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N -Fractional Calculus of The Function
f@)=(z~-b)}-¢)* and Identities

Katsuyuki Nishimoto  Descartes Press Co.

Abstract
In this article the N-fractional calculus of the functign in title is discussed by the

calculation in the manners

((z-b) -0)" “(z-b)* -¢)),

and -
(=) =) ")), -
Moreover some identities derived from them are presented.

One of them is shown as follows for example,.

S BLLGELS 1) oo _ 1 s5y651,0)- 2060k ,1) + 17 ~ D6 1.2

& KID(2k+6)
where
2 [4LT(2k+8+7 —m) &
Gk: 3 - S
_ (s pom) ; k!T(2k +8)
(|1"(2k+8+y—m)1<00)
=—E'”‘z‘: |S]<1, I(--);Gamma function
(z-b)
and

[Aly =A(A+1]) - (A +k-1)=T(A +k)/T(A) with [A], =1.
( Notation of Pochhammer )
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Let o be a finite Borel measure on a (closed) interval T of the real axis, and construct
orthonormal polynomials {p,(t)}2, with positive leading coefficients {a,} by Gram-
Schmidt method. Then the three-term recurrence formula

tpn(t) = ananrl(t) + bnpn(t> + anflpnfl(t) (’II =12,--- )
tpo(t) = aopi(t) + bopo(t)

holds, where

0< 2 — o= [ O @do®), b= [ iepioto

Ont1 1 1

Each zero of p,(¢) is in I and simple, and zeros of p,(¢) and p,,(¢) interlace each
other.

Let {p,}52, be orthonormal polynomials with positive leading coefficients ay,.

Let d,, be the maximal zero of p/ (t). Then the restriction of p,(t) to [d,,o0) is
increasing. We call its inverse function the principal inverse of p,(t) and write p,(t).
We note that p,(d,) < 0.

The following lemma guarantees that the composite p, 1 o p,! is increasing on

Lemma 1 d,_, <d, forn = 2.

Definition 1 A real continuous function f(¢) defined on an interval I of the real axis
is denoted by f € P(I) if f(¢) admit an analytic continuation into II; UTI_ which is a
Pick function (or Nevanlinna function)

Definition 2 Let K(z,y) be a continuous function defined on I x I. Then K (z,y) is

said to be a positive semidefinite kernel function on an interval I x I (on I for short) if

/1 IK(x’gJ)(b(”)@dwdy >0

for every complex continuous function ¢ with compact support in I.

Definition 3 Let f(¢) be a real C'! function on an interval I. Then the kernel function

ft) = f(s)
Ky(t,s):= t—s (t#3)
f'(@) (t=s)

is called a Loewner kernel of f(t).

This work was supported by KAKENHI (21540181).
2010 Mathematics Subject Classification: 47A63, 47B36.
Keywords: Orthogonal polynomial, Pick function, Positive semi-definite kernel function.




Loewner : Let f(t) be a real C! function on an interval I. Then the following are

equivalent:
(1) f(t) € P(I) if and only if

(2) (cf. Koranyi):
K/ (t, s) is positive semidefinite on I x I.

Theorem 1 [1] Let {p, }°, be orthonormal polynomials with positive leading coeffi-
cients a, and p,* the principal inverse of p,(t). Then

o' € P(pa(da), o0)

Moreover, the holomorphic extension p,!(z) to C\ (—o0, p,(d,)] is a univalent Pick

function so that
Palpy ' (2)) = 2z on C\ (—00,pa(dy)]-
Further,
pmop,t €P(pu(d,),00) for m=1,--- ,n—1.

Corollary 1 Let A, B be Hermitian matrices such that A, B = d,,. Then
Pn(A) S pu(B) = pn1(A) Sppa(B)=---=>A<B

To show the above theorem we need the following:

Definition 4 K (z,y) is said to be conditionally (or almost) positive semidefinite on I
if
[ K@ yo@aiidy 2o
IxI

for every complex continuous function ¢ with compact support in I satisfying || L O(x)dr =
0.

(Fitzgerald, Horn) Let K(z,y) > 0 for z,y € I and suppose —K (z,¥) is c¢.p.s.d.
on I x I. Then exp(—K(x,y)) and the reciprocal function
definite there.

References

1 oy .
——— are positive semi-
K(z,y) p
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Coeflicient estimates for Schwarz
functions

Hitoshi Shiraishi (Kinki University)
Toshio Hayami (Kinki University)

Let B be the class of functions w(z) of the form

w(z) = Z b2~
k=1

which are analytic and |w(z)| < 1 in the open unit disk U = {z € C: |z| < 1}. Then
we call w(z) € B the Schwarz function. Also, let P dnote the class of functions p(z)
of the form

p(z) =1+ Z cr2
k=1
which are analytic and Re (p(z)) > 0 in U.

The following results are well-known for the class B.

Lemma . Ifw(z) € B, then
(1) lwel =1 (k=1,2,3,--),
(2) > P =1,
k=1
(3) |bo] = 1 — [ba]?.

In the present talk, we discuss new coefficient estimates for Schwarz functions
by using the following lemma.

Lemma . Ifp(z) € P, then
ek — CsChos] =2

for any integers k and s (1 < s < k).
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Coefficient estimates for a certain class
concerned with arguments of f’(z)

Toshio Hayami (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form
f(Z) =z+ Zanzn
n=2

which are analytic in the open unit disk U = {z € C: |z]| < 1}, and let P be the
class of functions p(z) of the form

p(z) =1+ Z crzt
k=1

which are analytic in U and satisfy the condition
Re(p(z)) >0 (z € U).

In the present talk, we discuss the coefficient estimates of functions f(z) € A
satisfying f’(z) = 0 for some z € U. For such functions, we readily know that there
are some points zy € U such that f'(z9) < 0. Therefore, we define that

Q={zeC:|z|=1and f'(z) < 0}.
Then, we say that f(z) € R(d1,00;7) if f(2) € A satisfies
sup{arg(f'(z)+r)} =6 and inf{arg(f'(z)+7r)} =02 (2 €0)
for some 9; and dy (—7 < 09 < 0 < 07 < m), where

N
Iznelglzlf(z)— r

for some real r (r > 0).

For the case that f(z) € A satisfies f/(z) # 0 for all z € U, we have earlier
obtained the results for the class R(d;,d2) in [4].

Remark For a function f(z) € R(d1,d2;7), supposing that
e (f'(2) + )% +i(1+r)¥ sing
(1+ r)i COS

p(z) =

(01 + do)m _ 0=
206, — 5y Y=

where ¢ = , we see that p(z) is a member of the class P.



By the above-mentioned facts, we derive the following theorem.

Theorem If f(z) € R(d1,09;7), then it follows that

|“n|§%z:1{<:1__21>% (HOU_'@Z)) (1+T)COSm¢} (n:2v3747"')7
where
1 (n=2or m=1)
n—2

Taking 0, = ¢ and 63 = § — 7 for some 0 (0 < § < 7) in the theorem, we have

Corollary If f(z) € Rs(r) :=R(6,0 — m;7), then it follows that
2
la,| = —(14+7)sind (n=2,3,4,---).

n

The result is shrap for

> r)ie sin
f(z) = (em(l +r)—r)z—(1- Y (147)log(l—2) = 2 — Z M—éz”.
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Notes on a certain class of analytic functions

Junichi Nishiwaki (Setsunan University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form

f(z) =2+ Zanz”
n=2

which are analytic in the open unit disk U= {z € C: |z] < 1}. A function f(z) € A is said
to be in the class of uniformly convex (or starlike) functions denoted by UCV (or UST) if
f(z) is convex (or starlike) in U and maps every circle or circular arc in U with center at
¢ in U onto the convex arc (or the starlike arc with respect to f(()). These classes were
introduced by Goodman (Annal. Polon. Math. 56(1991), 87 — 92) (J. Math. Anal. Appl.
155(1991), 364 — 370). For the class UCV, it is defined as the one variable characterization
by Renning (Proc. Amer. Math. Soc. 118(1993), 189 — 196) (Complex Variables 24(1994),
233 — 239), that is, a function f(z) € A is said to be in the class UCV if it satisfies

e g ) e

It was independently studied by Ma and Minda (Annal. Polon. Math. 57(1992), 165 — 175).
Further, a function f(z) € A is said to be the corresponding class denoted by S, if it satisfies

AV

This class S, was introduced by Rgnning. We easily know that the relation f(z) € UCV if
and only if zf/(2) € S,. In view of these classes, we introduce the subclass B of A consisting
of all functions f(z) € A which satisfy

z

v (533) > |7

The object of the present talk is to obtain some properties of the class B.

(z € ).

1‘ (z € U).

—1‘ (z € U).

f(2)

Remark 1. For f(z) € B, we write w(z) = ——= = u + . Then w lies in the domain

which is the part of the complex plane which contains w = 1 and is bounded by a kind of
teardrop-shape domain such that

ut — 2u® + 2u%0? — 2uv? + vt + 0% < 0.



Lemma 1. (Regnning). The extremal function f(z) for the class S, is given by
/ 2 1 ?

2f'2) 1,2 log +Vz

f(z) 2 1—z

/
Lemma 2. (Ma and Minda). The power series of sz((z)) for the class S, is following
z

T s ()

Sl 1 N
o

n=1

In view of Remark 1 and above lemmas, we discuss some properties for the class B.

Theorem 1. The extreme function f(z) for the class B is given by

Theorem 2. The power series of the extreme function for the class B is given by

)

p n—p 1 mi n+l—p—m1 1 mo 1
)7 (;2/@ ) 2 <m222k—1>

oo n—1
8
Y (5

n=2 p=1 ni=1 m =1 mo=1
n—2—A, 2 1 mp 1 n—1-A, 1 1

. X n

2. <m,,_1 1) <n—1— A 2 2k:—1>z’

’Inp71:1 k=1 k=1

p
where A, =Y my.
=1

-10-



Starlikeness of order «
for certain class of analytic functions

Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form
flz)=z+ Zakzk
k=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. The subclass of A
consisting of all univalent functions f(z) in U is denoted by S.
In 1972, Ozaki and Nunokawa [1] proved a univalence criterion for f(z) € A as follows.

Lemma 1 If f(z) € A satisfies

2f(2)
(f(2)*

(1) 1l <1 (z € 1),

then f(z) € S.
Remark 1  The inequality (1) means that
z 2\
—— =z -1 <1 z € U).
() il eew

Furthermore, let 7, be the class of functions f(z) € A which satisfy the inequality

‘f(ZZ) v <W>_1

for some complex number A with A # 0.

<1 (2 €U)

A function f(z) € A is said to be starlike of order « in U if it satisfies
Zf’(2)>
Re >« 2eU
(6 =y

for some real number o with 0 £ o < 1. We denote by S*(«) the subclass of A consisting
of all functions f(z) which are starlike of order v in U. It is well-known that $*(a) C S.

-11-



Let p(z) and ¢(z) be analytic in U. Then the function p(z) is said to be subordinate to
q(z) in U, written by

(2) p(2) <q(z) (z€0),

if there exists an analytic function w(z) with w(0) = 0, |w(z)] <1 (z € U), and such that
p(2) = q(w(z)) (z € U). In particular, if ¢(z) is univalent in U, then the subordination
(2) is equivalent to the conditions

p(0) = ¢q(0) and p(U) C ¢(U).

Kuroki and Owa [3] derived some subordination relation as follows.

Lemma 2  Let A be a complex number with the inequality |)\ - %| > L If p(2) s

2
analytic in U with p(0) = 1, and satisfies the following subordination
p(z) = Az2p'(2) < 1+ 2 (z € 1),

then

p(z) < 1+ z  (z€U).

1+ A
In the present talk, by using Lemma 2, we discuss starlikeness of order « for f(z) € 7,.

1

Theorem 1  Let A be a complex number with |A — %| > 5, and suppose that

(A=1+ 1= =1)" £ (1= a)AP(A =1 =1)

for some real number o with 0 < o < 1. If f(z) € A satisfies

f(zz)—)\z(f(zz))l—1’<l (z €U,

then f(z) € S*(a).
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[1] S. Ozaki and M. Nunokawa, The Schwarzian derivative and univalent functions, Proc.
Amer. Math. Soc. 33 (1972), 392-394.

[2] V. Singh, On a class of univalent functions, Internat. J. Math. Math. Sci. 23 (2000),
855-857.

[3] K. Kuroki and S. Owa, On the univalence conditions for certain class of analytic
functions, Hokkaido Math. J, in press.

-12-



¥$%KBH%%%%?E?%%T%%*@%%@%%
ZOW

BEEZR HAZ v K
Brrke  FEKR OH

Ty (n>2) Z2F2M{M=(X,y) cR"™ 1y >0} &L, 0T, ZZTDEHR LTS,
fo RO fi % 0T,y EOBIBET 5. T,y LOBE w HIBEFBIEL fo, fi 1SH T 5 EH
MARRERNICBE T 2 —MBEREREOMTH 5 &1k, wik T, LEFAT, SEREMH

. ow
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FEF0 Hardy-Orlicz ZEfEICDWT

) 1R SARE (RUAREESERA:)
Tero KILPELAINEN (University of Jyvaskyla)
Pekka KOSKELA (University of Jyvaskyla)

(0, ’H) % P-Brelot gAfIZ¢f & 35, Q EWHELZ b 5, HITEEBI%K
ZELET S HQ) % Q LOFABESOELE LT 5.

HP,(Q):={hc HQ) | Q ET, h >0},

HP(Q) :=={h1 —ha | hj € HP.(Q)},

HB(Q):={hc HQ)|hiz Q LT ARTH?3}

N = {®| P13 [0,+00) T, JEAMT, MBI TH O, P HFTRI N

THY, B0) =0, #> lim @:m Eatet)
S e NIZXHL T,
Hs(Q)={he€e Hw)|QT, 2 1EH a B XL u(e HP(Q)) BHTEL T,

®(alh]) < u}
EEL. He(Q2) %z (@ IZBH¥ %) #AI Hardy-Orlicz ZE[H &> ).
PV eNETH ZDLE,

EH 1. limsup (I)(O;t) =+oo ZIRET 5.

t—+00 v

EREDIER o lT LT, RO 4 EFIZFAMETS 5.
(i) Ho(2) = Hy();

(i) dim Hy (Q) < +oo;

(ili) dim He () < 400

(iv) dim HB(Q) < 400

R 2. RO2EMIIFMETH 5.
(i) Ho(82) = HP();
(ii) dim Hy(Q) = dim HP(Q) < +o0.
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Toeplitz operators and Hankel operators
on the Bergman spaces with closed range

Rikio Yoneda  (Otaru University of Commerce)

Let D = {z € D, |z| < 1} be the open unit disk in complex plane C. For z,w € D, and

0<r<l,letp,(z) = 1w_— ZZ and p(z,w) = 111)_— “ | and D(w,r) = {z € D, p(w,z) < r}.

Let H(D) be the space of all analytic functions on D.
For @« > —1 and p > 1, the space L ((1 — |z|2)o‘dA(z)) is defined to be the space of
Lebesgue measurable functions f on D such that

{1 D0~ 2R AR) ) < toc,
where dA(z) denote the area measure on D. L? ((1 - |z|2)adA(z)> is defined by
b7 ((1 - |z|2)adA(z)) = H(D)NILP ((1 - |z|2)o‘dA(z)) .

For g € L?(dA(z)) and p > 1, the Hankel operator H, with symbol g is defined on
La(dA(z)) by
Hyf = (I = P)(gf),
f(w)

where P(f)(z) = /D i g Aw)
For g € L?*(dA(z)) and p > 1, the Toeplitz operator T, with symbol g is defined on
LE(dA(z)) by

Tgf = P(gf)7

In [2] S.Axler characterize the boundedness and the compactness of Hankel operator

on the Bergman space.
Theorem. Let g € L2(dA(z)). Then Hy is bounded (compact)if and only if g € B

(9 € By), respectively.

In this research, we study the Hankel operators on the Bergman spaces with the closed
range :

-17-



1 1
Theorem. Let g€ B,p>2and —+-=1,and that 0 < § < —L~(< 1) . Hy
p q 1+\/%
is bounded below on LE(dA(z)) if and only if there is € > 0 such that for any w € D
there is zy € D such that z, € D(w, %) and (1 — |zu|?)|g' (z0)] > .

And we will talk about Toeplitz operators on the Bergman spaces with closed range.
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J(f) U {oo} C C H'Sierpifiskin—~Rv k &5
BEEKBICOWT
AW ISR (BUEERFRFBE AR - BRI A0FTER)
fEREAERE L L, [P CfOnlBlERERT. [fOFatou®kE F(f) & Julia&ks

J(f) BRTEHES N,

F(f) = {zeC|{f"}2, 13 z DdH 53EHETIERIR Y,

J(f) = C\F().
¥ 7% f OSUE & EHEME, B L2 No 0ERBE2EOESE sing(f1) &L,

P(f) = f(sing(f 1))

n=0

ZIRANEFRES LV,

Proposition A. f 233EA %% Fatouksy % F < J(f) U{cc} c C, J(f) C C 37
FTHERE CTld 72 0o,

F o T J(f) DRAEAT IS 5 & EIIMEED Fatou i3 AR L > Tw 5,
Definition 0.1. 2> /%7 P44 X ¢ C 23 Sierpiniski n—RY R TH 3 L 1F, X #
L, RPTHERS, 2B (nowhere dense) TH - T, X¢ DERTDBEAN I D
5 72\ Jordan PAHHARIC 2o TV B 2 & &2\,

J(f) U {oo} C C AsSierpitiski #—-v F £ 7423 X 95 BHIERD L I ICHISNT VS,
Example 0.1 ([Mo], p.272, Theorem 7). g,(z) := ae{z — (1 —a)}e* (a > 1) LT 5
L J(ga) U{oo} C C & Sierpiriski h —<v } Tdh 5.

AT AE KD D V2D,

Theorem B. @KL [ 3Rz ET 5.

(a) fERED Fatoufor U BHRDD P(f)NoU =0 ziir= .

(b) [ BAGEREEZE R 70,

(c) F(f) NORIRY A 7 Vi3 H 2 W5 I AB) RIS § 2 G156 B 72721 D,
ZOEE J(f)U{oo} C C & Sierpiniski h—-=v FTH %, i< J(f) U {oo} C C,
J(f) C C IZRPTHERETH 5.

EFEDHIIE Theorem B DIRE 27z LT3, HIZRD L HIIZZID L) Bfilld7z{ &
Ad 5,
Proposition C. {EEITERKRIE % b DML f < J(f)U{oc} C C A3 Sierpiriski
A=y bERDEIIBROOVEET 5. ML, EEOHFHBEMEKE o(r) >0 (r > 0)
Tlim, 0 (1) = 400 Ziii7z T H DI L, HBREEEHE f T

log M(r, f) < p(r)logr, > 7rg
7L, J(f)U{oo} C C 28 Sierpiniski h —-=v b & %5 b DOFET 5,

* T 606-8501 sUART A XA I AT SRR AR AR - BB E7ee
e-mail: kisaka@math.h.kyoto-u.ac.jp
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11

A IaT7—22HETT 0 A—EfHFELD
BIRIZ OV T

L N VAR e T S PN SN & S S 2w B e b e R g

ZAE 2T —2%MET. 1 HOOMEIEATE 5, Ffd & OEFRMmE KL £
LTWAZEMTH D, Fric, thmaAEE Vi C NORAMHKR A={zeC||z| <1} ®
EXTEBS A b X 2T 2R EMETI. LFTOX Y IZERIND,

BFEVH C FOACEEAGH T, A*=C\A ECIIEAGHRERDILDOEE X
B TOXIREEMTS f Tlim, oo f(2) — 2 =0 Z2H7T HLOREKOESZ QC
Y5, f,9€QCICKHLT, flar = glar MRV IOLX, f L gl AEIa
T—ffETHDL VD, ZORERKRICE S QC ORI ZEEI A £S5 —2/M
EWVWWT TRT, feQC TEREINDIFA 2T —[FfEEE [f] £RT, £/, A
EO~V T IBEEEOES B L QC X1 1IN H DD, T IZT0ES
DEEME b R2ED, pe BaRETETLHA I 2T —fEEE (4] TR
7. B A FTOELTC FCELEE S, p 5~ b5 URMEET S C F
DEEMTGE [, e QC &<,

7€ TIZR LT, k([u]) = nf{||v]|e|v € [p¢]} EEDD. Ek([u]) & (4] @ mazimal
dilatation EWES,  E([u]) 13 A & [ (A) & OGRS & OEFMEDOETLE 2R L T
Do Ef. pe BICHL A (w) = mf{[ulasle B HAD IS0 NESER ) L5
. h([p]) =f{h*(v)|lv € [y} LEDD, h([u]) & [u] @ boundary dilatation & W
5o ERID h([u]) < k([u]) 725, h([p]) < k([p]) &725 &, [u] & Strebel point
LW 9, T @ Strebel point EEDES S X T OFBERHSES LD ZENMBLN
D (4 BH), EED 7€ TIEH LT, k(1) = |l &5 u €7 BEET S,
CHEBENIL S IREE VDS, —RIZ, BESV T IR E RO D DIFEE LW
23, 7€ T 7 Strebel point L&, 25 A LOERIREM ¢ WHEEL T, ZOMIHE
AL T R k(1)) |6 £ —BMICEE D (Strebel’s frame mapping theorem, [1]
p.97 Z2), ZD &SI, Strebel point THh 2 Z EPLIMVERBHELND, 22
M5 Strebel point [ZE SHFHEMAITONENE VI RIENRBRICHTL 5, Al
DN TIED L), £ I v AF—ERROHETHEM TS L2 R"T 2
LTI LT,

ST, [ueTizxrLT,

[ee]

1ogfu<z;:gu<<> == 3 )¢ (2,CEAY)

m,n=1

& SIS CE B () & (1] D7 T AF—RIE D, EBD ¢ = {2} €
PISHLT, 772 A% —RER L IHTN 5 L FOR%R

> Vimnap()enea| < k() Y lonl?

myn=1

* B RSP SR T2 928 T 169-8555 B ATER TS IR AR 3-4-1

e-mail: m-yanagishita®@asagi.waseda. jp
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ALY SO, LTehi-> T

G(lpl) - {m} = {Z Wamn([u])xn}

n=1
EBFE. G(u]) X P roZnBEOR~OFRBIIERZ LD, Tk [u] 2%
TLTIVRAR—EREFRL VD, G([u]) OIERFE v 2% ||G([u)|| L BITIE. 77
AFx—AREXND, RO 7 e T ITX LT, |G| < k(r) DIV ST,

Strebel point & [FRIERZ2MERA 7T v A —EARICH L THEE D, 12 NOH{TER
Ha 1f LB, T1eTITH LT, B(7) = supgmy limsup, . [|G(1)z™]|, LEDD,
22T, ERRIE B NOTRTOBINCHONTIR-> TS, EENS, (1) < ||G(7)]
WALV SED, Linb, B(r) < ||G(r)|| WV ESEE, &5 v € 1§ BFEEL T,
IG(T)z|la = |G(T)|| B SZHZ ER30D 5 (5| ZH)., £lo. 77 AF—{EHFE
JL 2 & maximal dilatation OBAFR & [FEEIC, RO 7€ TIZR LT, B(r) < h(r) B
EA/RASH
FEE G, = {7 eT||G)|| = k(r)} £B<, ZOLE AEED 7 € G IZHX LT,

LT D2 &R TH 5,

(1) 7 1% Strebel point
(2) B(r) <G

TEG K LTEIE Q) kBT L&, D v ={on} € B HFELT, 7 MO
fiErs/ b7 S ERARIE k(T )<z>z/|<z>z| LoEmIcEES (). 22T,

= _ Z VN Ty 22 (z € A)
s
m,n=1
Thd, ZIVUIECTHOEFICHLHWLND, MIZHIAEI D 7= 92U O Krushkal @
MEREHAWD,

S ([3]) SN Ge 1k Go DIERIBNEL L 125,

GE (2) reT £T5, 7€ Ge LRDUELDEMHET, T NOH B~ T

SRS TFIE L,
/ / dxdy\ il
SEH
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) —= VD Veech 1 HIJE D =AY DT
WWZEEE (R TR, “ARPD)*

1. %@

XZ(gn)M)—<YHETEBg—-3+n>0). V-2Vl X EOVHMEEu &
i, BREORENZRS X o7 F 7 AT, BB w = 2+ cDEE LT
WERLDODZETHY, Ml(X,w) 2 P &S, S (X, 0) OHC T 7 7 A
VEBRERORTREE AT (X u) ERL, 77 74 VB0, PR o2 #BI K D
o, 7774 YERICHIET 21751350 £%2RE RICEE D, MO5H
D : Aff"(X,u) — PSL(2,R) BWELTE 5. MOGHROBZT(X,u) EEVT, (X,u)D
Veech fif & P85, PR (X, u) I SL2,R)DMEH L, ZOWEIZY A &I 2F—2%
BINICIEREE R ICEOAEF NP & 25, Zhzd A e a7 —HikEw)., &
A &2 27—~ DEEEHDOIEH D EEFRIANDE ER LI, Veech#ET(X,u) &K
B2 7w 7 ABED (X, u) TRINS (cf. [HS07])). £>T, A—E7 4V FH/T(X,u)
D6 (gn) Y —<YHDEY 2T A 2 M(g,n) ~DIEHD DT R R DA A O
DFET 5. AFE T D Y —< VI D Veech IEAIE (M, 7, B) £1 2 D X 9 & 1EHID
DGR ZMDIAA OGP S TDO X )RS S ) —< VHDIEHIETSH 5

B = H'/T(X,u),
M = {(t,z):te B,z € X; = (1)},
T : M- Bn(t,z)=t.

BL, H* IZH2 6 [(X,u) DEMELOFERZ 2 TRWZbDTH S, DITFTI,
H/T(X,u) DX ERTH 2 LIRET 3.

Y —2 YHEDIEAR (M, 7, B) DIEZEM B & 7 7 A /N —25FENTIA R 72 8 ih B ) —
< ViHDYG, (M7, B) DRI OMEEUI G RE T dH % & & 23 Manin[Man63] 1< &
DRIz, (Manin DFEHICIEATEA 7 KDY H > 72 23 Coleman[Col90] 12 K D BIE S
72.) F£7z, Grauert|Gra65] bAllEEH%Z 5.2 T3, KFHHTIX, Y —~< Y HD Veech
IERIMEE (M, ., B) DIERIYIW D% %, JRZEH O (p, k) & 7 74 /N—DT (g, n) IZD A
KT 2R CRHIIT %, Y —< VD Veech IEAIED IERITIWHCEI L C, 3L [Shil2a)
TRZR LT,

. PHEHIE (X, v) 2> SRS 13 ) — < VI D Veech IEHIIE (M, 7, B) D IERIYI
VAR (1) Z 7z 9B (X, u) EORaZ2 ¥ A 6227 —ERICk>TE» LD
DELTEINSG,

AT (X, u){a} = Ker(D){a} (1)

L7eh3o T, S (1) Z2iie § R O %z il § 20U, 2 s iE TSI o8 BETii &
%5,

AW 1 ADIZE 1 ISPS BHIFE: 24005650 DBIR%ZZ - DTH 5.
* T 152-8551 BAUHEH BRI 2-12-1 B T3 R2E KRB T oA ge Rl i s

e-mail: shinomiya.y.aa@m.titech.ac.jp
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2. THER
EIR ([Shil2b]). Y —= VD Veech LRI (M, 7, B) O 1ERIGIKT OAE% X & %

327(2p — 2+ k)(3g — 3+ n)? {2(39— 3+n)+3exp (i(?»g - 3+n)>}

filTd .

Veech #ET(X, u) ORRIEEFAMHT 2L D, T2 ERERIZLZ 7 v 7 AREET 5. B
BEBR p: H/T — H/T(X,u) & (X,u) DED 2 RITFERZMOAA D H/T(X,u) —
M(g,n) £ DAIR P o p FIEHIDDRFERZGHR E S, Y —= VD Veech IEHIfR
LRBEIC LT Do ph SR I N2 Y —< VD EMEE (M, ', B) £ ¥ 2.

% ([Shil2b]). 7y 7 AL (K = v), - ) BI7 v VABETH % EIRET . Y —
< VIHOIERRE (M, 7', B') O IERIYIE O %L & %

3%@#—2+Mx@—3+nf{%@—3+40+3wp(%®—3+n0}

e
fli<cH 5.

FEBLDFEIICIE (X, u) PEREDOMRIC ORI NS LV ) RFFE2HS, A—E7*
VR H/T(X,u) ORI ERTH 2 LW IHIRED T T, (X,u) 2360 J71 0B
ZROLE, (X, u) 307 OPHRMERD & K 2 FIFEIC 3R S 115 T & A3 Veech[Vee89)]
o TRENTVES, ZDX) ARHANG % Jenkins-Strebel J71A) & FES, SEH i O
Jenkins-Strebel F11C & % FIME MBI L CREZR L 72,

I ([Shil2b]). “VFHERE (X, u) 2% Jenkins-Strebel JTIC & > THEE Ry, -+, Ry (257
feshict 35, Z0LE, ROAEXMEED,j € {1, ,mHIHLTLD LD :

(Im); < 2exp (2(39 -3+ n)) Area(H/T(X, u)).

L, mod(R;) MR, OMALEIDLTH 5.
B GIN
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=2 Lot 2 DY) —< VHID
BAVIRIZ O WT
IR TR (RREE)

FEFHOM i L, BEREQ, =Z 14+ Z -7 2EZ 5, B THOBER
Q, x Q, DIXILEFERY PIVZERIC, x C, x Cc ~NDRD K I Bl EHZZ 5,
(wi,w2) € Q2 X Q; & (2,u,() € C, x C, x C¢ ITRL

((4)1,(4.)2) : (Za u, C) = (Z + Wi, U + wa, f(u7w2)f(u’ - 22,(4)2 - 2w1)<)
ZIT f(u,w) 13 Welerstrass ® o BEIBOREERT L T2, T4hbb
o(u+w) = flu,w)o(u).

COFR»5 20D =52 R:=C,/Q, &£ T :=C,/Q DEMR xT LI
IEEUIE%E(/\\\‘/ F‘ﬂ/ T ZLl %RXTﬁiﬁi k)\ 9’1’@5@%01 ZRXT—>L1 Ci
m Ly — Rx T OIEHIYIWIZ % %,

o1(z, ) := (z,u,0(u)o(u — 2z)).
IHI2Q, xQ D C, x C, x Cc ~DBIDEH]

(w1,wa) - (z,u,() = (2 + wi,u+ wa, f(z,w1) f(u— 2z, ws — w1)()

DoEED RxT LOIERERANY PV 19 Ly —» RxT £$25 &, Ly ~ LS*?
LD, BRY Ly — Ly #V((2,u,0)) == (z,u,(2) LERTDE, U: Ly, — L)
¥ Ly OFYIWTCald 2 28RS, ZDEE U o (RxT)) 134/T
Ay BURF S 2 OSBRI IC 22 . Z ORFRSINZ M T3 &

7:M— VU o(RxT)) - RxT—R

3 h—F 2 R Lo 2D —< VIHOBULIEIC R 5, AFETIEZ 0BILE
M —>RIZOWT, (1) KE77A4 35— (2) EHIYW (3) TP 294 E
BDOZNFNITOWTEET S,
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FRlRE

Zalcman DA & #HE 1225
N KB (B BRER B S TU BRI R -

B =
Zalcman DO IL, #HEFM_EOFI TE R I MLz IERIBIEE S IERE &
Mo HODOREN L2522 DTH 3, AFEHEHTIE, 1XI0E
FSERBERIC COMER A L, ZORR B BIGHIC W TIEET 5.,

1. Zalcman D#HE

D ##EEYHE C NOfHEEE L, F %2 D FTEEINLIFAIEEE & §5%, Zalcman
DOHIEIX, F 235 2 HOMLEDOEFHETIERGETHRWI L OB 550252 %

O #& 1.1 (Zalcman O [Za]) BIBIE F 2% 2o € D TIERRZ S 02 L,
K E A & 2B {Fi.}pon CF> pe — 0 272950 {pp}oy € C 8L Wz — 2
27 {z1}en € D PFEL T, BIEL Yr(w) = Fi(z + prw) DER TR WA
JBI% ) :C - C=CU{oc} Ic C Laviy b RIS 2. O

ZIT, FHBE o >0 ETEZDED, BOIGHIHA THELEDEFFIZLTELZ
EIZT D, FEED weCIlto20nT, k>0 ThiUL 2z +ppw e D ETEDLDT,
Yrp(w) DIRED R Z D,

@@L %;///ﬂ

C

-

1: Zaleman DA%z F = {f"} (f (TEHEBE) IEA L 74 X —Y K.

KRFHETIE, Z D Zalcman DFfifE% 1 KouEE AR MEICEH U, #E3€D Montel
DEMZ IR FERED L) ICEEH DL 2 D), F72, Zalcman DHIEDNE
RS 3 GBI MEEICOWT, ZOINHALEEZBHIETCWLELFETH S,

SEXBICDOWVWT.  Zaleman OHIEICEI S % L. Zaleman H H1IZ X 2 #3iL [Za2] %,
BEENFREMOSE R E L Td [Mi], [UTM] 2P TE L. £, Afcikzk
%> 7z Zaleman DAIEDEFE NERADIEM E LT, [BM], [Hal, [Ka], [MM], [St]
2EIFTBL.

AFRIIELME B & ORI (R 5:24740103) OBIREZZ I 72 b DTH 5,
¥—vU—F E@ENER, GBS, [EHE, Zaleman O, Juliafid, Mandelbrot &
* T 464-8602 Al T TREXANEM Al R RYBEL TuEPER AT R
e-mail: kawahira@math.nagoya-u.ac. jp
web: http://www.math.nagoya-u.ac.jp/ kawahira
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2. 1 RTTERNIZER

PR, € =CuU{oco} I Riemann BRI ERTREREZ ANz b D & T2, K2 LoA
B f:C - C RO EDMEET 2 EE, ZHUC k> TERINS %R

A I I R A R S

% /R NF% (complex dynamics) EMERZ L2 5, JHUIIERIBISR {7}, 2%
25T EEA%ETHS, (L, U f 2 alARLELD.) WE 2 eC 2HEE
L7zt &, %O TZ D& (orbit)

Z()lL)leL)ZQ’L)Zg’i)"'

WEE S, NFERDR S B FEEGR, THuE2S WHEOBEICH L T) ZET
HDHh) LI ETHS, XoT TENLETH 2PMEDES,) £ LT, Fatou
£&%
F(f)= {20 €C: 2 DB DU U 1T {f|U},5, 13 FEEESE
— {2 eC: 2 OBBUL U LT {f|U},5, 13 AL

LEHRT S, FBEEEEIE o2 ICEL EEE ~EUTIIANUE, Z20%B0 2,
DFES —RICHIZ 5N D, T EREWT 5, TAREER, & TEHR, OBz
ZCDar 87 ML Ascoli-Arzela DEH X 2,

—i, ERORLERS (bW 2 h 4 Ry, F(f) ORIES) X

ng:{%e@:%®ﬁ%®ﬁﬁcub6gwm@ﬁmmﬁﬁf&m}

EEFEIND, Iz f O JuliaEG EWS. L7dd> T EIBD Zaleman OHfiE X
Fi={f"},50 ICHL TJuliafiy O RZ RO 2 ME T35 L 2> T0 5, (J(f)
DRSS 0o 2 AT L FE, M7 Mobius 8% & > TEZIUT L))

T Iuliaféty J(f) DERNGHEEZHIZEL TH L

o J(f) BZETHRV VY MES,

o J(f) BTN b 2 25 o FE N[ PR A

o f(I(F)=J(f)=f1(J(f) (CERALIE).

o UM UNJ(f)#0 & THES = ImeN, J(f) cUL, FU).
3. "REBHAIFIJuliaEERATHRE,

Zaleman DOFEIE T NERIIGH SN mPIofl L b s D3, Scwhick [Sch] 12
L 2REDTIRDINTH 5.
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3.1. RENBEHR

BEmEE, ABA ki) =20 e N) OO ETHS., HHRFAMA 2 ITxfL,
f'(z) =2z b n OUME p 22 ORISR, £72, 2 2 TOBITRE (f2)(2)
% T (multiplier) EMPRC LICT 5, FHOMANMEN T L HREVEE, ZOMA
1 RFEMBEHAR (repelling periodic point) & XIS, 2 D153/ eI fP
DIERIT|(fP) (2)| ERREICIER ST, BOoHEZEH I DI TH S, DX R
EH D= », BEEUE {7} 132 OEFTIERBRELE Ziik v, T4hbt, 2 € J(f) T
b5,

BRI BI L T, ROEIZAEH (1910480) BHISnTwn»5 ¢

O £ 3.1 (Fatou, Julia) KEMNAMMH2EOESL J(f) ohTHETH L. O

Fatou & Julia DFFHIZ Z NZNEL > T 525 (Milnor DEREE [Mi] 22H), £5H
oL HHBIERAOWEZMTED, 7o & ZITEEECHBIERERIC X 2 18% T2
DFEFEHT 2 L) HifimTlae v, AU L, Schwick [Sch] 235 Z 72 Zaleman D
fliE 2 v 2EE003, AT OZH TREBCC AP D /1 AR ICHEHTE 52 5D T
Hote, ([UTM, EB2.25| S, ) £7, 212 3 5 IC®R L 7ZFEH23, Bargmann
[Ba] # & ' Berteloot-Duval [BD]IZ & D 52 65T 5, G TIX, ZOMEZHNT
LTETH 5.

3.2. INT A —=F ZEEADIHF
Schwick D 74 7 4 PIZBEEIED 5 X —% —22/ICHEATE 5. %icfiliit s Man-
delbrot 4 & Julia S DBEBEIZOWTHR S, 22 TOTA 74 PO EHEEL L
#e T, (REHHOLFEONAE L [Ka] 1I2H5< )

BHFFHA ORI Z D cRL, FRIEE f:DxC—>C, f:(tz2)— fi(z) &
E2k9. EEL, 2hZFno f,:C - C E—EXEd>2 0GB TH 2. Tk
b, fIEFDTRIRANTIARAINTHFHBEBDOE, ) ik,

FUT 4 T8 U, H3EAEE c: D — CHBEELT, ot) =c D f, DI
MEBOTOVBRERET S, X7 (f,c) 2EBEABLE, DUl ¢ 1T f, DEFHEDEDIK
M (marked critical point) EWFIENE, TD ¢ Bt =1t ILBWTIFIT1TThHsL
i, BB (t— [P ()} ey Dt DT NTOMHTIEME L S BV LR VS, 7
D54 7% ¢, BREZDR7 A= —2KOEE%E A(f,c) CD TRL, 777178
93 (activeness locus) EWES., T DEAIX, VbW 35755457 (bifurcation locus) D
TEETH 5.

Bl RN 2D, 2RGERME f:(t,2) — 22 +3t, ¢, =0 DPAHTHS, DL E,
A(f,0) 3BT 2> T 7a—HE6 M O THERET) ITHYT 5,

Schwick Dz ) £ BHT 2 L, 7L ZIXRDOEMDFHTE 5 ¢

0O EE 3.2 (AIRFENBDIERDOD) A(f,c) IF2ETRVWET S, ZDLE, FED
t() € A(f, C) 6:;(2“./, A(f, C) V\]@W%ﬂ tk — t() T%‘ (&% D ftk I J: %@Liﬁ&i}) E)E%)f—i
DO RFENFEMR E %5 D DOVEET 5. O

sE I (RO FF T #iFHT) Montel D EM % V> 72 LN ZEEH £, Shewick @
iz b bW Z I L TAZ W ER-R S,
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4. Zalcman B#{ & Lyubich-Minsky 23X X—> 3>

4.1. Zalcman B#

f:C— C 2B EOEHBIRE L, GHIE F = {f} 12 Zaleman ORI Z # 3
%, Juliagty J = J(f) DTG 29 # 0o WKL, Zaleman DFfiED & 9 12 LT 5N 550K
BREIE o &2 f D 2 I2EB 1T % Zalcman B E 5 (Steinmetz [St]) . 7 Z D2k %
Z(z0) = Z4(20) TR, b L JBERERZEL L L, Z(00) :={1/¢ : ¢ € Zr(0)}
LEFT D, REL, F U F(2)=1/f(1/2) £ LTRONZEHMETH S, X5
[ D Zaleman BB O 2k Z %

z = |J 2()
z0€J
LEERT S,

ST C A TEREINER TSR OEGZ U L£T. i, &
FZT7 774 VEBREEE A TET, ZOLEHEER fIcowT fold U, D
UoAff = U DSIRD LD Z ERBHIZOHD B0, U DIEFTEASTH % Zaleman BAER
Z(z) BEO Z1F, E51Ckw AL 25050 TH5

O i 4.1 (ZBEBIEDOREM) D 2 e JITRL, BIEIR Z(2) 1&

FoZ(z) = 2(z) = Z(z0)o0Aff
Zli7zzY., $hbb,
(1) Y€ Z(2) %51, fov € Z(z). £, HD € Z(z)BHEELT, = foi.
(2 6:Co>C2EET77AVERET S, TDLE, ¢ € Z(2) %5 IEY0d € Z(z).
LD TROMYIID  foZ = Z = ZoAff O

4.2. Zaleman B#®DI5A : Lyubich-Minsky 73X %—3 3 > DR
BENFLFRZNET S92 TOOLEDDHEE LT, Sullivan DFEZ L W) LDV DH
%, 804X, D. Sullivan232ME L7z 2o T&FE &, HIWZAIERERO0 EDT
& % Klein #fi L EE LR EOFPMEIEH L, HiEwmzitaIXL, Ltwite-D
DRI %2BFbDTH L. (2D, & AT [UTM]ICFELL,)

ZZTKleinBET &1&, Y —= VR C 12 Mobius 28t & LT % PSL(2,C)
DEEER D Z L TH B, —J, PSL(2,C) 13 3RIORh 2= HP IcF R & L
THEHT %270, FEZEm H3/T 13 3 RGN RRE (—RICi3PuEik) %5, ¢
bbb, Klein B & 1% 3 X0 kARt & 72w,

—H, BENFROERIE H ~NOWED L OIFRESTELRLI LHISNTED,
ZDERTKlein D X 9 2 DRRFAMFERL & LCHWHAb D2 b Rkw», 22T
90 FARUTEL; L 72D D3, M. Lyuibich & Y. Minsky I k% 7 3 % — = VEEH[LM] T
BB, WS IFEHENRIINL, DRIIEMER, & LT3RTRZIR— 3>
NS 2Lz FRL, & 5122 OBMANAIED & 0 LIS 7 7 ZADH
BIED 112452 2 B3 2 il e B 2 BiERA L 7z,
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COIRITEHM T I 2 - avicHveensol, HHEH f »otREINs, b
2HMIEBEE OB LM CcU ThHD, ZOBIBIEIE TAZME
folM = LM = LMo Aff
ZAHRIZLTED, ZOWE?»SFET, V—<rvHi7IF—Yay AM BRSNS,
CDAMD TR =Y V7R, 2L, IoIXNTEROBARRMEMICK 2Rz
& 272 DD Lyubich-Minsky D 3 XTI 7 S+ —>a v Th 5, GEL <1 [LM] 2

\\\\\

X T Zaleman BB O 2k 2 & TARZEM:
foZ = Z = ZoAff

BT e, AEOLYEICID ) —2Vli7 I 2—ay AZ DR TE % 2
ED3bD, FEiEdkDIEnT 7 ADHEBEICOWT, LM =Z BPHEDirb, V—
2VHEI7IF—vay AME A2 13— TH5DTHD

OFE 4.2 (7Xx—Ya3y0—H, [Ka]) f 3Rz TET5:
(%) fERBD z € J(f)ITHL, 2, € UGO(%) — {20} 22 20 ¢ P(f) &% 5
S DOBHEET 5.
CDLEZE LMIZ—ETH: LIT, AAME AZ H—ET 3 O

RL, &fE (x) D UGO(z), P(f) WRD XS ICEHT S 1 9 2 € CIThfL,
L#8 (grand orbit) GO(z) &%, % m,n € N BFFEL T f™(z) = f"(() £ TE
k9% CeCORETHE. 20HTY, (f™)(20) #0572 (f7)(C)#0 L TES
9% ( BEPUGO(z) THD. £7: P(f) FVbW@ 3 f ONIFEES (post-critical
set) TH D,

P(f) == {f*(c) : neN, f'(c) = 0}
LERT S,
7ok A0, B ABEIEE () 2T, I T LIS, BNk Ge J
DI % b 770 \0) AHBEBTHIUTR Y, 51T, f HEREIC ) 2 AHEER 2K
ZIHATH->Th (x) 2. —H, (x) ROVl ofle LT f(z)=22-2 1
BI220=2%E0H5. J=P L2550k,

5. IN\T X =4 —ZEBICHE |} B Zalcman B

§3ClE, RO S D > C 2 b OHHEENE f:DxC—C 2&if. 20
T 7T 4 TETEBEIR {t = [7(c)}, s DIEBTRVASIX—=F—t e D O2kL

EFEL 72D S, Zaleman DFEEISEHTE, o2 UG T 26 EBEEE % % 2
LIENTES, F, NIAXA—F—HKIEID TR CTEATH LW,
DINCIEE2HMICT 372012, 2 KEEBU%

{f(z)=2"+c:ceC}

ICOWTEZLD, & f:CoC (7271 fu(oo) =00 ) XI5 & MERRE 5 & 43I
bW, HEMIE c ICX O TRERMERTH 2006, HH 2 =0 2E%k> S5
B LT 774 7 z2BEAL L TES,

U2 ¢ ZE L TR OEE {f7(0)} o ZHFZA D L E,
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(a) TRTD 10 >0 1220T [f7(0)] < 2.

(b) f&(0) = o0 (n — o0).

DOFNHPTH S 2 N (SRS FOMMAFET) bh s, HEHED (a)

DY TERD X% ceC 4fh% Mandelbrot €& & k0%, M TET. T4bB,
M = {ceC:|f*0)] <2 (¥neN)}.

JRR B E ol & AT L, ZOBEBIRD T 77 4 7E0E OM £ 725 Z LW
bird. Thbb, F(c):=f"0) (n>0) L LE,

M = {co€C : ¢y DIERDIEH U LT{F,|U},5, & EBK TR}

ZZTc € OM D & E Zaleman DFAfi#EZ FH T 4UX, np — 0o, pr — 0, e — co D
ELT,
F, (ck + prw) — P(w)

D dclU BHIET D, ZOFD @ %y ICEIFTE/NTXKNY WY Zaleman B
(b L <l para-Zaleman BI%0) & KO, ZD2k% C(c)) TET. 3561

C .= U C(co)

coEOM

EBL. NT XA MY v 7 Zaleman BIEUR X, ROBWT TAZH, 23

O @& 5.1 (JXTXARY YT ZEBOREN) EHD ¢o € OM IS L, BIEUE Ccy) C
Uiz
feo ©C(co) = Clco) = C(co) o Aff

Zii7ed. &<, Ci=UyequCleo) 13 C = CoAff Ziili7 ¥, O

ZECDTRE . AFTA—F— ceCIML, f VKT 2 J(f) BT 3
Zaleman Bz Z.(z), ZalemanBBO2h%z Z, LRI LICTE, ZDLEE, XD
D ARYASI

O FE 5.2 OM OWE LTI ES SH BWHEL T, ce SHDEEZ Z.NC#D. XD
IEfEICIE, RO 32D -

ceSH = ce J(f.) 2 Z.(c)NnC(c) # 0.
]

U2 Hdim(SH) =2 (N XA FWV7RI6) DIDILD, 2D SH H¥afhig, 7THIT
ool & 9.
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6. Poincaré B & % D—fik1t

CTHEEE QRBBUE {f(2) =22 +c: ceCITIRD D, —oHHBESEICH Z
@iil_ﬁﬁj%n% 'Cde)%

Zalecman B D > THHMMWIC X CHo Bl L LT, ROHDWVH 5 .

0O FI 6.1 (Poincaré B#, Koenigs) ag % f = f. (c € C) DR p DFERY I
HEL, ZOFKEZE N = (f7)(ap) £T5. ZDLE, BRI

w o> f’”’(a(ﬁ—)\k) (k eN)
3HBEBIBEIE v e U 12 C a7 F—RINEL,
fPod(w) = Y(dw), ¥(0) =ag, ¢'(0)=1

Zii7z g, £ <IZ, v e Z(ap). O

B frop(w) = vOw) &, C EON¥EZ ws dw % p:C—C Ewvd TLv R
EELTHDZ LT, fPIckd CoN¥R (2L ¢ OBIMEZRS) BEs0
2 LREWT S, ZDXIH % o IXPoincard B L FEIXIL S,

Iz —mfLLTAHR L.

& WHWES) . a2V 7 MEE X CCH f = f. OXHMES (hyperbolic
set) THDH L, f(X)C X »2oHb k>0 DEELTEED v € X XL
[(f") ()] = k(14 )" DD D EEZ T,

EFRED, X C J(f) THLTEAR sz, HRRZRENIE Lo X9 2 KA
X ={ap,a1, -+ a1} (722U fla;) = aiz1, a0 = a,) THS, ZDEE, 14+n=|\Vr
EL, k>0%9 FCENITNHWEGDERZMZT I L1305,

BT J(f) BERPBINEARICZR 2 L &, I EWIEn S,

O EE 6.2 (—R{L Poincaré B DEFHE, [Ka]) X 2 f = f. @ﬂlﬁiﬂ’]
a € X ZIEREICES, 61T m € NITHL a, = f™(an), (fm)(ao)
T (w) = ag + w0/ A L5 <

ZDEE, B {m(k)},so C N DFAELT, BIES

w —  fme (a0+ v ) (keN)
Am(k)
W 2 EIURIE ¢ € U 12 C Eay s F—RINH L, (0) € X, /(0) = 1 %ilite
7. &KL, e Z(ao). O

COEMDFEHIZE W TIE, Koenigs DT Z2igam (AR TH 5 2 L2 7 ViGH
T2) YR e, HlorE RIEREGE & EREZ b5 \w5) L 7%
5., LIREAIT qp € X PHHINTH 5 2 L IIAREHNTIEZ L, limsup [\, = 00 TH
U EOEIIIR D 31D,

TEM. WHVESITOWTIE, RO THERNLEN) RIS TH S
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O g 6.3 (NHNESDHZERNETEM, [Shi]) X, % f., DRHHINEALE T2,
DEE, D cy DIt U C CVHEELT, XD THERNIERGES), DHEET 3 ¢
ThbbHDIEMH v Xo x U — C: DMFELEL,

o fEED v e Xy ITXL, x(7,¢0) = ;
o LD v e Xy ZMIEL L E, BB x*:c— x(x,c) IZIEH

o fEHD ceU ZMELLLE, BB x.:2— x(z,c) & "HEATE, THY,
XO —I: chXc == Xcofco %ﬁfcﬁ ]

LTE9 TESMES L1, 5 C oo C~OESEME5HR%E X, IKHIRLZbo L
EZTE» (BEENE)

O U P/ FIUE, X, = x.(Xo) & (c IZBILT) —BeaiinRM:% b DXl
MWEATHL I B35, O s, EH 6.2 TH L5l X 4172 Poincaré
BE%0E ¢ ITR LIERINCARAE S 2 2 L 03bh 5

0§ 6.4 (/85 X —5 —ICET 3 EAUKEIE) o, (w) = ym@w+ﬁ§)%ia%

6.2 Dl Poincaré IS E T 5. & 512 ap(c) == Xe(a0), Amy(c) = f"* (a0(¢)) (¢ €
U) L, W (ao(c) + L) b [AAR D —#E AL Poincaré BAEL 4. € Z.(ao(c))

Am(k)y (€)

RS 2. %72, (L0 we C ISR L, U3 e do(w) EEH

7. EWER/NS A =5 —, EiTiE, M & J OFELUE
PLED#EH % VT, Tan Lei, Rivera-Letelier IZ & % Julia £84 & Mandelbrot ££4 D
BOEICBE T 28R E2 B To—#be &£ Hi2) Zaleman BABOSE LR TS 2 L
MWTE 5.

Mandelbrot £8 & ¥ WHAI/NTX—F—  HFEHEM OEEZEVHLTE I ) ¢
M = {ceC:|f0)] <2 (VneN)}.
BLceM ThHiUL, f DIuliaEFIERD L) ICFHEOT 2 Z LB TES ¢

K(fo) = {z€C:|f2(x)| <2 (V¥n eN)}

& CEXHR/INTX—F—) . ¢, € OM ¥ (semi-hyperbolic) ThH % & I,
feo DIHERIZBOT, A 2 = 0 PV FRINTHLWI L2V, Thbh, A
=0 OWIEOERHER2E X 2 2 =0 AHHZEE RV L2 W), (2 =0 A
ERBGEE ce Me RDOTRAINTVS,) Fiz, OM WO T X —F —
EROEESE SH TET.

ZIT fo(0) =y (D) THEH 6, Xo 13T A—=F—LFHAL z2=¢) HHD
WOE D ER R BRI S v, IS T A =8 — 1 RDOMWEE 27§

O 8 7.1 ¢co € SH DL &,
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1. Xo & f., ORMHVESTH 2 ([CTY)) .

2. HB1eNBHFELT, fl(c) € Xo.

3. o € J(foo) 22 J(fo) = K(fo). & LI, K, FNRZ S0, O
Bl (Misiurewicz =) . ROMWEZFD ¢y € OM & Misiurewicz 2 £ FEIEN % 1 TH

5 1L,peNDHELT, ao= [l (co) ZFW p DRGEMWIE, . Z4Ud SH OIuoit
BMplths, &I, w3240,

O @& 7.2 Misiurewicz il cg € OM WTHE., L7z23>T SH » oM WTH%. O

72 AU Misiurewicz BUITEFR L D AIHRELSTH 525, SH 1Z T TibR 3% X 9 IZIER]
HEks,

R (Transversality) . % ¢y € SH, Z DERMRELED S 7% 2 WHHWES %
Xo» ao:=fl(co) € Xo £T5 (@71 . TDOLE, ¢ DFHINSHILELE U 2375
ELTC, IEHGES) v Xox U - COMFEET 2D TH o7 (e 6.3) K > TIEHIBE%L
a(¢) = xelao) € xe(Xo) 28U FHFHET 5.

ST ble) = flle) EBLE, THF c IZODWTIEAITH D, bcy) = alcy) Zii7T.
CDOLE, XPHoNTWS

O a8 7.3 (&WriE, [RL, vS]) EHIBS% b(c) & ale) 1d ¢ TEEL W, Thbb,
HD By#0DMFELT, ¢ —co DEZD(c) —alc) = Byle — o) + o(c — ¢p). O

2% (HausdorffRITICDWT) . MHhH 89 X —% —I1cBIL TlE, HAKICX 32X
DEFAER [Shi] 23H 2 fTED e >0 LHB ¢ge SH & >0 BHFELT,

H.dim(0M) > H.dim({c € SH : b(c) € x.(Xo)})
> H.dim(Xo ND(r,¢p)) —€/2 > 2 — €.

F4b 5 Hdim(OM) = H.dim(SH) = 2.

ZECH RE (B). ITULOEZELEZZ LT, ROTCHZES, I
35 i TR EH 5.2 DI TH B -

O FE 7.4 ([Ka]) coe SH LT3 L X,
(1) B ny — 00 & pp— 0 (k — o0) DFEEL T, BI%HI
Pe(w) = [ (co+ prw)
3H % ZalemanBIEL ¢ € Z,,(co) IR 5,
(2) & 2ER Q40 DHELT, BT
p(w) = o guu(co + Qprw)

b EEFUBIE ¢ ICORT 5. & <IT, ¢ eCle). O
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2: i, & B Misiurewicz i ¢ DD T FL7u—E46 (FL—) & Juliafid
Jey () ZFUEERTHIWZ b D, ZhZnofiligdiz A Cw» L&, —J5ld Mandelbrot
B (F4k) 1T, —HI3Juliafhd (H4) 1Kk 3,

A SRR DS B S e il 2 SR 7 T

Mandelbrot £& & Julia E&8OFELUE. ®EIC o € M IZBITF S M & J(f,,) D
BDIE I DWW TR R B

HausdorffiX3R. 7, A2 "BITw25, L ZBEICEBT 2700REZITE ).
Clo (ZETiv) av,7 MEGEMEZ Comp*(C) TET. 22 TOH {Ki}ren C
Comp*(C) IZ2WT, K 2%k - o00®D & E K € Comp*(C) I Hausdorff INRY % &
1, fEED >0 128 L 52 kg€ NDBEFELT, k >k DL F K C N(K,) 2
Ky CNJ(K) D22 L &T 3, 7271, N() ZCHTD BliifETd 5.
STHEHLEE » > 0 OBMIKE D, T&Z ). RS K CCIicxL, &l (K],
THEE (KND,)UdD, € Comp*(C) 2R T LICT 5. £/, aeC BLUWbeC
WXL, 55 a(K —b) THEA {a(z —b) : z€ K} € Comp*(C) 28T I LICT 3,
PLET, w22 M%7

OE®E 7.5 (M & J ORI, Cf. [TL], [RL], [Ka]) 2% ¢y € OM 28 ¢y € J =
J(fe) ZiiTT TS, 72, B ng — 00, pp =0, cp = o (k= 00), EHQF#0
DHELEL, 5720 DBIEG

¢k(w) = fg)k (Ck? + Pkw), (I)k(w) = gﬁkakw(ck + kaw)

DIE—DEHTHEVE g e U ITav 7 F—RIET2LT2, WE T :=9¢"1(J) C
CLETREE, BEIZKRER r>0 1220 TR HausdorTF IR DO EBRTHR D 37D ¢

(@) [p'(J—e)], = [T (k= o0)
(b) [Q7p' (M —cx)], = [T (k— o0)

£ IT ¢ € SH DA, ¢ =co I2DWT RS D, O
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LRARIT, Wb®D TBINAT A== 13 ¢y € J(f,) &\ FIFIC K> TR
w3, BES ¢, O DIEEEZHOT, L 213 D LoIERIEIS ko2
M) COIKRICEZHZ THHBROERBIE NS, Z08AIE0<r<1 THS,
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14

Bottcher coordinates for polynomial skew
products

Kohei Ueno (Toba National College of Maritime Technology)

Abstract
We generalize the Bottcher’s theorem to polynomial skew products: under
one condition a polynomial skew product is analytically conjugate to the
associated monomial map on some region near infinity.

1. Introduction
Let p be a monic polynomial on C of degree § > 2. Because the ratio of p(z) and 2°
tends to 1 as z tends to infinity, the polynomial p looks like 2° near infinity. Indeed,
the Bottcher’s theorem implies that there is a conformal function defined near infinity
that conjugates p to z°. This conformal function is called a Bottcher coordinate and
given by the limit of the conformal functions °/p"™, where p" denotes the n-th iterate
of p and a branch of the 0”-th root is taken as NV = 2

In this talk, we generalize this result for polynomials to that for polynomial skew
products. A polynomial skew product is a polynomial map on C? of the form f(z,w) =
(p(2),q(z,w)). Let p(z) = 2° + O(2°7Y), q(z,w) = b(z)w? + O,(w?™!) and b(z) =
2+ O(2"71). We assume that § > 2 and d > 2.

2. Preliminaries

We need some definitions to state our claims, and a lemma to prove the claims. We
define the rational number « as

nflaeQ ‘ I+ ad > aé and [ + ad > n; + am; for any integers n; and m;
such that z™w™ is a term in ¢ with a nonzero coefficient ’
which can be minus infinity if § > d. It may not be well-defined for the case § > d.
For the cases § < d, the rational number « is always well-defined. Let Wx = {|z] >
R, |w| > R|z|*} if | # 0 and Wg = {|w| > R*™* |w| > R|z|*} if | = 0. The lemma

below follows from definition.

Lemma 1 ([5, 6]). If « is well-defined, then the ratio of q and z'w® tends to 1 on Wg
as R tends to infinity.

3. Results

Now, we are ready to describe our results.

Theorem 1. If « is well-defined, then there is a biholomorphic map ¢ defined on Wg
that conjugates f to the monomial map (2°, z'w?).

Let fo(z,w) = (2%, z'w?). Then ¢ is given by the limit of the compositions of f;"
and f", where a branch of f;™ is appropriately taken.

Let Ay = U2y f7"(Wg). As the case of polynomials, we can define the Green
function of f on Ay, which is associated with ¢, and the family of the equipotential
curves in Ay, which is invariant under f if § # d. Moreover, we can extend the inverse
map ¢~* from Wg to Ay, until it meets the critical points of f.
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Taking another limit map, we obtain the following conjugation.

Corollary 1. If « is well-defined, then there is a biholomorphic map defined on Wg
that conjugates f to (p(z),b(z)w?).

We end this report with some remarks. The Bottcher’s theorem is originally stated
for a holomorphic function with a superattracting fixed point; any polynomial has the
superattracting fixed point at infinity (see [3]). Many authors have studied the Béttcher
coordinate of a holomorphic map with a superattracting fixed point (e.g. [2], [7], [4]
and [1]). On the other hand, a polynomial skew product f extends to the rational map
on a weighted projective space, and it has the indeterminacy point at infinity if [ # 0
or 0 > d, which is superattracting in some sense. It has the superattracting fixed point
at infinity if [ = 0 and § < d. The set Ay is included in the attracting basin of the
point.
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A construction of an invariant surface for an
indeterminate point of rational mappings

I JIT (RRCHRSZPE S BT iR A B A0

1.

ZOFEHTIE, HE 0 RICHEEY P? LOEBEEHR F OREHES T ITB T3
P22 1R E I D W TS § 5. ki P* ZHRM0 blowup $52 LT, F D
REMZBNEL, V7 FEBRF: X — P Diregular £ 25 X HICTES 2 ERAISN
TW3, ZNETITn=2,3 DHEAEIZOWT, blow up DIZHOTARAEES V %21
R 25 L CEL. SRIZINS %2 ML L, REMES T ORILD n — 2
DEAIT DO TORRZMET S,

2. %

F %P ECEBINHHEREL, [ % F OFRERESGLET L. BICTHRER
peTITHRHLT Ny, F(U,\{p}) E—HIch S A\, HL U, i35 p DR TORER &
T2, £oT, GRF I3 p TERTER WV, NER pICHL peny, FU,\ {p}) #
YD EE, BIENAREREMREIEICT S, EREDPSDLD D LI ICHEIEAE M
E. A OBE L H U RN MEE %2 R > Tw 20T, RAFTINZ 125 2 MG % M
5T LEMTES, FEINETIT n=2 DHAHICOWVT, AV b—L7—7 (FEME
IERE D JRFTLESRIED 6 72 D 16) DR 5 Z L EavRInTw 3 ([1], [21,[3]).
COETIE, OO ABERE %, &2 Cn ICHIBR L

I:={(x1,--,2,) €C" |21 =0, 3, =0}, p:=(0,---,0)
THHLTH. F1 O x P OWBRE Xy 2RO KT IEHT 3,
Xl = {(1:1’ T ’m”) x [l"*1 : ln] € C" x Pl | xnlnfl - mnflln = 0} .

5z22Z2ET X, 3C"x P OEZEIETH S Z ED3b 5,

,U’;L71 : Uin71 - Cn? (xla e ,$n> X [ln71 : ln] = (xla oy Tp—1, ln/ln71)7

,U/? : Uln - Cna (xla e 7-7371) X [lnfl : ln] — (CUl, o '7Zn71/ln>$n)-

Definition 1. RO ~NDHHE C" x P! - C* % X, IZHIR L 258 : X, — C"
Z 112> 7 C" D blow up LEET 5. /By =7 1(1) ZBRIAT LS.

EFEELD m c X))\ B — C\ {1} ENEHIESRTH 2. T U OJRIFTERE.
(21,77 ,20) £ B &

7TI|U{171(Z17 o 7zn) - (Zh ttty Zn—1, ann—l)a U1n71 N El = {Z'n—l - 0}
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THHZEICHEETS. FOVZVMYERF, % F :=Fom : X; — C" LEHT S,
FEMEZH S0 F| BSROEM20-T EIRET 5.

(1) Fy 13 By, DFECTIEAMTH B E L, pe Fi(E) THBETS.

(2) F7Y(p) E—sipy 22643 EL, pre EyNUMY, m(py) =p

ThH3ET 5. p OPERE p=(0,---, 0,a;) € U7 B

(A1){ (3) #ipr DB BN Ny BEEL Fi|y, : Ny — Fi(N) SBUERIGRE 5.
@) L=F'(INF((N) EBEF LCENUT ThorLT 5. £k
A, EOIERIBIE ) DIFEL I 23 py DEHETRD L H ICREIN D LTS
I = {(217"'7%) €U | 201 =0, 2, = wl(zl,"'znﬂ)}-

BL A, = {(21,--,22) €U |2], -+, |2me] <@} ET 5. Ny x P! OFIES
Xo ZRDIRICERT 5.
Xy = {(Zl, oo 20) X [t 1) € Ny X P 2z ql, = (2 — Y1 (21, - "Zn72>)ln71}-

X, OBALFEBEICLT, I IZ>7 Ny Dblow up 58im: Xo — Ny, F DY 7 b
E@%Fl = 7T1_10F1 . N1 —>X1 k F1 0)]) 7 ]‘E{%FQ = F107T2 ZXQ —>X1 %i%j‘
5. ZOFRICHLT, (A1) LABOFENEY LD LAGEHTE 2, Zolix
JICRE DR LT, 8iFl p, EXRDERI 1, ZEHRTHILDVTE S,

I = {(ub'“?un) € U::;l | Up—1 =0, Ym = wm(uh“' aun—Q)} .

BL, ¥y 1A, TERINIEABERE TS, o), DFEFTOREIREIEHZ

1/]771(“1) U 7“”—2) = Z ail'“infzmuzi1 o U:L"—Ez
EBL. INSEMAOTROMREM 2.

3. R
Theorem A. fEED m e N IZNL, i p DdHLEH N, &R p, DD BEE N,
BHEEL, XD LD,

ﬂ Fﬁk(N’m/) N NTn cmo--- WT,L(Npm).
k>1
AR ETH p(21, 1) TERSNIRD LI BEEV ZEZ S,
V={(@1, @) €C" | @0 = pl@r, -+ @unt) i= 3 biyeiy 2 -2} )
Theorem B. ¢ ODIHFEAIETH D, LD iy, - ip1,m € NI LT by, =
iy _ym DR DEFV BALERMIETH 2. HHY LD,

SE Xk
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Distortion theorems for linearly invariant families

Tatsuhiro HONDA  (Hiroshima Institute of Technology, Japan)*!
Hidetaka HAMADA ( Kyushu Sangyo University, Japan )*?
Gabriela KOHR ( Babes-Bolyai University, Romania)*3

Pommerenke [15, 16] introduced a linear invariance for extending many ideas of univa-
lent function theory to the study of locally univalent functions on the unit disc. Many
mathematicians have studied linearly invariant families in several complex variables.
Pfaltzgraff [13] proved the following distortion theorem on the Euclidean unit ball of
C™ (cf.[2]).

Theorem 1 Let F be a linearly invariant family on the Euclidean unit ball B"™. Let
ord F denote the trace-order of F. If ord F = a < oo, then

1- a=(nt+1)/2 1 a—(n+1)/2

(1 — =[] < Jdet Df (2)] < 1+ |z |

(1 + ||||)otrt1)/2 (1= [[z|)*r 02
forall f € F.

Pfaltzgraff and Suffridge [14] proved the following distortion theorem on the unit poly-
disc of C".

Theorem 2 Let F be a linearly invariant family on the unit polydisc U™. If ord F =
a < 0o, then

z € B"

+ A+ [l -

mypriel § el
j=1

Hi”;w < |det Df(x)] <

forallx = (z1,...,2,) €U™ and f € F.

We remark that, in the above theorems, the bounds depend on n. The following natural
questions arise.

Question 3 Can we give an explanation for the reason why the exponents in the dis-
tortion bounds in Theorems 1 and 2 are different ?

Question 4 Can we give a distortion theorem for linearly invariant families on other
bounded symmetric domains by using the trace-order ?

In this talk, we study the linearly invariant families on a homogeneous unit ball B
of a finite dimensional complex Banach space X and give affirmative answers to the
above questions.

We give a distortion theorem for linearly invariant families on a finite dimensional
homogeneous unit ball. The exponents in the distortion bounds depend on the Bergman
metric at 0. Our result is a generalization of Theorems 1 and 2 to a finite dimensional
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homogeneous unit ball. Further, we introduce a new definition for the trace-order of a
linearly invariant family on B, based on a Jacobian argument. We also construct an
example of a linearly invariant family on B which has minimum trace-order and is not
a subset of the normalized convex mappings of B for dim X > 2. These results are
generalizations of those in [2, 7] to a finite dimensional homogeneous unit ball. Finally,
we prove a regularity theorem for linearly invariant families on B. We have a setting
in which a large number of bounded symmetric homogeneous domains may be studied
simultaneously.
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The maximal ideal cycles over complete intersection
surface singularities of Brieskorn type

Fan-Ning Meng (Yamagata University)
Tomohiro Okuma (Yamagata University)

1. Introduction

Let (V,0) be a germ of a normal complex surface singularity and f : X — V a good
resolution with exceptional divisor F. It is known that the topology of the singularity
is determined by the weighted dual graph 'y of E. A divisor on X supported in E
is called a cycle. The fundamental cycle Zg is by definition the smallest one among
the cycles F' > 0 satisfying F' - E; < 0 for every irreducible component E; of E. The
fundamental cycle is a topological invariant; in fact, it is determined by I'p. Let m
be the maximal ideal of the local ring Oy,. For a non-zero function h € m, let (h)g
denote the exceptional part of the zero divisor divy(h). Then the smallest one among
the cycles (h)g, h € m\{0}, is called the maximal ideal cycle, denoted by Z,. This
cycle is an analytic invariant and cannot be determined by I'g in general. By the
definition of these cycles, we have Zg < Z,,. Then one can ask the question when the
equality Zg = Z, hold. The difficulty is how to identify the maximal ideal cycle.

In this talk, we consider a germ (V,0) C (C™, 0) of an isolated complete intersection
singularity of Brieskorn type defined by

V = {(.’sz) S (Cm|qj1'r(111 + -+ qj’mx?nm = 07 j = 37 .. 7m}a

where a; > 2 are integers. By Serre’s criterion for normality, we know that (V,0) is a
normal surface singularity. Neumann [7] proved that the universal abelian cover of a
weighted homogeneous normal surface singularity with rational homology sphere link
is of this type. It is known that the minimal good resolution graph of a weighted
homogeneous surface singularity can be recovered from the Seifert invariants of the
link and the Seifert invariant of the link of (V;0) is in fact obtained in [5, §7] ([6] for
hypersurface case); however the construction of the good resolution is needed for the
computation of the maximal ideal cycle.

In [2], Konno and Nagashima constructed a good resolution of the Brieskorn hyper-
surface singularity {z{* + x5* = 25*} with 2 < a; < ay < a3 using a covering method
due to Tomaru ([3], [4]) and Fujiki ([1]). We employ their method to construct a good
resolution of (V,0) and the aim is to identify the maximal ideal cycle on the minimal
good resolution of (V;0). We give concrete descriptions of the maximal ideal cycle and
the fundamental cycle, a condition for the coincidence of these cycles.

Definition. Let n, u be relatively prime integers with 0 < u < n. Let €, denote
the primitive n-th root of unity exp(2wy/—1/n). Then the singularity of the quotient
C? / < ( 66’ E(l )> is called the cyclic quotient singularity of type C,, ,,.

For any « € R, we write [2] = min{t € Z|z < t}, and for integers ¢; > 2, 1 <i < r,
we put [[c1,...,¢]] :=c1—1/(ca —1/(c3 — 1/(--+))) (continued fraction).
For 1 < i < m, we define positive integers d;,,, Nim, €im as follows:

The second author is partially supported by JSPS KAKENHI Grant Number 23540068.
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dim = lcm(al, P ¢ 7 P ¢ 7 (lm), Nim = CLi/ gcd(ai, dim); €im = dlm/ gcd(ai, dim)
In addition, we define integers p;,,, by the condition:
CimMim +1=0 (mOd nim)a 0 < Him < M -

We also define integers: §; := a1 -+ a; 10511 @/ dimy O = N, Bi = fhim.

2. Results

Suppose that f : X — V is the minimal good resolution and F is not a chain of
rational curve. Then the weighted dual graph of F is star-shaped with g, branches of
type Ca, 5, (w=1,...,m) starting from a unique vertex. This vertex corresponds to
an irreducible component of E, which is called the central curve and denoted by Ejy. Let
Qyw/Bw = [[Cw1s -, Cuws,]]. The irreducible components corresponding to the vertices of
the £-th branch of type C,,, g, are denoted by Ey, ¢, where 1 < ¢ < g, and 1 < v < s,
Then the self-intersection number of E, ¢ is —cy,. Let €y = [[Cow, .-, Cus, )] if
5, > 0, and let Z0) = (2;)p.

m Sw Jw
Theorem 2.1. Let 20 = By + Y Y > AL (Euue (1 <i <m). Then A and
w=1 v=1 £&=1
{)\(i) } are determined by the following:

w,,€

O NG BN G _J v ifu=i o _ 6 (i)
/\w,0,§ T >\O = €im,; /\w,sw+1,§ T { 0 Zf W # i, )\w,l/—l,g - /\w,y,gcwﬂ/ - )‘w,u+1,§'
Assume that a; < --- < a,,. Then we have the following results:

m  Sw Juw

Theorem 2.2. Let Zg = 6y Ey + Z Z Zew,u,ﬁEw,u,f be the fundamental cycle on
w=1v=1 £&=1
E. Then 6, and the sequence {,,, ¢} are determined by the following:
ew,O{ = 90 = min(emm»al o 'O‘m)a ew,u,g = lrew,u—l,f/ﬂu,u—l (]- <rv< Sw)'

Theorem 2.3. We have Z(™ < ... < Z) and Z(™ is the maximal ideal cycle on X.
Furthermore, Z,, = Zg if and only if €,,,, < ay -+ .
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7 v —HHOEWE LD “EESEELDLNEY 2T —
ESEA0

AKEFET (AR

WEEE ORI TIZ N7 A —% (X,Y) 2 b K3 K F = {S(X,Y)}
S(X,Y): 2% =2 — 492 (4y — 5)2® + 20Xz + Yyt (0.1)

HEZ I, ZOMABEDORMESRIE H x H ICEZ 2 SAlEIT G5 TH D WG (21,2) = (X,Y) *
Q(v/5) @ Hilbert €% 2 7 -0l % 5.2 5 %2R L1,

IT, 21 %S Hilbert €Y 2 7 —BHUIFEREZE b O TR Abel HHDOEY 274 EECBRT S
LD ThHho SHZZFONIGEEZ 5,

1 YA 5 @ Humbert HE_ LD Kummer HHE

1.1 Humbert BIE (A =5) ICDWVWTOHER
—fIZ Kummer Rl 13 P2(C) ® 6 ADHEE

G2=0, G+2G+¢=0, ¢ =0,
CGF2MG+M =0, (+2X00+A0=0, G+2X3¢ + 3¢ =0.

T B EGE L LTHERIND,

ZZ2TQ(W5) € End®(A)®Q % % R Abel fiilfi A D€ 2 5 A Z2fiid Humbert #iifi Hs TH 2,
U S,/Sp(4,Z) DARIG 1 DEIIZERITH 5, Hy 1305 Hilbert €3 25— (H x H) /(PSL(2, 0), )
EREHAETSH 5,

QecHs DEE, Kum(Ag) DAEERD 3 DDNT A =5 A\, do, A3 EROBIRREW 29 2 L8
Humbert [H] I&>THIGN TV 3,

(L1)

433 — A3+ A3(1 = A1) + A3A3) (A2 A2ds — MiA3As)
= (A2 + DAz = A5(A1 4 A3) + (1= A)AAS + M (e — A3))” (1.2)
FRIDNRTA=F A, d, X3 BLRL2DEY 27 —HiER O

1.2 IEHREEEE

R 2y >—haEOMOIR L ERTBA2E2H2E 25, Wb, K3 MhHkEF 2HH§ 5,
X 2B K3 M, . 2 X Loy 7L o 74w 74y TrVa—varvidsd, COLE X/t D
RrRAEIZRIE) K3 MM E % 3,

Definition 1.1. SN Y = X/0 25 Kummer i & 72 20, X 3SEHAFERE 2 R> L v,

BRICHET 2ERERE x: X Y £95%, ZDEE, x, Id Hodge ZHHESHE Tr(X)(2) ~ Tr(Y)
2525,
Theorem 1.1. 4 K3 Ml F DX v =12 IZEHFEEREGESA S SET 2 Kummer fiiEi%2 K(X,Y)
L35 L, BfRmaERERE

K(X,Y):v? = (u® = 2y°)(u — (5y* — 10Xy + Y)). (1.3)

Kummer BB K = {K(X,Y)} ORGSR &k - (X,Y) — (fAle et [y wK) (wr ¥ K(X,Y)
DIEAI 2 TR Ay, -, Ay 3T 2 34 Z0V) OWSIEIE, 13D Hilbert €2 2 7 —B$% 52 5,
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2 Kummer HHEDZPE LD _EED
(X,Y) BR?2 D LD Uy 28 £92, 7220, KICEIT MR MHE, Klein OIE - Hi&FGER

1728 X5 — 720X3Y + 80XY?2 — 64(5X2? —Y)?2 -~ Y3 =0 TH % (I NI LAMFAMIEER D branch locus % 5-
Z5)o

DR, Uy ho—fifdtriy e A EBR=#RT 2 (Uy Lo—ffi54 % bkt ¢ 2 Fic X > T, %At
THABIES 0k 23501 5),

{(y,w)ly > 0,u € R} FOMHBIE F(u,y) = /(2 —2y5)(u— 5y2 — 10Xy +Y) 5 X 5, 7KL,
y e Ry ZEIE LR, 4 DOFES w) <wy <wsz <oco EMALET DL, Flu,y) DIEIFE O &
Ik s,

—o0 < u<w w<u<w wy<u<wy wz<u<oo

Flu,y) —v—-1Ry -Ry V1R, R,

5 KA u? =25 Lk w=p(y) THENL TEE) Ry, -, Ry 2. KD X ) IS,

Theorem 2.1. Uy LOAEBRDGEIZRD & ) I EARN AR O —HEifid L LTRSS,
dudy / dudy / / dudy
=2 + 2 5 =2 )
/Al N /R Foy) S Flay)  Ja,” " Ja Fluy)
/ w=6/ dudy +2/ dudy / w=72/ dudy .
Ag Ry F(u,y) Ry F(u, y)’ JAy Ry F(u,y)

SR A AR D 2 BB A~DIRE L A5 LD 2 Lk S
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Minimal singular metrics of a line bundle
admitting no Zariski-decomposition
N B (RERERZE R B SERR AR (M2))*

CLEOWESPHHERBEHEAX &, TDO ELOEKREMKL 2Z 2 5. AiEHE
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ZOESRX, LITHUTIE, EIREDFEL L, Ay, DEAKRIZ2 753 NNef (L)
Hik%RD B Fika 235 T05. BINTII & UT, il [N ofl (X, L) 12/
EA) hmin,L DRFEIR DIEFIZDNWTIRAR B,

Fl [N] OB 2 X 1%, 43—zl S 2 fa i dhii — > DERKE LT
B L2 Abel iV EOP2 R E LTk E s, K 0FELL, V _EDOKk
TRERRR L, Lo, Ly Z FHWT, X =P(L1 © Ly ® Ly) £ FIT 5. LIFZ D, M
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number X° singularity exponent DFHEAEFHIZTE, RER T 7 7 IVEIZ
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CoRFTECITCERRIA M DL CEH CR 2K TH % L1, MITFRIOT1 D > Ik
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Loewner chains on complete hyperbolic complex
manifolds

Hidetaka HAMADA ( Kyushu Sangyo University, Japan )*

Abstract

We present a new geometric construction of Loewner chains in one and sev-
eral complex variables which holds on complete hyperbolic complex mani-
folds and show that there is essentially a one-to-one correspondence between
evolution families of order d and Loewner chains of the same order. As a
consequence we obtain a univalent solution (f;: M — N) for any Loewner-
Kufarev PDE. We also show that a modified Roper-Suffridge extension
operator preserves Loewner chains of order d.

1. Introduction
Loewner’s partial differential equation

dfs
Js

was introduced by Charles Loewner [47] in 1923 to study extremal problems in the unit
disc D € C and, later, P.P. Kufarev [44] and C. Pommerenke [52], [53] developed the
original theory. The Loewner theory is one of the main tool in the de Branges’” proof of
the Bieberbach conjecture. In 1999, O. Schramm [58] introduced a stochastic version
of the original differential equation, nowadays known as SLE, which was a basic tool
to prove Mandelbrot’s conjecture by himself, G. Lawler and W. Werner.
Subordination chains in several complex variables were first studied by Pfaltzgraff
[50] in 1974. He generalized to higher dimensions the Loewner differential equation and
developed existence and uniqueness theorems for its solutions. His result is as follows:
Let B™ be the Euclidean unit ball in C™ and let

(2) = —(dfs).G(z,s), ae. s>0,

M ={h e HB"): h(0) =0,Dh(0) = I,,Re (h(z),z) >0,z € B" \ {0}}

be the Carathéodory class in C™.

Theorem 1.1. Let h = h(z,t) : B" x [0,00) — C" be a mapping which satisfies the
following conditions:

(i) h(-,t) € M, for allt >0,
(i) h(z,-) is measurable on [0,00) for z € B,
(iii) For each T >0 and r € (0,1), there exists a number K = K(r,T) > 0 such that

|h(z.t)|| < K(r,T), for|z|| <r,0<t<T.

This work has been supported by JSPS KAKENHI Grant Number 22540213.
2000 Mathematics Subject Classification: 32H02, 30C45.
Keywords: complete hyperbolic complex manifold, evolution family, Herglotz vector field, Loewner
chain, Loewner differential equation.
*e-mail: h.hamada@ip.kyusan-u.ac. jp
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Then for each s > 0 and z € B", the initial value problem

% = —h(v,t) ae t>s, v(zs,8) =z,
has a unique solution v = v(z,s,t) such that v(-,s,t) is a univalent Schwarz mapping
and Dv(0, s,t) = exp(—(t — s))I,, fort > s > 0. In addition, the limit
. t o
tlggje v(z,8,t) = f(z,8) (1)
exists locally uniformly on B™ and f(z,s) is univalent on B™ for each s > 0.

Moreover, we can show that

f(z,t) is a subordination chain such that f(z,s) = f(v(z,s,t),t) for t > s >0,

{e7'f(-,t) }+>0 is a normal family on B",

Df(0,t) =e€'l,, t >0,

of

ot
We remark that the assumption (iii) on h does not necessarily hold for holomorphic
mappings on the unit ball B in infinite dimensional complex Banach spaces. In [21],
[38], we showed that M is uniformly bounded on each ball 7B (0 < r < 1) in complex
Banach spaces. This enables us to generalize various results to complex Banach spaces
[11], [12], [28], [29].

The existence and regularity theory and its applications have been considered by
M. Chuaqui, P. Duren, S. Gong, I. Graham, H. Hamada, T. Honda, G. Kohr, M.
Kohr, T. Liu, J.A. Pfaltzgraff, T. Poreda, T.J. Suffridge, M. Voda and others (see [20],
[32]). In recent five years, we have studied about solutions for the Loewner differential
equation [14], [22], [26], [34], quasiconformal extension [40], extension operators to
higher dimensional spaces [23], geometrical characterization of the image [24], [25],
extreme points and support points [27], [30], convex subordination chains [31], [41],
growth theorems and coefficient bounds [35], [39]. These results have applications to
linearly invariant families on bounded symmetric domains [36], [37] and pluriharmonic
mappings [15].

Very recently, F. Bracci, M. Contreras and S. Diaz-Madrigal [8], [10], Contreras,
Diaz-Madrigal and P. Gumenyuk [13], L. Arosio, F. Bracci, H. Hamada and G. Kohr
[6] proposed a general setting for the Loewner theory, which works also on complete
hyperbolic complex manifolds. L. Arosio [2], [3], [4], L. Arosio, F. Bracci and E. F.
Wold [7], H. Hamada, G. Kohr, J. R. Muir [42] gave further developments. While
the classical theory deals with normalized objects, this general theory does not, and
encloses the classical theory as a special case.

The purpose of this talk is an announcement of our results in [6], [42] and related
results. We present a general geometric construction of Loewner chains on complete
hyperbolic complex manifolds which does not use a scaling limit process (and thus
it is new also for the unit disc case) but relies on the apparently new interpretation
of Loewner chains as the direct limit of evolution families, and to give applications
of such a theory to geometric properties of univalent mappings on the unit ball. In
dimension one, our results and the uniformization theorem allow to recover both the
classical results of Loewner, Kufarev, Pommerenke and the new results by Contreras,
Diaz-Madrigal and Gumenyuk. In higher dimensions these results are new.

(z,t) = Df(z,t)h(z,t) ae. t >0, VzeB"
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2. Evolution families and Herglotz vector fields

In the rest of this talk, unless differently stated, M is a complete hyperbolic complex
manifold, N is a connected complex manifold of the same dimension and d € [1, 400].
Let dj; denote the distance associated with a given Hermitian metric on M.

Definition 2.1. A family (¢s)o<s<: of holomorphic self-mappings of M is an evolution
family of order d (or Li-evolution family) if it satisfies the evolution property

Ps,s = Id, Ps,t = Pu,t © Ps,us 0 <s<u< t7 (2)

and if for any 7" > 0 and for any compact set K CC M, there exists a function
crx € L4[0,T],R") such that

t
dat(00a(2), pon(2)) < / crx(€)de, €K, 0<s<u<t<T.

An Levolution family has the following property.
Proposition 2.2. Let (ps;) be an L-evolution family. Then for all 0 < s < t, the
mapping s s univalent.

Definition 2.3. (i) A weak holomorphic vector field of order d on M is a mapping
G : M x RY — TM with the following properties:

e The mapping G(z, ) is measurable on R* for all z € M.
e The mapping G(-,t) is a holomorphic vector field on M for all t € RT.

e For any compact set K CC M and all T > 0, there exists a function Cxr €
L%([0,T],R*) such that

IG(2,0)]| < Crr(t), =€ K, ae tel0,T).

(ii) A holomorphic vector field G on M is called an infinitesimal generator if the

Cauchy problem
{2@) = G(a(t)),
2(0) = 2o

has a solution z : RT — M for all zy € M.

(iii) A Herglotz vector field of order d on M is a weak holomorphic vector field of
order d such that the holomorphic vector field z — G(z,t) is an infinitesimal generator
for a.e. fixed t € RT.

The following theorem in L. Arosio, F. Bracci [5] (cf. F. Bracci, M. D. Contreras
and S. Diaz-Madrigal [8]) states that there is a one-to-one correspondence between
evolution families and Herglotz vector fields. The bridge for such a correspondence is
given by the Loewner-Kufarev ODE (3).

Both classical radial and chordal Loewner ODE in the unit disc are just particular
cases of such an equation (see F. Bracci, M. D. Contreras and S. Diaz-Madrigal [10]).

Theorem 2.4. For any Herglotz vector field G of order d on M, there exists a unique
Lé-evolution family (¢s) over M such that for all z € M

8<;Os,t
ot

(2) = Glpsi(2),t) a.e t€s,+00). (3)
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Conversely, for any L-evolution family (ps;) over M, there exists a Herglotz vector
field G of order d such that (3) is satisfied. Moreover, if H is another weak holomorphic
vector field which satisfies (3), then G(z,t) = H(z,t) for all z € M and a.e. t € RY.

3. Kernel convergence

Definition 3.1. Let (€2) be a sequence of open subsets of M. The kernel € is the
biggest open set such that for any compact set K C 2, there exists m = m(K) such
that if & > m then K C . We say that the sequence ();) kernel converges to 2
(denoted by Q) — Q) if every subsequence of (£2;) has the same kernel €.

Note that by the very definition the kernel is an open set. It might be empty as
the following example shows:

Example 3.2. Let M =D and fj, : D — D be defined by f(z) = 1z. Then (f;) is a
sequence of univalent mappings converging uniformly on compacta to 0, and fi,(D) —
.

We have the following result. Another version of the kernel convergence theorem
in C" may be found in P. Duren, I. Graham, H. Hamada, and G. Kohr [14].

Theorem 3.3. [Kernel convergence] Let (fi) be a sequence of univalent mappings from
M to N which converges uniformly on compacta to a univalent mapping f. Then f(M)
is a connected component of the kernel Q0 of the sequence (fi.(M)), and (fi '|ran)
converges uniformly on compacta to f~'san. In particular if Q is connected, then
(fe(M)) — Q.

The condition that the sets are open is important, as the following example shows:

Example 3.4. Let D := {¢ € C : |¢| < 1}. Let fx : D — C? be defined by
f1(€) == (¢, £¢)- Then (fx) is a sequence of univalent discs which converges uniformly
on compacta to the injective disc ¢ + (¢,0). The only compact set in C? which is
eventually contained in f(ID) is {0}.

4. Loewner chains

As we will show in what follows, some properties of Loewner chains can be deduced
from the algebraic properties of evolution families without using L regularity. Hence,
it is natural to introduce the following:

Definition 4.1. An algebraic evolution family on M is a family (¢ )o<s<¢ of univalent
self-mappings of M satisfying the evolution property (2).

By Proposition 2.2, an L?-evolution family is an algebraic evolution family (i.e., it
is univalent).

Definition 4.2. (i) A family of holomorphic mappings (f; : M — N):>¢ is a subordi-
nation chain if for each 0 < s <¢, there exists a holomorphic mapping v, : M — M
such that fs = f; o vgy.
(ii) A subordination chain (f;) and an algebraic evolution family (¢ ;) are associated
if
fs:ftOQ%,u OSSSt
(iii) An algebraic Loewner chain is a subordination chain such that each mapping f; :

M — N is univalent. The range of an algebraic Loewner chain is defined as rg (f;) :=
Uiso fi(M). An algebraic Loewner chain (fi: M — N) is surjective if rg (f;) = N.
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Remark 4.3. Equivalently, an algebraic Loewner chain can be defined as a family of
univalent mappings (f; : M — N):>o such that

[s(M) C fi(M), 0<s<t.

Definition 4.4. Let dx be the distance induced by a Hermitian metric on N. An alge-
braic Loewner chain (f;: M — N) is a Loewner chain of order d (or L-Loewner chain)
if for any compact set K CC M and any T > 0, there exists a kxr € L([0,T],RT)
such that

dn(f(2), 1i(2)) < / -

forall ze K and forall 0 <s<¢<T.

M. D. Contreras, S. Diaz-Madrigal and P. Gumenyuk [13] proved that given an
L?-Loewner chain (f;) in the unit disc D, the family

(Q‘Qs,t = ft_l o fs)

is an associated L%evolution family, and conversely, any L%evolution family on DD
admits a unique (up to biholomorphisms) associated L?-Loewner chain. Such a result,
as already in the classical theory, is based on a scaling limit process.

Similar results, in the case of L*-evolution families (¢,,) in the unit ball B* C C*
with ¢4:(0) = 0, Dgs(0) = e~ (=9 [, have been obtained in I. Graham, H. Hamada
and G. Kohr [21] (see also I. Graham and G. Kohr [32]). In such works, Loewner chains
(f:) are assumed that f,(0) = 0 and Df;(0) = e'I,,. Again, Loewner chains are defined
starting from normalized evolution families by means of a scaling limit process (1).

In the next theorem, we present a general geometric construction of Loewner chains
on complete hyperbolic complex manifolds which does not use a scaling limit process
(and thus it is new also for the unit disc case), but relies on the apparently new
interpretation of Loewner chains as the direct limit of evolution families.

Theorem 4.5. Any algebraic evolution family (ps.) on M admits an associated alge-
braic Loewner chain (fy: M — N). Moreover if (g.: M — Q) is a subordination chain
associated with (¢s4), then there exist a holomorphic mapping A: rg (fi) — @ such that

gt:Aoft; VtZO.
The mapping A is univalent if and only if (g¢) is an algebraic Loewner chain, and in
that case rg (g:) = Arg (f2))-

Proof. Define an equivalence relation on the product M x R*:

(2.5) ~ (1) i @uu(x) = pr(y) for u large enough,

and define N := (M xR")/_. Let m: M x R™ — N be the projection on the quotient,
and let ¢;: M — M x RT be the injection i;(x) = (x,t¢). Define a family of mappings
(fi: M — N) as

fii=moiy, t>0.

Each mapping f; is injective since m|arx gy is injective, and by construction the family
(f;) satisfies

fS:fto(pS,h 0<s<t.
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Thus we have f,(M) C fy(M) for 0 < s <tand N = -, fi(M).

Endow the product M x RT with the product topology, considering on R* the
discrete topology. Endow N with the quotient topology. Each mapping f; is contin-
uous and open, hence it is a homeomorphism onto its image. This shows that NV is
arcwise-connected and Hausdorff, since each f;(M) is arcwise-connected and Hausdorff.
Moreover N is second countable since N = | J, o fx(M). Now define a complex struc-
ture on N by considering the M-valued charts (f,; ", f;(M)) for all ¢ > 0. This charts
are compatible since f; ' o f, = ¢, which is holomorphic. Hence the family (f;) is an
algebraic Loewner chain associated with ().

If (0: M — Q) is a subordination chain associated with (¢,;), then the map
U: M xRt —Q

(2,t) = gi(2)
is compatible with the equivalence relation ~. The map ¥ passes thus to the quotient
defining a holomorphic mapping A: N — @ such that

g=Aofy, t=>0.
The last statement is easy to check. O

As a corollary we have the following.

Corollary 4.6. Let (vs,) be an algebraic evolution family on M. Also let (f;: M — N)
and (g:: M — Q) be two algebraic Loewner chains associated with (ps:). Then there
exists a biholomorphism A: rg (f;) — rg(g:) such that gy = Ao f; for allt > 0.

Thus there exists essentially one algebraic Loewner chain associated with an alge-
braic evolution family.

Definition 4.7. Let (¢s:) be an algebraic evolution family. By Corollary 4.6, the
biholomorphism class of the range of an associated algebraic Loewner chain is uniquely
determined. We call this class the Loewner range of (¢5,) and we denote it by Lr ()
(cf. the abstract basin of attraction defined by Fornaess and Stensgnes in the setting
of discrete holomorphic dynamics with an attractive fixed point [19]).

To prove the following theorem, we use the kernel convergence theorem. The follow-
ing theorem shows that the equation f; = f;o¢;; provides a one-to-one correspondence
(up to biholomorphisms) between L¢Loewner chains and L¢evolution families.

Theorem 4.8. Assume that the algebraic evolution family (ps.) on M is associated
with the algebraic Loewner chain (fi: M — N). Then (ps,) is an Lé-evolution family
if and only if (fs) is an L%-Loewner chain.

If we consider evolution families defined on a domain D of a complex manifold N,
a natural question is whether there exists an associated Loewner chain whose range is
contained in IV, or, in other terms, whether the Loewner range is biholomorphic to a
domain of N. This question makes particularly sense if D = B" and N = C".
Remark 4.9. There exists an algebraic evolution family (ps,;) on B* which does not
admit any associated algebraic Loewner chain with range in C3. This follows from L.
Arosio [2, Section 9.4].

There are several works in this direction, answering such a question in some nor-
malized class of evolution families (see [2], [21], [25], [26], [32], [54], [60]). Here we give
some answers based on the asymptotic behavior of the Kobayashi pseudometric under
the corresponding evolution family.
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Definition 4.10. Let (¢,,) be an algebraic evolution family on M. Let ky : TM —
R* be the Kobayashi pseudometric of M. For v € T,M and s > 0, we define

Bi(2) = lim mar(pun(2): (dipey)-(v). (1)
Remark 4.11. By the contraction property of the Kobayashi pseudometric, the limit in

(4) is well defined.

Proposition 4.12. Let (vs,) be an algebraic evolution family on M. Let (f,: M — N)
be an associated surjective algebraic Loewner chain. Then for all z € M and v € T,M,
it follows that

firn(z0) = B)(2).

If M =D, the Loewner range Lr (p,;) is non-compact and simply connected. So,
by the uniformization theorem, it has to be biholomorphic to I or C. Then from
Proposition 4.12, we obtain the following corollary (cf. M. D. Contreras, S. Diaz-
Madrigal and P. Gumenyuk [13, Theorem 1.6]).

Corollary 4.13. Let (p,,) be an algebraic evolution family on the unit disc D.
(i) If there exist z € D, v € T,D, s > 0, such that 83(z) =0, then

o Lr(pst) is biholomorphic to C,
e 35(2) =0 forall ze D, veT.D, s>0.

(i1) If there exist z € D, v € T,D, s > 0, such that B3(z) # 0, then

o Lr(psy) is biholomorphic to D,
o 35(2) #0 forall z €D, veT.D, s>0.

From Corollary 4.13 and Theorem 4.8, we obtain the following corollary.

Corollary 4.14. Let (¢s;) be an Li-evolution family on the unit disc D. Then there
exists an L*-Loewner chain (f;) associated with (ps,) such that rg (f:) is either the unit
disc D or the complex plane C.

Such a result can be generalized in higher dimension as follows. Let us denote
by aut(M) the group of holomorphic automorphisms of M. From Proposition 4.12
and Fornaess and Sibony [18, Theorem 3.2, Main Theorem|, we obtain the following
theorem.

Theorem 4.15. Assume that M/aut(M) is compact. Let (¢s;) be an algebraic evolu-
tion family on M. Then

(1) If there exist z € M, s > 0 such that B5(z) # 0 for all v € T,M with v # 0, then
Lr (@s4) is biholomorphic to M.

(i1) If there exist z € M, s > 0 such that dimc{v € T,M : Bi(z) = 0} = 1, then
Lr (¢st) is a fiber bundle with fiber C over a closed complex submanifold of M.

In particular, if M = B", then in the second case in Theorem 4.15, the Loewner
range is a fiber bundle with fiber C over a closed complex submanifold of B” and by
[18, Corollary 4.8] it is actually biholomorphic to B"~! x C C C". Therefore, we obtain
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Corollary 4.16. Let (vs;) be an algebraic evolution family on the unit ball B™. If for
some z € B", s > 0 it follows that dimc{v € C": B(z) = 0} < 1, then there ezists an
algebraic Loewner chain (fy: M — C") associated with (@s;).

If dime{v € C": 35(2) = 0} > 2, the complex structure of the Loewner range can
be more complicated. The Loewner range of the algebraic evolution family recalled in
Remark 4.9 has dimc{v € C" : 85(z) = 0} = 2 and is not biholomorphic to a domain
of C3.

Example 4.17. Let () be an algebraic evolution family of B? such that ¢, (0) = 0
forall 0 < s <t and (Dg,,)(0) = eA*=*) where A is a diagonal matrix with eigenvalues
i, 0 € R and A € C for some ReA < 0. Then dimcker 53(0) < 1 (it is either 1 if
ReX < 0 or 0 if ReA = 0 which is the case if and only if ¢, are automorphisms).
Therefore in such a case there exists an algebraic Loewner chain with range in C2.

5. Loewner-Kufarev PDE

In this section, we show that L?-Loewner chains on complete hyperbolic complex mani-
folds are the univalent solutions of the Loewner-Kufarev PDE, as in the classical theory
of Loewner chains on B"™ (see [21], [32]). Other results related to the solutions of the
Loewner-Kufarev PDE on B"™ may be found in [14].

Proposition 5.1. Let (f;: M — N) be an L-Loewner chain on M. Then there exists
a set E C RY (independent of z) of zero measure such that for every s € (0,+00) \ E,
the mapping

Ofs
M3z~ 87!];(2’) S Tfs(z)N

is well-defined and holomorphic on M.

Theorem 5.2. Let G : M x Rt — TM be a Herglotz vector field of order d associated
with the L-evolution family (ps,). Then a family of univalent mappings (f;: M — N)
is an L?-Loewner chain associated with (ps:) if and only if it is locally absolutely
continuous on RT locally uniformly with respect to = € M and solves the Loewner-
Kufarev PDE
Afs
Os

By Theorems 4.8, 2.4, and 5.2, we obtain the following corollary. This result has
been proved with different method also in H. Hamada, G. Kohr, J. R. Muir [42].

(2) = —(dfs).G(z,8), ae s>0,z€ M. (5)

Corollary 5.3. Every L¢-Loewner chain (f,: M — N) solves a Loewner-Kufarev PDE.
From Theorems 2.4, 4.5, 4.8 and 5.2, we obtain the following corollary.

Corollary 5.4. The Loewner-Kufarev PDE (5) admits a solution given by univalent
mappings (fi: M — N). Any other solution with values in a complex manifold Q is
of the form (Ao f;) where A: rg(f;) = Q is holomorphic. Hence a solution given by
univalent mappings (hy: M — C") exists if and only if the Loewner range Lr (¢s;) is
biholomorphic to a domain in C™.

L. Arosio, F. Bracci and E. F. Wold [7] showed that any Loewner PDE on a complete
hyperbolic starlike domain in C" admits a univalent solution with values in C" using
Corollary 5.4 (For partial results, see L. Arosio [2], [3], [4]).
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Theorem 5.5. Let D C C" be a complete hyperbolic starlike domain. Let G : DXRT —
C™ be a Herglotz vector field of order d. Then there exists a family of univalent mappings
(ft : D — C") of order d which solves the Loewner PDE

Do) = (260, wetz0¥ED.

Moreover, rg (f;) = Ufy(D) is a Runge and Stein domain in C™.

Corollary 5.6. Let D C C" be a complete hyperbolic starlike domain. Let (¢s¢) be an
Li-evolution family on D. Then there exists an L4-Loewner chain (f;) associated with
(pst) such that rg (f;) is a Runge and Stein domain in C".

6. Extension of Loewner chains from the unit disk

Since the introduction of what is now known as the Roper-Suffridge extension operator
in 1995 [56], a great deal of work has been done to develop and study operators that
extend locally biholomorphic mappings defined in D (or in B™) to mappings defined
in the ball of a higher-dimensional space. The modification of the Roper-Suffridge
extension operator with a general @ was introduced by Muir in [48], where it was
shown to preserve convexity and starlikeness for () of sufficiently small norm. The
following result provides examples of L%-Loewner chains on B", which are generated
by a modified Roper-Suffridge extension operator [42].

Theorem 6.1. Let Q : C* ' — C be a homogeneous polynomial of degree 2 with
1QI < 1/4. If {fi}is0 € H(D,C) is an L%-Loewner chain, then {F;};>o C H(B",C")
is also an L*-Loewner chain, where {F}} is any well-defined branch of the ®g-extension

of {f:}, given by

Ft(z) = (ff(zl) + f{(zl)Q<2)vet/2 V ft/(zl) 2) o A= (2’172) € Bn’ t> 07

F(21) = exp (; {log f'(0) + /;1 ];:((5)) dw]) ’

is a consistent branch of \/f'(-).
Remark 6.2. (i) Let

where

F(2) = (f(21) + GV [(2)2), V[ (21)2),

where f(21) = 21/(1 — 21)? is the Koebe function and G € H(C"™!,C) is such that
G(0) = 0 and DG(0) = 0. If |F(2)|| < [|z|l/(1 — ||z]|)? for z € B, then G must be a
homogeneous polynomial of degree 2 from [49, Theorem 4.1].
(ii) It is shown in J.R. Muir Jr. [48] that if f is the Koebe function, f(z1) = 21/(1—21)?,
2z € D, then f is starlike and F' = ®g(f) (where the branch of \/f/(-) is such that
f(0) = 1) is starlike if and only if |Q| < 1/4. Accordingly, {Fi}i>0 = {€'F}iz0
is an L*>°-Loewner chain (and consequently an L?-Loewner chain for all d € [1,00)) if
and only if [|Q|| < 1/4. If ||Q|| > 1/4, then {F}} is not an L%-Loewner chain for any
d € [1,00]. This shows that the bound ||Q| < 1/4 is the best possible for Theorem 6.1
for all d € [1, o0].
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Example 6.3. Let d € [1,00) and A : [0,00) = (—00,0) be an absolutely continuous
increasing function that satisfies

lim A(¢) = 0, N e LE ([0,00)).

t—o0 loc

Now let € be a nonempty simply connected proper subdomain of C, let i : D — Q be
any Riemann mapping, and define {f;};>0 C H(D,C) by

f(Q) =), CeD, t>0.
Corresponding to {f;}, we define {5, }1>s>0 € H(D, D) by

Vo Q) = (f71 o f)(Q =070 (eD, =520
Then the following results hold.
(1) {®s+} is an evolution family of order d on D.
(ii) It follows from Theorem 4.8 that {f;} is a Loewner chain of order d on D.

(iii) Upso fe(D) = €, independent of h. Thus there are many Loewner chains with
range 2, all of which are of order d.

(v) The evolution family {¢s;} depends only on A, and hence corresponds to all
Loewner chains constructed using arbitrary €2 and h.

From Theorem 6.1 and Example 6.3, we have many examples of Loewner chains of
order d on B™.

We have the following result on the range of any branch of the ®g-extension of an
L%Loewner chain on D.

Theorem 6.4. For any L%-Loewner chain {fi}>0 € H(D,C) and homogeneous poly-
nomial Q : C"™' — C of degree 2 with ||Q|| < 1/4, if {Fi}i>0 is a suitable branch of
the ®g-extension of { f;}, then

UFt(IBB”) = (U ft(D)> x €L

£>0 £>0

7. Spiral-shapedness and Star-shapedness
Definition 7.1. Let 2 € C" and let A € L(C",C") be such that m(A) > 0, where

m(A) = min{Re (A(z), 2) : ||z]| = 1}.

We say that Q is spiral-shaped with respect to A if e7(w) € Q whenever w €
and t € RT. If A = I, and Q is spiral-shaped with respect to I,, we say that € is
star-shaped.

If f is a univalent mapping on B", then f is called spiral-shaped with respect to
A if the image domain Q = f(B™) is spiral-shaped with respect to A. In addition, if
A = I, and f is spiral-shaped with respect to I,, we say that f is star-shaped (see
[17]).
Remark 7.2. Tt is clear that if f is spiral-shaped with respect to A, then 0 € f(B").
Moreover, if 0 € f(B"), then the above definition reduces to the usual definition of
spiral-likeness (respectively star-likeness) (see [33] and [59]).

-62-



We next present some applications of Theorem 5.2 to the case M = B". The first
result provides necessary and sufficient conditions for a locally univalent mapping on
B" to be spiral-shaped, and thus univalent on B".

Remark 7.3. We remark that the equivalence between the conditions (i) and (iv) in
Theorem 7.4 below was first obtained by Elin, Reich and Shoikhet (see the proof of
[17, Proposition 3.5.2]; cf. [17, Proposition 3.7.2]; [55]) by different arguments (compare
[16]). In the case f(0) = 0, the analytic characterization of spiral-likeness (6) is due to
Gurganus [33] and Suffridge [59].

Theorem 7.4. Let f : B" — C" be a locally univalent mapping such that 0 € f(B").
Also let A € L(C™",C") be such that m(A) > 0. Then the following conditions are
equivalent:

(i) f is spiral-shaped with respect to A;

(i) The family (f; := e f(2))i>0 is an L>°-Loewner chain.
(ili) G(z,t) = —[Df(2)]*Af(2) is a Herglotz vector field of order oo.
(iv) f is univalent on B™ and

Re([Df(2)] ' Af(2),2) > (1 = |[z]*)Re ([DF(0)] ' Af(0),2), =€B".  (6)

We next give the following analytic characterization of star-shapedness on B™ (cf.
[17]). In the case f(0) = 0, the inequality in (iv) becomes the well known analytic
characterization of star-likeness on B" (see [20], [32], [59] and the references therein).
Necessary and sufficient conditions for star-likeness with respect to a boundary point
are given in P. Liczberski, V.V. Starkov [45].

Corollary 7.5. Let f : B* — C" be a locally univalent mapping such that 0 € f(B™).
Then the following conditions are equivalent:

(i) f is star-shaped;

(i) The family (fi := €' f(2))i>0 is an L-Loewner chain.
(iii) G(z,t) = —[Df(2)]7' f(2) is a Herglotz vector field of order cc.
(iv) f is univalent on B™ and

Re([Df(2)] ' f(2).2) = (1 — [|2]*)Re ((DF(0)] 7 f(0),2), =€B"

From Theorem 6.1 and Corollary 7.5, we obtain the following corollary.

Corollary 7.6. Let Q : C" ! — C be a homogeneous polynomial of degree 2 with
|Ql < 1/4. If f is starshaped on D, then F' = ®q(f) is also starshaped on B™ for any
suitable branch of ®q.

Remark 7.7. The bound ||@Q| < 1/4 is the best possible for Corollary 7.6, for all
d € [1,00] (see Remark 6.2).
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