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Extensions of Nunokawa lemma
for argument properties

Hitoshi Shiraishi (Kinki University)

1 Introduction

Let H[ag, n] denote the class of functions p(z) of the form

p(z) =ap+ Zakzk

k=n

which are analytic in the open unit disk U = {z € C : |z| < 1} for some ap € C and a
positive integer n. If p(z) € H|aog, n] satisfies

Vs
arg(p(z)) < Sp (€ U)
for some real 0 < i < 1, then we say that p(z) belongs to the class ST H[ag, n](1).

The basic tool in proving our results is the following lemma due to Miller and Mocanu
[1] (also [2]).
Lemma 1. Let the function w(z) definded by
w(z) _ (ann + an+13n+1 + a”+23n+2 4+ .- (n =1, 2’ 3’ Ce )

be analytic in U with w(0) = 0. If |w(z)| attains its mazimum value on the circle |z| = r
at a point zy € U, then there exists a real number m 2 n such that

wow'(z0)
- =m.

2 Main result

Applying Lemma 1, we derive the following result.



Lemma 2. Let p(z) € H|ao,n| for some real ay > 0 and suppose that there exists a
point zo € U such that
Re(p(z)) >0 for |z] <zl

and p(z9) = Bi is a pure imagenary number for some real 5 # 0.
Then we have

2op'(20) — il
p(20)
where 5
[ T I
25 (D’ o) n (6 >0)
and

Using Lemma 2, we obtain Theorem 1.

Theorem 1. If p(z) € Hlag,n] for some real ay > 0 and a positive integer n 2 2
satisfies p(z) # 0 for z € U and satisfies

|arg(p(z) — 2p/(2))| < arctan(nu) — g-u (zel)

2n—m

5— < 1, then p(z) € STHao, (1)
n2mw

for some real number 0 < p <

References
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A sufficient condition for
p-valently harmonic functions

Toshio Hayami (Kinki University)

For a fixed p (p = 1,2,3, - - - ), a meromorphic function f(z) in a domain I is said
to be p-valent in D (or multivalent of order p in D) if for each wy (infinity included)
the equation f(z) = wp has at most p roots in I where the roots are counted in
accordance with their multiplicity and if there is some w; such that the equation
f(z) = w has exactly p roots in D. In particular, f(2) is said to be univalent
(one-to-one) in D when p = 1.

A complex-valued harmonic function f(z) in D is given by f(z) = h(z) + g(2)
where h(z) and g(z) are analytic in D. We call h(z) and g(z) the analytic part and
co-analytic part of f(z), respectively. A necessary and sufficient condition for f(z)
to be locally univalent and sense-preserving in D is |h'(2)| > |g'(2)| for all z € D

(see [1] or [5]). Let H(p) denote the class of functions f(z) of the from

) =h()+ 5T =2+ 3 oz +anz

n=p+1

which are harmonic in the open unit disk U = {z € C : |z| < 1}. We next denote by
Sk (p) the class of functions f(z) € H(p) which are p-valent and sense-preserving in
U. Then, we say that f(z) € Sx(p) is a p-valently harmonic function in U.

In the present talk, we consider the following sufficient condition on h(z) for
f(2) € H(p), satisfying ¢'(z) = z™'R'(2) (m = 2,3,4,---), to be in the class
Su(p)-

Theorem 1 Let h(z) = 2P + Z a,z" be analytic in the closed unit disk
n=p+1

U={z€C:|z| £1} with H(z) = h'(z)/z""" #0 (z € U) and let
F(t) = (2p+m — 1)t + 2arg (H(e")) (-r<t<m), m=23,4,-.

If for each k € K = {0,:|:1,:t2,--~ == [2’*—;@—1]} where [ ] is the Gauss symbol,
the equation F(t) = 2km has at most a single root in [—m,7) and for all k € K
there exist exactly 2p + m — 1 such roots in [—m, ), then the harmonic function

f(2) = h(2) + g(z) with ¢'(z) = z™ R/(z) belongs to the class Sy(p) and maps U
onto a domain surrounded by several concave curves with 2p +m — 1 cusps.



By the process of proving the above theorem, we obtain the following.

Example The function

PYDRY ‘ -1 z +m—2
J(z) = h(z) +4(z) = / L /0 P

1 + t2p+m71 1+ t2p+m71

is a member of the class Sy(p) and the image f(U) is a domain surrounded by
several straight lines with 2p+m — 1 cusps. In particular, puttingp = 2 and m = 2,

we know that
22 z ot?
= dt —dt
f(z) /0 1415 + /0 14+t

is a 2-valently harmonic function and maps U onto the following domain.

References

[1] J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci.
Fenn. Ser. A I Math. 9(1984), 3-25.

[2] P. L. Duren, Harmonic Mappings in the Plane, Cambridge University Press,
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[5] H. Lewy, On the non-vanishing of the Jacobian in certain one-to-one mappings.
Bull. Amer. Math. Soc. 42(1936), 689-692.

4



Modulus of continuity of p -Dirichlet solutions
in a metric measure space

ik B’ bl K FRE G b) *

X = (X,d,p) % 5etEss 2 R =M E L, 413 X EoMEE, uid X EDIER] Borel
HEEC, TEOARMEAUICNLTO<uU) <o 2iE7-TET 5, X Lol
T upper gradient L WS B2 HRLV O &% —RILL 2 bD2EZ S, £ X LD p-
FMIEI % p-Dirichlet 5y minimizer & L TEET 2. DL E X HOHIK Q £ T
p-Dirichlet B, T4 bLHBAT p-RAIL 2D, G ONTHABKE —KT 28 %
RO sREZzEZ 5.

X & 2f55%4k L (1, p)-Poincaré R HER (1 < p < 00) ZHi7-FTERET S, ZDEZE
Euclid 2R D54 & AR Perron B2 BT 5 2 L3 TE, f % 0Q LoBI#E L T,
Pof % fIti$ 2 Q LD Perron i T2, QMIEHITH 2 L &, 0Q LGB f I
LT Pof iz QL p-#fITQ LdEIck2 2 EBHIoNTWVE, I I TROMEDE
Zo6is,

BE. fORVEEELRO L E, Pof bRVERNEZRODH?

Aikawa-Shanmugalingam[2] O # Ttk & L T Holder #Hith %2 % 2 T Q ORI
2{i>TWw3. ¥7: Aikawa[l] TiZ Euclid Z2f_Lo#% @ Dirichlet ik T, & hH—
o EgitE 2 > T3,

HBe,BB0<a<,feRELIFa=0,>0%MATETS, 1>0ICNL TR
Yop %
t*(=logty® for0 <t < t,

op(l) =
Vap(! {tg(— logty)™® fort > t.

EL, o BN EEBE Yo ZMBEE D, X LOBIE f HY Yop-Holder Higi TH
5 E () — SO < Capld(x,y) M7 T & X RV, ROMEFME L LT y,s-Holder
R £2 5,

Ec X, E OB REHREK f 1oL T

Wl = SOOI+ S0 e

x#y

* IIAFRHRE SR I H DC2
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ZIEERC & rg BHEELT
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Cap,(B(x,r), B(x,2r))
PEBED x€E, 0<r<rg N LTHEY DI ELET S, 2 ITCap,l(,-) i3 p-HNAR
E9 5,
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EE 1. Q 2ERIEHITERE 75,

() X\Q 2 p-CDC %7it- T L E, H2EWR e >0 BPHFLEL THEED O < < ay,
BeRICNL T|IPally,, < oo DD LD,

(i) FHBEH a >0, BeRICHLT|Pally, <o BPEHIDERET S, &5
IZ X B3 Ahlfors Q-TFll (p< Q) L $5 L, X\QIF p-CDC 2ZWil=§. I TXH
Ahlfors Q-1EHITH 2 L13H 2 IEEBH C BHFEL T
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W3,

[1] H. Aikawa, Modulus of continuity of the Dirichlet solutions, Bull. London Math. Soc. 42
(2010), no. 5, 857-867.
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tors, J. Differential Equations 220 (2006), no. 1, 18—45.
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Toeplitz and Hankel operators on the Bergman spaces
with closed range

Rikio Yoneda  (Otaru University of Commerce)

Let D be the open unit disk in complex plane C. For z,w € D, and 0 < r < 1, let

puw(z) = 11—“ _j and p(z,w) = ‘lu i ‘ and D(w.r) = {2 € D,p(w,z) < r}. Let H(D)
—wz

- Wz
be the space of all analytic functions on D.

For a > —1 and p > 1, the space L ((1 - (zl%"dA(z)) is defined to be the space of
Lebesgue measurable functions f on D such that

1

{/D [f(2)P(a+1)(1 - |z|2)adA(z)}F < +00,

where dA(z) denote the area measure on D. The weighted Bergman space L} ((1 - \z12)“dA(z))
is defined by

LP ((1 - (z|2)“dA(z)) =H(D)NLP ((1 - |z\2)°‘dA(z)) .

For ¢ € L?(dA(z)) and p > 1. the Hankel operator H, with symbol ¢ is defined on
L (dA(z)) by
Hyf = (I - P)(gf).
f(w)

where P(f)(z) = /D 0 A,

For ¢ € L?(dA(z)) and p > 1, the Toeplitz operator T, with symbol g is defined on
Li(dA(z)) by

Ty f = P(gf),

In [2] S.Axler characterize the boundedness and the compactness of Hankel operator
on the Bergman space.
Theorem. Let g € L2(dA(z)). Then Hy is bounded (compact)if and only if g € B
(g € By), respectively.
In this research. we study the Hankel operators on the Bergman spaces with the closed
range :



1 1
Theorem. Let g€ B, p>2and —+ - =1, and that 0 < § < —-—(< 1) . Hy
p g 1+\/g
is bounded below on LP(dA(z)) if and only if there is € > 0 such that for any w € D
there is z,, € D such that z, € D(w, g) and (1 = |z4]?)]9'(z0)| > €

And we will talk about Toeplitz on the Bergman spaces with closed range.
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Approximate identities and Young type inequalities in
Musielak-Orlicz spaces

B Xz IRRRFAEEE

KH #ih AR IEKRFE - L¥FEK

KE &t ROKE - BEBEHES
T 7 IEBREREDE - BEFHAR

RY FoasyB8 x & ¢ > 0L T, Kk(x) =t Ve(z/t) £T 3.
(1) fpv6(z)de =1 % 51E, BIBUK {x} % approximate identity LRSS,

AT THDEEN),

ROBREIICHLNTRS

EHA. 1 <p< oo, BBUE {k} % X7 > ¥ V%A 7 approximate identity
EFBE felP(RY) B, {roxf) i f 1 RY) KB TNET 3.

ABETIE, THA OWLEETH. 2001, BER(x,t) = té(x,t) 1IR%E
WrETLOEELS

(®1) ¢(-,t) i3 RN _LATHIEIRCT ¢(x, -) i [0, 00) IEHERIETH %;
(B2) EHA > 1DBFELT, AT <¢(z,1) <A, (zeRV);
(93) ¢(z,-) IZ RN E—RRRPUEMBESTH 2. 2D, EH A > 1BFELT,
o(z,t) < Arp(z,s) (z € RN, 0<t<s);
(®4) SEB As > 1 BTFEL T, o(z,2t) < Azd(z,t) (z € RN, t>0);
(®5) Yy > 0L T, EEB, > 1 BHFELT,
#(z,t) < Byd(y.t) (lz—yl <7V, t>1);
(06) BB g c L'(RN) (0 < g(z) < 1) L ER B, > 1 BHEEL T,

B'®(z,t) < ®(2',t) < B ®(z,t) (7’| = |2], g(x) <t < 1).



¢(x,t) = suppe < H(T,8) & L,
5@J%if6@JMr(xeRMt>m
L43. oL,
sy =i {302 [ B l7l/3dy <1 < o
ERrF RY OIS f 25 7% 5 BMEME LPRY) £ T3 (2, 3)).
Xo0, KOS A 1EED
P={p>1:tw t7d(z,t) iz RV b -RARLUEMBI%

EL, p=supP tT3, ZDLE pcPhodp=ptL, pgPi6IL
1<py<p&d5,

. BISIE {k.} % approximate identity &€ §5, I 51T, K ERDEL S
DR TET 5

(1) BAEUE {k} IR T v L8 A 7,
(2) k€ L' (RN) T, k DRI VIT |,

IDEE, feL®RN) &0, {kexf}id fI2 LERY) ICBWLTRT 3,
2%h

}E;la “H/t * f — f”L'b(RN) = 0.

F 7o, AFEHETIE LY(RY) /L LICHT 3 Young B OARFRICOWLTHIEN
295,

S 3K
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Veech holomorphic families of Riemann surfaces and
Diophantine problems

Yoshihiko Shinomiva (Tokyo Institute of Technology)*

1. Introduction

Let X be a Riemann surface of type (g,n) (3g —3+n > 0). A flat surface (X, u) with
critical points on C is a pair of a Riemann surface X and an atlas u = {(U, z)} on X\C
such that the transition functions are of the form w = +z + ¢. A self-homeomorphism
h of X is called an affine map of (X, u) if, for any (U, z), (V,w) € u with h(U) C V,
wo hoz! has the form w = Az + ¢ for some A € SL(2,R) and ¢ € R%. The affine
group Aff* (X, u) of (X, u) is the group of all affine maps of (X, u). For each affine map
h € Aff*(X,u), the derivatives “A” of affine maps wo ho 27! = Az + ¢ are uniquely
determined up to the sign. Thus, there exists the homomorphism D : Aff*(X, u) —
PSL(2,R) which maps A to its derivatives. The Veech group I'(X, u) of (X, u) is the
image of the map D.

Veech [2] showed that there exists a holomorphic and locally-isometric embedding
® : H/T(X,u) - M (g,n). Here, [(X,u) is the mirror of the Veech group I'(X,u)
and M (g,n) is the moduli space of Riemann surfaces of type (g,n) with the Te-
ichmiiller metric. Such embeddings give us holomorphic families of Riemann surfaces.
A holomorphic family of Riemann surfaces of type (g,n) over B is a triple (M, 7, B)
of a complex 2-manifold M, a hyperbolic Riemann surface B, and a holomorphic map
7 : M — B such that each fiber X; = 7~!(t) is a Riemann surface of type (g,n) and
the induced map B 3 t — X; € M (g,n) is holomorphic. Set B to be H/I'(X, u) with
all its cone points removed,

M =[] &) ={(tp) teB,ped)}, and
teB
m:M>(t,p)—>teB.

Then the triple (M, m, B) is a holomorphic family of Riemann surface.

Definition 1. We call such holomorphic families of Riemann surfaces Veech holomor-

phic families of Riemann surfaces.

Remark. Let ¢ : H — T(X) be alift of a holomorphic and locally-isometric embedding
® : H/T(X,u) - M (g,n) as above. Then ¢ is a holomorphic and isometric embedding.
Assume that (i) = [X,id]. Then there exists a holomorphic quadratic differential ¢
on X such that the Teichmiiller map f;: X — fi{X) from «(7) to +(?) has the Beltrami

coefficient i=£14l,
P

AWtFIE 70—V COE FHRIABORL L BEOBRZ R L bDOTH S,
* Department of Mathematics Tokyo Institute of Technology 2-12-1 Ookayama, Meguro-ku, Tokyo
152-8551, JAPAN
e-mail: shinomiya.y.aa@m.titech.ac.jp
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2. Results

Let (M, n, B) be a Veech holomorphic family of Riemann surfaces defined by a flat
surface (X,u) and p : H — H/T(X,«) be the branched universal covering map. For
any sufficiently small connected open subset U of B, let us identify U with one of the
connected component U of p~1(U).

Theorem 2. Let s : B — M be a holomorphic section of (M, w, B). Then there exists
a point a € X with Aff* (X, u)({a}) = Ker(D)({a}) such that the holomorphic section
s 1s written as s(t) = (t fA{a)) on U. Here, fi: X = fi{X) s the Teichmiiller map
corresponding to each tel.

This theorem characterize each holomorphic section of the Veech holomorphic family
(M, 7, B) of Riemann surfaces by a point of the flat surface (X, u).

We also give examples of Diophantine equation over function fields. A Diophantine
equation corresponds to a holomorphic family of Riemann surfaces and a solution of the
equation is regarded as a holomorphic section of the holomorphic family of Riemann
surfaces. We construct Diophantine equations from Veech holomorphic families of
Riemann surfaces which are obtained from the following flat surfaces X, (m > 2). All
solutions of the equations are given by applying the characterization of holomorphic

sections.

Example 3. All solutions of the Diophantine equation

F(Z1, 2o, Z3) = 220 — Z0V(Zm —27) — 22221 =0 (te C)
are

[Z1(t) : Zo(t) : Z3(t)] =[0:0:1],[0:1:0].[exp(2mil/m):0:1] (I =1,2,--- ,m).
SE

1] Y. Shinomiya. Veech holomorphic families of Riemann surfaces, holomorphic sections,
and Diophantine problems. , arXiv :1202.5002.

[2] W. A. Veech. Teichmiiller curves in moduli space, Eisenstein series and an application
to triangular billiards. Invent. Math., 97(3):553-583, 1989.

\
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MERBZ AL I aT7—ZEROSTERIIEBITS
Z Ak I 27 —hEE e NRERREIZ DUV T
BT BIE (G EIRFRERE RS TR e RO IS SR )

ZAbIaT—ERMEE, —OOMmMICEATE 2, FRffEoEEREERE £
LTWAZERMTH S, Fric, BEASEFEMIK A = {z € C||z| < 1} D& &3 EE
AAEIaT7—EMEMFEN, LTOXIIZEREIND,

QC % A FOHCHESAERTL i, -1 ZEET2bOREKOEELT D, f,9€QC
WXL T, floa = gloa BV LD EE, f & gldFAER 2T —FETHH LV,
ZORMEBMRIC L D QC OREZEMELBY A £ Ia 7 —EME W T TKY, feQC
TEREIND A a7 —REHEL [f) KT, A LOHEERTEELH M Ela
S—RfEEY T OEELE VW0 TET, 2, b7 IRHEEROES L QCIZiT
L1 d 5720, TIXTOEAOE[ERE bRARE S, ~V M7 IR p 2R
Ruue T84 a7 —MEEY 1 TET,

ERBAAL I 2728 TIZIEZA b 2T —iFRE & FEEN 2 R IE R E
Do THUTERSAM E OBEREOAHELRDL TS, M Ia7—HIT L
TR L 72D, — ., TICIIEFRBEN AV EESRK L 2D, E-T. Ak
ORI A RS U TR L7/ RE RS T ECEE D, —MIC, 8
OMPE ) —T UEICHLT, FDEAEIAS—EHETOAAEZT 25— R
INKIEBE(E—BT D e TS, ETHEE2UED =7 b —< @Il
HIPR L7235 A% Royden [5] 237~ L7z, —#&RDHEIT Gardiner [3] (2K » TrREhlz,

COMELERRARBEAUTOLIICEZLND, T 2EELEKAET T ~OEH
DAL DFEETDH LD ETE, ZnkE, T L (T %E—HT5Z&I2K0.
T % T OEAZERE LTRAY, T it bR EREkAR 2 >OERES ARIZEE D,
1O T EOFAL eI 25—HEO T ~OHIBRTHY, I 123 T ETEES/D
WIFIEBETH %, CDEZ. CO2DODERN TV LT—HT HHE S M ELSEER
Ezbhb, 8. A LOHOHIN%EAEREYELY AL 27 —FEREEOE
ATy LT, Zo 2 0EEI—%T 5, ZOFETHREMIC Earle, Gardiner, Lakic
(2] 12X > TREHR., #I2 Hu, Jiang, Wang [4] 23 X 0 B R IE TR L., AREE
OHBIE., BOOHEREILEL T, A a7 — N/ HB#R—BT 2L o2
T OEIEMZEMO+ N ENEE2 5252 ThbH, BEMNICIE. UTOEETH D,
FRE T #BEHEHKET T ~OERRBOADBDBEFET 200 LT D, TP BLLF

D3FMNER-TLE, T EOZ A I 27—l dp &/ PREEBE dp 132

T 5,

(1) T'\ {0} i T @ Strebel point ERDEHFIZTEND,

Q) B reT I LT, 7T H24HER o, 13T LOBCTHHLRD,

B)EED 1 e T'\ {0} L THIRE L per VAELT, ADHL=
PRI NRBEEONT p & —HTDEOREED ¢ e 7 BIMEED
te A LT, el &5,
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T @ Strebel point & (X, frame mapping ¥ Z# At I 2 7 —[AHANPZ &L TH
%, frame mapping &%, 5 A DLy MNESESOMINZISIT D RKEME
N, ZOEBREERS A 27— EEORESHRORRKEME LY bEIh &<
HEEERBEHROZETHD, FEM Q)BT T IKETLIAEREIT. =]
EERLIZEE, [fleTICHLT f])=[fog '] TEELHHLDTH D,

dir > dp WX/ IHIEREBEORE/MEIZ X VT TRV LD, BDOREFOIEFIL, T4
f(2) L VIEED 7€ T\ {0} IZx LT,

dKA(O, T) S dT/(O. T)

EaREEL, T NOMESGRORKEMEL Ky £B< L. dp(0,7) =1log Ky &
#4525, EAOHENEL, UTFDO2>THDH,

1. dir(0,7) < Log K, L 72 2 BKRFEMEDY (K, } ZHRT 5,
2. {K,} DEHFIT Ko (KT D HDOBEET D,

K, Ot 7 WO frame mapping % A ORNEMHHEEL TNV Z EIZLk>TH
bb, ZOLEICEVIRLHAWSINADMN, Strebel’s frame mapping theorem &
ENATEBRTHS, L, f£ED Strebel point NOBEFRIZ—BEMIZEE D, &
LILFDOGRE BERIIRT ZENTEDL LI LOTH D,

COMICERBEEANT, 2SI a5—BRENREMNS—HTILIG T O
SIEEMEREOMEBNT D, FIUT A EOFRT7 B LHE p I LT 2RISR
R T IFEEEEDY A b a7 —FEREROES T, THhDH, 22T, b7 3
3 23 p IR LT 2R/AMFES Th D & 1T,

[ torate iy < oo
A

EHRIZTZETHD, T3 T OFHEREH7ERZER L 25, 72 T, 1X Douady-Earle
PR LI DRI A Fio -5 5 A LOBCIEREAGHR TREMGT LD (1]
B, ZOREMNMTERIALT, T, EOX A 22Tl E RS T 5
ZEREN S,
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A CHARACTERIZATION OF BIHOLOMORPHIC
AUTOMORPHISMS OF TEICHMULLER SPACE

HIDEKI MIYACHI (OSAKA UNIVERSITY)

1. INTRODUCTION

This is a joint work with Ryosuke Mineyama (Osaka University). For details,
see [10].

1.1. Teichmiiller space and the Teichmiiller distance. Let X, ,, be a compact
oriented surface of genus g with m-holes and 2g — 2 + 2m > 0. Teichmiiller space
T,.n of Riemann surfaces of analytically finite type (g, m} is the set of Teichiniiller
equivalence classes of pairs (Y, f) of Riemann surfaces Y of analytically finite type
(g,m) and orientation preserving diffeomorphisms f : Int(X, n) — Y. Two such
pairs (Y1, f1) and (Y2, f2) are Teichmiiller equivalent if there is a conformal mapping
h : Y7 — Y, such that h o f; is homotopic to fo.

Teichmiiller space Ty, admits a canonical distance, the so-called the Teichmiiller
distance dr, which is defined by

1
(1.1) dr{yr,y2) = §logi%fK(h)

for y; = (i, fi) € Tym. where the infimum (1.1) runs over all quasiconformal
mapping h: Y7 — Y, homotopic to fa o f| ! and K(h) is the maximal dilatation
of h. Teichmiiller space is topologized with the Teichmiiller distance. Under the
topology, Ty.m is homeomorphic to R69=6+2m,
1.2. The action of the extended mapping class group. The extended mapping
class group is, by definition, a quotient group defined by

Mcgy ., = Homeo(Z ) /Homeog (Eg.m),
where Homeo(X, ,,) is the group of homeomorphisms of ¥, ,, and Homeop(Zy,m)
is a normal subgroup consisting of homeomorphisms homotopic to the identity.
The mapping class group Mcg, . is a subgroup of Mcg;m consisting of equivalence
classes of orientation preserving diffeomorphisms. Any element [w] of Mcg] ,, acts
on Ty, as follows. When w is orientation preserving, we define

W (Y. f) = (Y, fow™).

Suppose that w is orientation reversing. Let ry : Y — Y™ be the anti-conformal
mapping induced by the mirror reflection. Then, we set

W (Y, f) = (Y*,ry o fow™).

We can observe that the actions of elements of Mcg}, ,, are isometric on (Ty . dr)
(cf. Masur-Wolf [8]. See also [9]). Namely, there is a natural homomorphism

(1.2) Mcg;, , 3 [w] = [w]s € Isom(Ty,m, dr).
1
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2 HIDEKI MIYACHI (OSAKA UNIVERSITY)

It is known that the homomorphism (1.2) is an isomorphism when (g,m) # (1,2)
and (2,0). When (g,m) = (2,0), the homomorphism (1.2) is surjective (cf. Ivanov
[4], Earle-Kra [1] and Miyachi [9]. See also Korkmaz [5] and Luo [6]).

2. CHARACTERIZATION OF BIHOLOMORPHISMS

Teichmiiller space T, ,, has a canonical complex structure inherited from the
complex Banach space of Bertrami differentials. The Teichmiiller distance coincides
with the Kobayashi hyperbolic distance under the complex structure. Therefore,
any biholomorphism acts on Ty , isometrically. One can see that the action of any
element of Mcg, ,,, is biholomorphic. Hence we also have a homomorphism

(2.1) Meg, ,, 3 [W] — [w]s € Aut(Ty,n) C Isom(Ty . dr).

H. Royden first observed that the homomorphism (2.1) is an isomorphism when
g >2and m = 0. C. Earle and I. Kra extended Royden’s result to the case when
(g,m) # (1,2),(2.0). Earle and Markovic also obtained the characterization in a
different way. See Royden [11], Earle-Kra [1] and Earle-Markovic [2].

In this talk, I would like to give an alternative approach of the characteriza-
tion of biholomorphisms of Teichmiiller space. Indeed, since the homomorphism
(1.2) is surjective when (g, m) # (1,2), any biholomorphism h on T, ,, induces a
homeomorphism h on £,,,. We will show that the induced homeomorphism h is
orientation preserving by analyzing the action of isometries by passing the Maskit
embedding with the similar discussion as that in Shiga-Tanigawa [12].

REFERENCES
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On growth rates of 3-dimensional
hyperbolic Coxeter prisms
MR (RREH)

Let P be a 3-dimensional hyperbolic Coxeter prism which is combinatorially
the product of a l-simplex with a 2-simplex. Kaplinskaya [1] classified straight
Coxeter prisms. When P is not straight, we can obtain P by pasting straight
Coxeter prisms together along their common triangle face which is orthogonal to
all their lateral faces. (cf. [3] Proposition 4.6.) Our main result is

Theorem 1. The growth rates of 3-dimensional hyperbolic Coxeter prisms are
Perron numbers. O]

We will show a typical example below. Let P be the non-compact and non-
straight Coxeter prisin whose Coxeter diagram is as follows

6

where k& > 7. Then P can be obtained by glueing the non-compact straight
hyperbolic Coxeter prism P, with Coxeter diagram
o----0——0——0—20
6 k
and the compact straight hyperbolic Coxeter prism P, with Coxeter diagram

o----0 —0 0

k

along the hyperbolic triangle 7" with Coxcter diagram
o—o0—o0

k
Then the growth function fp,(t) of P; can be calculated as

t+ D3P —t+ DE+t+ D+ 4+ 1)
(t — 1)(2tk+4 4 3tk+3 4 4¢k+2 4 5ek+l 4 66k 4 .- + 610 + 565 4 3¢t + 2% + 12 — 1)

by using Stciberg formula, while the growth function fp,(t) of P, is cqual to

t+ 13 E+ DR+t + D)+t 4+ 1)
(t — 1)(—thtd — ¢hid 4 oh42 L gkt 4 5tk 4 oo 4 58 44t + 265 —t — 1)

Now P is the “amalgam” of P, and P, along T, the growth function fp(t) of

P satisfies
1 1 1 1-—-1t 1

0 T e TR0

* e-mail: ykomori@waseda. jp
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where fr(t) is the growth function of T

E+FD2E+t+ D)t -+t 4+ 1)
tht3 pghe2 gk 3 4t 4]

(c.f. [4] Corollary 3.1.) As a conclusion, fp(t) can be written as

(t+ 132+ D22 —t+ D)+t + Dt -+t 4 1)
(t —1)Q(t)

where

Q(t) = 2F+E 4 4h+S £ 7eb T L 1065 4 126512 4 1445 H!
+ 15t 4+ 14T+ 1265 4 98 4 6t 4+ 3t + 2 — 1.

By means of Lemma 1 of [2], we conclude that the growth rate of fp(t) is a Perron
number.

P, '

Non-straight Coxeter prism P
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M DMy AMHEEEED X €7 AFEANDIER
B B (RRRHIAY)”

HATFE S! ol E 2RO RMTERD 5 2 28 G 25, X £ AKLERE Mob(S!)
DESIBE L MR BIC R 21D DOFRMFICDOWTEZ S, Navas [1] 1 Diff*(S!) OEIIEE
GIcMLT, ALESH»S %L O>MIFAMER f e DIf*(S') BHFELT, fGf' C
Méb(S!) &k 27 dD&EMES L. 7, DS (0 <a < 1) IK2WTHFK
RESEMBR D LOE S ) LT 0 S, KFHTIE, ¥4I 27 —EoMEz &
HT2ZEickh, ROBEVBBONDE ZEZHET 5.

FB1 FED a(0<a<l) KNLT, H$2EH c>0 TREALTOLDVHFET
2. WA S! ol 2 2RO FRHER>» 5% % GEFIEN) B G OBt g DK
SRR a-~ ¥ — it

lg(x) — g'(y)| < clz—yl*  (Vo,y € S' = R/27Z)
LT OE, GIE Mob(S') DEFEEL (14 o)-BOMITHEMEER fick b
H5.

RE, a>1/2 DB, T c BT R LIC, BOORBE o~V -
BGEHDOADL SRR L 7D) ZELRENS,

EE BN
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Sci. Fenn. 31 (2006), 437-462.
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~ AELFEBEEZHELT ~
Al g CRACAIER)”

1. HENGY 271V
HF 1 BBEE f D> 27 VY5 (Schwarzian derivative) & {3,

wfu/ 3 f” 2— f/// 1 f//zA ,712
s=5-3(7) - (F) -5 (5) -m-m

Kk hEREINZRTHY, RETIEEBIT 2 HLELTEHLOTHICEWTH
wWoHnNTWwW5b, T, o

I
EBIETIE f ORI 2 7L V5 (pre-Schwarzian derivative) &EN 5 2 & b %\,
H. A. Schwarz 12 & - THIK= A O S A BERORE [34] £ Gauss DEEMEEA D
BRI 72 B> & v ) Fuchs DRIEDRR [35] IR S, v el 05,
Cayley [4] i3 Schwarz ICHEE R L CIh iy 2 7V YMIr EAfHT. 20llg, Z
O RIIEEBIEORL kP H CRELREE R L TEL, k¥, Schwarz F 53
[35] e BT, ZORIE Kummer EEL b DORNKLBEETH D LN TV 51
B, (1B DS 2% [36) OHEFIC BV THEMICIE Lagrange 23BEIC [15] 1BV T
CZoRZHOTL S EHBLTeS, A, JTHKHEELALIEY —FiZowT
13, 28] bBHEOZ &,

FHFEFAHERO Y 27 VY HTIIO0T, ROWHEDPEANTH S,

1.1 /g FIER LOIEEREERIKRE L, fogERTEDL LT 2.
(1) Stog :((Sf) © ‘919,)2 + 5
(i) S;=0 & flEAEY AL

(iii) BABf 3 2 DEFICB L THEEBERRET 2. CDLE, ShiDEHFIC
BWTIER & fid 2 OEHEICE W THEE

'y

D20 MAEDLET, AETALMT(w) = (aw +b)/(cw +d) I LT
Stes = Sp. Sgor = (S0 T)(T')?

Z135.

AFEHO KIS 1 Seong-A Kim & (REIREEL, @E) o tmpfiict-o <, £, AR Rt
JERE (B) (GRREE 75:17340039, 22340025) DMK EZ T - b DTH 5,
2010 Mathematics Subject Classification: Primary 30F45; Secondary 30C55, 53A30
¥ —7 — F : Schwarzian derivative, conformal metric, projective structure
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ATV -REREREE L TwEDT, EI06IDL) RABHTS 3
DOARBRICEIA LS, ZHUIHTEEZAD—DELT, AEVALH w = (az+
b)/(cz+d) % (a,b,c,d ZILEERE T 2) BORKLE T2 L) LEMITBAZESR
THHERSH S, TDOTA T TIEARENCIEBEIC Schwarz [34, p. 116] ICRR 54T

% (FERS TSR H 508, RENTEBOFTRI (36, p. 78] TRELEINT3) .,
it, Klein [12] D § 3.6 b2 I 7z,

Cayley [4]13 ¥ 7%, w= f(z2) D> 27 AYBTERTILT {w,} ZHALK, i
AR ENEBEREE NI ) LI S IER LIS TH D, EAE, fg
ZIBFTBE L AEAKRE L, w=g(2),(=fw) £ T, AIELL ()X

{2.¢3dC + {¢, whduw? + {w, z}d=* = 0

LEEXABTIENTES, 8 Cavley DKFIAR E LEFN TS ([21)) .

2 7 VRS A O GO D20, #IEO- -ELBR, EOT
FhETIHINTVBIED, Bersik>TH¥ Ak 2 27 —FEl@IICHI N, #
DI L > 7=DhH3 Nehari DHEIEHEHRTH 5.

FBE 1.2 f(2) ZHMEAN 2| < 1 FOIEEREBHBKKE TS, L fBRELSE,
(1= [z2S;(2)| <6 THD. —H, (1—[2[)?S(z)| <2k 61X, fIHETH S,

RO, BEIE Kraus [14) 12 X > RIS 7203, RUlEhio Tk, il
MAZFFE R L 72D 08 Nehari [22] TH -7 DT, LI L IE Kraus-Nehari DER & !l‘]: E¢ gl
T3, #¥id Nehari [22]1C & %, &8, EHD6,23ZNZNRERATHS. FLLS
(16 22D T &,

X, TOEICERALZL 27 VIEITHEDT, T E TRL LITENHRRA A
RONTER, AL XTI oW TIIATE TN D 2 LB TER VDS,
7= & Z13 Ahlfors [2], Carne [3], Osgood-Stowe [25, 26]. #a4- 4 R-#H [18]. Molzon-
Mortenson [19, 20], /M-FIEH [13]. ¥ [31), 4 K- B0k Ex2EHDZ &, %
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1

VARIATIONS OF BERGMAN KERNELS FOR SOME
EXPLICITLY GIVEN FAMILIES OF PLANAR DOMAINS

YANYAN WANG

Abstract: We study the parameter dependence of the Bergman ker-
nels on some planar domains depending on complex parameter in nontriv-
ial “pseudoconvex” ways. Smoothly bounded cases are studied at first: It
turns out that, in an example where the domains are annuli, we prove the
following Theorem.

Theorem 0.1. Let A; := {z € C ||| < |z < 1}, A := Upqq«1{{} X A and
OA = Upagarll) X 0A; then 3* log Ky (2. 2)/ 0L tends to O with order 2
as (£,z) € Atends to OA in a nontrivial way.

Here, the point ({,z) tends to the boundary in a nontrivial way means
that £ tends to a fixed point firstly, then z tends to the boundary of the base
domain A,. By parity of reasoning, we will repeat no more later.

And in another example where the domains are the family of discs. We
consider that

c=Jirxc
LeB
where B = Dy, C; = {z € C||z— ™9 < 1,6(0) = 0, A8({) = 0}. Here, 6({)
is a real-valued analytic function.

It is a well-known fact that a real hypersurface given by |z—a({)|* = 779

is Levi-flat if and only if

Y.ZZ = 2€ylazlz, asz + Yea; = 0.

Therefore, dC is Levi-flat and we have the following theorem.

Theorem 0.2. The Levi form of log K¢, (2, z) with respect to { approaches
to oo when ({,z) € C tends to dC\((0,0)} but depends on tanargz when
(£, 2) € C tends to (0,0) in a nontrivial way. When ({, z) tends_to 0,0)ina
nontrivial way, if tan arg z tends to oo then 9* log K¢, (z,2)/8{8{ approaches
to oo, otherwise, 6*log Kc,(z, 2)/0(OL approaches to a positive non-zero
constant which depends on tan arg z.

Further, in contrast to this, in the cases where the boundary of the do-
mains are not smooth, such as discs with slits, rectangles and half strips, the
following phenomena are observed.

The considered family of discs with slits are

D;={zeD;|z+s{,s=>1},

where ¢ € Bwith B = {{ € C||{ — 1] < 4,|¢| < 1} and define D = | J;epl{} ¥

D,. Then the following result holds.
1
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2 YANYAN WANG

Theorem 0.3. The Levi form of log Kp,(z,z) with respect to { approaches
to oo when ({,z) € D tends to (1,1) € 4D in a nontrivial way and ap-
proaches to 0 when (, z) tends to (1, £i) € 8D in a nontrivial way. Other-
wise, 8* log Ke, (2, 2)/0¢AL approaches to a positive non-zero constant.

We shall present the explicit expressions of Bergman kernels on rectan-
gles by using the Schwarz-Christoffel transformation and Jacobi’s elliptic
functions, and on the family of half strips by using the trigonometric func-
tions.

The considered parameter rectangles are

R ={z=s+iteC.|0<s<Re,0<t<Imd}

where ¢ € B with B := {{ € C||{—(1+1)| < 6} and define R := |,p{} X R,
The angle of dR, at each vertical point is /2 and the following results hold.

Theorem 0.4. The Bergman kernels of R, on the diagonal are

1 K(k()
(dmsn2, kD)) [sn(u, k(£))en(u, k(£))dn(u, k() Rel |

where u = K(k({))z/Rel and sn(u, k), cn(u, k), dn(u, k) are the Jacobi’s el-
liptic funtions of the first kind, K(k) is the complete elliptic integral of the
first kind. k({) is a real valued analytic function with respect to {. Let
{=1+i+¢then,

k(Z) = ko + 2Re((a + ib)e) + 2Re((c + id)e?) + 2elel’ + -+ - ,
where ko = 1/V2,a = b = =2c = K/(4V2QE-K)), d = ¢ = -V2a*
Here, K is the value of the complete elliptic integral of the first kind at the

pointk =1/ V2, and E is the value of the complete elliptic integral of the
second kind at the point k = 1/ V2.

Theorem 0.5. For Bergman kernels Ky (z,z) where ({,z) € R, it holds that
_ . 0%logK(z,2) .. OlogKp(z,2) 3
lim im ————— =0, lim lim — = —,
250 {1+ oo ol g1+ Lol 2
& log Kg,(z,2) P log Ky (z,z
lim fim O EK&ED o i i L08RED
= {1+ 64’84’ o+ o+ (’)é'aé'
In the case of half strips, we get the following Theorem.

Theorem 0.6. Let S, := {z € C.|0 < Rez < Re(, Imz > 0}, with B = {{ €
Clie =1 < 6Yand S := Jsepll} X S ;. Then,

(. 0%logKs,(z,2) (.. 0*logKs,(z,2)
lim|lim —————— | =0, lim|lim———— | = oo.

Kg(z,2) =

=0 -1 0{32 =1 -1 6{62
But,
i ( . 8’logKs (z, z)]
lim |lim —————
Imz—o0 | {—1 aga-(

depends on the choice of Rez.
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HIFRA Carathéodory BHARE 2 DWW T (FT1E)
SR (ERAS BT HRP D)

2011 4 3 HOWAH AAICE T 2 HABUE 2 2011 HFEEXOREBGRIHRICE 0T
M54 F A c#EIECIEE, HIRR Carathéodory HIHE & HH#EHDOHIRE FR OB D
HEIRERETT I ENHEAZ 2GR THCL, L LZ0OGIHORE 4 2
MO RERICEARL I ADBEO2D, 50 L I AFERICIFBIERR TV 2w BifE
o TLABIES & RERO EMMECET2HAIC >V TSRIEHRGT S THS.

S5R 72 HIBRAY Carathéodory FIFE & BLER O HIRB AR OB OAFER L&, LIFTH
HEDBEXDOAREROBHHIE T EL~NDOHIRER E L5 RXREHLDTH S :

EFR 1 ([4)). X Z1EB% n KO compact HAEMHTEM E L, Kx %2 % OFHER, X %Y
WEEET 5. 2D L E, X O Carathéodory JIEE 4§ & Ky DEkivoly (Ky) icxf L T

(n+1)"n! ~

s (X).

h(X, Ox(KY™))
ly (Ky) = 1i : A 2
voly(Ky) e m™/n! — (4m)n

Z 13 X O Carathéodory HIEEBEIHE (i.e.. Carathéodory FIIE u$ DI BIE) 23, HRHE
HOEAE V) EMfME (e voly (Kx) > 0) 28 2 & 2HBELAFTATRL TV

P IEHIES IO T 2 RBEORIRAOEREZ RS, compact EELHRAE X Lo
ERNESRR L & 2 O d XTGBT A Z < XIS L TL D Z 1o il
RIRRY voly|z(L) &

. dim Im[e* : HO(X, Ox(LE™)) — HO(Z, Ox (Lo™))]
volxjz(L) := limsup Tl

TERINS. D% b FHIRAERIE X IR TE % Z Lo L OIERIKIRYIM OB % i
EHNCH 572 b DT, ZICihio 7 LOEMMEAZ MR EZEZ SN TS, F LR
YT DIEEZ T2 7-0IcE THORHABERTH O, R4 RICHDSH 5.

2 CEEFOFIBEAE E HETZ2OICHRATH D, DoasREkich- 7
Carathéodory HIEE D it % # 5 £ %2 Carathéodory BRI XD ER T L1k Z 1i > 72
HIPRE % | HIPRAAR > TRORICER T S ¢

EHE 1 (5], AT Eisenman [1]). n RIGEELRE X WO d RTTEEFITHIES
ZISH LT, ZDW S Th HHIE, Z 12 2R Carathéodory EARIE A o,
ERXTERT S
. 24 s n
l/'gz‘z .= sup {(f'Z) (m(\/ —laf)log l'l)d> ) f - X - B*: ﬂ:EIJ} .
ZITuy o= 2"(1— )AL At A dET 13 n RIGEFBGLERA B 1D Poincaré
HRIEATH 2. WO Z IS LTI ZOBBOR TR 1§, & L TERL . TIRE
Carathéodory HIEE & W55
AR PRI AF I H (DC) S %% (U5 1522 - 3500) DRI % 43 7.
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¥ —7— F : HRE Carathéodory EEARITF . EERER O TR RIARE, Fe82 o O BRI IE A
* T 102-8554 HURE T KA HAT 7-1
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ZLTIns0FIBRROB &I L T, EH 1 ORI D> VRELEZ JHlb

FEIRE ([5]). nKITC compact BFEERRE X Lol OFFERITE N5 RIUBEKIPHR
mm%ﬁiAZ( LX«@%RL)kﬁLT HhHnkdDARIKD (HRILULTAREZ)

volxz(Kx) > Cpapi§, 5(2).

IITZIERT B HERTARTHS. Crg = ("(jljd'é:Lf_Fﬁr{ﬂ“i)ij’)\/.o L%
2011 EEELOBRICHE L 72hs, ZUdRhiE-> T3 2 L HEN LR o005, %
DREVIZIFHOE & 2 2 ROMROARNEROAHBBRE L -2 it TREINS

n d )
((V=1B10505) 1)) > PO D, (#)

Z Z T Boucksom-Eyssidicux-Guedj-Zeriahi 238 A L 2 non-pluripolar Monge-Ampere
BOETHOTYS. L ZOBDOAERDE D 2T, Matsumura-Hisamoto 12 & %
Boucksom-Popovici DO KRR ([3], (7)) B L, MEOAEA "R OoN 3.

ST, FAD o, % Z DERITE VT Carathéodory i 5 (i.e. Carathéodory
BARIER O LR ZEM T 2 5]) OATERE & - BRI ,(EE LTk
7S,) I EHA S & (#) REEV. X > TRIEOFHAIR D 7o

EFERE ([5]). nKILcompact HHELHA X & o DFAEGITE N2\ d KOUBEKIPH
FENTRIER T S Z IS L T,

(n+ D)dd!_,
Sl
ZOFERI. BB SRR o 72 Carathéodory I EE B HSE < iUl 51, ﬁﬁﬁ%
%ﬁik{ﬁof B ) IEfEE DK & ( 5L EHELRAFATEL TS £ X
D388 Carathéodory I W Hh #7235 512 . Nakai-Kleiman O FIEZEIC & > T, FHERO B
wHEE Carathéodory I EEBHRYE X D 7(3' WIZELBEMEMICRL T B L HRH 5,

¥ 7 Eisenman KO HIFRA! Carathéodory BHARIZ A OdhHE % 2] ZIEH L THN2 &
FHEHR OBAEMIEfEYE: & Carathéodory BB HE OO Ak OBIR L 7 5 4115 ([6]).
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Schiffer span & harmonic span 238 { &G =
DL EBINEE)

B AT (RREKY)

1. &
1.1. Schiffer span NS5FEINDEE
C, Lom oo MR C, j=1..... v) CHENAFEHMEZDLL, H(eDT

o0

P()=(E=07 +) Az  atz=¢

n=1
Wi T D LoRERKeEE P(D) L. B, D2 BHBHRFERICETE5ERZ
Pi(z), KPBRIEICETERE Py(2) £ T5. ZDEE, L-FBE p(2,() = Re P,
(i=1,0) X 10 ¢ THE Re 2z 2 b b, IR T L-Fbr & il THAMETH 2. Li-iE
B, =Re Al DiEs:=ap—ay % (D,() D Schiffer A3 & k3. ZD & Z, Schiffer
[4] 1 M(z,() = Pt By ¢ L, M e P(D), M DEFEBOHEE I v MR
D60, P(D) > VP DEFEROMEAOEELRAICT 2BKTHH, 2 OHMIR
Ts THBHIERRLI JORFIFIED S,
&% 1 Schiffer 2V IFWERISH - D — D XL Tspof =|f2sp DY LD,
Ik b Schiffer A8 2 SEHR s(Q)|dC|2 MFEE I NS,
1.2. harmonic span NSFEINZEE
C. Lo uEAMRC, G=1....,v) CHEhAEHEEZDEL, 258 {0,(}eD T

43 b2t at z=0,
Q=) = { .
Yo Ba(z2 = Q) at 2 =(

ZiGr-7 D FORIERBLGE QD) £ <. FiZ, D 2MIIBMHREEICE T 5&%
Qi1(2), BERBRIEBICETEREZ Qu(2) 95, TDEE, Li-EBE ¢i(2,¢) == log|Qi|
(i=1,0) 23R 0, THE —log|z|, log|z — (| &b b, BIFT LGt &7 3 M
BTHD. Li-EBpB = log |%(()| DE =5 -3 % (D,0,() D harmonic A/~
L3 (1] T, N ) = VOIQs B E Ne QD) &FRLE N i3 QD) 5VQ
DERFBOMECONBWHEZRAICT 2BBTH Y, 2 OWMIIIh THHI L%
7R L 72, harmonic A3 DER & NHOWHD S,

%8 2 harmonic R 3V IEWERBR f - D — DISH L Thyo f = hp AYEH L.

VIHiGEE D(t) DSEEBES t € B = {|t| < p} LW OPICEH Dt € B— D(1)
T2 EE, (D(1),0,((t)) ® harmonic X3 h(t, () IZDWTRDEFTLRZRL .
AR RIS (FRRIHT:23740098) DK 2 Z T b o T T,

2010 Mathematics Subject Classification: 32F05, 30F15, 30C40
F—7—F @ BRERR, R, THER, BT
*T060-1296 BT EA 1 Fi MEKYE ARFELEE

e-mail: hamano@educ . fukushima-u.ac. jp

-35-



ﬁ%uzﬁ’éﬁﬁﬁiﬁ [1]) D(t) 2 {0,¢(t)}, z = C(t) I BTIEREKET S, ZDL &,

*h(t, Q) 1L/" Oqi(t, 2, Q)" | 9ao(t,2.Q)|”
atat e aD(t)kQ(t' Z) 62 * 62 d'qz
2
> dady.

// ( Palt, 2.0 | |0lt,2,¢)
D(t)

Otoz Ot0z
122U, ko(t, 2) WKRE-ILHO[5) DBAL 720D = Usep(t,0D(t)) DL ERIEERTH 5.

C. LoWo MR C, (j =1,...,v) THENL %EiﬁD’C‘O) L2 TEHIBY % &
%2k %E AD), DI ES S(D _{feA |fC z=0(G=1,...,v)}

(fHL, C;~C, e D)%%Z%. M (eD ZEELT, S(D )f@ﬁ%ﬁ@mﬂﬁ&
S(D)3 fr f(Q) € CZEALD L ZDHAEMMIK R(z,¢) PEES. Thbb,
31 R(z,¢) € S(D) st. f(C //f R(z, O)dw, for Vf € S(D).

%% E ¢ = 2 IR L THAEK R(C, () = ijIR (¢, 2)|Pdw, 2185,
HWE3%Z DDOYTBBOEHD (e D - D(()={z—C€C,|z€ D} ICHWVE L,

& 4 (BEROKRRE (3])

o 20%qi(2,() 7262q0(;,C) 1 0*h(¢)
R0 =72 020  m 020 ° RGO =52 o~
2
friE 2 L A1C X D harmonic 2282 2 S EHR () |dC* = a—iaizkid? BFEIND.

2. f&R 3]
D={|z] < 1} D & & 5(¢)=h(¢)=2(1 — |¢[>)~2 T, I Poincaré 3t RD V275 TH 5.

EE 5 (1) s(O)ld¢]* KT b(Q)|dC]* 1 D W%ﬁfﬁﬁixfifo%

; & — 4 ?7@9/( U/Jr’#)

- t : (D(t), Cﬁ.:)) 0) Schlffor
A8V 8(t,C), B LIk C,(:t:) 2 harmonlc X/\/h(t OBEZILGNS.

oO)FXH
T 6 D = Uep(t, D(t) D3 B x C, TO 2 XuHEMIRTEB A S 1F log s(t, () BL U

logh(t.¢) 3D EHELFHMERTH 5.
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Two-point distortion theorems for harmonic and
pluriharmonic mappings

Peter DUREN (University of Michigan)
Hidetaka HAMADA (Kyushu Sangyo University)*!
Gabricla KOHR (Babes-Bolyai University)

The purpose of this talk is to develop some two-point distortion theorems for har-
monic mappings in the plane, with extensions to pluriharmonic mappings in C". Our
results are generalizations of known distortion theorems for analytic functions [2, 3. 4, 5]
and provide necessary and sufficient conditions for univalence of sense-preserving har-
monic mappings of the unit disk.

Let  be a domain in the complex plane C, and let f be a complex-valued function
of class C! in . The Jacobian of f is given by J; = |0f/dz|* — |0f/0Z|° . Tt is well
known that f is locally univalent if J¢(z) # 0 in §2, and that the converse is also true
if fis harmonic. Thus a locally univalent harmonic mapping is cither sense-preserving
(if J¢(z) > 0 in €2) or sense-reversing (if Jy(z) < 0). A harmonic mapping of the unit
disk U has the unique representation f = h + g, where h and ¢ are analytic in U
and ¢(0) = 0. This is called the canonical representation of f. Note that f is sense-
preserving if and only if |¢/(z)] < |W/(z)| for all = € U. This implies that h'(z) # 0 in
U, so that h is locally univalent.

Let Sy denote the family of sense-preserving univalent harmonic mappings f = h+g
on U, where h, g € H(U) and are normalized by h(0) = 0, 2’(0) = 1, and g(0) = 0. Let
5% denote the subclass of Sy with the further normalization ¢'(0) = 0. The family Sy
is normal, and S?, is compact.

We will be concerned with families of harmonic mappings that are both linearly
invariant and affine invariant. Linear invariance was first studied by Pommerenke for
families of locally univalent analytic functions. Sheil-Small [6] then generalized the
notion to families of harmonic mappings. A family F C Sy is said to be linearly
invariant if f = h + g € F implics that

f(z + 20)/(1 +Z02)) — f(20)
(1 = |z0/*)1'(0)
The family F is affine invariant if f € F implies

f(z) +ef(2)
1 +eg'(0)

e F for cach zp € U .

e F for each e € U .

The full family Sy is both linearly and affine invariant.
The order of a family F C Sy is defined by

1
a = aF) = sup {5 |h"(0)]: f=h+gE€ f} )
In view of the maximum principle and the fact that A is locally univalent, we see that

a(F) > 1. Bieberbach’s theorem says that a(S) = 2. It has long been conjectured
that a(Sy) = 3, but this is still an open question.

Partially supported by Grant-in-Aid for Scientific Research (C) 10.22540213 from JSPS, 2011.
*!le.mail: h.hamada@ip.kyusan-u.ac. jp
web: http://www.ip.kyusan-u.ac. jp/J/kougaku/tb/hamada/
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For any family F C Sy, let F° = FNSY, the subfamily of functions f = h+g € F
for which ¢'(0) = 0.

Next, we introduce the notions of affine and linear invariance for families of locally
univalent pluriharmonic mappings on B". We begin by recalling some standard nota-
tion. We say that a mapping f € H(B") is normalized if f(0) = 0 and Df(0) = I,,. The
family of normalized biholomorphic mappings on B™ will be denoted by S(B™). We
let A(B") denote the subfamily of S(B") cousisting of convex mappings. The family
of all normalized locally biholomorphic mappings on B™ will be denoted by £S(B"™).

A complex-valued function f of class C? on B" is said to be pluriharmonic if its
restriction to every complex line is harmonic. Every plurtharmonic mapping f : B" —
C" can be written as f = h + g, where g and h are holomorphic mappings of B™ into
C", and this representation is unique if g(0) = 0.

The syinbol LSy (B") will denote the family of all plurihiarmonic mappings f = h+g
on B™ with h € LS(B") and ¢(0) = 0. Observe that a mapping f € LSy(B") is
not required to be sense-preserving; that is, its real Jacobian (when f is regarded as a
mapping from R?" to R?" ) need not be positive. Note that every locally biholomorphic
mapping is sense-preserving because its real Jacobian is equal to | det Df(z)]? > 0.

For families F C LSy (B™) of pluriharmonic mappings we introduce the following
notions of linear and affine invariance.

Linear Invariance. If f = h + g € F then for each v € Aut(B™) the mapping

F(z) = [Do(O)] [Dh(pO)] [f () — F(0)], =€ B

also belongs to F.

Affine Invariance. If f = h+g € F and A € L(C*,C") has norm ||A]| < 1, and if
h + Ag is locally biholomorphic ou B”, then the mapping

F(2) = [l + ADg(0)] ' [f(z) + ATG)]. =€ B".

also belongs to F.
We now define the order of a lincarly invariant familv F C LSy (B") of plurihar-
monic mappings by

a=aF)= sup{% |D*R(0)]|: f=h+gE€ f} :
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Extension operators and subordination chains

Ian GRAHAM (University of Torouto)
Hidetaka HAMADA (Kyushu Sangyo University)*!
Gabriela KOHR (Babes-Bolyai University)

Since the work of Roper and Suffridge [11], there has been considerable interest in
constructing holomorphic maps of the unit ball in C* with various geometric proper-
ties (convexity. starlikeness, and spirallikeness) by using lower dimensional maps with
similar properties. It is also interesting to extend subordination chains (which may be
related to geometric properties such as the above). Recently M. Elin has introduced
an approach to extension operators on Banach spaces based on semigroups which leads
to an identification of some of the essential properties of such operators. In this talk
we adopt Elin’s point of view and give a theorem about the extension of subordination
chains which extends and unifies existing results.

Let X and Y be complex Banach spaces with respect to the norms || - ||x and || - ||y
and let Z = X x Y. Let By (resp. By-) be the unit ball of X (resp. Y).

Let p: [0,1] — [0,1] be a continuous function such that (see [1]):

(i) p(0) =1 and p(1) = 0;

(ii) p is a strictly decreasing function;

sy +s 1
(iil) p (1TQ> > 5(1)(51) +p(s2)), Vsi, 82 €0, 1].
For example. the function p(t) = (1 — t4)*/" (g,r > 1) satisfics the above conditions.

The norm ||(,y)||z of Z is defined to be the unique solution A > |[x|/x of the
equation [[y|ly = Ap(||z]lx/A). Then (Z,|| - ||z) is a Banach space. The set

Bz ={(x,9) € By x By  Z: |ylly < plllalx) |

is the open unit ball of Z. Note that | - ||z is the Minkowski functional of B.

Recently Elin [1] introduced the notion of appropriate operator-valued mappings.
We first extend this definition slightly so that we can apply it to transition mappings.
We omit the requirement that K be closed under composition.

Definition 1 [3] Let K c Hol(Bx) consisting of biholomorphic mappings and let
I': K x Bx — L(Y) be such that f — T'(f,-) is a continuous mapping of K into
Hol(Bx. L(Y)). We say that T is appropriate if it satisfics the followings:

(i) idx belongs to K. and f‘(idx,r) =idy;
(i) T(f, g(a))(g. 1) = L(fog.x) foral f,g € K with foge K and x € Bx:
(iti) for each f € K and x € Bx, the corresponding operator [(f, x) is invertible;

(iv) Hr(f"”)H < PUS @)
L)~ pllrllx)
Partially supported by Grant-in-Aid for Scientific Research (C) no.22540213 from JSPS, 2011.
*e-mail: h.hamada@ip.kyusan-u.ac. jp
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. for all f € K and z € Bx.
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For each appropriate mapping I, we define the operator ® : K — Hol(Bz, Z) by
B[f](x,) = (f(2), [ (f.2)y).

We call & the extension operator associated to r.

We next adapt the notion of appropriate operator so that it applies to biholomorphic
mappings from By into X, in particular to subordination chains. Our definition is a
slight modification of [1, Definition 3.2].

Definition 2 [3] Let K C Hol(By) consisting of biholomorphic mappings and let I :
K x By — L(Y') be an appropriate mapping. Suppose that there are a non-empty set
K C Hol{ Bx, X) consisting of biholomorphic mappings and a mapping I' : K x Bx —
L(Y) such that h— T'(h,-) is a continuous mapping of K into Hol(Bx, L(Y)) and

(i) D(h, g(z))T(g,x) = (hog,z) forall he K, g € K with hog € K and x € By;
(it) for each h € K and x € Bx. the operator I'(h, x) is invertible;
Then we say that ' and T are associated appropriate mappings.
For each appropriate mapping ', we define the operator ® : K — Hol(Bz, Z) by
®[h(x.y) = (h(x),T(h.x)y).
We call @ the extension opcrator associated to I
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Diffeomorphisms between Siegel domains of the first
kind preserving the holomorphic automorphism groups
and applications

Akio Kodama  (Kanazawa University)
Satoru Shimizu (Tohoku University)

Abstract

In 2010, in the class of hyperbolic manifolds in the sense of Kobayashi,
we obtained an intrinsic characterization of bounded symmetric domains
by their automorphism groups. In connection with this, we give in this
talk a structure theorem on diffeomorphisms between Siegel domains of
the first kind that preserve the holomorphic automorphism groups. As an
application, we obtain a well-known fact that two Siegel domains of the
first kind are biholomorphically equivalent if and only if they are linearly
equivalent.

Let M be a connected complex manifold and Aut(M) the group of all biholomor-
phic automorphisms of A cquipped with the compact-open topology. Then one of
the fundamental problems in complex geometric analysis is to determine the complex
analvtic structure of A by its holomorphic automorphisim group Aut(M). Of course,
in many cases, this is a very difficult problem. However. in the class of hyperbolic
manifolds in the sense of Kobayashi [2], we obtained the following characterization of
bounded symmetric domains by their automorphism groups (cf. [3, Corollary 2]):

Let M be a connected hyperbolic manifold of dimension n and let D be a bounded

symmetric domain in C". Assume that Aut(M) is isomorphic to Aut(D) as topological
groups. Then M is biholomorphically equivalent to D.

Here it would be natural to ask what happens when the domain D is a homogencous
bounded (not necessarily symmetric) domains in C*. Here we study exclusively Siegel
domains of the first kind in conection with this question and we can prove the following:

THEOREM 1. Let Ty and T be Siegel domains of the first kind in C" associated
to the conver cones & and Q' in R™. Let G(Tq) and G(Tw) be the identity components
of Aut(Ty) and Aut(Ty). respectively. Assume that there exists a real analytic diffeo-
morphism F : Tq — To with FG(To)F~' = G(Tw). Then, after replacing F by a
suitable diffeomorphism of the form o-F, 0 € G(Tw). if necessary. F' can be written
in the form

F)=Pr+Uly)+V-1V(y), z=xz+vV-lyecTy,
where P € GL(n,R) and U : Q@ — R" is a real analytic mapping. and V : Q@ — ' is a
real analytic diffeomorphism which satisfies the following :

V(hy) = PhP 'V(y) jorall he G(§2). y €,

The authors are partially snpported by the Grant-in-Aid for Scientific Research (C) No. 24540166 and
(C) No. 22540167, the Miuistry of Education, Science, Sports and Culture, Japan.
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where G(§2) is the identity component of the linear automorphism group GL(SY) of the
conver cone () in R".

As an immediate consequence of this theorem, we obtain the following well-known
fact (cf. [1]):

COROLLARY. Let Tq and Ty be Siegel domains of the first kind in C™ associated to
the convez cones 2 and Q1 in R™. Then Tq is biholomorphically equivalent to Ty if and
only if there cxists a diffeomorphism V : Q — €V having the form V{(y) = Py, y € {,
with P € GL(n,R).

THEOREM 2. In the same notations as in Theorem 1. assume that there exists a
topological group isomorphism ® : G(Tq) — G(Tw ) and assume further that one of two
Siegel domains Ty, and Ty is homogeneous. Then the other is also homogeneous and
induces a real analytic diffeomorphism F : Ty, — Ty such that F(g-z) = ®{g)-F(z) for
all g € G(Ty,) and all z € Tg. In particular, after replacing ® by a suitable topological
group isomorphism of the form o®c ' 0 € G(Tw), if necessary, F can be written
in the same form as in Theorem 1. Moreover, the restriction of ® to the identity
component A(Tq) of the affine automorphism group of Tq can be explicitly determined
by the following :

F(g-z) = PhP7'F(z) + Pa+ (I, — PhP Ya,, =z € Ty,

for every elenent g = (h.a) € A(Tq) = G(Q) x R", where P € GL(n,R) and I, is the
wdentity matriz of degree n, and a, is an element of R".

In particular, as an application of our study here, we obtain the following:

Fact. Let Ty, and T be homogeneous Siegel domains of the first kind in C* with
n < 3. Then Tq is biholomorphically equivalent to T if and only if there exists a
topological group isomorphism @ : G(Tq) — G(Tw).
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LS o
Hopf il o RGBSRz DWW T
O s (R A

1 &

Bz o0z ae C\{0}, |a| > 1, BRE n > 1 12N LT, o iZBIL TD Hopf ZHEIX
RCEHIND. H, : =C*"\{0}/~.BL, '~z iff 3m €Z st ' =amz. H, &
nRIGA VT NERHETH B, KDL L7 (K-T. Kim, N. Levenberg & H.Y. [1]).

T 1.1. D i H, TO BR 9D H C HOBMMREE T5. &L D H Stein Hilsk
ThRWESIE, DxTyx Do HU, Th:=C\{0}/ ~e (1KG k=7 R), Dy : = P*~!
TOER 0Dy 1 C¥ FOHLBMRKTH 5.

AFBIE, (1) % Lie B M 2, HEMER te B={|t| <r} &HIZLLTIHOD
R OD(t) %Ok D(t) DIBSHEE : D:te B> D(t)e M IZNULT, %
D(t) DunRVEH N OEFSAREMED, [total space D = [, 5(t. D(t)) H* 2]
B x M TOEMRIEZR 51X, —\¢) & B L@ﬁ?ﬁﬂlkﬂéJ ZERIRL, (i) EFhE
o V& Lie 288 GL(n,C) LT FHEMTH D] ZEIEALT, I,

L:?K 507z a,be C\{(0,0)} 1L T, (a,b) 1ZB8T % Hopf il RTEHEI N
5 H=Hay:=C\{00} ~. HL, (z,w) ~ (¢ ') iff In € Z st (Z v)=
(a"z,b"w). HIL2RmWIAVNT MERETHS. T, : =T, x {0}, Ty : ={0} xT} (1
R b—=FR), H* :=H\ (T, UT,) Bk

H=HUT,UT, (disjoint union).

a=bDBEERE, H BEEEMTIERVD, H* IZEIC BAL e = (1,1) D Lic B
BBt Cr x Cr IZBIL TEEZERTH 5. BlH, Hopf il H IFFEZEM H* 12200
N—=5 AT, T, MMZar"7 MeTHB., Zhik, ELOmBEOIERHEIZERL T.
ROEEEBS. HL, p>1 2RXTEHRT S
_ log b
loglal
T 1.2. DIZH TO BEF 0D » C° oKL T5. U D A Stein Hik
THRWESIE, DIEROVWTILTH S :
(a) p IXBEBDOBE  ce€ (0,400) IINLT,
Yo :={lw|=1cz|}) ~ To:=T, Zix:=T,
B L H=U,cpqn Se (disjoint union) ; & %, ¢ € (0,00) I& H* O Levi-tlat i
M X~ S (RICFEME) TH D, il D IZROVWThHTH S -
(a-1) ki, k2(0 < ky < ky < H00) s.t. D= ch(kl‘kz) Y.
(2-2") 0<3TFk<+oo st D=U.cpop Ze
(a27) 0<3k<+00 st D=U,cpin S
(b) p BEEE, p=q/p. (p,q) =1 DHE :
1
27r

(q arg a — arg b), 0 <arga, arg b < 2m,

Zhd N. Levenberg [X (Indiana K) & OHEFRIMZE 2] TH 5.
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LEE, RDLODHEINTS -
(bl) 7 ZEEBOHE : (a) LHLARDT, (a-1), (a-2), (a-2") &L,
(b2) 7 FEEEOGE: r=2.1>1,(ILm)=%1(r=0 & [=1).

vi=pl/geZ (fHL,g:=p,| ODERRKRHE),
K= {*"Ycon, w1 (C DEBEE),
o.:={w=cz2}/ ~ force C'/K, o0y:=T, 0x:=T,

B L, H=,po. (disjoint union), #% o, c€ C* 1L H* TO RyLb—=F A ;
o.~0y THY, B D =500 AL, § X P OKBHKT 00 »* CY HTH 5.

ARFBHEHIIZOEE 12ID2PVWTODETHA.

BWE . EETAR (EHA) 120 (a) 2FPHENh, R4 @l 12 28X
BIrAaEBINSE. ZOZXIZEAU TESRBEHEHLUET,

2 Hopf B H(u.b) DHE

Zofiid EHKIKS. H—HTRAT (a,b) BT % Hopf B H : = Heup 25
2%, C:=C\{0}, (C2)r:=C2\ {(0,0)} &< 20 (C) %

[z,w] : = {(a"z,b"w) : n€Z}, (2w)eE (CY
LU TAGT UMM H THB. H D C x C TORMKLEAFIIL
F o= {2l < lal} x {1<hul < b} U {1<]2] < [al} x {Jw] < [} = : By U B,

Fi: =F x (a" V), ke Z bEARFHETHY, (C*) =o_,, Fn (disjoint union).
RDO2ODEFEHND  EHOESE D CHITHLT

D: ={(z,w) € (C¥)*: [z,w] € D} C (C*)*;
I: ={@ b)eC" xC :neZ}cC xC". (2.1)

T CxC TOAMLEATHD.
p WIIEEB L INET S, RO H EOEBRK Uz w] BUTIZRNLHES D :

_loglz|  log|w]

Ulz,w] : = - , zZ,w *.
[z v] logla| loglb] [z v} e H
(1) Ulz,w] 1& H* TOLEFMEL
lim  Ulz,w] = —oo0. lim Uz, w] = 400.
[z,w]—Tq [z,w]—=Ty

EoT, LEOBKRE I € (—o00,00) IZRHLT. £E U YI) X H TD2DOD
Levi-flat 7@ CH £ -l Rk TtH 5.

(2) |Ulz,w]|: = Max{U[z, w], —U[z,w]} & H* TOLELFHELBILTH D, Levi-
flat Z2fhH Uz, w] = 0, ie, |w| = |z|” ZBRE, ZEFMNTH 5.



(3) ¢ € (—o0,+o0) WIRLT, EHME S, : Ulz,w) = ¢ & |w| = K|z (AL, k =
ecloslbl 5 0) XRIL. - T, FH 1.2 CHNT (a-1), (a-2), (a-27) IZHIET S
Stein TZWEERIE D 138 % UY((c1.¢2)). U (¢, +00))UT,, U™ ((—20.¢))U
T, At SR,

S.U. Nemirovskii [3] 1%, a > 1 & U T, Hopf Bl H .. TOHE D = C, x {Rw >
0}/ ~ % Levi-flat % ghifi 0D TH 7z Stein HHTH S Z L 2R U7 T DOHEEK
DIFERE 3) o EH#EEE IV I AMERLTWVS.

3 EEo-OD@EE
(1] Higpy EORZ MVBIZET 280

29[ C* x C* TIE F“J’\7 MUV X = (yw* + 3uv L a,feC ﬁ‘b&éﬁffﬁ X %
%Ké FIEAE (20, wo) 0)5}@@]%@(4)&&))6‘(1)1‘)( = {(z.w) = (20, wpe?) : t € C}
TH5b. N7 MU X 1E Hopf Hilli Higpy = H DENTHHD. HIZIE, a,8£0 &
T5.¢y: = u)(,/g(,j/ CrBEL L B w=c X C*xC* TOMTHY, H T
DFFHFR (20, wo] expt X 1

{w=cyz%}/ ~ inH".
KHlo~R7 bV

d d
= (log |a\) + (log1b]) u—; €X

THERINIEEES7%EME X, ={cX,:ceC} B W e=[1,1] D X, D
fRitsIE o, = {w =2}/ ~ InH TH%. 5, D H TOHUZE ¥, EELORD
clementary %15 %.

WE31. 1. XZMLE X, LTI

(1) p DMEEED, p FARKT r PEIERELZ S, B, = {(ju] = |21}/ ~ &
H* TOIAY XY bR Levi-flat HEITH 5.

(2) p b T BEHBURSIE, 6, FH TOAVNRT MR (F—F R) TH 5.

2. R MU X = ozl + Bul & X, (CBL T, MHE e OB =
{exptX i t€C}/ ~ I EHIZBWTAY T FTRW. 0 D H TOATEEZ ¥
LESERHHBLT S

(1) a.3#40%251E, X>T,UT,.
(2) a#0.8=0%5F, DT, 2 EZNT, =40
Z DB S KD (a), (b) EINDS.
(a) p DYEHED. p WEEET 7 PRSI,
H = (Ueeooy 1wl = cl2]P}/ ~ JUT,UT, (disjoint union).

R [0 wg] EH TN LUT e = |wn/~0| eBE, T ={u] =z} ~ &
X, OfFHAR [20, wolexptX, D H IZHITHHATH 5. % Y H TOavR
2 7% Levi-flat Hﬂﬁfﬁ)‘? ¥y EEHMETHB. /- T, Sy =T, 2. =T &
FHSEH = U = (dHJomt union).
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(b) p & 7 HEHER S,
H= (UCEC*{U’ =cz’}/ ~ ) UT,UT, (disjoint union).

R [z0, wo) € HYITA LfC c=wo/sh EBLE, X, DREMAR 2. wo] exptX, IF
.. ={w=c} ~T—HUL, H TOI X7 MliEE (F—F5 ) TH5.
K = {e?™} i o0 (v IZEH 1.2 O (b2) TERINAZHLD) &L
o.=0. iff ¢/d €e K. C/K 3V =< VHELTC LHEHEEDS, c=cK &
&, 00=T,, 05 =T, 2ES L H =J.p 0. (disjoint union).

(1] #ERIBIZBET 280 ¢

C.xC, D2EHMK A = A x Ay = {|z] < mi} x {|w] < r} WOBMKRE D
PRRDEUEWETETS - D& A: A TOBR D I1E ¢ ;9D 5 (0.0) :

517 ow- ka@;”flﬂé. BiH, DDA TO CY BREZBEE % '(/)(:,w) b R

= {(z.w) Dp(z,w) <0} ODNA ={(z.w) € A ¢(zw) =0f ¢(0.0) = 0.
E’EK. Uz ) = () 'Cii Vi(z,w) # 0, g%l # 0, 72, Levi form
‘ 0% O Oy Ov O 0% Oy, ,
bz : —_— : > (. 3.
Lyzw) G O:I()u " -2 {0 0w 0% Ow OwOT| " =z0 (3:1)

FoT, {w:¢0.w)=0}1F Ay TORK w=0 %85 C¥ Jordan HH¥RTH 5. D
DER%E S: =dDNA ENE,

D(z): ={weAy: (z,w) €D} C Ay Si):i={weDy:(r,w)eS}CA,

ECE S5(0)20; D=U,ea, (2. D(2)); S =U.ca,(2.5(2)) THS.
T Ty > 0 %l‘l@%’!c\:d\é < L 5E

(i) B €A IIRLT, DE)#D TH-T, S(z) 1d 00, DHB 251 a(z), b(z) &
A, TO C* Jordan HIFRTH 5.

ROMED-DDOBERME B 0 (i) v(2.0)Z0in A,

BB 3.2. LOXHE (). (i) ODFT, GRONLAEREDOHMR 6, = {|z| <r} C A
HLT, HBFR 8, = {Jue] <1/} C Ay BHAELT, Uiy, S() D D(0) N3, TH%.

ZNEENRIK D)s, = U.ey, (2. D(2)) C 01 x C,, WU T, Twy € D(2),V 2 € 6, &
S, wy LR OD(z) £D C, TO—27 )y NiE#fE R(z) & z € 6 IZELTE
FAMTH S LW XL H SN~ Hartogs DEFDOEIHICET 2D b, flil
3.2 OFEMIE Levi form DM (3.1) ZAATEE M S MM 72 AW FH R LD TH o 7 (cf :
p.38-44. [2]). WHRE 3.2 13, 20O X4l 4.1 OFEHIIZH W SNz,

(1] HKOZEBET B

C?Dza—21)y Fiif ds®> = |dz]? + |[dw|* D Lic B C* x C* ~DHIR%2EZX 5. £z,
C? O O IEBUEFEBEE c(z,w) ZFEL, C xCZHIBRST S, T05 ds?, oz, w)
W&o T, C' xC* DHEBTD o— AMBEBDPEEIND. [>T, WO REN 2R
O Qe C* x C* R Efipy € QIZHUT, po WCMERED Q TOD ¢—Green B
RO c—Robin EEEMENS. RF VU v IVRIZBIIBERHOELIEIZ &> T, C xC*
O (HRATHERL, HEAPBSHLTERY) TEOMHEEK Q KUY pc QITHLTEE
nNoiFEHING. 2

2 C*x (" TO {EED Kahler fi#f dS? (Hl 218, P? @ Fubini-Study FEEED C* x C* ~DHIER)
B O ERMEEBEE C(z,w) 2 LT, AR, Q@ TO C—Robin 8 A(p) BMEhsd. Z0&5%
C—Robin EHZENDZEMNIXHEE 5.1 O THbNZ.
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B={lt|]<r}cC,2F5%. &tecBIZHLT, C xC TOWSNEER D)

RO D(t) DS e H)
D:teB—-Di)cC xC
%25, D:=Uep (t,D(t); 9D|p =U,cp (t.0D(t)) in Bx (C*xC) £B<.
DD Bx{e} IRETH. C* TOMAMMEAE Azw) — c(z,w) IZETD BAIJGe T
DHEAME (W) Qu(z,w) 2EET 5. & D(t), t € BIZIZM Qo(z, w) ZFKfD c—Green
B g(t, (z.w)) B LT c—Robin EB () PEED. (= (z,w), c(z,w) = () >0,
g(t.¢) = g(t. (z,w)) &0< . [1] OEH 3.1 TRORDRANER/T

9?A(t) 2
= _p Co(t. \V t, ds,
BY%T € ; (,)A2<t'C)|| ¢ g( ()” ¢

24| Z8lt)s 2 dglt.C
_462//1) ( OtE)M ’ ()t ‘)dW—ZLz//Dmc(g)]

LU, 1/er W C? O BAIREER ; dV,, dS, 1 C* TOWR, EREH;

Kalt.€) = £(1.) )V, O
oy v Oy By DY

2 Y 2

£t.0 = 8t8t 57 Vel =2 { o oz oi0: + o 0w ” H

U(t.¢) & Dp DEEBEBTHS. LELDEFTAANS
=8 3.3. Total space D » B x (C* x (C*) TOHEIRIERZ 51,

2
TAN o // |dV<0 teB
oot D)

DAL L, —A(t) & B THHFMTH 5. EL, Rafdsd .
(1) A1) 7% B THEMZSE, D XM B x D(0) THh3.

(2) A ty€ BT —\(t) DELEFMCTENZ 51, %‘?(t,()]t:toz 0 on D(to).

MEMMTH 5.

LEIORE O (1), (2), 3) & [1] THibh, S, (3) DFERETHB (1) AT
S h, M5 Tibhr.

4 D LOZBHRMELRERE —\|z, w] OEX

B (0,8) € C* x C & (a.8): [z.w] € H = [az,fw] € HIZE->T, Hopf thifl H
ODHCRAFEGZEDD. Blb, C x C* 1 H ITFHT S a8 Lic BTHS. Z
NiE H LT EBTIRZWD, R 7 BTk HEBM, BB, 1 13 Lie 255
(C* x C* LJ:@T#’E%?F%T&)%. M [zow] € H BT B Cr x C DEZERDBE
Inw o = {(a,B8) € C*x C" : (o, B)[2,w] = [z,w]} & (2.1) TEHUZ T ITHELL,
[M w] € H* kﬁ"?btﬁb\ Bz, H*=(C*xC)/T.
ZOEITIREIIC TD X H TOHER 0D » C* oM RIKL L, D* : = D\ (T, U
T,) CH* £BL.] FED [z,uw] e HIZTHLT

)|2dV<.

Dlz,w]: = {(e,8) € C* xC" : (o, B)[z,w] € D} CC* x C”
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LEHETSD. DNT, =: D, x {0}, DNTy = :{0} x D, 5D Dy:={a"z:z€D,, ne
ZYycCty Dy:={bw:weD,, neZ}CC;, &L

Dlz.w] = ((1/z,1/w) - D*) x T = (1/z,1/w) - D if [z,w] € D
1~
D[z,0] = (EDQ,C*) xZ =(-D,) xC;, if [2,0] € DNT,;
z 2
1 1 ~
D[0. w] = (C*, 1—Db) xZ =C; x (1— Dy) if [0,w] € DNT,
0 0

ThbH, X&efid:
(1) Bmi[z,w] € DIZHUT, D[z,w] i&C* x C* TD C¥ D ID[z,w] 2Fb, e
2EUMES (—MIZIE Dzw] gC* xC") TH 5.
(2) e € D % 51E, Dle] = D*: D[z,w] = D[z,w] x Z for [z,u] € D; Dl[z,w] =
D*[z,w] for [z, w] € D*.
(3) () [sw], [¢u] € D IZNLT, Dzw] = (3, 1) D*, D[, w'] = (%, %) D[z, ul.
MZ, D[z,w] = D[z, w'] in C* x C*.
(i) [2,0],[z,0] € DNT, LT D[',0] = (£,1) D[z,0]. I, D[z,0] =
D[z.0] in C* x C*.
(4) ¥ [20,0] € DNT, 12 &5 [2,,w,] € D* (n=1,2,...) B HIZEWT PURL

12edb. FEDO<r < RIZMUTAMR): ={r <|z| <R} x{r <|uw| <
Ry CC* xCr B & —FRIC

lim 0Dz, w,] NA(r, R) = 0D[2,0lNA(r.R) in C* x C*.

ARTEZEM D x (C*x C*) TOFED : = U, yjep ([z 0], Dlz,0]) ZEZXD. i
FEBGRIN ~ AT " BENZ L 5K E)

D:[z,w] €D — D[z.w]CC"xC*
CRBES. & 2w € D DEDBZHL D[z,w] 12 e ZELHS, Dlz,w] iZik el

Wiz HD c—Green B g([2,w)], (&,7)) KT c—Robin E# Az, w] BPEED. H2IX
[z,w] € D = Az,w] € R % [D T®D ¢—Robin B I,

WE4.1. (1) Azw| & D LOZESFANEHTH 5.

(2)-(a) [z0. wo) € AD* VTR U T, Nmy; s z0.u0) A2, w] = —00.

(2)-(})) [2070] cdDNT, IZHLT, linl[;‘u,]ﬂ[%!o] /\[Z,U;‘] = —00.

(3) D $T,, 0D 5 T, 51, — Az, w] 1& D EOSELHFHEMUEHRTH 5.
PR, Z DI H ORI D £ Robin B \[z, w] OEARMMEEL DT (1).
(2) % 4 BRI TRT. (3) 12 (1), (2) »SHAWETH 5.

(58 1 By Az, w] X D THEELHANPHLTH 5.

EBE, A [G] = [0,wo) € D, a€ C? st |la]| =1 ZEEL, Ffk B = {|t| <r} & [(]
%82 D* NOEM Lt € B — [C(t)] = [2(t). w(®)] = [G] +at ZFiE, D(t): = D[((t)]
CC*xC*teB; glt,(z,w): =g([C@®)] (z,w)), (z,w) € D[¢(t)] B K.

D) = DIa] (5w

) inCrxC~



kb0, te B AEEIERL T HHEBO FAITBE ILXEKF D|p:te B> D) C
C* x C* %18%. Total space D|p : = [, (t, D(t)) 1 B x (C* x C*) TOHRILT
1S, HE33 25 —\t) W B LTHEAMTHS.

(58 2 BEBE) —A[z,w) & D FCTEEEHMIIERTES.

B Az,w] XD RUTEZINTNT, ZOMEDADS D ICBWTHRIEEKT
H5. HIZ, D\D"IZZD2D KGh—F AT, UT, KEENENS, # 2 BRENS
ZC, MEALLO (1) 285,

(55 3 ERBE) BER [ w]edD” iU T, lim  Afz 0] = —oc.

[z.w]eD—[z" w']

FEB. A0, w # 0 THE06, #HE Dz, w] (DVF‘Oﬁbe HIZBWT, N
[z,w] € D* AR [ w] DL & &, WO RBER 0Dz, w] 1388 e 1ZED<. -
<, /T\-r//iv}lxaﬁﬁ‘b?ﬁﬁﬂ D 2.(a) 2185.

(58 4 B¥B) 80 [20.00 € ODNT,, [zow] € DIZXH LT, lim Az w] = —o0

[z,w])—[20.0]
EB, EIRIE BIBBLALTHS. BIBRWOHHITIE D H TORRKTH D
DBEFRh ot BABRETIE D B EORETRWER, TOHNE R B VGE A
AH5H. OB FEEMOBMWRE»SEL S 7 HAITBHEH " TR E Lo 7.
fl%, Robin BB —A(¢) A% (D AR EM - T) SELFMMEZRTHE & —A(Q)
PP THE I 2R T I LIXOBL Tz, B4 BRI BRI %
B 32 Rffio ORI NS, GAIIIBYTOLULRVWOTEET S (of: p. 1518, [2]). O
R 4.2, Az w] 1Z D NDOH B py = [0, wp) IZHWVT (RS EHFHMTIE D N]
ERETSH. ZDLE
(1) XOMHEEFEOH LD X ITBT BRI MV X = arldz + pulde £ 0 2%
EY%
[z,w] € D* (resp. OD*) %5F, H TORMIR [z, w|exptX in H & D*
(resp. OD*) (L& ENS. TOWHAER ORI MVE X & B oD (ZHT
D BN RV LIRS,
(2) ERORZ MV X & D EIXROERLEH S :

(i) OD BT, 1> OD 5T, 551, X € X, THD,
(ira) p HYEEFREC 70 p ILERKT 7 MEEEOBA : D IR EH12 O (al),
(i-b) p & r SAEBEDE S D3 (b2).D =, 0 HL. 0 CC.
WIhDEES 0DN (T, UT,) =0 TH 5.
(ii) 0D D> T, 2 0D BTy %ol X BRD3D2DEGHEIZTHPNE ¢
(iira) X €X, THY, D ;t(bz D=0 HL, 9630, 96 > .

(ii-b) X ~r~i THY. D IE “Nemirovskii type” ThH 5. §7405. b>1T
HY, D C. ><{Au+BU<U}/~ BL, w=u+iv. (A B)#(0.0).

(iii) ODD>T,UT, 5, X € X, THY, DIF (b2), D=, 0 AL,
06 3 0. 0.
(1) DEEBA. —\[z.w] ~NDOZRGEPSRZ PIVIE X € X BFAELT,

0 0 O Apo exp tX]
X =az— + pu— 0 st. ———— = 0. 4.1
0z +Bu ow #0s otot ”:0 (1)
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IOXMWOD LT BRI MBTHEILERTD. NIWVWHK B = {jt| <r}
AFEAUE, (FTED t € BIZHULT ppexptX € D* TH5B. D(t) = D[pyexptX] C
C* x C* g(t, (z.w)) = g([poexptX]. (z.w)): A(t) = A[poexptX] £ B L. HIKDEH)
Dlp: t€ B— D(t) C C* x C* 25 H, total space D|p ¥ B x (C* x C*) TOHHY
RIBZTHDH 5 (4.1) LHHE 3.3 D (2) 5

dglt, (z.w)

. =0 on D[z, up) U9dD|zo, wy).
dt t=0

ZteBIZxLT, CxC BECHEGH
(Z,W) = (z.w) = F(t,(Z,W)) = (Z.W)([z0, wo] exp tX) !
k¥%x5Y, D{t)=F(t,D*), e, F7(t,D(t)) = D*. 2T
G(t.(Z,W)) : = g(t, (z.w)) where (z,w0) = F(t,(ZW)). (Z,W)e D

LHE &G (2,W), t € B R D TOBBKTH Y. G(t.(ZW)) =0 on oD*.
Mg FBIZ LD, (ZW) e D*UID* IZFH LT
Jdg oG

St () = T2, W))-I—aZg—CZ:(t,(Z,I'I”))Jerg‘—(g( t(2,W)).

(0.(Z,W)) + w2 0.z W) =0 onab

0z T ow
G(0,(Z,W)) & D* OEHRBEBZ B0 5, 2 C xC 2BWT, <7 bV X
oD LT #RZ MVETH 2. EEDS EEDOte CITHLT, [z w]exptX €
D* (resp. OD*) iff (z,w)exptX € D* (resp. 9D*) &0, ZEH H IZHEWT, X & 9D*
ELTERZ MVBTHS.
(2) OIEBA. (i) D X € X, BHB31 D 2. »S5bAD. (i-a) KU (i-h) IFF#E 3.1
D Pz R 7z (a ) KO (b) 25bhb. (ii-a) 1 (b) Bo5bab. (ii-h) & ##E3.1 O
2 Mo, X =czl BWbhb BR oD RO BILEEhET, M 42 O (1) »
5, #IF H’J%»J\'Cﬁj\# . (i) X W31 D (2) & (b) obRS. 0

5 T 1.2 OiHA
ZOfITIE DI H TOBR 0D H Cv i o 272 #ikge 35,
WE51. 0£0DNT,#T, 2D P Ty %5IE, D i3 Stein FIHTH 5.
% D 25T, 1 BRD 3 DDGFEITHPND
(Cl) oD N Tb = Q) (C‘Z) (]J # oD n T(, 79 Tb. (CS) oD n Tb = Tb.
SEBA. AgtiE, T () B U -Aw] B D IZBWT WL ESHMER TV ARSI,
D po = [20.wo) € D IZHBWVT —Azow] BEBEELHM TR &2 2RI, (i)
FD LD pg DIFALIZE 5T, (cl), (c2), (c3) DEJZE, ThTthiz (Re5HHT)

D X Stein S TH B Z &, 25T, [2] TR 5 D2DEHBITHITTRULE. ThoDit
HCRIZ 722 0D 2 ERE . vz w] & D O CY-BERBEETH 5.
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BB 1] (cl) ®FT, ROEM (O) FilirTHBBRA [20,0] € ODNT, BT
HiE, D IE Stein S TH S
Gl oy
(0) a—z[zo,O] £0 7O 5%[%0} £0.
SF, #8[.0] € DNT, T, Aila=(0,1) KBLT F%ER ZE2[ 7] > 0
BTS2 =18LTEw AW = (7] <7} C C, WD, HEOLE
D: 7€d—=D(r): =D[I,7]CCy,xC} 2EADL. EEMNDO

D(r) = ij(l.l/r) if T €\ {0} MU, DAT, = [P0,
Do x Ciy it =0

A7) = ANL7] D =U,e5(r. D(7); 0D =, 5(1.0D(7)) C 8 x (C* x C*) & B,
% res\ {0} izxtL T, C* x C* DHAREEH

F,:(z,w)eCixCl, = (ZW) = (z,w/T) € C, x Cj}-

2#XBE. D(r) DEEDNS D(1) = F,(D*). H TO D OEHBE v[z,u]
C2\{(0,0)} TO D ODEHEK (2. w) L RMBEEZ 05

(1, (Z,W)) : =(Z,7W), 71€d\{0},
{ ®(0.(Z,W)) : = ¥(Z,0). =0

EELE, B (ZW) EDCC xC DBOLRERBEBTH S, Bz, Khla

oy oY oy
V(Z”")cbl(o,(zo,l)) = (E S T)‘(O,(zo,l)) (0~ (20,0),0) # (0.0),
od o o

aTlm,(zo,l)) ~ ow k I(o,(:o,m: K(“O’ 0) # 0.

WoT, WE33DB) NOSHHOARASEREBS. HKIZLT, AW a=(0.1) DD
*)La—(al,a2), #O@%A%EE‘JODT%J‘?’E@%

AT, 0 # 6DﬂTa £ T, & (cl) DFTIE, —Az,w] ZZEELFFNCUBETDH
HIEIEETSE, b L Az w] B D THEELSRHAM TRV EIRET WL, &5
B [z0.wg] € D* T =Mz w] 1& T58) TX2\W. 9D p T, #»20D p T, £b.
12 O Q)3 KFETS. B, —Aezw] & D THREELSFHNEUEKTH 5.
[f-Grauert-Nishino {Z & ¥, D I Stein SR TH 5.

B2 (¢3) DFT, & (O) i8R [20,0] € 0DNT, WEETIE, D
{& Stein PEIKTH 5.

EBE, (e3) &b, ODDT, THD. #iFH 4.1 ® 2 (b) IZORTz Az w] DEEHE B2
HTONRZEB U]z, w] OHEEADES L

slz.w] : = max{-A[z,w], Ulz. w]}

I D OLELFAFNEMEBTH S, f>T, D H Stein fHETH S I L Z2RT DI
¥, IR [4] D §14 DHEIC Lo TRERERF LV [EXSNEED Ke DT
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MUT, K& Dk CD %2i§7-9 &5 7% Stein $8% D DMFHETS.) TDLS7% Di
FEDHIZ, BT, KEHEm>1 2/NhEWve>0%2HD,

v[z,w] : = max{—\[z, w] + 2m, eU[z,w|} on D (5.1)

L, vz w] = -Azw]+2mon K TH D, v[z,w] & D TOEELFRELLUH
BTH5. {t->T, KERM>12WdL

KeDM):={z.w]eD:vz,w] < M}

0+ 0D(MYNT, # Ty, ODM)NT, = 0.
WoT, (OD(M) IXXAFHESHTIEDH DA, O TIER W, LAL, Robin D

£ 0 fiH*5) c—Robin B Az, w] & D(M) ED C* BEELFNELBERTH 5.
M>1%2Kk&k>T,

DM, M") : = {[z.w] € D(M) : — Aylz,w] < M'}

Y¥2E DM M) DK, 0+£0DMM)NT, 3T, THO, DM M) IEH TOH
SRR OD(M, M') A2 F B RIRTH 5. #->T, HBA 155 D(M, M) 13 Stein
M THEMS, ThiE Dy &LTENB,

BE, BE1,2 B35 & () MiEhhw e W RREAIX, BI3HO
[111] DIIFEIZ R 72 Robin E8E S Z & OREM L3582 T - 7R MBI ZE H
kRGO EBELT. REND. O

BES52 ODOT, 2 0DNT, #T, BoHIE, RKOVWTIhrTHS :
(1) D % Stein #HKTH 5.
(2) D13 EH 1.2 D (b2), D= g0, HL, 9620, §UDS F .

%M ODNT, # Ty IXRD 3D HnhNnb
(1) 0#0DNTy #Ty. (2) DDT,, (e3)9DNT, =0.

SEER. (¢1) KU (&3) OB\ADFM: D i (b2) TRV EFHE, D i3 Stein FHIH
AR E V. #E 51 OBS 2 LAUL D TOZELSFHAOMBEE o[z, v] . =
max{—z,w| +2m, U[z. w]} ZE>7=F@HDFHEMIT & > T, D % Stein FIHTH B Z
EWRES.
(¢2) DBADMH: T, XAV 82 b THY, c— oo %I, HIZBWT, Levi-flat #h
Y ={|w =clz|f}/~ (oro.: ={w=cz}) ~)IZ T, 1238, DT, &b.
KER e>1IEHLT, S, €D &9 T, BT Al w] BRERERD, &[2,v] € .
T Az, w] WRSESHFMTIRIA. HE 3L D (a) & (b) 15 (2) 285, O
i 4.2, (2) (ii-b) @ Nemiroviskii-type OFIE D I3#H&E 5.2 D (¢1) ORI D
HTHDBH S, DI Stein FHETH 5.
M52 YFAMRIZLT, XEEBS :
#BE5.3. ODOT,UT, 5, ROWTNATH5:

(1) D X Stein HHIHTH 5.
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(2) D& (b2), D=, 500 8L, 353 0,00.

EIE 1.2 MEIBA. D X H TO BR 0D » CY OBRIKTH > T, Stein KT
BNEARET . BR OD £ T, T, D H ATOBEFKIE (T, & T, DANEZX %[
LEDLABL)RDIDDBEIIRES :

[1] 0D D T, ZHIFXRD2ODHEIZTTS
o (1) dDN'Ty # Ty;
[ }*{ (2) 9D O T,
[II] 9DNT, =0. ZHERD2DODHEITHTS :
(1) dDNT, = 0;
)= {
(2) 0 #0DNT,# Ty
FHiZ, (1), (2) 2ROBEHD TS
(i) DN(T,UTy) =0;
(1)={ (i) DNT, =0, DD Ty (2)7{
(iii) D > T, UT,.
[III] 0 #0DNT, # T..

(1) D> Ta;
(ii) D 3 T..

WE 51,52 5312&->T LHBRLDBEN RIZBRDZILIIESIEIrPOOND.
HU, FTOHE (a-1), (a-27), (b2) FiZ EH 1.2 THERTVWEHDTH 5.
) (1) D i (b2), D= ,es50. 1HL, 8530, 80 # o0;

1 @ DiEW2), D=0 AL, 3530, 0.

(i) D i (a-1) 2 (b2), D = U500 AL, 6 CC,
[I]-(1) = (i) D & (a-27) 7 (b2), D = 50 HHLU, 62 00, §UIS 0 ;
(iii) &fF 2729 D I3FEAE LR,
@) = { (i) D 1% (l)?), D=, 50 HU, 6§30, 36U F oo;
(i) &MHAx2W7-9 D IZFELLRD.
(TI1] DBE, RIEEHZT DI ODNT, =0 &40, HE (D) 245,

&oT, EH 12 EAHEE D
SE M
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