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Notes on Carathéodory functions
involving Mobius transformations

Shigeyoshi Owa (Yamato University)

Let A be the class of functions p(z) of the form

(1) p(z) =1+ Z ez
k=1

which are analytic in the open unit disk U = {z € C||z| < 1}. If p(z) € A satisfies
(2) Rep(z) > 0 (z € U),

then p(z) is said to be Carathéodory function in U. We denote by P the class of all
such functions p(z). Furhter, let P(«) denote the class of p(z) € A which satisfy

(3) Rep(z) > « (z € 1)

for some real o (v < 1). A function p(z) € P(«) is said to be Carathéodory function
of order o in U.
Let us introduce the function w(¢) by

_z+(
1+

(4) w(C) (CeU)
for some fixed z € U. We know that w(¢) maps U onto itself with w(0) = z.

For functions p(z) € P(a) and w((¢), we define

p(w) — a — ilmp(2)
Rep(z) — «

(5) 9(¢) = (C e ).

Then, we see that g(¢) € P.

Theorem 1 For g(¢) given by (5), we have

6) g™ = : {i - n!(n_ll)!(_z)j(l_ ol p("‘”(u)}

 Rep(z) —a | ln —5)ln — 5 — DL +E¢)

forn=1,2,3,---.



Theorem 2 If p(z) € P(«), then

2n!(Rep(z) — «)
(1= [z1)"(1 + |z])

(7) ™ (2)] < (=€)

form=1,23,.--.

Next, let Q(3) be the class of functions p(z) € A which satisfy
(8) Rep(z) <8 (2€U)
for some real § (5 > 1).

Theorem 3 If p(z) € Q(B), then

2n!(5 — Rep(2))
(1= [z[)"(1 + |])

(9) P (2)] < (z€U)
forn=1,2.3,---.

Finally, let P(«, 3) denote the class of functions p(z) € A which satisfy
(19) a < Rep(z) < (€ )

for some real @ (v < 1) and 3 (8 > 1).

Theorem 4 A function p(z) given by

- B8—a. 1—ef2
(11) p(z) =1+ - tlog <1 — e“’z) (z € )
for some real a (v < 1) and 5 (8 > 1), then p(z) € P(a, ), where 6 = ;:Zﬂ'.



Jenkins-Strebel J{I KR [E] D Teichmiiller P& D filk [EAE
IZ DWW T

KE Bl (A LHEKRF)*

1. E&
X a2 g nmRHEDY) - VHT3g—3+n>0%23ELDe L, T(X)2ZD
Teichmiiller Z2[H], dp(x) % T'(X) E® Teichmiiller E#t & § 5. r =r(t),7 =1'(t) (t > 0)
% T(X) L® Teichmiiller JIHKE (1EHEIZ 13 Teichmiiller JIHIEERE) & 97 5.
EFE. r(t),r'(t) VEDER & 1%, T ZNORMARD LA r(0), 7(0) 2T S5 L
tlirgo drx)(r(t),r'(t)) = 0.
72T LIIITEDHLTE. L, HDaec RVFHEL
Jm drx) (r(8), 7' + @) = 0

LTEHHLMAMTH 5.

r=r(t),r =1'(t) % T(X) LD Jenkins-Strebel IR T, 15 1% r(0) = [V, f],7/(0) =
Y F], mEXY,Y ED IV 1 D Jenkins-Strebel f7) ¢, TEF2HLD LT 5.
r(00), 7' (00) % 7, 7' @ augmented Teichmiiller 2 7'(X) LD H L § 5.
EFE. v, Disimilar & 1X, X EDOH WIS 9 homotopic TH AR, ZTIE D — 5
IR E B homotopic TH RWHEMPHIIKR 1, - -+, 1 AMFEL, ¢, DEDZY,Y' LD
Y v R —® core curves BENZN f(v1), -+, f(m), F(n), -, ) LREDRTH
5. ZOR, ZN5IZHIRT S modulus & my, -+ ,my, mi, -, m) &5 5.

r, 7’ Asimilar DFRE F& 5 r(00), 7 (00) DI HERIZ Teichmiiller R 2 EFH/TE 5. £
N dpxy(r(00),7'(00)) &R

2. ERER
r,r' % ETCTEZE U7z & S 7% Jenkins-Strebel iR & 4 5.
EH 1. ([Amaldb])

1 mi m;
o {5 10 max {775y 3 r(00), (00 |

. , B i=Lok | my T my

tlggj drx)(r(t),7'(t) = (r, v HSsimilar DEE ) (1)

+oo (ZENLSNDEGE )
% 2. ([Amaldb]) 7,7 A3 similar DFE, 77/ DI ZET S LZREOR (1) O I/MEIZAF
fEU

a€R t—oo

min lim drex)(r(t), ' (t + o)) = max {;5, i (x(r(00), r'(oo))}

* T 152-8551 BUAUHS H RRRR 1 2-12-1 BT LR PR B T2 R A d ik

e-mail: amano.m.ab@m.titech.ac.jp



/
THEZOND. 127U 6= 1log max 4 + 1log max 9 r47.
2 Ti=tekmy o 20 7=k m)

ZDIE, FEFr,r DR %E T(X) D Gardiner-Masur 525t I (cf. [GMI1]) THK LU 7z
@ detour metric (cf. [Wall2]) & 72> T\W5. Walsh[Wall2] DFERIZE D, 6 =0&74 25
7= D BEA3 51, r, v’ 3 modularly equivalent Df, T8 EH S N > 0 BFIEL
FERED =1, EiZ20Tm) = Am; BRILT B TH L. Lo TRORDVEDLIZH
nb.

% 3. ([Amalda]) r,r’ VLR & 72 B 443 Z1%, 240 5 A similar 2> D modularly
equivalent 2> D& A —E (r(c0) = 1'(00)) L LD HTH 5.

ZOFERITEY 27 1 ZEETORBKOKEE ([FM10]) O—fb e > T3,

S 3k

[Amalda] Masanori Amano. On behavior of pairs of Teichmiiller geodesic rays. Conform.
Geom. Dyn., 18:8-30, 2014.

[Amal4b] Masanori Amano. The asymptotic behavior of Teichmiiller rays. arXiv:1402.
3622v1, 2014.

[FM10] Benson Farb and Howard Masur. Teichmiiller geometry of moduli space, I: dis-
tance minimizing rays and the Deligne-Mumford compactification. J. Differential Geom.,
85(2):187-227, 2010.

[GM91] Frederick P. Gardiner and Howard Masur. Extremal length geometry of Teichmiiller
space. Complex Variables Theory Appl., 16(2-3):209-237, 1991.

[Wall2] Cormac Walsh. The asymptotic geometry of the Teichmiiller metric. arXiv:1210.
5565v1, 2012.
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Veech f 1 D JE#A 5 OEEZ DT
Wz's 2 (RRHEKT, PR PD)*

1. EA

i X 2 ST o gon RRNHEHET, 3g—-3+n> 0%l THD &
9%, i X FOBES CICRREZ GOV GEw &1, X\ C LOEERHERT, &
BB w=224+cDBELTVLELDODZETHS. HL, CITAREATHD L
T 5. # (X, u) ZFH i & RO, C 0% A% FHhE (X, u) QR E LIRS, i
fim (X, u) L Clda—2 Y v REMORGEEZHAWDL ZENTE D, £, (X, u) i) —
VVHERRTIE L TE D, FHE (X, u) DT 77 A VG L 1L, BRAESC
EHROX EOHCHESEAGH AT, BETFESR (U, 2), (V,w) € u (L(U) C V) ZHWT

wohoz'=Az+c¢ (1)

LREDLLDODZLEW). TT7 74 VEBRBIRDOTHEE (X, u) DT 77 A VHEL
FECY, AffT(X,u) THERT. &7 774 VEBRAMIIK LT, LORTR (1) (28T 51751
AeSL2,R)IIHFEFDEEZHRVWT—RIZEED. Z0175+A e PSL2,R) &7 7 7 A
B h DWWy EFDY, T T 7 A CEROWG DK IR (X, u) & VeechHEE V.
Veech[Vee89| IZ L > T, VeechBilX 7 v 7 AL 2D Z LRI TVND.

FEE. Veech BET(X, u) 23 PSL(2,R) @ lattice TH HHF, M HA—E 7 4/ RH/T(X, u)
O EFEN A IROKE, (X, u) % Veech Mt & FE5. BIZ, Veech#E (X, u) &L EY =

7 —HEPSL(2, Z) 2M@KIR DRf, Veech #lif (X, u) (ZFMFTH D Ly, £ 5 TN
R, FERMTHD 0D,

EE. Sz € X 2 Veech #hifil (X, u) DFAMRTH D L1L, 2D AT (X, u)- 08 AFT (X, u){z}
MHTREE DEFIZW D).

Veech BT DO JE M RUIZDOWTEL DO Z ERFIHALTND.

T ([GHS03]). Veech thmAFEHMi2 61X, £OMMRMOERITIX THETHD. —
77, FEFITEI 7R Veech i o EH AIXABRE CTH 5.

ARl T, FERITHY Veech i O A H SIZ DWW TEL T O X 9 2o EEGEHE 2 5- 2
o DIC, Ty s AR DRSS (p kv, m) ThB EIE, A —E T 4L KH/T
DR p ChEOa— 26 2N —F =Ny, 1y, € {2,3,--- ,00} TH D
BR2nW9. AL, =& —y,=coDa— I AT EEEKT 5.

EIE. Veech i (X, u) MIEFEMATHD 35, dhilm X 23 (g,n) B TH Y, VeechBi
D(X,u) DFFFH (p, k :vr, - ) THDHEE, (X, u) OJEHAOMEIL S %

92d+3

2726d10 ()\,u>*34 (;)\GM(S)

* T 169-8050 HAUERHTAE X P9 RAGH 1-6-1 BAGH KT BE S $ert

e-mail: y.shinomiya®@kurenai.waseda. jp



Thsd. ZZT,d=3g—3+n,\=exp(bd/e),

= Area (H/T'(X,u)) = 27 <2p— 2+ Z(l - 1/1/1-)>

i=1
Thad. £z, elIXAETEHTHS.

2. TR
AFE TIE, ATEIOEEEHG O S B Z®ET 5.
EH. Veech #hifi (X, u) IEFMTHITH 5 & &, WA OMEEILE %

275d6,u4 ()\M)36d+12
Thb. ZIT, dAplE ETEDERTHS.
SE 3

[GHS03] Eugene Gutkin, Pascal Hubert, and Thomas A. Schmidt. Affine diffeomorphisms
of translation surfaces: periodic points, Fuchsian groups, and arithmeticity. Ann.
Sci. Ecole Norm. Sup. (4), 36(6):847-866 (2004), 2003.

[Lei04]  Christopher J. Leininger. On groups generated by two positive multi-twists: Te-
ichmiiller curves and Lehmer’s number. Geom. Topol., 8:1301-1359 (electronic),
2004.

[Vee89] W. A. Veech. Teichmiiller curves in moduli space, Eisenstein series and an appli-
cation to triangular billiards. Invent. Math., 97(3):553-583, 1989.

[Vee91] W. A. Veech. Erratum: “Teichmiiller curves in moduli space, Eisenstein series and
an application to triangular billiards”. Invent. Math., 103(2):447, 1991.



QIEA[FED XA b I 2T —22[H] ED Weil-Petersson
FFEIZDWT

BN MR (FRREH KT, AR SR HIZEE DC)*

XA 32T —2E LIS E ) -~ VHOEREMTH L. V) —~ VE R AR
MOGEE, ERBAMR A ={|2| <1z € C} KEATZ 7Y 7 AT TR=A/T
LIRBEDEHNCTRA LI a7 —ElPRITES. 7V IAHT DXAILIaT—
7% T(D) 295, FMp>1 /LT, T O p BABDYIEI 25—/ 77°(1)
ik, MR TEHIND T(T) O IEEZEMTH 5.

7(0) = (e T € 75t Il = [ 1noPos(easty)” < ).

ZIT, N T IZHETE A NOERE, pa(z) = (1—[22) 1 E A EORT I L
FHETHE. V- VED A DL EX, Cui[2] B & Takhtajan, Teo [3] 5 A 2 Fn]
B2 Ae a7 —2M T2(1) TN FyNEfZETNVET 2ERMEN AL I L %
<R U7z, F72, [4 1IZBWTIE, p>2 D7 v 7 ARET W Lehner DFMAE WD
H B FGRM T AT T L &, TP(D) IZH N FyNZEMEET VT HEEMEDNA
BT eERUE. FDOETFIVERBNF v NERIE A =C\A ko T IcBT % p F
R 78 IEI IR D2 572 B N F 9 NZE ] AP(AXT) TH 5. $78Db5, o € AP(A*T)
2 LT,

el = </ lo(2)[Ppas(2)* 2”dwdy) < 0.

ZIZT N T ICET S A* WOEARTE, pa-(2) = (|22 = 1) X A LORT V7
VEI®TH 2.

Ty 7 ARET WBRFTNARD & & T(T) AERRTTOERLHRAL 20 [TED
p>1LITHLT TP(D)=TT) &5, £/, AT N* OMHHEHBEIIERE 225D

T, T)VI— M
(¢, 9) = // (2)2dxdy

MHFEINDTIVI— MNENT WCEED. TN%E Weil-Petersson §tE &
WS, ZIT, HELRE M J:O):l:}l/‘ — hEtE b &IE, &R p e M OERIEEZEH
T,M EOZ)VI—F AR b, T,p L THSNIZEMTEHDTHS. w=—-2Imh
e wliE M EOZMAaEAL 5. w PR RELE hidr—F —Gt&E
ThdeWwd. r—7—ftElda—27Yy FitEL “ROBEME T L2 EEKL, M
AEMAIZBECTIFEELYERTH 5. Ahlfors [1] £ Weil-Petersson gH&En7r — 7 —
AlEE 2, BLUOZTOFEERDOY v FilliR, 20T —hR, ERIWHEE? 3
RTCHLHRDZ L ERLT.

p=20D&E A2(A*T) lFe )L~ k2 Fﬁ'ﬂ&&é@f Lehner D&Mz A7 v o
AT O2FAFED XA v 2T —2E/0 THT) Eizid, i & FERIZ Weil-Petersson

* SRR T AE X R AR 3-4-1

e-mail: m-yanagishita@asagi.waseda. jp



FHEMNEE D, AGEHTIX, Ahlfors DFFERATEZ 512 U7z Weil-Petersson FHED 7 —
= DOWTHT 5.

SE Xk
[1] L. V. Ahlfors, Curvature properties of Teichmiiller’s space, J. Analyse Math. 9
(1961/1962), 161-176.

[2] G. Cui, Integrably asymptotic affine homeomorphisms of the circle and Teichmiiller
spaces, Sci. China Ser. A 43 (2000), 267—-279.

[3] L. A. Takhtajan and L.-P. Teo, Weil-Petersson Metric on the Universal Teichmiiller
Space, Memoirs of the Amer. Math. Soc. 861, Amer. Math. Soc., 2006.

[4] M. Yanagishita, Introduction of a complex structure on the p-integrable Teichmiiller
space, Ann. Acad. Sci. Fenn. Math., to appear.



Teichmuller ERFR DRI & BRMEICDWT

HERIERFET 2MER
sE B
R« 79,7)% Riemam® (33-3+n>0) 93, Lok,
R m'&.cﬂm.”frjfdw TIR) 13 2%, 33 -3+m 0 24 % 9 45MF T,
kobagest: EETE 13'Z A%, B B BTA Mod(gn) 13 T(R) 0 EBIA LI
ﬂﬁ#?*ﬁfk}r 3szﬁ"}'b‘7pmpﬂ'f discontnuons KAERL, 7 0
AT MR) =T(R/Mod(9,7) 12 R oy modil: spece T3
YAFIL Vo5 "r{.c‘fmu”ﬁy’#?ﬂ’ ey ’tﬁl'ﬂ'l Riemann® X e Xpo
MR no BITEES) 13 28] B £ + 0 paiv (X A) ) 2 2 E45T.
Tecknilloy R0t A B H A D2 01 Teeck 7 ¢ v 1303
Mod (9.0 0BF 578 v b2 1 B AN L 01 53 Veech TR
18 Techmiller space TIR) 0 43 2 R| v ) A 3R
D<FZr43Md(3N) 0B 524> [albe T+ 5310
1’.1 e oM 3. Te.cfml;. Ley a{sff @ ol %ﬂl"-—ro 'Eﬁ"_?'g %fcﬁﬁ
KiAL1 BB fp: D/rp —MR) £ £23%, (D/Tp, o)
15 TecEmille B%8 1133 (P TeechBF)
Yo ko, = B Techniller # 55 (D/rp, fo) & Veect & 5
B33z, DTy o smooth 78 coveving T2 X = D/pp t KE
ee g, (X, fooT) 4 B Tednmiller #0581 743. £ 15 1
1 Toe1 o Teedmiller @ﬂﬁ 0§ Ak BB A3

Propositan (%) € Tuckmillr 58 = 53¢, FTeckmillor dsk
D, D Veect 73 o % 50 ’-"comma map T X = D/Tp sAi.

Jc='Fm"1I'.



McHillon CMT 18 TecBmilly #28 H Rolomorphe 1 riqeol
TT. 22713, R, LT ER T
Theovemd : (x,4) ¢ Teckmiller 59,7+, 4: Y > M(R)
X s MR v AL A 15 £B1BB £ 73
SOrE XoERBTRALt 0% s, £=3 153 45K
X=Y 1t h3.

22 AR Rreman D Xi (i=1,2) 2 B0 BA& £i: Xi = M(R)
o pans (Xi, 0 (i=],2) oATFBE) BB =15, F10 - Xa = X2
sd. W e T, Oy =261 TilXe) 2 Mod(dn) PN~
Qe 3 Tk By X)) S Modldn) 13 i k3 ﬁanodmm{j,
Tw: M(Xi) =TiX2) ($ W F30E. 2 F\E 153,

YL ZR ) Ber FeM3
Covollary ([MI): (X, +) t TecEmiller 80 25 32T, (X A) 13 700-
el 73 ﬂmwpﬁc drﬁwui:’m TRRTO.

Fr r A tH V32, Ros>TsBRHAEIR ¢ 92 o+

1T%3.

Theovem 2 : Cp£) t 2p-2+R >0 13RI 0 =T 3.
20z%, Tockntller 058 (X, 4) 22 X 7 (P, BIE Premenn® 1o
T43102fF 3 RCHES 53,

Remavk: — v, Tockmeller 8938+ (D/Tp, £) oFr 1R
L4, DITo o B EA I Bt A1 TaHME, M(R) A 0
TeRmiller B2 EHRM AR T3,

[M] C. McMullen, Rigidity of Teichmuiller curves, Math. Res. Lett (2009).
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Conformal invariants defined by harmonic functions on
Riemann surfaces

HRIFEAFETFHER
BE EM

R t open Riemamn @, HF(R), HB(R), £T(R) (1 <p<ox) £,
P ko EAEZEA B ELAE, 'ﬁ'ﬂjﬂ‘iﬂﬁﬁ%ﬁ P2 Ravmoc Hnn#(
R A F 45 E<wsn1uwaysn, HBR),RAR) 1 Banck spaces &
T5-T03 1l we RIR) k& LT o I lIgp = (L H M@ 2-
533 X2 Ao€R 1 base poind 7+ LHMIF 3 W0 Loast Rarmoncc
majowond 53 2SN ZMH LT UMFoFATEE £ %13

o (a,b) =supT | Log wayuis)| : we HPR)Y,

pE (4,6) = sap{ | W) —w(B)| Nkl oot W £ HB{R.)—I‘uﬂ,

P?fa..n = supf (@ —wbl iuge - weRAR)- {0},

B (2 1d2] = supf U - iugluraa' 1d2] : W€ HP(R)),

8% (22142l = sup{ I L7 Uyl Ul 2l W e HB(R) - fo}§,
BR)1dal = supfitle- gl 1l ze 142l - w eR7R) -{oY)

df(a,b) 5 Hownock distance = L7 05M 10320243, 2N 50
% < R o Ryperbol-c distona, Ryperbobic méli-c v ede F32rt£23,
F . Harneck dkstance 1 207, R o Madtun compact fc £ Hl-1F0RL
e SN BFLEND,

iﬂi Ael-) € R Lo Rypevbete dstene £33 Zot%,
(1) df(a,b) € dpla,b) GERLEM B

(1-1) R = D={121< 1} ¥

(1-2) R=D*={0<121<1Y 7, a cbria B+ 4 Lu

-11-



(2) g (4,6) § A avctan ({ank BRIL)) 2 foirFfh s
(2-4) R~ D #%13
(1-2) R ~{0<Zr<121<1Y 7z a,b 3 f121=/FY
B L% 4%
(%) PR (6,6) < I Vg a0mlle?, KL d>0 ki (T
Ta (2) = Ref(22 tanR &) (1 - Ztark )]
G ShIEMB R D,
L& 1 (1,213 [HM] kdr3d. el D1 ool Lan
AT1ERNIEAATT-32 0153 T RIRIT movm HW

bace poink Ao K depend F300 7+, stitemend v+ #E2E 113 3.
M¥ a2 0F (0:,0) 0 AR 0 AT RT L $ 3.

Rh2) 1421 & e 201 1 Ryprbelc mehic Xel2)ld3l = ez 7 45
53 BESUFo k) (SEATEMS 1 boE),

Z 75 2. (1) R (2 1431 € Ael2)l42,

(2) BE @) Id2l < 2 e ld3l,

(3) Bp(2)1d21 S dp Agl)ld2l ad 2=d,, 7IL

dp =[ﬁ£ﬂfusﬂfgalﬂ}"& (Pl+e-'=1).
% %, Havnack d:stonce o distence ¥ L1 ‘H-ﬁtﬁ_ e 2w1t
e .

[HM] D. Herron and D. Minda, Comparing invariant distances and conformal
metrics on Riemann surfaces, Israel J. Math. (2001).



Deformation spaces of Kleinian groups

ERTEASET SHRA
B ER

GeAemn' S s RmBES LlenfF =93 20 EhR 108 G
# $ARk Q6) BE 2O RZ 43, Riemam H @ € #'5 %M
EHN B LT H v AL WG B kel w3322
N E G-compalble 9 e PERS. 202E WHGIT WIW
¥,2G tr5PSL20)n0 B ¥ 512 O £ H50<.

RF 20 G- compadble 4c 1,0 k=L, 53 A € PSL(2.C) T3
Bl Bu=ABu A trazrx, Wi v s 136-BUE =B BELL),
G-FUE 2% 3 G-compalble dc E4F £ DIG) e F =, The b o -
Oeformaton space & ¥ A, F1-, G-compelble 4¢c % o PIE$E
tlwleRe. G orFuck®ELas%, DN 13 Juast-FucRsipn spree
QI & FFMNIED T, SN T 0) TecRmiiller spae o) B8 v
3,102 (Bec o P18 —BATEARED).

D6 BALE v complax ctmctine £ 2 4, Kio-Maskd 13 bAFE
LT

Theorem A - D(a) 13 E &1 753,

Riemorn® o TecRmirller space, 3 130C FucRsE o) TecRnilller
cpace & EBNEE +HBTe N BN 10D DS, EFL oL BT
SO -l THDTET 33
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41, Teckniller spae 713 KobayssRe ZERE & TocRmillor EBE
[ B\~ 2%, B Conthodory (18) EERE 18 'E PR v 13 202D
itk n3cctbosn7ua. Die L1t Rlko PR
T A23c 23 NIV 2 BENKEEFLZE N3

Theorem 1 : (1) D) £, Carsihéodory 18 YEFE 18 TERE 753,
9) Q&) it B o FEEB: D b K REE T3 518 (areticoday
BERDE LEHB 153 BrDEREH 753

(3) Qa) 0538 E K HOEEE 7 200T, DE) 18 A=Y
T T\, L2t 52 (aocthaolory T 1% b2 6200,

Theorem 2 Die) K 11T, Kabngnsk‘- P86 = ToucRniller EEBE
[T =533 B DIG) & kobagnsh-FERE 32/ 1+ 3.

FRAR720CR S B KR AR 53,
Corollary 3: Q&) 0H2REERS ¥ -1 NNUE,
DIG) v H\0T Kobayash: 2 36 & Caratheodory TERE (3 B 13 3.

% 7 o BB 0 TR €13, Guasi-Fuckeion s K 6113
disk- convensTy (McMillen) DAL T 2" K22 RN R W,

-14-



L4-Loewner chains with quasiconformal extensions
B —i R

Loewner i3 Z O IEBILSMEIC X D Radial case (WA DIESIL) & Chordal case
EEFUSOIEHIL) 127 5T 7223, 2010-20124E120: 0 TEA S B ((BCDM12],
[CDMGI0]) 12 & D 26 Dft iRV ARRIC 2572, T OPHIZE W T, Loewner
chain IZXRD L ) ICEEIN S,

Definition ((CDMG10]). HAZ M D _EERR S 172 IERIBKED I (f)»0 2% Loewner chain

of orderd € [1,00], F 71ZHUZ L4-Loewner chain Tdh % & 1%, ROFM% T L I

[AVE

LCI. %1 €[0,00) IR L, f:D— CIZHIEE,

LC2. £ TND0<s<t<ollRL f(D) c f(D),

LC3. fEEDa v 7 FEAKCDET > 012/ L TH 3 IEABE kg € LU0, T],R)
DEEL, B TDze KE0<s<t<TITHRL

@ - £ < f ki (O)dC (1

R R

EROERICEBWT, (HIKIF0rRZIEHEEFOHEIN TRV LICHERET 5.
L¢Loewner chains 2% LC! TERT Z LT S, () € L IZRD— LI
Loewner /72 % i 72 97;

8.£1(2) = (z = ()1 = T()2).£i(2)p(z, D), 2)

Z 2T [0,00) - DAL, pld Herglotz function of order d £ WEZH 5 Hi% T &
%, =00 & Zhiradial case IZ, 7=1D & ZFAHichordal case IZZNZ UG L T 5,
(f) € LCY DEZIZE T, (9u)oss<icoo 1= (710 f;) £\ two parameter B AE
P EE #2385, Z41% evolution family of order d & WO}, % D4ffk% EF? T
LY. B A 6N (f) e LR L T(p,,) €EFIE—RICEE 2%, —~HTHALNk
() B EFY & L TR (f) € LC T EBUCHFET .
RIRIC XD (py,) € EF X TR

01p5.4(2) = (954(2) = TENTDP3(2) = Dp(ps(2), 1) (ae. 1 € [5,00)) 3)

2l ENbY L, THTED, BN (p,) eEFICR L Tr e pldZ iz
AKENI—RICEE S, $520Nlrlplcil, ERMa it oz —RICE
D ZND (@) €EF D, ZNE G = (2 — 1())T(D)z — D)p(z, 1) % Fl VTR
% &, GITE-o TERS 0L WIHIHERE

ow, = G(w,t), t>s,
Wy = Z

This work was supported by KAKENHI Grant Numbers 13J02250 and 26800053.
*e-mail: ikkeihotta@gmail.com



D—TEEDS (@,,) € EF? E 72 D, F7236IC (0,,) € EFIC K D GOIARENIC TRICEE 3.
Z D G |F Herglotz vector field of order d EWHEN 2 b DTH %, ZD4fk%z AV LT,
D% D (@) € EFY, G e HVY, (p,7) DIENIIAE RO 1 M 1 WIS D 5.

KEE T T OREZENT S, ZOEHIZE T, 7IZBL Toudk 2HIER S M
ZH6NTWVHRWEIZEEI N \»,

Theorem ([Hot]). d € [1,00) B X Uk €[0,1) £ 5. (f) % Loewner chain of order d &
L, p% (2) THZ 545 Herglotz function of orderd £ 3%, p3

‘p(z,t)—l

oG t)+1'$k (zeD, ae. te€[0,)) “4)

W TET S, ZOLE,
1. &1 €[0,00) ICH LT £ 13 C D k-BEEfHAEE % F5 >
2.t 00kl EED)5CLAS,

FAEFAIC BT, WK 2 ZD0E FR)DIIRHETH LD T, v% HEDL VK
¥, THELIL, ZHUT XD (o) DEEEZEIZET 2, BARWICIEROERIE D H %)
TH 5, BEARIIMBITEREIC X 2 HIBEEEE O &5 H [Rot98] 2> 5 HE 9 %3, [Hot] TlEZ
DL 7 F—=HEANDH R Y2 A AR SNTW» 5,

Theorem ([Rot98], [Hot]). T % G € HV! DIET, 1T LA ERTDH 1t € [0,00) ITH L
(GC,0):GeyWIERIBEE LD LI BbDET S, b LIIG,) cTHH 5 G eV~
SRS 5 L &, G, ICNIET 2 (¢!, € EFY IX G ITAIET % (p,) ™~ (z,1) € DX [5,00) 12
JRE—RRINKT 5.

&5

[BCDM12] F. Bracci, M. D. Contreras, and S. Diaz-Madrigal, Evolution families and the Loewner
equation. I. The unit disc, J. Reine Angew. Math. 672 (2012), 1-37.

[CDMGI10] M. D. Contreras, S. Diaz-Madrigal, and P. Gumenyuk, Loewner chains in the unit disk,
Rev. Mat. Iberoam. 26 (2010), no. 3, 975-1012.

[Hot] L. Hotta, LY-loewner chains with quasiconformal extensions, preprint.
[Rot98] O. Roth, Control Theory in H(D), Ph.D. thesis, Universitit Wiirzburg, 1998.
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R. Michael Porter (CINVESTAV)*!
s A (SRALR)=

1. EA
M EROBERAILTVE & L TIX, Thurston I & D FH X 41 Rodin, Sullivan 5 12 & D FE
BH & 1172 983 Riemann O EAREBICIE-D b D23, Z DK i O HHR B~ DI
AEBETILMONT VS, ZDHETIE, FEFEER OSAE8 %, MEHED S
2o N2 MIRNERD SFFEIN S PLEMRICGERIT 5. HelZMAEZMMAL T, 5
Z 6 117z Beltrami fREUC RS § 2 BESF A BHR 205 BIT 2 PLEMRZ R L 7. (FAH
BEIC DWW T ORI [4] 2 ZH])

AT, HEEA GG ZIEMT 2 PLEG 2 MAE 2 f R T EEEK T % 7L
DYV RALZPRTS. 61, H2EMTTE7LIY XL L0 ESN S PLERDY
DEOIZIAEZ R T 52 2 L 2N T 5.
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N
VAVAVAY
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Yavav,
ray
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VAVAYS
Y4v4
i

SR
vy

\T
s
=l

=24
Yi) LA
77
2T

K
RS,

i
7\

v

54

D
ZXGIRRIS

1: (%) HALFHRD o =M E T,. (hike) T, & Beltrami fR8u(2) = 0.9sin 20z| A3
HBzoNlLEI, A7 V) AL I EoNDO=MESHEIT,. PLEf : |T.| —
|T.,| @ Beltrami fRE(, =T 1T p O FIMEIZIT. (45) FRRIC, Beltrami (28003
{zeD:Imz >0} TEH1/2, ZNUHNTIZO L VLIBEBTEZSNTHHEDDLD.

2. BEAURFASROBREZDMEE
D _ETERI N AHIEE 1 T ||l < 1 2Tl 72 5T S DITHT L, Z41% Beltrami fR%1 &
LR ODOHL - BEEATHRTO L 1 Z2BIET 25 D%2 L 95, U, u3525
Nt FIT, WG 2 fr 2ER 2 PLEBRZRRT 5.

Beltrami fREIDIER. C Lo WHIEIE u(2) %, DOWE T 1, DOIHETIE Zpu(l)
TEET 5. i(z) Z Beltrami fREUCFFE 0 & 1 2 HET 2 HEAGTERZ A L35 &

AWFFEIE*1 23 CONACYT grant 166183 & b ¥ MBI % 321, *2 239dL K E B S 78 H b -

HEEEEG ALK ZZ T b DTH 5.

2010 Mathematics Subject Classification: 30C62

F—7—F L EEEAER, Beltrami S, = A0 H

*I Department of Mathematics, Centro de Investigacién y de Estudios Avanzados del I.LP.N., Apdo.
Postal 1-798, Arteaga 5, 76000 Querétaro, Qro., Mexico
e-mail: mike@math.cinvestav.edu.mx

*2 T 080-8579 EHIMIIA T H ZEX AT HLE 6-3-09 HALKRFERYNE HMEFATIERE Brad=s
e-mail: shimauchi@ims.is.tohoku.ac.jp, hirokazu.shimauchi@gmail.com
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BIEREZ =log 2 % LAUX F(Z) = log fA(e?) T REHINICBY L ik 2 K5 o.

=AAE. M,Ne NZBEEL, Ryy:={Z€C:0<
ImZ < 2m,|ReZ| < Mn/3/N} D=MIGn#E T, %5 %,
Run ECF 285BI %2 PLE& Fy n 23559 2 HRIIE

BTy OERZRD V. Ty, 22D X J I—ldh 2n /N

DIEZ AT A 1001 N A, FEf TS 20 fESE 5

ENbDET L. T, DIHRIE Z;, = (V37)j + 2m(k +

(j mod 2)/2)i)/N(—M < j < M,0< k< N)ThD, Zh Xl 2: Ty
XI5 Ty OTERZ W, £ B8 RO=ZFMO SR THIBZ ST 2.

AR L. EHREE u, € DI, puFEEMT 7 4 Y EBDIZFIE (21, 20, 23) & ZfIE
(Wi, wo, w3) ICHF LT B, TDEE, L, (20—23) wi+L,, (23—21) wot Ly, (21—22) wg = 0
DIATT 2. 22T, L (2) = (2 + pe2) /(1 + p.) THB. ZOHEROEIE2MN.

FER2. C.={2€C:|z| =r} D I K B2BIE, r 3/ FHUITEHIZT .
Pfr0%EET 2, EWIEMEE TC, OB, 0,1 ZEIET 5 p-HEAT 7 14 v 5%
2 & B8R (FEM) DEBAFICE S (HL, 1o & C, NEBTD p D)) &9 Rl
2D, THbLW_opy — Wopysy = By — Ey_1. 727120 Ey = log L, (e?-¥+). &
HEDMOER LD Iz DWW THFKT, 2oL 2(N - 1).

HEXS. PO REET S EWIFKEEMAS. Thbb, Wy = 0.

RINZFERR. W, ZIEAIHEFNAARZAMER 7 P L2V T2 L FIERIZAV = B
EVIHTBTERT I ENTES. AIZ2MN+2(N —1)+1) x (2(M +1)N) DEFZITS,
BIEREZ2M+1)N DEFERY bV ThH L. IR IBIERTH 270, |AV' — B,
Zi/MET 2V ZERIRE L LT E D (/AN FRIBIC OV TE [1] 2 21H).

1 VI ETH Y, BB Uitz R,

e DA, TR {Z;1}, {Wih(—-M < j <0,0< k< N)iZee#HLbD%
{zixh {wjr} &L, HFEHEOXWIE» S50 5 PLERZ fuy £ T 5.

TR 1L p 2D ED|plle < 120723 CHBIEE L, M,N % ;N < M < 3N log N
il LSS T 29195, 72720, 1, e \3EE Ty > 1/(\/§7r) z
DEE, M, NPT REFIUL {24}, {w;} FZNEND OHEFEZ = A oE %
%Y. ZH6IC, funEM,N — oD & EEDfFE frIC)AF IR T 2.

SEE. M L EP OGOV TIE, 3] 2 2. B BIEFBAEE L D 1O ik
FOIREREO S ND EEZ TS BIZIE, K1(H) DL b T S Rl
B3, ELOMR LEPIRD L b 5 RO BN S ). B BRI T
SVTIE, fBIcd [2] % EDHEREN TV 3.

BN

[1] A. Bjorck, Numerical Methods for Least Squares Problems, SIAM. (1996).

[2] P. Daripa, A fast algorithm to solve the Beltrami equation with applications to quasicon-
formal mappings, J. Comput. Phys. 106:355-365 (1993).

[3] R. M. Porter and H. Shimauchi, Numerical solution of the Beltrami equation via a purely
linear system, arXiv: 1405.7359 [math.CV]

[4] K. Stephenson, Introduction to circle packing. The theory of discrete analytic functions,
Cambridge University Press, Cambridge (2005)
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Bt £ BAR D RN 2RI B 9 2 J1 22 R 5 5%
R PN PO

1. %
BEFHC ED0,1 ZEET 5 & 9 WCIEHLI N BEAGERORTHEL OC LE <.
QC 13 C ERFT—HRIE (C Eo—RIUKE) okl X iR E 253, S5,
K>1IZRLT
x ={f € QC| K(f) < K}
FOCHD YRy VEGTH S, HELK(f) I fORKEMETSH 3,
W FOBEEMGRf L e CROteR - {0}ICNLT, F, e QC%

flzo+t2) = f(20)
f(z20+1t) — f(20)

EREET S, BRI K-FEFEAGRDOBKD a7 MEXD, $£H

Fi(z) =

T(zo: f) = {{Fi}izo Dt — 0 & L7z & EDERIRT}

FZEATIE R, TDT(20: f) % fD 2 BT BHEBRIZERM (infinitesimal space)
MRS (1)) . B K(f)REMGHRTHLDT, fe QCH KFEMEHRD L 23
T(z: f) C QCx TH %,

FERR/NZZE T (200 f) DETCIE f D 20 ICB T 2WP/INEBL EEZ 2 2 L3RS, f
ZIAE, flEz ilBVL T2 ThIUL,

T(Z(J: f) = {Lfizo}

THD, 72120, Ly 13 LDz Z&F 5 —RD Taylor it LD IELIL

1
Lr=®) = 5o )

Ths., FEEAGRIZIZEAERIMEMIT TS 555, —BICIEZEBIT TS 20w
RELDIEDNH 5,

2. R
AT QC I/ER T 2N D J12E R 1 ik 5 BB\ & o CHES A LR o) JE RN 22
MHICOWTHHRT 5. FHCEEDOC LOBSEAGHR & 2pe ClcxfL T

~ flao+2) = f(2)
folz) = (20 +1) = f(20)

ETBET(2: f)=T(0: fo) TH 5. BUITIERUL I N EEEAGROFERICE T 50K
RANERZFHRE L LT 2D R NI LITHERT 2.
2010 Mathematics Subject Classification: 30F60, 32G15, 37F30, 51M10, 32Q45, 54E40
¥ —7 — F ! Quasiconformal mapping, Infinitesimal space
* T 560-0043 B RFIRIIET 1-1 KRBCRFRFBERLFRTFERE
e-mail: miyachi@math.sci.osaka-u.ac.jp
web: http://www.math.sci.osaka-u.ac.jp/ miyachi/index.html

(f=(20)2 + fz(20)2)




2.1. {EPRES & U TOER/IZER
oC koM Fr, F %

RxQC>(tf)—F(f)= J;((ee_tf)) € QC
RxQCaqueffgﬁzgéiz)eQC

LEET S, L F O wMREAE ZNZRAN0, ) BEOA(0,f) LB, %
A0, ), A(0, f) 1X5ERETH B, £72R: QC — OC%

£9 5%,
EE 1 (HEE). XY 3.
(1) RoRIFIEEGHRTH Y, RoF,F = F, DY D, FRHTR(A(0, f)) = A= (0, f)
TH 5,
(2) T(0, f) = A(0, f) UAT(0, f)
(3) AE(0, f) F—HEETH 20IMHEEGDTNHTH S,
C DIGEEID 6 XBbD 5,

F1({1,2,00}- ). T(0, ) 1%, 3RMEEDIFIEAEESTH S, I5ITT(0,f)
D1HEGDOLAEL LI 2B FEBIORT %,

2.2. HERKIMEE
EED SRR F 13 QCx EOHINEE A B Z KD, FF O ERN R
BLLTRBbOD»S,

EIR 2 (MAHMHERE). i F5 1 OCx LA TH 5.
ZDEMD SRR DE NS,
R 2 TEOWREESAL K >1IIHLT, £&4
{f € OCx ‘ T(Z(]I f) = QCK,Z() S A}
13 OCx ND (BaireZEHDFEWT) genericBEHTH 5.

SE R

[1] B. Bojarski, V. Gutlyanskii, O. Martio and V. Ryazanov, Infinitesimal geometry of quasi-
conformal and Bi-Lipschitz mappings in the plane, Tracts in Mathematics 19, European
Mathematical Society (2013)
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) —< VHEOY —~ VD 0 HE 6D A A
JE HHAT 51 O R A A MR S,

ORI (RER)N
W s (KR

1. Y—< U EDESG:

120DY) =< VHEREZHDHERL LTAELES 120 -~ VHREHEDY —< v
[ R DR L FESDIE T CIZHMN R HAETH S, ZOERIZRVEY —~vHO L
ST ERDD DD, EHBENMIE S PR KOS ICH 72, K —~
VHIZET AMENRZOHTH L. L, FEPAERDY) —< VEOEAICE £z,
CDEHRITH 55 HEENERNTE L, MEREROH) —< vk, %561
SEHE I & OFEEIMED E W (ITEWRY) EWHHIEHA S, KADELEEZIZA W
£S5 THAED, FHEHKAZTEZHLLE L TOWTREREZEZSNLRNE L ORMEA RS 2
LU, Bz “F UMDY —< Vli” IZBR->TERT S 7213 TH, IEIELEBIA
o IR E  EHERFE BT 5.

V=< VEO BRI, 2 OIRORBUZEIL T, X0 ERECRARIE
BRFES g (> 1) DY =< VHEH RPGA6NTWS & &, ROBMEREZLE T 51E
EOY—HIZHDF SN — < VT LIERODENTH S, MY -~ VHRE
ZOREHERED V—HIK Y = {A;, B;}j—10... £OX (R, Y) 15 ABDIFOS % NS
ZEFHARTHD. 2o 200 OMIZEANHEDIAA (FADEAGE)

t: R— R L(Aj) ~ Aﬁ L(Bj) ~ Bj
N ob L E (U5 ~: is homologous to) , (R,x) % (R,x)® “FA UKD a7 b7
Bl AT 20 ENFRTES ; SANEDIAAT: (R, x) — (R, Y) 2EE L7z
(R,X,0) 22 5RETH5H. 205D 5 IZFAMEREFRE ANTES NS K FIE
¥k, ZIZTIERL (R, x)Dclosing L FERZ 129 5.

2. MR N FBEERT

Closings D HI CRHIBENL > 72 B 2 £ DD RK S FNEER TH 5. TIIZBATFIZZEY
LW (DEND, HDHWIETART) ITHRT S @ (1) MOErE ey (3R
fRMTEII5Y) , (i) Ahlfors @ distinguished differential ([#3&] #M5) , (iii) Sario
D ERB (GEAMBEE) . HEFERte (-1,1]ITxL

exp(—mit/2) "

MESEREEE D £ 705 & 5 7 R EOFHAIMS ot 1F, %< D X WHEE % fifi A 7= closing
ZPED T, ZD XS % closing IFME— L IZR S 20DY, ZOWTND EAb ol IZIEA]

2010 Mathematics Subject Classification: 30Fxx, 30Cxx
F—U—F 0 U= U EH O, BIENTATERESR, U —~ 1750
*le-mail: masaka_zu_hause @muc.biglobe.ne.jp

*2e-mail: h.yamaguchi@s2.dion.ne. jp
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WZHERRE . R OBAEBIR DO Z AL Z D closing D _EDRENDFHARD —ERE L THE
FHEInTwa Z eiziliA, s D closings % hydrodynamic closings & RS, fA7zH
ORI, FEEINZ 1 DD (R, ) D closings DEAKREZEET 5 L THBHN, £IT
i hydrodynamic closings 2 3EH IZEE LB % 5.

=% VB
(R x) D closing (R, X,0) XL, (R, X) DIERELED % &1, @0, ... Py £ T 5. T

HbH
/~¢j= ik Lk=1,2...9g
Ay

L5 2ok E PHOEEK
7r:]'k?::/; 95] j7k:1727"':g
By

T =T(R,X,0) = (Fk)jket12g
PbP 5 —< VOFEMTHTH S0, ZHIEIHHT, D OFOEHMIIEEHTH 5.
e (~1,1]IERLT,

/ gpj: jk s j7k:1727"'7g
Ap

2724 R O BB o HIMELMAFAET D, TNSD B A 7 2 WA TH R 7=

g x gBRITIIT, = (1)) i)m“bv‘oifﬁfr\ TIERWA, TOEMIIIMCTEEMHETH 5.
IS i?f’ﬁ@%i%ﬂofwé

I, (1) HAERITNEND ZHMABICEEN 5.

(2) ZMJE EO SRR D FER e UTREBD I ohb.

(3) TS DOMIRDYARIE, —FIZIETHE2N—FIIBETHE2PrONITINTHS.

4. FHER
FgNT b a = (a,a9,...,a,) XU TEHEK

1a =7 (R,X,i)= aTa? (aT: 175l a DizE)
% (R, x) D closing(R, X,0) ® @ EY 25 ALIPRZ I3 T
. FEOY-WIZHIDT on-ARERES DY —< /E(R,X) EHEEDFHE g
7 MV a = (ay,as,...,a,) WL, HEEFEH =15 (Im7* >0) BLOHZIEA
Bp=pa P"H->T, INoEENTNHLE KOEEE T 5EMK

Ma =Ma (R, x) ={reC||r—7"[<p}

IZDWTIRDIE D 32D -
(1) MA Mg 1E @' = a19] + asphy + - - - + ag}, 1< & % hydrodynamic closing 12 & -
TEREHEERINS -

& o TES NS 175

T =T+ pe ™D e (<1,1)
(2) (R,x) DT RTDclosing® a EY 27 AE Mg IZJET 5.

BRI, MEATEEE LT a = (01,0,....0,,) D& XL, KOTHIRET 3.
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The period matrix of the hyperelliptic curve
,w2 _ 229+1 -1

HIET B (ESIARE R TSN EER)*

1. F

=27%7 |k Riemann [ O JE I THNEZ OEFEEE D IAUKAFE L TEE D, dr#yIcEn
HITEY, gikSiegel FPZEM ERENDIT B2 Efkx I AEN GRS NLTN D, A
REY 72 Riemann T2 OWTOFHERLT LT Y AR EL WL O S TW5, A
BT [ ICEEDNT, BN w? = 2291 — 1 (g > 2) OFEBTTHIOBEHEERRIZD
WCHH L7z, E£70, 2oL, »55M4%07-3 2237 & Riemann i O J&
HATH % R D DM T LT Y X AZHDONTHENNL TV D.

2. EIEA1T I

X Zfit g >20=a /37 k Riemannifi & 5 5. ZOBEIITH 7 1$EFE g IRIEFITH
ThHY, 1RIEFRER Y H (X;Z2) BT T v T 49 7 BEOBERNT O
WIELCEED. mx I THY, TORMIEEBTHLZ EBNMONTND.
X O¥ a B REESEIR J(X) 1IZEFE b—F A CI/)(Z9 +7x29) £ LTEES. Torelli D
EEIZOWTIRARD . X &Y PAMERIFRECH H7-0121F, J(X) & J(Y) B ERmEBET —
NVEERRE LTRTH D Z EBBETSRETH L. 2 XD, AT 7 1%
X OBFEENOEEDIALRET XD, —RICAYITHIO BARN 223 FIT RS TIX
. EEODE, HI(XGZ) DY T VI T 4y 7 REOEHERRPE LD TH
L. 7ol Z0F, g NSV X TOFREBNE, Klein 4kHi# (9 =3) {(X:Y:2) €
CPYX3Y +Y3Z+ 273X =0} e EOBFAEDMON TN D, FTo, — O g OFIE
FHA OMDIRY, 30O w? = 22972 — 1, w? = 2(z% —1),w = 2(2%9 — 1)
(g >2) OFFREFIL2vE S TR [3].

3. BEMBE W = 2297 — 1 OFETH
A 5 O, % 7

{(z,w) e C*|w® = 2" — 1}

DAy MuET D Cp 3 (z,w) — 2 € CPUIZ2ERIEHEL 2D, o(z,w) =
(2, —w) ITEBFEMXE & 705, Amold [1] X Mumford 2] TtitbivTWnb
Schindler [3[1Z &V KD STz Cp DJEHATHNIE LA Z W -FRRTHY, ZD kD
REHEFR R TIE ARV, E2, @PTHOLNLEEIIT TIZ, BR-ILR-FHE-fED 5] 1<
EVEHEEN TS, ZOBRET 7 T ATy RITHOHTHZFHET S Z LIk
D EEHEDGEOND. 1029+ 1 FRE (= (oyp1 = exp(2myV/—1/(29+1)) DX H1T1

AWFZEIT R T AR5 (B) GREZ 5:25800053) DBk 25 72 D TH 5,
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DOEETDH. KL =0,1,...,291Z L TC, LOL—T 5 :(0,1] = C, %

oo ) (€2t V=TV = (202 (0<t<1/2),
)= (CF(2 —2t), —v/—14/1 — (2 = 2t)29t1) (1/2<t<1).
LEDD.

Lemma 1. A; = Yo 175, Bi = 72i 1 Yarig -+ - Mot ((=1,2,...,9) LER
5L, {Ai,Bi}i:LQ 77777 g @iHl(Cg;Z) DY TVITT 4y 7 BRIZIRD.

B wy, x9, ..., 2 KL T, iR oy(21, 20, ..., 20) &
Z LTjy - Ty
1<ji<<ji<n

EEDD. T21EL, 1<i<nThdhY, oo(ry,2e,...,2,) =1&T 5.
Theorem 2. Z D&MD LT, BFEM R Cy OJEHITH 70, 13

J (—1)tts ok - = ” 29—k .
TC, = 229+1(1—C L (G G N ) H 1-¢my)
k=1 m=g—k+1 ivj

ThDH. TIT, CHTML(C L., e, (FELYSHILEERTS.
S 3k
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J-Stability of immediately expanding polynomial
maps in p-adic dynamics

LEE, Junghun *

1 Introduction

In the theory of complex dynamical systems, we consider the iterations { fA”}neN of a
rational map f over the field C of complex numbers on the Riemann sphere C where f
denotes the n th iteration of f. The theory of complex dynamical systems was established
by P. Fatou and G. Julia in the early 20th century and they considered the Fatou set
F(f) of f, which is defined as the largest open set on which the family {f"},en of
iterated rational maps is equicontinuous, and the Julia set J(f) of f, which is a compact
set defined as the complement of F(f). See [Miln06] for more details on the theory of
complex dynamical systems.

In the theory of p-adic dynamical systems, we consider the iterations {f"},en of a
rational map f over the field C, of p-adic complex numbers on the projective line Cp
over C,. As we do in the theory of complex dynamical systems, we also define the
Fatou set F(f) of f and the Julia set J(f) of f with equicontinuity. See [Silv07] for
more details. Unlike the Riemann sphere C, the projective line Cp over C, has different
topological properties such as non-compactness and disconnectedness. These also effect
on the dynamics. For example, the Julia set of a polynomial map might be non-compact.

There is a natural question in the theory of dynamical systems: are there any relations
of the Julia sets of two maps if those two maps are close enough? Our aim of this talk is
to give an answer to the question.

1.1 Motivations from the theory of complex dynamical systems

In the theory of complex dynamical systems, Mané-Sad-Sullivan established the notion
of J-stability and proved the following theorem in [MSS83]. As an application of their
theorem, we can obtain the following theorems. Recall that a polynomial map f over C
is hyperbolic if there exist a A > 1 and a ¢ > 0 such that |(f")'(z)] > ¢- A" for any z in
the Julia set J(f) of f and n in N.

Theorem A. Let f be a polynomial map of degree d > 2 over C. If f is hyperbolic, then
there ezists a connected open neighborhood U of f in the family of polynomial maps of
degree d over C such that for any g in U, there exists a homeomorphism h : J(f) — J(g)
such that ho f = goh on the Julia set J(f) of f.

We say such a polynomial map f is J-stable in the family of polynomial maps.

Theorem B. Let d be a natural number with d > 2 and consider the polynomial maps
fo(2) =2+ ¢
where ¢ in C. Suppose that the parameters ¢ and ¢ satisfy

lim | f2(0)] = lim |f5(0)] = o0
k—o0 k—o0

*Graduate School of Mathematics, Nagoya University, Nagoya 464-8602, Japan
(e-mail: m12003v@math.nagoya-u.ac.jp)
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Then there exists a homeomorphism h : J(f.) — J(f~) such that ho f. = fo o h on the
Julia set J(f.) of fe.

1.2 The main theorems

Let us begin with the definition of J-stability in the family of polynomial maps of p-adic
dynamics. We shall use C,, | - |,, and Poly(C,) to denote the field of p-adic complex
numbers, the p-adic norm on C,, and the family of polynomial maps of degree d, respec-
tively. In particular, we consider Poly,(C,) as a topological space with the topology of
Cx x CL.

Definition. Let p be a prime number, f be a polynomial map of degree d > 2 over C,,
and A be a set in C,,.

1. We call the polynomial map f J-stable in Polys(C,) if there exists a neighborhood
U in Polyq(C,) such that for any ¢ in U, there exists a homeomorphism h : J(f) —
J(g) such that ho f = goh on the Julia set J(f) of f.

2. We call a polynomial map f immediately expanding on A if there exists a A > 1
such that for any z in A, |f'(2)], > A. In particular, we say that f is immediately
expanding if the Julia set J(f) of f is non-empty and f is immediately expanding
on J(f).

Our main theorems are as follows:

Theorem 1.1. Let p be a prime number and f be a polynomial map of degree d > 2 over
C,. Suppose that f is immediately expanding. Then f is J-stable in Polyy(C,).

Theorem 1.2. Let p be a prime number, d be a natural number with d > 2, and consider
the polynomial map
fo(2) =2+ ¢

where ¢ in C,. Suppose that d is not divided by p and the parameters c and ¢ satisfy
lim [fX(0)], = lim |[f5(0)], =00 and e, <|e|/".
k—o0 k—o0

Then there exists a homeomorphism h : J(f.) — J(fo) such that ho f. = fo o h on the
Julia set J(f.) of fe.
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Transcendental entire function of slow
growth with prescribed polynomial dynamics

AR ISR (RUERRFERSBE A - BREESAAIETERE)
(M.Kisaka) (Graduate School of Human and Environmental Studies, Kyoto University)

Let f be a transcendental entire function and f" the n-th iterate of f.
Definition 0.1. (1) The Fatou set F(f) and the Julia set J(f) of f are defined as
follows:

F(f) = {2€C|?U :nbd. of z, {f"y}>>, is normal}

J(f) = C\F(f) : Julia set = {repelling periodic points}

xed point zg € C (i.e. f(29) = 29) of f is called a Cremer point i
(2) A fixed poi C (i.e. f(z0) ) of fiscalled a C point if
(i) f'(20) =¥ HecR\Qand
(ii) f is not linearizable in any neighborhood of z.

(3) A topological space X is locally connected at zo € X if x5 € X has arbitrary
small connected neighborhoods.

(4) X is locally connected if X is locally connected at every z € X.
(5) We say that there exists an f of arbitrarily slow growth with property P if for any
monotone increasing function ¢(r) > 0 (r > 0) with lim ¢(r) = 400, there exists f
r—00
with the property P and satisfies
log M(r, f) < @(r)logr, r>rq (M(r,f):=max|f(2)])

|2l=r

(Note that if ¢(r) = const, then f is a polynomial. )

Main result is the following:
Theorem A. For a given polynomial P with deg P > 2, There exists a transcendental
entire function with arbitrarily slow growth which satisfies the following:

(1) There exists a topological disk U such that (f|U,U, f(U)) is polynomial-like and
conjugate to P.

(2) Periodic Fatou components of (f|U,U, f(U)), (which come from P) are the only
periodic Fatou components of f and any Fatou component of f is eventually mapped
to one of these components. In particular,

(i) f has no wandering domains.
(1) If J(P) = K(P):={z | P*(2) A o0 (n — 00)}, then J(f)=C
(38) f has no asymptotic values and all the critical points of f escape to oo under the

iterate of f, except for the ones which correspond to the non-escaping critical points of
P.

We construct such an f as a limit of polynomials P, which are obtained by quasicon-
formal surgery. The next is the key for the proof:

Proposition B. Suppose a given polynomial P with d = deg P > 2 and z, z9,-- ,
zp—1 € C satisfy the following:

(a) P(O)io, P(l)il, (b) 21, ZQ,“',ZkfleK(P)

1T 606-8501 HUARTT AR X FHAART USRS e AR - BREL#REFER
e-mail: kisaka@math.h.kyoto-u.ac. jp

27-



(c) Letcy, co, -+, be the distinct critical points of P, then ci,- -+ ,¢m € K(P), Cmet1,
-, 0 E(C\K(P)

Then for any given z, € C\ K(P), € > 0 and R > 0, there exist a polynomial Q and

2y Zhy e,z which satisfy the following:

(1) deg@Q =d+1

(2) Q0)=0, Q(1)=1

(8) There exists a quasiconformal map ¢ and a topological disk U such that K(P) C

o(U) and QU ~, P.

(4) 2 =91 (z) (1 <j < k) satisfy
2 =2l <e A< <k), 2, 20,2y, 2 € K(Q) (in fact *m, Q™(2) = 0)

(5) 1P(2) =Q(z)| <€ for|z| <R

(6) ;=7 (¢;) (1 <4 <1)and ¢y, are the distinct critical points of Q and satisfy

lej—djl <&, d~d, € K(Q), ¢~ gy € CNK(Q)
(7) Letay,--- ,aq be the zeros of P, then the zeros of Q are ay,---al, ay,, and satisfy
laj —ajl <e 1< j<d), |ag,|>R
Next we show some applications of Theorem A. When f is a polynomial, the following

is well-known.

Theorem 0.1. If f is a polynomial with a Cremer point, then J(f) is not locally
connected.

Question : How about transcendental f with a Cremer point?

We can answer this question by applying Theorem A to a certain polynomial P.
Corollary C. There exists a transcendental entire function with arbitrarily slow growth
such that f has a Cremer point but J(f) is locally connected.

There are some more applications of Theorem A.

Corollary D. There exists a transcendental entire function with arbitrarily slow growth
such that J(f) is a Sierpiriski carpet (i.e., it is connected, locally connected, nowhere
dense and the boundaries of each connected components of X¢ are mutually disjoint
Jordan curves).

Corollary E. There exists a transcendental entire function with arbitrarily slow growth
which has prescribed finite number of attracting, parabolic, Siegel and Cremer cycles.
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An implosion arising from saddle connection
in 2D complex dynamics

M A (AT
B (R TS
C? @ polynomial skew product :
f(z,0) = (p(2), ¢:(w)) = (2% + bz, 0 + 2(a — z)w)
EEAD, 2O k EOHIE
FHzw) = (0 (2), QE(w)) == (0 (2), gpe1(z) 0 - - 0 g (w))
LEREND,
(@mes::ﬂmmeR%0<wy<La>%ﬂ<a—1+b<%}

ol flk ap = (0,0) & a_ = (B,0) := (1 —b,0) Y RILABEIZFD, 2-FH
w=0IX fAETHY, TZITOD f DHIFERIE p DAFERIME S0, Lizdio
T, a- DALZEEHIKE o DLESHRIKIILTD LS I2RD 5,

W (a) N W (ay) Dint K, x {0}.

Z M saddle connection M7= 12, fiber Julia sets I& z = 8 THEFHFLTH S, T DRHE
f5elk % parabolic implosion & FEML DR % W CHHT 5,

1: Fiber Julia sets (e = 1.2,b = 0.1) left : z = 0.8999999, right : z =3 = 0.9

Parabolic D& ® Fatou EELZHHY T2 6 DId. ¥ P oy TOKILALERET D
%, Brjuno DEH & O RHHES,
R 1. S O full measure DIWRESE S BFIEL T, TRTD (a,b) € S ITXH LT,
f D ar TOMICALERE Uy A, EBERMED R TRZO L DFET 5,
UTRTIHEIZ (a,0) € &' LIRET B, ERMLS N LEED —BMELD U, O
H1IEEE p D 2 =0,8 TD Koenigs FfE ¢y 720D, Vi(z,w) = (¢+(2), Vs .(w))
I% skew product TH 5,

*le-mail: inou@math.kyoto-u.ac.jp
*2e-mail: nakane@gen.t-kougei.ac.jp
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BT % int K, (= basin of 0) DFF z, 2L 5, p @ §,0 TD fundamental
domains % [EEd S :

Ag =" ({por <lz[ <r}), Aoi= o7 ({r < |2 < pyr}).
T2 KK (= 00) BFRTHEL TRE M7 T

pk; (Zn) € -’457 pk;{<zn) S -AO-

ZZT {phn(z,)} Fint K, TAYRT NERET B, T 2, DB ANDEDEFH%
HIRTZEHEDTHY, 2, PERROSKVILD, ZOE (K -k} IFAERTH S,

EE 1. 2512 {k,} & o #0PMFEELT (QE)(0) —» o 7B X, We(ao) BIRFE
—RRIC
Qi = go =130 Mo 0 Y,
EPERT B, 22T my(w) :=0ow THDB,
Jo : We(a_) — W¥(a,) I parabolic D& D Lavaurs map \ZAHM T 5,
Wi(a ) = {8} x int K, W¥(ay) = {0} x C,

5D g, OB 2 XEFHTER,
BR SN F] {2} (R Uy Y25 & IS, 1 ORE T k, &
o PEET 5.,

K(B,0) = K3\ g, (C\ Ko), J(B,0) = g;(Jo)
8L, J(B,0) & fiber Julia-Lavaurs set &WER, KA D 37D,
Js C J(B,0) = OK(B,0).

Semi-distance & 9(X,Y) :=sup, .y d(z,Y) &5 <,
R 1. Q — g, RO KDDL D,

A(K., K(5,0)) =0, 9(J(B,0),J..) 0.

ZOMEIZ LY fiber Julia sets J, ¥ 2 = g THRHEHETH S Z L2305,
ROEDERKIL, fiber Julia-Lavaurs set, £ X% parabolic @ Julia-Lavaurs set Dk
KETHDB, g, DERDPEZTEZRVDT, fiber Julia-Lavaurs set % parabolic D%

BIZHAT, BfiTH 5,

-

o
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MBRIC I T 2 2FE5e R R I) D 72 9 22 R DA%
W AT (AR

1. FF

HIREE DM & 2 RER (C,...,C) b2V =<V R Lo L2 EHI#MSy w =
F(2)dz DT ELAUL P 2% AR) LB, AR) D9 bse S IEHIBY o 753 2%
M S(R)Z#EZ 5. S(R) X AR) DEREIZEMTH 5005, A(R) = S(R) ® S(R)* .
K(z,¢)dzdC (vesp. K(z,()dzdC) % A(R) (resp. S(R)) OFEMBE T2, HAEK
K(¢,0)|d¢|? 1 Bergman % & X i34, ROBIRADH ST 5.

&g )
Rlad) =~ 72r a(ago iagé?

22T, g(2,0) F(ROWIETZ 7Y — VB MO Eu NV ERTH 5.

E& 1. Lo RD28 {a, b} c REEL L L, EHIRFTERELZ U, : |2 — (| < 1o,
Up:lz| <rp (aldCIT, 0130125 2) 925, R\{a, b} EOFRBIEKT, aTlog|z—(|
BLO DT —log|z| iz b L, Li-BASEMN (FEHET C; T, h(z) 3EB c; D
fc Ihds, =0 ) &7 T, lim, o(h(2) +log|z]) = 0 “CIEiiﬁﬂﬁ'ﬁ”é E—RITE
2. COh(2)% (R,0,0) BT 2 LRI, p o= lim, ¢ (h(2) —log |z —¢|) % L&
& K& (IEWEICIX, for (R, b,a) w.r.t. U, and Uy).

IR 1 ([2)). PSS X O K 0 BRI RBL

(by Schiffer, 1946), K((,¢) = —

(by Suita, 1972).

> _ 20°N(%,Q) ~ _ 10%u(Q)
K(ng)_ﬂ_ 62’65 ) K(C7C)_ﬂ_ agag .
22T, hz,¢) 1E(R,0,0) ICBIT B Li-FRIE, w(O) X Li-EETH B,

2. SEDFER
2.1. ABEBRTCOBLERK K DET
TR 2. MIBHURA = (< |z|< 5} 0<r<1)ic B 24K &

_ l 2v—1 1 1
) = w;T {(1 — ()2 |§|2 r2v—1 2}

AL, ERL E RO LIS K B
WE 1. MBRERADMEEOSCc A\N{1} 2 L5, (A 1,0) BT 2 Li-E%u(¢) 13,

w(¢) = —2log|1 — (|
00 (1 _ T‘2VC)2(1 _ T2V<—1)2(1 _ T2V_1)2(1 _ T2u—1|<|2)(1 _ T,2V—1|C|—2)
_ ;10% (1= P2 10)2(1 — r2-1¢-1)2(1 — p2v)4 .

AWFZE L 7T (B) GRER5:23740098) DK EZ T 7. b DTT.
2010 Mathematics Subject Classification: 30C40, 32U05
¥—7—F BN, A, B, L- 3B
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R1Z1% Bergman #ZEH%% A>T R DR O BIEHIZAH#IZ X D Tﬁfx Bergman AhE
ds® = K(¢,O)|dCP? DA S NS, 2% S(R) NELHF L 23k ds = K(C,0) LD
BIRIE, ds° — ds® < 0CTH 2. FH,

W 1. FBRER AICE T % Lo 2 o 0FAEKD £ 1X
. 1
K(¢,¢) — K(¢,¢) = m (<0).

[3] TIEMBRFEIC B I 2 0 NV EBN) D 2By 2 E% T2 2 LT, nK((,C) >
e POBREINTOET. ZORREZIRS L7 [4] T, —fRFUIRT 7K(¢, () > 2O
DK D ERRINTOET. KM, K(C,C) & O DRIz >t 3
2.2. BB A(t) DBROZEEICH TS L-EE (1) DS T

BFEATX=FteB={t|<p} CCZEHAL, HAOEY -~ VHR({),t€ Bl
25{0,¢()y 2 EH, 2 =((t)(£0)IF BTIEMIEARET 5. [1] Tl&, Z 226D L-E
Bou(t) for (R(t),0,((t) D2BERRNAERDZ ZEITX D, RERL .

EE 3 ([1]). R = Uep(t, R(t)) DIE S D 25806 7% 5 B x C, Lo 2 XyufthaaiZ
SIE, (R(t),0,¢(t) 12BIT 5 Li-E 8 p(t) 13 B ETHIFMTH 5.

COEM | FIBROFNEB) TR T 2.

Bl1. %teB={t|<1}cCIML, HBRAM) = {\/r(t) < |z| < m} (0<r(t) <
1) ZFZ, R:=Ucp(t,A(t)) £BL. Vte BIZXLTAM) D{|z|=1}ThH 3. %
1, =112 b2 Li-E# u(t) for (At),1,—1) 1%, #ifE1 XD

_ - (1 =r@®)* (A +r(t)™)
u(t) = —2log2 — 4;105; A= r )20 + (>0 |

10gr() 35 ESHAIERET S RUBITHD. SOLE, ult) BEHAITH 2,
) 00pu(t) = —42{13 £)|Or()] + Qu(r(1))00r(t)}

> _42 {Pn(r(t)) + Q”“(”)} Or@ (by G E O, (r(1)) <0)

(0
s .

= T (e O 20 -

COHMEIRDIES &, pu(t) BB THAESIE, R = Bx A(0)TH % 2 LD 3.

e
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98 TEIE @ Diederich—Fornaess (D
ye s il

JERYARER (AR - ZonsPr) !
Judith Brinkschulte (Univ. Leipzig)*?

B =
% S AR e SRR B 3 2 R, B SIS . Diederich—
Fornaess 8% (L', DF 84 &, BRI OBINEDOFEZ | 2 58T H
%. DF 8803 [0,1] 12ftiz & 0, 5REENEEISR D Stein SHBUCN LTId1 &%
5. 7, bW 37— AFEEIC X D, DF $EEDMERIC 0138\ 5556 HEI
DIRERTE 2. a1, ~ROFFFENFIRISN L, Z DBRD Levi IR DR
B2 X D DF 58z Lo Sl § 2 A& /[0 T, ThalsdT 5.

EI=p==1
1. B =

X 2R LRI L U, c2 I M cH s a v 7 MERQEEZ 5. Q
Dt U LD C* iR FEHAERIE S 23 Q DIRFIEBE B TH S L 13, Q={pec U | > 0},
PO MEdS#A0E7%5 2 LR VY. FHIEQDEREREHKE D DF 58; 13,

ns = sup ({n € (0,1) | —0" H3Q L% ELHHM } U {0})

LEFIND. SO D DF B8 n(Q) 1%, Q OBEREEKE S 2> TD ns D _LIRAE
ELTERINS.

Diederich-Fornaess [3] 1&, Stein k& X (Fflc, X = C") N C? fdrBif M %
FoQe XIRL, HicnQ)>0Th-oT, QM ThHs 2 LE2RLE. (ne(0,15)
WL, =073 Q LML ESGFAM A TEMBE L 705 2 LITTER. -0 13 TR
BUEz2RS, ZOBREICLDEBEMNEOBI 2 H 5K TH>TW5DTHS.) ZOMRGR
&, M DSsEh o, M 3L ES N2 E BB ZRE n(Q) =14k LDk
ftTh 5. 2D, Diederich-Fornaess [4] 1%, Wb 27 —ALGEBICE D, fEED e >0
WCHL,0<n(Q) <e tA2MHHMQeC?HENns Il LzmLk.

2. BREE FHER

7 — LRI DT IE Levi FHRID 6 2 LA E 1, Z DFEICL D, DF §5
BHNS EICHIIS D, —J7, BERDRENIR D A2 575 % Stein FHIKD L5113,
DF #8831 Ch-o7%. 22T, TLevi IBDNRIL L Z2BER M % I3 &, DF 5V
S BDEDTERVY) EEZLDIEARTHS .

Ba DGR, ZoEKREZIES{ET 5.
EFRER. n(> 2) RIUEFELRIE X WO C3 R 2 R oMxta v 87 b Q 2% 2
5. HREO < <n-—11CxL, BER M D Levi XD E 201 ¢ ot HIR{LT 2 I,
nQ)<1—-4¢/n TH5.
ARSI RIS GRS 26800057) DIEEZ I bDTH 5.
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*I e-mail: m08002z@math .nagoya-u.ac. jp
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COERERIF, FELT Q) > 1/n OIE, M 1ZFE Levi FHEZRFD) Q) >
1—1/n O, M 3MEENR 2RO, 28 . RERIRIE, DF 8D EO KIS 7 &
R, B D Levi IBADREE EBIRSE 2B T, IS IC L T 5.

SR EEMNO Levi FHBEROFIR (n = 2, £ = 1) I L, BfEHRDE 2 2 ER
DE1/2 3R B TH 5. WHHEPA Riemann [H X% L, ¥ @ Teichmiiller 22D I6%
W, Y EOBMEIHNO IERIF K %% 2 3 £, DF #8851ED Levi FHEIR 0GR
5. Teichmiiller 22 DL 2 FFRITEDT % &, DF fa8u3 1/21259< ([1)).

ER. AFMERIZ, Siqi Fu K, Mei-chi Shaw I k> TH, Mz 2RI k> THS
NV LML TV, (7)) .

3. fEBHO 7 A T« 7

FHRERDGEH O, KD Donnelly-Fefferman B L2 {HIREMTH 5.
EE. n(> 2) RIGEZELRRE X WO C? gtz RoMxa vy 7 MERQZ2E 2 5.
DF fa5s1IE DB & 1 € (0,n5) ICK L, w := i00(—6") 12 & H QD Kihler 3
REED, BARIT D LPWOIBA L (Q,07,0) 25X 5. ZOW, feLf, (2,07 w)
WX % 0- St ou = f 13 Q EOBBIBIRw € LT, 1)(Q,07",w) 2.

FHREROFHIFEMHIEICL S, n(Q) > 1—0/n ZREL, ns >n>1—0/ntb6n
ZE 5. QNIZBEZFFD bump form fITXHL, 2O L2HMERZBENL, Ou=fDQ
L OBBBIF T we L, 1) (Q,677,i00(—0") TIHB. T D L, BIRD Levi EsH
BT 0 RIGH BT 2858, uw DX BHRRED Ou = f O X LoMBBIREZ EDTL
$9 BN S. ShUEa v 82 FAD de Rham A€ QY — B2 (X) W% %
WKL, FIETH 5. u DX RILRD X FO@PEEZ E 9 % mild, Kihler 515 i00(—d")
DEBEIEADET M TOFREDF — 5 =03, M D Levi [ R DIBAERIC 012 & D FHIE T
ER Rl S KeN

SE R

[1] M. Adachi, A local expression of the Diederich—Fornaess exponent and the exponent of confor-
mal harmonic measures, accepted for publication in Bull. Braz. Math. Soc. (N.S.), available at
arXiv:1403.3179. (B3O 2014 FEEDHERITE T 5 FEENE)

[2] M. Adachi and J. Brinkschulte, A global estimate for the Diederich—Fornaess index of weakly
pseudoconver domains, submitted, available at arXiv:1401.2264.

[3] K. Diederich and J. E. Fornaess, Pseudoconvex domains: bounded strictly plurisubharmonic ex-
haustion functions, Invent. Math. 39, 129-141 (1977).

[4] K. Diederich and J. E. Fornaess, Pseudoconvex domains: an example with nontrivial Nebenhiille,
Math. Ann. 225, 275-292 (1977).

[5] S. Fuand M.-C. Shaw, The Diederich-Forness exponent and non-ezistence of Stein domains with
Levi-flat boundaries, preprint, available at arXiv:1401.1834.
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FERzatd 2MOIFFR T A > b F ki
B9 % 1A [AfiE ] e

WA B CRAERZARZGEE AT TR

B! =

In this talk, I talk about the holomorphic equivalence problem for (essen-
tially) unbounded pseudoconvex Reinhardt domains. When the domains
contain no coordinate hyperplanes, an affirmative answer was already given
in [5]. As an opposite case to such a case, we discuss a class of unbounded
Reinhardt domains containing the origin, which are said to be of broadened
type. The main purpose of this talk is to give an affirmative answer to the
holomorphic equivalence problem for them by making use of the way of a
Liouville foliation.

1. 70 V/\)L MNEBICEEY 2 1EBI[REMERE
U(l) Ik D#aHiE 1 OBEBDO LR TREHEZRL, T = (UQ)" LB, TOLE
nXGAV A7 b b =7 AT 1ZC* RIZROBEANC X h IERIZ#REE UCEAT 3 ¢
a=(ap, - ,a,) €T, 2= (21, ,2,) ECUIRNLT, a-z= (121, ,Qn2p).
ITCC* NDFEID 1Z, T RTDacT ITNLTa-DCDDPEYIEDEE, T4
YOV MERE IS, ZDEET IFD RICIERIEAEEE L CERT %, T OfEH
oA EI NS D OIEAE AR Aut(D) OEIHEZ T(D) TKY.
74 oL M EICBI T 2 IERIFERIE A2 RS 2 72 o2, (CH)" ofREMHE AR
HoWarsuniEcd s, (CH" OIEMHCHI ¢ 1%

Q : (C*)n > (2’1,"' 7Zn> — (wla"' 7wn) € (C*>n7

wi:aiztllli...zam i:17...7n7

n

D¥ZEHOLE, (C) OREWEHCHE L WIS, T (ay) € GL(n,Z), (o) €
(C)" TH 5. Autye((CH™) IZ& D (C)" OREBIE CHBLAAED 72§ Aut((C*)") D
Wakte RS, RoMaEIE, 74 v 7oL OB O T-EHICBIT 2 [FZSUER G4
B3 (CH) DREWECHRIC X D 52602 2 L &2RT,

fE(2]) ¢:D—D ZC"HND2OD7 4 ¥ )L MEE D, D' O OBIERIE
55, ZOLEQT(D)pt =T(D) L7551 dDRMEA3EME o DY Aut,((CH)
DHHILOFIRE L THEZONE T LETH 5.

7 A4 NV M EEOB O T-AEFNICBE T 2 HABGERI G 1Z 5 4 >N )L M ES O A 5
DY —ICBIAEHRALREEEZZ 0N DT, ROEREMEIELNS,

EF CPHND 22D 74 voov MEIE, 205 DRIC Aut,((C*)") Db B ILD
MR E LTEZ SN2 BIEHIGERSEET 2 £ &, REBICHEETH 3 LFIEN S,

I (74 > ov FEEEICBE T 2 IERIFEERE) C" WD 25D 5 4 >3 ik
D &t D HBAEHIEEZ: 51X, Z 3 o 3RBIVICFEIC 72 5 2> 2

D, D ERZ L E, ZOMBEICIFEENBRENGZ 6 Tw5 ([1).
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2. RILBIZ 1 >\l b8
Dz C" NOFaM 7 4 v oL bl E T2, ZDEZ D :=DN(CH" 13 (CH)" ND
M7 A vV PEETH D, DY ORBUE

1 1
ord(D*) = { (—%log|zl|,~-- ,—%log|zn|> ER”‘ (21, ,2n) GD*}

R NOMEIRE 72 %, ord(D*) ICEENDMK2T 7 4 VEr22floRt% (D)
EBL.

IC, HEEEVHONES {(21,- - ,2,) €C"| 21+ 2, = 0} ZETLC" NOHE 7
A VoL MEIR R RIETL T 4 VN )V FRERE MR Z LT 5, ZOFRETIEEITRD
2OD8EREHRET 5,

EEL1 D, D' % Cr WORIEHLZ 4 oV RIS E L, (D) <n, (D) <n £ 3,
H=D-D* H=D-D"tELLE D&D DHDEEONEAEGEKR o : D — D
IR LC, p(H)=H DY LD,

SO Y 2 — CVEEREOE 2 S 2 M ORS NG, EH L 5| Of % F
LT, KIEMS £ 2o b AEIICBIT 2 ERIFERIE A R A R 2 52 3 &
HCED,

EH2 C"ND 2 ODKRIEMF A v L FEEEDSIERIFETSH 2 % 61F, 206
A AR LS 72 5

EH21E, n=2 0L FICOLTIHE], {4 KBLTRINE,
SE Xk

[1] S. Shimizu, Automorphisms and equivalence of bounded Reinhardt domains not containing
the origin, Tohoku Math. J. 40 (1988), 119-152.

[2] S. Shimizu, Automorphisms of bounded Reinhardt domains, Japan. J. Math. 15 (1989),
385—414.

[3] S. Shimizu, Holomorphic equivalence problem for a certain class of unbounded Reinhardt
domains in C?, Osaka J. Math. 28 (1991), 609-621.

[4] S. Shimizu, Holomorphic equivalence problem for a certain class of unbounded Reinhardt
domains in C?, II, Kodai Math. J. 15 (1992), 430-444.

[5] S. Shimizu, Holomorphic equivalence problem for Reinhardt domains and the conjugacy
of torus actions, submitted.
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Averaging property of capacity

Hiroaki Aikawa (Hokkaido University)*!
Tsubasa Itoh (Tokyo Institute of Technology)*?

Let ¢ be a nonnegative set function on R™, n > 2, such that
(i) If E C F, then p(E) < p(F).
(ii) If U is a nonempty bounded open set, then 0 < ¢(U) < oo.
By B(z,r) we denote the open ball with center at  and radius r. We study

g PENB@1)
A(p,r, E) = erRf” o(B(z,T))

By definition 0 < A(p,r, E) < 1. If A(p,r, E) > 0, then E is uniformly distributed
in R™ in the scale r with respect to ¢. A typical example of ¢ is the n-dimensional
Lebesgue outer measure m. We have the following property.

Proposition 1 If A(m,rq, E) > 0 for some ro, then A(m,r, E) >0 forr > ry. More
precisely, there ezists a constant A > 1 depending only on n such that

A(m,R,E) > A~ A(m,r,E) for R>r.

This proposition means that if £ is uniformly distributed in R™ in the scale rg
with respect to m, then so is in the scale r, r > rg. We note that the density is not
improved no matter how large r is. It is easy to construct a closed set E such that
lim, 00 A(m, 7, E) = ¢ for each ¢ € (0,1).

If ¢ is a capacity, then the situation is very different. By Cy(E) we denote the
logarithmic capacity of E C R?. Stegenga [Ste80] proved the following theorem (slightly
changed).

Theorem A Let E C R% If A(Cy, 1o, E) > 0 for somery > 0, then lim A(Cy,r, E) =

=00
1.

We shall show that the same averaging property holds for other capacities. Here-
after, let 1 < p < oo and let w be a p-admissible weight as in [HKM93, Chapter 1].
We write du(z) = w(z)dz. Let D C R™ be an open set. For a compact subset K of D
we define

Capp’M(K,D):inf{/ [VulPdp : w>1on K,uEC’é’O(D)}.
D

For an open subset U of D we let

Pl D) = B P D)
This work was supported in part by JSPS KAKENHI Grant Numbers 25287015 and 25610017.
2010 Mathematics Subject Classification: 31B15.
Keywords: capacity.
*le-mail: aik@math.sci.hokudai.ac.jp
*2 e-mail: tsubasa@math.titech.ac.jp
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and finally for an arbitrary subset E of D

Cap,, ,(E,D) = ECiIUlch Cap, ,(U, D).

U open

We call Cap, ,(E, D) the (variational) p-capacity of condenser (£, D) or simply the
p-capacity of E in D. See [HKM93, Chapter 2].
We show that the same phenomenon as in Theorem A occurs for p-capacity in R™.

Theorem 2 Let A\;y > 1 and Ay > 1. Let E C R™ and suppose

Capp’ﬂ(E N B(x, 7o), B(x, \i7o))

in
z€R™ Cappyﬂ(B(:L’,ro),B(x,/\lro))

for some rg > 0. Then

lim ( i CPnulE ﬂB(MB(W))) _

r—oo \ xER" Capﬂu(B(:L" 7")7 B(.’L‘7 )\27’))

In case w = 1 and D = R™ we simply write Cap,(E) for Cap, ,(E,R"). It is
well-known that if p > n, then Cap,(E) = 0 for every £ C R";if 1 <p <nand X > 1,
then

Cap,(E) < Cap,(E, B(z,Ar)) < ACap,(F) for £ C B(xz,r),

where A depends only on A, n and p ([Maz70, Proposition 4]). If 1 < p < n, then we
can take \; = Ay = oo in Corollary 2, and we obtain a counterpart of Theorem A in
the p-capacity context.

Theorem 3 Let 1 <p <n. Let £ CR". If A(Cap,,r0, E) > 0 for some ro > 0, then
lim, o A(Cap,,r, E) = 1.
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Trudinger’s exponential integrability for Riesz
potentials of functions in generalized grand Morrey
spaces

K %3k (KB T¥EKS - TH)
KE il (KR - BB EHLRIER)

GRR'"WOBEREELSELTS. a(0<a<n)iRDY—AKF V¥ v)L

/ |‘r |(¥ 7L

BEEZAH. T2, fIFFEATHEBRTU,f # 0o EIRET 5.
l1<p<oo,0<v<nizxfLT,

_ rY f(y)p
bty = ifAA>0: — dy<lp<

1711z m{ veGvineds |B(r, )] Jonsn | A | ST

%ﬁ#?feLm()#baéﬁﬁWW%mewﬁﬁL”()kﬁng'it’9>0
IZH LT,
v p—e

i = inf A0 - TOF gy <1t <

11l o fa) =M { zeG,0<r<S}11£0<s<p71€ |B(z,7)| JenB@n | A = -

Wiz f € L (G) 5752 5 BI8ZE [ % Grand Morrey Z2[#] LP)9(G) RS ([2]). FF
i, v=n0rE, PM(G) = LPYG) L&KL, Grand Lebesgue Z5[H] & .3
WOFFEIFHONTNWDS

EEA(3). 0<a<n&l, l<p<oo,v=ap<nilHLTG O AT
HIBAE X[ fllrw (o) < 1 ZWi72TETDH., ZDEE, 0<n<allWHLT,
%éiﬁ01702>0ﬁ§ﬁﬁbfy

T‘n

xp (c1Unf (7)) dz < ca.

I — €
ceGomede |B(z )] Jornem

EEB([1)). 0> 012U TG EDIFEFHBIE f 1L fll ooy < 1 2B T
E9b. ZDLE, HBEEMc,co > 0DFAELT,
/ exp (cl {Ulf(x)}"/(nflw)) dr < cy.

AFEETIE, T A B OILERETD. TDDIZ, IRD K572 (0,00) LOIEEIE
BABEBe2EAS :

(pl) HBEHA > 1DPHFIEL T,

AT < p(r) < Ay (0<"r<1);
(¢2) 9% (0,00) ETMEER MR T. DED, HITHA, > 1DBFHELT,

p(2t) < Agp(t) ("t >0).
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ZDEE, 1<p<oo,0>0ZXULT,

: p(r) f)
o =inf<A>0: su g/ —
HfHLp) #e) { zeG,0<r<d£0<a<p71 |B(1’a 7’)| GNB(z,r) | A

dy<l}<oo

79 f € L (G) h 5 72 5 B%ZE[# % Generalized grand Morrey Z2fi LP)#9(G) &
095 (1)),
B>0IZRLT,

vlr) = [ () os(2de /1) X (2 1/dg).

1/r

72, 0<r<1/dg 2 LTI

wﬁ(’l”) = dcﬂﬁﬂ(l/d@)?ﬂ

EFEL 0<a<n&l, 1<p<oo,d>01ZxL TG EDIEEAFHIEIE f X
1fllpmeoe <1ZWLTETE. ZOLE, 0<B<allNLT, HIEH
01,02>07537?~Ebf,

sup 1/’[3 1/r)” W 61U flz )>}a—ﬂ dz < .

zeG0<r<dG |B z,Tr | (z,7)

Y t(s) = sup{t > 0; ¥, (t) < s}.

EE2 0<a<n&l, p=n/a,0 > 012U TG EOIEEATHIEEE f 1%
[fllzmo < 12iTETE. ZOLE, 0<n<allHLT, HHEMK
01702>0b§ﬁﬁbf,

rn

sup —_— exp (¢ Uaf 1/(14+(6—1)/p) dz < ¢
2€G,0<r<dg ‘B(z’r” B(zr) ( 1{ (v )} ) 5.

AR DFERIE, (412X 5.
SE
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Trudinger’s inequality for Riesz potentials of functions
in Musielak-Orlicz spaces
KRE BME (ROKRT: - HEBAERIEETR)
R H (RERE - BHEED)
GIRRYHOARBEL L L, ZOEREd; 2T 5. a(0<a< N)RDY —AK
FYY vl
o o a—N
lof (@)= [ |o =y f(y) dy

BEZADL. T2, [IRIEATRIBIRT I f £ 0o LIET 5. IROFEFZISHMSN
TW5 .

EEA 0<a< N&L, p= NalZL TG EOIEEAHBL f X
[fllr) <1ZM7ZTET D, Z0LE, HDEEMe,c > 0DFELT,

/Gexp ((:1 {Iaf(ar)}N/(Nfa)) dr < cs.

AFWHTIE, EH A OHE2175. Z0RDIZ, B O(x,t) = to(r, t) XX E W=
THEDEEZD :

(®1) ¢(-, 1) 12 G LATRIBIET oz, -) 12 [0, 00) LIEHEBIETH 2
(@2) THA, > 1 HFELT,
ATV < (2 1) < Ay (2 €G);
(@3) oo > 0, Ay > 1 BFAEL T,
(2, 1) < Aps0(z,8) (z€G, 0<t < s);
(P4) EEA; > 1 PFEL T,
6(z,2t) < Asd(,t) (z € G, t>0);
(®5) Yy > 0T LT, E8B, > 1DBFIELT,
O(w,t) < Bygly,t) (Jo—y| <yt7N > 1)
B(2,) = SUppescy B, 5) £ U,
T t) /Otgzé(x,r)dr (xe€G, t>0)
r¥5. ZOrE,
1Flle) = inf {3 > 0 [ Bl 7w)/N dy < 1} < oo

Zii72 3 G LRI f 2o BN E LP(G) &35 ([1). £7=, (i) :
G x (0,dg) — [0,00) X Z W72 THDEHZZD :
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(y1) (-, 1) 1 G AT v (z, - ) 1% (0, de) LT H %
(v2) BBy > 1 BMFIEL T,
Byt <z, t) < Bpt™ (€ G, 0<t<dg).

51T, Tu(,t) : G x [0,00) — [0,00) 1 XIXE-THDEEZZS :
(T'1) T(-,t) 1 G ERTRIBEET (2, - ) 1[0, 00) EE#ERIBTH 5;
(I2) B, > 1 P FIEL T,

Fo(z,t) < Bilp(z,s) (x€G, 0<t<s);
([3) By >0,By >1,B3 > 1 DFIEL T,

tNo(x,y(z, 1) < Bolo(z,1/t) (z € G, a>ap, 0<t<dg)
D

d d
/ ooy (z, p) ?” < ByLo(2,1/t) (2 €G, a>ag 0<t<ds/2);
t

(Diog) E#cr > 0PFEL T,

cr'Talr,8) < Tol,s%) < erlo(x,s) (z€G, s>0).

FE(2]). 0<a<N&U, Uy(r,t):Gx[0,00) = [0,00] IFIRZEH~THLD
BEZD

(Vo) Wo(-,t) 13 G ERTHIBIET U, (2, ) 1[0, 00) LEfEBIE T H 5,
(U,2) By > 1HDMFEL T,

U, (x,t) <U,(2,Bys) (xe€G, 0<t<s);
(U,3) B Bs > 1,Bs > 1,tg > 0DBFHEL T,
\I’a(x,ra(x,t)/85) S B()t (l‘ S G, t 2 to)

G LOFRETTHBIE f 12| fllpe) < 1Z2WiTETE. ZDLE, HDHEMK
617CQ>075§T?EL/T,

/G\I/a(x,cllaf(m)) dx <cy (g <a<N).

ZE 3k
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and Sobolev’s inequality on Musielak-Orlicz-Morrey spaces, Bull. Sci. Math. 137 (2013),
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[2] T. Ohno and T. Shimomura, Trudinger’s inequality for Riesz potentials of functions in
Musielak-Orlicz spaces, Bull. Sci. Math. 138 (2014), 225-235.

42-



FRlRE

ZENEE & DBEBERIZB T 5 Y AL 7 e
KH - ik (JRETRI)

BN, BEOEE (BEEHRTHRW) 22V TYRL 7OEHEZ FhLE U THED,
BETIE, FNODRLFIEROESIZED IS IZKET 2252 FHT 5,
YD, GlE R OBRLGHESE T 5.

1. EAZEE
1. bR—7 (Lebesgue (1875-1941)) ® LP &k, 1<p< oo iZRLT
2(6) = {7 € 14(6): [ 1oy do < oo}
D/ IV LI

Il = [ 150 dr)w (1<p<o0)

TEDOLND.
2. F—"1 v F (Orlicz (1903-1990)) Z=[#]

1°6) = {7 € 14,16): [ 2(s)) do <
MERING. HEIRHIE LT,
O(t) = tP(log(c + 1))
ZZIZ, B clE, BEAoNzp, g T LT, +HKRELLIBEDRDH S,
3. E—1— (Morrey (1907-1984)) ZiE, T w(r) % & D

P (@) = {fef:}ocw): o w) [ L dx<oo}

zeG,r>0
4. Herz (187571941) 22

, w pqw qu s w pqw
P ﬂ H{z} i H ﬂ H{Z} ); HP% m H{z}
zeG zeG zeG

v-’o
— -,

fo%w( ) = {f € Llloc(G) : ||f||H€Iq}w(G) =
dg . 1/q
(/0 (@, ) fll o @nBaanBr/2) dr/r) < oo}

T (G) =) € LinlG) I limaeie)

1/q

(/OdG (W(l',r)|f|LP(G\B(x,r)))da/T> < o0}

HY3(G) = {f € Ll @)+ I iy =

de 1/q
( / (w<x,r>|f|Lp(GnB<w,m)qdr/r) < o)

43-



2. VRL 7 DERE
NR—JD [P 2% gL L7z R L 7 (Sobolev (1908 — 1989) ) BA%IE, KT > v
NEHELSBEET S B f DaR) —ART UYL

I/ (x) = / ey )y (0<a<n)

Lo TEHINS.
VRV 7R P I,

1/p*=1/p—a/n

IZEoTEDLND.
TE 2.1. (1) VAL 7DOFRER
l<p<n/adD&g,

Va1l ot ey < Cl e

(2) Trudinger OFFER
p=n/a D& ZE,

o (Mot ()] > _
héep(CMNmm> de <Gy (I/p+1/p'=1)

(3) U Ty EkE
0<a—-n/p<lDEE,

[Laf(2) = Lo f(2)] < Ol —2*™"P (Va,2 € G)

ZDEM % Morrey ZEIZEWTHRRE S, w(r)=r"(0<v <n) D& Z, Morrey

72

MPY(G) ={f € Line(G) : [|f () < 00}

DN TN
v 1/p
e = s (Gt [ it )
Lo TERINT VD,

VARV 78I

1/p,=1/p—a/v

CEDD.
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T 2.2. (1) VRL 7OFRER
l<p<v/aDE¥,

[ Lo fllmovw @y < Cllfllare )

(2) Trudinger DAER
p=v/aDE&E, £n0<n<a ITHLT

r / < Lo f ()] >
sup exp dr < Oy
veGr>0 | B(Z,7)| Janpar Cill fllzee

(3) V7w Etk
O<a-v/p<lDEE,

Lo f(2) = Lf(2)] < Ol —2[*" (V2,2 € G)

3. WK
VAL 7 DAREXROZEIICIE, AR

1
Mf(r) = iggm e |f(y)] dy

% A\ 7z Hedberg O HIENENTH 5,
£, RITHERET 5.

EHE 31 1<p<oc DEE, WREHEZEM: f— Mf 1 LF(R") LERTHS.

ZIT, VAVIZOEBIZRDEISIZLTREINDS: ap<n, [f>0,] [l <1
LIREL T,

/ e — " (y)dy = /B )y / o — " F (y)dy

R™\B(z,r)
< CroMf(z) + Crone

ZIT, r°Mf(x) =roP LB r BERDL
Lo f(x) < C{Mf(2)}' =7/ = C{M f(x)}"*"
Thhbb,
{Llf()}" < C{M[f(x)}?
L7zioT, VALV 7 DAERIMKEHD Lr GFME»roRIN5.

-45-



4. Grand Lebesgue Z2fE]
fl@)=lz| P DL &, fELP(G) THEN, 0<r<lDE,

[ wrar = [ e
GNB(0,r) GNB(0,r)
C

ne/p
ne/pr

IN

Tibhb,

e/ @) < C
GNB(0,r)

% Z T, Grand Lebesgue 22

Lp),qﬂ(G) ={f¢€ L}OC(G) : ||f||LP)*‘1'9(G) < oo}

VI N

1 q/p d 1/q
Il = ( [ (= ) )

NERIND.
Z 2T, grand Lebesgue ZEft] & Herz ZERIDBEAEIZ DWTHRAR KL 5.

E 4.1, wy(t) = (log(2/t)) %, 0 >0, £T2L, ROEKC >0 MBFET S :
I fllLoao < C\|f||ﬁ§§}=“’0(c)

EI 4.2, wy(t) = (log(2/t)) %, 0 >0, £ TBL, RDEKC >0 MWFET S :
||f||ﬁ‘{’;f}*“9 (G) < C||f||LP>wqﬁ(G)

5. Mean continuity
V= 2ZART v U3k L RS 0D, ZHICELZRWEBEZED. Thzi@ml
5L &, BE (capacity)

GME®=MLﬂmwy

IZEBEAAE R BT 2202, “inf? R f(x)>1(Vre B) ¥%55% felPG) i<
WLUTHS NS,

T 5.1. fe LP(G) /LT,

(i) pr(E? G) =0;
(i) im——— [ |Lf(2) = LfG)? de=0 (VzeG\E)

r—0 |B(.’,U, T)‘ B(z,r)

L72% E DFAES 5.
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O, ALEdond. TDDIZ, MHFH

ug = —7 U
o uﬂé

ZMMT 5.
EIE 5.2. lin(l)ro‘p"/ lf(y)P dy =0 7= 51,
T B(z,r)

Lo f(x) = (Lo f) Bw|" dz =0

apin/ |f(W)P dy > 0} IZ2WT,
B(z,r)

lim ———
r—=0 |B(l‘, T)‘ B(z,r)

bRIMES Ef = {z € R" : limsupr

r—0

H, op(E) = 0;
D AEm RONT ARV THIEZERT.

7707
[N N

6. XxHiE
WR=ZD [P (1 <p<oo) BREIZH LT, £O associate Z2f (LP(G))" 1%, B

fel,(G)T
/|f x)| dr < o0 (Vg € LP(@))

EBHHLDDERERT. ZDOLE,
(@) = ¥ (G)
CHUTBHH U TROFERD D 5.
EE 6.1. 20€G,a>0,92. wr)=rinr)=r*nL¥,

| 1@yt < Uy lolmsga (4. € LilG))

CRBERC >0 DPEETS.
EIE 6.2. LOEHELFEUKEDS & T,

HfHHP ,a’ U(G) < CSUP/ ‘f | d:L“
LIRBERBET B, 220, |glx <1 (X =Hy (G) &5 5.
% 6.3. (H{,}(Q) = H"(G).

*7-,
HP (G = € Hiny (G)

zo€EG

121 quasi-norm

o= inf | Eh o
Hf”Hp,q, (G) =5, |fj,{zj}Csz: ”f]”H{zj} (@)

NEHEIND,
% 6.4. (ﬁp’q’w((}’)>/ = le’q””(G),
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7. BEEHE © DBEHZER
ZITE, fiHozd, G Lo p 25

(p0) 1 <p(x) < oo (Vr € G)

Bl L&, po BEEHR LT
MARERROAT M ZERm L % & 1T,

(p1) (log-Holder EifGlE)

1
— <O ; gy — 1
Ip(z) — p(y)l *Clog\x—yrl (Va,y € G;|x —y[ < 1/e)
(p2) (decay condition at co)
— < n.
ple) —p(o) < O (Vo € R > )

mERINET S.
ANV E—=DARERIIRD X 51275,
EHE 7.1. NIV —DFRER)

" HIBEEL f, g 12X LT,
/G |f(z)g(x)] dz < Cpll fllror 19l oy 1/p(z) +1/p'(z) =1
INERTEDIZ Y ITOFRER

1 1 , 1 1
|ab] < 5|@|p+17|b|p7 -+ 1

p v

WHERT 5. — MR, "NV E—DRERIZHNSEBIZDOWT, C,>1THhdZ Iz
FELES. 72, p.=infgp, pT =supgp £HL &,

Co=1+1/p-—1/p*

EBLIENRTES.
hBFEY1S5—

o(f) = / F@)P® da

IZ& > 7T, Orlicz /W24

p(z)
oy = inf (3> 0: [ ('f (j)') dr < 1)

NEZRIND.
T 7.2. WAEARZRIE PO(G) EERTH 5.
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Musielak (1875-1941) (&

(P1) £ t>0122WT, &(-,t) F RY EqHITHY, & 2eRY IZOVWT, Pz, -)
XM [0,00) EHFETHZ 5 LA >T, O, ) 1F RY x[0,00) LATHITH 3,

(®2) ®(x,0) = 0;

(®3) 3A; > 1st. AP < ®(2,1) <A (Vx e RV

(®4) & 2 € RN IZ2WT, O(x,-) IZHEFRMRDOMTH S ;
iR O(x,t) ZHWT, EV AT —

1) = [ Bla fa)is
NV DIN
1o = inf{A > 0 /(b(x,f(x)/A) de < 1}
ZEALT, WbWp5 Musielak-Orlicz 22 % i U 7=.
log-Holder j##itt: (pl1), (p2) &
(®5) # v >0IZx LT,
O(x,t) < AD(y,t) (Vo,y € Gt >1: |z —y| <yt~
LIRBEM A, > 1 BHET B
(©6) ROEEK g€ L'(R") L& By > 1 HMHET S :
(i) 0 <g(x) <1 (Vo €R")

(i) Bl (z,t) < ®(a/,t) < Boo®(z,1)
Vo, 2’ e R",0 <t <1:|2| > |z],g(z) <t <1)

D L5,

8. ZE XM

1. =5

e Diening, Lars; Harjulehto, Petteri; Hiisto, Peter; Ruzicka, Michael, Lebesgue
and Sobolev spaces with variable exponents. Lecture Notes in Mathematics,
2017. Springer, Heidelberg, 2011.

e Cruz-Uribe, David V.; Fiorenza, Alberto, Variable Lebesgue spaces. Foun-

dations and harmonic analysis. Applied and Numerical Harmonic Analysis.
Birkhuser/Springer, Heidelberg, 2013.

e Mitsuo Izuki, Eiichi Nakai and Yoshihiro Sawano, Function spaces with
variable exponents — an introduction —

in press
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C? 5 C? ~DIER LB IE R BAR D
P2 ) 7O EIIDONT

ERVANEZ

Py
1. B

P2 PRI FEICIFREICET 22 T ILOEMZHE ST, EA—ILO/NEHIZD
WT I O20HEBEZ2iT->7-, HIH

TR f() mEBEEBRE T2 L, HDTM (PaVTOHMEST)) JO)={z=
texp(if);0 <t < oo} WH-oT, Z=0%EMEL J(O) 2EaT EALMAATFIRICE
WThH, HL 1 DDORRIMEZ R 2T oM RIS

Z-H. Tu \Z[5] IZB VT, P" N0yt THHLEZ2 > b DICNL T, 125D
—LZfT-o T 5,

2. EfER
Tex BFROMO—BA 21T > 72,

T ([1]) F = (f(z,y),G(z,y)) % C* 205 C?> ~DIBBL (EBOHEGZAD)
ERBAGT £, g WEHBIEC f BB E T2, 29T 2 LHURRE J(0) = {(z,y) =
(texp(if), ktexp(if)(0 < t < 00)}, STk EH B NX—=7HE 0 DEGZIRER
DWEE I NIEER. 0 3k RET2H2HE. £T25E, Fa,y) 1(0,0) ZIHK
ELJ(0) 2 GUERICHlHEEE T, —RAMEICH 5 3 A DBEK 72 FREBuhi 2 PRt
T35 ik,

3. WA & WENLRD D

C?> D3RO T 7 4 AEHIER DO A 23— fiiEICH 2 L) T & TH B D5,
M = C?* — A PR, 2% D M o/IREERREDSRIL T 2 A 050 4 Bl ftic &
FNTS (T ZRMEEAFRMNEATHZ (RiZ—8KR, 1991) D TRHELGDR
B TchH 2) K2 FIH, £ M IINEN—BETH 2 Z LA THS (B
V2, 2008), E I WIHIRFIZ A D RBNLEICH 200 L0 T ETH S0, 2] ICBVT
FIFHEEN R BE Z 5T 5, BIAIE T DDEERIET OS> 0 &2 A DR
HMOERZIEHRX L TwR A EPIEZ ) TH D,
FRDEH = NAEIDEHRDDH %,
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TE(2])) F2LEOEHEFAL D, A DB BAMEICHD, FIZAZBRNTS
%o, FIRET 5,

FRDOEVYFILEOERLD 5,

IR ([3]) ADS—MBAMEIIHY, M=C>*—A ET5E, MIZXL M /i
PREEDBAVEE A TH 2 REBUIFR S 3HIUTRD (a),(b) DTN DHALT 5, BLE
BTN (2) DAV 5, DEDERED {Fjis,.} C Hol(A?, M) IZHL :

(a) {Fj_1..} W& Hol(A2, M) @282 FBIRAHCIUHR T 2 55591 % #5;

(b)  {Fjoia.} EA2 DFRED 387 MEAETSU L, ICHIT %,
CTITAFHAIF, A2 =A x A, Ly, 3MIREEMRTH 2, F7 Hol(A% M) 13 A?
226 M ~OIERBHRAEERIC 2 87 FRfHZ Wi - 2E/TH 5,

EE OH ELTBRAMEICD S (EFEOEKT) 4AK0C? 0EEERET S, T
LEERBLERDOS ) 7 OHBADELERNZ 5,

SE X
[1] Y. Adachi, On the Julia Directions of the Value Distribution of Nondegenerate
Transendental Holomorphic Maps of C? to C2, j. M. R., 5, 8-10 (2013).

[2] Y. Adachi, A generalization of the big Picard theorem, Kodai Math. J., 18, 408-424
(1995).

[3] Y. Adachi, On the relation between tautly imbedded space modulo an analytic subset S
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[5] Tu. Z.-H, On the Julia directions of the value distribution oh holomorphic curaves in P™,
Kodai Math. J., 19, 1-6 (1996).
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HIRILD Y — = v DEREAIBEERIC DT
EEAE

El=3=—1
1. B

M % (5 HELRE, B 2B5RY0oES (BRI, X 2/ 4
VR b GEESEEEM, fEM-E 26 X ~NOIEEHRET S, £ 20N
Lo, WICIEHINICBRETTEECH 2, 28RS, BLEITHVETLZE, fOE
BT B ERHELE AT X /B DIRLEE A O 2 & T (VEEF — 85K (1980), Az
(1995)) BT DZAIIREATH LD T, (X DM 2P hoa v 37 k- ) —< Vi
%6 X AZRBEIITH %)

% I TCE AR v OPEGORDIRE D £ ) 0hEIC R 5, dim M =
dim X = 1 OWPEE [4] 237 =V 7 4 )L 2 OPWEH OB D ST T, 85K [6] 235 %
IR, Wb L N— 2 (1937) DFEREZFEFEICE TR L T05, A
[7] 1 dim M, dim X 2MERED LA T X 132 O ELREIEEL—7 V) v P22
ML IERMRE RS TH > T, M — E OB X ofdxta v 7 MEAGDY
AR LT 5,

BADTRTDIIRDEILTH %,

FEE M BEEOERLRE. X RN % 3 v 87 MEFRZERTZ D%
EWEEMBAY A v TH I, EZM - E 5 X ~OIEHIEH f OBRETTHES
ThHb,

FrH AR 2] ORI L B 7] DA 5T AT O A1 (3] 12 & 2.

2. EREBEICERAD L

2T M ZEERITO GHAS) IEREEZEM E T %, ([5],pp. 212,267 D &)

EFE2.1 ue PSH(M) L, (1) u id M TR CHEMNIC —co THRWIEHK
fEBg%cc, (2) EE I EOEEOHESW LEEOIEME®R o - W — M 2L,
wo @ IZW OO ERTH ML, [HENIC —c0o THEEZZF I,

& 2.2([2]) M OESGE BLEHMEAGLIL, EEDHp e E XN LD S vy, €
PSH(U,) ®>TENU, C{p € Upu,=—o0} £%BEZILEH, ZIITU, lEp
DEHETH S, 2L CE DPREXUDOESLIIE =, E, % % &% nH1lEH D% Ehk
BEHE, BHBIES ),

8 2.3([2]) E I ZIERERZER M OBRBX0OHEAETf e O(M —E) B’E D
BTORTHEHIARETSE, feOM) THS,

%*2.4(2]) EzhomEtFHCbDLETEE, D%Z2M OEEOHEHRLETLLED-F
2HAE T D B,
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EE2.5 FIZIEHEREMM OFRLXOOPA%EA, f 13 M - E 2o E8HFEEM X
BEIZa v 7 D) ~NDIEHIEBRE T2, RO p e EICHL, p DIEFU, &
HDX DAY A VG Xy D3> T f(U, — E) ¥ Xo DREENT (X 12U, — E
WL TEY) ZhHdk6, Edf DREFRBEAGTDH 5,

%26 MEIZEOEBERUEL, fIZM—FE »oBEkizar 7 7
gDV —=VIHIR(0<g<o0) DIEENTI~DIERIEHR E T2 L, E X f DRRE
HBEATDH D,

FR[7) DFEEEE A X 7 THHT 2 PETH S,

3. FEEETEZENHLS

HRE3.1 A ZEF VI EOHMMK, e 13 A ORNBEERY O D a7 MESGLET
%, X FBEIEa v 87 bR/ EHINEFEZEE T X OReNTICE FNAEED
HWE a7 PMEA K 1T L Z2 Db 235 IE T EERTRE 2 BIBOSFE T % £ T 5.
T2LEfDBA—e 6 X NDOIERIBRT, f(A—e) 3 X THMa Y7 FEA (X
DAV T b6V OTHZ)) Ko, eldf ODREVEBELSTDH %,

%32 AelZbEOMELEFEL LTS, X (&ay 87 b Aa/MRBLEFE 2R T,
ZOUEWE M X ZAYA vEET S, fEA—e D5 X ~NOIFHEHKET 2
. e BBRERBEATH D,

ARDVLOWBATHOLI EE, EDFRDOEL DENDETOTa—Ty 7Dk
X OHIE31 ER32 DERBORITLE EIFTME L3522 E03CTE 5, fE>TEHEE
MW Z 5,

%3.3 M IEELKRE, E3M ORKBELYOOHEAL TS, f3M —E b5l
B2 Loary 7 M) =<Vl R ~DOIEHIEGRZ 6, E X f OREVREATH S,

%34 MEBZEEELCEL, fI3M—E »5 2287 F/NRBUTEE2EM X
~D1—1IEAIEHRET L, E I3 f OBRETRBEATDH 5,

3.5 X Fay 7 MMRENERZER, B 12 X oFRYaOES.
feAuw(X —F) £$5%6, feAut(X) TH %,

PN
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NILE T ZADEHED

EHE3.2 LofiE L F R T O 1ZBUERITH %,

%33 DIZLOWEEFEL ET2, DBAYAL LV THBEDIZIE—log R, %
E 7 AIEHFNIC —0 TH D 2 LD TEAMTH B,

FHE3.4 D= (D,nI)IZ0 x P! LD —= V38 TH 55 £ 72 1ZPHD LAk
5%, 2T IE(0) FLOLEMKTr 1D 26T ~OHARZE L T2, HiC
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Growth and distortion theorems
for pluriharmonic mappings

Tatsuhiro HONDA  (Hiroshima Institute of Technology, Japan)*!
Hidetaka HAMADA ( Kyushu Sangyo University, Japan )*2
Gabriela KOHR ( Babes-Bolyai University, Romania)*3

Let B be the unit ball of a finite dimensional complex Banach space X = C". A
complex-valued function f of class C? on B is said to be pluriharmonic if its restriction

to every complex line is harmonic. This happens if and only if 8324 () =0in B
07

for all j,k =1,2...,n. A real-valued function f of class C? on B is pluriharmonic if
and only if it is the real part of some holomorphic function on B. Every real-valued
harmonic function on the unit disc U is the real part of a holomorphic function on U,
but this is no longer true for harmonic functions on B. Thus, in dimension n > 2, the
family of all pluriharmonic functions is a proper subclass of the family of all harmonic
functions on B. Every pluriharmonic mapping f : B — X can be written as f = h+7,
where g and h are holomorphic mappings of B into X, g is the usual complex conjugate
of g in X = C", and this representation is unique if g(0) = 0.

Let Sg(B) be the family of all univalent pluriharmonic mappings f = h +g on B,
where h, g € H(B), g(0) =0, and h € LS(B). We remark that a mapping f € Sy(B)
is not necessarily sense-preserving; that is, its real Jacobian (when f is regarded as
a mapping from R?" to R?") need not be positive. Let S%(B) be the subfamily of
mappings f = h+g € Sy(B) such that Dg(0) = 0. Also, let LSy (B) be the family of
all pluriharmonic mappings f = h+g on B with h € LS(B) and ¢(0) = 0. In the case
of one complex variable, the family Sy (U) is a normal family, while S%(U) is compact
(see [7] and [8]). However, if B is the n-dimensional Euclidean unit ball with n > 2,
the family Sy (B) is not normal (see [9]).

Recently, Duren, Hamada and Kohr [9] extended the notion of linear invariance on
the Euclidean unit ball B™ in C™" to the case of affine and linearly invariant families
(A.L.IF.s) of pluriharmonic mappings of B™ into C*. To this end, they obtained various
results concerning two-point distortion theorems for A.L.I.F.s of harmonic functions
on the unit disc U and of pluriharmonic mappings of B™ into C*. We mention that
A.L.ILF.s of harmonic functions on the unit disc U were first introduced by Sheil-Small
[27]. Also, recent results related to two-point distortion results for harmonic mappings
of the unit disc and necessary and sufficient conditions for univalence of pluriharmonic
mappings of the Euclidean unit ball B” in C" may be found in [5] and [6].

In this talk ([16]), we give growth and distortion theorems for A.L.I.F.s of plurihar-
monic mappings of the unit ball B into C".
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Strongly Starlike Mappings
in Several Complex Variables
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Gabriela KOHR (
Kwang Ho SHON (

Babes-Bolyai University, Romania)*3
Pusan National University, Korea)*!

Let C" denote the space of n complex variables z = (z1,...,2,) with the Euclidean
inner product (z,w) = 7, z;w; and the norm |[z]| = (z,2)'/%. The open unit ball
{2 € C": ||z|]| < 1} is denoted by B". In the case of one complex variable, B! is denoted
by U.

If Q is a domain in C™, let H(Q) be the set of holomorphic mappings from € into
C™. If Q is a domain in C™ which contains the origin and f € H(Q), we say that f is
normalized if f(0) =0 and Df(0) = I,,, where I,, is the identity matrix.

Kohr and Liczberski [8] introduced the following definition of strongly starlike map-
pings of order a on B".

Definition 1. Let 0 < o < 1. A normalized locally biholomorphic mapping f €
H(B™) is said to be strongly starlike of order o if

larg([Df ()] 7 f(2), )| < ag, z € B"\ {0}. (1)

Obviously, if f is strongly starlike of order «a, then f is also starlike, and if @ = 1
in (1), we obtain the usual notion of starlikeness on the unit ball B™.

Using this definition, Hamada and Honda [4], Hamada and Kohr [7], Liczberski [9],
Liu and Li [11] obtained various results for strongly starlike mappings of order « in
several complex variables.

Recently, Liczberski and Starkov [10] gave another definition of strongly starlike
mappings of order a on the Euclidean unit ball B" in C", where a € (0,1]. Their
definition is as follows:

Definition 2. Let 0 < a < 1. A normalized locally biholomorphic mapping f €
H(B") is said to be strongly starlike of order a (in the sense of Liczberski and Starkov)

if
RUDSE] ()2 2 DI A - G llsin (1 - )T 2 € B\ {0} (2)

In the case n = 1, it is obvious that both notions of strongly starlikeness of order
« are equivalent. Thus, the following natural question arises in dimension n > 2:
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Question 3. Let a € (0,1). Is there any relation between the above two definitions
of strong starlikeness of order a?

Let f be a normalized biholomorphic mapping on the Euclidean unit ball B in C"
and let € (0,1). In this talk, we will show that if f is strongly starlike of order «
in the sense of Definition 2, then it is also strongly starlike of order « in the sense of
Definition 1. As a corollary, the results obtained in [4], [7], [9], [11] for strongly starlike
mappings of order « in the sense of Definition 1 also hold for strongly starlike mappings
of order « in the sense of Definition 2. We also give an example which shows that the
converse of the above result does not hold in dimension n > 2.
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Analytic study of singular curves
Yukitaka ABE  (University of Toyama)*

Summary

We study singular curves from analytic point of view. We reformulate the Serre dual-
ity, a generalized Abel’s theorem etc. in quite natural way from our view point, and
give completely analytic proofs of them. We also reconsider Picard varieties, Albanese
varieties and generalized Jacobi varieties of singular curves analytically. We call an
Albanese variety considered as a complex Lie group an analytic Albanese variety. We
investigate them in detail and construct several examples. We think that an analytic
Albanese variety is suitable for a generalized Jacobi variety because it has similar prop-
erties to those of the Jacobi variety for a compact Riemann surface.

1. Singular Curves
1.1. Construction of singular curves
Let X be an irreducible non-singular complex projective algebraic curve (i.e. a compact
Riemann surface). We denote by Ox the structure sheaf on X. Let S be a finite subset
of X. We give an equivalence relation R on S. We define the quotient set S := S/R of
S by R. We set

X :=(X\SuSs.

We induce to X the quotient topology by the canonical projection p : X — X. Then
X is a compact Hausdorff space. We define a modulus with support S, according to

Serre([9]).

Definition 1.1 A modulus m with support S is the data of an integer m(P) > 0 for
each point P € S.

A modulus m with support S is also considered as a positive divisor on X.We use the

same notation
m=> m(P)P.
PeS

We may assume deg m > 2.
Let Mer(X) be the field of meromorphic functions on X. For any f € Mer(X) and
any P € X, we denote by ordp(f) the order of f at P.

Definition 1.2 Let f,g € Mer(X). We write
f=¢g modm

if ordp(f — g) > m(P) for any P € S.

Let p.Ox be the direct image of Ox by the projection p : X — X. For any Q € X
we denote by Zg the ideal of (p.Ox)q formed by the function f with f =0 mod m.
We define a sheaf Oy, on X by

0. ] (pOx)o=0xq Qe X\S
QT CH+ I ifQesS.

2000 Mathematics Subject Classification: 30F10, 32G20.
Keywords: singular curves, generalized Jacobi varieties.
*e-mail: abe@sci.u-toyama.ac.jp

-65-



We denote by X,, a 1-dimensional compact reduced complex space (X, Oy, ).
Conversely, any reduced and irreducible singular curve is obtained as above.

1.2. Riemann-Roch Theorem (first version)

Theorem 1.3 Let X, S, m, X, be as above. Let D € Div(Xy ). Then, H*(Xy , L (D))
and HY( Xy , L (D)) are finite dimensional, and we have

dim H*( Xy , L (D)) — dim H (X , Loy (D)) =deg D +1 — 7.

2. Analytic Proof of the Serre Duality
2.1. Sheaf Q,,
Let U C X, be an open set. We define

Qun (U) := {a meromorphic 1-form w on p~!(U) satisfying the following condition (x)}.

The condition (x):
For any Q € U and any f € Oy, ¢, we have

Z Resp(p* fw) = 0.

Pep=1(Q)

Then a presheaf {Qy (U),r¥} defines a sheaf Qy on X, , where ¥ is the restriction
map. This sheaf €2, is called the duality sheaf on X, in general.

Let € be the sheaf of germs of holomorphic 1-forms on X. The direct image p.2
of 1 is considered as an O, -submodule of €, . Let D € Div(X,, ) C Div(X). For any
open subset W of X we define

Q(D)(W) := { a meromorphic 1-form n on W with () > —D on W}.

Then a presheaf {Q(D)(W), .} gives a sheaf Q(D) on X. We define a sheaf Qy, (D)
on X, by B
Qi ifQes
O (D)a : { APy ifOe X\ S
It is obvious that Qn (0) = Q.
The Serre duality is represented as follows.

Theorem 2.1 (Serre duality) For any D € Div(X,, ) we have
HY (X, Qn (—D)) =2 HY (X , Lo (D)),

where HY( Xy, , Lo (D))* is the dual space of HY( Xy , Lo (D)).
The purpose of this chapter is to give a completely analytic proof of it.

3. Generalized Abel’s Theorem

3.1. Introduction

A generalized Abel’s theorem was first formulated and proved algebraically in [R].
After that, Jambois [J] tried to treat it analytically. However, it seems to us that his
argument is not correct. Furthermore, we think that the condition f = 1 mod m in
the statement of the above generalized Abel’s theorem is unusual. We should consider
the principal divisors which are defined by meromorphic functions on X, .
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We use the same notations as in the preceding chapters. We assign a non-zero
constant cg to each point @ in S. We call

(S) = (cq)ges

a multiconstant on S.

Definition 3.1 Let f € Mer(X), and let ¢(S) be a multiconstant on S. We write

f=¢(S) mod m

if ordp(f — cq) > m (P) for any P € S with p(P) = Q at any Q € S.
Our formulation of a generalized Abel’s theorem is the following.

Theorem 3.2 Let D € Div(Xy, ) with deg D = 0. Then there exists a meromorphic
Junction f on X with f = ¢(S) mod m for some multiconstant ¢(S) such that D = (f)
if and only if there exists a 1-chain ¢ € C1(X \ S) with Oc = D such that

/p*w:O

4. Varieties Associated to Singular Curves
4.1. Albanese varieties

for any w € H* (X , O ).

In this section we consider Albanese varieties for singular curves. Let X, be a singular
curve of genus m = g + d as in Chapter 1, where g is the genus of X. Take a basis
{wi,...,wr} of H( Xy ,Qn ). We fix a canonical homology basis {aq, f1, ..., ag, 3,}
of X. Let S = {P,...,P;}. We denote by ~; a small circle centered at P; with
anticlockwise direction for j = 1,...,s. Then the set {ay,f1,..., a4, Bg V15 Vs }
forms a basis of H{(X \ S,Z) = Hi(Xn \S,Z). Let H*(Xy, ,n )* be the dual space
of HY( Xy , Qm ). We set

A= HY Xy, Q) /H (X0 \ S, Z).

In [R] it is stated that A has the unique algebraic structure in which the following
exact sequence is algebraic:

0— H— A— Alb(X) — 0,

where H is an affine algebraic group. Rosenlicht [R] called it the generalized Jacobi
variety of X, . However, this is one of structures which can be induced to A. In [A2],
we called A with the above algebraic structure the algebraic Albanese variety of Xy, ,
and wrote it AIb™9(X,, ).

We are interested in their analytic structure. We begin by considering A explicitly.
We may assume that {p*wi, ..., p*w,} is a basis of H(X, ). Consider 2g + s vectors

</ p*w17"'7/p*w7r>7 izla"'7g>
(/p*wla"'7/p*w71'>a Z:17ag
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and

/p*wla”’7/p*ww ) j:]-a"'vs
Vi Vi

in C™. Let I" be a subgroup of C™ generated by these vectors over Z. We have the
following lemma as in the non-singular case.

Lemma 4.1 There exist ay,...,a, € X \ S such that if
pwlar) = = p'wlar) =0,

then w =0 forw € H( Xy , Qu ).

Proposition 4.2 T is a discrete subgroup of C™.

By the above proposition we have
A=H"(Xp, Q) /Hi (X \ S,Z) = C"/T

as a complex Lie group. We call A with the structure as a complex Lie group the
analytic Albanese variety of Xy, and write it as AIb** (X, ). We shall study its
properties in detail in the following sections.

4.2. Toroidal groups and quasi-abelian varieties

A connected complex Lie group G is said to be a toroidal group if H%(G,Og) = C,
where Og is the structure sheaf on G. It is well-known that a toroidal group G is
commutative. Then we have G = C"/A as a complex Lie group, where n = dim G
and A is a discrete subgroup of C"* with rank A = n+m (1 < m < n). Let A\ =
Mis-- M) s Aem = (Mtmts -« Augmn) € C" be generators of A. Then the
matrix

A11 .. )\n+m,1

/\12 A 2
P = n+m,

)\ln s >‘n+m,n

is called a period matrix of G. By a suitable change of variables and generators we
have the following normal form of P

o I, T
P= <In—m Rl ]%2>7 (1)

where Ij; is the unit matrix of degree k, the matrix (Z,, T') is a period matrix of an
m-~dimensional complex torus and (R; Rj) is a real matrix. We call the coordinates
in (1) toroidal coordinates of G and write them as follows:

2=(2",2") = (21, Zm; Zmi1s - - - Zn)-

The projection z + 2’ in these coordinates makes G a fibre bundle o : G — T over
an m-dimensional complex torus T with fibres (C*)"~".

Let RY™™ be the real linear subspace of C" spanned by A. We denote by C}" the
maximal complex linear subspace contained in RY™™. It is well-known that dim C}' =
m.
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Definition 4.3 A toroidal group G = C"/A is a quasi-abelian variety if there exists a
hermitian form H on C" such that

(a) H is positive definite on C},

(b) the imaginary part A :=Im H of H is Z-valued on A x A.

A hermitian form H satisfying the above conditions (a) and (b) is said to be an ample
Riemann form for G. We set Ay = A|R2+me}(+’" for an ample Riemann form H.
Since Ay is an alternating form, we have

rank Ay =2(m+ k), 0<2k<n-—m.
In this case we say that an ample Riemann form H is of kind k.

If a quasi-abelian variety G has an ample Riemann form of kind k, then it also has
an ample Riemann form of kind &’ for any k" with 2k < 2k’ < n —m ([A-U]). Then we
defined the kind of a quasi-abelian variety in [A-U].

Definition 4.4 The kind of a quasi-abelian variety G is the smallest integer k with
0 < 2k < n —m such that there exists an ample Riemann form of kind k for G.

If G = C"/A is a quasi-abelian variety of kind 0, then the matrix (I, T) in (1) is a
period matrix of an m-dimensional abelian variety A. Therefore G has the structure of
a fibre bundle o : G — A over A with fibres (C*)"~™. Replacing fibres (C*)*~™ with
(P)"~™, we obtain the associated bundle @ : G — A over A with fibres (P!)"~™. We
say that G is the standard compactification of a quasi-abelian variety G of kind 0.

Conversely, if the matrix (I, T) in (1) is a period matrix of an m-dimensional
abelian variety, then G is a quasi-abelian variety of kind 0.

We refer to [A-K] for further properties of toroidal groups.

4.3. Canonical form of analytic Albanese varieties

By Proposition 4.2 we have
A=H"(Xp, Q% ) /H(X\ S,Z)=C"/T
as a complex Lie group. The theorem of Remmert-Morimoto says that
AZCT/T=CPx (C) x G,
where G is a toroidal group of dimension r and p+ ¢ +r = 7.
Proposition 4.5 G is a quasi-abelian variety of kind 0.
By the above proposition, A has the following representation as a complex Lie group
AZCP x (C)xQ,

where £ is a quasi-abelian variety of kind 0. We call this representation the canonical
form of the analytic Albanese variety of X, and write

Alb™ (X ) = CP x (C*)7 x 9.
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4.4. Analytic Albanese varieties

Let wy,...,w, be a basis of H(Xy, ,Qy ). We define a period map ¢ with base point
P() S X \ S by

p: X\ S — Ab"(Xy ), Pr— K/Pp*wl,...,/Pp*w,rﬂ.

Py Po

Consider a commutative complex Lie group G. Any holomorphic map ¢ : X\ S — G
can be extended to a homomorphism on Div(X,, ) by

Y(D):= Y D(P)y(P)

PeXx\S

for D = pcx\s D(P)P € Div(Xy ). If g is a meromorphic function on X with

g = c(S) mod m for some multiconstant ¢(S), then
U((9)) == Y ordp(g)e(P)
PeX\S
is well-defined.
Definition 4.6 We say that a holomorphic map ¢ : X \ S — G admits m for a

modulus if Y((f)) = 0 for any meromorphic function f on X satisfying f = ¢(S) mod m
with multiconstant c(S).

Proposition 4.7 The period map ¢ : X \ S — A (X, ) defined above admits m
for a modulus. Furthermore, it is a holomorphic embedding if g > 1.

For a complex manifold M, we denote by M) its symmetric product of degree 7.
We can extend ¢ : X \ § — AIb™(X,, ) to a holomorphic map ¢ : (X \ )" —
Alb*™( Xy ).

Theorem 4.8 The map ¢ : (X \ S)™ — AIb""(X,, ) is surjective.
Remark 4.9 It follows from the above theorem that o(X \ S) generates AIb™ (X, ).

Corollary 4.10 We have an isomorphism Div°(X, ) = AIb* (X, ) as groups.
Theorem 4.11 The map ¢ : (X \ S)™ — AIb*(X,, ) is bimeromorphic.

As in Section 4.3 we write
AIb*™( X, ) =CP x (C")? x 9,

where £ is an r-dimensional quasi-abelian variety of kind 0 and p + ¢+ r = 7. Let
9 = C"/T, where Ty is a discrete subgroup of C" with rank 'y = r + s. Then Q is
a fibre bundle over an s-dimensional abelian variety A with fibres (C*)"~*. Let Q be
the standard compactification of . Compactifying C? x (C*)? by (P!)?*?, we obtain
a compactification

AIb™ (X, ) = (PP x Q
of AIb™ (X, ). We call it the standard compacification of Alb* (X, ).

Proposition 4.12 The map ¢ : X \ S — Alb™ (X, ) extends to a holomorphic map
?: X — AIb"™ (X, ). However, the map ¢ : (X \ S)") — AIb*"(X,, ) cannot extend
to a proper map from X to AIb™ (X, ) if r > 2.
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4.5. The universality of analytic Albanese varieties

Theorem 4.13 (Universality Property) Let G be a commutative complex Lie group,
and let Py be the base point of the map ¢ : X \ S — A (X, ). Then, for
any holomorphic map ¥ : X \ S — G which admits m for a modulus there exists
uniquely a homomorphism ¥ : AIb*™ (X, ) — G between complex Lie groups such
that ¥ = W o @ + go, where gy = P(Fy).

5. Further Properties of Analytic Albanese Varieties
5.1. Curves with general singularities

We extend the method developed in [A2] to the general setting. Let X be a compact
Riemann surface of genus g, and let S = {Py,..., P,} be a finite subset of X. Con-
sidering an equivalence relation R on S, we set S = S/R. Let m be a modulus with
support S. Then we obtain a singular curve X, = (X \ S) U S with the projection
p: X — X, . The genus of X, is 7 = dim H°(X,y,Qn ). Let m = g+ 6. We take a
homology basis {1, f1, ..., oy, By} of X and small circles {71,...7s} as in Fig.1.

Then the set {oq, 51, ..., ag, By, 1, ..., 7s} forms a basis of Hy(X\S,Z) = Hy(Xn \
S,7). Let {wi,...,w.} be abasis of H*(X, , Qy ) such that {p*wy, ..., p*w,} is a basis
of HY(X, ) and satisfies

/ prw; =6, T= (/ p*wi> € G,.
2 b 1<i,j<g

J

Each p*wgy; is a meromorphic differential on X which is holomorphic on X \ S and
satisfies
ordp(p*wgs;) > —m (P) for any P € S

and

> Resp(p'(fwysi) =0

Pep~1(Q)

for any Q € S and any f € Oy . We may assume that p*wi, ..., p*w, are further
normalized as follows:

() Gor))= (0 s (5 €Y )

where k£ < § and C = (Cyj)i=1,.. kj=1,.. s—k With 1+ Zj;lf Cij=0fori=1,... k. Let

B = (/ p*wgﬂ-)
B i=1

Then we have a period matrix of AIb** (X, ) as follows:

..... 0;5=1,....9

I, 7 0
0 B 2ay—1( ™ ¢
0 0
We consider a simply connected domain D obtained by cutting X open along a1, 51, . .., oy, B,

Let Dy be the subdomain surrounded by 0D and 74, ..., s (see Fig.2).
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Theorem 5.1 Let Xy, be as above. Then we have a period matriz of Alb* (X, ) as

follows
1 T 0

() (4

5.2. Curves with nodes, the case 7 =2

Let M, be the moduli space of non-singular curves of genus g. The compactification
//\/l\g of M, is obtained by adding stable curves of genus g ([D-M], [B]). An irreducible
stable curve is a curve with only nodes as singularities. In order to see the difference
between algebraic Albanese varieties and analytic Albanese varieties, we should inves-
tigate curves with nodes in detail. We have a result for curves with nodes of general
genus in [A2]. We consider the case 7 = 2 in this section. We also study Torelli type
problem for curves of m = 2 with nodes.

Let X be a compact Riemann surface of genus 1. Taking distinct points P, and P
in X, we set S ={P,2}. Let m be a modulus with support S defined by m (P;) =
m (P,) = 1. We identify P, with P, and put S = {Q}. Then we obtain a singular curve
Xw = (X \ S)US with the only node Q. Let {a, 3} and {71,712} be a homology basis
of X and small circles as in Fig.1 in the preceding section. We take a basis {w,n} of
H( Xy , Q) such that p*w generates H°(X, ), where p : X — X, is the projection.
Let H be the upper half plane. We may assume that w is normalized as

/p*wzl and fﬂp*w:TE’H.

Furthermore we can take 7 satisfying

/p*n =0 and Resp (p™n) = 1.
Then we necessarily have Resp,(p*n) = —1. In this case we have

<fap*w [, P f,mp*w>_<1 0 0 >
Joen oo [, 0 0 2ry—1 —2my/—1 )

Let D and Dg be as in the preceding section. We fix Py € Dy. Define

h(z) := /Pz prw

H(S) := h(Py) — h(Ps).
By Theorem 5.1, a period matrix of AIb™ (X, ) is

(3w 0 5):
(55 is) )

This means that the structure of Alb® (X, ) is determined by the relation of P; and
P,. The analytic Albanese variety Alb*"(X,, ) is one of the following cases:

for any z € D. We set

and then
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(i) AIb™( Xy ) = J(X) x C*;
(ii) Alb**(X,, ) is a 2-dimensional non-compact quasi-abelian variety.

We consider the isomorphic classes of {Alb™(Xy, )}. We identify X with T, :=
C/T., where ', = Z+7Z. Let z be a coordinate of C. We denote by [z] the equivalence
class of z modulo T';. From this identification it follows that p*w = dz. Let F = {a =
s+ t1;0 < s,t < 1} be the fundamental parallelogram of X = T,. We can take
21,29 € F such that Py = [z1] and P, = [23]. Then we have

H(S) = Z1 — Z92.

For any a € F \ {0} there exist P, = [z1] and P, = [z] with P, # P, such that
21 — 29 = a. Then we can take a period matrix of each Alb*"(X,, ) as follows

Pa(? é Z) ae F\{0}.

We denote by T, a discrete subgroup of C* with period matrix P,. Let G, := C?/T,.
Lemma 5.2 The quotient group G, is not toroidal if and only if

a=r+qr, 1,¢q€Q and 0<rqg<]l1.

Next we consider the biholomorphic equivalence on {X, }. Let S’ = {P], Py} be
another set of distinct two points in X. Using S’, we construct a singular curve X,
of genus 2 as above. Let p' : X — X,/ be the projection.

Lemma 5.3 A map f : X0 — X/ is biholomorphic if and only if there exists an
automorphism f : X — X with f(S) =S such that fop=p'of.

The following proposition is well-known (for example, see Chapter IT1, Section 1, Propo-
sition 1.12 in [M]).

Proposition 5.4 Any automorphism ¢ : X — X s induced from a linear function
®(2) = vz + 29, where zg € C and

a 4™ root of unity if T+ is square,
v =< a6™ root of unity if I'; is hezagonal, (2)
+1 otherwise.

Proposition 5.5 Let X = T,. Consider two singular curves X, and Xn. of genus
2 with a node constructed from X. We assume that the supports of m and m’ are
S =A{P = [z1], P, = [22]} and S" = {P| = [2]], Py = [25]} respectively. Then, X, and
X are biholomorphic if and only if

2 =2 =~v(z1 —2) mod T,

where v is a complex number possessing the property (2) in Proposition 5.4.

5.3. Curves with cusps

Theorem 5.6 Let X, be a singular curve whose singularity is the only cusp. If X is
the normalization of Xy , then we have

Ab™ (X ) = J(X) x C.
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Remark 5.7 If the genus of X is 1, then for any two points P and P’ in X there
exists an automorphism f : X — X with f(P) = P'. Let Xy and Xy be singular
curves with the only cusp constructed from P and P’ respectively. Then Xy = Xy .

Next we assume that X is a compact Riemann surface of genus g > 2. Then the
number of automorphisms of X is at most 84(g—1) by Hurwitz’ theorem. Fiz a singular
curve Xy with the only cusp constructed from P € X. Then, there exist infinitely
many Xn whose singularity is the only cusp Q' such that Xy % Xun/. However we
have AIb® (X, ) =2 AIb** (X, /) by the above theorem.
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