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NEW MEANINGS OF THE
DIVISION BY ZERO AND
INTERPRETATIONS ON 100/0 = 0
AND ON 0/0 = 0

Masao Kuroda!, Hiroshi Michiwaki?,
Saburou Saitoh!® and Masami Yamane?
!Gunma University,
2 NejiLaw Inc.,
3Institute of Reproducing Kernels, Kawauchi-cho, 5-1648-16,
Kiryu 376-0041, JAPAN
e-mail: saburou.saitoh@gmail.com

1 Introduction

In order to state the essential idea in elementary ways, we shall consider the
numbers on the real numbers. Then, by a natural extension of the fraction

b W)

a

for any numbers a and b, we shall, in particular, show the surprising results

100 0
0= 0, 0= 0. (2)
However, in our recent paper [1] or the concept of the Moore-Penrose
generalized inverse, the above results are clear - indeed, the results (2) them-
selves were found in a very general vector version in ([3]) - , however, many
mathematicians do not admit the results. So, we would like to show the
results in the elementary means and we shall give several interpretations of

1
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the results. Then, the results may be considered as very natural ones. Fur-
thermore, the results will creat many problems in analysis and physics on
the universe. The contents are as follows:

2 Definition of General Fractions

We shall introduce the division by zero by the three approaches;that is, from
the general theory of the Tikhonov regularization containing the Moore-
Penrose generalized inverses, Sin-EiTakahasi ([4] and [5]) established a simple
and natural interpretation (2) by analyzing any extensions of fractions, and
by showing the complete characterization for such property (2), and the in-
tuitive meaning of the division by H. Michiwachi ([6]).

3. An Interpretation of % =0
A Physical Interpretation of % =0
By the Newton’s Law
Analytic Function Theory, Singularity
An Interpretation of 0 x 0 = 100 from 100/0 = 0
Capillary Pressure in a Narrow Capillary Tube

PSR

References

[1] L.P. Castro, S. Saitoh, Fractional functions and their representations, Complex Anal-
ysis and Operator Theory, 7(2013), 1049-1063. DOI: 10.1007/s11785-011-0154-1.

[2] M. Kuroda, H. Michiwaki, S. Saitoh, and M. Yamane, New meanings of the division
by zero and interpretations on 100/0 = 0 and on 0/0 = 0, Int. J. Appl. Math. Vol.
27, No 2 (2014), pp. 191-198, DOI: 10.12732/ijam.v27i2.9.

[3] S. Saitoh, Generalized inversions of Hadamard and tensor products for matri-
ces, Advances in Linear Algebra & Matrix Theory. Vol.4 No.2 (2014), 87-95.
http://www.scirp.org/journal/ALAMT/

[4] S.-E. Takahashi, On the identities 100/0=0 and 0/0 =0.(note)

[5] S.-E. Takahasi, M. Tsukada and Y. Kobayashi, Classification of continuous fractional
binary operations on the real and complex fields, Tokyo Journal of Mathematics (in
press).

[6] Announcement 179: Division by zero is clear as z/0=0 and it is fundamental in

mathematics, Institute of Reproducing Kernels, 2014.8.22.

-2-



A new concept for the point at

infinity and the division by zero
z/0=0 (note)

Hiroshi Michiwaki (NejiLaw Inc.), Saburou Saitoh (Gunma
Univ.) and Masako Takagi Institute of Reproducing Kernels
Kawauchi-cho, 5-1648-16, Kiryu 376-0041, Japan
E-mail: saburou.saitoh@gmail.com

By a natural extension of the fractions

b

- 0.1

- (0.1)
for any complex numbers a and b, we, recently, found the surprising result,

for any complex number b

2=, (0.2)

incidentally in [3] by the Tikhonov regularization for the Hadamard product
inversions for matrices and we discussed their properties and gave several
physical interpretations on the general fractions in [2] for the case of real
numbers. The result is a very special case for general fractional functions in
[1].

The division by zero has a long and mysterious story over the world (see,
for example, google site with the division by zero) with its physical viewpoints
since the document of zero in India on AD 628, however, Sin-Ei Takahasi ([4])
established a simple and decisive interpretation (0.2) by analyzing some full
extensions of fractions and by showing the complete characterization for such
property (0.2). His result will show that our mathematics says that the result
(0.2) should be accepted as a natural one.



We thus should consider, for any complex number b, as (0.2); that is, for

the mapping .
== 0.3
w 2 ) ( )

the image of z = 0 is w = 0. This fact seems to be a curious one in
connection with our well-established popular image for the point at infinity
on the Riemann sphere.

However, we shall recall the elementary function

1 1 1
W(z)=exp- =1+ - +55F g5+ (0.4)

1z 2022 3123
The function has an essential singularity around the origin. When we con-
sider (0.2), meanwhile, surprisingly enough, we have:

W (0) = 1. (0.5)

The point at infinity is not a number and so we will not be able
to consider the function (0.4) at the zero point z = 0, meanwhile, we can
consider the value 1 as in (0.5) at the zero point z = 0. How do we consider
these situations?

As a typical result, we shall derive the surprising result: At an isolated
singular point of any analytic function, it takes a definite value with a nat-
ural meaning. As the important applications of this result, the extension
formula of functions with analytic parameters may be obtained and singular
integrals may be interpretated with the division by zero, naturally.
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The Fredholm Toeplitz operator and
the Berezin transform

Rikio Yoneda

Otaru university of commerce

Let D be the open unit disk in complex plane C'. For z,w € D, 0 < r < 1, let
p(z,w) = ‘ Y2 and D(w,r) = {z € D, p(w,2) < 7"}.

1—wz

For o > —1, the space L? (dA(z)) is defined to be the space of Lebesgue measur-
able functions f on D such that

I F = { [ 1F@PAAE)} < +oo,

where dA(z) denote the area measure on D. The weighted Bergman space is defined by

L2 (dA(z)) = H(D) N L2 (dA(2)).

Let X, Y be Banach spaces and let T be a linear operator from X into Y. Then T is
called to be bounded below from X to Y if there exists a positive constant C' > 0 such
that | Tf |ly= C || f |Ix for all f € X, where || x [|x, || * [ly be the norm of X, Y,
respectively. For f € L2,

Pf(z) = /D(f(w)QdA(Z)

1— zw)
And g € L*™(D), the Toeplitz operator is defined by
Tyf = P(gf)

where f € L2

In this talk, we study the Fredholm Toeplitz operator.

Definition . 7(z) =< T, k., k., > (z € D) where k, be normalized reproducing
9 9
kernel.

Theorem 1.  Let g € L®(D) be radial. Then T, : L2(D) — L2(D) is the
Fredholm operator if and only if

1
liminf(n + 1) ‘/ g(r)yr**tdr| > 0.
n—oo 0




Problem 2. Let g € L=(D) be radial, g € C(D).
Then the following are equivalent:
(1) T, is Fredholm on L%(D)

! ‘/1 f(t)dt‘ >0,

(2) liminf
r—1~ 1~—ZE

(3) liminf |T,(z)| > 0
|z|—1—
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Construction of a domain which fails to
satisfy the global boundary Harnack
principle with the aid of the Helmholtz
equation
Hiroaki Aikawa (Hokkaido University)*

Abstract
We study the Poisson representation for the Helmholtz equation in the
half space and give a precise estimate of the Poisson integrals. This estimate
is applied to show the sharpness of the modulus of continuity of a function
f for which the domain above the graph of f satisfies the global boundary
Harnack principle.

We study the validity of the global boundary Harnack principle on a domain whose
boundary is locally given by the graph of a continuous function in R"~! with modulus
of continuity (7). Such a domain is referred to as a y-Holder domain. A #*-Hdolder do-
main is simply called an a-Holder domain. A 1-Holder domain is a Lipschitz domain.

In case n = 2, conformal mappings are available, and hence the global boundary
Harnack principle holds for every ¢-Hblder domain no matter how bad i is. So we
let » > 3 from now on. Bass-Burdzy [BB91] proved probabilistically that every a-
Holder domain satisfies the global boundary Harnack principle if 1/2 < @ < 1, and
then Bafuelos-Bass-Burdzy [BBB91] extended the range of @ to 0 < @ < 1. More
generally, we [Aik14] showed that

. dt
) [0 <o

is a sufficient condition for a y-Hdlder domain to satisfy the global boundary Harnack
principle, under an additional technical condition. In particular, if ¢ is the log-Holder
modulus continuity ,(¢) = (— log#)~¢, then @ > 1 is a sufficient condition.

On the other hand, Bass-Burdzy [BB91] constructed a domain given by the graph
of a continuous function f, for which the global boundary Harnack principle fails to
hold. However, the modulus of continuity of f was not obtained. So far, no sharpness
results on modulus of continuity has been known.

The main purpose of this talk is to show that @ = 1 is the critical exponent in the
log-Holder continuity. This shows the sharpness of (*).

Theorem 1. If0 < a < 1, then there exists a y,-Holder domain which fails to satisfy
the global boundary Harnack principle.

The construction of Bass-Burdzy [BB91] is based on hitting probabilities, or har-
monic measures, in a thin rectangular cuboid. We follow basically the same approach

This work was supported in part by JSPS KAKENHI Grant Numbers 25287015, 25610017.
2010 Mathematics Subject Classification: 31B25, 35J05.
Keywords: Helmholtz equation, boundary Harnack principle, modulus of continuity.
*e-mail: aik@nath.sci.hokudai.ac. jp
web: http://www.math.sci.hokudai.ac.jp/ aik/



but with very precise estimates of harmonic measures available by careful study of the
Poisson representation for the Helmholtz equation.

Observe that there is a close relationship between harmonic functions in R” and
solutions to the Helmholtz equation in R"~!. More precisely, if (=A” + A>)u(x’) = 0
in D’ ¢ R"! with A’ being the Laplacian in R""!, then u(x") cos(Ax,) is a harmonic
function in D’ X (—¢, €) with & = /(24). This hinges ordinary harmonic measure w in
R” and harmonic measure w; with respect to the the Helmholtz equation (—A’ + A%)u =
0 in R™!. Observe that the smaller ¢ is, the larger A is, and so, the faster w; decays.
With this observation, we construct a deep ravine widening out swiftly, i.e., the hitting
probability of the side is much larger than the hitting probability of the top. We scale
such ravines and attach them at the bottom of a cube to obtain a y,-Holder domain
which fails to satisfy the global boundary Harnack principle, whenever 0 < a < 1.

z

(0,0,1/4)

Figure 1: A cube attached deep ravines widening out swiftly.
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On the defect relation for holomorphic curves

NOBUSHIGE TODA

1. Introduction Let f = [f1, -, fat1] be a transcendental holomorphic
curve from C into the n—dimensional complex projective space P"(C) with a re-
duced representation (fi,- -+ , fat1) : C — C™\ {0}, where n is a positive integer.
We suppose throughtout this talk that f is linearly non-degenerate over C.

Let @ = (a1, -+ ,@n4+1) be any vector in C™*\ {0}. We say that

”a has multiplicity m for f if (a, f) = a1 fi + - -+ @41 fns1 has at least one zero
and the zeros of the function (a, f(2)) = a1 f1(2)+- - - +ant1fns1(2) have multiplicity
at least m, while at least one zero has multiplicity m. When (a, f) has no zero, we
set M = oo.”

Definition A ([4], see also [2]). For a € C™**\ {0} with multiplicity m for f we
put p(a, f) = (1 —n/m)* =1 — n/ max(m,n), where a™ = max(a, 0) for any real
number a.

Let X be a subset of C"*'\ {0} in N —subgeneral position, where N is an integer
satisfying N > n. We put M+ = {a € X | p(a, f) > 0}; A =3 gcp+ (@, f) and
M'={a € M" | pa,f) =1}

It is known that

(La)([8]). #M* +n#M < (n+1)(2N —n +1).

(1.b)([4]). If there exist n+1 linearly independent vectors in M*, then M+ = M*.

(1.c)([4]). #M* < N + N/n.

The purpose of this talk is to estimate A when A > N +1 and #M' < N.

2. Preliminaries  For a non-empty finite subset S of X, we denote by V(.5)
the vector space spanned by elements of S and by d(S) the dimension of V{(:S). We
set O={SCX|0<#S<N+1}

Definition 2.1([4]). (I) We put ) = mingep d(S)/#5S.

(Il) For RG S (R, S € 0), we put A(R, S) = (d(S) — d(R))/(#S — #R).

Then, 0 < A(R,S) < 1 ([1]).

Proposition 2.1. Suppose that A < (n+1)/(2N —n + 1).

(I)(see [7]). There exist an integer p (1 < p < (n + 1)/2) and a subfamily
{T; | 1 <% < p} of O such that

WS=ToGT G- CTp dT}) < (n+1)/2

(i) ATo, T1) < A(Th, To) < -+ » < A(Tp-1,Tp) < (n+1—-d(T},))/ (2N —n+1—#T,).

(IT)(see [7], [6]). We put

A(E,l,ﬂ) if aez—’i\n—l (7':]-7' ap)
wia) = n+1-d(1,) .
IW-nti-#1, 1§ e€X\DL

and
h= 2N —n+1-#T,)/(n+1—d(T)),

where Ty = ¢, T; and A(T;—1;T;) (i =1,---,p) are those given in (I).
Then, the function w and the constant h have the following properties:

-11-



(a) Foranya € X, 0 < hw(a) <land T, ={a € X | hw(a) < 1};
(b) For any @ C X satisfying (i) Q@ DT, and (ii) 2N —n+ 1 < #Q < o0,
#Q — (2N —n+1) = h(Ygequwla) —n—1);

(¢) N\n<h< (2N —-n+1)/(n+1);

(d) For any S € O, 3 gcsw(a) < d(S).

(A)([7]). We put O, = {S € O | T, G S, d(T}) < d(S)}. Then, for any S € O,,
W< (d(S) - d(T,))/ (5 — #T). 1

Definition 2.2([7]). We say that

{I) X is of type 1 if for any S € O, i~ < A(T; 5).

(IT) X is of type II if for some S € Op h™! = A(T}; ).

We know([1]) that for any S € O, #S5 < d(S) + N —n.

Definition 2.3([7]). For S € O, we say that S is maximal when

H#5 =4(S)+ N — n.

Proposition 2.3([1]). Let R,S € O such that R G S. If R is maximal, so is S.

Proposition 2.4([5] etc.). (I) D gepr+ w(@)p(a, f) < n+1. (II) A <2N—n+1.

Proposition 2.5([8]). Suppose that N >n > 2 and that A =2N —n + 1.

A< (n+1)/(2N —n + 1), then X is of type I, T, is maximal and M' =

From now on we put #T, =T, #M"' = M for simplicity.

3. Result  We suppose throughout this section that (3-i) N +1 < A and
(3-ii) M < N.

Theorem. Suppose that A < (n+1)/(2N —n+1), X is of type I, T, is maximal
and that 7, € M*. Under the conditions (3-i) and (3-ii) there are two positive
constants a and (3 satisfying the inequality

N+1<2N-n+1l-ah—-1)(M-T)<A<2N-n+1-ph—-1)(M-T)
for M such that T+1 < M < N.

References
[1] H. FusiMoTO: Aspects of Math. E21, Vieweg 1993.
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[4] N. Topa: Proc. Japan Acad., Ser.A, 81-6 (2005), 99-104.
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VS LERSEANNZRICBIZ S VY LAMFRBERE V77 / 7R OAEN

4 AX#E (Sumi, Hiroki)
KIRAZEAZRELH RN EER
E-mail: sumi@math.sci.osaka-u.ac.jp

http://www.math.sci.osaka-u.ac.jp/ “sumi/

C:=CU{oo} 2V —<VERE &5, WL HSNTWS ([1)):

Fact. f:C — C »WH 2 ML EOHIE K% 513 dimy ({2 € C | lim,,_, . 2log ||D(f").] > 0}) > 0
b, 727U dimy EEREEEHCET 2% 2 V7%, f7 1 f O n BEE#, || - | EEkibs e
BT aMa0/ VakkT, Ko, £48 {zeC|lim,_,_ Llog||D(f").| > 0} E*TETH 3,

Nn—>00 n
LML, 2ZTRXRERT,

1 (FEH, ).
C LOKBED iid 5> RAEESHERNFR (ROKEEIRE 2 U EL$2) 28V TIE, RITK
BFLEHEMC <OMFELT, BATEEDRERVETRTO 2z e CIzi L, BLAYTART
DHERF v = (y1,72,...) CHUT (22 CHARFIOLSF 2 ITIKAET B). ALY LD,

1 .
X(7,2) = lim —log|[D(yn 0 ---0om)s|| #HELT x(7,2) < C <0

7B, EFD Fact 55, Theorem 1 O ERIFIREL 2 A ED —DDOEBEMRDKEE KT & 3@ E D
BENFRTIEPR U TR LR, o TKMD T v X AERLEANERITBWT, At A ElE—
DO 2RULDEEERICEZBEDOERNERLVE LD RCAY, BHEEMET., Zhix5 v K
LMEDRRIZEZEDTHE, ZDES%, —DOEBRDKEARIZE D IFERITIEHR L TERAAR WL,
SYRLNFREEOR SR ‘S VS LAEFRERE Yo, UTFTERATSLEH. BREBAS,
E% 2. (1) C(=CU{co} 2CP =82 2V —<VHHEL L d % C LOKMEHEL 5,

(2) P:={h:C = C | h ZZHEREH, deg(h) > 2} HE, 0> X0 % n(f,g) =

sup_ . d(f(2), 9(2)) TEHET 2.
(3) BREBEZERT X 12 L, My (X) & X EORVIVRHERRESKE 35,

VENS, TeM(P)E—2L Y, EBR, T IXELTheP 2ERLTATC LOSEE,T LS
7. CEDSVYRANEREER D,

THS. Y &P OMESL TS, My (V)= {reM(Y)|suppr 123252k} &<, My (V)
LR O % KB SLOMMHET S
[ (Y),0) ETr =7 (n—o00) 7252 i, O 2HKMEPTREHE O LD Z & & HH,
(1) EEOEFERBEE o: Y > RIZH L. [pdr, = [@dr (n—o00) &5,
(2) Y TR WIV R NESGEEDORTEMIZEWT, NV ARV 7HEIZBEL T suppr, —
suppt (n — 00) &85, ]
EE 4. Y 2 P OHFEEBZLDISRIEE L, Y > 1795,
1) AEEDOneNIZHL S, (Y):={z€C| (fi,-..,fn) EY" > fro---0 fi(z) € C ITEHEH }
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rB<, (EE: & S.(Y) REREATH S, )
(2) Y A nice THB Lk, UFAEDLDL EE VS,
MEED 2 € NS, (Y) iU, KD (a)(b) DED SMAHD 3D,

(@) [ f'(z) BY BB (b) FEHEO f €Y LT f/(2) = 0.

EHE 5. Y % P OHSEELASHAL L, 1Y > 12T 5, Y HBISHLIE. UFARO IO &%
VW,
N2 15, (Y) DB BETHRVHNES LIWEELT, FED 7€ My (V) LEED h € suppT IZ

XU
e h(L)C L, %>

o TED ze LIZHUL, (®%%7)-ae 7= (71,72,...) € PNIZKL,
limy, o0 21og [ D(vp 0+ 0m):]l = 0. (FER : 152, S (Y) <00 BD T, $L <00 THB, )

EE 6 (ETH, FMRER). Y %2 P OEFERTAILHRIKLE U, 1Y >1 295, Y I nice THD
BIRTRNET R, 202 E, (M (V),0) 0bIRAENOHEBIEETH S AMBFELT, K2
W7z 9,

o TED T AIINL, HBEKC, <0k, CODHBWNES B, THC\B,) <R %550
BIFAEL T, fFED 2 € B, KR U, (®27)-a.e. v= (71,72,...) € PN KL (Z ZTHIS
7 v DEGE 2 ITRGFET 5)

X(7,2) = lim log [ Dy o -om): || BHHELT x(r,2) < C; <0 £,
n—00
Fz. N2, S, (Y) =0 Dr &zl D1 AL, ko B, % C Tlih 3,

Lo TKRMD 7 v X LERLEHANFRIZBVT, HAREE—DD 2 RULOFEEROREERK
IKEZBEDERNFREIVELDRLCRY, REHEDET,

5l 7. nice THOFMETHRVY (FNSIZEH 6 2WHTES) OHlEHIT 5,
(1) Y =P. (FEE : PITEBETRVIEH 6 DFIRVEKD LD, ) Z2OHBEEF N2, 5, (Y)=07ThH
b, EE 6D B, & C THh 3,
(2) Y ={z24+ceP|ceC} Z0HAE, N22,5,(Y)=0 CEE 6 D B, & C THh 2,
B)Y={N(1-2)eP|AeC\{0}}. ZDHA. N°2,5,(Y)={0,1}.
FERE N2, Sp (V) METHRWESIE, ETHI5E L DAEHT OFERD? 74 0 M2 5,)
4) feP %, Tz €eC, f(z0) =072 51F f'(20) # 0] DK NLDIET 5,
Yi={z+Af(2) e P|AeC\{0}} £BLK, ZDHAE. N2, 5, (Y)={z€C| f(z) = 0}.
SE X
[1] R. Mané, The Hausdorff dimension of invariant probabilities of rational maps, Dynamical
Systems (Valparaiso, 1986) (Lecture Notes in Math. 1331) (Berlin: Springer) 86-117, 1988.
[2] H. Sumi, Random complex dynamics and semigroups of holomorphic maps, Proc. London
Math. Soc. (2011) 102(1), pp 50-112.

[3] H. Sumi, Cooperation principle, stability and bifurcation in random complex dynamics, Adv.
Math., 245 (2013) pp 137-181.

-14-



Ay b=IVORY 1) PEEZ RO
AHERED HERITOWT

A R (RALKE)

1. A
HHBIBOES FIc IHEE 2 RO AR CERT 5, CoMEr v CIEERER
BB {f1, fo, ...} CHERI N ERA GHRER LR, ZO¥RE G LT 2L

G=<fi,fo >

ERELT D, TRTD f; B—ROBEMTH 2 L EiX, ZOWINHERTIUIEEE L
TH|Z 2, ZOHERIEZHANRET 20037 74 VHiwTH b, £, 7272—
ODOHEMEIRD 6 BRI NS, T bbb REGKZMAET 2D, WHWw S EE
NERTH B, IOIEZENFAROGEITIEHRBEBOREIZ 2 LT 22 &ps—
N TH 2, . FHOGEIC LA LD —oDFHBBOXREIZ 2 EE T3,
G CI/EALTYS, GWIEEEE %2 C ORKOMESE G D77 FoHEA L
Y, F(G) TET, Z20Hi%ES C\F(G) % G DY 1Y) PEA LWL, J(G) TET.,
G B —o20FBEE f 6B IN 256, ThbLEHENFRDGEICIE, £
nzxnz F(f). J(f) TR, HENFRELEHONFARTIIW L DOD2DRE LE
Wb, BENERTIR7 7 bOEA, P2 TESIITEANETH D, HHERD
NHEZRTIE7 7 PVEGEFHIAAETHD, Y2 TEEIBIAETH S, HFE
HRATIEY 2 ) TEARNAEERF R, C L—XT 2, HIEHONEZRTIEY 2
THEOADNC L= LR, WEEHSLOMREET 5,

2. &R

AFHHTIE R OEAEED A v F—VEAETH S Lk, ZN0FIXEZ & F Rvidse
HEHTHIRE VY, COETEEPHY P—LDITH S EIE, RT ICEEND
F=NVEESG CBEELT {2 ]|z|=r, reC} LREDLLEZ V),

EFE 1 n & m IFHAKT min(m,n) >2 & max(m,n) >3 Z2ffi7zdEL, a & bliL
0 THRWHEFEET |a|™ " £ o™ Z2Wile T ET 5, f(2) =az". g(z) =bz" £ 5,
CDLEEG=<fg>DT2a2VTHEEIAIV LD ELR S,

77 b VEADRT ORI Y ) THEADEZMBIS v, EH 1 TER
INTEHEDHERIZOVWTRD I EBEZ B,

FEB2 fLgl3EH1ITERLALDDEL, G=<fg>,T%, TDLE, RDZ
EDRALT B,

(1) J(G) & F(G) IZEDITRELETH B,

AW RIS (SR 5:23540213) OB EZ T bDTH 5,
* T 780-8520 AR AITHERT SRR WIS B AR R BLAAR
e-mail: morosawa@kochi-u.ac.jp
web: http://www.math.kochi-u.ac.jp/morosawa/index.html
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(2) F(G) 13 Z R 7 2o,

(3) MRFRBE% X 0 £721% 00 TH 2,

(4) he G\{f,g} £T B &, J(h) FHEMTH 5,
HHAERHC O W TIZRD Z EDEZ B,

EE 3 n X3 LEOARBEL, a & b BEFEKT o' # b ZiHELTET S,

f(z)=az"', g(z)=bz" T35, TOLEEG=<fg>DP2VTHEBEIIY =)L
DINER D,

Ay P =NVOWNEIY 2 ) PEEZRFFOYHEEZ D ZETRD I LAY S,

EE 4 FHEHETZOY 2 TEEDVBNEZR 200, P2V 7EEDNT ARV
TRIGDIOL 5TH 21TV DR TE 5,
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Spirals and the asymptotic Teichmiiller space

L AR (RBRORE)

1. %

1.1. BT IS 25—2H

HAFIRD o1, 0, -1 ZBEET 2 X 9 ICEAL S - Am 55 2h % oc, £ #1<.
B MR DB A = {|2] > 1} U {cc} EDIERIEIE o 12X L T

[@lloe = sup(|z* — 1)%|p(2)|
|z]<1
LERELT, ZO/NVLADBEBTH B L) A LOTFHIBISEARD s $HE T v
%z B EEL, IEHIEE ¢ € B,

lim sup (|2 = 1)*|p(2)| = 0
T_>1r<|z\<oo
Zii7- 9 & ZWMRETE L RS L vwbiis, ERETEL &2 1IEHIREED % B D
ez By B, WEMB/By % B i, W¥B - B pr &L, 2L T
01,02 € BIZOWTpr(p) =pr(ps) DEZ, ¢ & oo FEHAMNICEETH % L9,
BEEMGR f € QCoIcH LT, DEFfFE—KLTHLrOALTHEMAGERELRSZ L) R
C LoBSMmEHRE2 W, L5, COLET 27 LY HYZNIESE 558

QCo > fr=S8(Wyla) B

DBET LFL, BEBIIMEZI2T57—ZER (D BersHOARDE) LS, Z L TH
WOBAT = pr(T) C BZIRENY A LS 25—2/M (DML Bers GRIC X 218)
ENES (cf. [4]. [2] bBHHE X) .

1.2. Bers DFAZERHE

Bers DFEMERMEIZ THIERE DS 2 7 VIO OL2MIZEE Y 4 & 2 27—k
PHELE —3 3 20>, TH D (cf. [1]). Bers DFAZMEREIZ Gehring [5] 1 & > THER
IR I Tz, FEBE, Gehring 12X 1 D & 9 7% Gehring- 2784 7 VB ZERLL, 2O
DY —< Y BRDY 2 7NV YHINIIEES A € S 27 —EEOERICEEF
CEZRLI (L L0<a<1/Br)DEE) £/ Flinn3]lE, ZD¥ 27 )V VI
DY A & 227 —ZEOHEIcEEN R K ) BY a Ly UEBERLL 7.

2. EEE
Bers OIS 2 MDA Y 4 £ 2 25 —%MIc L TELS,
EE 1 ([6], [7]). KAHLT 5.

2010 Mathematics Subject Classification: 30F60, 32G15, 37F30
¥ —7 — F ! Quasiconformal mapping, Universal Teichmiiller space, Asymptotic Teichmiiller space
* T 560-0043 B RFIRIIET 1-1 KBCRFRFEBERLFTFERE
e-mail: miyachi@math.sci.osaka-u.ac.jp
web: http://www.math.sci.osaka-u.ac.jp/ miyachi/index.html
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1: Gehring D A 84 7 VAR @ {Lie(omD! | ¢ > 0} U {0} DHIEA.

(1) Gehring®D A 84 FNVAIED ) —< YV ERDO> 2 7 )V %, HEY A2
I —ZEHOBEICEEND X O %, Ya Y VEBOY —< v BEBOY 7Ly
oy EEREINEMETH 5. FRZ, Gehring®D A 8L T NVAEIBD > 27 VY 55 D
WOABIRWNER 2 4 & S 2 7 —ZHOMHuIcE ENn S (FIIERIEEND) .

(2) Flinn®Y a V& VHEBDY) — < VERD > 27 )V Y 5y OWREEEE, WHEN S
ERNER [} N 3 (RN

3. MIRE
3 GBEE) OMBIRY, RO LI RIERKNLFEIZ 72 RERTH 5.

1. BERIR DY 2 7V Y S OWREE D HEA L BN THEAGTH 500 ?
2. AT =pr(T) TH 25 ? (AT > pr(T) IFEHH)

FEEO (1) M2 SN THE L LTEATH LI Lo (Raks 5 IEMICH
V) RIEEHLE 52T B,

SE R

[1] L. Bers, Quasiconformal mappings, with applications to differential equations, function
theory and topology, Bull. Amer. Math. Soc. 83 (1977), 1083-1100

[2] C.J. Earle, V. Markovic and D. Saric, Barycentric extension and the Bers embedding for
asymptotic Teichmiiller space, Contemp. Math., 311 (2002), 87-105.

[3] B. Flinn, Jordan domains and the universal Teichmiiller space, Trans. Amer. Math. Soc.
282 (1984), 603-610.

[4] F. Gardiner and D. Sullivan, Symmetric structures on a closed curve, Amer. Jour. of
Math. 114 (1992), 683-736.

[5] F. W. Gehring, Spirals and the universal Teichmiiller space, Acta Math. 141 (1978),
99-113.

[6] H. Miyachi, Image of asymptotic Bers map, J. Math. Soc. Japan 60 (2008), 1255-1276.

[7] H. Miyachi, Spirals and the asymptotic Teichmiiller space, Computational Methods and
Function Theory 14 (Special Issue in Memory of Frederick W. Gehring) (2014), 609-622.
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10

BN FH D B Teichmiiller ZEE\D
FHREEEASICDOWT

R HE (REEERE)”

1. BAIMARD S ZSEHEUMARNDFERER
D 7 W HREREE A AN B, DY 2 D O N# (2 < N < oo) DERT, Hilix
BB T D FIRTEDIZEDETS. DL E, ROTENKIT 5.
FE 1. ZDDFB/ hy, hy D =D DSE>7 h:D 3z (hi(2), he(z)) € D? N5
55 THIUL, hy D hy DEL SN EREESRTHS.
1. W DPHFHEEESRTHNUE, b & by 13 BICHHEEEEINESRTH S, W, hy &
hy e BICHREHIEREMMESRTH O, 55N EFHEHRTHNE, h DEFIHEEEGE
BAHTEIRHSNEDT, 1 DOWE KT 5.
F 2. THIDKIIT S0, h B D? NDERTH 2 eHRETHS. h DY
(N > 3) NOBBRTH 2H5EITIIHINT 2 FIRDK D TR OBIDNFET 5.
EHEIROWEZHNVTRT T ENTES.

fARE 1. d(-,-) 2 DICBT B NHhEERE, ¢ : D — D ZEEEIEEMNEGE L, 0<r <1
£95%.

E:={zeD:|z[=r dy(z),9(-2)) = d(z,-2)},

Fi:={zeD:|z| =r d(g(2),9(0)) = d(z,0)}
ELleE, ENAEN E2EHRE, F OBMNMEICBWT g IFFEHEIRTH 5.

E 3. MELICENT, E MR EZBT T LR ERREITHS. HIZIE 0<r <1
EL,g:D-D%Z,32>0DLE g(z) =2,S:<0DEX g(z) =72 TEDB L,
E={tr} £%%. F={]z|=r} TH2N, g & F OPAMT {|z| < r} OFHEET
TIE7RW.

T 612-8522 HUARHIR RLDK PR S RERRHT 1
e-mail: ohtake@kyokyo-u.ac.jp
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2. Teichmiiller ZZRENDIGH

T(R) % Riemann [fii R @ Teichmiiller ZE[# (R 1D Beltrami f&% 1 OFRIMELH [1]
DEE) &%, HZERTH S T(R) IZE, Beltrami (RE(D / )V L b BIRICEREED E
¥ %. Ok Teichmiiller Hiffi & S

HBRAEELD Riemann b 5 ABRMED 5 ZBRNTHF 5N % Riemann ifi (& RHTHIA R
BTHsEVS. R EFNARRE TIXRW Riemann fi& 5. TOL X, T(R) I35
RICTH D, BENHEH D72 & 72750 R EOMf#ERY Beltrami #8573 p; (2 < j < N),
Iilloe = 1, DIIDFAET B, TDE S %F] (1) ZHNT, DV 3 (z5) = [L, 2] €
T(R) Z1E% &, FHEEERICR S T ENVHISN TV (Earle, Li [1]).

Ko T, KDEMDRE LT, ROEHMNKILT 5.

FE 2. EHATERR TRV Riemann [ R EOMYER Beltrami 59 py, po,
talloo = [[p2lloo = 1, EZDDE by, hy : D — D A S > 72F

h:D 3z [h(2)p + ha(2)pe] € T(R)

AVEEHGETHI, by 2> hy DELSDVEEHEETHS
SEXH

[1] C.J.Earle, Z.Li. Isometrically embedded polydisks in infinite dimensional Teichmiiller
spaces, J.Geom.Anal., 9, No.1, 51-71, (1999).
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ooogo

Klein B DL ZE IS DWW T
BRI T AR

1. Introduction

PSL(2,C) DB 7 #E% Klein i & FES. Klein B G & 30T FEZEEHE = { (2, y, 1) |
T,y € Rt > 0} OMHFFRICE L CHEEMDOESEAHEGICER T 5. Lich > T, B
D p D G-orbit, Gpld OH? = C := CU {co} ICHEMT 3. T DERSAE Klein B
G OMIFRES LT, AG) &#HL WMIRERIE p € H3 DD I3 K575 - MR
HHRBESTRIIARES LR L8 H DD, TDX S BGE Klein BEOME R &
FE LD o2TNBEDT, IEOWNREIZ LAY, Ko TAHAHMETIIMEESITHIC
HWREASTHZ LINET 5. FIFHCH S EWRD Klein BHIABRAER & IKET 5.

Klein #f G OMIREA A(G) D CIZBI B HHELZE QG) £H 5D L, G ORHHHE
B EMER, EELD QG) IZCHOBELTH A, & BITGOMENEMEREEHT &
% COREADHERL LTHMMNIFISN TV (COBEDOGOCDIER L, &
BAA— R BEBROREE LTOERTH ). —F, AG)IEG-AERZETHRVERD
DOHES L LTHEMNIIBNTED, L > TG OMEBIEIR KOO E S kD
e —H|L T3,

—fRIC QG IZZEG BT L H DD, FNEGHEMNZHES & 7% Klein B,
C OISV TERT LW RN DOESKRVEDICA S DT, a2k
BTHEVEIRET 5.

Klein #f G O g arIsiE — A% 1 RRAE OSB3 2 5D, Ahlfors DA FRMEE HIE
Q(G) DERERSYD G OVEFIC & 2 A ERETH D, &SI ZNHERE Riemann
HZEKT 2 EVD T eZERT S, Thbb, QG) DEFEKDT AL, ..., A DFEL
T, QG)=Y"_ | GA;THY, WZEMA;/G; (5= 1,...,n) WWHIER Riemann [l 75
. TTTGRAZEET GO EZIRT.

A2 A FVICH D " Klein BEOZTEZER] 7 I T OEMZ B9 % &, Riemann [
2, & U <& Teichmiiller ZEf & WO AN EINS. AFHETIE T OHEICI>TE
I Klein BEOEIEZER 2B U, FRHCZ OERMNTIIREZ BT 5.

2. Preliminaries
2.1. Klein B¥DZEH,ZER
lilloo < 1755 L°(C) ORIEIC LT, Beltrami /722X

f,%:ufz (1>

Eilzd Ch o ZNHSNOEHEMEL f IMEEL, TN PSL(2,C) DENSDHE
RZFRE—ENTHS. £-oT, BALBNIplcH LT (1) 2z, 0,1, 00 ZFEET
B fldfclc—okE%. Tz wt EEE, Beltramiffpulc K> TEXAERIEEN
TBEFEAER (normalized quasiconformal map) W9

AW FHITE (R 5:2234008) DI ZZ 26 DTH %,
*e-mail: shiga@math.titech.ac. jp

-21-



DX 7% puh Klein Bt G DIEEDIT IR LT

(Hog)-gg ' =un (2)

ZiiIz L0351, COupX0EoNREAEHR FICKS GOHE fGf1 &
PSL(2,C) DEAEHCIR D, LMo TKleinBETH 2T b5, Wic, fGf'H
U Klein i & 5% & 5 HHEEM G f O Beltrami (78 py = f:/f. & (2) 27Tz LT
V5.

—fRIC G-AZ T COBIEA QICEZFED LB LT, |ule < 15D (2) ZHi/zd
LORkE M(G;Q) £ EL. RIS RS A 5% f - C — CHHR

G>gr fof™!

IC&> TGS PSL(2, C) \D[ARIZE L 12 DRE 35D,y € M(G;C) TH
5T LZERLTNS.

BNSRARIZC EDD, pe M(G;C) b w BA—EINCIRED, Lizh>T, w kb
Hom(G, PSL(2,C)) Ditp, MEF %. 7272L Hom(G, PSL(2,C)) & G5 PSL(2,C)
NOUERIRIS DI TH B, Klein Bt GIIARERTHZH 5, Hom(G, PSL(2,C))
I ERRIC (EREMD) MHNEF .

BtEG Q ¢ CHGAZLRBIE, M(G;Q) ¢ M(G:C) THBM5, Beltami (Z5
pw € M(G;Q) & Hom(G, PSL(2,C)) DIt p, ZEDD. —DDILp,v € M(G; Q) It
LTp, = p lC&ko CTRAMBKREERL, TORMERBGEE ~q, pDET 3 FAMEE
e EBL. M(G;Q) DED B A RIAZ D(G;Q) £EE, KleinffG D QICET
% ERZER (deformation space) £ X &, Q = COBAIX, D(G) EBWVT, HIZGOD
deformation space & K&, D(G; Q)& Hom(G; PSL(2,C)) DG & L THIRIC
HEMEDEE 5.

Bl 1 Klein B T D PSL(2,R) DEDRETH 2 & T v 7 X8 (Fuchsian group) EWHIN
5. 7w ART I P ERHICAEH T 20, ZOrg240 X = H/T BMEFR% Riemann
HTH5EE, DI;H)E X O Teichmiiller 2% T'(X) EAKRTENTES. X,
D) & (I' D) Quasi-Fuchsian space—Z N7 QFr LB —L LTHIBNAZEHTH
D, THES % Riemann [ Teichmiiller ZEE DEFIIC /% 5.

§1 TNz XK 91, A(G) THEIRNEDITTOFEE L dense THH Tz D, —DDJC
v € M(G;C) Dy ~g v THBT2DDRBREF M
wae) = wla)

THBZT DD, Lieh>T, GO deformation space D(G) & {w”|s) | 1 €
M(G;C)} BT TEETESD. TOTERMETNUE, My(G;C) % wh|yq HMEE
BT D e M(G,C) ke Lize &, (e =V THBEWVS T EM (W)L ow”
O Beltrami fRED My(G;C) DIt TH BT L LAETH SR L ZEHT 5. XoTC,
D(G) & M(G;C) D My(G; Q)1 & B2 M (G; C)/Mo(G; Q) E[A—HT 5T ENT
X, TOLTARETHE

7 M(G;C)(C L=(C)) — M(G;C)/My(G; Q) ~ D(G)
FIEANC 72 %.
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2.2. IFAMYE & invariant distances

CHNDTEE D T, ZDOBEHRoODMN D EDH 5 1ERIBIED " BIRER " 1IE> T3,
I5bb, D LOEAIBE f T fldb &5 E D TERT, 9D DWA RS RIS Bk
BRI NBROVEONMEET S, —F, n > 1 OHHE, C OFEBICBO IR IES
CHEZAD, ZO EOMEEOERIBIED, & SICIVEE K THBIIC TS E N5
KO BMHENMFAET 5. —XtDHEED K I, HEDOERNZ O FOERIEEKDOH
REEFIC TR > TWVWA & &, ZOMHEEIT domain of holomorphy TH % &\ 9. AL,
C" O HATEKIE domain of holomorphy TH 5. ZAFEEBEGEHICIBUWVT, domain of
holomorphy & W9 BERITHAMDNDEELREDTHSH, THUIRITINS ERM P
EHELSBD> TS,

M7z GEfE7R) HERZHAE U, M ERSNIIERBEhZ O(M) L5, O(M)
DI EE O LT, MDD O-convex TH B &1k, MINDILEDIaV IR MEGK
D O-hull Ko BHT /87 MERICRBHENS. TT TR

Ko:=({pe M1/ < I/llx}
feo
TERINZDEDTHS. 721U | fllx = maxpex | f(p)|-

O = O(M)IZH LT MM O-convex TH 2 & E, MIFIEBIN (holomorphically con-
vex) THBEWVS. Ko, OB M ANDOEFIERBIS A TH 2 L&, MIZ H>®-convex
THB LV, MWPACOHEKT, OMWZHARKTHS L, ZHANTHE LW
9. O, CO,DEE, Of-convex = Oy-convex TH M5, CPOMEIEICHLTE, £
EHM = H®-convex = (LAY, &7&%. ULAHL, WiEEDimplication &7 L&AV,
ERPED BEEE RO EHA 5 H TN S.

EE 1 C*HOHEEMNERHIMTH ST & &, ZHh domain of holomorphy T3 Z &
ERAMETHS.

WRZRRAK M D2 5 p, g IlTH LT

e (p,q) = sup{dn(f(p), f(q)) | f € OM), [ flloo <1}
EBL eyt M x M — Rso (3HRERENCRS. TNz M D Carathéodory HREERE L\
5. TOEHFELDROEREEBNEBICHNES.
heE 2 FHIBRF: M — NIcRLT
en(F(p), F(q)) < em(p,q)
N RVASN
T2 DOERZHAM, N EZDEEM x N BIXUBARENE 7y M x M — N,
ay: M x N — NIGEHALT;
%3
erxn((p: ), (9, ¢')) = max{ear(p, p), en(a,q)}-
KRS, cur, oy DFEREHEEER 512, Cuwny B M x N OFEisiiifTh 5.
ey DFEftEE RSB IEA M & SR L TV 5.
T 4 HEZHRAEMIZBNT, oy MWreEEEREZR 513 M & H®-convex TH 5.
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2.3. Holomorphic motion

E 7% 30 G COMEDES, MEZEEEEEZHAT, HBH N ¢ M ERH
CLLTIREESNTWD LTS, Hfo: M x E— CHUTRDEET L&, ¢o7%
M E® E OIERES (holomorphic motion) L7121 M 2785 A—2—2EL 4% ED
IEFUfES & 5,

1. ¢(No, ) F E LOEFEZRTH 5.
2. BANE MICRLT, ¢\, )EELE1X1TH%.

3. B2e BICHLTH(,2)dMH5E CADIEHIEHRTH 5.

E 20,1,00T, fEEDON € MIZHLT ¢\, ) M0,1,00 ZEET S & &, IEHES)
¢: M x E — CZEBIEENIERES) (normalized holomorphic motion) &EWEER. —
R BZER 222 T3 T LI > T, holomorphic motion (& FICIERILT BT LW T
x5,

Holomorphic motion F{&, E#EiZ T < HAlREDTH SN, ZTNH—RoTHEMNT
ISR TRENIMD TREV. ZRUILLFOHRICK S ([4], [28]).

T 5 FHEAECClF0,1,00Z8H, ¢:Dx E — CEZIFFILE NIz E OBAIFR
D F® holomorphic motion £ 9 5%. TDE&E, LUITFHKILTS.

1. ¢ C DD [0 holomorphic motion ¢ ICHEETND. EHICH A e DICHLT,
(N, ) EC FOBESAEIRICTIY, Z D Beltrami (75 n(\) £ 55 L, D3 A
pu(A) € L=(C)IZIEAIT®H 5.

2. E D Klein Bt G ICDOWTHEBHEST, 0 3 EICBNVTG-RETHS LT 5.
Tiabb, HBHEMEH py - G — PSL(2,C) (A € D) BFEELT, TED
(9,2) e Gx EICXLT

BN LTV LTS, CcOLE, FO1DIEEIZCICBLWTGHE RS X
SICHB T ENTED.
COEFD 1 DFEEIZI ST A— R —22/ M D2 FTlE, MO EHESER AT
EEIEVRLD LT TR.

3. Statements of results
3.1. &ATHIR
FHRRZBRDHHC, T OMFUICBIEY B e ThE R 2 b X%,

Klein ##® deformation space.

Klein #£ D deformation space D#EEMEIEDWIZEIE Kra, Maskit D ERADAKZ W, §1
THRAT=AY, —HIE Klein BE G ORI O(G) IR K 21D, LnL
Ahlfors DERMEEHN S, ZOHKED O G-FERIFHMETH 5. Kra-Maskit (&
Ahlfors DHBRMEIEDBIE T % Riemann HOZETED D(G) ZRE L, FHT Q(G) D
FERT N X THEASIC R 2 & ZiE D(G) M TN 5D Riemann [ D Teichmiiller 2%fH]
DEMICED 2RI, TOXIGEROMRE LT, ROEHMFENTND
([16]).
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EE 6 DG)XFEHINTH .

HIET T & U THIF 7z quasi-Fuchsian space QFp (& ZFNHEDBEBKFEN R TH B,
McMullen (& quasi-Fuchsian space (DWW TLEL RO &K 5 7% (disk convexity) 27 LT
W5 ([23]).

EE 7 T'dH/T AR Riemann [ £ 72 % Fuchs L L, @ ZHAIMROEAGD 5
Hom(T', PSL(2, C)) \DIEAIET, DN € DI LT, ®(A) € Hom(T, PSL(2,C))
Mtype-preserving I/ 5 ED LT 5. TDEE, EL OOD) C QFr %&b, (D) C

ZC T, "M p € Hom(T, PSL(2,C)) M type-preserving & 1&, p(y) A parabolic & 7%
%5DlE~ € I' & parabolic T, MDOZDRHICRZ & &2,

Teichmiiller space.

I' c PSL(2,R) % X := H/T WG FRH Riemann [ &£ %% Fuchs B & 9°%. TDE& X,
Riemann [ X @ Teichmiiller ZZfi] 7'(X) (& T D HIZBY T % deformation space D(T'; H)
ElA—HEN%. Teichmiiller 220 T(X) ITIERD K 5 ITEFHR S NS dp BFEET 5.

dr([pulr, [pe]r) = inf log K (wy 0 wi!).

w1,w2

72U, [wlr € D(T;H) (i = 1,2)IS LT, w; & [pr ICB 9 % Beltrami fREDVE D
ZIEREE NI RS TR T, infid3TD XS BREFMFR2ARZE N L TEZTZED
THs. £z, K(f) 3HEEHEAGG f ORAKEINE (maximal dilatation) TH 5.
BEMBBRICEET 2 EANZGRD D, dr EFEBRIC T(X) OEEfcERD, 5105
Tz ENMHEREND. dr %2 Teichmiiller EEREL S
Teichmiiller #E#(3 Riemann D ZTE OB S HELMERTH 50, ROHFHIIT
DOEEMZ E HICFERLT28TWS (cf. [4], [11]).

EE 8 Teichmiiller B d & T(X) O/AEREEE —8(d 5. L7eh > T, Teichmiiller
ZERT(X) & TEli G A2 RMATH 5.

Teichmiiller 2¢O IERIHPEICBI L T, ZNDERIYTH 5 Z EDGEHE NIh, 3K
BicidE 5@ < ([3), [26]) 5

FEE 9 Teichmiiller 24 T'(X) I BT Carathéodory FBEE i CTH 5. Lizh - T,
T(X) & H®-convex TH %.

3.2. TR
& U ¥IC holomorphic motion IZ DWW T DAERZ 1A% .

BUCHANRTe X 51, EH51E/3T X— 2 —ZE/D 2L ETHNEIHEL LAWY, M D
Keh 1 DS, 378 B M A Riemann [HOHETE, HUEHS T AU —RICHOT
LW, LA L, Riemann A H % EM THAIMIMISGEWGEICE, EH5 DTS
DFRIFRD X S ICHEEE NS ([1)).

FE I K C D% AB-removable 72 2>/3%7 MEST, MBS E c ClZZOMEA DM
FERD TN THEECR 28D LTS, TOLE, D =D\ K &Z/INT A—R—7¢E
&9 % E O holomorphic motion ¢ & D %785 X — & —2¢f &3 % C D holomorphic
motion GITHAEE NG, EHICKA e DITH LT, o), )& C EOREMEBRICZD,
Z O Beltrami fRE p(A\) 1S3 L, D 3 X p(X) € L®°(C) iZEH.
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TTT, DOIYy MES KA AB-removable £ 13, Dy TE&RE NIATEOHARIE
HIBAED D O FRIEHIBIRICHER E NS L 2 20 5.

FREEFICBWT, [E OWEAOHAERE T X THER ] &V EFRSNER.
Fp, KA D 170 ([1]).
EIE 11 PSS F OFIESOHEER K CHUERE TRWE DOMMFEET S, D =D\ {0}
TINT A—R—2E[l] &9 % E D holomorphic motion TD%&/NT A—X2—2E[{]| L9 % E
@ holomorphic motion ICHLIE T E/RZWVEDMNFIET 5.

EES DI CHOFENEHITHEINTLEZAIX, BALKMEE LT, 50

TOHOFEE, Klen# GIIH LT, F0OG-FZ version KD ILONE S e s T
EERENS. ZLT, CTOMEDMEIEENTDS ([27)) ;
EE I K C DIFHENIMRDAND 787 b T AB-removable 5E#H, G l&F O H
BEREIEK OEAE R IV N TCHGERE TH % KleinffL §5. TDEE, Dg:=D\ K Z/8
T A—2—2Ef1E 9% A(G) D holomorphic motion ¢ & D Z2/3T7 A—XZ—2Ef L F %
G-[fl%7% C @ holomorphic motion ¢ ICHEE NS, THICHA € DICHLT, o))
13 C_EOREMBIRTRD, Z 0 Beltrami A5 u(A\) IS L, D3 X — u()) € M(G;C)
WFIERITH 5.

InzHWa e, EHTIZLLFO X S ITHEE NS ([27)).

%10 K, G EDEHEFRLCEDETS. £z ZDruiDH S Hom(G, PSL(2,C))
ANDEREHT, TED N € Dg UID ISR LT, &N IENMEmEARDOTE, HE
AR IEHOMEBIERICE T X5 AN EEGRTHSLTE L TDEE, &L
o(0D) C D(G) %5, RIDRAKICIEANCHRE N, ZOBIED(G)ICEENS.

EHLT O G-[AZ version & U TERIN 23 0UE, EBEIL D G-[AIZ version I DWW TR
WNTBDLERBTETHSS.

EE IV ([27]) GIE Klein BT, Z OO HHE B0 1 BdEAS TRV E OMMVE
£9%L9%. COLE, D EINTA—RZ—2E/LT 5 GDOMRESAG) D G-[AZE
7% holomorphic motion T, DX THIRTEZWEDIFET 5.

C T Cdeformation space DIERIMPEIC HZMIT 5. Klein £ G O deformation space
ZIEHINY TH o 7eh CERE6) , —J7 Teichmiiller 22 1d Carathéodry BREEN ST TH %
728, T HICHWIERIMMEZ R > Tz CGERLY) . L7zh > T Klein H£D deformation
space lICBVTEZD X 3 HEWIERHIIMMENMAF SN S, LAHL, ThUIsd LR
L7z ([27)).

EE V Klein #if G D deformation space D(G)IZDWNT ;
1. D(G) @ Carathéodory #EFRRfEEFREFIC 7R 5.

2. Q(G) DFFER DT N THEFE R 51E, D(G) O Carathéodory BiEEIE 5E(H T b
D, D(G)& H>®-convex TH 5.

Lz D ER, TEDMEE G TRV EICIE elliptic, loxodromic, parabolic DZNZFNEHED] &S
HIETO “type-preserving” ICE ZHZ TEH XKW,
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3. Q(G) W ELHEAE TRWVERER D 2+ T, D(G) & H®-convex Tld7ZRW. LIhi>
T, Z® Carathédory FEBEIT 720 Tldmuo.

AR 3.1 EREBOTIRIE, G-AEEES QITDWTO deformation space D(G; ()
ICH L TH, (reasonable ZZF#T) [FIRRICHK D 2 D.

D(G) 11 Teichmiiller 22 & & > 7z < [AREIC Teichmiiller Bl dp HEHETE 3 5 251
(], [pne]e € D(G) DD Teichmiiller Bl

dr([1)e, (o)) = inf log K (ws 0 wy")

w1, w2

TEHKTS. Tlw; (i =1,2)13F ] iCJET % Beltrami fREDVED % IERL T N i
BEATGET, nflZZDXIBREDRURTEATLLDTHS.

Teichmiiller ZEE D5 & [F] CHYE T, @ Teichmiiller B E D(G) I BV Toefi7x
FEEZEDH TS, ETHIC

EIE VI ([27]) D(G) L, Teichmiiller #iff &/ MAREEEHIE LW, LD >T, D(G)IE
Fefii IR MhZBATH % .

EHV, VIO DOhSEBICRESGS.

R 11 Q(GQ) WHEAS THRWVERS K 2 TUE, D(G) IKBUW T Carathéodory PR & /)N
MRERREE 575 5 ([27]).

EE 3.2 Teichmiiller ZEfIC BT, Carathéodory Ehff & /MAREEZ Ex20 E 5 H
WEFEEFZ DHIBFE D open problem TH 5.

4. SEBHOD1BLES
T TiE, W< DO Key &2 EROGEHOBNE Zfif7id 5.
1. EEIL
COEHOFHDOT A T4 7 3ET M) vF—EFHEEZTH, UTDX>%4%E
DTH5.

(a) Dg LD holomorphic motion (& RPN A BAL D IERIED 58 5 D
T, D monodromy, §7%HH Dx OEAREm (D) ND EDF R ZEES
% C DEHFAGHORE N E—HANOUERBIME SN S C LICHH.

(b) EOHIEEMNBHIETH SN 5, T D monodromy I trivial.

(c) LA > T, T holomorphic motion 2 E DIEEDOAHREFICHIEL TH

monodromy (& trivial.

(d) HRES D holomorphic motion (& (0, n) # Riemann O ER]E. Z LT L
DT M5, TDmonodromy A trivial.

(e) &> TDg M5 Teichmiiller 22D IR G5 728 <.

(f) Teichmiiller ZZfHIC 3T Carathéodory BN TERTH B T & D, TODIE
HIBHIED £ TIET .

(g) 27V D normal family Dz VT (almost) done.
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EOMESIIHEE S VW-o T, FEERIPEMAIEIRZL TS LEHBDT,
(b) DATy FIEONT V7 — haikama B3 50, (6] DFEHEE &% VTR
EYAAR

. EEIL

R HERS TRV S B L TRBIZRER T UE K 0D, 207 17«
T EROFEHEBIHDICICE > TN S.

E = {0,1,00} U{a,b} (0 < la|,|b] < 1/2) £ LT, E ® D* O holomorphic
motion ¢ : D* x E - C%, 2 =0,1,c0DEZ ¢(N\,2) = 2, 2 = a,bDE X
P\, 2) =20z LTEDSD (A = 1/2 M base point) . D holomorphic motion I [24]
DR Z IV NUE C D holomorphic motion ICHAETEAWNT EHVbH 3.

E DN DOEEEDLE & REIDMEHMEIC IR 275, [ARkD T A T« 77 T holomorphic
motion ZHE T B T LI K> TRBIDHER SN S.

. EERIIL
COEHITEMIOERLIZADD LOMIBERIEICHFEE T NES L.
. & 10.

HZBNTZIEAIES & hD D O A(P(1)(G)) D holomorphic motion %k
L, EHIIZ#EHATS. ZD7HICP(N) (A € D) WEEERITH S T 2R L,
Riley-Sullivan OEHZ VY, (G-[AZ holomorphic motion @) & % ffistandard 7%
T 7 = ZICFBIAL.

. EEIV.

COEMZ/RT oI, D* ED G-[FZ 7% holomorphic motion TJF mi X TIEH]
WWIEGRWE DZRERK T T KWV, CORITERLIL LRI TN, G-FRZEWNS
HIRID B % T2 IR JE 7% holomorphic motion TRV E WD DIFITIEWVLHTRL.
C T TR RDK S EHETHRT %.

(a) A%z Q(G) DHHERETHRVKT & T 5. fEHOHGA) = A LRETS. A
M D non-trivial ZZHAEAMKR o T, ZD XA 1= A/G\DHF a H¥ non-trivial
D non-peripheral ZHHPAMIRIC RS D2 L5 (END) .

(b) @ & homotopic 7% FAHHFRZ core curve ICKFD XA D single Jenkins-Strebel £
DI 2D, ZTNHMES Teichmiiller disk D[J,| Z2& Z 5.

(c) alZDWTD Dehn twist 7(a) I& D[J,]IC “parabolic” IZEH L TW5 ([19]) .
L7e>T D[],/ < 7(a) >ED* &7x5.

(d) D[J,]/ < (@) > 1ZHIAIC Riemann MO IEREZED %. Z D monodromy
X r(a) &E%R2M, TNEEDD XA ODHCHIRSMAEGSE ATt T2 E a
ICB9 % Dehn twist £75%. —/1, THAUIGICBIL T trivial Z/FHZE L.
K> T, D* TDmonodromy M trivial IC75%. TNKD D* N5 D(G)\D
IERIB4 F (holomorphic motion) M T X %.
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(e) X € D*Z AN 0ICIERER S &, F(\)ICX>THZ 5N % Riemann
& a1 d 2 PRI ISV TGR(Ed %, L7eh>TFIEN=0FXTD(G)
NEETER.
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Approximation of holomorphic mappings on spirallike
domains in C"

Hidetaka HAMADA ( Kyushu Sangyo University, Japan )*

Abstract

In this talk, we will show that any domain D in C™ which is spirallike with
respect to a linear operator A, where m(A) > 0, is Runge. We also show
the local uniform approximation of biholomorphic mappings on a spirallike
domain D with respect to A, where k4 (A) < 2m(A), by automorphisms of
C". Finally, as an application of the above result, we will show that any
Loewner PDE in a complete hyperbolic spirallike domain D with respect
to A, where ky(A) < 2m(A), of C" admits an essentially unique univalent
solution with values in C".

1. Introduction

In 1923, Charles Loewner [52] introduced Loewner’s partial differential equation

%J;s (z) = —(df,).G(z,8), ae. s>0,

to study extremal problems in the unit disc D C C. Later, P.P. Kufarev [50] and C.
Pommerenke [57], [58] developed the original theory. The Loewner theory was one
of the main tool in the de Branges’ proof of the Bieberbach conjecture. In 1999, O.
Schramm [66] introduced a stochastic version of the original differential equation(SLE),
which was a basic tool to prove Mandelbrot’s conjecture by himself, G. Lawler and W.
Werner.

In several complex variables, Pfaltzgraff [55] first studied subordination chains in
1974. He generalized to higher dimensions the Loewner differential equation and ob-
tained uniqueness theorem for its solutions. His results are as follows:

Let B" = B} be the Euclidean unit ball in C" and let

M ={h e HB"): h(0) =0,dh(0) = I,,Re(h(z),z) >0,z € B"\ {0}}

be the Carathéodory class in C".

Theorem 1.1. Let h = h(z,t) : B" x [0,00) — C" be a mapping which satisfies the
following conditions:

(i) h(-,t) e M, forallt >0,

(i) h(z,-) is measurable on [0,00) for z € B",

This work has been supported by JSPS KAKENHI Grant Number 25400151.
2000 Mathematics Subject Classification: 32H02, 30C45.
Keywords: complete hyperbolic complex manifold, evolution family, Herglotz vector field, Loewner
chain, Loewner PDE, Runge, spirallike domain.
*e-mail: h.hamada@ip.kyusan-u.ac.jp
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(iii) For each T >0 and r € (0,1), there exists a number K = K (r,T) > 0 such that

[h(z, Ol < K(r,T), for|lz| <r0<t<T.
Then for each s > 0 and z € B", the initial value problem

0

A —h(v,t) ae t>s, v(zs,8) =z, (1)
ot

has a unique solution v = v(z,s,t) such that v(-,s,t) is a univalent Schwarz mapping

and dv(0,s,t) = exp(—(t — s))1,, fort > s > 0. Moreover, the limit

. t o
tlg(r)loe v(z,8,t) = f(z,8)

exists locally uniformly on B™ and f(z,s) is univalent on B™ for each s > 0.

Theorem 1.2. Let f(z,t) =e'z+--- be a solution to the Loewner PDE

9,

a—{(z,t} =df(z,t)h(z,t) ae t>0, VzeB"
Then f(z,t) is a subordination chain such that f(z,s) = f(v(z, s,t),t), where v(z, s,t)
is the solution to (1). Moreover, if {e ' f(-,t)}i>0 is a normal family on B™, then
limy o €'v(z, 5,t) = f(2,s).

We remark that the assumption (iii) in Theorem 1.1 on h does not necessarily hold
for general holomorphic mappings on the unit ball B in infinite dimensional complex
Banach spaces. In [44] (cf.[28]), we showed that M is uniformly bounded on each ball
rB (0 < r < 1) in complex Banach spaces. Using this result, we generalized various
results to complex Banach spaces [14], [35], [36].

The existence and uniqueness theory and its applications in several complex vari-
ables have been considered by M. Chuaqui, P. Duren, S. Gong, I. Graham, H. Hamada,
T. Honda, G. Kohr, M. Kohr, T. Liu, J.A. Pfaltzgraff, T. Poreda, T.J. Suffridge, M.
Voda and others ([27], [39]). In recent five years, we have studied about solutions for
the Loewner differential equation [19], [29], [35], [41], quasiconformal extension [46], ex-
tension operators to higher dimensional spaces [30], extreme points and support points
[13], [31], [34], [37], convex subordination chains [47], growth theorems and coefficient
bounds [45].

Recently, F. Bracci, M. Contreras and S. Diaz-Madrigal [10], [12], Contreras, Diaz-
Madrigal and P. Gumenyuk [15], L. Arosio, F. Bracci, H. Hamada and G. Kohr [7]
proposed a general setting for the Loewner theory, which works also on complete hy-
perbolic complex manifolds. L. Arosio [3], [4], [5], L. Arosio, F. Bracci and E. F. Wold
[8], Contreras, Diaz-Madrigal and P. Gumenyuk [16], H. Hamada, G. Kohr, J. R. Muir
[48] gave further developments. The classical theory deals with normalized objects,
but this general theory does not require any normalization, and encloses the classical
theory as a special case.

The purpose of this talk is an announcement of our results in [42]. Let D C C" be a
starlike domain. It is known that D is Runge [23]. Andersén and Lempert [2] obtained
the local uniform approximation of biholomorphic mappings on D by automorphisms
of C". As an application of this result, Arosio, Bracci and Wold [8] proved that any
Loewner PDE in a complete hyperbolic starlike domain of C™ admits an essentially
unique univalent solution with values in C™.

-32-



In this talk, we will generalize the above results to spirallike domains with respect
to a linear operator A. We note that a starlike domain is a spirallike domain with
respect to the identity mapping I,. In section 3, we will show that any spirallike
domain D with respect to A, where m(A) > 0, is Runge. In section 4, we will show
the local uniform approximation of biholomorphic mappings on a spirallike domain D
with respect to A, where k(A) < 2m(A), by automorphisms of C*. The condition
ki (A) < 2m(A) plays an important role in univalent function theory in several complex
variables ([19], [33], [35], [37], [41]). Under the assumption k,(A) < 2m(A), we will
construct a mapping ®; which satisfies the assumptions of a theorem (Theorem 4.1)
about the local uniform approximation of biholomorphic mappings on a domain 2 in
C™ by automorphisms of C". In section 5, as an application of the above result, we
will show that any Loewner PDE in a complete hyperbolic spirallike domain D with
respect to A, where ki (A) < 2m(A), of C" admits an essentially unique univalent
solution with values in C™.

2. Preliminaries

Let C™ denote the space of n complex variables z = (21, ..., 2,) with the Euclidean
inner product (z,w) = Y7, zw; and the Euclidean norm ||| = (z, 2)"/%. The open
ball {z € C": ||z|| < r} is denoted by B!.

Let L(C™) denote the space of linear operators from C" into itself with the standard
operator norm and let I,, be the identity in L(C™). We shall use the following notions

related to an operator A € L(C"):

2
=
|

min{Re (A(z), z) : ||z]| = 1},
ki(A) = max{ReA: A€ d(A)},
where 0(A) is the spectrum of A. Then m(A) < ky(A) < ||A|| and it is known ([17];
see also [60, p. 311]) that
tA
k. (A) = lim log!tie”

t—o00

Note that &k, (A) is usually called the upper exponential index of A. For each p > k, (4),
there exists a constant 6 = §(p) > 0 such that

e < de”, t>0 (2)

by [17] (see also [60, p.311]).

Definition 2.1. (see [40], [67] ) Let A € L(C™) be such that m(A) > 0. Also let D be
a domain in C" which contains the origin. We say that D is spirallike with respect to
Aif em*(w) € D, for all w € D and t > 0.

If A =1, in the above definition, then D is said to be starlike.

We use the following growth estimate related to a linear operator A € L(C") (see
[30, Lemma 1.1]; cf. [19]):

Lemma 2.2. If A € L(C"), then the following relation holds:

le A < e @ e [0,00), ull = 1. (3)
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3. Runge property
In this section, we will show that spirallike domains are Runge.

For a complex manifold M, let O(M) denote the family of holomorphic functions
on M.

Definition 3.1. Let M be a non-empty open subset of a complex manifold M. The
pair (M, M) is called a Runge pair if O(M) is dense in O(M). A domain D C C" is
said to be Runge if (D, C") is a Runge pair.

It is known that starlike domains are Runge (El Kasimi [23]). We will generalize
this result to spirallike domains with respect to A with m(A) > 0.

Theorem 3.2. Let A € L(C") with m(A) > 0 and let D C C" be a spirallike domain
with respect to A. Then for any holomorphic function f on D, there exists a sequence
of polynomials P; which converges to f locally uniformly on D (i.e. D is a Runge
domain).

4. Approximation by automorphisms of C"
Let Aut(C™) denote the group of holomorphic automorphisms of C". Forstneri¢ and
Rosay [26, Theorem 1.1] proved the following result (cf. Andersén and Lempert [2]).

Theorem 4.1. Let Q be a domain in C" (n > 2). For every t € [0,1], let ®; be a
biholomorphic mapping from Q into C*, of class C* in (z,t) € Q x [0, 1]. Assume that
each domain Q; = ®,(Q) is Runge in C". If ®y can be approzimated locally uniformly

on 2 by Aut(C"), then for every t € [0,1], the mapping P can be approzimated locally
uniformly on Q by Aut(C").

For an operator A € L(C™), we recall the following definitions:
m(4) = min{Re(A().2) : [}=] = 1},
ky(A) = max{ReX: X € c(A)},

where o (A) is the spectrum of A. The following lemma is a key for proving our theorem.

Lemma 4.2. Let A € L(C") with ky(A) < 2m(A). Then m(A) > 0 and for any p > 0,
there exists a constant ¢y = co(p, A) > 0 such that

|| ecoA(=Togt) H || ecoAtest) ||2

lim 0.

t—40 tp
Andersén and Lempert [2, Theorem 2.1] obtained the following theorem when A =
I,, i.e. D is a starlike domain in C". From Theorems 3.2, 4.1 and Lemma 4.2, we
obtain the following theorem.

Theorem 4.3. Let n > 2. Let A € L(C") with k. (A) < 2m(A). Let D C C" be a
spirallike domain with respect to A, ® : D — C™ be a biholomorphic mapping whose
image ®(D) is a Runge domain. Then ® can be approzimated by Aut(C") locally
uniformly on D.

Proof. Let ®4(¢) = ¢ and ®;(¢) = e~Aletp(ecoAlost() for 0 < t < 1, where ¢y =
co(2,A) > 0 is a constant which satisfies the conclusion of Lemma 4.2 for p = 2. Then
®,(z) satisfies the assumptions of Theorem 4.1. Lemma 4.2 is used for the proof of
the fact that ®;(z) is C? near ¢t = 0. Thus, in view of Theorem 4.1, ® = ®; can be
approximated locally uniformly on D by Aut(C") as desired. O



Remark 4.4. Let
10
A {O ! ]

Then ky(A) = 2m(A) = 2 and Lemma 4.2 does not hold for any p > 0. Moreover,
there exist a domain D C C™ which is spirallike with respect to A and a biholomorphic
mapping ® : D — C™ whose image ®(D) is a Runge domain such that the mapping
®,(¢) defined similarly to the proof of Theorem 4.3 is not continuous at ¢ = 0. Indeed,
for any p > 0, we have

||ec0A(7logt)|| ) ||ecoA(logt)H2 t72co(tco)2 1
= =— =
tp tp P

as t — +0. Thus, Lemma 4.2 does not hold for any p > 0. Moreover, let f(z1,z2) =
(21,22 + az?), where a € C\ {0}, D = f(B}) and ® = f~! : D — B}. Then it is
proved in [33, Remark 2.7] that D is a spirallike domain with respect to A for any
a € C\ {0}. Clearly, ® is biholomorphic and ®(D) = B} is a Runge domain. Since
D,(¢) = (C1, G —a?) for 0 <t <1 and Py(¢) = ¢, P4(¢) is not continuous at ¢ = 0.

In the above remark, ®(¢) = ({1, (2 —a(?) is an automorphism of C". Now, we pose
the following open problem.

Open Problem 4.5. Is there a linear operator A with k;(A) = 2m(A) such that
Theorem 4.3 does not hold?

Arosio, Bracci and Wold [8, Theorem 3.4] obtained the following theorem when
A =1,. Asin [8, Theorem 3.4], we obtain the following theorem from Theorem 4.3.

Theorem 4.6. Let M be a complex manifold of dimension n > 2. Let {M;};en be a
sequence of open connected subsets of M such that M; C M,y for every j € N and
M = UjenM;. Let A € L(C") with ky(A) < 2m(A). Assume that

(i) each pair (M;, M;+1) is a Runge pair,
(i1) each M; is biholomorphic to a Stein spirallike domain ; with respect to A.

Then, M is biholomorphic to a Runge and Stein domain 2 in C™.
Now, we pose the following open problem.

Open Problem 4.7. Is there a linear operator A with &k, (A) = 2m(A) such that
Theorem 4.6 does not hold?

5. Solutions to the Loewner PDE

Let M be a complex manifold and p € [1,400]. Let N be a complex manifold of the
same dimension of M and let dy denote the distance induced on N by some Hermitian
metric.

Definition 5.1. ([7], [15]) A family (f;);>0 of mappings f, : M — N is called an
LP-Loewner chain if

(i) For each fixed ¢t > 0, f; : M — N is a univalent holomorphic mapping,

(ii) fs(M) C fi(M) forall 0 <s <t < +oo,
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(ili) For any compact set K CC M and any T' > 0, there exists a function ki1 €
LP([0,T],R") such that for all z € K and for all 0 < s <t < T,

dn(f2(), 1i(2)) < / -

Definition 5.2. (Docquier and Grauert [18]) Let M be a non-empty open subset of
a complex manifold M. Then we say that M is semicontinuously holomorphically
extendable to M by means of a family (Mi)o<t<1 of non-empty open subsets of M if
the following holds:

(0) M, is a Stein manifold for all ¢ in a dense subset of [0, 1],

(1)

(2)

(3) Uo<t<t, My is a union of connected components of My, for 0 < ¢, <1,

(4) M, is a union of connected components of the interior part of Ny <i<1M; for 0 <
t

The following result is proved in Docquier and Grauert [18, Satz 17-19].

Theorem 5.3. Let M be a non-empty Stein open subset of a Stein manifold M. If M
is semicontinuously holomorphically extendable to M, then (M, M) is a Runge pair.

As in section 4 of Arosio, Bracci and Wold [8], we obtain the following theorem.

Theorem 5.4. Let M be a complete hyperbolic Stein manifold and N be a complex
manifold of the same dimension. Let (fy : M — N) be a Loewner chain of order
p € [1,00]. Then (fs, (M), fs,(M)) is a Runge pair for 0 < s1 < ss.

Proof. Let My = [y 44(sy—sy)(M) and M = fs,(M). We can show that My = f5, (M)
is semicontinuously holomorphically extendable to M = f,(M) by LP-continuity of f;
and the assumption that M is complete hyperbolic. O

Definition 5.5. A weak holomorphic vector field of order p € [1,00] on a complex
manifold M is a mapping G : M x R — T'M with the following properties:

(i) G(z,-) is measurable on R* for all z € M,
(ii) G(-,t) is a holomorphic vector field on M for all ¢t € RY,

(iii) For any compact set K CC M and any T' > 0, there exists a function Cx 1 €
LP([0,T],R™) such that

IG(2, )| < Crr(t), z€K, ae tel0,T].

Definition 5.6. A holomorphic vector field G on a complex manifold M is called an
infinitesimal generator provided the Cauchy problem

has a solution z : RT — M for all zg € M.
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Definition 5.7. ([7], [10]) A Herglotz vector field of order p € [1,00] on a complex
manifold M is a weak holomorphic vector field of order p such that the holomorphic
vector field z — G(z,t) is an infinitesimal generator for a.e. fixed t € R™.

Arosio, Bracci, Hamada and Kohr [7] proved that any Loewner PDE in a complete
hyperbolic complex manifold admits an essentially unique univalent solution. Recent

related results are obtained in [1], [3], [4], [5], [6], [8], [10], [12], [15], [16].

Theorem 5.8. Let M be a complete hyperbolic complex manifold of dimension n. Let
G : M xRt — TM be a Herglotz vector field of order p € [1,00]. Then there exists a
Loewner chain (fy : M — N) of order p which solves the Loewner PDE

of:

Y (2) = =dfi(2)G(z,t), a.e.t>0,Vz€ M, (1)

where N = Uso ft(M) is a complex manifold of dimension n and any other solution to
(1) with values in a complex manifold Q is of the form (Ao f;) where A: N — Q is
holomorphic.

An important open problem related to Theorem 5.8 is the following;:

Open Problem 5.9. Given a Herglotz vector field G(z,t) of order p € [1,00] on a
complete hyperbolic domain D C C", does there exist a univalent solution (f; : D —
C™) to the Loewner PDE (1) with values in C"?

Remark 5.10. Let U be the unit disc in C. Since N = U;>of:(U) is non-compact and
simply connected, by the uniformization theorem N is biholomorphic to U or C.

In several complex variables, Arosio, Bracci and Wold [8] solved the above problem
when D is a complete hyperbolic starlike domain in C". As in section 4 of [§], we
obtain the following theorem from Theorems 4.6, 5.4, 5.8.

Theorem 5.11. Let n > 2. Let D C C" be a complete hyperbolic spirallike domain
with respect to A € L(C™), where ky(A) < 2m(A). Let G : D x RT — C" be a Herglotz
vector field of order p € [1,00]. Then there exists a Loewner chain (f; : D — C") of
order p with values in C™ which solves the Loewner PDE

o, \

E(z) = —dfi(2)G(z,t), a.e. t>0,Vz€D. (2)
Moreover, R = U0 fi(D) is a Runge and Stein domain in C" and any other solution
to (2) with values in C™ is of the form (P o f;) for a suitable holomorphic mapping
d:R— C™.

Proof. By Theorem 5.8, there exists a Loewner chain (¢; : D — N) of order p which
solves the Loewner PDE

o9

Y (2) = —dgi(2)G(z,t), ae. t>0,Vze€ D, (3)

where N = U;>09:(D) is a complex manifold of dimension n. Since D is complete
hyperbolic, it is pseudoconvex. So, by Theorem 5.4, (g;(D), gj+1(D)) is a Runge pair
for every j € N. Since g; is a univalent holomorphic mapping, ¢;(D) is an open
connected subset of N for each ¢t > 0. Therefore, there exist a Runge and Stein domain
R in C" and a biholomorphic mapping ' : N — R by Theorem 4.6. f; = F o g, satisfies
the conclusion of the theorem. O
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A=C*A=C¥ (L) (Re6y={Qec M(C)!Q=0,Im(Q) > 0})

DRESGARE L 222 L& A lE Abel fliTH &\ 9, Y RFER (W F OEIITRE) BPAZEL LI,

End(A) = {a € M(C)|a(2, Iz) = (2, I) M for some M € GL(4,Z)}.

% Abel HiHO BCERBIRE ), IHXBCEREIR Endo(4) = End(4) @7 Q 1&, A 23HiHi7% 513% 7T
& (division algebra) & 7%, HHERAIER L BT 2 €Y 2 74 HEIIRORTHEHIND,

Endg(A) FERE7 —~OVHE ORI ST 2274 %M Y274 EHoXIT
Q — i FEL 3-fold Ay 3 Rt
%2 Xk Q(WA) S (RM) 25> 7 v _R— Vil Ha 2 RIG
REFZITCHER Bp QM %> (R TO) SRR Sp 1 Xt
4 R CM K JEHERL (CM) 2R CM i 0 RJL

Table 1: FfRtR7 — VA QIR H CHEFRRIB & Z DEY 2 7 1 ZER D AR
Bp % Q LOHBIX D OALERFZSOMGEERE L, Z D maximal order % O £F5, TM = {y ¢
ONrg, /0(y) =1} i&, SL(2,R) Fuchs Rt L A% %, 2 L THiZEMH
Sp = H/T®W

% (ZHEGJEIR’C(D) SRR E TS LICT 5,
22 Sp 3L TR (cusp) 2R\, 2D, ENIROBANZE T VRS2 2 L I3IEFIC
3FI5|H)§7ZCF'?I§;<E?§:P) FERATHIOIZEH IS & > TRACIIR ST %
[R] = %j%/(ﬁ :Sp — Az DIEAER TN L7, &% Sp = @(SD) B, EK1LD (TEL\EU*TG)) lu\ﬁﬂﬂﬁ“(?)
%, Abel HEIOEY 2 A EHE LTI B 5D Sp 2 Z LItk 5,

1 EZAHEHGAFERZERLET 2HEERTOEHBROETIL

IEZAHRRE RAE As) 1E P2(C) ISfEH L, Z2DOAZERX A B, ¢, D & Klein 233 T\ 5, Hirzebruch [Hi]
. CHRIEURANDFE 2 KIRIZ L S RM %2 3D Abel BIHID €Y 2 7 4 22, Hl%H Humbert B Hs %3,
Hs ~ P(C)/ A5 ~ Proj(C[,B,¢]) =P(1:3:5)

I R I N U
T, [N1] T, Proj(C[2,®B,¢]) =P(1:3:5) Lo K3 Ak

S(A:B:C): 22 =2 — 4(4y® — 5Ay?)z? + 2083z + ¢yt (1.1)

DRAMGEPEZINT VS, FICROBHIZ XD, 2o K3 Mo AMEHROSRIEH T7 — & B
IO E#IOFonTw»3
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Theorem 1.1. (/N1]) (X,Y) = (%,%) I SO

(1) {S(A:B: €)} DRFAGRIX Proj( : B : €) 205 Hx H ~DLAliDENEMRE 2 5,
(2) )ﬁ,ﬂﬂgf%{@ﬁﬂﬁ? (21, 22) = (X(Zl,ZQ),Y(Zl., 22)) (=S l"j\’d)ck '3 &Q{Z'Sﬂ/g%i_\‘%*%oo
s6(21,22) s10(21, 22)
93(»217»22)’ 93(21722) '
22T, ¢2,86,510 & Freitag D7 —% EWEN S H x H EOIERIEED 5 Z REOLER%ZES Z & T
Bons,

BRHROE TN ZRKD X 512 LT 2, [EK] IZ X % Humbert Hili Hg D787 X b 74 Ah3H %, [Ha
ZEN IR Sp 252 50 Humbert MO IHHIST Ha, N Ha, IKEENE5 M2 L2 TR 5,

4Bl Humbert i L5885 Hs N Hs 25 2. 2% Hs ~ Proj(C[2: B : ¢]) DRF L LT
FEBT 5 L TROBHLEENIROET V2 H 5,
Theorem 1.2. ([N2]) HHI3 6 OER MM Sg (ZEF Ro. HNK 10 OEFMR S1o 1ZHF Ry TH 5

{ Ry % — 59298 + ¢ = 0,

=

X(21,22) =2°-5%- Y (21, 22) =210 5% (1.2)

1.3
Ry : 31252° — 337522B + 243¢ = 0. (1.3)

Figure 1: HHI=N 6, 10 OEN iR & 1=k 5 By.

COEMOFINCIZROFENLETH 5 2 LITTEET 2,
(a) BHREERDSH L TH X 7RIS 720 &) W
(b) (X,Y) OFFHTBISIC X 23R (1.2) DA AT CM s B 2 Kiikil
(c) K3 i o FINGEE O B ([N1],[NS] TfF 6 (L7 il K3 D€ 2 2 7 4 1200 TORFR)

Remark 1.1. [EK] (3% < DHFIR A 122 0WTD Humbert Ml Ha 252 T 5%, A =12,21 D&%
vz & HBIR 14, 15 2RITNZ WIGEDOERN IR S14, S15 FAKICHE SN D ([N2)),

Remark 1.2. SRIDEFVIE, FR (1.2) B3 Freitag DT —F D ZFBOERXTH L L) L, 2
EFSTRA (1.3) DEBIRBTH S L XY, BEG~OF RIS AR TH 2 LifFSh 2,
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AR & R BRI A
KEFRT (FRREAR)

Q LD N XORBMBEZ K £%, ae K &
™4 10 4 f i+ =0, (0<m<N, ¢; €Q)

EPTFD, T2 Tep,yem €EZ EDTD o 2EERERT, Ik K ORBEBHEIR: VW O &
<,
O DATFTZNLTO THEVLDE K DEALATFT7LEV), EHaC KW

a=cX (ce K* X »¥4 F7L)

EDPITBEE a ZRBATTIVE Y ZO8E% I LKL,
I &R ab = {3 asbjla; € a,b; € b} ISk DBEEAT. P BHIAERA FTARKET 3
PKI{CDK|CEK*}.H}]‘;7\IPC: Pr C Ik. ZDEZE,

hg = Ik : Pk]
% K O8I,
w2 ORI - BRI, ROKRERBLORBWEREZ 52 Tw5,
(1) K Xk T2, K ORBUINEESR %
Ox =Z+1Z2°, (2" e H)
EDK, Z4Z2° 13 C DT 7%, FEFHR
E(2%) :C/(Z+Z2°)

REZD L. () ZEHEEE RO,

(2) E(2%) D€V 2 7 A1, LB EERTICER S 28 SL(2,2) BT 27 VvEY 2 7 —BI%. D%
DKEM J BB E VRN B MR D 20 € H ICB T 2 HHKETES A 5N 5,

(3) (1 EHFRITEABDIFTRED S FEDEER) E R K ICRIRE j(20) 2T 5 2 LT, K DIRKA
I Abel JERIE (=#EXHEEIK) L = K(j(2°)) 2195, L <, AuT7# Gal(L/K) 134 77 VERE I / Pk
ERBERD, LIZ K OB# hy ROWBKEEZ D,

1 QW5 kD4 xkRCM %D LOEGEZEZTEFEFRERNTESZ L

R O RX UL OB IZEN [S] IE L 5N TWw 5,

BT K 2% n Xk Ky LORE-XRIERE TS, 0%z 2n RO CMBELEV), @1, 0, EV)
n HOPIZIRHDIAA o, K — C EMUIZL T, (K, {¢1,-*,on}) Z CM-type £\ 9,

A % n RILD Abel HHREE LT, 1: K — End°(A) &£ WIBORAARRH 2HEE2EZ LD,

1(Ok) =End(4)

EbEE, (A1) 1d K IZ principal ZEE#EEEZRFOL VI,
IDIH P, o DD TFICED, K Dreflex K* £\9) CM RIERI NS, K* DREUTI K D
REEDEEDZEDHY, [K:Q =[K*:Q] L %d5A. (K,p;) i3 primitive &9 (FllliZ [9]).
A FPNRE e DERITE

Hy = {a € Ig-[IT}_ a¥ = Ob,Nr(a) = bb with b € K} (1.1)
¥ 7k ;)o E¥HO (=S Pr+ C Hy C I~ B RTT,



Fact 1.1. ([S]) DRSS T (K, ¢;) #° primitive £33, DL E, B Hy KX 2 K* Ok
L* = MgK* (HERKRENE [L* - K*) = [Ig- : Hol) < hg-)
ERB, TITT. Mg iE. (A1) O field of moduli TH % (FAlli [9)).

[S] O—MEEw & . [1],[N],[NS] oFEx2 MR GO 2 &, HIMGIOHT L2 ROFEBE L NS,
Theorem 1.1. (K, {p1,2}) = (K, {id, p}) % Ko = Q(v/5) LD primitive 7z CM KL T 3,
(UaeKKﬂL\M®:<£JeC2&?%o%ﬁ%DK®%ﬁ%aM~¢u%t$<§U\%%Km
CTC? oRESWMYFEZZ L, FIR7 PV EWRK 2 17 4 517511

1 0
(u(al)u(ag)u(ag)u(a4)) = (:; :2 0 1) ( (:; :i) S 62, T] = T2 + Tg) (12)
EPF B, FIRT P ViE C? O FEAR L, M7 Riemann T %E A2 & Abel WA
A=C2/A

& K % princpal 72 EEFEICRFD Abel HhIH (A, 1) DHEEZFFD,
(2) F Ml Abel Hhifi A IZE\WT (1.2) DFE T 2) = (o + VB +273)/2,29 = (1o — VB +273) /2 £ B
$o (A1) D field of moduli 13 1E " HAANZERERD 2 ZBBIEHTRBORREL Q ITHIL THs N5,

0,0 0,0
s6(27, 2 s10(2Y, 2
92\21; 22 92\215 22

(3) (2ZEBUEINEABDISTRIED SEEDER) refler K* 12 X(29,29), Y (20,29) #@MT 5 &, K* O Hy
B9 AR L 2155,

2 FFERALGHREOILKE DK

L3V R, 2 XT0 Abel A 5 IFHAEEZRRL &9 95 . 2 JICIIMM 2 REIEL 5,
[ i] reflex K* DIZRXEDVED 2500, 2% D (K, {id, ¢}) ?% primitive THRWEEIE, R IZ Y
AR, 2F D 1 ABOHAIREINTL ) (RENCEEE TR VRERICE->TLED),

B2 i) 22805 A. 1E2BO L) KB L ORWA F7)VER T2 < IERICEMEZRE Hy in (1.1)
BEZBRTNER S0, BB g > 1 72T T, IFAHRBEEOIERPME S 1L L I1ZRS v,

BIZiE, K 23Q L4 ROKEFER CM D&, K = K* MSRALL [BR 1] BOoRH L %%, 2o
EEETEZBREIE, FEMLUNTRAD hy =2 DBETH A9, FH2 © Q L4 Xo&MEHEK
CM f£1% [HHRW] THEINTWw 5, L LEEK2 054, [M] IKX>T,

Mo =0Q koT HHARL=K
LB b rs, OF) BRii] KEl-o20 0, B2 CRIEHHBIERIBRO RV LItk D,

SO FEFRTlE, Theorem 1.1 % W CIEHHRBERDIERIMG 5 NEHNOWTHENT 2 TETH 5,
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On the minimality of canonically attached singular
Hermitian metrics on certain nef line bundles

N B (SRER)

AL, EREREZ AR LD X 7 ERKRD, L EMHEICHETL250THS. X %
185 P RERERBERAR, L2 X EOFAEMRRE T2, /INEOMDAAEIIZ XL,
BEEWHIMEIX, LBRETHEZI L, DFD LIS BEETH VhENP N L
IAETHZRLEDONFHAET DL VWOISHELFAMETH . SHOEHEE, ZO/NEOHD
RAEREET NI — AL UT, ERRONRECRAT 2 72 AN & 46582 7 EE
MEE DEMRZIHSZTHZ212H 5. FRTHLINIZH S DI, BERIEE W 2 HE
@%é@@@@t%@ﬁ%,¥%§%%7,imamotmmﬁmﬁﬁtgwﬁ%?%
5. fFOIZINSIZDNWTHRRS.

i?L#"@?fi)éé: &, FAREVEARE M & UT L™ AR RIGYIR THEB I
LRV RIS, LB AT THEHEIE, X DDA AREhER EICHIBELTH LD
WBHWIEATHEILEED. RBIZLDVFEIETHD LI, LITES1REETH VI
RPN ZAEATHEREDDPFHET DL VD

UE=>0MWE, P8, x7, ROEEX #MESIhiE ThzngEgs w5 HEED
RECEATZEN), BUE AT, RN RBRO X 5> 2EThh, ~HEALU LS
RMEEIZERZS. HE LPWEEETCHNELIFEETHD, 72 LHIEETH X
LiZx 7 THhd I EfHIZaN5. LXLINSZTNENDFEREOHIZDOWTIEER
T5EIITENTNRBIDVH SNT NS, it > THEEIZ j:¥%§y«z¥£ﬁ%m%
NHOMEETH DL E2S. —HTLRX OEMERKTHBELGEITIE, ZholdeT
FAETHDZ ENFRINTVS (TAVE VAT,

URTOERT, LEEME & BIEE & 02 RIZE U CEER Zariski 12 & 5 BARH1IZD
WTIRAR 7z, Zariski (P2 DY) 72 12 5N TOBERE X EIT, 2 77208 E TR WVERRK
L& U7z, Z O Zariski OF (X, L) 1$FZ, GIKER @, HO(X, LE™) DSIEA FRA K
TH5 LW ERTHEREBRMAZHERNTH Y, EELRHITH L. —FT, 2D LI,
FIFLETH D Z D095 [5, 1.1]. THOFEIZIE, Grauert OHIEE ([3, Satz 7))
N5, LOFIERDE T mES O X h TIERIARERESE 2D (D F D IEREKR DY)
Wr DERERE & BUERIZR C DIEENFIES 5) ZEVEETH S, ZOHNZ DWW TDFE
HOFHEIZ—BDXTD (X, L) IZD2WTH, L OMERDEE SEAH X O S s
BHETH 2 &S BRIGEITIIERET 20T, 2 7 REMKELIEIEL R 520D —D20
+ 5%t E, C DEHEDOEREAWCEHR TSI e TE 5. i ozodhmoEac
WAL, LAFD L5124 5

EH 1 ([5]). X &2# S g, ¢ c X 2 gD S »aiBathiite 5. X
DX TEMELE LT, degpo(Llc) =0%2255D%E 2 5. LHEEEMEL Ox(C)
EDTVYNIZHIRT B L &, C DHBK RN min{0,2 — 2¢} R THNIK, LIFF
ETH 5.

ZIKE%L IRE GRERS:25-2869) ROELIREEAE Y — T« v/ 7075 LOPHEZ T~ DTH
2010 Mathematics Subject Classification: 32J25; 14C20.
T 1538014 BUSCEREBECHUSI 381  BUSKZAZBOBILN TR

e-mail: tkoike@ms.u-tokyo.ac.jp
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RFEH T, 2 7 REREDNODLEIZRSRWA, WO EEEZ 5. 5244
HSNTWZIEIEME—D R 7 722 E T2 WX, Demailly, Peternell, Schneider {2 &
LHITH o721, 1.7). T OHNZH S 7 tEH iR Co LD H 28 X LOHDTH
5. %S X TG T B2 D27 MIVRASEBR O HRIHIC & B IEE AR T
HDIGE, MEHE O X — Co DYIN CIZxHET 2 X ED 3 7 EMEHKR Ox (C) AR
THRWZ %2R L. UL LZDFEFII, Z 0 BAREI ORIk FE & 72 BARK A D 2
MR D L B DTH Y, [ U AR TIIUDOFNZ DN T DEIEMHIE ITE D72
WIRFBIZH 572, — /T, 2OHNZHEIT S C D X I TOEED, IRDEKTIEE I E
%%L%ﬁo CIZEHT S HRMEITHOIAEFNZW SR VR T kR oE
BEOEFZMEDOIEAY S K $ 2B B XK 285 8] D 5. EHIK, —oE
FHITH X &, X ITHDAENZH SR X MR C & U TIERRE NC/X AEIH
KTH2HOOM (C,X) %, OB X HIZABROY =v b OB T%’E%&Nﬁ%ﬁiﬁ%
FioL&aThd “ARED & 25 TRWEETH S “MRED LI/ Lz. otk

H I (C, X) 3 ﬁﬁﬁﬁufa@éﬁ Z, CHRFFIZBT 2 % EL MO K E! ;%IJISE#
HBHILERLUIZ[S, 2. ZOEBEEISHTSLILT, UFNE2/5:

EEL 2 ([6, 1.1]). #(C, X)) PERMTHL L5, ZDE &, fo € H(X,0x(0))
% canonical section & UT, |fo| 2 IXERRR Ox (C) DY IEME %2 FOREEIEOH T
BHRFEEDNIVEDTHS. FHIZI DL &, Ox(O) 13 7 7ZHREIETR.

Z DFER & Neeman 12 & % u, (C, X) DR L 2#lAEDE S Z & T, EFLD Demailly,
Peternell, Schneider (Z & 25RO~ %216, 1.2], FMBEH THVWX BIZE 27
EPEIETRW LOFI %S5 Z &tk

I ORROMDIEHE LT, 27 &0 KDEWEATH LA T &0 Fff (X
D E O EREHIER EICHIRL TH L OWEDIETH B &\ 5 5eff) (T 2 iR %
Borleblike LA T TH> THEREELFRS NI FR S TN
[4, 10.6], % 772 LAREIETH 222D\, BEEFIZ & o TR 7 2 ARERIETA L
BIDMBEHBZET SNT WS [2, 5.9 DAT, 2L > TEWARh o7z, EHOKEREEZ N
32 Z2T, BRI X BHIDHELPITHR R 7 PR ETRWIE o TW\WD Z & RE
% (6, 1.4].
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JRFTERIC331) % Extended Ideal Membership
7I)IVIAY ZLIZDNT

M (BEEA)
IS — (SR

C" DJF M O DFBEREZE X, Ox % X OIFHIBEBOKTIEE LU, Oxo % Ox DJF
ICBIBELT S, R OBz OREMRAaRER Y —h% Hy, (Ox) TKT,
MUTF, nZ8 ... ¢, 7z EWEELT 5.

X fi, fo, ... [ € Cla] WM{a € X|fi(a) = foa) = -+ = [s(a) = 0} = {O} Ziili
T eIRET S, TDOLE, JOREREIR Oxo LTDOATT7IVT = (f1,...,f) D
FrEEEE, fi, fa, ..., fs ICK D annihilate TNA2REEVEHFTIREDT Y —

Hy ={¢ € Hip)(Ox)| iy = fop = - -+ = fstbp = 0}

I &> TR T L ISTTRET B3 [3, 4.
AGHEH T, INRFEREOR Oxo HIZBWT, ZHAWDA TV T IKEENATH
5 EE,
h=pifi+pafot-+psfs

E75% pi,...,ps € Ox ZRDZEETE (Extended ideal membership 7))L 3V X L)
TN T D, KTz, fi, for o fs IMREUIC/IRT A—RZRDGEEEERL, R8T A—X
fZ Extended ideal membership 7 )V 3V XL EFENT 5.

AR ZHABEClr] L TD Extended ideal membership [&EIE 7 L 7 —HEZ H W
LT TS T ENARETH B M, WOREWBIR Ox o T p; WENEL L 75 5 T
HITIIRDBH LN TERL.

1. AEEDT7AT7

ZIK f1, fo, ., [ICEKDEREINEZ AT 7 IV, IWHEREER Oxo TEAB L E
Jo &L, ZIHARMCr]| TEZBELE J LT, TDLE, J=JonNJglixd X
37%, {0} ¢ V(Jg) T Jg CClz] &2 AT 7V Jg WMFET 5. (V(Jr)IEAT 7 IV
JrOBOFEEZLRT. )

CCT, 2HAX he Ty EIETS. £9595&, gh=qfitqfot +q.fs € Cla]
L%, geJp DITE qu,...,q € Clz] AET 5. (2L, BUHOIKBOTg £0
TH5.) L, g,q,...,¢ KDL

R e N
g g g

£ 750, Extended ideal membership MUCREANLIR Ox o LTHIT 2T LICRS.

ABFFLIFHITE (R 5:24540162) OBIRERZ T2 £ D TH S,
2010 Mathematics Subject Classification: 14B15, 14F10
F—7— I ! algebraic local cohomology
LT 770-8502  fEETHRE =BT 1 — 1 MERAHRERIAR
e-mail: nabeshima@tokushima-u.ac.jp
2T 305-8571 DR ES 1 — 1 — 1 FURY: BEWER BUA

e-mail: tajima@math.tsukuba.ac.jp
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4, JOXaEE UMM FiIcPafiMEE LRV E TS, Tk E,
gl&, Clz] ETO J OF L7 F—HEZEEXEHF CHAET S L THRLNS. ¢
WMEENNUE gh, f1, for, ..., fs D syzygy % Clz] ETEHBETZZEXD q,...,¢ %
RKDBTENTES. TORMEHER, IEREREIR Oxo LOMEZ Z AR Clz]
FORMEELTEZ Clz] ETHETZ VO WANEZLEDTHS. £z, TOHER
Jiyeeos Js WIST A=A 2GR BILRATEETH 5.

2. 5tEH

LHG [ = o4y + 20y OVICATT N Jo = (%,5) BEZB. (REIIR
AREUY—H Hy, &9, 0 € Jo THBIENDING. TOLE, NI V7R
Hy, OYTEZ18THB. %, dim (cmm%,%p) =22 THBHT LIFMECAHETE
BOT, FHLIIOC AN 22 - 18 = A tAES 5. (3,9) OF LT F— s
y < o LB HEHREIEF TS 2 &

{128y + 75y 8y"x + 5y°, 32% + 28}

R, yOBINEEZAZRS L 128y + 75yt = ¢ (128y* +75) KD, 45D 5
EUIBH SIS 128y + 75 = 0 27z 9 N TH 5.
TTT, (128y* + 75)xy?, 9L, % D syzyey % Clz] LCIHT S &

0,16y "z + 10y°, =322 — 2¢®], [-2, —80y", 15z + 16y°]
LIRBDT, —2(128y" +75)xy’ + (—80y") 5L + (150 +16y°) 5L = 0TH . Lichi-TC,

o S0y Of  lsw+16y° Of
2(128y* + 75) 0x  2(128y* + 75) dy

Y

Lixb.
NG A= EREMWRFTarEaY—, JULT7F =R, syzygy it BIETETH
50T ([1,2]), 737 A—2{}ZE Extended ideal membership &EIHARETH 5.

BE A
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IR FERAERIC BT B
integral dependence relation & JAfT IR ET T —

HSE— (R
MRl (TERY)™

C" D O DIEks X ICHBWTCIERIZZBIE f DED 5i#llifEZ S = {z € X |
f(z) =0} &35, EHIBE f BERZINV LS LTRDE L, fOFMOTO, B
WBIROx 0 lCBIBYACATT IV E T TET.

_(of of 9f
J = (81‘1,81’2’.”781‘,1) COXﬁo.

AT, IERIREECh € Ox o EIEOBERELITHL,
hk + Clhk_l + Cghk_Q —|— e + Ckflh + C = O
W9, ¢ € Ji= 1,2, kDMEET B ENHET B L Mz —R{E L T&E
Z5B.
1. B3R EQY—¢& annihilator
FUL O ICBZFDRFTARER Y =% H]) (Ox) TKI:

Hioy(Ox) = R"T(0y(Ox).

FeFE L, RT oy WBITFT o) O n HOBKBIF2ET (FIRIUTIHEZHD). IR
BERICBI BT 7 IV, C Oxo %

I = TR 4 PRE g JE o g

TED, THIC

HE = {0 € Hioy(Ox) | 1,0 = 0}
LBl H((l;)h) & Ox o-MEEOMEEZFFD C EORBRITTANY FIVZERITH % . Grothendieck
local duality & O, RO pairing (FIERILTH B T EMWED T LICHEET 5.

k k
OX,O/I((J,)}L) X H((J,)h) — C.
T, hk(Hfljﬁ)h)) C Hiy(Ox) D Ox,0 ICHF % annihilator % Annglj?h) b SR
Annilyyy = Annoy o (K (H(3),)).

R 5.

ABFFLIFHITE (R 5:24540162) OBIRERZ T2 £ D TH S,

2010 Mathematics Subject Classification: 14B15, 14F10
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e 1. kIZIEOARE, heOxo kT 5. TOLE, RIFHETDHS.
(i) ac€ Anné?h
(ii) ah®+cih* 1+ coh* 2+ o h+c, =0 ZHilzd ¢, € Ji=1,2,.. kD7
1£9%.
2. ft87 I3V X s
C T T, f € Clay, xg, ..., x,) FEFR O 2N E LTRDOZBHEATHZ LT

5. LIRS, Yae 17 7)Y % integral dependence relation 23K % 7))LV X
L7Z2RNd %.

VA= UFIN

AR f,h€Cloy,my,...,x,), IEOEHREE.
HH: Annll),) DAK Y= REE.
Stepl. IY@]h) ZRHE.

Step2. hk( (Jh) ZelHE.

Step3. Ann(}) DA%V H— REEAEFHE

R ICREREERICE T B syzyey st HICK D, a € Ann%?h) XL,
CLhk + Clhk_l + (,’Qhk_2 + -+ Ckflh +cp = 0

Btz d, ;e J,i=1,2,.. . k BROZENTES.
HEE2. INHORHEIE, 2N [ DMRBICST A =2 25 LEICHRETE 5.

BE

1] M. Kashiwara, B-functions and holonomic systems, Invent. math. 38 (1976), 33-53.

2] M. Kato, The b function of a p-constant deformation of 7 +1°, Bull. College of Science,
Univ. of the Ryukyus, 32 (1981), 5-10.

[3] M. Lejeune-Jalabert et B. Teissier, Closure intégrale des idéauz et équisingularité, avec 7
compléments, Annales de la Faculté des Sciences de Toulouse, 17, No.4 (2008), 781-859.

[4] Syl HEE— RBMRT 2R EO Y —2 AWz 8T A—2{F EH5E ideal membership
HET VTV X L, BRh, s A RBORRNT I LTS 25 8k (2015).

[5] B. Teissier, Introduction to equisingularity problems, Proc. Sympos. Pure Math. 29 (1975),
593-632.
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Bottcher coordinates at superattracting fixed points of
holomorphic skew products

Kohei Ueno (Daido University)*

Let p : (C,0) — (C,0) be a holomorphic germ with a superattracting fixed point at the
origin. Taking an affine conjugate, we may write p(z) = z° + O(z°"!), where § > 2. Let
po(z) = Z°. Bottcher’s theorem [1] asserts that there is a conformal function ¢, defined on
an open neighborhood of the origin, with ¢, ~ id, that conjugates p to po. This function is
called the Bottcher coordinate for p, and obtained as the limit of the compositions of p;" and
p", where p" denotes the n-th iterate of p.

Bottcher’s theorem does not extend to higher dimensions entirely as stated in [2]. In this
talk we generalize this theorem to that of holomorphic skew products with superattracting
fixed points at the origin in C?; by assigning suitable weights, we obtain an analogue of the
one-dimensional Bottcher coordinates. This study is closely related to our previous paper [3],
in which we obtained similar results on Bottcher coordinates for polynomial skew products
near infinity.

Let f : (C%,0) — (C2,0) be a holomorphic germ of the form f(z,w) = (p(2),g(z, w)),
which is called a holomorphic skew product in this talk. We assume that it has a superat-
tracting fixed point at the origin; that is, f(0) = 0 and Df(0) is the zero matrix. Then we
may write p(z) = 2° + O(z°*!), where 6 > 2. On the other hand, let

gz, w) = 2w + Z bz w™,

where d > 2,n; >y, and m; > d if n; = y. In this talk we say that f is trivial if m; > d for
any j, and that f is non-trivial if m; < d for some j. We may ask whether f is conjugate to
fo or not, where fy(z, w) = (z°, 2w?). To answer this question, we define the rational number
a associated with f as

ay+d<danday+d<an;+m;for
minqa > 0| any integers n; and m; s.t. Z"w™ is
a term in ¢ with a nonzero coeflicient
if f is non-trivial, and as O if f is trivial. Let U, = {|z] < rlw|%, |w| < r} for small r. Although
a may not be well-defined, the benefit of « is presented in the following lemma.

Lemma 1 If a is well-defined, then f ~ fyon U, asr — 0, and f(U,) C U,.

The notation f ~ fy means that both the first and second components of f and f; converge
to 1 on U, as r tends to 0, which is ensured by the condition ay + d < an; + m;. We need the
condition ay + d < ¢ to ensure the invariance of U,. If f is non-trivial and « is well-defined,
then @ > 0. Hence U, is a neighborhood of the origin only if f is trivial.

As the one-dimensional case, this lemma induces the Bottcher coordinate for f obtained
as the limit of the compositions of f;" and f".

Theorem 1 If a is well-defined, then there is a biholomorphic map ¢ defined on U,, with
¢ ~idon U, asr — 0, that conjugates f to fo.

*e-mail: k-ueno@daido-it.ac. jp
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Our idea is useful even if d = 1; we have the same lemma and theorem with the additional
condition @ < (8 — 1)/y. Our results also hold for the nilpotent case. We say that the point x
is nilpotent if the eigenvalues of D f(x) are both zero. If the origin is a nilpotent fixed point
of f, then it is superattracting for f2.

Finally, we give a practical description of a. By definition, & = 0 if f is trivial. Let f be
non-trivial. Then the condition ay + d < an; + m; implies that a > m, > 0, where

d—mj
nj=vy

Z"w™ is a term in g with a non- }

my = max .
! { zero coefficient such that n; > y

Combining with the condition ay + d < ¢, we can chart « as follows.

fnon-trivial | y=0| yv+0

o0>d my mfori‘]
o=d mf ﬂ
§<d A A

The notation m; means that « is well-defined and equal to m/, and the notation /i means that
a is not well-defined. For the case 6 > d and y # 0, we have two subcases: « is well-defined
and equal to my if my < (0 — d)/y, and « is not well-defined if m; > (6 — d)/y.

References
[1] L. E. BotTcHER, The principal laws of convergence of iterates and their application to analysis
(Russian), Izv. Kazan. Fiz.-Mat. Obshch. 14 (1904), 137-152.

[2] J. H. HuBarD AND P. PapapoPOL, Superattractive fixed points in C", Indiana Univ. Math. J. 43
(1994), 321-365.

[3] K. Ueno, Béttcher coordinates for polynomial skew products, to appear in Ergodic Theory Dy-
nam. Systems.
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Local dynamics at an indeterminate point of Newton’s
method

TREL RNF (R AR L E S B S T 22 A%)

1. F

ZDHHETIE, 2BBENE/RF :C* -5 CPOERICHTE=2a— bV ENF DO
RIZDWTHET S, ZNETIZ, HEFOERIIHTE2a— b VENFOREN
WX, EEONFERBEEDGFAET S Z LR INT W, S I ORE LT blow up
EI1D Z 2T &0 I EREE DR T 21T 5.

2. %
F:C - CPzEHEHEL, (z,y) € C*&BL. F(r,y) iZHL, (z,y) € C?
DHHMIRTH 2 L1, F(ro,y) = (0,0) & |JF(x0,90)] # 0O DI L LT 3.
(o, y0) € C2WEIMTH B &1L, F(zo,y0) = (0,0) & |JF (g, y0)| = 0D IDZ &
&35, F(r,y) = (0,0) DR ZERDZ720, —a—bVEE WS U TOHBEGEE
Z5.

NF(z,y) = (z,y) = JF(z,y)" F(z,y)
F(z,y) DHEMIR (10, yo) 1Z=2— N VIENF(z,y) DBESI AR E R, (20,90) DD B
EENDORTDRDEGER, (z0,y0) (TR T B, —7H, F(z,y) = (0,0) DER (zq, o)
&, =a—bMVENF(z,y) DRERIZRS (1, [2] B1R). BHEBRDOAERDERD
EEOBIFFAFICRD ZEPHMONTE D, NFREEEZFARL I LIFH LW, Z
NEYE, (xo,90) = (0,0) 9%, Y. Yamagishi 2] IZEWT, (x,y) = (0,0)IZHBF5
REBEIRFD, ROW%E U ERBR FIZOWTIHER I ThNT W5,

F(z,y) = (z+ a2’ + azy + agy® + -+, 4> — 2 +-+), az +ao # ta
ZDOFIZWNTBE_a— MV ENFIZRDEEZLTWS ZERNbh b,

hi(x,y) f—ﬁ+Mww>

NF(x,y) = ,
(@9) <%+%@w 2y + ho(z,y)

HU, holz,y) 1F2KEAE, hi(z,y), holz,y) Z3XREEDEEERS., ZONFIZHL,
ROBFOMLDZ R SENT WS,

Theorem(Y. Yamagishi [2]). (zo,%0) = (0,0) D& 2386 U BFIEL, U\ {(zo,v0)}
BUTD3DDESRA, B, Clzandlans.

(1) AIZ NF(A) C A %727 attracting set LIFIENDEATH L. FITEED
(2,y) € AITHU, 20/yn = 0& Ypi1/Yn — 1/2 Pn — 00 & T 5L ERLHILD.
HU (xn,yn) := NF"(x,y) TH 5.

AR SRS (FEBIIE (C), AT 5:24540225) DBIK 2213 -5 DTH 5.
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(2) BI&B:= |J B, £ E#ZT 115 bursting set LIFINZEETH 5.
n=0
B By = U\ NF-YU), Bpys = UNNF-Y(B,) (n>0)TH 5.
(B)ClEC= |J VEEHBINDAV P —AT =T EFENIEETHS.

Je{1,2}N
BU {V;}eqz 1& (20, 0) @ super stable manifolds DR TH 5.

SR OFEEH T, Y. Yamagishi[2] D CTHbn =2 — b VIEORH GG TH 5,
AT OEEES f OAER po = (0,0) DIEFEIZH T 2 FRMEEIZDOWTHRE 21T .

e y? — 2% + 28
2y + 22’ 2y + a2

ﬂ%w=<

INET, AHFEEROREMIIBIT B NFERICONTIE, [3), [4] THIEZEDT X7,
FRIZARE R po ICB W Thlow up 2 DIRULITD T TRERD IV b=V T =7 %I
BUTE, ST ZOFEE EFLOABES FIZ U THWS., RERMp itBWT,
EHEG f OREEZBEET 570D blow up 2175. % DB THE S N5 R Hh
FONFREEEFTNLZLIZLD, A B CEEBRTS.

SE 3
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YEHER DB & DIFF FEE MO B A RPRRC
DT

B M (R
KH Fe (BlER)?

R TCLE, YR OB e & DI TS E MO H ORI 2 IRET 2 T ENTE
TEDTHRET .

R.Arens [1] DEHIC K D, HEAEZERIAD B CIRRIFHI A OMIE 2 £ D T LDV
5NTWV%. TT T, ROMENELC %:
RIRE. HRZARIAD B CIRMREEHIWVD Lie BEORIEZ £ DAY

Cr NOEFEEO A ARPEERE H.Cartan [4]IC XD LiefHcRd T EAVRENTZ. £
7z, S.Bochner-D.Montgomery [2] 5IC & D 32737 MEZRZERAD H CIFBEE Lie ff
ICIRB T EWVRENT. L LAEDS, IEaRT M EREZSHIADY G, #09 LE Lie
FHC % LIRS 0. B & Ln > 2725618, C* O A CHARED Lie BHCIE A D75
W EIEFELHIENTVS. BIEX T, C"OE X AIFAFSEHEMICEdT 2 H AN
RIRF ORGP R BN IS DOV TIIFEA A E N, R.Penney (7], M.Eastwood-A.Isaev [5],
J.Byun-A.Kodama-S.Shimizu [3] FIZ K > THZEERDHIF 5N TV 5.

BABLLT CER S NI RFE K O D O H AR 2B 5 LT

DY = {(z9, 21,20, 20) € C"TH| — |20)? + |21 |* + |22|> + -+ + |2a]* > O}
oL = {(#0, 21,22, 2n) € crtt | — |ZO|2 + |z1\2 + \ZQ|2 ot |zn|2 < 0}.

SRR BRI O % DU i BRI HERS IS TR S 5 U —BE GU (1, n) ZDLF O & 5
ICEFKT 5!

GU(Ln) = {A € GLIn+1,C)|AJA = vJ, vidBBIEDIHL}.

-1 0
0 E,
EE ([6]). LFDOT EMEDILD:

o DV OHCFMEHI GU(1,n) TH Y, Lie BT S,

L, J = ( > T, B, ZHAATIITH 5. HAEIROEH 2135 LMW TET:

o O OHECFABRHI Lie TR B2V, HEE ATED f = (fo, f1,- - fa) € Aut(C™))

WBLLRDXHICH T %:
Z1 %2 z
fo(Zo, 21,29, Zn) =c <’ = n> Z(:)tl
20 20 20
Z?:o QijZj .
fi(ZO; 21,22, Zn) = fo(2’0721, 29, Zn)ni 1=1,--- 7“)'
> i=0@0,j%;

72720, cld B EOIECTIERIBIEE U, 175 (a;j)o<i jon (& PU(1,0n) DILTH 5.
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EidoE#E» 5, ¢ DY O H ARRBEOANESTR R 2 RS T L Ta Ny
RRGICRE T 2 ROZHEINS.

R ([6]). Ot DA FRGEAFAET 20, DI D87 FEIEAFAE LR,
SE X
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The autormophism group of a certain unbounded
Reinhardt domain

B JE ] (POSTECH)*!
Hyeseon Kim  (POSTECH)
Van Thu Nihn (POSTECH)

1. B=R
ARG O H i3I S
Dyn = {(2:¢) € C" x C™ - ||¢||* < %)

DIEAHCHAB# 2R T2 2L TH 2 (s > 0). HHED,, DERLDVEBLICU =
{(2,0) € C" x C™} DBIEAE LTEHEND Z EDBLEIND. 0, D, DK
ZAEFEE E SIFHIFAEE 2578w, 2O XH)AERICKD, UTIKELEZAILY VD
DD, ,, THALT 220895 OHHNZIEHHER & & 5.

TE 1 (ALY VOER) GRAMMER (e 2 — 2 TAZRER) D IZFNE2E
BET2. 0L EFEEZHET 2 DOIEAHRMEBRIZHAEHRTH 5

A TIERETCHIHT % Bergman 5% H\WT D, ,, ICX LTS AN E v DEBD
O % 2 xRS, 3Tl ZNEICHL T, D, DIEAIHCHABZ RET 5. K
I3 H. Kim [, V. T. Nihn K & O FFEZEICHED < .

2. Bergman B
DUT, #2072 R D 13 F I M2 GO MR EET 2. $ 950l
AZLT 9. f D O Bergman %% Kp, {191 Tp %

0?log Kp(z,w)
6zaaﬂw

Tb(Z,UOZZ <
WCEDEET . [T T ENAKT Lz = w TIREFEICERINL D, ZNDHND R
TIEHT LS well-defined E WZRBS W LICHERET 2. KR CHEEL&H 21T
Bergman 5 ol 3R TERI N 5.

_ Kp(z,w
a(?(z) =Tp(0,0) I/QgradwKZEOw;

(1)
w=0
Bergman BRI Kp & T ICX DERBIN T WS DFEEK D DARIHKFT 5. 2L T,
Z DEAGIZR D AR A 2 il 72§ [1].
f

2L, fIRFERZEES 2 IEHE ARG, Lida=58 ) 2 5 7aMREEO
Bl Kp(2,0) > 052 Tp(0,0) I positive definite &% 5. T3 X D EHR o 13

*1
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well-defined TH 1, & S ICHIZBAEAIGR L 75 2 L HHBIT 5. Tne Lo Ak
BIUE D, Isog(D) DILHMEGMR L 72 5 2 Lodlgfs S 5. IEEFAEEOG & of 23
well-defined & 7 % & 9 %58 D T HIUIARDEGRDIRILY 5. 2 TIHFFHNIEE <
D3, LB IC BV TSNz D, D Bergman DR %2 IV 3 & o)™ hiwell-defined
E B I EDBMERI NG, THITK D, ROFERBF LN,

EE 2 AT T 5 L9 %D, DIEHIHCHBEGEITHHEEEHRTH 5.

ER 1 FRFERE D IRWED 7 5 2 TH 2 MEFTIFE Tl —MRIC ol 13T EH
&7 %, 3CHR [4] T C* NOHEFBIGHISIC N § % Bergman B8 o) 23R8 & 70 2 503
FERINTW5.

3. D,,, DIERIEC R

HIEiiC D, THANY v OEBDPELT % 2 LD ® & 1. IERIE SRR O
D7 DITIF Z U Z TROMEDILILTH 5 (GEH I SCHR [2) 2 H).

flid 1 EOUIMERDLEHIHCFRRER ¢ € Aut(D,, ) TALTH S (i.e. o(U) C U).
ROMEIX D, ,,, DA ERNH SR GERORHEIN T2 52 5.

%8 2 S D, ,, OB FEAHCFABGR Y 132 =5 VEHU € U(n), U’ € U(m)
ZHOT, (2,0) = (Uz,U ) THAZGNS.

R f % Dy KBTI HEROIENACHMNEG®RETZ. COLE ME1LDH2
vy € C"DEFEL £(0,0) = (v0,0) £7%2 5. T2 TEHEMRp, ZRD K I ICEET %:

Qv (2,0) = (2 + 0, e =05y e .

DB/ D,,,, DIEHIACHMER L 222 2 L IZES ICHERIND. GlRe L f%
BT 2 E (0o f)0) =0 %5 570EM2LD o, o fIXTH 5. Dl LD
LHRE2 k) ROFERIE S L.

B 3 FHE D, ,, DIEAIH CRBEHEROEHRTER I N 5!

wu : (2,¢) = (Uz,(),
e+ (2,¢) = (2,UQ),
0y (2,0) = (2 + v, eﬂ‘(zv()*%\\v\lzo'

772L,Ue€U(n),U €U(m),veC
SE X
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On the holomorphic automorphism group of a
generalized Hartogs triangle and a related question

Akio Kodama (Kanazawa University)*

Abstract

In this talk, we completely determine the structure of the holomorphic
automorphism group of a generalized Hartogs triangle and obtain natural
generalizations of some results due to Landucci and Chen-Xu. These give
affirmative answers to some open problems posed by Jarnicki and Pflug.
Also we discuss some related question with our results.

For any ¢;,m; € N and any 0 < p;,¢; € Rwith 1 <: <1, 1< 5 < J, we set

62(611"'a61)5 m:(ml7"'7mf)7 p:(p17~"ap1)7 q:<ql7"'7qJ)

and define a generalized Hartogs triangle Hf}’gl in CV by

1 J
Hig, = {cw) €€ Ll < 3yl <1,
i=1 =1

where
z=(21,...,21) €COx-..xCr=CH |t|=t,+ -+,
w=(wy,...,w;) €C™ x--.x C™ =C™ |m|=my+--+my,
and C¥ =Cl x C™ N =] +|m|.
We may always assume that po,....,pr#1, qo,...,qy #1 if I >2o0r J > 2.
The main purpose of this talk is to announce that, by using our previous result

[Complex Var. Elliptic Equ. 59 (2014)], we can establish the following theorems (to
appear in Tohoku Math. J.):

THEOREM 1. Let H)! be a generalized Hartogs triangle in Clx ™l with |m| = 1.
Then the holomorphic automorphism group Aut(HL1) consists of all transformations

{m
D (z1,...,z1,w) — (Z1,..., 2, W)
of the following form:
(I) pp =1, ¢ € N : In this case, we have
Z =wlH(zn/w?), Z=v(za/w)Aizew 2<1<1), W= DBw

(think of z; as column vectors), where

The author is partially supported by the Grant-in-Aid for Scientific Research (C) No. 24540166, the
Ministry of Education, Science, Sports and Culture, Japan.
2000 Mathematics Subject Classification: Primary 32A07; Secondary 32M05.
Keywords: Holomorphic automorphism groups, Generalized complex ellipsoids, Generalized Hartogs
triangles..
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(1) H € Aut(B%), where B® denotes the unit ball in C*;
(2) ~; are nowhere vanishing holomorphic functions on B defined by

1/2p;
1 — [la|? 1 ¢
i(21) = <2> , a=H"" (o) € B,
! ( )

1—{(z,a)
where (-,-) denotes the standard Hermitian inner product on C* and o € B is the
origin of C*;
(3) A; € U(y), the unitary group of degree ¢;, and B € C with |B| = 1;
(4) o is a permutation of {2,...,1} satisfying the following: o(i) = s can only happen
when (gupl) = (ésvps)'
(II) p1 #1 or g ¢ N : In this case, we have
gi:AiZO'(i) (1 SZSI), QI):BU}7

where A; € U((;), B € C with |B| =1, and o is a permutation of {1,...,1} satisfying
the condition: o(i) = s can only happen when (£;,p;) = (s, ps)-

THEOREM 2. Let My, be a generalized Hartogs triangle in Clx CIml with |m| > 2.
Then the holomorphic automorphism group Aut( Z’gl) consists of all transformations

P (zl,...,zl,wl,...,w.]) — (21,‘..72],12)17...,10‘])
of the form

Zi=Aizoy) (L<i <), w; = Bjwr (1<) <)
(think of z;, w; as column vectors), where A; € U({;), B; € U(m;) and o, T are permu-
tations of {1,...,1},{1,...,J} respectively, satisfying the condition: o(i) = s, 7(j) =t
can only happen when (€;,p;) = (s, ps), (M, q;) = (M, qr).

Considering the special case where all the ¢;,m; = 1 in Theorems 1 and 2, we

obtain natural generalizations of some results due to Landucci [Ann. Mat. Pura Appl.
155 (1989)] and Chen-Xu [Acta Math. Sin. (Engl. Ser.) 18 (2002)]. In particular, our

Theorems 1 and 2 give affirmative answers to some open problems posed in Jarnicki
and Pflug [EMS Textbooks in Math., Euro. Math. Soc., Ziirich, 2008, p.213].

Next, we consider a generalized complex ellipsoid

K
£ = {(zl,...,zK)ecm x-..xcnk;z||zk||2pk<1},

k=1
where n, € N, 0 < p, € R (1 <k < K). Then there is a natural question as follows:

QUESTION. [s any proper holomorphic self-mapping of € an automorphism?

This will be important in the study of proper holomorphic self-mappings of Hfﬁl.

In the case where p;, € N for all k, this question is affirmatively solved by Bedford-
Bell [Math. Ann. 261 (1982)]; and also, in the case where n; = 1 for all &, this is solved
affirmatively by Dini-Primicerio [Ann. Mat. Pura Appl. 158 (1991)]. Finally we would
like to remark the following fact: Consider the generalized complex ellipsoid

E(k,a) = {(z,w)eCka”k; ||z||2+||w||2“<1} O0<aeR,1<k<n-2)

in C". Then, by using our previous result [Tohoku Math. J. 51 (1999)], we can show
that any proper holomorphic self-mapping of E(k, ) is necessarily an automorphism.
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Sufficient conditions for univalence and starlikeness
in complex Banach spaces
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Let X be a complex Banach space and let h = h(z,t) : B x [0,00) — X be a mapping
which satisfies the following conditions:

(¢) h(-,t) € M for t > 0; (#4) h is continuous on B x [0, 00).
Then for each s > 0 and z € B, the initial value problem
0
v —h(v,t), Yt=s, v(zs8) =2z (1)

has a unique solution v = v(z, s,t) such that v(-, s,t) is a univalent Schwarz mapping,

v(z, s, -) is Lipschitz continuous on [s, co) uniformly with respect to z € B,., r € (0,1),

and Dv(0,s,t) = e 'I for t > s > 0. Moreover, the limit tlim cv(z,s,t) = f(z,s)
—00

exists uniformly on each closed ball B, for r € (0,1) and s > 0. Also, f(z,t) is a
Loewner chain.

The above existence and uniqueness result for solutions to the initial value problem
(1) is due to Poreda [15, Lemmas 4.3-4.5], and is a generalization to complex Banach
spaces of [12, Theorem 2.1 and Lemma 2.2]. Note that Poreda initially required the
condition ||h(z,t)|| < M(r) for ||z]] < r and ¢ > 0, where M(r) is a positive constant.
This condition is satisfied, in view of [7, Lemma 2].

In view of the above, we may consider the notion of smooth parametric represen-
tation on complex Banach spaces (cf. [2], [13] and [14], for X = C™; cf. [4] and [8]).

Definition 1. Let X be a complex Banach space and let f € H(B) be a normalized
mapping. We say that f has smooth parametric representation (f € S°(B)) if there
exists a mapping h = h(z,t) : Bx[0,00) — X which satisfies the conditions (i) and (ii)
such that f(z) = tlim e'v(z,t) uniformly on each closed ball B, for r € (0,1), where

—00
v = v(z,t) is the unique Lipschitz continuous solution on [0,00) of the initial value
0
problem a—: = —h(v,t), Vt>0, wv(z0)=z foreachz € B.

Graham, Hamada and Kohr [3, Lemmas 2.2 and 5.2] obtained a sufficient condition
for smooth parametric representation when X is a complex Hilbert space.

Theorem 2. Let X be a complex Hilbert space. Let f € H(B) be a normalized
mapping. If |Df(z) = I|| < 1, =z € B, then [ is biholomorphic on B and f €

- 1
S%(B). In particular, if E m||An,| < 1, where A, = —'Dmf(O), m > 2, then f is
m!
m=2

biholomorphic on B and f € S°(B).
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The following provides a sufficient condition of starlikeness on the unit ball B (see
[9, Theorem 2], [10, Lemma 3.1]). This is an improvement of [3, Theorem 2.4].

Theorem 3. Let X be a complex Hilbert space. Let f € H(B) be a normalized

1 2
mapping and let A,, = —'Dmf(O) form > 2. ImeHAmH < —, then f € S*(B).
m!

V5

m=2

In this talk, we discuss sufficient conditions for univalence or starlikeness in X.
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Hyperbolic span and pseudoconvexity
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1. Abstract

M. Schiffer (1943) showed that a planar open Riemann surface R admits Schiffer span
s(R, ¢) with respect to a point ¢ € R. Recently, S. Hamano in [1] established a variation
formula of s(R(t), ((t)) for the moving planar open Riemann surface R(t) with complex
parameter ¢ in the unit disk A in C,;. This formula implies the intimate relation between
the Schiffer span and the pseudoconvexity. Using this formula concerning the several
complex variables she showed in [2] a remarkable one complex variable property of the
Schiffer span.

M. Shiba (1993) showed that an open Riemann surface R of genus one admits the
hyperbolic span o (R). We establish the variation formula of o (t) := oy (R(t)) for the
moving open Riemann surface R(t) of genus one with ¢t € A. We show that this formula
also implies an intimate relation between the hyperbolic span and the pseudoconvexity.

2. Hyperbolic span

Let Ry be an open Riemann surface of genus one and xo = {Aq, Bo} be a fixed canonical
homology basis of Ry modulo dividing cycles. Consider a triplet (R, x,4) consisting
of (closed) torus R, a canonical homology basis x = {A, B} of R and a conformal
embedding ¢ of Ry into R such that i(Ag) (resp. i(Bp)) is homologous to the cycle
A (resp. B) of R. We say that two such triplets (R, x,4) and (R',x’,i') are equivalent
if there is a conformal mapping f of R onto R’ with f oi =¢. Each equivalence class
is called a closing of (Ry, xo) and is denoted by [R, x,4]. As well-known, each closing
[R, x,4] carries a unique holomorphic differential ¢# with [, ¢® = 1, which will be
called the normal differential on [R,x,i]. We put 7[R, x,i] = [5 ¢, which is referred
to as the modulus of [R, x,i]. Denote by C(Ro, xo) the set of closings of (Ry, xo) and
put
M(RmXo) = {T €eC | T= T[R’X7i]’ [R7X7i] € C(ROaXO)}'

The set M(Ry, xo) obviously is in the upper half plane H.
Theorem 1. (M. Shiba [3] and [4])

(1) M(Ry, xo0) is a closed disk (which may degenerate to a singleton); there exists
7™ € H and p € R such that 0 < p < 37" and

M(Ro, x0) ={r € H| |7 —7"| < p}.
(2) The hyperbolic diameter oy (Ry) of M(Ro, xo) in H is determined solely by the

surface Ry; it is invariant under any change of canonical homology bases modulo
dividing cycles of Ry.

We call M(Ry, xo) the moduli disk for (Rg, xo) and oy (Rg) the hyperbolic span for Ry.

*l e-mail: masaka_zu_hause@muc.biglobe.ne.jp
*2e-mail: h.yamaguchi@s2.dion.ne. jp
*3 e-mail: hamano@edu. fukusima-u.ac. jp
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3. Variation of hyperbolic span

Let (ﬁ, 7, A) be a holomorphic family such that R is a two-dimensional complex man-
ifold; A = {t € C, | |t| < r}; and 7 is a holomorphic projection from R onto A.
We assume that each ﬁber~]§(t) = 7 !(t), t € A is non-compact, irreducible and
non-singular in R, so that R(t) is an open Riemann surface. Let (R,7,A) be a sub-
holomorphic family of (R, n, A) such that R C R; dR is C* smooth in R; R(t) =
7~ Y(t) € R(t), t € A; R(t)is a bordered Riemann surface of genus one with C smooth
boundary R(t) in R(t). We set R = Ujea(t, R(t)) C R, OR = Uea(t, OR(t)) C R,
and identify R with the variation of open torus R(¢),

R: teA— R(t) CC R(t).
Each R(t),t € A admits the hyperbolic span oy (t):=ou(R(t)).
Theorem 2. Assume that R is a Stein manifold. Then
(1) The hyperbolic span oy (t) is subharmonic on A.

(2) og(t) is harmonic on A if and only if (R,m,A) is a trivial holomorphic family,
ie., (R,m,A) = A x R(0) as holomorphic family.
The key of the proof of (2) is that the harmonicity of oy (t) on A makes the stop of
the moving of the moduli disk M(R(t), x(t)) with ¢ € A.

We have the generalization of this theorem. Let (R, m, A) be a holomorphic family
such that R is an (n+1)-dimensional complex manifold, A is a domain in C}, and each
R(t) = 7~ 1(t), t € A is irreducible and non-singular in R such that R(t) is an open
torus with finite v (independent of ¢ € A) ideal boundary components. We denote by
sp(t) the hyperbolic span for R(t).

Corollary 1.

(1) Assume that, for each ty € A there exists a small ball & of center to in A such
that R|s is a Stein manifold. Then sg(t) is plurisubharmonic on A.

(2) Assume that

(i) R itself is a Stein manifold.
(i1) Each ideal boundary component of R(t), t € A is non-parabolic.

Then sy (t) is pluriharmonic on A if and only if (R, m, A) is a trivial holomorphic
family.

Note that A is a pseudoconvex domain in C} by (i), which is used for the proof of (2).
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C OFEHTIE Cr NOFEM DI LT, D EOZELFHMBEIB A% Psh(D) LT 5.
Bedford-Taylor [2] i€ K D, #57 AIRE TRV ik A 2 EL P Lo V2 - TV
N—)UEHZEDER S N

EE 1. uePsh(D)NCOD)ITH LT, kREV T 2 » 7RIV (ddu)* (k=
2,...,n) ZROX SRS ERT 5.

(dd“u)® = dd(udd“u),

(ddu)* = dd°(u(ddu)*).

COERE, uMC*HD L ZMHEDED LT %. u € Psh(D)NCO(D) A (ddu)" =
0Zirzcd e, uMREXRBERFAMETHE I ENMBENTVS. CTTEHE
LIRABEEDMA TH S T EIEFRDK I ICEERINS.

E&E 2. ue Psh(D)NCYD) &9 5. RO\ FEED#E G cc D &,
0G v <uZlllzdEEDv € Psh(G)NCV(G)ICRHLTG Fo<ubixb &, uZ
MR Z BRI L W D .

ER(A<k<n)EYVa 7 UXN=)VHKOBNHZREHR O ELE, TO®
IERPERIERD K 51278 %. u € Psh(D) N C3*(D) M D L (dd°u)* = 0T, D DEFED
T (ddew)*t £ 07 51F, D R C* HEERME T, ZDEIEE (n—k+ 1) XL TH
D, BICHIRT % & u IZZERMBERE 52 EDODBMEET S ([1]). LHL uDBENE
MEWEAEE, KO K S EHIHART K SISEMZNREEIE X Do Tk,

il 1 (Sibony). B7Z C?NDRAEkE 9%, TD & Eu e Psh(B)NCH(B)NCY(B) TX
DWEZI T2 E DIMFET 5.

« B_E (dd°u)? = 0.

C HBip e BTuldiyMiZ LD, p BB RO ERIN T o IR (2
B ) TR

CORHTIEEY Y 2« 7 U N—=)VTRROMIC, KO FRONGF2 M TE DK
EMEEZTIND . ETRINCRD & 5 kR Z EH TR 9 % /Ml 2
WS %.

FE 1. u € Psh(D)NCY(D)& LT, D LEu>0, (dduw)"=0£9%. TTTu(0)C D
BZEEATREL, THIMNEATHE ERETS. TDEEZuH(0) DIEED Kz ITxt
LT u(0)ICEENSERE—TTNEE T2 22 DHNANEICET E DIMFET 5.
AR (FREZ5:25-902) DB ZZ T2 D TH %,
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BEEIOUNWEG L, TOEEDED T T ¢ VEBIPERE LT L 755 X 9 i
BTHS. Sibony DHIA/RT K ICEH 1 Tu Y (0) NNEATH S LWV HIREZINT
ClETERY. EH LXK > TROEHEMNRENS.

EE 2. ucPsh(D)NC'(D) &L TDLE(ddu): =092 (1<k<n-1). 3
re RIEHLTCuDEDBZES {2 € Dijuz) <r} DMESTHEEIRETS. TDL
Zu T (r) DEEDR 2 ICH LT, u i (n)ICEENZEHRE(n — k) ZTMEEG T ZZD
FRAEBICZ T & DOWFET 5.

uNELNIEEEDER DI, v € u(r) 2B RFEAZL (n — k + 1) ZOTOEKRN T2
FRAADFAET 2 EIMERHTHS. LN LRDEKXSICEFDW 2R T ENTES.

R 1. u € Psh(D)NCYD) £F%. DOFZIICH LT, DINDJRFTHE (n — k + 1)
RICEZTB D ZRRIKT, w2 T D LICHIRY % L ZHFNBAK L 52 L OFET % &
RET 2. TOEED L (ddu) =0TH%.

A TCIIEM 2 2 1O DOIGHZHNT 5.

—DEIFE IR EDZ ELFIRIBIET, Z DEHEEUTIANCIIK S BV E DADJS
HTH3. ZDOXIEZELFMNBEBIIMBEKE X270, @8 2 mE1ICKDEY
Va7 URIVIIEROM L 725 12D OREIR SN, T3 052 ks &
WTED. [T A 20 ME LT, Z OENR KT DEERICK S R S
B D, B2« 7 oR—)UFRRICE T B HEEZRNSE L ARETH B

COHOIHE, ARYNHEE D ¢ C EO/MAEEBEICEE T 2 ERD, PEDRKT T H
% (LI D 3EFRNEEE T 5). D NO 5 o,y BO/NKEEEEZ kp(z,y) &9 5.
Lempert [3]IC &% &, kp(v,y) & tanh ™ exp K, (y) THAHN%. TTTK, € Psh(D)
& D o i sz o2 EEE SV —VEBTHS. K, E D)\ {2} ETn XD
BTV T IUR=IAERORE IS, DTz o Z2Hu & U/ MAEREIC B S % Bk
E K, OLNVEEG L —H9 5. Lempert (3/MAFERHCB I 2Bk WG RS &%
RLUTWS. & 51T Lempert, Patrizio 51, D HWE 5 MR OmMiEE TH 5551
&, D ETEODSE T (dd°K,)" ' #0TH 5 &R L, THUTEK > TIMAEEEEDERE 58
MEBLRB TR U BRI TNS ORI ZZT T, il 2 b a1 2, —i%
D (FEOTIERW) (R D O/MAEEEEIC B g BRI R E Y YV a s T U R—)U L
Y (dd° K, )k, (ddee®=)* DBEHEE L BEDI TR S.
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