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Generalized Triebel-Lizorkin Morrey spaces
IZDWT

B EHoh
(H#RFHRE FHAMKA)

1 Introduction

R 13O, PN (KRR ) S EEK (HHRFEE) & LR
4% [6] T, Besov space B, (R") & Triebel-Lizorkin space F7,(R") @/ )V AiZH
W, L9/ )V L D) % generalized Morrey space M#(R™) IZE S X 5 Z &I
& U, generalized Besov Morrey space N’ /f/lg;m(R”) & generalized Triebel-Lizorkin
Morrey space Sng’r(R") ZEAL, smooth atomic decomposition, quark decom-
position, trace operator DA FE, pointwise multiplier DA FMEF %2 /R U 7=,

AGEH TlE, generalized Triebel-Lizorkin Morrey space Expe ,(R") IZBT B
local mean (2 & 2RI (EEE 2.1) |, non-smooth atomic decomposition (&
M 3.8 ) & pointwise multiplier (FEHL4.2) NDILHIZDOWTIERS . B5 N5 4
X generalized Besov Morrey space NjAg,T(R”) XU THRRICKNLT S, Z
OWFFEF R (LK) & DOEFFRETHS.

B2, generalized Morrey space M#(R") 2 E#&HT 5.

EZ 1.1 (Generalized Morrey spaces [4]). 0 < g < oo & U, ¢ : (0,00) — (0,00)
&9 %. TDLE, generalized Morrey space Mf(R") %, FHIBEEL f T,

1 G
1l = sup 9(4(Q)) (— / !f(y)!qdy> o
QeD 1Ql Jg
P TEDOEROESELEET L.

0<g<oolZXNUT, G, %, FBPAEE p: (0,00) = (0,00) T,

Ot )t ™1 > p(ty)ty, ™1 (0 <ty <ty < 0) (1)



EiizTHbORKROELGLERT S, 20 E FHBITE D, ROFMEIRI
nNTnab.

fRE 1.2 ([5, p446]). 0 < g< o0 & T 5. fFED ¢ : (0,00) = (0,00) IZXf L,
MZ(R") ~ MZ"(R)
Zlii7=d o* € G, WFIET 5.
IOZEMS, MIRY) RER BB, p € G, 2IRET ZDIRHARTH S,
AR BEIER £ 12xf U T, Fourier 24 & ¥ Fourier £ %

FiO= @0 [ f@eidr (¢ er)

Ffla)=@nE [ p@entds @er)
L35, 0 SR & fFeSRHIZHUT, o(D)f = F pFf] LEHET S.
EF 1.3 ([6, Definition 1.3]). 0 < ¢ < o0, 0 <r<oo,seR&UL,peg, &7
5.r<ooDE& I IHITt>HITHLT,
d Cre
— < — (t> 2
o0 = =7 2
BT, BBEBC e > 0 WEET B LIET 5. 0, 7 € C(R™) 13

0¢supp(r), 6(6)>0if £€Q2), (&) >0 if €€Q2)\ Q).
BT U, AEDECR ¥ ke NITHL, r(6) = 7(277€) L EHT 5.

The (nonhomogeneous) generalized Triebel-Lizorkin Morrey space £3,. (R") %,
feS R T

( 1
16(D) s + (Zzﬁsrmwvr) (r < o0),
g, = Wlleg, 0 = ¢ e
16(D) s + sup2”S|Tj(D)f!H (r = o)
. jeN MP

WEBRIZZE S DEEOEELERT S.

Eppe (R") 10,7 € C5°(R") ICEDEZRBINTVED, Ene (R 1&, 0 L 7D
WO RS TICERST DI ENTED.
EH 1.4 ([6, Theorem 1.4]). 0 < ¢< o0, 0<r<oo, seR, peG,&95. &
LI, r<ooDEEX, olF (2) 272935, ZDLE Bkb0LrDED
B @ e eTE) CHUT, [ ler, om~ - lles . oo AHED S22,

,T



2 Local means IC & 2558457

Z DETII local means IZ X5 Epe - (R") DRI 28R 5.

{‘Ijk}keNo C S(Rn>, fe S/(Rn> Ea>0 Ki(ﬂLb’C,

00 = 2 T Ty

% Peetre maximal operator &\ 9.
Yi(z) =9(2772) (jEN)

YREL, X510 ke Ny LT, Uy = Fiy 55,
I 2.1 (cf. [6, Lemma A.1]). ReNy & seRIZR>s %9 d5. £z,
Q/)o,@/JGS(Rn)%,

() 0< |8l < RZEMi~T eN Iz LT

DP(0) = 0
Zi7z U,
(i) 5 e > 012X LT,
[o(z)| >0 on {zeR": |x| <e} (5)
[v(z)| >0 on {xeR":e/2<|x| <2e} (6)

N AIRVAS R
0<g<oo,0<r<oo,peG,el,r<ooD&ZFpld(2) 2midLdsd.

FEDa> —2— & fcS(RYVIZFLT,

min{1,q,r}

Hf”%g,r ~ {2759, = f320lmeery ~ {277 (W5 f)a} 5ol g ey

S RVASH
FE 2.2, 1. (5) & (6) I% Tauberian condition & FFIX# 5.

2. R=0D & & E—AY MM 4) IFFZ R0,



2.1 Key results
T 2.1 23T 512H720, WS D0 ¥EfZE T 5.
78 2.3 ([6, Lemma 2.5]). 0 < u,q < 00, ¢ : (0,00) = (0,00) £F 5. ZD& X,
1A aag = (11 o)
LD f e ME " (R™) I8 LTH D 322,
{R1Z, maximal operator DA FMEDFER Z R R 5.

QAERTONHNRDELGLTE. ZDLE fe Ll (RY)IZHLT,

loc

_ o, o)
M) = sup X /Q )l dy (7)

WXV EZRINBIEAZFZ M % Hardy-Littlewood mazimal operator £\ .
Hardy-Littlewood maximal operator \ZXf U C, IRDEFMEA L O 32D,
EH 2.4 ([6, Theorem 2.9]). 1 < ¢ < oo, 1 <1 < 00, ¢ : (0,00) = (0,00) &
35,
1. AHIERE f - R™ — CITxXf L C,

IM fllaag S 1l aag (8)

KD ALD. R, RO Mg (R™) DBEES {f;}52, IR L T,

< |[sup [ £5]
Mg

sup M f;

jeN JjEN

My
s URA=Y
2. (2) BAGET B &, {ERED Me(R™) OBISEH {f;}2, 1 LT,

o)

1

(>isr)

S

MG MG

DA RVASS

RIZ, Hardy type DAEXZ R RS,



i’ 2.5 (Hardy type inequality). 0 < ¢,r < 00, § >0, ¢ : (0,00) — (0,00) &
T5. {g,}2 R Lo EaORHIBEIEE L,

Gi(z) =) 27"Pg,(2) (x€R",j€Z)

VEZ
o NP3
G372 —sollmz ey Sars {90 oZ—collmg ery
NI ARVASN

2.2 EIE2.1 DA

FEH 21 % 2 D0D)N— M5, BUNTER 2.6 T, 5725 Peetre maximal
operators DD AEXZ /RS . IRIT, EM 2.7 T, Peetre maxmal operator DA 5t
VEAERT. CH26 LEM27TD S, TH212RTIENTES.

I 2.6. 1), 1) € S(R") ZFEFL 2.1 LRIUBERE U, ¢, 0 € S(R?) £ T 5. e R"
L jENITHUT, ¢i(x) = p(2772) LEHL, 72, j e Ng LT, &, =9, &
EHTD. 01, ReNg b seRIZFR> s 2z, v 1%

Dy(0) =0 (0< 8] <R)
72395, 61T
|po(z)| >0 on {xeR": |z|<e}
lp(z)| >0 on {xeR":¢€/2 <|z|< 2}
Zii7z T EB e > 0 BEET B ERET S.

0<g<oo,0<r<oo,peG,&l,r<ooD&EFpld(2) 2midLdsd.
ZDEE, a> T X LT,

{27 (W5 £)a} 5ol ag ey S 4275 (@5 F)ad 5ol l g ey (11)
AN AIRVASH
Proof. Kempka-Vybiral [3, Theorem 12] I& 2-microlocal Besov spaces with vari-

able exponents IZBWT, ZOEHZRL TW5B. wy, = 27 £ LT Kempka-Vybiral
[3, Theorem 12] DFEHZML S &

2115 P+ f iQ |k— v\52k3 o* f) ( )
k=0



PMEED 2 e RMZH LTI O E D2 e Ab»5. 22T, §:=min(l,R—s) >0
ThH5. £oT, fli#EH25 &0 (11) 2155, O

EI 2.7, Yo, e SR & L, T5IT,

[o(x)] >0 on {zxeR": |z| <€}
[v(z)| >0 on {xeR":€/2<|x|<2e}
Wiz e > 0DMFIET H LT 5.

0<g<oo,0<r<oo,peG,&l,r<ooD&EFpld(2) 2iidLdsd.
ZDEE, a> X LT,

mln{l q,r}

{27 (%5 f)a}5Zollmagiery S K275 # 3520l aag ey

N AIRVASS

Proof. Kempka & Vybiral [3, Proof of Theorem 13, (25)] IZX D,

N 20 (W # £) (2)"
T ), (2) < 2—th/ k+ov d
(W3 f)a(z)" < Cn g w (14 20+v)a)g — z]a)t o

M AEFEDON eN, z e R, veNy&te (0,00) ICRNUTHDIEDIZ LRI N
TW5.

t>min{l,q,r} EL,6=N+s>0&95. TOLE ta>nTHD DT, H
HDFES 1%, maximal operator % {# > CTEHli T &,

2(k+v)n|2(k+v)s(\1]k % f)(z)|t
2tvs U t < 9= (N+s)k / +v d
f Z N (1 + 2(k+v)a|x _ Z|a)t <

S Z 270 M (|2 (W ) (2)]1)

l=v

PMEEDON N, 2 €R" L ve Ny ISR UTHD LD, &oT, ME, (074 ¥/ L
LEED 25 E2MS>Z L&D,

{EIT“““MﬂWom*ﬁm}

l=v =0 Mg/tt(gr/t)

H {Qtw(quf)fz}zio HMg/tt(eT/t) S

S M2 0% DIl gt -

MDD, Ko T, EH 2.4 HE 232X, EEEAK Y 32D, O



3 Non-smooth atomic decomposition

WO -7 R B (6] 123\ T, smooth atomic decomposition (2B % #5H % 1§
TWb. X612, ZOfERZMS Z 12L& D, 3.2HiT, non-smooth atomic decom-
position Z#& % 5.

3.1 Smooth atomic decomposition
-5 Y [6] 12 K B smooth atomic decomposition DFER % kX5 72017,
BHEMEERT 5.

27 2

jEka:(ml,mQ,...,mn)GZ”C:?ﬂLb,QijH{ ) & EH
k=1
5. 72, xq,, & Qjm EOREREE T 5.

EFE31.0<q¢g<00,0<r<oo,seER e, dd. IHIT, r<ooD&&E
&, p T LT, (2) 2IRET 5.

The (nonhomogeneous) generalized Triebel-Lizorkin-Morrey sequence space €. (R™)
q-

% QEIRA T OBBEHIIN = N} jenomezn T,

(

ry 1
{ZQisr (Z |Ajm|XQjm> } (r < o0),
H)\ o = 7=0 meznr qu
Mgz,r
sup 27° ( > \/\ijXQjm> || (r = o00)
L 7€No mezn Mﬁ

PAHBRZEDREDOESEL TS,

IRIZ, smooth atoms DEFHEZ BB,

E% 3.2 (Smooth atoms). L € NgU {—1}, K e Ny &5 5.

IL.meZ &35, CKHFOEEa: R* — C » (K, L)-atom supported near
Qom THB LI, o) < K 272 3FERED a € Ng" IZH U T,

|D%a(x)| < Xaqon (%) (12)

DD IDEEER NS,



2.7eNmezZ" 35, CEHFOEAE a: R* — C» (K, L)-atom supported
near Q;, TH5d &I, |of < K 27z I HEED a € Ng" IZX L T,

271 D%a(x)| < x3q,, (x) (13)
DEOND, EHIT, L>0DE X, |8 < L %272 3(EED B € Ny IZ
WLUT, E— AV b&A:
/n 2Pa(z)dx =0 (14)
DDV DEEE VD,

3. A =AR") T, & jeNymeZ"IZXHUT, aj, & (K, L)-atom supported
near Qjm T% 5 CK %&O)Bgﬁpu {ajm}jENo,mEZ” é'ﬁ:@%é% % 67103_%) D
95,

R H-EREY [6] D Smooth atomic decomposition D F % kR 5.

EH 33.0<qg<o0,0<r<oo, s€eR, p:(0,0) = (0,0) € G, &L,
LeNoU{-1}, KeNy &5 5. Uqrzn<m—1) YU, K&LE

K >[1+s]ly, L>max(—1,[o, —s]),
iz 95 IHIT, r<ooDEEE, pld(2) 2T ET5.

L fe&, R)ETE ZOLE,

F=>Y <Z Ajmajm> in S'(R") (15)
7=0 \mezZn
S < S
IMles o S 11Flles,o (16)

B2 {ajm}jevomezr € A LA = {Njm}jengmezn € €ye (R") DHFLE
5.

2. {ajm}jeNoymezn € Ql, A= {Ajm}jENo,mEZ” € ei\/lg,r(Rn) tj_é 2Dk g’,

f= i (Z Aa’m%’m>

7=0 \mezZn"

2 S'(RY) THURL, €3, (R") ICET 5. S 512,
IFlles,e S Wl (17)

N AIRVASS



3.2 Non-smooth atomic decomposition

Besov space & Triebel-Lizorkin space (23 1} % non-smooth atomic decompo-
sition D EERHTE % 257512, generalized Triebel-Lizorkin Morrey space (23 1} % &
RzB. 2T, Bal¥R S N7z Gongaleves-Kempka [2, Theorem 3.14] 12 &
% 2-microlocal Besov and Triebel-Lizorkin spaces with variable exponents (23
I+ % non-smooth atomic decomposition DiLATEZ SE 12T 5.

Gongaleves-Kempka [2] (Z & % non-smooth atom DEFHZ B 5 72812, Holder
space C*(R") ZEH A9 5.
keNo&d5. . ZorE BCER) %, f : R" - CT, f e CHR") TH
D, EED |a| < kIZHUT, D*f ARG EGBEBRTH 5 DeKROEE LT
5. BC*D/ VA%
I lecr = D 10 fll

la| <k

LD EFET .

s e RIZHU, |s] e Z& {s} € (0,1] s =[s]+{s} z2hiddbDLT5.
s> 012X LT, s {R®D Holder space %,

es I = Z sup |D® f(x)]

reR”™
lor| <[s]

C*(R") = {f e BCEI(R™) - ||f

+ Z sup
‘Oé|:|_8J m7y€Rn’ "'E¢y

|Df(x) — D*f(y)]
|x—y|{5} < oo}

CEHRTDH. ZIT,s=0D&ZE COR") = LR LEHKT 5.

EZ 3.4 (Non-smooth atoms). K, L >0,d>1,¢c>0&3 5. ¥ a: R*" - C
A¥non-smooth [K, L]-atom centered at Q,,,, TH 5 &%, ERED v € Ng & m e Z"
WL T,

suppa C dQym, (18)
la2™)lex ®ny < ¢ (19)

B D b, D ¢ € CHR™) 1T LT,

< 27"l ny (20)

/d B Y(x)a(z)de

DR LDE ER NS,



ER 3.5. L=00D& X, 54 (20) IFF 2\,

FE 36. K,L>0 K\ I’ eNgIZ K <K'and L< L %%§7-3¢295%. ZD
& &, £ED smooth [K’, L']-atom (%, non-smooth [K, L]-atom THH 5. a,,, &
smooth [K', L']-atom centered at Q,,, £35. ZD& &, (18) IFHARIZHZLL T
WA, (19) ARV DZ & %)Y, (13) &b,

law,m(277)[lex S Z sup [D*(ay,m(27"2))|

lo |<K’I€R

< Z 9Vl sup |D*(aym)(27"2)|

n
la| <K’ z€eR

<C

TH5DT, (19) L LD,

BAZIZ, (20) PRV NEDZ L 2 RT. € CERY) & 5. ZDEE kOl
WOBBMTHZDT, L] -1 IROEETOTA7—REALD, HBTEHOI < (0,1)
PFLEL,

Z 5'D5¢)(2 “m) - (x — 27m)?
I8I<[L]-1

+ Z —Dﬁw 27"m+0(x —27"m)) - (x — 27"m)"
18l= LLJ

MDD, E=2""m+0(x —27"m) &L &,

|B\<LLJ

Z —D5w2 m) - (z —27"m)”

Z 1 (DPy(&) — D°p(27"m)) - (x — 27m)”

|
18|= [LJ B
B B —v
ﬁ' —27"m
|81=LL]

< [Pl — 2’”m|LLHl

ThHb. E—AV MEM(14) &,

/d . V() () da

S ”wHCL/ |CL,,7m(:I:')Hx—2*Vm|LLJ+1 dz
QV”L

- 10 -



2L ENTED. dQum = [ [27"mi + 271 = d),27"m; + 277711 +d))
THDHILe, L |L|+1THEILITEREZLT, 2 =27y LEREHRE T
5HeE,

Auww@mwxwdx

<27 e / |ay,m (277 y)|ly — m | dy
[Ty [mi+2=1(1=d),m;+271(1+d))

ERBDT, a=0&0LT(13) 2V, 2 =y —m LEHLHZ TNIE,

Lywwwmwamdx

S2 e [ (2 )lly = ] 2 dy
[LZ mit2t (1=d),mi+271 (1+d))
S2Ele [ jy— |l dy

[T [mi+271(1—d),m;+271(1+d))

52—“HWmeL/“ 211 dz

2-1(1-d) 21 (1+d))"
S 27 g e

LBDT, (20) KD LD e DD 5.

Non-smooth atom (2 & ZFEEUZ X LT, IRDPEMEA L D 1D,

B 3.7.0<g<o00,0<r<o0,seR&95. K,LERIFZK L>0, K>s
EL>o0,,—skizdEdsH. ZDLE, non-smooth [K, L]-atoms centered at
Qu,m au,m K )\ € ei\/t?r CZS@LL/'C,

i Z )\V,mazz,m

v=0 meZ"

X S'(R™) TPRT 5.

AEEAIEIRIZ 3R R B non-smooth atomic decomposition M EERH & [ElRED FE TR
250D T, 35/ TRT.

Non-smooth atomic decomposition D#EH % kR 5.

EHE 38.0<g<00,0<r<oco,scR&L,K,LERIIK,L>0,K>stk
L>04 —s&MTLTd Z0LE, feSR)DE (R)ICET SHE

- 11 -



TR &ME, % non-smooth K, L]-atoms centered at Qum {aym}vengmezn &
A= {/\Vm}ueNo,mGZ” S ei\/lf,r ij)ﬁﬁ l./, f 7&

F=Y"> MNmtm in S'(R") (21)

v=0 meZ"

LRTIENTEBZETHD. EbIT,
IF s, ~ it [\,

A DD, 22T, FHIE (21) &7 THRIEA = D hengmezs 2TIZHES
TeHEDET 5.

3.3 Key lemmas

R 3.8 29 72017, Gongalves-Kempka [2] AR U 7-ffid % B A 5. Gongalves-
Kempka [2] IZ5E£H D non-smooth atoms (ZXf U TEEEZE L TW 5D, IRDOfHEA
T FEBUE D non-smooth atoms (X U TH KD LD,

=2 3.9 (2, Lemma 3.6]). j € Ng & U, ¢;(z) = (277x) ZEH 2.1 D local mean
L35 REA)ICBIHETE. Z0LE LREIIREVWVK >0 LS R+1
IZXEL T, 279, 1E non-smooth [K, L]-atom centered at Q;o TH 5.

78 3.10 ([2, Lemma 3.7]). j € Ng &9 2. ¢;(z) = (2772) ZEH 2.112B
% local mean & U, {aym}venymezn & non-smooth [K, L]-atoms centered at @y,

Y¥5 v E,

/ qjj(?/)au,m(x - y) dy' S 02_(j_y)KXCQV,m (ZE) fO?" ] Z 1%

bl
/ Uj(x = y)avm(y) dy‘ <2y g, (@) for  j<wv
N RVASN
8 3.11 ([1, Lemma A.2)). k > n, e > 0, {\mtvengmezn € CET D, TD
L E,
D w2z —m)y | S| M <Z AumXQm> (z) (22)
mezZ"™ mez"™
NS ARVASN

- 12 -



i 3.12. 0<g<o0,0<r<oo0,seR, peG, 95 THIT, r<occD&
EE, ol (2) 2T ETH. ZDLE,

)min(l,q,r)

(I[f1 + f2

61,0 )7 < (Uil Y0+ (1,

55
LD fi, fa € £ (R") IR L THD NLD.

@ 3.13 ([6, Proposition 3.6]). 0 <g¢<oo, 0<r<oo, seR, pe g, &T5.
THIT, r<ooDEEE, gl (2) 2ii/zd 95 ZDLE,

S(R") = E3 ,(R") — S'(RY)

MR D LD,

3.4 EIE 3.8 DA

Gongalves-Kempka [2, Theorem 3.14] DFEHEZ SE129 5. K| L' € N &
K <K and L <L %iilz9&95%. HFE36I1ZLD, f£ED smooth [K’', L']-
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4.2 T 4.2 DA
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0000000([12, Theorem XII1.86)| 0006, 00D 00000000000 OOOO
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Haagerup approximation property
for von Neumann algebras
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1 Introduction

First we review the known results about the branching lows when we restrict a
representation of a Lie group to some Lie subgroup. Let G be a Lie group, G; C
G be a closed subgroup, and let H be a representation of G. We consider the
restriction H|g, of the representation H to the subgroup G;. Then in general,
it may behave wildly, for example, it may contain continuous spectrums, or its
multiplicity becomes infinite. However, Kobayashi and his collaborators found the
conditions for (G, G, H) such that H|q, behaves nicely, for example, it is discretely
decomposable, its multiplicity becomes finite or uniformly bounded, or it decomposes
multiplicity-freely. Then under such nice conditions, it is expected that we can
study the branching low of H|gs, more in detail and in explicit form. Namely,
for a representation H; of G; which appears abstractly in the decomposition of
H|c,, we want to construct the Gi-intertwining operator between H|g, and H;.
Such program was suggested recently by Kobayashi, and was studied by several
people, e.g., Clerc-Kobayashi-Orsted-Pevzner [1] (2011), Kobayashi-Pevzner [8, 9]
(2015), Kobayashi-Speh [10] (2015), Mollers-Oshima [12] (2015), and Peng-Zhang
[14] (2004).

In this talk we assume that G and G are of Hermitian type, namely, the cor-
responding Riemannian symmetric spaces G/K, G1/K; have the natural complex
structure and become the Hermitian symmetric spaces, and also assume that the
embedding map G;/K; — G/K is holomorphic. Moreover let H be a holomorphic
discrete series representation of G. Then it is proved by Kobayashi that the re-
striction H|g, is discretely decomposable, its multiplicity is finite, and moreover the
multiplicity becomes uniformly bounded if (G, G1) is a symmetric pair. Thus for a
representation H; of G; which appears in the decomposition of #|g,, the speaker
has aimed to construct the G-intertwining operators between H|g, and H;.

Now we summarize the speaker’s results. The speaker constructed the G-

*Email: nakahama@ms.u-tokyo.ac.jp
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intertwining operators H|g, = H; in the case (G, Gy) is one of

(U(g,5),Ulg, ") x U(s")), (507(25), 507 (2(s — 1)) x SO(2)),
(SO*(25),U(L,s — 1)), (SO(2,25),U(1,5)),

which are given by normal derivatives, constructed the operators H|g, — H; in the
case (G, () is of the form
(Go X Go, AGo)

when H, H; are of scalar type, which gives essentially the same results with Peng-
Zhang (2004), and constructed the operators H; — H|g, in the case (G, Gy) is one
of

Sp( ",R)), (Ulg,s),U(d,s') x U(q", s")),

(25”)), (Sp(s,R),U(s, 5")),
(SU(s, ), Sp(s, R)),
(SO(2,n),S0(2,n") x SO(n")),

when H are of scalar type and H|; are multiplicity-free under K; C G, the maximal
compact subgroup of Gy, but except for one series of (SU(2s+1,2s+1), SO*(2(2r+

1))

2 Holomorphic discrete series representations

First we review the holomorphic discrete series representations. Let GG be a simple
Lie group, and K C G be the maximal compact subgroup of G. We assume that
K has a non-discrete center, and G has a complexification G¢. We denote the Lie
algebras of G, K and G® by the corresponding lower case fraktur, g, € and g©. Let
¥ : G — G be the Cartan involution which fixes K, and we extend it to ¥ : G — G©
anti-holomorphically. Then we can take an element z € 3(&) in the center of £ such
that the eigenvalues of ad(z) are ++/—1, 0, —v/—1. We write the corresponding
eigenspace decomposition as g& = p* @ €€ @ p~. Then it is known that there exists
a domain D C p* such that it is diffeomorphic to the Hermitian symmetric space
G/K through the following diagram.

G/K —=GC/KCP-

|

12 Tem

Y

D pt
Now let (7, V) be a holomorphic representation of K, and x be a suitable character
of K€, the universal covering group of K €. We consider the space of holomorphic
sections L'o(G/K,G X (V @ x™)) of the holomorphic line bundle G X (V ®

x ) = G/K = G/K. Then since G/K ~ D is a contractible complex domain, it
is isomorphic to the space of vector-valued holomorphic functions on D.

To(G/K,G x5 (Vex ™) ~o(D,V).
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Then under this identification, G acts on O(D, V) by the form

ma(9)f(w) = x(ulg ", w) r(u(g™  w) " flgT'w) (9 € G, we D),

using some smooth map p : G x D — KC. Then if there exists a Hilbert subspace
HA(D,V) C O(D,V) such that G acts unitarily on it, then the representation
(7xn, Ha(D, V) is called the unitary highest weight representation of G. Especially,
if the parameter \ is sufficiently large, then this action preserves the explicit inner
product

{(f:9)xs :=/D(T(B(w)_l)f(w),g(w))TX(B(W))A_pdw (f,9 € O(D,V)),

where p is an integer which is determined from g, and B : p* > D — K€ is some
smooth map. Let H,(D, V) be the space of all elements such that the norm given
as above is finite. Then the corresponding unitary representation (7, Hx(D,V)) is
called the holomorphic discrete series representation of G.

Example 1. We define the Lie group G as

0 I 0 I 0 I 0 I\ _
G’::{gGGL(?r’,(C):g(_[ O)tg:(_[ 0),g(1 O):([ O)g}.

Then G is isomorphic to Sp(r,R) wvia the Cayley transform. The corresponding
Hermitian symmetric space G/K is diffeomorphic to

Dgyirry = {w € Sym(r,C) : I —ww" is positive definite.}.

Let (7, V) be a representation of K€ = GL(r,C). Then the universal covering group
G acts on O(Dgprry, V) by

A B\
) ((C D) ) f(w) := det(Cw + D) ((Cw + D)) f((Aw + B)(Cw + D)™").
Then if the parameter X\ is sufficiently large, this preserves the inner product

(frghr = /D (T(( = ww*)™) f(w), g(w)), det(] —ww )" D,

Now we consider a reductive subgroup GG; C GG. Without loss of generality we
may assume that (G is stable under the Cartan involution ¥ of G. We denote
the Cartan decompostion of g; = Lie(G;) under ¥ as g; = ¢ @ p;. We assume
that pT = (pT Np*) @ (pT N p~) holds, and write pi = pf Np*, p3 = (py)".
Here the orthogonal complement is taken with respect to the restriction of the
Killing form of g€ on pt x p~, under the identification p* ~ p~ via 9. Then
G1/K; is diffeomorphic to a bounded domain D; C p;, and the embedding map
G,/K, < G/K is holomorphic. Now, since the K-finite part O(D,V)z of O(D,V)
equals to the polynomial space P(p™, V'), and since p* acts on O(D, V) = P(p™,V)
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by 1st order differential operators with constant coefficients, the space of p*-null
vectors equals to the space of polynomials on p3 .

(O(D, V) )" = P(p3, V).

Then since every (gy, K )-submodule in O(D, V) = contains some p;-null vectors, if
+ ~

(HA(D, V) )Pt ~H\(D,V)zNP(p3,V) is decomposed under K; as
HA(D, V) NP(p3, V) = P mW)W @ x 2,
WeK

then H,(D, V) is decomposed under G, as

HAD,V)|g, = S m(W)HA(Dy, W).

W€K1

We note that if A is sufficiently large, H,(D,V)z = P(p*,V) holds, and hence
(HA(D, V) )" =~ P(pF, V) holds. In this case the computation of the decomposition
is easier. In such cases we want to construct the G-intertwining operators

Ha(D, V)|, = Ha(Di, W).

3 Main results for the simplest cases

In this section, we consider
(G,G1) = (Sp(1,R) x Sp(1,R),ASp(L,R)), G ~ Ha(Dspaz) ¥ H,u(Dspim)),

or
(G7G1) - (Sp(QaR)7U(1a1))a GNHA(DSp(ZR))a

where H(Dgp(s,r)) is the holomorphic discrete series representation of Sp(s,R) of

scalar type. We recall that Sp(s,R) acts on O(Dgy(sr)) by

A ((é IB;)_ > f(w) = det(Cw + D)™ f ((Aw + B)(Cw + D)7}) .

Then there exists a unitary subrepresentation H(Dgp(sr)) C O(Dsp(sr)) if and only

! 1 1 1
S — S —
vefota ()

The K-finite part H(Dsy(sr)) g equals to the whole polynomial space P(Sym(r, C))
if A > %, and H)\(Dsp(syR)) is a holomorphic discrete series if A\ > s.
When (G, G1) = (Sp(1,R) x Sp(1,R), ASp(1,R)), the spaces p*, p; and p are

given as

p* = Sym(1,C) & Sym(1,C), i ={(z,2)} ~ Sym(1,C),
ps = {(z, —x)} ~ Sym(1,C).
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Then the polynomial space P(p3) is decomposed under K; = AU(1) as

P(p @Pk Sym(1,C)) @cc ok

k=0

A

Accordingly, when A, it > 0, Hx(Dspa r)) ¥ Hu(Dsp1,r)) is decomposed under Gy as

Ha(Dspr) ¥ Hu(Dspa)la, = Z Hotu(Dsp(1 ), C-ar)
k=0

> @D
~ Z 'H,\+M+2k(DSp(17R))‘

k=0
Similarly, when (G, G1) = (Sp(2,R),U(1,1)), the spaces p™, p] and p; are given as
p" = Sym(2,C), P = M(1,C), ps = Sym(1,C) & Sym(1, C).
Then the polynomial space P(p3 ) is decomposed under K; = U(1) x U(1) as
Pp) = D Pu(Sym(1,C) B Py(Sym(1,C)) =~ (P Coap, HC o,
1, k2 =0 k1, k2=0

Accordingly, when A > %, Ha(Dsp(2,r)) is decomposed under G, as

PN
HA(Dspier)la, ~ Z Hoax(Dua,1y, Coop, MC_op,) Z Hotor a2k (Du(i,1))-

k1,ka=0 k1,ka=0

Here we realize U(s',s")/U(s") x U(s") ~ Dy (s ¢ as the domain in M(s',s”; C),
and we denote by H, ,(Dy(s svy) the holomorphic discrete series representation of
U(s',s") of scalar type, on which U(s, s”) acts by

ﬁ#<(§ §)1>fuw

= det(A* +wB*) *det(Cw + D) " f ((Aw + B)(Cw + D)) .
Now we give the main theorems for these cases.

Theorem 2 (Cohen [2], Peng-Zhang [14], Kobayashi-Pevzner [9]). When (G,G;) =
(Sp(L,R) x Sp(1,R), ASp(1,R)),

Fist - Ha(Dsp,my) B H, (Dspm) = Haepran(Dspaz) (A i > 0,k € L),
X (=K, 1 o

Faunfy) = m! §xk-
A DYc e )

f(fEL, $R)

m=

intertwines the él—action.
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Here (M) := XA+ 1)---(A+m —1).
Theorem 3 (N). When (G,G1) = (Sp(2,R),U(1,1)),

Fder ko & ook A2ks (DU(LI))f(l — H)\(DSp(2,R)>[( (A > %, ki, ke € Z>o),

T11 T12 k1 k > 1 1 /1 02 \"
F — ki ke E i —
ey ( ) T11%22 Atk + ko + 1) ml (41:111:22 072, f(@)

T12 T22 —

intertwines the (g1, K1)-action.

Remark 4. The operator Fip, k, : Havom a2k (Duan) g, — Ha(Dsper)) i gives

the adjoint of the G-intertwining operator Ha(Dsper) = Hiagom 2k (Duan)
given by Kobayashi’s F-method [7, 8, 9].

4 Proof of main results

We prove the main results in the following steps.
1) Find the G;-invariant kernel function.

2) Write the intertwining operator in the integral expression.

(

(2)

(3) Rewrite this in the differential expression.
(4)

4) Compute explicitly this by using the series expansion etc.

We work in more general setting until Step 3, namely,

(G,G1) = (Sp(s,R) x Sp(s, R), ASp(s, R)),
HA(DSP(S’R)> X HM<DSP(S:R)) ) HAJru(DSp(s,R% W>7

where W C P(Sym(s,R)) is a Ky = U(s)-submodule, or

(G7 Gl) = (Sp(37 R)a U<3/7 5”>>7
H)\(DSp(s,R)) D) H/\,)\(DU(S’,S”)y W/ X W”)a

where §' + §" = s, and W/ K W"” C P(Sym(s’,C) & Sym(s”,C)) is a K3 = U(s') x
U(s")-submodule.

Step 1: Find the Gi-invariant kernel function.

We fix a K; = U(s)-submodule W C P(Sym(s,R)), or Ky = U(s") x U(s")-
submodule W’ X W" C P(M(s',s";C)). Then there exists uniquely (up to con-
stant multiple) a polynomial Ky (r,y) € W @ W C P(Sym(s,C) x Sym(s,C))
resp. Ky wr(z,y) € W R W") @ (W KW”) C P(Sym(s',C) @ Sym(s”,C) x
Sym(s’,C) @ Sym(s”, C)) such that

Ky (ka'k, k* " 'yk™") = Kw(x,y) (2,9 € p5 = Sym(s,C), k € K& = GL(s,C))
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resp.

Ky wor (k121 'k, kawo'ka, kit yn ki Y ks ok ') = Ky (21, 22, Y1, Yo)
((w1,22), (y1,42) € p3 = Sym(s’,C) ® Sym(s",C)),
(k1, ko) € K¥ = GL(s',C) x GL(s",C))

We define Ky (21, xg;v1,92) € O(pt x pf x pj) = O(Sym(s,C) x Sym(s,C) x
Sym(s, C) x Sym(s, C)) by

Kw(z1, 25 Y1, o)
i=det(] — yjar) M det(] — yiag) " Kw (2l — yizr) ™' — (I — yizr) ' ye),

or define Kyyr w2 411, Y22, y12) € O(p™ x pf x p3) = O(Sym(s, C) x M(s',s";C)
x Sym(s’,C) x Sym(s”,C)) by

KW’,W” (33; Y12, Y11, y22)

* 0\ —A * 0\ —1
0 : 0
= det, ([ — (ty12 y(1)2) ZL’) KW/)W//(PI‘OJQ(ZL’ ([ - (ty12 y(1)2) ZB) ) 7y117y22>7

where Proj, : pt = Sym(s,C) — p; = Sym(s’,C) & Sym(s”,C) is defined as

(t‘zll; i;z) — (211, Te2). Then Ky and IA(W/,W// satisfy the G -invariance in the
B

following sense. For g = <A ) € Sp(s,R) (resp. U(s,s")) and = € Sym(s,C)

C D
AN/} : —1 A B
(resp. M(s',s";C)), we write gx := (Az+ B)(Cx+ D)~*. Also, for g = c p)€
iA A00B
U(s,s"), write g = (g g) = (g ggg) € Sp(s,R)
C00D

Proposition 5. (1) For xp,xg,y1,y2 € Sym(s,C), g = (g ?)) € Sp(s,R),
Ky (933L7995R;gyl, (Cyr+ D) 'y (Cyr + D)fl)
= det(Czp, + D) det(Cap + D)“KW(xL, TR Y1, Y2)det(Cyy + D)HM.
(2) For x € Sym(s,C), y1o0 € M(s',s";C), y11 € Sym(s',C), ye € Sym(s”,C),
geU(s,s"),

Ky o (93 g2, (A" + y12B*) Hyoo' (A" + y12B*) 71,

YCyr2 + D) 'y (Cpa + D)_l)
_ A A

= det(Cz + D) Ky wo (; 12, Y11, Yoz )det(A* + y12B*) det(Cyro + D)

A

Step 2: Write the intertwining operator in the integral expression.

From the above proposition, we easily get the following corollary.
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Corollary 6. (1) When (G,G1) = (Sp(s,R) x Sp(s,R), ASp(s,R)), the linear
maps
Fiy + Ha(Dsp(sr)) 5 H w(Dspisr)) = Hoasu(Dspisry, W),
Fiv Fny2) = (- w590, 92)) 2, () (Do)
Fw : Haru(Dspis,r) W) = Ha(Dsp(sr)) B Hp(Dspis ).

fwf(xL, JUR) = <f, KW($L> TR '>>’H>\+H(DSP(S’R),W)
ntertwine the él-action.
(2) When (G,G1) = (Sp(s,R),U(s',s")), the linear maps

f;‘//’w// : H)\(DSp(S,R)) — HA,A(DU(S',S”)7 W' K W”),

]:%/,W//f(y12,yl1,y22) = <f, KW/,W"(';y12,yn,ym»m(DSP(S,R))»
FW’,W” : H)\,/\(DU(S’,S”)a WK W”) — H)\(DSp(s,R));

Fwrwn f(x) = (f, KW&W” (3, ')>HA,)\(DU(5’,5”)7W/&W”)

intertwine the é’l—action.

Especially, when (G,G;1) = (Sp(s,R) x Sp(s,R), ASp(s,R)), if \, u > s, then
since the inner product is given by the explicit integral, the intertwining operator

Fiv t Ha(Dsps,z) M Hyu(Dsps,r) = Hasu(Dspisry, W)

is given by the integral operator

Forf . pe) = (f, Kw (-1, y?))HA(DSp(sR))&HM(DSP(SR))

// CEL,IR,yl yz)f($L7$R)
sxDs

x det(I — xpa) T det(I — zpay)~C Vda dayg,

and
Fuwv : Haru(Dspisrys W) — Ha(Dsprsry) 8 Hy( Dspis r))

1S written as

FWf($La IBR) = <f, KW(%; TR '))HMH(DSI,(S,R),W)
= // Kw(zp,zriyn, (I — )y (I — yiy) f(yi, o)
DsxSym(s,R)
x e~ "W2) det (1 — gy} M D dy, dy,.

Similarly, when (G, G1) = (Sp(s,R),U(s',s")) and A > s, the intertwining operators
are given by the integral operators.

Step 3: Rewrite the operator in the differential expression.

- 52-



In the previous steps, we got the intertwining operators in the integral expession.
However, the kernel function Ky is a bit complicated. Moreover, in general, the in-
tertwining operator H|g, — H; from the holomorphic discrete series representation
of the larger group to that of the smaller group is given by a differential operator
(Kobayashi-Pevzner 2015 [8]), but we cannot see this fact directly from the integral
expression. Therefore we want to rewrite the intertwining operator in different form.
In order to do this, we make use of the following fact. Let p* be a complex vector
space, with the inner product (-|-) and let dim p™ = n. Then for any f € P(p™), we

have 1
r) = —/ f(z)e@D =GR gy,
" pt

That is, O N L* (p™, L.e~*17)dz) has the reproducing kernel e

First we consider Fyj, : Ha(Dsp(sr)) X Hu(Dspisr) = Hoaru(Dspisry, W). By
substituting f with the previous equality, we get

fo(:ylqu (f, KW( ) ,y1,y2)>m(psp(s ®)XH,(Dgp(s »))

_ tr(mLz )+tr(zrzh) . R
o ﬂ-s(s—f—l) /S f(czé; ZR v R 7KW(‘IIHxRay17y2)>’HA®Hu,(xL,xR)
ym(s

% 6—tr(szL)—tr(szR)dZLdzR

= 7TS(5+1) / f ZL; ZR f* ( tr(a:LZZ)thr(a:Rz}))xL’wR(yhy2)eftr(szz)ftr(sz}*%)dZLdzR.
Sym(s,C)®

Since Jj;, intertwines the Gh-action and exp(p7) acts by linear translation,

]:;V(etr(wLZZ)Hr(wRZ}}))xL’xR(yl’ ys) = Fipy (etrl@etvnz )+tr((wR+y1)2§))mL’zR(0, ys)
_ <etr(xLz2)+tr(sz;{)’ IA(W(:UL> 20, yz)>HA®HH,($L@R)etr(y1z2)+tr(y1z§)

_ tr(zrz%)+tr(zrzt R tr(y1 23 )+tr(y1 2%
= (eMCrATIERER) Ky (2, — TR, Y2)) gy im0, (e € E TR,
Now we define

* . . tr(zp ey ) Htr(zgzs) . R
FW(ZL7ZR7y2) T <€ L R 7KW(Z.L xR’y2)>Hz\(DSp(s,]R))KrHM(DSp(s,R))7('7:147$R).

A

Then this becomes a polynomial, and the intertwining operator Fyj, : Ha(Dgp(s,r)) X
Hu(DSp(s,R)> - HH#(DS;;(S,R), W) is given by

F f( yl, Ya)

_ . tr(yr1z¥)+tr(y12%)  —tr(zpz%)—tr(zpz*
B s(s+1) // ZL’ZR Fyy(zr, 2r; y2)e Wizp)+tr(izl) o= 1z 2L ) =0 (R2R) ) ]2
n Sym(s,C)®

8 a * *
_ I F* tr(zp 2] )+tr(zr2y)
S(S+1) /V/Svym(s(c L R <axL axR7y ) TL=TR=Y1

% eftr(szL) tr(zrzy) dZLdZR

o 0
W (axL ) 8,];R ) y2> R f(xL7 mR)




Similarly we define

FW(Z’ZQ w, wz) - <€tr(y1wf)+tr(y2w§)’ KW(x% — T2} Y1, y2)>H>\+M(DSP(S,R)7W)7(y17y2)
= (MWD Hr2ws) det (T — gray) > det(I + Jra)—+

X Kw (v2(I — yiz2) ™ + 22 (L + 4722) ™1 Y2) ) 40 (Ds oy W) (w1,02)
= (e ttrl2ws) det(T — yiay) > det(I + yiag)—H

X Kw (2([ - nyT)ilmﬂj + yTxQ)ila y2)>?{>\+u(Dsp(s,R),W),(yl,yz)‘

Then Fw @ Haru(Dspisry, W), = (HA(Dsp(sr)) X H w(Dsp(sr))) i is given by
Fwflzr,zr) = F (a: —x 0 8) f( )
w LyTR w Ry 3 83/1 Bys y1 T— Y1,Y2)-
=2 —ZR

This is an infinite-order differential operator, but is well-defined on K;-finite vectors.
Similarly, when (G, G1) = (Sp(s,R),U(s',s”)), we define

tr(zz*)

FJV',W“(ZS?/H,Z/M) L= <€ JA(W/,W”(% 073/1173/22)>

Ha (DS;D(S,]R) ) » L

tr(xz™ .
= (e ),KW/,W”(SU11,$227y11,y22)>HA(DSp(gR))7x7

FW',W" (£U11, Tag; Wiz, W11, w22)

r(yw* iy x 0
= <€t (v ),KW’,W" (( 61 x22) ;y127?/117?/22)>

= <6tr(yw*),det(f — Y1222y o®11)

H)\,)\(DU(SQS//VW'XWV”),y

X Ky o (xn(f — Y2022y o%11) L oo (L — yiHhrPia®e2) L i1, y22) >”HA,A(DU(3/,5">:

WRW),y
(where we write z = tain 12 Y = tyn Y2 LW = twn W2 ). Then the
Ti2 T22 Y12 Y22 Wiz W2
‘FW/ W//
intertwining operators H(Dspsr)) =  Haa(Du(s,sn), W K W) are given by
.FW/ W//
§ i 0
Fivrwn f (12, Y11, Y22) := Fypr o 5p Vit Y22  fla),
X T12=Y12,
r11=x22=0
0
FW’,W”f<5E) = FW',W” T11,T22; 7~ (’9 f(y12,y11,y22)-
Y12=x12,
y11=Yy22=0

Thus we want to compute explicitly

Fyy (20, 2r5 y2), Fw (205 wi,wa), Fywn(23 911, Y22), Fovrwr (211, Ta2; wia, win, wa2).

In fact, Fyy (21, 2R y2) and Fyr o (211, To2; w12, w11, wa2) are explicitly computable

for some W C P(Sym(s,C)), W' X W” C P(Sym(s’,C) & Sym(s”,C)).
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Step 4: Compute the differential expression explicitly.

Now we compute the differential expression of the intertwining operators in the
simplest cases. First we let s = 1 and consider (G,G;) = (Sp(1,R) x Sp(1,R),
ASp(1,R)). If \,u > 1, Fy,/ (21, 2r; y2) is given by

* . — (p®LZL+TRZR _ .
FW(ZL7 ZR7 y2) - <€ ? KW('Z'L ZL‘R, y2)>H>\(DSp(1,R))&H#(DSp(I,R))a(mszR)

B //{|:EL|<1} PRI [y (1, — g, yo) (1 — |22?) 2 (1 = |2gl*)*2depdag.

x{|zgr|<1}

Let W = P.(Sym(1,C)). Then we have Ky (z,y) = z*y*, and

FV*V(ZL, ZR; yz)

N y§/ gy & = ap)* (1= |2 )T (1 — Jesl*)derdag
x{larl<1}

k
—k) [
> [ e )
m: lzp|<1

X / exRﬁﬁ(l — |xR|2)“_2de.
lzr|<1

Since we have

/ e 2™ (1 — |z|*)*2dx
|x\<1

/ ,,,eFG Y (re” Fe) (1 —r?)*2rdfdr
zm P
= 27r—/ (1 —r?)2rdr = 7r—/ s™(1 — s)*"*ds
m! Jo m!
“m “m Dy — 1 PV
—WZ—B(m+1u 1)—7rz— (m + DT (p ): Tz 7
m! m! D(u+m) =1 ()m
it follows that
9 k
* T 1 m .m
FW(ZL,ZR;ZD) = ()\_ _1 ygz m|Z’[€/ %R

0

Hence Fyy : Ha(Dspr)) X Hou(Dspamy) — Hasu(Dspary, Pr(Sym(1,C))) is given
by

k
Fivf 1, 92) = ys Z

0

Finally, since HA+N(DSp(111§ Pk(Sym( ,C))) ~ Hoguron(Dspar)) via vsf(y) —
FW)s Fxn : Ha(Dspary) ¥ Hu(Dspary) = Happror(Dspary) is given by

(_k)m i ak
Vo (1) M DE D

f(xL7 xR)'
TL=rR=Y
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Next we consider (G,Gy) = (Sp(2,R),U(1,1)). Then Fy wn is given as

FW’,W” (xn, To2; W12, W11, wzz)

- <6tr(yw*), (1 — Yiawa0yiyzin)

X Ky wr (3311(1 — Y12T22yia®11) Y, Taa (1 — Y11 Y1aa2) 1t Y, 922) >’H>\,>\(DU(1,1)’.
W/RW")y

Let WK W"” = Py, (Sym(1,C)) X Py, (Sym(1,C)) ~ C_gx, K C_gx,. Then we have
Ky wr (211, Taz, Y11, Y22) = (211711)™ (v2272)"2, and

FW',W” (3511; To2; W12, W11, w22)

= <€tr(yw*)a (1 — Yrawaoyforyy) ARk (211 777) " ($22%)k2>

Haa(Dy(1,1):C—2k; WC_2k,),y

Since H,\,,\(DU(Ll), (Cf%l &szim) = HA+2k1,A+2k2(DU(1,1)) via y]ﬁy%f(ym) = f(ylg),
we have

FW’,W” ($11, To2; W12, W11, w22)

= (znwm)" (l'22w22)k2< i (1 — mxz2yf2$11)_A_kl_k2>

Hat2k1 2 +2k5 (Du(1,1)):912
—\k —\k 2y12w7 —_— * —A—ki1—k
= (211W0711)" (T22Wa2) 2/ e V1221 — Y1l o11) e

ly12]<1

X (1 = [gaaf?) 2R "2y

o o = (A Ky 4 K)o o
= (Illwll)k1<x22w22>k2/ €2y12 12 Z ( ! 2) (I11I22y122)

ly1al<1 — m!
(1 _ |y | ) (A+k1+k2) 2dy12
A+ kg + k)
= (33111011 (w22TW32) kQ Z + R + 2)
m=0
7T 1
4 —2\m
20+ ky+ ko) = 1(2(A + k1 + kz))Qm( THT i)
= T T —kzoo 22N+ k1 4 k) 1 ——2\m
2()\ + k4 k2) . 1((1}1111)11) (.132211)22) mzzo <2<)\ Ny k2)> (.1311.732211)12 )
T L > 1 1 .
_ O ) 1($11w11)k1(9€22wz2)k2 z:o e m($11$22w122)

Therefore the intertwining operator Fyrwr» : Hax(Dyay, Coor, ¥ Coopy) g, —
Ha(Dspir)) g is given by

11 T12 8 k1 8 k2
F = — —
Mk ko S (9512 xm) (l’n 8y11) (xm 8y22>

B S R W E R A
e (Nt ky ke + 1) ml \ 4T o2,

0

f(y12,y11,y22>7

Y12=T12,
y11=y22=0
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and Fk,khkz . HA+2k1,>\+2k2(DU(1,1))f<l — H)\(DSP(QR))[{ 1S given by

F T —mklxbi ! 1 lx T o mf(:ic )
ARkl \ g1y wg ) T2 ()\+k1+k2+%)mm! 4t 223:13%2 12/:

m=0

Here, since we take the gradient with respect to the inner product tr(zy*) on

Sym(2, C), we substitute %% for wrs.

5 Results for groups of higher rank

In this section we give the results on (g, K )-intertwining operators for (G,Gy) =
(Sp(s,R),U(s",s")) for general s, ', s” with s’ + s” = s. In this case we have

pt = Sym(s, C), pf = M(s,s";C), py = Sym(s’,C) @ Sym(s”, C).
In order to write the branching of Hx(Dspsr))|a,, We prepare some notations. Let
Zip i =A{(my,...,mg) €Z° :mq 2 my > -+ = my = 0}

For x € Sym(s,C), m = (my4,...,m,) € Z , we set

s—1

Am(z) := [ det((wi)1zije)™ ™+ det(a)™,
=1

Pm(Sym(s, C)) := span{A,(lz') : | € GL(s,C)}.
Then the polynomial space P(py) is decomposed under K; = U(s') x U(s") as
Ppd) = D €D Pu(Sym(s,C) BP(Sym(s",C)).

kezs 178’
Accordingly, H(Dsgp(sr)) is decomposed under G, as

® @ / "

HaDspem)la, = D D Han(Dugw.sny, PulSym(s', €)) B Py(Sym(s”, C))).
kezs) 1€z’

From now on we only consider the representation of Gy of the form

77777

~ HA—i—Qk,)\(DU(s/,s”)a CK Pl(Sym(s”, C))).

Sometimes we write P)(Sym(s”, C)) = P, for short if there is no confusion.

S//

Next we define some polynomials. For z,y,z € Sym(s”,C) and m,1 € Z%, let
Km(7,y) = Proj, , (etr(:ry*)) € P X P,
Kmi(x;y, z) = Proj, , Proj (etr(f(yﬂ)*))
- Projl,z (Km(z,y + 2))
—= ]_DI'OJI,n"r (etr(xy*)Kl(:L‘, Z)) 6 Pm & 7_3 IX ﬁ)
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where Proj,, , is the projection onto Py, with respect to the variable x etc. Also,
for m € (Zs0)*', A € C, a€ C" and d € N, we write

"

A+ 8)ma = H (/\+ a; — g(s” = 1))m .

j=1 i
Then we have the following theorem.
Theorem 7 (N). When (G,G;) = (Sp(s,R),U(s',s")) with s = s + §”,
Foaset : Hovorr(Duge s, CRP) g, = Ha(Dspsr) g (A > 252k € Zso, 1 € Z7,),

Frgrf (xn xm) = det(:cn)lcl

t
T12 T22

1 ) o 0
Km x 7 x 9 Y
ZS” ()\ A %)m,u 1 ( 22 (ayu) 110y12 83/22) f(ym y22)

mezy | y12=w12,y22=0

($12 € M(sla 3”; C)v T € Sym(slv C)> Tag € Sym(s”a C))

intertwines the (g1, K1)-action.

, %, %22 are the gradient on M (s, s”;C), Sym(s”, C) with respect to the

inner product tr(zy*) on Sym(s, C).

Especially, if 1 = (l, ce ,l), then H)x-i-Qk,)\(DU(s’,s”)a C &P]) >~ HA+2k,>\+2l(DU(s’,s”))
via det(y22)'f(y12) — f(y12), and the polynomial Ky i(z;y,z) is proportional to
det(z2*)! Kim_1(,y). Therefore by changing m — 1 to m, the intertwining operator
Frk: HA+2k,/\+2l(DU(s’,s”))f(1 — HA(Dsp(s,R))f( is given by

Here

Frgrf (xn xm) = det(:)jll)kl det(l‘gg)k2

t
T12 T22

1 ‘o 0
Km s\ o Y
Z ()\—l-k—i-l—i—%)m’l (Izz (axm) $11a$12> f(z12)

5“

mezs

For the proof, we compute

FW’,W” (3711, To2; W12, W11, w22)

- <etr(yw*)v det(z11y1)* det(l — Yrzwaoyirw1n) **

T )1
x K (x22(f — YT 11 Y12 22) ,y22) >HA,A(DU(5/ s
W/RW"),y

To do this, we expand det(] — Jiazaoyioz11) K1 (@22(I — Yjz11U2222) ", Y22). By
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using Faraut-Koranyi’s result, we have
Z (A + k)1 det(] — Jrozooyfownn) N Ki(zoo (I — yfpm11¥iamas) ™", y22)
lezs!,
= det(] — yIQZL‘ll%[EQQ)_A_k det (I — y>2k2x22(] - yﬁxumﬁgg)_l)_)\_k
= det (I — ylorniaTe — Ysota) "+ = det (I — (ypwn¥ia + Yso)v2) "
= A+ £) 1 Km (229, Y1227 912 + Y22
>

1"
mezs

= Z (A + K)m1 K (2223 Y12771 Y12, Yo2) -

m,1€Zs’,
By projecting both sides to P, with respect to y22, we get

det(I — Exzzyfz$11)’A’kK1 (1'22(1 — yrlelmxm)fl, y22)
A+ K)m .
Z (()\ + /2)1,;1 K1 (T22; Y1277, Y12, Yo2)

S”
mezs

= Z A+ &+ Dm_11Km1 (T22; Y1227 Y12, Y22) -

mGZﬁr/:r
Therefore we have
FW',W” (xlla To2; W12, W11, w22)

= Z (A+k+ 1)m—1,1<6tr(yw*)7 det(211y1))* K (T22; Y1227, Y12, y22)>HA,A(DU<S/,Su),
mGZi; WI&W“),y

Then by using the speaker’s previous results on norm computation of holomorphic
discrete series representations, we conclude
FW',W”($11, T2} W12, W11, W)

2N\ + & + 1) m_1s
2 CA+E+ Dagmns (E11w1y)" Kin 1 (T22; w127, Wiz, w32)

S//
++

1 .
= det(xnwi‘l)k Z ()\ T hilt l) Km,l (x22; W12 W12, w22)
2/m

" 11
mezZs

up to constant multiple. Hence the theorem follows.
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Jooodooboooboooouooooooos

0000 (@ooo)f

1 00

voo0oooobo0, bbb bbo0ooboooobUooobobo
Oo0o0ooboobo,boob0o00obuooob. oobooobooo,boooobo
00000000000 ([19,20000000). 000 Dubrovin 4|0 2D0O000O0OOO
00000 wbVWODOOODODOODOODODOODODOODOOOooOooooOoooOd Frobenius
manifold D0 O00000O0O. OO Dubrovin OO OO Frobenius manifold 0000000
O00000b0000oobo0ob0obo0ooooboobouoog,0b 300000 Frobenius
manifold 0 Painlevé VIO OOOO 1-0000000000O0O00OOO0OOOODOO.

00000, 0000000000000O0O0O0O 9,10, 110000000000
ooobobooooobo.bobobuoobobobooobobobooobooboboo
O0O00000, Painlevé VIOO O OO full parameter 0 00000000 O0OOOO
O0O0000O. Dubrovin O Frobenius manifold 0 OO O OO OO prepotential O O 0O O
0000000000000 0,0000000000 potential vector field (0O OO
local vector potentia) D000 0000000000000 OOOODO. potential vector
field0 00O 0O0O0ODO O prepotential O O O O, Frobenius manifold 000000000, O
Oo00obdoooobobooo,ob0o0b0boo0boooobooooboooOooo
Oo0000,00b0b0o0b0oboboo0oboboooboooooboobo.ooooog,
O0000000D0000D0O000), potential vector field 00D D0DO00OO0OOOODODOO
0000 Frobenius manifold 0000000000000 O0ODOODOO.

2 Jobooooood

G O well generated 0 000000000000, OOO GO well generated O O O
OO0 GOrankn 0000000 0000000000000 (0000 B)OOO).
Up = {(u1,us,...,uy,)lu; e C}y 000 GO U, 00000000000. O0O0OO, G-

*0000000000000(U0O0) 000000 (ooUo)gooooo |9, 10,11]0000.
f0000 JSPSOODO JpP258000820 000 0000000.
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000000 n0000000 Fu (1<i<n) 00000000000 X =1U,/G
0Cr000000000000000 (ChevalleyJ00). 00 Fi(w) 0000 d; 00
dy<dy<---<d,00000.000X0000

= (r1,...,2,) = (F1(u),..., F,(u))

O000. 00000 »n6:U,-X0O0O0OO0OO DcXOO,00(@00O)oogooo
O A(z)DO0O. (DO GO discriminant 00 000.) 000000 200000000
goo:

Fact 1 ([3]). »(z) 0 #,0000 n000000000000,0000
h(z)=a"+ (2,0000 n—100000).
Fact 2 ([21)). DO (00 )0000000.
000 (00000000)0000000000000000000000.

Definition 2.1 ([18]). DOO0O0O0O V =>""  vwi(x)0,,, v;(z) e Clz]0 DOOOOODOO
00000 Vh(z)/h(z) € Clz) 00000000, DOODOOOOOOOOOOOOO
Clz]-000 Der(—logD)000. 0000, Dp0000000000 Der(—logD) O
Clx-000000000000. (0000000000000000 Cl]0 Ox000
0oo.)

gobobbooogobbbooooboobod:

Fact 3 ([18)). DOOOOOOOO0OO0OOOOOO0O0D,CRlO00000000 nxn
00 My(z) = (v(z)), vij(z) € Clz] O det My(z) = h(z) 30 V; == > i1 Vi ()0,

i=1,...,n, 0 DO0O0O0O0O0O0OOOOOOOOOOOOOOOOOOOO. My(x)O
gbooooogon.

000,0000 pO0000,000000000000000,(00 (z1,...,2,)0
000O00)0000000000000000:

Lemma 2.1 ([3],[10)). X OOOO (21,...,2,) 00000000, z; (i = 1,...,n)
0000000 w(x) =w ==d/d, 0000. n00 DOOOOOOOO00OOO
0000 Vi =30 v @)d,, i =1,...,n, 00000 Myw(z) = (v (2)) O
Myw(z)—z,1, €Cl2) 000000000000000,000 ¢/ = (21,...,%01). O
0 w(V") =1 wnsir, i=1,...,n,0 " =" wjz;0,, (0000000)000.

o0, G-o0o0000000000 {Ai(u),...,F(uv)}00000000000O00O00OO
g,0o0ggogboboogobobod:
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Theorem 2.1 ([10]). G-00000000000 {F'(w),...,Ff'(w)} 00000 (FI)
00000000000:

(FI) t;=F/'(w)000 t=(ty,...,t,) 0 XO00O00DO0OO. Myw(t) O Lemma 2.1 0
000000000,CcHD0t000000000000000000 Vo) =
Myw(t) 000O00000. 00, By = diag(ws, ..., w,) — (1 +dy)/dy) 1, OO
0.0000

dYy = —((Mya (t))~'dC(t) Bwo) Yo (1)

OD0000000 Plef0000, 00000000
Y = B Myw )48y, ..., 0w,  i=1,....n,
oooooo.
00 dy<dy<---<d, 0000 {F/'w),...,F/{(x)}) 00000000000000O

Definition 2.2. Theorem 21000000 {F'),...,F/'(x)}000000,0000
X0Ooo0Ot=(4,...,t,)000000000.000000000000000000
0DOo0oo ([20,19) 00000

Remark 2.1. (1) 0 G-quotient system OO0 (OO0 ¢ : U, - XOOOOOOOOO
00000000, G000oooooon). oo 2 = (x,...,2,) 00000 2,0
00000000000000 Myw(t)dYy/de, = —B.Y, 0000000000,

gobobooooooo.

Proposition 2.1. 00 C(#)0 (;,7)-000 Cy,()000. 0000 ¢t00000000
00 n0 §=(q(t),...,9.(t) 0 8g;(t)/8t; = C;(t) DOODODOODOODDODDOOODODO.

Remark 2.2. gO [13]0 00 O potential vector field (0 OO0 [16] OO 0O local vector
potential) 000000000000 . 00 gO0000000OODOOOOOOODOOO
goodd.oobbbbobooooooooooo.

000000000 GOOOO000 G-quotient system 0000, 00000 ¢t =
(t1,...,t,) O potential vector field OO 00000 O0O00ODO.

00t ¢g0Od, 0000000 GOOODDOO: 00,g0000000,¢t 0000
w, 000

Oz](t) - ag@];t)? 1,] = 17 - N,
" 90
Mv(h) (t) = ;wktk atk 5
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O000000000,0000000 Pfaff0 (1)00O0O0O0O0. 000 (1))OboDOOO
0000 GOO0O0O0 (000000 (H)OOoOooooooo,Goo0o0ooooooo
Ooooooooon).

Example 1. G =G(p,p,3), p€Z,p>20000. G-000000000000000
0000000000 O00O00:

F1 ('Ll,) = UijuUgus, FQ(U) = ’U/If + Ug + Ug, Fg(U) = (U1U2>p + (UgUg)p + (U3U1)p,

000 dy=3,do=p,ds =2p (w1 =3/2p,wy =1/2,w3=1). 000000000000
00000.00p>3000,0000000000000;

FﬂwzﬂwaﬁWFﬂwmfﬂMZRw—iBW?

4p
O O potential vector field g OO0 OO0 OO00OO:
16t1t§ + pt1t3
gh=————""
p
64(—p® + 3p — 2)t3 + 3p*t) + 12p(p — 1)tats
g2 = )
12p(p — 1)
512(p — 1)t5 + 48p°thty + 3p*¢3
93 = 677 .

p=20000d0460000000000000000 (d =2,dy = 3,d3 = 4).
potential vector field [

1,
g1 = 5152 + t1ts,

go = 875%752 + tat3,

64 1
gh:§ﬁ+&@+§@
DO00O000. 0000
1 1 64
F:§Qﬁ+%%+5ﬁ@+ﬁﬁ
DOooo
OF OF oF

91:8_1537 92:8_152’ 93:8_151
oogpoogoogo. (p23DDDD §DDDDDDDDDDDDDDD.)FDDDD

00 As O prepotential O O O ([4]). Dubrovin O Frobenius manifold 00000000
oog.

gobobooggobbuoooobbobuooooboooooon.
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3 oooboooboooood

0000000000000,000000000000000000000000
nxn00O T,B,0000,000000

dy
(z1y = T) = =BxY (2)
0000.700000000(2)00000000000,000007000000°
00 (000000000000000000)0000000000000
(2)000000000000:
(A)TOO000{x,...,z}00000000.

00000000000 (2)000000000000000 Plaf0000000. O
00007 =T(z) (x=(v,...,7,)) 0000 C"O0000000UDDOOOOOO0O0O
0000. 00 H(x,2) :=det(zl, —T(z))000. B® := —(21, -T)'B,, 00000
OO0 Pfaf00000:

dY::O%”¢w+§:B@d@>Y (3)

=1
Lemma 3.1. B, 00000000000. (3)0 BY (i=1,...,n) 0000 H(x,2)B®Y
0000200000 0000,:0000000000000000. 0000 Pfaff

0(3)000000000000000000, V000000000000 nxn00
B (i=1,...,n)00000

BY = (21, -T)*BYB,, (i=1,...,n)

0000,00 7T,Bs,BY (i=1,...,n)00000000000000OO:

[T,B9 =0, [BY BY=0 (vi,j), (4)
T -, .
+BY+[BY,Bx]=0, i=1...,n, (5)
8:1:'1-

0B 9Bv
— =0 1,7 =1,...,n. 6
aﬁj 8902 ’ b ’ " ( )
Definition 3.1. Lemma 3.1 000000000000 Pfaff0 3)00 0000000

gooog.

Remark 3.1. 000 (4),(5),(6)0, 0000000000 (2)0 Schlesinger 000000
0. 00000000000000O (3)0 (2)000oooooooooooooooo
0000000, (0000000000 oooo [7,8,6/00000. [10] O Appendix
AODODOOODOOOOO))

lTO0D0D0DODO0O00O0OOO [12J0000000000000000, 000 non-semisimple 0 00
00000000000 00.00000000 non-semisimple0000000O0O0.
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Remark3.2. T,BY B,,0000 (4),(5),(6)0000000000 eCO000T,BY, Byo—
AL,O00OO0DOD0OO0 (4),56),(6)0000.

4 Saito structure

10000000000 b0ooo0obboOonDoOoD sabbah DOOOOOODOOODOODO
goboo:

Definition 4.1 ([17)). X0 n0000000000. 00 TX0 X00O0O0OO0OO. XO
00 Saito structure (without metric) 0000000

(i) 7X OO flat torsion free connection V

(ii) T7X OO0 symmetric Higgs field ®

(i) 7XO00OOOO eO E (e0 unit field, F O Euler field 00 0)
goodooooo,boobobbbbouooogodgd:

(a)r:P'xX - X0000D00D000O00 #*TX 0000000 V:

V=rV—(z-1d+ ®E)) (7*®)VE — (z-1d + ®(E)) 'VE dz (7)

000000000,000 -0 PPO0000O000
() O0OO000 e0 VOODODOD (0000 V(e)=0),00 &, =1d € Endo, (Ox).
000 &0 1-00 & € Endo, (Ox) ®o, Ok 000000 e000000.

Remark 4.1. Higgs field 0000000, 7TX OO0 x00000000000O00O00ODO
00:
5*77:(1)/5(77% faﬁETX

gbobobooogob:

® 0 symmetric ég* ooo,
00000 (ie. PAP=0)«—=+x0000.

00 Definition 4.1 0 (b)0 ¢, =1d0 e0 x0000000000O0DOOO.

0000 VO flat torsion free 000 (00000 XOOOOOODOOO)»nOOO
O (t1,...,t)0 V(8,)=0(i=1,...,n) 00000000000. 00 (4,...,t,) 00
gbobbood.obbooodgbbbd:

(B1) e =0,

(B2) E = w1t104, + - - - + wyt, 0y, for w; € C,

(B3) w, =100 w; —w; € Z for i # j.

Higgs field ® O

=) o®d, o® ¢ Endy, (0x), k=1,...,n,
k=1
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O00.TX0000 {&,,...,0,y00000, W —@(F),VEOOOOOOOOOO
0ooooooooooo BW. T,8,000,0000

n n

o (9,) =Y BP0, —Po (E)=_Tyd,, Vo, (E)=> (Bw)io,.
Jj=1

j=1 =1

0000 —@(F) (0000 T7)0O regular semisimple 00000

Lemma 4.1. ® 0 symmetric <= ijk) = l’;’,(;])

Proof. 9, » 8, = d®(9,) =" BY9, 00000, 0
Lemma 4.2. B, = diaglwy, ..., w,].

Proof. E =3 "  w;0,000000 {0,...,0,}0 V-horizontal 0000000

i=1 i=1

O

Proposition 4.1. VOO OO < 7,8, 8% (i=1,...,n) 0000000000

T8O =0, [B9,B9) =0, ij=1,....n,

oT 5 0

9T L B L BO B 1—0. -1

8t~i+6 :l—[B Bl =0, i T, (8)

oBY _oBY ..

o o ihwj=1,....n.
Remark 4.2. Lemma 3.10 0, 000 (8) 0 Pfaff O

dY = —(2I, — T)~ (dz +y B(i)dti> B.Y 9)

i=1
gooboooobobbooooboboboooooo.
0000, Saito structwre 00000000 DOOOOD0OO0ODOODOODOOOODO. O

0,00000000000((@000)000000,0000000 Saito structure 0 0O
gbbbuoooobbbuoooobbooooboboo:

Theorem 4.1 ([10])). 0000000000 (3) 0 UDODO Saito structure 0 00000
goodooooon

aTnl . 8Tnn
8%1 8$1
: £0 (10)
w1 .., OTun
8$n 8xn

DUD0000000000.000000000000,¢;:=-w;'Ty(z),j=1,....,n
0000 2= (21,...,2,) 00 t=(t4,...,t,) 00000000000, t=(t,...,t,) 0

Oo0000000,000 wj:=A-A+10000.
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O00,0000000, Saitostructure 0000000000000 0O0O (9000
gbooboboodao:

Lemma 4.3. h(t) :=det(—7)000 D:={p(t)=0}0000. 0000 POOOOO
0o0,-7000000000.

Lemma 4.4. t0000000000D0O00OO0O000OO0nxnDOOCO

gbooboogobboogon.

Proof. (8)00 3000 £ =30000000 00000000000, 00,70
—®(E)DDD0000DO

Z ’Ejatj = _q)at Zwktk@at (atk = Z wktklgk] 8,5 (11)
j=1

7,k=1

O0000. 00007 =—-ECO0O0O0. (D0D0ODOOOODOOOOODODOOOOO
0.) O

Proposition 4.2. t0 000000000000 n0 ¢=(91,...,9,) 0 9g;/0t; = C;;
goooououooouoooao.

wa%:B@DDDDDDHgﬁ%M¢DDDDDD

8Cz‘j 8ij L.
= k=1,...
atk at’L? 7’7.]7 7 7n
goooo. ogo 5
g; .o
atj :Cij, Z,jzl,...,n,
oo g 0000000o0o00ao. ]

Definition 4.2 ([13],[16]). ¢ O Saito structure O potential vector field (O O O local
vector potential) O 0O 0.

Proposition 4.3. Saito structured potential vector field g0 O OO0 000000 -

azgm 829], 52gm 8ng o B
Z < Ot Ot; Mty Z 060k 00t bi=l...n (12)
0%y, .
Gron, ~ e ISl (13
Zwktk@t (L+wj)g;, Jj=1...,n. (14)
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Proof. (12)00 000000, (13)0e=0, 00000000000, (14)0 ¢g;00
gbooob,0d0boooo. [l

00000 (12),(13),(14)000000000 Saito structure 000000

Proposition 4.4. v, —w; ¢ Z000 w, =10000w; e C(i=1,...,n) 0000,
000 (12),(13),(14) 000000 § = (¢,...,9,) 000000000 (00000
UcCrogn). 0000 udO Saito structured , gO potential vector field, (ty, ... ,t,)
O0000000000000000. 00 —®(F) O regular semisimple 0 000000
00000000 (8S)0ooooo:

Oa.
(SS)nxnO0O (—(1 +w; — wz)ﬁ) O regular semisimple.
Oti ) 1<i<n

Proof. e, E,®,V [

n ~ 629 n R
e=0, E:=Y wtdy, BY =2 &:= BV, V(@,)=0
- 7 oty -

gbooboog.0obboooobobobog

g,
! ot 1<4,5<n

O00000,000000(SS)oooooon. [l

goboob,1gbbboooobbbuoooobbod:

Corollary 4.1. 1000000000, 000000 G-quotient system (1) O X OO
Saito structure JO0O00. 100000000000 () = (F/'(w)) O G-quotient system
00000 Saito structure 000 000000O00O, gO potential vector filed 00 00O .

00 G-quotient system 0000000000 ODOOOOO.

Corollary 4.2. 000000 G-quotient system 00 00O potential vector field O O
gooo:toooooon.

000 (12),(13),(14) 000 WDVVOOOOOO. 00 n=3000,000000
00000000000 Painlevé VIODOOOOOOOO0O0OO0O0O0O0O0O000, Theorem
41000000000:

Theorem 4.2 ([10]). (n=3)00 WDVVODOO (12),(13),(14)0000000 (89) O
00000000000 Painlevé VIODOO D

dy 1 LR S dy\ > LS S dy
a2 2\y y—1 y—t) \dt t t—1 y—t) dt
yly— Dy —1) t t—1 tt—1)

ei-nr \“TPE ey Py )

+

gooogg.

- 69 -



Remark 4.3. Lorenzoni [15] O 0 O Arsie-Lorenzoni [1, 2] O bi-flat F-manifold 0O 0 O
00000 Painlevé 00000000000 OOOO. OO [15] 0 regular semisimple
bi-flat F-manifold O (full-parameter) Painlevé VIO OO OOOOOOOOOO0O0O. O
O regular semisimple bi-flat F-manifold 0 regular semisimple Saito structure 0 O 0O O O
0000, Arsie-Lorenzoni 00 000000 Theorem42000000. OO0 [15,1, 2]
0000000000000 0000 (0000000 oDO)000DbDoOUoODoUoOoOo.
00 [2] 00 regular 00O semisimple 0000 00O bi-flat F-manifold O Painlevé V,
IVOOOODoooooOO. ooooOo,00000O0 (SSoooooooowbvvoOd
00 [12]00000000000000000OOODOOOOODODODODODOOOOOO
O0.000000000000000000000.

Remark 4.4. Corollary 4.1, 4.2 00 Theorem 4.2 00O rank 3000000 O G-quotient
system 00 Painlevé VIO ODOOODODODODODDOOOODOOODOOO. 000 100 Example
10 G(p,p,3)0 Lisovyy-Tykhyy O O O Painlevé VIO OO OO OO OO0 ([14) 000
Solution IVO O ODOO.

5 Dubrovin [l [ [0 Frobenius manifold OO OO 0O OO

000 Theorem 4.20 Dubrovin OO OO OO00O0OOOOOOO:

Theorem 5.1 ([4]). 00000 (WDVVOOOOOOOO)

_ 83F 83F n 83F 83F
Z - ik =1, .. 15
=t 0tk 04:0tm 0100t 1-m mzjl Ot 0t;0t,, Ot Ot ;01— R voeamy (15)
PF

a9 ar o, it i =1,... 1

atnatlﬁtj 5n+1’l+-77 (2} ) , 1, ( 6)
- F

Zwktka— = (L=2n)F, (17)

000 reC, —2r =w;+wps—s,i=1,...,n0n=3000000000 (S$)000
000, Painlvé VIODO OO 1-000000 a=-B=~=r%2,6=(1—1r?)/2000
ooo.

Theorem 5.1 0000000 OOOOOOOOOOODOOO.
nxnO0 J0O Jij =0,11,,,0000,000 nxnO0 A0D0OO A*:=J'AJO
goo.

Proposition 5.1. Saito structure D 000, 000 3000000000000O0O -

(i) C* =C,

(ii) g—gzgnﬂ_i:(gﬂ])iDDDDDDDDDDD FOOOOO (FO prepotential O
0o),
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(i) 00 w; 0 wpsr—s+w; = —2r (i=1,...,n)0000,00 TXO0OOODOOO
00000»700000000000000 (n0 metric000 ):

nloex&,¢) =n(o,&xC), (00O compatibility)
(Vn)(&,¢) = d(n(¢, Q) —n(Ve, Q) —n(€, V() =0, (0ODO)
(En)(€,¢) == En(& Q) —n(EE,¢) —n(&, EQ) = —2rp(£,¢), (0DODO)

000 o,€,¢ € Ox.

Proposition 5.1 000000 0O O0O O, Saito structure 0 Frobenius structure 0 O O
O00. 000000, potential vector field ¢ 00 0 OO O prepotential F OO0 0O 0.
FOWDVVOODO (15),(16),(17)0000. OO0 (1) 0 Painlevé VIO O OO ODOODOO
O00000D00000D00000. 0000 Theorem4.2000000000 Theorem
51 00000.

Remark5.1. 0000000000 (000 )prepotential 000 (00O 0O Frobenius struc-
ture 00 0) [4].

Theorem 4.2 00O 0O Theorem 5.1 OO Painlevé VI OO 0O 0O 0O OO potential vector
field D OO prepotential D O O0OOOOO0OOO. O0OOOOODOO Dubrovin-Mazzocco
b0 00O000000D00O0 prepotential 000 O0O00. OO00O0OOOOOO [11]0
ood.

Example 2. Dubrovin-Mazzocco [5] O O Frobenius manifold 00 0 O O Painlevé VI
0 1-0000000000000000000 (800 [5100 Frobenius manifold O
prepotential 0 0000000000000 000). 00003000000 A;, Bs, Hs
O prepotential 0000000000, Dubrovin 4] 0000000000. 000 30
O prepotential D 000000, A;00000 Example 1O000. ODD0O0ODO HzO

prepotential [

tt 8t 3t ity + 1yt

3960 20 6 2

O00. OO great icosahedron solution (H3)', great dodecahedron solution (H3)” O 0O
002000000000,0000 prepotential J000000000000. (Hy)'O

prepotential 0 2000000

(H3): F =

to+t1z+24=0
0oooooQ
1 1 7 17 9 64
HyY : F= (2t +02) — —tly — LBt - L2, 200 0% 1
(H3) pltats +1ty) = otiz — o tieh — etz — ot 585

OD00000,000 t,t,ts00000000. 00 (Hs)” O prepotential 0 2000
000
B+t +22=0
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goobogd

4063 . 1 19 73 11 16
(H3) rort1 T glhls H k) + aphiz” — 5phi 4 ghit - ope

Oooo0. 00 (Hs),(Hs),(Hy)" O0OOoO0OoO0oOoooO0Ooooooooooooooo
W(H;) 0OOOOoOOoOOo,00000000,00000000R0.
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Solvability of heat equations coupled with
Navier—Stokes equations in 2D and 3D domains

WE H (LEBERT)

1. A

AWFFETIEEGFER & Navier-Stokes HFERD 5705 HFREARZH S . K, IRE 08
KBNIIR SN KD RHfiPRZ R U 722 E 2 5. HIRDO L WETTRE R, Navier-Stokes
FRERELTENS 2@V I AR LTI DML D 5. £72, RO H 5
BARRIIH LU TEE S DRI DH D |, Brezis-Crandall-Pazy [1] ¥ Kenmochi-Koyama-—
Meyer [4] 12 & o TH[fttOMEmA BRI N T WS, UL, BAER, Navier-Stokes /i
R, BAARKICYTHHIRDO3 DDEREMAGDLELBERIFEAEHMAEINTES
T, MEORMDD 5. REHTIZZNS D3 DDERZMALGOEZIROMEZE S

%—Ap9+v-V8+|0|q_19—a9—|—w:f in@Q:=(0,T7) xQ,
ov : .
E—A'v%—(v-V)v:g(é’)—Vw, dive=0 in Q.

ZDETNVEEHREZt € [0,T) TOKBHAOE R x € QBT 2 IFEMEIETRIARDEE
0 =0tx)BLUOFEY = v(t,x) 238 LTWVWA. 51T, whRE I HIR%E
HoTHEY, Y—FAX Y MZLBHEFAFTOMEEZRLTVE. REINDHLEEKRE
KBBEWINS LB wDEPEFHL, ZNITL D ZDHRDOEEL/ZHFHHT 5.

ARG TIEBANZ RO T WY 2 TV & U T w OZ B2 WG 2256 (5 2
fiyo, U—FARY MZLBBEAN L OEEICTRINZET IV E UTw DEHHEX
DGE (B3 OfMEE RS . £TE 26 CIE, E 0126 5 EHENLRGIRE U Tl
&y, <<y ZHUEGEEKS. 22 THZHT 2 wDEENIIRTEZ SNS:

(1 <b<v Q.

w=0 in QY < 0 <y,
w<0 in Q[0 = 1],

(w =0 in Q[0 = ]

(M1E2RE). 22T, ¢ (t,x) € Q= i(t,x) ER (i =1,2) 1k (t, ) ICDAKTFT 5.

(!
‘ o 4 0

w ‘

1: 281z B T B HIR

*e-mail: ytsuzuki@shudo-u.ac. jp
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E7z, Qx| 1Fx 2729 Q DEZELRDELS LTS, IITHEIHTIE, L AT YV AZHE
AU THE 0 1x g 2 MM ARGHIRZ UG8 2S5 . 22 TOIIXT % wDEHILIX
ThHZAL6N5:

U (0) <w < () in Q,

%—I; =0 in Qu1(0) < w < 1hy(0)],
%—f >0 in Qw = ¢1(0)],

|22 <0 in Qluw = 1(6)].

ZIT, 0 ER - (0) ER (i =1,2) 12 0(t, @) HKAFT B (M2 2 R &),

o7
AV

2: HIMITEH T D HIR

2. HI#fF E B AER & Navier—Stokes AREA NS5 5 AR

T>0&L, QCRY (N=23)2+3Eor AT 2 >R EEKE 5. H24
TIFEASFER & Navier-Stokes HFERD 575 HREAR CTEAGREAITHIFI 2R U 7R DM
& (Py) 25

(11 <6< inQ=(0,T) %,
0
%—APH+U-V0+|€|‘1‘16—040_]" in Q1 < 0 < Vo],
00 . .
E—APG+U-V0+|G|‘1 0—al > f in Q0 =],
00 . .

®) O Af VOO0 a0 < in QI = v,
ov :
E—AU—F(U'V)’UZQ(H)—VW in Q,
dive =0 in @,
0=0,v=0 on ¥ :=(0,7) x I,
\9(0, ) = 90, ’U(O, ) = Vo in Q.

ZIZT,0:Q—>RRE),v:Q—RY (JiH), n:Q — R (JEN) ZRFEKTH 5.
—H, Ui, Q — RIZHEM ) < oy Z2T7-TEETHY, f:Q - R, g: R - RV,
Op: Q>R vg: Q >RV p>2¢>1,a c REEOBATHS. A, p-Laplace fFH
KTHY, A0 :=div(|VOP V) TEE 5. mEBH 28 TIE, IERFLIE0|7710 & x KIFIZ
LoD~ At L 72854 (— b S =R (P,)) B 5.
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FERE () 12 $513 3 Bl

Y1 <0 <1y
FY—FRAXY MZXSRERT TR ZBELTWS. B (P) 128175 HEX
%—Ap0+v-V0+|9|q_19—a6’:f

Dahy < 0 < by DFEITEHALT 2D, 0 = oy DEGEIF LD ABRRNDOLELNPKRELRD
(5 =" D ITIRD)VRE O v E O IS RE. — /0 =1, DHEIX LD
BADEANWNE K705 (FF =" < IZR D) REID ), K ENS0LR5.

[ (P1) 12BNV D )y, 1o D & S 7R HIRYBIE Z F W72 I U T 112 & b fled THE
HREAXOMMA L UTikbnrz. 7272, T Ol BT SHl#IEEII ¢ € [0, T ITHRAF L
0. HIRIBEEAYE € [0, T ZTHAFE 9 %56 1% Yamazaki-Tto-Kenmochi [11] (2 & - Tl
ZHFSE X 2, FIRIBIBUZ TS B & D BWSRED N THRb . £ D, Fukao-Kubo [2] 12
& o THIFBEBUZ T 2SR 2T 2 & 70 < REFRAF L O HilFI I )3 2 a] figik
DHESL E 7.

F#1Z, [2, Theorem 1] TIEN =2, p=2,¢g=1and a = 1 DEH, T80 bEFEAN

do

Z _AM Vo =
dt to-VO=F,

DK% L TWBEGHEIZEWT, (Py) T |0]710 D7 WHE DM (0, v) DIFAE L —
PERFEH I T WD, 72720, &t

L ¢17¢2 S H1<07T7 Lz(Q)) N LQ(OaTa H2(Q)) N LOO(07T7 LOO(Q))7
wlgzﬁgin[O,T}XQ, wlgnggon[O,T]XF;

o f€L*0,T;L%Q)), g e Lip(R;R?);
o 0y € Hy(Q) with ¢1(0) < 6y < 15(0), wvo € L3(Q)
DRTOMRTH O, i (0,v) ITIRD 27 T RAZET 5:

0 € H'(0,T; L*(2)) N L>(0,T; Hy(2)) N L*(0, T; H*(R)),

v e H'(0,T; (H(2))*) N L¥(0,T; L5 (Q)) N L*(0, T; H, ().
ZZT, LA(Q), HL(Q) iZdive = 0 %723 Lebesgue 2215 & 0" Sobolev Z2[H D % v
2KTH Y, Lip(R; R?) IR 5 5 R2 D Lipschitz B &K TH 5.

L LAd s, WEB S OS5 2 ITIF WL OhHEIERI LT W, 121F, BR
FUZ BT Y RIIERE DO DBL WIZE b 5 T IEEIFEMP b T Wi h >
2. B2 120, BRAIEZZSMTIZE P LD ST 2IRTIIB W THEONT W, o TH?2
HoOHMZRDEEY TH -

(I) BSREARDIEMIEAL

(IT) IR D 3 KT~ DHLER
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2.1. & (P,) O R IC AT 7=

L2(Q), HL(Q) 22N ZND,(Q) = {v € (CZ(Q)Y | dive = 0in Q} D (L2(Q))V,
(HY( Q)N Iz 2BaL L, (HL(Q) % HL(Q) OSIEME T2, £/, t € [0, T)12H
73 5H5M L UTIREED 5

K(t):={0 € L*(Q) | ¥(t) <0 < 1)5(t) a.e. on Q},

0, 6eK(),
Ixw(0) == @)
0o, 0e L)\ K()
5T, A HL Q) = (HLQ)", B: HL(Q) x HL(Q) —» (HL(Q))* 2IRTED 5
N
L 8u]~ 62]' 1
(hra) = 3 |55 wxem@)
N ov
_ 1
(B(u,v), z) _i;[)uiax,zf’ u,v,z € H ()

Z 2 CHE (P, DEDERE 5 A 5.
EE 2.1. (0,v) PHEP) OB THD LI, REMZTILEWVD:

(D1) 0 € H'(0,T; L*(Q) N L0, T; WyP(Q)), A0 € L*0,T; L*(Q)),
6(t) € K(t) for all ¢t € [0,T],
v e WHN(0,T; (H(Q))") N L%(0,T; L3 () N L0, T; HL (Q));
(D2)  df/dt — A0 +v -V + 6190 — af + 0lx(y(0) > f in L(Q) a.c.,
dv/dt + Av + B(v,v) = Pg(0) in (HL(Q)* ae;
(D3) (6(0),v(0)) = (6o,v0) in L*(9).

ZZT, PIX(LA(Q)N ED LA(Q) ~NDEREHF (Helmholtz 55¢) TH 5.
— 7, ERIBIE0)9710 & e RFIZ L DD —AL U 72T h = h(w,0) IZE A 7286 LT,
—fAL T N [HE (Pr) ISR 2 MEDOERE FBRKIZEZ 5.

2 2.2. (0,0) B HULE NI (P)) DRRTH B & I, AT LS
(D1Y  6€ HY0,T; L*(Q) N L=(0,T; Wy P (), A,0,h(-,0) € L*(0,T; L*(2)),
6
/ h(-s)ds € L2(0,T: LX), 0() € K(#) for all £ € [0, 7],
0

v € HY0,T; (HL(Q))") N L>(0,T; L2(Q)) N L*(0,T; HL(Q));
(D2)  df/dt — A +v-VO+ h(z,0) — ab + Ik (0) > f nL2(Q) a.e.,
dv/dt + Av + B(v,v) = Pg() n (HL(Q)* ae;
(D3)" (0(0),v(0)) = (0o, v0) in L*(Q).
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= = R (Py) O AR (113 CIRD SefE % 5.2 5

(A1) U1, € HY(0,T; L2(Q)) N L*(0,T; L*(9)),
App; € L*(0,T; L*(Q2), i(t) € WHP(Q) a.a. t € (0,T) fori=1,2,
P1(t) < aho(t) ae. on Q, y(t) <0 <1h(t) a.e.on T forall ¢t € [0,T];
(A2) feL*0,T;L*(9)), g € Lip(R;R?);
(A3) (60, v0) € (W () N K(0)) x L(5).

—J3, AL E N [ (Py) O ARV A 1 TIRD M-S FARRIZ S 2 5

(A1) Yo s € HY(0, T3 L*(Q)), Ay, h(-, i) € L*(0, T3 L*(Q)),

Vi(t) € WHP(Q),  h(-,i(t,-) € L*(Q) aa.t€(0,T) fori=1,2,

Py (t) < aho(t) ae. on Q, YPy(t) <0 <hy(t) a.e.onI' for all t € [0,T];
(A2)  fel*(0,T;L*(9)), g€ Lip(R;R?);

Bo(-)
(A3) (0o, vg) € (Wol’p(Q) N K(0)) x Lg(Q), /0 h(-,s)ds € Ll(Q).

2.2. BAERAIEEIIE |00 £ 2T IBADRIE (P,)
£, [2] THb IR R LTI

67710

ZEBMUZME(N=2,p=2,¢>1,a=0)%2&>. 2% (P)) DH2/HEAD

00
ot

TH5(H3IFABRA, BLAAERNIOWTHFAKTH 2)MEEZEZ 5. 2] TIEHIFIBEED
BFE by, py € L0, T; L®(N) ZIHELTE Y, TDEMDD & Tl 0|91 % Lipschitz
EHETHES 22N TES. b, FICHHREDH éa%%aﬁﬁ%:ﬁy D AND Z &7 < w]fifik & i
MTBIENTES. fE-> T, JERIBIE |0 10 X R OB FMER 2 WA T kD
i3 d % & W2 5. FEBE, Gagliardo-Nirenberg DAEXE U T 2] THWSHNT W

—AO+v-VO+0]70 = f

IV0ll o0y < el A0 50, 101112
DODRHDIZ

1/2 1/2
IV a0y < ellA0] o) VOl oy

ZRHWS Z & Ty, by € L=®(0,T; L°(Q)) 24T Z LTI L7z (7272 L clZEBTH 5).
Z U TIRDOKER %1572

EIE 2.1 ([6, Theorem 2.1]). N=2,p=2,¢q>1,a=0& L, (A1)-(A3) ZIRET 5. Z
D& EHE(Py) O (0, v) B—EWITFET 5.
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2.3. BARRANIGIILE A0 5 STHS OME (P))
WIZ, BB AG % p-Laplace /I3 T % 5 U B

A0 = div(|Vo|P~2v6)

IEZDD, FVHEIZ —ad ZMMATHI AT 4y ZIH|19710 — af IZ U 728 (N = 2,
p>2,¢>1,acR)ZHD. DD (P)) DHE2HEAN

%—APH+U~V9+\0|‘110—049:]7

Thd(EBINHEN BLABRKRIIOVWTHEKRTH D) MELZEZS. B2HiTH-o 7%
Gagliardo—Nirenberg D A 5E XK HILEX A Z KD p = 2D HBHEIC I ZHNZ LD TH
D, p>2054D A0 %KD GETIEAKROARFERIZE SN TV AW, 5> THH 5%
ERDDIBENDHD. FIT, pORZT I U TODIEHIMED B35 &0 5 Rtk % FIH
% Z & T, Holder DAER & Young DAFERIZ X 5 R LFHEIZ L 0 RElOREAZ
fipid % Z LTI U, IRDFER 21572

EHE 2.2 ([7, Theorem 1.1]). N =2, p>2¢>1, a € R L, (A1) (A3) 2KET 5.
Dk ESHE(P) Ofift (0, v) B—EWIZIFAET 5.

2.4. BARADN ML S NI-FERHIE h(x, 0) Z 2UIHFEDHERA (P)
IR |0]9710 % — AL L DD 2 MKAFIZ U7z IH h(x, 0) 2 - 7-[EEZEZ A 5. 2T,
h=h(z,s): QxJ—->R
(JCRIZ0OZETHXM) THY, sICEUTHFAEMTH S, ZHIXEE 228, 5238
THhoTzh(z,s) = |s|T s DGED—ILTH L. DL 0 (Py) DH2 RN

%—Aﬁ—l—v-V@—l—h(m,@)—oﬁ:f

TH5 (FH3INEX, B4BRRIODVWTHLRKTH L) HEZE XS, fEHARMIZBENT,
S EIEIEN 2 B (A0, h(-,0)) 12y (F 721 FHMT BIH) O F A S OFFAMiAHE & 72
5. H22M F23MTIEAD 2 ITKFELRWEGS (h(x, s) = |s]771s) 2o TN 27z
D, FERONBDO TS OFM (0 ETH B Z L) BAEBITRENT WD, 2 TRFET
D E IR TIER\W. £ 2 T Okazawa [5] IZ K22 35T 52 LT, MESRMG%
MEIZHHRD Z N TE, WfRMEZMENL T 2 Z L ITHE) U7z,

EXE 2.3 ([10, Theorem 1.2]). N=2,p>2 a€R& U, (A1l)~(A3) ZKETS. THIZ
h:(x,s) €QxJr h(z,s)€R (JCRIFBAXME) IZH U TIRD (h1)-(h3) Z{KE T 5:

(h1) 0 e J, h(z,0)=0forallx e, hs>0o0nxJ;
(h2) Ex € QIZHLTs e J— s+ h(z,s) € R ITEH;
(h3) € € [0,p”(p—1)"®V), v >0, h € L}(Q) AFIEL T,

Voh(z, s)|P < <5|h(a:, $)| + ]s? + ﬁ(w)) hy(z, $)P7, (2,8) € Q x J.

DL E LA N (P)) DR (0, v) D — TSI ET B
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Bl Z X, LELOEHIZE T 25 (h1)-(h3) 2723 h = h(z, s) 1FIRD & 5 72BN
TFohsd:
ol 2.1.
h(z,s) = |s]"® s, (z,5) € QxR.

7272 qe CY Q) Ik & 729

qg(x)>p—1 or q(x)=p—1>|Vq(x)P/P D forall x € Q,

gx)=qg>1 for all © € Q.
Bl 2.2.
h(zx,s) = |z|"|s|"'s, (x,s) € QxR
72720 q,r > 11Tk %729
g=1 or ¢g>p—1 or q:p—1>r%dist(0,9)_% if 0 ¢ Q,
g=1,r=>p if 0 € Q,
Z ZTdist(0,9Q) ;== infpeq || TH 5.
2.5. RIF QN 3 RITDHFEDREE (Py)
HE2fiomte UT, QN 3IRITDGEDRME (Py) 2> (N=3,p>3,q =1,

a=1). 2IRTTTHF > T\ 2.2 8, 55 2.3 8, HB24HTI1E, BAERIX L*(0,T; L*(Q)),
Navier-Stokes iR L2(0, T; (HL(Q)*) 2 RXN—2 & LTH->T Wz, L LAaDS, 3

(i) Navier-Stokes AREAD —ZEMNF o NN\, AR HAAEDLEBER, —1fi
TERZRIC X 25k e B E L T 2 RE) AUCHBE R .

(ii) v - VO € L2(0,T; L2(Q)) ZARAET 2 7= 5 1T 5 E A 0, v DERIMED EA > TLE S,

(i) IZ DWW Tl Time Returned Method & FFIXH 5 HIHI 72 51512 & D P35 RS, 24
JitEA & Navier—Stokes J3 22\ D fif 2 UNRFREIE: (2 S8 HAZHERR 9% &\ D THEED Z D 51k
ThHY, ZTNDARELEHONRDLY L4 5. (i) IZD2VWTIEpERELTEI L TIDIEH
VEDR IS 2 7= Off R D BET B 5.
EH 2.4 ([3, Theorems 1.1 and 1.2]). N=3,p>3,¢g=1, a=1&L, (A1) (A3) 21K
ETDH. IHITRDELSDPERET S:

o p>4.

e (p>3and) ¢,¢s € L0, T; WHP(Q)).

IOk E[E (P) Off (0,v) 3072 LB 1DFHET 5.
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o/ o/
S

3 ATV UA

3. EXRFT ) AN EBRAFER & Navier-Stokes AR H b@é?ﬁz“ﬁzﬁ

T>029%. QCRY (N=23)%2+RW@EorRERT 260 REKET 5. 5
HiCIZIRDRIE (Py) 2 F A 5:

(

Y1 (0) < w < 1h(0) in@Q=(0,T) x Q,
%_1;:0 in Qi1(8) < w < ()],
0

8_15 > 0 in Qw = 1 (0)],
0

a—lt“ <0 in Qw = 1, (6))],
— —A0+v-Vi+w=f in @,

ot

(g—:: —Av+(v-V)v=g(0) - Vr in @,

divo =0 in Q,

0=0,v=0 on ¥ =(0,T)xT,
[ w(0, ) = wy, 6(0,-) = by, v(0,) =vy in Q.

ZIT,w:Q—-R(HN),0:Q =R (AN, EE), v:Q—RY (HH), 7:Q — R (£
TN IERHBEBMTH L. £72, 1,0 R = Ry < 272 3BEBTHY, f:Q — R,
g RORY wy: Q=R O: Q=R v : Q—=>R2EEDTHFTH 5.

I (Py) TIEY—FERAX Y MZKBIREZFH T 5B %2 K O HEEICEAR T 57201
LATV Y AEZEBALTWS, EBE, w3 565

1(0) < w < hy(0)

FIREOIZL>TY—EAXY FOBJF —w OMENPEEHTLI 2R LTED, TDHK
DIRAEDIEZLZHTET L TWD. oy, QHLEIFIE U T 3 BE TSN, HE 0 E
KIZHBIVULEIR —w DVNS R0, 0 /NI BNIE —w DB KREL D, [HEH(Py) ITH
J2Y—EAXY bETVITREKRGFORREBOLEMAEHZELZBL TEAMLEI NG,
ZD &I BFEBESAERT L BEMEPH VS NZEIZZ < HFbNTE D, FlZIX
Kenmochi-Koyama-Meyer [4] (2 & 255035 0 | fR DIFAES K OFfR OWE S E) % L X
*L“Cb\é L 2> U, Navier-Stokes HFE=\ & j# JJﬂL’F'EJ%_ FEAEEDNTEST, 20
) f%*ﬁtis\%;ﬁm‘/ LD,

- 81-



3.1. B (Py) OEIfRMEIC M VT 7= %
H:=12Q),V:=H}Q), H:=L%Q),V:=H.Q) £35. £/, 0t x) cH{FZT5
HGRMAEE L TIREED 5!

K(0):={w e H |¢1(0) <w < 1)9(f) a.e. on Q},

Io(w) = 0, weK(@),
T oo, we H\K(®)

¥ 7z, Stokes fEFIZE Ay : D(Ay) = (H* Q)Y NV Cc H - H, Ay := —PA (P :
(L2(2))N — H & Helmholtz $152) ZHAL, 0 < o < 216 U TIXD Hilbert 22l % &
H5:

HY(Q) = D(AZ),  (u,v)pe = (Adu, Adv)g, u,ve HYQ).

X517, —2<a < 0ITHLTHE(Q) = (H.°(Q) LiEDD. ZIT, REEDS:

g

1+a 1—

(Av, 2) g 1ve o == (Ag® 0,407 2)m, ve HY(Q), z € HE(Q),

N
v
(B(w,v), 2) g-1+a 1o = Z /Qui&—?zj dx, u,v € H*(Q), z € H. ().

ij=1
ZZCHE (Py) DIEDEHEE G Z 5.
EE 3.1. (w,0,v) PHEPy) DB TH D LR &I I L2V D!
(D1) we HY0,T; H), w(t) € K(A(t)) for all ¢t € [0,T],
6 e H'(0,T; H) N L*(0,T; V) N L2(0, T; H(Q)) N L0, T; L*()),
ve HY0,T; H, () N L(0,T; Hy () N L*(0,T; H*(2));

(D2) dw/dt + 0Ip(w) 3 0 in H a.e. on (0,7,
do/dt —N0+v-VO+w=f in H a.e. on (0,7,
dv

i Av + B(v,v) = Pg(§) in H;'™(Q) a.e. on (0,7);

(D3) (w(0),6(0),v(0)) = (wo,bo,v0) in Hx H x H.

Z 2 THIE (Py) OAMEMEIZ AN TIROFM2 5 A %
(A1) 1,4 € CY(R)NLip(R), ¢y <4z on R;
(A2) f e L*0,T; H)NLY0,T; L*>(Q)), g € Lip(R;RY);
(A3) wo € K(6p), 6o € VNL®(Q), vy HQ).

3.2. ER8 (Pg) DR DIFIE

ZOHiTIE, MBI T 5% M vy € L2(Q) DB & T (Py) ORI ZI5IES 5. HI
%, Navier-Stokes FRERDGGED 7 7 ADGEEEZ D, (Py) IZB T B HilHISM: (B1A
AN SHE 4 HRER) DIRMBEBIKFET 22 LR AT Y Y ADRETH O K E 7S
THHHMN, filfEM 2w » 5705 1 KD HRERNE AL, #HFEA L Navier-Stokes
FRALEGOLETCIADARAN SR HENRE LTS T WEELRIEB L L. 5
B, AREp e 2 EA L C3ARDHRERNEZMEST S 2 & T, At 2N U CIROKE
Rzefg7-:
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EHE 3.1 ([8, Theorem 1.1]). N =2, a=0& UT (A1)-(A3) Z{KET 2. ZD& ZRHE
(Py) DR HEIAIE (w, 0,v) D72 &H 1 DFHET .

3.3. A& (P,) DBEDFHEL —F

ZOHiITIE, BI2HTHRONZN 572 (Py) D—EMEOEFZ2HN L T 5. O IERINE
PRED BN R —EMICHT 2# 5 TH D, Navier-Stokes HREXNZHED 7 7 AL L
TS e T—REMZ/L I N TE . £ DO Dirichlet Laplacian A Z A3 5 A4
et® %% A U, Duhamel DJFHE A2 WS Z EPEELRPEL 0D, X 512, Stokes fEFH
A D7 R & AT R D Sobolev 22 H D 73 22 [

H® := D(A%)( Cc H(Q))

ZEATLHILITED, EOREDOERMED G NIX—EEPREES N5 P2 REE TR 5
ZEIZEIIL, IRDAER % 1572
EHE 3.2 ([9, Theorems 2.1 and 2.2]). N =2,3 & UT (A1)-(A3) ZIKET 2. X HITIX

ZIRET 5
w <a<l.
ZDE ERMPELT 5:
o N =20 &, [H#H(Py) DRHEIRIME (w,0,v) B—EHITFET 5.

o N =3D& &, [H#H(Py) DRERFNE (w,0,v) B—EHITFET 5.
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v -generalized metric space (Z2DWT

gk B (WA - TS

1.

v-generalized metric space £\ 5, AUZE DL 5> BRI DWT, fifldiz LiznwWeE X
TV, [, MR R» S B AR72 W B> TS,

v-generalized metric space Tld, [TRTERRDL] L WS T ERF—LRB5DT, 2
FDESIZ, 85 T£] 2T, TIRTELRL] WS I L2RHT S,

We define the meaning of “{x1,xs, -+ ,x,}7” by that it is a set consisting of zy,
Tg, - ,x, and x1,x9, - ,x, are all different. Similarly we define the meaning of
“{xn}neN#’ by that it is a sequence whose n-th element is z,, and x1,z9,--- are all

different. We sometimes write “{x,}7” instead of “{z, }nen”".

BAR 23 v-generalized metric space DEHETH 5.

Definition 1 (Branciari [3]). Let X be a set, let d be a function from X x X into
[0,00) and let v € N. Then (X,d) is said to be a v-generalized metric space if the
following hold:

(N1) d(z,y) =0 iff x =y for any z,y € X.
(N2) d(x,y) = d(y,x) for any z,y € X.
(N3) d(.T,y) S D(xvulau%'” uuuvy) for any {xaulvu%”' auu)y}# - X7 where D(I’,

Uy, U2, "~ - 7u1/7y) = d($,u1) + d<u17u2> +eet d(uwy)

v=1®0& %, v-generalized metric space (FiH%H DERHEZEFIZ72 5.
2, RDEDIIRBTEHILHTES. (N3) IZHBWVWT, [#£] (TRTERDS) &4
B, B OEREERMIC 5.

FREEZE Tl A\ A3, 2-generalized metric space 1272 > TW A 5% 21T 72\,

Example 2.
X ={a,b,c,d}
d(a,b) = d(a,d) = d(b,c) =d(c,d) =1
d(a,c) = d(b,d) =3
Then
d(a,c) =3 >2=d(a,b) + d(b,c)
d(l’,y) S 3 S d(l’, ul) + d(u17u2) + d(u2>y)
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PHAEZERNE, HoTE TEHENR VR 7 MR —FR V] LW KSR e a2RILT
W5, — /T, Example 2 1X, TAMNILEI] WS 7L =AW EED.

728, Example 2 Tl, X 14502 6EKEINTWEDT, 3LAED v IZEALTIX, B
I (N3) D3RI U, €5 T, v-generalized metric space 1272 > T\ 5.,

v-generalized metric space IZES L T, ROMEDLH 5.

Problem 3.
(i) v-generalized metric space (& compatible Z A4 % FFDH> 7

(i) £D XS EEKT compatible 7* ?

FREEZERIC BT 2R O, EoRIZEVWO S DAL TOAMETH 5.
Definition 4. Let X be a topological space with topology 7. Let d be a function from
X x X into [0, 00).

e 7 is compatible with d if the following are equivalent for any net {x,} in X and
r € X:

* lim, d(z, x4) = 0.

x {xy} converges to z in .

e 7 is sequentially compatible with d if the following are equivalent for any sequence
{z,} in X and z € X:

* lim, d(z, z,) = 0.

« {x,} converges to z in 7.

2. #{F
AFEZEFNIZDWT, K<HONTWHHFEEZ Z ZTIZEAR Uz,
F9, 2V FOEBRETHEEMESIZONT.
Definition 5. Let D be a set with the following order <:
(i) a<a.
(ii) a < B and B <~ imply a < 7.
(iii) for a and 3, there exsists v such that o < and g < .

Then D is said to be directed by <.
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BRFIZ LT, FlEpEZERT220EH5. 4005, LTEERIIEDS.
(iv) a < f and f < o imply a = f.

L LSS, 2y bOIERE WS BUSA, S R, (iv) 2ELTE LALTHEA
LA AR = SN

ERBVERREG LR > TVEEHE XY b LIRS,

Definition 6. Let D be a directed set and let X be an arbitrary set. Then a mapping
f from D into X is said to be a net.

FAVERLIRT B & &, @ f 3FENT, {z,} DEIITEL. Ky MZELTHER
T, f ORODIZ {z,} FELEL. D ZIHRULEZWEE, {za}aep £721F {2, : a0 € D}
(RE L BIDD CRWTIH) D& SITES.

2 MZEBINHEDER L RN L BINEDEREIIFE —TH 5.

Definition 7. Let X be a topological space, let {z, : @ € D} be a net in X and let
belong to X. Then {z,} is said to converge to x if for any open neighborhood U of z,
there exists some oy € D such that x, € U for any o € D with a > ay.

Y74y bOERRF, HAVOEHELVHETHV. LALERDBS, PUR L WS Blih
SENX, F—DERTH 5.

Definition 8. Let {z, : @ € D} and {ys : 5 € E} be nets. Then {yz} is said to be a
subnet of {x,} if there exists a mapping f from F into D such that

(i) ys = x5(p) for every B € E;

(ii) for each ap € D there exists fy € E such that Sy < 8 implies ag < f(5).
RHIZRBT 2 & HAFOEHRTIE, BH i <j= f() < f(j)] £TERT
5. UL, 372y hOEETIE, Mim, f(n) =occ) FTULHMERL TV,
2y hEMS AV Y MMI2D0HB.
o FHIDESITHKAS.
o AiFHE DEBEIE.

EHA5A, 1 ZBHDAV Y MIRMT EOEDTH D, KEWLEDTIXR.
B NAHOHE L X2 AHMESIZHUMITITWE T TH S.

RAHZERNC BT 5 %y hOAREIZEINIZENS.
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Theorem 9.
o If z, = x for any o € D, then {z,} converges to x.
o If {z,} converges to x, then every subnet also converges to x.
e If every subnet of {z,} has a subnet converging to z, then {z,} converges to z.

e If a net {7, : @ € D} converges to x and for every a € D anet {z(®;: 3 € E,}
converges t0 Z,, then {z( ) : D x [[{Es : @ € D}} converges to .

Wz, FidzfREL TRMHEZERT DI LHTES.
L,2,3BHOMBEIZHRLLDTHS. /o T, MMHOAEIZ 4 BHOMEIZDH 5.
4 ZFHOMBEIIZEALT, A TERZLEL TS,
o £9 ye[[{E,:a € D} IFEHREEZ D LTE2EHTHY, D (o) € E, %
Wi7= 9.
o AMAES Dx[[{E,: a € D} DlEfF < IFUTFTEHEINS.
For (a1,m), (ag,72) € D X [[{Es : @ € D}, (a1,71) < (a2,72) if a3 < ag and
7 () < yo(a) for any a € D.
o 2V M {z@uy} FUTFTTELREINS.
For (a,7) € D X [[{Es : @ € D}, 2(ay) = x(a),y(a).

4 ZFHOMEIE, TIR] WO FEZFEDLLRVARZND G0y, IR
DEIIFERTE L, FEHEIZHRBRMETH D LDV P5.

e If a net {7, : @ € D} converges to x and for every a € D anet {z(®;: 3 € E,}
converges to x,, then for any open neighborhood U of z, there exist some ay € D
and some function vy € [[{E. : @ € D} such that (¥ € U for any @ € D and
p € E, with a > ag and § > vo(«).

3. compatible RUEZFOH ?

v-generalized metric space A% compatible R M Z KD, & WS RTEIZRE A DOV
TW5.

v=10& X 20T, 5 AA compatible AifHZFFD. £72, Z DMl
IZv=3 D& &L compatible RAAHZ KD,

— /i Tre{24,5 -} D&ZIX compatible ZAitH % FF 7= WKHIRH 5 .
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Lemma 10 ([8, 10, 11]). Let v € N. Let (X, p) be a metric space and let A and B be
two subsets of X with AN B = @. Assume that if v is odd, then A consists of at most
(v — 1)/2 elements. Let M be a positive real number satisfying

plz,y) <M

for any © € A and y € B. Define a function d from X x X into [0,00) by

d(z,z) =0
d(z,y) =d(y,x) = p(x,y) ifre Aandy e B
dz,y) =M otherwise.

Then (X, d) is a v-generalized metric space.

Example 11 ([8]). Let
X ={(0,0)} U ((0,1] x [0,1]).

Define a function d from X x X into [0, 00) by

d(z,z) =0

d((0,0),(s,0)) = d((s,0),(0,0)) =s if s € (0,1]
d((s,0), (p,q)) = d((p,9); (5,0)) = |s —pl +q¢  if s,p,q € (0,1]
d(z,y) =3 otherwise.

Then the following hold:
(i) (X,d) is not a metric space.
(i) (X,d) is a 2-generalized metric space.

(iii) X does not have a topology which is compatible with d.

Lemma 12 ([15]). Let X be a set. Let a € X and let B and C be two nonempty
subsets of X with
X ={a}uBUC,

a & B,a ¢ Cand BNC = @. Let S be a mapping from C'into B. Let M be a positive
real number and let f be a function from B U C' into (0, M]. Define a function d from
X x X into [0, 00) by

d(z,z) =

d(a,z) = ( a) = f(z) ifreB
d(Sz,z) = d(z,Sx) = f(x) ifreC
d(x,y) =M otherwise.

Then (X, d) is a v-generalized metric space for v > 4.
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Example 13 ([15]). Let
X ={(0,0)} U ((0,2] x [0,2]).

Define a function d from X x X into [0, 00) by

d(z,z) =0

d((0,0), (s,0)) = d((s,0),(0,0)) =s if s € (0,2]
d((s,0), (s, 1)) = d((s,t),(s,0)) =t if s,¢ € (0,2]
d(xz,y) =6 otherwise.

Then the following hold:
(i) (X,d) is not a v-generalized metric space for v = 1,2, 3.
(ii) (X,d) is a v-generalized metric space for v > 4.

(iii) X does not have a topology which is compatible with d.

3-generalized metric space 1, compatible Z2fitHZ K5, 72D F DLIMHIE metrizable
Ths.

Theorem 14 ([15]). Let (X, d) be a 3-generalized metric space. Define a function p
from X x X into [0, 00) by

p(x,y) :inf{D(x,ul,--- JUn,y) s n € NU{0}, uy, -+ ,u, € X}.
Then (X, p) is a metric space; and for any x € X and for any net {z4}aecp in X,
lim, d(z, z,) = 0 iff lim, p(z, z,) = 0.
4. Definition

FREEZEEICBE 9 2 4 ORE& % 2512 U T, v-generalized metric space IZ5WTH,
UTDES IR EZERT HILATED.

Definition 15. Let (X, d) be a v-generalized metric space.

e A sequence {z,} in X is said to be Cauchy if lim,, sup,,-,, d(m,, x,) = 0 holds.

e A sequence {z,} in X is said to be 2-Cauchy if
lim sup {d(a:n, Tpi1425) J=0,1,2,--- } =0

n—o0

holds.
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A sequence {z,} in X is said to converge to z if lim,, d(z, z,) = 0 holds.

A sequence {z,} in X is said to converge only to x if lim,, d(z, x,) = 0 holds and
lim,, d(y, z,,) = 0 does not hold for y € X \ {z}.

A sequence {z,} in X is said to converge exclusively to x if lim, d(z,x,) = 0
holds and limy, d(y, z¢)) = 0 does not hold for any y € X \ {z} and for any
subsequence {x ()} of {z,}.

A sequence {z,} in X is said to converge to x in the strong sense if {x,} is

Cauchy and {z,} converges to x.

X is said to be complete if every Cauchy sequence converges to some point in X.

X is said to be 2-complete if every 2-Cauchy sequence converges to some point
in X.

e X issaid to be compact if for any sequence {x,} in X, there exists a subsequence

{xm)} of {x,} converging to some z € X.

e X is compact in the strong sense if for any sequence {x,} in X, there exists a

subsequence {x ()} of {z,} converging to some z € X in the strong sense.

Mim,, d(z,,r) = 0 and lim,, d(z,,y) = 0 imply z = y] PRIZLRVD T, €FEIT N
ESOBN L B>TWVW5D.

5. THREHE

SefiEEREZE A T, M INEBRIZH T 2 ABREH D H B (Banach Offi/NEH) 23,
v-generalized metric space IZHWTH, RO EHMNFEHTE 5.

PUROEHIL Branciari DNz EIR U 7208, £ OREIHIZHEWD H B Z L AERIS
NTWa,

Theorem 16 (Branciari [3]). Let (X, d) be a complete v-generalized metric space and
let T be a contraction on X, that is, there exists r € [0,1) such that

d(Tz,Ty) < rd(z,y)

for any z,y € X. Then T has a unique fixed point z of T'. Moreover, for any = € X,
{T™x} converges to z in the strong sense.
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ZOEMZIAT D, UTRD 2 DOMBIEHzbhEH L T 5.

Lemma 17 ([14]). Let (X, d) be a v-generalized metric space. Let {z,} and {y,} be
sequences in X converging to u and v in the strong sense, respectively. Then

d(u,v) = lim d(x,,y,)

n—oo

holds.

Lemma 18 ([13]). Let (X, d) be a v-generalized metric space and let T' be a mapping

on X. Assume that
Z d Tn+1 < 00

and
lim d(T"u, T""u) = 0

n—oo

hold for some u € X. Then {T™u} is Cauchy.

Theorem 16 DFEA%E 5. % 5.

Proof of Theorem 16 ([13]). Fix u € X. Then we have

Zd(T”u, T ) < Zr” d(u,Tu) < oo
n=1

n=1
We also have
lim d(T"u, T""?u) < lim "2 d(u, T?u) = 0.

Therefore by Lemma 18, {T™u} is Cauchy. Since X is complete, {T"u} converges to
some z € X. By Lemma 17, we have

d(z,Tz) = lim d(T"u,Tz) < lim rd(T" 'u,z) =rd(z,2) =0,

n—o0 n—oo
which implies z is a fixed point of T'. Let y be a fixed point of T'. Then we have
d(z,y) = d(T'z, Ty) < rd(z,y)

and hence z = y holds. So the fixed point z is unique. ]

PAR % Edelstein O AREEM D v-generalized metric space R CTH 5.

Theorem 19 ([10]). Let (X, d) be a compact v-generalized metric space. Let T be a

mapping on X such that
d(Tz, Ty) < d(z,y)

for any z,y € X with  # y. Then T has a unique fixed point z. Moreover {T"z}
converges to z for any x € X.
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PUF I Caristi OAH SUEHL D v-generalized metric space IR TH 5.
Theorem 20 ([1]). Let (X, d) be a v-generalized metric space satisfying either of the
following;:
e v is odd and X is complete.
e v is even and X is 2-complete.

Let T be a mapping on X. Let f be a proper, sequentially lower semicontinuous
function from X into (—oo, +00] bounded from below. Assume that

f(Tx) +d(x, Tx) < f(x)

for all z € X. Then T has a fixed point.
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ERETFMAE L CHREEZEODRREN EBEEY 555&

A FH (MITSURU SUGIMOTO) *

1. MERXROEREER ZKRkDDEWVNI T &

BEZBWTUIRL BAERDPH S NTVWED, TNEH FTHHFEATIEZRLA
FATHLZeho, [REPALAFEE Y BEOLOEITHVWLOND I LEHEW.
BIZIX, HBEHC >0 PHFAELT, FM=X

J[wwra <o [[ wrane)

MERTD f e CPRY) ITHUTHILT S EDWRONTWEA (Sobolev DAL
R, ZZED fD L2 IVLE VDO L VAIEVFEiTEZ N TE .
COMEORBEEH D TH-oTH, TUDBMITOML ZRGHIZEWTRIRFE LR -
TWBHZEIFHETH 5.

TR Z Z DX BREHBKD D IFITHNEZDTHIE, € C O BRI fEIX
KRB 2723, R EETHZE VS EDBRIIAETHS. LrLEAS,
CDEIBERC OIRPTHEHEDEDIIMTHA S 1?7 LWL, DL d
BUFR LB & TR E . EEE, X 0 RS T

[ werar< L[] wseiar)

DT HIEPHONTED, ZOEM 1/(4r) ZREDOEDTHDZ M oN
TW5.

REBDELULTOAEFEADOHEOEILIZENY - TLES &, IREEHZKRkDB Z
AWM DERD DB DMN? | EBENREZ /Mo TLEVDRELETHSD, MRE
BUIAT S D DEEHEHD —DDRFETH D IFTZEBVET Z L IR UTEHET
5. EEE, ZORRENDED Sobolev DAERADN S, FREAEA

1
|D| < —|8Df?
47

DENND. T T |D| XS D Cc R? OHEME, [0D] 132 DHADEI2KRLTH
D, o CTHERAALFEAIL TR —EDOMHRIZ X 0 FHF N2 HIEO f CHFEARAD
HEDIEMATHE 1?7 WO EFMEICNT 2R EENEEEZ5Z2TW5.

ZZTH, Yab T v hH—AREROFRLEAS K OHIREHIZ B U 72k 722
AN U, FORREBOEAKZEEZRkDZ L LHI1Z, TORBERZRD B
TEDERIZDOVWTE-> TWVEZ .,

* L BRI RF L G BEEREZERL (Graduate School of Mathematics, Nagoya University) .
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2. Yalb T4 v A—ARERADEEIER
HHY 2 LT« v A — AR OH A fERE
(10 — Ay) u(t,z) =0
{ u(0,z) = o(z) € L*(R™)
D fif:

wlt. r :efitAz ) = 1 zx£ zt|£|2
(1) = e gla) = o [ et (e ag

XA R &2 A723 Z &A%, Plancherel DEHZH WA Z 22 L W fHIZHEND SND
o ¥ ¢t Z[EHE :
Ju(t, ')||L2(R7;) = ||<P||L2(Rn)'
Bis, #IHEAMED L2- 7 )V AFEFEISRE L T EIZBRIESI NS, £/2, ALITREZE
9575, ¥I%D Plancherel DEHZH WA Z 212 LD, AR RIZHENRDO SN D ¢

o il v Z[EE (n =1 DEHH)

1
121720, s,y = 75 Dlloacm

(7272U, supp¢ C [0,00) £7z1F suppp C (—00,0]) .
s, iR t \ZB L TR 2 L5222k b, BRAR 2 ZBILT 1/2 O
SMEINART D (ZNZ2EBILERE VD). FEE, suppp C [0,00) ELTE= /1
LWL (dE = (24/m) tdn),
5 | emereaas
1

= [ e ey
& 725 DT, Plancherel DEHIZ LD

1D 24 o @) oy =5 / i)V dn

! B(E)I*(46)r2€ de

|Dz|1/267itAz(p(x)

27r

:§||80||L2(R)

Y725, TITEM g =€ (dy=26dE) BV, H i, BT (2)7 (s > 1/2)
NPT o UL TR TIZ RV,

ZOEMAERIZ n > 2 OBEICHRNLTEZ B TWD (PR, 22T
En>2 2HIRETSHILITTD):

||TU(757$>||L2(Rthg) < Cllellrzmn)

(Al T=(2)"{D)'* - n>3,
B] T =|z["YD,* -+ 1-n/2<a<1/2,n>2,
[C] T ={(x)"%|D|"? -+ s>1/2,n>2.

77U (2) = 1+ 2P, (D) = VI— B,
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e Type [A] IX Kato & Yajima (1989) (n >3) IZ& 5. 7, s <1 DEHHEITIE
BRAZ L 72\ (Walther (1999)).

e Type [B] i Kato & Yajima (1989) (n > 3, 0 < a < 1/2) B &' Sugimoto
(1998) (n >2,1—n/2<a<1/2)I2&5B. £/, a=1/2 DHEHIFHKLL %
W (Watanabe (1991)) .

e Type [C] I% Kenig, Ponce & Vega (1991) IZ& 5. 7z s = 1/2 ODHHITK
U7 (B 21X Ruzhansky-Sugimoto (2012)) .

Sjorin, Constantin & Saut, Vega (1987-8) & ZN S DJEAI/N—Y a3 2R L TW5.
ER L KD RIS, m>01ZHLT

|Te™ 2 ol o gy < Cllelzme,

[A] T = (x)"™2(D,)m=V/2 ... n>m>1,
B] T = [z]“/?| D, e (m=—n)/2<a<(m—1)/2,
[C] T = (x)~%|D,|m1/2 s> 1/2

722 21, Type [C] ZIRDOEX (LBREFE) »EONDZ L LOHRES -

\/EHDr‘(m_l)/QeitlD”mgo(x)HL2(Rt) — \/ZH‘DI’(Z—l)/QeitlDH @(m)HLQ(Rt)-

FE 2. 20X AFHERIE VIR UIRERBETEMER & K ik, d2EX5Z &2k
n, HIRERB L FAEIZZRD ZERHSNTWVWS :

Hw(|x|)o-(|Dl‘|)€_itAwf(‘T)HLQ(RtXRQ) < Coll fl 2y

—

60 s 10 < D) sy 0 O)

#l 21X, Type [B] D&EITIE

C —a —a
Wsrlsaqn-sigmsan < 7 2 MNP Pl ey

(p>0) LAMETH Y, T 5IT1F scaling argument 12 XK D

Co
lgisn=1 1l z2(n-1.0) < NG 19 g+ ()
(n/2>s>1/2) L BFAMEIZRS.

FEE 3. MNEEECR DGR & D, Resolvent #Hlli (—A-supersmooth) 7> & & i L aE
AP E,PND

sup ‘((—Aw — C)_IT*JC, T*f)‘ S Hin?(R”)

Im (>0
_—
HTe_itAISO(x)HB(Rthg) S HSOHLQ(R;)

EE 4. Type [B] QAR o = 1/2 16 d 245H & LT,
T =|z[* (1 — MY 2|ID,|*, (1-n/2<a<1/2)
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IR U CEIEALRE A A 8529 % (Hoshiro (1998)) . ZZ T,
= |2 A D,|?

LB S*! _E® Laplace Beltrami /EFHZETH 0, Bl EOEHAEZEZ R ~F KL
RUZBDEEIUEKBETRLTWS. A—&X— LTI

’x‘afl(_A)1/4fa/2|Dx‘a ~ ‘xrl/Q‘DIll/Q
ThHsrHZLIT

3. FREAMXDORREH

AL R DR B ERBIZOVWTRHINETHE VA OoNT WP o7dy, n>3
DA T Simon (1992) 12 & D, Type [B]D a =0 DHE LU Type [C] D s =1
BT SmEERNGAoNTVWD

Al T= @D
B T =la| - VA=)
€ T=@D e A

— & DGE DI BEBIIN? £ 72 Extremiser (ZFFET 2D 7 LUF, Z OREIZ
X9 % B DIFZE Rk R 2 53 5 -
e Type [A] D n=3n>5DEAETORRERTIZENEN
N
T»H Y, Etremiser I3F4E L7\ ([BS1]) .
e Type [B] D 1 —n/2<a<1/2 DEHIZET5HEERIT
i D= 2000 (5 +a — 1)\ '2
['(1—a)l(5 —a)
ThHbH, ERNFEEEAZ D Extremiser TdH 5 (Watanabe (1991)) .
e Type [C] D s> 1/2, n >3 DEHITET 5 REEBIE
Val(s — H\ "
(o)
T»H Y, Extremiser (F/F7EL 72\ ([BSS]) .
WoT, BMINIFEEIITD2DODEEDOATHS

- Type [A] D n =4 OHA, - Type [C] D n =2 OHA.
IO, HEE4ICHEELT,
e Type [B] DEFEFHEE a = 1/2 DHEITHYE T 5
_ |I|a 1(_A)1/4 a/2|Dz|a ~ |$‘_1/2’Dm|1/2
c:i¢76$@4t§${ﬁﬁ®ﬁﬁﬁﬁti

(w22a1 %) 1/2

T»H Y, Etremiser I3F4E L7\ ([BS2)) .
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e KilZ, Hoshiro DFERDIGETH 5
— "Y1 = )2 D, e~ (Y2 D, |2
G:ﬂb’CCi, NS OFME 329 5 (Fang-Wang (2011)) -
H|x’a—1(1 _ A)1/4_a/2|Dr|a6_itASO||Lf,z(R><R") ~ ”SOHL?(R")-

Zhiz ﬁj—éﬂ“ﬁ B0 extremiser HFMIIZIARNSNTE D, FHIZ n=4and
a=0 DLEEITIFESER

H|x|_1( _A)1/46_itA90HL§I(RxR4) = V27 [l 2ms).-
AL T 5 ([BS2]) .

AR 5. ValbTa v A—ABRRNITH TSR0 %1 TORZERFHERE LT, RO
Strichartz #HfiX S IEREMNTICH T 2 HELER E ULTHWSO NS -

e

rcirey S Ol e,
72720 2/p+n/qg=n/2, p,g > 2, (p,q,n) # (2,00,2). TDI3Hb p=qg=2+4/n
DIGED Strlchartz (1977) KB HIKRFERTH D |, endpoint IZHYET 2 (p,q) =
(2,2n/(n —2)) DEEIE Keel-Tao (1999) 12 & 2HDTHS. Z D Strichartz aFAfi =
&:ﬁ?‘é?ﬁﬁﬁiﬁ(li, BN AR S o T Wz

e (p.g,n)=(6,6,1) --- 127112

d (paqan) = (4747 2) T 2_1/27

o (p,q,n) = (8,4,1)--- 271/4,
¥z, TNHITXNT S extremiser 1& “Gaussian” THD. TN o DFERD 5 & HA)
D —DI%, Foschi (2007) & Hundertmark-Zharmitsky (2006) (Z & W 71252 60
7z. =72 HIX Bennett-Bez-Carbery-Hundertmark (2009) IZ &k 5.

4. HIREEORRER
TTIZHRARZE DI, Type [B] DN ALREM X D BOS - & U T, IRDIREEE
£ & OHIREENEB I/ ONDHEALT S ([RS)]) :
T'(2s — 1)I(2 —s)\ /2
||f|§” 1HL2 Sn—lidw) = (21 % F(S)QF(% _ i I S)) ||f||HS R”
7272U n/2 > s > 1/2. Extremiser DFEIZHT LEHHIFTIE RV, 1A DH 5
o [ 7% extremiser TdH % HE 475 1%
~ Ja 2(|§|)
f

6 =c R
T ‘

ERINBZETHAD. ZIZT, J, I& v IRD Bessel function. FlZ n=3 D
EEITIFRMAMIZEIRETET

ORI R i mu ol - 1

LB, THIT s=1 TN, BREEHM S OHIREH

Hf|SQHL2(SQ;dw) S HfHHl(Rd)

2s—1
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1 e <1
f@):”{ 1|z > 1

o]
DiFTH S ([BMS]) .
o [* % H° \ZiB MR 725 IR D B B EBUT & FEAM A3 T

00 ¢ 1/2
[ flsn=1[l z2@en—1;d0) < (/O J%z(t)deQ 11 s ey
7272U s > 1/2. f D' extremiser TdH 5 HE 70501,
- Jaa ([€])
€)=l
€= (1 + [€?)°

LB THb (BM9)) .
o [2(S"1) & L[P(S"Y) ITIE M 7256 X IR D I R E BT & A AT

2s—1\ 1/2
o (2 =I5 —s) (T(5)\ T
|| flsn-1 | e(sn-tidw) < (21 2 2 ( = 1Nl 7= oy

c#0

P(S)QF(% — 14+ S) 22

277U n/2>s>1/2 D p= % f P extremiser T& % HEA73 5
X, S EDRIE
1

G(w) = T m T meR" |m| <Ll

)
f:c—l * Gdw, c#0

| . |n—23

Y5528 ThB (BMS)) .

5. ER{EEMA DR B ERDKRE

DA EDOR 2 B R ER® etremiser DFERBPED LS IZLTHESNDEDDIZDONWT,
EIZEIHZ LTHE 2. 9 PR EZRE LT, extremiser DMEET 5 & 71K
DL DTHRL TIEFRSBVNIZIDONWTERT B,

—fRIZ X)Y Z AR REREL, T: X =Y 2AFMEHFZEETS. L
extremiser f WFELT-E T 5 ¢

1T flly = 1Tl x oy [l (F #0).

ZOW, fIETT: X —» X OEABEKCTHY, ZOEAMHE |T|5%,, TH3. OF
D, T:X =Y OREBER X (T'T: X - X ORKEAH)Y? THD, Extremiser
IS REEEOFEAERE L 25, EEE, Schwarz DAFERIZLD,

T3 =(Tf,Tf)y = (T"Tf, f)x
<IT* Tl fllx < N Tl xlLF 1%
=T5_ v I1F1%
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75N, [ W extremiser THBI & &, ZOAREFERNIRTESIHRIL TV
TR S5V, Ko T Schwarz DAEXRDESHIZMIZLD, T*Tf & fIFHE
WIZSEATTH S -
T*Tf =3\f.
IHIz, BUOED (F) FX&0
A= 1Ty
LidZ ebnd. G, Type [B] O LR
X = L*R"), Y = LR, x R"),
T = |z|* 7Y D,|% " . X Y
THY, T*T OEAZEMIRE, RERND R

L*(R") = P Hy,
k=0

YA, ZZT H, \ZIROB DO

§ = P(&)follelg 2.
DA BAMEH 2R T, P k IRFREFMZIEAT fo € L2(0,00) TH 5.
F1F, extremiser D2 L IFRSLWHEAETH>TH, TT & L*(R") = D, Hi
ETEZBZEIZLD,
T = w(|z]) PY(|Dy )PV s L2(R}) — L*(Ry x RY)
DEREH C,(w,1),¢) DRBEEF/LIELNTES., ZTIT
e radial weight w : [0, 00) — [0, 00),
e smoothing function ¢ : [0,00) — [0, 00),
e dispersion relation ¢ : [0,00) — R
Thsd. #HEFIE LT, YabT 1+ H—ARROERFRNIE ¢ = r? ODBET
»HY, Type [A] B] [C] ZENEN
Al T =(2) (Do) - (w,) = ()2, (1)),
B  T=|""YDs|* - (w,¥) = (\7"\2(‘12‘1),?"“),
[C] T =(a)~*|D,|"? (w, ) = ({r)~=*, [r["/?)
ThHzoNE., Z0LE, REEH C, (w1, ¢) IFIXOKRHZFED ([BSS]) :

1/2

C%(w,w,¢)=:(Z§;;;37§§%iggAkQﬁ) :

7272 L
n—1 2 1 5
50 o=l [ @ el - )7 a
2 [ele}

(5.2) :(2@%‘@& /0 T (0 hu(t) dt
cZT, F, ik

- 101 -



TEHEINLSHEBMTHY, pop 1 n RICITHIT S kIR Legendre ZIHATH 5.

FR 6. LELD \(0) DERIAD 55, Bessel B E FHW-KB (5.2) 1& Walther (2002)
WKEDRINTWZEDTHED, Legendre ZLIHAZH WS 1 HEHOEE (5.1) &
T*T OERIZEVIGRRTHENTES, (5.1) H (5.2) BT AL 2EBRT W
KIS DEIAFRATETWARWVWDT, RkBEEGRE LTHHLWAKNTDH 5 wretk
o |

FRT7.te[-1L,1]ITHLT

[Pk (8] < 1= pno(t)

WAL HDT, BU F, PIEMHETH D FEZMET X (5B Type [A] B] [C]) @
BEIE 0K) M(o) € Mi(o). £o T, ZORED R T

Co(w, 1, ) = (# . )\0(9))1/2

0>0

LT nsg.

ZOBRBERDORBEOBHIEIZOWT, DUMBHZMATEZ 5. BRI 7
L*(R") = Ppl  Hy \2fit>T, & fel® %

oo ag
f=_ > 1%,
k=0 m=1
Flm (g) = Plm)(g) ™ (|g|)[g| /2 R+12,
f™ € L2(0,00),  PR™(€) : k A% A
CERDET S, e F ' 2 o ICHTHH 7 -V EHE LT S=2mn)"TF ! &
B,
S*SfF™ (z) = 2w N (|]) fE™ ()
LB RERDSNS. ZO%ERIE, LU N(z)) B ] 1Lk SBmIFUEENRA
S*S DEAETHAHZ 2R TED, ZOHDOEHEIZEE L /2 extremiser DMFEAE
TREAITE LT WS, X512, —ROBAICIZEAEMTIZR WD, FOELAK

DN>TWBZEEFRTIAEDTHD.
ZDIZ M6,

1S fl| 72, xry = (SF, SF)r2@oxrn) = (S*SF, 2@

S 3) B RPHATIELPIR

k=0 m=1

b, —J

oo a 00
1 =SS / 5™ (o) d

k=0 m=1

CRETEL5DT, ZTNSOEBANSHEREROAER

1S f 1172 @y < 27 sup sup Ae(0) [ f 1122 @n)
keNp p€[0,00)
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#13%. X 512 Plancherel DEH X 0,

1
T2 ny < - Sup sup A 2 (R
I e < Gyer 50 w0 M(o) e

AR

6. Extremiser OFEYHIEE
HIfiDER % X S ITHEREES kDB Z 212K, (5.1) ¥ (5.2) TEZRIND \i(o)
DZEHHY extremiser @ﬁ/ﬁ: HEEEZREL TSI DN 5
o Extreiser FEIET A E 0 5M1%

A=sup sup Ag(0).
keNg p€[0,00)

EBLLE, DD ke Ny LHBEMIR—=FHEEELDES S C (0,00) B
FAELT, S ET M\ (0) =X 2528 TH5 ([BS1)) .
ZDHEEE FHWNIK, Type [A] % Type [C] DEHITE T S extremiser DIEFFAE
ZELSIENTES. FEEINS DG, Bessel BEOWHLEEE LD

00 0 e =0
0 / J(ro)ru(r) dr — { | '
0 “Nwllzioee) -0 p— 00

ERBIENDLNBEDT, (o) FEBBAKTIERW. —F, MOFEEZH NI
Me(0) IXRMATH B Z B0 N2DT, RFNSERIZRS Z L HR\
e B o> 1IZHULT [w™(r)| S (1+4r) o™ 55508 T 5, X517, &
LREBMC >0 DPFIELT, IRTD meN IZHLT

| el < omm
0

aﬁé.ih,gHﬁﬁﬁume)wiﬁiﬁmaﬁé.:@ﬁxagﬁ
(0,00) ECEMIITHZ ([BS1]) .
Lo TEH 1 XD extremiser 1 FFHELRNWT 227 5.

7. Mizohata-Takeuchi ¥%8

AR RO HI R E DR B ER 2 KD D T & DEHRIZDOWTIERZITAIZL
ZEREBWN, Yalb T - A OWINIERED B YN 2 Z 5T S ERIZZ DR
OO ZEMALZZIENTES. ZOZLIZDODVWTHBIZMHLTE I S.

Drift HOD Wz ¥ a LT « ¥ 77— R R0 9 R &

{ iowu(t,x) — Agu(t,x) + V(z) - Vyu(t,x) = F(t, z)

u(0,2) = ¢(x).

M L2-wellposed TdH 57211,

sup < 0

zeR, 0eS"~1 teR

25 ? W5 Mizohata-Takeuchi FAR L X IENARIENH 5. Z ik Takeuchi
(1980) 12 & b PR X N 72A%, Mizohata (1984) 12X B AR D & 5 AfREHH S T
W5 .

t
Re/ V(z+ s0) - 0ds
0
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e MDELVHBWEERSIEHITHS -

TARTD a IZXHLT,  sup / 10°V (2 + s0)| ds < .
z,eR,0esSm—1 Jo

Mizohata-Takeuchi FARIIHIFIZB W TRERTH 228, ZOMEIZEVWTYV D

X-ray 2 #

V(z,0) = /mvw+sm@

P S DDEE %2> TWAHRIZHILL LD TH 5.
ZDOFEE AN DFEIZOVWTERE L TALS. DA F=0 &
LT, HRAE2ENE

t
u(t,z) = e "B p(x) + z/ e 8V (1) - Vu(s, ) ds
0

IZEEHE BUGEMI TS T 2F A THD. TOBE, Allue l? 7578
6; i, Eﬂl 9 HTV -Vue L2 o T0RITNIERSRNWZ IXT<IiThbrd
L LT R AR AR TV S 2 2 1d, BT T E L MEZ WD TR TH 5 &
u\ayafa%.
% 2T, weight function W(x) @ X-ray Z#DA FM: & SEiLREAH X

|W ()| D, |1/26_im”f($)HLg(Rthg) < Ol fllr2ma)

FEWIZEREL TWAS 7L\ 3 BB AL TL 5. THHJRWEIKT Mizohata-
Takeuchi FA & KIENTH Y, Barcelo-Ruiz-Vega (1997) 12 & D IRDIFEZEHEI ST
W5

o W(z)=w(z|) (F72295 radial function) 72 HIXZNIXIEL .
i, (5.1) ® (5.2) TEEIND \(o) ZHVWEREEBDEIANS, generic 75
RWCBWTZOFRELHAPTH LN TES. T80

en>3 w>0 F,>0DIREDEH & T

2 n—1 ]
sup sup \x(0) = (2m) sup / w(|z + sb]) ds
0

kEN( 0>0 2 LR, pesn1
DL % ([BSS)) .

ZHUZ LY, Xray & 7*?@@%%@t?/’%ﬂ:%ﬁﬂﬁ@mﬁmé&#ﬁﬁﬂ! LLUTEES
(T LB IR ERAL T 5) TEWRAETHE I e NERFINTWS
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EFE/ IRICEAELLEFROKERE
ko
UL /NS 0L TSRS T
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B =

BT 3R IIELEGER O T CIREBRENIH I NS L WO RIR L
HLUTWS, AFERTIE, ZoMHIOFBRIZEL T, 2 DOEEMIZ DWW T
Y5, AFEKONAER, M [11] ITEDITVT NS,

1 EA

(V; == eth)so ZB T ROMHEFEREZRIL TS HD=XY —(EHZED Y
95, 272U, hid H LOHCEKIEHETH S, pp=p 2RiZlty =0 DET R
DREEL T 5, X512, RERIXE [0, T) EOEMERZ % © DRSS

kT
ty:=—, k=0,1,....,n, T>0 (1)
n

BEZD,

WE, H EFOHCHEIEREZE B> 7Rt (k=1,....,n—1) TBHITAZ &
#HEZ D, BiRIZ, W t, TH FOBHCHEIEHZE A(# B) (- -8Bl 2175 Z
LedB, ZOZLiF, EFE/ BRLFENIIROEBRE2EZ LI E2EKRT 5,

LA B B B A
\ J U \
N Po —>Po = P1 """ Pno1l — Pp1 — Pn
10 % Mn—1 V%
U J U J
7 Mo m -1 §

FROFHEIE, ROFIETHE I NS,

FIE1: GIREER po & L. B%lt, = 0 TH CHAMERSE B IZft- =B 217 5.,
ZOBHEERE 2 TH, ZOLE, TAY - JARVIL=IZE ST, KR
B8 po 23 10 1TIRAE L7228 & B D 8 B ARKE jo IZALT 5, BT Ve = Vi,
I 5 - IERIFEIRIC & 0. IRIE jp HIHA £, TORT-ROIREE o 12240T 5,

FIE2: R hSIaFE 5T, LT INATHEEMOET, T4bb, K
AN E S HBRIEAE Bt o BN A TV, ZhhS, Vi =V, IKhito’z
RS AT 5, 20X U TTRIE2 OsEEE UCBEKEE, &, B
Aty TOIREE py, 2185,

COFMmE2MELMEUEHT 2L, FIE (n-1) OFERE L THRHt, , TOHD
HARNEMIFR Bl o 7B R TH B 0oy O ()= CHREFEL TOBRANE, = T
TOmERDIRGE p, 2155,
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FIEn: HFEE 2ET, LT THCIBIEMR A G- 2B E7 5.,

BYRIZEEL T, R OIIHID M 2 Bk 2 2 HHIEIZ T 5 72012I)
D2 ODHREM 2 MGt T 5, b, AR T, Bl EM A E 20 57
DT, BIERIGe L)L 22l H DGEIZEEL T, Bz s 21235,

ATREME 1: A COHRENE BT o Bl Z nBIE X 5, 72720, BINTIZRRA
PRLRVWEDETE, Z0LE, BFE/BRETIIFEAMIZIT =0 £E&ES
ZeMTE. = (k=1,...,n—=1) DT 5, TD=H, &1/ ik
TiE, B/ R 2 FOME LEEMNIT S Z A TE S [10],

P(nk:no;k::17...,n—1)ml. (2)

FAIREME 2: HCOA/EAZR BT 728U R no, ..., 2T D &, B TE /@R

(ZRIHAIRAE p 2 A ()i ¢ %?6%m%$mfwmwlé%éﬁﬂT

TRE prpn (CEWMTHZ LIZENE, ZDLEE, BTY  EE oM
BHEBEEAIT B LN TE S,

pnrBh — p, G.e., tr(Apprpn) — tr(Ap). (3)
n——+oo n—-+o0o

LU, EEOWEIZ—BIZIFSI Ly, 8BH5AA, =2 —{EHEB =1y
o 72 BB OGE X, REPREOIIGENIFEL RV, Thbb, — i
RECHSEAZE BT, WHEE 2 0EKIZBWTETY VMR A2BHTAZ & %
%ﬁf%am IR 1A EDARL L E 1 2OBEAEZEM %2 D & EAE
o -HBETRWEBHIOEETX A, HW%%WT% t#f%éou®@m

@tb\U?f I, R OEEXMZE DOH OHEKEHZEDOLGAIZIRE L THEL
35,

Inhoifimz D DENT. RFROFKIZONWT, kKD

BFY RV EERGLE RS TWAIKEE 23R T 22 FETIVHRFMLELT

%, (FEzoWTiX, [10, 18, 20] 2 2H7)
mi\Mﬁ%?%@i5ﬁ%ﬁ51t%&ﬁ?éoEH}EMK%ﬁDtQEﬁ&
E#E B %E A%, BIROBIHEEEIZ 4720 50,000 FIOBHIZ T2 Z AT
X5, ZDLE, i%ﬂ/kﬁfiQEQQW%%B’Ei“ﬁ@%@ﬂ”abf
ERITLHIENTES, ZOLIIZLTUTORKRE 2585 (ATHEME 1 2 21]),

Pnr=mno;k=1,....,n—1) =~ 1. (4)

ZOZEBEHINTEE X O SHERAIZ U, REHNIZE S N2 RE R DM S 9 D FEERIV
IRREER Y —ET B Z L IZEN D

— /T, WHEEME 2 OFBRIZBEWT, INORHERE 2 2ARMIZIEH S 570 51X,
OB HEDOIEINIEIELTUES Z2ihd, Tbb, BEVPELI & 2EKRT
%, ZTOZLIFFEEKBREFIET 5, 61T, WOEMEEIL, EEG-BUHIHMNIZE
B2 Z 8T L TW5 22, ZOHEIE, BN S5 1d. EEG-BHID
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BEEUL I NZETILVOGBETE 2, G L TWAIEHZEDE A2 ORISR IEF I
BHrEZOoND D, LRI NS,

5T, HOHELIENS HSMOIEE DR TE T IIVORAIRIZEZIZDOWNT
V%2, 3,4,5,6,7,8,9, 12, Wk, —%720 10" @2 LD H SARELRKD
HTEI->TED, INoDHCHENBHORRIZL-E TREBOZ/LE 5] Sk
ZLTWBZEPHIoNTWS, ZOBHFIIKIGL TW5S H AL IEHFZE XL
HARHDOTHEH, LD EWVRTOEAEZEMZ LD, TOHEHDZH, LDEV
RIEDEAZEMTIX, YOI BEORE Y/ MROBEZBHITE S22 WVWS Z
CARMERT B DIFHRE N, UL, AFKRTIKED HFbizn,

2 =FtE/ MR
BEIZHTHEI Cb R 72 & 512, Bl & Mt B2 BT 572012, IRoed DA

FRIRICE L)L M 228 H ODGEIZREL T, FA 5, 512, TOREAZEEDOIRIG
W1OADH FOBCHBRIEAZEB %2525, 3§70bb, B FTHEZLSNS,

B =Y bPry,. (5)
k

Uy (V)0 1k H OSEREHELTR (CONS) ¥ Uy by £by (k£ j) £ T 5.
WE, V= (Vii=e™) 2R TRONEAEREZEXLTVS H EOoa=2Y —{f
FIZDOVREL T 5,

WOFGEEEERS Wil ty = 0 CORTRDRE p 2EEL. T>0% L. B
% t,

t>0

K

n
CHMFEZ Pl U CH CIBIEAEZE BIZU22is 28l 21758 DL 9 5,
ZDZ el Wt SR TERMETHSHEEHZE BIZU72h - 72408 U
WxEHZEZDIEE2ERT D, BAIZIZ, Zho OBIKERZHERZ B, ... 00
ER—HT D, TDOEE, [10)DEHI ZfioT, BHIZUTZ2MEND DI ENT
E

EHE 1
Pmgp=n3;k=1,...,.n—1) —— 1 (7)

n—-+o0o

ANDAVAS A

W, 7Y BERRICELU T, mEBIC, RZT THOHBRERARE AR - -8 %
MABFHEEEITS, 20L&, AAKBIEHAE B I/ 28IHFER 01, 9
FEATE, BT BRITH FoREERZEOES S(H) ETIREE S iE
F ¥ 2 Cr,, 720, HOHBIEHE AR BIHIOREE ¢, OMAHEIXLLT T4
Abib,

E&, = tr (pCrn(A)) . (8)
F ¥ 2N Cr, DEHFBIFUATTEZ SN R [10] D 2 Hiz SHR) -
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BNz, S(H) ECIRESMEF ¥y 2NV EDLTDOLSIZEET 5,

K, = VAV, (t>0; Ae S(H)), (9)

W;i(A) = Pry APry, (j=1,...,d; Ae S(H)), (10)
Quyrt == WyoKroW,0Kzo--oW, ,oKsoW,_,

(n221<ji,. jar <d). (11)

IOEE. Fril O, RUAFTERS5N5,

Crpn=Cvprn = Z Kr o Q(js)";ll oKr. (12)
jl ----- Jn—1 k
WE. p% H LOWRIEY L. ADZOHE—DRE
A= Z ZmPI"Hm, (13>

L& TERZLONT WS ET S, $hbb, (Hy),ld HOBEZHRTHY, m#r
Bo 2, # 2 THD,

Tz, & 2R T COHCHBEMNEZ AR ZBIRERE T, ZokE, X
(13) & v,

g (PK% ° Qg © Kr (PTHm)) =P (& = 2m, = Jis 3ot = Jni)

2185, 2ok, X(12). X (13). KX (14) & v,

tr(pCra(A) = Y zm Y tr <pK%oQ(js)gjo Kr (Per)>

m J1y-eesJn—1
- sz Z P(ﬁn:'zﬂhnl:jlu"'vnn—lzjn—1>
m Jlseensdn—1

285, Z0E3ICLT, & (12) OF ¥ 3 Cp, OERER (8) 12 —BT 5.

EIE 2 ZIRE p T LT,
tr (p Cra(4) —— tr (,o (Z WA))) (A€ S(H)). (16)
J
WRRSL T B,

HE 3 BEFYBRIIBWT., ZOF ¥ 3L

(n—1)o
Crp = (Z WJ) (17)
J
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WA R DIERE VK - 7R R B ICEE L T\ 5,
Vii=e' =1y (t>0), (18)

Thbb, HEHRIEHE BT 2R LBIHIDO A TTHhITW\Wa Z & % &Ik
95,
7=

(n—1)o
(Zm) YW, (19

J

0, EH 2Z2@EHT 5L

tr (p Cra(A)) = tr (p CraA)) —— 0 (A€ S(H)) (20)

n—-+o00

85, ZTOZ i, "EEM 2DEKRTE ARKMFEEOMENIEZ b 2 50 %0
Iz 9 5,

R 4 Zr,(p) ZATOR (21) 12 k> TRET I S B REBL T 5,
tr (AZrn(p)) = tr (pCrn(A)) (A€ S(H)) (21)

ZDEE, Zra(p) FETEBERIZBWTRLT TOREERLTVWD, 51T,
BIARE R % A 5 & 3 AL /EHEE B ITHAZE U 72 BHANIIREE p 2 AN DA (22) 12
& o THRETHT S B REBIZHER T 5,

tr (Wg(p)A) = tr (pZWj(A)) (A e S(H)). (22)
ZDrE, BH 2L TO L IzERINS,
Zru(p) = Wsl(p)- (23)

ZDH, Wg(p) =paold,

Zrn(p) ——p (24)

n——+o00

2195, 22X, p WHCHBEHZE BoRHIRERSIX, X () 215, (=
& ZIE, SXHk [10] D example A. Turing % S ).

3 T2 DA
ROMHYE BRI EH 2 DFEHIZEWTEE LTI TH 5,
FBIEE 5t>0,j=1,....d2T52&, IFPEHIT 5,
(W5 (v2))" = (Pry,VePry,) " —— ettwsltsipr,, (25)

n—-+o0o
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EERA : IR d DARE L)L MEM H FOEHCHEBIEHZER2E 25, ZDE X,

ZTOBEEEEDRITNET I THDLT DL
h = Z apPry,
k

Y7B, 22T (pp)l, 1& HD CONS TH 5,
ZDE =,

Pry, Vi Pry, = Z ei%“kPr¢jPr¢kPr¢j (k,j=1,...,d)
k

THb, fHRBFHELD,

Pry, Pry, Pry, v = [(or ;) Pry,v0 (¢ € H)

ERTIENTES, Thbb,

Pry Pr,, Pry, = [(pr [)) Pry, (k,j=1,...,d)

X (29) & 1.

(W5 [Pry,ProPro vy ) = (e [0)" (ki=1,...,d)

%?%:50 1H = ZkPrsOk c]: D\

D Heelp)P=1 (G=1,....d)

THD, 5T, R (26) LR (30) kb,

(W [hy) = " ar e [P (G=1,....d)

k

b, mEiz, A(27) & X (29) &0,
(Pry,VaPry,) = (Zeii“krm rwm?) Py,
k

ani=n Y (5o 1) [ [P
k
Ll R (31) LR (B34) &,

@}Wk%m >=@+%y
2185, TOLE, BRHIC

ap :”t d ar, | (x|
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(31)
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MDD 2 RES, 2O L5I1TLT, A (36). X (35). X (33).
DAFDRNT A Z2RTIENTE S,
(Prwj Ve Prd,j)n T) et Wslhib; >Plrwj.

W, DEHE D, BB,

<Wj <V£)> = <Pr¢jV%Pr¢j) .
PAE&v, ZofheBiditiHEne, O
R 6 MEEM s L0, EbIZ,

MRS B, 72720,

Th. HOHBREREIX

TEHRIND,

EIR 2 DEEAA:
1 LD,

Z P(é-zzm)nl:jb"‘?nn_l:jn_l)mo'
3(k,s)jr#Js

R (14) £ .
Z tr <pK% @) Q(js)?:_f e} K% (PI‘Hm)) ﬁ_)_’_oo 0
E(k’s)jk7éjs
2185, 51T,
Quyr-1(D) = ((wajvgpfwj>
MKANLT B Z L 2 RGITELS ZeNTE S,
ﬁ(44)\ %ﬁﬂbii@;f)\ KI e 1S(H) c]: D\

n  n—+00

tr <pKZ 0 Qn-10Kr (Per)> — tr (pW; (Pry,,)) -
n 1 n n—-+00

s=

Wi, & (15). R (43). R (45) &0,

tr (pCrp(A)) ——tr (P (Z I/I@(A)))
J
CAEEfII 2 e N TES, LE&D, EH2FGEHI N, O
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R 7 EH20FHIZ, UFTEREINIETYBREY SH) Loa=21) —
FX¥ AN Croo LEELTVWEZEERLT VS,

Ciroo 1= ™A™ (¢ >0, A € S(H)). (47)

IO E, UTFHEVTAZILARBIZELL ZENTX A,

D WjoCi=> W, (48)
J J

ZOESIZLT, Wep) KV = (v;) ZELTALTHD LT 52 LT
B, Thbb, WTE B (2 MR L E22H) 1. p— Wa(p) KX b, RiE
DEEDS V- AZREOEANDEBRANLHEL DL ARE D,
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Some recent topics on operator means
i SCHA (CRPERS: BT

ABSTRACT

EFZ BB DML, eIV~ M 2EE oA FAREEFHZ DMLz E W
THo L HEHEHERMIEHRD —D L LTEIF 5N, Loewner IZ & 5EHRRT
oy ot Tnwad. — 7, EHRBRFEBEBE B2 D200 2R DIEHFEY
YO ERL, Kubo-Ando IZ X > TR SNT WA, EAZREHOHERIL, H5
Gt AT UT-FHZBGEKRE 134 LS 2R 2HEAMONT WD, T
W, EFAZREYIE 2 OEAZZAES path U TERX B Z &I2& D, #fae
72 B8R 2B L CTFEI NS KD IT7R > TE 7z,

AFETIE, FHZREY RICEAD SRR BT 5 Rk D&GE
ERHNT S, ZTOEFITIE, BMAFHNRARA—IUDNHEIE2MNT S, £z,
WA AR S RO 72 n A DIER Y12 D W T, Karcher mean & IFE X
N5 AR LRI DRER LD 20T 5.

1. INTRODUCTION

e~V b2 H FEOESRIEERFZEDOEEG%E B(H), B(H)s % HAH&IEM
FOHEHL TS, Ac B(H),, 7 positive semidefinite & 1, H DN (-, ) ZHWT
(Ax,x) > 0forallz € H LEFET 5. 7z, invertible 7R positive semidefinite {F
F % positive definite £\ 5. B(H), % positive semidefinite operators, B(H),, %
positive definite operators DEHE T 5. A, B € B(H)s XN ULT, A—Be B(H),
DLE B<ALEHETS.

A€ B(H)so 1Z2WTIE, HAHEZRAITHONAMIZH YT S, AT MVfEN
E<HONTWS., ZHiE, A€ B(H)s 128 LT spectral measure 53{F7EL T,

A= / A E)
o(A)

ERITEHILTHD, 22T, 0(A) IFA D spectrum £ 55, ZDEE, o(A)
ETREEZEINZBEE f ZH W T functional calculus f(A) ZRD KD ITEFHRT 5.

f(A) = / T

HOHREHRDNEFIZOWT, MEHAREFHBE S L N 5 BERISER ICEHE T
H5.
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Definition 1 (Operator monotone function). A real-valued function f defined on

an interval J is said to be an operator monotone function if and only if for each
A, B € B(H)sq such that o(A),o(B) C J, B < A implies
f(B) < f(A).
TEFIEHHABEBOREN 2B LT, flz) = 2 (o € [0,1]) ® f(z) = (L)
(r e [~1, 1\ {0}) R EDHISNT NS, (R FEIL B LT E» 5B L

ST AN D IR & AT A T 5 2 L ASTE B 2 2%, KOS S
HMohTnsg

Theorem 1.1 ([10]). Let f be a continuous operator monotone function on [0, 00).

Then there ezists a positive measure i on (0,00) and 5 > 0 such that

fla) = FO) + g+ [

du(X), x€[0,00),

where o )
——du(A )
/0 T A < o

TERZR DI DWW T, Pusz-Woronowicz 2° A, B € B(H), 4 ({28 1F % geometric
mean ZRD X S IZEFE L7z [13].

A$B = A2(A7 BA7 )2 Az,
INz32IFT, (7] CRIFHFZFEHORBPRO LS IZERI N,
Definition 2 (Operator connection, [7]). For all A, B € B(#), the binary opera-

tion M(A, B) € B(H); is called an operator connection if it satisfies the following
conditions: For A, B,C,D € B(H), and X € B(H)sa,
(i) A< Cand B <D imply M(A, B) <M(C, D) (joint monotonicity);
(il) XM(A, B)X < M(XAX, XBX) (transformer inequality);
(iii) if A, } A and B,, | B, then M(A,, B,,) L M(A, B) (upper semi-continuity).
Moreover if M (1, 1) = I, then M is called an operator mean.

PR & AE IR BB DN 13, RO & 57 130 1 OFERLH 5.

Theorem 1.2 ([7]). For each operator connection I, there exists a unique operator

monotone function f : (0,00) — (0,00) such that
f)I =M, tI) (t € (0,0)),
and for A € B(H),4 and B € B(H), the formula
M(A, B) = A2 f(A7 BA7)Az,
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where I € B(H) means the identity operator. Especially, if 9 is an operator mean,

then there exists a unique operator monotone function f such that f(1) = 1.

Theorem 1.2 125 J 2 EHZE R f 2 EHZERES M ORIAEIEL (representing
function) EIER. U7zd3-> T, R COEMARMS (TFHAZRY) (3/FHRBHFHBEK
TREDIT o s, (FHAZREEOMBINZE L U TIE, RBPEITon5.

Example 1.1 (Examples of operator means). Let A, B € B(H);+ and t € [0, 1].

Then the following operator means are well known.

(i) The weighted arithmetic mean is defined by
A(A,B)=(1—-t)A+1tB,

and its representing function is a;(z) = (1 —¢) + tx.

(ii) The weighted geometric mean is defined by
®.(A,B) = A2(A7 BA? ) Az,

and its representing function is g;(x) = z*.
(iii) The weighted harmonic mean is defined by
(A, B)=[(1-t)A +tB7Y] 7,
and its representing function is by(z) = [(1 — ¢) + tz—] .
(iv) For each r € [—1,1] \ {0}, the weighted power mean is defined by

1
T

Pou(A, B) = A} [(1 — I+ t(A_TlBA_Tl)T’] A3,
and its representing function is p,.(z) = [(1 —t) + txr}%.

F#1Z, weighted power mean & weighted arithmetic mean, weighted geometric
mean, weighted harmonic mean % & A TW5. EEE weighted power mean @ rep-
resenting function \IZHWT, r = 1,—1 2R AT 5 &, weighted arithmetic mean,
weighted harmonic mean #1§%. £7z,

1

lir% pri(x) =lm [(1 —t) + ta"]r = 2

r—0

& 1, weighted power mean I& weighted geometric mean % & A TWA Z & 23002 5.

AFHE T, BN 2 MOFEHRIC K A FEHR S FICEAD SEHRET-
T A REDFEEZ N T 5. TOHERITIE, BAPHLRARA—INDHE T L2/
9 5. 72, TEEBE TR I NGO 72 n BDOERHZEEYIIZ DWW T, Karcher mean
E XN B RER BT DE R L REO T 2N T 5.
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2. 2 HDIEHFZEDEAD E VY

Definition 2 12 & » TABMNIZEE X N/ EHZ VX, Example 1.1 BIAAIZHZ
< DIEHZEEDRH S N T WD, B, Theorem 1.2 12 & 0, fEFHZR B ZE 2
52 TIEHZEFAZ W O TEELZ ENTES. LAL, HADZ VL WS
R 69 5L, Eid Example 1.1 MDD EAD EEHAFRFEIO BARNZ2HEH S N0
TWARW. 2O section T, (EEDIEMAR AN S EAD SEHREEZ/ED HT
kWL O T 5. 72, FRZEEA interpolational & WS MEZMNT 5.
BN, EAN t€[0,1] THLIEADSIEHZFHOERZL LS.

Definition 3 (t-Weighted operator mean, [15]). Let 9T be an operator mean with
the representing function m. 91 is said to be a t-weighted operator mean if and only
if m'(1) =¢.

ZDEFBIIRDOEHD S well-defined THB Z LD D05,

Theorem 2.1 ([12]). Let m be an operator monotone function satisfying m(1) = 1.
Then wm'(1) =t € [0, 1].

¥ 7z, t-weighted operator mean D ZFRIELBAEIIRDMEE %2 FFD.

Theorem 2.2 ([12]). Let m be an operator monotone function satisfying m(1) = 1
and w'(1) =t € [0,1]. If m(x) is not x or a constant, then

(1—-t)+tz ] <mx) <(1—1) +tx
holds for all x > 0.

SEDFENLA A=V E LTI, 2RDONTRTHEID, EADEDEHEEZ D
ZET, B2 xS path THEELHFEZBIeNTES. FEAHZEOEHIZON
THRARDERENTE 5. M, % t-weighted operator mean, m; % % ? representing
function £ 5%. ZZ T, my(z) At €[0,1] IZDWTHEHKHTHNIE, Theorem 2.2 &
D,mo(x) =1, m(z) =2 2155. §74b0b5, A Be B(H),, IZXLT,

My(A,B)=A, IMy(A,B)=B.
FoT, HADSEHEFL, 2HOFEHRK A B 2f55 path L LTHEAS I &
HTED. INEEEAT, LT, 3@ DEAD S/EAZFEOME HIEEZ BN U
9.

A DEF L symmetric operator mean (MM(A, B) = M(B, A) for all A,B €
B(H),1) 75 t-weighted operator mean W3 % L TH 5. 728, symmetric
operator mean (%, Theorem 1.2 7> & Z ORI m A3

m(z) = zm(z™") for all z > 0
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iz &0, m'(1) =1, 405, s-weighted operator mean TH 5 Z & A%
mb.

Definition 4 ([4]). Let 9% be a symmetric operator mean. Then for each t €
[0, 1], the t-weighted operator mean MK is defined by the following procedure: Let
A, B € B(H)4++. The initial conditions are defined by

M (A, B)=A, MI™(A B)=9M(A B), M"(AB)=0B.
We define MMLE, (A, B) for natural numbers n and k with 2k — 1 < 2"+ by the

on+1
following inductive relation

ML, (4, B) = M (MEE (4, B), ME(4, B))

on+

—m (mt;n(A, B),W%(A,B)) .

Symmetric operator mean 9M(A, B) 13 3-weighted operator mean Td 5 Z &7
5, MA,B) I A BDOHAMDHRZL>TWNWEILEZSNS. Definition 4 T
¥, A, B SIRO T, RAIZM TG Lz RE &5 & T, £-weighted operator
mean ZE# L TWV5.

Theorem 2.3 (Barbour path, [8]). For each t € [0,1], Let
a4 (1-1)
Then ¢y is an operator monotone function with ¢, (1) =1 and

0

=1

Then the operator mean which is represented by @y is a t-weighted operator mean.

Moreover @o(x) = 1, gpé(x) =/, p1(z) = x.

Definition 2.3 TlE, AR U D geometric mean ZHi & UT, sz EFI2O%
WZpath & UT o 2FBA5Z W TE5. MAKIZLT, %z — IR EHZEF
Ya& U7z & & D t-weighted operator mean R /%L [8] THMAMINTWVWS. 2D
FIEDF X, t-weighted operator mean DX %2, BRI A TREHTE S Z
EThH5.

Definition 5 ([12]). Let 9t be an operator mean with a representing function m.
Let A,B € B(H)4+ and t € [0,1]. Let ag =0 and by = 1, Ay = A and By = B.
Define a,, b, and A,,, B, recursively by the following procedure defined inductively
forallm=0,1,2,...:

(i) if a, = t, then a,41 := a, and b,41 = a,, Apt1 = A, and B,y = A,
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(ii) if b, = t, then a,41 := b, and b,41 := by, Apy1 := B, and B,y := By,

(iii) if (1 — m'(1))a, + m'(1)b, < t, then a,41 := (1 — w'(1))a, + m'(1)b, and
bpi1 = by, Api1 :=M(A,, B,) and B,y := By,

(iv) if (1 —w'(1))a, + m'(1)b, > t, then a,41 := a, and b,4; = (1 —m/'(1))a, +
m'(1)b,, Ani1 := A, and B,y := M(A,, By).

ZULT, 207 ATHESNIAEHZHEN {A, )52, {B.)2, 1¥& IR UIEMHE
\Z Thompson metric TR T B Z L ARDEHTRINT WS, A, B € B(H)4
23X L C, Thompson metric d(A, B) IFRD LS IZEHZIND.

d(A, B) = max{log M(A/B),log M(B/A)},

where M(A/B) =inf{a >0 | A <aB}. £UT, B(H)y:+ & Thompson metric {2
HWT complete TH D [14].

Theorem 2.4 ([12]). The sequences {A,}5° and { B, }5°, given in Definition 5 are

convergent and have the same limit point in the Thompson metric.

Theorem 2.4 TRONZMRZ MIT (A, B) LRT I &i2T5. 2y, MY 12>
WT, O representing function % my(x) & 34U, agmt(x)hl =t &5 &k
x
TIZOD D, fE> T, MEP 1E t-weighted operator mean T 5.

Proposition 2.5 ([12]). Let M be an operator mean with a representing function
m, and let N be an operator mean. MEY (A, B) for A,B € B(H),y and t € [0,1]
fulfills the following properties:

(i) MIP(A, B) is an operator mean,

(i) if (A, B) < M(A, B), then RIP(A, B) < MP (A, B),
(iv) MIP(A, B) is continuous in t.

Definition 5 2 & % {EFHZEH| DMER % Fi\ 72 t-weighted operator mean O 7€ 7% 1%

RRAGHETED, KD Z o TW5D.

Proposition 2.6 ([15]). The weighted operator means by Definitions 4 and 5 are

the same, i.e.,
M (A, B) = M"(A, B)
for all symmetric operator means M, t € [0,1] and A, B € B(H ).
AR, FEAZFEEI M & t € [0,1] 12X L T, Definition 5 (Z & % t-weighted operator

mean % M, £KT Z &I129 5. 4P, Definition 4 125 1) 5 symmetric &\ 5
IARERTIEZRW.
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RIZ, weighted operator mean DEELMHE DV & D TH 5 interpolational prop-
erty IZ2OWTHML LS.

Definition 6 (Interpolational means, [4]).
(i) For each t € [0,1], let m; : (0,00)*> — (0,00) be a continuous function.
Assume m; is point-wise continuous of functions on t € [0, 1]. The family of
continuous functions {my}.cp1] is said to be an interpolatinal mean if and

only if the following condition is satisfied;

m5<ma(a7 b)> mﬁ(a’ b)) = m(1—5)a+55(a> b)
for all a, 5,6 € [0,1] and a,b € (0, 00).
(ii) For each t € [0,1], let 9, be a t-weighted operator mean. Assume 9; is
continuous on t € [0,1]. The family of t-weighted operator means {9 }1co.1)
is said to be an operator interpolational mean if and only if the following

condition is satisfied;
Ms(Ma(A, B), Mg(A, B)) = M1-5)a+68(A, B)
for all o, 3,0 € [0,1] and all A, B € B(H),.

Interpolational mean OBE&IE [4] ICBVWTHID TEBRINT VBN, £ Z TIIfE
HAZIZETE2EESL T THo7/7. LU, RIZBENATE LI EMEHAZEDLET
i, interpolational mean DFFE DI NI HAL B Z L0 6, BMOEGEIZE T % interpo-
lational mean H &7 L T\ 5. Operator interpolational mean D HILIZHi L LT
I, arithmetic mean, geometric mean, harmonic mean 72 £33 <IZbnd. I 51T,
FN6 % EATWD power mean B operator interpolational mean TH 5. LA L
BS, ZNLHNOBARGNIIZEDR > TWiah o7z,

RIZZEEVT B DI, interpolational mean ORI TH 5.

Theorem 2.7 ([15]). For each t € [0,1], let m; : (0,00)* — (0,00) be a continuous
function. Assume that my is point-wise continuous of functions on t € [0, 1], and is
satisfying the following conditions

(i) mo(a,b) = a, my(a,b) = b and my(a,a) = a for all a,b € (0,00) and t €

[0,1],

(i) if mi(a,b) = a or b, then a =10 for all a,b € (0,00).
Then the following assertions are equivalent:

(1) {my}ecpo is an interpolational mean,

(2) there exists a real-valued function f defined on (0,00) such that

my(a,b) = [ (1 =) f(a) + tf(D)]
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for allt € [0,1] and a,b € (0, 00).

Corollary 2.8 ([15]). For t € [0,1], let my : (0,00)* — (0,00) be a real-valued

continuous function on each variables satisfying the following condition
[(1—t)at+ b7 <my(a,b) < (1 —t)a+tb

for all a,b € (0,00) and t € [0,1]. Assume that {my},cp1] is point-wise continuous

of functions on t € [0,1]. Then the following assertions are equivalent:

(1) {my}ecpoqy is an interpolational mean,

(2) there exists a real-valued function f defined on (0,00) such that

my(a,b) = [ (1 —1)f(a) + tf(D)]

for allt € [0,1] and a,b € (0, 00).
Operator interpolational mean OO ITIL, L DEL L WM IZR - TNV S,

Theorem 2.9 ([15]). For t € [0,1], let M; be a t-weighted operator mean with
the representing function wy. If {m}ici01) s point-wise continuous of functions on
t €10,1] and
(1—t) +tz ] <my(n) < (1 —t) +ta
holds for all t € [0,1] and x > 0, then they are mutually equivalent:
(1) {9M}icpo,1) s an operator interpolational mean,

1
T

(2) there exists r € [—1,1] such that my(x) = [(1 —t) +ta"]+, where we consider

the case r =0 as my(x) = 2.

Operator interpolational mean 1227 D WRMETH 5 Z LD o720, T
255 < U ROERAZEOMEIZDOWTI, £EMEPRE S 7ZIEND TH 5.

Definition 7 (Operator convex mean, [17]). For each ¢ € [0,1], let M; be a t-
weighted operator mean. Assume 9, is continuous on t € [0,1]. The family of
t-weighted operator means {9 };c[0,1] is said to be an operator convex mean if and

only if the following condition is satisfied;
Ms(Ma(A, B), M(A, B)) < M1_s)a+55(A, B)
for all o, 3,0 € [0,1] and all A, B € B(H),+.

5 A A, operator interpolational mean (& operator convex mean T 5.
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Proposition 2.10 ([17]). Let 9 be an operator mean. Assume that {9 }icpq) s

an operator convex mean, then
(2.1) 2))“((1_5)Q+55(A, B) < (1 — (S)MQ(A, B) + 593?5(14, B)
holds for all v, 3,6 € [0,1] and A, B € B(H) .

Operator convex mean DRHED IS, 2B SN TWVWRWAY, LR D operator
mean %% operator convex mean (275 LIER SR NZ &b oTWS. 72& ZIF,
FKHIBIH i(x) = %xﬁ TEHZI NS identric mean I& operator mean T 5D, %
D t-weighted operator mean D& {J,}iejo.1 & operator convex mean TIXZRWY. L
MURD S, (2.1) ZG7- X7\ K 572 t-weighted operator mean OFIE, £7ZRHD
Mo TV,

2 EDIEHFE DI DOBER DB BIZ, ROFERZHAMTL LS.

Theorem 2.11 ([17]). Let M be an operator mean with a representing function m.
Assume that there exists r € [—1, 1] such that

pri(r) < my(x)

for all t € [0,1] and © > 0. Then there exists a probability measure p on [0, 1] such
that

m(z) = / pra(2)d(t).

SBOP I EFI R TH D, T ORBMEL (2) = =L THB. L<HMSNT
W3 k5,

g

1
2

(x):ﬁgx_lz/o 2dt = I(z)

log x

TH DM,
limp,:(z) = lim[(1 —¢) + txr]% =7
r—0 r—0

& 0, Theorem 2.11 1ZZFD— AL TH B Z L B nh 5.

3. n fEDIEHZRD V-

2 fHOEMAFZEDO I DHGRIZDOWTIE, [7]) TREMIZERI NN, ZhiE n
A DIEHZED AN EHLET il Ak, ROWHMEE 2> Tz, 5EEE, Theorem
1.2 1281 2RO BRI RE O X, £ ORFBEBUIIESIZ n MO
FHAZEDN A LRk, ZOMEICN LT, 10fHoRWHEEZK D, n f#D
FTHNCRT S BRI HOT (1] TEHZESI N, ZO 10HDOBWIEE &%, Bl
1ETIX ALM properties & FEIXI, n EDOIEHZEDO KM FEIT%2 ER$ 5 LT, HE
mEEE INTWA. AR, ALM properties 27L& S5, n ZHAKL T 5.
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A=(A, ., A) € BH) ,, B=(B1,...B,) € BH)},, w= (w,...,w,) € (0,1)"
such that Y jw; =1 &35, £/, G(w;A) ZEHANTA =X w 12T D n il
DIEAZE A, ..., A, D geometric mean &35 (BLF®D ALM properties Z {729 n
fEHDVEFFE D geometric mean DEFIIWL DNH BN, TDHED—D %K THIT
T5.)

ALM properties
(1) If {A4, ..., A, } is commutative, then

G(w;A) = ﬁ Al
i=1

(2) For each ¢; >0 (i =1,2,...,n),

S(w; 1Ay, .y cnAp) = H "B (w; A).

=1

(3) For each permutation o on {1,2,...,n},
@(wg(l), ceny wg(n); Aa(l), ceey Ag(n)) = QS(W; A)
(4) If A; < B; for all i = 1,2, ...,n, then
G(w; A) < B(w;B).

(5) &(w;A) is continuous in each A; (i =1,2,...,n).
(6) For each invertible X € B(H),

X 6w A)X = 6(w; X A, X, .., X*A, X).
(7) For A € [0, 1],
(1 =X (w;A) + A& (w;B) < &(w; (1 — XA+ AB).
(8) G(w; ATL, ., A1) = &(w; A).

n

(9) If A; are matrices with same size, then

det B(w; A) = ﬁ(det A"
(10)

-1

i=1

< B(w;A) < sz‘Ai-
i=1
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Z @ ALM properties %Zii7zd n HOIEHZEORMEIFIHEDO & Z 5 [1], 3],
5], 2] TBWTERS N 3EHORMFEINH S NT WD, BT 2] TEESI N
AT X least square mean, Riemannian geometric mean, Karcher mean 7% & &
I, miE% < DIRFEE IZ & > TIHZES LT W 5. Karcher mean &, 5] [2] T&E
BINEZD, TNIITFIDOHETH 7=, TDE, [11] TERZZFRHEO I HE SN T,
TN D positive invertible Z2AMEAEHZED T —ATHERTEHI LA 9] T
mINTz. PUF, [9] CTERINZEDEMMNT 5.

Definition 8 (Karcher mean, [11], [9]). For a natural number n, let A = (44, ..., A,) €

B(H)t, and w = (w1, ..., w,) € (0,1)" such that > ", w; = 1. Then the Karcher

mean A(w; A) is defined by the unique positive invertible solution of the following

operator equation:
iwi log X2 A, X2 =0.
Karcher mean (X745 DIGE, RO XD IZEHKTHZ e HKE. HUY 1 XD
positive definite matrices A, B (ZX L T,
3(A,B) = ||log A7 BA7 |
L35, 22T, ||X]y = ViraceX*X £ § 5. § % Riemannian metric &5 .

Definition 9 (Karcher mean, [2]). For a natural number n, let A = (A, ..., A,) be
a tuple of n-positive definite matrices with same size, and w = (wy, ..., w,) € (0, 1)"
such that >  w; = 1. Then the Karcher mean A(w;A) is defined by the argument

minimum of the following square sum, i.e.,

A(w; A) = ar X, A,
g;nm++ Z o )
where “argminf(z)” means the point x stands for the minimum value of f(x).

T DEEL, LR 2BEDOERIZ L 5T, [A—D Karcher mean DN E&HETE 5.
—MBDIEAZBIZBEVWTIL, 2BHDE I RERIZSDE ZAHONT WAL, T 51T
6] {23\ T, Karcher mean D% 3 DR D1T & L TRD no dice theorem & IFIFH
LZEHPHIONTWVWS

Theorem 3.1 (No dice theorem, cf. [6]). Let A = (Aq, ..., A,) be a tuple of n-positive

definite matrices. Define a sequence { X} as

Xl = A17 7XTL = An7Xn+1 = AlaXn-i-Z = AQa
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and let {S,} be a sequence defined by

Sl - Xl, Sn - Xn—lﬁan-

Then lim S, = A(w; A), where w = (..., +) € (0, 1)™.

ey
n—oo n n

[1] % [3], [5] TREZE I N RMEIE LELD K 5 PR AR AT X DR
D> TESH T, IRTRFHNRERICL > TS, £/, ROEH I Karcher
mean 72 DRFo TWAMETH 5.

Theorem 3.2 ([16]). Let A = (Ay,..., A,) € B(H)+y and let w = (wy,...,w,) €
(0,1)™. ]wai log A; <0, then A(w; A) < 1.

=1

Theorem 3.3 ([16]). Let A = (Ay,..., A,) € B(H)4+ and let w = (wy,...,w,) €
(0,1)™. If A(w; A) < I, then A(w; AY, ..., AP) < I holds for all p > 1.

1]

[12]
[13]
[14]
[15]
[16]

[17]
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