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Hardy’s inequality in Musielak-Orlicz-Sobolev
spaces

Takao Ohno

Abstract

Our aim in this paper is to treat Hardy’s inequalities for Musielak-Orlicz-
Sobolev functions on proper open subset of RY.

1 Introduction

The higher dimensional Hardy’s inequality of the form
/Q () P8 (x)"+Pdz < C /Q Vu(@)Ps(2)Pdz, u € C2()

appeared in [12] for bounded Lipschitz domains @ C RV, 1 < p < oo and 8 < p—1,
where 0(z) = dist(x,02). For related results, we refer to [1], [2], [6], [7], [8] and
[13].

Variable exponent Lebesgue spaces and Sobolev spaces were introduced to dis-
cuss nonlinear partial differential equations with non-standard growth conditions.
Harjulehto-Hésto-Koskenoja [4] proved Hardy’s inequality for Sobolev functions
ue Wy (')(Q) when 2 is bounded and p(-) is a variable exponent satisfying the
log-Holder conditions on €2, as an extension of [2]. In fact they proved the following;:
THEOREM A. Let Q be an open and bounded subset of RY. Suppose 1 < p~ <
pt < oo, where p~ := inf,cgn p(z) and p* := sup,cgn~ p(z). Assume that Q
satisfies the measure density condition, that is, there exists a constant k > 0 such

that
|B(z,7) N Q°| > k|B(z,r)| (1.1)

for every z € 02 and r > 0 (see [3]). Then there exist positive constants C' and by
such that the inequality

18"~ ull Locr @) < ClIS° IVl oo 2

holds for all u € Wol’p(')(Q) and all 0 < b < by, where §(x) = dist(x, 09).
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In the case when b = 0, Hésto [5, Theorem 3.2] proved Theorem A without the
assumption that €2 is bounded. It is also shown in [4] that if p~ > N then (1.2)
holds without the measure density condition (1.1).

Recently, these results have been extended to the two variable exponents Sobolev
spaces WOL(I)”(')’Q(')(Q) in [10], where @, o) (z,t) = t*@ (log(co + 1))@ with p(-) as
above and a measurable bounded function ¢(-). In fact, the following results are
shown in [10]:

THEOREM B ([10, Theorem 1.1]). Let Q # RY be an open set. Suppose 1 <

p~ < p" < oo and () satisfies the measure density condition (1.1). Then, for « €

[0, N/p™) N[0, 1], there exist positive constants C' and by such that the inequality
|‘5a+b_lu|’\1}p(~),q(~)(9) < C’lébyvu’H@pQ),qC)(Q)

holds for all u € Wol’q)p(')’“')(Q) and 0 < b < by, where Wy, oy (2, t) = (t(log(co +

£8P and 1/pa(z) = 1/p(z) — a/N.

THEOREM B’ ([10, Theorem 1.2]). If N < p~ < p* < oo, then the same conclusion
as in Theorem B holds without the measure density condition (1.1).

Our aim in this paper is to extend these results to functions in general Musielak-
Orlicz-Sobolev spaces Wy'® (Q) defined by a general function ®(z,t) satisfying cer-
tain conditions (see Section 2 for the definitions of ® and W,®(Q)). Corresponding
to the functions W,y 4y (x, ) in [10], we shall introduce functions ¥, (z,t) to state
our main results Theorem 4.4 and Theorem 5.2, which are extensions of Theorem
B and Theorem B’, respectively.

2 Preliminaries

Throughout this paper, let C' denote various constants independent of the variables
in question and C(a,b,---) be a constant that depends on a,b,---.
We consider a function

®(z,t) = to(x,t) : RN x [0,00) — [0, 00)
satisfying the following conditions (®1) — (®4):

(®1) ¢(-,t) is measurable on RY for each ¢ > 0 and ¢(z, -) is continuous on
[0,00) for each z € RY;

(®2) there exists a constant A; > 1 such that

ATt < p(x,1) < A forallx € RY:

(®3) ¢(x,-) is uniformly almost increasing, namely there exists a constant Ay > 1
such that

o(x,t) < Asd(z,s) for all € RY  whenever 0 < t < s;



(®4) there exists a constant Az > 1 such that

d(x,2t) < Asop(x,t) for all z € RN and t > 0.

Note that (©2), ($3) and (P4) imply

0 < inf ¢(z,t) < sup ¢(z,t) < 00

for each ¢ > 0.
If ®(z,-) is convex for each x € RY, then (®3) holds with Ay = 1; namely
é(x,-) is non-decreasing for each z € RY.

Let Q_S(a:,t) = SUPg< < ¢(z,s) and

t
B t) = [ dlarydr
0
for v € RY and t > 0. Then ®(z,-) is convex and

L o) < B(a.t) < Ayd(a, 1)
24,

for all z € RY and ¢t > 0.
By (®3), we see that

O (. af) < Asad(z,t) ifo<a<l1
T, a
> Ayta®(x,t)  ifa> 1.

We shall also consider the following conditions:
(®5) for every v > 0, there exists a constant B, > 1 such that
¢($, t) S B’Y¢<y7 t)

whenever |z —y| < vt~V and t > 1,

(®6) there exist a function g € L'(RY) and a constant B,, > 1 such that 0 <
g(z) < 1 for all z € RN and

Blo(w,t) < 9(',1) < Buot(, 1)
whenever |2/| > |z] and g(z) <t < 1.

EXAMPLE 2.1. Let p(-) and ¢;(-), j = 1,...,k, be measurable functions on R¥
such that

(P1) 1<p™ :=infern p(z) < sup,ern p(x) = p* < o0
and

(Q1) —oo0 < q; = inf,epn ¢j(z) < sup,egy ¢;(2) = g < 00



forall j=1,... k. ' '
Set L.(t) = log(c+t) for ¢ > eand t > 0, Lgl)(t) = L.(t), L£J+1)(t) = LC(LEJ)(t))
and

— p(@) H L ]) qa(w)

Then, ®(z,t) satisfies (®1), ($2) and ((134). It satisfies (®3) if there is a constant
K > 0 such that K(p(xz) — 1) 4+ ¢;j(z) > 0 for all z € RN and j = 1,...,k; in
particular if p~ > 1org; >0forall j=1,... k.

Moreover, we see that ®(x,t) satisfies (P5) if

(P2) p(-) is log-Holder continuous, namely
p(z) = pW)| < 57—
Le(1/]z —yl)

with a constant Cj, > 0 and
(Qj2) ¢;(+) is (j + 1)-log-Hoélder continuous, namely
&
(1/]z ~ y)

|4j(z) — ;(y)| < G

with constants Cy, >0, 7 =1,...k.
Finally, we see that ®(z,t) satisfies (®6) with g(z) = 1/(1 + |2|)M*L if p(-) is
log-Hoélder continuous at oo, namely if it satisfies

(P3) [p(z) —p(2)l < 7 (‘ |>

In fact, if 1/(1 + |z)VN*' < t < 1, then t~P@ =P < WHDChe for |2/ > |2
and LY (t)l@-a@) < L0 (1)9" -9,

whenever |2'| > |z| with a constant C), o > 0.

EXAMPLE 2.2. Let pi(+), p2(+), ¢i(-) and ¢o(-) be measurable functions on RY
satisfying (P1) and (Q1).
Then,

Oz, t) = (1 + )P (14 1/t) PO L ()@ L. (1/t) "2

satisfies (®1), (®2) and (@4). It satisfies (®3) if p; > 1, j = 1,2 or ¢;; > 0,
Jj = 1,2. As a matter of fact, it satisfies (®3) if and only if p;(-) and g;(-) satisfy
the following conditions:

(1) g;(z) > 0 at points = where p;(z) =1, j =1,2;

(2) SUD,.p, (2)>1 {min(g; (), 0) log(p;(z) — 1)} < 00, j = 1,2.

Moreover, we see that ®(x,t) satisfies ($5) if p;(-) is log-Holder continuous and
¢1(+) is 2-log-Holder continuous.

Finally, we see that ®(z,t) satisfies (®6) with g(z) = 1/(1 + |z|)N*1 if po(-) is
log-Holder continuous at co and



(Q3) @o(+) is 2-log-Holder continuous at oo, namely

Cga 00

— &= whenever |/ > ||
L (|

|a2(2) = q2(2)] <

with a constant Cy, o > 0.
In fact, if 1/(1+ |z[)N™ < ¢ <1, then (14 ¢)lP@-P)l < gpi—1

(1 + 1/t>|p2(m)*P2(1/)| S 6(N+1)Cp2,oo’ (log(e + t))\ql(z)fql(m’ﬂ S (log(e + 1))(];7%—
and (log(e + 1/25))"72@)_‘12(”3/)' < C(N,Cy, ) for |2'| > |x|.

Let  be an open set in RY. Given ®(z,t) as above, the associated Musielak-
Orlicz space

1(9) = {f € L) [ @17 w)) dy < oo}

is a Banach space with respect to the norm

1l = inf {A -0 / By, £ (9)1/N) dy < 1}

(cf. [11]). Further, we define the Musielak-Orlicz-Sobolev space by
Whe(Q) = {u e L*(Q) : |[Vu| € L*(Q)}.

The norm
ullwre@) = llullpe@) + [ [VulllLe

makes W1*(Q2) a Banach space. We denote the closure of C§°(€) in Wh®(Q) by
W, *(Q). As usual, let W,5*(RY) denote the set of functions u on RY such that

ulg € WH®(Q) for every bounded open set Q. By (®2) and (®3), W,2*(RYN) ¢
Wi (RY).

loc

3 Lemmas

We denote by B(z,r) the open ball centered at z of radius r. For a measurable
set F, we denote by |E| the Lebesgue measure of E.

For a locally integrable function f on 2, the Hardy-Littlewood maximal func-
tion M f is defined by

1
Mf(x) =sup —— fy)| dy.
( ) r>0 |B(x77n>’ B(m,r)ﬂQ‘ ( )’

We know the following boundedness of maximal operator on L®((2).

LEMMA 3.1 ([9, Corollary 4.4]). Suppose that ®(z,t) satisfies (95), (96) and
further assume:



(®3*) t — t7%0¢(x,t) is uniformly almost increasing on (0,00) for some gy > 0,
namely there is a constant As ., > 1 such that

t70¢(z,t) < Agys O¢(x,s) for all v € RN whenever 0 < t < s.

Then the maximal operator M is bounded from L®() into itself, namely, there is
a constant C' > 0 such that

IM flle@) < Cllfllze@
for all f € L®(Q).
For A\>1,z € RY and ¢t > 0, set
Dy (z,t) = O(x, 1) =t (w,t),
where ¢y (x,t) = 121 (x, 1),

LEMMA 3.2. (1) ®)(z,t) satisfies the conditions ($2) and ($4).
(2) Suppose ®(z,t) satisties ($3*). Then ®,(x,t) satisfies (P1) and ($3) when
A < 14-¢q, and it satisfies (P3*) when A < 14-¢q (with gy replaced by (1+£9—\)/A).
(3) If ®(z,t) satisfies (P5), then so does Py(z,1).
(4) If ®(z,t) satisfies (P6), then so does Py(z,1).

From Lemma 3.1 and the above lemma, we obtain

COROLLARY 3.3. Suppose that ®(x,t) satisfies (P5), (P6) and ($3*). Then the
maximal operator M is bounded from L*»(Q) into itself for 1 < X\ < 1+ &.

Set
O (z,5) =sup{t > 0; ®(x,t) < s}

for x € RN and s > 0.

LEMMA 3.4 (cf. [9, Lemma 5.1]). ®~!(z,-) is non-decreasing,
Oz, (z,t)) =t

and
At < O, d(x, 1)) < Adt

for all x € RN and t > 0.

We shall consider the following condition:
(®6*) ®(x,t) satisfies (®6) with g(x) < (1 + |z|)~ for some 3 > N.
LEMMA 3.5. If ®(z,t) satisfies (P6*), then there exists 0 < A < 1 such that
Oz, \g*(x)) < (2|z|)™" for all z € RV,

where g*(z) = max(g(z), Mg(z)).



LEMMA 3.6. 7+ r7°® (2, 7=) is uniformly almost decreasing on (0, c0), where
a0 = N/(1 + (log A3)/(log 2)).

LEMMA 3.7. Suppose that ®(x,t) satisfies (®5) and ($6*). Let 0 < a < o for og
given in Lemma 3.6. Then there exists a constant C' > 0 such that

/ |z —y|* N fly)dy < CrodH(z,rY)
B(z,2|z|)\B(z,r)

and

/ fy)dy < Cr¥o~ (@, r™Y)
B(z,r)
for all z € RN, 0 < r < 2|z|, and f > 0 satisfying || f||po @y < 1.

Hereafter, let © is an open set in RY such that Q # RY, and let 6(z) =
dist(x, 092).
The following is a key lemma:

LEMMA 3.8. (1) If Q satisfies
|B(z,7) N Q°| > k|B(z,r)| (3.1)

for every z € 092 and r > 0 with a constant k > 0 (k < 1), then there exists a
constant C' = C'(N, k) > 0 such that

u(z)] < C / & — "N |Vuy)| dy
B(z,26(x))

for almost every x € Q, whenever u € W,2!(RN) and u = 0 outside €.

(2) Let A > N. Then there exists a constant C' > 0 such that

1/
o(x)] < C (5<x>*—N / |w<y>|wy)
B(z,26(x))

for every x € Q, whenever v € W22 (RN) and v = 0 outside .

For (1) see [10, Lemma 2.1]; for (2) see e.g. [6, (3.1)] (also cf. [2, Proposition
1]). Here note that (2) holds without the assumption (3.1).

We consider

H(f;2,0) = 6(x)*" / o — 5"V f(y) dy

B(z,26(x))

forz € Q,0<a<1land f € L. (RY) such that f >0, f = 0 outside Q.

loc

We know (by integration by parts)
H(f;2,0) < CMf(x).

for all z € Q.



LEMMA 3.9. Let Q # RY be an open set and suppose that ®(x,t) satisfies (®5)
and (96*).
(1) Let a € [0,00) N[0, 1]. Then there exists a constant C' > 0 such that

H(f;2,0) < CMf(a)®(z, M ()=
for all x €  and f > 0 such that f = 0 outside Q and || f||pe @) < 1.
(2) Let a € [0, 0¢]. Then there exists a constant C' > 0 such that

o)™ / f(y)dy < CMf(x)®(x, Mf(x))~N
B(z,26(x))

for all x € Q and f > 0 such that f = 0 outside Q and || f|| @) < 1.

4 Hardy’s inequality I

LEMMA 4.1. Let Q # R” be an open set satisfying (3.1). Suppose ®(z,t) satisfies
(®5), (®6) and ($3*). Then there exist constants C' > 0 and 0 < by < 1 such that

16° ul| o) < CNI8°IVul|| Lo (4.1)

for all u € Wy ®(Q) and 0 < b < by. If u € Wy *(Q) and 8*|Vu| € L*(Q) for
0 < b < by, then §°u extended by 0 outside Q belongs to WH®(RYN).
Proof. Without loss of generality, we may assume that 0 € 0. For u € I/VO1 ’(I)(Q)
and b > 0, let
[ (@) u(z), ifze
() = { 0, if z € Q.

We first treat u € C5°(€2). Note that § and 1/§ are bounded on support of u
and 6 € Wh*(Q). Hence u, € WH(RN) ¢ WEHRYN) for every b > 0. Applying
Lemma 3.8 (1) to this function, we have

3(x)[u(z)| < C/ & =y {0a(y)"Hu(y)] + 3(y)° [Vuly)} dy, (4.2)
B(z,20(x))NQ
so that
§(z)u(z)| < © {b]\/[(éb_lu)(:c) + M((Sb]Vu])(x)}
for a.e. x € () with a constant C independent of b. In view of Lemma 3.1, we find
||5b_1u||L4’(Q) < Co {b||5b_1u||L‘1’(Q) + ||5b|vu|||L‘I’(Q)} ;
which gives
(1= Cob)18* ull oy < Colle V] .

Hence, taking by such that 1 — Cobg > 0, we have (4.1) for 0 < b < by.

We next treat v € Wy*(Q) such that « = 0 outside B(0, R) for some R > 0.
Then we can find a sequence ¢; € C5°(Q) such that ¢; — u in W,*(Q) and ¢; = 0
outside B(0,2R) for each j. By the above discussions, for 0 < b < by, we have

16, ey < CIOT oo -



for all j and
16° (05 = e )o@ < CIO° IV, = VoulllLe@ (4.4)
for all j, j'. Since 0 is bounded on B(0,2R), we see that
H(Sbw@j’HL@(m - Héb\VUHIL@m)

as j — oo. Similarly

10°1Vip; = Vepylll Loy — 0
as j, j/ — oo. Hence by (4.4), {6°71p;} is a Cauchy sequence in L*(£2), which
implies that 6*7'¢; — §*~1u in L*(2). Thus, letting j — oo in (4.3), we obtain
(4.1). Further, (¢;), — up in L*(RY) and

bo* 1.V + 6°V,; on Q

v((tpj)b = { 0 i v on Qe
o b3 1uVé + 6*Vu on Q
0 on )¢

in L*(RY) as j — co. It then follows that

Vi — b 1uVé + 6*Vu on
=90 on ¢,

which belongs to L*(R"), and hence u, € WH®(RY).

Finally we treat a general u € W, ®(Q). For each n € N, we consider a C'-
function H,, on [0, 00) such that 0 < H,, < 1 on [0,00), H, =1 on [0,n|, H, =0
on [3n,00), 0 < —H/ (t) <t~ ! for t € (n,3n). The existence of such H,, is assured

3n

since t~1dt =log3 > 1. Set u,(z) = H,(|z|)u(x),n = 1,2,.... Then we know

by the "above that
18 | o) < CIS* IV (n)ll] o - (4.5)

Since 6°~u,| 1 0° ! |u| (n — 00),
16° || Loy = [16° Ml ey (0 — 00).
On the other hand,
[Vun(z)] < IH "(lzDl|u(z)] + Ha(|z])[Vu(z)|
S ) Y ai0.90 50 (@) + V()]

Since §(z)?/|z| < |z|b~! < nb~Lfor [x] >nand b < 1,
3(x) [Vun(z)| < 0" Hu(z)| + 6(2)°[Vu(z)],
so that
16° 1V [ o) < n°Hlull Lo + 10°]Vull| Lo
- H5b|vu|||L<I>(Q) (n — o0).

Therefore, by letting n — oo in (4.5), we obtain (4.1), which also implies that
Up € Wl’q)(RN). U]



For a > 0, we consider a function ¥, (z,t) : RY x [0,00) — [0, 00) satisfying
the following conditions:

(V1) W,(-,t) is measurable on RY for each t > 0 and ¥, (z,) is continuous on
[0, 00) for each z € RY;

(¥2) W,(x,-)is uniformly almost increasing on [0, c0), namely there is a constant
Ay > 1 such that ¥, (z,t) < A4V, (z, s) for all z € RY, whenever 0 <t < s;

(W3) there exists a constant A5 > 1 such that
v, (x,t@(x,t)_a/N) < As®P(x,t)
for all z € RY and ¢ > 0.
Note that we may take Wo(z,t) = ®(x,t).

EXAMPLE 4.2. Let ®(z,t) be as in Example 2.1. Set

k pi(x)
U, (z,t) = (t H(Lej) (t))qJ'(@/p(x)) 7

j=1

where 1/p*(z) = 1/p(x) — a/N. If 0 < a < N/p*, then ¥, satisfies (V1), (U2)
and (V3).

EXAMPLE 4.3. Let ®(x,t) be as in Example 2.2. Set

i x ! x
oz, t) = ((1+ O Lo(6)yn@m@YAD (1101 (1)) w@/m@)@
If 0 < a < min{N/p;, N/p; }, then ¥, satisfies (¥1), (¥2) and (¥3).

THEOREM 4.4. Let Q # RY be an open set satisfying (3.1). Suppose ®(z,t)
satisfies (P5), (P3*) and (P6*) and let o € [0,00) N[0, 1] for oy given in Lemma
3.6. Then there exist constants C* > 0 and 0 < by < 1 such that

/Q\Ifa(x,é(x)a+b_1\u(x)]/0*) dr <1

for all u € W, *(Q) with 16°|Vul|| Lo < 1 and 0 < b < by.

Proof. Let by be the number given in Lemma 4.1 and let 0 < b < by. Let u €
W (Q) with ||(5b|Vu|||Lq>(Q) < 1. By Lemma 4.1, §°u extended by 0 outside

belongs to W21 (RN), so that by Lemma 3.8 (1), (4.2) holds a.e. = € Q. Hence
Sa)  ule)| < €St [ oy V) dy
B(x,25(x))

for a.e x € Q, where f,(y) = b3(y)* " u(y)| + 6(y)°|Vu(y)| for y € Q and f,(y) =
for y € Q°. By Lemma 4.1, there is a constant Cy > 1 such that || f,| 2@ < C
Applying Lemma 3.9 (1) to f,/C and using (®4), we have

3()*** u()| < CoM fu(w)®(w, M fu(z)) /™



a.e. x € €). Hence by (¥2) and (V3) we have

/Q\Ifa(a:, §(z)* 0 ()| /Cy) d < A4A5/ O(x, M f,(2)) dx (4.6)

Q

whenever [|6°|Vul||ze) < 1. By Lemma 3.1, ||Mf,|/r2@) < Cs, which implies
Jo ®(x, M fu(x))de < Cy (Cy > 1).
Now let 0 < ¢ < 1. Since

O(x, M fou(x)) = (2, eM fu(x)) < Ase®(z, M fu(x))

by (2.1), applying (4.6) to eu, we have

/\I/a(x,é(x)o”rb_l|5u(x)|/02)dm < A4A5/ Oz, M fo(z)) da
Q

Q

< A2A4A55/ O(x, M f,(z))de < AyA A5Cye.
Q

Thus, taking ¢ = (A3 A4A5C,)~! and C* = Cy /e, we obtain the required result.
U]

Applying Theorem 4.4 to special ® and ¥, given in Examples 2.1 and 4.2, we
obtain the following corollary, which is an extension of Theorem B.

COROLLARY 4.5. Let ® and ¥, be as in Examples 2.1 and 4.2 and let Q # R be
an open set satistying (3.1). Suppose p~ > 1 and let o € [0, N/p™) N [0,1]. Then
there exist constants C' > 0 and 0 < by < 1 such that

1697 | e ) < C10°|Vulll Lo o)
for all w € Wy ®(Q) and 0 < b < by.

Similarly, applying Theorem 4.4 to special & and ¥, given in Examples 2.2 and
4.3, we obtain another extension of Theorem B:

COROLLARY 4.6. Let ® and V¥, be as in Examples 2.2 and 4.3 and let ) #
R” be an open set satisfying (3.1). Suppose min(p;,p;) > 1 and let a €
[0, min(N/p{, N/p3)) N [0,1]. Then there exist constants C' > 0 and 0 < by < 1
such that

1897 ]| v ) < C118° IVl [| o (@)

for all u € W (Q) and 0 < b < by.

5 Hardy’s inequality II

For a proof of next theorem, we prepare the following lemma instead of Lemma
4.1.



LEMMA 5.1. Let Q # RY be an open set. Suppose that ®(x,t) satisfies (95), (6)
and (®3*) for eg > N — 1. Then there exist constants C' > 0 and 0 < by < 1 such
that

18 ull o) < ClI8°|Vull| oo

for all u € Wy'*(Q) and 0 < b < by. If u € Wy*(Q) and &|Vu| € L*(Q) for
0 < b < by, then 6°u extended by 0 outside Q belongs to WH®(RY).

Proof. Take X such that N < A < g9 4 1. Then W'*(RN) ¢ W2 RN).

loc

First, let v € C3°(Q) and b > 0. Let u, be the function 6°u extended by 0
outside Q. Then uw, € WI(RN) ¢ WLNRYN) and applying Lemma 3.8 (2) to
v = uy, we have

3" fule) < €5() Y [ Flp)dy < CMA(a)  (5.1)
B(z,20(x))N2
for all z € Q, where f,(y) = [66(y)" Hu(y)| + d(y)°|Vu(y)|]*. In view of Corollary
3.3, we find
16"l 2oy < Cllfull o y-

Since || fllpex(q) = Hfl/’\||24,(m for every f € L* (), we obtain

H(SbfluHL@(Q) < Cl/AHfi/AHL@(Q) <C {bH(SbAUHL@(Q) + H(SbWU’HL@(Q)} ;
which gives
(1= CB) 8" ul o < 110"Vl o,

Take b; such that 1 — C1b; > 0. Then, in the same way as the last half of the
proof of Lemma 4.1, we obtain the required results for v € Wy'*(Q) and 0 < b < b;.
O

THEOREM 5.2. Let  # RY be an open set. Suppose ®(x,t) satisfies (95), (96*)
and (®3*) withey > N—1. Let o € [0, 00]. Then there exist C* > 0 and 0 < b; < 1
such that

/ (2, 6(2) ™ Hu(x)|/C*) do < 1
Q
for all u € Wy*(Q) with ||6°|Vul|| e < 1 and 0 < b < by.

Proof. Let by be as in the above lemma and let 0 < b < by. Let u € Wy *(Q) with

10°|Vul|| Loy < 1. Take A such that N < X < &g + 1. By the above lemma, 6’
extended by 0 outside  belongs to W,2*(RY), so that by (5.1) we have

loc

3a) ula)) < @Y [ f)dy
B(x,25(x))
for all x € Q, where f,(y) = [b6(y)" u(y)|+5(y)°|Vu(y)|]* for y € Qand f,(y) =0
for y € Q°. By Lemma 5.1, there is a constant C; > 1 such that Hﬁ}/AHL@(Q) <y,
so that || full o) < .



Here we note that ®,(z,t) satisfies (®6*) with ¢* in place of g and that r
0@ (z,77N) is uniformly almost decreasing on (0, 00). Since Aa € [0, Aag], we
can apply Lemma 3.9 (2) to f,/C1*, Aa and @, in place of f, a and ® respectively,
and using (®4), we obtain

0(2)* " u(x)] < C[M fu(@)] Px(w, M fu(z)/Cr*) =N

<
< Co[M fo(@)] A D(, [M fula)]) N

for all z € Q2. Hence by (¥2) and (¥3)
/ o, ()" Uulz) [[Co)de < Auds / B (e, (M fu()]") de
Q 0
= A4A5/Q(I>>\(x,Mfu(x))da:. (5.2)

By Corollary 3.3, [|M fu|| o) < Cs, which implies [, ®x(z, M f,(2)) dz < Cj.
Let 0 < e < 1. Since
Oy (2, M fou () = Br(z, M fo(2)) = (, [ M f,(x)]")
< Ase®(z, [M fu(2)]'?) = Ase®r(z, M fu(2))

by (2.1), applying (5.2) to eu, we have

/\Ila(x,d(x)o‘“’1]8u(x)]/02)dx < A4A5/ Oy (z, M fou(2)) da
Q Q
S A2A4A5€/ CI))\<I, Mfu(x)) dx S A2A4A5046.
Q
Thus, taking ¢ = (A3 A4A5C,)~! and C* = Cy /e, we obtain the required result.
]

Applying Theorem 5.2 to special & and ¥, given in Examples 2.1 and 4.2, we
obtain the following corollary, which is an extension of Theorem B’.

COROLLARY 5.3. Let ® and ¥, be as in Examples 2.1 and 4.2. Suppose p~ > N
and let 0 < o < N/p*. Then there exist constants C > 0 and 0 < by < 1 such that

160 | pea () < CJ16° V||| Lo (@)
for all w € W, ®(Q) and 0 < b < b.

Similarly, applying Theorem 5.2 to special ® and ¥, given in Examples 2.2 and
4.3, we obtain another extension of Theorem B’:

COROLLARY 5.4. Let ® and U, be as in Examples 2.2 and 4.3. Suppose min(p; , p; ) >
N and let 0 < o < min(N/p], N/p3). Then there exist constants C > 0 and
0 < b; < 1 such that

1677 ] v ) < CNO° V|| o

for all u € W (Q) and 0 < b < by.
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OPTIMAL EMBEDDINGS OF CRITICAL
SOBOLEV-LORENTZ-ZYGMUND SPACES

Hidemitsu Wadade

Faculty of Mechanical Engineering, Institute of Science and Engineering, Kanazawa University,
Kakuma, Kanazawa, Ishikawa 920-1192, Japan

1 Introduction and main theorems

In this paper, we consider the optimal embedding on the critical Sobolev-Lorentz-Zygmund

space Hzfq,h,--- A (R™) into the generalized Morrey space Mg (R™), where n € N, 1 < p < oo,

1<qg<oo,1<7r<ooand A, -, A\, are non-negative numbers with m € N, and ® is a
Young function. One of main purposes is to investigate the optimal Young function ® with

which the embedding Hpg ar o RT) = Mo (R") holds. The Sobolev-Lorentz-Zygmund
space Hp .\ (R™), s € R, is defined as a Bessel potential space H;,q,k1,~~~,>\m(Rn) =

(1= A)"2Lp g5 A (R?) in terms of the Lorentz-Zygmund space Ly g, .. x,, (R™). The space

Hy oA oo (R™) extends the Sobolev-Lorentz space and the Sobolev space since Ly, q.... o(R™) =

L,qR") and L, ,(R") = L,(R™), where L,(R") and L,, ,(R™) denote the Lebesgue space and the
Lorentz space, respectively. We give definitions of those function spaces and related properties
in Section 2.

We concern the optimal vanishing and growth orders of the local integrals [, |u(x)|"dx as

|E| — 0 or |E| = oo for functions in H” (R™). In Suzuki-Wadade [21], the authors gave

p7q>>‘17"' 7Am
the optimal growth order of the local integrals for functions in HE ¢(R™) stated as follows:

Theorem A [21]. Letn € N, 1 < p< oo, 1 <qg<ooand 1l <r < oo. Then there erists a
positive constant C' such that the inequality

(L) <clel =5, (1)
E Hp,q

holds for all u € Hp;,q(R”) and all measurable sets E if and only if p > r or p =1 > q, where C
1s independent of E.

In Theorem A, the necessity for the condition p > r or p = r > ¢ comes from the part |E| — oo

n (1.1). In fact, the vanishing order \Eﬁfﬁ as |E| — 0 turns out not to be optimal, and in [21],
the authors also proved the following:



Theorem B [21]. Letn € N, 1 <p< oo, 1 <g<oo and 1l <r < oo. Then there exist positive
constants § and C such that the inequality

1
T 1 1
(/ Ju(e W) < OB 1os( )7 |l s
)" el

holds for all uw € HYo(R"™) and all measurable sets E satisfying |E| < 6, where C' and & are

independent of E, and ¢ := qfql.

Theorem B [21] was originally obtained by Brézis-Wainer [3] when p = ¢ which corresponds to

the critical Sobolev space H} (R™). Ozawa [16] gave an alternative proof of Theorem B [21] when
p = q. We also refer to Sawano-Wadade [19], where the authors proved similar embeddings on
the critical Sobolev-Morrey space.

Our first goal in this paper is to extend both of Theorem A and Theorem B for functions

in H” M, (]R ). Concerning an extension of Theorem A, we can show that the inequality

(1.1) with HuH » replaced by Hu||H holds if and only if p > r or p = r > ¢ without
Hyq P@sA L Am
any modification for the proof of Theorem A in [21]. Therefore, we omit its proof in this paper.

However, the vanishing order as |E| — 0 depends on the exponents A1, -+, Am when we consider

an extension of Theorem B to the statement in terms of H” DN A (R™). In order to state main

theorems, we introduce multiple-logarithmic functions by ¢;(t ) Wz lyo---0/l(t) for t > ¢; with
—_——
!
¢1(t) :=logt, and the constants ¢; > 0 are determined by ¢;(¢;) = 1. Our first result now reads:

Theorem 1.1. Letn € N, 1 < p < oo, 1 < qg < o0, 1 <r < oo andlet A\, , A be
non-negative numbers with m € N. Assume one of the conditions (A)-(C):

(A) There exists 0 < j < m —1 such that)\l:---:)\j:ql and)\J+1>$;
(B) There exists 0 < j <m — 1 such that)q:‘--:)\j:% and)\j+1<%;
(C) M= =Ap=1,

q

where the conditions (A) and (B) are understood as Ay > L and \ <z L when j = 0, respectively.
Then there exist positive constants C and § such that the mequalztzes

(o

C’\E|’ [l - if (A) is fulfilled;
pq)\l JAm
< CIEF ti()v H (g Ul if (B) is fulfilled;  (1.2)
1=j+2 Py AL Am
1
C\E| m+1(|1 )d ||u|]H if (C) is fulfilled,

P,q, /\17"' Am



hold for all u € H;q Ao, (R?) and for all measurable sets E satisfying |E| < 6, where the

constants C and ¢ are independent of E, and in the middle inequality in (1.2), the right-hand
1
side of (1.2) is understood as C' |E]% Em(‘—é')V_)‘mHuHH% L when j =m — 1.
BNl Am

As a special case of m = 1 in Theorem 1.1, we obtain the following corollary :

Corollary 1.2. Letn e N, 1 <p<oo,1 <gqg<o00,1<r<ooand X >0. Then there exist
positive constants C' and § such that the inequalities

CIE" [lul L A
1 ﬁq’xl _) 1
</E|u(:c)|rd:1:) < C|E|" log(rh) H“”Hfm if A< g (1.3)
1
1 7 .
CE|+ 1og (log(ih)) " llull » CFA=g

hold for all u € Hpq A(R™) and for all measurable sets E satisfying |E| < 0, where the constants
C and § are independent of E.

Remark that Theorem B is corresponding to the middle inequality in (1. 3) with A = 0 in
Corollary 1.2. Furthermore, Corollary 1.2 tells us that the exponent A\ = q, is a threshold so
that the logarithmic vanishing order as |E| — 0 appears for the local integrals of functions in

H?, \(R?).

Theorem 1.1 is regarded as the embedding on H . (R™) into the generalized Morrey
space. The generalized Morrey spaces have been studied extensively, see for instance Kurata-
Nishigaki-Sugano [8], Nakai[ll, 12] and Sawano-Sugano-Tanaka[17, 18]. Let ® be a Young
function, that is, ® : [0, 00) — [0, 00) is a continuous function satisfying ®(0) = 0 and tlggo O(t) =
oo. Then for a locally integrable function u on R™, the norm of the generalized Morrey space
Mo (R™) is given by

||U||M¢,r = sup P(Q)) < /]u dac) ,
QeD(R™) Q|

where D(R™) denotes the set of dyadic cubes in R™. The space Mg ,(R") extends the Morrey
space and then the Lebesgue space. As an immediate consequnce of Theorem 1.1 and Theorem

A with HuH » replaced by |ul| = , we obtain the following embeddings:
Pq Pyqs AT s Am
Corollary 1.3. Letn e N, 1 < p < o0, 1 < g < o0, 1 <r <ooandlet A\i,---, Ay, be

non-negative numbers with m € N. Define Young functions ® by
(1+8)7  if (A) is fulfilled;

1 ) .
B(t) := (1 —i—t)P i1(cit —|— A1 H (g —|— Nt (B) is fulfilled; (1.4)
l=j+2

if (C) is fulfilled.

1

1 _
(L4 8)7 byg1(Cmpr + ) 7



n

Then the continuous embedding H?

p,q,/\1,~-~,Am(Rn) — Mo (R™) holds if and only if p > r or
p=rz=gq.

As another application of Theorem 1.1, we investigate the Lipschitz type continuity for
n ﬂ_;’_
functions in H? , | (R"). It is well-known that Hy Oé(R”) — C*[R") for 0 < a < 1 but
DP,q;A1, 0 s Am

nyq
Hy * (R™) + Lip (R™), where C*(R™) and Lip (R™) denote the Holder space and the Lipschitz

n

Ly
space, respectively. Instead, the functions in Hy (R™) admit the almost Lipschitz continuity,

see Brezis-Wainger [3]. Based on this fact, we next aim to clarify how the exponents A\i,--- ;A\,
influence the Lipschitz type continuity for functions in H p; I Ao (R™). Our second theorem
reads as follows:

Theorem 1.4. Letn e N, 1 <p < oo, 1< qg< o0, and let M1, -+, A\, be non-negative numbers

with m € N. Assume one of the conditions (A)-(C) in Theorem 1.1. Then there exist positive
constants C' and § such that the inequalities

Ju(x) — u(y)|
( Cle—ylllull 2o if (A) is fulfilled;
Hpqq,kp”',)\m
1y i 1 . )
<! Clo—yltmGE)7 7 ] bl ™ el 50 if (B) is fulfilled;
= x—y‘ Hy oag,oa
l=j+2 PyqsA L, s Am
1 . .
Cle =yl bmea ()7 lull 24 if (C) is fulfilled,

PyqA L5 Am

ﬂ+1
hold for all w € HJ x,, (R™) and for all points x and y satisfying |v —y| < &, where the

constants C' and § are independent of x and y.
The case m = 1 in Theorem 1.4 yields the following corollary :

Corollary 1.5. Letn e N, 1 < p < oo, 1 < q < oo and A > 0. Then there exist positive
constants C' and § such that the inequalities

Clo=ylllull_ze i A>%;

D,q,A

|~

-2
HUHH%H if A< 5; (1.5)

J N

fu() —u)] < {  Cle—yllog (5L57)”

Ch—%k@@%gﬁm»quH%d if A=1,

\ P,q,A

2+1
hold for all u € Hp”q \(R™) and for all points x and y satisfying |x —y| < &, where the constants
C and d are independent of x and y.

In [3], the middle inequality in (1.5) with p = ¢ and A = 0 was proved. Moreover, Corollary

1.5 tells us that the exponent A = % is a threshold so that H}?qA(R") can be embedded into
Lip (R™).



Finally, we consider the optimality for the inequalities (1.2) in Theorem 1.1 with respect to
the vanishing orders as |E| — 0, which also implies the optimality for the Young functions (1.4)
in Corollary 1.3. As a result, we can observe that the vanishing orders as |E| — 0 are optimal
in terms of the multiple logarithmic functions. Our final theorem is stated as follows:

Theorem 1.6. Letn e N, 1 <p<oo, 1 <qg<oo, 1 <r <oo, and let Ay, -+, Ay, be non-
negative numbers with m € N. Take k > m with k € N and € > 0. Assume one of the conditions
(A)-(C) in Theorem 1.1.

(i) If ¢ < oo, then there exist u € Hpq A, (R™) and positive constants C and § such that the
inequalities

(/E |u(gc)|rdgc>i

C|E|* if (A) is fulﬁlled'
k-1
1 1 _1_ ) )

C‘E|%€j+1 % H El H gl(]E\) Ek(’E’) a~ % if (B) is fulfilled;

= I=j+1 I=j+1
k
_1 1 -1
C|E|" lir ( % H 0 |E]) €k+1(‘E‘) a" % if (C) is fulfilled,
l=m+1

hold for all measurable sets E satisfying |E| < 9§, where u, C and é are independent of E.

(ii) If ¢ = 0o, then there exist u € Hp

oot A (RT) and positive constants C and & such that
the inequalities

C|E|r if (A) is fulﬁlled
</ |u($)|rdaz)T > C\E|7 1 ( \E| H 4 | | )" if (B) is fulfilled;
E

l=j+1
CIE|™ bmia(ihy) if (C) is fulfilled,

hold for all measurable sets E satisfying |E| < §, where u, C and § are independent of E.

Theorem 1.6 implies that the vanishing orders as |E| — 0 for the inequalities (1.2) in Theorem
1.1 are best-possible when ¢ = oo and they are also sharp even when ¢ < oo in terms of the
multiple logarithmic functions. It is worth noting that the last two inequalities in (1.6) become
sharper as k € N is getting larger.

The inequalities characterizing critical function spaces in terms of Sobolev’s embedding such
as Sobolev-Lorentz spaces, Sobolev-Morrey spaces, Besov spaces, Triebel-Lizorkin spaces and
functions of bounded mean oscillation called BMO have been extensively studied, see for instance
Brézis-Wainger [3], Chen-Zhu [4], Edmunds-Triebel [5], Machihara-Ozawa-Wadade [9], Nagayasu-
Wadade [10], Ogawa [14], Ogawa-Ozawa [15], Ozawa [16], Sawano-Wadade [19], Wadade [22, 23,
24] and so on. In those papers, the authors established critical embeddings by proving Trudinger-
Moser type inequalities, Gagliardo-Nirenberg type inequalities, Brézis-Gallouét-Wainger type



inequalities and the logarithmic Hardy inequalities. Our main subject in this paper is concerned
with the optimal embedding from the critical Sobolev-Lorentz-Zygmund space into the gener-
alized Morrey space, which is regarded as one of the characterization for the critical Sobolev-
Lorentz-Zygmund space. However, as far as we know, this kind of embeddings discussed in this
paper is little known compared to the embeddings related to the corresponding Trudinger-Moser
type inequalities and so on. We will discuss the relations between those critical embeddings in
the forthcoming paper.

This paper is organized as follows. Section 2 is devoted to give the definition of the Sobolev-
Lorentz-Zygmund space and to collect the elementary properties concerning the rearrangement
of funtions. We shall prove main theorems in Section 3.

2 Preliminaries

In this section, we first recall the definition of the Lorentz-Zygmund space. To this end,
we define the rearrangement of measurable functions. For a measurable function f on R™ with
n €N, let fi :[0,00) — [0, 00] be the distribution function of f defined by

f«) =z e R"; |f(x)] > A} for A >0,

where |E| denotes the Lebesgue measure of a measurable set F C R™, and then the rearrange-
ment f*:[0,00) — [0,00] of f is defined by

fH(@t) :==1inf{\ > 0; fi(X) <t} for t>0.

Moreover, f**:(0,00) — [0,00] denotes the average function of f* defined by

() = 1/15 f*(r)dr for t > 0.
0

In what follows, we assume f*(t) < 400 for all ¢ > 0. Then f* is right-continuous and non-
increasing on (0,00), and hence, f** is continuous and non-increasing on (0,00) with f*(¢) <
f*(t) for all t > 0. We now introduce the Lorentz-Zygmund space by using the rearrangement.
Let 1 < p,q <00, and let A1, --- , A\, be non-negative numbers with m € N. Then the Lorentz-
Zygmund space Ly g .. ., (R") is a function space equipped with the norm given by

© /" 1 th :
10y e = ( / <t”H€l(Cl+t)/\lf*(t)> t) ,
=1

where (;(t) := £y 0---0/l(t) for t > ¢ with ¢1(t) := logt, and the constants ¢; > 0 are de-
—_———

!
termined by /;(c;) = 1. When ¢ = oo, the norm || f|z, ., ., can be defined by the usual
modification. Remark that the Lorentz-Zygmund space generalizes the Lorentz space L, 4(R")

since ||f||Lp’q,o7...70 = HfHLp,LI'



We can take f* replaced by f** in ||f||z,, as another equivalent norm on L, ,(R") if p # 1.
Indeed, the following Hardy inequality guarantees its equivalence,

(/OOO (tf /Otf(s)ds>qit); <y (/Ooo (tz{f(t)>qit>é (2.1)

for non-negative measurable functions f, where p’ := 1%' For the proof of (2.1), see O’Neil [13,
Lemma 2.3] and references therein. Furthermore, since f* and f** are non-increasing functions
n (0,00), we get the following decay estimates. For any ¢ > 0, we have

) < (g) s (2.2)

and then if p > 1, together with (2.1), we obtain for any ¢ > 0,

o <p (;) 1l

Next, we recall the pointwise rearrangement inequality for the convolution of functions proved
by O’Neil [13, Theorem 1.7]. In fact, for measurable functions f and g on R", we have

(f %)™ () <t F (g™ ( /f (s)ds for ¢ > 0. (2.3)

Moreover, we make use of the reverse O’Neil inequality established in Kozono-Sato-Wadade [7,
Lemma 2.2]. In fact, there exists a positive constant C' such that the inequality

(0@ = C (e 00+ [ 100 6s) (2.4)

holds for all ¢ > 0 and for all measurable functions f and g on R™ which are both non-negative,
radially symmetric and non-increasing in the radial direction |z|.

In this paper, we frequently use the Bessel potential G x f := (1 — A)_gf and the Riesz
potential I, x f := (—A)fgf for 0 < s < n. More precisely, the kernel functions I, and G are
defined respectively by

Iy(z) := L%

n
w2

)8 |z~
5

(3)
S e
Golz) = (47r)§1"(2)/0 By

for x € R™\ {0}, where I' denotes the Gamma function. Based on the Lorentz-Zygmund

space, we define the Sobolev-Lorentz-Zygmund space H, ., (R") by HS .\ (R"):=
(I - A):Eprq,)\l’.._,Am (R") = G * Lpga, 1, (R™) equipped with the norm [|ul|qs N
|(I—=A)2ulL,,, . s, Thespace qu Ay (R) extends the Sobolev-Lorentz space Hs «(R™)
and then the Sobolev space H,(R") since we have Ly ... o(R") = L, 4(R") and Lpp(Rn) =

L,(R™). We now collect the elementary properties of Iy and G in the following lemma.




Lemma 2.1. Letn € N and 0 < s < n.

(i) Is and G4 are non-negative, radially symmetric and non-increasing in the radial direction,
so that I3 (t) = Is(x) and Gi(t) = Gs(z) if |z| = (wtn)711 > 0, where wy, := nfj& j

volume of the unit ball in R™.

(ii) Gs(z) < Is(z) for all x € R™\ {0}, which implies G%(t) < I:i(t), G¥*(t) < IF*(t) for all

. Gs(z) . GE()
t >0, and lim = lim -2
lz[J0 Is(x)  tlo I*(t)

(i4) ||Gs|p,rny = 1 and there exists a positive constant C' such that the following inequalities
hold,

[VE]

denotes the

NE

C ||~ =) eR"\ {0};
oy < [ O for B (0}
Ce ?l forz e R"  with |z| > 1.

Since the facts in Lemma 2.1 are well-known, we omit the detailed proof here, see Stein [20]
for instance. Furthermore, we refer to Almgren-Lieb [1], Bennett-Sharpley [2] and Kokilashvili-
Krbec [6] for further information about the rearrangement theory.

3 Proof of main theorems

In this section, we shall prove main theorems.

Proof of Theorem 1.1. First, letting (1 — A)%u = f, we have u = Gz  f, where G» denotes
P P
the Bessel kernel. Thus the inequality (1.2) can be written equivalently as

(/E G # f(x)yrdx>’1"

1
C ’E’T HfHLp,q,)\l,»-»,Am
1 L,,)\‘ i 1 _ . .
ClE|r £j+1(\T{;|)q i H El(@) N [F Ly, am i (B) is fulfilled ;
I=j+2

1 i . .
ClE|* 5m+1(ﬁ)q’ 1 2pgry e if (C) is fulfilled,

if (A) is fulfilled ;

IN

for all f € Ly g, ... ), (R™) and all measurable sets E having small measure.

By O’Neil’s inequality (2.3), we obtain

([ 165+ sorac) - ( [ *f)*(t)’"dty < ( [ (tG’g*(t)f**(t))’”dt)



L T\ Bl [ oo Py
+< /0 ( /t G (5)f <s>d8> dt) +< /0 <|E G (s)f (s)ds) dt> L AL+l

We first estimate ;. For small ¢ > 0, by the decay estimate (2.2) and Lemma 2.1, we see

1 rt t c [t t,
LGEWF0) =1 [ s / Feas< S [svds [ ss|fl,,
p 0 0

= CHfHqu — CHfHqukl

and then I; < C |E’%||f||L

D,q,A 1, s Am

Next, we proceed to the estimate of Is. By using (2.2) and Lemma 2.1, we have

1 1
BB L . \T O\ " LI N
L<C /0 /t sV rds | dt) |fln,, <C /O <logt> dt ) 1f Ly
1 1\" v 1 1
([ (1083) ) IBF I Ibyon, o = CIEF ISy,

Finally, we estimate I3. For small § > 0, we have

00 ) é ) 00
I3 = |E|" G (s)f*(s)ds = |E|r ‘ |Gi(s)f*(s)ds+]Er/ G (s)f*(s)ds =: I31 + Iso.
B P Bl P s P

We can estimate I3 as follows. By using (2.2) and Lemma 2.1 again, we see for any o > Z%,

P,Q»A1 s Adm

1 [ _ 1 1
132g0\E|7-/5 s vds | fllL,, < CIEI[If]l

Furthermore, by Lemma 2.1 and Holder’s inequality, 37 is estimated as

1 1
Iy < 5|} / Hﬁl usp TLAC P 7 (s)ds
=1
i/
1 1 ds
g0|E|r< ‘Hzl A) T (31)
=1

By applying L’Hopital’s rule, we can investigate the growth orders as |E| — 0 of the integral in
the right-hand side of (3.1) under the conditions (A)-(C). As results, we obtain

C if (A)is fulﬁlled‘

(/ H& )\lq/ds> <)l yar i H o( |E’ if (B) is fulfilled ;

l=j5+2
if (C) is fulfilled,

1
7

Cgm—l-l(ﬁ)q

9



and hence,

CIE| |z, if (A) s fulfiled

;045N s Am,
7—/\ . .
Iy < C|ElF J+1(|E|) it Héz |E|) M Lygrg e ny if (B) is fulfilled ;
l=j+2
1 . .
CLEI™ Lnir ()7 [l o ae iF (C) i fulfilled,

Thus summing up all estimates above, we obtain desired conclusions. ]

Next, we give a proof of Corollary 1.3. It is an immediate consequence of Theorem 1.1 and
Theorem A with HuHH% replaced by ||u||
P

q PN, Am

Proof of Corollary 1.3. First, assume p > r or p = r > ¢. Then by applying Theorem 1.1
and Theorem A with ||u|]Hn replaced by [juf = , we see for any measurable set F,

(/ ,um,rdx)i

i PyqA L, s Am
(CIE L+ B 7 lull = if (A) is fulfilled

Pyg AL Am

< L CIER L+ B) 7 4 (cjpn + k)7 Y™ H Oley+ —) "M jul| = if (B) is fulfilled;
B 2l \EI HP ooy
l=j+2 D@ AL Am
_1 1
CE[F(1+|E]) % bmi1(cmes + )7 lull 5 if (C) is fulfilled,

P, A1, Am

(3.2)

which imply the continuous embeddings H Ay (R") = Mg -(R") with Young functions

p.q, Alv ’
(1.4). Conversely, since the conditions p > r or p = r > ¢ are necessary for Theorem A with
||uHHu replaced by |ul| =» , they are necessary also for the inequalities (3.2). Thus we
P,q “Am
finish the proof of Corollary 1 3, O

We proceed to the proof of Theorem 1.4, which will be proved by utilizing Theorem 1.1.

Proof of Theorem 1.4. We consider only the case of the condition (C) since other cases can
be treated in a quite same way. Let z and y be distinct points in R”, and let @) be a closed cube
in R™ with its side p = |z — y| containing x and y. For any z € @), we have

1
u(z) —u(x) = /0 Vu(tz+ (1 —t)x) - (z — x)dt,

and then

u(z) — u(z )!<\fp/ [V (tz + (1 = t)z)| dt. (3.3)

10



Defining ug := ﬁ fQ u(z)dz and integrating (3.3) with respect to z over ), we obtain

lug — u(x ]_|Q’/\u dz<fp1n//\vu (b + (1 — £)2)]| dzdt
_ 1-n -n
— Vi /0 ' /tQHl_t)qu(c“NdCdt. (3.4)

Here, applying Theorem 1.1 with » = 1, we have for any small |Q)|,

[ VuQId < C QI s () ¥ IVl
Q+(1-t)x | Q| pq>\1ww/\m
1
< Cthp™t da n . 3.5
N P m+1( tnpn)q Hu”HP}?‘;—;L‘“,)\m ( )
Thus combining (3.4) with (3.5) yields for any small |Q)],
! 13 1.1
io —ul) < Cp [ Gt lull 3o <CplunaPfull g - (30
0 P D@ A Am P DPadsA s Am

Interchanging roles of x and y, we obtain (3.6) with x replaced by y, and then we have a desired
conclusion. O

In the end, we shall show Theorem 1.6. The reverse O’Neil inequality (2.4) is an essential
tool to estimate the local integrals from below.

Proof of Theorem 1.6. First, we consider the case ¢ < co. Assume the condition (A). In this
case, we define fo(z) := |2|*" X{zern ;||<5)(T), Where o is any number satisfying —% < a <0,
and § > 0 will be chosen small enough later, and then we have

f(t) = Fo ((Uf) ) ~ go(t) = 09 (1)

for all t > 0 with some small § > 0, where fo(|z|) = fo(z), and w, = % is the volume of the
- 2
unit ball in R™. That is, there exist positive constants C' and C' such that
Cgo(t) < fg(t) < Cgolt) (3.7)

hold for all ¢ > 0 with some small § > 0. Then by the definition of the Lorentz-Zygmund norm
and the latter estimate in (3.7) and, ]13 + a > 0, we obtain

m q :
© [ 1 1 dt\ ‘¢
[follLpgry,m <C (/ (f” H&(cl + t)%O(ﬂ) t)
lia dt b 4(i+a)-1 E
<C tp H& — <C 25 dt) < +oo,
0 0

11



which implies fo € Ly g2, - (R™), or equivalently, ug := Gn x fo € Hp a2 A (R). On the

other hand, for any measurable set E satisfying |E| < 2, by the former estimate in (3.7), the
Hardy inequality (2.1), the reverse O’Neil inequality (2.4) and Lemma 2.1, we see

|E|

[ 163 « @i = /O Sz emrwraze [T e prora

>c/E| <tG**( o / e ( fo()ds> dt

zc/E|</ ()£ (s) s> t>C/EI</ & ($)aofs s> dt

>0/E| </ ¥ go(s)d s> dt>C/E| (/ “7d s) = C|E|, (3.8)

which is a desired inequality.

Next, assume the condition (B). In this case, we define functions f. ,(z) by

j k—1
1 1 _1 1 1., _n
fer() :H - H ‘* N H gl(m) "Ek(m) @ |z ”X{xeRn;|x\<6}($),
=1 I=j+1

where § > 0 will be taken small enough later. It is easy to see that f. ; are non-negative, radially
symmetric and non-increasing with respect to the radial direction |z|. Thus we have

Fort) = fen ((;) 711)

j m
'y vy, Y7 ,,1 -t 11 .1
=~ ge k(1) ZZH&(E)_I 11 fz N H fz )77 £y *) Tt X (0,6 (1) (3.9)
=1

I=j+1 l=j+1

for all t > 0 with some small § > 0. Then by (3.9), we have

1
¢ A1
dt \*

I ferllipgn am <C (/ <tp [T 4 + A ge (t )) t)

sk—1

1
dt
SC(/ Hﬁl 1614 1q€t> < 400,
0

=1

which implies f. € Ly g, A (R™), or equivalently, u. g = Gn * fer € H g A (R™). By

using L’Hopital’s rule, we see that there exists a small posmve constant & < & such that the
inequalities

1
/8_101’9 ()ds_eﬁl H Kl X H el )" 0 ) iE (3.10)
t

I=j+1 I=j+1

12



hold for all 0 < ¢ < 6. Thus by carrying out the same estimates in (3.8) and using (3.9) and
(3.10), for any measurable set E with |E| < , we have

/ G ¢ ()" > C/EI (/ v E,k(s)dsydt

E| _a e N T
>C/ Giva( H fz "1 a3) 7 b(5) dt
l=j+1 l=j+1
N < S GV~ R TR A
> C|E| €j+1(@) H 51(@) ! H £(|E|) ék(@) a ;
I=j+1 I=j+1

where the last inequality can be derived by noticing that the function
_ 1 1
Civa(s H ﬁz N H & L ) -
l=j+1 l=j+1
is decreasing for small ¢ > 0.
Next, assume the condition (C). In this case, we define functions f; ;(z) by

k

I 1 1 1. 1.
Jen(x) :Hfz(m) ! H fz(m) q5k+1(m) 12T X fwern ; 2]<0} (),
=1 l=m+1

and we have

1 k

Firt) = fer ((;) >—gek Hfl | 51(%)7fk+1(%)775t7><(0,5)(t)
n l=m+1

(3.11)

for all t > 0 with some small § > 0. Then by (3.11), we obtain

1
N
dt \ "’

1 feklipgram <C (/ <tp [T 4 + A ge (t )) t)

1
dt
o[ Trar )
0

=1

which implies f.r € Lpga, - A, (R"), or equivalently, u.j = Gn * fer € Hpq)\l’,__’)\m(]R").

Here, we see that there exists a small positive constant 5 < & such that the inequalities

o _1 1 _1_
/s 7 ge, ()ds_€m+1 H & qzkﬂ(;) a * (3.12)
t

l=m+1

13



hold for all 0 < ¢ < 6. Thus by carrying out the same estimates in (3.8) and using (3.11) and
(3.12), for any measurable set E with |E| < , we have

163+ futwrarzc [ ( [ gg,k<s>ds)rdt

|B| "
>C/ (m+1 H fl q€k+1( ) ;_€> dt

l=m+1

=

k T
1 1 .1 1 1,
> C|E| <€m+1(|E|) H 51(@) q€k+1(7|E|) a ) ’

l=m+1

where the last inequality can be derived by noticing that the function

1 1.1,
Ot ( H fz ) k()
l=m+1

is decreasing for small £ > 0.

We proceed to the case ¢ = co. First, assume the condition (A). However, this case can be
treated in a same way as the case ¢ < oo with the condition (A). Therefore, we omit it.

Next, assume the condition (B). In this case, we define a function fo(x) by

j m
1. _ 1. _n
fo(z) 3:H£l(m) "1 fz(m) M| T X fpern ; 2<6} (T),
11 =541

where § > 0 will be taken small enough later, and we have

1 ] )
f5(t) = fo ((;ﬂ) ) ~ golt :H ! H el T x (0,5 (1) (3.13)

=1 l=j5+1

for all ¢ > 0 with some small 5 > 0. Then by (3.13), we obtain fy € L oo r,.. A (R™), or

equivalently, ug := Gn x fo € H 0O A (R™). Here, we see that there exists a small positive
constant & < & such that the inequalities
o _1
[ 5P atsas ~ trah) T] 4t
t

l=7+1

hold for all 0 < ¢ < 6. Thus by carrying out the same estimates in (3.8), for any measurable set
E with |E| < 0, we have

Bl /6 r
[y niraszc [T ([ Fasas) a

14



T s
m

|E| 1 1
>C/ Civa(= H El A | dt > CIE| Kj+1(@) H 5!(@)_/\1
1=j11 I=j+1

Finally, assume the condition (C). In this case, we define a function fy(x) by

m

1 _n
fo(z) == H&(m)_lm P X{weR" ; |2|<5}(2),

=1

where 6 > 0 will be taken small enough later, and we have

f;(t):ff)((i)"):go H& 1 0 (1) (3.14)

for all t > 0 with some small 5 > 0. Then by (3.14), we obtain fy € Ly oo r,.. A (R™), or

equivalently, ug := G nx fg € H DO AL A (R™). Here, we see that there exists a small positive

1

é
constant & < & such that the inequalities / s P go(s)ds ~ €m+1( ) hold for all 0 < t < 4.
t

Therefore, by carrying out the same estimates in (3.8), for any measurable set E with |E| <9,
we have

|E] Y r |E| 1 1
/ G % fola)|"dz > C / < / s p'go(S)d8> it > C / bt (B)7dt > C|E] s ()"
E P 0 ¢ 0 t |E|

Thus we complete the proof of Theorem 1.6. O
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gbobogo,obgobobobob:

ur + V- Az, t,u) + Bz, t,u) = AB(u) (4)

0000000000000 00000000000000000, 00 L'o0oo0
0000000000, 00200000,000 A(x,4,6), B(x,+,6) 0000 (,t,€)
0000000000000 0000 )oooooooooooooooo. oo s
000,000 (1)0b0o0o0o0o0O0O00O0O0O0O0O0O0O0O0OOOODODODOODO. ODDOO4
000,00 A(x,t,6) =A(x,¢) 00000 0000000000000D0O0CDOO
g, dgggooooooobbbbboon.
D0DO00,BV(Q)0O0QOODO00ODO00DO00DOOD ([2], [17], [45], [46],
55| 0000). 00,cY, HNOOO OO NOO Lebesgue 0 O, HausdorffO O O O 0.

2. 00000000000000000000OO
gboo,gobbbuogbobbbuodgobboooobboboag.

u + V- Az, t,u) + Bz, t,u) = AB(u), (z,t) € Qx(0,T),
(IBVP) VB(u) — Az, t,u)] -n(x) =0, (z,t) € 92 x (0,T),
u(z,0) = ug(x), wuy € L>®(Q)N BV (Q).

000,QCcR¥OO0OO LipschitzO DO OO, [0,T] 0000000000000, OO
000 Az, t,€), B(a,t,6)000 (2,1,6) € Ax [0,7]x ROODOOOOO00OOOO
O0.00,n00Q00000000. (IBVP)OOOOO,0000000,00000
googuobbbbooooobbooooobobbboooobobboooooo
Oo.

000 (1) 0000000000000 0ooooO0 (4)0oooooogo, Oleinik
[37], Vol'pert-Hudjaev [47], Carrillo [13], Biirger-Evje-Karlsen [11], Mascia-Porretta-
Terracina [32], Karlsen-Risebro [22], Andreianov-Gazibo 3]0 00000000, 00
0000000000000 000oO00oOO000. 00,000000000, [11],
30000000000, Dirichlet0 0000000000 [11], [3]0,100000
Dooboooboobgoog.

0000,00(BVP)OOODOOOOOOOOO. O0,00000000000
0000000000 0. 0000 (IBVP)OOODODUOOOODODOOODODOOOOOO
O00000DooOg,W. [h0)000oooooo. oo(IBVPh)OOOOoooOo
000000 (00000)boo0o0O00,000000000(oooooD)oo
000000000, W.-Oharu [53,54|00000000. 000000000000
00000 (Kobayasi-Oharu [25)) 00 00. 000000000000 OOQOOOO,
O00000000000000, Crandall [15], Oharu-Takahashi [34], (0)0000O0O
00000000 Okamoto-Oharu (36|00 0000. OO0, 000000 Kruzkov
[30], Carrillo [13)0 000000000000



O0,00(BVP)ODOOODOODODOOOOOOOOODOO:

Definition 1
0000 u € L®(Q)NBV(Q)OOO. OO0 ue L>®Qx(0,7)NnBV(Qx(0,7)) 0
Oo0000o0oooooooo, (IBVP)O BV-OOOOOOOOOO:

(1) we C([0,T); LX())0 00, L-limyjou(-t) =u 00000,

(2) VB(u) € LX0,T; LX(Q)M)000,0 ¢ € CRY x (0,7)*0 ke ROODODO,
00o00oo0o0ooooo.

/OT/Q lu — ko dzdt > /OT/ngn(u— k) (VB(u) - Vo

—[A(z, t,u) — Az, t, k)] - Vo + [V - A(x,t, k) + B(x, t,u)|p) dedt

//sgn (Tyu — k)A(x,t, k) - n(z)edHY " dt.
o0
O00,sen() 00000000, 7,.,0BVQ)ODOO0O00OOOODOOODO.

Remark 1 BV-00000000BV(Q)OO00(BVOD)IO0. 000,000 (4)
00000000000,

Remark 2 BV-00000000O0O0O0OOOO0O0OODOOOOOOO.
oo pv-0booobooboobooboo,oobo0buooboobboooo
Owue + V- Az, t,ue) + B(x, t,u.) = AP (ue), (z,t) € Qx (0,7T),
(IBVP). ¢ [VB:(u.) — A(z,t,us)] -n(x) =0, (x,t) € 902 x (0,T),
ue(x,0) = up(x), © €.

000,0e>00000 8.6 =6 +e£000.

00 A(z,t,§)0000000000000000,00 (IBVP)OOOOOOOOO
BVOOOOO000000KruzkevDDOOOO0000000000000000. O
00000000000,0000000000000

e Ol < €
- ue () By < .
e t) = ue(-, 8)|[L1@) < Clt = s|.

000,w 000 (IBVP)ODOOO (DOOODOO (IBVP).OOOO)0OO, |ucl sy
D«0Q000000000000.00@BVP)DOOOOOOOOOOOOOOO
0000000000,000000000000000,000300000000
000000000000. 0000000000000000000, 00 (IBVP)
ooooooo.



21. 000000000000

0000,(BvP)DOOOOOOODOOOOOODOODOOOODOODOOODO.ooOOO,
gbbooodgbobbuoooobboao,bbbooobbbooan.

{A0}) 00O0O0O0O0O0O0D0DO:

up(z) € L=(Q) N BV(Q),
p < ug < q for some p,q € R with p < gq.

{A1}) 00O0O0O0O0:04=1,...,NOOO,

((A(,8), DDA, ), B(-,-,€) € L¥(Q % (0,T)) for & € [p, q,
Ai(z,t,-), Blx,t,-) € Lip,(R) for (z,t) € 0 x [0,T],

V0 A, €), OB(-,+,€) € LY Q2 x (0,T)) for £ € [p, ql,

OA(-, -, €) € L0 x (0, 7)Y for & € [p,q],

L ﬁ() € Liploc(R)'

{A2} OODOOOOOOOOOO:

for (z,t) € Q@ x (0,7).

Vv A(I’,t,p) +B((L’,t,p) < Oa
VA(x7t7Q)+B<m7t7Q) > 07

{A3} OO gO0O0O0:

B4(€)0 £€0000000 (ie dB(-)>0).

{S} gooooooooood:-de=1,...,NODODO,

[ A'(-,€), B(,+6) € L®(Q x (0,T)) N WHH(Q x (0,T)) for £ € [p, ],
V- 0y, A+, €) € LHQ % (0,T)) for € € [p, g,
00, 0cA(-,+,€) € L®(Q x (0,T)) for € € [p, q],

| On A+ €) € L1092 x (0,T))Y for € € [p,q].

00 {A0}-{A3}0400000000000. 00{S}00000BVOOOOO
00000000000,00000000
000000000,0000000300000 BV(Q)OLYQ)O0000000
00000000,00000000000000.

Theorem 1
00 {A0}-{A3}, {S}O0O0O000O. ODO0O0OO,00 (IBVP)O BV-OOOOOOOOO
gog.



22. 00000000000
oood,0bobooboboooboooboo pyv-bobooboboooboon

00000, (IBVP)OOOOOO0O LY(Q)O0000 CauchyDOOOOOODO:
(d/dt)u(t) = A(t)u(t) for t € (0,T),

(ACP) {
u(0) =v € L*(Q) N BV ().

000, (d/d)u(t) 0 w() 00000000000000000000. 00,00
000 A(#)O,BYV-00000000000000000000
(ACP)0000000000 Kobayasi-Oharu 25| 00 0000000,00000
nooooo.

(H1) Or>0000,00 A% 9, A%, A", 0,0, A, 8,,0¢ A", B, 9,,B, (1,7 =1,...,N)
000,Q,=0x%x[0,7T]x[-r,]00000000000.

(H2) 000000000O000000 o, a4 (i=1,...,N),a 00000
000 (2,1, € 2x[0,T] x [p,g0DODO,

N
_al’zafAl(m7t7€) - (1/N)afB(x7t7€) S Q;, = Zai7 —aEB(l',t,f) S O/'

i=1

(H3) Or>007>0000,2z¢€Q0,[s—t <7 | <r000000
s,t €[0,T], £€[p,qDODO,

sup |0, A’ (2,1, &) — 0., A'(z, 5, €)],
p(T;7) = max ¢ sup lﬁgAi(x,t,é) — agAi(x, $,€)|, , (i=1,...,N),
Sup|B($7t7€) —B(ZL’,S,f)|

gogo.obod,0br>0000,

p(t;r) — 0 as 7] 0.

00,A(DD0O00000000000: J\t)=00-M@)'00000000

000. 000000 (ACP)00000000000,0000000L®00, BV
0000000000 LipschitzODOOOOODO. 000 BV(Q)O LY(Q)O0O0000
000000000000000000000,00000000

Proposition 2
00 {H1}-{H3}00000. ¢te(0,7)000,0000X00000000. 00
v,we L*(Q)NBV(QOOO, It e L*(Q)NBV(Q). OO0,

1T (Nst)o = T (A t)wllpe) < (1= Aa) v — wllzie)

O00000.000,«000 (H2)DOODODOOOOOO.



00000000000 AY)OO0DD0D0000000000000. 000,000
0,AHD00000 L*Q)0000000, J\)000000000000000
000000,00000000000000000000000000000000.

Theorem 3 (W.-Oharu [53])
00 (HL1)-(H.3)00000. (IBVP)DDOO LoQ)0000000000 {U(t,s);0 <
s<t<TYOOODOOO.00O0,0vel®Q)NBV(Q)O000,0000:

Ut s)o =L Q) - lim [[ T (s+iM)w, (5)

00000.00,veDNBV(Q)OO0000.0000,00 u(x,t)=Ut0)w() O,
BV-00000000000.000,

D= {ve L™(Q) ; liminf AT (X t)o — vl < oo}

O CrandalD 000000 [16]000.

23. pV-00o0oobooooon

000, BV-0000000000000 L'00000000000O0O0OOOO. O
oooood, pv-0oboobooobuoobuoobooobg.

Theorem 4 (W.-Oharu [53])
00 w,v00000 ug,v € L¥(Q)NBV(Q)DOOO (IBVP)O BV-00DO0OD0OO
god.ooog,

[lu = vl 110y < e*Jluo = vollp1 (@), (6)

00000.000,d0 —0:B(x,t,¢) <o/0000000000D0.

0000 KruzkovD 0O O0O0O0O0O000. 0000000O0000000 (8=00
00)0000 Kruzkov [30) 00000000, Carrillo [13] 00000000000
0()000o0ooooo.

000000000.00,BV-0000000wu(z,)000000, k=o0(y,s)0
000,00 (y,s) €Qx(0,7)00000000.000,0(y,s)00000y, 000
0s000,00000BV-0000000000.00,BV-0000000 u(y,s)
00000000000000000. 000,0000000000000000,
00000000,000000000 ()0 (y,s)00000000000,000
000000000.000,0000000000, GrenwalDOODODOO00000
0,000 (6)000.

J.0ggooobuooooooood

ood,ggdououoooobbbbbooooouooooo:
u+ V- Au) = AB(u), (z,t) € RN x (0, 00),
(CP)
u(z,0) = up(z), wug € L*(RYN) N Le(RY).



0000, Giga-Miyakawa [18] 0 0 0000000000000 O0O00O0OO0OO0OO
O00D0000D00.0000000D0,000b0o000Doo0o0oooooooon
0000000000000 000. 00000, 0000000000 ooooooo
BoltzmannO O O OO :

[i+€6-Vf=0, (z,6t) € RY x RY x (0, 00),

f(@,£,0) = fo(x,§),

OooboobOd. bboboooobogo,00b0obb fobobob¢e¢bonooD
O0,00000000000.0000000000. ODODOO Giga-Miyakawa
[18], Kobayashi [27], Giga-Miyakawa-Oharu [19]0 00, 000000000 (DO0O
0fg=0000)00000000,0000000000D0O0DOOCDOOO. OO,
Miyakawa [33]|0 0000000000000 B(s)=ws, J00v000O000O)0O0O
00000, Kobayashi 28] 00000000 (D000 A(s)=0)0000000, O
O00000000. 000 Okamoto (38)]0, 000000000000, 000000
0000000 BVO(BVOOUODODOODOODO)ODODOODODOOO.0oooOO,0000
O00000000000000000000 Okamoto [38)0 000000,

0000,000000 fO00000O0O0OOOO0O0O0O0((@MOODO0DO0O0)OODOOO
OoOO0.boob0o,b0bodxyboo FOOo0n.

Y € CF®Y)*, x(€) = x(€D), supp x C {€ €RY ; ¢] < 1}, / NG

1 (0<s<w),
Flw,s)=<¢ -1 (w<s<0),
0  (otherwise).

000,0040000000{4;¢>0000000000:
pi(s) >0 forseR, f.— 3 ase | 0in L2 (R),

sup{B.(s) ; |s| <7, € >0} < oo for each r > 0.

DoOOo0o0boo0,0dbe>0000000000 %, FLO0O0DO0O0O:

g N g
wlen = () x(me) o0 €Y xR

F.(w, &) = /F(w, s)Xe(€ — a(s),s)ds for (w,€) € R x RV,

000, a(s) = (al(s),...,a"(s)), a'(s) =dA*/dsODO0. OO0O0DOO0OO00O,000
e>00000 F.(up(+),§)000000O0O0O0OODOOOO (B)DoDODOD. OO0,
00 (B)DOO0DOO {U(t); t>0}000,00000000 {Sy; h>0}0

&mz/ﬁymﬂwmgmgfmueL@mﬁ,

O0o000.000, f(z,ét) =U(t)F-(v(z),§) 0000, fO000 Boltzmann 0 O O
O00Oo00ooooOoOoo0. D00 e0h000O0O0OO0OOO,000ODOOOOO, O



000000000 34)00oooooooo,0g(cp)oooooooooonog
Doo.ooo0,b0bobobooobobobobodb.00oobobobgan.
gbo,u0gggoobo,goboboogoibn.

Theorem 5
(i) Ll(RN)DDDDDDD {T(t);tZO}DDDD,DvELl(RN)DDD,

S}[f/h]fu — T(t)yv in L*(RY) as h | 0.

(i) O up € LNRY) N L®@RY) OO0, 00 ula,t) = [T(H)ue)(z) D00 (CP)O OO
goodooooo.

Remark 3 0000000 Giga-MiyakawaO OO O 0O O, Brenier (60000000
oooooo0. |00, 00000000000000000000000000O0
O00oooooooo,0b0o0b00d00oooobod. 00000 Brenierd O
O000000,000000000000000000000000 KruzkovO OO
O,Hilbert 000 0000000000000 0000000000000 [7].

Remark 4 0000000 Giga-Miyakawa O OO OO D0DO000, 0000000000
Lions-Perthame-Tadmor [31] 000000000000, Giga-MiyakawaO0 O OO OO
0000000000000, 00000000000000oO00. 000oo, (31
0000 FODOODO10OCOOOOOOOOOOOO(DDODDDODDOD), 000000
000(00000)00000000000000. 00000 Perthame [41] 00O
00000,0000000000000 Chen-Perthame [14], Kobayasi-Ohwa [26] O
gooogoooon.

4. Jogooououod
000000,00 A(7,$)0200000000000000,000:

up + V- A(z,u) = AB(u) (7)

gboobogobbuoogbbuooobbooobbogo. bbb, obobbogoooon
00000000000000000000000. 0000, KruzkevO OO [30] (O
00020000)0000000.0000,0000000000 00000
gbbobuooobbbuoooobbbuooaob.

000000 (CoO)0000oooooooOOO0O0oO00o0DoOooOoooooooOo
U, ggggobobbbbbb,1ggooooooobbboobbboooaag. o
000000000, 00000 (Tartar [42)) 0000 Karlsen-Rascle-Tadmor [21]
(N=2)0 H-0O0DODOOO Aleksic-Mitrovic [1] (N =2)000000000,000
000000000000 00. 000 Panov [40] (N >1)0000,0000000
gbbouooobbdooobb,gobbbooobbboobbboo.bbbooobo
00,1000000 Jimenez [200 0000 Dirichlet0 000000000, 0000
gboooooobbbooad.

goooboobobobbbbbo,10b0b0bbbbbbb0 Karlsen-Risebro-Towers
23] 0000000000O0O0ODOODODOODOD, 000000000000 0O00O0g,



Karlsen-Risebro-Towers 24|00 0000000000000 000OCOO0O0O. 00O,
Panov (39|00 000000000000O00O0DOOODOOOOOOODOOO. OO
O,W.[50,52]000010000000000000000000000O00000
Oooo0oodoooooooo,ooooooooocoogooooooan.
oooo,0o0oo0b0b0i1o0ooooooobobooboogn:

e+ Az, u) = BB(w), (.)€ I x (0,7),
(P) ¢ 0.0(u) — A(x,u) =0, (z,t)€dl x(0,T),
U(LE,O) = UO(:E)> Ug € BV(I)> p S U S q.
ood, I cCcR,pgeROOO. 1DDDDDDDDDBV(I)CLOO(I)DDDDDD

0,000000000000000000O0DO00U0ODOO. 00, (P)DO0BODOOO
Doobooobooobooboooob:

Definition 2
0000w eBV()OOO. 00 wel>®Ix(0,7)0((P)D0D0000O0OODOOO
00, 00000000000D00000d:

(1) 0:B(u) € L*(0,T; L*(I))

(2) 000 peCPRx[0,7)"0 keROOD,00000000000:

A [%mu—@«u—m%—aﬁwmw+&%mw—A@%WMﬂMﬁ
—/ / sgn(u — k)0, A(z, k)pdxdt + / |D; Az, u)|pdz
0 JI\Ig 0 Jig

—i—/f\u(w,O) — ug(x)|p(z,0)dz > 0.

oo0,Is0 DA, 000 0000000000 OOOODOD.
doooodoooooooobooooooooo,oooooooooog.
ol + 0, A% (x,ul) = 023 (ud), (x,t) € I x (0,T),
(P Q0 0u2(ug) — A°(z,ul) =0, (2,t) € Al x (0,T),
u(w,0) = ug(z).

000, A%,¢) 0,00 Al,¢) 000 » 00000000000, 0000, O
£eR,6>0000,
A (z,€) = (1/8)w(x/6) * A(z,¢).
O000,«0 ROOROOOOOOOOOOO,
MMZOEHle,/wQMAzl
R

0000.000,x00000000000.000,0000 (PYO0O0OODODO

ud(x) = (1/8)w(x /) * ug(z) for 6 >0,



D00.000,0646>00000 &) =p%(¢)+e£000,6°(¢) 0 (A%x,6)00
00000)p(¢) 000000000000000.

00 A(z,$) 000 0000000000, 00000000000003000
0o.

el )~y < C-
V0B (ue) Dzt | 20 < C.
. 0000 (PP000DO0 “0,8 W) — A(x,u’)’ 0 LL-000000
O000,00000 A(z,$)0000,00000000:
{D1} A(-,€) € BV(I) for € € [p,q].
00, Panov 4|0 0000000, 00000000000000000:

(D2} 0D0DOO0 z € 1, 0000 A e RA 0,000,300 €+ M(z,8) O
¢—M\3(6)0,00000000000000000.

000,0000000000000000000,00 A(z,)000D0OOODOOO
gbooood:

(D3} 000 ¢elp,g 000,00 AL DO,/000000000000000.

{D4} (crossingd 0) 0000000 zelI 000,

A(.T+,f)—A<ZC_,€) <0<A(£E+,77)—A($_,77) :>€<777 (8)

gobbod. odd, 2,z 00000 2:0000000D000000000
uo.

ggoobogg,bbooooobn:

Theorem 6 (W.[50])

00 {A0}-{A3}, {D1}-{D2}00000. 0000,00(P)00000000 w00
0oo.

Theorem 7 (W.[50])

00 {A0}-{A3}, {D1}-{D4}00000. 00w v 000000000 up, vo000
000000000000000. 0000,

/I|u(oc,t) = ol )|dx < /[ uo() — vo(x)|d.

goooo.gd,bodddw bbb, 00bbbdoobbobooan.
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BREMICLLIBAMEDOHRE TDIGHA

TERE PERT (55 K%F)

1 BALEEITDFEVIR

1917 FITHAL R P OB FE—ITRD L 9 AR Lic. ZHAUTEBTE THAE O
] EFREN TV 4.
M. RS 1OBHDEFELTISC BERIEL-OICBELRR/INOERBERD L.

ZIUZONWT, F o= BIDORBEERD B RO NEFERMN Besicoviteh 12 & -
TraEhiz:

FE I (Besicovitch,1927). FED ¢ > 012t L, mEMN: L TORFEZHEKL, £
DR THARSZE 180°EE S5 ENTES.

—RT 5L, 2o OMEE RIEIIRIERREL LR VnWE S IR 2 5.
L LT 2 S ORBEN % < OEFO 438, $iam, A, IREFE Sy, Wik
BALRELEDLLZ N TE . £ LT, #iIMEOMIICHV BN D Fik
XZN SO EE RITT EEZ LN TN, ZOSBFIZET 258, [22],
[30], [35], [38] \&®%. FFICHAFEDO L O L LTI, [30], [31] BV, FHH O HP{
KRITHAMEICET 22 < DR EZZET o TN 5.

BE THAME] SIS Lok, BEET 20 < OO FHEOKRFRO X 912
2o TWVD. KROEINZENLEBMBIT A2 L0bthH b, £ LT, BTkt
DFERZRETH. ZOBEZ ONFITBROALZTLIRTH0, AFORXRETH 5
MR REE ) 2R 2 BIC B & 7 B BT 2 B9 5 72012, fFIC
BEISA TR N D

1.1 BIAEE LD IaE

Besicovitch 23 5- 2 72 [HIZEIZRD 2 D OFRICK D, 1 21F, & 5D HH O AR
DEELEEO DN NEBFET D L. 2 5HIE, BALRY Z i & F=E
TN ATEREN T LB L E R REIIERI/ NS TEDL LW ZETHD. £ 2
T, R" D DELETHLOLIHMNM O EETRRE 0D X7 VEAZHAER
(& D\ % Besicovitch 4258 EFES. Z O X 9 72K ORERKIEIE, Perron DK & I
IEN D HEZIZ LDV OB TNDA, AARETIEBICRS 2 ENTE S,
COHBESIZOWVWTEEMN R ZFEBL LW, 22 CTHo/hSR0<iK 11
XL, BALER Y 2 1 x 6 ORFTRICEEHZ D, TobbHRES D 6-3TE5 0
AT 22 2BRD. 20L& HRESD 0 IEFEOREDOREIZOWT, LR
Da>0Zx Lo LY LREIGEELRNE WD PERREINTWS: EC R 2 #
HEALE L MEEDa>01TxL

NV(E)
5(1
QT T IO PEBE LN ERZHMONTHED, |IN(E)| ~ 1/1og(1/8) £ 725 =
EMDDo TIN5,

A0 (6—0). (1)



BN HB PRI RIS SN DI 1970 FER D = L Th b, R LT
Z M f € C°(R™) 12xt L C Fourier 2 #2 %

~

J©) = | flz)e™™ dx
R

TEFKT DH. 2D L X, Fourier OHRAT

1
(2m)™ Jgn

fla) = F()ei=¢ de
MRS 2 . Fourier ORIRATIE & ) — AR BRI OEE TR+ 5728, L 0
7RI DORAE % % 2 72\, £ Z T, Fourier ¥4y %

Tof(z) = /|s _ Jgecae

(2m)"
EED, R— o0l Lic&ED LP(R") INKHOMEEZE 2 5. Fefferman 132D Z &
WZOWT, IROFERZFRL TWD. B AREZLIZ, 2O & OFEIITAEMNIC (1)
MHANLRTWDEDTH D (cf[30, 31]):
EI (C. Fefferman,1971). p #2, n > 2 [Z® L TIX

| Trf — fllze@ny 7 0. (R — 00)

n = 1 O¥ATE Hilbert Z5H0 LP(R) RMN S 1 < p < 00 C | Trf — fll o) —
0L ENELIL, p=2D%4E1E Plancherel DEE/NS — 0 23KV LD Z &
Wb, ARTIEZ ONFIZE L UL I EBEAGA E 7200 JElc 261072 B ARGE
OWFLAE SR L T\ =E & 720,

1.2 Bochner-Riesz F13

Fourier 877 FNZBI 95 EREOFRER NG, Tr L0 L REFEM:D /N U Bochner-Riesz
)

R ]' |§|2 ’ Y 1x-
SO f(x) = 2y /MR (1 — ﬁ) F&)eEde, 6>0

n
DH TP OLR B 72, 22T, ¢4 = max(0,1°) TH 5. bHAHAMEIL,
ISz zo@n) < Coll fllzogen)
RER Y ST E 5 T B, S ORI
K(r) = 7T+ Dl 3y (2]

ENFD, 22T, J, 1 EBessel I TH D, J, (1) =O(t*) ast — 0 &, J,(t) ~ 712
ast—o00 &V,
<C as x| — 0

m@l{ = e

2 as|z] - oo



7D, Lo T, 1m TOBOBEDHL LT NG

2n P

n+17— b=

TIP(RY) FRICRD ZEMRTRENTWD, RED n=20L X FMRITW

%. % L C, Bochner-Riesz ‘E¥INZBT 2 THRENE LW & HRES O § EHFIZET
LDTPRPIELWVE WV FEIRINTND ([34]).

n—1

1.3 Fourier #HIEIE

Bochner-Riesz ‘¥ O #E T, Fourier fill R & FHEN D RBE E R WBED Y 23 H 5.
f € LY(R"™) @ Fourier 24X R" LRI TH 5 DT, Bl 21X R™ OHEAEK S"!
\Z Fourier 8 &[R4 25 Z L ICEMRHSH. LrL, f € L*(R") @ Fourier Z
X LA(R") THDHOT, JE 0 OESES EORIRICITEREN 2. Lo, £4
S C R DR BIEFED N ODDEGEIZ DWW T, Fourier Z#40 S ~D IR 7] HE
THDHZENRINTVD.

2n+2 _

TEIE (T -Stein). 1 <p < %
E I (Tomas-Stein) _p_n+3lﬁb,

1 fllzacaoy S 1 fllze@my

S - _ n—1
h\ﬁ‘ZULLO. hu—c‘\, q = o 1p,,
Hob.

FEWE do @ Fourier Z5# %

do = / e " do(€)
S§n—1

TEHTH. UL Bessel B A MW TEHRT 2 Z &N TE, 2] 200 & LT L &,

do 1% |25 DA —F—THET 5 2 LM REND. Lo T, do(x) € LP(R),
2 > — N Mz d. e L.
p> T IRENS. TAK, 1 EOEBOA R fISHT S fdo ik LT

KO SEOM? LD D Fourier HIRBETH A, Ziud b—7 A _E® Laplace {E
HFEOBEABEICEET 5 LP 7S, /7B RIS 22 (dispersive PDE) Of#ED
LP 3l & BhET 5. 2 BRI 2B [35) I2H 5. % LT, Bochner-
Riesz F14R88 = Fourier $IRMEIE L\ 5 S E AT T 5 ([34]). 2 LARBE
DAL D D3, BIE F TIZ Fourier fil[RBEIZBI 0 5 H ARGE DO SCHERIE [31] DIZNT 72
<, £ ZOLHRIZOWT b, Bochner-Riesz ‘I BT 2 BILRSC, Wiy HEER &
DD FTITBERENL TV, SEOREAZETERTLHAETELD LN
TR N EEND EFE 2D ([36]).

%+%:1?%UMMMWA1®§ENET

1.4 #HAEXRKEL

I ET, HBEAD BT 5 TAE, Bochner-Riesz W42 B35 T8, Fourier
FIFRRIE & &< FREICHENZ L TE . RRBRICAROTETH D imRBIEIC B
925 [P AT T 2 PAEEZHENT 5. iU, HIREAORMPKRITTICET 5T
BEMZT, 2RO L THAMEE TN S.



NZEZ+HREBRBABLREEL, R>a>0&7 5. B,y I n-It Euclid Z2[# R”
(n > 2) OMEOHEE T, B2 Na, A a OFEICERR D THL LT 5.
fe Ly (RM)IZxL, “hEvy Sk K, v &

loc

Koxfla) = s [ 17()]dy
rEREB, N |R| R

EEFRL, BIEMRKEE Ky & Ky f(x) = sup,o Konf(2), EEETDH. DFEV,
K,y 1% dilation D72 B KB TH 5. Z DK D L"(R") EOIERFE /v A
DOHEFIEIZDWT, O((log N)@) for some a,, > 0 as N — oo DA —H —TaHli T
XHZEMTRINTEY, n =20 L X ITTBEEMITMR STV S (Cordoba,
(7). 22T, LP(RY) D plInllitn& ZAIZELA S 5. LV IEMIZIZH AR
EMIICE T, RO LS 2 TH L oo TV D ([31)).

1K f ey < Cnpll 1l o) (2)
IR DEFLTHY D,

{ O(N?/P=1(log N)*?) 1<p<?2
CNJ, =

O((log N)*/) 2<p<oo,
LU, n >3 D& ZTITERIZRMER LG ST,

F LD EROEEDIRLY SLO:

Bochner-Riesz *F-#) = Fourier iR [
= KB OF HMtE = BRES O KR T

INHOREEZE LD E LTEZLDObDORH LN, Z 2Tl [22, 35, 38, 39)
BRITHIZEEDD.

AHE O H BT ARSI T 2 2 P T A 2 & TH D,
FEE. SUHRIC X o T BT L7k BEEUT Nikodym M KBS & FEIENL D 2 &
MENLHITHDH. Lo, [15, 18, 32, 33] 72 EiF LR D H D % Kakeya maximal
function & A TWD. < DA, 2 OOMICIZFEEOR R EZEL Z LN TE S
2, ARICTB W TR T R T EREOZNEHAMKEK LS L1275,

2 BAEEBKEHR

f € LL . (R") \Zxf L, Hardy-Littlewood DR BI% %
1

Mf(x) = Srggm/mm) |f(y)| dy

EEDD. R RTINE LN,
Kyf(z) <CN" 'Mf(x), x€R"

ERFHENTE 5 2 E RN D DT, Hardy-Littlewood O KEI% D Lr A 5Pk
(1<p<oo) XV, BEMKEBEOETMEL DML, 1208 ZO5E

KN fllin@ey < CN7H flon@n)



EWVVIHHLIWEHII & 72 5. ZhUTxE L, AR EI R BT 5 AT
| Kn fllon@ny < C(log N)* || fl|r@n)

MY LD LN D B OT, LPI(R™) O pldn W& ZAICELRH 5. £7-, logN
DA —H—INPE L JIRNT LN,

fla) = X[l/N,11(|$|)

|

725 BEE W TRHET 5 & D (18, 31)).

ATEI DR 2 ITIR A~ T2 K912, KB DA FIMEIZES L T, Cordoba IZ &>
Tn=2DRATiEHA I, & 512, Bochner-Riesz E#JIZ BT 5 FAEMN 2 KT T
FRNLT 5 2 & ORIFER %, 2 IR OB REE D L2(R?) #Hli A W TH 2 Tnd
([7, 31)).

ERICIC /2 % & T OREITRZIZEE L < | E 7R IR LM LT, £/
B DO ARIR LI CREINTZbDOH 5. UL f(x) = fi(x) fa(xs) -+ fulzy)
\Z%F L, Tgari([19]) 1% dilation @ 72 W MEa K BEHUIZ >\ T

1Ko | 2y < C(log N)*2| f | oo eny

Zax L7z, 72, Tanaka (3 2% (log N)U/m L CEx 52 L AR LEZ. 612, Ik
S (radial) BA%R f(x) = fo(||z|l;2) (2% L TiX Carbery, Herndndez, Soria [6] 723

| Kn || nny < Clog NI f|| prwe)

% L, Tanaka([33]) 1% f(z) = fo(||z||n) PFEOREEIZR L, K, n 23 < Clog N T
MM CELHZLERLTND.

2.1 BAREHOERMEDIIHA (n = 2)
Z Z Tdilation D72\ K, y (IZDWT,
| Kanllz2@2) < Clog N)Y2| £l 22 (3)

%, “Carbery O Z W CRT HIEEHEILE . fFIIFEA LTS R2%2—0
N a DRIEFE {Qn) THEEITATRLDOICNEIL, a € Z2 2ZDH L ETD. f
DIRFFTAFESTEIZ L 5T, & Qo K L R, € Bun &, a € Ry 113

2
Kunf(z) <
! [Ral Jr,

f(y) dyxq. ()

LTES. LoT(3) X

1
Tf(x):= Z (m f) X, () for fe LQ(Rz).
a€Z? al JRa
W2k L ORI kv, EFEICED
Tf(z) < Konf(z)

PR D R, OIEOIFITH L THLY 3L,
R OAEIE Carbery[5] 12X %:



Lemma 2.1 Let T be as above. Then T is of strong type (p, p) if and only if there
exists a constant C,, such that for any sequence {\,} C Ry, we have

/ (Z (o ) dr <y 3 Nl @

622 acZ?

where q is the conjugate of p. Moreover, the infimum of the constants (Cq)l/ g
satisfying (4) is ||T||zeo—r»-

ZOMiEEp=q=2THWT, (4) B Cy=1logN THRY DI LErREIEL

V. ROBEEFET S,
2
/(Z| Xra(® )d""’

cZ?
[Ra N Rg|
= Ao\
ZZ " |RallRsl
= a2§\72 D) AaAs|Ra N Ryl
a B

BRI OFHNIZI, 2 >OEFE (mkoo TIEMHE, B HEK) oImi o 27
flids LW FE?D UIZULIEENS. L “Cordoba OREAM” & FEIE L 5 26/
BinHsn 5.

Lemma 2.2

Y |RaN Ryl Sa®N?log N (V8) and Y |RaN Ry S a’N’log N (Va). (5)
a B

Proof.
Z |Ro N Rg| < a’N?log N, for each a.
B

R RV F oIk L, B B IX RS T
R, =[-a/2,aN —a/2] x [—a/2,a/2].

LTV RYIC otof R/g%a?f REDVERROH LT 5. RP IS Ry L5EE
(AR B SR S OHERPRE <,

a? 2a°>N
R,NRs| < |R,NRY| < ANa’N < ———
| sl < B’_Sine “ ~ Nsinf+1’

E72%. 22T, 013 Ry & RY DT Th%. B, CL* %

B,={8=(mn):—=N<n<NmneZl, meZ—-N<m<2N
EEDDH. FmITONT,

N

2a>N
Z|RQDR’8|§ZNS$0+1 Z

BEBm BEBm

2N log N.



& 720 (EDERAIDOARFE 5 THWZFHEZ “Cordoba DFAR” & vy 9 [31]),

2N
Y [RaNRsl= Y Y |[RaN Ry $a’N’log N

B m=—N BEBm

R CAIEDOIE N KD 5. n
£ T,

I 5a2§v2 Y0 Xads|Ra N Ry
B

«

:aivﬁ %{ZAQ <Z|R mR5|> +ZA5 (ZIR ﬂRﬁ!)}

11
< 2N2.§{a2N210gN§ A§+a2N21ogN§ :/\%}
a
a B

& fiof%ft%iﬁ%“bé
VILECTHARBEICEE S S by 7 OFEIT &, iR B ORHEIZ B % £
AR R BRI OWTHII T & LTz, IROFI D ST D IERER DG 23 5.

3 B PR E A 7T m A KR 2K

BRI 2D 72T, Hraft iRk BEE & FEEn 2 EHFEIC L - T, Eafi
KEAE 2 il T & % Z & 28 Stromberg [29] IZ X > TrRake. \__“ijr'jﬁjr’ﬁj(gg
BEIROLIICERSND: Q& RZOENRT MVOELST, Q=N &35,
€ Ly (R™)\Zxt L, FafttRBas M %

Mqf(z) :== sup / |f(z + tw)| dt

r>0,weN 2r
EED D . Stromberg ([29]) 1% Q DEEN—HRIZHA L TWAHEHEIT,
| Mo fllL2@2) < Clog NI fllz2m2) (6)

LIRBH I EERLTND., £, QBRI LTV DA, Ky f(r) < CMof ().
ERHITED Z 0D, HEMRBEBOARMELZE ZLNTE L. SHIT20] &
[21] 28T, Katz iQO)jiﬁ (ZHESIFRIC EOFMIACTE L &R LTz, Frax D
fERIT, 2D Katz OFERITKE L, BSFRE (KSR i 217 b 0 ThHh 5. 2D
B, (1] & [2] TRER TV AL R%MIEmEER Lz, 22 TR0z -+
Lz 5.
QC0,r/4) &L, wxR EOMEL L, ffsB i fHEA RS Mo, %

Mouf(z) == sup —= / £ () |w(y) dy

z€EREBq w(R) R



EEDD. ZIT, Bold Pl EORFIEOELSTHY, B o8l & 72 3% 0 2 Q
DEFETOHLILOEIERTHS. Qo = {91 >02>"'>9j > "'}CQ, 90:7T/4k
VD, K> LITRIL, Q;=1[0;,0,_1)NQ %G € Q LRDEIITEDD. % Q,
J=0,1,2,.. X L, Bo, IR 2 far B R A B £ 2

Mo, f(z) = sup /If|w Yy, =0,1,2,.. ..

w€REBq;
LREDD.
LT BB (BH) &9 %0 w(z) = wo(l|zli) = wo(lx]) for some wo

onR.. &2, LLFD22o0%MEIET 5:
Doubling condition: For all 0 <1 <7} <r) <ry < oo with ro —ry = 2(ry — 1),

o rh
/ wo(r)dr < C’/ wo(r) dr; (7)
Supremum condition: For all 0 < r{ < ry < 00,
C "2
sup wy(r) < wo(r) dr. (8)
r1<r<ry To — T

e ﬁ”f‘f% |z|* (@ > 0) 1ZLA EOFME T2 Z L1133 <I2hrd
zﬁﬁﬁi B2 FEEHITIK TH 50Y, HAIOERT Almost orthgonality prlnciple
EMEENDHDTH Y, ﬁéiﬁb@rft% 1, 2] 12 L %:

Theorem 3.1 Let w be a radial weight satisfying (7) and (8). Then there exists
a constant C' independent of ) such that

| M| 2 (w)— L2 (w) < Sup ”MQ wll 2= r2w) + CllMag,wll 22 (w)— 12 (w)

where ||T'|| 2(w)—r2(w) denotes the operator norm T : L*(w) — L*(w).

Corollary 3.1 Let Q be a set of unit vectors on R? with cardinality N > 1 and
w(z) = |z|*, a > 0. Then there exists a constant C' depending on only a such that

”MQwHL2 V= L2(w) <ClOgN

T IR O FRR SR ETh 5 85, 2L [L, 2] TP T 2 R
BEBTVS DL RRE ERT S, RIIHERLOBEATRAYD L) IC LTR
ATWBDERLELDTHS.

Lemma 3.1 Let B € B; and R € B;. Suppose that BN R # () and the long side

length of B is bigger than that of R. Then there exists a rectangle R € By such
that

w(RNB) _ w(RN B)
w(R) ~ w(R)



Figure 1: The star shape is the common center of R’ and B’. The rectangle R is
shaded.

3.1 Sketch of the proof
FETIROKMAHED LI TH 5.
Lemma 3.2 Let R C R? be a rectangle. Then

w(R) 1 /mm
|R| r2(R) — r1(R) r1(R)

where r1(A) :=inf e x|, r2(A) := sup,ec 4 |7].

R, AEZBEDRWE DI, MEQR LOSE T 5. T

) =3y (f,f) 1ee) )

W2 Lo THRIEALT 5. TAf< ) < MAf( ) D3 D S LOVC%D, My %TAI@ XKoo Tt
Pl35Z ENTX 5. Carbery DfiE%Z FHE5T 5!

wo(r) dr,

Lemma 3.3 (Non-weight version [5]) T} is of strong type (2,2) if and only if
there exists a constant Cy, such that for any sequence (\,) C Ry, we have

2
1
/ (Z AamlRa> <Gy Y Al (10)
Moreover, the infimum of Cy is ||Txl[3_,,-
ZOMBIZ L - T, BEEZ LD OREDITHER TE 5. HAIXZOEKIZOWT,
Co* = sup || Mo, 132 + C1| Moy -2
e

EREIRE W LI s, FORSIE2ETHLINLRENTE T,

I :/(;Aa’R—ulRa(ﬂt)>2dm=/<Z > Aarn )2

I a:Rqa€Y

Z/Z< 2, Tk R”‘) ”ZZ/Z > A g e

:Ra€Q j<l ¥ Ra€Q RpeQ;

=: A+ B.



|RaﬁR5|

£ %, AZOWTIEHRIZAES 2 Z L3 TE DN, BIZaEhd D

| Ral|Rsl
JLEEZNEE L. fEAT O C b Carbery ORIBEDNEKAL T 5 O C, AR O A Al
R o S Ya ) R SN SR
w(R Jw(Rs)

SICEBEAEX @M L, FEICBE L TH £<aHE L.

3.2 Dilation D% LMEE D FRIEfHBR KR
S5 R R B & o O B A M B

Knwf() = sup ﬁ /R F@)lw(y) dy

reReByN
Z a9 % 72812 Corollary 3.1 Z {92 7291213, W EN w(z) = |z|* (a > 0) &
W) BRI EIZFR 540 C LE 9. Supremum condition & doubling condition 7217
Tl CELZ &R TREINDD, ZHITASBROFEL > TS, LL, kD
dilation @ 72V VEMA K BE 2K
Kyuf@)i= sw — [ 1))

reReBY w
WZOWTIE, ROFHIZ R ENTE D!
1K o f Nl 2wy < Clog NYY2(| £[| 22(w)
AEINX 2 Hi TR L2 HIRIC L B, fafEfF Carbery OFEIZ K> TR D L 5 727l &

179,
2
/ (Z)\ ZE%:;XR )) w(z) dx
w(Qa)w(Qs)
_ZZ)\ Aﬁw(RQ)w( 7,) w(Ry N Rp)
w(Qa)w(Qs)
_ZZA MR w(RBf w(Ro N Rg) - [ w(Qa)w(Qp)
W 3.2128Y
w(Qa)w(Qp)
w( a) ( ) w(RaﬁR5>
1 3 ( 1 )2
N _(|rad( Q)] J a0 ) [1ad (Q5)] Juaa (@ |Ra N Rg| / "
N2 1 1 wo |rad (RCX N Rﬁ)| rad (RaﬂR/gg)
|rad (ROé>| rad (R |rad (Rﬁ)| rad (Rg)
( sup w0> ( sup w0>
1 rad (Qa) rad (Qg)
§ m sup Wy . sup  wWo . |R0& : RIB’ rad (Sllzlalr)ﬁRﬁ) o



Z 27T, Q4 =1 &, supremum condition K& D AREXNTHNTWS. [LED o
126 LT Qn C 2R, 72D T, rad (Qq) C rad (2Ry) & 72V, wy @ doubling condition
Z W,

1 1 1
sup wo \ 2 sup wy \ 2 sup  wp \ 2 sup  wp \ 2

1 rad (Qa) rad (Qg) rad (RaNRp) rad (RaNRp)

=3 | Ra N Ry
N? sup wy sup wo sup wy sup wo
rad (Ra) rad (Rg) rad (Ra) rad (Rg)

1

S N2 |Ro N Rgl.
Therefore,
1

I 5557 D D Aty w(Qu)w(Qp)| Ra N Byl
a B

-y {Z Nw(Qu) (Z R. mw) £ Nw(0y) (z R R5|>}

S

i

. % {N2 log N Y Nw(Qa) + N?log N Z[; Agw(Qﬁ)}

=log N> Nw(Qa).

4 ZEHIEH Lebesgue 22

Z OIS EEFEE Lebesgue ZERIZOWTELRT 5. 2 51T Kovéacik &
Rékosifk([23]) 1T ko TR E ZtiB 2307, BARRZRME TR~ bz, KIZ Hardy-
Littlewood DA% M & LPO (28T 54 F4E D573 Cruz-Uribe, Fiorenza,
Neugebauer [10] and Nekvinda [25] |2 & > TR S 7. 4% I H FHYED T2
DD p(-) DF5MNE 2 BV, Diening [12) 1XI%EFEE /(1) Z W THEA-
EMEIZ OV T OMIEEITo 72, T Q = R* OFAICHONT, M 28 LPOR") E
AR L, IPORY) EARERDZENFEETHD Z L 2R LT, T4,
Cruz-Uribe, Fiorenza, Martell, Pérez [9] 1&Z M AR L7225 K 9572 p(-) I L T,
WS OO EEREHE, FRREY, SEEREREN LPOQ) LR LD Z
&R LTz (10, 11, 12, 13, 25]. £ 72, Nakai, Sawano [24] IZZBfF%% Hardy 25[# &
— %t Campanato ZZf#] % grand K% A2 W CTIANZL < OEBE R 2 21T T
W5, O TSR E ERET 5.

4.1 #HEFELEFEHRR
AHIEIE p(-) : R™ — [1,00) 1T L, Z@h#E%K Lebesgue 22 LPO(R") %

p(x)
Pp(~)(f/)\) = /n (@) dxr < oo, for some A >0

il AR OEA EERT S, LPORY) 1L/ VA
[fllpey = inf{A >0 pyy (f/A) < 1}



%A 2. 7= Banach 221 & 72 % . p(x) = po D & 13 LPO(R") 1X3@H O LP(R™) & —
T 5.

Definition 4.1 (a) p(-) 2" locally log-Holder #if5t T 5 & 1%, &8k co > 0 BMFFEL

)s%, ry € R o —y| < 1/2.

ERHZLEThHD.
(b) p(-) 7 log-Hélder continuous at infinity & 1%, B coo > 0 & p(oo) BIFLEL,
Ip(z) — p(oo)[log(e + |2]) < ¢,  z€R™
B LEThHD.
(c) AIHI4EA E C RMIZxtL,

p—(F) = essinf p(x) and p,(E) = esssup p(z)
el zelE

EEDD. E=R"DYAIZITHEICp., pp &2<.
FEHIIK TH S (see also [8]):

Theorem 4.1 Let N > 1 and 2 < p_ < p, < oo. Suppose that p(-) is locally
log-Holder continuous and log-Holder continuous at infinity. Then Ky is bounded
from LPV)(R?) to LPV)(R?) and

1-2= 2
”KNf||Lp(->(R2) < CN 7+ (log N)*- HfHLP(‘)(RQ)v (11)
where the constant C' is independent of N.
EE. (1) p(-) BEEKCH -7, 1= L2 — 0 L ieoT, HMERKEE (2) ©

p
2<p<ooDHFHE TS, "
(2) —R92 &,

| KN fll o) 2y < C(log N)¥P= when 2 < p_ < p, < oo.

ERDTEPHFFESNDD, N OFEREZRS 23 TE RV, F2bbHIRMEY
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Theorem 4.2 Let N > 1 and 1 < p_ < p, < oco. Suppose that Ky is bounded
from LP")(R?) to LP")(R?) and that p(-) is continuous. Then there exist a positive
constant C', independent of N, and a small constant ¢ > 0 such that

KN ||LP(‘)(R2)—>LP(')(]R2) > CN°-.
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Relations among relative operator entropies
and operator divergences
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T.(A|B) = (0<t<1)

1 Introduction

In this report, an operator means a bounded linear operator on a Hilbert space H.
An operator T is said to be positive (denoted by T' > 0) if (Tz,x) > 0 for all z € H,
and also an operator T is said to be strictly positive (denoted by T' > 0) if T" is positive
and invertible.

For two discrete probability distributions p = (p1,p2, -+ ,pn) and ¢ = (q1,q2, -+ , Gn),
that is, p;,¢; > 0 (1 <i <n)and ) p; = >, ¢ = 1, relative entropy (Kullback-
Leibler divergence, Kullback-Leibler distance) is defined by D(p|q) = > 7, pilog o ([13,
15]). We remark that if ¢ = (+,=,..., %), then D(p|q) = logn — H(p), where H(p) =

— > pilogp; is the famous Shannon entropy. The relative entropy plays an important



role in the classical information theory as a notion to measure the difference between
two probability distributions.

It is also well known that — " | p;logp; < —>"" | p;logg; holds. This inequality is
called Shannon inequality (Shannon lemma, Gibbs’ inequality), and it is equivalent to
D(plg) = =32, pilog £ > 0.

The quantum relative entropy was introduced by Umegaki [17] as S(p, o) = tr(plog p)—
tr(plogo) for two density operators (i.e., positive operators with trace 1) p,o on H.
We remark that S(p,+1) = logn — S(p) on an n-dimensional Hilbert space, where
S(p) = —tr(plog p) is the von Neumann entropy.

For A, B > 0, Fujii-Kamei [3] defined relative operator entropy by
S(A|B) = Az log(A? BA? )A?,

We remark that S(A|l) = —Alog A is operator entropy given by Nakamura-Umegaki
[14]. For A, B > 0 and ¢t € R, Furuta [6] introduced generalized relative operator entropy

S,(A|B) = Az(A2 BA7 )i log(A? BA® )A:z,

where Af, B = A2 2 (A= z BA= )tA2 for 0 <t < 1. We can treat the weighted geometric
mean A f; B as a path from A to B. We remark that S;(A|B) can be considered as a
tangent at ¢t of Af; B, and also So(A|B) = S(A|B). Tsallis relative operator entropy was
introduced by Yanagi-Kuriyama-Furuichi [18] as follows: For A, B > 0 and 0 < ¢ <1,

A2(A2 BA® )tAQ—A At B—A
t t

T,(A|B) =

We remark that
To(A|B) = tliIJrrloi}(A|B) = S(A|B)

since thIJrrlo xtt_l = logz for z > 0, and also the definition of T;(A|B) can be extended

for t € R. We note that for t € R, we use the notation ; instead of f;, that is,
At B=A2(A2 BA? )'Az for t € R.

Let A = (Ay,---,A,) and B = (By, -+, B,) be sequences of strictly positive opera-
tors. In [8, 10], we define relative operator entropy S(A|B), generalized relative operator
entropy S;(A|B), Tsallis relative operator entropy T;(A|B) and Rényi relative operator
entropy I;(A|B) of two sequences A and B as follows: For 0 <¢ <1,

S(A|B) = ZSA|B S,(A|B) = ZStA\B

T,(A[B) = ZTt (A;|B;) and

i=1

1 & .
I(AB) = - log ¥ A; e B (if t #0).
=1



We call an operator sequence A = (A4, -+, A,) operator distribution if A; >0 (1 <i <
n)and Y " | A; = I, since it can be regarded as an operator version of discrete probability
distribution. In this report, we assume that A and B are operator distributions. We
remark that

I(AB) = tlirJrrlO I;(A|B) = S(A|B)
follows from (2.1) stated below.

In [6], for two operator distributions A = (Ay,---,A,) and B = (By,---, B,), Fu-
ruta obtained the operator version of Shannon inequality (briefly, operator Shannon
inequality).

S(A|B) < 0. (1.1)

Yanagi-Kuriyama-Furuichi [18] obtained a generalization of (1.1) by using Tsallis relative
operator entropy for operator distributions.

Ty (AB) <0 for0<t<1. (1.2)

Amari [1] defined a-divergence as a notion to measure the difference between two
probability distributions as follows: For two probability distributions p = (p1, pe, - - ., Dn)
and ¢ = (q1,92,---,qn), and for o € R,

Du[p : q] =

( prqf“),a#ﬂ.

If « = —1,then D_y[p: q| = limlDa[p cql =0 pi log 2 = D(p, q), and if v = 1, then
Dilp: gl = limDa[p: gl = Dl - pl.

If we put t = HTO‘, then a-divergence can be expressed as follows:

Di(plq) = Dara[p : q] Z{ i+t — pl g}, t#£0,1.

Based on this expression, Fujii [2] defined an operator valued a-divergence as follows:
For strictly positive operators A and B, and for o € (0, 1),

Da(A|B)E (AVaB_AJja B),

L
a(l —a)

where AV, B = (1 — a)A + aB is the weighted arithmetic mean. We remark that
Fujii-Mié¢ié-Pecari¢-Seo [4, 5] showed

Do(A|B) = lim Do(A|B) = B — A — S(A| B)



and
D,(A|B) = lim1 D.(A|B) = A— B+ S1(A|B).

In this report, first, we state fundamental relations among operator entropies. Next,
we introduce generalizations of operator entropies stated above, and we extend Shan-
non inequality via these generalizations. Moreover, we have fundamental properties of
operator valued a-divergence, and we discuss the translation for operator entropies and
operator valued a-divergence on the path f; named noncommutative ratio translation.

2 Fundamental relations of relative operator entropies

In this section, we state the results in [8]. Firstly, we show essential properties in our
discussion.

Theorem 2.1. Let A, B > 0. Then the following properties hold:
t—u

(ii) S,(A|B) = —Si_i(B|A) fort € R.

() Su(A[B) <

< S{(A|B) foru,t € R and u < t.

(iii) S)(A|B) = —S(B|A).

u

Proof. We have (i) since z*logz < % < z'logz for x > 0.
We have (ii) since
—S,_+(B|A) = —B2(B7 AB% )" 'log(BZ AB? )B?
2A7 B*(B2A'B2)" log(B:AT'B2)B1AT A?
3(AT BAT)(A7 BAZ ) log(AT BAT)A*

(
(A2 BA®)'log(A? BA® )As

(iii) is obtained by putting ¢ = 1 in (ii). Hence the proof is complete. O
By Theorem 2.1, we have the following relation among S(A|B), T;(A|B) and S;(A|B).

Theorem 2.2. Let A, B > 0. Then for 0 <t <1,

S(AIB) < T(A|B) < Si(A|B) < —Ti_(B|A) < ~S(B|A) = S1(A|B).



For an integer n, we obtain the similar relation for n < ¢t < n+1 to that for 0 <t < 1.
We state it without proof.

Theorem 2.3. Let A, B > 0 and n be an integer. Then the following hold and they are
equivalent:

(i) Form<t<n+1,

At,qnB—Ayu B
h +1 ht <Sn+1(A|B)

<
Su(A1B) < n=fhC <

Ahti:ﬁu"Bsst(AlB)g

(ii) Forn<t<n+1,

(BA™)"S(A|B) < (BA™)"T;_o(A|B) < (BA™")"S,_,(A[B)
< — (BA™')'Toy14(BlA) < —(BA™)"S(BJA) = (BA™")"S,(A|B)

As relations among relative operator entropies for operator distributions, we obtain
the following inequalities including Shannon inequality (1.1) and (1.2).

Theorem 2.4. Let A = (Ay,---,A,) and B = (By, -+, B,) be operator distributions.

Then
S(A|B) < I,(A|B) < T,(A|B) <0, (2.1)
0 < -T1(B|A) < —1,_(BJA) < S1(A|B) (2.2)
and
T:(A[B) < Sy(AIB) < —T1+(B|A) (2.3)

hold for 0 <t < 1.
Jensen’s operator inequality [7] plays an important role to prove Theorem 2.4.

Theorem 2.A (Jensen’s operator inequality [7]). Let f(x) be an operator concave func-
tion on an interval J. Let {C;}}, be operators with y . CFC; = I. Then

f (i C;Ai0i> > iC;f<Ai>Ci

holds for every selfadjoint operators { A;}_, whose spectra are contained in J.



Proof of Theorems 2.4. Since f(x) = logx is operator concave for > 0, by using
Theorem 2.A, we have that

L(A|B) = %ngAE (A7 B,AT )i A2
=1

> liA; log(A2 B,A2 )i A2

= t ' 1 7 145 1

— Zm log(A2 BiA2)AZ = S(A|B).

Since logx < x — 1 for x > 0, we have

L(ATB) = < log > AF(A7 BAT ) A}

1<:L*—1for:v>()aund0<t<1 we have

1 1
Ti(AB) = - A A BA Az —1
Ty(AJB) = - Z )4,

_ AQ(A Bftl ) - L3

Therefore we obtain (2.1).

By (2.1),
S(BJA) < I_(B|A) < Ti_.(B|A) <0

holds for 0 < ¢ < 1, so that we have (2.2) by (iii) in Theorem 2.1.
We also have (2.3) since

T,(A[B) < Si(A[B) = —S1_,(B|A) < —T1_,(B|A)

by (i) and (ii) in Theorem 2.1. Hence the proof is complete. O



3 Generalizations of operator entropy and operator
Shannon inequality

In this section, we state the results in [9, 10]. For A, B > 0,0 <t <land -1 <r <1,
power mean
-1 -1
Ay, B=A:{(1—t)I + (A7 BAZ )"} Az
is well known as a path of operator means from harmonic mean to arithmetic mean on
r. In fact,

Aty 1 B={(1-t)A"' +tB'}' = AA; B,
Aty B=limAt,, B = AZ(A7T BAZ)'As = A4, B,
A4 B=(1—-1)A+tB=AV,B.

In [9], we introduce generalizations of S;(A|B) and T;(A|B) as follows: For A, B > 0,
0<t<land -1<r<1,

S

Sir(AlB) = A ({(1 — ) +t(AT BAT) L. (

AT BATF Y — 1) .
A {(1 =0T +t(A5 BAZ )} As — A At, B—A

t B t '
Similarly to S;(A|B), we can treat Aff; . B as a path from A to B on t, and also S, (A|B)

can be considered as a tangent at ¢ of A4, B. We remark that the following properties
hold.

T, (A|B) =

Sos(A|B) = T(A|B),  S10(A|B) = lim S,..(A] B) = S,(A| B),
To,(AlB) = lim T, (A|B) = T,(A|B) and  Tyo(AlB) = T,(A|B).

The following result is an extension of Theorems 2.1 and 2.2 for 0 < ¢ < 1. Theorem
3.1 leads (ii), (iii) in Theorem 2.1 and Theorem 2.2 by letting r — 0.

Theorem 3.1. Let A, B > 0. Then the following properties hold:
(i) St (A|B) = =S1-1,(B|A) for0 <t <land -1 <r <1
(i) 1, (A[B) = —So,(B|A) for -1 <r < 1.

(iii) For0<t<1land -1 <r <1,

Sor(A|B) <T;,.(A|B) < S;(A|B) < =T1_+,(B|A) < =Sy, (BJA) = S1,.(A|B).

Next, we discuss a generalization of Theorem 2.4. We can generalize S;(A|B), T:(A|B)
and I;(A|B) as follows:



Definition 1 ([10]). Let A = (Ay,---,A,) and B = (By,--- , B,) be operator distribu-
tions. For0 <t <1 and -1 <r <1,

Sir(AB) =" S, (Ai|B), To.(AB) =) T,.(AlB)),
=1 =1

1 - .
Lﬁ,r(A‘E) = ? logz Az ljt,r Bl (Zf t7 r 7£ 0)7
i=1

lor(AIB) = lim I,,(AIB) and I,o(A|B) = lim I,,.(A[B) = L,(A|B).

We obtain the following relations among S(A|B), 7;,(A|B) and I ,.(A|B). (3.1) and
(3.2) in Theorem 3.2 imply (2.1) and (2.2) in Theorem 2.4 by letting » — +0, respectively.

Theorem 3.2. Let A = (Ay,---,A,) and B = (By, -+, B,) be operator distributions.
Then

S(A|B) < I,.,(AB) < T, (A|B) < 0 (3.1)

and

0< —Ty o, (BIA) < —I,_,,(BJA) < S (A[B) (3.2)
hold for 0 <t <1 and 0 <r <1.

The inequalities (3.1) and (3.2) hold partially even in the case —1 < r < 0.

Theorem 3.3. Let A = (Ay,---,A,) and B = (By, -+, B,) be operator distributions.
Then

and

0< T 4,(BJA) < —1,(B|A) (3.4)
hold for 0 <t <1 and —1 <r < 0.

We get the following result on Iy, (A|B) by scrutinizing the proof of Theorems 3.2
and 3.3.

Proposition 3.4. Let A = (A, -+, A,) and B = (By, -+, B,) be operator distributions.
For each —1 <r <1 such that r # 0,

IO,T‘(AHB) = TT‘(A“B)



We discuss another generalization of Theorem 2.4. We introduced S;,(A|B) as a
generalizaton of S;(A|B), but S, ,(A|B) does not appear in Theorem 3.2. Then we expect
that we can generalize (2.1) to

Sor(AB) =T, (A|B) < J;.(A|IB) < T;,(AB) <0 (3.5)

for a suitable generalized entropy J;,(A|B) such that J;o(A|B) = L;(AB). From this
viewpoint, we introduce another generalization of I;(A|B).

Definition 2 ([10]). Let A = (Ay,---,A,) and B = (By,--- , B,) be operator distribu-
tions. For 0 <t <1 and —1 <r <1 such that r # 0,

E?:l Az ﬂt,r Bl)r -1
tr ’
Jo (AB) = lim J, (A]B) and Juo(A[B) = lim J,, (AJB).

Jt,r(‘A‘E) = (

Firstly we show a relation between [, ,(A|B) and J;,(A|B), two generalizations of

L(A|B).
Proposition 3.5. Let A = (A, -+, A,) and B = (By, -+, B,) be operator distributions.
Then for each 0 <t < 1,
(i) I;»(A|B) < J..(A|B) for 0 <r < 1.
(i) Jir(A|B) < I, (A|B) for =1 <r < 0.
Next we obtain the following results among S;,.(A|B), J;,(A|B) and T;,(A|B). By

(i) in Proposition 3.7, we recognize that Theorem 3.6 implies Theorem 2.4 by letting
r— 0.

Theorem 3.6. Let A = (Ay,---,A,) and B = (By,---, B,) be operator distributions.

Then
Sor(AB) =T, (A|B) < J;..(A|B) < T;,(AB) <0, (3.5)
0< —Ty o, (BIA) < —Ji_(BIA) < 51, (A]B) (3.6)
and
Ti,(AB) < S;.(AIB) < =Ty, (B|A) (3.7)

hold for 0 <t <1 and —1 <r <1 such that r # 0.

Proposition 3.7. Let A = (Ay,--- , A,) and B = (By, -+, B,) be operator distributions.



(i) For each —1 <1 <1 such that r # 0, Jo,.(A|B) = T,.(A|B).
(ii) For each 0 <t <1, Jio(AB) = I,(A|B).

We get the following result by combining Theorem 3.2, Theorem 3.3, Proposition 3.5
and Theorem 3.6.

Corollary 3.8. Let A = (Ay,--- ,A,) and B = (By,- -, B,) be operator distributions.
Then for0 <t <1,
S(AB) < I, ,(AB) < J;.(AB) < T} ,.(A|B) <0
holds if 0 < r <1, and also
Sor(AB) =T, (A|B) < J;.(A|IB) < I,.(A|B) < T;,(AB) <0

holds if —1 < r < 0.

4 Operator valued a-divergence

In this section and the next section, we state the results in [11]. Here, we have
some fundamental properties of operator valued a-divergences. Petz [16] introduced the
operator divergence Dpg(A|B) = B — A — S(A|B). Fujii et al. showed the following
relation between Dpg(A|B) and operator valued a-divergences at end points for interval
(0,1).

Proposition 4.1 (Fujii-Miéié-Pecarié¢-Seo, [4, 5]). Let A and B be strictly positive op-
erators. Then the following hold.

(i) Do(AIB) = lim Do(A|B) = Dyxc(A|B) = B~ A~ S(A|B),

(i) Di(A|B) = lim Da(A|B) = Dpic(B|A) = A— B + Si(A[B),

The following (i) in Proposition 4.2 interpolates (i) and (ii) in Proposition 4.1 since

To(A|B) = S(A|B) and —S(B|A) = S, (A|B).

Proposition 4.2. Let A and B be strictly positive operators. Then the following hold.

() Da(AlB) = —

—

(B—A—Ty(A|B)) = —(A— B — Ti_o(B|A)) fora € (0,1),

1
o



(ii) D1_o(B|A) = D4(A|B) for a € [0,1].
We have the following fundamental properties of D, (A|B).

Theorem 4.3. Let A and B be strictly positive operators. Then the following hold.

(i) 0 < Do(A|B) < %DO(/HB) and 0 < Do(A|B) < éDl(A|B) for a € (0,1).

(i) Do(A|B) = —{Tu(A|B) + Ti-a(BJA)} for a e (0,1).
(iii) Da(A|B) < S1(A|B) — S(A|B) for a € (0,1).

We remark that (ii) means that an operator value D, (A|B) can be represented by
the sum of two operator values for Tsallis entropies.

5 Noncommutative ratio translation

First, we show the following result on translation of generalized relative operator
entropies.
Proposition 5.1. Let A and B be strictly positive operators. Then

(A Buro B)(A u B)"'Su(A|B) = Suso(A|B)

holds for u,v € R.

We can regard S,(A|B) and S,.,(A|B) as tangent vectors at u and u + v on the
path A f,, B, respectively. Then, Proposition 5.1 means that S,.,(A|B) is parallelly
transferring S, (A|B) by v along the path.

Here, we define the following noncommutative ratio on the path A g, B, and give a
new viewpoint for the equality in Proposition 5.1.

Definition 3 ([11]). For strictly positive operators A and B, and for u,v € R, noncom-
mutative ratio on the path A 4, B is defined as follows:

R(u,v; A, B) = (A 800 B)(Ah, B)™.

We have the following property of noncommutative ratio.



Proposition 5.2. Let A and B be strictly positive operators. Then
(A buro B)(A by B)™ = (A, B)A™,
that is,
R(u,v; A, B) = R(0,v; A, B) = (A 4, B)A™"
holds for u,v € R.

By Proposition 5.2, R(u, v; A, B) does not depend on u. So, we denote R(u,v; A, B)
by R(v; A, B), or simply R(v) in the rest of this section. We call multiplying by R(v)
from the left side noncommutative ratio translation. We get the following immediately.

Proposition 5.3. Let A and B be strictly positive operators. Then the following hold.

(1) R(v)Su(A|B) = Suw(A|B) for u,v € R.

Atyw B—At, B
Uu

(i) R(v)T.(A|B) = for u,v € R.

Let n be an integer. Then R(n) = (A 4, B)A™' = (BA™1)" holds, and we can
regard (ii) in Theorem 2.3 as the result applying noncommutative ratio translation to
Theorem 2.2. Here, we apply noncommutative ratio translation to other fundamental
relations, and try to show the similar property to Theorem 2.3. To see this, we make
some preparations.

Lemma 5.4. Let A and B be strictly positive operators. Then

(A B B) o (A tlu-i-v B) =A hu—i—vw B

holds for u,v,w € R.

Proposition 5.5. Let A and B be strictly positive operators. Then the following hold.
() Su(A iy BIA fsw B) = Sy yun(AB) for u,v,w € R
(ii) S(A 8, B|A 1w B) = wS,(A|B) for v,w € R.

(i) Su(A|A 1y B) = wSuw(A|B) for u,w € R.

(iv) Su(At, B|A tys1 B) = Suto(A|B) for u,v € R.



We remark that Proposition 5.5 is an extension of some kind of the additivity for
entropy, that is,

S(AIA t, B) = tS(A[B)
for ¢ € [0,1] shown by Kamei [12].
We can obtain the following result on noncommutative ratio translation for each

operator value S,(A|B), T,,(A|B), and D,(A|B).

Theorem 5.6. Let A and B be strictly positive operators. Then the following hold.
(i) R(v)Su.(A|B) = Su(A b, B|A t,+1 B) foru,v € R.
(i) R(o)Tu(A|B) = Tu(A £, BIA 141 B) for u,v € R.
(i) R(v)D4(A|B) = Do(A t, B|A by11 B) for a € (0,1) and v € R,
By using Theorem 5.6, we get the following properties by applying noncommutative

ratio translation to fundamental relations between operator valued a-divergences and
relative operator entropies shown in Proposition 4.1 and Theorem 4.3.

Theorem 5.7. Let A and B be strictly positive operators. Then the following hold for
a € (0,1) and v € R.

(i) R(v)Do(A|B) = Do(A b, B|A tyr1 B) and
R(v)D1(A[B) = Di(A b, B|A 41 B).

(i) R(v)Da(A|B) = —R(0){Ta(A|B) + Ti-o(B|A)}.
(i) 0 < R(v)Du(AB) < iR(v)DO(/ﬂB) and
0 < R(v)Do(A|B) < éR(v)Dl(/HB).

(iv) R(v)Da(A[B) < R(v){51(A|B) — S(A|B)}.
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On the F-method for constructing intertwining

differential operators between homogeneous vector
bundles

000000000000 000000000 (Toshihisa KUBO)®
Graduate School of Mathematical Sciences,

The University of Tokyo

o0

This notes is a summary of our preprint [B] on finding explicit formulas for SL(2, R)-
intertwining differential operators between homogeneous vector bundles. Key tools
are the Jacobi polynomial and Rankin—-Cohen bidifferential operator. To reduce the
technicality we try not to appeal to representation theory as much as possible.

1 Introduction

The main concern of this notes is to provide explicit formulas for certain differential

operators. To describe precisely let F (x,y) = ;1 Ex’ y;) be a C?-valued function defined
2\, Y

on R*\{(0,0)}. Given X\ € C, we set

- 20 —sin20\ =/ —cosf sin#
FY(rcosf,rsinf) .= r=2* €08 S ol ket §
sin26  cos 260 r r

Observe that differential operators Dy, Dy : C*°(R?) — C*(R) yield a linear map
D:C®(R?) @ C*(R?) = C*(R), (fi, fo) = (D1fi)(w,0) + (D2f2)(,0).

If we write

D := Resty—g o (D1, D»),

then the main problem of this notes may be described as follows.

“E-mail address: toskubo@ms.u-tokyo.ac.jp



Problem A. Given \,v € C, find explicit formulas for constant coefficient differential
operators Dy, Dy so that, for any F' € C*(R?) & C*(R?), the functional identity

(DaF)a) = bl (Da, ) (-3 (M)

holds for x € R* and D, , = D = Rest,—q o (D1, Ds).
Given \,v € C, if we write
Diff*(\,v) := {D : C*°(R?) ® C*(R?) — C*(R) : D is of order a and satisfying (M])},

then Problem A may be understood as showing the differential operators D € Diff*(\, v) for
any a € Ny := {1,2,...}. For “generic” A\ € C, the following fact reduces the possibility of
v to consider for Problem A.

Fact 1.1. Let A € C so that 2\ ¢ —N:={0,—1,-2,...} and a € N;. Then Diff*(\,v) # ()
if and only if v — X\ = a. Moreover, we have dim¢ Diff*(A\, A + a) = 2.

The key idea of the fact is the branching laws of generalized Verma modules. Since some
structure theory of complex simple Lie algebras may require to describe the idea, we do not
discuss the proof in this notes. For those readers who are interested in the fact, we suggest to
consult [B] or [B]. Although not discussing the fact, we may want to note that the condition
2\ ¢ —N can be observed from meromorphic functions A,(\), B.()), and U,(\) defined in
Section B. (See the proof of Proposition B3.)

The purpose of this notes is to find explicit formulas for differential operators D &
Diff* (A, A + a) for any a € N, provided that A\ € C with 2\ ¢ —N. Namely, we con-
sider the following problem.

Problem B. Given A € C with 2\ ¢ —N, for any a € N, find explicit formulas for constant
coefficient differential operators Dy, D, so that, for any F' € C*°(R?)&C>(R?), the functional
identity

; L
(Dapra Y ) (@) = 2] 2T (D) asoF) <_§>

holds for € R*.

For example, if

0 0
D = R,eStyzo (@) (%, Aa—y) (11)

namely,

1 0 1 0 2
D (j;) (2) = a—f;@,m + )\a—J;(x,O),

then D € Diff'(\, A + 1). Also if

82 82 82



namely,

p () (z) =220+ 1) Oh (2,0)+ (A —1) 2f2( 0)+ (A D2A+1) 2f?( 0)
fo Oxdy "’ Ox? Oy? T
then D € Diff*(\, A + 2).
Now we describe our results. Let Cj := C} <—88—2, a_> be the homogeneous differential

operator of order £ on R? obtained by formally substituting — o 2 and 2 gy O and s in the
inflated Gegenbauer polynomial C§(r, s) (see (Bdl) and (B3)), respectively. For example, we
have

0 2 o
Coazld, C?ZQOéa—y, Cg‘:a(—7+(a+1)—> N
and

2 ok ok
Cs = ga(a +1) (SM +2(a + 2)?> :

For A € C and a € N, set

D, (2A+a—1)%oc (1.3)

and

Dy := (2>\2+2(a—1))\—|—a(a—1))(%oc A=1)(2 A +1) (66—2—1-%) OC 2, (1.4)

where Cj* with ¢ < 0 is understood as Cj* = 0. If
D rta = Resty—g o (D, D7),
then the following theorem holds.
Theorem 1.2. If A € C with 2\ ¢ —N, then D, 5, € Diff*(A\, A\ + a) for any a € N;.

Note that the differential operators D in () and (CA) are in fact D = Dy 41 and
D = Dy at2, respectively. Now, to exhaust the differential operators in Diff*(A\, A + a),
observe that if D = Rest,—y o (D, D) € Diftf*(A\, A + a), then so is

D" := Rest,—g o (—Ds, D).

(See [B, Proposition 1.2].) It follows from (I33) and ([A) that, for 2\ ¢ —N, the differen-
tial operators D)y, and DY, , are linearly independent over C. Hence, by Fact [T, the
following holds.

Corollary 1.3. If A € C with 2\ ¢ —N, then, for any a € N4,

lefa()\, A+ Cl) = Spanc{Dz\,)\Jraa D)\/,)\—i—a}'



Before closing this introduction, we would like to write two remarks on this notes. The
first remark is about the existence of differential operator D € Diff*(A\, A + a) for arbitrary
A € C. In the course of finding formulas (I=3) and (IA), we obtain the following slightly
weak result.

Theorem 1.4. [Corollary E4] For any A € C and a € N, we have Diff*(\, A + a) # 0.

The other remark is about the technique to obtain the explicit formulas in (=3) and
(). As the title suggests, we originally planned to discuss so-called the “F-method,”
the new technique to obtain explicit formulas recently invented by Toshiyuki Kobayashi.
Nonetheless, as it assumes certain background of Lie theory, we decided not to do so. We
feel sorry for those readers who are interested in the wonderful technique. The main idea
of the “F-method” may be described as to obtain the differential operators I; and Dy by
“solving a certain system of differential equations.” For the details, see, for instance, [@]. In
this notes we then use the bidifferential operator

R (i@ f)(2) = i(_l)g ()\1 +a— 1> ()\2 +a— 1) 9% f, (z>8€f2 (),

¢ a—/ Dza—t 7 9t
=0

to derive the explicit formulas. As the bidifferential operator RCY, ,, is often referred to as
the Rankin—Cohen bracket ([0, B]) in the theory of automorphic forms, we in this notes call
it the Rankin—Cohen bidifferential operator.

Now we briefly describe the rest of this notes. There are three sections with this intro-
duction. In Section B, we first reformulate Problem B in such a way that arguments on
RCS, 5, can be applied easily. In fact the reformulation reveals certain representation theo-
retic motivation behind Problem B. In the section we then derive the differential operator
Dy atq from the Rankin—Cohen bidifferential operator RC&L - The explicit formulas for D,
and Dy are then discussed in Section 3. The key idea of finding the concrete formulas is to
observe classical orthogonal polynomials, namely, the Jacobi polynomials and Gegenbauer
polynomials.

Notation: N:={0,1,2,...}
N+ = {1,27 .. }

2 The Rankin—Cohen bidifferential operator RC} ),

The purpose of this section is to relate Problem B to the Rankin—-Cohen bidifferential
operator RCY ,,-

2.1 Covariance of SL(2,R)

We start with reformulating Problem B in such a way that the problem can be handled
easily. Given A € C, let ¢ : C* — GL(2,R) be the group homomorphism defined by

- cosf sinf
z:rewr—w“\( ) .

—sinf@ cosf



. b
Then, for a C%-valued function F on C ~ R* and h™! = (a d) € SL(2,R), we define

c

wx(h)ﬁ by

cz+d

(@M F)(2) == ¥x ((cz+d) %) —ﬁ(az : b)

for 2 € C with cz +d # 0. (Note that this formula is indeed for wy(h), not wy(h™t).) In
this formulation Problem B may be rephrased as follows.

Problem B’. Given A € C with 2\ ¢ —N, for any a € N,, find explicit formulas for
differential operators Dy, D, so that D = Rest,—q o (D;, D;) satisfies

(D)) = fea-+ d| 2 (DF) (2227 (Mo

a b

for all F € C*(C) ® C=(C),h! = ( d) € SL(2,R), and x € R\ {-2

C

Note that the constant coefficient property of D; and D, is encoded by the functional

1t
identity (M 4d) for h = ( € SL(2,R) for t € R. Moreover, the equivalence between

01
Problems B and B’ can be observed by the facts that FY(z) = (wa(w)F)(z) for w! =

<(1) —01> € SL(2,R) and that SL(2,R) is generated by w and {((1) i) ‘te R}.

2.2 The Rankin—Cohen bidifferential operator

We now observe the Rankin-Cohen bidifferential operator RCY, ,,. Let D be a domain
of C and O(D) the space of holomorphic functions on D. First, recall that, for a € N and
A1, A2 € 7Z, the Rankin-Cohen bidifferential operator RCS ,, (’)(D) ® O(D) — O(D), is
defined by

- a— 2+ a— tf) “ fo
Gnthio e =30 (M T (M TN GRe. e

=0

One of the important properties of RCY, ,, is that RCY, ,, satisfies a certain covariance

b
property. To see the property let G be a subgroup of SL(2,C) so that azi— 7 € D for
cz

c d
by

<a b) € Gand z € D. Given A € Z, for h € G and f € O(D), we define my(h)f € O(D)

cz+d

(WD) = (et )7 (57,



b
where h™! = (a d>' If writing O(D), = O(D) to indicate the integral parameter A, then
c

we have

Rcil,)\g : O(D))\l ® O<D>>\2 — O(‘D))\1+)\2+2fl'
In other words, RCY, ,, satisfies the covariance property
7T)\1+)\2+2a(h) © ch\l,)\z - Rcil,)\g © (ﬂ-)\l (h> ® 7T>\2(h)) (22)

for all h € G.

Recall from Section 20 that our goal is to find an explicit formula of D : C*(R?) ¢
C>(R?) — C*(R) so that the functional equation (JM ]) holds. The following proposi-
tion relates O(C) ® O(C) to C*(R?) & C=(R?) = C>(C) & C*>(C).

Proposition 2.1. [B, Proposition 4.2] There exist embeddings
()0 O(C)ap1 ® O(C)y—y — C(C) & C>(C)
fi(21) @ fo(z2) = (f1(2) fo(2), V=111 (2) fa(2))
and
(1) O(C)r-1 ® O(C) a1 — C=(C) ® C(C)
fi(20) ® fo(z2) = (f1(2) fo(2), =V =1/1(2) fo(2)),

so that the equations

() o (mai1(9) ® ma-1(§)) = wr-1(g) o (t*)*°

and

()% o (ma-1(9) ® mar1(7)) = @wa—1(g) o (v*)*!

hold for any g € SL(2,C) that makes sense.

As the proof involves some representation theory, namely, the principal series representa-
tion of SL(2,C), we omit the proof. We remark that ¢* for the embeddings (¢*)*° and (+*)%!
is the pull-back of the totally real embedding

L:PIC - P'C®P'C, 2+ (z,2)

of P!C. Now, given a € N, we consider differential operator Dy yi, : C°(R?) & C*(R?) —
C*°(R) that make the diagrams

O(C)r1 @ O(C)r 55 0% (R?) & C=(R?) (2.3)

RC&H,All lDAAM

O(C)2as24¢ : C>(R)




and
(L*)O,l

O(C)a_1 ® O(C) 1= C>(R?) @& C(R?) (2.4)
RC§—1,A+1\L lgkﬂ*a
O(C)any2a— C>(R)

commutative.

Theorem 2.2. [B, Section 4.3] For any A € C and a € N, any differential operator Dy \1,
that make the diagrams (E23) and (E4) satisfies the functional identity (M 'y 1d)-

Proof. As Z is Zariski dense in C, it suffices to show that D, \;, satisfies (M'y,1d) for
A € Z. For \ € Z, it first follows from the hypothesis for D) x4, and the covariance property
(E32) that Dy \1, satisfies (M) on the image

() 9(O(C)r1 ® O(C)r) + (1) (O(C)at ® OC)anr):
To show Dy y4, indeed satisfies the functional identity on C*(R?) & C*°(R?), observe that,
for m,n € N, a linear span of (2™z",y/—12"z") and (2™z", —/—12™Zz") is contained in the

image. Now our assertion follows from the fact that, by the Stone-Wierstrass theorem, a

linear span of (z + v/—1y)"™(z — v/—1y)" is dense in C*°(R?). O

To finish this section we derive from the Rankin-Cohen bidifferential operator RCY ,, a
differential operator Dy yi, : C®(R?) & C*(R?*) — C*=(R) that satisfies the commutative
diagrams (233) and (24). Observe that if RCY, ,, (7, y) is the polynomial of two variables x
and y defined by

. . MAa—1\ [ s+a—-1\ ,_
RC,\l,,\Q(%?J) 322(_1)£( ' i )< 2a—€ )x eye’ (2.5)

£=0

then the Rankin-Cohen bidifferential operator RCY, ,, is given by

a a 0 0
RCS, 0y = Rests s 0 RC, (a— a—) |

Given A € Z and a € N, let Dy and D, be homogeneous polynomials with real coefficients

so that

Di(z,y) +V—1Ds(z,y) = 27"RCY | (v — V—=1y, 2+ V~1y). (2.6)

o 0
D]’ = D] (%’a_y) forj:1,2

D rta := Resty—g o (D1, Dy).

Now we set

and

Note that we have

— g 0
ID)l + —1D2 - RC()I\h)\Q (@, £) . (27)

The following lemma shows that Dy ;. indeed makes the diagrams (Z3) and (E2) commu-
tative.



Lemma 2.3. [B, Lemma 4.3] For any holomorphic functions f; and fy, we have

Dxsra ()(f1 ® f2)) = P RCE A1 (1 © fa)
and

Dxpta ()AL ® f2)) = URCS i1 ([1 ® f2)

Proof. As RCY_ ,,(7,y) = RCY, 5, (y, ), it suffices to show the first equality. Observe that

()0 (filz1) ® fal22)) = (fi(2) fo(2), V=11i(2) fo(2)),

we have
Dt ()0 f1(21) ® fa22)))

) A
~ sty @ (D1 B2) <¢——1f1<z)f2<z>>
= Resty—g o (D1 + V—1Dy)(fi(2) f2(2))

= Resty—o o RCY, ,, <8@ ;) (f1(2) fa(2)). (2.8)

Note that we apply (E2) from line three to line four. If RCS 4\ (2, y) = D5, rea® "y,
then

" 0 0 _
(E:E) = ReSty:[) o ];{C/\l’)\2 a a (fl( )fZ(Z))

= Resty— 0 z“: Teﬂ(z)%(g)

0za—t 0zt
=0

a a—~ 4
-5 LI O

Oz~ f 6#
= L*RC,\+1,,\—1(f1(Z) ® f2(2)).

Note that the fact that f; and f, are holomorphic functions is used from line one to line
two. O

As a direct consequence of Theorem P4 and Lemma 3, the following holds.
Corollary 2.4. For any A € C, the differential operator Dy yiq satisfies (M x11d)-

In the next section we show that, for 2\ ¢ —N, the differential operators D; and D for
D) x+q can be indeed expressed as in (I23) and (I4), respectively.



3 The explicit formulas for D; and D,

In this section we show that, up to scalar multiple, the differential operators ID; and Dy
may be given as in (I233) and (IA), respectively, provided that 2A ¢ —N. To do so we start
with observing two classical orthogonal polynomials, namely, the Jacobi polynomial and
Gegenbauer polynomial.

First, recall that the Jacobi polynomial Pga"g (t) is a polynomial of one variable ¢ of degree
¢ given by

. Ta+0+1) = Da+B+L+k+1) [t—1\F
PA(t) = )( )

Dla+f+0+1) & ((—k)ET(a+k+1)\ 2

We inflate it to a homogeneous polynomial of two variables  and y of degree ¢ by
e o tpaB(or
PP (z,y) =y'P, 2y+1 )

For example, we have P (z,y) = 1 and P*(z,y) = (24 a + 8)z + (o + 1)y.
Next the Gegenbauer polynomial or ultraspherical polynomial C§*(¢) is a polynomial in
one variable t of degree ¢ given by

(3]

cr(t)y= (-1*

k=0

L'l —k+a) L
T()T(f — 2k + 1)k! (20)7, (3.1)

where [m] denotes the greatest integer that does not exceed m. As for P;" ( ,Y), we inflate
C¢(t) to a polynomial of two variables by

« [e% S
C&(r,s) :==r'Cs <W) (3.2)
For instance, we have C§(r,s) = 1, C%(r,s) = 2as, and C$(r,s) = 2a(a + 1)s* — ar.
Now, for a € N, define meromorphic functions A,()\), B,()A), and U,(A) of A by
202 +2(a — )X +ala — 1)
A, (\) = , 3.3
) a2\ +a—1) (33)
A=1D(2 +1)
B,(\) = . and 4
) a2\ +a—1) (3:4)
2 ()\ + [2]> a—1
(V) 1= — s (3.5)
(At 2 epy
where (u)g = p(p+1)---(p+k—1) = (“(Jr)k is the Pochhammer symbol. By using A,()),

B,(A), and U,()), one may show a relationship between Jacobi polynomial and Gegenbauer
polynomial as follows.



Proposition 3.1. [B, Proposition 4.5] We have

(1- Z)aP)\,72)\f2a+1 3+z
@ 1—2

= 0w (- WA + B0 - A E)
Bquivalently,
PAB2t(y LTy oy Ty
= (VU (2 ) + VT (A OWCX () + BV + A () ).

Remark 3.2. We would like to remark that we thought that the first equation of Proposition
B was already known; however, we could not find the identity in the literature.

Proposition Bl shows a concrete formula for PM=2A720t1(p — \/— Ty x + y/—1y). On the
other hand, we recall from (28) that the homogeneous polynomials D; with D; = D; (a%’ a%)
for 7 = 1,2 are defined in such a way that

Di(z,y) +V—1Ds(z,y) = 27"RCY 1 (v — V—=1y,z + V~1y).

The following lemma then relates the differential operators Dy and Dy with the Jacobi poly-
nomial PM=2A720H (g — /Ty, 2 + v/—1y).

Lemma 3.3. [B, Section 3] We have
RCS, () = (1)t P b he2ebi (g y),
Now, we are ready to show the explicit formulas for ID; and Ds.

Proposition 3.4. If A € C so that 2\ ¢ —N, then, for any a € N, unique up to scalar
multiple, the differential operators Dy and Dy are given as in (I23) and (3A).

Proof. 1t follows from (E8) and Lemma B33 that
Di(w,y) + V=1Ds(x,y) = (=2) "B 272 (2 — V=1y, 2 + V—1y).
Therefore, by Proposition B,
Di(z,y) + V—1Ds(z,y)
— (VDU (s

+v-1 (AG(A)ijflé(—xZ, y) + B + 520 (o, y)> ) ‘

(3.6)



Observe that if given A € C satisfies 2\ ¢ —N, then A, (\), B,(A), and U,()) are all constant.
Thus, by factoring a(2A + a — 1) out from the right hand side of (BM), we have

Dy(z,y) + \/—_1D2(a:, Y)

_ S<a(2)\ +a— 130 (—a%y)

+VIT((202 4 2(a — DA+ ala — D)yCo 2 (—a2,y) + (A — 1)(2A + D)(a? + g3 00 2 (—a?, y)))
(3.7)

with S some constant. Now, up to scalar multiple, the the formulas ([33) and (IA) follow
from substituting % and a% to z and y, respectively, in both sides of (B22). O
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R AR D ik E

B W (UNKRESYA - 747 - 4 VXA N HFSERT) *

1 FL®IC

T IR R RBUT R DA (IR ) FEBEB TR INS Z Mo TWA. TIHEH
CIEIEND ZOEMIZ, < 0B LENTEY, HEPHBIZEITAATWS L W TS
TIERWEAS. ZOEIICHERFIZIVVHEZF > HEETH L2010, TO—BLHE X
HENTEZ. ZTOND DO KMAEIT, Tid O] ZTEREE RBUC RO E L
TEHINS. Euler IZWi &9 5 ZOMEUL, TWHEBEZKE DL > TH 0, BEEYH SR~
RGHTHNS. & U ZORED B WERMFRED, —HEHO X512, K<HMonzEKT
RINEDRS, TNIIEARIGHZRS, F-EERE®RE2RFOEA5. AT, T0 &>
EE A (ERMESER) 2B LR T D20 HEZERT 5. filE LT, Gauss ORI ENC
B3 2HE N, Appell DL EEGEBTHEUCET 2 HEXN 22T 5.

2 ZIREEECBERMEFN
ST |
(7)= {OM Bl

LEDONDS. O IR ERBUZR D, RO EEZ & 5!

[e.e]

1Fo(a; —52) =) <Za> (—x)". (2.1)

=0
[ EFo(a; —;2)] LW EIEIRIZE A EDFH IR UADNIRNEE DN S D, 2 KR S H
IZR5DT, JIZETICHED TIHE 2\, XT, ZOMBUIRD XS5 ICEBARTRINLZ &
PHISNTWS:
1Fo(a;—52) = (1—2)"" (Ja <1). (2.2)
THEB EEN S ZOEFEN (2.2) 1%, A RISHEZR > TW5:
ISEB 2.1, ZIHEH LD, 0 A EOEBER n 12 L T,

n

2 <n> = 1Fp(-ni = —1) = 2"

WO DZ LRI N S, ZOXIIZIHEHD S, filAGDLEMNEENRFSNSD.

*e-mail: a-ebisu@math.kyushu-u.ac.jp




NG 2.2, “HHEH XD

1 1 5v/2
o\ 5= | = ——
2 50 7

E S, 2 OB (FRICIZ 14 £\ 5 B T) SRIICFR 5 ([Eu] 0 202 HEI):

7 1 1-3/1\% 1-3.5/1\°
2 = 14+ — 4+ —2 — il b
V2= 5 { T 100 T 2 (100) Ty (100) + }

AL &5 “IHEM A S 2 212 &> T, MORBABORUAFH T 1T A 5.

N o0 bansiED, “IHEMIIIEFEITHRNREMTH 5.

ZARIZERANBEHZOE»S, TZIHOE L &5 2 HW\WwW] LESTULESDIFA
A5, 22T, 5 ~EHEHZRBEL TAS L, [ TIHRBZ BEIZR - 7288008, &
CHIsnBEBTRING | LWHEIWICR S Z &2 HkE. Zho—ibidikiznwiEs 5
D ETUE, ELO T IEEBUE RIS R - 728080 Z2H5R L CA K S . ZEZD, IO 1]
IR BRI D L D 2B X THAS:

o0
oF1(a,b;c;x) := Z
1=

CDOREINE, b=cDEZFIT(21) IZEBDINS, BE 1 Fo(a; —;2) D—fbER-oT0wWbs T &
IR, REIZEZ M TH 20, FITZZOHBUTIZLFIRF VT WS, ZD4E Gauss D
BRI TH D, R E XN D WEBCEDOF TREZEANLEDTHS. BIETIE
Z D Gauss DRI ZFHIZ LT, 82 < OREMHFESH S Twd (Bl A, [ERE], K
H), [Be] BH0). &5\ o 7 EESTHBGER, BOED RS L 23 THIS,

FeR7n Z LT, Gauss DHEBMHFEIL HEHDO X S 1IiFvwrwn. $hbb, —#oD
(a,b,c,z) 2 LT, Gauss DERMAFEEAH DO L <H oK TRINDE L WS Z &k
R, MBI L TIEEOTENRTHS. LrLARDS, (a,b, ¢, x) DIFREHIZRED
HMTHEEGEITIE, TORD TlERnwE WS Z i< hsHonTw, #lZiX, Euler (2
& o T Gauss DFEBMFIHDEAI NS L 01X 0E 13 i, 0 A EDEE n iz L T,

7(1 —

(2.3)

i

ﬂﬁ@u—nu:D::EZ(i)fﬂ(—Ui: pg). (2.4)
= ) ()
DO IO Z ENRoNT W, ZOEERX (24) 1%, BIE Chu-Vandermnode DA & W (E
NTW5 ([AAR] Offi 2.2.3 1), T oI, ZOEHEAZ LU 72
I(e)l'(c—a—10)
I(c—a)l'(c—10)

oFi(a,b;c;1) = (R(c—a—15) >0) (2.5)
M Gauss IZ L > TRLNTWVWSD (cf. [Ga] D 24[48] X&), Z 2T, R(c—a—b) > 0 1% Gauss
DML 2 = 1 TPRRT 2 HDERMATH L. TnolEFNL, e zGHTHDATY
5.z TR LD, (24) FHAGOEWNEEXNTH S U, (2.5) 3B 2L TS Z &I
L2 2 (G121, 2.2 DFEM) £, KREABEZEERNTHS. 0K 5 ITHEBAHFEAR <
HMoNZZBMTRINZDR S, TNEFMRX Z20HZRS, BEERE®REZR D255, 2D/
O, D &5 EER (HRAEER) 2 ROT SR IBBEIZES FTHAONIZITDATY
5. AROHML, BEMEERZ GO —D2OFERE2RMHETLEILTHS.



3 FWTHY LIF5h 2B mHREuE

ZOHITIE, ARTHD BTN 2 E8MMBOEEZEHEL LS. Z 2’L 5% 19 AL IZIZBEIZ
16N TN B RAREGE T, d BRI XN TS, RIZERD X512, 2ho
o B R A AR S X B M (BREERERR) 2> TV 5

o LA SR —IER 2 HH W T E R T 5 Z & & k5 2Y, i@ I& Pochhammer 5t 5

(1) := o) =

 Tla+i) {a(a+1)..-(a+z’1) 21
1

EHOWTEZRINSGD 3%, BBTHBOMETH S 1Fy(a; —; 1), Gauss O ETHEEL
o F1(a, b; c;x) % Pochhammer G852 FHHWCTEZEZ 5

THdho,
1Fo(a; —;z) = Z(a 0= (3.1)
1=0
oF1(a,b;c;x) Z (3.2)
=0
L5,
ST, Gauss OEZRMATIIEL (3.2) DREBUZHIN S Pochhammer L5 24X U2 & 2 5:
p+1Fp(C£07217~-- ,Zp;a;) = pr1Fp(ao, a1, -+ ,ap; by, ba, -+ by )
1,92, ,Up

(aOvi)(alvi) "' (apvi) z
p (blvi)(b%i)"' ‘

Z DRFBUT—IBRALESTHE E IEIX NS, p=1 D& XX, Gauss DBERMBTH B Z 21
HEELLD.
SEX, AT H I 2E 2 5. Appell IZLA T DOWUD DL ZEGHE(TIE % E&HE L 7=2:

(]2
Py
?v
=
= |

I
o

(a,i+j)(b1,4)(b2, ] )xy]
(e,i+7) iyl
)

1

Fi(a;b1,bo;¢c52,y)
0

=
<
I

(a,i+7)(b1,1)(ba, 5) 2P0
) (c1,1)(c2, J) ilgl’

(a1,7)(az,7)(b1,7)(ba, j) x"y?
(c,i+ ) iy’

M

Fy(a;b1,bo;cr,c052,y)

%

&,
I

Fs(a1,a2;b1,b2;¢;52,y) -

~
<
(=)

8]3PH18

(a,i+4)(bi+3) 'y
(Cl7i)(627j) Z‘J‘

Fy(aibcr, cpim,y) = Y

4,7=0

VKRR TIZELY B 72202 Bessel B, SHMAESMEREZCHT 2B, ZHEHFABRTEEY LT,
Pochhammer f 5B BEIZ/R>TL 5.



TS E MR L T Appell DAL L IE.5R. 25 5 Gauss OFEEAHE D —RILIZ7% >
TWABZEIZERLED. HIZIEF, DEE b =0DE &Ry =00 & X121k Gauss D
BB IE D 5 Z D30 D5, KRETIEZEIT WD, Appell DEBRATEIT X 51222851k X
NTHH, TN 51 Appell-Lauricella DS E 2 IEIEN TNV 5.

DA EAZZEF 72, Gauss O HESATHRE, — AL, Appell-Lauricella O 838 fl#k %
LA L XN T W B, 2 S b AR S AR SOE 1, Sl o, £ U CEERMEE
ERoTWS. Thbb, NIA—X (FEDORBIZHN D LD Z &, HZIX Gauss D
fIFEEL DL a, b, ¢) DIFERGE T N 7= EE D RBTRRE DRI, A HEEABURE D — REBIFR A AL
DAL DDTH 5. ZOREFBRNZ RN L R, AfECift s 2 8MESE 2L B35
ETIE, ZOBEARANEE LB E 2 T2 T

4 BERMAEFAZRLET

DT, BMAMEENZHE UM T HEZHERT 5. MO, BiERERA I EE R 5 E
EREZTOT, TEEHEEGRADAIE] ERERZ 220 &S, Z DA E X L R8sk 80
95 Z ek, filE LT, Gauss ORI o Fy, Appell OESTRE Fy (2BI3 50
FREREODVETSS.

4.1 BERFRIAOEE L BREAREBORIKE

Z O/NEITIE, BHEBIR RO HEIZ DOV TR S,

90, HHER (2.2) AT A2 Z 0D LS. Thr ol RBEEHIEDY, BiERIfR
ROGEDOHM L 705, WMoid5E 0 eHELZEILLES. Thbb, 0:=4 Zors,
20t =izt THBHILIZEET S L&,

(20 + a) 1Fo(a; —2) = ) D) (20 4 ayat = > it

Y55, k7,

(a+1,4)
i=0 (1,7)

ThHb. Zhs DODORDPSWNRE2HET DL,

©' = a1Fola+1;—;x)

o

1Fo(a; —2) = (1 —2)1Fo(a + 15— 2) (4.1)

2185, Z5ULT, 1Fyla;—;2) & 1Fola + 1;—; ) ORI, AEEBEIEHREO —RERRAA L
DALDZ DM ol 51T, (4.1) IFFHBESURE O R ES AR Raes. 2
DI EIERLT, ZHABRRK (4.1) 2N TA LS. FEOARB R 1T LT

1fola+n—1;,—2) = (1 —x)1 Fo(a+n; —;x)



N ARVASY N

1Fo(a; —2) = (1 — 21 F(a+1;—2) = (1—2)*1 Fy(a + 25 —52) = - -

(4.2)
=(1—-z)"1Fy(a+n;—;x)
7%, ZON(42)IZa=-nE2RATDHILIZED,
1Fo(=n; —2) = (1 — 2)"1 Fp(0; —; @) = (1 —2)". (4.3)

2195, MHEX (4.3) 130 LA EOEEE n 128 U T D 2D H 5, Carlson DEH (FEHAIL [Ba] D
5.3 Hiz )

EE 4.1. L FD=D2>0D%M:

(i) f(n),g(n):RN(n) >0 TIEA],
(i)  f(n),g(n): R(n) >0TOEH) (22T, k<n),
(”7') f<n>:g(n) (n:071727"')

BROILDEZ, f(n) =g(n) (R(n) 2 0).

DR T, (4.3) EFEIIMEBEOEFERn T UTHO DI e B h5. 25 LT, ZHE
M OFEAA H R 7.

BEEEBIR D IR, 2O ZHHEMDIIED — L TH 5. KITid X7z K 51z, d iy
BRI R 2D L WOMEZ R > T\, Thbb, NI A =R PBEET N
DO DRI DN IZ, AHEBEBRE O —RERKDPE D OO TH 7. B L, AT A —
B MSEEBIC R MA D Z 812 & o T, BHEBIFR D A D AT A D D — R EAFR A
B LES. 61T, 2O REBNTA AR D B LS AR L R
L&D, ZorE BIFETIHEHETHLZLS1L, 20ESHREAZM I LI2L-T,
EREE AP RO ND725 5. MLED, RO Lk k5.

ZOHEIZE > TREZLTENL SV OBEMEEANR[OoNEZAS, LIEULHFHEZ WV
PE RS M, FEiX, Gauss DFABMFEBIZBE LTI, BEIZHI SN TWVWAIFE A E2TOERMIE
FADPHER I NS, ZNIED D THRL, ZLOH L WEBRMEE RNV I NG Z L 0ho
T3 ([Eb2] 12l FEBRITHER S N2 RILOBBEEAMRB T o hT\nb). 72, —fbiE
BAFRE s Fo ICEALTCTH, AR I ENEREI Lo TE . 2D eh o, BiER
ROFIEIZ & - T, BEA - Hiflz2 b3 Ic82 < o MEEN "o L Hiffsns. =
2T, BB D HEN S5O N2 BRI DM %, K872 HEEME (special value) & '
Kz rizLii2

NG, K< NETTE, BEEEBIMR D HiEZ EH U T, Gauss DT EL o Fy, Appell Dj#
SATHRI Fy ORFREDH % D02 5.

4.2 Gauss DB AIRELDREIRE

Z D/NEITIE, BEERAR D FiiEZ M U T, Gauss O BRI D R FE % %D 12 15T
AR

2304 7 HARGE, M R EFED RO S o - OWEMTH 5.



FlTIR R Tz K5Iz, KA BUIBEERI MR 2 K 5 T W 5. Gauss DRI DG &
1, ZMHOWBORMICBEHEEBRANRR O IO DM S NTWES, Tabb, BHEO =2/
(k,l,m) € Z3 %527~ &,

oFi(a+k,b+1lc+myx) =QaFi(a+1,b+ 1;¢+ 1;2) + RaFi(a, b; ¢; x) (4.4)

723 &5 kM —OFHEAKOM (Q,R) € (Q(a,b,c,2))? BFHETS. TITRERIL
&, BED =DM (k,I,m) 252722 &, AHEAKQ, R DFHEVNEBRIZHEL L VWS Z L TH
5. Q,REHAT DAL BEHEIENPHISNT WS, LA L, Gauss DASMHB DTS 1
Q, R DRI FRIPIRKESTE D, TORRADNSEHET D HIEN (FHEEDH SR TIE)
BEMBRTH D (FEL I, [Ebl] 22K). MK, 1<m, 0<m—k—1,k<IDHEH,

Q=z""(1-2)Qo, (Qo: D (m —k —1) RZIHRN),
R=2'""Ry, (Ro: @ (m — k — 1) K%ZIHN)

ERIN, THITQ, Ry FRD LS ITRRINS:

Qo=Cla™yFi(a+k,b+1lc+m;z)eFi(1 —a,1—b2—cx)
+C%Fi(c—a,c—bic;x)eFila+1—c+Ek—mb+1—c+l—m;2—c—m;x),

Ry =C?s™ '3 Fi(a+ k,b+ e+ m;x)o Fi(—a, —b; 1 — ¢;z)
+CY%Fi(c—a,c—bje+ Lix)oFi(a+1—c+k—mb+1—c+l—m;2—c—m;z),

1_ ab

)

ab(e,m)(a+1—c,k—m)(b+1—c,l—m)

C(l _C)(a7 k)(b7l>(2_c7 _m)

INSDRRDAIZE Qo, R XM EUZ R R 508, Eio XS icZnsld (m—k—1)R%
HRAE WS ZE DR DoTW0WS. ZZT, (m—k—1) RETOFHETHHYBZ LIzk-> T,
Qo, Ro WEBIZKESZ. 250 T, Q,RM¥WKFH LV TH 54

XTHFHEED LS. BEFRA (4.4) 25,

703:1a

C? = , 0t =—-C

oFi(a + nk,b+ nl;c+ nm;x)
=QMyFi(a+ (n—1k+1,b+(n—1)l+1;c4 (n—1)m+1;2)
+ RMyFy(a+ (n— Dk, b+ (n— 1), e+ (n— 1)m; ),

5. I,
Q"™ 1= Ql(abe) (at (n1)k bt (n—1)sct(n—1)m)»
R(n) = R|(a,b,c)—>(a+(n—1)k,b+(n—1)l,c+(n—1)m)
£9%. (a,b,c,x) & AR

Q(”) =0 forn=1,2,3,.... (4.5)

3Z5WHbIrT, [Gauss DEBBRMAMBO ZHEBGR] LIPRZ 6 H 5.
12 DO JikEHEE LT Risa/Asir 7H 25 Lld https://sites.google.com/site/akihitoebisu/programs/
3tr-rr IZEPNTWVS.



DfFEELED. ZDEZE (a,b,c,x) IZEAHKKX
1
2F1(a,b;c;x) = 0N oF1(a+k,b+ 1 ¢+ m;x)
Zhi7z g, TNE—RERREES AR RE 5056,

1
RMWREP) ... RH)
2195, LT, ZOBKRK (4.6) 2 oRRENFONS. HIZIE, kA0 L&D, ZoL
E,46)1Za=-nk—K(ZZT,KIZ0<K < |kl Zii7=d XI28K) 2RATEHI LI
Lo T,

oF1(a,b;c;z) = x oFi(a + nk,b+ nl;c+ nm;z) (4.6)

X oF (=K' ,b+nl;c+nm;x). (4.7)

a——nk—k'

. I A N — 1
2F1( nk k ,b, G I‘) - (R(I)R(Q) .. R(n)

0N o TERRER S S N D (AL OBRTRREIL, EFLS (K + 1) HOM 2D TEBRICEHE
Hk2).
PDUESBROTULESZDT, FLHBZEUTDED IR S:

FME1: (k,l,m) € Z3 5% &,

FIE 2: BEERR (4.4) DIRBQ, R %3k k.

FhE 3: SRR (4.5) T X 5% (a,b,c,x) 2B &
FhE 4: BIRR (4.6) 1 S WiFkdfi % sked &

ZITHEETAREE, QW ONFIL Za,b,c, ] RO n ICETBLHEANIIRDEE WS LT
Hb. TN, FHERNR (4.5) 22T L 574 (a,b,¢c,2) 21F572D121F, ZTOZHEADOLETD
D0 725 K57 (a,b,c,n) ZEEFIX X V. Thbb, FIH3 2iERT 54121, (a,b,c 1)
T 2ZHEAR 2L VOTHS. ZDEHEIZIE, Grobner FE DM, B L2z
FEE U 7 BRI S AT DDMRIZSE D0, £z, ZORERIED S, BBR (4.6) IMEEOE
R LUTHROD YD Z e icEEL LS.
FNTREOPOKTE (k,,m) 52T, TNSITHIET 2KkEEZ RTW\W2 5. &, %
DHIIZ, Gauss ORI o Fy (a, b; c; ) DPREIZDOWTHBIZE T 5 WET L. a R bH0
R OBBOGEARMIZIR B0, ZNLANDGEITIRME 20 IERIL 1 &5, £z,
PRMOBER L (|z] = 1) TORFMEIZOWTER P ->TED, 2 =1D5HE, R(c—a—>b) >0
D& EIZNERL, ZNUNDHZE, R(c—a—b) > -1 DL KT 5. 5 F TIIERANIE
WAL TE D7D, ERITRIRMAD IR 247 5 BT IE, BN % i T 5 B EAH
TL5DTH5.

Bl 4.2. (k,1,m) = (0,1,1) DIHE. Z0HG, BEEBEFAAE LT

a(l—x)oF(a+1,b4+1;¢+ 1;2)  coFi(a,b;cx)

oF1 (a, b+ L;c+ 1) = (4.8)

a—c a—c
135,
@ () a—c—n+1

SEH L Risa/Asir Z{HALTW3.



B0, AR (4.5) 223 X 5% (a,b,¢,2) 1 (a,b,¢c,x) = (0,b,¢,2) & (a,b,c,1) T
H5. (a,b,c,r) DETHDLGE, MitT 2 EMHRENL o F1(0,b;c;x) &7 508, ZHITEREP S
HoMPZ1 23 (D 56RV). BEDHEEEZ LS. ZOHA,

1 (c—a,n)
RORA) ... R() (c,n)

LIREMD,

(C_a7n)
(¢,n)
235, ZOBKRRIE, a P bR OUTOEBTHLIGED, Rlc—a—0d) >0 Z2HTEHE
DD ZEIZERELED. ZORITb = —n(ZZT,n € Zs) BRATHILITLD,

Chu-Vandermonde D AR (2.4) 2195, £7-, ZOEFAIX

2F1(a,b;c;1): 2F1(aab+n;c+n;1)

(c—a,n) _ I'(e)I'(c—a+n)
(¢,n) I'(c—a)l'(c+n)

LEITD. ZIT, (BEINDHPAIZBEWTTH S DY) Gauss DML o F1 (a, b; c; z) 13
(a,b,c,z) ICEAUTIERITH D LS Z LIZHERT % &, Carlson DEEED S (4.9) X R(c—a+
n) > 0 &7z TERDOERBn (ITHF L TR LD Z e h 5. Zhid, Gauss DFIAL (2.5)
(VAR

oF1(a, —n;c; 1) = (4.9)

FR 4.3. Gauss BE, AEMNIZIZEEEREBRRD Lz AW T, Gauss DRIAK (2.5) Z2FTW
% ([Ga] ® 18 i [39] X, 24 i [48] XS M). Tk, BEERARRDO HEIZ 2 DH L WAET
372K, ZTDHBE D X Gauss IZE Tl 5.

Bl 4.4. (k,1,m) = (—1,0,1) DEGH. ZO5E, BERGRR (44) OFRE Q,RIFZTNTH,
ab(l —z)(xzb—xzc—1+a)
(a—c)(a—c—1)(b—c) "’

c(—$b2—|—xbc—a2—2ba+2ac—|—a+cb+b—02—c)
(a—c)(a—c—1)(b—rc)

Q=

R=

LG ZoZehs QM 0N
b(1—x) [(x+1)n2—|—{(—a—2—b+c)x—2a—1}n+(a—|—1){(1+b—c)x+a}]

LIRBM, TN KRS TIZ0 L5722, (a,b, ¢, 2) D (a,0,¢,), (a,b,¢,1), (a,b, b+1—
a,—1) DVWTNPTHERBENDH L. —FBRIADHEE, 2F 5RWEEFER . F (a,0;¢2) =1
PHTL 5. ZHHOLBENSHTL BEFEFRIIH 4.2 TERLTWBDT, HEDHE DA
EEZLD. ZO5H,

1 <g+1_a7n)

ROR®)...R")  (b+1—a,n)
&Rn,

(%-Fl—a,n)

Filabib+1—a—1)=-2"—— """
2 1(a7b7b+ a; ) (b+1—a,n)

oFi(a—n,b;b+1—a+n;—1)



M% ZOBURRIL, R(a) < 1 TH Y, DO n € Zog THABAITH Y 11D T L ITHAEL &
LET, ORI a=08RATEIEICLD,

(b+1,n)

2F1( nbb+1+n 1) ( —|—1n)
2 )

%2185, #14.2 T Gauss DRAAXZE N X512, 2TORKITH LU T Carlson DEHZ WS Z
izkn,

I +1ro+1+n)
Lo+ +1+n)

M R(n) > -1 272 TAEROERBn TR UTKRI VDI VDD, —nEkaeFEHET
Zeizkn, EFX (4.10) &

2F1(—n,b;b+1+n;—1) = (4.10)

F+1r(b+1-a)

Fa,b;b+1—a;—1) =
2Fi( ) T+ 10 +1-a)

(R(a) < 1) (4.11)

cERINd. ZoEFNE, Kummer DR EIEIENT WS,

Bl 4.5. (k,l,m) = (3,2,2) DEH. ZOGE, FERER (45) 23 L5400 LT
(3a,2a,2a+ 3, 1) BB, ZDLE,

1 3 (a+5,n)(a+ 32
ROR® R0~ 2n(a+ Lo+ §)

&in,

1 33 (a+ L n)(a+ 2, n) 1 1
1| 3a,2a;2a+ =;— ) = 3 3 F <3a+3n,2a+2n;2a—|—+2n;>
21< 24> 2(a+ pm)(atfn)’ 2

%145, SEOBE, B (EHINBR0 L) PS5 0T, §if[EFT~ [HOFCRE &S5 7%
SRR EI R TEIW. T, Z20RTa=02RATEE, neZIZELT

] 1 ‘ 1 B 26n(l n)(g,n) 26nr(l)r(2)r‘(l +n)r(§ +n>

2 F1 <3n, 2n; B + 2n; 4) o 33"(;71)(%,71) 33nré)ré)r(§ —I-n)I’é )
_ 2T )0 4 )
BT+ 0l )

DD D, ZORITH U T Carlson DEHZHN, T SIZFonzRTHLTnZka b EE
BRBY,

1 1> 295D (0 + H(a + 2) (4.12)

3a,2a;2a + = =
< 24 33“+%F(a +3)(a+2)

2135,



4.3 Appell OBRMARE F, ORFTRE

Z D/NEITIE, BEEEBGRA D 5L %@ U T, Appell ORMIERE Fy OREERAE % %D h %

FTwl.
Fy O5EE, TR OB OBNICBHERBRRVBE O DI E BRI o NT WS, TRb5, B
DOWUDHM (k,ly,lo,m) € Z* 252722 &,

Fi(a+Fk;by 4+ 11,02 + lg;c+msz,y)

= Q1-F1(a+1;b1+1,bg; c+1; 2, y)+Q2-Fi(a+1; b1, bo+1; e+ 15 2, ) +Q3-F1 (a; by, bas c; 2, y)
(4.13)

5729 & 5 i~ OAHBEKOM (Q1, Q2,Q3) € (Q(a, by, ba, ¢, z,y)) DMFIET 5. BED
IT_EI/)%H (k’, ll,lg,m) ’2"’{7‘27": & eé’@:, ﬁiﬁ%@ﬁ Q1,Q2,Q3 @%f’ﬁb‘%ﬁf%é:ﬁié Ewn '5 Z &z
EEL LS.

INDMHERS> TV ZEFRIVNII TR o722 L LU TH S, BHRRK (4.13) » 5,

Fi(a+ nk;by + nly,ba + nla;c + nm;z,y)

:an) ‘Fila+14+(n—1)kb+1+(n—1)l1,bo+ (n—1Dle;c+ 1+ (n—1)m;z,y)

+Q§n)‘Fl(a+1+(”—1)k;bl+(”—1)ll,b2+1+(n—1)5250+1+(n—1)’m;$,y)

+ Q5 Fia+ (n— Dk;by + (n = Dl by + (= Dilai e+ (n — 1mi z,y)

2185, 22T,
an) = Q|(a7b17527(;)_>(a+(n—1)k;,b1+(n—1)l1,b2+(n—1)l2,c+(n—1)m)

(i=1,2,3) £ 9 5. (a,b1,bo,c,) DY, ED X572 n iR LTH

;n) ’ (4.14)
Qz =0
ZiZLTWbdeLED. Z0&E, ZD X% (a,by, b, c,x) IFEFHER

1
Fi(a;by,bg;¢;5m,y) = 5 X Fi(a+k,by +11,ba + lo;c+m;x,y)
Q3
729 2RI E S HRRAE RiaE 05,
1

2135, T LT, ZOBRRK (4.15) 2 S RIMENF SN DTH 5.
THEZELDDIEUTDLIITRS.

x Fi(a+ nk,by + nly, by + nla;c+ nm;x,y) (4.15)

Fi(a;b1,by;c52,y) =

FME 17 (k,ll,lg,m) cZ* %5 % L.

FIE 2': BEEEBIGRA (4.13) DRI Q1, Q2, Q3 KD &
SRR R RO BREDHRMINIC G X 5 Tz Gauss DEBRMHRIDIGA L&Y, [T OBE I, BEEGERD
BETH B Q1,Q2,Qs ZIHRINIRD B Z LITREZRII LTV, Z I TEAMRITEND, Mo ERAREIC
Grobner FEDOHERE HWS Z LIZ &k o T, Fy OBEBRADEI R 217> Tn5s. §EL I, [HIE] D 6, 7 HmEHL




FIEH3: EDOXS72nIZHUTH (4.14) 2{ii729 & 57 (a,b1,b2,¢,2,y) 215 K.
FIE 4: BIFRA (4.15) 2 SR gk % 3k eb XK.

ZNTEHEDDPOKT R (k,ly,le,m) 52T, TNoITHIRT 2R EEZ R TN 5. &
#IZ, Appell DFERATREL Fy(a; b1, b2; ¢; 2, y) DPRMEIZDWTARNS. a 230 L FOEHD
GEERINCZ 20, TN UNDOGE TR L5, ZO5A, |2, |y < 1 &7z 3 KT
MR T2 Z &S5 N T W5,

Bl 4.6. (k,l1,l2,m) = (3,0,2,2) DFE. ED LI n il LTH (4.14) 2723 &5 7%
(a,by,ba,¢,2,y) £ LT, (3a,2b — 1, 2a+1—2b 2a+b,4,4) Bhb ZDE X,

3>3n (a + g,n)(a+ %,n)
(

e
QMY Qi \4) (a+3g.n)(a+i+35.n)

LR, TR

1
F (3@;21) 1;2a + 1 — 2b; 2a + b; z 4)

3n 1 2
iy 2 1
:(3> (atgn)(atg?) F1(3a+3n;26 12a+1—2b+2n2a+b+2n3 )
4 (a+3,n)(a+ 35+ 5,n) 4’4

2895, XT, 20X a=0%RALES. F1(0;b1,bo;¢c;2,y) =1 THDBZ LITERT D L,
neZIZBELT
b b1
R <3n;26—1;1—2b+2n;b+2n;371) - <3> (2’1>(2 hl 2"
474 4 (3:m)(3,n)

_ () —3n I(;)I(3)r C+n)l(E+3+n)
I(z)0 %

(3+ 305 +n)I(E +n)

MDD, ZORUIK U T Carlson DEHZMH N, 52/ NZRIHUTnEzalEZ
MR D&,

=3a prype2\ nr b1
) <3a;2b 13241 2020+ b > 1) <3> (MM + )t 5 + )
474 4/ TEIGE+ )0+ 3T (a+ 3)
(4.16)
2135, 2O (4.16) ZRFRMELTA LS.
Fi(a;0,b25¢;2,y) = 2F1(a, bas c;y),
Fi(a;b1,05¢;2,y) = 2Fi(a, bi; ¢ m)
ThHDILIZHEREL, b=, b=a+3 ERALTHD L, ThTOP S
204+3 (a + Dl (a + 3
o <3a 2a;20 + 1) Tlet ila+y) (4.17)
2'4)  3etaT(a+ Dl(a+ 2)
13\ 2%T(a+i)l(a+ )
F1 (| 3a,2a;3a + 4.18
o (320 51%) = e e b 419
2195, B2, R (417) 13X (4.12) Z0EDTHD. ZDZ 6, X (4.16) 1IFR (4.12) 2K

(4.18) D—f b & Rind Z & RS,



Bl 4.7, (k,ly,lo,m) = (3,0,4,2) DEEH. EDXS5Bn it L TH (4.14) 2hi/z9 L 574

2n
(a,b1,be,c,z,y) & LT, (3(1,;,4(1 1 2a+§,81 %)75 Hb. ZDEE,

1 2255 (a 4+ 3,n)(a+ 2,n)

DQP Q) 3t fa)at )

LY, Thil

1 11 2
F (302 40— 1:20 + - —. =
1( Hg =4 a+_2’81’27>
B 22"55”(a + %,n)(a + %,n)
 3%(a+ 1.n)(a+2,n)

1 1 1 2
F ;= 4a—1+4n;2 2
1(3@—1—371,2 + 4n; a+2+ e 27)

2%, T, 20RTa=02RATDL, neZIZBLT

12\ 3(gn)En)
"81727)

1 1
Fy <3n; 3 —1+4n; - + 2n;

MDD Z D05, ZORIIH U T Carlson DEHZH WV, X 512Fo Nz LT
nkalBENZALL,

1 11 2 f@ﬂx D(a+3)
Fi (3a;=,4a —1;2a + = = 4.19
' < P AT 27) ~25%(a + D (a+2) 19
2135, ZORX (4.19) ERELTAHL D . a =1 ZRALTAD L,
311 9r(1)?
o F1 <4 3 1; 81> PP (4.20)

1G5, ZDO XD, Bonz Fy ORMEZ X SIZRRMET A Z 212k > T, HHEK 2R
WP BT ABMEERNEoNEZ 2 H 5.

E%4su@#ﬁ@2mau,ﬁmﬁﬁﬁ#o%AiMTm@w ZoMizE, HHER
72720 o Fy BT 2 EBMAESERITE OB H ST WS, HlZIE, [ BW] IZIERD & 5 A EHE
ADH->TW5B

1
1 5 11323\  3-113
F . 421
2 <12 12' 2 1331) 4 (421)

KRRl CH BB ZDE S REERZE L VW E BREREND LNARWA, WE X @il F] )
ZVWEDIZHRZE. ZOLS WEERZFH GG UTEATWS, HHEZ - 7-#
BATEE XTI NDES S D,

Gauss D FBIREL o ) ORFFRMAIL, T DM E, BEFEI LW Uk 7 B A & D72 <
LH—2FD (R (4.6), (4.7) 22). ZoZehroflzid, HEX (421) 28L& 5k R
DRFFREISFE LR WA E S 5, BERNIICE S DY, BIED L ZAZD LS BREDIIR DD > T WV



RN U URHY S, Fy OFRERE (4.19) 2S@H8MIEE R (4.20) ZEA TV & D12, K
FESEMTRE DRFIRMEDY, HHZB 2R > TWRW o[ (IZBS 2 BEMEEX2EATWE GG
bz elEbhd. ZTOXIBREFENRENS SWH A, £FEBZED LS
RHBRAEERZBEATWEES S0, BIREWGEETH 5.

5 HBRMEEFXORRAE SE

FAETIE, @52 2E1E5H 13000 50, 8% < OB MESER PR INTWS. Z
DEITIE, 2N SHEEXPUMIZ L THRRINTE 20, TOREMZTHEIZOWNTHIIL /-
W, ENSDFEEEH S Z LT, BERERRD GIEOR A - REVFEH O L5,

51 INETORREALE ZOEEHERSR

Gauss 1% 1812 FE DR T Gauss DFIARK (2.5) 23T W5. ER 43 TR~ KH12, 2
THibNI=DH (KBTI BEBERRDHGIETH o 7. L Lt s, T LR, BEEEEI6R
ROFEMEDNDS Z L3072, Y (19 i) OBFEH I L - T, BEREFR%2 FCIE
TEDIFKREZ 5772550, LU LhF BBERRER D] LWS ZeNF AT
I THR7Zoz0hd Liviaw., Bl Thn, BEBARADHIKEIRESENSLZ2HL 2.

ZOROLDIZHDND LS >7-DH, o Fy DRENEH (algebraic transformation) % F W
HIETH B, oy DR L E, BN

2Fi(a, by ;) = 0(x)2F1(d, Vs ¢ ¢(2))
DZeEWD. ZTIT, 0(x) TEBEBOHTH Y, ¢o(z) FEHEEBTH S, #HlAIX, Kummer
13 [Ku] DT, AREZEH

b b 1 —4z
, N — (1 b oo 1 .
oF (a,b;04+1—a;x) = (1 —x) "2 Fy <2, 5 + 5 a;b+1—a; = x)2) (5.1)
237, iz = -1 Z2RALUE, Gauss DFIAR (2.5) Z@HT 5 Z & T, Kummer O
AR (411) HEFENDBE. ZD K51, o F) OREEH D 5%  OEEERMAEERIF STV -
7z. ZOHTH & D DIFEBELRON, Plaff-Saalschiitz DA ([Ba] D 2.2 HiZH):

a,b,—n (c—a,n)(c—0b,n)
3F 1) =
ca+b+l—c—n (¢,n)(c—a—0b,n)

(5.2)
(ZZT,nix 0 EDOEER) THA S Tk, BEuler 2 &k 2 REZH
(1= 2)*** % Fy(a,b;c;2) = o Fi(c — a,c — by ¢; w)

DM ZFIBEF L, 2" OFBEHKT 22 Ik THELONS.
LA RO B 2B MIEE RS ZOFF TLEALAB S NNT I VDD, KA
BHRS, ZOOHMENSZ I RS RV, FT-DOHOMAL LT, o & Fi(E-ThD%

TEHOHMRL LTI, X Z5TH 5.

S TEGR DA E TH S [Ba] 121k, AR (4.11) 1 [Ku] KH>TWE 2D XS icEINTWS. LA, [Kul
ZEPN TV DIFMREZER (5.1) DAT, AR (4.11) 1F (D72 < L HHRMITIE) EhhTOR.

SZ DA (5.2) 1, n ZHERIRIZL 72 & ¥ Gauss DA (2.5) LB Z L0 5, Gauss DHIARD —
D2O—fhe Rzt 3.



ZRUL) % B\ 7 BT DG S, (TR D /8T A — X — 128 U CERIEE XA 0
MDD XD REDHHZ YN TEE LR VWE WD ZEREIF 5N 510 Gauss DFESMTEREL
oFy(a,b;c;x) DBFEE, x = 1 DER T V< cRbEZ. ZLUTENEMIZL T, Kummer
DRADPKRE 72D o572, UL, KOS OEEITIE, 2O &5 i@ 2
LZREEEFEADPENDOTHS. —OHOHHE L LT (ZUTINDBBMARDED), o Fy B
O 7 AR BT 1, BB HUI Z ARIZHE RN (TH B D) L WS T eMRITohE. &
¥, IR I [Ka] DT gy OREEHZ 2 TEITTWEA, RV SIRILH L2 DT T
T, bo LML 1 F(p=23,4,--) TIERBISTHAD. 7z, oF) DEEHIRTH
% Appell O RESEMFEE DO RBEEHIZEE U Tld, ZEERD 23— REWT H 2 5575 oM
BoNTWEY, BEROLTH 2 GEMMACEAOUHETORELWES>THE. 2Dk
SIRHNE N S, RBEHZ W CHEEMEERZHELHT O, ROBVAEL VR RV

ZOWo 2 HIEE YO HE (19 KDL S 20 W) B LTWz00s Lk
W RIZEA SN Z & d, — AT p1 Fy(ao, a1, -+ ,ap; by, ba, -+ ,bp;x) D=1
TOfE%E TMEEDODRWED] IZE->TEREL TV EWIEDTH 7212, izl kS5,
— Iz =1 TOMEIFKRE S5 VWD72AY, Plaff-Saalschiitz DA (5.2) D& ST/ F A —& A
A ThEG5E EFRELZZeMHD. ZORMEEEFEDO TV I LIk, — L%
fIFRELD = 1 TOfE%Z JI D — AR D 2 = 1 TOETRT &\ o 2L ANMR
IAEFEN, £72, TN 2RI T 222 ICL > TE L DBERMEEANBEONT VL7, %
S\ o BN RBEO h TEEALR DD, Whipple DZE#A X ([AAR] OEH 3.4.4 2 1):

a,5+1,b,¢,d,e,—n
7F6 i1
s;a—b+la—c+la—d+1l,a—e+1l,a+n+1
_(a+1n)a—d—e+1,n) a—b—c+1,de,—n 1
T a—d+Ln)a—e+Ln)" P \a-b+la—c+l,d+e—a—n’

(5.3)

(ZZT,nid 0 A EOEE) THH3. 2L TCZiEM2a+1=btct+d+e—nZifd e,
Pfaff-Saalschiitz DA (5.2) 23# X T, Dougall DA ([AAR] DEH 3.5.1 ) :

a,2+1,b,¢c,d,e,—n
7Fs 2 ;1
2a—-b+1l,a—c+l,a—d+1l,a—e+1l,a+n+1

2
(a+Ln)a—b—c+1ln)a—b—d+1,n)(a—c—d+1,n)

(a=b+1,n)a—c+1,n)(a—d+1,n)(a—b—c—d+1,n)

HEons. ZORK (5.4) 5, MEEDOREW] —HAbLES RIS 2 @R MIEE D H
T, b —MNREDTHS. LT, ZORRERIRLT 2 Z 212X 5T, £ < OEKMIES
AfEonsZeBHonTns, L2rULHL ETH, MEEHORW] — B bRk %5
ZABZLIZE-oTHRONHEBMEEANTHS. MENPRLS AL TH, MBMESENRDLD T
DIZeHH DA, FEE Dougall DA (5.4) ZRFKEL TV -TH, BBV =1 %7
Xz =—-1TOELPEFSNT, HIXIE, X (412) LWVotza =1 TOEIESNDDIF T
R0,

10 Appell DFBHEIEEL F1(a; b1, b2; ¢ 2, y) DETEIE, /357 A= RN YTHIER (z,y) = (1,1) THIGPER
U, TOMEIEH VBB TE TS, FL OX SIS EBULTH BRI OWTE, Bz L5 T e ILD.
DTS BAIOEBIES TIEE S,

Ldh, BRAEERIIE STV S, HlRIE, [MO] B,

12k balanced & % well-poised & 23\ 7 MEEL % o 72 BT ECETH 5. 3FL < 1, [AAR] DFEZ 3.3.1,
3.3.2 2 &M,

13Whipple DZEHAN (5.3) EXHEGLEMARNE LT, oFs Doz =1 TOEZID oFs Dz =1 TOETH
TARPAISNTWS ([AAR] O ZZEOMBME 24(b) %2 2MH).

(5.4)




PAE DRI, 8 R EFRERETNC IZBE ISR 5o Tz, ROKE LR, FHEEOES (B
> & BARIIZIEZ, MACSYMA & W\ o 728 S A 5 L DfftA:) & HIZEF N7z, Gosper't i,
BITE Gosper D7V T XL LIFIEN D, #RIHEEXNZ RO 570 DN HiEZ T L
72, ZOT7NTY AL, EOAHEER c, 252722 &,

Ck = Sk — Sk—1

ThO, HD sp/sp1 Dk OFHEAKTH D L 57 s, PEETD20HEL, FHET 561K
TNEHNLTNG. BLIDE I s, BRODoLDRS, D)k = sp— 59 £78D,
> THIRFDHERMEERDE SN S, Gosper I&, ZDHIEZEMH L T, £ < OEEMIESE
RERDT TV o7z, 250 o 2EEROHFIZIE, HUWEERLRILE EhTwz (FIRIE,
[GS] Z28) 1P, ZOT7 N T XLIEESTH 27217 ThH <, BEiosEERESE %2 HoiFT<
NBEWSETHEHFNTH o7, TN, TDO 7N TV X LIIkk~ 7 W5E5 OBk % 5] E 117,
INzEHLIZUcT V) AL EEN. T 0hTRIZE DS D & LT, WIlf,
Zeilberger Z & T AMREZIZ L > THES N2 TN TV X LDH B0, 51 TH
B WO BB I A2 EHELEZT. T UT, X 5N BRHEH TR TFKX
NBEPEPHEL, RIND40 BRMIC TEER] 22 T T AEE2HRKLEZOTH S,
L2 L, 20oDFHETIE, 52 0N RS TBHERA] 2RO Z i3k T
t, THER] 2R OBBMHEZFOEDE2 RO T 52 2 13# L. 72, Gosper DT )V
IV XA L% FHIUZ U T\W5B LG AIEEIZIE, Appell OFERHEL L W\ > 7= 2 EREEIZBET 3
EERZHEUMT Z & FHEIZAREZ L WO REDVDH 5.

5.2 BHEEGRAOTE ZORHMERS

BN C, BBMEE R 2B UB T AICEZ SN L R k2 RTE7-. 206 LR
BADHEZERTALS.

JITE 17 Cik R K 5102, ThReERGED 1& TEHER) & Eh e TH 5. 2k, REIC
i TR &5 - 72RO S 25RILUD 5139 TH 208, TN 6 % R/MEIITHED TS
T AUE, EE 18 TR A7z K S ICHHAE R % L < Fio IR MR OS5 E BRI % £
DME I PR FEREMEILINTE WA, 25 U-MEZEIT S0, BZOR%E T
FRME] TR 0 A A, ERTIESE X 2 RHENIC1E 2 FRZ 52089 2 DA BHERIBRAD HETH -
7 (4 Hiz). ZOHEKE, BrRe TRkME] TRELEEMRBE 2 WG ELHDTH
205, BAITHPDRTWVWEWSHEANDH S, 72, Appell DML & W\ > 722 EHfEK
ZETAHEERZRE LTI EHRLIDEBATHS. L2, HLWE IAZRTHENIE
HAZRE WS EIEITH UAIT TWE 720, SRS e 513 &SRk o Rkl 2 H
DI LDIFHL <725, FEEE, Dougall DA (5.4) IIBEEEIRAD SHiEEZ HWTHRL Z &I

Uit TR ORI S 2 7 5 MACSYMA OBIFED —ATH 5.

B Gosper HE 1%, 155 N2 BB AHSER 2 CHRIE T, 122 (Andrews, Askey, Stanton 25) ~ D FHk
WIZHETWBEDATHS.

168812 WZ 1%, Zeilberger D7)V T ) XLWESR. WZ L, M5 N T W B BRMESR 2B (00 H
BIZ) HRlIH T 2 AIETH 5. F72 Zeilberger O 7V TV X L, REMNZIX, B — M LS RER O B
BRAERDZT NIV AL THS. 7L LI, [AAR] @ 3.10, 3.11 i, [Ko], [PWZ] &&.

VIEREREH I, [PWZ] OEE 8.1.1 B AR OGS, MEMERORKEILZ OMRICEEND.

BIPWZ] © 8 =&, FHHEMIZIZ —EBOGEEOMIHETINS. 2F 0, HHZHEZZ { FoTWAEAIZIX
BT,



A[REE A 51T EE, T RD D LI121%, 14 HOER 2 R OENr HRERZ2 7 sz
WO Az R BB WA Y E T NEML DIFEOVWES S,

6 EE

I Tk N7z BEEAR AN D HIED RS2 E 2, Z0H 6 DREZ B AR 72\, Gauss DR
KR EL o Fy DFFFREIZEE T 258872 TR K 5. 55 A, o by BRI LT H
[ AR D RTEANA D 3D,

FEl: BRMEZE D& D AR Eunr?

4.2 HiTHR AR £ 51T, 5 (k, 1, m) ERFFEPH IR LTV, B2, (k,1,m) = (0,1,1)
DE &, FHERXR (4.5) 27z (a,b,c,z) £LUT, (0,b,¢c,x) & (a,b,c,1) 2157 (B 4.2 ).
ZLT, INS6N6—DEFDE 5RWH, — DI Gauss DFIAR (2.5) 257D TH-7-. Ly
U, BiEDEI RO SR WMEIZEZ S BRVDT, (FED 2 12/ LT Y IZD & 5 2GRN
3 (4.5) DIRIFEZ BN 21T 520, X512, 2=0,1 TOEBH>TWVWBDT, TOHE
BRI EIZT S, DT, 200D L TRkMEEZZEZ TV Z&IZLED. 257
5L MrREGALEBRT UERKENFONSE DI TIERVE WS Z2IZ&DK. filx
X, (k,I,m) = (1,1,2) DB&EEFEZ &S5, ZO5AOBERFRR (4.4) 1%

oF (a+1,b+ 1;¢+ 2;2)

__C(C+1)(1_$) a ;c T clet1) a.bex
RO e A P T R
THBNS,
Qm>:_ﬁ1—$)Hn”+ﬂc—6ww+@—2ﬂc_1ﬂ

z(a—n+1—-c)(b—n+1-rc)
BN, ERDERMEDOL & TIREFRELFELZ VD TH .

ZNTIE, BT (b, L,m) BED KD LFMail-d L 2, RkMEVRBEONDEDEAS . £
T2, BT RIPED K S L f 2=, FFEENFELRVWDZA S, ZoMEIR, FikEe
WHOBHEDNRENL SWH D, EWSHICE#T 2 AEETHA 5.

Fik, BT (k, 1, m) TORIRMEDVR O L &, B

o1: (k,l,m) — (m —k,l,m), oy (k,l,m) = (k,l,k+1—m),
o3 (k,l,m) — (I,k,m), og: (k,l,m) — (m—Fk,m—1m),
05 @ (k)lam) - (_kv _lv _m)
WL THEBRINBEEGDEHIZE>TB Y ESMOKBF R TORKES FRFIZES NS Z

EDHSNTWS ([Eb2] D 1HiZH.). Zhir s, ZhofB D &5 smuaxt U TR0 %
(f’é?4ﬁ5%‘%ﬂif£b‘f:5 5 G = <01,02> X (<03> X <J4> X <05>) = 53 X (SQ X SQ X SQ) (:

O Fs 20585 A—& 13{f, T IR 1 HTEDET 14 .
WEFED 2 T U TR D LD & D R fih 680 NBRIREIL, oF1(0,b;c;x) = 1 & WD XS REHR» SIS
PREDETTHEZENRINDG. TN, ZOXRMGERT I LIEFZYTHAS.



ZT, Sy l& n ROMNFEE) TH DI LITHERET % &, #idzEi G\Z? 0 eREKRL LT, #l
Z I,
{(k,im)€Z®|0<k+1-m<Il—k<m} (6.1)

DEHIND Z R Dn5. 25U TERTAIREBEFMDNI- 720, TN THERED 5.

FEEIAED FEOMBEICEZ L Z KT, 0<k+l-m<I—-k<m<6%T
(k,l,m) \IZRGT 2RKMEZFIZETH 2 i E 7z ([Eb2] 2). LA L, BAEZKIZZ
DREBETH I LT, LEROMEIZNT 2 FH-Z T

F1 6.1. (k,l,m) »° FiREE RO 72O D BB M. RODLRL LB —=DDHEHITHE
LTBZeTHS

(H) m=1.

(W) m=1—Fk»D 1 I35

(5) m =2k D | IZMBE

(Z) (0,1,1) £721% (1,1,2) © 2L EoERE 5.

(1) (1,2,3),(1,3,2),(1,3,4),(2,3,4),(2,5,4),(1,5,6), (3,5,6) DWFT D HREAS.

BEDLZA 0<k+l-m<I—k<m<14 %5723 (k,[,m) T L TiE, TOFHEMBIE
LWZ EZENPDTNVDS., LU, 2hEES P o TEHT X I W, HHRYB D070,

R 2: KIEARER o F) &, BIKMEZFD o F) E DRERZERBRA K.

Gauss OHRMRBUIE A RREZFHF O LR SNT WS ([AAR] OEH 2.2.1 2]) 2L
. —_ F(C) ! a—1 c—a—1 —b
oFi(a,b;c;z) = (@) (c—a) /0 t7 (1 —t) (1 —at)"dt. (6.2)

AL FFDDURT 3 & 5 ICEOPRAEE IR RITNIER SRV, HS U S 2Tz
B XS, 4 THTEREHMED, MARRDPSBONE MR TAS.

1
B(p,q) ::/0 L1 — 4)9 dt = ?((Z)i(g))

THHILILFERETIE, BORR (62)122=12RATEILIZL>T, BELIZ Gauss D
A (2.5) MF 5N S, Kummer DARD FAMKICEHELKS. 20 TiE, X (4.12) R 57
25, MARRPORA (4.12) DD LD & 2R AT,

1 1 1\ %
/ 3 (1 —¢)" 2 <1 — t) dt
0 4

4a 4a 1
2—B <a, L a> = 2/ v 1 - v)_“_%dv
0

H

2 3
K?%T%%:t%%étﬁhﬁt%tb.:Mm%bmﬁﬂuﬁﬁ%jtﬁ<:tui0%
MHS5NBE. TNSDIE RS L FIkMEEZ D o DG, O RRICEAN LN %
Mg Z Lz ko CHMEARE S (RBHEES) LKL ShErsE LA, L L, ZOX51C
Bz ARl E 5 5. KT (k, 1,m) = (1,1, —4) 25 &, Rkl

AP/ REE/HFOL VD Z & & BB ARBORFELMEEDO—~DTH 3.




13, 1\ __ T EIE)T(E 4
2’2 %5 -

QFl <a,a+
WESNEN, ZThAMAPRENSGBLO LES L,
4 6

1 —a—3 +1 6 1_
/ $e=1(1 = )35 (1—175) ’ S — 5"'B(5.5) B g 22 a)2 16— 15— a)
0 5 20041B (3,3) B (5 —a % a)

DO NDZ L ZRTBERDD. T0bb I DERNEEDEI21, BRTHBOMYF Rz
GAEZEREND, HIO=ZEMPITERING I L2 REIZTNERSRVWDIITHS. Z
E20, REVBZ S HFKBRN (DF D, oy OBNRREHAZKL TV EZTTIEEZS
{FonW) FIRES FET 5.

TIXZDOHIIFEAET L7550, KX, TUHEET S.

/01'5“1(1—0”1( 2:? >2dt N
- [ta_l(l — )t <z:;> <1 — Z:it> ]

0
[ (0} () 020

—(a—1I'(a)'(c—a—-1)
I'(c—1)

EhS,

e=2) _(a=1(c-1)
2F1<a,2,c,a1>_ (a+1—c) (6.3)

DL D. & TAD, THIEFRRETIE W, LU, K7z L& S, 20L&,

-2 1 -2
2F1 <(I72,C,Z_1> :EgFl (a+k 2 C+m 1)

I B KD WEBEH k,m LA RVGFET L. £ LT, RO HIEOME £, 2l
—BENHRAL BB IS THE. TNDR, %?h#ﬁﬂ)‘fgﬂ( 2652 DffiRE 57
DI85, AL F ( 1 22) DL ARINITRE B IETTHE. £ 2B, O
ER(6.3) 2SR E SRV, o T, X (6.3) IFFFMETIER VD TH 5.

PAEDZ & &0, KEWREZR: o Fy ERIMEZ R D o F) OFICIZUEBBPES Z 522 0D
otz UL, L ET X Z5] THEDT, ETHEIFHIFENRAR LI R
Lo TR ZENHERR VDD RTBEDRDH L. ZTDDITIE, ED KDL T F MRE
WL 7257, BRDMEND B,

B3 THETOLRHKESIIMBDLES S H?

SET, HifMEZFD o F 28X TE7-. Hl4.2, 4.4, 4.5 THONERFEIZ LS RS &2
TH Y BB (L WEBER) TRINTWS. BEEBRADGIETIE, TO X5 2L M4%25 LT



WRWDIZ, {725 5 L ABRICB oAb Bond e Lviaw., Syl i G

IZTHBD) ZORWIZEZ 72 ([GIF) 288). T FERIC, BEERROAENRZENLR DI

MO Z B RUEZ. ZhoBoNzfER eI NRE TNV,
INTA=ZN=(p,q,r;a,,2) IZH LT,

f(w) == 2F1(pw + o, qu + B rw; x)
#EZ25. T LT, BBKIZRO - DOREEFHE L 7=
BRE 6.2. ROHVIBEERRPKO DL BN = (p,q,r;,5,2) KD K.

w Tw+u) - T(w+ up)
D(w+wvy) - T(w+ vy)

B 6.3. ROKMZdi723 LD\ = (p,¢,r;,B,2) ZKD XK.
flw+1)
f(w)
BEEERAR N D ALK, pg,r € ZDGEDAEZEZT-HDTH 250, M 6.3 DH D R%E 5 2
ZZLIZERBLED. T, ME6.2 OMITIHS 2RI 6.3 D TH B 0%, HIIBHTLHLIHS
MTIEARWN, D0, 6.3 M 6.2 DRNCIZMEZ D B3H L5201 TH 2022, BlFKid 5
KUEDL L ZNHAETH 5 Z & &R LT ([HI] O 11 217).

fw)=8S(w)-d , S(w) € C(w). (6.4)

=: R(w) € C(w). (6.5)

EHE 6.4. pgr cRT,0<p<rXiT0<qg<rdlbirolL&d. X512, a,8 ¢
R -l<z<1&35 ZorE [#H62 LMEG63IZFAMELS. Thbb, (6.5) %/~
f(w) X (6.4) DESITHYYETRREIND.

Bl 4.2, 4.4, 4.5 1ZFRR2RHDP S EHOME XY TIEE SRV, LU [Eb2] TEIF o2k
PEZEDOHIZIX, ZOREHIZE D, il Y~ EERE R Z2D0HHI NI EDOREOEH L.

M 6.3 128 WTIE, p,q,r BWEHDOGEEZFZZ Tz, BEBERRO HIEITEROELE L
MEZTWRWDT, B 6.3 DMOHIZIZZDHETIREZASNZVWE DR ILDLE0E L
N, 2 ZAD, RIFBEBEBRROAEIEZNZRDITEITHEZ L2 ROEHMITZE > TV
% ([AIF] OEH 25 28).

EE 6.5. pg,r ER T, 0<p<rHD20<qg<rlbizoelLLd. 512, 0,6 ¢
R -l1<z<1&9%. ZoOrE, MEG3DETOMIIBHEBERIAD HEIZXI->THESNS.

IS ZDODEMITH HERT, BEBERAD HIERZ2EEOT2DTHS. o215
DEEPIIRI N DR SEMERD N, TR ESHH LWL S THS.

DAL, BEBERARA D HEICET 3 HEIZOWTRRTELZD, TRIZEHLTE DS R WD
LEHIITHS. LU TREBMESEXDOHERIIZOVWTI, $SICHEZEPTHS. Tz
fMEL 72 ZATEL2EL ZLIZTS.
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Eigenvalue problem of Toplitz operator on

Bargmann - Fock space and hyperfunctions

Kunio Yoshino,
Department of Natural Sciences, Faculty of Knowledge Engineering,
Tokyo City University, Tokyo 158-8557, Japan

1 Introduction

000000000000 (Bargmann - Fock space) 0, 0000000
O000000000000000 ([5]). 0 Bargmann - Fock - Segal
space00000000D0. 00000000 O0DODOO (WKBDO),
ooO00OoOoO0oO0Ooooooo,0000oooooo,00ooooo
0000000000000 D00000000 (([1], 18], [36]), [38]). O
oooooO0OoooooooooOoOooooooon.

1. J00000O0O0O0OO000000DD00O0D0O (Toplitz operator)
gbobbuoogoboboogoboboboug,bbboodg,boggon
gbobboogobbbuoobobbboooobbbogg.

2. Dbobboboobooboobooboobooboobob
O000000000000000 (Bergman) JOOODO0OODOOOO
oo.

3. 00000000000 (DoooooooooOoooOoOooon)
gbbboooobbbuoobobbboobbuooboboboood
gobobooogboboog.gbboboooobobuoooobn
gbbboooobbbooooon.

4. 00000O0O0ODO(ODODOODOODO0DO0OOO)ODDODOOODOOOO0
gbobobooogbob,0bbooogbbbboooobbobooag, b
00000000000 (2r)00ooooooooooooog.



000000000, Modulation space 0 00 000000000000
000000000000,0000000000000000000
0o (9], [10], [35)000. 0,00000S000000000000
0000000000000000 ([21)).

2 Bargmann - Fock [ [J

dm(z) 0 C"O000000000000,00000000
du(z) =7 "e FPdm(z) 00000000000

L3(C", dps) = {g() : / Jgl=)Pdu(z) < 00} DO DO

ooo <f,g>:/ f(z)g(z)du(z) 00 00O0O.
(Cn

|

01
L*(C™) € L*(C™,dy) C L*,.(C™).

00 1 (000000000000 BF)
000000000000 BFOOOOOOO ([5)):
|

BF = H(C") 1 [(C", dy) = {g(=) € H(C") - /C o) Pduz) < oo},
H(C”)D cCrOpooduUoooogo.

01
1. z2=(2---2,)00000,00000000000000 0000
0.000,00000000000000000000000000
[1;(zi—2)**'0,0000000000000000000.

2. 000000O000000000O0O00000 00000, 000
000000000000000000,00000,00000000
00000000000000000000000000000000
nooo.

00 1([5])
2™
1 O BFO0O0O0OOO0O0OOO0OOOOO.
() {Vm!}mzo
_ . xmogm
2) e = ——[0,BFrooddoooooono ooo.
2) mZ:O\/m!\/m!

e, f(z) = / T f(w)du(w), (f(2) € BF)



p|00O000OD0O00000 DODO0DO0ooooooOo.
00 2 (Bargmann transform B)
oogd

1
An(z,x):ﬂ_”/4exp{—§(z2+x2)+\/§z-m}, (z€ C",z e R").
00000000000 B)oooooooooo:

BW)(2) € | w(@)An(z,2)de, (¥ € L*(R™).

Rn
00 1([5])
(1) 000000000000 0,0000000000 L*(R™) OO
goboo.
(2) DODODODODOODOOOODOOOOOOO.

02
(1) B(Au(a,2))(z) = e
(2)  Blh(2))(2) = ——,

|
|
[\

. 00000000000 (ooooooo)oooooooo, [
gooooooobn. ,
2. ho(x) =7x"1* exp(—%) O, Coherent State 0 0 OO,
71/42x2—1 z?
exp(——) 0,00000000000000O0O

ho(z) =7 7 5

gobobooogno.

3 Uubotububoobbotuodgbotdoodod

000000000000 o LAChLdu)00000000000, o0
00 L*C",du)=BFeBF-00O0O0.

00 2([46])

0o0o0d P:L*C"dy) — BF O 00000 (Bergman) 000 @
guooooooooooobobobg:



PUNE) = [ T rw)dnto), (4] € L(C dy)

L= {f(2) - / e f(w)dp(w) : f € L*(C", dp)}

O000000000000000D0 O0ODOoO (Teplitz)y DODOOOO
go.

02

ob0ob0 fFODOOD0ODOODOOODOO TP ODODODDOOO.

Tef)@) = [ Pw)e®f(wdutw), (¥ € L(C",dy)
DDD,F(U})CD Crobobobooooo.

00000000 Tr O L3Cdp) OO0 BFOOODOOODOOOO.

4 [OJO0O0OO0O0OOOOOOO0OOOOODO
oogoogo

obooooooobog T 0oobooboobooboo.

00 3 000000 Fw)0OOOOOOOOOOOOOOOO0O00O
00000000, ie. Flwy, - ,wy) = F(Jwi %+, Jw,|?). 0000
nooo.

(1) z»0,T» 00000000,

ood A\, DDDDDDDD:

Am = |/ / (51,- 6781‘Simid8¢7
m
z'
ml, t E N™.

=1

(00) DOoOoOOon=1000.

TR = [ [ Fuf)emumduto)
= [ [ Furemume  anu)

- o (§57 o




1
Z——// (lw) )@ w™e ™" dm(w).
nlw
D

Ow=re? 00000 s=r20000

27r
:_Z '/ / z(m )0 pnpm o= drdg
n

S m!/o e=*s™ F(s)ds.

5 0000 (Gabor)dO
00 3(0000000)

WolPp.) = [ e 0la ~ )f@de. (fa) € L(RY)
O000,¢(x)00000C000O0OOOODDOCODOO,.

gooddob gooooobobbboooooogoooooo
(Denis Gabor) 00O 0O0OOO0O0O. 00000, 0000000000
go.djddddddo,jjjddydydydUuUuuo o
. 1971g0bobobdgooboboooooboo.

gd 3

1. D0O0O0O0O0OO00O000000O000 (Short time Fourier
transform) 000 O0000. 00000000, 000000,0000
00000000000 (Wigner)DOODODOOOOOODO ([16], [17)).
2. ODO0O0O0O,00000000o0b0,00b0bbbboooo0ooog
000000 ((4]). 00,0000000000000000000O.
3. bOoUoOo0,000doooooooo,bb,bboobbbon
guooooooobobbbbtbooooooooouobobooobobobon
goodoooo.

5.1 000000000000D0OO0 (Heisenberg) O

gbobobooogbob,oobboboogog,bboooobobobod.
'Ob00bobbo0obooobobboder+0000000000000O, O
ooooboboooooooobobobooooooooooo g
gobobobooooobboooobooboboooooboboooooo.
0000000000000000 e?g(z—q 0000000000
0000. g(z) e AR OO0O n(p,q)g(x) =ePglx —q)0 0D O,



7(p1, q)7(p2, @) = e P2Uw(p +po, 1 +qo) 00 DO0DOO0OODO.
7(p,q) 0. 000 R*"®R*0000D00D00 ([3),[20). 0000000
O00DbOo00oooooobooooo Cr=R"epRPOOO0OOO0OO0O
ooooooooooao.

00— R—RxC"—C"—0
0000000000 D RxCrO0oooDOOO0OO0O H,O0O0DO.ROO
ooodoo0d F, 00000000, 0000¢t0000oo,000o
doooooo. o,0o0o0oobooooooooooooooooo
0000000, (tpq €eRxC'=H, 000

m(t,p,q)g(x) = e"e?g(x —q), g€ L*(R") 0000 n(t,p,q) 0,00
00000000000000000 ([15], [20], [23)).

o 4

. J0000OO0oobooboC=ReRO, 00000000000
oo.

2. J0d0oUooUuotbodotoUuoo. booooooooooo
gdoddooououououououooououo.ououood
0000000 U()000o0o0oo.(2, 3], [19], [20], [23]).

. oooooooooooouooo,booooooog,goood
000000000000000000000000 ([23)).

4. 00000O0000O0O0OO0OODOOOOO0OOOOOOOO ([15),
[34]). H. Lewy 0 19570 0000,0000000000000000
gooooo,doobdoooooooooboooooooooono
0o0Oooo (24, [33], [34]).

5.2 U0O0OODLOOOOO

gooano gb(x):?r_%e_é gboboboobboboobodabooan
oooao.
o) = [ e olw— ) f@de = [ atere S fapds

R n

0Doo0oo (11, [12], [14). 0000000000000, 000000
n z2

0000000000000 00000. 00000 ¢(x) =n"4e” 2

0’0000 1000,0000000,0000000000.

00 3(0000000000 ([11], [12], [19]))
10 = (52) [ Gl

(z—q)?




0000 (Dirac) DOOD0OOO0O0OOOOOOOOO:
1

)(/emﬁDDD.
2 n

L B @Wal . )ps

= /R  pal) / e o(y — q) f(y)dydpdg
={éwéma5i5kiwwy—®fwﬂw@@

= /Qne”“”y%hﬁ R2n&357:755¢(y-—-Q)f(y)dydq

=) [ oo = 9)ale = 06l - ) () dudy

= ()" [ T dota - @ f(e)dy = (2r)" < 0.0> o) = (2n)" (@)

1. 00000000,00,00000 (Resolution of Identity) 0 0 O
00O ([11),[12). 000000000000000000000000
(0000000)0000000000000000000.

2. 00000000000000000000,000000000
(1221, [2 DDDDDDDDDDDDDDDDDDDDDDDDDD

3. 000000000000000000000000000000
000000000000000000000000(00500 4).
00 40000000000000)

fz),n(z) 00000000000000000000

(1) <Ws(f), Wy(h) >= (2m)" < f,h >

ooooo.

00 f=h0000

(2) [Wo(H)la=(2m)2|fls, (Ifl:0,00 f(z)0 L?00D0)

00 6

1. 00000000000000000000000 (14, (199000
ooo.

2. 000000,0000000,FBIOOOOOOOOOO 250
ooo.




6 00000000000 (Daubechies
localization operator)

0000000000000000000000000000000
oo.

00 4(I. Daubechies ([11], [12])) F(p,q) € L*(R*) 00 0.

flx) e LXR")0DO,

Pe(P) = 20" [ Fp.0)0pu(a) < by > dpd
Doo.000,

Ppq(x) = 777”/4€im¢(x —q), ox)= Wﬁn/%imzma (z,p,q € R").

PrO0000 FOOODOODOODODOODOOD.
Pr0 L*R") 00 LARMHO0OODO0OOODOOOOO.

6.1 0OUOUOOOOOOLOOUOObUOObLObObOOOO
Ood

obooobobono PpO0OO0OD0O0ODOODOOD BFOOOD. OO
,200000.

1. (BoPFoBl)(g)(z):/n F(w,w)eg(w)du(w),

BO OOOOO ODOOOO.

2. 000000 Flw)OOOOOOO, BoProB~' 0 LX(C": dy) O
doooooooooooooooog.

L*(RY) —2— BF

PFJ/ lBOPFOB_l

B

L*(R") -2 BF

o0 1
_ ; +1q
B 2) = ¢*® \w\2/2+2pq/2’ W= p
(9p,4)(2) ( 7 )
od b5




(00) 00000 n=1000.
DDDDDDDD 000000000000

Pe(Pe) = 5- | / (5, Q)pal®) < By £ > dpda,
=2—// 06p(x) < Béyg, B > dpdy
oo 1004,

Pef)@) =5 [ [ F0.0)Bou(2) < Boya B > dpda

1 ZW— 'LU2 2
- / / Pl et Boyg, BS > dpda,
ggd

(BoPpoB)(g)(2)

]_ _ 11)2 s
= 2—//F(p, q)e=v A2 By g > dpdg.

00
< Bopg,9 >

_ QL 6{@_1/2|w|2—1/2ipqg(t)@—|t‘2dtdf.
T
0DoO0.00 1-()000,

6—1/2|w|2—1/2ipqg(w)

o1
(Bo ProB)()(2) =

1

" or
0oo.

1
—/F(w,@)ezwg(@)e|w|2dw/\d@
2T C

F(w,w)eg(w)e ™’ dw A dw.

3 000000 Flw)OODDOOOO,BoProB™' 0 BFOO
"dp) 00000000000 OO:

(BoProB™)(g)(2) = /(Cn F(w)e™g(w)du(w), (Vg € L*(C", dp)).

04 000000 Fw)=10000,

2) = / Tglu)dp(w), (Vg € BF),

oo 3boogoobobooooboobobooon.

00 4 (I. Daubechies 19838([11])). F(p,q) € LY(R*) OO0 O. F(p,q)
guoddooooooobbbboogd. e

Fpi, a1, s Pn» Q) :F~1<T127"' ), (12 =pi? + ¢ 1 <i<n).



Dooooo:
(1) 0000000 hye(z)00DO000 00000000000,
Pr(hp)(z) = Amhm(x),  (m € N"),

Am '/ / H e Si mlF 317 Sn)dsl...dSn.
m i=1

(00) OD0D0DU0OO»n=1000.00 5000,
(BoPpoB™! / (|w]?) e g(w)e ™ dm(w).

DDDD(BoPFoB (™) O 0000000ooo0ooooooooon
DDDDDDDDDDDDD oo 300,

(Bo ProB ) (w™)(2) = Anz™, Am = i /000 e *s™E(s)ds.

m)!

B*(j%)@ﬁ%M@DDDDDﬂDDDDDDDDDDDDD

Pr(hy)(z) = Aphim(z), (meN), A\, = % /000 e~5s™F(s)ds.

T gooobobooobbuoooboon

000000000000 {M\}2,00000 Az)O0000000.
000000000n=1000.

A@)_f@ETyAWeSfF@m& (Re(2) > —1).

O00.00,T'(:»)0000goooooooog.

00 6([45))

(1) 3C >0, |\2)| < e2Im@l - (Re(2) > 0).

(2) Az) 00,0000 Re(z)>0000.
(3) A(m)=Am, (meN)
4) Az) O, {\}>,00000000.

HEN



()000000T(x)0000000000000.
(2)00000000000.
(4000000000 (6, [29)000.

00000 (Carlson) 00O

(1) f(z) 00000 Re(z)>0000.
(2) |f(z +iy)l < CewrtPll (2> 0)

(3) f(n)=0, (n=1,2,3,---)

000<b<70000 f(2)=0
0o 7

1. DOD0DO0DO0O00 ooooodo<bh<wnOOOOODOODOODO.
000 sin7z 000 (1),(2),3) 0000000 sinmz 0000000
oooo.

2. DO0O00OO0OO0OOOO0,0000000,00000O000DOO0O0
ooooooo.

OO0 8 Fritz David CarlsonO0 0O OO :

Born: 23rd July 1888 in Vimmerby, Sweden

Died: 28th November 1952 in Stockholm, Sweden
0000000000000 (Leonnard Carleson) 00000000
O0.

 Uoouboouboubouod

000000000000 {An}p,000 A(w) =) Aw™ 000
m=0

Aw)00000000000000000000 ([39), [42], [43).

00 7([40], [41])) F(p,q) € L(R?) 00 F(p,q) 00000 0DOO.
ie. F(p.q)=F(r?). {\,}>°, 000000000 T 0000000.
C

(1) 3C, Al < ﬁ, (m € N).

(2) Alw) = /000 e e F(s)ds, (Re(w) <1).

(3) A(w)DDO0D0D00O {weC:Re(w)<1}000000000000.



(4) A(w) 000000 Lm A(iv) = 0.

v[—o0

@ 00000000000)
F = —/ ’“”A (1v)dv.

9 UoOO0oboooooood

9.1 UUUbbuoooobobbuoooboobbgd

000000000000 (Fourier ultra - hyperfunctions) O, O 0 O
00000000 (Analytic functionals), 0000000000000
(Fourier hyperfunctions) 00 000 O000O0. O0O00O0O0OO0OOOOO
goodoodo.oobbdodddodoou, U Uugoa
gooooooobobbbbboooooooooo,uboobbbn
0000000000000 ([13). 000 BrimingOOOOOOOOO
gooboooobbboooobo,dooobobboooobobooboa
O0000000ooooog ([7).0e>0,¢>0000

L = (—00,0] +i[=b,b], L. = (—o00,e] +i[—b—¢e,b+ €],

QL. : ') = {f(t) € H(L:) N C(Lc) : suprer.| ()] < o0},

000. H(L)NC(L.)O L.0000000000000000000
goooooooo.

Q(L : {0}) = limind.~¢ 0@ (L. : ),
0O00,Q(L:{0) 000000 Q(L:{0)0OmO.

Q(L:{0}) 000 000000000000 0D000000O.
T(z)=<T,e*>0000000000000 700000 (00O
O00000)000ooo.

00 5([28], [32])

T(x) 00000 Re(z) >000000000000000:

Ve > 0,Ve' > 0,3C. . > 0,

T(2)| < Cooetllter (2> ¢ 2 — 2 4iy e C)
000000000000 g(:»)0000ooooooooog,
9()=T(x) 0000000D000000000 7T00000000.
01

00000000 AMz) 000 Az)=T(:) 000000000000
o0 7Tooboooon.



9.2 J0U0DOOODDOOOODD AGOO

zt

Gﬂm:<ﬂT%LT>DTDDDDDDDDDDMwmmm—
— we~

Gay) 00D D0DO ([42)).

00 9([29], [30]) 0<b<7xODODOOOODODODOO
(1) Gr(w)DO C\exp(—L)0O0OO.

(2) Gr(w)0DODDODOOOODODODOO
Gr(w) =Y T(m)uw™.

=1
goo.

8) <T.f>=— [ Gue)f@)dt, ft)eQL.:<).

21 L.

@T@ﬂ%L%WW%

- 2mi
01
D000D000 Afw)OOO A(w)=Gr(w) 000000000000
000 700000000.

00 9 000000000 (Avanissian - Gay) 0000000000
obooboobo z—-0Ooobooobooo.

10 A(w) D Mz)DOOO

0ooooo
00 10([29], [45])

(1) Az) = QLWZ/L Ale ")edt.

m m
LE = 70, ' [__ — &S ]
(—o0,e] +1i 5 &5 TE
® e\ (i) — e \(—ix)

627m: -1

dx

(2) Ale™) = %)\<O)+/000 )\(x)e_xtdx+i/0

(00) ()0 Plana0000 ([13) 000,



11 O0ooooboobuoobogobooood

goboboogobbbuoooobbboooobboooonoo.

00 11 0<b<7 0000 f(t)€eQ(L:{0})O0ODO
(1) <T,f>= L {/ esete_sﬁ’(s)ds} F(t)dt.
0

21 L.

—1 = swpl d_w e
(2) <T,f>=— i {/exp(_Lg)e f( logw)w}e F(s)ds.

211
opoooo.

oog 12
F(s)=¢" <T,e e > +X\d(s), (s>0).

01 F(s)=e'" 0<a<1000.

000000000000000 70,7 =ad(t—loga)000.
02 F(s)=6s—1)000.000000000000000 70

T f e zim/L e FBdt F(t) € Q(L - {0)).

gooobog.

T O —oo+i[—g,g] Dooooooo ([30)).

I'(z+1)

TOOOOOOOT(2)0O, ooo.

12 OJ0dootdootdbootdboodoodon
Joogooogd

12,1 0OO0O0O0OO0OOUOobObOooOboOoon

00 13([11], [12]) F(p,q) >0 € L'(R?), F(p,q) = F(r}) 00000
DoooOooO.

1) Dl el
(2) A = (2m) 71 F(p,q)dpdq < .
g //]R2 p, q)apaq




12.2 0O00O000O00O0O0O00O0O0 ([37)

D(z)=[](1-Xz): 000000 (Fredholm) 00O
k=0

()= e 00000 (0DDD)

k=0

oo

00 1 0o
— S = —— 2] s—ld:
C(s) ]; k F(S)/O e~ 'dt: 00000

R(z) = =——VlogD(z) = O(t)e*dt: 0O OO D00
B=35m =gl = [ o

12.3  6(t),R(z),D(z),¢(s)00000O

{AnknZo —— 0()

J{ l Laplace

D/

D(z) —2- R(z)
o) = ((s)

Laplace l T Inverse Mellin

R(Z) boundary value Z(S([L‘ . )\nil)

n=0

124 [0OUO0OOOOOOOOOOOOO

O000000000000000000 (Paley - Wiener) OO OO0

ooooo.
006 {\})>,c!'0000,000000000

D(z)=]J(1-AzD000000000000000.
n=0

Ve > 0,3C. > 0, |[D(2)| < C.exp(elz]), (VzeC).



000,000000000000 700000
D(z)=T(2) =<T,,e ™ >00000.

(00)00D000 D(2) O minimal type 0 0000000000000

goobo,0jobbodoob roobbboooob.booon

DoDooo (126], [44).

U(x,t):/e_tZQD(z)ei“dzDDDD U, ) 00D 1,2,3,40000.

R

oU (z,t)
ot ,

2. Ve>0,3C. >0, |U(z,t)| < Cei .

3. lmU(z,)=T(2)0,000000000000000,

00000000, T0U(x,t)D000C000O0O0O0OODODO.

<T.f >=liy [ Ul x(@)f(@)dn, (f(z) € H(C)

x(z) 0, 000000 100000000000 c*oOoOoOo00.
4. D(2) =T(z) =< Ty, e ™ >.

a5

F(p,q) =e5 ) == (0<a<1)000

L. = AU(z,t)

Pr(h) () = Aphm(z), Ap=a™ 000,00000000.

oo

D(z)=[[a—a™2), 0t)=> e

m=0 k=0
0 ) s oo 1
(o) =2 (@) = RE) =X e
k=0 k=0
000 ([31])
0 00 n(n+1)
n _ a 2 n
7:!_‘[)(1 a—HZ)_RE%(a"—l)---(CL—l)Z

oboo.7rg,o0bgobgooboboboooboo.
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Scattering theory for the Laplacian on
symmetric spaces of noncompact type

and its application

00000 (KAIZUKA, Koichi) *

| B

00000000000 X=G/KO0O Laplacian O OO0 (COOO0)0OOOO
O0000000.000000D00000O0000DbO00,00000,000
Ooo0oOoooooo.

O000,Echid00, 00000, 00000000000000O0O0O00O0
Riemann 0 00000000, Laplacian 0000000000 DOOOOOODODO
O,0000000000D000 @O0, Agmon [1], Agmon-Hormander [2], Hislop
[4], Isozaki-Kurylev [5] 000 0000). O000,000000000000,00
O0000D0D00000 LaplacianO OO0 OOOOODOOOOO, Eueidd OO DO
O000000000D0000D000D0. Mazzeo-Vasy 6] 00 O00ODODOOO0ODO
OO000,0000000000000 Laplaciand, 00000 @O O0O0OO)O0O
Schrodinger 0 0 0D 000000 DOODODOO.D00,Euchd00O00O00DOO0O
O Laplacian OO0 00000000 (@MOODO2000)000000000000O
O Laplacian 00000000 O0OO0OOO,0000000000000D00O00O
Oo.

O00000O0O0000000,000,000000000000000000
O.00, Helgason-Fourier 0 0 00000, 0000000000000 Fourier
O0000 Fourier 000000000000 OOODODODODOO, Euclid-Fourier O
O00000,00000000000000DOO00.000DO,0000000
000000000000 DO00000,000000000000£0O LaplacianO
O00000000000.0000000000000 FourierOOd,00000
O0000O,00000,0000000000000O0O0O0DO0O00.00,000
O0000000,000000000000DO000DO000O00O,EuciddD OO0
ooooooooo.

00000 0000000000 E-mail address: kaizuka@fc.ritsumei.ac.jp
0000000 @DbOD0:23340033) 000000000000,



2 JUubbuoobbuddd Fouarier U U

2.1 Helgason-Fourier [] []

G=KANOOOOOOOOOO Lied GO IwasawaO0 OO0, a = Lie(A) OO
0./=dmA000,X0000000. A(g) €al IwasawadOO000,g€ G
0 a-00000 (g = k(g)exp(A(g))n(g) € KAN). MO KODOOD ADOOO
0000000 Le00OO0,B=K/MO0O0.0=eK0O X=G/KOOOOOO.
(z,0) =(g9-0,kM)e X x BOO OO, A(z,b)=—H(¢g"'k)D0O00O0O.dz0 X 0O
Oo0-g-00o0ooono.

00 2.1. (Helgason-Fourier 00 ) 000 f € C*(X)O0OOO, Helgason-Fourier
OO0 FfO000D00O0DOO.

Ff(\b) = / eTAIA@) £ () dx, (N, b) € a* x B.
X
LX) =L*(X,dz)D000.d\O a* 00 Lebesgue D0, db0 BOODOOODOO
OD-K-0000o0oao.

00 2.2. (Plancherel 0 O ) Helgason-Fourier 00 FOOOOOOOOOOOOO
oooooood.

F: LA(X) — L (a* x B,|W| e(N)|2dAab),

000, WO WeylO, ¢(\) O Harish-Chadra c-00000. (0000000, 00
0 Helgason 3] 000000,

22 LaplacianO0 U000 Q004000 gng

OO0O0000000000OUO Helgason-Fourier 0 0 O 0O 0O O, Laplacian U [0 0 O
Dooooobooobgon.

AxOOOOOODODOODODOO X =G/KOO Laplacian000. Hy = —Ax —o0y
0 LX) := L*X,dr) 00,000 Sobolev 00O W2*(X)OODDOOODOODOOO
O000000.(000,000 000 0(Hy) = 0ac(Hy) =[0,00) 0000000
0)Xee=KA"- 00 XOOOODODOOOOODOOOO (X D XOODOO
O00).00oeXDODDODOUOODOODO exp,:T,X = XOOOOOOODOOODO
O0:T,X ->T:X0000,8", ' =S:XN(oexp,!)( X)) DOO0.00,a% Ca*

reg

O positive Weyl chamber 0 O, S(a%) = {Xo € a’;|No| =1} 000. 000,87 O

Sey)xBO0000000000. EuclidOO 77X 00 Lebesgue 000 d€ OO
O.o\)0@OO0D0)0O0000 e, xB—=(T)X)e 0000000000O:

AL = w(N\)dAdb.



Ry = (0,00)000.000 x000,X x8%! 0000 Ex(z,w;x) 00000
oo,

1
+i(l—1)r /4 c(:l:/f)\o) e(FirAo+p)(A(z,b)) W — (/\07 b) c St

Ei(flf,w;li) =€ w(/{)\o)l/2 ) reg *

0023.000 fel?X)000DO,

reg

}"éi)f(/f,w) = /4:("_1)/2/ E (z,w;k)f(x)de, reRy,weS, !
X

gbooda.oug,bbuoobobbooogboon.

FE LX) = LRy LA(S™Y), drk).

reg

000,000 feD(H,)DODODOO,
FSOHo f)(kyw) = K2FS f(k,w)

noooo. /Y 00000000 H,0000000o0o0o0o.

2.3 Agmon-Hormander U [J

dz,y) 00000000000000 Riemann 000000, r(x) = d(z,0) O
O00. 00 o00O0ODOCOOO r(o)ODODOOO,00000000000 XOO
Agmon-Hoérmander 0 0 By, By 00000. Q= {2z € X;r(z) < 1},Q, = {z €
X:2'<r(z) <2} (jeN)0D0.By 000000000000 O00O0O00O
00 fel2 (X)000000 BanachO OO OO,

1fllsy = Z2j/2 Hf”L?(Qj,dx) <
=0

0000,0000B5000000 (f,u) = [y f@)u(z)de, 000,00000
DDDDDDDDDDDDDDueLloc(X)DDDDDDDDDDDD.

_ —j/2
ol = sp {2772 0, )} < oo
O0,Banach00 B 0000, 0000 ~xO0O00O0OOO.

Uy Uy = hm —/ |uy () — ug(z)[*dz = 0.



2.4 Fourier U U OO Poisson [ [ [J

000 k feCEX)0000 FH (k) f € LA(S™)) O

reg

FEE (1) fl(w) = w72 / Er(r,w;k)f(2)dz, r€Ry,w e S
X

0000000, felX(X)00000,Ff(kw) 0O Ry xS 0,00000

00000000000000000. I3A(X)0000000000ooooooag
OO0 BanachO O By OOOOOOO,00000000O.

00 24. (Fourier 0000 )000000 x0000,000 F (k)0 Banach O
0ByOO LAS;)00DO00000000000000000.000,x000

reg

oooooboocoooog,

|72

<C , € Bx,k € R,.
poy SO llsgs [ €Bxin Ry

25 000000 xO00O0DOO0O0O0OOODOOOODODODO.

FE ) LS — By

reg

000 e 2(S*})00on,

reg

o) = k02 [ B win)p(o)de

STea
DDDDD.Ei(:c,w;n)D -Ax 0000000000000 O0O0O0000,
(—Ax — 00)Fy (k) () = K2F§ ) (k) ().

0000,000 FP(k)*0Poisson 00000000000,

3 0o

000 HelmholtzO OO O OO O, Agmon-Hormander 0 0 B 00 00O OO Pois-
son0 000000000000 00000O0O0O0,0000000000.

(—AX—UO—KQ)U:JC, [ €Bx,r €Ry.

O00000D0O0000DOO Laplacian Ay 00 00O, Agmon-Hérmander [ [
Bx-BxO0Ooooo,00bdbobooooooooooooDo.



31 Jogooobood

D0 o00000000 exp,:ToX - X000, J(x) = det(dexp, |op-1()) O
0000.00, X2 (r(2),2) € Ry xS0 X, 000000000,

reg

000,Poisson 100 F(x)*0000,000000000000.

0031 (0000)000000 x0 pe LX ST, 000, ¢ € LX(S7,H OO
0000000,0000000.

FO ) ple) = 2m) 2 (@) 2r(a) R et () 4 e () |

0032 () 0000000000, HilbertDO LS, 00000 Sx(k)
0ooooooo.

Sx(k): L*(S"2Y) 3 ¢ = @ € LA(S")).

reg reg

~

000, Sx(k) O HilbertOO LAS"H 000000000000, (Sx(k) 0O

reg

DDDDDDDDDDDXD(DDDD)DDDDDDD.)
(ii) 000000 skO0go,gogpoocogno.
Sx(k) o F§ (k) = F§P(w).

000,00000000000000000.00 ¢el(S%)0000 30
00000000000000000000000.

(1) pw) =o(N)Ei(o,w: k), ¢€CF(S(al));
(i) p(w) = (M) Es(g9-0,w k), g€G, ¢ CF(S(al));
) 0O0O0O D;(,OELQ(S?eEI).
()-Gi)0000000000,000000000000000.
) obObO,00b0bb0o0obobbooooboboboooooo.

0033. 000 X ea:0000,00000 pr(xz)00000DDOO.
oA () :/e(i)ﬁp)(A(zvb))db_
B

O0O00O,Poisson000000O000O0O0O0O0OO0OOOOOOOO.
FS R [0V Ey (0, : 0)](x)

_ (0-1)/2,— dimN/2 / O rxo ()0 (No)|e(KXo)| 2da(No).
S(a%)

O0000,Harish-Chandra 0 00000000000 p\(z)D0O0O0O0D0OO
goo,00bbobdoggoboboogobbobuoooobobooon.



(ii)

(iii)

0034000000 xk0¢eCP(Se))000,0000000.
F§ ) [0()Es (0, 1 0)](x)
~ (2%)_1/2j($)_1/2T<$)_(n_1)/2
X {e“m(x)(b(—s*)\ﬁ)E, (0, K) + e~ @ G(40) B, (0, 2 m)}.
000,%=A\s,by) €8)xBOOD,s, € WO s,at =—at 0000,
0000 WeylDOODODODO.
0o00,00000000000000.

FS R 10OV E(g- 0, K)](x) = F§ () [0()Ey (0, &) (g7 - ).
DDD,(ii)DDDDDDDDDDDDDDDD,(i)DDDDDDDDDDD
DDgEGDDDDDDDDDDDDDDD.DDDD ng*l-xDDDD,

D000 A(x) ea™ 00000000000 OO0OOODODOOOOODOO
gooog.

0035 y=h-0€X, 2 € Xpeg N (h+ Xreg) 000D,
Ry(z,y) = A*(h™"-2) — A" (x) + A(y, b.)
ogoo.oooo,oon C(y)DDDDDDDDDDDD.
|R(z,y)| < C(y)e_Zd(AJr(x))v T € Xieg N (B Xieg)-

000, d(H) = min, g+ a(H).
0036 000000 x0¢eCP(S(at),geGOOD, 0000000,

Fo (R (6B g -0, ))()

~ (271')_1/2j($)_1/2T($)_(n_1)/2

X {e“”(x)qﬁ(—s*)\j)E, (g- 0,8 k) + e " @ p(+X:)EL(g - 0, Z; K)}

O00000,0000000000Poisson0000000O000O0OOON,
ooooooooon.

0037.000000x0000,L3S%,) 00000 £2(S,)0000
ooo.

LSk, = {Z ¢; (M) E+ (g - 0,wik); ¢ € C(S(ak)), g € G,r € N}.

0000, 2SS0 LS 0ooooooon.

reg reg
0038. 000000 «0000,0000000000000000 U(k)
gooooooog.

U(R)[@()E(g- 0,5 R)] = (=8 X0) E-(g - 0,w; K).

)
(0000,U(k) O Sx(k)00000.)



3.2 U0 Helmholtz [ [ [

00 HelmholtzO OO OO OO, Agmon-Hormander 0 O B35 00 0O OO O Poisson
Ooo0bo0o0ooooooooboboboooooooDDo.

00 39. 000000 «0000,000 (BanachOODOOOD )0O00D0OOOO
ag.
F& )+ LA(Sig!) = {u € By (—=Ax — 00 — #%)u = 0}.

reg

000, ur = Fo ()0 (p € L3(S%)) 0000, 000000000000.
o (n=1)/2
lim 7w

R—o00

/ Ex(x,w; k)us(x)de = p(w) in L*(ST.,).
B(o,R)

0 3.10. (RellichD 00O )OO0 k0000, ue By O

(~Ax —0g—kHu=0, u~0

oboobobooooo.0obg,Xbobobobew=000000.

3.3 0O 0O0O Helmholtz[] O O

000 HelmholizOOOODOOOOOOODOOOOOOOOOOOO0OOOO.O
00000 Re(2) (z€ C\[0,00)) 0 Ro(2) = (—Ax —0p—2)"'0000000.

00 311 (000000)000000 & fe€BxO0O0OO, 00000000
0o.
Ro(k* £140)f := w*-liiglRo(/eziz'e)f in B%.
&

00 312. 000000k, feBxOOoo,0000000.

Ro(K? £40) f(z) ~ iz‘\/gn_lj(a:)_1/2r(x)_("_1)/26ii’”(”) (FP () 1)(2).

000,000 HelmholtzO OO (-Axy —og—r*u=feBxO00OOOO By O
000000,00 HelmholtzO OO (—Axy —09 —*)v =000 vy € By 00O
oo,

u = Ro(k* £i0)f + v

gboboboogobobo.
O0,0000000000000 Laplacian OO0 O0O0OOO0O0OOODODOO
0000.X,., 0000 py(x)0000DC0O0ODO.

pi(z) = lim [0, log T /3| (kye*" ).
r—00
000 «~0000,X,,0000000 P(v)0ODODODOOO.

Pi(k) =0, F ik + py(z).



00 3.13. 000 HelmoholtzO OO (—Ax — 0o — k)u=f € By 00 ue By O,
000 (resp. 000 )0000000000,000000000000.

P (k)u~0 (resp. P_(k)u ~0).

00 3.14. 000000 k0 feBx0OOO0O,000 HelmholzO OO (—Ax —
co—rkHu=f00ueBx 0000, 00000000000.

(i) u= Ro(k*+10)f (resp. u= Ro(r* —10)f).

(i) 0 w0000 (resp. 100 )00000000.

34 DO0O0U0O0ooood

OOoboobobobooooooooobobobobO,Eechid0 000000
ooooogo.
000000 «0000,0000 ex(z,w;k)00000000.

ex(r,w;K) = (Qﬂ-)—"/2€ii(n—1)7r/46:|:m(ac,w> '

feCe®RMYODDD,

n

F @) =6 [ ol i) f(a)do

00000.000,pel(S"YH)D00O0O,

FE () () = 12 / e (2, w; R plw)dor(w)

S§n—1

g
Foo () pl@) = (2m) 2|00 40 S o] (3) + e () |

00000 (CO00,RI0000000). 000, Sk O

i(n—1)w/2

Spap(w) = €~ p(—w)

OO0o0O0b0oboO,Eecid0 000 @EOOO)DODODODO.
Ooboooobooboobo@uooo)obobooooo,ooboooboboo
goo.

00315 (i) 0000000 k—oo0O0OOO,0000000.

lim Sx (k) = Sgn, strongly.

K—00



(i) 0000000 kJ00000O,000000A0.

liﬂ]l Sx (k) = e x=V72Dy - strongly.

D00,y 00000 XOOOOoOooooooooog, Dyd S’};;DD
gbbouoogbobbooodobobbod.

O.@O0O0)ODoOoO,00000 PlancherelD OO 0OO0O0D0OO0OO0ODOOOODOO.

™ (r — 00),

/ e(\) | 2dAdb =
{\|<r}xB r’x (rl0).

gobogob,ggbboogboboooobooobobobooooboob.boo,n
O000000000000000. H(z,y) 000000000000 XOOO
gooo:

5% f (1) = /X H(x,y)f(y)dy.

ooQgd,
t/? (t10),

tvx/2e700t (¢t — 00).

Ht(x,x):Ht(o,o)x{
goggoooou,gguouoooobbbbotooooooooooobn.
00 316. (i) U0O0O0DDOO0OO0 k—ooO0OO0OO,0000000000O00O.

FSw) () = (2m) 2T ()20 (2) =172
% {€+imﬂ(z)67i(nfl)ﬂ'/2(p(_£> _i_efmr(x)(p(i,)} _'_0(1)

(i) 0000000 k)J00000,000000000000.

fé_)(/@)*gp<x> ~ (27T>71/2j(1})71/27”(‘7;)7(n*1)/2
o O TV (Dyp) (&) + T pld) |+ o(1).

3.5 00O

O00000OD0DODODODODDO LaplacianO0 00O ODOODODODOODODODODOO, Strichartz
[ZI 00000000, Laplacian 00000000000 0OOOOODOOODOOO
([7, Conjecture 4.6) D0 DO O OOOOOMO.

ve LAX)ODOOoO,

Pru(z) = 71 / N tDAGD) Fo(rro. b) e(FA0)|2der(Ao)db
S(at)xB



OO000D0.000,Fourier 0000000

u(z) = Pru(z)dr.

Ry

000,0000007eR, 0000,PucC®X)00
(—Ax)Pu = (12 + 0¢) Pru.
DDD,BanaChDD5§+(X)DDDDDDDD.
5§+(X) = {u,(r) € L*(Ry; By); (~Ax)Pru= (1* + 00)Pru ae. 7 €R,}.
O0O0000,00 [7,Conjecture4.6] D 000 O00O0O0OOOODOO.

00317. () 00000 COO0OO000,000welAX)000000000

ag.
-1 2 1 2
C lullz2x) < %up = |Pru(z)|*dedr
>1Jry 11 JB(o,R)
1
é/ sup — 1Pu(z)|*dodr < C’||u||%2(X).

r, ’>1 R JpoR)

gad,

: 1 -
i [ g Pt =l

(i) D000 P.: LX) — &, (X) 0 Banach 0000000000000,

oon
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