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The Solutions to The Laplace's Non-Homogeneous Ordinary
Differential Equations by Means of
The N- Fractional Calculus

Katsuyuki Nishimoto

Abstract

In this article, the solutions to the non-homogeneous ordinary diffe-
rential equations with linear coefficients,

@, (az+b)+e@, (gz+h)+e-(pz+q)=f,

( e, =d"¢/ dz" for v > 0,

0 = ¢ = @l2),
a.b,g.h,p,q rconstants, agp =0, f=f(z)=0

which are called as " the Laplace's ordinary differential equations ", are
discussed by means of the N ( Nishimotto's ) - fractional calculus (NFC-

Method) (The calculus in the 21th Centu ry ).

One of the solution to the equations above is shown as follows,
example,

for
@ =€°”(r- G(z) ~ H(z) )-(_m)

Tz *
+Me" = @
in the fractional differintegrated form.

- o with + for =
Where p=(-gx+g —dap)/2a= o } (a=0)
& with - for =
(f e ™) wa)

G(z)=|"—F"¢ +L, H(z)= ; z+b =0,
@) ( az+b /_1 ' Gjme . @+onl,

§=-(0’broh+q)/20a+g), 20a+g=0,

w=w(z)=(Az+B)(az+b), az+b=0,

A=20a+g and B=ad+20b+h ,

respectively, and L. and M are the additional arbitrary constants for the
integrations. |
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Notes on some conditions for univalency

Shigeyoshi Owa (Yamato University)

Let A be the class of functions f(z) of the form

fz)=2+ i anz"

n=2

which are analytic in the open unit disk U = {z € C : |z|] < 1}. The subclass of
A consisting of functions f(z) which are univalent in U is denoted by S. Also, let
S*(av) denote the subclass of S consisting of functions f(z) which are starlike of
order a (0 < o < 1) in U. We write that $*(0) = S*.

In 1972, S. Ozaki and M. Nunokawa (Proc. Amer. Math. Soc. 33(1972)) have
given

Theorem A If f(z) € A satisfies

Re (;ﬁ;) > % (z € U),

then f(z) € S.

Further, M. Nunokawa, M. Obradovi¢ and S. Owa (Proc. Amer. Math. Soc.
106(1989)) have shown

Theorem B Let f(2) € A and f(2)/z # 0(0 < |z] < 1). If f(2) satisfies
(%)

Definition 1 Let f(z) € Aand f(z)/z #0(0 < |z| < 1). If f(z) satisfies

"

=1 (2€0),

then f(z) € S.

2f(2) ( 2 >
e |
f(z)? f(z)

for some complex number A with Re(\) 2 0 and some real number p > 0, then we

say that f(z) € H(\, p).

< (z € U)

Theorem 1 H(A, ) CS for Re(A) 20 and 0 < pn = |1+ 2p|.



Corollary 1 If f(z) € A with f(2)/z #0(0 < |z| < 1) satisfies
(73)
f(z)

In 1976, S. S. Miller and E. Zlotkiewicz (Proc. Amer. Math. Soc. 56(1976))
have proved

12

<2 (z €,

then f(z) € S.

Theorem C If f(z) € A satisfies

U (o)) eem

then f(z) € S§*.

Furthermore, C. Ramesha, S. Kumar and K. S. Padmanabhan (Chinese J. Math.
23(1995)) have considered

Theorem D If f(z) € A satisfies

Wi ()5 e

for some real o 2 0, then f(z) € S*.

Theorem 2 If f(z) € A satisfies
Re {Z]{(S> (1 + azjf((;;))} > - %2(1 —a) (z€U)
for some real a (0 = o < 2), then f(z) € S*(%).

Finally, M. Obradovi¢ (Current Topics in Analytic Function Theory, 1992) has
considered

Theorem E If f(z) € A satisfies

) (2L
o (7 -y)]<s cem
then f(z) € S§*.
Theorem 3 If f(z) € A satisfies
) (28 )3
o (7 -y)]<s cem

then f(z) € S§*.



Some starlikeness conditions
concerned with the second coefficient

Kazuo Kuroki (Osaka University of Health and Sport Sciences)

Let ‘H denote the class of functions f(z) which are analytic in the open unit disk
U= {z eC:z| < 1}. For a positive integer n, let A4, be the class of functions f(z) € H
of the form

fz)=2+ Z apz®
k=n+1
with A; = A. The subclass of A consisting of all univalent functions f(z) in U is denoted
by S. In 1972, Ozaki and Nunokawa [2] proved a univalence criterion for f(z) € A.

Lemma 1 If f(z) € A satisfies
2 f'(2)
(£(2))°

1] <1 (z € U),

then f(z) € S.

Moreover, let 7, (1) denote the class of functions f(z) € A, which satisfy the inequality

2f'(2)
2

(f(2))

for some real number p with 0 < g £ 1 and 7,,(1) = 7,,. The assertion in Lemma 1 gives
us that 7,(u) C 7, C S.

1l <p (z €U)

A function f(z) € A is said to be starlike of order a in U if it satisfies
Zf’(Z)>
Re ( > zelU
e et
for some real number « with 0 < « < 1. This class is denoted by S*(a) and S*(0) = S*.
It is well-known that S*(«) C §* C S.

Singh [3] discussed starlikeness for f(z) € T(u) as follows.

Lemma 2 [If f(2) = 2z + Y. apz® € A, satisfies

0| ey
(f(Z))2 <ﬁ ( € )




1
then f(z) € 8*. This means that T3(u) is a subclass of S* for 0 < p < ﬁ

Furthermore, Kuroki, Hayami, Uyanik and Owa [1] deduced some sufficient condition
for f(z) € A, to be starlike of order a in U.

Lemma 3 If f(2) € A, withn # 1 satisfies

(z € U)

() 1‘ . (-1i-o
(f(2)” Jo—1+a) 4+ (1-a)

for some real number o with 0 < o < 1, then f(z) € S*(«).

In view of Lemma 2, Singh [3] discussed some starlikeness condition for f(z) € A
missing the second coefficient ay. In the present talk, by considering starlikeness of order
a for f(z) € A with ay # 0, we discuss some starlikeness conditions concerned with the
second coefficient as.

Theorem 1 If f(2) = 2+ Y. apz* € A satisfies
k=2

2 g1 1—a)/2(1 +a2) — |as|? — (1 — a + 2a3)]as
Zf<z>2_l'<< 21Dl —( a2l

(f(2)) 2(1 + a?)

for some real number o with 0 < o < 1, then f(z) € S* ().

Remark 1 If we take ay = 0 in Theorem 1, then we obtain Lemma 3 with n = 2.

References
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Notes on the convex combinations
of harmonic univalent functions

Toshio Hayami (Setsunan University)

A twice continuously differentiable real-valued function ¢(z,y) is real harmonic
in D C R? if and only if it satisfies Laplace’s equation

A@:@xw(xvy)Jr@yy(xvy) =0 ((fL‘,y) €D>

where the subscripts indicate partial derivatives.

Let D be a simply connected domain on the complex plane C. A continuous
complex-valued function f(z) = w(z,y) + iv(z,y) (2 = x + iy € D) is harmonic
in D if both u(z,y) and v(z,y) are real harmonic in D. They are not necessarily
harmonic conjugates.

Theorem A (cf. [2, pp.7]) A complex-valued function f(z) is harmonic in D if
and only if f(z) has the canonical decomposition

f(z) = h(z) +g(2)

where h(z) and g(z) are analytic in . This representation is unique except for an
additive constant.

We call h(z) the analytic part and g(z) the co-analytic part of f(z). Let H
be the class of all functions f(z) = h(z) 4+ g(z) which are harmonic and sense-
preserving in the open unit disk U = {z: 2z € C and |z| < 1} and normalized by
f(0) = RA'(0) — 1 = 0. Since h(z) and g(z) are analytic in U and the representation
of harmonic functions is unique, f(z) € H has the following power series expansion

f)=hz)+g(z) =2+ a2+ Y bzt (] <1).

Let Sy denote the subclass of H consisting of all univalent functions in U. This
class is preserved under some elementary transformations. Here is a partial list.

(i) Conjugation If f(2) = h(z) + g(2) € Sy, then the function

F(z) = f(z) = h(Z) + 9(Z) €Su.

(ii) Dilatation and rotation If f(z) = h(z) + g(z) € Sy, then the function
F(2) =a ' f(az) = ath(az) + a~lg(az) € Sy

for any complex number o (0 < |a| £ 1).



(iii) Disk automorphism If f(z) = h(z) + g(z) € Sy, then the function

F(Z):f<fjé)—f<f>:h<fj§z>—h<f>+ o($55) - a0 N

(1 —[&1?) p'(E) (1= 1[&?) p'(€) (1= ()

for any £ € U.

(iv) Affine transformation If f(z) = h(z) + g(2) € Sy, then the function
F(z) =p.0 f(2) € Sy
for an affine mapping p-(z) = (1 — eby)z + €z, where € satisfies

by
1—[byf?

1
1= [baf*

€+

We now note that even if fi(z) and f5(z) are univalent in U, the convex combi-
nation of fi(z) and fy(z) is not necessarily univalent in U. For example, although

2z — 2> —iz2

2(1—i2)? 21 —i2)?

2z — 22 22 L
fl(z):2(1—z)2+2(l—z)2 and fo(z) = —ifi(iz) =

are in the class Sy, the convex combination f3(z) of these functions defined as

fa(z) =th(z)+ (1 =t)fa(z)  (0<t<1)

is not a member of Sy.

In the present talk, we discuss some conditions for f3(z) to belong to Sy.

References
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Conditions and properties of concave functions

Rintaro Ohno  (Tohoku University)*

1. Introduction
Similar to starlike or convex functions, concave functions define a special class in the
geometric function theory. Let C be the Riemann sphere and D = {z € C: |z| < 1} the
open unit disk in the complex plane C. A meromorphic function f is said to be concave,
if it maps D conformally onto a concave domain, i.e. C\f(D) is convex. Further, let
g € D. A meromorphic function f, is said to be in the class Coy, if it is concave and
has a simple pole at g.

In particular, it is commonly known that a function f; belongs to Coy if and only if

I“<1+3§S»<<O

for all z € D (see [2] for details). For the class Co, with general ¢ the inequality

Re(1+zf‘y(z>+z+q—1+qz)<o (1)

fiz)  z2—q 1-¢q2

is a necessary and sufficient condition, provided by Pfaltzgraff and Pinchuk in [3].
Concave functions of class Co, can be expanded as

_ Res, fq

foz) = —— "+ all) +all) 2 =g+ (2)

2. Main Theorem and Applications
In the talk we will show the following:

Theorem 1. [1] Let p,q € (—1,1). A meromorphic function f, with simple pole at ¢
belongs to the class Coq if and only if for all z € D

o2p(1 —g?) 1—
1+p z—q

Z—(q z—q Qq 1_qu(;/(z>
(1_QZ+p> (1+p1_qz> <1+p2+1+p2fé(z)>><0. (3)

As an application of this we obtain

’1 +(1- qZ)QCCll((f ]Zq)) <2 (4)
for {e1(/,),x(£)} and
14p? 2y3 C2(fo) 1+p? 2
S g 2 < L ) )

This work was supported by Grant-in-Aid for JSPS Fellows No (26 - 2855).
2000 Mathematics Subject Classification: 30C45.
Keywords: univalent functions, concave functions.
*e-mail: rohno@ims.is.tohoku.ac.jp
web: http://www.math.is.tohoku.ac.jp/ sugawa/rohno/



for {c_1(f;), c2(f;)} with arbitrary p € (—1,1).
This leads to
c1(fo)

c-1(fo)

4 < Re Cz(fo)

3= c-1(fo)

for the coefficients of functions in the class Coy.

‘1+ <2

)

and

4
< =
-3
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The defects of power series in the unit disk with

Hadamard gaps

Narufumi Tsuboi

(3 C®IC Nevanlinna HERD 72 DRl OWEfii2 9 5. HREE f(2) X D(R) ={z ¢
C: 2] < R}, (0 < R < 0o) THEAIIND £(0) £0,00 55,

logtz = max{log z,0}

EBE,

L i0
m(r, f) = m(r, f,00) = 2ﬂ_]g log™ | (rei?)|do

RS TN f(2) O BBRBEE LS. X2, n(t, f) =n(t, f,00) Z f(2) D D(t)
BT BMOMEEE L,
NG, ) :/ nt, f) g
0

t
ERT. TNZBB f(z) O EEEE &5, Nevanlinna OBE—FEFERE I (FED
a€ CITHRLT,

m(r ) + N (r5s) = mlr f) + NG )+ O()

AT 5T LR YIETS. TS, O(1) & f(2) & a KEKEFELTSE, r I3 kE Lk
(r, f) EBTE, B EEEHI

N
T(r, m) = T(r, f) + O(1)

EELTLEETES. T(nf) 2 f(z) O FHEH F723 (HEH &5
lim, g T(r, f) =co D& X, é(a, f) (a € CU{o0}) &

5a, f) = lim m(r,a)/T(r, f) = 1 = Tim N(r,a)/T(r.f) ifacC
’ lim m(r, f)/T(r,f)=1—1m N(r, f)/T(r,f) ifa=o00

1



THE&RTS. T
1 1
7}0_@), N(r,a) :N(T’if—c)
THO, EEND 0<d(a,f) <1 TH%. TD (a, f) 2 a DBRIMEE LV 5. BRIME
Boa, f) &, f(z) DamiD, HEERTODEREIDEENZRTEEZILNS.
DURTIE R=10D f(z) DTS E%2EZ 5. W&, BAFH D= D(1) £T
AT BIEL f(2) 2 2 =0 ZHl e UTREIEUBI LT L &, HBIEER ¢ > 1 DMEE
LT,

m(r,a) =m (r,

oo

f(z) = chznka no =0, ngy1/nk >q (k> 1)
k=0
ERINZLT B, &M npyei/ne > q¢ % Hadamard ORIBRSEMHE &5 . Hadamard
MIBRSED K 21, B ny,no, - Dk EENTHEIRHNT S & &2, Tz AT hVE
BICHRF DT = AR R R GBS 25 [ i 2 92 & WH 5. Hadamard [fRZ E D
FERBOERHICEL T, ROEHENHSN TS ([1]).

BE L Y lal?P=c0 D& (hDZEDLXICRD) lim,—1 T(r, ) = 00
EE 2. limsupy_ o |ex| >0 %51, fFED a € CITH U liminf, 3 m(r,a) < oo

NS5 XKD, limsupy,_ o |k >0 DEZ, EED a € CIEHLT d(a, f) =0 &7%%5
CLIbN B, HIE, f(2) O o SIHEICHET 3T L bING,

ETAT, BH 1 XD, Y07 lek]? = 0o THIUL f(2) ORMEBIBUIFERL, &Ko Thk
WERZGRC 2 T ENTHERD TH 2H 5, HRICROBENEL 5.

BIRE. > ol =co WD limg oo, =0 DEE, FEED a € CIIHLT §(a, f) =0
A YA

A TR ORI S .
BE

[1] T. Murai, Sur la distribution des valeurs des séries lacunaires, J. London Math.
Soc. (2), 21 (1980), 93-110.



Trudinger’s inequality for Riesz potentials of functions
in Musielak-Orlicz spaces on metric measure spaces

RE Bl (KRR - BUERMERIZE)
B (RERE - BET)

ARG T, PEEENE 22/ D Musielak-Orlicz ZEfIZJE T 58DV —ARKT Vv
WV I, f @ Trudinger D ANERIZDWTHENT 5.

dIFHEE X FOEMEBE U, dy = sup{d(z,y) v,y € X} & T 5. pld X BIFEA
TH5EMH 7% Borel IERIANHIE & U, w(X) < co 228554272435 : 2212, u
WX E2f5&Ma2i3 21k, HEER > 0DBFIEL T,

w(B(x,2r)) < cou(B(z,r)) (r€X,0<r<dx).

FRITER I N FEREIEEM (X, d,p) 2 X L RT I LIZT 5.

0<Q = inf Qo) < supQ(a) = Q* < 0

zeX
Zii7- 3 X EOFHIBIE Q(x) I8 LT, pud’ X Elower Ahlfors Q(z)-regular % ji 7=
TLlX, HEIEH > 0MPMFEEL T,

w(B(z,r)) > e (2 € X,0 < r < dx).
BB D (2,t) = t(z, 1) : X x [0,00) — [0,00) KA WZTLDEEZS
(1) &(-, 1) 1k X EATHIBEET o(z, -) 1% [0, 00) BRI TH 3,
(®2) EE A, > 1HBFHELT, A7 < é(z,1) <A (v € X);
(®3) TEHeo >0, A5 > IDMFEL T, t750¢p(z,t) < Ays™0¢(x,5) (z€ X, 0<t < s);
(P4) B A3 > 1 DFIELT, ¢(z,2t) < Azp(z,t) (€ X, t>0);
(D5) "y1,72 > 0T LT, B, ,, > 1PFEELT,

O(2,t) < By nyd(y.t)  (d(z,y) <yt 72, t > 1).

P(x,t) = SUPp<s<t o(x,s) & U,
P(x,t) :/t(lg(zz,r)dr (xe X, t>0)
0
L9BH. ZDLE,
ey = it {2 > 0 [ By, [F@)I/N) duy) <1} < o0
BT X EO TR f 5 75 HEISE R LY(X) £ T 5 ([1]). a(a > 0)IRDY —
ART V¥ ¥

_ d(z,y)*
1f@) = [ B a0

BFEZB. £72, y(x,t): X x (0,dy) — [0,00) (X ZH =T EDEZZD ¢



(Y1) (-, ) 1& X ERfJIBEECC (2, - ) 1 (0, dx) BB TH 5 ;
(72) 8y > 0,By > 1 BMFELT, Byt <y, t) < Bpt™ (z€ X, 0<t<dy);
(v3) B, > 1 B FIEL T,
Bi'y(z,s) < y(z,t) < Biy(z,s) (z€ X, 1<t/s<2).
X501z, T(x,t): X x [0,00) = [0,00) BREWTHDEEZS
(T1) T(-, ) 1& X EafIBEET O (x, - ) 1[0, 00) EiEAEBTH 5;
(T2) BBy > 1 BMFELT, T(x,t) < Bol'(1,8) (€ X, 0<t<s);
(T3) oy >0,Bs >1,B, > 1 FEL T,

Q@ gz, y(x, 1)) < BsTu(x,1/t) (€ X, a>ap, 0<t<dy)
L) LS Bluw /) (e X, azap 0<t<dx/2);
¢

(Dog) Ecr > 0MPFHEL T, 'T(2,t) < To(z,t?) < erlo(z,t) (z € X, t>0).

EIE ([3]). p i&lower Ahlfors Q(z)-regular 25723 & L, ¥(z,t) : X x
[0,00) — [0, 00] IZIRZ 72T HDEEZD :

(U1) (-, )i X ErHIBIET U(x, ) 1% [0, 00) RGBT H 2;
(U2) B8 Bs > 1 FEL T, U(x,t) <U(x,Bss) (z€X, 0<t<s);
(U3) EH Bs > 1,B; > 1,10 > 0MFIEL T,

\I/(.’L‘,F(f,t)/Bﬁ) < B7t (1’ S )(7 t > tg)

X LRI f X[ fllpox) S 1EWT LT D, ZDLE, HIEK
01,02>07b§ﬁ?£[/wc,

/X U (2, Oy Lo f(2)) du(z) < Oy (a > ag).

& 3k

[1] F-Y. Maeda, Y. Mizuta, T. Ohno and T. Shimomura, Boundedness of maximal operators
and Sobolev’s inequality on Musielak-Orlicz-Morrey spaces, Bull. Sci. Math. 137 (2013),
76-96.

[2] T. Ohno and T. Shimomura, Trudinger’s inequality for Riesz potentialsof functions in
Musielak-Orlicz spaces, Bull. Sci. Math. 138 (2014), 225-235.

[3] T. Ohno and T. Shimomura, Trudinger’s inequality and continuity for Riesz potentials
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Reproducing kernel for iterated parabolic operators
on the upper half space

Masaharu N1sHIO (Osaka City University)

Let H be the upper half space of the (n 4+ 1)-dimensional Euclidean space. We
denote by X = (x,t) = (1, ,2,,t) a point in H = R"™ x (0,00). We consider
parabolic operators

0
L@ .= — —A)”
g T (7Aa)
for 0 < a < 1, where
0? 0?
A = — oo -
Y Ox? et 0x2

is the Laplacian in the z-space.
In [6], parabolic Bergman spaces

b, = {u € CHH)| L™ =0, [ull o) < o0}

are introduced and discussed for 1 < p < oo. In this talkk, as a generalization, we
consider the m-times iterates of L(®) and discuss the corresponding Hilbert space
bZ“Q with reproducing kernel K", by using the fundamental solution W) of L)
defined by

W (1) = { (2m) " Jgn exp(—tEP* + V=T - &) dE ¢ >0

0 t<0

on R"! for 0 < a < 1. When a = 1 or @ = 1/2, we know the explicite form. In
fact, for t > 0,

o) -2 LN (1/2) L) t
W (z,t) = (4mt) ™2 exp (_Tt) and WYz, t) = —5 —.

For an integer m > 1 and 1 < p < oo, we put
b = {u e C(H)|(L)"u = 0,8% - (L) w € LP(H) for 0 < k <m —1},

where 0y (X) :=t is the distance from X = (z,t) € H to the boundary dH of H.

This work is supported in part by JSPS KAKENHI Grant Number K15K04934.

Department of Mathematics, Osaka City University, Sugimoto, Sumiyoshi, Osaka 558-8585.

E-mail: nishio@sci.osaka-cu.ac.jp

2010 Mathematics Subject Classification: 31B30, 35K25, 46E22.

Keywords and phrases: mean value property, parabolic operators of fractional order, repro-
ducing kernels, Laguerre polynomials, Bergman spaces, polytemperatures, polyharmonic functions
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Theorem 1. Let m > 1 be an integer and 0 < o < 1. Then b."? is a Banach
space. Moreover, the following estimates hold:

n 18]
(i) |0P0Fu(a,t)] < Ot~ G tP | Ly gy

(i) (L) uz,t)] < OG0l oy
1Bl g
(i) 1167 2O ull Logery < Cllull pocan

‘ Nk

() 165 - (L) ull oy < Cllul ooy

with some constant C for u € P and (z,t) € H. Here (8,k) = (B1,...,0u, k) is a
multi-index of nonnegative integers.

Corollary 1. b;”’z 18 a Hilbert space with reproducing kernel.

Theorem 2. For X; = (z1,t1),Y1 = (v1,51) € H, we put
m—1
K™(X.,Y:) = —20,)pi(—2t10,)pr(—25105)W @ (2 — y, t .
o (X1,11) kz=o( )Pk (—2t10;)pr(—2510s) (x -y, t+s) XY,
Then, the kernel K[' gives the orthogonal projection, as an integral operator, on
L*(H) to bZ“Q. Here pi(k = 0,1,2,...) are orthogonal polynomials with degp, = k
with respect to e~tdt as a weight on the half line (0,00).
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LEFAFN~I)V T~ 22 L F O FER
Hp R (KA - BRI

BN % NWoct—2 U v RZEMRY EOHAEKE L, H™(B) # B 120 m-th polyhar-
monic BIERROKTZER &5 25 (T2R0H A™f =0 27z TR EE 2 5), K
{8 Tld. polyharmonic Bergman space

b2 (B) ;= H™(B) N L*(B, (1 — |z|*)*dx)

COWTEILEAa=0DbDEEZ, ™2 (B) :=b"(B) & T5, i, m=1D&

& (T harmonic Bergman space & FHIIL & £ S EREATHIZED H 5 (F121E, [3],[4]).
polyharmonic Bergman space (22T % Pavlovié[5] (2 L 0 K Z D /L~L |

ZEEICH D Z ENMBILTW D, FIZ Pavlovié[5] 1%, ROEELE 52T\ 5,

1. fe H"(B) & L., f; € H'(B) % Almansi 5

f@)=fo+Q—|zP) i+ + 0= [z)" " frna
IR THRONLIBEEE T 5, TDLE, fe b (B) &R DLEFDEMILS €
b%jz-‘ra( )‘(g})éo

KHBHTIE, ZOEFREBEI(B) OFEM Kp(v,y) 2 R0 5 HEZRA L
BT Ko (o, y) X B35, BH% 52 5,

FE 1. z,ye BIZxLT

oo

2 N
Ka(w,y) = —(1 = [a")(1 = [y]*) Dkt A + 5 + 1)z, y)
B k=0
2 - N
- {(1—|z?) —|yf? }Zk+—+2 (k+ = +1)Z(z,y)
WN-1 P 2
+ 2k + N + 2) Zy(x,
N1 ;( )Zk(2,y)

b, TITCwy 1 [FOBOEKEETH Y, Zp(x,y) 1% zonal harmonic TH 5, S HIZ

1
Ky(z, <C ~
e < O et
LEMEE NS,
%230k

[1] N. Aronszajn, T. M. Creese and L. J. Lipkin, Polyharmonic functions, Clarendon press,
Oxford, 1983.
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10

A mechanism of appearing small copies of
the Mandelbrot set

AYRES (R K2R AR - BRESEZR
JIPE KB (BT EERE KB BT 2E SR 2
Qe(2) =22 +c &T%. QDFEIJuliaks K., Juliafkd J IR TEHEINS :
Ko:={2€C|Qiz) 00},  Jo:=0K.
FTRTA—=2 =2 DI EAG L LT, XD Mandelbrot EEMNERE NS !
Mi={c|J.  HifH} = {c | {QI(0)}3, « A}

Mandelbrot 25D H 252K L TV &, HB JuliatEi e —H T 5 EIEFHICK
KR ICT 3 C L hb 5. COBSICET %R0 Tan Lei @%t%@ﬁ%fiﬁé
Theorem 2 (Tan Lei, 1990) : ¢ Misiurewicz/37 XA—%— (H16, H25k, 1 €N
MFEL QLQY(0) = QF0) 755 K575 c) LT 5L, Mandelbrot FEHD c DiffE L,
WIST B Juliati s J, D c(€ J,) DB T UET 21 ELIT S,

—J, BEEEN2ERNCEFREROL S GHEERA LR

Example 3 :

(1) (2) (3)

(1) Ci%% Misiurewicz /8T A —%— ¢, D Julia & (2)1& (1) &IFHID Julia A,
(3) (& (2) DHREOILK. —77, (4) & Mandelbrot 7%/\0)35%%5 TOIEK. (4) DX
/NE W Mandelbrot 225 M, ZEEIC1DE D, M, V‘]O) €M WG %78T A—
R— o DIEFERYR T 2 T LIC K> TRBNS. FIZHIC (4) DFRERZHED K LHLK
LTV EDFD XS BHMENS :

*le-mail: kisaka@math.h.kyoto-u.ac.jp
*2e-mail: kawvahira@math.titech.ac.jp
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BB, J,DENCRATHEEDRESDUIEMEICIE, e e CR|e| <<1Tey+e ¢ M
BHEDELT Jpys: DEIBREDTHS. HICTOKIED 22 ICKDWi, HITEFD
WG oo, W05 AN TFHEEDR TIHEIT/NE W Mandelbrot 2 EMWEINS. TDXKS
FBISE Misiurewicz /8T A—2—72IF T3z <, HFEDOBINRIST A—2— (AL,
Q. MR ZR DRI BNTA—R—0c) ZEo>TEEHNE T ENHERTE 5.
PLED T EZ2BEANTEREL TENRZ ERD K H1275 ¢

Definition 5 (€7 V) : ¢y %Z Misiurewicz X7 IBIISTA—2—L 1L, e C
Zlel<<1MMDcey+ed MBEBEDETS.

1
u)Rzm@>1f%ﬁcAﬁMﬁz& 7
(2) To(e) = Jupse X R2 C Appe, Tle) i= 22" 10k B To(c) Ditifg
(‘E‘E:Fm(ﬁ) 5iEb\LC§’bB7&b\( Fo(E) C AR,R27 F1(8) C A\/ﬁ,R’ FQ(E) C A(L/R,\/E7 . )
(3) oamr:C\M — C\D: Riemann G & L TE(e) := M Upy (U Thn(e)) & T 5.
Definition 6 : X, Y c C Za /)87 MEARELTS. TDOEX X DY AIKES
AITIENS (X appears quasi-conformally in Y) &I, #EAEHR e : C - C T
(X)) CY, p(0X) COY B EDIMFIET BT L2V,
Theorem : ¢, € M 7% Misiurewicz X 72 &R T A—2—, M, 72/NE > Mandel-
brot 8% (primitive copy of M), ¢, € M, % Misiurewicz X 72 i& B/ ST X — 2 —T
co € MITHIET H2EDETSH. TDEE Z(e) A Mandelbrot o M MWICHEAICB]
N5. XEBHN25E ¢ DIEED/ N KEHETH 5.

SE

[D-BDS] A. Douady, X. Buff, R. Devaney and P. Sentenac, Baby Mandelbrot sets are born
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Note Ser. 274, Cambridge Univ. Press, Cambridge (2000), 19-36.
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[T] L. Tan, Similarity between the Mandelbrot set and Julia sets, Comm. Math. Phys.
134(1990), no. 3, 587-617.

<q4<VR}&5%®&za

220-



1

J-Stability of immediately expanding rational maps in
non-Archimedean dynamics

FEE (EHERF)”
201549 H

B =
WEIFRMERTO R. Mané, P. Sad, D. Sullivan @ J-stability &FLOHH
LT, k7 w#xTxE’m?ﬁE fi C O FRILK A A GSRICEI T 2
J-stability BB 2T 5.

1. IE7IVF AT ABWHER
K Z5EfiimDIET )V A7 A REEAK, PL 2 K LOSEER, [ PL — Pk Z
ER TRV K FOFMAEHRE TS, IETIVF AT AN IR TIEBFICE 2
tht,'ﬁzo € P}{@fki%@b_

zobgzll@z2i>~~li>zk::fk(zo) ::fofo~~~of(zo)li>-~~
—

k times

D5 FENOMfRZ Rt HERE 5. I JI/:\")( TXE’Jﬁ?ﬁIE W Cld 5 A bNIf
BTGB U T, WUEDIR D BV LE LA ) ENLERH I AEL, TNE Nz
Fatou B M T Juliaff e K 5. K0FFELLIE, K LOSEER P FIcEKmEgE

|2 = w]
max{1, |z|} - max{1, |z|}

(z,w € K),

p(z,w) =
1

max{1, |z|}

ZEF L, AMAER f OREERD 5752 GG { fF 172 MR G2 72 9
RADES % Fatou®R B F; &, TOMIEGZ Julia&d J; £ LTERT 5. f D Fatou
BEL TR E fICK>TRENETDHE7D, fICKDHHTER EOTIFRIEZ fI
K% Fatouf 5 LD 172K & Juliati B LONIFARICHEENS.

BB/ K B Fatoufe s EDJ1FZRIE L-C. Hsia, R. Benedetto, J. Rivera-Letelier
IC Ko THIgEE iz, FHIC, L-C. Hsiald [Hs00] TIET IV A 7 A Montel O E 771
L, Fatou 52 &DHIRI71E%Z 5 2, R. Benedetto (& [Ben01] TR 7 5 AICBET % D.
Sullivan O EFEEH ORALIZ /R L, J. Rivera-Letelier (& [Riv03] T Fatou 885D \*ﬁ
EH7Z /R Uz, —7, J-P. Bézivin, J. Kiwi, J-Y. Briend, L-C. Hsia (& ZHXEGARIC
Julia & LD ARZmgE L.

(z € K,w = 00).

2010 Mathematics Subject Classification: 37P40 11582
F—"7—F ! Non-Archimedean, Structural Stability, Julia set, Dynamical Systems
* T 464-8602 EHIREA RN TR AER £ ERY: KAML TR AR

e-mail: m12003v@math.nagoya-u.ac. jp
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2. SRIL KB EABRICEK 5 J-stabilty

T ORETIIEMAER f HERIERIITH B L XD Julia e L0 J1EROZE NI
T HEERERND . GG f DEIEKIITH B 213, £ O Julia EAHEES TR
, HBHEDEHN > 1 DMFEL, AEED Julia BB DT 2 I LT,

[f'(2)] = A

MDD L THB.

C DRI AR FEMRICEI LT, LURD J-stability M35 %:
E 2.1. [ PL — P 22D LOHERIEMAEGS L 5. GHgERRORIREE)E
oM fD Fatou B FLICAB T EZIET B & fl3 J-stable THB. $xbb, H5 f
DU MMHEL, FED U DIt glc LT, BFEMES L Ty — T, MFEL,

hof=goh

etz g,
T OFERIFEE SRR TOR. Maié, P. Sad, D. Sullivan @ Julia#:5& FD11%%5%
DOLEEHDIEMUD—DTH 5.
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[BH12] Jean-Yves Briend and L-C. Hsia, Weak Néron models for cubic polynomial maps over
a non-Archimedean, Acta Arith. 153 (2012), 415-428.
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Equidistribution of rational functions having a
superattracting periodic point

Yisuke Okuyama (Kyoto Institute of Technology, okuyama@Xkit.ac.jp)

We will talk about an approximation of the activity current 7. in the parameter space A (a
connected complex manifold) of a holomorphic family f : AxP! — P! of rational functions
fi = f(4,") of degree d > 1 having a marked critical point ¢ : A — P! by parameters A for
which ¢(Q) is periodic under f;, i.e., is a superattracting periodic point [4, Theorem 1].

This gives an affirmative answer, in the superattracting case, to a question on the remov-
ability of a seemingly technical assumption on the parameter space A in Dujardin—Favre [3,
Theorem 4.2] for rational functions having preperiodic critical points, and refines Bassanelli—
Berteloot [1, Theorem 3.1 (1)] on a similar approximation of the bifurcation current 7'; of the
holomorphic family f, simplifying the original proofs of those results; our proof is based on
a dynamical counterpart of the approximation (plowing in the dynamical space and reaping
in the parameter space; see, e.g., [2, §1.1]).
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[2] BRANNER, B. and Hussarp, J. H. The iteration of cubic polynomials Part II: Patterns and parapat-
terns, Acta mathematica, 169, 1 (1992), 229-325.

[3] Dusarpin, R. and Favre, C. Distribution of rational maps with a preperiodic critical point, Amer-
ican journal of mathematics, 130, 4 (2008), 979-1032.
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Complex Analogues of the Takagi Function
in Random Complex Dynamics

5 KB (Sumi, Hiroki) KERASASRE AT RRMFER
E-mail: sumi@math.sci.osaka-u.ac.jp
http://www.math.sci.osaka-u.ac.jp/ “sumi/

Introduction. We consider i. i. d. random dynamical system on R := R U {%o0} such that at
every step we choose fi(x) = 2z with probability p and we choose fa(z) = 22 — 1 with probability
1—p, where p € (0,1) is a fixed parameter. For each « € R, let A,(z) be the probability of tending

to +oo regarding the random orbits starting with the initial value x.

Proposition 1. ([4]). On [0,1], the function A,(z) is equal to Lebesgue’s singular function

with respect to the parameter p provided that 0 <p < 1,p # 1/2.

Note that Ap|[,1) is continuous and singular. Also, A, on R is the unique continuous solution

of the functional equation p(x) = pp(fi(x)) + (1 — p)p(f2(2)), @l(00,0) = 0, ¥|(0,00) = 1.

Theorem 2. ([3,1]). For each x € R, p € (0,1) — Ap(z) € R is real-analytic on (0,1) and

8A(,;’Ifz) lp=1/2 = 2B(x) for each x € [0,1], where B(x) is the Takagi function.

94, .
%'pzlﬂ is the

Note that B(x) is continuous and nowhere differentiable on [0, 1]. Also, ¥(z) =
unique continuous solution of the functional equation ¥ (x) = py(f1(x))+(1—p)Y(f2(z))+
Ap(fi(z)) = Ap(f2(2)), ¥l(—00,00U(0,00) = 0. We want to consider complex analogues of the
above story and want to obtain a unified point of view.

Definition 3. o Let € be the Riemann sphere endowed with the spherical distance d.
o Let P:={f:C — C| fis a polynomial, deg(f) > 2} endowed with the distance 5 defined
by 1(f,9) = sup_ce d(f(2), 9(2)).
e For each metric space X, let Cpt(X) be the space of all non-empty compact subsets of X

endowed with Hausdorff metric dy.

Definition 4. We say that an element I' € Cpt(P) is mean stable if there exist two open subsets
A, B of C with B C A, #(C\ A) > 3, and a positive integer n such that

e for each (y1,...,7n) €T, yp0---071(A) C B, and

e for each z € C, there exists an element (aq,...,a,) € I'™ for some m € N such that

amo---oap(z) € A.

Theorem 5. ([5]). Let MS :={I' € Cpt(P) | I is mean stable}. Then MS is open and dense in
(Cpt(P), dm). Moreover, {I' € MS | fI' < oo} is dense in (Cpt(P), dm).

ForaT' = {fi....fes1} C P (s € N) and a (p1,...pas1) € (0,1)°"F with Y757 p; = 1, we
consider i. i. d. random dynamical system on C such that at every step we choose f; with

probability p;.
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Theorem 6. ([5]). Let T ={f1,..., fs+1} C P be a mean stable finite set (s € N). Then we have
the following (1)(2)(3).

(1) Let G = {fi,0o---ofi, | n € Nyiy,...,i, € {1,...,s+ 1}}. Let Min(G) be the set of
all minimal sets of G, where we say that an L € Cpt(C) is a minimal set of G if L =
Unea{h(2)} for each z € L. Then, 1 < fMin(G) < oo.

(2) () Let W ={p= (p1,...,ps) € (0,1)° | 7 p;i < 1}. For each o= (p1,...,ps) € W, let

Pey1=1-=37_1 pi.

(ii) For each o € (0,1), let C*(C) be the space of all a-Hélder continuous functions on C,
endowed with a-Holder norm || - ||

(ili) For each P = (p1,...,ps) € W, let My : C*(€) — C*(C) be the operator defined by
My(9)(2) = S35 pifi(2)), ¢ € C(C), 2 € C, where poy1 =1 31, p;.

Then for each o€ W, there exist an o € (0,1), a subspace Uz ofC“(C) with 1 < dim Uy < 0o

and Mz({Uy) C Uy, a constant C > 0, a constant A € (0,1), and a continuous operator

752 C*(C) = Uy € C*(C) such that the following (a) and (b) hold.

(a) For each p € C*(C) and for each n € N, | M (o — m5(¢))|la < CA™.

(b) For each L € Min(G) and for each z € C, let Ty 5(z) = (952, Zf;lpiéfi)({’y =
(Y1525 -+ -) € PN | d(Ym -+ 71(2), L) = 0 as m — oo}. (This is the probability of tending
to L regarding the random orbits starting with z.) Then Mp(TrL 5) = Tr 5 Tr 5 € Uy,
and Ty, 5 is locally constant on F(G) = {z € C | G is equicontinuous on a nbd of z}.
(Tr,5 is a complex analogue of the Lebesgue’s singular functions.)

(3) For each p' € W there exist an open neighborhood V' of pin W and an element a € (0,1)
such that the following (I)(11) hold.

(I) For each L € Min(G) and for each @ € V' we have Ty z € C*(C). Morcover, the map

ar Tz € (CYC),| - |la) is real-analytic in V.

(I1) For each i = 1,...,s and for each z € C, let P p(z) = %{Z‘ﬂgzﬁ and

Gp(2) = Top(fi(2) — Top(fsa(2)). Then, iy € C*(C) C C(C) = {o
C — C | ¢ is continuous } is the unique solution of the functional equation
~ o)
(Id - ]Wﬁ)(w) = Ci,ﬁ7w|ULeMm(G)L =0,¢ € C((C) Moreover, wi,ﬁ = Zn:() Mg(cuﬁ)
in (C*(C),|| - |la)- (The function ;5 is the complex analogue of the Takagi
function.)
Note: Let I' = {f1,..., fsx1} CP,G:={fi,0 -0 fi, | n€Nji1,...,in € {1,...,s+ 1}}, and
J(G) := C\(F(Q)). Tt {7 (J(@))};1] are mutually disjoint and Uy {critical values of h: C — C
@ i=1 Yy ) €
C F(G), then T is mean stable, and we can study the detail of T 5 and ; 5. ([4,5,2]).
References:
[1] M. Hata and M. Yamaguti, Takagi function and its generalization, Japan J. Appl. Math., 1, 183-199, 1984.
[2] J. Jaerisch and H. Sumi, Multifractal formalism for ezpanding rational semigroups and random complex
dynamical systems, to appear in Nonlinearity, 2015, http://arxiv.org/abs/1311.6241.
[3] T. Sekiguchi and Y. Shiota, A generalization of Hata-Yamaguti’ s results on the Takagi function, Japan J.
Appl. Math. 8, 203-219, 1991.
[4] H. Sumi, Random complex dynamics and semigroups of holomorphic maps, Proc. London Math. Soc.
(2011) 102(1), 50-112.

. Sumi, Cooperation principle, stability and bifurcation in random complex dynamics, V. ath.,
5] H. Sumi, C 1 incipl bili d bifi A i d lex d ics, Adv. Math., 245
(2013) 137-181.
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Introduction.  Recently, the second author ([Sum13|, see also [Sum11]) introduced complex
analogues of the Takagi function in the context of the random iteration of rational maps on the
Riemann sphere C. Let us briefly review the definition. Let s > 1 and let fi, fo, ..., fot1: CocC

be rational maps of degree at least two. Denote by

G:={fi,o--ofi, |neN, i,....i, €{l,...,s+1}}

the rational semigroup generated by fi,..., fs+1. The set of minimal sets is given by

Min(G) := {@ # L c C|L compact, L = U {g(2)} for every z € L}.
geG

The Fatou set and the Julia set of G are respectively given by
F(G) = {z € C|3U open s.t. 2 € U and {g\U}geG is equicontinuous} and  J(G) = C\F(G).

Let L € Min(G) and let § = (p1,...,ps) € (0,1)% with 37, p; < 1. Put peyq :=1—->7_ pi.
Denote by Tj(z) the probability of tending to L of the Markov process on € which starts in z € C
and which is given by drawing independently with probability p; the map f;.

Our standing assumptions are as follows:

1. The sets {f; ' (J(G))}1<i<s+1 are mutually disjoint.

2. Uyec {critical values of g} C F(G).
3. card(Min(G)) > 2.

It was shown by the second author in [Sum13] that, for each p'= (p1,...,ps) there exists a € (0,1)
such that ¥ = (21,...,25) = T(e,, . 2.,1-5 ;) € C“(C) is real-analytic in a neighbourhood of p,

where C%(C) denotes the C-vector space of a-Holder continuous maps. For @@ = (ny, ..., ns) € Nj

27-



we denote by C; € C%(C) the higher order partial derivative of Ty of order |fi| := >°7_, n; with
respect to the probability parameter given by

Ca(z) == MM T, w5, 20 (2) -
s Oz 0x3? ... Oxy” 2= ’

We introduce the C-vector space
C :=span {Cy | @ € N3} ¢ C*(C),

which consists of all the finite linear combinations of elements from {C7 | 77 € N§j}. The first order
derivatives are called complex analogues of the Takagi function [Suml13]. We say that C' € C is
non-trivial if there exists (8z) € RN \ {6} such that C =) 37C5.

Our first main result shows that every non-trivial C' € C can detect the Fatou set of G.

Theorem 1 ([JS15a]). Let C € C be non-trivial. Then
{z eC | AU open s.t. z € U and Cy is const(mt} = F(G).

In particular, C = GaﬁENg CCf is a direct sum of C-vector spaces.

To state our second main result, the pointwise Holder exponent Hol (C, z) is for z € @ given by

Cy) —-C
Hol (C, 2) := sup {/3‘ € [0,00) : limsup M < oo} €10, 00],
Yz, Y#z d(y, Z)
where d denotes the spherical distance on C. We denote by dimy the Hausdorff dimension with

respect to the spherical distance on C.

Theorem 2 ([JS15b, JS15a]). Let C' € C be non-trivial. Then the map

o dimy {z€@|H61(C’7z)=a}

defines a positive, strictly concave and real-analytic function on a bounded open interval (a_, ay),
unless z — HOL (C, z) is constant on J(G).

Under certain assumptions, for a non-trivial C' € C, we have that Hol (C,z) < 1 for p-almost
every z € J(G) with respect to a certain measure p with topological support equal to the Julia set
J(G). Hence, every non-trivial C' € C is p-almost everywhere non-differentiable.

References

[JS15a] J. Jaerisch and H. Sumi, Hélder reqularity of the complex analogues of the Takagi function, in preparation
(2015).

[JS15b] , Multifractal formalism for exzpanding rational semigroups and random complex dynamical systems,

Nonlinearity, to appear (2015).

[Sum11] H. Sumi, Random complexz dynamics and semigroups of holomorphic maps, Proc. London Math. Soc. (1)
(2011), no. 102, 50-112.

[Sum13] | Cooperation principle, stability and bifurcation in random complez dynamics, Adv. Math. 245
(2013), 137-181.
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Stretching rays for complex cubic polynomials

R B CRAULZZRE)

Stretching rays &%, Bottcher coordinate (ZH5WT, BEEMEMR f,(2) = 2|21, s >
012X VIEMLILZTEL TH SN 5 parameter 22D escape locus LD rays TH 5,
s Do BFEARICMES S50, RAIRRES S Z &IZHEET %, Stretching
rays 1% s > 0 T parametrize 505, s — 0 ORFHZ 1 Q IR T B &, Q I
HHI 5 L5, Komori-Nakane [KN| (&, 3 3IREEXGEIED stretching rays D
parabolic locus ~DOEFHMEIZDWTHEEL, 1 D&, IREIT 272015 74
W rays BFAET DI L Z2RUTZ, 22T, ZTOREEFETRVIRSEADGEIZ

5,

1: Stretching rays for real cubic polynomials

Shift locus IZJ83 % 3IRZIHA P @ critical points ¢, ¢y 12 external rays HiEd 5
L&, ZD angles DEAZK% 0,0, £ T 5, ©={0,,0,} % P D critical portrait
EWn,

2: A cubic polynomial with critical portrait © = {{0,1/3},{4/9,7/9}}

5.2 57 critical portrait © 28D & 5 I IRLIEADEHEE So EHL, Se I&
stretching deformation TAZETH S, gp(z) = lim, o 3 "log, |P"(z)| & P D escape
rate function &9 5%,

*e-mail: nakane@gen.t-kougei.ac. jp
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Kiwi [K] % Se #% (gp(c1), gp(ca)) T parametrize T35 Z &, Sg A3 2 IRITEMT
ML ERIRTH B Z &% m U7z, [KN] TE# L 7z Bottcher vector :

n(P) =

log 3 (log gp(c2) —log gp(c1))

I stretching TER7Z1 5 DT, So E n @ level curves A stretching rays % 52 %,
LITERTZDIRDGETH 5,

1 1430 1 1+30 2 -1
@12{075}7 62:{W+§’W+§}’ O0sfls—(5—, k=1
- - 1+3¢
ZIT, 0:=—— & cx D co-critical point & D angle T, ZHIT0<6<1/6 %

72U, D 3EGH%E ms :R/Z - R/Z LT 5L, WEiizTXIKELTWS
mg(@g) = {1/3} C @1, k+1(@2) = {0} C 6,

W>T, PeSe &3 5L, P D critical point ¢; & P 1(cy) I angle 0 @ external ray
DLIZHEDL, Zhh o, P %ilid stretching ray & S(P). T DEMNES%E Acc(S(P))
EBL LB,

Acc(S(P)) C Per1(1) :={Q; Q \ZEHME 1 DM AE R ZRD }

Q € Per (1) DB AE R OE#A% By, € D attracting Fatou coordinate % ¢q —
B 7(Q) = ¢g.—(c2) — ¢pg,—(c1) & Fatou vector &\,

R 1. Acc(S(P)) C AC :={Q € Peri(1);¢1, 2 € Bg}.

ZITAC ~NDEMMMEEZEZEZ S,
PeSeMWnP)=jj—k—1€Z %27~ P & critical orbit relation P*(cy) =
Pi(e)) 27T, $5E S(P) 1 AC L r(Q) = j—k—1 &Wli-¥ Q lishiT 3,

T 1. (1) n(P) € Z7251E, S(P) 1d AC k 7(Q) = n(P) &ili=F 55 Q 25T 3,
(2) n(P) ¢ Z 72 51F. S(P) 13 AC DAUCIREM LA, DD, T OERAES
Ace(S(P)) 12 AC DI SRS TH 5,

SE R
[K] J. Kiwi: Combinatorial continuity in complex polynomial dynamics. Proc. London Math.
Soc. 91 (2005), pp. 215-248.

[KN] Y. Komori and S. Nakane: Landing property of stretching rays for real cubic polyno-
mials. Conformal Geometry and Dynamics 8 (2004), pp. 87-114.

[W] P. Willumsen: On accumulation of stretching rays. PhD thesis, Technical University of
Denmark, 1997.
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Apollonian gasket £ ® Laplacian &
Z D Weyl BU[E A fE i i 258 |

R EE (MK

{h]_, hz}: %-Eﬁ*ur
Eme(hiy hj) = 6;;

A

1. Apollonian gasket 2. Sierpinski gasket & FiFl Sierpinski gasket

1. Introduction: Apollonian gasket
ED22HHWIELTWS XS &3MTHENZ R NOFMS (FA3AE) 25 X
3¢, BHIDO3IMHETIZHET AHTIOMEMANICE END £ DAL DIFET 5 Z LA
#fF VY 27 D Apollonius of Perga Ik & < HISHTW5B. X112/ L7z Apollonian
gasket (£, ZONEMONEZ HAOHMBIMEN SV IRE, FKo MM MIEIC
B U THRBRICZDONEMONEZ B bR < B2 WRIZHE DR L 72 & S ITHRBRITHK
5RERDEATH 52 Apollonian gasket 17 DFEE D L EXEAITHMB L 51T, Wb
W2 (E@ED) Sierpinski gasket (K275) WML T7 727 ZNVEETHY, 757X
VM, W% %, Klein BRSO ZREARBLRD 6 K< IFEINT WA,

A TIE, Teplyaev [7] 12 & DA X172 Apollonian gasket EDFEHE] 7L “Lapla-
cian”IZ2WT, MIET 2T RN F—HAD [FHHEAREREARE] 2KkDD5 LN TE,
X 512 Weyl BU[E A HEBHEESE AL 0 32D, &\ D i#HE DL DFEREZHNT 5.

2. [ZEHEMA “Laplacian” ]| OERDOT7 A T 7
[EEHERR 72 “Laplacian” | OMEKOFEARNZ 7 1 7 7 1%, Sierpinski gasket (2851} 25 [FHF]
HEAMZ &0 52 612 JIE R Riemann & ] OWFZEIZHRT 5. Sierpinski gasket K
IZBWTIE, %O EOBERZZIFBOERRIZNIE S 25 D & LT H ML/ EEHE Dirichlet
A (2 rF—HENR) (Epe, Frasse) MEEDZeMHoNTWS., KE [3, 4 1FZ D
Dirichlet FZ 22 B3 2 FAFIBAE S DML (hy, ho) THRREDENI 2 E D ZHL D, Bl 2T IX
KD® = (hy, hy) 1 K — R2Z X BHGA (K2), fATHIIZ I Dirichlet B2 (o, Fiave)
KO TRiemann ARBEHIEE ] p1 = puiyy + pignyy 2 *F A% Z & T, K BT Riemann Z#k{k
DOLGEIZELNOEH 2 RTBEIBONE I L 2R L. ZHIIDOWTIEZDHE, &
D FER 2R fRATRY - AR DBFZEAN (1, 5, 2] TRINT WS,
Teplyaev [7] 1% [3] 12 & B FHFIHIA O DEAD S DEHE L LT
ABH%2 1% ISPS BHfF 2% 25887038, 15K 17554 DIk %213 725 D Th 5.
¥ —177— N : Apollonian gasket, Laplacian, Weyl B [E G H#HL % E), Klein #f LD )L I — NG
LI H$AT X Klein fah & ORI 2 AR U TR CREGR A BRI RTOMIIA L STV Wiz, ##
HANBBEED (D73 EHBRTI) BRI IZZ LW I 22 W TR ZEMN 272 E 720,
2 3 AT Klein BER D237 5 IZ A D 3H D 1 25D 2 2 HRZ G 05X BH0 3D 12
HUKIE2DOVEMTH I BEDRRIIER D VAR TH DD, TS OEEIIAHERO EAER N
ZDEFEOWTIIED 720 8272 2 TRHEZA RN LIZT 5.
SK OBSD 3THM {q1,¢2,q3} = Vo THYLRFFMEDEZ Sz, K\ Vo ET eI 70 BIEL
Yy B u € Fige D Eae- TNV F —WE EIBuDTXNVF—% K 1O Borel WL RALLLD) .
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[Apollonian gasket (£ 2% T X)L F—FRICET 268FEAE L TRIRTE %D

EWOMEEEZ, TNHPARETHH I LR RLZ. T5L, [3,4,1,5, 2] LBk
(FAF) MEEEE O T 2L F —HE % [Riemann AFHIE ] E UTHWS Z 22k D,
Riemann Z kAR D5 E (BB M E % 7R 9~ Apollonian gasket | ® Laplacian - 2% A3
BoNBLDOLMHETES. [T TRIDIFLF—BROFL WIEITIZEL BRI NT
B57, TOEKRNLRIEOFHEY L? M EOIEEEMETHAEREE X e U T oMM
(“Laplacian” ® H 445 M) FD T EARNRFERT SHoNTWRL o720, FEHI
B, TS ORARKZHAZM L, X 512 Laplacian O Weyl BU[E A (i 358 & 3F
U7z, ZNBREEO EERTHD, TOEMRKRANEZ IR CRIBIZEHIAT 5.

3. FER  TRIVF—FRDEERF & Laplacian O E B E#HIEE]
o, B,7€(0,00) &L, ED2DHHWNIEST D LI Fa™!, p7 v D3MDKER
B3 E2EZ 5. ZTOIMEMEREOWBKR OAETEREOYREZZNE o, r& L,
-2 OHMB3IMIEH 5155015 Apollonian gasket & K, 5, TRT L TH. ZDELE
o= (aB+py+va) 2 r=a+B+y+20THEILIFILHOENTEY, (IS
LAV, 2UTZOMM3MAIMI, 300 HI) Rl 300, 207, 1%, O
EROBLREIEHEEEZEAT S, Kup, &3 SIONIRBB3IMLOES D TEBILT
WS BRIZ D, AR I & BEA 3 AT b & RIRRIZ OB IS U 72 BB e % i
U, $0ZHOTERE S DERAPEE AT, 25 U THS NS %S D5 1%
Apollonian gasket DL DKEE % MR K129 MR TIRT 5 Z L AGEHTE, £h
Z&D Kyp, EOTFVF =R (Dirichlet BR) (E487, F) %2135 5. K, 5. OMEEE
B EOPTFIHITH B 2 L 13 (E957, F) DREFA 5 ERITHE, & 512 KERIR D T %
VF—JEDS [Riemann RBEHIEE | o5, ZED D L (£, F) D LA (Ko .y, asn)
L ORBFTRFRIER] Divichlet B AZED 2 Z L HREH T E 5.

d % Buclid FE#EIZBI 5 K, 5., ® Hausdorff {X7t, H¢ % Euclid FEffIZBI9 5 R? I
D d X7t Hausdorff IE & 5. dW o, B,y ITHRIZELBRWZ EIZBEZ DD, -
d€ (1,2), HY(K,p,) € (0,00) TH B ZDHSNTNWD (BIRIX[6] 1) .

EIE 1 (K., ¥ ). (Kaps, flapq, EP, F)IZHIST B LA( K py, flap,) EOIFEEAH
CHAIERAZD AR MVEEBIATH v, ZOEAEDREE (NP}, on (BEH
EITEEE M ROIKT) &35 &, o8, ITHEERRER c € (0,00) BFELT

lim A {n € N| A7 < A} = M (Kag,)-

Z& 3

[1] N. Kajino, Potential Anal. 36 (2012), 67-115.

[2] N. Kajino, in: Contemp. Math., vol. 600, 2013, pp. 91-133.

[3] J. Kigami, in: Pitman Research Notes in Math., vol. 283, 1993, pp. 201-218.
[4] J. Kigami, Math. Ann. 340 (2008), 781-804.

[5] P. Koskela and Y. Zhou, Adv. Math. 231 (2012), 2755-2801.

[6] R. D. Mauldin and M. Urbanski, Adv. Math. 136 (1998), 26-38.

[7] A. Teplyaev, in: Proc. Sympos. Pure Math., vol. 72, Part 1, 2004, pp. 131-154.

S(EXPY F) %13 BIBIREEAE % BARIIC B W T A DB L, K,p, 2MHZER” & U T Sierpiniski gasket K
CHE-HTHEE, TXVXF—BREPT DEBEBF M a,,7 IKFELENWZ EDBRZITHN5.
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SRR

LI L KT > o v L
WA ACH (B

1. F
ARXETD Wierstrass DZIHFGTRIEDS, EMISARTE ) 202 BMIE 2T
D13 Bernstein 5 L\ ([1]).

lim z"w(z) =0 (Vn € N)

|z[—o0

Z i 7e R CIEAMELE R EOEA w 1220 T, fwe Cy(R) B 61,

lim {|(f = Po)wl| @) = 0

L% 2% HAS (P} BWEETIZN?2TEDL )% w IO T INUBEEND 1F
Bernstein OTRIHE & FFEH, 1950 R E TIZ% C DWIEB L I N (5], [8] B ES
B, 1970412 A>T, Freud 1 “Freud weights” & /IS w, () = exp(—|z|¥) 12D
WTHRRIN B2 IR0 72 ([13) Z2M). o > 1 7% 5 Bernstein O BIRFTEIZE ERT
HY, w, BT BERLLIHAC X IG5 Christoffel BIBOMA % &, BfEDZIEN
EPFEERCHlibi 2% OFEZHFE L2, HTH, “infinite-finite range inequality”
FEETH S, 2"w,(z) DIRKIEEZ G Z % 5 g, = (n/a)V* I3 “Freud number” & FE:(E
N5, a>10LE, nXOLEEDLIHNX P, 125V T

(1.1) | Pawall o) < Cill Pawallze(s,)

DIRONLD, TTT Jp, = [—Caqn, Cogn) THB. C,Co lEneNP1<p<ooll
LORVWEBTH S,

D%, EA w 3R E T TR F(C*) (EFRIIKE) ICET2DD2E 2 5, 19844F
IR T v v )Vim L HEGE M BEER OMERIC O L DOREW T2 5.2 721, Rakhmanov
([14]) & Mhaskar-Saff ([10], [11]) IFHIZIC R T > > v bz o T EFEA%ER (1.1) 2
FEALT 2 2 LITRIT 5., we F(C?+) I22wT, Qx) :=log(l/w(x)) £T5&

w(z) = exp(—Q())
ThHs2 ZDQ %fMioT, HFneNIZO2VT, SHEX
1 /

(12) 2 tantQfant)

Tl 112
AW RHITE (V% 5:15K04939) DB Z2Z 72 b D TH %,
2010 Mathematics Subject Classification: 41A10, 41A17, 30E10, 42C05, 31A15
¥ —7 — F ! polynomial approximation, Freud type weights, Erdos type weights, Favard inequality,
Markov-Bernstein inequaliy, de la Vallée Poussin mean

* T 468-8502 Al BT R HXIEA T 1-501 A3RY:  BLTAAE
e-mail: suzukin@meijo-u.ac.jp
web: http://ccmath.meijo-u.ac.jp/ suzukin/

14 9 O EDD breakthrough (¥ randam matrix DA S L, il Z1E P. Deift, T. Kriecherbauer
and K.T-R. MacLaughlin, New results on the equilibrium measure for logarithmic potentials in the
presence of an external field, J. Approx. Theory, 95 (1998), 388-475 7% £ %2 &,

2Q & external field(FMH45) & WEIEN 5. log|z —u|~t DD DIZ log(|z — uw(2)w(u)) ™! 2T 3
DD “weighted potential theory” TH 5. @Q % FMAITFH X T “potential theory with external field”
bbbz,
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WK DEE S a, 1F wITPYT % Mhaskar-Rakhanov-Saff number (MRS number) & W
Es, B {a,} 1 oo ICFHEBL, EED n XEEKX P, I2OWT

(1.3) [ Powlzee®y < [[Pawl]oe(jzj<an)
BLU1<p<oolZonTlx
(1.4) [ Paw| ey < 2/ Paw| Legal<an)

WD 32D, B 7 A Freud weight w, @ MRS number (%

o [ge D@2
= ()

ThHs., F(C+) BT 2HEA w(z) =exp(—Q(z)) 1&

2Q' ()

Q(x)

PEHRTH 20EDI2 L > T, FreudH & Erdos IS5, Freud weight w, (o >
1) I3 Freud B Tdh 2. Erdos BOHIE w(z) = exp(—|z|*(el — 1)) 2 ETH 3.

SHBRIIRDFET 25, P, Tn XU TOERBOLHEADOREKLET S, I5IC
1<p<oo & fweP(R)ICHLT

(1.5) T(x) =

(1.6) E,n(fiw): (f = P)wllre(w)

= inf ||
PEP,
E9 %, ZNETIS, Freud HOEAICHET 20ERE ChSnTws, flAE
(1.7)  Eya(f,w) < C%Ep’n,l(fﬂw) (Jackson-Favard 453)
(1.8)  ||[P'w|rm) < Ca£||Pw||Lp(|I|§an) (VP € P,) (Markov-Bernstein f%3)
(1.9)  I(f —va(/)wllrw) < CE,p(f,w) (v,(f) 1 de la Vallée Poussin ~F-#)
BEDRIEDBHEN TS ([9) %= L), AFHHOHMNWIZE, Erdos MOBEAIIK L TIN
SONEFEAZRTIETHL, HRELT, ZLDHMTT ORENENG, Thod

H, w A Erdos O E ZE, (1.7) EHEUBTHEY 2223, (1.8) & (1.9) I TD X
[

\p
DI, RICHIo VIR O 2 Co 13 1 Mo ET 2. 208 {a,}, {b.}
22w T, Cla, <b, <Cay, DEZ a, ~b, EFL. FRIZ, Z2DOBEKIZDOWT
[f~glE R ETCf(z) <glx) <Cf(x) DERET 3.
AFEHDO NI IR F DM R I & PHRERERIR & DL FPFEICHEDV»Tw» 5,

;W
T1/2

w

n
< Ci P x|<an)s H - Un ==
o S anll wllzr(eizans ||(F = oalf)) iz

Lr(R)
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2. EREEXNEE
R LOEA w(z) = exp(—Q(z)) 13 Q BT DEMZIi T & & we F(C*+) EEL.
(0) Q EEBIECT Q(0) = 0 Z 7T,
(1) Q' IFHFETH 5.
(2) Q"(z) 73 ﬁ—ftf v 40 CIETH 3.
(3) lim Q(z) =
(4) T(x) = xQ( )/Q(az) (r # 0) 1 (0,00) T quasi-increasing TdH D 3, 2,
T(x)> A EBRBEBA>1DMFET 5.

(5) HH Oy > 1 DFEL T g'(( ))| < ol'Q(( ;', we. xR B O,

(6) M Cy > 0 LIt 2 G ORI J DHEL < gg))' zczQ(( ))', de e
R\ J 23D 32D,

5T, A>0ELT, weF(C) A, QeC*R) D K BHELT, [z|> K
DL E
Q///(I,>
Q" (x)
DD DEE we F\(C3+) LHEL.

w IZPT B ERL AR E {p.} £T 5L ThbDEL, p,eP, T,

Q”(l’)
Q'(z)

(2.1) <C

CQE)

/ P (@) pm(z)w™(2)dz = Opiy
TH%. fwe LP(R) IEOWT, Fourier HH1%
sml(f)(2) = /R Ko (0, 6) f(Dw?(1)dt (ftLKm (z,1) Epk >
LT, f D dela Vallée Poussin ¥ v,(f) ZRTEZRI NS 2n — 1 REHEAT

b5

¥ K, 1 Christoffel-Darboux formura & D RDFRZ/ 2

(2.2) Ko, 1) = 1! (Pn(fﬂ)pnl(t) pn(t)pnl(x)) _

In r—t

CZTy lEp, Dn RO, T7%D5, p(r) =72+ THD., ¥/ 1/K(x,7)
I& Christoffel BA%k & FFIX

(2.3) Kém) _ Pig?gnm [ 1P@wiPar

3f:(0,00) — (0,00) 1, HBBEB c>0MPEFMELT, 0<z<y B6IFVDD f(z) <cfly) DIED
3D & E quasi-increasing &),
*Freud weight ws(z) = exp(—|z[*) ICBI 21X LIHADS Hermite ZHATH 5,
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DR 2D, w D MRS number a,, & DBARIZ a, ~ 1/ BELO

n TV?(x)
. <(C—
(2.4) K, (z,z) Can (1)
Thsb, 361
(2.5) agn ~ Gp, T(ag,) ~ T(an), Gop — ap ~ %
R EDBE YLD, — I
an
(2.6) Jim o 0

THDH, LVHIEMEICIE a, = OnYY) THD, FHZ, w P Erdos M6, TTD
n>01Z2WTa,=0(n") TH5.

3. BHIERT Vv ILiE
RT VT X VIR ED X H b T2 D% FHT % 72012 (1.3) DFEHONE %
A2 ([7], 9], [17] R ESM). C LOMEE p ONEERT > v L%

) =/log |Zit du(t)

EHEE, HA w=cxp(—-Q) € F(C*+) T 22 NVX -7 [,(1n) &
1
1) = //108; mdﬂ(z)dﬂ(ﬂ
—//1og g )aute )+2 [ Q()du()

TiED S, R LOMERKME2EZ M(R) £ LT

(3.1) Vi = nf{l,(n); p € M(R)}

9%, Qxr) —loglz] — o (Jz|] = o0) THEIHEHENPLV, = [,(1t,) < 0 &% 5
fw € M(R) DP—BRICHET 2. X 51T, supp(py) 133287 THD, w DHifdk
2o Upy b R ETHEBIZRD, ¢, =V, — [Qdu, ELT,

{ Upy(z) + Q) > ¢y (VY €R)
Up(z) + Q(2) = ¢y (V2 € supp(pt))

DD 32D,y % w AR L 72 P A6, ¢, 7 w IZBYT % Robin E#E w9 o, Z

DEE I :=supp(p,) FPAKEICR 25, FBR, Up, O#HiMEDS T I3I0LEZ &

o, B LXETEVLESIE (a,0) € R\T (a,b€ ) DEIET S, (Upw(z))” = [(z—
5E§§iﬁ/ﬂtﬁfEA (w =1) ITIE R &EOE A ITEE L 2\ 02S, EERFROGEHIZHFILNZEGD 2
VT FESIZNT S Frostman OEER EFKTH 5.

6EME’77’I%E\U)3 //\7 F B K ISHT 2 5PHaADEIXHEIC K D outer boundary & —37 % 25,

HAME OGS WEHETH B, LA, RICOVTOEESHEOE ITERAXMIC % 2
ZEDFRM R J:@%Lﬁitiﬁ{uﬁf\@%kﬁﬁﬁc:&om:5 LR,

(3.2)
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) 2dpy(t) >0 £ D Upy (& T THEENT Q bM%DT (a,b) BT Upy(z) + Q) <
Upw(a) + Qa) = ¢, £7%>T (3.2) ITKT 5. Q DXNWELS T = [—a,a] TH 5,
Mhaskar-Saff i z >0 D & &

Q)

z 2 ®
F(z) = logg—;/o Jo—p
MWr=aDEERKEZLEDLILEZRLELT. D5 F'(a) =0 EUEr2N, Th
2T DL ol

dt

¢
(3.3) /“?_tz
Zii7e T b5, T, (1.4) DAHICE S
() 1= exp(~ 2

7%, w, KMNBELZ R LDV DA p,, DFEET S, ZOEE (1.2) £ (33) &
D supp(p,) = [~an,a,] TH 5. fFEED P € P, &5, P iZmonic, %05,
Piz)=z2"4--- DIEELTLW, 2D PIZOWVT,

(3.4) |w(z)P(x)| = |wi(z)P(x)] < M, Yz € [—an,a,)
D 32T,
(3.5) |P(2)] < M exp(n(—Upy, (2) + cu,))

D C ETHEDAID, EER, log(1/|P(2)|) = nUv(z) £ v FHERMETH 3 8,
(3.4) & g, IZ2WVTD (3.2) DEFHXLD

Up, () — €, = —@ < Uv(x)+
D3 supp(py,) ETHRDALODT, EBEE )16 (3.5) 2155, (3.2) OHEALS R
ETQ)/n> U, (v)+c, £%5DT, (3.5) 0T |w(x)P(x)] < M (Vr € R)
£ D M = ||Pw||ro(u<a, & THUX (1.3) 273 5.
TR R T vy v Limic BT, A, EBIERE, Fekete ZIHI, Chebyshev &
BIEmB L BR 2 RO (B 213 [15])). EHAT E O5E S FMKLHRBED Z>D T2
it cs (., E2 R OHEEGLT S (—MRIC E 13 C DHETHEATI VY, 2
DEZFHEARA w=exp(—Q) VW E LTERINTVIUEND ). up, 2w ITfHHE
L7 E OWVsAmeE LT, UIZ2E&RT5:

cap(F,w) == e VB 22TV, (E) = L(tp.w)

log M
n

2/n(n—1)
(B w) := max ( 11 |Zi—Zj|w(Zi)w(Zj)>

2B\ iy
LEw) = min [0 ()" P e

TK=|-z,a2] £$5%&, F(z)=logcap(K) — [Q()dvk(t) TH 3. T IT, cap(K) & v (Tt
W (w=1) DLED K OFEREVHIMTHS, R LT Upyp(t) > —Q1t)+cw THEDPS v T
WA % RSy (LIERFZH) 35 &, Uvg(t) < 10g(l/cap(K)) &0 F(z) < —c,=F(a) 21585,

8P2)=(2—21) " (z—2z,) BOWE nv=20,, +- T® 5 (Dirac HIEDAL. log(1/|P(2)|) #3
iféﬁ(tr//’r/vmf/ci7‘%%%#%15%)31 J:«TT//WI/ MERU2I T3
Spv AV Ry etz bd [dv < [du HD p DIXVF—2HRAZS U;L<U1/+c( FEE)
23 supp(p) DL THRYILTUE, FUAFRD C 2FETRY LD,

-37-



cap(E,w) ZHA w DN VEERE V), £,

5(E,w) = lim 8,(B,w), (E,w) = lim t,(E,w)
ZzhZEN, HANEOHBERE X OHEAN Z D Chebyshev EHE VI, TDEE
(3.6) cap(E,w) = §(E,w) = H(E. w)exp (- [ Q@)dupox) )

PSR 32 ([16], [10]). S 512, HWAME 6,(F,w) 252 285 {2V, ... W) 2EHR
& D Fekete HIlE VS, 206 ZRIZH D monic HIHHADS Fekete LA TH 3.

n—oo DL X
(52571) +~~~+525Ln)

n — UEw ({%JJY%)
ThHb., 0o b PHEHMOBEIEMEIEKLE 51 5.
4. B
PUF, we F(C*+), 1<p<oo0 £T 5,
EE 1. ((18) EE C > 1 BFEL T, f o< ffw e LP(R) 2513

(4.1) Bpn(w, ) < CZ2 By (w, f) (V0 € N)

DI Y 32D (Jackson-Favard H45).

Freud BUDiEHIZ Mhasker [9] IZEH 2T 5, HA DFERIZFE U TH %43 Erdos &Y
Dt EUitHZ 52 72, £7 Lubinsky 14 [7] DT, E,.(w, f) < nuEpn(w, f),
lim, oomy =0 ERZ2EI {n,} PEET 2 L) BEAR w Z2EHELTVS, (4.1) 3
we F(C*+) ol n,=Ca,/n ETELILEZRL TS,

EE 2. ([19) EH C>1PHELT, LED ne N L{EBD PP, iIcxL T

pY

(4.2) ‘ "y

n
< C—|[|Pwl|tr(jei<an)

LP(R) Qp,

DR 32D (Markov-Bernstein A0, I 612, 0 <A <3/2 Tw e F(C3+) %5
X, Co>1FHELT

n
(4.3) ”P/w”LP(R) < C;HPTl/QwHLP(IMSaOOn)

D3R 3L

w S Freud B7: & T I3HER DT, (4.2) 1% (1.8) 1% %10 (4.3) ZRDOEH3 %
ffioTw* % (4.2) ICHAT 2, (4.3) IKBBET 2R L LT [6, p.294] I || P'w||1or) <
CnT*(a,)/ay, ||Pw|p®) DRENTW5, 0 <z <a, TT(z) < CT(a,) TH?5
5 (4.3) DHDBXVFHIETH 27217 TR, TV %27 VADFIC ANIDT, EH
3ERMOELMES C EMTET, we F(CH) 518, DB\ T 0]
[P om) < C(nfan)*||PT 0| 1om) 4% Z EHITE 3 ([4, Lemma 2.5)).

0(43) TCr=1 ETELIDEDPEIAITH S, 7, TV 2EALEHEZT(4.2) P T E UL
HTH B, —MITiE TV 2w 13 F(C?+) BT 3 LIRS ZVOTZOE ETIREHTE &,
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EE 3. ((19)0< A <322 weF(C3H) £T5, fEED aeRIZODVT, X
Zitife T EHA w e F(C?) ZWKTES tw* ~Tw TH D

T ~T DD e, < ay, < acyn

DD IED, ZITT E a1 w 1200 To (1.2) & (15) TEF2HDTH 3.

T 4. ([3]) w € F(C*+) 8 T(a,) < Co(n/a,)?? 23L&, T C > 1 2%F
ELTRDBED VLD EED fwe LP(R) EEED ne N IZ2WT

(14) | = o < CBpalw. ).

LP(R)

fFED fTV4w € LP(R) 122V T

(4.5) 1(F = val ) wll oy < CEpn(T w, f).
¥/, f DHHERET ffw € LP(R) 2 61F

(16) |7 = o) 7
DI D LD,

AEFHDOAE #7713 Christoffel B DFHI (2.3) % (24) & EZ2i>T, £ p=o0
DEZD o, (flw/T|ew) < Cllfwllemy BES [Joa(Hllrw) < CIFTV 0] o)
AL, BOMERMD &, BiEDS p=1 OBED, BEPS p=1 DHIEIES
1%, Riesz-Torin ML, TRTD 1 < p < oo DHALZE L, T 6 D
K& v, (P)=P (VP €P,) THLZFHFEIDSL (44) & (45) 2185, (4.6) & (4.1)
L(44) OMAEDETH S, KB, EH 2 LHAADEIL |V (w/TY?|ww) <
Cn/an||fT1/4wHLp(R) RELEDPND.

RDOEBIZ TR LA T TE 2B HEBTHL LR THDTH 5.,

B 5. ([20) 0<p<oo &5, FRHE fwe LP(R) IZOWVT

an
< C= || fl'wl| Lowy
LP(R) n

. 1
(4.7) pp(f) = limsup log(l;LEog Elf )

n—00 pnlJ)
ES 5. f BN OBEBIBIC ae. 1T BB ITRMIL pp(f) < 00 TH S,
CDEZp(f)=0 <= A=0TdHY, p(f) #£0%6IF

1 1 1
< _ =

p(f) = A B

WY LD, 2T A= liminfly o T(x), B =limsup,_.,T(z) TH%.
COEMDFERIIARIXFENCE TS [2] & [21] DFEHRTH 5. Mhaskar (& Freud B

WOV THBEDORERZ T L T, FRZ Freud weight w,(z) = exp(—|z|*) D & Z ik

LA =1/a = 1/p,(f) DY 2D ([9, p.177]). Erdos BD L Eld A= B =00 DT

A=p,(f) €555 L 2HALDERIZRL T2,

(4.8)

<

> =
| =

L@ D Cesaro Tl 7%  de la Vallée Poussin Vg% E 2 2 KELHEHTH 5.
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SRICWETHAR 2 7 & ¥ — %KD g
KEIZHOWT

MR (RREE)
HH K (RREH)™

BRICNEE T 2 SO A BEZ RER X LV ) A8 A F— DL & IcH
HL T, 3RS kO 4 2N N E TIfTbITE L (1, 3],
COETIIRC a2 vy — Sk 2D, D F D 3XITREE L Wik P O
HADITRC 7 ZHABCTH > 1HZINS LANET 5, ZOEMEDO T T, HIC
B9 2 A etk S AR T HRE T 13, P % HARGEIE & 3 2 BEHIEIC 4 5,
(0,8) 2 PIcfIbid 227y —RENMS, COLET DL g D S IZBHT 3
EX ls(g) . g D S DILICKDHRBEERRN g = 51595, DEI b TERT
%5, ls(g) =k 279 T OIL g DWEZ ap ETHEE, ([,S) DHREZ
7= limsup,_,, Wa, EEFRT D E. 7131 XD EICRZIWIEARBIWELIC 2 5
CEBD D, LN 3RO 2 7 & ¥ — L ER OB D 4k p3SK i
EDEHITHH LT pEEEL K,

EE 1. 3Z0uRihE 2 7 € & — 4RO KEO 2K IE LICIEFERTH 5,
EE 2. MO f TH 2 IR 2 7 2 & —LHEDIRE 7 13X
DAFEXZWT- T,

f=-3=s7r=f-1

EE 3. 3XRTUWNEA 2 7 v ¥ — LR DO KE D R/AMEIR 0.49243271 =
2.03074 T, WADMDS (1/2,7/2,7/3,7/3,7/6,7/6) DIMEAED AHHSZ DR/
iz EHT 5,

EE 4. (TEO SXITHEM 2 7 & ¥ — L HROEE KL Perron 8CTH %,

ERL3 B XA B (SRR RS HNZITR LT3 (2,
SE R
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~oV =i 2 S DM RO R G/ D
S A BELLIR AR O i

s i (PR

® =
S5 EELDMIR R 3 BT A D BN PR A B8 2 BARZ AR D B 5 £ [ FH GG 2
MAAEZ b > TR T 2. 20 &9 LRz ~vy —diiior 2 b oM
JADOW MBI L TEZ, Z OIS FAMHEBRDOZER & <)Lk J
SRBDZER DY AATICBI U Tilifii & 2 5 2 & 2R

The barycentric extension due to Douady and Earle [1] gives a natural extension of
a self-homeomorphism of the unit circle S to a self-homeomorphism of the unit disk
D. It plays an important role applied to quasisymmetric homeomorphisms of S in the
complex analytic theory of Teichmiiller spaces. We apply the barycentric extension to
diffeomorphisms of S with Holder continuous derivatives and obtain an analogous result
for the Teichmiiller space of such circle diffeomorphisms with the universal Teichmiiller
space.

The universal Teichmiiller space 1" can be defined as the space QS,(S) of all normal-
ized quasisymmetric homeomorphisms of S. In this setting, the Teichmiiller projection
q is regarded as the boundary extension map on the space QC, (D) of all normalized qua-
siconformal homeomorphisms of D. By the measurable Riemann mapping theorem, we
can identify the latter space with the space of Beltrami coefficients Bel(D) = L>*(D);,
which is the open unit ball of measurable functions on D with the supremum norm.
Then ¢ : Bel(D) — T is continuous with respect to the topology on QS,(S) induced
by the quasisymmetry constant. The barycentric extension yields a continuous section
e: T — Bel(D) for q.

The Teichmiiller space T§* of circle diffeomorphisms with a-Holder continuous deriva-
tives for a € (0,1) is similarly defined as a subspace of T the subgroup Diff:™*(S) c
QS,(S) of all such diffeomorphisms with normalization can be defined to be T§'. The
topology on this group is induced by the C**-distance from the identity map. On the
other hand, the corresponding subspace of Beltrami coefficients is Belj (D) C Bel(D),
which consists of all u € Bel(D) with finite weighted supremum norm

il = s (=) 0O

Then we have proved that the restriction of the Teichmiiller projection to Belj (D) gives
a continuous map ¢ : Belf(D) — 7. In fact, the topology of T§ coincides with the

ARSI BHIFE (FRRE R 5:25287021) DK 22172 b DTH 5.

2010 Mathematics Subject Classification: 30C62, 30F60, 37E30

¥ —7 — F ! quasiconformal map, complex dilatation, Beltrami coefficients
* T 169-8050 HUECARHTAE DXV AT 1-6-1 FAR IR A3 il Bea p

e-mail: matsuzak@waseda. jp
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quotient topology induced from Belj (D) by ¢. Moreover, a complex Banach manifold
structure has been provided for 7§ through the Bers embedding.

The main theorem of this talk asserts the continuity of the section e restricted to
T¢. One of the ingredients of its proof is to generalize the arguments in Earle [2] for
the barycentric extension of circle diffeomorphisms.

Theorem 1 The barycentric extension of circle diffeomorphisms with a-Holder con-
tinuous derivatives gives a continuous section

e: T = Diff:**(S) — Bely(D)
for the Teichmiiller projection q.

As a well-known consequence from the existence of a continuous section, we un-
derstand a topological structure of this space. Note that Tg = Diff:™*(S) is also a
topological group.

Corollary 2 The Teichmiiller space 7' is contractible.

&5

[1] A. Douady and C. J. Earle, Conformally natural extension of homeomorphisms of the
circle, Acta Math. 157 (1986), 23-48.

[2] C. J. Earle, Angular derivatives of the barycentric extension, Complex Variables 11
(1989), 189-195.
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RRIERFRZRET AR

A
oS =191
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T g3 BER () Rierum® C LB E 30
MG, N EBNBE £.C sMan B EEE
BAE THDcx, Y 05 (CF)t Technillor B1ZE » 1D,
L Crdhv1 weh EEBE £, MO0 2B
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(3,n) % [Bl Z L71E, Techniller B %8 13 —5 B RMm
BHEIIH T EEZ ‘F 0)%%?5;‘/1“%§'Pfemm@c
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HBARM TthadetfCMhT0D
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On families of asymptotic Jenkins-Strebel rays

REF Bt (GREUTSERY)*

1. [XC&IC

ZAE 2 aT—2E EOMEEDRIX, % Jenkins-Strebel MR DM Ex> T
%. %Al Jenkins-Strebel HIHARZESH BV —~< VH LOWhERKEE, T K-> THE
KENBTD Y RX—ROEEY 25 ADHZ—DEE L, Jenkins-Strebel IR
ERZ A 2 2 TR0 E BB FRHEGZES.

2. B&

Y =%,, 2 g T, nfHNRHEDY = VENID3g -3 +n > 0ZWEZTED
El, T =T(%)Z%D Teichmiller 241 &3 %. ' = {y,..., %} Z X FOHHEH
HIFR T, HWICRDHT, FEMEY I TERL, TNEND—RPTDONRELRE
FEY I TiRVWEDET S, S (k- 1) RITERT, 2R DNEOHIEEGET 5.
(S, f] €T & (my,....my) € SSTTREFETSDE, B a* > 0DFEL, Jenkins-
Strebel JIHIKR r T, [S*, f] 2R E L, MEE FO)IKHIGTETY UV E—DEY 2
FAD (a*my, ..., a*my) TEYE S Jenkins-Strebel {7 TH A 5N5 EDMNFIET S
([Str84]). r DL/ — P& =< VI S ST 5. TDS, RicExs, &/—
R T2 DMz D WD D 1/22 DFEEZ ERILUT (of,...,a)) € ST & T 5.
T ={[X,g]l g: 5. » X BIREFEATHR} LED, ITNZEOIKREA LI 2 T—%
M T OBRT — T OFHEELHTT.

3. TER
EE 1. ROKMEWSFMER P : 0T x 857 x RE x R — T WEHET % |

1. &([S..id), @i, a,0,...,0, (loga®)/2) = [S*, f].

2. @([X,g],al,...,ak,tl,...,tk,s) =[RhETHE, FEDj=1,... . kIcXHLRX
DFEADKILT %.

(X, gl,a1,... a5, t1, ..., t; +2m, ...t s) = 7;([R, h]),

CTT, 7idv; TONELLD Dehn twist TH B (MZFV—VHNEEXZH
RELDOZMEHALTNS).

3. [X,g]ZorT LOfET S, TEDac S Ete RFICHL, £E
roc={®([X,gl,0,t,8)[ s >0} C T

1Z—D®D Jenkins-Strebel JHHFR T, THSEEE SR T B2 VX —
DIRDEY 2T AEZFNTN (my,. .., my) DIEDOFEEELRD, s — o0& T B
CET[X, g IR T 5. EHIC, {rodad FAWVICHRLN & 7% ([Amalda)).

* T 152-8551 HUTHRE AR L 2-12-1 BT TERAREEGI L2ERI S RHEEA S

e-mail: amano.m.ab@m.titech.ac.jp

47-



TOODEHRBTHZEEBICODVTOREKIIRDE 51255, [X,g] € T IFE
X E N % Jenkins-Strebel FRHIFROM 2L L, XD SFHIRIHIERZ EH TS R
WrD, XD/ —FZAZAMIROEZICHIGL, RFIZX DS X —72{ED il
T OB ZEBBED T ) Y X—DHED GDRICHT 2R LD INT A—R—=KT
B %0 RISHHIFROEEHE ST A—Z =T IE LTS, T OERIE [MMT75] O#fEHRD
By 2Rt DTHS.

253

[Amalda] Masanori Amano. On behavior of pairs of Teichmiiller geodesic rays. Conform.
Geom. Dyn., 18:8-30, 2014.

[MM75] Albert Marden and Howard Masur. A foliation of Teichmiiller space by twist invari-
ant disks. Math. Scand., 36(2):211-228, 1975.

[Str84] Kurt Strebel. Quadratic differentials, volume 5 of Ergebnisse der Mathematik und
ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)]. Springer-Verlag,
Berlin, 1984.
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Extremal length functions are log-plurisubharmonic

L R (RBOR)

1. EEE
(g,m) ORI ERE Y —< VDY A £ 27 —%ME T, LEL ZOLER
DIRALT B,

EE 1 LEOMERN ZTEREMEE F I LT, MErR S ORI X D EE I 5B
Tym D v +— log Ext,(F) (1)

L ESFNBIKCTH 2. I 610 F OEREIEEORSEAV LR 5 L 2 A T3 prong
singularity Td 0, JXTliZ 1 prong singularity ZFf> & ZF, BIE (1) I3FEMATHYIRS B
FAHNBEETDH 5.

FSHEHPHIIFR OIS, Ext,(F) 1F (BEROEKRT) FEREIEY VBRI %
b OPHIRD 22 THRDOMMENR S Th 5. EEL1 > SRS, MENER S O HE
LM TH 25 9, LLiu & W.Su DEHDHE S ([5)).

2. %

2.1. @O & RN

N7 AMDIABRIZE D F A & 2 27 —2MIdEEL—7 Y v FZ2EENOA R L [F
—HIND, 2T, ROEKTHEW T2200, FEMAMINERLLEIATIES
prong singularity T 1), /X Tld 1 prong singularity % > & 9 A E ZEEME F
EGREZD., ZITFEGPROBKRTHBINTHZ L§ 5,

i(F H)+i(G,H) >0 (H€ MF)

772 L MF IR S EEMED M TH 5, ZD & SR
1
© Bxt,(F) + Ext,(G) + 1
FFEBHTICTH D, MICHERLAHRLELFN LB TH S 2 L HAHTE 3.
L7235 T, KD Krushkal DEH ([2]) BIEEHZ1E 5.
% 1 (Krushkal) # A t % 27 —%/MT,,, @M (hyperconvex) ThH 5,
Ik D, RDLBers & L. Ehrenpries DERE ([1]) 2%¢€9.
% 2 (Bers-Ehrenpries) ¥ A t 3 27 —2%[ T, ,, 3 ERIIMGHIR TS 5.

Ty 32

2010 Mathematics Subject Classification: 32G15, 30F45, 31C10
¥F—U—F:1¥4e3a7—%M ¥4t ad—MHlt BENES, ZESTFEE
* T 560-0043  KBUMFEATHARRILAT 1- 1 KBROREREREI AR BRI
e-mail: miyachi@math.sci.osaka-u.ac.jp
web: http://www.math.sci.osaka-u.ac.jp/ miyachi/

-49-



22. ¥M1EZ 25— EMOZEL AN
Kerckhoff DA kUL 29 € T, ZIEET 5 & &,

1
dr(zg,z) = 5 Fi%()f(log Ext,(F) — log Ext,, (F))

DIRALT B, L 7D8> TRD Krushkal DFER ([3, Corollary 3]) DRlIGEHZ 155 .
F 3 (FM1EZ 25— FEREBSESTM) FHAERIAL

Tym 2 x — dr(xo, )

3L ELFMBEIETH 2.

2.3. 1RO & EEREIR D AR 1%
BFRLRE N NOES K BXROMWE 2729 &£ &, PN (disk-convex) TH 5 L IFE
N3 EEGHR D - NTDICBWTIEMAEGRZEZ 5. L f(OD) Cc K Thi
12 f(D) C K BR7T 5.

ZDEERVELT 5.

% 4 (BRAMY) A0k {z e T,,, | Ext,(F) < e} BHRMEATH S, £/, Mt
S 27 —PEERICBI Y 2 BRI TH 5.

A. Lenzhen & K.Rafi [4]IZ k#Ud, ¥4 & 2 27 —HEEEICBI % BRI quasi-convex T
H5, IoIT, WS RMENRES OB, —MICIZY A I a7 —HEIch> T
TR EZBIMILTWS, Lads>T, FHS, 427 —ElNIcE»T
FaPREY AL 227 —MROKED H FHHERETIED 2205, —BICIIRhEHRICEI L
TIMTIEARVAREMED D 5 2 L 3bdr 5,

SE
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XA I aT7—2EMO L —AREBIC KD EER &
FARAARE

HTaREGE (B
RS (BRI

1. 24t X 15 —ZF LAMAR T REK

Syn 72 nAHDEIFHIRR C ..., C, Z2E DI g DIE DDz /37 Mt &9 %,
LIF2g—24n>0%&REST S, L= (Ly,...,L,) ZIFARBOMHE TS L%, X1t
2 T2 T (9,n) (L1, ..., L) \&, Sy DNELS,,, ED, C;ITHRE Ry 772 PAIM
MOEEMNL; THB, vx—F7OEelihEta (OFRERD) OZEMTH S, 7272
LL=0DkEE, CIERARTICHIETZEL, n=0D&EE LOFHDIIIHET %,
G=G(g,n) & S, DEARRLTHLE, yeGIIHLT, T(g9,n)(L) LORMHEZ
ESpd

ty:T(g,n)(L) — Rso

WG R o ICHRE FE—HYICEENS o ICBT 2 HITROEE ¢, (o) ZXISEH 5,
RO ENHENTNS

EE 1 GEMED ,,..., vw € GODFEEL T

(Cyryoer b)) = T(g,n) (L, oo, L) — RY,
SHDIARTH %,
EROFRE BT Y., v DEIET B N ORI N (g,n) 1&

69 — 5+ 2n =1+ dim 7 (g,n)(L)

TH2 (3], 2]) GRFHHFROE T ZEE LTV T EITHE,)
2. FL—RE#
T T, HBINEEBIFOBEDDIC N L— AR

X~(0) = [tracepy (v)| = 2 cosh(l,(0)/2)

202 py i G— T (3G R o DFFET 5 G DT v 7 ARET, C SL(2,R) D
Bl @ 1Ic kD, HDHAR

X = (Xoys oo Xow ) = Z(g,n)(La, ..., L) — RN

ZHZ%v,..., v € GDMFIET BH, T T TEBHER Mod(g,n) DEA LI 2T—
22 EADIERZ RY OFEEER (21, o) TEIRT 2 LS MEEEZ 5, KA L
RTH%,

AWIFHI AL (FREE S 22540191 (FFPE) FBX U 25400147 (FFHD)) OBIREZFEEDTH %,
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EE 2 N=6g—5+ 20D y,..., v € GIMFELT
X = (XVH ""X"/N) : T(gvn)(Lh "'aLn) - R]>VO

WEHEDIABTH B, & HICHKEESEH € Mod(g,n) & x(T(g,n) (L)) EICHZHE L
THEHT %, 72721, 2T T, GHEBEIERY O, ,..., o5 & Ly,..., L, ZEEE
T 5EHFRBZHEADLL TR E NS BT, AHEHIIZNLDOHDOT L TH B,

fli e

(1) (g,n) = (1,1), (0,4) DFEHOEHE 2T HIMITH S, TNEDLEEIBUGDIE
7% BEUREETHNC X BB TRIT TN TE, REHER? 2+ 22 = ay2
OEFARORIEICISH TE S (A.A. Markoff). T2 OEAfhE QA1 [1] 1S FERT
W%,

(2) FOEHIE, XA I aT—2%EM (T v 7 ABOEZEM) ICHIRT 5T &<,
G D PSL2,C) REDGZALHMDZER (JzbZidn =0FIE L =(0,...,0)D
BED S, , FOBEREAEEDZEM (G O T v 7 AREERBIOZERM) ) IR T
BN

SEXHER
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Math. J., 26 (1996), 165-179.
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The Schwarz lemma and the Schwarz-Pick lemma in
several complex variables

Hidetaka HAMADA (Kyushu Sangyo University)*!
Gabriela KOHR (Babeg-Bolyai University)

This talk is an announcement of [7]. In this talk, we will consider about the Schwarz
lemma and the Schwarz-Pick lemma. The following sharp inequality which is a har-
monic version of the Schwarz lemma is due to Heinz [8] (cf. Duren [6, p.77]).

Theorem 1 Let f : U — C be a harmonic mapping such that f(0) =0 and |f(2)] < 1,
z € U. Then |f(2)| < 2arctan|z|, and this inequality is sharp for each point z € U.

The following result is known as the harmonic Schwarz-Pick lemma (see [5]; cf. [2],
[6]; compare [3]). Note that sharpness of (1) is a consequence of [5, Theorem 4].

Theorem 2 Let f =h+7q:U — C be a complex-valued harmonic mapping such that

lf(z)| <1, z€ U. Then

4 1
Tl—|z%

As(2) <

where Ap(z) = |W'(2)| + |¢'(2)| is the mazimum dilation of f at z € U. This estimate
is sharp.

z €U, (1)

Chen and Gauthier [2] generalized Theorems 1 and 2 to pluriharmonic mappings
from the Euclidean unit ball B” into B™. They also obtained a Schwarz-Pick lemma for
holomorphic mappings [1] of B™ into B™. In this talk, we will generalize the harmonic
Schwarz lemma to pluriharmonic mappings from the unit ball of a complex Banach
space into the unit ball B" of C" with respect to an arbitrary norm || - ||. We will
also generalize the harmonic Schwarz-Pick lemma to pluriharmonic mappings of the
homogeneous unit ball of a complex Banach space into B™. Further, we will generalize
the Schwarz-Pick lemma to holomorphic mappings of the homogeneous unit ball of a
complex Banach space into the unit ball By of an arbitrary complex Banach space Y.

A C? mapping f : B® — C™ is said to be pluriharmonic if the restriction of each
component f; to every complex line is harmonic. Then it is easily seen that f is
pluriharmonic if and only if

82
8zj8§k

f(z)=0, VzeB", Vjk=12...,n

Note that every pluriharmonic mapping f : B® — C" can be written as f = h + 7,
where g, h € H(B™), and this representation is unique if g(0) = 0. In view of this result,
we define the notion of pluriharmonic mappings in infinite dimensional spaces. Let B
be the unit ball of a complex Banach space X. A continuous mapping f: B — C" is
said to be pluriharmonic if there exist h,g € H(B,C") such that f =h + 7.

A domain € is said to be homogeneous if for any z,y € €, there exists some
mapping f € Aut(Q) such that f(z) =y.

Partially supported by JSPS KAKENHI Grant Number 25400151
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Definition 3 A complex Banach space X is called a JB*-triple if there exists a triple
product {-,-,-} : X3 — X which is conjugate linear in the middle variable, but linear
and symmetric in the other variables, and satisfies

(1) {a,b,{z,y,2}} = {{a,b,2},y, 2} — {w,{ba,y}, 2} + {,y,{a,b,2}};

(ii) the map a0a : x € X — {a,a,z} € X is hermitian with nonnegative spectrum;

(iii) |I{a,a,a}|x = |lall%;
fora,b,x,y,z € X.

Remark 4 [t is known that every bounded symmetric domain in a complex Banach
space is homogeneous. Conuversely, the open unit ball B of a Banach space admits a
symmetry s(z) = —z at 0 and if B is homogeneous, then B is a symmetric domain.
Banach spaces with a homogeneous open unit ball are precisely the JB*-triples (see [9]).
We refer to [4, 10] for relevant details of JB*-triples and references.

For every a € X, let Q, : X — X be the conjugate linear operator defined by
Q.(2) = {a, z,a}. This operator is called the quadratic representation and it satisfies

Qo.t) = QuQvQa a,b € X.
For each z,w € X, the Bergman operator B(z,w) € L(X) is defined by

B(z,w) =1 - 200+ Q,Qu, (2)

where z0Ow(x) = {z,w,z}. Let B be the unit ball of a JB*-triple X. Then, for each
a € B, the Mobius transformation g, defined by

9a(2) = a + B(a, a)1/2(l + 20a) 'z, (3)

is a biholomorphic automorphism of B with ¢,(0) = a, g.(—a) = 0, g_, = g, and
Dg,(0) = B(a,a)?.
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The Landau theorem in several complex variables

Hidetaka HAMADA  (Kyushu Sangyo University)*!
Gabriela KOHR (Babesg-Bolyai University)

This talk is an announcement of [14]. In this talk, we will consider about the
Landau theorem on homogeneous unit balls in C™.

Let f be a holomorphic function on the unit disk U. The classical Landau’s theorem
is as follows:

Theorem 1 Assume that f(0) =0, f'(0) =a >0 and |f(z)| < M for z € U. Then

(i) f is univalent in the disk Uy, of center 0 and radius o, where

Q «a
= > —
M+ ~vM?2—a?2 2M
1 U,,) contains the disc Ugr, where
(ir) f(Up,

ro(a — Mry)
R=M——~
M — arg

To

> Mr2.

Let B™ be the Euclidean unit ball in C". Chen and Gauthier proved the Landau
theorem for holomorphic mappings [2] and for pluriharmonic mappings [3] on B™.

Now, let B be the homogeneous unit ball of X = C", that is B is the unit ball of a
finite dimensional JB*-triple X. We also assume that

B > B". (1)

This assumption is not so restrictive, because the unit polydisc satisfies this condition
and for any homogeneous unit ball B in C", there exists a constant ¢ > 0 such that
¢B satisfies the condition (1). For A € L(X,C"), let

[Allxe = sup {[lA=] : |2l x = 1},

where || - ||x denotes the norm on X and || - || denotes the Euclidean norm on C".
Under the assumption (1), we obtain the following lemma.

Lemma 2 Let A € L(X,C"). Then we have

1Allxe > | det A", (2)
| det A] .
JAul, = [ GEE we DB, i Al >0 3)
X,e

In this talk, as an application of the Schwarz and Schwarz-Pick lemmas and Lemma
2, we will generalize the Landau theorem by Chen and Gauthier [2] to mappings of
finite dimensional homogeneous unit balls into the Euclidean space. By using similar
arguments, we can also generalize the pluriharmonic Landau theorem by Chen and
Gauthier [3] to mappings of finite dimensional homogeneous unit balls into the Eu-
clidean space. For other results on pluriharmonic mappings on the unit ball in C", see
(1], [5], [6], [9], [13].
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Bonk’s distortion theorem and the Bloch constant for
Bloch mappings in C"

Hidetaka HAMADA (Kyushu Sangyo University)*

Liu [12] proved the following Bonk’s distortion theorem for Bloch mappings on the
Euclidean unit ball B of C™.

Theorem 1 If f € HB"), ||fllo =1 and det Df(0) = 1, then
1 —+/n+2|z|

|det Df(z)] > Rdet Df(z) > e
(1-/35e1)

Jor |l2]| < 2257

el The above inequality is sharp.

Wang and Liu [14] proved the following Bonk’s distortion theorem for Bloch mappings
on the unit polydisc U™ of C".

Theorem 2 If f € H{U"), ||fllo =1 and det Df(0) =1, then
1—+2n+ 1|z

n 2n+1
(1= /55l

|det Df(z)] > Rdet Df(z) >

for |lz]| < —ﬁ The above inequality is sharp.

We remark that, in the above theorems, the bounds depend on n.
The following natural questions arise.

Question 3 Can we give an explanation for the reason why the distortion bounds in
Theorems 1 and 2 are different?

Question 4 Can we give Bonk’s distortion theorem on other bounded symmetric do-
mains in C"?

One of the objects of this talk is to generalize the above distortion theorems to
homogeneous unit balls B in C" and give affirmative answers to the above questions [5].
From the perspective of the Riemann Mapping Theorem, an appropriate generalization
of the open unit disc in the complex plane C would be the open unit ball B of a complex
Banach space such that B is homogeneous. Indeed, it has been shown in [11] that every
bounded symmetric domain in a complex Banach space is biholomorphically equivalent
to such a ball. A complex Banach space is a JB*-triple if, and only if, its open unit
ball is homogeneous. Also, all four types of classical Cartan domains are the open unit
balls of JB*-triples, and the same holds for any finite product of these domains ([9], see
also [10]). Therefore, a natural extension of the finite dimensional distortion theorems
should be the ones on the open unit ball By of a finite dimensional JB*-triple X. We
give Bonk’s distortion theorem on the unit ball Bx. The distortion bounds depend on
the constant ¢(Bx) which was defined in Hamada, Honda and Kohr [7] by using the
Bergman metric at 0. Our result is a generalization of Theorems 1 and 2 to the unit
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ball By of any finite dimensional JB*-triple X. As an application, we obtain a lower
bound of the Bloch constant for Bloch mappings on Bx [5].

For various results on Bonk’s distortion theorem for Bloch functions in one complex
variable, see Bonk [1], Bonk, Minda and Yanagihara [2], Liu and Minda [13]. For various
results on Bonk’s distortion theorem for Bloch mappings in several complex variables,
see also Fitzgerald and Gong [4], Liu [12], Wang and Liu [15], Yan and Gong [16]. The
results obtained in this talk are generalizations of these results. For other distortion
theorems for normalized locally biholomorphic mappings on the unit ball Bx of a finite
dimensional JB*-triple X, see [3], [6], [7], [8].
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FrhlsEE

L?* EXTENSION THEOREMS AND SUITA
CONJECTURE

TAKEO OHSAWA

ABSTRACT. Recent activity around extension of holomorphic func-
tions or sections is reviewed. Highlighted materials are the solu-
tion of Suita’s conjecture by Blocki, its generalization by Guan and
Zhou including its application to Berndtsson’s semipositivity theo-
rem, Berndtsson-Lempert’s striking proof of the sharp L? extension
theorem, and a down-to-earth alternate proof by the author. Some
remarks on the classical theories of Grauert and Hormander will
be given in a related context.

INTRODUCTION

In function theory of several complex variables, there are basically
two types of extension problems. One of these is analytic continuation
from the boundary. Hartogs [H| initiated this research in the study of
the series

o0
Zak(z)wk, 2ze€D, weC,
k=0

where D is a domain in C" and ax(z) are holomorphic on D. The
other is on the extension from analytic subsets. This question has a
long history as an interpolation problem since Newton and Lagrange.
Oka [O] and Cartan [C] studied it systematically and founded a basic
theory of several complex variables.

From the viewpoint that holomorphic functions are nothing but the
weak solutions of the Cauchy-Riemann equation, these two extension
problems can be formulated in a context of partial differential equations
(=PDE3s), so that they become boundary value problems (=BVPs) for
the 0-equation say 0o = v. Here 0 denotes the complex exterior de-
rivative of type (0,1).

The purpose of the present survey article is to outline the recent
development of Oka-Cartan theory in this PDE-context. For that, let
us first recall that a penetrating general method was established by

Date: June 10, 2015.

1991 Mathematics Subject Classification. Primary 32A36; Secondary 32T27.
1

-59-



2 TAKEO OHSAWA

Andreotti and Vesentini [A-V-1,2] and by Hormander [Hm], indepen-
dently. An advantage of this so called L? method is that one can
obtain quantitatively definite results on holomorphic functions by ex-
ploring the L? estimates for the J-operator. Andreotti and Vesentini
analyzed the 0-equation on complete Hermitian manifolds by extend-
ing the method of Kodaira [K] and Nakano [N]. The result was later
applied to locally symmetric varieties (cf. [M-Z], [C-V] and [Oh-3]).
On the other hand, Hérmander’s analysis is more focused on smoothly
bounded domains as a development of the method initiated by Garabe-
dian and Spencer [G-S], Morrey [Mo] and Kohn [Kn]. By this L?
method, Hérmander solved a question posed by Bergman on the bound-
ary behavior of the Bergman kernel affirmatively. Namely, he proved
that the Bergman kernel Kp(z,w) of a pseudoconvex domain D C C*
behaves near a strictly pseudoconvex boundary point z € 9D in such
a way that

lim Kp(z, z)dist(z,0D)" "' = W—',
z—T n.

where dist(z,0D) = infyeop ||z — w]|, if the 2n — 1 dimensional unit
sphere touches dD at x to the order at least 3. The L? method was later
applied to the extension problem from analytic sets to solve another
question of Bergman whether or not

liminf Kp(z, 2)||z — z||* > 0

holds if D is a bounded pseudoconvex domain and 9D is C%-smooth
around z. An affirmative answer is included in [Oh-T] whose main
result is the following.

Theorem 0.1. There exists a constant C' > 0 such that, for any pseu-
doconvex domain D C C™ satisfying supp |z,| < 1, for any plurisub-
harmonic function ¢ on D and for any holomorphic function f on
D' = Dn{z, = 0}, one can find a holomorphic function f on D
extending [ such that

[1iter<c [ irpe,
D D’
where the integrals are with respect to the Lebesgue measures.

Theorem 0.1 was recently improved by Blocki [Bl-1] so that one can
take 7 as the above constant C', and further by Guan and Zhou [G-Z-
1,2] so that one has a gain in the estimate of f

For any complex manifold M, we shall denote by O(M) the set of
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holomorphic functions on M and by PSH (M) the set of plurisubhar-
monic functions on M. A refined variant of Theorem 0.1 established
in [G-Z-1,2] is then stated as follows.

Theorem 0.2 (See also [Oh-4]). For any pseudoconvex domain D C
C", for any ¢,7p € PSH(D) satisfying supp (¢+1og|zn|2~) < 0 and

for any f € O(D'), one can find a holomorphic extension f of f to D
such that

0.1 [ e <n [ e,

We shall report on the recent activity around Theorem 0.1 and The-
orem 0.2, starting from Blocki’s groundbreaking work [Bl-1] which set-
tled a long conjectured inequality on the Bergman kernel, the Suita
conjecture, as well as from a generalized and refined solution by Guan
and Zhou [G-Z-1,2] (a striking application of Theorem 0.2 is in [G-
7-2]). After recalling some prerequisites, i.e. a part of Andreotti-
Vesentini-Hérmander’s theory, we shall review the new L? estimate for
0 by Blocki (cf. Theorem 4.1). At this point, we shall not proceed to
prove Theorem 0.2. Before that, we shall give a review on the relation
between the L? extension and a variational property of the Bergman
kernels following Berndtsson [B-2] and [G-Z-2]. We shall then state a
variant of Theorem 0.2 also formulated in [G-Z-2] and outline its sur-
prising proof by Berndtsson and Lempert [B-L].

The point of [G-Z-2] is that, for any pseudoconvex family {D.} of
domains parametrized by the unit disc D = {¢ € C;|¢| < 1}, the in-
equality (0.1) can be regarded as a sub-mean value property so that it
implies in particular the plurisubharmonicity of log Kp (2, z) in ((, ).
(It was really surprising as well as [Bl-1], at least to the author.)

The point of [B-L] is that the L? extension can be deduced from a
theorem of Berndtsson [B-2] on the semipositivity of the direct image
of the relative canonical sheaf twisted (= multiplied) by any semi-
positive line bundle (see Theorem 5.1 and the remark after that). It
was even more unexpected than [G-Z-2] because this semipositivity
of the direct image is a generalization of the plurisubharmonicity of
log K DC(Z, z). Nevertheless, it is also natural and regitimate, because
although Berndtsson’s argument is based on an L? estimate for 0,
his proof does not rely on the L? extension theorem itself. We re-
call also that, for any proper holomorphic map with smooth fibers
between Kéahler manifolds, Berndtsson’s result can be verified by a di-
rect comuputation in the non-twisted case by using the expression of
the fiber metric in question in terms of the primitive forms (cf. [F]).
In the context of algebraic geometry, this was on the way of a natural
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development of the Hodge theory (cf. [Gri-1, 3]). The new analytic
approach of Berndtsson was inspired by a pioneering work of Maitani
and Yamaguchi [M-Y] which arose from a totally different background.
This connection seems to suggest the width of the scope of several com-
plex variables as was anticipated by Oka and Cartan.

After an overview of these remarkable achievements, a not so sur-
prising but quite straightforward proof of Theorem 0.2 will also be
presented after [Oh-5]. Finally, we would like to add a few remarks
and questions related to the L? 0-cohomology into which this new at-
tractive context might bring some new insight.
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LRES.

AE = Dx-ME M_s & Mz i, SICEEFFD Dy-METHS. WH L b
stratum Yo ([ZFFERME A FFD | stratum 3, O local system (% H B T72\ Y monodromy
WiExEHT 5. Av s I — Dx- it 3 1, stratum Yo ICHZFF> TN 5D,

2

B2 f(z,y,2) = 22> +y*2,8 = {(z,y,2) € X | flx,y,2) = 0} £BL. L,
X =C3 S OFRSEES = {(z,y,2) |[y=2=0} I, 5, =X - {0},3, = {0} ik
DY =350 & stratify S5, b-BIEUTL, br(s) = (s + 1)%(4s + 3)(4s +5) TH 5.
Annp f° 1%

2y 4x£+yﬁ —QzQ (2:Cz+yQ)3 -2 0 +2zﬁ —4s
or dy

L9 L9 9
oy’ oz 0z’ dy Y¥oz y@y 0z

AW END. negswlc Annp, o O =ibodgry £,0L 0 0 i o x

Ox’ Oy’ 0z
ASELTET L, 5 5
= i 2 - il
EHNTH. ZorRv ) I —Dx-EE M 1%, S IZHEEFFD Dx-NEETH Y, =
REDD—EHNTEBT S &,

MlDﬂ[izb

EFRED. M X, X IR E RV LICER SN2V, Stratum X 12T D
monodromy #iEH HHATH L. Tkt L, &~v / I — Dyx-JikE M_s,M_s X, X
BERD, So (IRREZROZ L2 (4s+ 3)(4s +5) = 0 DIHFAEITHT 2D negsw 12X
LEtERERN O RGNS,

INHDOFINRT LI, Ar ) I — Dy Mg 1%, b-BIEUZ L0 £ < DIF#H
EEATND ZEICERE SRz,
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Lehto-Virtanen, Marty, and Zalcman-type theorems
and their applications to Kobayashi hyperbolic
geometry

Yisuke Okuyama (Kyoto Institute of Technology, okuyama@Xkit.ac.jp)

We will talk about a Lehto—Virtanen-type theorem and a rescaling principle for an isolated
essential singularity of a holomorphic curve in a complex space [2, Theorems 1 and 3], as
well as a Marty-type theorem and a Zalcman-type one for a family of holomorphic curves
in a complex space, which are useful for establishing a big Picard-type theorem and a big
Brody-type one for holomorphic curves.

Let V be a complex space. For a holomorphic mapping f : D\ {0} — V, we say that f has
an isolated essential singularity at the origin if f does not extend to a holomorphic mapping
from D to a complex space. Set D(a,r) := {z € C : |z —a| < r} for every a € C and every
r > 0, and set D(r) := D(0, r) for every r > 0 (so D(1) = D). For every metric 6 on a complex
space V, set diamg(S) := sup{d(a,a’) : a,a’ € S} for a non-empty subset S in V.

1. A Lehto-Virtanen-type theorem and a big Picard-type one

There always exists a metric 6 on V inducing the topology of V, and when V is Kobayashi
hyperbolic, the Kobayashi (pseudo)metric dy on V induces the topology of V.

Theorem 1 (a Lehto—Virtanen-type theorem). Let V be a complex space equipped with a
metric O inducing the topology of V, and f : D \ {0} — V be a holomorphic mapping having
an isolated essential singularity at the origin. If ﬂ»o]W # 0, then there exists a
sequence (z,,) in D \ {0} tending to 0 as n — oo such that lim,_,, f(z,) exists in V and that
lim inf,,_,o diams(f(0D(|z,]))) > 0.

A complex subspace Y in a complex space Z is called a hyperbolically imbedded complex
subspace in Z if for every distinct points p, g € Y, there exist open neighborhoods U p» Uy of
D, q in Z, respectively, such that dy(U, N Y, U, N'Y) > 0. The following is an application of
Theorem 1 and slightly generalizes Kobayashi [1, Theorem VIIL.3.6].

Theorem 2 (a big Picard-type theorem). Let Y be a hyperbolically imbedded complex sub-
space in a complex space Z, and f : D \ {0} — Y be a holomorphic mapping.

If Nys0 S(D(r) \ {0}) # O as a subset in Z, then f extends to a holomorphic mapping from
Dto Z

2. A Marty-type theorem and a Zalcman-type one

Suppose in addition that V is compact. Then there is a metric 6 on V such that (i) the metric
¢ induces the topology of V and that (ii) there is an open covering {U, : x € V} of V such
that for every x € V, U, is a Kobayashi hyperbolic subdomain in V containing x and satisfies
6 < dy, on U,(xU,). For every open disk D(a, r) and every holomorphic mapping f from an

open neighborhood of D(a, r) in C to V, set

6(f(w), f(w))
Lf,]D(a,r) = sup ' —d ( ,) .
(w,w")e(D(a,r)xD(a,)\diagp, D(a,) (W, W

71-



The following are generalizations of Marty’s theorem and Zalcman’s lemma, respectively.

Theorem 2.1 (a Marty-type theorem). Let D be a domain in C, V a compact complex space
equipped with a metric ¢ satisfying the above conditions (i) and (ii), and ¥ a family in
O(D, V). Then, ¥ is normal on D if and only if sup ;. Lypr < oo for every a € D and
every r > 0 satisfying D(a,r) € D.

Theorem 2.2 (a Zalcman-type theorem). Let D be a domain in C, V a compact complex
space equipped with a metric ¢ satisfying the above conditions (i) and (ii), and F a family
in O(D,V). Then, F is not normal at a point a € D, that is, not normal on any open
neighborhood of a in D, if and only if there are sequences (fi), (zx), and (ox) in ¥, D,
and (0, 0), respectively, and a non-constant g € O(C, V) such that lim;_,., zx = a, that
limy_, px = 0, and that limy_,., fi(zx + prv) = g(v) locally uniformly on C.

3. A rescaling principle for an isolated essential singularity of a holomor-
phic curve and a big Brody-type theorem
A Lehto-Virtanen-type Theorem (Theorem 1) together with a Zalcman-type theorem (Theo-

rem 2.2) also establishes the following rescaling principle for an isolated essential singularity
of a holomorphic curve.

Theorem 3 (a rescaling principle). Let V be a compact complex space equipped with a metric
satisfying the conditions (i) and (ii) in Section 2, and f : D \ {0} — V be a holomorphic
mapping. Then, f has an isolated essential singularity at the origin if and only if there
are sequences (z;) and (o;) in C and (0, 00), respectively, and a non-constant holomorphic
mapping g : X — V, where X is either C or C \ {0}, such that lim;_,..zx = 0 on C, that
limy_,e or = 0in R, and that limy_,, f(zx + prv) = g(v) locally uniformly on X.

The following immediately follows from Theorem 3.

Corollary 3.1 (a big Brody-type theorem). If there is a holomorphic mapping from D \ {0}
to a compact complex space V having an isolated essential singularity at the origin, then V
is not Brody hyperbolic.

Remark 3.1. Corollary 3.1 is also a consequence of Theorem 2 and the equivalence between
the Kobayashi hyperbolicity and the Brody one for compact complex spaces, the latter of
which is known as Brody’s theorem (1978) and is a consequence of Zalcman’s lemma (1975)
when V is a complex manifold.
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Growth, distortion and coefficient bounds
on complex Banach spaces

Tatsuhiro HONDA  (Hiroshima Institute of Technology, Japan)*!

Ian GRAHAM (University of Toronto, Canada)

Hidetaka HAMADA ( Kyushu Sangyo University, Japan )*2

Gabriela KOHR (
(

Kwang Ho SHON

Babeg-Bolyai University, Romania)
Pusan National University, Korea)

Let X be a complex Banach space, B be the open unit ball of X, and let H(B) be the
set of holomorphic mappings from B into X.
We recall the Carathéodory family in H(B):

M={h e H(B):h(0)=0,Dh(0) =I,RI.(h(z)) >0,z € B\ {0},1, € T(2)}.
If X =C, it is clear that f € M if and only if f(2)/z € P, where
P={pe HU):p0)=1Rp(z) >0,z€ U}
is the Carathéodory family on the unit disc U in C.
The following family of holomorphic mappings on B is a natural generalization of
the Carathéodory family M. This family was introduced by Graham, Hamada and

Kohr (see [7]) in the case X = C", and played an important role in the study of
normalized biholomorphic mappings on the unit ball in C™ (see [7], [10], [12], [13]).

Definition 1. Let g : U — C be a univalent function such that g(0) = 1. Also, let
h: B — X be a normalized holomorphic mapping. We say that h belongs to the family
My if 1
l(Wz) € g(U), z€B\{0}, L €T(z) (1)
1]
1
Remark 2. Obviously, if Rg(¢) >0, ¢ € U, then M, C M. Also, if g(¢) = 1t§,
¢ e U, then My = M. However, there are other choices of g which provide interesting
properties of the set Mg (see [7], [10], [13]).

Definition 3. Let g : U — C be a univalent function such that g(0) = 1. Also, let
f: B — X be a normalized holomorphic mapping. We say that f belongs to the family
Ry if h € My, where h(z) = Df(2)(z), z € B. The family R, is denoted by R, where

1+¢
= — < 1.

(€)= ¢ [

Remark 4. Let f € H(B) be a normalized mapping. Also, let A, = D™ f(0)
form > 2. If the mapping f satisfies a stronger condition

RI(Df(z)u) >0, z€B, uweX\{0}, I, €T(u), (2)
then f is univalent on B. Moreover, its partial sum fy(2) = z + 325 _, Ap(2™) is
univalent in By for k > 2. This is a generalization of [16, Theorem 4].

This work has been supported by JSPS KAKENHI Grant Number 25400151.
2000 Mathematics Subject Classification: 32H99, 30C45, 46G20.

Keywords: biholomorphic mapping, starlike mapping. .
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In this talk, we consider subfamilies M, of M depending on a univalent function g.
We obtain growth theorems and coefficient bounds for holomorphic mappings in M,,
including some sharp improvements of existing results. When ¢ is convex, we study
the family R, consisting of holomorphic mappings f : B — X which have the property
that the mapping D f(z)(z) belongs to M.
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Toward a higher codimensional Ueda theory
N B (SRR

AT EHERORIRITCHA 2 TH I G5EDT FHY —IZDWTDEREFTS [2].
EHIE X 2 ERELRE, CE2ZOW SN Tr —7 =733 2827 MEIE T e (Neyx) =0
B5EDE LT, BREK Ox(C) D3 C DIEMHETH FIHELMRKR L 725 72D D354 %5
i U7z [3, Theorem 3). AGHEH TIdZ DRIRIC2ME LT, X 2 EHELRIK, S & 2D
527, C & S O SN T —F =723 287 MEHITE T ey (Ng/x|o) =075 H
DL UT, BEMFROx(S) MO OEMHETEEIHEMRKR L 2 72DD &M 2idT 5.

X 2 HRLRRIK, S 220 oW REHiE, C 2 SOBSNTT—7—arvNs
MR & U T, MR Ng/x 23S i C OEfECEHTH 2 (BHMBEBRM U(1) =
{z€C||z] =1} ITBLT D) 57D T 5. EHICLBEEHDORKIT2 T
DT7FBY—LT, 2O R=Z2MA(C,S, X) 1T U, BEEHE u,.(C,5,X) €
HY(C, No/x|c" @ NgJ) &#E#H L, WER LTz

EH 1. X 2EHELRME, S &2 2D o, C%2 SOohTr—7—72%23
YoNT MEIIEE UT, R Ny x S H C DIEFETHEHTH D LS00 LT 5.
7%@3%4¢®W®L\’§‘Mﬁ)0)ﬁkﬁ%Uiﬁ'é'% (Z) Nc/s S EO(C) VAN Ns/x‘c S 50(0),
(it) Neys & Nyyxle WERABTH O, HIZ E(C) DITTH S, (iii) Ng/x|e € E(C) T
HY, D C DS strongly 1-conver 783EEV & LT, CHBV ORI >0 ~EL
ZRMKL o TVWB LI BREDVHFELET S, ZOLE [TEDOn>1,m > 0IIZHLT
U (C, 9, X) =0TH26EX, XhCDEHEW & UTOx(S)|w W EHEDH DA
FAES 5. O

T ZTE(C)IEPIC(C) DR UNIAEKRDEATH Y, BEE(C) IF
£1(C) = {FE € Pic’(0) | 3o € Ry s.t. V0 € Zog, d(O¢, E™) > (2n)"*}

TEHZINBZEATH S (dIEPic’(Co) D=2V v REif). Pic®(C)H & (C) 1N —
TRWERIEEGTH D AT, HEHALEEOAENME UTHEEINIHNEETHS
ZEPHONTWS. £72C DRI 1 THDHEITIE, EH1 DM (iii) IZFEAT D5
LAMETH D Z &7 Gravert DEED 530 %: Nojs WETH D, 5D Ng/x|e € &(C)
Thb.

[3, Theorem 3] DRECGHA LK 2RI DEEREHDO—D2 & LT, HHE P P2 0
9UBEFE X ORIEHER K DWEIETHS (DF D K OC® TV I — hEtEE LT
EERZ DL DMFET D) ODTDEREDELEDRH S (1] BE2K). 207 )R
V= UT, EHLITITRD XS RInHN D 5

COROLLARY 2. Cy C P? &2 E\MZREMINIZ 220 % DD ZRETH DR # L 5. H\»
ZHHE 7R D 8 mipy, pa, - -, ps € Co ZEET 2. EARK Ops (—2) |0, @Oc, (p1+p2+- - -+ps)
P E(Co) U E1(Co) DILTH BIHAITIE, PP {p;}5_, TOMBH X OSAFUER K1 13
ETHD. FHIZ Ops(—2)|cy @ Ocy(p1 +p2+ -+ ps) € E(Co) RBHZEITIE, K 1EF
BETRWIEIETHS. O
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# 1: P3O 8 sUEF X O FEHER K OMEE (N := Ops(—2)|c, ®Oc, (p1+pat- - +pg)).

N : torsion | N : non-torsion
ZREEEH S B(Ky) 0 or C C
e M FEE YEE TR
IR 2 1

Op3(—2) |, ® Oy (p1+pa+- - +pg) € Eg(Co) RBBETIE K IFLEETHD (0F
D, HEHEREN > 0ITF LT K BRI CERI ), ZTPSELITEETHH
BRI LITERET D, DT Ops(—2)|cy®@0c, (p1+pat- - +ps) & Eo(Co)
RBGEE, K OREBEIBIECo DIMAMC C X &—H L, (2770 L&
TIRBEWHIE RS TWB I W05,

Lesieutre + Ottem M F (&, 12— D 8 filid B I U TIP3 D 8 fU@F X D e
REKSDBUTOWEZ-T 2RV KJERXT7THE—AHT, (K'.C)=07%
% X Ok C 1EAIRMRETH 5 ([4], Z 1k Totaro KOMEIZEIE %2 52TV 5).
ZORERER2 L ZMAGDE D L TRDYFND: ZIRGCHBNZREIER X EOER
WLEUT, LI 7 ThHB—/T(LO)=07%2% X OMifRC Mo HHRETH D &5
BEIDFAET B (H I — D 8 fUELE ICK LT PP O 8 fUSEH X & Z D Lo KRR
Li=K{MNZDL>%flLinoTn5).

S 3

[1] M. BRUNELLA, On Kéahler surfaces with semipositive Ricci curvature, Riv. Mat. Univ.
Parma, 1, 441-450 (2010).

[2] T. KoIKE, Toward a higher codimensional Ueda theory, to appear in Math. Z.
(arXiv:1412.2354).

[3] T. UEDA, On the neighborhood of a compact complex curve with topologically trivial
normal bundle, Math. Kyoto Univ., 22 (1983), 583-607.

[4] J. LESIEUTRE, J. C. OTTEM, Curves disjoint from a nef divisor, arXiv:1410.4467.

-76-



32

Variational formula for L¢-canonical semi-exact
differential and application

YBYY eF1F- (Fukushima University)*

Abstract

We establish the variational formula of Ls-canonical semi-exact differential
(=1 < s < 1) for the deforming open torus R(t) with complex parameter
t € A = {|t| < r}. This formula implies the intimate relation between the
Euclidean radius of the moduli disk for R(¢) and the pseudoconvexity.

1. Preliminary
1.1. Variational formulas for L;- and Ly-principal functions

Let (ﬁ 7, A) be a holomorphic family such that R is a two-dimensional complex man-
ifold; A = {|t| < r}; and 7 is a holomorphic projection from R onto A. We assume
that R(f) = 7 '(t), t € A is irreducible and non- singular in R. Let (R,m A) be
a sub- holomorphlc family of (R m,A) such that R C R; OR is C* smooth in R;
R(t) = 77X(t) C R(t), t € A; R(t) is a bordered Riemann surface of genus g(> 0) with
cv smooth boundary OR(t) in R(t). We identify R with the variation of R(t), so that
each R(t) admits the L;-principal function p;(¢,2) (i = 1,0). We showed the following:

Lemma 1. Let {A;(t), B/(t)}]_, be a canonical homology basis of R(t) such that A;(t)
and By(t) vary continuously with t € A. Then

DPaq(t) 1 Ipi(t, 2) ?pi(t, 2)

atof  \« /E,\R(t)’”(t’ 2l / / T ot0: d‘rdy -
Pag(t) 1 apo(t, )| 4 Ppo(t, 2) 2) [

oot /m?(’f”z) 9 |17 //R(t) oioe |

- fIm {th </Al(;dp0 (t z)> aat (/Bl(;dpo(m)) } . @)

=1

Here

on IR, (3)

[ P |opl? 9%p 0p Dy dp|* ¢ \ |00|”
kQ(t’Z)_<8t6t‘8z _ZRe{ataz ot 8z}+ ot | 9207 | |02

where ¢(t, z) is a C2 smooth defining function of &R in R which is defined in [3, (1.2)].

If R is pseudoconvex and each R(t) is planar, the contrast between the superhar-
monicity of aq(t) and the subharmonicity of ag(t) is unified with the Schiffer span
s(t) == ap(t) — aq(t). In [1] we applied the logarithmically subharmonicity of s(t) to
show the simultaneous uniformization of moving planar Riemann surfaces of class O4p.

This work was supported by JSPS Grant-in-Aid for Scientific Research(C)15K04914.
*e-mail: hamano@educ . fukushima-u.ac. jp
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1.2. canonical semi-exact differentials

Let R be a bordered Riemann surface of genus one in a Riemann surface R such that
R € R and JR consists of C* smooth contours; OR = Cy + ...+ C,. Let x = {A, B}
be a canonical homology basis of R modulo dividing cycles. Let ¢ be a holomorphic
differential on R = R U OR. We say that ¢ is a canonical semi-ezact differential on R
if ¢ satisfies fchb =0andIm¢=00nC; (j=1,...,v).

Theorem 2 (Kusunoki [2]). There uniquely exists a holomorphic differential ¢s (—1 <
s <1) on R such that

(i) e 2%¢s is a canonical semi-ezact differential on R, (i) [, ¢s = 1.
We call ¢, the Ly-cannonical semi-exact differential for (R, A), and set 7, = [, ¢s.

Theorem 3 (Shiba [4]). (1) The moduli disk M(R,X) is written by
M(R,x)={7€H | |t —7*| < p}, where 7* = %(ﬁ +7), p= %(7’1 —70) > 0.

(2) Let (g = 7" + pe? € OM(R,x), —7 <0 < 7. Then (g = 7, with s = £.
2. Results

Let (75,, 7, A) be the holomorphic family stated in 1.1 for Lemma 1. We restrict each
R(t) to a bordered Riemann surface of g = 1 in R(t). For t € A, we fix a canonical
homology basis x(t) = {A(t), B(t)} of R(t) modulo dividing cycles such that A(t) and
B(t) move continuously in R with ¢. Each R(t) carries the L-canonical semi-exact
differential ¢,(t,z) for (R(t), A(t)), so that [, ¢s(t,2) = 1. Set 7,(t) = fB(t) bs(t, 2).

As usual we write ¢;(t, z) = fs(t, z2)dz by use of the local parameter of R(¢).
Theorem 4. For —1 < s <1, we have

O*Im [e" ™ 74(1)] 1 5 0os(t, 2)
gmle Wl __Z ko(t, 2)| ful(t, 2) 2|dz| — || 222020
- Q/W St Aot )Pl H i

Here ko(t, z) is the same as (3).

We remark that ks(¢, 2)| fs(t, 2)| is a real-valued function on 9R. Note that 74(t)
depend on B(t) but the right hand side of (4) do not depend on B(t).

Corollary 5. Assume that R is a Stein manifold. Then
(1) the Euclidean radius p(t) of M(R(t),x(t)) is subharmonic on A;

2

(4)

R(t) .

(2) if p(t) is harmonic on A, then the center 7*(t) of M(R(t), x(t)) moves holomor-
phic on A and p(t) = p(0) for every t € A.
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Al B CFAEE 2 & D% DT 2 — 7 iE
Dy & [FfE M

AR G CRAIERZARZABEEEANTZER)

B! =

In the study of the holomorphic equivalence problem for tube domains, it
is fundamental to investigate tube domains with polynomial infinitesimal
automorphisms. To apply Lie group theory to the holomorphic equivalence
problem for such tube domains Tq, investigating certain solvable subalge-
bras of g(Tq) plays an important role, where g(7q) is the Lie algebra of
all complete polynomial vector fields on T. Related to this theme, we
discuss the structure and equivalence of a class of tube domains with solv-
able groups of automorphisms. Besides, we give a concrete example of a
tube domain whose automorphism group is solvable and contains nonaffine
automorphisms.

1. ZIEXER/NECRAREEELDF 1 —T8EE

Fa— T, ZOLEOREHEIMNYT MVENZIERANY MURIckE L E, £
THASERD N AR & D F 2 — THEI EHEN S . F 2 — T REIBIC RIS % E R [FE
EOMZEIC BT, ZHEABIVNE AR Z & DF 2 — T I d 255 O
ZEWRANTH S (2], 3], [4], [B|BHR). & 1 Y —7)ViEEIE 2 EAR N E R
B & DF 2 — T HEOMAGITH O, Z OV NE AFRBEROMSE, FHlZIXFERY —
BRELUTOEMNRE, DK< DhoTW0Wa. ZLTENZMALT, ERIFE/ERFM
ICOWTHENENGZ 5N TV ([1]). LAhLINS ORI 1 Y —7)ViH
WA OMEEICIERICE KL TH D, —RoZEAMNE AR ZEDF 22—
THEBOLGAIIE, FREOMR, TEEY TIOR3 <, HER/NE AR
DEFDREOBR EZHS N TIE AV, o TR LESH 1 Y —7 )V & IR S
IRWZIHABRV N QAR & DF 2 — T D BRI E o 7o K LW R W
WL Inb. BBV THZ SNEF o — K O HEZEAXR Y MVGICET %
IEEERIE, —OZEAMNE AR Z & DF 2 — T IS LT, Z O/
Eaﬂm%ﬁaﬁﬁﬁm\%%%9&8®%%%ﬁﬁb,%k&ﬁﬁ#%@ﬁ%%ﬂ

RELT 5.

2. Rz BCEE#ZE DHHEDOF 1 — T EEDEE & EENE
—fRic, #wEEAFREOIERIH RN —HOMEZ & D V5 H. Cartan DIE
M, U —REamiC B 2 R MEE I OERA SO MERAN\DIGH Z ATREIC T 5. 1
B ERE Cr NOZIHAMRR/ N AR 7Z & DF 2 — 7 Ty 1ICBE9 % IERIFER
E’\mﬁﬁ@‘%fl&bbdi To OFEFRINA CFRITER g(To) Db 2 FOA] iR —fin Rz
ﬁh@‘%%gﬁiﬁ‘% WG E1E 9(To) BEDNRIRTHZGETHD, TDX
3 IS EIC FRL OB RN S RIS 2 i A TR S NI 2 iRE9 %.

Eﬁiﬁ’]h_bi, To =R"+ /=10 %Z C" NOZIHAM A AR Z £ DF 2 — T
BElL, ZOEQ IR NOEBRZZXEZWVNEETHSET 5. TDEE, To D
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IEHIA AFRIBIEE Aut(To) DRIFRT, To OH 3Rz Aut(Ty) DEEEDXITH n + 1
THHHAEIC, ¢(Tq) OWEZHSMCT 5 & [RIREC IER FEE RIS E NS 2 5
ATz,

¥z, ZHEAEENE A2 EDF 2 — Tl T, OFT, 51 Y —7 )L,
TEDEQ WA THZF 12— T Ty E DD TR TH 5 Aut(T) H
AR TH 575X, Aut(Ty) OHENENINT T 74 AR SRS, FRlkER
OEEFIE LT, Q DA TIERWIGEIC, Aut(Ty) WAlfETIET 7 ¢« Y HA[RR
EELDEDL S F a—T WK T, OWZEZT-.

B Q7%
Q= {(y1, Y2, y3) € R? |y > 2 + ¥ — 2}

IKEDEBEZSNS R NOBERZZEEZWVINMAIRE T 5. TDEE, Ty 3L AR
INHCFRHZ EDOF =T TH O, Aut(Ty) EARTIET 7« v HCRAZ &5,
Z LT Aut(Ty) DFHO € Ty ZEHEDOXITIZ4 TH 5.
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APPLICATION AND SIMPLIFIED PROOF OF A
SHARP [?> EXTENSION THEOREM

TAKEO OHSAWA

In [O-T], it was proved that there exists a positive mumber C' <
16207 such that, for any pseudoconvex domain D contained in {z =
(2',2,) € C";|z,| < 1}, for any plurisubharmonic function ¢(z) on D,
and for any holomorphic function f(2') on D' = {2z’ € C"};(,0) €
D} satistying

/ e~ PO F(2[Pd Ay < 00,
D/

where d\,, 1 denotes the Lebesgue measure on C", there exists a holo-
morphic function f(z) on D such that f(2,0) = f(2') (¢' € D’) and

/ e )| f(2)]dA, < C / e PO f()Pdhg
D D

hold.

As aresult, it turned out that the Bergman kernel function Kp(z, w)
grows at least as fast as §(z) 72 when 2z = w and z tends to the boundary
0D of D, if D is a bounded pseudoconvex domain with C'-smooth
boundary. Here 6(z) denotes the euclidean distance from z to 9D.

By improving this in [O], the author was contented to know that,
if D is a bounded pseudoconvex domain with C?-smooth boundary,
application of the result implies that Kp(z, z) grows at least as §(z) 27
as z tends to a point zg € D non-tangentially, where v denotes the
rank of the Levi form of 0D at z.

Recently, Guan-Zhou [G-Z] showed sharp L? extension theorems in
this sense including the following refinement of [O] as a special case.

Theorem 0.1 (cf. [G-Z]). Let X be a Stein manifold of dimension n,
let ¢ and i be plurisubharmonic functions on X, and let w be a holo-
morphic function on X such that sup(¢ + 2log |w|) < 0 and dw is not
identically zero on every irreducible component of w='(0) = H. Then,
for any holomorphic (n — 1)-form f on Hqy = H — SingH satisfying

| [ e PFAFl < oo,
Hy

1
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there exists a holomorphic n-form F on X such that F' = dw A f at
any point of Hy and

(0.1) |/ e PTENF| <2r| | e ?fAS,
X Ho

where SingH denotes the set of singular points of H.

The purpose of the present note is to give remarks on Theorem 0.1
and its proof. First we shall show that Theorem 0.1 implies a stability
result on the asymptotic behavior of the ratio of the Bergman kernel
of D and a weighted Bergman kernel of D’.

Theorem 0.2. Let D be a bounded pseudoconver domain with C?-
smooth boundary in C* and let ¢(z) be a real valued C? function on a
neighborhood of D such that {z;¢(z) > 0} is pseudoconvex and D =
{z;06(2) > |za]?}. Assume that ¢|p = vd' (t > 0) for some positive
C? function v, —log ¢ is plurisubharmonic on D, and

(0.2) $(2) = 6(2',0) + 0(6(2', 0) + |2a]*)
as z tends to 0D N{z, = 0}. Then, the reproducing kernel Kps 4(2',w")
)

of the space of L* holomorphic functions on D' = {2/ € C"%;(,0) €
D} with respect to the measure ¢(z',0)d\,_1 satisfies

KD/’¢(Z/,Z/)
KD((Z/’ 0)7 (Zlv O))
as (2/,0) tends to 0D N{z, = 0}.

Another remark on Theorem 0.1 is that one can avoid solving an
ODE by choosing a family of cut off functions producing the d-data in
such a way that they are naturally related to the Poincaré metric of
the punctured disc. This change causes a difference in adjusting the
twist and the weight, and simplifies the situation very much. Since the
new cut off functions are of the same nature as those appearing in the
proof of Theorem 0.2, they seem to deserve a special attention in the
future research.

— 1
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18177 — U7 DPCR A &7 IS i i
DL ERBEIZDWNT
B IERER Gtk Y
§1 F Tl —< VO L ERTE OV b —27 AO#MRTED EROMRICRE NI :
(i) 1942 4F Oka VI: C* DFEMEL D HHIKIE, A XAV TH %,
(ii) 1943 4 Takagi Reports: C" DAY —< aEEIE. A% 12 CR¥HEX).
(iii) 1953 4 Oka IX : C" (n > 2) DEENATIKY —< VHEIKIE, AX AV TH B, D
95 1 HEEH (Oka VII) Z{# 5 723,
(iv) 1954 4F Bremmermann, Norguet: C" (n > 2) OFHER KX, A2 A1 2,
C DFGRD P(C) DEFENDIFRK T G D& DR ANERORRICFE NI
(v) 1962 4 H Grauert O ffll: P*(C) FOAIRERY JrfrA XA 2) 57k —< /15
T, A% TRV,
(vi) 1963/64 4 R. Fujita » A. Takeuchi: P"(C) LOHMANIG ) —< D lE, A% A

\/T%%O
(vil) 1978 4F J.E. Fornaess D Hl: C (FRlic n = 2) LD 2 MY — < 23T
AZA 2 TIRW,

T T, C" Lok —~ ik GERFER) O L ERTEDHIEN TH % 2 DA
st 2E55d %,

§2 THER LN, X 2 n JUTHASEALRIA L LZOERERERZ T(X) £ 5, X
DM 2HEZ B,

&M 1 (CondA). T(X)*ICiZ X ORI GEAD Pw = (0!,...,w") DMAEL T,
B EBAM Y dw’ =0 TH %,

QC Xz E LT CondA D RTRDOT —N)EREREZ %o

@) a:xGQHC(Cj)(/:w17...,/amw">€C”.

PA = [T {|¢’| < 1} T C" OBSHALOHMEEMREZ LT, NEp > 01K L,
a(x) =& ¢u,(C) =2 1& pPA ETHIZHD !
(3) Gap : PPA — Uy = ¢g ,(pPA) C Q.

ZDE57% p D EBRZ pla,Q)(< o0) EBLo . pla, Q) 1, Frw DD HICKZDT
pla,w, Q) EFLIREZFTHEMN, wid, LDTEZSDTHIET %,

E () pla, Q) &, BRESIEEGEIEG (i) Fo 2/ MWONEhERGEIEE T2 L. pla, Q) <
inf{|v],:v € T(X)a, Fo(v) =1}, 772U, |u|, = max; |w’(v)] &9 %,

K € QOIEAINEE Ko bE <, H7HKQ e X 2 “EAIREE Th5 T L&l
ERTEHREIND, £9| KD Cartan-Thullen(1932) HOEIA/REN S,

DREZEIRE R (C) SEHRS 15K04917 DB ZZ I TV 5,
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EIE 4. X % Cond A ZTwlz T EEZIAL L, Q € X ZZO/MEN a8 ~FRIEE &
5, Mt MRS K € Q L IFHIBIE f € O(Q) W,

f(@)] < pla,Q), VaeK

T AN YA
[f(@)] < pla, ), Va e Kq

DEALT %o BT, p(K,Q)(:= infauek pla, Q) = p(Kg, Q).

% 5. X CondA Z{f7zd 8D ET 5B, HAMHEEO e X DNIEHIFEEKTSH 5 T & L1EH]
MiETH B L. FETH S,

EHIES X -5 C" DT 7 A= n(z) WEICHBNTHZ L E, Thz)—<
WETER PO, JRFTAGERR 53R, Z 5 TROKHI DI 2 1 TS,

EE 6 (JAFTAZA V). V= UHEEE 1 X - C"BRAAZA 2V THBEIERD
EMDETENZ L TH B, EEDIN 2 € CTITHLZDEREV DMFEL T, 7V Ik
ARAVTH %o

—fRICLERTE OVL b — 7 ADMRE) L&, RATAZA AL S KR A XA 1%
WMED RS EDTH %, Elencwajg (1975) & Andreotti-Narasimhan (1964) OFGHRIC
KO, iV —< VRO a2 287 FER BN LTI L BRI EENTH %,
o CTHEE. 7: X - C"DESICH BT LIidind. ROGREFNZEZ %,

S 7 (CondB). (i) limgox pla, X) = 0; (i) EROHAEEINAN b € X IHLT
n(b) € C DEHE V € W AMFEL T, 7'V ORISR V & 7' W OME )
W (V. c W) IZwt URDIENTS B : pla, X) = p(a, W), VaeV.

FEE 8. 7: X — C" ZHERIESEY —< UEEE E U, Cond A 2O Cond B 717z
TEDET B, COLE, 7: X - C"HRFAZA VELIE, X EAZA VU THS,

& 9. (i) Fornaess DfliE, Cond A Zifi7z T2 N N5,

(i) Grauert DJfiliE, Cond A & Cond B %z P"(C) L THi7zd DT, LOEIE. Fujita-
Takeuti DEFLDFEIC P*(C) EANIIIERTE /R0,

(iii) _OFEIAEZR Y —< VHICIEH T % & A % A > (Behnke-Stein, 1949) OFIREHA
Bo5ns,
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