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A new general idea for
starlike and convex functions

Shigeyoshi Owa (Yamato University)
H. M. Srivastava (University of Victoria)
Toshio Hayami (Setsunan University)

Kazuo Kuroki (Osaka University of Health and Sport Sciences)

Let A be the class of functions f(z) which are analytic in the open unit disk
U = {2z € C:|z] <1} and normalized by f(0) = 0 and f'(0) = 1. If f(z) € A

satisfies
Re <Z}f(i§)> >a (zeU)

for some real a (0 £ a < 1), then f(z) is said to be starlike of order « in U.
Similarly, we say that f(z) is convex of order v in U if it satisfies

ZJ{,/;(ZZ))) > o (z € U)

Re (1 +
for some real a (0 £ o < 1).

It is well known that the Koebe function f(z) given by

f(z)= TEE = z—i-;nz"

is starlike (of order 0) in U and that a function f(z) given by

is convex (of order 0) in U.

Taking the principal value for \/z, we consider a function f(z) given by

f(z):m:z—kg(nle)z tz (z € U).

Then we have that

() w(2a)d e




1
that is, that f(z) is starlike of order 3 in U. Furthermore, we note that a function

11—z

satisfies the following inequalities

() m(FE)-] e

Re(1+ 575 ) e (s S ayg) 70 e

that is, that f(z) is starlike of order 2 in U and convex (of order 0) in U.

f(z) = : —z+§:zl+% (z € U)
n=1

and

In view of the above, we introduce general classes A, as follows.

Let Ay, denote the class of functions f(z) of the form
f(z):z—i-ZaH%zH% (k=1,2,3,--+)
n=1

which are analytic in the punctured open unit disk Uy = {z € C:0 < |2| < 1},
where we take the principal value for z%. If f (z) € Ay satisfies the condition

Re (%S)) > o (z €U)
Re (1 + Zﬁ(ij)) >a  (2eU)

for some real a (0 = v < 1), then we write f(z) € §i(a) or f(2) € Ki(a), respec-
tively.

With above definitions, we see that f(z) € ICx(e) if and only if zf'(2) € S (),
= f(t
and that f(z) € S (a) if and only if / % dt € Ki(a).
0

In the present talk, we discuss the coefficient inequalities for S;(«) and ICp(a).
Moreover, we approach to properties and problems for these general classes.



THE DEFECTS OF HADAMARD GAP
SERIES IN THE UNIT DISK WHICH IS OF
SMALL ORDER

NARUFUMI TSUBOI

Let

f2)=1+) az™ (1)

be a power series convergent in the unit disk D = {|z| < 1} with Hadamard
gaps, i.e.
Nyt1/nk > q

for some ¢ > 1. T. Murai (1980) proved that if an analytic function f(z) in
D given by (1) satisfies
lim sup |cx| > 0, (2)
k—o00
then the Nevanlinna defect §(0, f) of f(z) at 0 vanishes. More precisely he
showed that if (and only if)

e}

S laf? = +oo, 3)

k=1

then the Nevanlinna characteristic function 7'(r, f) diverges as r — 1 and
if we assume (2), then the proximity function m(r,0) is bounded as r —
1 through a suitable sequence of r. Remark that these results yield that
f(2) given by (1) satisfying (2) has no finite defective value, that is, d(a, f)
vanishes for arbitrary a € C.

Now we turn to consider the case where

lim ¢, = 0. (4)

k—o0



It was recently shown that the coefficients {c;} of f(z) satisfy (4) and

K
log K/log > |ex|* = O(1),
k=1

then f(z) has no finite defective value.
In this talk, we shall discuss the defects of Hadamard gap series (1) in D
which is more small order.



Solutions of Tikhonov Functional
Equations and Applications to
Multiplication Operators
on Szego Spaces

L. P. Castro, University of Aveiro;
S. Saitoh, Institute of Reproducing Kernels;
A. Yamada, Tokyo Gakugei University

June 16, 2016

We consider a natural representation of solutions for the Tikhonov func-
tional equation. This will be done by applying the theory of reproducing
kernels to the approximate solutions of general bounded linear operator
equations (when defined from reproducing kernel Hilbert spaces into general
Hilbert spaces), by using the Hilbert-Schmidt property and tensor product
of Hilbert spaces. As a concrete case, we shall consider generalized fractional
functions formed by the quotient of Bergman functions by Szego functions
considered from the multiplication operators on the Szego spaces.
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Division by Zero z/0 =0 in Complex
Analysis
(draft)

Saburou Saitoh and Masako Takagi
Institute of Reproducing Kernels
E-mail: kbdmm360@yahoo.com.jp

June 16, 2016

In this talk, we will show and examine the values of analytic functions at
isolated singular points in the sense of the division by zero z/0 = 0 with the
general situation of the division by zero:

Introduction, fundamental theorem, applications to solutions with ana-
lytic parameter, linear fractional functions, examples of values at singular
points, basic meanings of hidden values of analytic functions, hidden values
of domain functions, conclusion and others.

Key Words: Division by zero, 1/0 = 0, hidden values of analytic func-
tion, Laurent expansion, field, Y-field, reflection with respect to circle, point
at infinity, infinity, analytic parameter, Sato hyperfunction, differential equa-
tion, derivative, parallel line, Euclidean space.
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Composition operators on the weighted Bloch space,
the weighted Dirichlet spaces, and BMOA with closed range

kH  H#14 ( Rikio Yoneda )

&IRKY  ( Kanazawa university )

For ¢ holomorphic self-map of the open unit disk D, the composition operator C,, is defined

by Cy(f) = fop. For z,w e D, 0 <r <1, let p,(w) = 12 Y and dA(z) denote the area measure

— Zw
on D.
The space B, of D is defined to be the space of analytic functions f on D such that

I o= 1£(0)] + sup(1 - |2%)% | £'(2)] < +o0 .

Note that B; = B is the Bloch space .
The space BMOA is defined to be the space of analytic functions f on D such that

sup [ (1= [pa(2) P)If (2) PAA(z) < +ox.
aeDJD

For a > —1, the weighted Dirichret space D is defined to be the space of analytic functions
f on D such that

[ 1504 <+,
D

where dA,(2) = (a4 1)(1 — |2|?)*dA(z).

Let X be Banach spaces and let T' be a linear operator from X into X. Then T is called to

be bounded below on X if there exists a positive constant C' > 0 such that || T'f [|> C || f || for all
feX.
By Schwarz-Pick lemma, the operator C, is bounded on the Bloch space B. And C, is also
bounded on the space BMOA. In [8] Nina Zorboska study the closed range composition operators
on the Bergman spaces. H.Chen and P.Gauthier study the boundedness from below of composition
operators on Bloch space in [6]. In this paper we study when the composition operators are
bounded below on the the weighted Dirichlet space D, the weighted Bloch spaces B, and BMOA.
In particular we study the relationship of C', with the closed range on B, and C, with the closed
range on D®.

In [1] J.R.Akeroyd and P.G.Ghatage proved the following result:
Theorem G. ([1]) Let ¢ be a univalent, analytic self-map of the disk. Then C, is
closed range on L2 if and only if ¢ is an automorphism of the disk.

In [8] N.Zorboska proved the following result:

Theorem D.([8]) Suppose ¢ is univalent sel f-map of the open unit disk D. Suppose
p is a univalent sel f-map of D. Then the following are equivalent.



(1) C,: L2 — L2 is bounded below.

(2) C,: H? — H? is bounded below.

(3) Cyp: D = D% is bounded below for some o, a > 1.
(4) Cy,: D — D% is bounded below for all o, @ > 1.

We proved the following result:

Theorem. Let a > 1. Suppose ¢ is a univalent self-map of D. Then the following

are equivalent.
(1) Cyp : By — By is bounded below.
(2) Cyp: D — D% is bounded below..
(3) Cy,: L2 — L2 is bounded below.
(4) Cy,: H? — H? is bounded below.

(5) ¢ is an automorphism of the open unit disk D.
Moreover, let 0 < o < 1, and suppose that Cy, : By — By is bounded

(i.e. sup (1_’Z|2>a |’ (2)] < +00)
e \ 1= p(2)]? .

Then the following are equivalent.

(1) Cy : By — By is bounded below for some 0 < o < 1.
(2) C,: By — By is bounded below for all 0 < o < 1.
(3) Cy, : By — By is bounded below for some v > 1.
(4) Cy, : By — By is bounded below for all v > 1.

(5) Cy,: L2 — L2 is bounded below.

(6) Cy,: H? — H? is bounded below.

(7) Cy,: DY — D7 is bounded below for some vy > 1.
(8) C,: DY = D7 is bounded below for all v > 1.

(9) Cy, : D — D is bounded below.

(10) Cp, : BMOA — BMOA is bounded below.

(11) C, : B — B is bounded below.

(12) ¢ is an automorphism of the open unit disk D.
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Sobolev’s inequalities on non-homogeneous central
Herz-Morrey-Musielak-Orlicz spaces

BIFH X2 (REK4 S H02)
K L (15 kA2 )
REF Bl (KK - L)
TR T (REBAYE - A

AGEE T, FEF R Herz-Morrey-Musielak-Orlicz 2812 &3 2 B DV — AR
T V¥ ¥ IV I, f D Sobolev DAFERIZDWTHINT S
S O (2, 1) = to(x,t) : RY x [0,00) = [0,00) IZIRZEHZTHDEEZ S :

(®1) ¢(-,t) IZRN ERJHIBAET ¢(x, - ) 1% [0, 00) R TH 5 ;
(B2) EBA > 1DFIELT, A< p(z,1) < Ay (z € RN);
(®3) ¢(x, 1) 1[0, 00) E—RRICIBUIBFRIMTH 2, DE 0, EHA, > 1DMFELT,
o(z,t) < Ayp(z,5) (x € RN, 0 <t < s);
(®4) ¢(w,t) Ix—RRIZ2ME5AM %2723, DED, EBMA; > 1HPFELT,
ATl o(x,t) < ¢(x,2t) < Asd(z,t) (z € RN, t>0).
¢(x,1) = supye,< d(w,5) & U,
¢@¢y5gﬁuwmr(xeR%t>0)
9%, ZorE, AEEQCRNIZNLT,
Il = inf {2 >0 [ B, F@)I/A dy <1}
BE%w(r) : (0,00) — (0,00) XX ZTiTHDEEZ D
(W1) wr) F721FEw(r) 1 & (0, 00) EARLIEFMMNTSH 5 ;
(w2) w(r) & 21550 % 7= 3.

0<g<oo&dd. A,r)=B(0,2r)\ B(0,r) IZx LT,

1/q
q dr
sy = ufmﬂmm»+<z (@Ol ca0ry) T) <o

Zi 723 RY O RIBIE f 20 672 B BEZEM 2 HP v (RY) & L, HP9(RN) Z2FEFK
XD Herz-Morrey-Musielak-Orlicz Z2[H & & & ([1]).

PN(SEEES
Mf(l')_r>0 |BZL‘T|/J:T )|dy

-11-



Cal0<a< N)IRDY—AKRT V¥ ¥)b
Lof (@)= [ o= yl" () dy
RN

EERD.
BAEL Do (t) = tdoo(t) : [0,00) — [0, 00) IXIRZ 2T HD LTS ¢

(Poc0) doo(t) 1[0, 00) FEFAIEMBIE A D 255 2 W72 U, ¢oo(t) >0 (¢ > 0);
(Pool) EEQ > 1PFELT, Q7 '0(x,t) < Poo(t) < QP(w,t) (g(z) <t < 1)
(0002) EEQ > 1DMFEL T, ¢*(z) = max {g(z), Mg(z)} 2L T,
Doo(g™(2)) QUL+ [2))™  (z € RY);
(Poowl; —a) EHe > 0DFIEL T, t— trow(t) 1 e (tN) 1 [1, 00) HRBIEFRIRADTH 5 ;

(Poow?2; —N) T e > 0BPFHELT, t = = Nw() 10 tN) 1X[1, 00) EAREUEFEBE T
b5,

X51Z, Oz, t) FIREHETETS
(®3*) E#e > 0BFELT, t— tS¢(x,t) 1% (0,00) E—FRIZIBIEFIEMTH 5 ;
(@5) EEDy > 01T LT, HIEMB, > 1BFELT,
o(w, 1) < Byo(y,t) (Jo —y| <7V 0> 1);
(®6) BA%ig e L'(RYN) LB B, > 1 PFIELT, 0<g(z) <1 (z e RY)»D
B'@(w,t) < (/1) < Bo®(x,) (|2’ > |2, g(z) <t < 1);
(Pa) EHe > 0DMEIEL T, ¢ 9B (2, tN) 1% (0, 00) E—REIZ BT ©
bH5.
BIEC (2, t) = t(z,t) : RY x [0,00) — [0,00) XXEWMHZTLDEERS :
(T0) (1) 1% (P1) — (P4) 2= ;
(Vo) EHQ > 1 PFELT, W (2,1P(x, 1)) < Q®(z,1) (v € RY,t>0)
BB (1) = tihao(t) 1 [0, 00) — [0, 00) KR E =T HD LTS :
(U0 oo(t) 1[0, 00) EHAFHBIMBIE D D 255 R T~ L, dao(t) >0 (¢ > 0);
(Uool) BEQ > 1MPFAELT, Q1 (a,t) < U (t) < QU(z,t) (g(z) <t <1).
EIE ([1]). &8 C > 0L T,

Hlawa/’w(RN) < CHf”H@,w(RN) (f € Hq)’q’w(RN))~

S35 3k

[1] F-Y. Maeda, Y. Mizuta, T. Ohno and T. Shimomura, Boundedness of maximal operator,
Hardy operator and Sobolev’s inequalities on non-homogeneous central Herz-Morrey-
Musielak-Orlicz spaces, preprint.
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Optimal estimates for the fractional Hardy operator

JKH 254 Ji B R4 BB
Ales Nekvinda Czech technical University
R JRES R - BB ZH

Let R™ denote the n-dimensional Euclidean space and §2 be an open subset
of R™. For an integrable function v on a measurable set £ C R" of positive
measure, we define the integral mean over E by

][Eu(x) dr = ﬁ /Eu(:v) dx,

where |E| denotes the Lebesgue measure of E. We denote by B(z,r) the
open ball with center x and of radius r > 0, and by |B(z, )| its Lebesgue
measure, i.e. |B(z,r)| = o,r", where o, is the volume of the unit ball in
R". For a locally integrable function f on €2 and 0 < o < n we consider the
fractional Hardy operator A,, defined by

1
Aafla) = = dt,
/@) |B(0, |z)|/n /B(O,x|) fe) df

the Hardy averaging operator A, defined by

Afa) = o) de
B(0,]xl)
and the centered Hardy-Littlewood maximal operator M, defined by

Mi(w) =swf |f)] dy
r>0J B(xz,r)

by setting f = 0 outside Q (for the fundamental properties of maximal

functions, see Stein [5]). In the case a =n, A, f(x) = Af(x).

Let 1 <p<oo,1/p+1/p' =1 and

np' np
Pa = ap —n ap—np+n’
We know that A, is bounded from L? to LP~ provided n(1 —1/p) < o < n.
Clearly, p, = p > 1.

In this talk we improve the result of the second author and Pick [4] in
the case when @ = n = 1 and 2 is a bounded interval, and that of the
authors [2] within the framework of generalized Banach function spaces.
Let — denote a continuous embedding and — denote a boundedness of an
operator. Under the assumption A, : X — Y and M : Y — Y follow, we
find the ‘source’ space S,y and the ‘target’ space Ty such that

(i) the fractional Hardy operator A, satisfies

Ao Say = Ty

-13-



(ii) this result improves the classical estimate
Ay : X =Y
in the sense that
X = Say, Ty = Y;
(iii) this result cannot be improved any further, at least not within the en-

vironment of generalized Banach function spaces in the sense that whenever
Z is a generalized Banach function space strictly larger than S, y, then

Aa 7z 7L> Ty
and, likewise, when 7 is a generalized Banach function space strictly smaller
than Ty, then
Aa : Sa,y 7L> Z.

REFERENCES

[1] C. Benett and R. Sharpley, Interpolation of operators, Pure and Applied Math. Vol.
129, Academic Press, 1988.

[2] Y. Mizuta, A. Nekvinda and T. Shimomura, Hardy averaging operator on gener-
alized Banach function spaces and duality, Z. Anal. Anwend. 32, 2013, 233-255.

[3] Y. Mizuta, A. Nekvinda and T. Shimomura, Optimal estimates for the fractional

Hardy operator, Studia Math. 227, 2015, 1-19.

[4] A. Nekvinda and L. Pick, Optimal estimates for the Hardy averaging operator,
Math. Nachr. 283, 2010, 262—-271.

[5] E.M. Stein: Singular integrals and differentiability properties of functions, Princeton
Univ. Press, Princeton, NJ, 1970.
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Polyharmonic Bergman spaces on half spaces

Masaharu Nishio (Osaka City University)*!
Katsunori Shimomura (Ibaraki University)*?

Originally, Bergman spaces are introduced as the Hilbert space of holomorphic
functions. Since holomorphic functions are also harmonic, many researches are also
made on harmonic Bergman spaces. Recently, we introduced parabolic Bergman spaces
and revealed the relations between harmonic Bergman spaces and parabolic Bergman
spaces. In this talk, we generalize this relation to the case between polyharmonic
Bergman spaces and polyparabolic Bergman spaces.

Let H be the upper half space of the (n+1)-dimensional euclidean space. We denote
by X = (z,t) = (z1, - ,@pn,t) a point in H = R" x (0,00) and |z|? = 2% + - - + 22.
Laplacian on H is

0? o? 0?

For 1 < p < 0o and an integer m > 1, the polyharmonic Bergman space is
b"P =b"P(H) = {uec C°(H)|A"u=0,u € L’(H)}.
Our main results are the following.

Theorem 1. Let m > 1 be an integer and 1 < p < oo. Then b™" is a Banach
space. Especially, b™? is a Hilbert space with reproducing kernel.

Moreover, the reproducing kernel of 6™ is given explicitly as follows. Let p; (J =
0,1,2,...) be the orthonormal Laguerre polynomial of degree j with respect to the
weight e~!dt. Let P be the Poisson kernel on the upper half space

rest)
ntl
s

Pz, t) = .
(. ) 3 (|m|2+t2>"%1

For Xy = (z1,t1),Y1 = (v1, 1) € H, we define

m—1

E™(X1,Y1) =Y pr(—2610,)pr(—2510,) (=20, P)(z — y, t + 5)

X=X, Y=Y;
k=0 1 1

Here pp(—2t10;) and pr(—2s105) stand for differential operators with constant coetfi-
cients. This kernel K™ is the reproducing kernel of b™2. More precisely

Theorem 2. Let m > 1 be an integer. The integral operator by the kernel K™
gives the orthogonal projection of L*(H) onto b™2.

This work is supported in part by JSPS KAKENHI Grant Number K15K04934.

2010 Mathematics Subject Classification: 31B30, 35K25, 46E22.

Keywords: mean value property, parabolic operators of fractional order, reproducing kernels, Laguerre
polynomials, Bergman spaces, polyharmonic functions.

*le-mail: nishio@sci.osaka-cu.ac.jp

*2 e-mail: katsunori.shimomura.sci@vc.ibaraki.ac.jp
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We consider parabolic operators

(0% a (0%
L( ) = a + (_Ax)
for 0 < a <1, where
A = 8_2 + + 8_2
Y On? oz

is the Laplacian in the z-space. For 1 < p < oo and an integer m > 1, we put
b = b™P(H) == {u € C®(H)|(L'“)™u = 0,t*(L )y € LP(H) for 0 < k < m},

and call it polyparabolic Bergman space. Then we can prove the following equality
between polyharmonic Bergman spaces and polyparabolic Bergman spaces.

Theorem 3. Let m > 1 be an integer and 1 < p < oo. Then

b7 (H) = b7 (H).

References

[1] M. Nishio, K. Shimomura, Reproducing kernels for iterated parabolic operators on the
upper half space with application to polyharmonic Bergman spaces, preprint.

[2] M. Nishio, K. Shimomura, and N. Suzuki, A mean value property of poly-temperatures
on a strip domain, J. London Math. Soc., (2) 58 (1998) 381-393.

[3] M. Nishio, K. Shimomura, and N. Suzuki, a-parabolic Bergman spaces, Osaka J. Math.,
42 (2005), 133-162.
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Uniform convergence of Fourier series
for weighted orthogonal polynomials

G AR (R IRELT) !
WH B (IR B T ) *2
PR R (BIRBELT)*

1. A

R EDZHAGELUZDOWTHEERT BT, ZHAT (2] — co D& EITHHT 5720,
W [EA] 2RECEILZBENDH L. ZZTIREAwIXF(C?+) EIFENSHES
MR T AET 25D .

w(z) IZETE2EAMEERLHARE {p,(2)} £ T 5. fu e LP(R) 72 5B f 12X
U, f D Fourier ## (Fourier series) D& m — 1 &3 Fl %

—_

sm(f)(x) = > cn(f)pr(x)

3

i
o

LREFETSH.MHL,

(Mﬁi=4f®mﬁm%wﬁ

ThHb.
F(C?*+)IZf@d 2EHAZ w(r) = exp(—Q(x)) DL TR T . B
_ 2Q'(z)
T(x):= Q) r#0

DZEFZ & o T F(C?+) DEAMI 2B HFI N, THHERD L & w % Freud B L 1T
O, W T WERTRWE & w % ErdSs B & .
2. EER
w DS Freud O EA41Z 1, R EERED» D R NOEEDOHE R M EThHRLE) 7B
5 f
[ v < oo
R

AR
| llim f(x)w(x) =0
AT EE,
T [ (5a(f) — )l = 0 2.1)

2010 Mathematics Subject Classification: 41A17, 41A10
F—U— K EAMNELHEHAEW, Fourier #8431, Erdds BLE A, Dirichlet-Jordan O ¥ 5E ik
*! e-mail: 133451501@ccalumni.meijo-u.ac.jp

*2 e-mail: ryozi@crest.ocn.ne. jp

*3e-mail: suzukin@meijo-u.ac.jp

web: http://ccmath.meijo-u.ac. jp/ suzukin/
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D OALDZ EDHSNTWS ([2]).
F4iE, (2.1) % Erdds BUEANLIE U2 IRDEMZ /R U7z w € F(C?+) 95, R
A D R NOAEROA FEAXHE L TH R LH) 2B f A3

/R w(@)|df (z)] < oo

AN
| llim f(x)w(x) =0
AT EE, y
T [|(5a(5) = D, =0 (2.2)
ANDRVASH

P, IR n KL T DL IHA 2k e L.
Epn(w; f) = inf ||w(f_P)||LP(R)
pPeP,

EEL. BHOHIZEWT, IROAFERNDPEELEEHNNEZRZT: o< pDE X, HBEE
BC =Clw,p,q) > 1DPFELT, EEDP e P, It LT

(1/9)—(1/p)
w n
P— S C (—) ||Pw||Lq(R).
H VT Lr(r) an
MO LD, 2 I Ta, & IFER
2 (1 a,tQ (ant
_ 2 [ at@ant)

™ Jo \/1-?52

Y0EEDNROMRSETHS. ZHIMAZT, FIZET3 fI128F 5 de la Vallée-
Poussin 15

W)@ == Y ()@
j=n-+1
WZBIL T "
H(f - Un(f))m Lo (®) < CEOO,n(w§ f)

DD 2D Z & ([1, Corollary 10]), HIZ

[(f = sn()wll 2@y = Ezn(w; f)
THhHhBIZHVTERIZEINS.
SE 3k

[1] K. Itoh, R. Sakai and N. Suzuki, The de la Vallée Poussin mean and polynomial approxi-
mation for exponential weight, International Journal of Analysis. 2015, Article ID 706930,
8 pages, (2015).

[2] H. N. Mhaskar, Ezxtensions of the Dirichlet-Jordan criterion to a general class of orthog-
onal polynomial expansions, J. Approx. Theory 42 (1984), 138-148.
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10

2 BRI~V 7 < VZERJIZ DWW T
M s (KK

BZ N1 —2Yy REROBEARE U, SZBAEREE T2, BRBOm 2K
L C. polyharmonic Bergman space v™?*(B) %

b™2(B) := H™(B) N LX(B, dx)

LEFETDH, ZITH™B):={feC®B): A"f =0} 295, I 5IT true polyhar-

monic Bergman space b™)2(B) %
bDA(B) = b12(B), b™2(B) = bv™AB) S b E(B)  (m > 2)
CREERT D, T,
b2 (B) = b12(B) @ bD2(B) @ - - - @ b™2(B)

LB I EITERLTEL, o OBBZERIIEEZE VL N ERTHY, D
E@E&% %M%MRm(.’L’, y), R(m)(ﬁ,y) t% < Ze& &:—d_%o

HABFAR 2015 EEMFREIRRTIEm = 2 DGO HAEKDOER, FHMiIZ D0
TOREREME U7z, 72 Pessoal6] 12 & > T, It N =2 @ & X% Beuling-Ahlfors
Z W73 analytic Bergman space %* 5 true poly-analytic Bergman space ~~® unitary {f
HAZDHE %2 R 724 Z £ 55 polyharmonic Bergman space DHiid, DR RITE A
LNTWVW5,

K HETIE, m > 2, N > 2 OGEIZHIT 5 polyharmonic Bergman space DS,
HAEMORR, FMCET2EE%2 52 5,

EIE 1.

2k + Y +2m —2)T(k+ ¥ +m—1) N N
m—1(k+—, k+—; :
{\/ S| ot Dr(m) Okt krgilehle @
7=1,- ,hg,k=0,1,---
i bM2(B) DEMRERIEETH D, ZIT {eb}jin, 1E S LD LRFERFAFZIH
NOEMREREEZ B LICEIRILE LU 7B TH 0. Gy, B;t) 1& Jacobi ZIHA
LBt A(1 — 1) d

Gi(a, Bit) = NCES) i [tﬂﬂfl(l N t)afﬁH]

Thb,
Eo. Spf(x) = A" (1 = |22V f(z)] &3 D LMD D LD,
T 2.
S s bY2(B) — b™2(B)
FERADPORRNTH S,

2010 Mathematics Subject Classification: 31B30, 32A25
F—77 — K : polyharmonic function, Bergman space
* T 457-8530 £t E i P X AT 10 ZHh 3

e-mail: ktanaka@daido-it.ac. jp




INHDZens, bm2AB) (0(B) ) DEAMKOTHE %G5,
EIE 3. HEIEHC >0 PFEL T, EED 2,y e BITHULT

MDD, ZZT, [ry]=1-20-y+ |z}|y]® TH 5,
S 3k
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[2] S. Axler, P. Bourdon and W. Ramey, Harmonic function theory, Springer-Verlag, New
York, 1992.

[3] R. Coifman and R. Rochberg, Representation theorems for holomorphic and harmonic
functions in LP, Astérisque 77 (1980), 1-66.

[4] M. Nicolescu, Les Fonctions Polyharmoniques, Hermann & Cie, Paris, 1936.

[5] M. Pavlovié¢, Decompositions of LP and Hardy spaces of polyharmonic functions, J. Math.
Anal. Appl. 216 (1997), 499-509.

[6] L.V. Pessoa, On the structure of polyharmonic Bergman type spaces over the unit disk,
Complex variables and elliptic equations 60 (2015), 1668-1684.

[7] A. K. Ramazanov, On the structure of spaces of polyanalytic functions, Math. Notes 72
(2002), 692-704.

[8] K. Tanaka, Biharmonic Bergman space and its reproducing kernel, submitted.

[9] K. Tanaka, On the structure of the polyharmonic Bergman space on the unit ball, sub-
mitted.

[10] N. L. Vasilevski, Commutative algebras of Toeplitz operators on the Bergman space,
Operator Theory: Advances and Applications, 185 (2008).

-20-



11

Finding Roots of Any Polynomials
by Random Relaxed Newton’s Methods

A K#E (Sumi, Hiroki) XRAZKZEESLHEHBFEHR
E-mail: sumi@math.sci.osaka-u.ac.jp
http://www.math.sci.osaka-u.ac.jp/ sumi/

In this talk, we develop the theory of random holomorphic dynamics. Applying it to finding roots
of polynomials by random relaxed Newton’s methods, we show that for any polynomial g, for any
initial value z € C which is not a root of ¢’, the random orbit starting with z tends to a root of g
almost surely, which is the virtue of the effect of the randomness.
Definition 1. (1) We denote by C := CU {oo} = S? the Riemann sphere endowed with the
spherical distance.
(2) We set P :={h:C — C| h is a polynomial, deg(h) > 2}.
(3) Weset A:={X e C||X—1] < 1}. Also, let M; .(A) be the space of all Borel probability
measure 7 on A whose topological support supp 7 is a compact subset of A. For each 7 €
My .(A), let 7= @5 ;7. This is a Borel probability measure on AN.
(4) For each g € P and for each A € A, let N, : C — C be the rational map defined by
Nya(z) =2 — /\gg,((zz)) for each z € C.
(5) For each g € P, let Q, :={x € C| g(z) =0} and Q, :=C\ {20 € C | ¢'(20) = 0, g(20) # 0}.
Remark 2. Note that §(C\ Q) < deg(g) — 1.

Theorem 3. Let g € P. Let 7 € My (A) such that int(supp7) D {A € C | [\ — 1] < 1}, where
int(supp 7) denotes the set of interior points of supp T with respect to the topology in A. Suppose
that T is absolutely continuous with respect to the Lebesgue measure on A. (e.g. suppose that T is
the normalized 2-dimensional Lebesque measure on {\ € C | A — 1| < r} where L <r < 1.) Then

we have the following.

(1) For each z € Q, there exists a Borel subset Cy ;. of AN with 7(C,.,..) = 1 satisfying that
for each v = (71,72,...) € Cyg 7., there exists an element x = x(g, T, z,7) € Q4 such that

Ng~,0---0Ng ., (2) > as n— oo (exponentially fast).

(2) For t-a.e. v = (v1,72,...) € AN, we have Leba(J,~) = 0. Here, Leby denotes the 2-
dimensional Lebesgue measure on C and J, ., denotes the Julia set of the sequence {N, . o
-0 Ny 192, (i.e., the set of points zy € C such that for each neighborhood U of zy, the
sequence {N, . 0---0 Ny : U — C}2, is not equicontinuous on U).
Also, for T-a.e. v = (71,72,...) € AN, setting F, , = C\ng for each z € Fy ., there exists

an element x = x(g,7,7,2) € Qg such that
Ngrn 020Ny~ (2) =2 as n— oo (exponentially fast).

(3) For each x € Qg and for each z € C, let T, (%) be the probability of tending to x regarding

the random orbit starting with z, i.e.,
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Tor(2) =7{y = (y1,72,.-.) € AN | Ny, 00 Ng s, (2) = 2 as n — oo}).

Then, for each x € Qg, the function Ty , : Q4 — [0,1] is continuous on €.
We say that a non-constant polynomial g is normalized if {zg € C | g(z9) =0} CD:={z € C|
|z| < 1}. For a given polynomial g, sometimes it is not difficult for us to find an element a € R\ {0}
such that g(az) is a normalized polynomial of z. It is well-known that if ¢ € P is a normalized

polynomial, then so is ¢’. Thus, we obtain the following corollary.

Corollary 4. Let g € P be a normalized polynomial. Suppose that we know the exact coefficients
of g. Let 7 € My o(A) such that int(supp7) D {X € C||X\—1| < 1}. Suppose that T is absolutely
continuous with respect to the Lebesque measure on A. Let zg € C\ D. Then by the following
algorhythm in which we consider d-random orbits of zy under d-different random iterations of
{Ngiatrs - {Nga 2} for some polynomials g1, ..., g4, we can find all roots of g almost surely

with arbitrarily small errors.

(1) Let g1 = g. By Theorem 3, for 7-a.e. v = (y1,72,...) € AN, the orbit {N,, . oo
Ny, 41 (20) 152, tends to a root x = x(g1,7,7) of g1 = g. Let x1 be one of such z(g,7,7) (with
aribitrarily small error).

(2) Let g2(2) = g1(2)/(z — x1). By using synthetic devision, we regard g2 as a polynomial which
devides g1 (with arbitrarily small error). Note that go is a normalized polynomial. By
Theorem 3, for 7-a.e.y = (y1,72...) € AN, the orbit {Ny, ., o+ 0 Ny, - (20)}25, tends to
a root x = x(ge,T,7y) of g2, which is also a root of g (with arbitrarily small error). Let xo
be one of such x(ga, T,7) (with arbitrarily small error).

(3) Let g3(z) = g2(2)/(2 — x2) and as in the above, we find a root of x3 of g3, which is also a

root of g (with arbitrarily small error). Continue this method.

Remark 5. M. Hurley showed that for any k > 2, there exists a non-empty open subset Ay of
Pr :={g € P | deg(g) = k} such that for each g € Ay, there exists a non-empty open subset U,
of C such that for any z € Uy, the orbit {Ng1(2)}nZ; cannot converge to any root of g. (IT) C.
McMullen showed (Ann. of Math., 1987) that for any k € N, k > 4 and for any | € N, there exists
no rational map N : P, — Rat; := {f € Rat | deg(f) = I} such that for any g in an open dense
subset of Py, for any z in an open dense subset of C, N(g)™(z) tends to a root of g as n — oo. (IIT)
Thus Theorem 3 and Corollary 4 deal with randomness-induced phenomena (new phenomena
in random dynamics which cannot hold in deterministic dynamics). In Theorem 3 and Corollary 4,
the size of the noise is big which enables the system to make the minimal set with
period greater than 1 collapse. However, since the size of the noise is big, we have to develop
the theory of random holomorphic dynamical systems with noise or randomness of any size. Note

also that we need to deal with the random systems whose kernel Julia sets are not empty.

Reference:
[1] H. Sumi, Random complex dynamics and semigroups of holomorphic maps, Proc. London Math. Soc.
(2011) 102(1), pp 50-112.
[2] H. Sumi, Cooperation principle, stability and bifurcation in random complez dynamics, Adv. Math., 245
(2013) pp 137-181.
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Stretching rays for cubic polynomials

iR 5 (R LK)

Stretching rays & 1%, Bottcher coordinate IZH5WT, FEMEL f(2) = 2|27, s >
012 & DEEMELZTEL T3 535 parameter 22D escape locus ED rays TH 5,
fs DS, EREARITHHEZ 205, RAIRRGET 22 L ITHERT 5, Stretching
rays | s > 0 T parametrize S50, s — 0 DRFZ 1 K Q IZPERTHE &, Q I
A9 % &S5, Komori-Nakane [KN] 12, FE3RLIEAGHIKRD stretching rays D
parabolic locus ~NDOEFEMMPEIZDOWTER L, #RE L TEMU LW rays DMEET S Z
EERUZ, ZTIZTI, ZORERZETRVIRZHEHADGAIZINRT 5, A5
Pascale Roesch & O I:[AIFZETH 5,

Shift locus IZJ&9 % 3XZIHA P D critical points ci,co D£ 412 2 KD external
rays WET DL E, D angles DEAZEX 0,0, £ T35, 0={0,,0,} Z P D
critical portrait £ \5, 5-Z 537z critical portrait © ZKiD & 5 7 3RLIEA D 2K
% Sg £#EH<L, Sg & stretching deformation THRETH 5,

DR TEET2DIERDLGETH 5,

1 1 2 1
= {0, - ={0+-60+°= 0 < = kg = k> 2.
0, = {0, 3}, O, ={0+ 3 + 3}, 0<0< 3 3 0, >

ZZ T, 0% cy D co-critical point é; @ angle TH b, [>T, PcSeg &95&, P
@ critical point ¢; & P¥(cy) IZangle 0 @ external ray Rp(0) ® EIZHE5,

gp(z) = lim, o 37" log, |P"(z)| (P @ escape rate function) & &<, Kiwi [K] &
Se M (gp(c1),gp(ca)) T parametrize 25 2 RIGERMBHHLRIATH S Z & 2R L
7zo [KN] T L 7z Bottcher vector :

n(P) = 10;3 (log gp(cz) — log gp(c1))

I stretching TR B DT, Sg £ n D level curves 73 stretching rays =5 X %,
EELERPRED,

Acc(S(n)) C Pery(1) :={Q; Q XEAMHE 1 OBV AE R ZKD }
={Qu(z) = 2* + bz* + z;b € C}.

Q € Peri(1) DBWIHIAE R 0 DIREI#K%E By, % ® attracting Fatou coordinate %
b £BL. 7(Q) = dpg,_(c2) — pg—(c1) & Fatou vector &\,
W 1. Acc(S(n)) B Qo(z) = 22 + 2 ZEERITIE,
Acc(S(n)) C A:={Q € Pery(1);c1,c2 € Bg}.

TITANDOEMEZZZ B,

P € Se M critical orbit relation P*(cy) = Pi(c,) 27z En(P)=j -k €Z TH
5, ZDLESG-k)IFALETQ) =4k Zii7=7 Q ITHEMT 2,
RSB (GRRER 5:16K05213) OBk &2 Z 75 DTH 5,

*e-mail: nakane@gen.t-kougei.ac. jp
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B 1. ()neZ o, S(n) 1T A E7(Q)=n 2738 Q ITEMT S,
(2)n¢Z &35&. Acc(S(n)) 1T Qo ZEFRITNIX, A DIHHARERAES T
H5,

FR L0 0
Im < k such that 3™0 € (0 +1/3,0 + 2/3)

Zh 72K Ace(S(n)) F Qo WmRINE, ZDEE S(n) & capture component \ZHFE
ERE

Rix, So DR ZWHAMITEZEDTH S,

B 2. n = 400 DEE, S(n) & Peri(l) D connectedness locus M D parameter
ray Ry () (235D <,

ZZT. ®(b) := pg,(C2) & conformal isomorphism :

$:C\ M~ C\D, 4

%52 50T, parameter ray Ry (0) := &1 ({r>™;r > 3/3/4}) BNEHEI N,

13 1/6

1: Pery(1) @ connectedness locus M

S 3R
[K] J. Kiwi: Combinatorial continuity in complex polynomial dynamics. Proc. London Math.
Soc. 91 (2005), pp. 215-248.

[KN] Y. Komori and S. Nakane: Landing property of stretching rays for real cubic polyno-
mials. Conformal Geometry and Dynamics 8 (2004), pp. 87-114.

[W] P. Willumsen: On accumulation of stretching rays. PhD thesis, Technical University of
Denmark, 1997.

24-



13

RS B W7 4 & 3 a5 —FREE o 3
FUF BT (T

A4t 272, V- iaoFHEEZ I L 72 RSNEEZ A s 2L
DK S ([Amal6]). CDMEEZHWTY A & 2 27—t 21T ).

1. B

¥ =Yg, 2% g, nKIKD S DHTVAEIREY —< VT, 23¢—-3+n>0%
7T bDLd5. T=T()%%®D Teichmiiller 22 & L, [S*, f*] € T 2z —rilEET
5. T={y, ..., %23 EORMEAMET, HLWIcKboT, FEPEY 7 TH RS,
ENEND—HPLORELBFELIEY 7 ThVLbDET S, S & (K — 1) Ryukk
T, BEAVBIEDTTELGLE TS, m=(my,...,mp) € S_kfl Z—OEETSE, HD
ot > 0DFFE L, Jenkins-Strebel LA r T, [S*, f*] 2 E L, ML (1) Icxf
BT BV I —DEY 27 A a'm = (a*my, ..., a*my) TEYE S Jenkins-Strebel f
DTHZ N5 S DMPHIET S ([Strsd]). r DF&sIE S* LDl () % —rilco%
L7/ — P&V —< v S At g 5. orT = {[X,g]| g: S. — X \JHEEAGER )
LED, INELDIKY AL 2 25 —RWT OBERT — T DIIELEALT,
KITHEG O T x S IXREXR S ¥ A & £ 25—l T ~OFRMGHEEHRT 2. £7
(X, 9] €T D/ —FNE)—2VHX ZEkMD/ —FE2FD. a=(ay,...,a,) € S¥!
CXHL, %/ —FTL/2DRED el E%2 X9 7%, /— FT20DMi%z > 2 XM
0% fE5 ([Str84]). B 7E % 5 critical graph ICk>T, X 2%/ — Fzdubhé L7
WICHETES, ZOMRDOHFLSHCHLTEREZRC LI/NIlE 0k, i
DEDLEL I ETHED Y —~ N s, ZoY—<rHlE, [X, g IZIKET 5
Jenkins-Strebel HIHIFR 1D KIS 5, %/ — FTOR ) GbEDEDORL ) Dff
= (t,...,t;) ERFEL, BEDs € RIZFIBRDEEE, S F D J-SHHER DR
NIRA—=F =I5, ZOEHIL MM DFER» 6V P 2RO TH S,

EE 1. ROEMN %27 THHGER & - OrT x SE X REXR — TOEET 5 5
1. Ou([X,g],a1,...,ap,t1,... tg,s) =[R,D] ETHE, EEDj=1,...  kIZXLX
DEXDVRILT 5,
O ([X, 9], a1, ap, tr, ... t; +2m, ... b, s) = 75([R, hl]),

ZIT, 113y TOMEL D Dehn twist TH S (M EFY —<2 VHIPSEE 5 H
R bDEMBHLTW3),

2. [X,gl €T 2 —2MET 2. EEDac S LitcRIITHL, £H
Tat = {Pun([X,g],0,t,5)| se R} C T

13— D Jenkins-Strebel HIMER T, IS5 E F ZHIREICHINT 5V v ¥ —4
fEDEY 27 ABFZNZENmDIEOEBEE L LD, s > 40 LTI ET[X, (]
IR 5, 5612, {rodadFEITHER & 7 % ([Amald]).

* T 152-8551 HUARUHR H ARDPCKRR L 2-12-1 BT TSR R A BE T A7 R A IR

e-mail: amano.m.ab@m.titech.ac.jp
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P FEL 2T ADNTHZ2mEZRDLLEFTIERTHS. mOfbhicy ) v
T — DR (H 503 2 X DRE) DIEMTH S azEET 5 &, HWITmPH T
DO RIBHIEREDSE £ 5

P SFIX T xRFXR — T
(m7 [X7 g]? t? S) = ®a(m7 [X7 g]? t? S) = ®m(|:X7 g]? a? t? S)

%2 fFEDac ST LT, O, 1 kFAHEH.

F7, O, DA LRI, FEOme S [X, gl € OrT, t € RFZFEIET 2 72N,
BE5{0(m,[X,g],t,5)| s € R} s — 400 T[X, g IZUHKT % Jenkins-Strebel HIHAR
L%, OISR E, OAMIREMESRZ 12T S, £, ZolliifiroEs N
Teichmiiller [ %, ®,-FIREWESRZ E129 5,

2. FiER

I DHSRDOBEPRRKDEA, 2FD k=39 —-3+nDEE, ZN6ZXDvY
fREG Z MR E D, T 3 —REGLERS. ac S R ORETZ L,
MER O ST XREXR —» THTES, U — < Y HIONIMHEE ICKET 2
Fenchel-Nielsen JEERIC W9 2, HHMEEICKAE T 2HEBEEDE 2 5. nzfHT
28, TEDOZHp=d(m,t,s), p =0,(m', ¢, )L, ROFNEXDNILD 2D,

EIE 3.
( kL k )
2 1 2¢ 2 2s
E a;mie E a;mje
j=1 j=1
k bk
2 2s 2.1 2s
E azmgje E azmie
Jj=1

\ Jj=1

1
(0 <) 5 log max

Vs

IN

dr(p,p’)

—
[N
~—

IN

ts t ,
max dy [ == + im.e®*, —L +im'e* | .
j H (27r +mgen or +m;

2 j=1,....k

ZIT, dgld FFEPFHIH = {Imz > 0} 1:® Poincaré it & pg = |dz|/(2Imz) I RF %W
HiPEEECH 2. p,p/ D3—D D O JHIIFR FIcdH 5 Z 23, (1) DAERDESHIRALT
2120 DBENDIEETDH L. pp D3—2D O, -MR IcH 2 L E, (2) DAFEXDE
TN B,

PG

[Amal4] Masanori Amano. On behavior of pairs of Teichmiiller geodesic rays. Conform.
Geom. Dyn., 18:8-30, 2014.

[Amal6] Masanori Amano. A global coordinate of the Teichmiiller space related to asymp-
totic Jenkins-Strebel rays. in preparation, 2016.

[MM75] Albert Marden and Howard Masur. A foliation of Teichmiiller space by twist
invariant disks. Math. Scand., 36(2):211-228, 1975.

[Str84]  Kurt Strebel. Quadratic differentials, volume 5 of Ergebnisse der Mathematik und
ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-
Verlag, Berlin, 1984.
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14
Extremal length and the period matrices of branched
covering spaces for associated quadratic differentials
B FH (RBRORZERZEBE AW E R *
1. Btk

(g,m) MDA RL Y —< VIO A £ 227 =22 T, LHS. FA4Eia

1 Ext,.(F)
dr(w,y) = 2 tog FGAiI;'Ii{O} Ext, (F)
DEIICHA L 227 —HEEPBENESICL)ERREIND (Kerckhoff) . —J/T, ¥
Ae3a7—HEREY A eI 27— EOARLEEMBED T /AR KT
% (Royden, Gardiner) . 26D &5, ¥ A & I 27 —22 LOEEMT % EH
T 5 L CTHENE S OEEBITINEEZ 78T % 2 LIZEETH S, —H T, MER
BIzMwa Z Eick), LRzl THESEROERZHE 2 2 L8 TE5 2
&6, MEIRE I OEZMITNEE 25 2 Lick b, HEEROM ) OEER
WrzREHIN5 2 LRI 3,

2. BEfE
20 = (Xo, fo) € Tym & LT auy = qrao ZIMEN S LG F12BIT 2 2 L Hubbard-
Masur 53 £ 2% (0% D ¢, DREEEEENFTHB). I Tq, M generic, D
£, gDEFRIIIMTHD, &puncture TE 1MDMZRFOET S, TDE Z 1
DEFE U WDz = (X, f) € Up IZBWVT ¢ = qr, 13 generic TH 5, X 5 X%
VERBT AL TS, w, % JE DY 7 Mk DRSNS X L0 Abl #5 L T
%, XOMBIZg+9gTH3, 7 Li=3¢g—3+mTH53,

Hi(Xo)” 28 n: Xy — Xo DBELW 09 D Hi(Xo,R) ~OIEICH 1T 2 A {H
—1OBEEEBET 5. H (X)) OB 25 TH5. Hi(X) Oy TV Ty 2k
B{A, B _ %2t2, COLE

S: Uy Im/ wm,---,lm/ Wy, Im wx,---,Im/ w, | ERIXRI (1)
A1 Ag B1 Bg

FRVy ~NDEHTRAMHEERTH D,

(aévalé) = (Re/ Wy e ,Re/
Ay Az

g

wgc,Re/ We, "+ ,Re/ Wy
B Bj

X Uy LEMETH % (Hubbard-Masur) .

AWFZE S BHITE: (FRAERS:16K05202) DBk ZZ T2 b DTH 5,
2010 Mathematics Subject Classification: 32G15, 30F45, 31C10
F—U—F:1FA4Iad—%MH ¥4t a7, MENRS, B2 X80
* T 560-0043 KBS AMLNT 1- 1 KK RZBHEI AR Bordig
e-mail: miyachi@math.sci.osaka-u.ac.jp
web: http://www.math.sci.osaka-u.ac.jp/ miyachi/
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3. e RER TUTEER

yeVo b1 <jk<glizxLT, o= 0"1(y) ZLBT % Riemann [H LD Abel #8773 7
Emp(y) & [, 0 = 0 RO [y o) =mp(y) ICKDED B, S SIS %

I=1l(y) = (mk(y)) = (w1, -, 75)

LREFT D,
(04,07) % 544 (1) RIS O JEAE (y4, yP) ICBA§ 2 25 Mo FERIK L §5, 2ok
2V, LR %

. vy =@reny T 0
(‘qv 7L;7‘GJ 7v;) _'(é) 76? ) (I{GII IIHII)
£E9%. 2LC, W holEFME T 2

j(‘/}):‘/é-i-j’ \7(V§+j):_v} (j:L---,f])
ETD, ZDLERDIRILT 5.
EIE 1 (J is integrable) G o: Uy — (V,, J) I3BUEHIGETH 5.

Z227T(1,0), (0,)EXZ7 b %
1 — 1
Zj=5(V; = V1Vsy), Z;= S Vit V=1Vgy))

EL, ZNZNDBNERDRBERI PV EQ, EQ L T2, ZDLERVRLT 5,
EI 2 (Derivatives of extremal length functions) X227 5.

OExt.(F Z (af + ) - Im(7ry,) QF (2)
V-1 g —k
OExt.(F < > (ap = V=1y*) - Im(m) (3)
1 ; k=1
88Ext =3 Z (k1) Qk A Q

DI EDSREER X A3 Teichmiiller 22 LT ESFNBEB TH 5 Z E3b 5
(1], 2]).

e PG

[1] L. Liu and W. Su, Variation of extremal length functions on Teichmiiller space, Preprint
http://arxiv.org/abs/1210.0743.

[2] H. Miyachi, Extremal length functions are log-plurisubharmonic, To appear in Contem-
porary math.
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QEEAFED XM & 2 a7 —22[l] ED Weil-Petersson
FEOHHEIZDOWNWT

BT MR (LKA R R

V=< VH R D2FAEA XA IaT7 %M T?(R) LI, ROEXALIaTF—%
M T(R) D& 57 EHEzEM <, R OMNHFHEIZE L T2 Er S 2EAT G L &0
A Iad—AEENPOREZ2HDDILTHS.

FT,RVFER g>1 DAV M) = VHDEEIZIE, 21 325 —%0 T(R)
I3 39 — 3 ML DEFE L ILR)L MEEDR A S, Ahlfors [1] 1355 ML HE (2 fEHERY
WWHEAINDT)VI— MNFEDNS T(R) EIZ Weil-Pertersson & & W5 L)V I — bt
BENEECE, TOHEN T —F7—ThHoI L, BIUOZEMENITRTALRLZ L
%?bt.*%®U~VVER’ﬁLTiT()Ki@ﬁ%ﬁ@fﬂ%/ﬂﬁﬁﬁ

CIERIRTER LR L 105, ¥ 2 AN, ZFOREED S TIE—M#IZ Weil-Petersson &t
Ei)‘iﬁi SRV E WS REDEL B,

Cui 2] 1, BRI I a7 —RM T O2R/AFEHX A LI 2T -8 T2 2BV
THEHEZC I )L MMEEZE AL, Weil-Petersson tEARMKICERETES 2L, BL O
ZDEIENOHFEI NI EMTH S Z & 2R U7z, — K, Takhtajan, Teo [3] 5
& T EZIENNBAE O EAE N 7 6 R 5 EE e L~V MEE ZE A L, Ahlfors OFEHR N
T ECHHOIDZEZRLE. 22T, T OREZELESERDIT T2 &8T5
IS OREFIZHD &, FHEH 4] 1X R A Lehner & (R 0> X T o BB R
DEIOFENEM) 247298 & THR) RFITEZECLVA)L MEEVREATESLZ L
Zm U7z, Lehner &ffbiZa v X M) —~vHEi» B PHIZ GO STHEZ L, B
KO R DEFTAER (BRREDOFEL, puncture DA% EHD) DL E T*R)=T(R) &
B NS, RIFSEIX Ahlfors, Cui DWFZEDEMNIIMERTL Y — < > H A~ DHLGRIZAH
g5,

AF#H Tl Lehner &fF%2 A7) —<VE R D2E/BAFEN XA L I 25 — 22
T?(R) T Weil-Petersson iz E#&H L, ZDFHEDEAMEHEERS XY v F =
NE L5 L DA%, Ahlfors DFEIHEIZEDOWTHR L 5.

SE 3k

[1] L. V. Ahlfors, Curvature properties of Teichmiiller’s space, J. Analyse Math. 9
(1961/1962), 161-176.

[2] G. Cui, Integrably asymptotic affine homeomorphisms of the circle and Teichmiiller
spaces, Sci. China Ser. A 43 (2000), 267-279.

[3] L. A. Takhtajan and L.-P. Teo, Weil-Petersson Metric on the Universal Teichmiiller
Space, Memoirs of the Amer. Math. Soc. 861, Amer. Math. Soc., 2006.

[4] M. Yanagishita, Introduction of a complex structure on the p-integrable Teichmiiller
space, Ann. Acad. Sci. Fenn. Math., to appear.

IR FER TS 2-16-1
e-mail: myngsht@yamaguchi-u.ac. jp
web: http://dsOn.cc.yamaguchi-u.ac. jp/“myngsht/index.html
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Quasisymmetric embedding of the integer set and its
quasiconformal extension

REEY ghJk (AT ERYE, HAREHRBE SR ITZEE DC)*

1. BUIMER
HAEAACR hTERINIHATHR [ A - R DERITTH 2 L3, &5
BB : [0, +00) = [0, +00) DEIEL T, FERED =M, y,2 € A (x #y) I LT
‘f(@") - f(2)
flx) = f(

3= (=)

DR VHOZEZE . FICHMHEER y D52 5T 38EAICE, n— R Ttdh 5
LS. KB RImE 2 EORMER f - R — R ISR L T BN TR & Fis A s
FfEE 22 2 DM LNT VA,

2. BUNMBEROEBEAIK

BRI 1956 4E12 Beurling-Ahlfors 12 & =T, B0 H OB A SR O R
ERNG 2 R 22 & L CEAI N, ZOBETFREIRSE 1 Bioicmxooik &
., FkRIC 22 o H CHEES A G4 O BERER G 2 R 1 T v 2 (BT E, X
) —M I B2 D OBERITIER I LT 5).

T & BEEATEDOBIFRICOWT, J. Viisild 13 F. W. Gehring Dt E 41
B TXDMEZZET T 5 2]

Problem (Vaisala D% 8 BE) n— FENTHILDIAAR f: A — R™IE, n & nllDARKLF
THERK > IR L T, K—#SEAEHRE R - R™IHHRTE 50 ?

BZIE, f: A= RBHEAD M- 7>y VERTHZ L SIXHFITV/TM-R) 7
SYVINRF R - R EFOZEPAISNT WS, — TR EROGE I,
Trotsenko—Vaisala DEMIC X O FEFAILEZ K720 X ) BN ER f: A - R
DEEDRIN TS, DF D Viisila D SHEIE DO EEG A C R 1T LT
HEMWIHEL ZENTELRVDTH 3.

3. EHER

Viisald D5 8 ISR L T, ERIR A DEREEATH 2 LA R INTE
7o AW 1] T, BEREEG CTH 2 BEBRER Z C R XL, Viisdla D5 8 fifjdEDS
n=1DRHCHENIIHETS Ev) ZEZHSMITL .

Theorem A n— N OIAAR f:7Z — R IF, K—HFEAIVRF . C— CZfD. C
CTK>1EnIcORMEET 2EHTH 5.

r—z
r—y

2010 Mathematics Subject Classification: Primary 51M04, Secondary 51M05
¥ —7 — I ! quasisymmetric mapping, quasiconformal mapping
*T 464-8602 ZANRA IR T THEXAENT  #0l ER ARG S T8 R AIT e R

e-mail: m12040w@math.nagoya-u.ac. jp
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KB 2 BEEA BRI TH 206 B1HSR), EHADOWHIEL W (T4b
L BEAIREZ L fIZBNTTH %), AL TIIEMA Z3EH T 28T, » <
OPDEDFELWHEEHRTWS.

Theorem B 2HFER [ : Z — Z 12X LT, LFOFEMAFIERICFEMETH %
1. flEn—HEFRcd 5.
2. HIEBN>IDHEL T EED=KnmkeZ (n<m<k)IZHLTLUT
DI D LD
Mw—ﬂM"
3. [fIFK-HEMINEF:C— CzED.

22T “mWICFE” TH B LI, BERUEVBR>ZNZENDT—8 (ZDEH PN, K)
PMUDFHED T —FIZDAKIFE L TIRE D E W) ERTH 5. BN Z DEED
5, 520 NEERDPENIRTH 20089 LD 5 Z 038 L. 2 2T, BRI
ZEDHEASMEIC Lo THEO T2 2 LIE o RELMEDO—D > T
2. BB f: Z — Z I LT, SR Z X 0 2 R A (2) Itk -
TR T T\ 5%,

I SICRDOTEHUL, BRI OIAA | Z — R D% ARSI X > THRHED
5. EBIB EEMCHOSERADES I .

Theorem C #7HEA A CRICHN LT, LFDOZEMFIZENICFHMETH 5:
1. E~On—BENHER f 7 — ADFET 5.

2. ANXFEFHFPIEMIN {a, ez Ta, — +00 (n — +00) £ D HDTRIN, &
DEBM > 1DFEL UEREDn € Z, k € NIZR L TBUF23 D 320;
1

— <
M_
\f\'\

Qp+k — An

< M.

Qp — Qp—k

3. K—H5ME45%F.C—C

SE Xk

[1] H. Fujino, Quasisymmetric embedding of the integer set and its quasiconformal extension, 2016.
arXiv:1605.08855 [math.MG].

[2] J. Vaisdld, Questions on quasiconformal maps in space, Quasiconformal mappings and analysis
(Ann Arbor, MI, 1995). MR1488460

F(Z)=A L5 b DDHET 5.
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JEprasen Y —%2 A0kt FloFEEICOWT

HETEEE (R R)
HEE - (LK)

T DR R DO BBITIIAZ R D 1 D TH % p %z, 87 X =5 ERE
WaFrarseEe Y —2HOTEIRT 2 5IEICOWTHE T 4. p* 1E Whitney equisin-
gularity &R0 2 EHELRETH 5205, BNABMEZ 2 X ) FilaGG2R< L&, — KD
BOETEEFSETHI N TW o 7,

]_ %$¢%/D\

SRS IRV R B i 2 RO IEHIBASL f (2) 23 5- 2 7 2:3‘% C™ D i RIS 97 %2
MILICRL, f@L/\@%UBE%ﬂL’C“?%L,u()(f)—mm( Wfl) €BL. ZoLE f
D 3

p () = ), 1) D), 1 ()
WX DEERIND, 220, ptW(f) BEEUO(fl) 2z, fEXT fl, DA
TOINF—BEET. $, pO(f) =1 LEDTHS.
XUuTROARY blp = (p,pa,...,pp) € CTIZKTL, p IZHET % G722/ P!
DRz [p) TERL, JRRZE 58 H, = {x € C"|p1x1 + paxa + - + ppzn, = 0} E[H
—flT 5. (L, x=(21,...,1,)).

SOLE W) = min Y (fl,) RS
epn—t
SRR R R R 2 R D IR f (2) ISR L, U Z KR TED 5.

U={lp) € P! [u" D (flu,) = p"V(N)}

EIE 1 ([2]). UIEP" ' D open dense subset ThH 5.

L HNEDWBTRD 2 E RIS T B,
FIE 2 ([2)). HeU L, w(f)= @), u*(flu)). Thbb,

W) = )l i 2 Fla)s o i Fla), 1 (F o)

DI D 3L,
2. FIEHRE B

[ eCl] BERICINVIRERZR LTS, w(f)Z2RDBI2E, fluDINT—E

DN 7 % & ) I H 2Rk, iz H Thy b 20813 H 5, 2D
[ = R S P S Y ZINTA—=F L L, R DT D

Tp =012 + oo+ -+ 121

AW S BATE A4 BUER S 15K17513 L N8RS 15K04891 O AZ T TE D £ 7.
2010 Mathematics Subject Classification: 32505
¥—"7—F ! Tessier p*, W2 trEQ Y —
*L T 770-8506 R R EE = R HT 2-1 AR SR AL LTS B
e-mail: nabeshima@tokushima-u.ac. jp
*2T 305-8571 D K EHRES 1-1-1 SR AR EHEBPEYE R B8

e-mail: tajima@math.tsukuba.ac. jp
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DFETHY P LIEED INF—EZFRETIUT X0,

X[ ICB VT, NI AN EREWFEFaFEaY —DFHE 7 VT X L% 5
AT, (P XLIEEHERICIEL). £, (L3It e TiREmaiastny —
o INF—BOREEZEZTH L. TN6DFERICHE DS ZET, XFXA—%
ZEHURBEICN LT SNV F—BE2ROLILEVHERTH S, TDINTF—HDEE
TH 5415 open dense 7% stratum IZJET 5 & ) il HICKk 50y Ik 3 2
WF = (%2525, 2O XS REFEE 1OFEY, AUEEZERDET L
T z/s T ENTE S,

flay,2) =2 +y° + 2% +ayz € Cla,y, 2] D (f) ZRD 5. FARTOD VT —LUL
p®(f)=14TH 3.

1. z=az+by% f(z,y,2) CRAT 2, 72701, a,bl38FX—2TH2. h(z,y) =

flz,y,ax+by) &L, (5, g—;> WAIBET 287 A= M ERBNEFTartERnY —

ZRIMREL INVF—H2RDL L TRZ2/™/5.

stratum SV
a=b=0 12
a=0,b#0 5
b=0,a#0 6

ab # 0 4

Z 2T, stratum ab # 013 open dense 2D T, u?(f) =4%%. (a,b) = (1,1)
DEZE, SNV B4 LELRDEHAY F DT, folr,y) = flz,y,z +y) &
L, @20 fLOpd%eERD %,

2. y=azx Z folz,y) ITRAT S, 7L, ald3 X7 X=FTH 5. h(z)= folz,ax)
EL, (PVITHBET 287 X =S R EREBIVEAT 2 FEn Y —%23HHL I —

BeRKDDHIETRERS.

stratum | SV —H

a+1=0 3
a=20 3

a*+a#0 2

22T, a*+a#01!3 open dense DT, IS —H2DEEVRNER S,
Lo, pW(f)=2%135.

DLEDRHRICE D, p(f) = (14,4,2,1) 213%. N7 X =7 SREWEPTa r€ 0
Y=2MAT LI LT () RO TNTY ALEHBLTES.

SEE

[1] K. Nabeshima and S. Tajima, Algebraic local cohomology with parameters and parametric
standard bases for zero-dimensional ideals, arXiv:1508.06724v1, (2015)

[2] B. Teissier, Variété polaire I, Inventiones math. 40, pp. 267-292, (1977)

[3] S. Tajima, Y. Nakamura and K. Nabeshima, Standard bases and algebraic local coho-
mology for zero-dimensional ideals, Advanced Studies in Pure Mathematics, Vol. 6, pp.
341-361, (2009)
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NI A—RNERT ) I DKL b-BI%L
— p-cosntant deformation D& —

T (R RF)
HEE— (k)

1. 7

ZIHA F(u,x) &, HRZMIRRE AL U TR D weighted homogeneous 724 IHA
fo(z) (T (R EZE/NT A=K w9 3) upper monomials Z A5 Z & TRHRONDS
semi-quasihomogeneous polynomial &3 5. J{m =z = 0 IZRF 5 f.(z) = Flu,z) D
INF—EIL, folr) DENEFELWIZ &D 6, Fu,x) 1, u-constant deformation &
RE 5. W& fo(z) @ reduced b-function % by, (), fu(z) DEFIZE T S reduced
b-function % by, (\) TET. TD&E, —IZ by (\) BERST A=K u ITHAFL
bi(\) LIREZZZ SN TWS.

AGEE TIX, IR XD p-constant deformation (ZfFfES 5 b-B s L AR
TA=ZfEFT ) I - DIIFOFREERICOVWTHRE T 5.

2. B /INS X =44 D-MEs

X=CU=C"K=Q &¢8L. 2= (r1,%2,...,2,) ZEHEL, WITA—X
u=(ur, U, ..., Up) € C™ 2HD Weyl B K[ul(z, 2) 12X 512, 5,2 & 25— 52 =
9 &3 UTIRMU 2R (£ /8T A — X & Poincaré-Birkhoff-Witt {#) %
Ku)(s, 2, 2, 2) TRT. ZORBAEHRRISNT,

T = }wfi + s (aﬁjfz + a 8}712.+__£2_ fgglfz + a
n ot 0x,10t Oxy Ox, 0t Oxy’ 7 Ox, 0t  Oux,

LBE EHL RWNET B LS REETISN LT A F 7V (T) D8T X — 2 b &)
JVTFRIE GERDD. ZDGC oL L 21 OREHRWTHRONIELGE ALB
AR, ST A—RA ERMAERREER Ku)(s, 2, 2) 128135 f,(x)* D annihilator
DERRTH 5.

RIZ, 785 A= 24 SR EHEBR K [u](s, v, 2) KBWTHEG ABIOL o8
%,F WEDERINESTTINVEZZ, GFENT LV 7 FRIEHEZ2TD. ZOAKIC
L0, fulz) © b-BBL b-BIBOKBITH TS, NT A& EFT ) I — D2
e BIENTED.

NS DOFEEITDOVTIX, X [5], [4], [7] 22HE iz,

RIS RAR SR & SRS 15K17513 & EFE S 15K04891 DB 2217 TH h 7.
2010 Mathematics Subject Classification: 32505
F—7—F b, Fsu/ I-DNE, JL 7K
*L T 770-8506 AR TR RN 2-1 FRUR R SE KA B R TR
e-mail: nabeshima@tokushima-u.ac.jp
*2 T 305-8571 DX REA 1-1-1 R FRZA BB E R B
e-mail: tajima@math.tsukuba.ac. jp
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3. Levantovskyy-Martin D 3%

Semi-quasihomogeneous 72NN 452 5D b-FAEUZ B9 % Guimaraes-Hefez([1]) 5 D
fHRZHANS Z T, b-BBOMOBIHZRET 5 Z e TE S, b-HEILT Y 7 — b
IRERBNIALE R TH DD, XEARK L WA /3T A — X E RS 1EHEER
Ku)(s,z, 2) \2B1F% f,(x)* D annihilator DERR A 12X U, Levantovskyy-Martin
DFEL AR AT ) I —D-IHOFHEEZMAGELES Z LT, f.(x) O b-BIf%E%
RINIRD DR ZEHTE 5.

£ 3R

[1] A. Guimaraes and A. Hefez, Bernstein-Sato polynomials and spectral numbers, Ann.
Inst. Fourier, Genoble, 57, pages 2031-2040, 2007.
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mology for zero-dimensional ideals, Advanced Studies in Pure Mathematics, Vol. 6, pp.
341-361, (2009)

-36-



19

R DOETE T LT Y X L
(v x4 THEZ bOBA)

NEIIHE (SIRREE)
MR (B

AT, H2EMDS L THEHEEE exact IKHHHRT27V TV AL 2525,
fH U c € LoIERIBISROML F = {fi(2), ..., fa(2)} BRELXITHY, £, U
WZBITS fi(n),..., fole) DIEFRIZ R BcU RITH%ETE, ZDLEU E
TIER 2B () 1oL, o

ess (f1 SO fndx> - <27T\1/—_1)n/r(5) ﬁdx

% S BEBE (Grothendieck local residue) &9 ([1]). T T I(B) = {z € U |
1A@ = &0 I fal@)] = e} 1, F2AEH ¢ > 0 TEE2En RTGHA 2 LT
b5, LEBEE Resg 13, F »oEESRMUTEMETy = Y, cale) 2 12X,
Res (f—dex) = (Trp)loes EETEMTEZZEDPHSNTVS, LEdoT,
=8 —FHFE Tr Z2KD 2 2 L IFLEBEEZRKRD L Z LITEHEL W,

bbb o HERZ, FHREICHEIEREL, SEABEBD exact BEHE 7 LT Y XL
25252LTHD. ARTIE, ROFMDDH ET, exact 12 Tr ZHHRT 2713 Y
ALIZDWVWTEZ S,

RE fi(z),..., falz) d 2= (21,...,2,) DEHEATEZASNTWVS LL, {fi(x),...
DERT 5 Cla|-A TT7N I D, OXTLA T 7NV TH>T, ZDHEHRA T T7NIIE

I=Q:N---NQn, (& Qi ZFEAFTTN)

DERT Q D3> =4 THIEZ DD EIRET 2. 2F D, HEEAL TT7IL Q 13, W4
BRDEFZIEZDH T ET {gr(z1)™, 20 — gra(1), .. -, Tp — Grn(21)} THEERI NS,

DUR, BN 7L AAZ2BXS, &I, Vo) 2B %2 b >RBUNRAT 2 &
EuY—Ho = ;L] DALTHDTITEAR, SF VFEA T 7V Annp, (o) (DE
DEATTNV)ZRKDI ., 7ANRED, = Clx,0) IZB TS 7L 7 —HEKx2HHW
TR T2 2L HTE LD, FHREOBA» S, bhtbtUd D, KB IF5 7L 7F -3
Rtz ke L, LA Clz] I8 2RENLIFESE 5. £9 D, C Annp, (0)
D393 %, RIC—RBEEMZE =" ai(2)0; + c(x) € D, &A% L, (€ Annp,(0)
DREAIEE, RO fr K0T ai(2)3 € " ThH B, oM A
Z Cla-MHEDy FY —DELE AR LTHS 2 EITED, TXTD ai(z),...,a.(7)
PReND, s —BEEREL I CHERINS, Amnp, (o) DETEA T T VE A
L35,

FES Ve(I) ODBERIRS Z), = Ve(Qr) 1CBZE b OTAIESk 6, %522, 2
DEZ ol Zp KhZEbDaAFERY—H o DRNCHREI N, LY a EfTFIRK
J:dm@%ﬁ%>momf,h%:mm@%&k?m%ﬁkaiﬁﬁlik,
or =Tz, %% T, € D, DMFAEL, ORI Z EICEE 5 % —F — AT
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H5b. XoTHERATTNIRZRDIARIC, WERAT T Qp T EIZ, PATITHER
2FPIHTH—F —1EHE T, 2 RKDB LTk s,

RE LD, BIE VO 1E {gr(21), 20 — gro(x1), ..., T — Gen(z1)} TERINSE, L7
D3 TEBIEM (uy,ug,s ... uy) = (21,09 — Gea(T1), -+ o, Tp — Grn (1)) ZHT, EHE
i % 2o R

o 0 o 89197,
Rk N 8u1 N 81 Za 8[E1

ffﬁi% AHHDH( ) Tk(SZk—OVC%")f’ﬁ)% i'f j:AIlIan( ) Skézk:O %02}7}:‘3‘
WATERET, XOWERDDDERE L 72\ (RERXDRED 1)

Sp =R 4 R s, o(x) 4 -+ 4+ Rpsi(x) + so(x) € Dy, (si(z) € Clx])

TN BB DENA T 7 VD3 Annp, (07,) = Duv/Qr, TH D Z EIERET S L, AS, C

DoVQr £ 5D T, RE so(x),. .., Sm,—2(x) 13 Clz]//Qr DILE LT X\, RE &
D, FIRER Clr]/vQr X7 FLVERE L THERIILTH 2006, KERKEZHWT

% osi(x) BERT &, &M AS, € D.VQr X, ZHAA TN VO T B4 T TV

A=y TR S 5w, oA THRIRIZ 7L 7 —HKO—TH 5 DT,

4?7»%VN—VVfﬁ%ﬁ%ﬁ%mmfﬁﬁmﬁ<Zkﬁ?%%.Lkﬁof,%
-ﬁ 50(2)y ooy Smy—o(z) DIRKED, S, bRE S,

RICHRBRDRE, Tabb Ty = Schi(r) £ 2%HK hy(z) 2RO, 0
EE, Jop=mydy BEW o) =Toy ICHEET S L, JSih()dz, = mypdy, TH S
D5,

JSihi(z) —my, € Annp, (67,) = Dur/Qr

TRINUIR S\, RIED () € Cla)/vVQr EARLTH XD T, FERICEER
ik HOT hy(z) ZIRETE S, Ko, Z, LB 32—%—1FHE T, = Sphi(x)
DEZE D,

TRTOERETICAN LT, ZOFMEZ#EYIRT I LT, BT L Ico@an
7ot —% —EREZEOM {T1,..., Tn} BMEEN S,

PLEXD, {filz),..., fulz )} DHERT 54 TTNADY = A TEIRZ b OHERA 77
WTRINDGEIC Tﬁﬁﬁ_l , ZEBBBOFNET VT ZLNE2 607 bt
btuiFs, ZoFtET7 VT ') XA%:%T%Z%R&VX%A Risa/Asir 1292 L 7.

e P &N

[1] P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley Interscience, 1978.
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SRlIE =

Semts /N O A A EARD
A1 73 A i B PR D S fn] “E R 1 DWW T

JNE # (Yu KAWAKAMI, ©{RKFEL TS R7R )

1. &
RN LII N R OMFTORRIZKE L FLS LTV, BHERFRL LT, 1863
fEIZ A. Enneper & K. Weierstrass (2 & 0 FR X N7z, Euclid 22 [EN OM/NH T % #32
fRATI T — 212 & > THEK % ‘Enneper-Weierstrass DRIAXN BEIF o b, £z,
AT o 72570, ERERMNTIIG S S OUNHE OMEEAFARSNT WS, Hi
Z X, A. Alarcén K, F. Forstneric [%, F. J. Lopez KO BGE DS 3], [4] 1ZFEH 1 BlLE
E. RSN A & R & OBIRIC K > TR ONZEL R L LT, ‘Buclid
22 [ N D SN AUINI T D Gauss BARDBEDO K E I DIREMBE b 5. ik, 3t
Euclid ZZff] R3 N O T 72 W 5E s/ NN 6 U T, Gauss BUR D ERIMEZ D E R
ZMSHDT, 1988 FIZHEAHZERDFH L Q] ITL D, ERIZ Y THD, ZOREI
BEDOHDTHE I NI N, £/, BRAKITER[8] T, 4¥K5t Euclid 22 R*
N D SEfr SN T D Gauss EARDBRIMER DFHIIZBE L CTHE HREO#EREZ 5 X TWVW5
UL, BEARRD NS OREROBMZNERIZD £ O ESHoNT WD,

Z ZTCARETIE, BARKOREROBMZNMRZIHS 223 5728, Euclid 2Z2[H %

DiFEEtE%2 MBI U-FAdEZE X, TOEICHNSAEMHAEK, F7/-I13E
HIEBRDOBOKRE XIS 552 5 2, IR 72/ T D Gauss HAR D FRAME
B ERIZIE, BB FNRETHLIEOA—X—DEND I L 2@HiTs. B
2FTIE, FW[16] TR U7z, B Riemann X 25FEMAEIE ds® = (1 + |g]*)™|w|* (7272
U, gl¥Y FOAHRIERL, widX EOEA 1RSI, mIFEOREK) 208 &,
Z DEHEIZET 5 Gauss HHEDFM (EH2.2) 252 5. ZOMENS, R DI
[ T2 W Se s/ N O Gauss BARD BRIMEEID LR 4” OB, 2 (=R?
DFEFHEIZEH NS A —X—) + 2 (= Gauss GARDAEIK T H % Riemann B D Euler
BE) "ThEIehond. b, REROM/NHHUANDMD 27 5 2D D G
Hﬂ’P%O){ﬂj‘@Gauss'é‘@@@ﬁ%ﬁ; MEEIZDOWTIX(17], 18] 22 RE L. HWIET

¥, WEEVHIL TR, SRR, 5)IEKE OLEMSE 2] THE I N TE T,
R4 N D SENME N T D Gauss BAR D FRAMEZ D#E R 12 B 2 BT 2RI (8L 3.2)
HZ 5. BAETIE, SSRMBUNHTEO Gauss BARDAE 2 16 i DI FE DR E & R LI
DNWTHARS.

2. 3 &7t Euclid ZZE A O SZEletR/NHE D Gauss B&

£, 30T Euclid Z M R? NOMUNHH O FEANFEEZEE $ 5. FEM1IZ [10], [15],
Rl z2sRE L. X = (21,22,2%): L - R ZESAT onB/Niime$5. 2
DR CHEREER (u,0) 22 B2 2I2LD, T2R3 PO DFEFEEZEAREE T

AT BT (GRRER 5 :15K04840) DKk &2 75 DTH 5,
2010 Mathematics Subject Classification: Primary 53A10; Secondary 30D35, 53C42
%C 7 — R WU, AT ARG, BROME, R, 5 1 2 it

* T 920-1197 ARSI ARE  SRKT BRTR

e-mail: y-kwkami@se.kanazawa-u.ac.jp
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5 Riemann [ & AT I EMWTEE, ZDOL &,
AyoX =0, (2.1)

DR OLD., DFD, WMUNNEHOKKSEB 2 A Y EOFHMBEEE 5. HE R
r=u+v/—lvZEHVns L, (21) 25

00X =0 (2.2)

LB, 22T, 0=(0/0u—+—10/0v)/2, 0= (0/ou++/—10/0v)/2LTF 5. k-
T, & ¢;:=(02")02)dz (i =1,2,3) 1Y EOER 1R ERA%2 485, £Z T,

9= ﬁv w=¢1 —V—1¢s (2.3)

L, gldY EOEHRIBEN, vk EOERM 1R AL RS, ZOAHRIE

B e BRI TR DR (g, w) ZFB/NEHTA X (3) D Weierstrass 7 — X LIER. T 5

12, g: X = C:=CU{oo} ~ S2IZZDHE D Gauss B & 7 b, R39S OFEE
ds® I

45 = (11 g PP (2.0

LS. RPNOM/NEE X (X) M7 TH 5 21k, il EDT X TORKKKELEE
ds> IZB U CTHEERDEI 222 %205,

R3 N D 5E i/ N O Gauss BARD FRAMEZ D ERRIZEI U TIEBEAEZKIZ X DX
DIERMBFONT VS,

T 2.1 ([8]). X: ¥ — R3ZME SN zf/Mimfi e §5. GaussGfg: ¥ — C
MWD LR D5 DA EDOBRMEq, ..., 0p (¢ >5)Z2EDLE, BRIMAQ,. .., q
x5, i & IF AR IEOER C PEFEEL, TOERpIIHLT,

C
Ky (p)|V? < — 2.5
MDD, ZZT, Kye(p) ldmpllB 2EHE ds? 1IZBIT 5 Gauss 13, d(p) & mip
25 Y OB £ TORHAEREE 3 5. KT, RPNOTE THRWsaEts/NEHE O Gauss
FROBIMEBIIE 44 TH 5.

Bz 13 Z OFER O KM LR E 52 570, R® OFFEG&E (2.4) 2 b L 755
fARtE2ZEZ, TOPICENL AEMBEBIZOWTHE X, ROEREG.

T 2.2 ([16]). © 2 EMAGtE
ds® = (1 + |g]*)™|w]” (2.6)

ZH D Riemann [ & 5. 727U, g% X EOEMHBIEEK, w% X EOEH 1R
X, mEEOBEE S5, AHABgAMERD ¢ > m+3HOBRMEE LD T
5., ZDEE, mERIMEEEIZITL A, HEE & ITEEBRREDEEC BIFEIEL,
S DE R pIZ DWW THIRZEM (2.5) 23K D 2D, BT, FHEds® D35EH T g DFEERZ S
X, g DBRAMEBIZE ~m +2Th 5.
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R ds? Dl e &, 221255 g DBRIMER D LIRIFERKR TH 5. ERRITIX
DHIDAFAET B .

@ 2.3 ([16]). Bd Riemann [(j X & LT, #HRFEH CH» 5 ¢ — 1 HOHRE LS A
aty .. 01(€ C) ZFRWAD D, £id, TOEEFKEEHEZZEAS. L LOAHR
g, ERNIIXEDERw ZTNTH

g ==z, W= 4= (2.7)

Hg;l(Z—Oéi)
L35, ZDLE, gODBRIMERIX ¢ THD. 72, HE IS DPEMTH D702
q <m+2WBEFFTHD. FHZ, ds®* B5EMT g DIRIMEBD  m+2 DEIDFIET 5.

BERR. IRED S, g M qMEDOMHER DMy, ..., ap 1,00 ZFRALTWDE Z EIXEHIZH
5. N EOFHEET Zar,. .., a, 1,00 DOVTNROLUZAEND. ZDL E, fHERE
Moo lZMMO T DRt Eds:2 IZHTAEIR2EZH L,

m/2
/ds-/l—i—\g[ m/2]w] 1(_}+||) |\dz\

THDAEDIZIEg<S m+2BPBEFITHS. O

EE 2.4, 22 TR, FHEds® BRI E D g DBRAMERD EIR m+2° D <2’
i% Riemann BK| D Euler #2802 EIE T 5. FEBE, m=0D5H2E2 5L, ds® = |w|?
D, ZNEY EOSEMRTFHFEZ5EX 228, HETFHCH O L ADEHE
WEHEBR T WFEET S, £ZT, gORDOVIZgonE2EABI LT, g2 CLOFH
BB EZEZ 52 N TE 5. —J, Ahlfors [1] % Chern [5] DfEHRN S, C EDIERE
AR OBRIMER D ERD 2 1F Riemann K1 D Euler 28 & —%9 5 Z L 23b
no.

EDZ &5, R3NOZEmM/NET D Gauss GAR D FRAMEZLD LR 4> D 3]
PIfERRIE, 2 (=R?H 5 DFFEHEIZEHNE A —KX—) + 2 (Causs BHEDMETH 5
Riemann 2K @ Euler #545) " TH 5 Z & bh > 7=,

EHL 22 DIFHHZMENT 5. ViREE 1 5?2 — CIZ & 5T S? & Riemann Bk C %
A—#HL T, CEDfial BOKIFRD1/2% |, 8| TRT. ZDLE, o,8€ CITH
LT,

2, 8] = ——12 2] 00| = ———

VI aPyVI+ B ’ V1+af?

ind., EH220HEAICIE, IRO2DODMEE AW

i 2.5. [11, 136 X—Y D (8.12)] g & ¢ MDOHEZR BFRIME oy, ... ,a, 2 E D Ap =
{z€C;|z| <R} (0 < R < +oco) LOIEHAEMMEAHETS. BLg>2%561F,
n<(qg—2)/q B IEDFEHITRHLT, ¢& L =min|ay, oy IZDAEKAFET S IED
FEEC BFELT

92| e B
O o U R e

(2.8)

DA RVASR
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Z DI ARIZES T % Ahlfors-Schwarz DFEN S EL Z &N TE 5. ZOHE
DFEHDO—IE, BARKOMEOAR[12IZEHH 5.

=8 2.6. [10, Lemma 1.6.7] do* %[ Riemann [ ¥ EOEIHZEMEE L T5.
DEE, SOEBDORpIZHUT, LMK AR:={z€ C||z] <R} (0 < R < +00)
25 p DFEEANDWIFHEG & BEIEL, ©(0) = pAEbiLs, & (do?) 7' Ag
LD Euclid 5t & ds? LFHFRER LR, |ag| = 1 2 AZTEED R ag T LT, L, =
{w:=0aps|0<s< R} DOIZLBEHT,, MY LOFREIKL 05,

EHL2.2 DFEIIZLA T D@D TH 5. g BHEL D ¢HORIME ..., 0, 2B > TV
295, BERSIXEY R Mobius ZB#E g Z & T, a,=c0 EIRETS. 4, IE
DFEHne LT

qg—2(m+1) <n<q—(m+2)
q q
ZHTHDOEMY, Ni=m/(¢g—2-qm) &T5. ¢>2m+3LHELTVEDT,
1/2<A<1&%%d. 22T, Y :={peX;d.(p) #0} (F7z7ZL, ¢ . =dg/dz) LDE}
me LT

—nN 2/ (1A
dO_Q |2/(1 =) H |g_aj| o 2V )|d2|2 (2 9)

BEFEZD. 122U, w=0.dz 295, Y OMEREDORpZEIS. D& do? 1 FHR
DT, fiE26&0, HEFAMARAR={2€ C;|z|] < R} (0 < R < +o0) & p DRLE
FHEANOMAD FEER D BFIEL, ®(0)=pT, d*(do?) 2 Ar ED Euclid 3t & ds? &%
RBHREZD, Jag| =12 A ITERDRag iZHUT Ly, ={w:=ays;0<s< R} DP
IZEBHBT,, WY LORIMIE L7405, e EfRIZT 5720, Ap EDgod i gk
TIEeEdDH. fiE25K0,

0)|
2(0)]

BEDLODT, RIFARTHS. £oC, aHitdo? 12T 3 Ty DREEX % Liy(Tay) &
T5L

1
RSO ———+— +|g H\g ), ' < +o0 (2.10)

Lis(Tyy) = / do = R < 400
r

ag
MDD, TDEE, Ty 13X EOFBIKE 5. EBEELES ThRWET S L, T,
X g'(po) =022 p RS Z &b, I T, ((py) = 0% A7z mipy D
BB REEBE 2 E YIS Z 8T, BRdo?E, HAHIEDMEEISRD 50
7B w & W T
0_2 _ |C|72/\/(17)\)w|d<=|2

YERTIENTES. A (1-N)>1&0

R=f w2Cf e =

y7n, R(210)EFET5.
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O*(do?) = |dz|* £ 725 DT, X(29) &V

-1 1— A
|wz|=(|g;|jH(—M) ) (211
L%, koT, Mi#EH25%0
Wds = |1+ o)
= (Ista+1oP m/H(—M) ) e
1

( IA )A|dz|
(L+ 19/ ITj=, 19, gt
R A
< Cv/ A d
< @zl

EB. 1/2<A<1&D

R\ ZR
= d* <: _ < !
/F ds = /L ds /L%(RQ_MQ) ldz| < (C") 1_)\(<—|—oo)

3. X512, R (210) LD

" [1+|g(0) A
i < 15 Hr ) st

19.(0)

135, —f, SR ds? = (1+ |g|?)™|dz|? (B3 % Gauss Hi=RI1E
2m|g. |”

Kd52 = -
(14 g[*)m*2|w.[?

L. WD, R(211) &0

1-X q A
g, _
R CT 0 ()
j=1

5. KjITH LT, 0 <1&D

| K2 (p)|2d(p) < = C

vV 2m(C’
1—A

B35, C'EXNDERELD, CIRIEOFEKT, m, ¢& L :=min |y, ay| ITHKRFET 5.

3. 4 %7t Euclid ZE A D EiEtR/ N E D Gauss B

4 X7t Euclid =] R* V\]@ﬁd\ﬂjﬂﬁ@ﬁzﬁm$$%@ﬁ@—5 R* PN D/~ i T Gy D
FEMEIE, BT CEU XXMM E, FIZIE 6], 14 22T L0, X =
(xt, 2% 23, 2%): E—>R47ER4V\]®EEUE§3§ﬁ/W/J\ XOIAAL TS, 22T, TIEFME
T N2 2IRIC O HERRIK L 5. ZOREITN U CTHFIRBEER 2 = u+v/—1v ZH
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52 LT, L%Riemann & HAd. Z0LE, X OMUNENS, ¥ IZasd B Riemann
Hemd., E<HoNTVWS LS1Z, RUANDFE T &7z 2IRIGHIEER 7 22 [fk
DES (Grassmann ZHARGr(2, RN D Z &) 1, 3RITERIFZEH P3(C) ND 21X
e
Q*(C) == {(w' : w” 1w’ s w') € PP(C) | (w')* + (w?)* + (w*)* + (w*)* = 0}

CR—HT BN TES., koT, ZOHEX(X) D Gauss GG IE, D& ph
5 X(p) TORMENITONIZEFHANDONIREEZ DI LT, T, QYC) NDEH
G:Y = Q¥C)HERDILNTES. 512, MUNIEHDOHE, GIXIEAEELE %
5. —7, 28 Q?*(C) 1X C x C & AUEHIFAEZR DT, GIiEY EOFEMBEKD
X (g1,00) ERBWTIENTES. K1 (1<i<4H)ITRULT, ¢ = (02/02)dz &F 5.
ZDEE, RO EDHKDLD :

(C) ety @ X ¢? =0,
(R) ERIZAE : 3] >0,

(P) A% . &ie &Y A Iy e H(S,Z)ITRLT, Re/@:o,
2l

WE
R ¢3+V—1¢y —¢3+ v —1¢y
Ww=0w,dz = ¢ — V—1¢9, == =

o3} o5 (51 by — —_1@ g2 b1 — TlngQ
£958, widE EOEHTRBAERX, ¢, g3 HIZE LOFBMBEKE 25, X
512, G=(g1,92): © — C x CIZHITIBARZHE X (Z) D Gauss G & —HT 5. %

¢1 = %(1 + G192)w, P2 = g(l — G1g2)w, 3 = %(91 — 2)w, Py = _g(gl + g2)w
(3.1)

tble, .
X(z) = Re/ 2(¢1, @2, 93, Pa) (3.2)

b, ThE R NORM/NETTEIZX 3 5 Enneper-Weierstrass DREIAAX & WS, i
(2, B Riemann [ X _EDOIEHI 1RSI Aw & 2 DOOFEHABEA g, & g 12 LT, &
6% (31) TEDD. ZOLZEDHMS, FM(C)IXEEINIEYIE, &4 (R) X
(WD EARLDERTDA, g1, pIEENENELAOMEZE D] LFERTE 5. FEE, X(X)
DR 5 DFFE R ds? 1%

ds®* = (1+ 1) (1 + |g2]*) Jw]? (3.3)
EFRESL., £-ZOFEIZEET 5 Gauss IR K 0 X
2 Ik 95| )
K 2 = — =+
¢ |2 [2(1+ [g1]?) (1 + |g2]?) <(1+ l91) (1 +]g2f?)?

b A
R* N O 5efitt/ N O Gauss BARDRIMEL D ERRIZDOWT, BAREZKIZX DI
DFERIFSNT VWS,
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EIE 3.1. [8, Theorem 1] X : ¥ — R Z5&fif/Niif & U, G = (g1,92): ¥ — CxC
2ZDCauss G L TH., ZDLE, MO LWV LD ¢

(1) g1, gD EBITIHEEMBRT, g DBRIMEEE q1, go DERIMER % 2 £ T 5 &,
G <20 ¢ <2, FIFRDRDONTNDRDAFK DD ¢
1 1
+ > 1. 3.4
Q=2 @-2 (3.4)
(2) g1, DPVTNVRDVEEEHDO L & FHIHZEHICT 5720, T I Tldg % EMH
BEBRET D), g DRIMERIZE 43 TH 5.
COFERIIHERTH L. EBE, ZOMEOmEMEZRTHIA[25, Examples 4.4, 4.5]
TRINTWVAS.
B2 ZZ DFREROBFREIRE 5.2 57280, & (3.3) & —MBAb U 725 E A e =
TEHEZIT, IROFEREGT-.
T 3.2 ([2]). © 2 EMEE

n

ds’ = [0+ |g|*)™ |w]? (3.5)

=1

ZH OB Riemann &3 5. 72720, G=(g,...,9) X5 (C)":=Cx---xC

~DEAES, wES EOEMTREAR, &m; G=1,---.n) 2EOEKET 3.
GO gy, .0, (1<iy < -+ <ip, <n)BIEEHRT, TOMPIEHTHB LT
5. b URMHEdS? DT, &g, 1=1,-- k)RR D ¢, > 2 EORRIMERE &
DT HL,
k
my;
}:q__2_1 (3.6)
N ARVASN
EH3.21%, my,...,m, DAL EEH1IDNIET, HAB0DEHETHE D LD, #HlX
X, g := g, I FFEEHEBCTMPIEBERTH o722 5. &L m :=my DPIEDRE
T, BT RTOTH-72295L, X(3.6)1%
M S = g<m+2
q—2
&b, 122U, qgi=q, 295, THIFHTEOEH 23 DFERITHINT 5. 7z, T
RTDOm; PODE EE, ds? = [w|> 720 ¥ LOZEMEHEIEL BD DT, GOEMN
SEAEIEC FOAEHBIBKRE LTH L.
X(3.6) IHETHD. FEEE, mE23 LFAKDOERT, ROYPIVFET B Z LIUR
5.

8 3.3 ([2]). i Riemann @ X & UC, #HIAFH C 25 p — 1 {HDMHELR S 5K
a0 (€ C) 2RV D, 72, TOEEBHERZEZ S, U EOERITIX
WA wzEThZEh ;

z
IREECE

w
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L, ¥ EOEMEHRG = (g1,...,90) &

gn =-=¢g, =2 (1<ip<---<ip<n)
U, Mol aBEBITERTHELTE. ZDLE, TRTDg, (I=1,--- k) iZpfH
DR BRIME 1, ..., qp1,00% 5D, FHE(35) BEMTH 5720121,

k
p<24 > my
=1

PREFITTHS. K2, KX (3.6) DFZEALZITHPFELET 5.

M3 2DFEHIZATOEY THS. 5, g, (1=1,--- k) BPHERD g;, (8 DERIME
al, ... ,afhl 2HEoTWET 5. BERGIEEA g, 1T#E Y7 Mobius iz flid Z & T,

ozclhl == o/;ik = o0 fET BH. HBHIETRIDT, ¢, >2(=1,---,k) T, D
Eoo
—1 <1 (3.7)
= T~ 2

BRI D2 TS, REN)HS, &i (=1, k) IZNHLUT, ¢ > my + 200D
Mo TWBI e bnbd. 5, EOEHpL LT, &i(l=1,---,k)ITHLT,

0<p< Bz 27 (3.8)
qi,
DO DOEHEDEHD,
Mf:gt%%gg (=1, k)
E$5H. ZokE, FANIWVWIEDOERITHLT,
k k m.
zL:Z;M:%;£t3%55<1 (3.9)
e, T
T¥K>1 I=1,- k) (3.10)

MDD, TIZT, ¥i={peX; g (p) #0(=1,---  k)} (&ZL, g, =dg,/dz)
EORRERE LT

27,

k a1 l 1-n\ T-A

1 i, — O

do? = \@Z‘lfA | |< / | | (Igl—]!) ) |dz|? (3.11)
=1 |giz| j=1 N4/ 1+ |Oéé-|2

EFEZD. Y OEEORp IS, ZOGtEdo? XD T, f#Mi#E26E&0, HDH
M Ar = {2z € C; |2] < R} (0 < R < +00) D5 p DEEHE~ DM FHES & 2377
EL, ®(0)=pT, ®*(do?) DA LD Euclidit&ds: EEFERN LD, |ag] = 1% A
I ERDR ap i UT Ly, = {w:=ags; 0 < s < R}DPITX BT, 1Y EDFE
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ﬁ&%ttaé %ﬂ%%ﬁﬁ{ﬁ@i?%f:&), ZISEVC:E) ARL@ngO@%gzzt%j—:atj—6
2.5 £V, FillHLT,

1+ |g; il
R < C) —— 7 +!91 H|g” o' < 400 (3.12)

WO LDODT, RIIZAERTHS. £oTC, f&Edo? IZBHT BT, DRI % Liy(Ty) &
THE
Ldo(Fa()) :/ do =R < +00
I

a0

DO NED., ZDEeE, EH22DHEFRIZ, T, 13X EOFEEKE L7225, o*(do?) =
dz]2 & 5D T, R(3.11) &0

6] = H(|g“|qﬁ (m) )

|glz - a

b, £oT, fi#E25&0

O*ds = || [T+ 1g:l*)™/?|dz|
=1

. qi;—1 /1—|—|oz§.|2 /AR
< G ngz, Lot g2 T A dz|

b |g/ | Ay R A
H((lﬂgﬁ)l—[ql g, ]‘1 n) R? — 2|2

L%, £oT, dlp) Zpe Lh o X DERETOFHEds* IZB T D IHNEREE 95
&, 0<A<1&D

R\ RI-A
< ds = P*ds < _— <
dp)_/F s /L ds_Cg/L |2 |dz|_C’21_A<+oo
ag ag ag

BN, ZNIFEHEds* DSEMMEICTIES 5.

4. SEDORE
AFETHLD BT 72, SEffms/NHE O Gauss BAR DM 43 4 i HAHE B D 3] 7 HO A 12
’9’“% BOFEE UT, —#RI%T Euclid 22/ R™ N OSSN D Gauss B (Z
&, PP Y C)NDIEAIEMHE UTHEZ D) ORINEN-HE D _FFR O 8] 71 R
755‘265. PROVEESE D ERRIE, BEAK[9) P RuK 28] 12X D bDhoTWBED, KD
O BIEETOMEIZEAEE LR, 72, R™ NO SN O Gauss GA& D
ZEdEAE, DIGERE ([7), [13], [29] 2 2M1) RIERIEBAR O IEREIZE S % Zaleman O
JFEL L DX ([22], [26], [27) 228 POBAICMHFEINTWSDT, TORRLED
it % Flg U 722 D3 S WF5E 2 D TW & 72\, R N O SEi#/ N I D Gauss B D FRA
ERIEIZ D \WTIX, Osserman (2 & 0 g2 X 7= G IR 2 il R o2/ N O Gauss BAR
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DBRIMER D EROBPERME ([19], [20], [21]) ERZERI N TORY (BE2 2
ES TRITZ] EWISESIEH L) . £z, S RA]HEARAE PR 4 Hh =R 52 i il
INHHTH D Gauss B DFRIMER D EROPERE ([23], [24] Z2H) &0 o S 5K
INTWVWE., I51IZ, ZThETIZASNTWARWESAaRIIMEED £ /27T % il EE
MeHEHb., KFFEIZEID ZNSDOREIZODVWTHBELN LS R 8EZ5NEHDT,
SHBRLMPLAHM MO MATHE 20,
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20

Y —< VIO — < A DZEA T D A A
JE AT 51 0D fit 35

s ORI (EBAF)T
W s (RRE)

1. Closings
12DY) =< VHRZBAFERE LTELEI 120V - VHSZHLDY —< Vi
R O L RO T TITH B AREEETH S (Bochner, 1927) 5, BIRZRRBL L
LT, RD»6 SAORSEREGHRZFEHNEDONEYITHS. ROMEH g PERT
Ho>T, SHEUHE g DY —~ VIETdH 2HE DT BEIEE N 5 B2 H i il §i s
BETHEEVIHEEANS I TIERL, V=< VITHE S FHOEMEERD? S A
THIEFEICHRLRIETH 5 L OFRMICN S, HUNEAERHR H 5 O IXHER G
DHRDIEELR FISH U WRERZIMZ 57210 T, FARC GERERD) V—-<v
HZEEOH U WHEZ LT 2 & ZADPBIKENDTH 5.
UFRTlg=0ThH-oTHEREHRIZETLI L3R 0WD, KERTIZR WD TR
59>0LRKETS. AREHRg(>1)DAY —~ VR 20 “HAERZ2EET 57
BREERER Y —RIE xp = {AF, B}, BEXONTWVWE L E, X (R, xr) D closing
ik, REFAUFEKR gDV —~ VS eZ2D GAEDOEKRTOD) E¥ERED Y —HK
xs = {A,BS}Y_ &, TOITRPS SDRADEFEMBL L 75725 triplet (S, x7, 1) T
HoT, %j=1,2,...,9lZDWTEHM,

L(Af) ~ Af, L(BJR) ~ B]S (~ : be homologous to)

Zhi7zTHDEND. 272U, 2 DD triplets (Sk, xs,, k), k = 1,2 IZDWT, S; 6
SoNDEHBEMRADD > Thot =1, WD DE ST, ITho zE—HT 5.

(R, xr) D closings DA% C(R, xg) £ild. ZOERAZMND I LA IHDET
LELHETHS.

2. INFTORR

IFEIERBEIZE D, FHIEEA 1O Y —~ V- 512 open torus & FERD A3
fRTHSD — IZOVWTHIPFLWHERMPBON TS, ZN6D—Hidg=0DHE
2B HINEAEEROBREIZHIGT2EDTH DM, ATk, —EBEEZM
ZAZZTNEg > 1DGAECHEZEDOEFHEAHALZ. 2ZTIEZENSDI B, IREITHE
IREIZ DN T DO AT 5.

Open torus (R, xr) D closing (S, xs,¢) I, FEB Y =KD G X N7z E @D torus
EXDHADEAGEHRON % IR IFME K> THEL B DTH L. (S, xs) D
IERERID 2 VTR 6 B EFEH

T =7(5 xs5) 1= /351/1

Z OWZR IR GREFE 5 15K04930) OB Z %13 726D TH 5.
2010 Mathematics Subject Classification: 30Fxx, 30Cxx, 32G15
FoU—R U= VHOES, V=~ AT

*l e-mail: masaka_zu_hause@muc.biglobe.ne.jp

*2e-mail: h.yamaguchi@s2.dion.ne. jp
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RQURERES
C(R,xr) > (S, xs,t) = 7=1(5x5) €C

NEES. BES
M(R, xr) :={7 € C |7 =17(S Xxs,¢) for some (5, xs,t) € C(R, xr)}
% open torus (R, xg) D moduli set & 3.
EE 0. MR, yg) FER X VEHH NOMMKTH 5.
3. SOIDH|E : g > 1DIFH
FEEA 2L EDORAY — < VH (R, xr) D closing (S, xs,t) XU, (S, xs) D ERLIERIK
ﬁ%¢h%r“¢@a¢5:/;%:(M@k:Lz”wm.:@a%fM@@iﬁ

Ak
Tjklz/ Y, L k=1,2,...,¢g
By

Z&oTESNB1TH (U —< » DRMTTS)

T11 T12  eee e T1g

T21 T29 oo Tag
T=T(S,xs,t):=

Tg1 Tg2  vvenn. Tgg

ZBES B BRI DR R BN AR 7, 13HSHMRICEEND &, RV VNT Mg
&) —<VHEHONBTHD L X212, FLLILT

EE 1. HKj(1<j<gizonT
M; . ={re€C|71=1(5,xs,t) for some (S, xs,¢)}
F BB EHHADEHMR TS 2.

FERIZHERITH 5. (R, xr) LOEREDO A ZRER ERTD X (R, xg) DD S
closing Z4EAH L, ZNS5IETRTM,; (R, xr) PR EDOFUITHINT 5. FHIRIM; (R, xr)
NOEEDR ;25252 E, RED 1 NORMAIIZZNIERIERNRS 2 @I #ERL,
ZNoDMFEEGE UTRONDEMMY ¢ = dV I3AM 7, 252, Zho 1O
HZEIERIERI DY R D% contour C ETHOEROBIIFE UL THEZ M- T
W5, TNEMALTUIZES COBIMIRT 2 HERNIZEBL, £ O AlgetE X/
iR & 2Ma 2 N TE 5. W, T 2ER e T 2FMm BITaI U 72 g% F
D, ThZEFIERELUTRIZAMINIEKD % closing (D12) G55,

HNHERZHEDO TS 720I121F, a = (a1,as,...,a,) € RI\ 0 IZXH LT, closing
(S, xs,t) P a-modulus

Ta = Ta (S, xs,t) = aTa’ (a’: 175 a DIEE)
EEADL. ZoeE, HALHEHNSES (R, xr) D a-moduli set )
Ma (R, xr) ={7€C|7=1a(5, xs,t) for some (S, xs,t) € C(R,xr)}
IZ2WT
T 2. EEOFEGgRZ Ml a # 0 IZXFUTMg (R, xg) FHMARTH 5.
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GIRFEE D) — < VHDFHET S
TV a2 7 A4 Fk & #haE

s R (F%k%)
L s (R
W GERIT (ORI

1. FB: U—<YVEDER

AR g (> 1) OBV —<YH RE54, R OBERZLEE T aEERED Y —
K x = {Ay, ByYl_, Z12[ET 5. AV —<YHi R & Z20EHERER Y — 1K
= {An B}, 2351, 2008 (R, ), (R, ) DRI S A IH A S

L R R, u(Ay) ~ A, o(By) ~ B, (1< k<g)

75§35) L% (R Y, ) \CRMERFREZ ANTE S 2 KFMEEZ (R, ) D closing & T3
( X) D EHUﬁEﬁﬂ( TZw (1<j<g) &35 Thbb,

~ )1 (1 =k), .
/gkwj_éjk_{O (j #k), (1<4,k<g).

ZDEE, P HOBEEK
By,

IC X > TEo L2474, BTl V) — < v DRAWITAIRE £ %

(R.X0) = T=(Fr)ijnsy-
ERICHEE L 729 gRY Fba:= (ay,...,a,) £ 0 TR L, EHEH
= 7a(R.X,0) :=aT'a  (‘aldaDIGEHE)
% (R,x) D closing (R, X,t) DaEY2S5R LD, (R, x) D closings DREZEZ, %

Datya7dADEEEZ MR, x) EBL ([1]). TDEERDEMHDIILD LD:
EE1(2). 2EEE =7 (Im7 >0), B, B2IEAE p=p. B’H > T,

Ma(R,x) = {T € H||T =77 < p}.

Thbb, M(R,x) FLFPFHHOPBAMRE 7213 —HThH 5.
ZDHELZIZE T, closings DHTRHCER. > 72 WE %2 b Ok 1A 3 IEH 12

HEZ@HEZL T35

AW IR FAEIIL (C)15K04914 & X O FEMEIIFSE (C)15K04930 DBIL %2 Z T 72 D TT.

*l e-mail: masaka_zu_hause@muc.biglobe.ne.jp
*2 e-mail: h.yamaguchi@s2.dion.ne. jp
3 T 558-8585 AW XAZA 3-3-138 RIRHZRFARAEBL B AFFE R

e-mail: hamano@sci.osaka-cu.ac. jp
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2. SEIDFER: M(R(t), x(t) DERLEHNMEE
(R,m, A) ERD &I RIEAME E T 2: R IZ2RTCEELHEME, A ={t e C||t| <r},
m:R— AFIEAEETH 2. K7 74 N—R(t) = 7 4(t), t € A FEEKIA DO R T
RS LRET 2 &, R(t) 1B —= Yl TH 5. (R, 7|z, A) %2 (R, 7, A) D5 IERIE
THH, RCR,ORIERTCHBSHTHY, R(t) = (7)) 1(t) 1& R(t) TC* Heil 5
PIREFLOR(E) = Y, Ci(t) Z b OHRMS g (> 1) DRV —< viiE §5. KteA
IZN L, R(t) OB 2k & T 2 EMER T 0 Y — K (1) = {A(t), Br(t)}_, 13 R T
el ¢ LIRET B,

EEDHE g7 bva= (ay,...,a9) # 0 ITHL, (R(t), x(1)), t € A D closings 2&fF
DFET L a€y 27 A2

M(t) := Ma(R(t), x(¢))

i, EHEL LD, BEVFEH MO TH D, KO D 2!
EE 2. (R,m A) Z 2RI EIRET 2. ZDEE
1. M) D=2y FIESE 2p(t) >0 13 A LOLFARNEEETH 5.

2. 5L M) D=7V v FIERE20(t) DA LOFRBEZ 51X, p(t) 1Ztick S
TET, M) EteA L H NZIEANICE <.
AEFHDOHEE, M) DI LR 7Lt BEO | N 0(t) 3% R(t) DRI A
a;%*éﬁ“wf@@(a_un?%ﬁfﬁézaf%%.?&b%,ﬁR@JeA
LD LSBT ¢i(t,2) (s=1,0) T

Galt,z) =ar  (1<k<yg)
Ag(t)

27z 9 b DI T?f?% ZUE (R(t), x(t)) D12Dclosing ZE®D, ZDat
a7 AT (s=1,0) ZFEET L. ZDLE RD2BESRNADKLT S (T
il — | OBAEDESAR ([3)) DIFTH ).
WRE 3. R(t) DRFTERLZ ¢3(t,2) = fi(t,2)dz (s =1,0) £ 3 L,
PImry(t) 1 OPL( t (t, 2) |
LR B

92 Tm 70 (¢) 1
— 2= | = ko (t Ot dz
7 (2/%@ A A Pl + 22

ZIT, ko(t,2) IZR D OR D C2HEFBIBL o(t, 2) ITHT L
0%p |0 0% 0 O dp|* 02
halt,2) = (mm _QR{ }+ 920z

0z Otz ot 0z ot
BN
(1] SEERI-ILEsE, B Y — = VIO Y — = VI~ ORI IA A Ji BT D Ml e
2014 FEFEK TR AT B2
(2] SEHERI-IL ISR, Y — = YO Y — = VI~ OE AR DAL INITH D fiElER, 2016
FEERFRA TR,
[3] S.Hamano, M. Shiba, and H. Yamaguchi, Hyperbolic span and pseudoconvezity (to appear
in Kyoto Journal of Mathematics).

)

R(t)
09 ( t z)

(0)

Op on OR.

9z

\
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Jacobi inversion formulae for a trigonal curve

y? = 2°k(x)
e kst (e T4 T 3 R S TP ) 1.
KB (FAR) I LRER )2

Emma Previato (Boston X%)*3

1. FrEmRE ERL

Cl:iﬁéﬁ’btﬁs&ﬁﬂﬁ@T ~OVBIBUE BB, RAFHRIEM TSI 2%
Z%5. BlZIE, ZD& EIRFERPEBIFR P = 2(z — bo)(z — by)(x —by) - -+ (x — by) 1T
BWTENTRA—XDED FIZED b = 00255050, IR LS. K
WETI, p=3&LT, TOBOVYILDOHAXIZOWTHET D[4, 1, 2]

PAR Cld i ® i I H BH 7% Weierstrass normal form Ty? = f(z), f(z) = 2*(z —
be—Mtté%ﬁ%%ié.ZM%@@@@@%@K*&%?%TBD,W%T
F—BOGEIZbiiND.

gfﬂmﬁéTﬁﬁR::C@Mﬂf—f@»%ﬁﬁk?é:tmib,R:
Clz, y, w]/(y* — 2w, wy — x(x — by)(x — by),w? — (x —by)(x — bo)y) BFHNDB. DX D

X = {(a,y,w) | ¥ = aw,wy = a(x — by)(x — ba),w? = (& — by) (@ — b)y} U oo}

Zl7- SRR E BRI b b, KNl %E By, B),B, £ 5.
HHAR D PR 2 50T D Weierstrass SIZIRD & 572 ¢ IZ X o TS, CRZT FIVZER]
YUTONMRR = @ oCoi 2 52 5. ROBFZEREHTORFNATA—-RIZLS

wt \0 1 23 45 6 7 8 9 10 11 12 13 14

¢ |1 - - x y w 22 2y zw yw 2’y 22w 2t By 2w

i |- - - -y ow - zy 2w yw 2%y 2w P Py 2w

BOMBIZ & DEAWE ZRT.

X OFE#ILg=2THdh29—1=30Vgap ITHHE LRI & T, RiiFRIEIERFR
BUEEREZ FFOMFRTH B Z AV 5. FERFR A B0 21 % D ARBUE AR D Riemann
EBITEEE o0z, YaACLDOWAREEMIZTEZ NI HsNTWS
ZIT, Thoz2Y 7 b BHZETHANAZYILOHARNEZGSZ L 2HIET.

2. Shift & 117z Riemann E# & shift 17z Abel BR

ZOREREMNITIBEDE LTCRY MLV E LT RE .= {h e R| 3, such that (h)—
(Bo+ Bi + By) + loo > 0} ZEAT B, ZHIFERE = @,0Co; £ T 20MRERD. ¢

This work was supported by KAKENHI (15K04830, 16K05187).

2000 Mathematics Subject Classification: 14H55, 14H50, 14K25, 14H40
F— 177 — K : Jacobi inversion formula, space curve, Weierstrass normal form
*l e-mail: smatsu@sasebo.ac. jp

web: http://wuw.sasebo.ac. jp/ smatsu/

e-mail: komeda@gen.kanagawa-it.ac. jp
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FRIIRRE UL, ZorE, FA—BRIEy, = diode/(Byw) (1 =1,2) £ TE, H=
FEMO® RETEE 5.

72, AbelBEo(P)= [Tvel, o(P,...,B) =" v(P) T35 XDKE
0Y—HE ;5 I B EMRS B-REReily) 20,02 l, ThIZX3K1%
reds. Znky, Vavdiks:CI - J :=CIT2155. FLE_FMTEES
xn,n 95,

Theorem 2.1 [2] Riemann E# X U T, shift 417z Riemann E# & K O shift X
N7z Abel v, %, Py,..., P, € X IZTH LT

& =¢—w w(By), vs(Pi,...,Ps)=v(Pi,..., P)+v(By)
LEHTD L,
W, el, O©= w’_lvs(Sg_lX) + &
IIZT, ORORFTHS. 2%, (W v (Py,...,P, 1) +&) =0 &45.

5//

ZDEDIIGT 2 EM T 2 [5,

] € (Z)2)¥ LT & CI LOBEKTH 5 o %
,% tun/w’71 ” Z e[ﬂ\/jl{ t(n+§”)w1_1w”(n+§”)+ t(n+5’/)(w’_lu+5/)}:|
nez?
CERTED. clFEYLIFOEHRTHS. P = (v,y,w;) € X (i=1,...,n)Tx
L/’CQA% c PA{B IZ&0,
do(P1) 1 (Pr1) - c%n_1(P1)
P P) ... o1 (P
UL Pae By = | D) e u()
Go(Po) G1(Pa) -+ dua(Pr)
C‘_)_, /’Ln(P?P]-??Pn) = wn—l—l(Pl)-"7Pn>P)/wn<Pla--'7Pn) %2%;)\’ ﬁ%%j_é 5\-)—) Ly\
TOYavo#A~X%2E5. (ZNS5DARIF(3,p,q) DHBEITHEETE 2 [3]. )
82

Theorem 2.2 (VI DHARN) o;(u) := Sy
(Al

log o(u) IZX LT,

g

ﬂg(P; P1> cee 7Pg) = ég(P) + Z(_l)giiJrlpgi(US(Pl’ SR Pg))(iifl(P)'

i=1

SE 3k

[1] J. Komeda, S. Matsutani and E. Previato, The sigma function for Weierstrass
semigroup (3,7,8) and (6,13,14,15,16), Int. J. Math., 24 (2013) 1350085.

[2] J. Komeda, S. Matsutani and E. Previato, The Riemann constant for a non-
symmetric Weierstrass semigroup, arXiv1604.02627v1.

[3] J. Komeda, S. Matsutani and E. Previato, Relating algebraic and Abelian functions
of pointed curves, YEfiir

[4] S. Matsutani and J. Komeda, Sigma functions for a space curve of type (3, 4, 5),
J. Geom. Symm. Phys., 30 (2013) 75-91.



BEm b a A YOLEED D DHl
MEsY wEl (JUNPBESER T

1. O 5 ILEE
Definition 1.1 B A # )L C*/T 2% quasi-Abelian variety & X DGAM2 172 ¢
Hermitian form H on C" 23FET 5 2 & TH 5.

(1) H‘(CFXCF>07J)‘/)
(2) E:=ImH|TxT (& Z-valued skew-symmetric form T %.
H % ample Riemann form & FE3

Theorem 1.2 C"/T ZRWIATIIZ P = [A\1,..., \vg) = [[n, V] T 5 type ¢®D b 1 A
INRELET S,

(1) C"/T % ample Riemann form H (1 X > TEFE I 4172 quasi-Abelian variety & 7§
%5& E:=ImH|l x ' l3X%ZWi72$ Z-valued skew-symmetric form T 5.

(PI): 'WE\WVA+'EV —tVEy+ FE;3=0 7

A /_1 _ _
(PII) : T(tvElv + !BV — 'V E, + F3) > 0,
E, E
I E= té E2 . By € Zm" and  E5 € 7979,
- 2 3

(2) i (PI) & (PII) Zimi7z 9 Z-valued skew-symmetric matrix F = [E;;1 <i,j <
n+q] € Zor0x+) 3% 4L C*/T 1 Tm H|T x I = E %3723 ample Riemann form
H % % quasi-Abelian variety Td 5.

R D exact sequence 3H 5 .

— HY(X,0*) % H*(X,Z) - H*(X,0) —

Definition 1.3 NS (X) := ¢ H}(X, O*) 1¥ Néron-Severi group & M-I T2,

Theorem 1.4 X =C"/T' 275 P =[I,,V] ZbDtype q Dt uA FILfEL
T2 ERDBELT 5.

E € H*(X,Z) ®NS(X) IZJf ¥ % < FE | Theorm 1.2 DH DM (PI) 27
Z-valued skew-symmetric (n + ¢, n + q) {751TdH 5.

ISICRDOEM ([3]) 25 5.
Theorem 1.5 X =C"/T ZtuaA¥LHLT 5.
Néron-Severi group NS (X) =0 7% 51X X FICIEEBEHIZBEIEBULALEL 22\,

2010 Mathematics Subject Classification: 32M05, 14K99
¥ —7 — F : Toroidal groups;Algebraic number fields
* T 813-8503 MK IXRE G 2-3-1
e-mail: umeno@ip.kyusan-u.ac. jp




2. G b O 5B

K % n + q XDOIFRFIZRENA T 2¢ complex embeddings ¢;, @; : K — C (i =
1,...,q) & n—greal embeddings ¢, : K — R (j=1,...,n—q) 2b2&T 5.
€ K ITNL T (x) = (p1(x), ..., pg(x),1(), ..., yy(x)) & & EBRDORELERIT
DIAA W K — CIxR"™1CC" 2135. Zx 2K OBBIRE T2 E T =V (Zk) &
C" DrankT = n + q D discrete subgroup T X = C"/T (I Lie i TdH 5. Andreotti
and Gherardelli [2], & Abe [1] 3R DEEZ R L 7-.
Theorem 2.1 fUHfF K THEBES N/ EHK Lie itk F A FUHETH 2

ZORBUIKRTEREI L7 b u A ¥ IUEED quasi-Abelian variety 2> £ 9 2> 2 Bk L 72\,
ZDDILK =Q(V2) DAL K =Q(V2) DA EHNS.

2.1. Q(V2) L& > TERSNic bO1 5 ILEE

a=v2,K=Q(a) 7%t Zk ¥integral power basis Z{1, a, o?, o®, a*} % H .
Proposition 2.2 Q(a)lZ k> TEZEI N/ b aA YUEE X = C3/T RICFIEERHE
BEBEDMAE L o,

Proof. Theorem 1.4 Zfi>TNS(X) =0 zZ/R7.

2.2. Q(V2)lc k> TEERSNIc hO1 5 ILEE

a=+v2,K=Q(a) LT %L Zy IFintegral power basis Z{1, a, a?, a?, a*, a°} Z H .

Proposition 2.3 Q(a) IZ k> TEREI N/ FuA FUEE X = CY/T & quasi-Abelian
variety T 5.

Proof. Theorem 1.2 % {#i> T X 2% quasi-Abelian variety ThH 5 Z £ 2R T
SE 3k

[1] Y. Abe , oxo-quasi abelian varieties with complex multiplication, Forum Math. 25
(2013), 677-702

[2] A. Andreotti and F. Gherardelli, Seminario di Geometria, Anno 1972-73, II, Pubbli-
cazioni del Centro di Analisi Globale, Firenze, 1973.

[3] H. Kazama and T. Umeno, Toroidal groups without nonconstant meromorphic functions,
to appear in Kyushu J. Math.

[4] T. Umeno, Period matrices for quasi-Abelian varieties, Japan.J.Math. 29(2003), 117-133

[5] T. Umeno, On arithmetic toroidal groups, to appear in a special issue of Filomat.
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Ueda theory for compact curves with nodes
N B (R

X 2o EEME, C c X 23287 Mgiaodhite 35, AREETIE, AR
Neyx = 7 Ox(C) PAHNIZ B TS 25612, C DIEHBIZOWTHERT ©. 22T
GHC - X%, 575/ TERLTVWS. LR TI, C _EOAAHMIZ BB ERRE 2K
DHEE% P(C) T, £72 C E® Hermitian flat 72 (D £ 0 Z2#EIED U (1) {5 € £5E
BelLTensd 5% BERRBEDES % P)(C) TKT.

CHWENTHBHEEITIE, EIICXZEEREDD 5 [4]. ZOHEITIEP(C) = Py(C)
Thod. ZOLEEHIZ, XHTOCDERE Noyx HTD O YW DR & % v-jet T
8952 LT, WiEHu,(C,X) € H(C,0c(Ngy)) #EF# L. ZUT, #(C,X) %,
HBn>1IZ20WTu,(C,X) #0755 (BRE) LEREDOnIZ2O2WTu,(C,X)=0
% BGE (ERE) O ODEEITHE L. BT, CH/ — R2/H25/1IC5I0
5DEFHRE HRITHERE L 72 T, AR, RO ZNENDHETO LHOEHRD (H
BREEDOHMMRED FTD) FEE LT, MFE2RLUEZ (ARTCORKNT T 7%
G(C) TET):

EH 1 (CH/ —FZ2KD25ED [4, Theorem 1, 2] DFEM). C V3~ /) — Kz ff
DAV MHIERT, G(C) B tree TH D, D Noyx WIEANZHZBDTH &
5. u,(C,X) #A0THY, THIT, COEBEED C) IZRVTDH 4, (C, X)|e, #0 €
HYC,,00,) 722 L ZRETSD. TDLELARVBILT S
(i) X > 1IZDOWVWT, 5 COEHEV EIZDOWTiR pshBE @y : V\C - RE LT,
B, (p) — 00 B2 B, (p) = O(d(p,C) ™) (p— C) 7255 DHIMFIET 5.

(ii) C DEEHEV IZDOWT, V\C LD psh BB U 2, 550 < A < 11Z20WT
U(p) = O(d(p,C)™") (p — C) Tho7295. ZOLE, H5CiEHEV, LTI
Ulyhc FEBBEHRTH 5. O

EM 2 (CH/ — REFEDEED [4, Theorem 3| DFEML). C 2|4 /) — F&F>a
V8 NIRRT, Nojx € E(C)UE(C) 826 D%EX 5. L C — ClzDWT
i*Neyx € E(C) DBAL, RO HY(C,C(NgTy)) = 02 ARET 2 (n € Zso). ZDLE,
(C, X)) DEREITHNIE, BB CEfEV ETOV(C) I1E Hermitian flat TH 5. O

ZIZT, E&(C)IEP(C) DEUNTEEDEATH D, £(C) 1%, L € Py(C) & LT,
T4 %77V MAEM “logd(Oc, L) = O(logn) (n — 00)” %723 £ DRKDES
T»H 5 (dlFinvariant distance, 7l % [4, §4.1] 2H).

L7z, 5] T, CA'node & —DF T HEMIRTH D, Noyx € P(C)\ Po(C) %2554
MERINTWVWS. 3T, 20—k LT, UM FEZRL 7

EHL 3 ([5, Theorem 1, 2] D—f&fk). C 3@~/ — FaK>a 37 MI#RT, G(C)
M cycle graph TH Y, 72D Noyx € P(C)\ Po(C) 755D E T 5. (Neojx DIFEIHELH
EHEYNGERZET)n=1,2,31220WCu,(C,X) =0%KETS. ZD& EZLUTFHE
AVAC ST
(1) B> 1IZDWT, 5 COEHEV FIZDONTHE psh B Py : V\NC - RELT,
Py (p) = c0o MDD B(p) = O((—logd(p,C))) 725 DMFIET 5.

*e-mail: tkoike@math.kyoto-u.ac. jp
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(ii) C DEEHEV IZDOWT, V\C LD psh B U 2, 550 < A < 11Z20WT
U(p) = O((=logd(p,C))*) (p — C) ThHo7=T5. ZOLE HdCEHEV, ET
Z U\ FEBBEETH 5. O

PAEDOFERE, BIZIFLATFDO L5112, 27 (BUEREIE) ER R L0 EHEEZFFD
TV I — bEHEOFEMBEIZIGHTE % [3]:

T 4. X 21 or 7 EEZH, C c X 2 BMEIKRD cycle TH - T, MAHRIZ HHA
BREMEZFEOLDETE. ZOLELUTFHKIT S
(i) Noyx € &(C) THIIZE, Ox(C)IREETHZ. 2% D, CHED B EMIITIE, O
INVI—bPEHEE UTCEEHEZEOEDOREFHET 5.
(i)) Noyx & Po(C) THHUE, Ox(C) FEETH. E0FHL L, Ox(C) OEEHEYINT f
U, [flh=1TEES XD BRFEFELD, L EMREZRFORRILI— NEIED
HTERBNIVWEREEZFEODEDTH S.

Theorem 4 &, SR M D 9 smUEFRE X OMIEHER K ITIGHATE S, G, Cc P2 %
degree 3DHIRTH > T, 92 ELHIDET L. C & CyDEEHE T L. C) 2t
SMBBEIZHSNT WS K WP PEIERD OO+ 05T 2855 ([1), [2], [4,
Theorem 3]) %, Theorem 4 (i) 2% Z & T, Co B —MDLGEIHETE 5. £z,
Theorem 4 (i1) * o1&, LR35 %:

COROLLARY 5. 9 iDILIE {p;}]_, C P2 LT, EED K »WEETRNE S b
DIPFET 5. O

S35 3

[1] V. I. ArRNOL'D, Bifurcations of invariant manifolds of differential equations and normal
forms in neighborhoods of elliptic curves, Funkcional Anal. i Prilozen., 10-4 (1976), 1-12
(English translation : Functional Anal. Appl., 10-4 (1977), 249-257).

[2] M. BRUNELLA, On Kéhler surfaces with semipositive Ricci curvature, Riv. Mat. Univ.
Parma, 1, 441-450 (2010).

[3] T. KOIKE, Ueda theory for compact curves with nodes, arXiv:1507.00109.

[4] T. UEDA, On the neighborhood of a compact complex curve with topologically trivial
normal bundle, J. Math. Kyoto Univ., 22 (1983), 583-607.

[5] T. UEDA, Neighborhood of a rational curve with a node, Publ. RIMS, Kyoto Univ., 27
(1991), 681-693.
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default function & Liouville 4% B
R (RS HEAE)"

default function & 1%, R/ TRV F VT =L EEDIILF VX =)L DR
HEZBHEZIZENBEEDTH S, FrZ, default function BNVHZA 5 & &, BT~ ILF
V= IVEEDOVURIIVF U= E, V= VERIK M EOT 50 U EE X, &
M EOFEFFBEE v (2L T u(X;) 2F A, THUT default function H35H A 5 5%
EBEABE, DBV TAD u I UTIE, HRIZ BLFD & 57 Liouville BUER N S
nNsdZeEWwET L,

ARTIE, MY =< YEHRIR, do(x) IERBEERPSRELHHE, r(z) 2 Mk
DHBSHRED S x ~DFERE, B(r) :={r e M|r(z) <r}, R_(x) Z M ®V v Fih#
Dz BT ETRR R(x) DADET LT 5,

I. L'-Liouvlle 3. LT TIX. vl M LOBESHLRLHFHMELTH 5,

Theorem 1. % C >0 ZX L. R () > -Cr(z)*?-C &7 5,
i)

o 1
hﬂgfmlogvol(B(r)) <oo (0<p<1)

/M Adv(x) < 00,

95,

moIE, u lXER
ii)

1
li;gglf oz )2 log vol(B(r)) < 0o

/M ﬂdv(m) < 00,

14 r(x)?

95,

oI u ITER
H. ED i) Tp=0 DK, PLiiZ&k3 L-Liouville ®¥IZ72 5,
RDESIZT DL, R.DFEMFEHNTZENTES,
Theorem 2. M EIZIED 7YV — VBN GFIET 5 LT 5,
i)
lim inf 2; log{vol(B(r))/ u(z)?dv(r)} <o (0<p<1)

r—oo T (1-p) B(r)

L9 5. @)
/M —(1 n T(x))zpdv(x) < 00,

* T 223-8522 MR EGEHEALIX H 5 3-14-1  BUSEBAKRSE
e-mail: atsuji@keio. jp
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.. 1 2
llﬂgfm log{vol(B(r)) /B(T) u(z)*dv(z)} < oo

HoiX, u=0.

II. ERIBR®D Liouville B EHE.

ARk 2 CAIEHRO T AN F—BEIHEMATAZ 2I12L0, ARD &S ARIEH]
BARD Liouvlle EHRE SN 5.

M Z7—7—%k{k N & TIVI—bEHIKEL, f: M = N ZEAIEHET
5. R_(x) &2 BTEFEBRIZ M OV FHIERO TR R(z) DEADHD. B(r) = {z €
M|r(z) <r}, K(y) % N OIERINEHER L 5.

Theorem 3. M EIZIEDT ) —VEBBHEAET S LT E. 5D ¢y > 0 KL,
K(f(z)) < —co THYH. [, R_(x)dv(z) < o0 7D

lim inf E log{vol(B(r))/ R_(z)*dv(2)} < oo

r—00 T2 B(T’)

ol fIRERTHS.
. R_(2) > —Cr(2)? — C & 515, BAOME & KO K R BIT 2 &7
IN5.

M PED T — VR EFR v e EiE, HEOREEZHRT LB BOND.
Theorem 4. % C > 02X L. R (x) > —Cr(z)?—C &L, M IFIEDTY —V>
AR 7270 e T 5. 5 g >0 126U, K(f(z) < —cy THDY,

[ 1R@lanta) < e, 3 [ Riayinta) 2 0

molX, fIRERTHS.
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U 7 ZESFBIE O M ORI O IR
(2 DU T

B Jo (REURT)*

1. B
Z O TIIREOERITEN L, EEE A RS 7 DI EA ERIIROE TR 5,

M IZB W T, 2287 MEFESZEAD Kihler R T 2 3 ¥ )L O ZERJICHH BN EFR S
LSk, ZOFRICET 2 MR O T TE 7, [Don], [S]ICX V. MR
I$#EF Monge-Ampere TR L L TR IND Z ENFH LTS, JHIHEROHF
THEATHT2DIL, —FOFMFEL LT, FFEDOSRMZNT-3 %0 EIRTH 2 550 Hifk
WNTEF STz (Kihler AR T 2 o ¥ VO ZE M ORMIFRIZEI LTIk, [Dar] OffiL % 27,

—7%. [R] CiE. #MNEk o2 BEATRABEOZZMIZ I T 595 AB L ST,
SRR D EFRIT L EART o v VR EFMER B W 2D | N SE IR &
BT LHIEITARTH D, LN, SRR Z & &2 IR & FES, [R]IZHBNT
X, ECRO ZEPRENTND

o AR A NLX—% b OLEALMMEKDO s 7 2 F BTk, MHFRIZH > TR
23 (capacity IZBH L C) IR T %,

o Lelong BN IEDOMZ & SZ A TMBIEL 2 s & 256, MRS - TR
PR LZ2WGER D 5,

FLZET 22 HELHFMBEEIT LT, Lelong BN 012725 Z B bATWD, £
Z T, Lelong #UIHIZ 07275, =L F—13 R 5 £ 0 L HEMBEEIZ 6 L T,
HHIFR IR D INRABR T 5 Z ENEBON L TH S, A, b—U v 7 ZELFE
& RTINS BIEIT R LT — 05 O s CHRIHIER IZ VR - TRE%AS (Capacity (B L 0Q)
WHRT D7D DM, Lelon # (Kiselman #0) # W CTH- 272, ZORERICELD, =
RNF =D PD O TIRMEZHETE 5 Z LIk D,

2. EFHE
Q ZHNEEIR, wu & Q EOZELFFERLE TS, S={l<|z|<e} cCLBL,
Ox S EoLELFMEKE, UTOXTED S -

U := sup {13 € PSH(2xS):0< O,limsup}

log ||

ZEHWT, Uy 1= ﬁ(-,et) EB<, {Ut} % Ug s Uy %%é’/ﬂ“iﬂ{ﬁﬁkﬁéz LT 5,
EE1 BZ%ZC'HWOHNEK, uy,u & B EOZELFMEEE T 5, v, ug 1L b—1U >
7. T |4, |2 OFEAFT DRI REETHLET D, OB ETug=u; =0

AW FIIE (15J08115) &, SCERFE ) —7 4 Y I RFBE 7 0 77 DO EZ T b D TH 5,
2010 Mathematics Subject Classification: 32U05, 32U25
F—U— g, M=V v 7 ZEATIMEIE
*T153-8914  HURUER A BIXEUS; 3-8-1  HURKFERZFBEEELR A TER
e-mail: genkih@ms.u-tokyo.ac. jp
web: http://www.ms.u-tokyo.ac.jp/ genkih/
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THY., up,uy DWIFTFEETZT ET D, 20L&, KD (1) & 2)IXFETH D -
(1) capacity {IZBI L T, uy — ug (t — 0),
(2) EBEOEFIR G : ¢ (a1 (™, ... a,C"), a; € C*, by € Zoo IR LT, v(ugog,0) >
v(uy o ¢,0) 23 Y 3L,

Z 2T, BENEEKQ _EoBRIES v, I2%F L, capacity ICBI L Tu, > u TH D EIE, T
EDe> 012k L, Cap({Jun—u|l >€}) =0 (n = c0) VKD LD L& WD, T27ZL,
Borel 26 ElZxf L,

(hmEy:wp{éufm%uefwﬂam—1gugo}

EEDD,

3. FEFHEDIARAIZDOLNT
F9. ZELTME] (K DPORMED AT ([Dar]) 2509 %, [Dar] Tik= 3
7 b Kahler ZEERIZOWCRE LTV 223, [6 UREA &2 g aEiic i T %,
FHE2 ([Dar, Theorem 5.2]) ug, uy % Q _EOZELHRBEEL LT 5, up,uy £ —o0
ThdrETDH, IHIT, QIZBWVWTu,u = 0 THDEWRET D, {uh &, ug &
u, OFORMFRE T D, Z D& X, capacity IZBI LT limyou, = ug THDHI & &
Pu(ug) = w lZFMETH D, 727200 Puy(ue) = (limeyoo Plug,uy +¢))* TH Y,
P(u,v)lFw < min(u, v) 20l 723 ROFHFFMEE w 2 &7,
ZOEHERWD & R, B OSEM (1) ZH51TE, Plug,ur +¢) £V o B
BoX@hZM~UE LW Liin, —JF, b=V v 7 ZEATMBEIE u (T3 LT,
WD X HIZR WO LD f 268 S L Z LR TE S ([G)) -

flty, .. tn) i=ulel, ... e)

ZORIGERND & EELOSRM(2) 1, 2200MBEEICOWT, RPANDEEDHE
FUICIN OB LR DBICEZEHT N TX D, £ 2T, Itk (Legendre 2 #i) %
HAWTHT 2175 &, FEBZIENT 52 LN TE D,

& Xk

[C] U. Cegrell. Pluricomplex energy. Acta Math., 180(2):187-217, 1998.

[Dar] T. Darvas. The mabuchi completion of the space of kahler potentials. arXiv:1401.
7318.

[Don] S. K. Donaldson. Symmetric spaces, Kéhler geometry and Hamiltonian dynamics.
In Northern California Symplectic Geometry Seminar, volume 196 of Amer. Math. Soc.
Transl. Ser. 2, pages 13-33. Amer. Math. Soc., Providence, RI, 1999.

[G] H. Guenancia. Toric plurisubharmonic functions and analytic adjoint ideal sheaves. Math.
Z., 271(3-4):1011-1035, 2012.

[M] T. Mabuchi. Some symplectic geometry on compact Kéahler manifolds. I. Osaka J. Math.,
24(2):227-252, 1987.

[R] A. Rashkovskii. Local geodesics for plurisubharmonic functions. arXiv:1604.04504.

[S] Stephen Semmes. Complex Monge-Ampere and symplectic manifolds. Amer. J. Math.,
114(3):495-550, 1992.
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e — 7 — 4RIk Lo v 7 DB

KRR (Bl ERY: ZnEul)
P28 46 H 22 H

(X, ) & n RIGOFUNEIRIE L T 5, T4bE X 13 n RIGEELRIET, BN
7% C° ML EHFINBEE o 2RO DL T2, LEL o WEBNTHS LIF, T2
TIREED c<supp il L X, :={z € X;px) <c} VNI 7 rTHBZ
xR0, (E,h) % X EOFEMZILVI— 7 MLVRET S, £/, HPI(X,E)
TXDERED (po) VR —arEuy—#f (=0 arstny—#f) 287,
On TholRERX2£ T, HEKH LA [N-R] ZXZ2RL 7%,

FE 1. 0,0 X\ X, LT (FHOEKT) Ex o
(1) Vg>1iZxL, dim H™(X, E) < o0 ;
(2) Vg> 1Rl HIBRERT (X, E) — H™(X,, E) [Z [ ;
(3) HHIREMR HO(X, F) — H™(X,, E) DBIZF%.
(3) 1IN F DIEREBD LRI T H 1 - 7 = A 2 DEPIEH DIz >
Tw3, ZZCTEM I o—MLzE 3) ICR>THEEL, Xz,
TE 2. X 7 —7—3E%Z2FE 0, 28 (X ET)FIER 61X, Veloxf LRGSR
H™ (X, E) — H"(X., E) DRIZTI%.

PG

[N-R] Nakano, S. and Rhai, T.-S., Vector bundle version of Ohsawa’s finiteness theorems, Math.
Japon. 24 (1979/80), no. 6, 657-664.
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SRlIE =

BRI 72 P % w7z
INERID a e Y —HBER O —BALIZ DWW T

AR H— (B

Abstract
BRI 72 Tk 2 H W 72 Kodaira DIHIEH O —MAGIC O W TR 2. Bif
L, A 7 7OVIEAE & O G E R % TR, SEIETERR R S~ D
— MR T 2 EEE LIS D W TERE RN OGN S FHT 5. GEHT
I, Y] 22 R T “semi-positive” 7z [EAR R PR EHR 2 SR 03, 0- /57
X, L2- PR TR Mg e 72 5.

1. FU&HIC
REGMTPEFRMB LT atren Y —OMNREIFEE L ZH 2 577, 2,
IR HIMIZIG U T, BRA MR E B 2 O— USRI ST & 2. AR TlE, Kodaira
DIEEE B D REBIN 72 F1k %2 F o 7o — b, FFIC “semi-positive” 72 EARHR PR G E A
DAL, 12DV TCDOFEFHDFGEDWAREIC O W THEHLT 5. 545, [BCHM10] 1< X
D EEHETR AN Y] 22 IR T “positive” DA ICHUNE TOVBLERASTERK L, “semi-positive”
MoOMZEIFEEEZH L CETw3 L bNns. AT,

o S 3T, FrEEHRLRLA 77 VEZ M\ 7 Kollar D HUFMEEF OEE 7% (pseudo-

effective) [EARE~D—AL ([Mat13])
o 54T, Nadel B DI IHE FLL S R~ DJEH] ([FM16], [Matl5al, [Mat16al)
o 5T, HBEEONBIVEEER SR D S 6 72 5 —fiAl ([Mat16b])

ZRHNT 5. EMERERICOV TR ZNETNOWM X EFHA THE 72\,

AR B 2 FRBZNRIE, HELRE Lo (IE]) EfRRLHEEEOEX 2+ €
nY—Ths BEIELHEX LOEHRKELOOXarERY — HY(X,L) X L OIEH]
U oZEMTH D, X OB F ORI EmE AR 2 B3 IERIYIRTE IR R E o —
itz 0XaFrERY— HY(X, L) DERITHENEZ LTV, 20—/ T, @X
AFEVRY— HYX,L)(q>0) DEKRIFIZIT 02, D EDDRFGE L TR ZE
RuENKIBALT 2880 “BETh % LIRIRTE 2. LT OIERIYIN O LRI E % 8 L T
BRAFERY —DEKEHREHDERZFIHT 5.

ERE 1 (EHIGIW OHRRE). X ORI LRk S Lo Lig 1L YW 2 X LIk
HIGIWHC AR T E 22>, 22T, Llg 3EMHE L D S ~DOlRTH 2.

C DEEIZ B B TR L 221 T £, B4 2231 T HBL L &g~ H
Lo THOEWEETH 5. Boiiey

00— Ox(L)®Zs — Ox(L) - Os(L|s) = 0
PoFEINDG arER Y —HDFERS
0 -H*X,0x(L)®Is) — H(X,0x(L)) = H°(S,0s(L|s)) —
HY(X,0x(L) ® Is) & H'(X,0x(L)) — H'(S, Os(Lls)) — - -
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#EZ XD, TIT,Ox(L) I E LY SEE BHHE, T (33 %kik S 2 EHRT 54
TTPIWETH L. LOGHr 13 X Lo YK Z SICHIR T 2 HlRG G 20T, kil
DIEIE r DEHEZMEICL T2 22005, b L HY(X,0x(L) @ Is) DMHBET
2 (WL, B2 PVERICRS) RoIE, ride@f e ) RO S Lo HE
RTE 5. ZOEZEDS, 1 XRarEUY — HY(X,O0x(L) ® Is) & LRt O IRRRE D
BERRES. R, LOGHR jPHEFTHL L VWIEFEZEZLL). TOWEEELD D
O b, r DEFENEV, RO S EOIFRIYIEIIERTE 2 2 L8303,
LLEDEED S, JR 3 HE 1Y — OIS Y 2 5 O B I B9 2 @B K S A3
FHOAINS72A 9. DN T, COMOEM L Z DiEHOE 2 fHH L Tw <l

PItg, AfZEL T, X TnXILDa v 7 br—7 =48k F <X Lo (IEH])
B2 RT. £, W L EHRIEE L, Ox(F) 2 EIZHICF E#L

2. Kodaira DHRAEE

Z OfiTIE, Kodaira DFHIKEBIC KT % 238 ) OFEH GRS 2 W 725EH & o-
RO L2 Mm% AW 75EH) 22w TEE T 5. #ifiEDm L - HEimo 2z
DEMZHArGEOE 5 2 LT, 553, H4H, BoHTHNINIFERIELN T
(2 ek 5. £913 Kodaira DIEREMD FRP»SHEEL X 9.

EE 2 (Kodaira DIHBER). ERR F 23 positive(Bl 6, F v —  #i# 23 positive 1272
5T E—FEtRZIFT) ol LIDRALT 5 ¢

BB q>0I1CW LT H(X,Kx® F) =0.

ZIT, Kx 13 X OBEHER (M%) IERI n- B D % T1EHR) Th 5.

Kodaira DA AEIRIZ X FUXTERRH D ample P & positive X FEZR DT, X
Z IR RRIR & L “positive” Z “ample” & A 2 UK, Z dUEHH: 2 kA
DFEIRE AIE 5. ZOHED S X Deligne-Tllusie-Raynaud 12 & 2 IFAEEGE G2 H 72
AL S T 5 (B ZIE [EVI2] Z 2. & vy O BRIy 2D & ORI [KMIS],
[Fn08] THEN5.

X T, Kodaira DIEBEEM OB 2 Tk 2z W 72gEBHIc O W TEE L X ).

SAFNE 9 5wz ALV EERR
Dolbeault DEHZ V% &, arEnY— HI(X, Kx @ F) ZBLTD L H I 0-ak
TuY—Z2MHOC R TE %

Kerd: C%(X,F) — Cu (X, F)

HI(X,Kx ® F) 2 ——S .
X Ex® F) md: CL (X, F) - CLU(X, F)

TIT, C(X,F) 1 Ok FIfliz & 5 (n, o) BRDEAT, 0 1F/MITEE
d=0+0D (0,13 Th 2. fHEDZDIC, LIFLIEFICMEE £ (n,o)- B %Z HiIC
MR EWR, ZoOFABICEY, arEnY—Ac HI(X,Kx ® F) % 0-F%#y
BuTRETES. L AL, ZOREITLOWD /713 0-58 2% MR Ov 77 DILE
Wbz, Tk, Ao arEuy —HHokd ‘AR 2RFILIIMTH A ). O
EODEZNE, BAND L2 VA |lu|n, ZFFOREITLTH S, 22T, L2/ VA4 |jul|h
&, F O (Z2DF v — i) positive 1274 %) TV —FEtEL E X DT —F—F

Hw 2 HNWT
wn
= [ Tt
TEHRIND. RND L2/ )V L2 FFONREIC w 3 RN Agu = 0 237 L, 81
BRI TEF E ORI % IERIE DGR (Sobolev, Rellich, Garding DER) &k H C-
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WTH2ZEbhDb. TIT, Ay 130 DHIEAFE D ZHWTA;:=00 +9 0 T
ERIND0-77 737V ThHS. uddsHiiEATH 2 2L (AL, Agu=0 2z
ZE)Bou=0220u=0 L AMETHS I EITEETS. oA wicL T,
Bochner-Kodaira-Nakano D% % 5 &

0= |1ully., + 19"l , = 1D ullh o + (V=1On(F)Asu, uy,

Db b, 2T, D) EF v — Rt D), = D, +0 D (1,0)-553T, A, 137 =y P wAe
DEEFHERRTH 5. — /5T, iR D3 positive TH 2 2 EH 5 (V—104(F)Ayu,u), , >
clullf , 3023, B EDOERP S, u BMEENICFICL S I Ehbh), ZDakEn
C—HA={ul VETHDL I EDHED. O

O-ARRICHT 2 L2-1B5H% F\ /=R
JRATNCIE O- RS L2- ) VA ETIRIT B Z L2 VWS & aRERY — HY(X, Kx®
F) % LD 0-arEn Y —Ciild T & %

Kerd : L1 (X, F)pow — Ll ™ (X, Fi

Imd : Ll (X, F)pe = Ll (X, e

2T, L (X, )y 13 L2-TIB 75 FACHEZ & B (n, o) BADEAETHS. 22T
ORPIFHFZERTWE I LIERT 5. CORBICKD, BXRaFERY =R 2
20 R, RO 0-FRMa R w23 0-5t2Th 5 (A, Wisn R ov =u
Do Z2FFD) v ) REICEZ D 5.

113823 positive DA, BIBIARNTIN 2 FikZ2 w25 2 & T, 0-/5RR 0v = u % &
2 ENTE S, FERRIC, Bochner-Kodaira-Nakano DXz w3 & |

o u)yof* < Cllulli o (19allf ., + 10" allf)

12

HY(X,Kx ® F)

Wb, 2z ELHVE E g0 a) = (v, u),, CERSINDIEER g Im 9 —
C %3 (well-defined 7%2) HFHEHFRICA 2 Z L2305, 2D & &, Hahn-Banach O
& Riesz DRBUEHD 5, 0v = w & L-§¥l [o]f}, < Cllull;,, ZH#i7cd v DFFEDD
"5, O

Z Dk DM RIS FDFAEIZ T T, ZD L2/ VAL TIHBITE L /ICH D,
D & ) e BNREHIDNHKE 2 D B ORI KOO EDTH D, LA ZIGHZ 52T
5. b6 A0, (NSNS > TVEIRTIE RS —R—HTH 5. HihT2 LI, i
SHAEEPEDOFEH] T IIFAIRE TSGR @I < . X7, TA 77 IVIEZ o 7o A E
Motz 5 z2 28021, FAE D L -0 L2 A ob 2 Ko ®H
ks,
3. FEATT7ILEBNE DESHEEIR
COfiTIE, HBUEMD “semi-positive” 72 EFRHR D — AL (FLAHEEBL) 12DV T
9 2. £33, Tankeev DB ZARH5 R ([Tan7l]) D#RICIE S 17z Kollar O HLGHEE
B & Enoki O UG Z2EE L & 9. HHVUER & Serre DIHIRE D> & Kodaira D
HEBBESL ICErN S 2 LITHERT 5.

EE 3 (Kollar D B HEH (Enoki O HAHMEERL), [Kol86al, [Eno90]). X % JEki 5254
WK (2 v 87 b — 9 —%8k(K), F % semi-ample(semi-positive) ZEMH & T 5.
ZoLE, P ORI s(#£ 0) 2 5 FHEI N LT OERIZHS TH 5.

®,: HI(X,Kx ® F) 2% HI(X, Kx @ F"*).
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IEFRR D semi-ample P & semi-positive IZ DL N TEFE I 115 . semi-ample 12UEKL
Al 1y 72 P IEAEME: D S5, semi-positive (X Bl 7 PIEMEEDO S TH 5.
EFE 4.
(1) 7V IVE P PEE RO WYk 289 & F, F 3 semi-ample TH 5 &)
(2) F 23#h303 semi-positive 1272 5 C°-fRGHRZFF & &, semi-positive TH 5 £ 9 .
(3) F23, fERD e > 01 LT, V=10, (F) > —cw %7 § C=-#Kit & h. 23§ &
E, BAERYIZHIE (numerically effective, HUIZ 27 £ EHC ) TH D L.

semi-ample 7 5 I¥ semi-positive T, semi-positive 72 51X % 7 TH %23, #lF TN
bR Y 3727\, Enoki DRI Kollar DFFERDO—MBILTH 5 2 LITHERT 5. Z Dk
W11 Kolldr @D & v Bl 1T IO \W G & 572 O | IR 6w I AR D\ T 5 FiAIRE
Sy 72 BFFE 1 [Ohs04], [Fnl2], [Matl4] THIThb T 5.

R F 7 L) ERIEH B HEOEMEN 22 P IEMEE DRI TH 5. X DTSR
DEZE, X7 DERIIEEOMIRC EDOLRE(F-C)HFATHS L LFAfEICK S.
(RECEMTIEC DRV R 7 DEFRE R S.) fE->T, * 7 ERARITH U CHUH M EH
ZHIRF T2 DIZERTH 508, 21U L TUIRBIDBEET 5.

WY e — 0 TOMRZES 2 & T, + 7EMHE FIZHHEEDY semi-positive 7 “RfEL”
RHEZFO 2 LD 5. D% D, * 7 EMRIFFIEZERKR (EREUTZ22R) Th
52 EBODS.

EE 5 (EMRoEEN:, BEARM).
(1) F D333 semi-positive R REZ T & &, fiEIE (pseudo-effective) &> .
(2) F DSHZEDS positive R FRFRFTRZFFT L &, BEK (big) TH D &£ 9.

T, X0 IS, BEEARERRION U THERMEER I S X ) iceiibans o7
590>, [Fnl2] TEH Y A ¥ =SS LT OX-RORF RIS 2 B EEI N5
Z6NTWE. BEHTIZZOMWICHT 2EHEZDO0EDTH Y, [Fnl2] DIEEOR A
BANO—BtTh 3. EHT LS EFTOEME DBRERTRTEMUTD LI Ik B,

Kodaira O M@ B N Kollar, Enoki o Bl E #
ooy | R COGHRTIPRANE S [ R Ok R TR EE
RECGEHT: 15 (ample) o RECEA: FEE (semi-ample)
ﬁ?‘&-ﬁlﬁf\@l#ﬂ%b 4#%3[~ﬁ«@i4ﬁﬁfk
Nadel, Kawamata-Viehweg i ke H P FERE T O B E PR
AT B RERCERAE [AHRER, R SRS T HE AQIIELAR O
REGENT: K (big) o RECGEAT: $EIE (pseudo-effective)

EM T 2R B AT, FRERGHR, 2O, BEA TTNVEOERZEE T 5. T
DI, HFRF O C®-fFx )V — it g #EET 2. 22T, Oz )L — il
HEIE,2€ X TD77AN—F, DTN I— N g, DIE{gs)leex THD, € X I
DNT O ZHDTH B, MICS AT, FFEFR L 1220 O f k) &% 5
DIV I— RO ETHS. X LD LL BB o IR LT

h = ge %%

DDIN I — MR ZREFTRE VY, 0% (gIBT2)hD7 24 b Ev) . R
R OHIFEEEZT 24+ o ZHOTV=10,(F) := vV—10,(F) 4+ 2¢/—100p TEHSZ
nNg. B e 0oL E, b BFED)CCMHINI—iETHD, ZOF v —
vERIZ EXTHEZ o 50T, ERIREETEADHA LG —MLICR>Tw 5. #5
V=100 1% Schwartz DFEIB DO EH TOMT 22 O T, FEGHEO I C~-fkoD (1,1)-
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AT, —RITIE (L, 1)- ALy P eRd, (STTOWDTEERT H7-DICBE oI
L -EZEEEL C03)) FREGFROMEIZ, (1,1)-4 L ¥ FOEKT V/—10,(F) > 0%
fili7z 3 & ¥, semi-positive TH % & \29) . ZDEMAE (RFTNIC) V=10, (F) = /=100y
i TR Y BEELGRNTH L L LHAMETHS. £/, 2D HELESIFHA
Th b L E, ZOHEIZ positive TH S &\ 9.

FeBA T TOVEL(h) FFAEA U C X ITR LT

Z(h)(U) == Z(p)(U) := {f € Ox(U) | |fle™® € Li(U)}

EBLIETERIND. RETRLDD 5 O (1,1)- TRy I LT V/—160,(F) >
v T EE, o RTINS C-fBI% & L EL RO T2 5. 2ok
EhDORBA TTNVEITHEEREICE S ZEDPHONTWV 2.

FeRGtEO Bkfl2 RTa k).

Bl 6. 7V NVEF™ OIEAYIB O {5} X, 12R LT

) N
: 2
pi=g log( E |Si|gm>

=1

EBL L hi=ge 23 (gD FIZK 620 FEGHRICR 2. ZOHIERIL V16, (F) =
(1/m)v/=1001og "N |s:|> £ 72 1, semi-positive TH 2 Z &b b 5. (|si| 1 s; 2/
P IERIBIE E R L7z & 2 OHNMETH 5.) 2D h O KRR 13 L ESIHBEE
(1/m)log ZZJL |si|>? POEFE > T 5. ZD &) R EIFABIVR 2 (algebraic
singularities) ZFf2 &\ ). £z, {5}, DED DA T 7 IVEDIERILZEK T D OE
WA FT7VEOg(—D) 127 % &9 RWEHGGr: X » X 25 &, FhA 770
J& Z(h) 1%
1

T(h) = m.(Kx x ~ D))
LR TE 5. 22T, [(1/m)D] FREDOYI D ETTHR 2R TH 5. £i1FREK
BANCB T 2REBA TTNEOEELE 5 (Bl 213 [Laz04] 2 ZH).

eI 2 AR 0 2 M E B 2 M 9 5.

FE 7 ([Mat13]). h Z 112 semi-positive 72 F ORHHGIHRE TS, 2D L Z supy |s|pm <
oo &7z 9 F™ OIEHIYINT s(#£ 0) 2 5 FFE I N L N OBEHITHES TH 5.

®,: HI(X,Kx ® F @ Z(h)) < HI(X, Kx ® F™' @ Z(h™)).

ER 8. (1) RHIYIWT s D 2 )V A DBYT 5513 @, % well-defined 1273 % 72 & DRE T
H5. £, F ORNFEREHE hin (& 2 O5MA2 2 TOIERBIBNICN L CifiZz 30T,
FDPEIEZ IR0 DOTY COEMZIEMNT 5 2 L TE 5. (BR/MFEGHE hy, 12DV
T 4 iz M)

(2) EEOENMLDO KA ¥ N A FT VARG DI D B, 72 kAR 7
Th (3 7 ORI R ICBEE 2 2%), TR 7 7 Va7 L Ol BRI RAT L 7% o

EIR 7 DOFERAD RS

Enoki O FHHEE R OFEH & FRICTME i 272w, L L, REEFE LY
DAF—BHEA ETH O E RS v, 22T, NV o< Uiz v 7- % B
BB D VEEEE ([DPSOL]) % T, R EEHR h %2 DU 2 i 72 TR R O1E {h.}os
THEPLT 5.
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he 3Y Y A ¥ —FEA Y. ETC>-#TH 2
0<e <& LThe, <h, <hDHRIT .
Z(h) = Z(h.) BSERLT %

V=10, (F) > —ew RT3,

Gt supy |s|pm <o S V. ldelC kBB WELTRWI EDDPS. h 1Y =Y. |
Co-hDT, 2OY ETIFHFNEDwRIIGHTES 2 &Ik 5. Y IFEary 7 T
HHEICHEL IBENDD, LT 25T Y LDy —7 —3l& 0 205 2 & TR
KT E B (KT [Fnl2) 22 H).

e wW>w.

o ERDze X DH2EMHETE=/—1000 27 §HFRBEL © HBHFET 5.
HART v v VERO L0 Do, LTOFB»R oS,

— n, n,q+1
Kerd: L\ (Y, F)p.m L(231+ (Y, F)n, o W™ ().

md: Ly (Y, F)s — LY. Flye

I

HY(X,Kx ® F®Z(h))

::f?ﬂq()imkwtﬁﬁ5%m%ﬁ@%éfﬁ%.:@ﬁﬂmib,:$%u
U A% b, & O ICHT 2 AR u TRETE 2.

Enoki O BHMEEBIOZEH TIX, T2 semi-positive 72 DT, su. DI FHOFIRTERIC %4
2 (5, 0 su. = 0DALT ). Tex DIRBLTIZ, he DI semi-positive TS D
D negativity 23 THIZ 6N T3, —J7T, Kx ® F Tld7e { A 7 7V & oigs
JE Kx@FQRI(h) ZBZT052 006, L2/ VA |luln.s 23 (e ICBALT)ARTH S
b, s OFHlis &, Enoki DFAEHE ML L T lim. o ||0" sue | 5 = 0
ZRTIENTES. HIE, su 13 “WHEMICIFFANER 72809 25

ﬁ&@ﬁ%ﬁ%%%ﬁ?i&&@TJAMZ$%DV—ﬁkLfgﬁkﬁﬁbfi
V. ZOREDS O-HER Ov, = su. DMfFEv. ZRiOZ EBD S, ZOffv, D L2/
WD ||ve|| s o DT & 72 % G DIRDET [Jve || 5 23 (e KL T) AT R D &9 7%
Ve %%ﬁ‘i“(%ﬂ FAEIHIZ BT 5. B,

||3u6”;21;n+1@ = <<5U6’5U6>>h§”+1@ < ||5*3u6||h§”“,w“Uath”“,o? — 0

D5 u DY) R ERTOICPIRT 2 2 EDERTE, 2206 A=0DRI N5,
ﬁ@7@ﬂ%@ﬁi@%—ﬁ%@%%%?i(%@bZP/NAWHWM~ % 3
flif2RICHD. b LEZTVZERDOHERD positive % 6 1, v, % HU5||hm+1 <
Cllsucllmer 5 2729 & 9 ISHU, AU H LD 5 [ iﬁﬁlﬁﬁ%@‘% UL, A DR
VLTI, h. O)HH I positive £ Z A %> semi-positive TH 72\, Ciﬁlnﬁlﬁ@%ﬁtﬁ@
VEDTHS. FHRELTo. D/ NVEE su. D/ VA THA DT, I-1EHZEDH
BRRIZRZ EW) k) RFREZ LW, L2 L, O-TEFRHZEZEAFEHAZETHZ L, BEL T
W3 22  IKIF L CELT 20T, 2oFETidERLD ) FHKREL. 2
2T, O-HER v, = su. ZanNy ¥ —1EHE S O AHRR W, = S, IcE
@‘Z) CtEEZD RiFaF oA VOEBIE RS T, § bEIBERTH S Z EB3bh
 ZOTER W, = S, 2RI TRWIEW, 2L, 2006 0. 2145 2 08
HH@Z) UE@LQ SOV I, FRER Wo OHLYD F7R AL D ENAKAE L, R iHii i ik 7
L2L, (el %Lf)ﬁﬁf%%&blﬁﬁﬁo)ﬁﬂ’ﬁoﬁ JERTE S &) A
6&ofb%.Z:@%ﬁﬁ#&b&ﬁ%ﬁﬁﬁ%ﬂﬂ/»A%%ﬁ?%U&o@ﬁ
Ex 52Tl 3. O
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4. HBEBYERIEGEADIGE
O TIRER T ICBBET 2 ERISHICOWTHMAT 2. £71F, EF T OERDOIG
L LTEoN 2N RHE by, ISHT 2 Nadel BLO W IER 2 4T 5.

EE 9 ([Matl4], [Matlba]). hyn Z BERZEMRK F OR/NGFREFRET S, 2D L &,
VYN AVAC R

R g > 0 IR LT, HYX, Kx ® F @ I(hu)) = 0.

B/IVRFEETE b, &1, DS semi-positive ZEIFTREDONT, ik bR EES~ A L Pz
ATETH 2. h DIIEED positive D & F2IE, ¢ > 0N LT HI(X, Kx®@ FRZ(h)) =0
DIRNET B, ZNDIn% D Nadel, Kawamata-Viehweg O HIRER TH > 72 ([Dem82],
[Nad89], [Nad90], [Kaw82], [Vie82]). L2 L 7%W36 | m/INRFEEEHE Ry, DHHEEIS positive
IR D B, F 7o, IERBIN 2 Fr e 2 RO gD D 5. 2o D% Bt
YWEBD 7 A T 7 THRT 2 KSFEHOHE & 7% 5. G4, Guan-Zhou IZ & D, L EHSH
MBIBDOFEEA 7 7 )VIEIZEA T % (strong) openness conjecture 23R S 1172 ([GZ15)).
Hiép % Lempert 12 X D HIEEH S 5.2 541 Cw % ([Hield], [Lem14]). Z OfEHREH 2
ORI DORER D SHEH T IR T 5.

RIZ [FM16] DFEHR (D—F8) ZFNT 5. [FM16] N TIE, X D)o %Z WE 2 72 385
A TT7VENEORFEERE 5 2 7. ZOFEH T, EH 7 OFEHICH NS Y A
¥ —FARA Y. Ve IR T 28562 ) MEIZEL 5. TO5AICIE, Y. Lo —
7wy = w+ oo, Z2EFEAZ, ZHUTBET2HMEA u.s DI — 0, - 0TD
MR 2 ERIEC PR TV SN LE 7 5. ZOEM EBROER 11 ZHAGbE
522 ETUToIcHZRS. LToIbHIZ, 224, Kollar DIZIAFEERE (torsion
free theorem), Kolldr D& ([Kol86a]), Horing DI ([Hor10)) DHEIE 2 IERRHE A~
D—LTH 5. 7%, Kollar DIHBEERE & Ohsawa DIHIEE ([Ohss4]) D—flD3
[Mat15b] THIFE S 11T % (B § 2 BoRIEN T O iR E#IC D W T [Fs15], [Kol86b,
[Tke95] %z ).

IR 10 ([FM16)). f: X =Y 22287 b 7r—7 =%k X » S HES A Y ~D
EHIEHIER. h % F O DY semi-positive PRI R & T 5.
(1) "R RIf(Ky ® F @ Z(h)) 12123841037\ (torsion free TH 5).
(2) AZY LD ample ZEMEE T2 &, LTI T %:
EREDp >0, qlic LT, HY(Y,RUf.(Kx @ F®RZ(h)) ® A) = 0.

(3) SO AR 2RV ETEE EED¢>0Em >dimY + 1LITHL T,
Rif.(Kx @ FQZI(h)) @ A°™ Z RIBYIWTCAR I N 5.

DTFoEHOEET, A 77V 5 ariE (H] 2 12T 10) %2 SRk X Itic
B9 2 BOAMRAE CRE T %2 C EHREIC AR 2. OB D0 DR TR
7z Licfibin w228, il 8 E2 & A ZIEAWH R G2 L b 5. HEE, (D
&b [FM16] @) GERIZIER I BT C & b Mkl 2 i A3 5. B 21, A\ G 2SI
B H I EBHFINDD, (R4 DIEHTIE) 2 2 TR RE TV,

EIE 11 ([FM16]). A 2R 2 K72 2 g% (7720 dimA > 1), h 2 F OFi &Gt
£, ZOLE DUTTERINDGIEANTHETH 5.

G:={H c AN H ZIHFET T(h|y) = Z(h)|g DAL }.

LT DORRIIEHT D7 — 7 —SIREDEIHE~DHMLTH 5. HoEDIEa v
N7 P ERREAND— AL L b H e 5.
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EE 12 ([Matl6a]). G m: X = Y 2ERLRIE X 5 6 BEHT2EE Y ~DIEH 72 25
==t T%. E% X LOBEMKT, hZ 3D semi-positive 72 £ DFRFEEHE &
T2 ALEOMEN a7 e K €@ X IZX L Tsupy |s|pm < 0o Ziii7z 9 E™(m > 0)
DLW s(£ 0) Z2H 2 5. TDLZE, s oiFEIN LI FDERIL (well-defined T)
HHTH 5.

®,: Rim (Ky ® E®ZI(h)) 2> Rim,(Ky @ E™ @ Z(K™H))

ZDEHIL, E D¥semi-ample D & ZIFZBETRINTE D | £ D3 semi-positive D & F
1 Takegoshi DA ([Tke95)) TH 5. £7z, ¥ A X —FEA L C- DR G5
L Cld [Fnl3] THEIR I LT %, ERE12 DREIHIE, [Tke95] D & [Mat13] D &
DAGHETHY, 2 VEMLE LS. JIEHE LT, BUT D Nadel-Kawamata-Vieweg
RIOWEBEH 2132 Z L TE L. U [Caold] DFGROH L RIEDLIEGE~DIH
XETH 5.

FE 13. 571 X — Y 2EIELHRIE X 2 o IR Y ~OWEf e 2555 &7
5. E% X _EOERET, h 21323 semi-positive 72 E DREGIREE TS, 2D F,
DUR 3RS 5

TEDqg> f — d(F h WX LT, Rim (K E®Ih)) =0.
EHO¢>f - max  nd(Flxhlx) KHLT, Rim(Kx © B9 I(h)

ZITFET 7 AN—DRIE, nd(Fx,, hlx,) & IS 2 BN TR TG % BT B

5. MEMIFERERAND—HRIL

C DOHITIE, FNMEEH O N BHIEEHER 2 A (log canonical singularities, LC Ff5E 5 &
EHO)~NO—BAbzR ) LT FEZ2EZ 5. 2o PRI, B RRD (BlS, X 239
R SIELIRIA T F 2% semi-ample DIRDL) THEICHR S5 11T 24658 ([EVI2], [Amb03],
[Fn09] 2 ZM) R BMN R~ DO — AL ZFTEIC L T 5.

F48 14 ([Fnl5, Conjecture 2.21], [Fnl3, Problem 1.8]). D % X Lo HHIEHAR Y 7%
W, F Z X F® semi-positive ZREFR E § 5. Fii s~1(0) 23%H (X, D) ORBAEAER
BEJE (LC strate) Z & 2 WIEHIYIW s ¢ HO(X, F™) 2% 2 %. 20L&, IEHIYIW s
DOFEINDIUTOERIIHEGTH S ).

HY (X, Kx®D®F) 2 HI(X, Ky ® D@ F™).

D%, LC(log canonical), DLT(divisorial log terminal), PLT (purely log terminal),
KLT (kawamata log terminal) 7% £ OFFIHEENHTL 228, 26 2T, LHRIE X &
Q-H¥ D offl (X, D) DRI T 227 7 A ThH 5 (FEL <13 [KMIS] 2 £). LC,
DLT, PLT, KLT DMHICHE WK R EZ R > 2 L ITHERT 5.

COFHEOHL I (MAI)ZHHL L. (X, D)DKLTTHB L L (X,D)D
(FREUNICERZ SN D) TBEA 77V T(X,D) BHMHICR 2 Z LIZAMTHS. 20K
BRC, A 7 7V IZIE KLT ARzt T 24 770 TH Y, @B 713 KLT ¥
BRI 28512 ERAY 2. ZOHHTIE, THA 770V (=JEKLT A 77 V) D
L2 ARV % O T RTINS E N B> T 7z — 75T, FE LC I &R IS Z fhili 4
54 F 7 ([FST11] 2B M) ZHTHIICE I I REDIF L b o Twin, 28
A9 F AR L WA (=LC o) T, ED X 51T 14 ZENTIVICH D Dh3 2
DIEDHEL X (HHX) TH . [Matl6a] TlE, (X, D) 25 PLT DEEIC 2 OFHEZ
L7z,

EHE 15 ([Matl6a]). T 14 ERCRUO T T, (X, D) 23 PLT(HIS, D DBERI 3D
D =" D; DFFIRA D; DY HWIZZ D 67 \0) ERET 2. TDEE, PHRI4IFIEL W,
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AEHTIE (X, D) % KLT Offl (X, (1 — ) D) TEMLL, LC ~OPCRD#EE (KLT 2
5 DEENES) & BARINICEHGi§ 2 Mo L 72 5. Z DBRICIE [Tke97) DA & AT D
L 7Y zy Y EM ([DPS01)) DE&E M.
EE 16 ([Matl6a]). w 2 X LD —7 =B, h %2 F OfiZ)Y semi-positive 72 ki 5Et
BETE. WPV RAF—[EEGLTO-RTHS ERETS. DL E, FEEDFM
B u e HyL(F) et LT R DSRALd %

su€ HY(X, Q1@ F @ I(h)).

ZIT, Qy NEIEA] (n — q)-TBAD TR 7 FUVIRT, x 1Zw BT 28y PEHFET
b5,

6. BHOHIC
EH T DI DR REHR 2T D 72 o7 D B0, TR R O W1 72 258
IR O-HFERDIED L2- 7 VAZFE L 720 7 £, & 2Ol S -5, ik
DIRFETHETOD TR EMIEL T2, 7, A LIk MR PR
BoNZBEIELZNI S L% \». IS OROBEEZ TR & L IZHEEL O
T, ~ROF BRI L TERML L TB iz h 2 L Eb S,

B E R ARBERAI I IE F v DSR2 VG I N . AEO@ERIZ S v Y
PR OE LM OME L b Rt 2. 5%, 2ok 2kt L <,

o By PRI - MEHTHY Z I DS
o NFEIEHERT S (LC R 5L 1SR 2 MM 7 PG D A 2

ZHIELZV. £72, 8 1 HITRN7@ D | IH0E FE FRHEE B (R BIYTHT o IR E
NDIGHEEZEZDDIFARTH L. ZOHATOSHD (ETH) KRERBFIL, ZHEME
BOAZNE BYH T 2 IEHIYIWT O FE R ([Siu9s], [Siu02], [Tka97], [Pau07]) %> DLT
2 2 IERISIWT O I5IR PAH ([DHP13], [FG14]) ~DOEHATH 2. BA B O i 5
HREDO VD LD TH 5 73 v & v A FRIE, FEHEIR TR (non-vanishing conjecture) &
DLT #A3 ¥ 48 (DLT extension conjecture) I3 TE 5. b b A A, EH 5 bified T
LWPHTH L. AETIFFEL CIBR SN 5703, [FM16] DfEHRIE [Dem15] DHAHR
(DR 256 O—{bZ 52 T\wb. ¥/, [GM14] T DLT #RR PREANDJEH A
MRS T w5, [GM14] OFRERIC K D, BHERIC “RWRERGHEDHFE U, DLT
PR PRI NG 2 Db 5. “RWRHEGREBHEETIUL, (X, 0x) A 0% %
X U CEIEEIE P D ik S 3 ([LP16]). RIREIE “RWREREIE OB TH 5.
PLT ©¥& (1213 [DHP13] T “RWHEGHEDHR S 11, PLT OED T T DLT #55R
FRUIMBRINT WS, ZDRERIZIE, Ohsawa-Takegoshi @ L2-JR5RER ([0T87]) %
T #@) 72 B YR o L2- 7 v & 2§l 2 Beffi s Em S 2 B 2 K- LTwi. &
Blx SRR MR Z R T 272D 12,

e Ohsawa-Takegoshi @ L2-fhiREBL DL
HITHO TV E R,
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