Schulman[18, §31]). HlZIX, 2 —k L > MREE (Daubechies-Klauder[4]), &
BRIOCHRENRL > (Albeverio-Guatteri-Mazzucchi [1, §10.5.3], [2], [16, §3.3]), F =)L/ 7D
AR (Smolyanov-Tokarev-Truman [20]), 57 1 k / 4 X (Bock-Grothaus [3]), 7—V T
B EHZ (Kitada-H. Kumano-go [8], Ichinose [7]) %. 12, N. Kumano-go-Fujiwara,
[11], [12] &, 5 E O ZBURBI L AR RITT§ 5 i L FU D /ET, Yab T4 v —
SRR U T — MR 722 0 MBI & & DRI D 2 > T\ 5.

AR, RSO LBLRBUR L TR DA &\ 5 IR TIE, Tsutsumi[19], H. Kumano-
go[9] IFZUGEMIEZHWT, $ 5D U — M7 HRERNOEAREZ KL TWs. SEIOH
M, B0 OMEEIZEBIU 7272 6 X< Z < OME 21729 & D ITHZZ MR AT ) &2 Mk 3
5ZLTHB1-0, iFERNOEGEEZDURELTWS.



r=(ab,... 0%, 6= (... .e) eR L a=(a...,a%), § = (B,...,0%) € NY
WXL, LFOFEEZ2HWA.

o] = Va -z, () = (L+ |22, || = VE-& (&) = L+ )2

1 d 1 d
9% = 9% - 0%, agzagl o OP

T xl gd 9

la|=at +---+al, B =B+ 4+ B al=all--- ) gl= . gl

KT, ZROBDRZ B2, 25, & € RY & 25 = (a),...,29), & = (¢},...,&0) € R

3’ 37

L UTHY, aj, 8; 2% ERM a; = (a),...,ad), B; = (8L,..., %) £ LTHWS.

70 » g 70

§2. T FEIE

RE21 © =1+ 0<T<T<o0,0<5<p<1,m>02175,

H(t,z,6) 1% (2,€) e R x RY IZE U, BHFEHE C-FAB T N2 Hi7-7.
(1) EDEH ¢, C BIEL
0<c<ReH(tzE <CE™.
772U Re H(t,z,&) & H(t,z,£) DEH LT 5.
(2) [EROZEIEB o, B ITHL, 020, H(t,2,€) 1x t € [0,T] 12BIL CTRAMMESET, IE
DIEHL Co g HIFAEL

000F H (t,x,€)/Re H(t,,6)| < Cog()101=FI101.

EE. > R>0 (] BPREV) L&) LD 2 DODRERMLT B LELTH R,

FR. RBERL BN mRE O EBURBBI B AR AR Z D L5126, p & —ILL
TWABD, bRV IZTNE§=0,p=1({£) DA—K =X THRTH L 1 THRBH,
T THALULTERRSRW) &> T, BHWTHmL V.

FR. Valb T v A-ARKAOBED [11], [12] T, Moo e LTk
090, H(t,7,8)| < Cap(1+ |z] + [¢))mx@lathlO) (2 B BT 5 & AH) ZARE
LT3,

éf, X [H] [O,T] D53 El % AT,O T =T5 >T5 > - >T) >Typ =0 95,

tj:Tj_Tj—l 82}3% ‘AT’0’21<I;1<3}(+1tj tj:3\< Tj41 =T tb,.il?j ERd, fj ERd et

j_é Eﬁﬁfgﬁﬁqiﬁtﬁé{ﬁﬁﬁ% QAT70 = CIAT’O(t,ZL‘J_Fl,ZL'J,. .. ,xl,xo) 72



Tﬁ% L/’ EE%TE%E@EE&X 7 5E§b%ﬁ% PAaro = PAr, (tv §J> e a£17 50) T
pAT,o(t) = fj—l s Tj—l <t< Tj

&Y D,

o—e L 4 (T 1) N

— 0% e

0 T, T, T, T 0 T, T, T, T
| RIS g, , LRI po,

EFE 2.2 (ROMELREE D 2 DD%EM Q, P).
(1) g PWEMB TR AMNEL, ie., ¢=qa,, PEE, g Q &EL.
(2) p PEHEFTEIMEL, ie, p=pa,, PEE, peP &&EL.

ZFLBE%& QS(QAT,WPAT@)? F(QAT,oapAT,o) Lisgﬁ CbAT,oa FAT,O & 7;57 i'e-7

J+1 J+1

¢(QAT,O7pAT,O) = Z/ PAr, - dQAT,o (t) +1 Z/ H(tv qAT,O7pAT,O)dt
j=171Tj-1,T;) j=1"I

j—1,T i—1 7 1Ti-1,T5)

J+1 J+1

T;
= Z(% —xj1) &1+ Z/T H(t,zj,&_1)dt
Jj=1 j=1"7Tj-1

= (bATYO(xJ-I—l;gJ)xJ?'"7€I7x1;£07'r0>;

F(qar.0:Par,) = Faro(@ii1,65, 27, ..,81,71,80, %0) -

£ 2.3 (NEE F(q,p) D2 DDESE Fo, Fp). Flq,p) i qe Q,pe P OWNEET,
FEEDIE Apo IZH U,

F(qar.o:Pary) = Fary(@is1,€0, 2, .., &, m0) € C°(RIZTT3))
95,
(1) F(q,p) WUAFDIRE 2.4 (1) Zhi7=3 & &, F(q,p) € Fg £&EKL.
(2) Flg,p) BT O 2.4 (2) &iir=F & %, Fq,p) € Fp L8E<.



RE 24. L>0 25 5. u; >0 & Apg HEREFEL 7wy = U < oo %7

(1) EEOILIES 01, by XU, EOREE Ay, 1y, By gy BIEAEL, (EEEDHE Ag, {F
EO)%E} ‘Oéj‘<€1, |ﬂj 1|<€2 j(j.b,

J+1 B J+1
H aaja L QAT 0 PAT, )| < Agy e (Bél ta) J—H H mln(lﬂ] )
j=1

j=1 j=1 j=1

J+1 J+1 LJ-H
x <Z<x3> <§7 1)+ (z >> H<£j_1>5\0¢j|—/)\/3j—1\

MEALU, £72 Jap] >0 LR BEEOEE k(1< k< J+1) 1IZHL

J+1 5 J+1 .
H 8;1;8&]7:11 F(QAT,ovaT,()) < Afhez (B€17€2>J+1 H (tj)mm(mjilhl)
j=1 Jj=1,i#k

J+1 J+1 LJJrl
X Uk (Z@ﬁ +) (&) + <x0>) [T (gjmn)0lol—rloiil

j=1
MRALT BT 5.

(2) HEAEDIEEEIL 0, by 12X U, EDE Ay, oy, Bo, g, BEAEL, FEEOHE Ag,
%O)%E?Eé& ‘Oéj| S 61, |,6j_1| S 62 Oiﬂb

J+1 5 J+1
H aﬂc;; 85;‘3:11 (QAT 0 PAr, 0) < Agy e, (B£17£2 J+1 H mln(mj' !
j=1 j=1

J+1 J+1 L
X (Z@j) + Z<§j—1> + <x0>) H(gj_1>6|aj|_P|5jfl|

J=1

DEAL U, |Br_1| >0 LRBITRDOBEH E(1<k<J+1) XL

J+1 B J+1 )
H aaja ! QAT,O’pAT,O) < AZLZQ (B£1¢£2)J+1 H (tj)mmﬂaj"l)
J=1,j#k

J=1

J+1 J+1 LJ+1
X Uk (Z<$]> + Z<£j71> + <$0>) H <£j71>5|0‘j|*9|/3j—1|

MHLT D LT 5.



FIE | (IR OELE ). EEOWEE F(q,p) € FoUFp AL,

(2.1) / e"?9P) F(q,p)D(q, p)
q(T)=z,p(0)=¢&0,9(0)=z0
1 dJ 5 ) J
= 1 — 9(qar o-Paro) dé.dx.
\ATI,E?%O (27) /RZdJ © <QAT,0’pAT,0)j];[1 §J Lj

B (x,&0,20) € RY x RY x RYIZBI UK —RIGHT 5. 7272 U, 4500 % B 1HIRE)
oy LTS,

FER. Flg,p)=1 D& &, FHi4lX

) 1 aJ %i:ll(i(mj_xj_l).sj_l_f;;jfl H(tvxjvgj—l)dt) J
lim o /chu e’= ]1:[1 djdg;

‘AT70|—>0

LRBN, TDLEITIA, FEAFLT UBMAPER LW, [G.de; =co. THITHA
DEE J 1E 0o 1ZIE DK . 00X 00X 00X 00 X ++vvv- )

il
(0r — &2+ |22/2) U'(T,0)v(z) = 0, U'(0,0)v(z) = v(x)

LI BEARRERTEM U (T,0,2,8) 252 5. |z)2/2+|€]2/2 =|€2]/2+1+|z]?/2 -1
YEFZOT, H(tE) =22+ 1, F(g) =e Jo (a®P/2-Ddt 52—y

e @=20) S 7 (T, 0, 2, &) = /ei¢(q’p)F(Q)D(q,p>
1 )
= oy ORI~ fot

[13] T, KO MIBERMEREE [11] Z FHWT, Y a LT« v A —HBRERNOEARMZ EHHE T
EBHEG 20, U(T,0,2,&) EEFETEIHELTEATVS.

2z - & +i(|z|? + |€0|?) sinhT)
2coshT '

T 2 (B F(g,p) e FoUFp Ofl ). L>0,0<t<T,0< T <T"<TZk
T5.

(1) [09B(t,z)| < Colz)t % 51E, F(q) = B(t,q(t)) € Fo.

(2) |0F B(t,€)| < Ca(&)F~F18 22 512, F(p) = B(t,p(t)) € Fp.
K2 F(q,p) =1€ FonN Fp.

(3) 9202 B(t,x,€) MWEHET 9297 B(t,2,)| < Cup({z) + (€))()N1=rI81 75512,

Flg,p) = /[ Bat) p) € For1 Fp.
T/,T//



(4) 9207 Bt 2, &) DHHET [0202 B(t, 2,6)| < Cayp()0101=181 72512,

F(q,p) — ef[T’,T”) B(t,q(t),p(t))dt c fQ N Ffp )

(5) 0<cd < RGB(t7$) < C’<$>L, a;(cXB@,.T) ESEETNE lagB(t,.’E)/ReB@,x)‘ “o
51F,
Fg)=e Jiws iy Blt,z)dt Fo.

ER. AMEEMEFEEZB 2720, B q) LEBE p(t) Z2FRRZ ¢ ([ZHEbRw,
qt) € Fo, p(t) € Fo & 720, q(t) & Fp, p(t) € Fp 725, t £ s 72513, q(t) - p(s) 12
DWTIK, XK [0,T) %t LECKREZ s 25 0KMICHT, 2o X EORERE S
DEIEMAZEOEE LTS 2N TE 5.

EFE 2.5 (PLBEMD). MLERE ¢, ¢ € Q CHBIERN p, p' € PIIHLU, (¢/,p) i
] D PLEE B 77 %

. Flg+6q,p+0p")—F(q,p
D(q’,p’)F(CLp) = %E}% ( i ) ( )

TEHKT 2.
FR. (¢,0) D& SAERKRD M, (0,p) D& ZHEEBREDHE 5.
FR. DEI Aro g, ¢, p, p BYY U TTBRLETRTEL LTS, ¢(Ty) = o,

¢(T;) = a5, p(Tj-1) = &1, p'(Tj—1) = § B (Tj-1,T5] £ET (¢+0q)(t) =
zj + 0z}, [Tj-1,T;) ET (p+0p)(t) = &1 +08_, £R2DT,

F(q+0q ,p+60p") = Fapo(@spr + 0z 541,85+ 085, ..., & + 08}, xo + )

CEITSH. DRIZ

J+1

Dy o F(@:0) =D (0a, Fag,)(@s1,60.20, - €0, %0) - @
=0

T (O¢; Faro)(@r41,85, 25 - -+, 0, To) .59

M-

I
o

j
EET B, R, BB O
Der(q pry+eia o F(@,0) = ¢ Dy Fq,p) + " Digr pny F (g, p)

(¢, q"€Q,p,p'eP, " €R) BHILTS. 5T Fa,, € CRIFIH)) 12k,
EEONEBMO EHS Z e NTE 5.



T 3 (Fo, Fp LD5D 50 RAH).

(1) FEEOHBB F(q.p), G(q.p) € Fo, HEDMBERE ¢ € Q, 750 HH) iRk
e PAETED dx d FATH V LAEED d x d EEMFTH W IZH L,

F(q,p) +G(q,p) € Fo, F(q,p)G(q,p) € Fo,
Flg+d,p+p) € Fo, FVq,Wp) € Fg, Dy .onFlq,p) € Fo.

(2) EEDONBEE F(q,p), G(g,p) € Fp, EEDMERE ¢ € O, (LD EBIERLE
peP,AERED d x d ETH V LAEED d x d EERTH W IZxH U,

F(q,p) +G(q,p) € Fp, Flq,p)G(q,p) € Fp,
F(q+qlap+p/> € FP? F(Vq7Wp) € JT_"Pv D(p’,q’)F(CLp) € ‘FP-

FE. B D 2 DOEE Fo, Fp 13H, B, REEDEATHE), RIKOEIEAIZH:, FEE
B OEBIZEA LA TWA. 3 2 2 ICHEHAT 52 & T, BREEDAIEER % <
OB F(q,p) € FoUFp ZRIZZENTES. LM LaBo, &K ¢, p E¥r 7
T30, et@r) ¢ Jo.y P(t) - da(t) FZ BT Lo ROEE 2R3, Thd 2, M
SRS RE D Tk, EDOHEBEARAL T 2 0MIER L RIT IR S0,

AR Valb T U —HAEROGES, FLORRPESLT S (cf. [12, Theorem 2]).
#l. 0 < <a(t,x), |0%a(t,z)| < CL, k, 1 € Ny &9 5. WEIIEHZE
or + H'(T,x,—id,) = Op + a(T, x)(— )" + |z|*

EHERD. ZOLE H(tx &) =a(t,2)|E[** +1, Bi(x) = =2, Bo(x) = [z[2 +1 & BT
W H(t,2,€) = H(t,2,€) + Bi(x) + Ba(z) L #F 5. 528 2 (4) (5) £ b

F(q)=e Jio,my Brla(®)dt Fo, Glg)=e Jo.r) Bala(®)dt Fo.
£ 5T Or + H(T,z,—i0,) \Zxt3 2 EARMERTEE U(T,0,2,&) 1ERER S O
(iE=50) €[ (T 0, 1, €)= / i Jio.) PO-d1O=flo ) H' (a(®:p()dtp gy
= [ P@)G@Dla.p)
TEIT 5.

FZE IR RS R T TP AMFAE U 7\ T2 8, MHZE ARSI 12 35 1 S B0 IR & DJIH
Fr i e P 2 FIRY 5.
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EE 4 (BAL o). L>0,0<T' <T"'<T &9 5.

(1) EROLERE o 12U 09B(t,x) 1% [0, T) x R (ZE UEHKE T |09B(t, x)| < Cu{x)t
45 Z0LE MERONEEK F(q,p) € Fo (F(g,p) =1 Z28L) ITHL,

ey cun ([ B a)d) FlapDG)

(T)zm,p(O):ﬁo,q(O)::cO
=/ (/ eid’(q’p)B(t,q(t))F(q,p)D(qprdt-
(17, 7") ~Jq(T)=z, p(0)=E0,9(0)=x0
(2) IEREDOZEIEH B 1L O/B(t,€) & [0,T] x R? 2B LT |07 B(t,€)| <

Ca()trlfl 35, Zor& EEONBEK F(q,p) € Fp (Flg,p) =1 28T)
WXL,
(2.3) / eid)(q’p)< / B(t,p(t))dt>F (¢:p)D(q,p)

q [T',T”)

(T)==, p(0)=£0,9(0)=20

N /[T/,TH) </q ew(q’p)B(tvP(t))F(q,p)D(q,p))dt.

(T)==,p(0)=&0,9(0)=20

AR EUIIESUZH e REES LU, ALIIREBEEILZHEEST5. LA,
e VE R 2 T 572, (1 q(t) &EBE p(t) ZFERL ¢ THDOBRW. Yalb Ty v
H—1iRRNDGES, JHLORERLVHKL T 5 (cf. [12, Theorem 4]).

FR (MR & DNEE R ), IR D & HDMOMR & DIEFRMEFETH S, HilX
X, EREDLEEE o [T U 02B(t, x) P T |02 B(t,2)| < C, &35 &, EHER

€i¢>(q,P)+f[T/ ') B(t’q(t))dtp(q, p)

/q(T)ZJ?, p(0)=£0,9(0)==0o

:Z/ dtk/ dtkl---/ dt,
[TlvT”) [Tlvtk) [T/atQ)

k=0
8 / e P B(ty, q(t))B(tr—1,q9(tr—1)) - - B(t1,q(t1))D(q,p)
q(T)=z,p(0)=£0,q(0)=x0

AN AVAC RN
B 5 (EZEREOFTRE). EROEIRERR p' e P IZXL,
Glg) = o PO ¢ £y

T I, AEEDPBEIE F(q,p) € Fg IZX L,

/ @) P(q p + p'\D(q, p) = / @) F(q, p)D(q, p).
q(T)=2z,p(0)=£0,9(0)=x0 q(T)=z,p(0)=E&o+p’(0),q(0)=z¢
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AR MCE R, IRNTOMEBEREEOFATHENIL, $XTORBIZBEL THZS
DT, IR ERRDFATHEH ERUIC R LMINTE 5. Yab T4 v A—HARADGE
H, FHLLDOFER DAL T B (cf. [12, Theorem 6 (1)]).

AR (WEREEOFATBE). [0fe| £ Co()rlol (€ THMALTD (€) DA —X =
TALRW) 720, [EEOMERE ¢ € Q 1ITxtL,

G(p) = eHam 7040 ¢ 1,

MALT B EDIZTERD 572, 2D, (LEOWNBEE F(q,p) € Fp IZHL

/ ¢t D P (g + ¢, p)D(q,p) = / e'?@P) F(q,p)D(q, p)
q(T)=,p(0)=£0,q(0)=2o a(T)=a+q'(T),p(0)=£0,q(0)=z0+q’(0)

DN T B EIICTEDENEIDDLRSR. Yalb T g v H—ARADOEAIX, Zhs
£ LT B (cf. [12, Theorem 6 (2)]).

EIE 6 (REEOBELRZEW). (LEDOPEE Fq,p) € FoUFp EAERED d x d EI75] Q
WIZRL,

/ e'*(Q1.QP) B (Qq, Qp)D(q, )
q(T)=2z,p(0)=&0,9(0)=x0

" "@P) F(q, p)D(g, p) -

/q(T)=Qm,p(0)=Q§o ,q(0)=Qxo

R HCEAKE, IR TORBOEREHIT, I RTORKKIZBEL THZEL5 DT, Ih
MEEMDEREHMEFRIUIZRDEBINTES. vabT 1 v H—ARAROGEED, FH
DFERDELT B (cf. [12, Theorem 8§]).

EIR 7 EB) RSO PEABIM IZET 2. EEOEEERE p’ e P ITH L,
B LK D S QWS Do pyd(q,p) € Fo. TSI, EREDONEE F(q,p) € Fo
& p(0)=0 &LRBEEOEHERI p' € P ITHL,

/ ") (Do 1 F) (g, p)D(g, p)
q(T):x,p(O)zfo,q(O):xo

= =1 / ") (Do ) (q,p)F(q,p)D(q,p).
q(T)=x,p(0)=£0,9(0)=20

ER. /X F(gq,p) 2 IBEEBMS U, £ e*@r) 2RBEHMA L (-1) ffLTw
5. vab T4 v AH—ABRAOEES, HUDOKRMPKLT S (cf. [12, Theorem 7 (1)]).

EB (MEREO NS BT 2B, EEOMERE ¢ ¢ Q 1L, fE
IO S OPBEBS Dy .0yd(q,p) € Fp. UL, FATBEA D S\ 2, (LD
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NEE F(q,p) e Fp & ¢ (T) =q'(0) =0 L RBTLEDOMBERE ¢ € Q ITXL,

/ 4Dy ) F)(a.7)D(g.)
q(T)==,p(0)=£0,9(0)=x0

= =1 / 9P (D 0y90)(a, ) F(q,p)D(g, p)
Q(T):%p(o)Z'Eo,CI(O):iUO

DA T B EIITTEENEI bW, YalbTa vAH—HRADEGEIX s
£ 329 B (cf. [12, Theorem 7 (2)]).

EIE: 1 ODHXﬁO)ﬁ?ﬁHZ%EHE@*BEH%%ﬁAé Bgéﬁ bATﬁ (IJ+1,€0,IQ) %

(2.4) e'(wraimmolLop (2541, 0, T0)

dJ J
1 .
_ @ ’
= (—27‘_) /Rng e’ (aar pAT,o)F(qAT’O,pATp) | | dfjdmj

j=1

95,

EE 8 (EH 1 OPKDOFEM). 0< T <T < oo, Flg,p) € FoUFp £ 5. [TEDI
GBIy, b TN, FERIEEL 0, by EIEDTER Cy, 4y, Cf 4, PAEL,

(2.5)

00 b (T, €0, 70)| < Agy e Coy e (@) + (&) + (m0))" (&)1 =171,
8?8?0 (bag, (&0, x0) — b(T70;5€,§07$0)))
< Ay 11 Cy 0, | ATl (T +U) ((2) + (€o) + (o))" (€o)2mHolal=rlf]

7b§, ’f?’ﬁ%}i@%é?gﬁ ‘Oé| < 51, ‘B| < 22 &U@Lb}ﬂ?ﬁ‘é‘é =72 L b(T,O;.T,go,.’L‘()) =
lim|AT,0‘ﬁ0 bAT’O(.%,fo,.%‘o) faéé

(2.6)

AR, Fa,, Dz ZHKIFLRWEGE (BIZIE, F(g,p) = 1 DEE), ba,,(z,&, z0),
b(T,0;z, &, o) & o ITHKAFLRWD T, ba,,(z,&), b(T,0;2,&) £HEITS.

IR DFEHIX, HSEXIE, 3 2DAT Y 7
1°. (24) OLERED % J >0 DEZEHC DO JEC/) Tavie—LT53
(Tsutsumi [19, Theorem 1.1], H. Kumano-go [9, §7.2, Theorem 2.2] B D¥Afi) .
2°. (2.4) DZEIREEN % J = 00 CEHRVWEH C Tavibao—LT5
(Fujiwara[6] %o FEAf) .
3°. (2.4) DZEREED DY |Aro| 0 DEESPHRT 2 L5542 MZA 5.
MNo5,. REPFTFEIEX, 2o DFMIZ OV THIBRZ W,



1]

[15]
[16]

[17)

13

S Xk

S. Albeverio, Hgegh-Krohn, S. Mazzucchi, Mathematical theory of Feynman path inte-
grals, Lect. Notes Math. vol. 523, Springer, Berlin, 1976, 2nd enlarged edition 2008.

S. Albeverio, G. Guatteri, S. Mazzucchi, Phase space Feynman path integrals, J. Math.
Phys. 43 (2002), 2847-2857.

W. Bock, M. Grothaus, A white noise approach to phase space Feynman path integrals.
Teor. Imovir. Mat. Stat. 85x (2011), 7-21.

I. Daubechies, J. R. Klauder, Quantum mechanical path integrals with Wiener measure
for all polynomial Hamiltonians. J. Math. Phys. 26 (1985), 2239-2256.

R. P. Feynman, An operator calculus having applications in quantum electrodynamics,
Appendix B, Phys. Rev. 84, (1951), 108-236.

D. Fujiwara, The stationary phase method with an estimate of the remainder term on a
space of large dimension, Nagoya Math. J. 124 (1991) 61-97.

W. Ichinose, A mathematical theory of the phase space Feynman path integral of the
functional, Comm. Math. Phys. 265 (2006), 739-779.

H. Kitada, H. Kumano-go, A family of Fourier integral operators and the fundamental
solution for a Schrédinger equation, Osaka J. Math. 18 (1981), 291-360.

H. Kumano-go, Pseudo-Differential Operators, The MIT press, Cambridge, MA, 1981.
N. Kumano-go, A Hamiltonian path integral for a degenerate parabolic pseudo-differential
operators, J. Math. Sci. Univ. Tokyo 3 (1996), 57-72.

N. Kumano-go, D. Fujiwara, Phase space Feynman path integrals via piecewise bicharac-
teristic paths and their semiclassical approximations, Bull. Sci. math. 132 (2008), 313-357.
N. Kumano-go, Phase space Feynman path integrals with smooth functional derivatives
by time slicing approximation, Bull. Sci. math. 135 (2011), 936-987.

N. Kumano-go, Phase space Feynman path integrals - Calculation examples via piecewise
bicharacteristic paths, RIMS Koékytroku, 1797 (2012), 167-186.

N. Kumano-go, A. S. Vasudeva Murthy, Phase space Feynman path integrals of higher
order parabolic type with general functional as integrand, Bull. Sci. math. 139 (2015),
495-537.

N. Kumano-go, Phase space Feynman path integrals of parabolic type with smooth func-
tional derivatives, Bull. Sci. math. 153 (2019), 1-27.

S. Mazzucchi, Mathematical Feynman Path Integrals and Their Applications, World Sci-
entific Pub Co Inc, 2009.

M. Ruzhansky, V. Turunen, Pseudo-Differential Operators and Symmetries, Birkhauser,
Basel-Boston-Berlin, 2010.

L. S. Schulman, Techniques and Applications of Path Integration, Monogr. Texts. Phys.
Astron., Wiley-Interscience, New York, 1981, Dover Publications, 2005.

C. Tsutsumi, The fundamental solution for pseudo-differential operators of parabolic type,
Osaka J. Math. 14 (1977), 569-592.

O. G. Smolyanov, A. G. Tokarev, A. Truman, Hamiltonian Feynman path integrals via
Chernoff formula, J. Math. Phys. 43 (2002), 5161-5171.



Evolution operator arising from flow
past a rigid body

g oo

Joboooboooboooboggoogd
hishida@math.nagoya-u.ac. jp

1 Ooggod

bbb oobonooboobboobuogoobga

oo, bbb gooouooobd
O0O0. O0D000000O0O0DO0O000 Navier-Stokes [
0d

ou+u-Vu=Au—Vp+(n+wxz) Vu—wXxu,
divu =0 in D x (0,00)
(1.1)

00000 ((10). 000, D0 CY-00 D000 R* OO
000, ulz,t) = (u(x,t),us(z,t),uz(z, )" O pla,t) OO
Oo0000000ooooooD. (1L.)yobopoooooooo
000 (D0000)0oo0ooopooooooo.oooo
0000000 dive=00 solenoidal OO O OO0, 00O
gotoouoogoouood. gougougougo
000000, (1.1)0000000000000, 5 = ()
0 w=wl) 0OODODODO0OO0ODOODODOODOODOOOO

1



Oooooooob,booboboooogo. oo obd
O0000 no-slipO 0000000, 0000000000
Un+wxzUOUOUOOOOO. 00, 00000000000
go,gouobouoooon:

ulop =1+ w X z, lim u =0, u(-,0) =up. (1.2

|x]—00

n=w=00000000000000 Navier-Stokes [ [
O00d0ddoooo,00ooooob. boboooooao
000, 0000o0boo00ooooooooo, nd wd
O000oooooooObOoo0o00oooooooooo 1
00000000000 . 0000000ooooooooa
o000, 19c0000000000 FinnOOOGOOOOO
O (800000000 0000)00000 (wake region)
0000000000000 0D00O0DO. O000oooag
O0000 1000000,00000 Navier-Stokes [ 0 0
OO0000 Sverdk [34/ 000000000, 000000
100000000 Landau solution O OO0 OO Farwig-
Hishida (6] 0000 (DO0DODOODODOODOOOO BloooO
O000). 0000000 [20,13)00000000O0.

Ooooooooooooooooooooooooon
00, 000000000C000,00000000 (OO
0000000 L000000000)00000000
00000000, 4000000 Shibata [31] 00000
0000000 (D000 4000). ooooooooo
00,00000000000D0 @00 (21)0D000 nO
t0000 w=0000000)00000000 Oseen O
OO0 -1 0000000, 000 Kobayashi-Shibata [27]
00000000, 00O00oooo (262700000

2



OO0, 0000000000000 00000000, OO
O0000000ooOobOooooooooooo,oooo
O0000D0OO000oooobOooooooooooooon
00000000, 000000 StokesO0O (DDOOOO
n=w=0000)00000000000000000O 30
000 Iwashita (25| 000. OO0O0O0O000O0O0O0O0O0O0OO,
O00000000,000 2000000000000
OO0, 0000000000000 O0O0O0O00O0. oOoooo
O0000,00000000000 25|000000000
goooon.

Oo0o0o0ooOo00ooooooo, oo ooo
Oo000ooboooooooboooooooooooooo,
0000000000000 oooooooooooono.
OO0, (1.)O0oDooooooooooooo, 00000
000000 Laplacian D OO0 OO0 000000 OOOOn
oo, ool bbb oodoodoodn
Oo00o0o0ooooooboo,dgdoobobooooooo
(16])). DODODOOODOOOOOO spectrumO0000O0O
0000000000000, Farwig-Neustupa [7] (0O O
O0000000)000. 0000000 o0oDooog, o
OO0 Stokes D0, O0seen OO0 O0O00OO0DOOOOOOOOO
00O Hishida-Shibata [24] OO0 0OO0O0O0O. O0O0DOOO
7] (000 [19))ooQd.

Oseen 0000000 OOODO attainability 0 0O 0O 0O O
000000000000, oooobooooooboooooo
gogod,dogodootdoogodoodoogot
0000000000, Fnm (900000000000 0O0O.
000 Finn O startingO OO O0O. OODO0O0OO0OO, 00



000000000000000,000000000000
000000000.00000000000,000000
attainable 1 00000 (00000 Heywood [15] 0000
0000) 00000000000000000,0000
0000000000000, 0000000 summability
000000000000 (00000000000)00
0,000 L**000.000000 summability 0000
00,e0000 L2000000000000000000
00000000000000,L2000000 startingO
00000000000. 000000000000000
00,000000000 (Galdi-Heywood-Shibata [12]) O
0 Oseen 000 LO-L'00 [27]00000000000.0
00 starting0 00000, 00000000000000
0000 attainability 0000000 23000 (0000
000000000000000000). 00000000
0000000000 startingd 00 [17, Section 6] 00O
0000,[24]0 L-L'00000 [12] 000000000
0000,000 (wxe)-VeOOOOOOOOOOOOO
00000. 000,0000000000,0000 50
w10000O000000000000000000000
0o.

0000000000 (1.1)00000000,000 start-
ing000000000.0000000000000000
000000000000000000000000000
000 t—»o0oc00000000000000O0,00000
0000000000000000000000000. O
0,0000000 attainability 0000000000 (0O
00000000)00000 scaleD0000 O(Jz|™Y) O



000000000 delicate0 000 (DOOO0OOODOO
goooobbbobbbuboooooboobbbbood
0),(1.1) 000000000 (21)00000(QO0000)
gotoob, bbbt obouobooobaon
00, Yamazaki 36| 00 000000000000 0O00O0O
goboogooogobo. go,obooobooobd
00 (fuid-structure interaction) 00000000, 000
000 p0wOdOO0OODOO (1) DODOOODDOD (DO
goodoobobbbboooooodg e d
00)00000000000DO00DO, 00000000
OD00000000,00000000000 (21) 000
goobbobodoooobuoooooobog.

2 oogno

O0,00000 (1.)«(1.2)0000, 00000000
(DOO0O0 [21], [22) DO O0O) Borchers [2]0 00O Leray-
Hopf O O O Hansel-Rhandi [14) OO O00OO0OO00O0OO
O000. 000, Leray-Hopf OO OO DODO0OO0OOOOOOO
gotdobobtuobobuoboobuog,gbouobon
O00000000000D000DO00D (oooooo
O0000). Hansel-Rhandi (14000000000, n0 w
000 HolderOOODOOOO,1<¢g<ooOOOOO), non-
autonomous U U OO UOOOOOODOOMO

ou=Au—-Vp+(n+wxz) Vu—wxu,
div u = 0, in D x (s,00), (2.1)

ulop = 0, lim u =0, u(-, s) = f,

|x]—o00



00000 LYD)DD0O000O000 {T(t,s) s> 0 O0O,
oo0o0o0 Le-Lroodooooooooooo. oooo
O000,Kato[26) 000000000 DOOOOO, compat-
ibility 000000000 wuy € LYD)3,q € [3,00), 000
0(1.1)~(1.2) 00000000000 000D0000O0O. O
00,00 LYD)O Cg5(D) = {v € CF(D)* divy = 0}
0O LYD)Y*0000000000, solenoidal L4000 00
O0. 000000, LY(p)0ooooo,0oooooon
solenoidal D 00000000000 90D OO0 normal trace
Oo0odoooooooo. o0, 000o0oooo,oood
Jodobooodoboooooooooooooooan, o
00000 LYD)?*0 LYD)0ooooooo.

0000000 Helmholtz OO (D OO O [30], [33])

LYD)=Li(D)®{Vpe LI(D);pe L. (D)}, 1<gq< oo,
(2.2)
D000, LYy(D)00 Ly(D)O0D0D000O0 PO (21)0
0000000000 00Doooooooo(@mooooo
goodoododoodoouoooouboodood
0OPO0OD),00 LYD)0D0DODOODOODO
du
dt
Oo0o00o0oDoooooooooo. ooo, LYyp)oooo
000 L) O,
D(L(t)) = {u € LL(D) " Wy(D) N W>4(D); (w(t) x z) - Vu € LI(D)},

o

L(t)u = —P[Au+ (n(t) +w(t) x x) - Vu — w(t) X ul,

+ L(t)u=0, te (s, 00); u(s) = f, (2.3)

(2.4)

O0000000. 000 D(L))oooooogooooo
oo tooguoonooboboobboon.
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Whe(D)YDODO kO L%-Sobolev OO, Wy YD) O C&(D)
O why(D)DOOooOOooOooOoo. 0D0000ooooo, t
Oooo0000 (w=00O0OODOO)D00O0O —L(HOOOO
Jddddoooouououb,bod0ddogdd Tanabe-
Sobolevskii 00000000000 OOO (OO [29], OO
35])). OODOODOODOODO KatoOO (DOO [29], (35 OO
O)oooOo0ooooooOoOo,oo0o000ooooood
ooooooo,000o0oo0 (2)obooooooooo.
Hansel-Rhandi (14|00 000000000,0000000
O0000D0O00000O0000DOD0oooogoo(@oo
OD00000 (21)00000OODOD)O0ODODOO, 00
OooooobooooooooboooobooonD,0n Le-Lr o
Ooooooboo0. 0ob 10ooo0oob0oooboooboo, o
000 iteration0 000 Tanabe OO0 O0O0DODOOOOOO,
(4000000000000 0.

000000 Evolution operator OO, 14000000
0000 T(t,s)00O0000.000000 (t—s) — ool
Ooooooo00,00000000 [4ooo000ood
OO0000. 000, 00000000000 ([29], [35) O
OO0 [4)000,7 >0000000000C0 [0,7)000
gotoobg, bbbt obouobooobagn
00, autonomous 0 O 0 OO resolvent 0 O Laplaced O (O
00000000 Dunford 00O O00O0OO0OO0)0000O
oooo0o0o0C0O0OoO0O0O000oooon0 (booood
O000000o0o0O0o0o0ooooooooooong). oo
O, non-autonomous 1 0 OO 0000000000 ODODOO
go,0ugbotdobobtdobgbotdobobooobaon
O0,00000000000000000O0O0O0DO00OO



(00000000000000 Dirichlet 00000000
00000000000000000000000,000
00000). 00000 T(,s) 000000000000
000000,00 (1.1)«(1.2) 0000000000000
000000000000000000 (00000000
21, Section 50 0000000)00,000000000
ooo.

nooo,

n, w € C%([0,00); R?) N L>(0, 00; R?) (2.5)

goood,bggobugobbddg t>s>00000
Li-rron

IT(t ) f|l, < Ot — )"0 ), (2.6)

IVT(t,5)fll < Ot — 5)"3mR=42) 1 (2.7)

0oooooooo (|-),0 L9(D)0D00). 000,00
g, 70 (26)0000 1<qg<r<o(qg#o00)000, (2.7)
00000 1<¢<r<3000.7MHDO0O00000ODOO
00000000000000000 ([28], [18)]).

Doodooouod, n,wODO Holder DOOODOOO
(2.6)-(2.7) with C = C(7)0 [40000<s<t<7 00
00000,00 (2500000 (2.6)-(2.7) with € = O(r)
0 21]000 t-s<7 0000 (+,s) 00000000 (O
0000000000 0000000). 0ooooooo,
21000 (26)000 1<g¢<r<ooOODDOODD.
21]00000,0000000000D0000C0O0O T(ts)*
(DOoO0OCOOOOOO0OOUOUUOOgOO)oooooooOoo
0,(26)000 T(,s)'0000000000000000.
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[21, Section 5| 0, 0000000CCO (270000000,
(2.1) O non-autonomous 0 OO0 O0O0O0O0O0O0OOCOOO
O00D00000000 Navier-StokesO OO OO QOQOOO
O0o0o0dooooooo. ooo,0boo00ooooood
O0000000000000oooooooooo, (2.7)
O00000000,0000022Q000. 00 [22]00
00 [21)0000,000000000.
n,w1O0O00O00O0,00000000 (2.1)0 autonomous
O000,000000000000000,0000000
O0000 Le-L"ogoo (26)-(27) (00 ¢q,r00000O
00)0,000000000000D00D0000000O0DOO
O0: 0000000 Stokes 0ODOODOO [25], [28], 000
000000000000 OseenO0OO0O0O0O [27], (3], [4],
0000000000000 000000000 [24], [32].
00oodoo,jggooooooooooog. ogd
0,0000 resolvent O (O O resolvent parameter 0 00 O O
OO00)00000ooo0U0Oopoooguooooooooo
Oooooo.0oboooooooooo.

3 Uogogd

O000000000oO00o0oo0oao R3DDDDDDD(D
00 U(t,s) OO0O)0O Le-L"00000,00000000
Oo0o0o00O0. (1.)oooooOo0 (handmadeD OO O)
Jodobooobooodoboooobooooo,oboo
0 (21) 000000000000 000DOODO0O00ODOO
0o:

(U(t,s)f)(z) = D(t, s)(e(t_S)Af) (@(t, )" (m + /St O(t, 7)n(7) dT)(?ﬁ)



000, e f = (4nt) 3 exp(—| - >/4t)« f 0O OO, ®(t, )
D000D0D0D0D00dp/dt =—w(t)x 00000 (00
0)O0O0OO0. 000000000000000000000
(0000000000000 D000D0000000)000,
solenoidal O O O [

div[(n+wxzx) - Vu—wxul=n+wxz) Vdivu=0

goooobogod.

0000000 (000 Bogovskii 000 [1], [11, Chapter
[II] OO0 solenoidal 0O OOO0) 00 100000, cut-off
goooboooboubooboboubooboboub.
OO0 10000bobbbib0oodobbl Duhamel OO
gobboboobobogoobbooobobooo,ooobd
Oooo0oo T,s) ODODDODDDODODDODOODO, 0000
goodobbobbbboooooobooobbood
O0. 000,0000000 (duality argument O 00O O
0,00000000000000 T(,s)* 0000000
00)DO000oOO0O0,00 re(2,3) 0000 L"Oo0O00O0O
gooob. bbogoooboooobboooobbd
000000000000 0ooOgO ()21, Lemma 4.1) O
0),T(t,s) 0 T(t,s) 000000000000, 0000
gotdbobobtuobobuoboobotuog,gbouoobgn
O0000000000 (D0o0ooooooooogooo
O000000000oooDooooD),00ooooooo
Ore (2,6)0000000000(00O00O00ODO0OOO
0) L r0000000d0ooo. oogooooooooo
goddoobobbboooooouooobobbood
0000,2<q<r<oco0000 26)01<qg<r <2

10



000000 T(,s)0 L-L'00000000. T(t,s) O
Tt,s)* 000000000000 DO0O000000000OO
O0,1<q<r<20000 (26)02<q¢g<r<oo000
000 T,s)*0 L-L'000000000,000000
0000000,l<q<r<oo0000 (26)0 T(ts)
doodoooono. oo, 00000 ooo L*odao
O000000000.r=000000 (26)0,00000
270Dooo0oooooooo.

00, (27)0000,000000 duality argument 0 O O
goddoooodogoo, oodoooouodo. Oodd
00000000 Dp=DnbBgU000odooooooo
(local energy decay) 00O OO0ODOODOOOO:

It 5) Flwsaton + 19T ) flw-rapn) < Clt—s) 2] ],
(3.2)
Ol<g<oot—s>2 fely(D)DDDOODOO.OO,O
gotdbobobuobobuobo,bobuobouoobab
gotdboboobuooobou,gobobuobobouon
00000 data00OO0OOO0OO) resolvent 000000
O000. non-autonomous 000000 (00O datadO DO
O000)resolvent 00000000000 00ODODOO
(2.6) 000O0O0D0. autonomous D00 0D00, (3.2)0
oot ottt 1ouoooobuoooobouo,bobd
Oobobbooodb.datad 000D O00O00OO0OOOOO
OO0 32)0000000, (26)0000000O, 0000
0 (000000)00 100000 cut-off technique O O
gd.
0000 §T(s) 0000 (3.2) 00000, t—s<20

11



000000
10T (¢, 5) f lw-ra(pyy < C(¢ =) V2| fll, (3.3)

o000, (33) 000000000000, R®\ Bgp OO
VT(t,s) 000000 cut-of 000000000, 0T(t,s)
0000 3.2)033)00000oooooooooooo
godooodo. dgouooouoouoooouoo, o
0000000000000 0oooooooooooD [24]0
gooooood,dodoooodoooooodgo
O0000000000. [24,Section 5|0 0000, 0000
O resolvent D0 O OOOOOOOMOODO, non-autonomous
00000000oono. oo, (3.3) 0000000 Hansel-
Rhandi [14] 00 0000000O0O00OCO,00000000
000 parametrixU O U OO0 O0O0OO0OOOOOO0. OO
0O (t—-s)—ococl0 (27) 0000000, 0000000
22/ 00000000000000 (3.3)000000.
O000000000oo0 ([21], [22]).

00 3.1.m € (0,00),0 € (0,1)000. (2500000
0o,

(2.6) with 1< ¢ <r <o0o(qg# ),
2.7) with 1<q<r<3
( q ,

00000 t>s>00 fely(D)0DOOOOOO. O
O0,000000 C=0C(m,q,r,0,D)0000, |(n,w)|o+
(n,w)lp <mOO000 n,wd0O000O00O0OO. OO0,
-0 0 sup0 00O, |-y 0Holder OO DOO0OOOO. OO,
l<g<re(3,0),t—s>100000, (nO00000
000 (t—s)¥0000000000000.
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Group actions with finite orbits on flag varieties and
representations of reductive groups

HA R (BOREEE)*

1. &
EV)—FEHPEHREMIZEHLTWS 35, Z0LEM EDOHRELBEKDZE
[f7% D'(M)H TREIZIRD L 5 LW BFET 5,

D'(M)H — {M® HAERHESY
W W (1.0.1)
T — supp 7.

XoTM®DHARELRENPESIZTARTM FO HIEDOHES L B2 LIZKE DT
. MO HERIZ K 2882 H\M X D' (M) 122\ TO#R%E H 5FEER > T
WhHeEZOND, TNEFEATIRO LS RMEEZEZ 5,

BRE 1.1. M O H DM #(H\M) BWERTHZZ L, H REBEKDZE
M D(MH OFRREHEL OBEZFHANL, L0z, M EO HRZENZ MVR
V — M OB DEME D(M, V) Lz &, HOERIKGGERI T IZ/HLTO
T A RS 2 BB B W D 22 (D (M, V) @ 7)H DA RIRGeH: & OBEZ R X,

Z DOMEDIRZIZ D WTHRAR B HNZ_ B ORE 1.1 OREGwmD S OEHEIZ DWW TIRkE
TRz S,

2. A

FEB LK £ ORISR O3B Tk, 1950 FRH 5 1970 FER DMK DD £TIZL M
Gelfand X° Harish-Chandra 512 & D BELERIKIZEWT, £72S. Helgason 52L& 0D Y —
T UNFREMIZEBEWT, X 5121980 A 5 90 AR 21 Tl Flensted-Jensen, K&
Rk, P. Delorme 72 &2 & 0 2 BRI FRZE [ D Pl D i CE Dy e Bl Em AR B & v 7z,
1980 FE D& O EIZ/AINKBIT R I T2 D & 5 Aeltim % H W 72 KIsfighr o B A R T
EHHRE MR EIIMP T ] CWSHEZERE L2, ZOMWIZHLTO—20
B Z L& UT/MMIMRIT - REFIMEN KIZERPTET 2 W Z & TIRZGEIR L 7=,

EE 2.1 ([11, Theorem A}). G & FE@GHINAEHE. H 2 2 OREEnHEE 75, (RD
(G,H) 12T 2 &M RETH 5,

(1) ’ff:%@ (71'7 T) c GAsmooth X ]:Ialg c:;@ l_/ dim Homg(ﬂ', OOO(G/H, 7')) < 0 75)& b ﬁ‘?o
(ii) G/H MWEREZRIKTDH 5,

22T G DS DR B AR KRB O FEE SR 2 Ganoon T U H OB
ARG RBLO FERE 2R % Hayy TR U, & 512 C(G/H, ) TRZENZ F L
WG xyg1— G/H QU5 72K 2RO AT Fréchet 22l &2 &K U 7z, X 72 EIKRE IR
LS FHEEIRINKERAFEG [0] 12 & DA X,
Supported by Foundation of Research Fellows, The Mathematical Society of Japan.
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T 2.2 ([11]). ZMHHY —BE G OBUNIIEEATE P A5, SESRIAX = G/H (1 F
BolA RO L X X 2 ERERKTH B 2105,

SOTMABEZERDFET v o 1 IZRE S5 /(13 & B. Kimelfeld IZ &K 5% T v~
2 1 DERSEEDO DR 2 EbED I LIZ& D G/H BNEREIKTH 5 Z L 13k
D& IRFEMSIFond Z 2R T WS,

FR 2.3 ([1]). FHHE2.1DEM (i) IFRD (iil) LFETH 5.
(iti) G/P E® HHEDEE #(H\G/P) AR TH %,

P SN B Y BEC B 2 55135 (1), (D). (i) B2 THETH 5 Z & 3HE
21 L HE 230645 (M2521) ., TEPORDLYIZGO—BOBYIELIE 57 Q
BHEZIZEE (), (i), (i) OBRIZED X D122 DL\ D T & A HRIZEERTIZ 22
Bo SfF(ii) & (i) IZD2WTIE Q ~NDRZILENPEZ oD (E&H2.7SHK) . &M
(DIZDVWTDQADIIEEE X B 7-DITIRDEFE LT 5, Qf TQ DAL R
D ARk % £ T,

£ 2.4 ([10, Definition 6.6]). &% 7 € Q; HMELEL T n ABR(LERFIEH C=(G/Q, 7)
DAL FENZ 25 L E 71 € Ganootn 1FQ ¥V —XIZET B L\,

2.5. P - F/INGY B SR 4y e 2.6. Q : — B HLER 4> FE

(i) (ig)
H y \ £ 2.10X/
Yz
(i) —_— (iii) (iig) T (iiig)

éfmooth ={r e Glamooth | T 1EQ ¥V —XIZJEgT 5 } &< & Harish-Chandra D

DRGEFL[6] & D Gamootn = GL._ W WD SIDZ Db b, Tk D —KyEERS

smooth

BQEEZATVD L E1T1E Ganootn 2 G2, CEEHWMATERME ) 2EABLILICT
%, THROHLIMD LI ITEET 5,

EFE 2.7. —MBWRE D Q C GITH UM (i), (lg). (ilig) ZIRTED 5,

(i) EED (m,7) € G¥

smooth

X Hog 128 U dim Homg(mr, C=(G/H, 7)) < 00 A3 Y
DASN

(lig) QPWEFELRRIRG/H IZHH#E % FF D,
(iiig) #(H\G/Q) < o0 D3 D 7D,

QDVMUNBIIBI B P CTh D & &, =5 (i), (iig). (iig) EENZFN (1), (ii).
(iil) £ FfEZA DT ETTTICRAAZ LS CZOBBIZIRDO L 51275 (M2.53H1),

THIZQ =G DL EF Frobenius DA K D &fF (i) BE D LD &b b, %
7= (iig) & (iiig) HBYHITHL D LD Z LIXHI 5 R D TR EH 5,

(ie) <= (ilg) < (iiig).



— M DB B Q IR LT (lilg)=(iig) EHEIZHTH S, LNLZDOHTH S
(lig)=(iilg) &, MU/NTIFZRW—f DY ILERDHE Q I U THIZHE D L2 &R S
AN
Bl 2.8. FEHMEMRP? = SL(3,R)/Q £ Q DEEMRE H OIEHIZ L b —DDOREHuE
& e SERRAE D [E € U R S B,

72/ MBITRIZ[10) IZEWVWTEKRT Y VEHBO itz EFKTH I L TRERLT
W5,
£%E 2.9 ([10, Corollary 6.8]). QFBEN G/H LIZFELRWET S, ZDLEH 5D
e GO IR LT dim Homg(mr, C°(G/H)) = co A D 2D, Xz & 52 LIz &

smooth

D, (ig)=(iig) B D 37D,
U2 U, (lig)=(ig) & — M DI /3 Q 120 U TIREL D 32D B IX IR 5720,

1 2.10. G := SL(3,R) & LHI28D H £ Q % £ % & dim Homg(C™(G/Q), C=(G/H)) =
co MV LD (EHL3.2 62 M),

T ETEBIT S L =54 (). (). (ilg) IT2WTIX (ig) & (ilig) DRFREL D
Do TWARWY (K262M), K-> TIRDOMEZE A 5,

B 2.11. — ORI HEQ C GIZTHR U TIRD 544

(ig) fERD (m,7) € G X Hag WX U dim Home (r, C%(G/H, 7)) < o0 HSK
VAN

(ilig) #(H\G/Q) < oo D3 D 7D,

DEAGRME 2 e &,
ZOf#E%Z 1 B TR HEE EED 5 72D IZ/MMRITE & B. Speh [KIZ XK 51k D
25 1Y 5,

EE 2.12 ([12, Proposition 3.2]). G £V —#. G' & H % G OO H. H %2 G
DAL Lr e 2EZNTNH & H OERRTRIRE TS, ZOL ZIRHBHED
EZOO

1) RDHEHABFAET B,
Homg: (C™(G/H,7),C*(G'/H',7')) = (D'(G/H,7" © Cy,) @ 7).

ZZTCy & h > |det(Ad(R):g/h — g/b)| " TEXZ HDO—RITKBZEL,
TE H T U TEDORMERB%Z 7V THE Uz, TSIZD(G/H, 7V @ Cy,) IXFAZEAN
2 PV G x g1 (7Y ® Cop) — G/H OFEBIEYIN 2D ZER% 3 Lz,

2) H¥RA VA7 b (BIAIEG OB Q) DL E Ll DS IFRHH L7025,

QY —RZBTBEnhbBn e Qs &k C®(G/Q,n) DEFKIFGRE & L TEBR S
NTWB, ThOLRH C®(G/Q.n) —» nHMFHET B LT3, 2D L E HomBETFDAET
4 & 0 & Homg (7, C°(G/H, 7)) — Homg(C=(G/Q,n), C*(G/H, 1)) (¥ £ 725,
EFROEE21212&L Y, Homg(C®(G/Q,n), C®(G/H, 1)) ~ (D'(G/Q,nY ®Cy,) @7)H



72D T dim(D'(G/Q,nY @ Cyp) @ 7)1 < 00 72 5 1F dim Homg (7, C°(G/H, 7)) < o0 A
KON D, ZOREKT, G/Q LD HHUEDHRM L G/Q ED H RZ 72 EBIE D 24 1H]
DRTEDOE RN L DRAREEFARD L WS 1B THRRZMELL (DM =G/Q»DH
DG DOHAHETH D WO RRIRGE) FRIGRNRE 2R DOME2.11 & B
RERK->TWVW3,

3. BIRE2.11 ICEET 2 EE
MIRE2 11T 2L UCOMEZATNICZ DR 5, ZORNIZME2.11 2 HEL
THL (K26B2MR),

BE 2.11. — OB Q C GITX U TRD Z 544

(i) EED (m,7) € G, X Hay 128 U dim Homg (7, C®(G/H, 7)) < oo AV D
AVASH

(iiig) #(H\G/Q) < o0 D3 D i D,

DRERME 2 REE &L,

EHE 3.1. G:=SL2n,R) & L Q % G/Q ~ RP>" ! L7325 G ODMKBMIRSREL 3
5, ZDLEn>2THNR, RO _ZMalTd GORBERDHE H BMFET 5,

(1) #(H\G/Q) < 00 DD ¥,

(I QDH 5 1IXLD I Z A 1 RKH x IZH U dim Homg(C*(G/Q, x),C*(G/H)) =
0o K D YLD,

HLln>3ThE, T HICRERTT,

(I) QDERED 1 RudD 27 Z A 1 KB 12X U dim Homg (C*(G/Q, x), C*(G/H)) =
o0 DK D 3L,

ZZTQO—RILEE Y :Q = GL(L,C) MBI T A1 RETH S LT Q Dk X
7 NEAND x DHIRVPEHARBRIC S Z L 2 KT,

Z DEM 3. 1IFSEAM (ilig) 272§ DR (i) 27z SR WHINFIET 52 &, T/
Db (ilig)=(ig) B —MUTIFE D IR NI 2 FELTWS, ZThEHFE2122HWL
TALHERO SETHEEHIEG/Q L0 HHEDMEE #(H\G/Q) 3ERTH 312
LD 5T G/Q LD H RIS BRI D 22 M ORIt M EBRIR T T H B HINHIET 5 Z
ExERLTVWDS, FHIZ1IETERLUZH (1.0.1) D7 7 A N—=2ERRTTH B4 &
RoTW5b,

PUF oI (ilig)= (i) DI DWTDFRERTH 5, GLHICDOWVWTIEEIEE S
Nz,

EIE 3.2. G 2 EMMNBEIE UH 22 OFERBERAREE 5, £72Q % GO
HAMEUN%ZQDHEERIEL T B,

(A) & LRI AT p kT 0 H B34S G/Q b1z EIRAATEAE S AU IRASK D 320,

dim Homg(C*(G/Q, NPn), C*(G/H)) = occ.



(B) & LEEWIC ST ATEE (B2 5.5 ) 2 pikotd H BN G/Q I SRR
FAE T IXIR DK D AL D,

dim Homg (C*(G/Q, N\P'n @ or), C*(G/H)) = oc.

T b ZOEMIEA ST IZETHHREDD & T (ig)=(liig) PIELWI & &2 E
RLTW5, 22N E2FEE2122HVTALBEBOSEICHERT 5L, mEY
AR H JEA G/Q RIZIRMEFAE T X, H ALEREB O R BRIt L 7525 Z
ExFEIRLTWS,

FLDBLRDESI1T05 (M3.35H), ERE31IE (lig) = (i) BV L7272\
e, WIZEMBEI2IFMEDTICETIEIRMEDE L T (i) = (iiig) VKD IO &
ZERLTCVD (MEMTDIREZMNITTONEDT, P33 TIRA KT LE),

X 3.3. Q: —MBWRLER

(i)
#l2.10 7, \\zr:fi 3.1

X X
7 TEEEAN
23 P ———ea
(iig) — (iilg)
#12.8

4. FEIE 3.1 DA

ZOETI (Giig) T#(H\G/Q) < co) = (ig) MERED (m,7) € G2 X Hag (TR U
dim Homg(m, C*(G/H, 7)) < oo)] M—MRITIFE D L7z &2 FiR T 2 &M 3.1 %
AT %, 418 Tn =20  EDOEM31ZFHHL, 42%Tn > 30 EOEH 3.1
DFEHI DR &b R 5,

4.1. n =20 & ZTDFEHE3.1 DA

ZD41ETEn =20 TDOEMI1 ZFHEIRME (D) TH#(H\G/Q) < ool & (ID)
(QDH 5 1IRTLD I T A 1Ry IZH U dim Homeg(C*(G/Q, x), C*(G/H)) = oo |
i’z 9 G = SL(4,R) DRBER 28 H 2R LU CEEHT 5, BATF. Q &2 G DMEKIK
WHRE D EECTH > TG/Q =RPPTHHEDE L, GDOHAFEH ZIRTED 5,

cosf sinf a b
—sinf@ cosf b —a f R
H:=<h(0,a,b) = 4.1.1
(6,4,5) cosf sind a,beR ( )
—sinf cosf

Wl 4.1. #(H\G/Q) = 22380 3P D,
AEHH. (z,y,2,w) eRTET B L

xcosf +ysinf + az + bw

W0, a,b) - —xsinf + ycosfh + bz — aw

zcosH +wsin 6

g v e 8

—zsinf + wcos



75, o TRYGL(1,R) ~RP} ~G/Q & \WSREIZ LD
H\G/Q =~ {(x,9,0,0) e R*| (2,y) # 0}/GL(1,R)
U {(z,y,z,w) € R"| (z,w) # 0}/GL(1,R)
2135, O
RIZH WEH 31 D&M (1), 205 [QDHD1IMLD7 7 A1 RE ¢ 1T
U dim Homg(C*(G/Q, x),C*(G/H)) = < | Ziilzd I &2 R5, QD—IRmuFEH
E:Q—->GLL,C) &g e =E(Q)er MERED q e QIZHUTHDIDEIITERT 2,
ZZTe :=(1,0,0,0) e R*TH5%, $=AecCIZRHLTQD—RILDZ 5 A1 KH
X xa(g) = [6(g)|? TREET 2.
A 4.2. IROFEBIDL D LD,
HomG(COO(G/Q> X>\)> COO(G/H)) D/(R4\{O})even)\ 4-
7272 D'(RN{0}) cvenr—a 1E RN{0} ED (A — 4) IR BB AR D 0 322 M %
x7,
G, D(G/Q, x») =~ D'(RN\{0})even—» & Cop = xa WTEA2 DFEDE & TH D L
DOTHFE212L VIS A, .

Lo TD(RN{ONE,, \ o BB N e CIZHUTHERKTTHS Z & 2R IRLW,
| € Zop TR UTETROWRN{0} EOBREBEZIRTED 5,

Ty, 20) = (<x VT (— - \/_—)> 5()8(1w).

ZZTHz) & o(w)FZENZTIEBFEE 2 =0 & w=0I1ZH%ZFD Dirac DT )V X T
%, W15 THIMBE D DB —2 DFF GBI TH 5, /-5 TLIET N NiEH

BELTOF =X =HREDDT {Tfhen,, B THS, Ko TINSH HA

2575 2 2 BRI &, i

i 4.3. (LD € Zoo TN U T T IF H ALSHEBKTH 5. FIZD' (RN\{0}) .,
TR T TH B,

FERH. H 3B LT h() := h(0,0,0) & h(a,b) := h(f,a,b) D% LIz CHEK S NS
DT, INHIZLBAREEZREIXTL WV, RN\{0} EDZNZNEEBEECCHAERZE L
LTDERX

{
{

hO) " (x+V-1y) = e “(x+vV-1y),
maﬂ(%—m%) e ﬁw——li),
hO)™-6(2)0(w) = 8(2)d(w)
;bm@quWN@bﬁooitm%mmﬂbfu
a,b)" - (z+V-1y) = (¢4 V=1y) + (a+bi) (2 —iw),
ha.b) (——\/_—> _ (83—@%) (a—b\/_)( vl )
h(a,b)™" - 6(2)0(w) = d(2)d(w)



L%, doT(z—iw) & 2 —/—12 WaigZ & & (z—iw)d(z)0(w) = 0 B’ R\ {0}
FOMEBEEE UTH DD Z 2D 5 h(a,b) - T = TE D3 D 3D, O

n=20L EOEMSIOFH. HE (A1) ICEDEDS L. W41 & DEIMI1 DR
(1) THH\G/Q) < o) %iMli7=d, E/-MM43 L 0EMIIDOEMLEA) QDH2
LYGED 2 7 A 1 FBx 13 U dim Homg(C*(G/Q, ), C(G/H)) = o0 | %7
DTHEARE NI, -

4.2.n>3DEE3.1
ZDFETIEN>3D L EOFEH 3.1 DFEHDEIIEIZ DOWTIRR S, 0, a1, as,b1,by € RIZ
KU T My(R) DIt kg, AL 4, A2, ,, ZIRTERT 5,

a1,b1?

cosf sind a; b as  be
ko = Al = A= .
b (— sinf cos 9) ’ a1,b1 (bl —CL1> ’ az,b2 (-bg CL2>

ZDLEG=SL2n,R)DEHHHEH % 2x20D 70y ZI{FHNIZK 3 U TIRTERT b,

( 3

ka Azlzl,bl AZQ,()Q Agn,bn
ko AL, : g cR
H = ko Aiz,bz a;eR(1<5<n) . (4.2.1)
Atlz1,b1 bje R(1<j<n)
\ ko J

ELG > 3IEHLTIE ) O L2 TORMKE] 2HWT A, = A, LEDS,
ZDrEamE 41 ERLFAMRIZUTIRBED LD, T720b HIZEM 3.1 DM (D)
[#(H\G/Q) < o) %77,

Bl 4.4. #(H\G/Q) = n DK D LD,

I HDER 31 D&M (ID), T72b5 [QDEED LIRGLD 7 7 A 1 KB v 1Zxt
U dim Homg(C*(G/Q, x),C*(G/H)) = 0 | Ziilzd &5, QD—RukHl
E:Q—->GLL,C)Zq-e1 =E(Qer MEED e QIZHUTHOIDEDITERT 5,
ZZTe :=(1,0,---,0) eR*"TH b, £72QD—IKLT T A1 KB\, %\ e CITH
LTxalg) = lé(q)|» TH#ET 2.

B 4.5. FED N € CIZDOWTIRDFETIARL Y 32D,
Homg(C¥(G/Q, x»), C*(G/H)) = D'(R*\{0})1en 720

AEFH. D'(G/Q, x») =~ D'(R*\{0})even,—» & Cop = Yon WA DFED D & THD

NODTHIFE212 L DHHS D, O

£-oT D'(R%\{o})g,enkm MHHNe CIZHUTERRCTHSE I EE2RETIFL
Wo | € ZsglZH UTHETRVWR\{0} EOMEEAKZIRTED S,

T2l<£[}1, e 7*1'277,)
1 0 0
= TN 2-2) (($2n—5 — vV —129,_4) (3I2n_3 +V _13I2n_2>
0 ) : L
+ (won_s+ V=129, 9) <8332n—1 — —18332”) ) ((w%n_:)) + x%n_Z)l 35(@”_1)5(202”)) .



TRV~ EHR L,

SERR 4.6. (13, 5+ 13, 5) 2 ZEEKE LT A € 2N+ 4 TR OM%EEDNT(2 - 2)
HEAENN+H4TNOIEEFFD, Ko TTLUTIERINT A—=Z e C%2HOBEMTH
% (21X [5, Appendix.B 1.4] ZH),

B S 2202 T I3 H D DR -\ DFIREREBCTH 5, 78T IFTNZT B L
LTDA =X =250 DT{Ti ez, I TH L, £1INSWHALETH
52 L3430 E LAMICEEAETRES, & o TRHA D LD,

R 4.7. (ER DI € Zxo (T U T T & H ALBEBERTH 5, FHZ D/(R*\{0}) ., 1_on
ZERIR T TH B,

n>3DLEDOFEMIIOHM. H%E (421)I2&0EDD L, mifldd k0 EM31DE
P (1) TH(H\G/Q) < o0) Eifi7eT. FRAMO QO YLDV I AL LB\ BHD
ANECHHIELT y = xo 0I5B 2 LICERT NS, @47 X0 &k (D) TQ DT
BED 1 RIED 2 5 A 1 EBLy ATH U dim Homg (C®(G/Q, x), C*(G/H)) = oo | %
FoF O THRIAR S N -

5. £ 3.2 DFEEA

ZDETI (i) MEED (1,7) € G2 X Hag 1285 U dim Homg (7, C(G/H, 7)) < o0
1 = (ilig) T#(H\G/Q) < ool MHAEMIFOREDITGTIHELWT &% FiEY S EH
32 %G 5, 5.1 HCIHFHICBERFIZOVWTARNRS, 52HTIXER3.2D (A),
TROLAEMNIARRGEIIOVWTORHZ S5 X %, 5.3FTIZEH3.2D (B), 9724
DB BRI A E NI RS A DR E 5 X 5,

5.1. #FME

Q % EMEH Y —FE G OB AR U Q = MAN %% ® Langlands 2L 35,
QIENODY —EnlZHERBIZEVEHT S, n = dimn &5 E n D n RAEKRE
Q — GL(A™) & sign : GL(A™) ~R* - {1} DERIZE D QDEBor : Q — {£1}
2EHT D, T5LC®G/Q,N\Pn) & C®(G/Q,NPn@or) £V T MEERFDpIY
ABERDZER D (G/Q) & A Y N7 bEEFEDTENpEARIKDZEM DP(G/Q) IZEh
FNEBE 25, $7-205 DRI TH B (n—p) IRENH LV kD ZER]
(n—p)IRAV > b &KDZERZTNEND,_ (G/Q) £ D, _(G/Q) TKIT I LIZT 5
(“FEn AP AL Y MZOWTIFI AL [14]) 20), ZDL EHFE2 121X VT
RO G OB HE H 2N LIRDEBELET 5,

Homg(C®(G/Q, APn),C=(G/H)) ~ D'(G/Q,(APn)" & A"n® or)f
~ D(G/Q,N"Pn®or)?
~ D, (G/Q)", (5.1.1)
Homg(C™(G/Q,N'n @ or), C*(G/H)) ~ D.,_(G/Q)". (5.1.2)

Z 2T (AP IE AP D IERBLZ £ U 72,



5.2. [ Z{FIFAEEAIHE DEE 3.2 DEEEA
CD52ETIFEMH32DMEMITARRARLEETHS (A) ZAHT 5, TDHIZET
RO E%E S %,

e 5.1. H &2 EfGfIAREBHE G ORRBEE DL 5, Fh—BESHREG/Q Lo
FAT AR 72 pIRoT D H LB A EFREFIES 2 L IRET D, D& SIRHEKD LD,

dimD;,_ (G/Q)" = co.

EFL32D (A)IX (5.1 ICTED ZOMBESLDN SRS, IROFMEIZAE 5.1 DFEHHIZ
w5,

R 5.2. HRBUEH P o n IRGERBERE M IEHLTWS L0 %2 M
FOMEMITI AR pIRITCD HHGEL $ 5, DL EERED o e DP(M)IZX L,

To(a) == /Oa

FINER L 0 # To € D, _ (M) B350 3D,
A Z O % RO CTandE 5.1 ZFEHT 5,

fimed 5.1 DFEM. 17 & (I T HER pIRoT DRI D H EDHI {O;}en 2 & %, ZD &
SHES212E 0% i e NIZHUTTp, 120 THWD, _(G/Q)F DIiteED B, £o
TINS {Tp, bien PRSI TH 5 Z & 2R EITEEIINE S, ARBIESG A CN
e, € C\{0} (a € A)IZHLTY caclo, =0TH2BEMET B, BHERSIFEY
CHEBSEMNIBEZATA={1,2,... N} TH2LLTLW, FEDL <i < NIZTHL
TG/Q LD (=27 Uy FRMIZET2) LS U 2 U/ NO; # 0 &ili7zd & 51

1<j<N

(=21 v FAOHICH LT O/ & Zariski KA BT 2 BIAIES L 2 3), Zor
EHDG/QNDERPRENTH S Z L IZERTNE, U IXZETRVWHEAT, »
DUNO; #ADL8BDFi=jDLERTTHD, ILITEEDI<j<NIZHLT
DP(G/Q) DIt a; % supp(a;) C U; M2 To, (o) = 1 27T LD D, TDEEY;
a; DB HIZEOERED1 <i,j < NIZHUTTo,(q)) = 6 2135, T I Tyl
Kronecker D7V R &£ LTz, o TEED 1< j < NIZHLT Y, ¢iTo,(q;) = ¢
WD NLDD TN ¢To, =012k D Tp, = 003D LD, Tk b {To, bien DEME

JNIVEDRE S DT dim D, (G/Q)" = co WIRE N7z, O
LN D.2 Z3E-HT 5,

fHiE 5. 2DFEH. IRMIETDEHESALVRES, To D HAZEWIZOWHBIETH S

Zehobhbhrb, O

EE 5.3. M 2EMITLIARE T5, M OEHDES N PEEFNESTHDLEIEMOD
Fmim € MIZXNUTEDREEGEU > m & U EOERMEDEMEIE {f;1} & {g;.} »*
FELU TR DILD L ZIZ\WVW D,

J
UNN = U{:E eU| fir(x) == fix,(x) =0,g;1(x) > 0,...,g5,(x) > 0}.

Jj=1



T ERTIER G N 23 M D piIRIGER D L RRAKIZ 78> TW S & & NIZIER p IRoeEfigAT
HEAETHD L EHRT D,

F3X 5.4 ([7, Theorem 2.1]). M ZEMEFLZHIKL U N 2 M DA E 1 ATRERIER] p
ORI E G L T5, ZOLEEREDac DP(M) IR L,

m@y:La

FINERL 0 # Ty € D, (M) B D LD,

5.3. BEMRICEZ T ITATERIZEDEE 3.2
XEBIZEH 3.2 D (B), T20b MM ST ARERGEDEM 3.2 2/RT, i
BRIz E M AREE WO FHEZ EHE L TH <L,

E# 5.5 ([4, 3.4b])). M 2Lk UN 22 DA LHREKL T, TDLE N W
PN EMITABETH 2 LIE N OERVMEMITATRETH B & FIT W5,

REWTRIZ ) E A5 ATREZR G & D ERE 3.2 DFEIH. —MIZZ Rk EORNMA AL, +:
R DOREWTINZ ] & A T RE R BB A BICH ERT 2 D TE B [4, 34b], £72nik
TLERRIE M _EORENn FERIZL KM O E T ATaetEicBb 59 M EToRS %
EFRTDHIENTED [4,34a), £oTGA)KERETNVMEINSZHAVWSZ LIZX
D 7] E A5 AT RE ARG & [RIAR D GERH CREMTIYIZ 7] & A5 1) AT BE 58 D EFL 3.2 HEEIH &

Nns., O
S XHk
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HIEORIERZD 7 — ) TEH & Z DRETER
PEILE ) (FF LAY - BT )
KYO NISHIYAMA

BE. BPIENZ MVERIE LT, HEAEAROEZRR 2 EOIZR OBOEARIIE—
ZFED EIEN, BEGRE I —RERE OERELSIES IR INT E 72,

— 75, NN OE_EELRRICNBET AEERS MVEREERD L, TOE—X
R 1 BRI DB b E R FIRBLD B OFE/EFE (intertwiners) 28 < ([NO18]). Z
DOBIE R Y SIVZERIE 2 DOMN RN AZE RN E2FH, Lizhio TE— XS IFEFEN
TA—=R%E 2 DR,

ZTOWETE, ZTOXSIZLTHLNEY — XY ONiEREY 7— ) T2, i
ft U T o - A HBEBEBOMOALE 2 1220 Tis 5.

ZDHELERY VYRI T LMIET BRI, Aarhus KF D Bent Orsted #%, LiE
EHE K OB Bz & DILFIZE ((NO1S], [NOW19)) iI2EDL LD TH 5.

L FZU®IZ

Y — 2, BT —ZBEE 2 OVWTIEEEOMEI TN TE. -8 %
YL DI Tate DX — ZBENTH >T, AWIEI p € S (R) 1K LT

ZW%$=A@@sz (s € C).

EERERIND. BT Res > -1 IZBWTIURL, £EFFHICAHEL L U TR
Eixns., Iz —BILL 7DD Godement-Jacquet DX — XFE5

Z“M@:/’ o(2)|det 2 dz,
My, (R)

THhd. INODEDIERLE BV AHET, 72 & 21X Sym,(R) ~D GL,(R) DEH
I UTHEERTE D, ZDL S IZFENFMTINORFFIZ L > THIBEPERIZ 2L, %
NZENDOHE ETEY— XD NEERINS. TN6DE—XESIZTDOVWTIE, ETITIFE
L7z — 2B OBGE» S, & IZEEGRIZEWTE L DL H 5.

DX SIZHINT D725 ¥ — X B DI — RN DB % R U 7 D DSF A 58S - {e
BRIZE DB R MVERIOBEGTH > 72 ([SST4]). Ge ZEHRBEEE L, TDA

55 58 (A EE G - BB AR Y VR Y Y LR (2019/8/26 — 8/28; A JLMIKRZE).
) Supported by JSPS Grant-in-Aid for Scientific Research (C) #16K05070.
Wil - B s &g, Y- BT T ICHBEL 2B 2 kL, BxBZoWET I¥— 289 )
EIATVWEEDIE [¥— 2% EXBlINTWVWS.
1



2 KYO NISHIYAMA

BRIRTCREL Ve Y (F%7) BBuE O 282 & Efl (Ge, Vi) BB X2 bz &
5 ([Kim03], [SS74, SS70]). fliHD 7212, FHEEDMES S = Ve \ O 2B 72 # il
RS TWBEMREL LD, ZDLE, S DEHZIHN P(2) € C[Ve| BEAMIAZ R
L5,

Ve DEFRTH HFERY MVER Vg X Ge DEF Gg ORBLITH 508, HAFMABLEIX
WL DD G FIHEIZDRT 5.

Ve \ {z € Va | P(z) =0} =, O
ZBAHGE O, LoEmMInEERe LT, ¥— 280

2.5 = | eIPEIE (pe S, s€C)

REHTDHE, Zhon¥—xFa {29 (0, )} 1E (1) EHELH s e C B LTHR
Rz S 4, (2) 207 — Y TERFEABEX LI 2 BRzH2d. Zhz
BEAE AR MVEBOEREH L L. ZOEHEITENT, 2ROMmEE-Zb2ET LT
E7z. X517, EARMHNAERADERH NI GEITE, EHSURI X > TEEROE —X
BT 2 EAEHAE SN T WS ([Sat82a, Sat83, Sat82b)).

ZDEDITHHIEAR S MVEROY — X BB OBERIIES RSN T E 720, — G T
¥ =B DT RTHGN B0 TIERL, BRI, MOAE, BHROER
R EIFEBIHE L TARITNED 2 5720, BEBERITEMICE > 2L W, iz o
HARMZ2IGE I3RS T XERAENH D, L TEIITENEZTRTHITEHERTERL
U, FAOHHREL TV EHDIXIFAD—HTHD. ZHITDWTIE, [Shi7h, Suz79, Suz7s,
SF84, Mur86, Cle02, Bar04, BSZ06, Sat06a, Sat06b, BCK17] 72 & D, B LIS
DML THEITOENTVWESERE SIRU THRL .

PAR, Zo#ETid, Iz B o0RE, % b e s BRSER %2 T
HED XN ABHIIE NS MVZEBIZE U TEZ S, IRRSFMMEE B L ARR &R ML E
RN D intertwining fFHARZE X SBIZEAINE (NO1S]) D THSH, DD
AHAARLERZREL, ULidoTE—XBA® “AROEHRMBE 5. ERERIZ, A
RIEAHE L U T D BRI 2 iR Bt A R & MDA E D PR (BB 2.3) L IEKIEHE Fo¥ —
RPN B 7 =) T2 BBERDOIHATH L. (M 3.2 BLUEH 5.2).

ZIT, ETIRAFHMOEANSFEEIBED L 5.

2. YERY — XD & = DN HEGL

V = Sym, (R) ZENHTHDRTRI MVEMETRE, VIiFa—2Vy K- Vs
WA VREOMEZFD ([FK94] 21R). F = M,4(R) &< &, 2 € V FELLD
IHOET EZ@E, YalvxoREV ORBUIKRS. Yalv Xy RECV OISR
L=Str(V)=GL,(R) bHARIZ E IZ/EAHLTWA Z LIZHERTS. —H, BTV OH
REBLR" O dHOEMEEZEZOoNEINS, ZTOEEEDZERAD H = GLy(R) DIFH
WHBN, TNEE =M, 4(R) EARLEEE, [FHNDEDISDREFA—HTE 5,



HEMAUIEAFED 7 — ) TEH L T O 3

ST, BENW =VaFE=Sym,(R)&M, ,(R) & X, G=LxH=GL,(R)x GL4(R)
LB THEETHWELEZZENS G IE W IZEHLTWSA, ZOMEMZ BRI
KT &

(9:0) - (z,9) = (92'g,9y'h),  (¢,h) ELXxH=G, (2,y) EVOE=W
b, ZORBIE, X [NOI8) THHZEDEFEUEN, I TIEEARBREME <
DEREINT Wz, ZOXMIIUTORERTAENTHEDT, ZTNEINELTEHETTO
9.

RE 2.1. AN, d<n Z2IKET 2.
A E R 2o CANEHRT 2L, ZOHREDTFIT
We = Sym,, (C) & M, 4(C) (2.1)

X Ge DIEATHEIYIE R MVERNIZRY, ARMED Ge BlilizR>Z L300 5.
BEIE R MVEROMERTIX, MHRAZEAE b BB EER&E 2 R 292, £
HARERIZODWTHRARE S, — Iz, B G BRZ MLVEE W IEHLTWS &, W
EDOZIHEA p(w) TH->T, ge G DIEHAN

plgw) = x(g)p(w)  (w e W, g€ G, x(g) € C)
D& SIZ plw) ZEBBIZEDOL Z, plw) ZHARLEREIER. x(¢9) € C 13 G DI
(—IRITERBL) THB I WEZIZONDH, ZhEHGAERDEEE WS,
TxDREICEERZT S, A (2.1) ORBZEM We EOZIHAE C[We] 121& 2 DX
ARHRAZE X

Pi(z,y) = det , f@@gy)::b—nddeth g) ((z,y) € We)

PFEIET 5. HAMNAZR P ITHFEL 2452  £&EL L, (9,h) € Ge ITHLT,
x1(g,h) = (det g)* B XL xa(g, h) = (det g)*(det h)? L H5ZHNB. Z I Tz e Sym,(C)
MIEAID & Z Tl
Py(z,y) = det z - det(tyzfly)

EEREBILIIHERLES. 0D P, DERIZKS (1) 28I T <HHBTHS. B
U 2z BEDIEEMNFMTHIT, y RRIEDETHNIE, P(z,y) (i =1,2) 1ZE5B 5 EEME
Thsd. ZUT, EREOHNAZRZEAENAZREHNT PP (my,my € Zs)
ERTIENTES.

ZD2DODHEAMIALR PP I UTEHD bEELSZ LS. £, W =
Sym,,(R) & M, 4(R) LD IEEMANRE%

(Z,w) = trace zw + trace "yx (zZ=(zy),w=(wz)eW)
EBWT, EBBRBOWMAIENE P(0,,) %
PZ-*(@W)e«z’y)’(w’@> = Pj(w, z)e!G¥)(wa) (zzweV, yx e B, i=1,2)
Zii7z3HDE UTERT 5.



4 KYO NISHIYAMA

A 2.2 (R~ [Wacl7, Prop 6, 7]). £ 2 28 s = (s1, ) € C* DLIHA%
d

d+1 j—1 n+1 k-1
bl,O(S):H(51+T—T) (514 82+ 7 _T)’
7j=1 k=1
d d+1 j—1 nooj—17 n+1 k-1
b = -4 - S L - _r_-
01(s) ]1;[1(32+ : 5 )(32+2 5 )g($1—|—82+ 5 5 )

TEET DL, RO Bernstein-{EEDEFERNHAL D 7D,
Pf(az,y) (P1<Z>y)51+1p2(27 y)32> = bl,O(Sla 32)P1(z7y)81p2<27y)527

P;(az,y) (Pl(zv y)81P2(27 y)82+1> = bO,l(Sla SZ)PI (Z7 y)SIPQ(Z7 y)82‘
ZDBIER by o(s), boa (s) & HARTFLERD b K & 1.5,

T, HARAEHARICHEELTHEZ LS. ERBUK LTI We (IEBI» D% 72
WED 272 — DS 57, R LTIRZOHEIZIEROHPUEIZ ST S, W DTART
DRIEZ DT HZ LT SH L < IFR0D (i 3.1 2)), 22Tk, F#ugot
TH, oL HEKENHIE

Q=0 xM,[R), Q=Sym}(R)
IZOWTHEZRDZLIZLES. 222 QR V OFERMMETH S ([FKI4)). £7z, M, 4(R)
13 E = M, 4(R) OFibsE%F o475 (full rank matrix) £k%2 &9, 20 Q 2IKE

TEXIFRSE (enhanced positive symmetric cone) F 72 (3l BITHRR TG & 1P .3
T2 X DOHRIEHE Q EORD & 570 (FREIEREEE U To) B IZilik?’d 5.

Zd%$=é¢%@ﬂ@ﬂﬁ%@yﬁ@@

:/ (det 2)* dz/ gp(z,y)‘det(f y)
Symi (R) Mo a(R) y 0

ZZT s=(s1,8) BEREEH, o,y € SW) FZARPERTH-T, dz,dy IFZN
ZNV BLUV E EOVR—=JHEDOFEIEENDHIRTH 5.
Z5(p, s) ZHRY — ZFE5 (enhanced zeta integral), & % \NMIFLRE — K EBE & ITX.
B L Re sy, Resy > 0 22 S IXAH S PRS2 2%, b BB D —#GEmIZ & > T C?
CEMBIRESE U I NS, TORKEE5 A 50552 T 5. JFFAE
BEk>0s aeCIlZTRLT, Hr~vBEBOMR

52

dy

B 1 k—1. 1+ j—1
mmy_n@rm—iyuma——?q_[Lﬂr@——?q (2.3)
BEZ, SOITHEKEHQ T LT
d+1 d+1 1
Ta(s) = Talsy + ) Tufsa + o) Talsr + 2) Tualss +52+ 7o) (24)

<.



HEMAUIEAFED 7 — ) TEH L T O 5

EIR 2.3 (¥ — X WD OfftHe). ¥ — 2B E2 v ~BEBick-T
1

Tqls)

L EHAET L, EEOZBMDBEE o € (W) T U TR s = (s1,50) € C? (Z#F

BEe UTHMERINDS. LedioT, IMRE—ZBD Z5(p, s) (B ICA R i
S, TOMIEHT V< NT Ty(s) DHIZEENS.

Z5(#,5)

3. 7=V A& L BEEE

WD GIZEBHMEE O (i=1,...,0) £ EZS. HKEHQ IZZD>HD—DTH
%, BIBEDODEIZRD L5124 5.

i 3.1. (z,y) € W %2i@5 G MuEPHTHE I L L 2 € Sym,(R) BLV lyz7ly €
Sym,(R) WPEHIZEAITH B Z LIFFAETHS. 20L&, FfEIL, - DRFFE tyzly
DFFIZE > TRES.

TERE —ZBED Zs(p, ) 1X Q OBBIZBZFHOBMINBEKEEX SNE. TD7—
DT EHAEGIRL &S,

DD 7= (2,y) EHWT, Q OHAIZA 2R OHEERE

s 2 Y\s2 ~ e
(detz)l‘det(ty O>| z e

0 Z DA

KI(7) = (3.1)

LEDD. 72 W =Sym,(R) ® M, (R) EOIEEMANFEET TIZEHRLZLDIZ
(Z,w) = trace zw + trace ‘yx (z=(2,y), w=(w,z)eW) (3.2)
LT, BEOI—2Vy REHEEOT7—)IEMWM Fo=0 ZIROELIIZEET 5.
P = [ pEe e
w
7 — ) THZAHUE, WO o
F @ =2 [ w@en
w

LB EITERL L.
HERBTBER OB E L L TR O 5Bz

Es(w) = P (40 + 2miw, )% Po(+0 + 2miw, x)*

= tim det(v + 2miu) (-1 det( U 2T T))" (33)

010 ty 0
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EENTHEL. 22T veQ=Sym! (R) FXEHDOHZ 018D &5, IO
W 2k zBIZ8KE, TAMEK g e S(W) IR LUT, Resy,Resy > 0 IZEWTIHAHMN

IR BHEDIZEST

/ Es(w)p(w)dw = h{gl Py (v + 2miw, x)* Py (v 4 2miw, 2) 2 p(w)dw
w v

CERING. HLIFRTFHEICHEELE UTHIERTS. ZZTRes;,Resy >07425
EHiR 0 |0 ZBOOHTEEZNTET, HHE S £ LBE

(@) = (2mi)" =Dz py ()1 Py (w)*2 (3.4)

DESITBFEOEBE L TRINDZ LIZERL LS. &I,
(00)( )—1—5( ) ( R AIZBZRD Dlraciﬁaﬁ)

TH5.

1B 3.2. B K OBBIEESRE LTO7 =Y TEBBKO X 5 IK5A5h5.
1 s

d+1 n n+1fﬁ Ty—sy) -1+ 4 —(or+3)

F (81 + T) Fd(SQ + 9 ) Fn_d(sl + S9 + 9

7767-
— — =

(s) = (2m) 272 p2alont

THoT, Ii(a) X (23) RCERASNDZH U IBMTH S, LK) ids=—1(d+1,n)
THiZFS, I TOBERE L TOMBIE Dirac DBEBEBOEBETH 5.

d+1
La(s2 + ——) Ta(—s )
c(s) Is(s) * ls=—L(d+1,n)

% 3.3. AWAEE o € S(W) DEDVQIZEETNTWS L E, ROBEERDE D 7.

1
T 7 ZN(@% 81732)
Tgs) ¢
c(s)(—27i)~(nsrt(n= d) s+ L) y di1 n
= Zs(py—(s1+ —5—),—(s2+ 7))
Tafss + 250 Ty s0) 2 2
alS2 5 d (3.5)

c(s) : d—j
= — sin(sg + —=) x
(— 27TZ)7181+(7L d)sg+ 0t )(_ﬂ.)d 11:[1 2

NS0T =) &8 - BHERNE, d=1 08 &g, ZRBAL ORED S HARFIIH
[Suz79] IZ &> TEHAEINTWS



HEMAUIEAFED 7 — ) TEH L T O 7

BEEE NS DIV O AN ARERZE D 256121, KX (2.2) LERIZULTEE
BOX—ZMREEADILNTELED, TO—MKimlE T TITBR A7z & S ITERESURIZ
£ o TH BT S N7z ([Sat82a, Sat83, Sat82b]). H ¥ YA EAKENIZOVWTH b H
BOEHRZ D LIZTHLIBREZZ eV TESD, BERMICEBERZEEZTL, MOAME
PZORBE BB AN Z 3255 U< %L, BIREWEETDH 5. XA
K old, Z OEORE & FMRG a1l — R BEHRE R 257 & OMig & RAERD
J—bREES T\ W=, Zog2M0 TEHLEHL LT,

4. 7 —1) ZZPAAXDEEH

EH 3.2 DFEHHD HEHZ DWW TR B,
TAMEEZE 0(2) = 01(2)pa(y) DI ITEBAHMLTERALDS. T§5E, 7-VIE
HDEHRIZE > THDIZZBRESDORIZEL Z N TE S,

| Fr@e@an - | Kr@a@a

_ / (det 2151 (2)d= / (det 'y="") " Galy)dy (A1)
Q FE
FTIEEID EIZBITABESP6FEZ LS.

4.1. D3I VRBORBICHELEZRBERO 7 —) TZE#. X (4.1) 12835 yeE
Lo %

I(z) = /E (det 'y="y)*B3(y)dy

5. z € Q BFEDIEMENFMTIIEZDT, ge LEHWT z2="1gg LELZENTE
D g EHANT y %2 tgy ITEBEHET NI,

<E(Z)==b/hQi(tgy)(dettyy)”ldetgridy
FE

B185. ZOLE, Lips(x) = go(g'a) 2EBBE T2 L, G(lgy) = |det g|Lypa(y)
CIRBIEMBRGIZHEND NS, ULz ->T, —HIZ P(x) = Lypa(x) eENTEL
(Y IETDERIZ 2 DEREEFATVWDS Z LIZHER), FHOX

n(z) = / By)(det tyy)*=dy (4.2)

L0, ZHIETIEE Qly) = tyy DEFEREE TV TEBLIZHDTHS. LI
d=10DY 2 Qy) I FEFE DMK ->TH Y, 77—V ZEBHITEE LNV TV
BB LU TWDZEIERL LS. ZOZREHRIEZY a VX U AREV,; = Sym,(R) D
FEIZABEL TIREZBDTH B, w2 DYa X UREV = Sym, (R) & I3REHE
BoTW5b., T, 7—V &M (4.2) 1%, BHFE~RS MLVER (GL,(C),M, 4(C)) O
AL det(tax) ITNBET X — O DT —) TEHE UTEBEBRRICE > THEAES
NTW5 ([SS70]). 7z, YVal XU REORIE WS BIEDS Clere IZ& > TH
IZEEINT WS ([Cle02, Theorem 2]). ZZ TIEZENZFIHLTEI 3.
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WE 4.1, 0 € C 2EER, o(2) %%iﬁmﬁa%&a% L IROBERAL D V0.

—~ Fd Q —|—
/ U(y)(det 'yy)*dy = 724D / () (det txz) " F da
E
COMEEHAWCEE 2RI S L

~ y(
B / Y(y)(det tyy)2dy = 720274 ’ﬁ / Y(x)(det zx) "% do
E
= (I-factor) / (Lgp2)(z)(det t:m)’”*i dx
E
= ([-factor)| detg|d/ @2 () (det 'z tggr) 272 du (x % gr [TEESHA )
E

= (I-factor)(det z)g/gpz(x)(det t:vza:)_”_% d

kv, &A1) BROES ICERING.

| Fr@e(@

n F z o n
= W—Qd(52+4)—£ﬂ(s(2t i) / a(x) dx/ ©1(z)(det z)sl+32+g(det twzx)™272dz (4.3)
al—s2) JE Q

42, EEEDSTSRAEMEATVIRF. KX (4.3) OFD 2 TX WA 2GR T 5720
12, WORE - e trace=” (y e Q) ZBALT, TSR v 0225221275, %
ITCTa:=s+8+d/2, B:=—s9—n/2 LML T, ROBEHEEZ LS.

D(v) = / e traee 2 ) (et 2)° (det 'z za)d
Q
= / e—tracezv2{/ @1(w>€—2mﬁtra0ezwdw}<det z)a(det tl’Z]})ﬂdZ
Q 14

=/<P1(w)dw/etmcez(”QJrQ”w)(detz)a(det trzx)Pdz
v Q

BED 2 IZBETAREDIE, v+ 2w e Q+iV C Ve WU TR TH 205, £9
w=0DHEIZEELT, ThE2MHEHRLLDS. DEOROITI AL MEHATSHZ
Eilikb.

Lv) = / e~ race ' (ot ) (det Loza)dz.
Q
fvzv & 2 TEMT S L
= (det v)_Q(O‘J’nTH) / e~ T2 (det 2)*(det ‘(v 2)z(v " x)) P d2

Q

i 72 — DR L & 5.



BBRDNEFAZED 7 — V) TEH v 7 O B 9
WEA4.2. re EIzxLT

d(x) = / e~ "% (det 2)*(det t:z:zx)ﬁdz.
Q

LB L, B(r) BKOMWEE D,

(1) ®(za) = (deta)?’®(x) (a € GLyg(R))

(2) @(uz) = 2(z) (u€ Ou(R))

I, (%) Er#e, fED e E=MuR) dz=ulsa (ue O, (R),ac

GLg(R)), D & S IZERRE L —MHAREIRIC X > Clifll S R I Nb DT, ML
O(z) = ®(ulza) = (det a)*®(Iy) = (det ‘az)’d(I,)

L%, 22T, y(a,B) = (1y) AV IEH (gamma constant) EFFERZ EIZL LS.

d WD ENMFFIRE Ag(2) LETE, det(Ugely) = Agl(z) DS, H o3 EBEHNT

v(a, B) :/e‘tracez(detz)“Ad(z)ﬁdz:/e_tracezAn(z)“Ad(z)de
0

Q

EY, ZHUXX 50T Gindikin OF ¥ wEBMAEHWTRT I LN TE 5.
478 4.3 ([FK94, Theorem VIL.1.1)).

(e f) = (2m) 5 IMa+ﬂ+";1WWAa+ﬁigiiy
WEETOHFERETARNTRET S L,
0= G a3 o 2
= (2m) T R PTE B0 ) Tul 0, e+ I
LEHETET, KA
L(v) = (2m) T Ty( n+1ﬁnda+2:gii)

/ o1(w) Py (v* + 27?2'11))’(0‘%*”7“)]32(@2 + 2miw, )P dw.

b, mBEORNIZa=5+s+d/2, B=—s0—n/2 ZRALT, v]0 DMRE%E & 2
&, XN (33) 2FBETLHILTEM 32 2155.

5. B R D IEHEA D HIPE
EH 32 2EZELT, ¥—XBEPOBEBERDKIZELDTEZ
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5.1. BELE & IEREBRABOFIR. il 3.1 TRERRZ X 512 G OBF#LE X ENFRITS
DFFF sgnz & sgnlyz"ly ICX-oTHEHINS., BEOFFIX [y = Imy C R* & F
CE, “WHR |y, OBBEMRT S L b TES. ZITHE (pg) & (0.0) &
prag=n,p+q¢=d 0<p<p 0<¢ <q&hd&5i2Lb, p=(pqgr,¢) L&
5. ZOREEFEEOLS R G DEER

O, ={Z=(z,y) € W |sgnz=(p,q),sgn('yz""y) = (v, ¢)}

TXRY.

§ 3 T, BEAUEHBIE Z,(2,y) 2N (3.3) Tk o THD A, THiE Z= (2,y) ITD
WTHENTH, s = (s1,8) ICBEILTIRABRTH LS. —7, FYEO, (DHQ) IZH %2
DR IE B

|det z|* |det< N y)‘sz ze0,
ty 0

K2(3) = (5.1)

0 Z DAt

LUTEES. HKEHZ—DOMILETH > T Q= Opoan LERSNDD5, LHO
FEEHWSE p=(n,0;d,0) D& E, Kf =K/ ThH5.

& 5.1. 715 p=(p,q;p,¢) ITHLT, BEEB u, %

X

up(s) = (2m)" 702 exp = ((p = @)(s1 + 52) — (0 = 0)s2)
LEFTD. Res,Resy >0 THNIZ, ES|O,, =u,(s)KP TH->T, MlzrkdZ &IiZLb
Zo=> uy(s)K! (5.2)
P

DK O NLD. AR AL RE, BIrERICE o T Z0ERIEEeFH s € C? T
[SAVASH

1, 0
SERR. A0 O, KREE (20.0) = (7 )(0 0)) EHS, BEICET 5RO

0 -1,/ g1,
Jeli (2,y) = (9,h) - (20,%0) = (920 g, gyoth) £FEFB. LA >T, ve QITHLT

- o s 1\d v+ 2miz y\\*2

=s(2) = l;ﬁ)l det(v + 2miz) (( 1) det( Yy O))

= hﬂ)l det(v + 2miz)*+*2 det('y(v + 2miz) " ly)* (5.3)

- hﬂ)l det(g'g)* ™2 det(h'h)® det (v + 2mizg)* T2 det(Pyo (vo + 2mizo) Lyo)™

&b, TZ Ty =g lolg?t &F W, detglg = |det z| 2D det hth = |det tyz"ly| T
HBHILITHERETS. (RELD Res;,Resy >0 THENDS, MRv | 0%, HIZIXAD



HLENOMAERED 7 — ) T2 L Z OffriEh 11
=iy =11, (t>0) ZAVTt]0DEIIZFHBELTE LY. 58, X (53) &
= |det z[**752|det Lyz~1y|* ltifgr)l(t + 27i)Plrts2) (f — op)alsite2) (¢ 4 27m')’pl52 (t — 27m')’ql52

— S ns n— S 7T/L
= |det z|***2|det fyz"ty|™ (2m)" d)Qexp-a-(ﬁﬁ—-Q)(81+-82)-—(p’—-QUS2)

L7y, ZIITHNDBED u,(s) THS. O
5.2. YL RIESICATRE L 7BBEEX. EH 32 L 5.1 2F DT, MOBAKER2E5.
E 5.2. A K O 77—V TZ2BUIIROBEBE R 2177,

T c(s) Ig(s)
K= d+ S12 Zup(—s —3(d+1,n)) Kﬁ&—%(d-ﬁ-l,n)’

Fd(SQ —+ T) Fd<—52) P

T2 p=(pgp,d) FEAPEDDE NI A -2 Z2HE, EHIBIE u,(s) 13 M#E 5.1 T
HZo6N-3DThb. TOMOGEEIXEH 3.2 LA UTH 5.

G

Z OWFFE IR ERT 92 E JSPS KAKENHI Grant Numbers #16K05070 D #lh % 51} 7-.
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Herz-Morrey-Musielak-Orlicz spaces

Yoshihiro M1zuTaA

(Hiroshima University)

1 Introduction

Our first aim in this talk is to introduce non-homogeneous central Herz-Morrey-Musielak-
Orlicz spaces. Next we deal with the boundedness of the Hardy-Littlewood maximal oper-
ator on non-homogeneous central Herz-Morrey-Musielak-Orlicz spaces. As an application,
we establish Sobolev’s inequality for fractional integrals in such spaces.
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2 Musielak-Orlicz spaces

2.1 Musielak-Orlicz functions
For this purpose consider

O(z,t) = top(z,t) : RY x [0,00) — [0, 00)
satisfying the following conditions (®1) — ($3):

(®1) ¢(-,t) is measurable on RY for each t > 0 and ¢(z, -) is continuous on [0, 00) for
each x € RV;

(®2) there exists a constant A; > 1 such that

AT < ¢(x,1) < Ay for all 2 € RY;

(®3) ¢(z,-) is uniformly almost increasing; namely there exists a constant A, > 1 such
that

o(z,t) < Ayp(z,s) forallz € RY  whenever 0 <t < s.

When dealing with Sobolev’s inequality, it is assumed that

(P4) ¢(z,-) is uniformly doubling; that is, there exists a constant Az > 1 such that

o(z,2t) < Asgp(x,t) for all z € RY and t > 0.

We further assume the following conditions on ® for p > 1,¢>1,n> 0 and 7 > 0:

(®3;0;p) t — t7PP(x,t) is uniformly almost increasing on (0, 1], namely there exists
a constant Asp, > 1 such that ¢;7®(z,t;) < Asg,ty’ ®(z,tp) for all z € RY,
whenever 0 < t; <ty <1;

(P3;00;q) t +— t79®(x,t) is uniformly almost increasing on [1,00), namely there ex-
ists a constant A, > 1 such that ¢ 9®(x,t;) < Ay oo yty '®(x,ts) for all z € RY,
whenever 1 < t; < to;

(®5;m) for every v > 0, there exists a constant B, > 1 such that ®(z,t) < B, ,®(y,?)
whenever x,y € R, | —y| <t and t > 1;

(®6;7) there exist a function g € L™(RY) on RY and a constant B,, > 1 such that
0 < g(x) <1foralzeRYand B !®(z,t) < &(2',t) < Byo®(x,t) whenever
z, 2’ € RN, |2/| > |z| and g(z) <t < 1.



2.2 Variable exponents

For a real valued measurable function p(-) on R¥ consider
(P1) 1 <p :=essinf epn p(x) < esssup,epn p(x) =: p™ < 00;

(P2) p(-) is log-Holder continuous, namely

Cp
Ip(z) —p(y)| < log(e + 1/z — y|)

with a constant C), > 0;

forall z, y € RN,z #y

(P3) p(-) is log-Hoélder continuous at oo, namely, there exists a constant p(co) > 1 such
that

Cp7oo

| < —2% _ forallz € RY
log(e + |z])

[p() = p(o0)
with a constant C) o, > 0.

EXAMPLE 2.1 Let p(-) be a real valued measurable function on R satisfying (P1) — (P3).
Let

O(z,t) = 7@,

Then & satisfies (P1) — (P4).

Moreover, we see that ¢ satisfies ($5;7) for every n > 0 since p(-) is log-Hélder contin-
uous.

Finally, we see that ® satisfies (®6;7) for every 7 > 0 with g(z) = (1 + |z|)~V+D/7
since p(-) is log-Hélder continuous at oo; in fact, if (1 + |z]|)~V+D/7 <t <1, then

P @@ < (NFUCno/T  for 12/ > |,

2.3 Convex functions

Let (E(:E,t) = SUPg< <y ¢(x,s) and

D(z,t) = /Ot<b(:r;,r) dr

for v € RN and t > 0. Then ®(z,-) is convex and
O(x,t/2) < (z,t) < AP (z, 1) (2.1)
for all x € RY and t > 0.

For example, consider ®(z,t) = tP(log(e +1))?. If p > 1 and ¢ < 0, then ® satisfies all
the conditions (®1) - (P®4). We can take

O(x,t) = tP(log(c+1))?

for large ¢ > 0.



Next, consider

3 (0<t<1), .
b :{ (=),

T oz £ 08 1 12 14 16 18 2

In this case,

B /3 (0<t<1),
O(z,1) = { 1/3+(t*—1)/2 (t>1).

2.4 Generalized Orlicz functions by Harjulehto and Hasto

In their book [5], P. Harjulehto and P. Hasto consider a function ¢ : RY x [0, 00) — [0, 00)
such that o(z,-) is left continuous, ¢t 1p(x,t) is almost increasing for z € RY and the
following conditions hold:

(A0) There exists a constant 8 € (0, 1] such that

B<e Nz, 1) < B forz e RY;
(A1) there exists a constant 5 € (0, 1] such that for every ball B

B N, t) < y,t) when 1 <t <|B|™! and z,y € B;
(A2) for every s > 0 there exists 8 € (0,1] and h € L' N L> such that

B Y, t) < ¢ '(y,t) when h(z) +h(y) <t <sandzy€ B,

2.5 Musielak-Orlicz spaces

Let Q be a measurable set in RY. We consider the Musielak-Orlicz space (generalized
Orlicz space) :

L) = {f € L)1 [ w17/ dy < o0 for x> o},

which is a Banach space with respect to the norm

1l = inf {A >0 / By, |/ (9)I/) dy < 1}.

Note

(W) >
) — 7 | d 1.
/Q (y e ) @S



3 Morrey-Musielak-Orlicz spaces

3.1 Morrey-Musielak-Orlicz spaces

We also consider a function x : RY x (0,00) — (0, 00) satisfying the following conditions:
let 0 < o9 < N.

(k1) K(x,-) satisfies the uniform doubling condition;
(k2) r = r=fk(z,r) is uniformly almost increasing on (0, 00) for some k¢ > 0;
(k3;00) there is a constant @3 > 1 such that

Q5 ' min(1, r7°) < k(z,7) < Q3 max(1, ™)

for all z € RY and r > 0.
Given ® and r, we define the Morrey-Musielak-Orlicz space L®*(RY) by

L**(RN) = {feLloc(RN)- sup e

z€RN, r>0 |B ZE T | (z,r)

Oy, |f(y)])dy < OO}

It is a Banach space with respect to the norm

k(x,r)

|fllzer@myy=inf A >0: sup ————
" 2e’N, >0 |B(2,7))] B(z,r)

D(y, If()l/N)dy < 1} :
Note that L®*(RY) = L®(RY) if k(z,r) = rV.

3.2 Maximal operator

For a locally integrable function f on R, the Hardy-Littlewood maximal function M f is
defined by

M f(x) =su )| d
f() Dgwmfm )l dy.

The mapping f — M f is called the maximal operator.

3.3 Boundedness of the maximal operator in Morrey-Musielak-
Orlicz spaces

We first prove the boundedness of maximal operator.

THEOREM 3.2 Suppose that ® satisfies (®1) - ($3), ($3;0;p), ($3;00;¢), (P5;n) and
(®6;7) forp >1,q > 1,0 <n < q/og and 0 < 7 < p. Then the maximal operator is

a bounded operator from the Morrey-Musielak-Orlicz space L®*(RY) into itself, namely
Mf e L®*(RY) for all f € L**(R"Y) and

M fllpon@yy < ClLf[|pos@yy

with a constant C' > ( depending only on N and constants appearing in conditions for ®
and K.



4 Sobolev’s inequality in Morrey-Musielak-Orlicz spaces

4.1 J-potential

Let G be an open set in RY. As a potential kernel, we consider a function
J G x (0,dg) — (0, 00) satisfying the following conditions:

(J1) J(-,7) is measurable on G for each r € (0, ds);

(J2) J(z,-) is nonincreasing and continuous on (0, dq) for each x € G;
1
(J3) / J(z,7)r¥"tdr < Jy < oo with a constant Jy independent of z € G.
0

EXAMPLE 4.1 Let a(-) be a measurable function on G such that

0<a :=inf a(z) <supa(r) =:a™ < N.
zeG zeG

Then, J(z,7) = Yo (2) 'r*@ =N satisfies (J1) — (J3), where

V2@ (a()/2)
Ya() (2) = L((N —a(z))/2) ’

see [13].

For a nonnegative measurable function f on G, its J-potential Jf is defined by

Tf(z) = /G I, Je — y)f(y) dy.
Set
J@,r) =5 /0 J(z, p)p™ " tdp

forz e Gand 0 <r <dg.
Then

J(x,r) < J(z,r) < NJor™ ™

forall z € Gand 0 < r < dg.
We further assume that

(k0) r(+,t) is measurable on R for each ¢t > 0 and x(x,-) is continuous on [0, co) for each
r € RN,

Set
Yy(z,r) =rNJ(z,7)

forx € Gand 0 <r < dg.



4.2 Sobolev conjugate

We consider a function ¥ : G x [0,00) — [0, 00)
(Sobolev conjugate) satisfying the following conditions:

(P0) W(-,t)is measurable on G for each ¢t > 0 and ¥(z, -) is continuous on [0, o) for each
x € G

(¥1) W(-,1) is bounded;
(V2) W(z,-) is uniformly almost increasing on [0, co);
(U3) there exists a constant A4 > 0 such that

U (z,tY) (2, x7 (2, @(z,1) 7)) < Ay®(z,t)

forallz € G and t > 1.

4.3 Sobolev’s inequality in the bounded case

THEOREM 4.2 Suppose that & satisfies (®1) - (P4), (P3;0;p), (P3;00;q), (P5;7n) and
(®6;7) forp>1,qg>1,0<n<q/ogand 0 < 7 < p. Assume that G is bounded and

(OkJ) v 1Y (z,r)® Yz, k(x,r)"t) is uniformly almost decreasing on (0, 00) for some
e>0.

Then there exist constants Cy, Cy > 0 such that

IilL‘T

VU(z, Jf(z)/Cr)dx < Cy

sup
z€G,0<r<dg |B CL’ r | B(z,r)nG

for all f > 0 satistying || f[|pe.x) < 1.

4.4 Sobolev’s inequality in the unbounded case

In case GG is unbounded, we consider

w(z) =k Yo, ®(z,a9*(x))"), xRV,

g"(z) = max{g(z), Mg(x)}

for g(z) appearing in (®6;w).
Further consider a function

Do (t) = thoo(t) : [0,00) — [0, 00),
which satisfies the following conditions:

(Po0) Poo(t) > 0 for t > 0, doo(t) is increasing and P, is convex on [0, 00);



(Poo1) there exists a constant B, > 1 such that

B1®(x,t) < Puo(t) < Boo®(z, 1)

whenever g(z) <t <1 for g(x) in condition (®6;w);
(P2) there exists a constant ¢, > 1 such that
Poo(g"(2)) < coo(l + J2f) 7
for all x € RY;
(Porc) 1 17O (k(z,r)7t) is uniformly almost increasing on (1, 00) for some 0 < v < N.
We also consider the following condition:

(Do) 1+ r°Y5(2, 7))@ (k(x, 7)) is uniformly almost decreasing on [1,00) for some
e > 0.

We prove the following theorem by Theorem 4.2.

THEOREM 4.10 Suppose that ® satisfies ($1)-(P4), ($3;0;p), (P3;00;q), (P5;7),
(®6;7) and (PrJ) forp >1,q¢> 1,0 <n < q/og and 0 < 7 < p. Assume further that
there exists ®oo(t) satisfying (Poo0) - (Po2), (Pook) and (PookJ). Then there exists a
constant C' > 0 such that

||Jf||L‘I'7“(RN) S C||f||L¢‘,I{(RN)

for all f € L**(RY).

5 Herz-Morrey-Musielak-Orlicz spaces

5.1 Weight

We consider a function w : (0,00) — (0, 00) satisfying the following conditions (wl) and
(w2):

(wl) w is almost monotone on (0, 00); that is, w is almost increasing on (0,00) or w is
almost decreasing on (0, 00);

(w2) w is doubling on (0, co).

5.2 Herz-Morrey-Musielak-Orlicz spaces

Given @7 0< q S 0, W and Ty € RN? we denote by H?z’g}woo

7o the class of locally integrable functions f on RY satisfying

(RY) with reference point at

o dr\ '
sy = W lswcanan + ([ @O lariainrn)” T < 0
1

{zo} 00

where A(xzg,r) = B(xo,2r) \ B(zo,7).



The space Hiq}woo(RN ) is referred to as a non-homogeneous central Herz-Morrey-

Musielak-Orlicz space with reference point at xg.
Further we denote by H ED q}wo(]RN ) the class of locally integrable functions f on RV \ {xq}

satisfying

o dr\ "
s o = ([ @O lamiaimn)” 5 ) < 0

Recall that Morrey space is given by
P .w N P,00,w N
M*@®RY) = () HLS6(R

xo eRN

In what follows, let xy be the origin. For simplicity write H®%“(R"Y) instead of
HEI:);OO:’(RN) and write HP%*(RY) for H®%*(RY) when ®(x,t) = tP.
When &(z,t) =t*, ¢ = p and w(r) = r?,

(1) [[fllgrawm@yy < oo if and only if
Ja iy < o
(2) [[fllgpae@yy < oo if and only if

/ Yl f (@) Py < oo,

REMARK 5.1 The non-homogeneous central Herz-Morrey-Musielak-Orlicz spaces H*4< (RY)
include the following spaces:

e non-homogeneous Herz spaces introduced in [6];
e local Morrey-type spaces introduced in [2];

e non-homogeneous central Herz-Morrey-Orlicz spaces introduced in [17] when ®(x,t) =
®(1);

e non-homogeneous central Herz-Morrey spaces with variable exponents introduced in
[16] when ®(z,t) = tP(®),

LEMMA 5.2 If0 < ¢; < g2 < 00, then

HCD,QMW(RN) C H@,qz,w(RN) C Hé,oo,w(RN)‘

5.3 Hardy operators

For a nonnegative function f € L] _(RY) and a real number 3, set

HOf(r) = ¥ / 1yl £ (y) dy
B(0,r)\B(0,1)
and

HE f(r) = 1P / 1y~ £ (y) dy
RN\ B(0,2r)

10



LEMMA 5.5 For a real number 3, suppose further that ®., satisfies
(Poew?; B) t=27Pw(t) 10 (=) is almost increasing in [1,00) for some &5 > 0.

If 0 < € < &9, then there exists a constant C' > 0 such that

r qd 1/q
Hgf(r) < Crw(r)= o (r") (/1/2 (FwONf | a01) %)

for all r > 1 and nonnegative functions f € Ll _(RY).

loc
LEMMA 5.6 For a real number 3, suppose further that ®., satisfies
(Doowl; B) trPw(t) 1@ L (t~) is almost decreasing in [1,00) for some &1 > 0.

If 0 < € < g1, then there exists a constant C' > 0 such that

o0 1/q
H510) < 0ru) o) ([Tl imann) )

for all v > 1 and nonnegative functions f € Li (RY).

5.4 Boundedness of the maximal operator in Herz-Morrey-Musielak-
Orlicz spaces

THEOREM 5.7 Suppose that ® satisfies (1) - (P4), ($3;0;p), (P3;00;q), (P5;n) and
(®6;7) forp > 1,q > 1,1 > 0 and 7 > 0 satisfying n < q/N and 7 < p. Assume that ®,
satisfies (Poo0) - (Poo2), (Poowl;0) and (Poow2; —N). Then the maximal operator M is
bounded from H®%<(RY) to itself, that is,

HMfHHCI),q,w(RN) S CHfHHCI),q,w(RN) fOI' a]] f E H@,Q,W(RN)'

5.5 Boundedness of the potential operator in Herz-Morrey-Musielak-
Orlicz spaces

As the definition of ®,,, we consider a convex function
Voo (t) = thoo(t) : [0,00) = [0, 00)

such that 1 (t) > 0 for ¢ > 0, 1 is increasing on [0,00) and satisfies the doubling
condition and

(Uool) there exists a constant ) > 1 such that
Q7'U(z,t) < U (t) < QU(x,1t)
whenever g(z) <t < 1, where g is the function appearing in ($6;7);

11



(V2) there exists a constant ¢ > 1 such that
Voo(g(2) < QUL+ |z~
for all z € RY;

(V3) there exists a constant () > 0 such that

sup Yy (z,t) 1 (t) {\Ifgol(t_N)}f1 <Q.

t>1
We modify Lemma 5.6 as follows:
LEMMA 5.9 Suppose

(Poowl; J) t1Y (2, m)w(t) 10 (t~) is almost decreasing in [1,00) for some &1 > 0.

If 0 < € < &1, then there exists a constant C' > 0 such that
HP (@) = Yiter) " [ T ly) (o)
RN\B(0,2|z|)

0o g d 1/q
< Criw(r)y o) (rV) (/ (w2 aa) _t)

t

for r = |x| > 1 and nonnegative functions f € Li _(R").

Now we show the Sobolev type inequality for fractional integrals in Herz-Morrey-
Musielak-Orlicz spaces.

THEOREM 5.9 Suppose ® satisfies (1) - (P4), ($3;0;p), ($3;00;q), (P5;7n), (P6;7)
and (®xJ) (with k(z,r) =r"™) forp > 1,¢ > 1,1 > 0 and 7 > 0 satisfying n < ¢/N and
T < p. For @, assume (9,.0) - (P2), (Poowl; J) and (Pow2; —N), and for ¥V, assume
(VUeol) - (Uo3). Then there exists a constant C' > 0 such that

1T f [ mrvae@ay < Clfllroae @)
for all f € H®%(RY).

6 Variable exponent Herz-Morrey-Musielak-Orlicz spaces
Let ¢(-) be a measurable function on [1, 00) satisfying

(QL) 0 < g™ = essinf e o) (1) < €SSSUP,.c) o) (1) =1 ¢ < 0.

Given ®,w and ¢(-) as above, we denote by H®)«(RY) the classes of locally integrable
functions f on RY satisfying

[l zr2.a00@ay = [[fllzeso2) + @I Lo aoollzao @ ,00)drm < 005

where
| * (o))" dr
. =inf ¢ A > 0; s
1911 a0 ((1,00).dr /) m{ /1 ( A o

12



PROPOSITION 6.1 Suppose q(-) satisfies

(Q2) there exists a constant q(oo) € (0, 00) such that

Cy 00
lq(r) — q(o0)| < m

whenever r > 1 with a constant Cy ., > 0.

Then

HOH(RY) = HP90<(RY),
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ORLICZ ZEREDILFR E EDEEICDWT

Pt EE

1. lZU®IZ

FRITAICBNT, Lr ZEHOHEEMIIE S £THRV. 20 Lr 20— TH % Orlicz
EREDOEEELREHE > TS, ZITIEHRDIZ LIZOWTEIIHT 5. Orlicz ZERIZE T 5
/v DR O BARE 72 IR D, Orlicz ZEMICHZ & 2 3R AT T 722\ B D BARIK 722 1
ATE. o-BIBUZ & o> TR N E — b T 7z Orlicz 22/, [ U< o-BIBUZ & - Thé
JEE NS —MAbE N7z gg Orlicz 2. £ LT DIGHIZDOWTHIT 5.

Orlicz ZEf#]iZ Birnbaum and Orlicz [3] 3 £ O Orlicz [11] TIZUH THEI N2, T DE
HATH Nakano [10] 2 & D 212 Luxemburg-Nakano / )V A EIEEN B BEEBEA I D
72 ETER TR ALIEE K 2 TNz (Ando [1, 2] 28D . % L T Orlicz Z2[M1%
Banach ZEff]& U TOMZEPED 5NN LK D OEEZRFERNG X 507z, Krasnosel'skil
and Rutickii[7], Maligranda [9], Rao and Ren [13] IZ3EL WNEPHA I NT WS, K
IZBEWT Orlicz 2T 2 HARNLRER 5 A 5.

2. Youncg BEDOEHES L OrLIcz ZEEDER & FAN S

ZDHITIEET Orlicz 22 %2 T 5 72D I8 E 7% Young BIEDORES & 7 DIRARM 72
MEZIRRD.

EZE 2.1 (Young BABDET). B @ : [0,00) — [0,00] ZRDETRINDG & &,
Young BIE L IEIEN 5.

(2.1) O(t) = /0 p(s)ds (0 <t < o0).

ZZT, BB ¢ XXM [0,00) ETEZRZ N, [0,00] IZMEZEDIFEADREET, ¢(0)=0,
X[ (0,00) TLEERTHSD. 7272, (0,00) ETp#£0, p#oco. ZTD ¢ IF Young B
O OAERE (left derivative) L IEIEN 5.

RDOAREXIFEANTIED 50, EELRDT, fidde LTHEZTHL.

fRE 2.2. % (2.1) DD Young B &L T5. ZDE ERDAEANHKLT 5.
(2.2) @ < p(t) < %t) (0 <t < o0).

RIZ o DEFEBEERT S.

& 2.3. ¢ % (2.1) DED Young B E U, ZOLEEKE o 95, 2D o DX
WEAEK (left inverse) ¢ ZRD XS ITED 5.
(2.3) YP(u) :=1inf{s > 0: p(s) > u} (0 <u < o0).
72720, (2.3) DELOEEHEESE O DGFEITE, inf=oc0 EHHRTS.

ZOWETOHNRIIEAZER LB FRE DLRAMAOFHREEZHLIELDLEDTHS. .
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T 23 DHTEZONT ¢ X o EEUMEEZED. b ([6] p.10) OFfE 1.12 O
TRINTWVWS., 20 ¢ ZHWTHE Young O & %2 E&HT 5.

EF 2.4 (% Young BIBIDEH). ¢ % Young B E U, ZTOREEEBE o £ T 5.
o DEMEHZ 295, B O %
. t
(2.4) O(t) := / Y(u)du (0<t<o0)
0
&> TEHETS. ZDLE O HE7 Young BIEE 20, & DA Young BIEK & 113
na.
Young BIBUZEA U TOREARKZLME 2 WL DD TR TH L.

%8 2.5 (Young DAZER). & % Young B E U, ZDIHE Young Bz & £ 5 5.
ZDEERDAEFEN
(2.5) ab < ®(a) + ()  (a>0,b>0)
WEOLS B, £z, FER (25) ILBWTESHELT B0, b=p(a) £71E a=v(D)
DEETHD. ZIT o FEFNTN OO ODLEEHKTH 5.

e 2.6. ® % Young & L, ZOHE Young BfiE & 295, Z0LE, XD
AEXDALT B.

(2.6) O(a) + @(b) < P(a+0b) (0<a, b< ),
(2.7) O a+b) <D (a)+ D (D) (0<a,b< o),
(2.8) ® (@) < ®(a), (0 <a< o),
(2.9) a<® Y (a)® (a) < 2a, (0 < a < o0).
2T, 1 ix O OHRHET,

(2.10) O (s) ;= inf{t > 0: ®(t) > s} (0<s <o)

LEDEHEING. O EFABOEERTD & OB TH 5.

IZ Orlicz 7 7 A (Orlicz class) ,  Orlicz 22 (Orlicz space) DEFZ 5 A 5. ZZ
TIFBBUEZ T X T n Xt Euclid 2] R" ETREERI N EBUEREK L § 5.

% 2.7 (Orlicz 7 7 ADER). ® % Young B E L, a>0&95. R LTEH
SN HEBUERE T

(2.11) / B(a| f(2)])dz < o0
5 f DESE%Z ¢(al) THKLU, Orlicz 7 7 AR, ZO Orlicz 7 7 A X FEAL 22 ]
ZRERT DBRTEHE KT 2 R

£ 2.8 (Orlicz ZEHDEF). ® % Young F#E 3 5. Orlicz ZE# L*(R") 1%
(2.12) L*R"):= |J @(aL)

0<a<oo

ko TEESIND. T4bb, B fF LR TETSL1E, 0<a<oo Z+0/N
SEAZEE, (211) BT EHEIICTEL I L2 EKT 5.
2



Orlicz Z2[H L®(R™) IZRITERD WV LAEEATSHZ LIZLD Banach 2T 5 &
MNTE5. £91HXUDIT Luxemburg-Nakano / VLA ZEDD. ZD /L% Nakano [10]
(1950), Luxemburg [8] (1955) O TEHEA I N 7=.

£ 2.9 (Luxemburg-Nakano / )V LADEFK). ® % Young B L T 5. fe L*(R")
X LT,

(2.13) 1l <= inf {/\ 50 / o G\f(xn) iz < 1}

CEDDH. ThE f O Luxemburg-Nakano /A& X, BELT L-N VA ERZ
LiZ9 5.

LN JVAIBL T, RO Holder DRERAIEL D 37D,

EIE 2.10 (Holder DAZER). & % Young BI%K, & DA% Young Bl & L5 & &
. f(x)g(x)dx
WERTD fe LR, g€ L¥R") IZDWTHILT 3.

— R b X 7z Orlicz 2212 81T % Holder DAERDHEERIZ DO W THEDOHI CaiIAT 5.
Z®D Holder DAZERZ b Y MZLT, KD Orlicz /IVAREZS5N5.

FE 2.11 (Orlicz / )V ADFER). ® % Young BI%K, Z D14 Young Bz ¢ ¢
5. feL*R") @ Otlicz / VA ||f|lo@n 2RO &S ICEHT 5.

215 Wil =sw{ [ I [ Eaas <1},

EBUZ, (2.15) TEBINT ||fllown) &/ VAITRD IR RTIENTES. £z,
L-N /A& DOBRIZDOWT ﬁ@ﬂﬁ@%r@‘?%ﬁfﬁﬁj‘m?é.

EHE 2.12. & % Young BE L 95, fe L*(R?) £T5LE, fDLN /LA
[[fllzo@ny & Orlicz / IV 4 || fllomn) & DEIZRDOAERDE D AL,

(2-16) ||f||L<1>(R") < ||f||<1>(1R”) < QHfHLq)(R”)-

(2.14) < 2/ f 1o @) l191] 3 gy

3. L-N VA TOREBFIOIE L ZDERIZDOWT

Young BAEL @ 28 ®(t) =7, (0 < 0,1 < p < o0) DEE, ZOd Young FAEIZ DWW
TD feLl?(R") ® LN SUNE: /’1 SIZFEHATE 5.
11l ey = ( ) da:<1}

{»o / fa |de} A}=|rf||m<w>

LD, koT LPRY) = [P(RY) &7%25. 2D LPRY) OIS {f; : 5 > 1} »
feL®R)IZLN JIVATIKET S &1, £XiT

I1fj = fller@ny =0 (j — 00)
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EREKT S, $hbbED Mo KRB
[ @) = s@piz =0 )

MO L LFEfEE 72 5.

ZDEE, ROZEWHEEL D, —&D Young ¥ & OHEIZ, L-N /L TOREE
FIDIR &R RBLE DN ED & 2 2BRD D 570, £ F1EUDIT Orlicz 22 L*(R™)
DEAERI> 22 M®(R™) DEHE 52 5.

E#& 3.1 (MP(R") ZERIDER). ¢ % Young B L 9 5. B f »° MP(R) IZ)ET
i, FEOEHR o >0 12/ LT
(3.1) / B(a| f(z)]dz < 00
A RYAS NP i 2

Eo &S iTEBZEI N2 M M2 (R) i Orlicz Z8[# L*(R™) OFMBHEME 55 Z LA
DMhoTWE., MR OREEFID L-N /)L LA TOUHEIZ DWW TRD B FE A3 5 DK
DNLD. L-N JIIVA AR RIDEREZ RT —DOMERTH 5.

EIE 3.2. & % Young % & L, BABS {fi: 0> 1}, fo lFTXRT M*(R") IZJET 5
LEDLTBH. DL E,

(32) Jim | fe = follo@ny = 0
DD IO D OBE AL, D a>0 (PABKER o) KHLTS,
(3.3) lim / (alfulz) — fo(z)[)dz = 0

—00 fpn

MENTHIETHDB.

SRR, 1ZUHIT, (3.3) 2ELT (3.2) AT B L 2RT. T e >0 25
B, HAB moeN 2 +HKREL LT,

(3.4) 0<?%<e

Y5550 TEL. & & & O Young B LT 5. 72 ge L¥R") %,
(3.5) | @lghas <1

A THEBEOMBE TS, 22T p(g,®) 1I2kD

(30 plg.®)i= [ Bllgla)ds

ERTHDETSH. TDEE Young DAER (25) I2&D
[ () = laatarie| < [ 2olsia) = o)l -2 lo(o)lde

< [ {0@"\fl@) ~ fola))) + (2" lg(a)])}dr

B / B2 fulw) — folw))da + / B(270]g(x))d

n
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N ~ 1
PESNE. ZITE DML 0< 2o <1IREoT, (35) £V

[ el < o [ s < o

kb, £oT

{fe(cc’) — fo(z)}g(x)dx
»Eoh, (3. ) ED0< g5 <e 2o
n{fm - h@)g@is| < [ @) - p@hd+e (€2 1)

3, = [0 B(g(@)|)dz <1 Z AT TRTD g € LYR?) IZDWTIRD LD, Ko
TZ @ g I%‘ébf sup ’Et% 22k, Ortlicz /IVADEFHER (2.15) &b

i = fllsn < [ @E™1Ate) = fofw))da + ¢
WESENE. ZITl o0 &T2E, [HED (3.3) &9
i [ @@Iite) = @) =0

R

< [ @I ~ ol + o

Li5HDT, o
lim || fr — follo@n) < €
{—o00

MKANLT D, e >0 IMERETH 7206,
Eli)r?o || fe = follo@n) =0

WrREN, Orlicz / VA E LN IV AOREMEMZ R EH 2.12 &9
KILHOL ||fe — follze@n)y =0

Y, (32) BRI N

WHZ (3.2) ZRELT (3.3) 2. BBS {fo: 0> 1}, fo i3z M*(R") IZEL,

eliglo || fo — foHLé(Rn) =0

DEO D EREST D, TDLE (3.3) PMEED a>0 Il 2WTHLTHILERY. £

ITa>0%2EREIZEZS. 2O a 2EETS. ZOLE+HRKREREDORE (hb e N
PIFEELT, (>0, 2o61E

(3.7) le(fe = fo)llLe@ny <1

MDEOVEDESIZTES., LN JIVAIZODVWTOLLHONRERLD, (>0, D& =
(3.7) &b

(3.8) /n (alfe(w) = fo(x)|)dz < |[a(fe— fo)llLe@ny = al|(fe — fo)llLe@n)
Y7iB. EoT (32) & (38) £

T [ @(alf(e) — fole))dx < Jim fla(fy — fo)llsen) = 0

{— 00 Rn
5



RSN, (3.3) RO IO LRI N, n

ZIT, FillENEENS. BBS {fi: 0 > 1}, fo #* Orlicz 22/ L*(R") IZ)&
T5EE,
Kh_{?o ||fe — follze@n)y =0
W2 BERT 200, RO 3.2 LOEWIEZIZHDONE, [IlkdIed%
W, ROFERVKILT B.

EHE 3.3. ¢ & Young B & § 5. BES {f,: (> 1} BELT fo 3z L*R") IZ/E
T5b02T5. Thbb,

fee L*(R") (1<(<o0), foe L*(RY).
ZDEZ,

DD SO D DM DRI, EHED o > 1 IEHLT, FOKEREDBE [, =
lola) e N BIFAELT, (>0 513

(3.10) /;MMﬁ@j-h@ﬂMx<u> (lo < 0),
B LU,
(3.11) zli_glo - O(a| fe(x) — fo(x)])dx =0

MR THZETHS.
SERHIZRTE O & IFIFEBRIZ TE A DT, ZZTIIEKT 5.

4. ORLICZ ZEfE)lE [P 2Bl ED L HITEDS D

Orlicz 22l LP 22D — D DR TH B0 5, [P M TOREER%Z Orlicz ] T#
RIDLZORTKHRRZI DL > IZE DS, U UBEHIARILE 2 W WGEEN L.
Orlicz 22l & [P 22l DAERZHML THEL Z L IXEETH S, AERLREWE R THI
LU THKL.

Young BAEL & 7% Ao-Fefh 2 LR WEEEI1Z1E, Orlicz ZERIZ & b THHMERZERM &
5. TO—20HlE LT, Orlicz ZEMIZAE % KD Al C 722 W B 2 BEARMIZRERL U &
D, A FMERTR LA WI ENBEFZIZEBRL TV, £ AREoEHEE2 52 THL.

EHE 4.1 (Ar-ZRMEDESR). Young BE @ B+ KER L ITDOVWT Ay-Foff a2l
X, EOEBD>1% tg>1MFELT
®(2t) < DD(t)  (ty <t < 00)
MIRTDt >ty ICDODWTHINT BRI EEDS.

22T, HERMR EOBKXME [a,b) ETEHZRI N, & DO Banach ZE[H X ITfH% FF
DR f(t) EFAS. XU DITHEATH, SaHlOERE G2 5.
6



TE 4.2 (BEBROES). B F(t) 2BIKRE [o,b) TEHS N, Banach [ X
Dltix L 26D T5. HKE (0,0 AEANCIGEED R WEREOATHIES Ay, A, - -
Ap DRIE LT [0,0] = UM A; EEREh, % A; O LT f(t) BEDMELBLE, f(1)
BRI L\ S

T% 4.3 (RAHEKOEE). B (0,0 TEHS N, Banach £ X 12l % KO
BF(t) DBEEBIE OS] {f, 0> 1} 1Tk D [a,b] ETIEEALE S

(4.1) Jim f(0) = f(1) ()

ERINDZHIE, fiO)IEATHITHD L ND. 22T (4.1) OEWKIE, ||-]|Z2&x TD
VLT BHEE,

(4.2) Jim 1£(2) = F(1)]] = 0

B EERTHZEDTHS.

TE 4.4 (STWEKOEH). Banach 20 X OILEERE ¥ TRT. X DLHED
B A IR LT, SEEEBE A1) BTRTH S &%, f(t) RETHTHS L\ 5.

8 4.5. ROFERD K LD,
(4.3) s HIBE R S IE S I T h 5.

(4.4) BEEL f(t) DB ATHIZR S10F, ||f(1)]] EAHlTH 5. #FE—MITIEL <220,

X T, Orlicz ZEMENTAE Z £ DR Al T2 WEE D fil %2 BARIZHERKR L & 5. Young
B O RBROEMZHRTDEDET D, HILEDEN t) > 1 BFIEL T,
(4.5) 0<d(t) <o for all ¢ty <t<oo

EAZTEDET S, HiZt1oo TA FKMZEHELBRVWEDET S, ZDEE, RO
IO MBEEROBHI{t;: j > 1} 2EOCHTIENTES,

(4.6) L<ty<ty <---<t;<---, lim ¢; = oo,

Jj—o0

(47) o (1) 0) = o> i Gz,
HIZ, 0<t<1 2ARICGEACEHETS. R OWHHEA £, CR* 2 FOHE%
ROXDITER. {E;,:j > 1} FEWICH#ELRZ S 72700 (disjoint) . HIZ
t
4.8 Ei=———~>0
4 = G De)
AT, X, 0<t/<t<1DEE,

(4.9) Ejv S E;  j=1.2--
EAIZT KOITER. BE {t;:j > 1} LEEHI{E;, :j > 1} ZHWTEE f(t,2) 2K
DEIITEDS.

(4.10) f(t,x) == tixp,(r) xeR"
j=1

7



ZZCHBEE f(t,x) ZBELT f(t) 2BEL. X, t=0D& & f(0)=0 LEDTHL. T
DEERDIENELT S.

(4.11) / B(f(t,2)|)dw = < 1,
0<e<lDIERED e ITHLT

(4.12) /n®((1 o) f(t 7))z = +oo
PR 31,

(4.13) f@O)Le@ny =1

DAL T B, RO (4.11), (4.12) KT (4.13) ZRLTHEL. 0 <t <1 BAERIZEE
T5. HEHE{E, > 1} BEWCHBAERZR 006, (4.8) KU (4.10) &9

o0

/ (1, )] dfc—Z/ (1f(t, )] dx_ZQD

&h, (4.1 )73)3%262%7‘_.
KIZ, (4.12) 21T, 0<e<1ZAzd ¢ 2EREITHER 5.

i+ 1
lim It 1
J]—00 j
s, ToREBREAR joe N ZEALT, j> 5, 26T,
1
(4.14) 1pesdtlog
J

ETE5. £oT (4.6), (4.8), (4.10) KT (4.14) &b

[e.9]

/ O((1+¢)|f(t, ) dx—Z/ (L+e)|f(t,2)] dx—Z@ (1+e)t;)|E;4

j=1
+1
>Z®1H 4>Z@C )¢,
Jj=jo J=Jo ']
t
> JOt)|Ejl =) jo —_—
;% ! ?% 7+ 1)2(t;)
J=Jo j + 1

LD, (4.12) BRI Nz,



(4.13) D (|f(O)]|pe@m =1 22T, (411) &0 [|fO)|lpe@n < 1 DD LD, FEIZ
LG O o@n =1 PEYIDZLEZMUFTRT. £IT, BL

(4.15) f )o@y <1
THoleWELTHFEEET. (4.15) K0 HH/NSRIEM 0 >0 BMFEEL T
(4.16) (I +e)llfDllre@y <1

BEDIDOESIZTED. JVADHELD (4.16) 75

11+ 20) F(B)l[zary = (1 + 20) L )|y < 1
b, TTIMELFHALZERL D,

/JMQ+QMﬂL@WM§1<&J

Yih, T (412) IKFETS. £oT (413) RSNk,

T, WIEZEE Q%2 Q=[0,1] £35. £0<t<1ITHLT(4.10) TEHRIND
f(t) € L2(R") X)X ¥ 25 & &, f(t) I& Banach ZEf]TdH % Orlicz 22 L (R") (Z4H
BB, RicHiEE 52 THL.

W 46.0<t/<t<1&7T5. ZDEEZE,

(4.17) LF@) = f(E)]| Lo @ny =1
NI AIRVASR

FERA A {Ej i > 1L {Ew g > 1} 1 F (49) Ko ROAEBBRERD. By C Ejy,
(=1

ZoeE, BB f(t) X (4.10) DESITRINEHDT,

(4.18) f(t) = f(t'hx) = tjxm, (&) wER

j=1
(4.19) f6) = ft,2) = tixp, (r) xR,

j=1
YRIND., ZIT, BB Ejp, Ejp 1 (49) &0, 0<t/<t<11Z20T
(4.20) By CEy  j>1
ThoT, £/~ (4.8) &V
(4.21) |Ejr — Ejp| = |Eji| — |Eje|

t t t—t

TG e,)  JG IR, G Da)

£oT, (4.18), (4.19) KT (4.20) ik D

[e.e]

ft) = f(t) = thXEj,t (z) — thXEN/ (z)

j=1

=D ti(xe, (%) = x5, (1)) = DX, 08, 0 (2)
j=1 =

9



)
(4.22) FO) = f(t)=> tixgp,(r) xR
MWD LD Z B M o, koT (4.21) KU (4.22) kb

[ato—sene=3 [ a5 0p

> t—t

S HONE Bl =390 57 S

NS (1 LN,
”Z%U+ t_tZ;< J+J_i :

g
L,

(4.23) /;MV@—fwmwzﬁ—f<l
PEREN. koT SRR D

(4.24) 1f () = F(E) Loy <1

MDD, —F, 0<e<1 DEEDEH c iz LT
(4.25) /n O((1+e)|f(t)— f(t)])dx = 400

DL D LD. (4.25) DFEIHIX (4.12) DFEHEIFE A ERKTH 50, &D7dE52TH
<. (4.22) &b

- ft) = thXEj,t\Ej,t/ (z) r €R"

Tho7-. £-T

= [ e - g dw-Z/ o PO O]
= Z O((L+e)t))|Eje \ Ejp]

- t—t
=2, M0 +9h) e,

%%, 1+e>1 £ TR REBREARK j, e N Z2EAT

. - +1
J = Jo ANSY 4 1+5>‘7—>1
J
10



BEOTDOESIITES. koT (47) £V

t—t +1 t—t
120 o) e e (M)
: j —

L D) = J i(5 + 1)®(t)
o t_t | N 1
>§)j D(t)) GE000) (t—t) J:JOJ_1:+

L7 (4.25) BRI NIz
BB (4.17) D ||f(t) = f(t)||lpo@n = 1 2RT. ZOFEHAS (4.13) D [|£(1)|| Lo = 1
DI L FARTH BH, BDOOGRTHEL. (4.24) X0, |[f(t) — ft)||o@n < 1 27T
TEAR>TWS. BU [|f(t) — fE)| ey <1 THBERELTAS. ZDOLE+45H
INXTRIER g9 % EA T
(T+e)llf(t) = ) o@ny <1
MDD EDIZTES., ZOLE/ILVLDODHELD,

(14 e0)(f(t) = FED|ze@n = (L +e)|lf(t) = )o@y < 1
EB. koT, K<Honh-FEHELD,

[ et ol - )i <1

Y%, ko TINE (4.25) KFET B, oT||f(t) = F(E)]|pan = 1 72D, (4.17)
ARE NI n
XT, f(t) PRARTH B0 LS D E DI BELMAERDERTEZ 5.

EFE 4.7 (MHHERDOESR). Q=[0,1] ETEHEIN, Orlicz ZZM L*(R") IZffiz & 5
BIEC f(¢) 1T LT, L*(R") OWDRERDZEM F BMFELT, QDIELALETRNTO
LIZDOWT ft)e F &b &, f(t) ZAIMENTH D WD,

ROFERPHSNT WS (HH [14], p. 153 ) .

i 4.8 (Pettis). f(¢) 1 Q =1[0,1] ETEHI N Banach 2] X I[ZTfH%E & 5B &
T2, ZOLE f(t) HEAH L 2B D DBE 5

(4.26) GRESEEIR
THYH, »D
(4.27) [ () 1A E

LB THS.
EHE 4.9. (4.10) TEHE I 7=

ft)=f(t,z) = thXEj,t(x) z € R™

X Q=[0,1 ETE&HEIN, Orlicz ZZf L*(R") (2% & 2% U Tl TliZiaw.

REPA. A 4.8 12K D, (4.10) D f(t) PHMERTHRWZ & 2 REIX IV, f(1) A3
DMERZERELTATFEEHT. U f(t) PAUSERNZE TS L E, LYRY) OF
11



DI EM F BEELT, Q=[0,1] DIFLAETRTD t IZDWT f(t) € F D3k
URVASR
(4.28) Q={teQ: f(t) e F}
Y95, IFEALTRTDLeQIZDWT f(t)eF 2R5DT, |4 =1&%0, &o
T Q FAREATIERW.
X, FRADENS, F CHELIRMOIEEGHFET S, The ArsL. Thb
HLACFE FAREATA=F PO ILD. t€Q ITHLT
1 o S /mny . o 1

(4.29) U(ft).5) = {f e L®):1IFO) = fllsen < 5}

YuL. f(t) € FThHY, FOHIZ A DEAHECAEINTVEDT, g, € A T
g €U(f(t),)) 2HFT g BRZLNTES. Thbb,

1
(430) ||gt - f<t>HL‘I’(]R") < § gy € A.

ZZT, teMITHULT (430) 2~ g Z2—2OnIEs. ZOXGE Q 76
ADFAD I IMIGE RS, FEBE, 0 <t <ty <1 Tt t, IX&HIT QO DEFEE
5. ZDEE f(t) €F, f(ta) € F &7, HIZ (4.29) TEDLLIIZU(f(t1), 1),
U(f(ta),}) 25 2%. $7bb

U(50),5) = {7 € L2@) :117(0) — Flloscan <
U(7(02).5) = {F € LR 1f(12) ~ fllzwcan < 5 }
EBEL. ZIZT MR 4.6 D (4.17) &V
(431) () ~ fC mmRn—l
L%, £oT (431) KO U(f(t),2)NU(f(t2),5) =0 &7 b,

I f(t), f(t )@%fzkﬂbf (4.30) ’E&tﬂ‘ Gt,» G1, ZIBATHEL. Thbb,

gur G, €A T,
(4.32) g, — fE)|[Le@ny < 5, g, — f ()] Lo@ny < 3

D ONLD. Ko T (4.31), (432) &V gy # g1, &85, EoTHIE O 2t > g€ A
1M1 Th2. EH AVATREESTHI0S, O BHUBEESLRD, O MWEFAD
BEZFRDILICFETS. Lo T f() FAEM TRV, @l 4.8 & 0 AT

ZEeNRnhotz. u

1

N | —

5. —fAL X 7= OrLicz %5/, 99 ORrLICZ ZEFEIZDWT

INE TOHITD Orlicz ZE[H L2(Q) 1I2HEWTI, Orlicz ZEH %2 KT % Young BIZK
O ZIFMMEMPMRE SN T W, ZOHITIEZOMEDEEETIZ, & —MBINRBIK
O IZE DRI NS Orlicz E]2F 2 5. 2061k, QIR OfFEEKE T 5.

XU OIZ, Young B D —ILD—D2 LTD po-FDEEE2 G52 5.
12



EFE 5.1 (p-FABDESR). B O : [0,00) — [0,00) B o-FAETH 5 & 1%, ROMWED
OS5,

(P1) TRTDO0<t <00 lZDPVWT, 0<d(t) <oo THDY,

(P2) [0,00) ECTEIZHEFEINZ2E BB TH D,

— AL X 7z Orlicz 22 % € F T D HiIZ modular IZDTHHHL THKL.

EFE 5.2 (modular DEFE). PBEIE p: LY(Q) — [0,00] ¥ modular TH % & 1%, KD
WERK O IDZ LT d. 22T LYQ) & Q Lo ROEEEZKT.

(M1) p(f)=0 <= [f=0;
(M2) p(=f) = p(f); \
(M3) plaf + Bg) < p(f) +plg) B, TRTD f,geL’(Q) & a,f>20,a+8=1%%H

729 a,f IZDWTHD LD,

o-FAEL @ 12K o THEE S B —Mfb T 7z Orlicz 22/ L2 (Q) 2 EHRT DITHE L%
% modular pg DEZENSIX LD, —DOHEDILTEHE X THL.

8 5.3 (modular pp DEE). QI R" DMK E T 5. p1Z R” LD Lebesgue I &
T35, 0% o-BBEL D IZEoTEDSNDINEL po %

(5.1) palf) = / & (|f(2)]) du

WX TEHT D, ZOPEE pp 1FEFE 5.2 D modular DHEEZ T X Tt d 5.

EF 5.4 (—MLI N7 Orlicz ZEFDER). Q IE R OB LTS, ¢ & p-Flked
5. —ffbE N7z Orlicz 25 L*(Q) %

(5.2) L®(Q) :={f : pa(eof) < oo for some g5 > 0}
TEHT 2.
—f{tE N7z Orlicz 22 L*(Q) 1di@%, RKITBARZ F-7 VA f], 12 &> THERES

N T & 7. Maligranda [9], Rao and Ren [12] B&H 12785, F-/IVLADEHFEEG5ZT
B<.

T 5.5 (F-/ VLADERK). & % o-BfE L, —bI N7z Orlicz 2% L2(Q) &
T5. LED feL®(Q) LT

(5.3) |f|p¢ ::inf{)\>01p¢(§f>§/\}
eHL.
i 5.6. K boEEInL|f], B F-/ Vv A0MERRD. Tabb
(F1) o<|fl,, <o T, |fl,, =0 = [f=0;
(#2) | - fl,, =1/,  (f€L*(Q);
(F3) 1f +9l,, <Ifl,+lol,,  (f.g€ L*(Q));
(F4)

F4 Q5 — Qg Tlfj — folp<I> — 0, (fO;fj S L(I)(Q)) @‘5@ ICijj —Oéofolp(P — 0 b)ﬁ
Dﬁ.‘o ::f, CYj,OéO ci%ﬁ(%é

KRIZ, TOF-JIVAIZETA2—20uHllE UTROFEREE2ABRRTHEL.
13



EE 5.7. O, (i = 1,2,3), & o-BfE T3, & O ITEoTHRINE LI
Orlicz ZEfi1%& L% (Q),(i=1,2,3), £ $5. ZOLERD (i) ~ (iv) ZTRTCHAEL 2 5.

() FONSRER O < a <1, FARERERC >0 BIOEE 1 > 0 BFEL T,
(5.4) Dy(ast) < C{Di(s) + Do(t)} (5,1 > to)

NITRTD s,t >ty CTHRILT 5.
(ii) +KER O, > 1,0, >1 BLXTEB vy > 0 BEFEELT,

(5.5) O (u)®; ' (u) < C1Py ' (Cou)  (u > ug)

MIRTD u >y THRILT S.
(iii) EE My >0 & M, > 1 BFHELT

(56> Ifglpq)3 S MO +M1 ’ ma'X{Iprq,llngq>2’ Iflp¢1+lglpq,2}

MEL DD, 727U, u(Q) =co DEFIE My=0 29 3.
(iv) ROEEBIRAL D 37D,

(5.7) L*(Q) C PWM(L* (), L*3(Q))

ZZT, ge LOQ) A L*(Q) 75 L*(Q) ~D pointwise multiplier Td 2 & I3,
D fe L*(Q) DWT fge L¥»(Q)AEH DI e, Z0D g DEKDE
&% PWM(L® (), L% () THT.
ZIZT, —DODFEEEZGATEL. p) =00 DE XX (i) TlEty =0 &L, (i) TI&
u=0& L THERALILIIRS.

INETOFWHPSEDHLDE51Z, F-7IVAIZTRTD o-BHIZOWTEEL T RE
Thd. T205 BT RTIZOWTH LR AREIZ LS. LA UEROEH
D (5.6) DAEFERITMETELEDTIERVWEDIITEL S, HlOT Tu—F%2EZZXTHD.
Kawasumi R. and Nakai E. [4] & Young B S #ERL X 115 55 Orlicz 22T quasi-/ )b
LEEATEH I THRENEREZ/TWDS. ZOFEXSZGATL e T h
7z Orlicz ZE[Z quasi- / V2B AL ERAOEHOMERZBEHRN T 5295, £
D7D, - A-RMEZ BT BENETE. 2T p TEIHITLEVWESTH
5. N EHREEATHL.

EE 5.8 (Ag-FMHDETER). © & o-FBETSE. &2 Ag-FF2hmed s,

(5.8) lim sup ®(at)

2
a—+0 ¢~0 (ID(t)

NEOIDZ L T 5.
Ag-Fefb a2t 2012 52 THL. p-BAE ® D s-convex 0 < s <1 TH 5B LI,

(59) (I)(Oétl + 6t2) S aSCID(tl) + Bs(b(t2> (tl, t2 Z O)

B, a>0,8>0,a°+p=1%2ATEED a,8 & t1,t >0 ITDWVWTKILTH I &
CEDD. FHZ s =1 D& ZX@ED (convex) B ZEIEKT 5. ZD s-convex B
B ACRIFZWRT B, £oT () = 7, (0 < p < 00) W A AMZMRLT 2. UL,
D(t) = log(1 4 1) 1F Ap-ZefF 2R L 73\,
ZZT, LYQ) EOPBIE || f]|Le@) ZRDO XD ICEET S.
14



EE5.9. ¢ & oIS, fel¥Q) 22T ||f|lpe@ &

(510 Il = inf {3 > 02 (5£) <1}
TEDD. ||f||poo =00 LHEEHBELEDTERINTNS

™ 5.10. @ & B LT 5. —MfbI iz Orlicz ZEfl %2 L2(Q) & §5. ZDLE
(5.11) fe L) g [ fllLe@) < o0

bbb, $TRTD fe L¥(Q) I22WT quasi-/ VA ||f||peq OEPEREE L TE
ENTE .

B, (5.10) TEZRINLR || [|po@ 1F Ae-FMHEDDH & T quasi-/ VAL LRSIk
DH, RDOFERPELNS.

& 5.11. ® & o-FB L T5. b Nz Orlicz 2% L*(Q) &35, HL & »
Ag-ZMrz iR 2% 51F, (5.10) THEASND || ||1e) 1& quasi-/ VA ERD. Tk
HbH
(QN1) feL*(Q) DEE 0L |[f|lre) <0 T, [|fllre@ =0 £825DIE, f(z)=0a.

e.x €N DL EIZRS.
(QN2) ||af|| e = lall| fllze@) (f e L*(Q)), ac (—00,00).
(QN3) HBIEDEH K = K (O ITHRKIFLUTIRE B) DBFEEL T
(5.12) 1f + gllee@) < K[ fllee@ + 1 fllew)  (frg € LT(Q))
MIRTD f,g€ LE(Q) IZDWTHLY LD,
ROFEIRE~ LT CRHSI NS EELERTH L. HHIFEE» ST a0 D

fHRE 5.12. © 7 o-BAFE T 5. L*(Q) 7 & 1T Lo THEE S V6 — /b E 17z Orlicz
ZEE T D, 04 feL?(Q) &T5H. ZDLkE

(5.13) X (mmx)\) dn<1

ML T 5.
quasi- / Vv L & Ff o 7z —#Ab T 7z Orlicz 22 L*(Q) DIGHD—> & LT, Hélder D
AFRAD—BALICDONTERT 5. EH 5.7 LHUOFRRAIFOND.

T 5.13. &, (i =1,2,3), % o-BIBE L, AgSME2AEZTHDOLT S, & O, 1I2&-
THERL S iz — b T 7z Orlicz 221 & L¥(Q), (i = 1,2.3), £ $5. Q & R OfFEKE
T5., ZDLERD (i) ~ (iii) IXFAE LR 5.

() FANEREBO0<a<1 BIOEE t, >0 BFHEL T,
(514) q)g(OéSt) S @1(8) + Cbg(t) (S,t Z to)

MTRTD s,t >ty THDILD.
(ii) +aKER O >1 BLCEK uo > 0 FEL T,

(5.15) O (w)®y (u) < Cr@57 (u)  (u > uo)

MIRTD u >y THRILT S.
15



(iii) FRORELEH My > 1 PMFEL T
(5.16) [ fgllLes) < MollfllLe:@)llgllLez (o)

MTRTD feL®(Q),ge L*»2(Q) IZDOVWTHKILT S, 22T, —20FEE2E5
ZTHL. p(Q) =00 DEEIE, (1) IBWVWTty=0, (i) Tldu=02LTEZX
5HDET 5B,
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