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A Four Multiple Infinite Sum obtained by
Means of N- Fractional Calculus

Katsuyuki Nishimoto Descartes Press Co.

Abstract
In this article a four multiple infinite sum derived by means of N-fractional
calculus is reported. That is, the result below is reported for example.
Theorem 1. Let

k+m
M= M(a,B.y ;k,m) = Dol =Bl [~y ], L (k-a+y -m) '
Klm!T(k -a)

(-D)'[-el,[m-8] I'tk-m-n+e+y-a)

K = K(a,y, (3, 4 ;k’m,n) = n! I‘(k_ m+y —(1)

(=D"[-u),[-b),[F(u-p-a) (a==m+n—k+a—/3-—y,\
p! I'(-a) \ b=y+e-m-n

sinna-sinn()./-au-ﬂ) ’ (I e, B.y)) = A <o)
sinz(a + f) sina(y - a)

L=L(u,ab;k,mn, p)=

ng(a’ﬁJ/) =

and
R=R(a,B.y,0,) = P(o,B,y)P(a ~7,8,8), (Pla-y,b,e)l=A <),

,F(k-—a+y~m) < il“(k—m—n+e+y-—oz)l<Oo
(k- a) ol Tkemiy-ay |7

When a.,B.y.,0,¢e,u &Z7 , we have the following four-multiple infinite sums.

oo _ k m+n+p
2M'K~L-(-—C> (—-Z——-) =Pla-y-e,y+¢,u)R.
Zi—-C

kom.n,p=0 <

Lty -a-o)(y ~a- ﬁ)r(y,—a)/z—C)““V"‘“

Ty -a-8)l(-a-P)l(~a) \ z
where

IT(e+y —a-08)/T(y - a-6)l, ITy —a-B)T(~a-pB), IT(u-a)/T(-ax)l< oo
and
IT(u-p-a)/ T(-a)l <o, |l-cizl<l, lz/z-cl<].
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Coefficient conditions for harmonic
close-to-convex functions

Toshio Hayami (Kwansei Gakuin University)

A complex-valued harmonic function f(z) in the open unit disk U = {z € C: |z| < 1}
is given by
f(z) = h(2) + 9(2)
where h(z) and g(z) are analytic in U. We call h(z) and g(z) the analytic part and the
co-analytic part of f(z), respectively. A necessary and sufficient condition for f(z) to be
locally univalent and sense-preserving in U is |h'(2)| > |¢/(z)| in U (see, [2] or [6]). Let H
denote the class of harmonic functions f(z) in U with f(0) = A’(0) — 1 = 0. Thus, every
normalized harmonic function f(z) can be written by

f(2)=h(2)+9(2) =2+ an"+ ) bn"

where a; = 1 and by = 0, for convenience.

We next denote by Sy the class of functions f(z) € H which are univalent and sense-
preserving in U. Since the sense-preserving property of f(z), we see that |b;| = |¢'(0)] <
|W'(0)| = 1. If g(2) = 0, then Sy reduces to the class S consisting of normalized analytic
univalent functions. Furthermore, for every function f(z) € Sy, the function

f(Z) _ blf(z) - an — Ebn - bn - blan
F = = - -~ ".,n - - T.n
() ETNE z+; T +; T

is also a member of Sy;. Therefore, we consider the subclass S, of Sy as defined by

S} ={f(2) € Sy : by = g'(0) = 0}

We say that a domain D is a close-to-convex domain if the complement of D can be
written as a union of non-intersecting half-lines. Let C, Cy and CY, be the respective
subclasses of S, Sy and S, consisting of all functions f(z) which map U onto a certain
close-to-convex domain.

Example 1 The function

1—(1-2)2 22 Z“n+l, sw=n-1_,
1@) = =50 =2 +2(1—z)2_z+z D IR

n=2 n=2

belongs to the class C3,.
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To obtain our results, we need the following lemmas due to Clunie and Sheil-small [2].

Lemma 1 If h(z) and g(z) are analytic in U with |h'(0)| > |¢'(0)| and h(z)+eg(z) is
close-to-conver for each e (|e| = 1), then f(z) = h(z)+ g(2) is harmonic close-to-convez.

Lemma 2 If f(2) = h(z) + g(2) is locally univalent in U and h(2) +€g(2) is convex
for some € (|e] £ 1), then f(z) is univalent close-to-convez.
Applying the above lemmas, we derive

Theorem 1 If f(z) € H satisfies the following condition
Z |nan —e¥(n — l)an_1| + Z |nbn —e¥(n— 1)bn,1| <1

n=2 n=1

for some real number ¢ (0 < ¢ < 27), then f(z) € Cy.
4

Example 2 The function

f(z) =— log(l—z)+(—mz - log(1 — z)) = Z+Z %Z"-F(l—m)?-l-z %E” (0<m<s1)
n=2 n=2

satisfies the condition of Theorem 1 with ¢ =0 and belongs to the class Cy.
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Coefficient bounds
for bi-univalent functions

Toshio Hayami (Kwansei Gakuin University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form

flz)= z+Zanz"

which are analytic in the open unit disk U = {z € C: |z] < 1}, and let S denote the
subclass of functions f(z) in A which are univalent in U.
Then, each function w = f(z) € S has an inverse function f~!(w) given by

FUE) =2 (V) and f(f(w)=w ('“}I<ro(f); ro<f>zi>'

It is well-known that the inverse function f~!(w) can be represented by
fH(w) = w— ayw® + (20} — a3) w® — (5a3 — 5azas +as) w + - - .

If a function f(z) € A is univalent in U and f~!(w) is also univalent in U (i.e. f(z) €S
and f~}(w) € 8), then f(2) is said to be bi-univalent in U. We denote by ¥ the class of
all bi-univalent functions in U.

The following theorem known as the Koebe one-quarter theorem was conjectured by
Koebe [3] and proven by Bieberbach [1].

Theorem 1 If f(z) € S, then f(U) contains the circular domain

1
Q:{wE(C.|w|<Z}.

The Koebe function and its rotation f(z) = H—-F;—W (0 € R) shows that the constant

1
1 1s best possible.
Moreover, we discuss the domain f(U) more in detail for any f(z) € S.

Theorem 2 If f(z) € S, then it follows that

fU)2U and f(U)¢ZU,

unless f(z) is the identity function.



In consideration of the above theorem, the inverse function f~!(w) is not necessarily well-
defined in U. This implies that all functions f(z) € S are not members of the class X.

For example, the Koebe function f(z) =

z
%
a-7"
Now, we define the class R of functions f(z) € ¥ satisfying the following conditions
arg(F() < T (z€U) and farg(¢(w)) < ja (weD)

for some a (0 < a £ 1), where g(w) is the extension of f~!(w) to U. Similarly, we say that
a function f(z) € ¥ belongs to the class Rx(3) if f(z) satisfies the following inequalities

Re(f'(z)) > B (2€U) and Re(d(w))>p (wel)

for some 3 (0 £ B < 1), where g(w) is the extension of f~!(w) to U. The classes Rg
and Rsx(8) were introduced by Srivastava, Mishra and Gochhayat [7] and they discussed
bounds for the coefficients |as| and |as| for these classes.

Remark 1 By the Noshiro-Warshawski theorem (see, [6], [8]), we readily see that
both R¢ and Rx(3) are subclasses of X consisting of bi-univalent functions in U.

The aim of this investigation is to determine the estimates on the coefficients |as|, |as]
and |a4| for functions in the classes R and Ryx(8), respectively.
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Notes on the open door lemma

Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let H denote the class of functions p(z) which are analytic in the open unit disk
U= {z € C:|z| < 1}. For a positive integer n and a complex number ¢, let H|c,n] be
the class of functions p(z) € H of the form

(e o]
p(z) =c+ Z cxz®
k=n

Let p(z) and ¢(z) be members of the class H. Then the function p(z) is said to be
subordinate to ¢(z) in U, written by

p(z) <q(z)  (z€),
if there exists a function w(z) € H with w(0) = 0 and |w(z)| <1 (z € U), and such that
p(z) = q(w(z)) (z € U).

In particular, if ¢(z) is univalent in U, then the subordination p(z) < ¢(z) (z € U) is
equivalent to the conditions

p(0) = ¢(0) and p(U) C q(U).

Miller and Mocanu [1] discussed a certain method of proof involving a special differential
subordination which is called as the open door lemma bellow.

Lemma 1 (The open door lemma) Let ¢ be a complex number with Rec > 0, and let
P(z) € Hlc,n| satisfy the following subordination

2n|c|\/§f§2- (b—2)(1 - bz) ~ nlmec.
PO RV T A — - Reet BEU

where b is the complex number with |b| < 1 such that

n|c| 2Rec+1 2b nlme. .
— - i=c
RecV n 1-0 Rec

If p(z) € K[, n] satisfies the following differential equation
2p'(z) + P(2)p(z) =1 (z € U),

then .
L4
p(z) <5

(Z € U)u

which implies that Rep(z) >0 (z € U).

9.



In the present talk, we discuss a certain univalent function in U which maps U onto a
slit domain, and introduce a new open door lemma.

Theorem 1 Let n be a positive integer, and let ¢ be a complex number with Rec > 0.
Then the function R.n(z) defined by

n 2Rec+n
1—2 1+ 2z

Rc,n(z) =—C~— (Z € IU)

is analytic and univalent in U with R.,,(0) = ¢. In addition, the function R.,(z) maps U
onto the complex plane w with slits along the half-lines EIH and £, , where

cn?

, 2Rec
o= {w €C:Rew=0 and Imw 2 o <|(‘| Rec +1 —Imc)}
Rec n

and

en n

2 a
0 :{wEC:Rewzﬂ and Imwg—ﬁg— (\c| Rec+1+lmc)}.
C

Theorem 2 (New open door lemma) Let ¢ be a complex number with Rec > 0, and
let P(z) € Hlc,n| satisfy the following subordination

n 2Rec+n
+

P —C—
(2) < —¢ 1—z 1+ £z

(z € U).

If p(z) € H[%,n] satisfies the following differential equation
W)+ PEp(z) =1 (€U,

then

% + %z

1—2=2

p(z) < (zel),

which implies that Rep(z) >0 (z € U).
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Notes on Nunokawa lemmas

Toshio Hayami (Kwansei Gakuin University)
Hitoshi Shiraishi (Kinki University)
Shigeyoshi Owa (Kinki University)

Let AV denote the class of functions p(z) of the form

z)=1+ Z crzk
k=1

which are analytic in the open unit disk U = {z € C: |z| < 1}. For functions p(z) € N,
Nunokawa (3, 4] has shown the following lemmas.

Lemma 1 Let p(z) € N and suppose that there ezists a point zg € U such that
Re(p(2)) > 0 (|z| < |20|), Re(p(20)) = 0 and p(z9) # 0. Then, we have
zop' (20) — ik
p(zo)
where k is real and |k| 2 1.

Lemma 2 Let p(z) € N with p(z) # 0 in U and suppose that there erists a point
2o € U such that o
larg(p(2))| < - for [2] <

and o
arg(p(z0))| = 5

where o > 0. Then we have

ika
p(20)
where 1 1
TQ
k2 (ovg) e wpi =
and 1 1
TO
k < 5( a) when arg(p(zo))z_T
where

Q=

p(z0)= = tia with a > 0.

The above lemmas have been called Nunokawa lemmas and applied to obtain a number
of interesting results by many mathematicians (see, for example, [1], [5]). But, nobody
enumerated concrete functions satisfying these lemmas. Thus, in the present talk, we give
the simple and interesting examples of Lemma 1 and Lemma 2, respectively.

-11-



At first, we consider the example for Lemma 1.

Example 1 The function p(z) defined by

z
141z

p(z) =1+

satisfies Lemma 1.

We next discuss an example of Lemma 1 for the case that p(z) maps the circular
domain {z : |z| £ |2/} onto the domain which touches the imaginary axis with two
points.

Example 2 The function p(z) given by

p(z)=1+m (z—i- %z2>

4< <8
- <m<z].
3 3

15 an example of Lemma 1.

Further, we also discuss a function p(z) satisfying Lemma 2 for every o (0 < a < 1)
and a problem for Lemma 2 concerned with the Janowski functions defined by

_1+Az
" 14 Bz

p(2) (-1SB<A<Y)

which is analytic and univalent in U. This function p(z) has been studied by Janowski
[2].
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Characterization of polynomials from potential theory
and complex dynamics

Yiisuke Okuyama (Kyoto Institute of Technology)
Malgorzata Stawiska (Mathematical Reviews (University of Kansas))

We are interested in a characterization of polynomials among rational functions f of de-
gree > 1 on P! from the point of view of complex dynamics and potential theory. Recall
that the Fatou set F(f) of f is the region of normality of iterates {f*; k € N} in P!, which by
the definition is open. The Julia set J(f) is the complement of F(f) and it is known to be
non-empty. Both F(f) and J(f) are f-invariant. The characterization that we have in mind
is provided by the following theorem:

Theorem 1 ([5)). Let f be a rational function on P' of degree > 1. Suppose that the point co
belongs to a Fatou component D, of f, and that f(D) = D«. Then the following statements
are equivalent:

(). f is a polynomial.

(ii). The balanced measure ys of f coincides with the harmonic measure v of D, with pole

00,

Under the additional assumption that f(c0) = oo, Theorem 1 was proved by Lopes [4].
The measure y in Theorem 1 is also known to be the (unique) maximal entropy measure of
f, and was constructed by Lyubich [3] and by Freire, Lopes and Maiié [2]. For polynomials
f, the harmonic measure v in Theorem 1 was also characterized as the weak limit of the
averaged iterated value distribution of f for non-exceptional points of f by Brolin [1].
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DEETI, BEGEHE L, FESHIA AW SHEAOGFHEIUEEI Y UTIZ L
WWED TADARY PR WINCEHE T2 L EHIC, BERT PAZFER
D RKIBICHIRAICEIREAIRETH D Z 2R L .

INEWMTLT, EH (HE) [1] 13, LY ARV FOFBMTIcE O E 750
BRIHEESERZHOT, fTHIDARYZ PSR EZIRAICKRD 2BER2 52 7-.
ZOHEETIE, THAOBRNSEHRE AV 25 LB L T, 7D AR b ViR
Z X DB HETRICR S, X510, THOBR/IEESEADOHERZ X%
R 270, RAIMESHABRZIRMIGIE L - LT, B/ NEESEA 25
HI2REZ2REL TS,

AT, 2h s DMARRBICE D E, THlOR/NMNEESHAEMZ VT 1T
FIODBHERY P EIRMICHE T 2BEZRET 3.

Il A%, BEEZERICODOnRIEAfTIIE L, EXZ BT LT 2. ADKME:
ZHA xa(A\) BIRROW T, BELEOBNRBEIBEEZHS» L ORODTVLEHD
£LT35.

xa(A) = FLA)™ fo(A)™2 - fp(A)™P === fo(A)™. (1)

ARTRET2EEOBMIE, X (1) 0d2BNET f,(\) (1<p<q) KL,
[o(@)=0%2& 7T ADBEEMEN = ilBTAEER7 PV ERDEILTHS.
R, AWETIE, m,=1, $4dbb, HHT2EGHEOEHEEIZ 1 LIRET S (¢
KOBIE 2] D& 9IS, xa 2BV TH 2 HEIZ 2 0).

SER f,(N) ISR L, BER Y, (z,y) £ Uy(z,y) = (f(2) - f())/ (@ —y) TE
ETD. Uy (r,y) BEBICIISEAICK L LICHEET 2.

e; =%0,...,0,1,0,...,0) %, FEiRAHB1LIZFE Lo KRBT FLET S,
ADE jFIDBAMHEESEAR ma;(0) &, 1 FT7 NV {P()\) | P(Ae; = 0} DE
Sy I RERTTE LTERIND. 22T, 10,0 1 L,(0) EHFICL D LRE

¥F—T—F LY ARV b, BB, AR PSR, BANEESER

*1305-8571 FIRIR D CIFHRESR 1-1-1 RBPKRY REFTBEWEBLPRR BFEHK
e-mail: terui@math.tsukuba.ac. jp
web: http://researchmap. jp/aterui

*2305-8571 FIRIE D HEHRESR 1-1-1 FLEKE KEREEMEBEHAR BEHEK
e-mail: tajima@math.tsukuba.ac. jp
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L, Ta;A) = fo(A) - gip(N) ERT (THDDL, g;,(N) & f(A) IAAD 14 5(N) DA
TOHETH D).

IDEE LLTOGENED L.
W 1. x4V, £o(N), Up(z,y), ma;(N) Z LETEAOGNEZHALTS. 2D
LE, FIRT FVp(N) %

p(A) = (A, AE)g;p(A)e;

ko TEDBE, f,(a) =0%&H:T ADBEEEN = o IKHL, FIRZ MV p(a)
%

A-pla) = a- pla),
2HET. Thbb pla) 13 A OEEME )= o KBTBEERY PLTHB. O

3T, AMoREE TR, BAMEESEHARBZ AV TEERZ FVEEZIT).
£2T, 52 o NEESFRBERD, ERICRPIHESEATH S 2 L2
AT ILEND 5. AWM TRET IBRDMHESHABMZH BB X7 PG
Bk, LT oz s,

1. [BERY MUVEBOHE] BHL TV 3 ADBEBEN = o, ADE jFIOR
INHEHERER Pi(\) = fo()) - g55(2) KL

p(a) = Up(A, aE) g;p(A) e (2)
ZERT 5.

2. [RIHEEZBEROF v 7] P;(\) BADE jIIOBR/NEESHRIC 42 55
EIy»rrFy 5. BENICE

P;j(A) e; = f,(A) gjp(A) e; =0 (3)
BRI DZ L HEDD B,

AEEOREMDO—21F, BAERZ P VBEROFEZ KEICITV, 5l E3F TR
WESERDF 29 7 2T-oT0BIETHS. i, R (2) DY,(A4,aE) %
Horner 5 CEtE T2 &, X 5121 A7 v 7® Horner EDFET, R (3) D f,(A)
BEINZBERICET. EROHEBE TR, X (2), (3) DEFREILB VT, 75 - X
7 P ABD HornerdEZ WA Z Lick D, SR 25 HOFELEH > TV 3.

SE

(1] A~ BMOERZEEZAVEL Y ARV OEBERIT LTFIORRT P VI
Computer Algebra — Design of Algorithms, Implementations and Applications,
BRATITZCPT EZ0sR. AR KA SCHEARATIIZEAT, 2010. AR

[2] MEE — ErAK. LYy F2fGBERXZ PR, Computer Algebra
— Design of Algorithms, Implementations and Applications, $FRFRATHIZEAT#HE
%%, 551666 %, pp. 57-64. FALKEHHHBHTHIZAT, October 2009.
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On the growth rates of 3-dimensional
generalized simplex reflection groups

A BT (A
WA AT (WA

HALBTART 7 2 HRBTH > 7MEEZIS & 9 %, n KUz H* ADth
%Mk P % Coxeter BEEL 9, HICBT 2 EHL M S DERT 58
T, PREAFIRE T2HEBAFL 2D (1,5) 2 n RITME Coxeter B &
3, COLETDILgD S IKBTBIRE ls(g) 2. g D S DILIC &k ZBHEFIRN
g=5158, DRI n TEET S, (I,5) D growth function fs(t) &I, ai
% ls(g) =k ZWE7T g DB ET 2 L ZDOHRIRFHEE fs(t) = 100, axt
NDZETH5, (,S) D growth rate 2 w := limsup,_,, Var EEET S &
l<w< S Z2WL ([3]). fst) EEAFLO¥E R = 1/w ORI L THET
gL b, IS VFEICEEER P)/Q(t) £ LTEIERI N, 22T
P(t) & Q(t) IZHEWVICHER Z RBDLEHATHS, COLE =R I fs(t) D
FRICROEVERICRZD, Q0) =126 w>1 it v OHETTOMNED w DL
T e ERBNWERICL2 2 L8905, ERENER o > 1 ORZITOM
MEDPEIL o KD/NI%BEE, o ZPerron e ), 2RILE 3RILD
A7 Fig Wil Coxeter HD w i3 Salem BTk D ([1, 5]). 2 RILOKRME
BEHER 2B Coxeter #D w 13 Pisot-Vijayaraghavan 825 Z L BHIS 1
Tw3 ([2])s 2415 Salem S Pisot-Vijayaraghavan & Perron D —H&T
H5, KHEHETIR4TLERDRBEER L 3 RICWH Coxeter FIZOWVT, ZD
growth rate w 2% Perron 2% 3 Z & #HET 5 ([4]). bAERDOREEER
% 3 RILMM Coxeter BEIZDOWTHRKEDFERBR D IO L 2T,

8E W

[1] J. W. Cannon, P. Wagreich, Growth functions of surface groups, Math. Ann. 293
(1992), 239-257.

[2] W. Floyd, Growth of planar Coxeter groups, P.V. numbers, and Salem numbers,
Math. Ann. 293 (1992), 475-43.

[3] P. de la Harpe, Groupes de Coxeter infinis non affines, Exposition. Math 5 (1987),
91-96.

[4] Y. Komori, Y. Umemoto, On the growth rates of 3-dimensional generalized simplex
reflection groups, submitted.

[5) W. Parry, Growth series of Coxeter groups and Salem numbers, J. Algebra 154
(1993), 406-415.

*1
*2

e-mail: komori@sci.osaka-cu.ac.jp
e-mail: yuriko.ummt.770gmail.com
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PRI 7 5 4 VBRI 5,
—MRH e AR 2 5 2 5 KD

5B (RIRKY BLIURE 3RER)

1. 754 VB EEXRBEE

ERTTREHZEEH? O, A E2REOEEEEDL S L 2HOFIRT, B2
SAVEEFEINE T, EFHHELILPLSTENINE LD (BERSH ICIZEC H O
HRBIREIC EECB30D) THBE7 74 VHRIE, FriC, RN S0 B LW
ENET, AFRIZ. ZOKLR Y 74 VEORARERICET 2, ZofiadbdEE
LR EDERIIOVTDLDTT,

BERERIZ. MEROEA2MET 2BOEELEETY, AHETHRK) EAER
BRET, ToVILEXRER (BEAZEE) LWHEhs, ROEEP(w)2EZET !

Po(w) := {z € H*|VT € I, dps (2, w) < dps (2, T(w)) } .

TITT MBI 74 v HERL. Rw € B 3EAHR Py(w) OFD & TN
£7,

EAFR G MRBOPRICE W TREARNRE XD 9, EAFEDL S 3, AR,
ZOHOERITLPHRAER 2 FPHKRET,

2. — RV EARFEIR
EAFEES—ROTHZ L VIHIFER, TEDI7 I VI L TEBINE T, Z
ZTCRAHEHFEICHBE MBI b DR TEREZBRRET,

MBI 2 94 VBT & fw e B ISR L, EARER Py(w) 23— TH % &1, R
DIFZEBEMITLEZOWVLET,

o FilE, Po(w)BEDZHI DY A NVHDIZE VT (Po(w) bED) 3 DDHEAMH
BIcHIFN w3,

o H3WIZH BHTAAIZ, Po(w) BSEDBH D A NVEED ITB VT (Py(w) bED)
AODEARFERICHEIN TV 5,

o H3 DHPLEIRE EH 2 KEAIZ, TE—-FROLDOERE > T 5,
COEEPS, BAILHLZHEADPSEL 2LIFEICIRIIRY £T,
3. THER
— R EAEREZ 5 Z 2R (Fl) OZWICEL T, ROBEPTFHINTHET,
FHR. HORELTOMND, —BNEEAFBICHES 57259

I DOFHIL Jorgensen & Marden 2% TERH) & LT [JIM88] TR bDTE A, Z DL
BT 2 mdsd ) & Uiz, AW, MWK 54 VBl 2o TEE,
DIHAD Az D72 b DTY,

{H{

*T920-1192 AJIE IR ARIET
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EEE. FEOMBN S 74 VBN L, BIEMSOTHY 20 (HBIZBITS) #
H£EDHEBEDHB—BROLEAERZER T 5. BORSESVHFET S,

4. FEEAD 7 &t
FEHOIHDFMIZ, [JMBR]IZHE>TWE T,

1. 3 H%2008 T2EAFEES RN TR TNE. 2085135 2REGBRADR
HEHIIEEINTVEEEZAS,

2. SNLCDMEAVH 2ELLORVERZNETNHERL., HIEP0THLHZ
"5,

3. VA VRIOMEBMEIC XY, COoRBRESEAVIRETH2ELZRS, 20
5> DREADNESGZ I 255 (ET, ROIWIEAZE S,

WO [IMSS] I BT B2 AMIZ, FIH2TELTWET, AFETIE, MAWINS 74 >~
BEOBMENEE & [DP9] IC & 2K FEIMIARIIN 7 7 4 VBN T 2 FHROEENHR
W, 2t —HRoOEEEZAALCZORMERBRLE L,

5. BEOHER

AL BET 5, BFORRZEOPMNTEEXT,

QRTLDOFAEITIE, FRISHIET 5 Z & 13 [Bead5| KB W TEREIS52 L LTRINT
WET, ZORIEEHLE LT, Jorgensen & Marden ®Fj#HZ Al 7-GE#H % [DU09, Ush11]
TEZELT,

SRILDOBAICIE, ETRBRRAARIC, KEZ 74 YBICH L Tid [DP99] TTFADS
BENICBRINTVET, ZHd Jorgensen IZ & 3 fTHIZE [Jor73] ZEHELL 2 b
DTY,

SE

[Bea95] Alan F. Beardon, The geometry of discrete groups, Graduate Texts in Mathematics,
vol. 91, Springer-Verlag, New York, 1995, Corrected reprint of the 1983 original.

[DP99] Todd A. Drumm and Jonathan A. Poritz, Ford and Dirichlet domains for cyclic
subgroups of PSLy(C) acting on HY and 0H}, Conform. Geom. Dyn. 3 (1999), 116-150
(electronic).

[DU09] Raquel Diaz and Akira Ushijima, On the properness of some algebraic equations
appearing in Fuchsian groups, Topology Proc. 33 (2009), 81-106.

[JM88] T. Jprgensen and A. Marden, Generic fundamental polyhedra for Kleinian groups,
Holomorphic functions and moduli, Vol. II (Berkeley, CA, 1986), Math. Sci. Res. Inst.
Publ., vol. 11, Springer, New York, 1988, pp. 69-85.

[Jor73] Troels Jgrgensen, On cyclic groups of Mobius transformations, Math. Scand. 33
(1973), 250-260 (1974).

[Ush11] Akira Ushijima, Generic fundamental polygons for Fuchsian groups, Pacific J. Math.
251 (2011), no. 2, 453-468.
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EBENRS ORI

i

1. EA

CDOBEETIX 9] K TR LN BENE I OSBRI >VTHRET S, UT, X
% (g,n) HOBTWERLZ Y —<vHET S, ZITX BRMERE2HET S, ©
¥ED20-24+n>0%WT LKET B,

1.1, MER = A0EME. X o5 BN hAROEZNTH 2EEE X |k
O =R, I TRABMBBIR T RTar 7 P AhbDEEZ B, HIHR
B A ORBRRIE o &3, AHRBICHEERIcEb 2o kit FrilE2E52 3
MIETHhY, Thon s FrHERRMERE ) k-7 RkE PE—ICELTARET
HBrHLOTHD (FEMIL 10 2B L) . RO, FEWETL EORESL o &
B HBEEUE L ETRIE O o = (), o) PHEEOBEEL L Ic LT, & EORIE
aDEBANEk EoTw3 L E, MEGEMBBETH? L), X FOJIERZ
HHRE L ED L THEAE ML, EEL,

HSIEA AR O BT AR S Z IR T B 2 L2 D, MLy x MLy Bt B
BB RICEZE SN D (cf [1)). %72, Thurston 2 & H MLy LICBR%L PL
BEVSHEET L Z LBRENTYS (cf [4]).

1.2. MEANILY —3 6. BEBEERI M LOALT =D L3, M Eoav o+
E Lo~ -Gk TER EOREABEKTH ), ERDOvIZRLTr-~
NS —BRSED T NF v NEEICHIB LA L 2B THEHLDTH .,

X EORBRRE A IS L T, A OWMBRAILY =2 L ik, N ICEBINICRED 2
BoPRIMEICNLTAVY D2 5L 30T, Ao~ —FGlEE 7%+
EPE—IHLTAERDDET S (cf [3]).

ZIT[0,t0] Dt— G e MLy % PLEIRRL T 5. MR {Gilicpog LT, +
DPERt EO0<t<t KWL TGy % carry THBEE T BFELT, 7 DEEDU
el LT, Ay

Coe) = 2 Gi(e) — Gole)

= dt_+G‘(e) o = tE}EO 1
DEFHET B L E, M8 (Gl 1 =0 TRNTETHZ L LI, 7L Gle) i
GIZ& 33 e D—MLIEK (tie) LOBD ET 5. Gy BEMI~N T -3 L%
2% ZEMMHKS (cf Theorem 15, Complement 16 in [2]) .

2. EEH

21 12 215—LREBENES. T(X) 2 X DY IaF—-8ML T2,
T(X) i3 X OEBMAEY) —< VH (Y, ) OSARBE» o k2 EMTtHs. 22T
Y RY—=VETHY, [ X oY BEBSABERTH 2,

Date: 2011 £ 11 H 26 H.

AL RIE (C, 21540177) DR ERI LD TH 5.
1
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2 it H

wE, y=(Y,f) eT(X) & G e MLy KM LT Ext,(G) % G » y LoRBENE
TET3. BENEXRY Lo f(G) #BEAEM X EREEIC D DIEAI XMy
4G,y ZHWT

Exty (G) = /y g6y = /Y 146.4(2)ldzdy

LREINB (of 7). BB

(2.1) T(X) x MLo 3 (3, G) > Ext,(G)

s TH 5 (cf. [8)]) .

22 R u Y EORNVEFFIMIELT, y(s) 2y D pu(s)-BEAEH T u(s) =

sFu + (;(g)( (seR) 2¥rTdbDET 2, IITqe, DARTFHEMZERHEES
Gy .

EE 2.1 (EEH [9). BENE B (2.1) 1 T(X) x (ML — {0}) ZBVTRD
B TEMAETHS

Exty(s)(Gt) = Exty(Go) —2s Re/ 134G,y t+ Qti(Go, FGO.y) + O(|S| + t)
Y

(Is] +t — 0) BBELT 3. 771, MLy~ {0} AD {Giliepony 1B t =0 THIW
Bk PLEIRE L, Go2ZDt=0TDOHD LT3,

IIT, GEEELABAOMIARILF. Gardiner ([6]) K& hEASNATVS
BRI —KTH I LICHERT 2. LEL, FEHOHIZZEOMIAREZAV 5
&, ETEHIEOBABADIAHEEA TV 2RTII A\,

£, Gy & Fg,y DXEEi(Go, Fg,,y) WEBMKS Z LZAHTIR AL, EH
DI RRABEBEBIRKI 2R TIEOEENTV S, FHE KRB, B
Wi~ — 3% IR~ L ¥ — AL v P EREL ([2]), %L T, Bonahon-Sarié
Bl b5 x ol 2ER (double box) IABIC X 2HEZHOTERI NS,

REFERENCES
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On Jogarithmic order of an entire function in terms of

+E> the coeflicients

Katsuya Ishizaki (Nippon Institute of Technology)*!
Kazuya Tohge (Kanazawa University)*2

1. Introduction

Let f(2) = ¥, anz™ be a transcendental entire function. It is familiar (see, e.g. [2])
that the growth order p of f coincides with the convergence rate u of a, — 0 where

log log M 1 1
p = limsup w, uo= limsup—nﬂ = lim sup __o&7
r—00 IOg r r—00 lOg ll/an| r—o0 log "/ l/an

if both p and p are finite. But the equality p = p would not, however, tell us very
much about their convergences , if they vanish.

In this talk, our entire function f is assumed in general to be of small order of
growth. Then we investigate the relation between the logarithmic order 7 of f and the
logarithmic convergence rate of a,, — 0, both of which are defined as follows:

7 =: limsup M, A =: limsup loi.
r—00 loglogr n—oo  loglog|1/a,|
Here, as well as the definition of u, we just simply take the quotient in the definition of
A to be zero, if a, = 0. Note 1 <7 < o0 and 0 < X < 1. We trace the proof of p =
in quite a faithful way and obtain the following theorem on the logarithmic order in
terms of the Taylor coeflicients:

Theorem 1 Assuming 0 < A < 1, we have the relation 7 =]/(1 — \).

It might be of some interest to observe that this relation is equivalent to the following
three expressions for our entire function f:

[ log M(r,f
7 = lim sup loglog ll/a"' im sup 71% log [1/a| A = limsup log (7%71)
neeco loglog {/ 1/an n—oo  log (loslig'rl)’ r—oo  loglog M(r, f)’

Note that we have already known that

1
le |1/a | — _’ Og Il/an] — hm IOgM(Ty f) —
n—oo n oo nlogn r—00 10gr

In fact, they follow from the assumption on f to be entire together with the Cauchy-
Hadamard formula on radius of convergence of power series, the assumption that 0 <
A < 1 which implies p = 0, and the assumption on f to be transcendental, respectively.

This work was supported by the Japan Society for the Promotion of Science Grant-in-Aid for Scientific
Research (C) #22540233 for the first author and (C) #22540181 for the second author

2000 Mathematics Subject Classification: Primary 30D35.

Keywords: Entire functions, logarithmic order, small order of growth.

*le-mail: ishi@nit.ac. jp

*2e-mail: tohge@t.kanazawa-u.ac. jp
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2. Remarks and Examples
Remark 2 The conclusion of Theorem 1 does hold when A = 0 for transcendental f.

Remark 3 Let K be a real number satisfying K > 1. Our reasoning for the proof of
Theorem 1 is to show the followings are equivalent:
(A): JA > 0, 3rg such that M(r, f) < exp (A(log r)K) (Vr > 19).
(B): 3B < 0, 3ng such that |a,| < exp (Bn%) (Vn > ng).
A point of this reasoning is in the choice of n and r so thatlogn ~ (K —1)loglogr.
In fact, then (A) and (B) give loglog M(r, ) < loglog|l/a,|+ O(1) for such n and r.
Example 4 Let q be a constant satisfying 0 < |q| < 1. We consider a transcendental
entire function f(z) = [I;2(1 — ¢’2), which is a solution of the q-difference equation
(1—2)f(qz) — f(z) = 0. Thus its Taylor coefficients a,, are given by an, = [Ir—; ;f:—:—l =
O(g™™=1/2), while it is shown in [1] that f(z) has the growth property
log M(r, f) = (—2logq|) ™ (log r)*(1 + o(1)), as 7 — co. (1)
Hence we have A = 1/2 and 7 = 2, respectively. (We will see x = (—2log|q|)~! below.)
It is possible to give an example of f with 7 =1 and A = 0. As long as the authors
know, it seems open whether 7 = oo whenever A = 1. Some examples are found in [2].
3. Logarithmic type and the coefficients
Defining the logarithmic type x of f(z) = ¥, an2™ by
i sup B M (5 f)
= limsup ———=~
X r—»oop (IOg T)T

we show a relation between the logarithmic order 7 and the limit x. This gives an

when 0 < 7 < 00,

bl

analogy of the well-known formula o = (ep)™! hm 15Up —————p between p and the
(§/11/ax)

type o of f,

log M
J:Iimsupong(r’fz, when 0 < p < o0.

r—00
Theorem 5 A transcendental entire function f with 7 € (1,00) satisfies
X = (1 =171 "e(r),
where (1) is given by
¢(r) = limsup log |L/an|

oo (log {/[1/an|)"

Note that ¢(1) = oo and lim, .14 (7 — 1)""!777 = 1. Hence the result is still true
even when 7 = 1, since by definition 7 = 1 implies x = oo unless f is a polynomial.

Remark 6 Let f be an entire function of order p = 0. Then Theorems 1 and 5 prove
that f and its derivatives f*) have the same logarithmic order and type, respectively.

References
[1] Bergweiler, W., K. Ishizaki and N. Yanagihara, Growth of meromorphic solutions of some
functional equations I, Aequationes Math., 63 (2002) 140-151.

[2] Markushevich, A. I. Theory of functions of a complez variable. Vol. 1. Revised English
edition translated and edited by Richard A. Silverman. Prentice-Hall, Inc., Englewood
Cliffs, N.J. 1965 xii+333 pp.
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Extended Harnack inequalities

Hiroaki Aikawa (Hokkaido University)

Abstract

The Harnack inequality is one of the most fundamental inequalities for positive
harmonic functions and, more generally, for positive solutions to elliptic equa-
tions and parabolic equations (De Giorgi-Nash-Moser theory). This talk gives a
different view point of generalization. We generalize Harnack chains rather than
equations. More precisely, we allow a small exceptional set in the Harnack chain
and yet we obtain a similar Harnack inequality. In light of inextricable relation-
ships between harmonic functions and Brownian motions, such a generalization
is plausible. However, it is not so easy to give a rigorous formulation. We in-
troduce a Harnack double chain in association with quasihyperbolic metric and
measure the size of an exceptional set by capacity. We use only fundamental
properties of harmonic functions such as the maximum principle and the linearity.
Generalizations to positive solutions to uniformly elliptic equations seem to be
straightforward.

Let us begin with Harnack double chains.

Definition 1 Let | < Ay < co. Let {Bj}‘j,eo = {B(x;, r.,v)}';:o be finitely many open balls. We
assume that '
Ay'ry <1 < Aor

(M

B, N Bj includes a closed ball b; of radius greater than Aj'r;
for1 < j<J. Lett>1andlet B; = B(x;.Tr)) be the expanded ball of B;. We assume that
ifli—jl=3 thenB;NB; =0 (2)

Jor0<i,j<J Wecall{B;.bj, B“;} a Harnack double chain with the radii condition (1) and
the overlapping condition (2). For simplicity we write {B.i}',{:o if b; and B; can be understood
from the context.

Note that a Harnack double chain can be constructed in association with the quasihyper-
bolic metric. Let D be a proper subdomain in R”, i.e., 3D # 0. For x,y € D we define the
quasihyperbolic metric kp(x,y) by

. ds(z)
kp(x,y) = nff—,
n(X,y) n e

where the infimum is taken over all rectifiable curves y connecting x to y in D and ds(z)
stands for the line element on .

Proposition 2 Let D be a proper subdomain in R" and let x,y € D. Let T = 6/5. Then
there exists a Harnack double chain {B j}",zo with the radii condition (1) and the overlapping
condition (2) such that x € By, y € By and J < Akp(x,y), where A > 1 is an absolute
constant. More precisely, we can take B; = B(xj, ad;(x;)) with 0 < a < Tlﬁ and x; on the
quasihyperbolic geodesic connecting x and y in D.
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In order to measure the size of exceptional sets, we introduce (variational) capacity with
respect to an open set U. For E ¢ U we define

Cap,(E) = inf{f \Vu()Pdx: u(x)>1onE,ue Cy ).
U

Theorem 3 Let (B j}';:(, be a Harnack double chain with the radii condition (1) and the over-
lapping condition (2). Then there exist positive constants &y < 1 and A, > | depending only
on the dimension n and Aq with the following property: Let E be a compact set of BoU- - -UB,
with E N (B() U B</A4 U---uU B/) =0and

Cap,.(ENB))
. <eg
CaPH; (B)) ’ “" ‘\

for j=1,...,J =5 If his a posi-
tive harmonic function in ByU- - -U

/
B, \ E, then —1(x—‘/)— < exp(ApJ).
h(xo)

Theorem 4 Let D be a domain with Whitney decomposition {Qy} and let 0 < 5 < 1.
N~ & (
3 r. o

where O is the expanded cube of Qi with factor 3/2 and the same center. Let x,y € D. If h
is a positive harmonic function in (D \ E) U B(x, 86 (X)) U B(y, 86,5(3)), then
h(v)

m < exp(Akp(x, y).

Then there exists a positive constant gy < 1 depend- ”~
ing only on the dimension n and § with the following
property: Let E be a compact set of D with
Capg,(E N Q)
Cain(Qk)

< &g,

where A > 1 depends only on the dimension n and B.

Because of the existence of an exceptional set, our extended Harnack inequality includes
some information about the boundary behavior of positive harmonic functions, and, as a
result, it yields the global boundary Harnack principle for a domain whose boundary is given
locally by the graph of a continuous function in R"' with modulus of continuity worse than
Holder continuity.

This work is inspired by [1], [2], and, in particular, [3, Lemma 2.4].
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thim O B 7 2R BARDRIMES D FIRD
el 2ZRIRIC DO \WT

JIlE # (Yo KAWAKAMI, LK)

HHF VA C LoJEEa BRBEROBRIMER DR R O LRIZ 2" TH 525, ZhidE
8¢ % 2 Riemann 3R O Euler 82> 5K TV % 2 &8I 5T % (Ahlfors (1], Chern
2], etc) . TOXI I LD, FMEIRE D OHED Gauss ERICOVTHHRFFE N
5. KB, BRAROL) GERERD I EHTER,

EE 1 ([5). 22%2 20 LOBHEAES g L BRI 1 RITERw IC k> THEEREIN S
TS AGTR ds? = (1+ |g|?)"|w|* % &2 Riemannffi L L, D, % g DERIMER E 5.
b L g WEHBE TR T UL, BRIMEBIC OV TRORDH Y 3L ¢

D, <2+mn.

ORI OWEHERS LIcKL LIFTEZATORY IO, £, ZORRD
BEMERTIRSEET 2 (5) . < OEED o4 LT () 02 9 2D Gauss
EROBIMER D EBOSMAENE®RSOD S, HlAI1E, BAHER (3) KkoT
Bohs, RIADIEEHEEMRB/NHIED Gauss 5t g: ¥ — CU {oo} DERIMET D&
BoOER @ ic2owTE, R3»5OFEHFEI?H, g 2ATds® = (1+ [g})?|w]?
(oFEhn=2) LRLEIHLOTHD, T, E3IRXUMNHAERM H3 NDOFF5EH L
TFHBEE OEEE RO p: & — CU {oo} IKDWTIE, 5EMMEEEZ TV EFHED
dsi, =1+ |p)w? (PEDn=1) LRELZI LD, ROMEBROND.

% 2 ([4, 6]). H* OS50 2 FHBE OBEERAD T p WERER TRV E, %
DBEIMER D, 12V TRORHED D ¢

D, <3.
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Schiffer span ¥ & ' harmonic span 12 & 5 HAEZD
FH L ZDIGH

HE AT (BERF)”

1.
C, Lo oA C,,...,C, THE N/ D TD L2 EEUE@&@%&%%W
ZAD)EBL. ZDEE fge AD) KNL TR (f,9)p = [/, f( (2)dzdy % 5E

DB EAD)IBEA FEMICRS. EEDOH (e DEEET 5. K A( EN
f(Q) eC RERMANBETH 2. &> T, Riesz DREEH & b HAMBE»—EIC
FHET 5:

J1K((, 2) € A(D) s.t. //f K((, 2)dzdy = f(¢) for Vf € A(D).
RIS, [f, 1K (¢ 2)Pdedy = K(¢,{) >0TdH Y, 26 D BAERFEDIZ

__20%9(2) . _ 1820
K(C7z) = —;W (by M SCtheI’), K(C,C) = —7r ac__ac
THBIEDVAIGNTVS. $£7:, A(D) LOBFEEFRE - AD)> f— f/(¢) €C

g B AL K (¢, 2) = _229(C.2) Th5.

™ 0C202
2. &R
A(D) DIBFEE L LT, S(D) = {f € AD) | [, f(2)dz = 0 (v 13 D NOERDBAHR) }
#%25k, 8D)ik A(D)@Eﬁ%ﬁ%&ﬁk&% A( ) LoEFBENEE K O S(D)
~OHIRE L LB &, L:S(D)> fr f(¢) € C & Riesz DEBUEH X h FAMKBIK
L((,2) € S(D)B—BICHEET 5.

J1L(C, 2) € S(D) s.t. //f L(C, z)dzdy = f(¢) for Vf € S(D).

(by N. Suita)

IDLE BXRFBAD)=S(D)+S(DY %EZ B L, K(C, 2)DS(D) ~DERFHD
L, 2)TH 5.

EH 1 b L-FEBEEE X U L-HAEKO BAERREIZ

20%p(¢,2) __20%(¢,2)
(¢2) = T 90z  w 80z M)
L{¢,¢) = %B;g(g?, where §(() is the harmonic span for (D, 0, ¢). (2)

ZZT, p(¢,z) (resp. q(¢,2)) 132/ {0,{} € DIZBWVWT 2= Tloglz —¢| BLVL
z2=0T—log|z| DHEZ b %, HH T Li-(resp. Lo-)behavior Z b DFRIBEKTH 5.
AHE SRR (GREES:23740098) DM 2Z - b D TT.
2010 Mathematics Subject Classification: 32U05, 30C40
¥F—7—F I FEK, Ay, BRI

*T960-1296 EETHE&A/ 1 Fih BEKE AMREULEE

e-mail: hamano@Qeduc. fukushima-u.ac. jp
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FRkIC, A(D) OB RARABEK K © S(D) ~OHBR%EL LB E, L: (D) >
f = f1(¢) € C id Riesz DRILEH & b FHAMBIRK L(C, 2) € S(D) B—BICHFET 5:

31L(C, z) € S(D) s.t. //D F(2)L(¢, 2)dzdy = f'(C) for Vf € S(D).

ERYRE Y K(C,2) D S(D) ~DERZHEN L, 2) TH 5.
B 2 LiRo -EAEBISE & O L-HEMO BERRNRBIZ
28%(¢,2) _ 28%(¢,2)

U2 == 550, ~ 7 ocos 3)
%g((, Q)= %832(?;?7 where 5(() is the Schiffer span for (D, (). (4)

Z T, p(¢, 2) (resp. q(¢,2)) I E1MH e DIZBWT Reﬁ D%z b L, BER T Li-(resp.
Lo-)behavior % b DB TH 5. .

(1),(3) DM 1 EBBBGHROHE T, (2),(4) DIABHICIZZEBBOES LR CUR
[1],(2],[3],[4]) % Levi Pz REBICEMN 5 Z L TROoNT:.

3. IbA

FARIBEE D(C,2) B (¢, 2) KW FEINBZIERIBB P((,2) 8L Q(¢, 2) 13,
Wiz = (¢ %21k 2T LIS D 2 BEBKRTEEE L OFTERERICE Y. Ha(#
¢) € DREEL, XD (i)(ii) W7 T D ORERKLEL F,(D) £$5: () F(2) =
2o+ Az = )" at 2 = ¢, (i) F(a) = 0. D& E, Schiffer [5] iIC&>T
HC?) = 259 i 0 e (D), H OBIEBOBELE v HO IR S % ),
F.(D) > VF OBEBOFMESOHBEZREANICT 2METHS LRI NT 5.
EE 3 H((,2)1d D x D ETH L 2 b0 2K BHBERBIKTH 5. Bl5, Schiffer BY
BOH(C,2) 13 8 ¢ EIICIERNCES .

B={lt|<p} CCEB L, HHNTA—F t£1LDBTLICC, LOHFERD(1)
T L-EEGER L ) BEZON D,

EE4D:umﬁjm»bW&ﬁﬁ&%ﬁﬁ&%dJ%%%ﬁgQuDk%i%%
RBSCH 2.
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Sl

AR & D5
WE B (REEEAE)”

B =
4 Hilbert 22/ % A\WT, $EEHETHIZBT % Oppenheim DARFER
DIHPRVOESEM2ED, £7- Hilbert ZRMDOIEMAFEIZET % Douglas D
Factorization Theorem % B4 4% Hilbert ZZRIZEAT 2 EE L LTHIRL TZ
DiEAEEL.

1. Introduction

M YE A% Hilbert 22 (reproducing kernel Hilbert space, 2\~ RKHS & #g&0) & f#-
TEOPER2B7/-DT, RKHS & ZDRAIZODWTA LT 5. B4 K Hilbert 7=
Beid, »2%46 LOBEERBUERED 574 5 Hilbert EM T, HEUE %2 5 X 5K
BHEEDEETERERDZLEDE2ED. IWALERZIWEZDULET—RBILL ZHAEK
Hilbert Zf% & 2 2 1B H 20, ZTHIZEL TIXERT 5.

2. Oppenheim D A&
—D2HDEARTHAATHS. (FBEDn x n LIEEEERTI A, BIZXH LU TRAED
AL (Oppenheim DAFER):

|A ° Bi Z |A|bll e bnn-

772U, A = (ay)o1, B = (bij)},=; T, Ao B = (aybi;) 131751 A, B ® Hadamard 1R
ERT. ZOFRERIX1930F 2B o0, PEEETIICEL TRAEZBRAFATH 5.
Oppenheim & [8] THOFREFERZHL, £72 A, BAEREDOHEIIEFTREEZEDT
W3, ZZTDH4 OHIEE Oppenheim DAER & BAEZOHEHEAVTRL, — K
DYIEEMETIIOGEIESREEZEDDHIETHS. of. [14]

HARWLT7A 77 I3MER-THS. £E E LOBEEK Hilbert 2l & E LD () IEE/E
B ——IZd 5 LidR<HoNTWS, FIEEMETH 2 ARES LOIEEME
BERETZ sk b, PEEMHETIICET 20ELBEKOERERAVVTRT Z A
A[RE L 2B, Y IEEMEITFIDOEE, Xt d 5 RKHS X positive definite kernel k(z,y) %
BAEME T 5 RKHS OB O —Rigz#@HT S Z L TRONS. ZOHEHERRTHE
FMTHE0 5% MLIIAETHS. BARKIZIZRD@ED (cf. (10, pp. 13-14)).

M, & n REZREFTHEEDOEGL LT, A= (a;;) € M, ¥ EEEETS. a;; =
a(i,j) DXIET, TFI A2 BRESGE = {1,2,...,n} LOEEEK L AT, £/2nK
TEFENRI ML E E EOBBRLA—HTSE. Z0OLE AZFRT PVICHELT
A=(a1a, ... a,) ¥ TBL a3 ICET2EERKE LS. Thbb, RKHS D
RO —MEIZHE, H =ranA = {Az: 2 € C"} £ B &, C OMBEIIRD 22/ H TR
ONE*HBEATEE HDOBHEMVALRAZLERTD. Az, Ay c ran ADHNE%R

*e-mail: yamadaQu-gakugei.ac. jp
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tr=(z1,...,%n), 'y = (Y1, ., Yn) D& &,

(Az, Ay) = Z TiY; 0

i,7=1

TEHYT L. ZORMI
(Az, Ay) = sz(z yJa’ﬂ) szm
= Z?/J’ (Z Iz‘aji) = Zy_J(Ar)l

X0, WBUE Az, Ay DAITHEKGF L TIED R F 5 D T well-defined TH 3. a; D3 DE
ETHB I,

(Az,a;) = <szaj,al> = Z:Ejaij = (Az)
J

K0 RDB ST ADEERTHSEZ LI, EHED (a;,a) = a; LDHSH. LE%
FEHT,

R 1. n REEEMEITHIA = (a;5) = (a1 @2 ... a,) EEEKLTIEE{1,2,...,n}
LD RKHS HylX, 5IRX2 b vay,...,a, DIESC DEZ 2R rran A2, ROHNE% 5

AL DTH5:
<Z xiaiyzyjaj> = Z T:Yjaji-
i=1 =1 ij=1
B2, dimHy = rank A, £72R BT 58EMKIT a;, TH Y, (ai,a;) = aj; (4, =
,n) DD LD,

BUF, BIEEMHTH ADE i HIR2Z bl a; RKHS Hy DR B I 5HEKTH S
CEERHERLEVEEI EALRTILIZT S de. A= (K k2 ... kD).

2.1. Bergman QA3
B4z Hilbert 22z 17 5 flfEIRE T 5 728, Bergman DHR/NEZ DR [3, p.26)]
D7 FuIEEL ZhBBZ o KA NEAREBONEVUTORTHS.

R 2. {x;}]_, 133K Hilbert ERH OEMARETREMI L RETS. Z0OL &, fE
BOBEREI (b} oL, FX

<f,.’l]‘j>=b]', Vj=1,...,n (1)

kBT feHTIVABRNDLD f, 237 —DFEL, RTEA SIS

0 5] P Ip
I = 1 b <$1711> <l'n7331>
n — Gn . . . . .
b (z1,Zn) ... (Tn,Zn)
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722U, Gn = det((z;, 2:))7 o1 W {z; )7, D Gramian TH 5. £z,

0 by br,
1 |b ($1»$1> oo Axp,21)
Mall? == -
by, (T1,Zn) --- (Tn,Tn)

E% 1. Hk b‘RKHSo)C‘: é’li, I = kaj t:zt3< a, ﬂ (1) Zi f(a]') = b]‘ 0)%0:732 D,
Nevanlinna fi5EEEZ DL D TH 5.
LOMEEZRFELL TROREES.

%L {2;} CHIGMEIOLE b= =by, =0, by =1 LEBEOMEIRE
(1) DB W LHRE f, 35 L, KA D .

(i) [fall® = Gn-1/Gn.
772U, G & {z;} Dn>RD Gramian (Gy=1), £7=

(:Elyxl> <mnax1>
d, = .
(T1,Zn-1) - (Tny Tn1)
I Tn

CDROERMZFENFIIROED . EEMEITHOTHIRIIITIDFINRI FLh o
AR BADHERKIZET 5 Gramian G, & ARE 5505, EEHETHIOFFHAIR RN/
WADRE AL If)? o LTEx 505,

FR1% W5 &, Oppenheim DAFERDBRZIEHAMPT SND. TD7=DITD L Hfi
3. Hy (j=1,2) #%E& E LORKHS £+ 3. 7> Y LR Hilbert 28 Hy ® Hy 13
ExELEDRKHS T (z,y) € E x BB 2BAKBE @ k2 TE5X5N5. [ € Ho,
g€ H 2o, —fRIZRD ) VLARER

I fgllkrz < 1f @ gllerare = I fllxllgllx2 (2)

MBEOID. EORERTEEVRVIDOLE f®g € Hu ® Hex W extremal TH B &
W ([13). ROFEIFAZ /OIS,

B 1. fRg € Hyu®Hy B extremal Th B BE+DRMBIE, fRgPWEE {1k ) iep D
closed spaniZ AB T TH 5. 122U, kL 3Rz BT 5 H, OBEETHS (j=1,2).

T,y ECriINULT, z=qay, Ia#0DEx~ylFE I, ={i: kB~kB1<i<
n} LB, EYEEMETIX € M, 12k % RKHS Hx (23 2 MRS

fQ)=--=f(m-1)=0, f(m)=1

DEPFETELE, ZOBRNINVLEN (m=1,...,n) B ROBEITEBAEM
Hilbert 22D / V AFRER (2) LR MAVEBOF VY VEROWBE2 AW TRENS.
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W& 2. A Be M, TAREEMHE, BIZEEEMHThym >0 (m=1,...,n) LIKET 3.
DL E, ROFREXRVPEDIULD: m=1,...,niZFLT

AAeB < A2 /\ /b (3)
(3) TEB DR SIDOBEFIRIFIL, Ha DEN VLR fr B3 {kA: kP ~ KB 1<i <
m}D—REEETHBZLTH5.
FE 2. A BYIEEMBEDHE, /DAL Ak LT

(i) ARB < AAMNE.

(ii) A5 > 1/Vbmm.

MDD, (i) K W AREX|Ao B| > |A||B| A%, £7- (ii) & b Hadamard D RFERXHE
HIZREING.

n RIEFTTH A = (a;) CHUT, n REFEES, Doz b, 75 A & A° =
(Go()o)) CREET D, ohVi L j (1<4,5 <n)DEBDE E, ATH A7 IEATH AD S ifT
EITTDOANBIARTiFIE jRADANEZEBLTHEONBZITIITHS. ZOHEE
TEHNDABANTZ L WS ZLIZT5E, AT EHORIANEZ 2 AIZERF
HELTH/ONBTHTHS. FBEDo € S, UTRPEKD DI LIZERIZANS.

(i) ADVEEEME < A PP IEEE.

(i) 14| = |47].

(i) ADNAKD L A7 ONARFIEELELT—KT 5.

Z Z T, Oppenheim D ARFRIZEWNT, (a) AWXHITH, £721% (b) BHirank 1, 72
SIEEESMRRULD I LICERT L. (a) ROEFENRY OO S 1 ARDT, (b)
DEEFBPRVIDILEZRED. Bidrank 1 DR ERMELEN S, B = (wiw;),
J(w;) eCrDIZERINE. ZDL &,

IA (@) Bl = det(a,-jwiwj) = |A||U11 cee ’U)n|2 = |A|b11 s bnn

EDESVEOILD. AL LT, T = diag(wy,...,w,) € M, 2B &, Ao B =
TAT* ¢ RINBZ e 2HAVTHRERL.

ROFHEITHE2 2 HVTRI NS, Oppenheim DAFARDFESRMIE, LOFEED
(a) & (b) ZWMBIHOMBE 2 U T, —MOBEITIZZTOPHEOHEIZLRS Z L% EE
75,

EHE 1. A, Be M, 2P EEMETIETS. 20L&, RIIEAMETHS.
(i) Oppenheim DARFRTESHHKD LD,
(ii) Ao Bl singular, £7z1%0 € S, WFEL T A BWATO Y 717512783, e
0 App
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TIZT, A€M, (i=1,....p),mi+--+n,=nTHYH, ¥xB IER2Hk
7=

le"N...NkB”

BU BU B(’ BU
BT kB~ k Lk o~ kB

ni+ng’ °° ny+-+np_1+1 ~

(iii) Ao B singular, ¥7-1%3B' € M, s.t.

(a) B'\EHEIEEMEDD rank 1,
(b) AoB=AoB, o
(c) B'& BORBHRM 5T 5.

(iv) Ao B singular, 7213 1THIT = diag(wy, . .., w,) DFEL T,

(a) Ao B =TAT*, H»D
(b) |wil2 =by (i =1,... ,n).

ER 3. & (iv) IEBLOF T 14, Theorem 1.5] THA SN TWD. 72K L, ZD#X
DOFERIT—MBOELEEMEITINIZG LU TIBEVPSLETHS.

AR 4. A= (a;), B = (bj) WEEZEMELRn x n{THI DR, XD Schur DFFRNHELY
LD,

1A B| + |A||B| > |Albys - - bun + | Blas - - - ann.

Z i Hadamard DAEFERZ# 5 £ Oppenheim DAFEARDILIRE L > TW5. LA L,
Schur D A ERDE 5% M1X Oppenheim DAERDESHFMIZRET S, RERS,
A, BH¥HICIEEEDHE A 1L Oppenheim BHIZ & D EBRAEFF2>TNS. Lidio
T, BBt A 721 B Hsingular DFEDFEBRMEED, T DHFEITIE Schur DFFR
I& Oppenheim DARFEX L H U274 5 DT, F5 514 Oppenheim DENIZHETE 5.

3. Douglas Factorization Theorem

A Hilbert 22 @ 2 2 H Ot Hilbert ZRIOEARIZOWTTH S, 1966 4
R. G. Douglas [5] 1&RDFEARMK L HER (Douglas Factorization Theorem) % f§7-. £ D
B #iZ Hilbert 22 O /E AR O K/NER, SI8, EROTEEFROMICEZLBERLED
BILERTIEIIH ST

I 2 (Douglas). H: HilbertZ2f], A,B € L(H) D & ¥, XITFME:
(i) ran A C ran B.
(i) 3\ >0 s.t. AA* < \2BB".

(i) 3C € L(H) s.t. A= BC.

ZDEE, inf||C| =inf\.

Douglas DO B % F\ T Sz.-Nagy-Foias #it D [ &E X dilation theory THMH
S. Parrott D E ¥ (1978, [9]), Foias-Tannenbaum {Z & % Strong Parrott EH (1989, [6]),
Bakonyi-Woerdeman iZ & % Strong Parrott SEBEDHLIE (1993, [2]) FOEHHELE S
ha.
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Douglas DEHIZE T 2 HK~ OImPOBRE L, Z OFEMRITIHEER Hilbert ZZRIZET
LZEBMTHBLVWIEDOTHB. Zhid Hilbert ZFIDIERAZE ALV DH S L E ranAlk
HAER AA* %5 D1 S LD Hilbert-valued RKHS & R72¥ 3 (cf. p. 10) 2 & &b, &
HO (i) & (ii) O FEEtE A B Hilbert 22 O I & BELR & BAERK DO X/NER O REM I
BEHIZREINZDSTHS. ZOBEAH»SIZEHOKD ORM: (ii) icWind 2 HAE
¥ Hilbert 2R D &MHE038 %128\ 72\ & 8l T Douglas Fatorization Theorem D F 4
BN—=VavEBLTOWT, ROMEE2EZEZBIZE T, 0L, TNSDOEMEET
> TV BREIZROMEIC - BILET N5

SR8 1. A, e L(Hl,Hl) B; € E(H,’,Hg), Cj c C(HQ,K]‘), Dj S [:(’Hl,Kj) Tﬂ*ﬁ%ﬁ:

D]‘Az‘:CjBi (z:l,,m,]zl,,n)

WD Lo TV B,
H;
5N
XA; =B, (z=1,...,m),
( Hy oo X > Hy
C;X=Dj, (y=1,...,n),
N S
K;

% &7-F contraction X : Hy = Ho BWEET B0

ZOREE% (m,n)-Douglas BB L W5 Z 22§ % &, Douglas DEH I (1,0)-FE,
Parrott O E#IX (1, 1)-f5E, Strong Parrott Theorem 13 (2, 1)-FEEDOMTH B &5 Z
ENTES.

% O H#IX Douglas O EH % HAEM Hilbert Z OB EZHWT, —f&D (m,n)-
Douglas I (m,n = co 5B L) IZHER TS Z & THS. T DDITIE, well-known 7%
Hilbert-valued RKHS D # % 4 U7 IT R U T, RUEIC R P AMEZERITE 2
DEG{E WH LB - T, TS OEED S %4 B Hilbert Z2RIZBEY % B A% Hilbert 22
MaEZXZBENHD. 20O XS5 ICHERE 17z RKHS 131964 40D L. Schwartz [12] 12
& 5~ X - EAK Hilbert 2 & ABRIZA LU LD TIIH 5D, £E LD “BHE
72[4]” Td % DT Aronszajn [1] D MR EAEMEMR L N T LIVICERER AL TIRET
HY, LVHENTHS L BbNS. ZOMIZIE, B Hilbert 22/ D multiplier & de
Branges iZ & % complementary space DMEHFHT E2D T, LFTINHITDOWTEH
Y 5.

4. B4 Hilbert 22/ & multiplier

EEHEERNRTA—R LT BBUAAEBOE H = {H,},cr % E_ EORTAIEZERK
Ywi. E LOBBAMZEREH = {H,}wep TRLUT, TH 6 OERRAIAEZER
T(H) =L H: % E LD HAERBERBE V5. HAHT(H) L& £ 5 Hilbert 2R T
bbEE H% H-HilbertZ2R ¥ = 5. H-Hilbert 22f H A% H-reproducing kernel Hilbert
space (H-RKHS) TH 5 &%, Vz € EIZx L T point evaluation

e H— Hyy, feH— f(z)e H,

MWEFETHEI L L EEHTS. Hilbert ZERDIHE L LB R dual D& %2 SbE 57
DIZ, MIEAFZER] H O dual, ie. EGERBNEROL2EE H 2 BWT, H*=H %
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H D adjoint £\ 5. ie. H DMENEBICEBEHLEEREZEHRL 72 O (REREN
) O2k% H* 235, Hx H* £O sesqui-linear form % A DK T

y(z) = (z,y)yg, xz€H, ye H"

LET. BT D DR, BIBAAIZERIE (H, Y ocn ORD R () & S 72T & AR
T3
H VS (Vo € E) ie. TH? = {0}. (+)

DL E,

k, =n; € L(H;, H),
k(z,y) = kzky = (ky(o))(z) = WIW; € E(H;7 H.)

EBEWTHRONS E X E LD ‘W k(z,y) € L(H], H,) & H DBER (reproducing
kernel) & 72 13BN (kernel function) £\, k € Lpxp(H* H) & RT. E&HLD,
VfeH, Ve e EiZHUTROBEMD LD ILD:

<f(SE),C>Hz = (fv k:c(c»?{: Vc e H;

M (x) EAEMI D, BEK Hibert ZRIHIZEWT {k;(c): z € E,c € C}} D linear
span ¥ dense TH B Z LIZIFEET .

1 1 (Hilbert ZEfz (BT 3 trivial RKHS). £ Hilbert Z2f H 125 LT, H, =
H, Vx € E & U7- Hilbert ik % H DEKT 5 E ED trivial Hilbert BREKR & W\,
FUGS H TRY. £ LD H-valued EIEERB A% Hp, W% 1, = idy: Hg —
HWNzeEY2T5LE HpliE LD HRKHS THh 2. BEMKIZk(z,y) =id € L(H)
TE5 256715, Hg % Hilbert Zf H OFHE S 5 E LD trivial H-RKHS &\,

EZ&E 1 (Multiplier). E O EREH, K W52 oh- & FHEDKEA =
{Az}zEE bi‘

A, € L(H,,K,), Vx € E
EHRTEE A% E LD HDS K A~D multiplier £\ A € Lg(H K) ERT.
A* ={AL} € Lpg(K* H*) & AD adjoint multiplier £\ .

MIEEM/R A: H — HZH\WT, H, »' Hilbert Z2Zf T ker A 4 Hy OFEA% 51,
A: Hy — ran A% coisometry, i.e. $#¢HAL A: (ker A)t — ran A A% unitary 12785 & 5
7hran A DNREIZ—BHIZE X 5. ran A2 ZOHNEZ AN 7z Hilbert [ 2 M(A) TR
U, A D operator range £\ 5 . Operator range M(A) D J VI || - || pma) 2 A D range
norm& W5, ye M(A)IZXHLT

¥l ma) = min{||z]|: y = Az, = € H,}

A VASN

EHE 2 (Multiplier IZ & 28). Multiplier A = (A,)zer € LE(H,K) BEX 50728 &,
MEEBRATH) > (K)ZRDELSIZEHETS: E LOFEED H-valued function
feT(H)IZHLT

(Af)(z) = A:(f(z)), z€E.
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Af € I'(K) % multiplier AIZ &K ZEE fORE VS, BiZ, KA E LD H-RKHSD &
E BMEEBRA H - T(K)PERINDED, ker A IXFAEE 7D & i ran A I range
norm % AN T Hilbert ZEIZ 95 Z & HTE 5. Z D multiplier 412 & 5 H D operator
range % mulitiplier {2 & % H DR E 72 IXMEBOEH L WV M(A) TKRY. 7, fEH
F A: H — I'(K) % induce 3 % multiplier {713 5K, A % multiplier 2 DERAR L
W,

H % FE LOKAHEREE L2 & T(H) Dz € EIZET5 evaluation %
. T(H) - H, L &T.
& 3. A= (A,) € Lg(H', H?) & multiplier, H,; & E £® HI-RKHS TZ DEARK %
W (j=1,2). RIEFME:

(i) A(Hy) = M(A) C H,.
(i) A € L(H1,Ha)-

. 7 XA YA
Frz, TDOL ERDPED LD, A,
ﬂ'iA = Azwalc’ w;i O lng
A*kz = k‘;A; Hl Az H2

ROEH IE multiplier 12 & > CTRKHS BMREI WD Z L 2EKT 5. ZhiZHERZE
BOBERTIL M SN, RIEH) 12 &5 Hilbert ZEI O A2 M HVE 12 RKHS 1272
BEVWSHEEIIHIGLERTHS.

EI 3. H KW E LOFEARZRK, HH»E LD H-RKHSD & %, multiplier A €
Lp(H, K)IZRUTRMBED LD,

(i) M(A)IXE £® K-RKHSTH%.
(i) A: H — M(A) X coisometry, i.e. AA* =1, THHAEFEX
[ASfllameay < [ Sfllw, VFEH

BEDID. FEOBEFIEMIEf € (ker A)L THS. KT, AN unitary TR
ZREBESDEMEITAVBEFNTHEILTHS.

(iii) M(A) DEER ALIZRTEZOND.
(Ak)(z,y) = Ack(z, y) A},

KT,
(Ak), = Ak A%,

H-RKHS 2% U T, i#@% ® Hilbert-valued RKHS O3 & Ekk D #5 R A3 Rk D 3 B
TERBIZERDMD I BN L. LTIZEEDOETELHTEL.
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EH 3. H={H,} sep 3 E LOBAIEERIE, k € Lexp(H*,H) I3 E x E LOER
RiTHIE T B VneN, Vo, e E (i =1,...,n),V(c;) € [T1, H; iZX LT,

n

Z<k(xi’xj)(cj),ci)mi >0
ij=1
LuoLE bt EJ:@H'(}#)IET:—{IE*XC\:L‘L\, LBk >y 0TERT.

EH 4 (Moore-Kolmogorov-Aronszajn). H i385 E EOMEAHZEREKE T5. ke
Lexp(H*, H)IZX LT, RIZAMTH 5.

(i) k& E E® H-positive definite operator matriz, i.e. k >y 0.
(i) k2 HEERKE LTHDE LD H-RKHS HHW —BHIZIEET 5,
(i) Hilbert Z2f] H & multiplier A € Lp(H, H) BFEIEL T, k(z,y) = AA, &85,

(Kolmogorov decomposition)

EE 5 (BEROM). H % E LOKAHZERE, H; *B4EMK 262 H-RKHS
(G=1,2)29%. Multipier A€ Lp(H,®Ho, H) R f€H,; =1,2)TLT

A (L © f2) = fi(z) + fa(x)

TEHET DL, E ED trivial RKHS H1 @ Ho D AIZK DB M(A) I35/ fog €
Hi® Hy — [+ g D operator range & U T H-RKHST® b, BAEMEL + k2 2HD. Z
DLE ERIF7ADAER

1+ fallfoae < AalR + 112l
MR DD, FEERMI,
(fi,he = (fo, W)re, Yh e HiNHy

THERLND.
T 6. E LD H-RKHSs Hy; (j =1,2) LT, RIFME.

(i) Hp C Hye.

(ii) Hi C Hee A8 EH i Hy — Hpe BER.

(iii) Jc >0 s.t. k! <z k2

Z O, ||li]| = infc. 7z, (i) TESDBE, BE L UT Hyy = Hye T/ IV LHWERAS
DFFIZIRS.

INODHEFEEMS LROF T Douglas’ Factorization Theorem ¢ RKHS & multi-
plier Z AW IR B SN B,
EIE 7. Hy, Hy  Hilbert 2T H 2 E L ORBAIMAZEMBED & &, =D 0 multiplier
A€ Lg(H\,H), B€ Lp(Hy, H)IZX U TRIZFEE:



(i) M(B) C M(A).

(i) M(B) C M(A) DoaEBHK: M(B) — M(A) hH R
(iii) 3¢ >0 s.t. BB, <y AAA, on E x E.
(iv) 3X € L(H, H) s.t. A,X = B,, Vz € E.

Z D,
|li]| = inf ¢ = inf || X

5. Complementary space
H,, H % Hilbert Z DI, A € L(H,, H) D operator range M(A) DNz D UK
5. Vy€eH, Ay Cker AL M SARBDEHEELD

<Aw1AA*y>M(A) = <‘T’A*y>H1 = <Ax’y>H

AERDIID. ZOFERIIM(A) WEEKAA* 2B D H-RKHSTHD Z L E2EKLTW
3. WX, M(A) REEEARE AA 2 BEKZE L TH D1 K ED H-RKHS (N7 bV
fE RKHS) & 4728 %. Contraction (B4 % complementary space DE#EL LT, 2T
TIREEEZHAWEEZE2FEHTS. ZNidde Branges D/ VA ZFWAY VF L
BREZR[A LFMETHD I LITHERETS.
EZ 4 (complementary space). A € L(H;, H) % contraction (i.e. [|[A <1)D& &, #
K1 — AA* 23D 1 s ED H-RKHS % M(A) D complementary space &\ N, G5
H(A) TEY. cf. [11]

iD=, A UEHS%E L O Hilbert ZROEFMEAFE A, BAGX oW L & T
23 XA = B % %73 contraction X 2&KDEE % Con(A,B) 2 KT I il 5.

H
7 N
H % H

FAREIZ L TRAIOME 2 LWHIZL-ARBERNAX =B

4)

H

7N,

H1<‘

% &7= ¢ contraction X 2RDESE % Con’ (A4, B) £ KT Z 2127 5. Douglas’ criterion
iz,

Con(A,B) #0 < B'B < A"A,
Con"(A,B) #0 <= BB* < AA".

ROFEEITERMNZ [4] R [11] THSNT VW SAHROIRTH 5.



FEIE 8 (Triangle Lemma). BIR (4) IZH T A& contraction T X € Con(A, B) L RE
‘3_%) D& %, B COTLt’I"ath'O'/l’C‘, %I“SE% A = AIH(A'): B = B!’H(A*); X' = X|H(A)
EBLE, RO ILD.

(i) A": H(A*) - H(A), B": H(A*) - H(B), X': H(A) - H(B) &2 T contraction.

(i) X 2 X' 29T T Con(A4, B) £ Con(A', B) DO ——xtiE2Bons. %
DOHEZIIRTEZONG:

N s N

- >H, H(A) X >~ H(B)
(iii) H(X') = H(X), H(A') = M(1— AA*), H(B') = M((1 — 2BB* + BA*AB*)\/2).

(iv) A™ = A*lya). ie. A = A%, X™(1 — BB*) = (1 — AA")X*, B*(1 - BB*) =
(1— A*A)B".

Multiplier {Z & 5t RKHS & Douglas Factorization Theorem D#L5E (€ 7) KU
complementary space # FIWTHRTH I L TROEHEEBS. ZhFB4OBET
& > 7z (m,n)-Douglas BB DE T H 5, FHEIRIEIZ 5\ TH M 7% Parrott D EH ([9])
DHIRE R >T WD,

EI 9. Hy, Ho td Hilbert B8, H = {H,}zep, K = {K }2er BTN EFNE L (F E)D
MIEAIMZERgRE T 5. Multiplier A € EE(H,'Hl), B e EE(H, Hz), Ce EF(Hl,K),
D€ Lp(Hy K) 52602 & ERFZEDO—RAEAR

XA, =B,, z€E, / \

DET contraction TH 5 & D IMEAFE X € L(Hy, Ho) BWEHET 2 BB+ DRMITRD
(i)-(i5) R DD Z L TH 5

(i) DyA; =CyB,, Vx € E, Vy € F.
(ii) (B;By) <g- (ALA,) on E x E.
(ifi) (D.D;) <x (CoC) on F x F.
AR 5. LOEET—ME X LERED contraction Z: H(D™) — H(C™) X

X — BX*A)( + (CI*DI + Z(]. _ D/*D’))(l _ AX*AX)’
Z = X|upm,



OB/ T—X—IZWitd 5. 72720, B, O, D*iEZHh T Hh B D adjoint multiplier

B*: Hy = M(AX), COHIRC': H(B**) —» H(G), DDHIB D': H(A**) - H(G) D
adjoint TH 5.
SE B
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An invariant surface of a fixed indeterminate point
for rational mappings

Tomoko Shinohara !

Tokyo Metropolitan College of Industrial Technology

In this talk, we consider a local dynamical structure of a rational mapping F of
P3 near the set I of indeterminate points of F. Using a blow up, we will construct a
surface V which contains I and is invariant by F'.

First, prepare some notation and terminology. Let F' be a meromorphic mapping
on U which is a neighborhood of the origin of C3 with a set I of indeterminate points
of F. In general, if p is an indeterminate point, then Ny F(Up \ {p}) is not a sin-
gle point, where the intersection is taken over all open neighborhoods U, of p. So,
no definition of the image F(p) makes the mapping F' be continuous. Moreover, if
p € Ny, F(Up \ {p}), we call it a fized indeterminate point. It can be seen from the
definition that a fixed indeterminate point has a recurrent property, hence we expect a
local dynamical structure at this point.

It is known that dim/ = 0, 1. If dim/ = 0, then we can construct generalized Cantor
bouquet (see [1]). In the following, we consider the case that dim/ = 1. To simplify
our discussion, put

I:={(x1,2z0,2z3) € U | z3 = 0,23 = 0} .

Let X; := {(a:l,:cg,wg) x [l : l3) € U x P! | 230y — zal3 = 0} be a subset of U x PL.
Then, X, is a subvariety of U x P! and covered by the following two coordinate charts
{(U1, 1) }i=23

l
U12 = {(:l?l,.rz,l‘;g) X [lz : 13] € X, | T3 = iwz},

l
‘u’f : U12 - C3’ (.1'1,.’1,'2,.'153) X [l2 : 13] = ($11$2~, i) )

l
Ui = {(xl,xg,mg) X [la:lg) € X1 |z2= ﬁ.’l):;} ,
l
u:{’ : U12 — C3, (z1,x2,23) X [lg: I3] — (zl, i,m) .

Definition 1. The map 7, : X, — U defined by restricting the first projection U xP! —
U is called the blow up of U along I and Ey := n~1(I) = I x P! is called the exceptional
divisor.

It is remarked here that 71 : X3 \ By — U \ {I} is biholomorphic and

7r1|U12(21,2:2723) = (21,22,Z223), U12 NE, = {(21,22,23) € U12 | 29 = 0} .

! E-mail address: sinohara@s.metro-cit.ac.jp,
This research is supported by MEXT Grant-in-Aid for Young Scientists(B)No. 22740113.
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Set Fy ;= Fom : X1 — U. Assume that F satisfies the following assumption.

() Fy is holomorphic on a neighborhood of Ej,
(2‘) Fl(El) =] (07010)’ {pl} = Fl_l(()’OvO)a = (0,0,0,:13) € U]25 7'rl(pl) = (07010),
(A1) (3) there is an open neigl?bor.hood Ny of p; such that
' Fi|n, : Ny — F1(Ny) is biholomorphic.
(4) I := F! (I n F‘l(Nl)) , I} C E; NU? there is a holomorphic function 9,
such that I, = {(21,22,23) € U12 | 290=0, 23 = wl(zl) |21‘ < 61}.

Let Xy := {(21,22,23) X [la:ls] € Ny x P! | 2903 = (23 — d)l(zl))lg} be a subset of Ny x
P!. The map my : Xy — Nj is called the blow up of Ny along I;. Set Fy := Trfl o B :
N; — X and Fy := Fy omy : X3 — X1. Then, the following claim holds.

(1) Fy is holomorphic on a neighborhood of E := 3 (Ih),

(2) F2(B2) 2 p1, {p2} = F '(p1), ma(p2) = p1,

if po € U2, then one can put ps := (0,0,a3) € U2.

(A2) (3) t~here is an open neighborhood N; of ps such that
F|n, : No — F(Ny) is biholomorphic.

(4) I := F{l (11 N FQ(Nz)) , I C E3, there is a holomorphic function s
such that Iy = {(y1,v2,¥3) € U2 | y2 =0, y3 =v2(1n) |nl < ea}.

If p, € U2N E, for every n € N, we can repeat this process inductively and obtain

the sequence of sets
I, = F (In—l N ﬁn-l(Nn—l)) = {(yl,o,ys) €UZNE, |ys =t¢n(y1) ln| < 6n} :

Here, we set ¥, (y1) = >i>0 ainy’i. Using the sequence {I,}, one can characterize the
set of points whose orbit is bounded.

Theorem A. For any m € N and sufficiently small open neighborhood Ny* of p =
(0,0,0), there ezists some open neighborhood Nm of pm such that

ﬂ F_k(N;,n)ﬂN;" Cmo- Tm(Npm) NNy
k>1

Put V= (SCl,Iz,IL‘g) eU | r3 = Z b,]Izl.’L'% .

§,j>0
Theorem B. V is non-empty, V O I and V is invariant by F if and only if b; = a;;
for alli,j > 0.

References

(1] T. Shinohara, Another construction of a Cantor bouquet at a fized indeterminate
point, Kyoto J. Math. 50(2010), no.1, 205-224.
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Dynamics and weights of polynomial
skew products on C?

Kohei Ueno (Toba National College of Maritime Technology)

Abstract

We study the dynamics of polynomial skew products on C2. We insist that
it is useful to consider the dynamics with suitable weights by showing that,
if we admit plus infinity, the weighted Green functions are well defined on
c2.

1. Introduction
We consider the dynamics of a polynomial skew product on C? of the form f(z,w) =
(p(2),q(z,w)), where p and g are polynomials such that § = degp > 2 and d = deg,, ¢ >
2. Let b(z) be the coefficient of w? and [ the degree of b. It follows that the dynamical
degree of f is equal to A = max{d, d}. An important tool for the study of the dynamics
of f is the Green function of f, which is defined as

Gylaw) = Jim < log™ 77z, 0)],

A
where f™ is the n-th iterate of f and |(z,w)| = maz{|z|,|w|}. This function measures
escape rates of points to infinity. The first question is whether the limit G exists or
not. It is shown in [1] that G; exists on K, x C, where K, = {z : {p"(2)}n>0 bounded}.
However, there are polynomial skew products whose Green functions are not defined
on some curves in A, x C, where A, = {z : p"(z) — 0o as n — oo}; see [4] for details.
In [4] we introduced the weighted Green function of f, which is now defined as
G5(zw) = Tim Tog" | (2,

where |(z,w)|q = maz{|z|™*{*% |w|} for a real number a. We proved in [4] that if
1 =0, then it is defined, continuous and plurisubharmonic on C? for a suitable rational
number « > 0, which is defined below. In this talk, we generalize this previous result
to the case [ # 0.

2. Weights

The dynamics of f shows different behavior depending on the magnitude relation of §
and d. Let f(z,w) = (2° + -, 2lw? + ¢;2"w™ + - --) and define « as

e min{a € Q:ad > !+ ad and ad > n; + am; for any j} if § > d,
e min{a € Q:l+ad>ad and | + ad > n; + am, for any j} if § < d,
o inf{a € Q:1+ad>n; +am; for any j} if 6 =d.

Since g has only finitely many terms, we can take the minimum if 6 # d. In the case
d = d, we can replace inf by min if ¢(z, w) # b(z)w?, and o = —o0 if q(z, w) = b(z)w.

Remark 1. Assume that f is not a polynomial product. If § > d, then « is positive
and f extends to an AS rational map on the weighted projective space. On the other
hand, if 6 < d, then a can be negative and it is not easy to find a nice compactification
of C2. It seems that [2] and [3] relate to this compactification problem.
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3. Results

Now, we describe our results. It follows from a result in [1] that G is defined and
locally bounded on K, x C. Let G, be the Green function of p.

Theorem 1. Ifd # d, then G is defined and locally bounded on C%. More precisely,
if 0 > d then G = oG, on C?, which is continuous and plurisubharmonic on C%. If
§ < d then G = Gy on C?, which is continuous and plurisubharmonic on A, x C.

The second question is whether G¢ is continuous on C? or not. An example in (1]
shows that it can be discontinuous on J, x C, where J, = 0K,. On the other hand,
Theorem 1 induces that if § < d and b1(0) N K, = @, then it is continuous on C2.

Theorem 2. If 6 =d and 1 # 0, then G$ is equal to 0o on A; and max{a, 0}G, on
By, where Ay = Uy " (Wr), Wr = {|2| > R, |w| > R|z|*} and By = A, x C — Af
for large R > 0. Moreover, if q(z,w) = b(z)w?, then By coincides with the union of
the preimages of {(z,w) : z € Ap,w = 0}.

Remark 2. Ifd =d and | = 0, then the dynamics of f has a nice feature which is
different from the others; f extends to a holomorphic map on the weighted projective
space. See [4] for details.

5l

It is helpful to observe the dynamics of the monomial map f(z,w) = (2%, z'w?)
and of polynomial skew products that are semiconjugate to polynomial products. The
theorems above follow from investigations of (fiberwise) Green functions of f such as

Wn

1
and lim Flog+ |wh,

1
lim — log™
n—oo ("

where (2, w,) = f"(z,w).
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Linear invariance of locally biholomorphic mappings

Tatsuhiro HONDA  (Hiroshima Institute of Technology, Japan)*!
Hidetaka HAMADA ( Kyushu Sangyo University, Japan )*?
Gabriela KOHR ( Babes-Bolyai University, Romania)*?

Linear invariance, introduced by Pommerenke [17, 18] has been a powerful tool in
extending many ideas of univalent function theory to the study of locally univalent
functions on the unit disc. We introduce the notion of linear invariant families and the
norm-order in the homogeneous unit ball of a complex Banach space.

Let B be the homogeneous unit ball of a complex Banach space X. Then a family
F is called a linear-invariant family if F C LS(B), Ag(f) € F for all f € F and
¢ € AutB, where AutB denotes the set of biholomorphic automorphisms of B, and
As(f) is the Koebe-transform

Ag(f)(x) = [DS(0)] T [DF((0))] 7 (f(¢(2)) ~ F(¢(0)))

for all z € B. Note that the Koebe transform has the group property Ay o Ay = Agoy.
If 7 is a linear invariant family, we define two types of norm-order of F (cf.[16]),
given by
1
Jordl, = sup sup {1027(0) )1}

JeF Jlyll=1

and

1
fordlxa = sup sup { 2107 0)w.1 |-
feF |yll=1

It is clear that |lord| x1F > |lord| x2F. Since

D*f(0)(3,2) = 5 {D*FO)y + 2y + 2) ~ D(0)(w.v) ~ D/(0)(z. )}

we obtain ||ord||x 1 F < 3||ord|| x 2 F.

Moreover, if X is a complex Hilbert space, then ||ord| x1F = |lord||xoF.

Recently many mathematicians have studied the linear invariant families in several
complex variables. Several interesting results, concerning the norm-order of a linear
invariant family and some connections with starlikeness, convexity and other geometric
properties of holomorphic mappings in C"*, were obtained by Pfaltzgraff and Suffridge
[16]. Also they showed a number of growth, covering and distortion results for mappings
that belong to a linear invariant family on the Euclidean unit ball in C*. Hamada and
Kohr generalized the results in [16] to the unit ball in a complex Hilbert space in
[11] and to the unit polydisc in [12]. For linear invariant families in several complex
variables, see also the books [4, 5] and the references therein.
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In this talk, we obtain some connection between the norm-order of a linear invariant
family and the starlikeness of order 1/2. Also, we give some result concerning the radius
of univalence of some linear invariant families. When the dimension of X is finite, and
the norm order of a linear invariant family is finite, we will prove the normality of
the linear invariant family and we also obtain upper bounds on the distortion and the
growth of mappings in a linear invariant family with specified norm order [9] (cf.[2, 3, 10]
and the references therein).
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A converse to
the Andreotti-Grauert vanishing theorem.

IR B ( ERFRFGEFER A AR (D2) )

[EIfE. A#@Ecid, av 87 FEESREAE LD Andreotti-Grauert D EE DY
FIREICX T 3 [Mat] TRONERICOVTRENT 5. 2 DRIREIZ [DPS96] T
Demailly-Peternell-Schneider {2 & b f# X 7.

WYL Andreotti-Grauert DERIC X tUS, FEa v 7 MEFESRED ¢-52
BRI Z2DERMEDIFERS —RITIF qUTTHS. ZOEHEDI LR |
SREIRDERKRZED S 2 ETERMLTES. UT, X Zn XD 87 b
BEELKRE, L2 X EOEERERK, ¢=0,...,(n-1) 7 3.

EE 1. [EME L B3 g-1E (g-positive) B SIE, BERE L IZ (aFERT—HIC) ¢-
BE (g-ample) TH 5.

T, ERHED - IFEt & - BEHIZ, UTTEREINS.

EE.()BESRRLO (Bo»R) LI — R TUT2ERTOOBEET S
R, LiZq-IETHB LY.

INI—PEEOF v —VHMEEX DELHT (n—q) WU LOIERGHEZFD
(2) LT arER Y —DWEBEH SR INIK, LiZq¢BETHI LY.
X LoEEOEERE 7 icx LT, LEz+aiiRiug, (g+ 1) XM Enaten
—H{(X,F®L®") (i>gq, m>>1)IHKTS.

EEP OO P &), ¢-IEEEOBRIIBEDIEOBEOHRTH S,
T, 0-IEEHEDOIEDERIC Y72 Z LICHEET 5. MNEOR#EM T Iz L0,
ERRADYE (positive) TH 5 Z & L BE (ample) TH 5 Z L IFFAETH %, Lo
T, EH1IE TBELSIE (2 FEuy —W)0-BETH S, L) Serre DIFHHE
HO—RETH 2 LR TE S, Serre DHBERIIIHEDOTAEVHILT S L)
ZESerrelckbarEuy—%Ho - BEMHORMMNT) cEETZE, UT
DORENARICHRET 3. AFEHTIE, ZOMEIZ Y W TE OB RIZOVT
BB 5.

FIEE 2. ((DPS96)). EMH LD -BEDK, Lidq-IETH B0 ?

ERR.  [Som| i kiU, EHE LHEEEOR, Lo - BERIILEEY 7
ATV—2avD7 7 A N—RILTHEMN T2 2 LH5TE 2 (EH3D(A) & (B)
DFEEM). CD7 74 TV —ar2HWT, LICHED ¢- IEDOSM % - 35
BE2WHRTL2IENTES. 22 C, ERHELPHEE LI, B2 nEdE-> 728
RE LO™ (m > 0) D EE S B H (base point free) 1274 % Z L 2B T 5. Z DR,
L™ (m > 0) DM —RBDPHFEEMNDIEHER O rom : X — PN 2FEHT
5. ZAMBTIRECK, ZOEENERIIH 2EOEESEZF>. Z0OK, &
DIEIEGREZFEBE7 74 7L —avin,
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EE 3. HER LOEEELLRETS. ZoR, MTRRHETH 3.
(A LO¥BE7 74 7L —arD7 74 N—DRILBELZgRILTH 5.
(B) LiZ (a+ERY—IC) ¢-BETH 3.
(C) L2 g-IETH 5.
Fric, ERMESEBEOR ME23EENTH .

UTOEH 413, X BHEEHEOR, RE2 23 EENICETS I L2 FRT 5.
EHHRICAOREDEITIC, FE2 12 2L TBRREMERIIP 2L, 2H 0 ) B
T I OEBIMiiE R H .

ER 4. SREE X SN AHETH 2 LIRET 2. ZOK, ME 23 HEENT
b5, L, BREO 1-BEW»S 1-IEEEIEDINS

AFETIIEH 4 OO ZHIAT 2 1 £7, X BPHESREOR, L
D (n—1)-BEHE D 5 R (strongly movable curve) & DR TREAT T 5.
IhEkfvs e, f#ElEo BT, Lo 1-8EER, LEBEART LR
BDETH 22 L TREMTONS. ZDEEDL S SRkE Lo KR 2 AR (
Monge-Ampere ABR) ZFIH L CGHRZHBRT 5.

ER 5. HEHREK (big) ERET S. ZOK, UTIXFAETH 3.
(A) LY X LOBEMRE L Tg-IETH 3.
(B) L DIBEES (non-ample locus) B (L) ~DHIIR L|p, 23¢-IETH 3.

[Bro] ic k#uiE, ¢- BEMICN L CHEROMRMBRILY 5. £7, ZOEHD
FELT,dmB, (L) < gD, L2 g-IETH B Z L3bh 5. FARORED T T
LB ¢BETHE I BN TV 3 ([Kirll]). &-T, ZOFEHI Kirl0] D
FERDOIENTIR & RaE 5.
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Weak Lefschetz theorems and
the topology of zero loci of ample vector bundles.

ISR B (R RFER B BE R AT (D2) )

BIRE. Lefschetz DB FEHERIC i, FERHELHE X DR FE—#
X FOBELRERROEAYIMOBHOFRE FE-FHEHRL I EBTES.
AHEHETIX, COEHOBELRRY FAVEAD-BIL (~DEAAR ) ICOWTRENT
5. COROFERICOVTIZUTBEANTH S.

W 1. ([So78)). X % n RILOIERREE SR, E 2R r OIEAINY FVHE
£33, EDIERIYIN s € HY(X,Ox(E)) DBEHES

S = 5—1(0) ={reX | s(z) =0 € E,.}.
#EZD. 5, RV MVEREVBETHS LRETS. ZOR, UITHHRILYT 3.
H{(X,S:Z)=0 for i<n—r.

B2 GBI LALREDTT, RZVMEENBETHL ERETS. 20D
B, A€ b E—B (X, S) RERTETHAID?

HEOE. ~7 FVEE 2 Griffiths-1ECH 2 B, [HE 2 12 58Ik
INTw3. (HlZIE, [FV03, Theorem 1.2] 2 M. ) —Ric, X7 ALK E DS
Griffiths-1IE%2 61, BETH 5 I LHIoNTWAS. Lo L, BEMD S Griffiths-
TFEMEDSHE S B & ) D3RR TH % (Griffiths FAH). & L, Griffiths FAMIE L
Wi S IXRIRE2 I ENTH 213 9TH 5. 34E, 2 %7 FHIRIE LD Andreotti-
Grauert DEFB DDA T 20> & 9 B> & \» ) [ (Demailly-Peternell-Schneider
Ik D IREI N M) CRFINEZ sl ZOREI, Griffiths PEES (D
FRREER-> TS, 7/, 2ORGIIRIE2 L -FEZ2EE TSI L TEHX
oz, B2 2E8 T 5 2 & T Criffiths PRANOFH» ) 2B 2 & 2HRFL
TW3.

FHER. [Okos7]ic kiU, FIE2 RUTOKED FTHERICHEONT S,

R7 FVEREDBKBYIM AR I NS, S OHARFRIG r 5.
¥ 7z, [Laz83, Theorem 3.5] iZ K #UE, LT DRED T THHEMWICHEINT 5.
E @ B 'BRBYIM cER I N 5.
IIT, BRABYMTAERINIBELERRTHS. UTOEHIZIINLD
EHO—LTH 2. EHRIDREIR, LFOVLTRORELD T I LIcER
5.

EE 3. m#EH 1 LA URED T T, ERFE Oppey(—1) 23 (r — 1)-IETH % LARE
5. O, LUTARIT 5.
mi(X,S5) =0 for i<n—-r
B3 DIRE L, BT RETH 5. RENREEL» SRIE2 I $ Tl
NEDOEEET LI EIZHEKE . DT, ZOZEZIZOWTOHREZEBRS.
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EE 4. X 2 n XLOIEREGFELSRE, Y 2 X LOBISEE L BITHWES CRAT
TR bD, UzY OERLEIHELT 2. 4, HESX\Yidatreny—
B (n—2)-5ETH 2 EIKET S. D8, X LOLEOBITHES R IZHL T,
E ., m(U\R) — m(X\R) 32HTH 2. BT, BB m(Y) — m(X)
3RS,

T, BEBEHE M B areEn Y -5 E X, M LOEROBEE
FINULT HMF)=00G>q) BRI T2IELE2E). MES X\Y 28 (I
2B T) (n— 2)-5EM DKL, Morse BFRZ A WTHUM#RZ T T LB TE
5. RBINRARED & bOHNEARICE L THERZBL LB TEZLVIHID
NEOEHADHHETHS. RELTUTEBS. ZORIIME 2 BEAFOL
SHEICBEL TIIEENICRIT 2 2 L2 HREL T 5.

5 MEIOBREDILT, ENBETHL L, SHHFRIGr 28228, r<n
ZIRETS. 2O, BB j, . m(S) — m(X) 3E2HTH 5.

EF 4 DFFHICIZ [NR-98) D7 4 77 LEMiZ V5. 20BMi2®ET 22
ETCUTOERERS ZENTES.

EE 6. X 2nXn0 (RERZELEZ) HELSKE, ¥ £ X Lo& k%
BHHET, U Y OERGLBEHET X ORFERES Xang LROSRVBO LT
5.5 Y DINERTGB 2 ERELIRET D, ZOF, X, 280 X LOEED
FRATRIES RIS LT, , B8, : m(U\ R) — (X \ R) 325 TH 5. K,
X BIERSREORE, BB, . m(Y) — m(X) e L3,
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KRBT IR OB L
Z DEFTIIRTIZDONWT

IAE 2 (HERERFBERER 7

X 2o hhHENERERESRE, L 220 LOIERIERKELE T 5. B2
B W C HO(X,L8™) T Wy - Wiy € Wi 2 #7275 0% REAM EHR
R EWES. ZHUIVINIBR @, 51 HO (X, LO®™) OXREM EHoyBEEZ B2 L
Wl 52w, RECRATETIE, BIER W, O m IZD W TOBRERN 2 M3 &
(CRRsNTWS. BRI, W, D%

dim W,,
1(W,) =1
vol(We) mon M/

32 ORFMEODOTHS. BIC W, B5EHT bt W, = HY(X, L8™) 0
LEivol(L) L& L, L OBt L5 HHDS0 Thu L 21, vol(L) 1t L
ORMENFEFEZ T TRELZAZERTH ), BITRICHO K Z M TES.
([Bou02], [Ber09] BH8.) —fic, 4MiH 0 TR UL, Bx DHENTER b
L DEERIRERE O IR E L, BITHICR~ S 3.

D& BEERTE —BRORBMA ERERTERET LI LIIEHRTHD,
FLIGHELKYITH 5. FEBE [LMO8] 13, REA EMIBROBEELERL,
DHEICHEHOEMERE ([Fujod)) PR D> L2 RLE. H5DFHIE
Okounkov B2 H W 2REMNL LD TH 3. R TROLBIERICN L T, BT
W358 6 DRI E /- 7. AR ERED» S EE 2MERDEHEIC
\d, [Hisl1] T, Bergman #%Z V> T#EH L { fAX T 5. 5 EIF 4 & Boucksom
¢ Berman DFELZFHB IV L2 LT, —ROXEMNEBEHERICOWT, #FK
DN RIEZHEL 7. 2 2 TIRROVETESHOLNEE 2 R 7.

Definition 1. E#¥E L O 5 5% Hermite 5t e~ ZBET 5. KRBT =
MR W, B p icB3 2 8RR L

m21, o€ Wp,
and |o[2 e”™? < 1on X.

(Pr.)a) = sup*{ - oglo(a)
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TEHIND L OFE Hermite §FHETH S. T 2T * 13 upper envelope %%
LTw3,

KEDITVR) &, Pp i, o @ epigraph ® W, BT 2 ZHANMEICHIEL
T3, W 250 TRWILRRF T, EBE P i L OFENBREED, dd°Py
BIEALV Y Mz s, L, D —oco 2% & ) hESIIRBNWERIES
K& E1 555, Skoda DILREIIC L D 7 = v P (dd°Pp)™ DY IS E R
Hk2, ZoksEERIIRDOL I CBRoN S,

Theorem 2. XM EHHE W, OEDLHFHERH O : X - P(Wy,) v+
RELEmICHLTHEENTHS LRETS. DL E, L DEF7% Hermite
FAHE plconT
vol(W,) = / (dd°Pp)™
b'e

WD 3D,

N OEBEBOBITIER E A5 I EMTES. ZDL ) LE
HAREND L, vol(W,) DT 6 DFFii 2 RFTRNICITA 5 & 9 i 5.
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r—7—=V v FROFIEEM

S. Boucksom (/XU 6:K%¥) -+ 7 (EEKRFEHIFENR)

X 2 HFRBREREEERE, vt X EOFr—5—-BRE& LT, KD
Vo FHieEZS,

(0.1) %w(t) = —Ric(w(t)) —w(t) on X x [0,T)

w(0) = wp
BL wy b, B C° KHEERXQIZR LT
wo + RicQ
Br—5—FERIZR2TWDEHDET D,
ZIZTT X C-ROBKRFIERITH B,

FEE 1 Kx » pseudoeffective THDHELTHE (0.1) DIEFI L MEw(t)
‘-’C‘\

(1) w@) ITEE LR LT, X O

(2) w®)] = (1 — e H)2me; (Kx) + e Hwo),

(3 wt) TR arEe P—HERRTHEN(Q,1)-7 L bOF THE
INRER MR FFO,

BT L0058 X x [0,00) TEMIIEET D,

b CHERK U7 R w(t) ORFFRIEERR RIZIBIT B EENCOWTIE X B —RET

SN, w(oo) = limpsew(t) BEFEEL., X LOEENR Y —F—7

A2 ATV R THD, D, wloo)id, X DETRNWYFY 2%

MESGU TC® r—7—HATU E —Ric(w(oo)) = w(oo) &= 4E

NERME LOER (1,1)- 2L b TH B,
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STCf: X oY 2ROV RFEEEKETSE, Z0EExwrx X EO
=5 —HRELTE T 7A43—ET(0.1) B X THRLBOKEY w(t)
Ll

4 t) = —Ri t t
Ew( ) = —Ricx/y (w(t)) —w(?)
w(0) = wo &Mz F, I I TRicy/y(w(t)) i3HxtY v FHAT,
[wt)] = (1 — e ")2mer (K x/y) + € *[wo]
ThHbD, TOELEERMBED LD,

FE 2 VLY MEDKR w(t) IT2TDt € [0,00) IZDOWT, X EDOFIE
BB (1, 1) L FTHD, o

& K
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Bl & Bl OB~ EEEHIZ OV T
BFCTMRED  (SOABOR)"

§1 FF. COEHETIX, H5CnEEREAVS Z LT (IEH]) o258
FEEHZAHT S, £ BHILBSAOEANEZE52 5, COHET, HALY
OBE_FEEEEZ 7= - 2V 27 1 RO H UM SMEICEEHT 5 2
EMTELZEDD B, Y. Tiba 2] IC& h, EhZGHBEOh2DH 2,

§2 FE2XETHEH. M EnRLa v 87 FEESKE, T(M) T2 0 LEOIERIER
KT, TM)D CERVE DD, UzEEFEHC OHE LT 5, LA
f:U-> ML ZoMy 1-Pxy bRB B f'(z) € (M) % & 5, FRWIRIIC

f(l)(z) = f’(z)v f(k)(z) = Vf’(z)f(kil)(‘z% k= 2) 37 B
LEETD, Ik, VBT fOuryRAX 7 U BRTERI NG,
W(V, f)=fOR) A A fP(2) € Ky

TIT, Ky id M OEER Ky, ORNZRT, 20RFNLESR>S. W(V, f) BIE
AITHBZEElog|W(V, )] BERUTH 2 LI BRVERTES,

fHV- GF) BlLEiz, W(V,/)=0(20)THsIELT 3,

EE 1 (SMT). f:C— M % VIERL2BHR. D=>,D;% M LOREMIESRK
WHNHET LT3, XERET 5,

(i) log |[W(V, f)| $%HMTH %,
(ii) &2TD D, 13 V-2HIHHTH 5,

ZDEE, RBBILT 5,

Ty(r, L(D)) + Ty(r, Kur) < ZNn(T, f"Di) + 5¢(r). (2)

ZITS(r) 32T 7V FERTE I DIVEHEZRT,
RIZ,VEZPY(C)D7EZ - AT a T4t RER L T 5, V-2RHARITERRE L 1T
P(C) DRI EMOZ L %3, TOLE, VORSIE. BT log(l+|2)?)
D 0,0, D IR TR I N, 2 EMTIRE VD, ROEEIRLT 5,
EE 3. (i) uvAX7yW(VY,f)IEATH 3,

(ii) B f : C — P(C) 2MEIEBILTH D Z L L W(V,f) Z0TH B Z L3

HTH 5,

R 4. f:C— P(C) zHIEIRREMR L 75, - MOMEICHZ ¢ @VE H, C
P*(C),1<i<qiZNLRDBHILT 5,

qrdnoa»+7ﬂnk}w@)SE:Aaquaj+sAm. (5)

* AR IR RHTE (EBRUIE (B) EES:23340029) 0BIR 2R T bDTH B,
*e-mail: noguchi@ms.u-tokyo.ac. jp
web: http://nogpc4.ms.u-tokyo.ac. jp/nog/
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Kpnicy =O0(-n = 1) TH2H 5, (5) dANY v OBE_FEER(33)ThH5. T4
bbb, ZORBOIEHIZ, ALY OB FTEEEOKMENIAHESE X 3,

§3 P1(C)’. #ili#f 7 : C — P (C)’ DHENH TR DBROBETH 5, Hx 3
P1(C)? %7 —NVEREG = CPOREa V7 MEEEZ S, ZHUEIASBAT
13®H 278, BREOHEAETLH 2 IChrboThE hVFEINTWAY, E=PY{C)\G
EHEARTLL, (2.9) 8GOT 77 A VEBRL T3, FESY bBcl vl 1cB
T3 FHEERE V L EL, D% PYC) LoBNERTF CHERNRD D V-2l T
H2b0LT3, T2L, H27u—7v7G - P(C)P2HYH, D+ EDL LT
D+ EDHEMIERRR IR 2 D955, f:C—- G fORLEFET 3,
TEG6. f:CoGRVIBRLEL, D=D;, E = E; % LBd0RT 0BRSS
~DBRET D, (P R E,OREDOREETS, TOLE, ROBBITT 3,

Tf(rv L(b)) S ZNQ(rs f*DAz) + QZNl(T, f*E‘j)
i J
— > Ni(r, fPr) + Sy(r).
k
FEBT7.D=Y,D;, E=YE#t#DbD, f=(FQG):C - P{(C)* iz V-IEE{L
ERET B, RERET 5.
(i) DNG FHHMIEHLERTH 5,
(i) fid. EOREHDEHEDHEME L,
ZDEERPRILT B,
Ty(r,0(m,n)) < Y Na(r, f*Di) +2 ) N(r, f*E;) + S¢(r). (8)
i J

% 9. EETOREDT T, BIZRIBHEILT 5.
Ty(r,O(m —4,n—4)) < Z No(r, f*D;) + S¢(r).

EE 10 X b —BIRBEADORERICOWVTIZ Y. Tiba 2] 22,
AT, M B O BB Q2 L h, ROBBEEZ 3,

_ WV, NE1E-QUfE)

&)= T lon FE)IP 1

ROFEEPRE 2D,

BAERE 12. M ZREWE L, D=3, D, 3HMIEHRRNTHS LT3, Hiz, £T
O Dk, V2RI ET S L
do

[ e e = it (13)
S0

1] Noguchi, J., Connections and the second main theorem for holomorphic curves, Preprint

UTMS 2011-3 (2011), to appear in J. Math. Sci. Univ. Tokyo.
[2] Tiba, Y., Holomorphic curves into the product space of the Riemann spheres, Preprint

UTMS 2010-19 (2010), to appear in J. Math. Sci. Univ. Tokyo.
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BEREBE&OMNE, GHhmE 7 — 7 —5&H
lzownT!

BFOERER (RARECH)

§1 FF. a7 MEESRGE X PEBH 2 VIZEENTH S LiZ. X 23 P(C)
ENHBARRTHEI L LT B,

t:C? SEC*Dav 7 MLET 3, K. Kodaira [1] 13, * 77 Y 7H
RWTFE L EFEMEOEEREAVLTSIE, AEMETHLILER L, TIT
Z, —MICnRICa v 87 VEBESERE X ~OETIBEIL (Jac(f) # 0) R HHEAER
f:Ct > X ZEZTw, pp TrOMBERT., FRHRIIKRDZOTDH S ([4)).

EE 1. dmX =222XR7r—7—ThHbsL35%, blpy<2Z%6id X 3HHMH
HTH 5,

EE 2 B). 55y THES GEr—7—) L#IERLAIERIER . CP >S5 T
pr=1TH2LDNHEET 5,

§2 #ff. X #av U b EESKEEL, 2oL - pERARVE D
t5, f:C" - X 2HBRERT S, 2= (2;) c C* 2 HRLEREEL T 5,

212 = Y |5 a=ddf=|%, & = =@~ 9),
Jj=1

B(r)={z€ C":|z|| <7}, S(ry={2ze€eC":|jz]|=r} (r>0)
LB, UEDEHEDOT T, fOwicBIT 2 5B %

Todt N ne
Ti(r;w) = / P frwnam? (3)
1 B(t)

LEET D, fORIEUL,
_ o logTy(r;w)
1= rliglo logr

LERIND, BB oy lw OB AIKS B0 2 EBES S0 ([3)).

Bl 4. (i) X =P"(C) T f HHEEHR (REN) %51E, p;=0.

(i) X Z2av X7 MEEF—FALT 5, f:C" - X BEERL I, pf > 2. K
IKf:C"—> X (dim X =n) 2EEHBEEHR 2 S 1E, pf=2.

(iii) b2 o, X ) —< VHEHOEHEE, pf <2 THEHEHSf: C— X DFELED
5 X = PYC) »53h 35,

§3 ;EAH. Q% TX LoIER k- BXOIEAREZ LT, SOk TZ DN XN T
VYNEERT, BIZ. Kx=0% (n=dimX) JERERE LS, XK@ L %5 EH
TH5,

* ARG FHAE (ERMA (B) SEE5:23340029) DB 2RI b DTH B,
*e-mail: noguchi@ms.u-tokyo.ac.jp
web: http://nogpc4.ms.u-tokyo.ac.jp/nog/
' Z OWt%id. J. Winkelmann (Bocum) & OEFAHRICL 2D DTH 3,
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EE5 X 2aryny MVERSNRE LTS, BOERLaEEEER f:C — X
FIELTpr <2 THBLETS, §5L, EEDL >0, k>0 Il

HY(X,S"0% ®--- @ SQ%) = {0}.

BB, ne HOX,S"QL ® - @ SO\ {0} FEL 2 £ T 5, dz;,1 <j<n
DOWE D SIOL, ® - @ SO, DFEE {dZ2), ED &L frp=3, E.dZe LB,
—h. fruna™ ! =(Ca® LB, DIRIERe > 0% LU, EBC > 0DFHEL T
(T la®)? < CC Eh B, (T, 62 BEESHMTHZ 2 L kD, HTHHEMEL
BB >2LkY, FEEES,

EE1OMHE. EFE5 XD, HO(X, QL) = HY(X,KY) =0,"1>1. 7 —7—%&# &
h, HY(X,C) =0t bbb THoEHERLY X IHBEHETH 3,

EE20F8. AeC, A\ >1, 35, Zaid, C?2\{(0,00} hiZ¢,: (z,y) —
Wz, M) Ik D ZAEHZSIER IS, COERICBIYT /S RES2EZL 5, I
. by ZTHEEHENDE DD T, S x §P EWIREMHICKY, W1y FH
D30(S)=1Th5, f>T, FicIHEr—75—Tbh3,

é‘(\
i dzAdztdyAdy  ddel|(z,y)|)?

2 |z|* + y[? I(z, y)I[?
EECE, Z0UEC?\ {(0,0)} EDIEME (1,1)-BKX T, {¢.;n € Z}ERICBIL TFRE
TH2, fE>T, S LICIEfE (L) BAZ2FEET 2, Ihd, w EFHFCIERT S,
TFHIER (z,w) — (2,1 +20) OFEINBZEHER f. CP > S 2L 5, WIoh
i, fld. MorIERILTH B,
LEDf:C— StwdhoMBERT (nw) 2EX5L

r < Ty(rw) S rite, Ye>o.
I HEH2DE .
SE X

[1] K. Kodaira, Holomorphic mappings of polydiscs into compact complex manifolds, J.
Diff. Geometry, 6 (1971), 33-46.

[2] J. Noguchi, Some problems in value distribution and hyperbolic manifolds, Kékytiroku
819 (1993), 66-79, R.I.M.S. Kyoto University.

[3] J. Noguchi and T. Ochiai, Geometric Function Theory in Several Complex Variables,
Math. Monographs Vol. 80, Amer. Math. Soc., Providence, 1990 (translated from
Japanese version published from Iwanami, Tokyo 1984).

[4] J. Noguchi and J. Winkelmann, Order of meromorphic maps and rationality of the image
space, Preprint UTMS 2011-6, to appear in J. Math. Soc. Jpn.
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CRRZ FNVERDFEF7 L — AEEBEIZOWT
sk B (BKRSILEE)-

B =

CREMGBLEDC-R7 PAKIZNL, HEMIEAFRICL>TCRRZ ML
HBEESRE ORI FAKREFRRRICERBINS. ZOMSEREZED
BRI X > THAB X RRFMNE 7L —bDZ L% ZO#EBETIZ CRERT
JL—hERRZ LT EE, ERIRY P ARSHEICRATIERN 7 L — A %R
DDEIERRY, CRARZ FAEBHICCREF7L—0%2FEO L3RS %
V., FOT L RBLAEET SO, 3T T CREBREDBIHED AR
FIEIZH B CRRZ PLVHEOCRET 7V —oDHFEMBE L RETHE Z &
ZR L. ZHUIRATICED AL 2 L OEEL W CREME HICIZCR B
M7V —L%RZOCRRY PAVRBEET LI LEZTHRTS. I5IC%
DCRAZ PV Z T, RAFTHEDARATEZ 3 RJG CR SRkfb Eicid b
BT TCRENM 7L —02R -2 0CREBESESHFET LI LR2TR
L7.

*e-mail: t-kajisa@Qcitv. jp
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—fibEh-EAKLORR/N CREBZSRRICONT

HARE REFLERSEER

Mo ={(21,. 125 2011) €ECM x -+ X C™ X C: Imzpyi = |21 |"™ + o+ + |2, 70 + |2,]%}

TlEU 5 = (27, 2 ) IR LT g2 = L, 15 & L, j = 1,...,8 = LIEH L Cmy,n; > 2,
ns > 0. My DBBEMEDE M T35, ZThoNe LTERSh 8B b Shi- Mk e
VW, FOBERER D . & OBE TR D Montti-Morbidelli ® EHEORBEFER S 5% 5.

EH 0.1 f: N> N & MOBEEHEAOMO CRERETSH. Z0E &, 5 4,6, 6, #F
DEIRBACf=tpoboJog, ELRMTED. 2= (2,...,2) EBL.

v 21 Zs_1 Zs 1
W Hema) = e o) o
(2) (2, 2pq1) = (r /™2y, e ™ r2e 12 200)
(3) (2, 2n41) = (BrZoqr), - - - » Bs—120(s-1), Bs%s + bsy b1 + 2041 + 2(Bs2s - bs))
(4) Ga(2, 2n41) = (215 .. ., 2521, 25 + @y Zny1 + Qs + 262, - Gs)

r>0,001,...,s - 1DOER, B id=2=4 Y —47F, b, € C™ by = t° +i|bs|2 € C a =
(a5, t" +ilag)?) e C™ x C & T 5. f OHMEH, JIZERO I RIZEL5H 4 FT.

Z ORI, FERMDBR T f =Fobd,odJop, MR LIZL XK EBHBDOCR I 727 ¥ —%
HETDLFOCRZ 774 —B 1620, ZOX I REBIZED LRV ENS Z & % Ric
7 Y VR Chern RERR EOEBAZ - THAT S, Lh L—A2IZHE Ricci 73 Y A% Chern
TEBOEBRERDD LD, CR7 77 4P ODEHOETIIEL L, SHIBH6,, J, 6, 1
EZNDHTEEN, FEAP OISR,

€I TCCR~7 hVFE CRAERHSROEFNZSHE L, CR BERDOE RSOV TORMSY
FRAZML Z L CHRERE 5 272, (2011 EHEDOEE, 9 AORKCOMFLESL. ) CRR2 M
BOOBROENL D EVD Z ik, HR/NCR BTREENS b EBROTMRSND - L EEL
TWD. ZDNHNG, SLRDJFEAE 5 X -ONSEIOBERNETH L. BRZ M S X RNE
R/hCREBERIMTHD &1L, 20 1-B3E LB exptX PCRACAMEBRTHI I LEE S,

LT, M EOER/N CR BERMOESE % hol(M) &Y. Ko S.M.Baouendi, P.Ebenfelt,
L.P.Rothschild {Z X 2 #&[R/NCR B2 R%A & CR B CRAMBOBEZNREAHTH S,

I 0.2, M & EZMITH CERNIERIED, HDEACRIE—RE CREEEE TS, mDex
CR HCRIAH Aut(M) 2 Y —BRZ L, ZO Y —BA hol(M) & 725 X 5 72 Aut(M) OATARAHE—
FIET 5. '

1
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2 HEFEE RELESTEMEK

IERIE3ERI RN D ERITE R OD, — L SN PR ORERIX I b 054242
EWEETS. ER/NCRECRMEX %

n+l

. ad _ .0
(5) X = ;(ajgz‘; + %5%)

B L g IECREFTH L. —RIEINHAKOERBHE X KERSECREEL Lo iIC
DNTOBHHBRABBLN, ENEM L TX EROD I ERHRD. TIILEND T A —
S I hol(M) OEEHF L C1-BEEBRERDD LEROL IR B,

£ 0.3.
(6) exp(eY1) (2, 2n41)
_ ( 21 As—1 Zs nt1
(1= ez )V/m” "7 (1 ezpqn)Vme-t’ 1 — €241 1 — €2040 "
(7) exP(6Y2)(za zn+1) = ((ee)l/mlzh RS (es)]/n?s—‘zs*heezm (es)zzn+l))
(8) exp(eYa)(2, 2ny1) = (21, . -, Zs-1, 25, Zny1 + €),
(9) GXI)(EIY;I + 4+ 511,);'1&)('33 zn+1)
=21y« s 251y %5 + €, Zny1 + 225 - € +ile]?),
S
(10) exp(z Z €5.5Y55) (2 2ny1) = (B'z1,..., B 2,1, BS25, 2041).
i=1 a.ﬁEIj
a>p

ZZCe=(e1,...,6n,), 2s €L 2, & € DNFK. BI lis;{,é Lo TRED 2= Y —{THITH 5.

EE 01 CH TS 2FBIL, D LOBRIIMETH IR, [ EHNTZIhLMBICHTL 5. T
CHLTHER0LIONRT ATt = =r=—1/c,a, =b,=0,Bj=14d LB & T

(11) I=6o01 o (expey;) o, .

2185,

HR/NCRECRAEIIZ ZICE 2 b0 TETAHRDT, CRBCRABES L EL L0 1-BELHR
TRLEEND, Lo TENLOAHTCCRBCRABMELERBOLNS. SEVEROI BRI,

1, EE 0.1 T ERE my, n; IKERAERFONTHEN, ER/NCREACRREOF®BEEES &, 2h
HDSMITMLE R,

2, AR DO AERODOESIT 1-BEERL LTHRICELNS.

3, EH 0.1 TIREDREHAPLERDIEENKE CThH o7/, LML (6)~(10) DEITT 5 L AR
BRI T LD Lici b,

PLED 3 RN ZORFEHOR R TH S,

ATSUSHI HAYASHIMOTO: 716 ToxuMA, NAGANO 381-8550, JAPAN
E-mail address: atsushi@ge.nagano-nct.ac. jp
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K3 HABEORMBY HFBRRE VEDELRILE « £ 2T —
%DV

KEF {7
2012 4

2 DDEF T A—F (X,Y) b K3 Hililk F = {S(X,Y)}
S(X,Y): 2% = 2% — 4y%(4y — 5)2? + 20X 3z + Yy (0.1)
BEZDL, EL.(X,Y)IRXE={(X,Y) € C?|Y (1728 X° - 720X3Y +80XY?—-64(5X2-Y)2-Y3) # 0}.
2E LTS,

Theorem 0.1. ([N1], [N2]) (1) generic (X,Y) € X IZ2V>T rank(NS{(S(X,Y))) = 18,,
(2) generic % (X,Y) € X122V T, S(X,Y) O Néron-Severi FDREITINIE Eg(—1) @ Eg(—1) @

(f _12>‘ A T ORI U@G _12> A

IV B Hermite WREFR D = {€ € PX(C)[*AE =0, €AE >0} 2 L %, ZHIED =D, UD_ LEH
Bicarns, FIKbbe—F%r 72542 T, -, Ta€ Hy(S(X,Y),Z) =%V I oEE S 24
A71EL, S(X,Y) DEERI 2R w 2By THZ Lick b, AHAER

<I>:?£9(X,Y)'—>(/Flw:/;?w:/rau):/rdw)€D+

283, X CORWESI*T5L 013X LEMBTTHY., ZOHEE/ Foi-—H2GL73, 20
L& ®Ya7—HB(D,,G) ~ (HxH,(PSL(2,0,7))) b 3,

Theorem 0.2. ([N1]) S(X,Y) DRI ROMD HBRE ¥-T,

=1L A B P,
(PerUDE) uxx 1uxy + Aiux + Biuy + A,
uyy = Miuxy + Ciux + Diuy + Q1u
L
L= —20(4X% + 3XY — 4Y) M= -2(54X3 —~ 50X?% - 3XY +2Y)
YT Teexzo32x -y 0 T 5y(36X2 — 32X — Y) :
A = —2(20X°% - 8XY +9X?Y + Y?) _ 10Y(-8+3X)
e XY(36X2 32X —Y) ' ' X(36XZ-32X-Y)’
Cr = —2(—25X?% 4+ 27X3 +2Y - 3XY) _ —2(—120X% +135X° - 2Y - 3XY)
T 5Y2(36X2 — 32X — Y) s 5XY(36X2 - 32X — Y)
P —2(8X - Y) 01 = —-2(~10 + 9X)
YT X2(36X2 32X — V) ' 25XY(36X2—32X-Y)
IR 2 F\WT H x H OB
1-v5 14+v5
. fra“’+ 3 fm‘" fr3w+iszr4w
(217 22) - - y T T . (02)
fr2 w jl“g w

282, RHEROEEREAEZDZLICE>T, "I A—YOM (X,Y) R Q(W5) DEARL P - €S2
7 —BIBOM L Rk 5,
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Remark 0.1. i3, X ZEAN EHPERPQ,3,5)—{c} KIDIEN FIIP(1,3,5-{(X,Y) = (0,0)}
Lo K3 thimic, AEHR ®: X - Dy i@ :P(1,3,5) - {(X,Y)=(0,0)} — D, KIEIN S,

2T, {Y =0} O Lo K3 HEE Fx = {S(X,0)} 2Ex1 k5, HxH ONAEES
A={(z1,20) e Hx Hl|z; = 2o} ~H
ZOWT, ¢ HA)={Y =0} TH5, (02) IKLDL ALK BERE 2 &

3
=-—. 0.3
¢ 2 (0:3)
25
X =22t Bl L,
Wt&k(
Proposition 0.1. [N2] A n1,m0,n3 DAL TR HRAL, ROIE7 v 7 ARGBATH %,
d? 5t —36 d 72 — 5t
Perd): Z@vt ar-nar T seeq-na' T rE-n" "

Z ORI STIBRROBOBEREEEL TREB 5,
Theorem 0.3. ([N2]) K3 BIE Fx = {S(X,0)} D87 X —% X ix, (0.3) DEEELRAWVT,

25 1

(0.4)

T, Y=V EVFHEH, = {Z € Mat(2,2)'Z = Z,Im(Z) > 0}. LOHEDT— 5Bl 9(Z;a,b)
AL T, Miiller [M] i ERD & 512 L T Q(V5E) K2V TOMRE AL - P2 7 —HROBDER
B, HxHODH, D) HIH

1[1 . (Z 2 ) — _1_ ((1 + \/5)z1 — (1 — \/5)22 2(21 — 22) )
TeL 2 25 2(z1 — z2) (=1 +vVB)z1 + (1 4+ v5)z2 )’
ZRAVT, j€{0,1,---,9} & ta=(ar,a2),tb= (b1,b2) KPVTRORICL Mo tiE%R G 5,
J 0 1 2 3 4 5 6 7 8 9

‘a (0,0) (1,1) (0,0) (1,1) (0,1) (1,0) (0,0) (1,0) (0,0) (0,1)
v (0,00 (0,0) {(1,1) (1,1) (0,0) (0,0) (0,1) (0,1) (1,0) (1,0)

IDEE
0;(21,22) = 9(¢(21, 22); a,b)
LT, RDEHITBL,

g2 = Oo145 — 01279 — 03478 + Oo268 + 3569,
s6 = 27 3(0312478 + 312560 *+ 0334568 + 0336789 T OT34579)s
10 = 271203 53456780
Z T2 g, 86, 510, 815 % Miiller theta constant & WE& (AR TIE 515 DEZRNIIHE),
Theorem 0.4. ([N2]) K3 Bififk®D F = S(X,Y) D7 A —% (X,Y) i3, (0.2) DERE (21,22) AW
T, KD Miiller theta constant I & 2RRNEFFD:

X(21,29) = 2° .52 8n.22). V(2. 2) = 210 . 55 . S10(1.22) 0.5
(21,22) g3(z1, 22) (21, 22) g3(21, 22) (0.5)

References

[M] R. Miiller Hilbertsche Modulformen und Modulfunctionen zu Q(+v/5) Arch. Math. 45, 1985, 239-251.

[N1] A. Nagano, Period differential equations for the families of K3 surfaces with 2 parameters derived from the
reflezive polytopes, Kyushu J. Math., 2011, to appear.

[N2] A. Nagano, A theta expression of the Hilbert modular functions for V5 via the periods of K3 surfaces,
preprint, 2011.
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H K3RERFADEIL RS
87 A= NEBRSRADEN
Wi§ E(TRA%)

1. BIL&HOEH
BEEEBIBEROT AP 25042 TR, 20BNk TEREI N
LR REOMMREE (RIHE) £ T 2, BREMEMHEFERICHYT200
3. BMK3RELATHS (1),

TV —HEZ, KK, (I RA—EEEFRVEHARTOEBmTH > 7235, 17
A —7 %O HARTOBRVBREL TW3, 53 A—9 2>/ 7r—HEIZE
fEM 7L 7 —#JE (Comprehensive Grobner Basis (CGB)) EFEEh T3 ([2]),
NRIA—F b OEHENBRATERINFEROBLEGE2EBT I, 20E
HHEADPOBREINBZSHAA TPV LEEN L 7 F—HEEZRDL LT
BILEHE282 L0 TEL, ZOFEEHOT, A7 XA —F ORI ILLT OHH K3
BREESEARACNL, 20 bE&E25HE L2 (3).

No. EETEN RIS
fs2 3 + dzyzw + 223 + y* + 20t M—-1=0
56 22y + yPz + 3\y2?w? + 2% + wb N1 =0

fis | o2+ 3+ 3yztwt + 2+ 2u28uw8 + zw'? NB+p2+1)?2—4u*>=0
for | 22 +y* + 2vV20% 20 + 2tw + 2p2Pwt T | (P - (N —p)? - 1) =0

No. ERSER
foaqry | %2 + zy? + 2Xy22w? + 2V2uy2?wd + 28 + 2wbw? + wb
fea(2) 222 + PPw + 3hy22uP + 25 + 2wt +

No. BMb&H

foaqy | (—16X% + 4v2X30% — 27pt + 24v + 8\ — 36v2Apu’v — 160202 + 813)?
—16(2 4 20* — 9v20u® — 8XZv 4+ 612)2 =0
Joa(2) N+ p?+1)2—4p?=0

(No. DITFOBIITEBES, M\ p, v H/7X—7)

LhL, 8N 7 —HEHEOREBEIcE D, N7 A=Y DRI 4DHF K3
BRAEEAERA WL, 20BIFHZEHTELVWRREIF VTR, WD
POEMOIMIKEREZB/L ZENTE,

2. BRI

FEDNAIGA=5 %225 DDDIELTIE, p=0 DR, 7 XA—FD 1 DDHH
CRETS (35 A — S BHOBEDFERE25), fap ORISR f1s DBILE
2010 Mathematics Subject Classification: 32525

¥—7—F: B K3REA, EBABRK, BT

* T 658-8501 SLEEIRMP R MX A 8-9-1 HEKRYE MBEHHFAT

e-mail: takahasi@konan-u.ac. jp
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HEE—BL. fouq) PBLEMEIZ. p=0 XL T, fo OBRICRET S, ZOMKE
BRI EWD, RERDOERRINZ ZDEEABRRD T X — 5 BRI OREED R
Ik DImET S Z L 2HET,

ZOFER, BILEGEZ A7 X - EEOBEE L TIRZA, 2ho2flikys L
Ths, ZDatEM% for TR

Bl

In [1] f64 = 222 + zy? + py?2w? + quz?w? + 2% + r8w + wd;;
Factor[GroebnerBasis | {64, 0, (f64) , 0, (f64) , 0, (f64) , 9, (f64) } ,
{x,yz,w}{xyz}]]

Out[l] { (=512 + 512p* — 128p* + 288pq® — 16p3q* + 27¢* + 768r — 512p?r + 64p'r —
144pg®r — 38472 + 128p*r? 4 6473) (512 + 512p? + 128p* — 288pq® — 16p3q® + 27¢* + 7687 +
512p°r + 64p*r — 144pq®r + 38472 + 128p?r? + 64r3%) w'’ }

In [2] ml=>512p? — 16p3¢® + 27¢* + T68r + 64p*r — 144pg®r + 128p*r? + 64r3;
m2 = 512 + 128p* — 288pq? + 512p%r + 384r%: p = V21 q = 2/ 2u; 1 = —2u;

In [3] Factor[ml)]
Out[3] —64(—16X% 4+ 4v/2X3u? — 27u* + 24v + 8X%w — 36v2 \u?v — 16022 + 81°)

In [4] Factor[m2]
Out[4] 256(2 + 201 — 9v/2 u? — 822y + 61/2)

fi DBEME M(f,) TRTZLICT S, ZOLE, M(fa)ld. p = 0ITHRL T,
M(fs) BATT 2, TDXIBRBRE M(fis) > M(fss), M(for) > M(fs2) BEE
RTZLIT 3, CokTDEAVE L, LRoBKRIER, UMTok)icRELFs I8
TE 5,

M(fss) — M(f46) — M(f64) - ]M(fﬁl) - M(fsz)

COFHEENRIRA—F 2420 OHM K3FRAERGBEACN L TR L /R %
NI

SE
[1] &3 & &, On simple K3 singularities (in Japanese), Proceedings of the Conference on
Algebraic Geometry at Tokyo Metropolitan Univ. (1988), pp.20-31.

[2] V. Weispfenning: Comprehensive Grobner bases, Journal of Symbolic Computation 14/1,
(1992), pp. 1-29.

[3] T. Takahashi, An Application of Greobner Bases for the Moduli of Hypersurface Simple
K3 Singularities, Computer Algebra, Vol. 11, No.3,4, pp. 43-55, 2005.
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29

HEAEHAESRED A RZ P I ILHI DWW T
&3 il (BHEE —RERH)

AFE TR, EETNIFERASMEBARRES LTINS LD THIHEHICDOV
TN, ARZ FIANOBEIZETA2ER2HET 3.

1. %

1.1. ARY K Z)Lxt

SR f(20,21,.-,20) € Clzg, 21, -+ , 20 DIEFET 2 ERIBSEEE f - (C,0) — (C,0)
T, Hroe CH LIV EEZROLDRZER S,

AR B = {z | |z] < e} c C! LBAFI® S = {t | |t| < 6} Cc CITXL T,
X:=BnfYS) LEDBL, SOER I 2+HI/MI L UL, HIRER flxx,
X\ Xo— S\ {0} BRLA—RATRABHL 7 7 A N—RERBZILEBRIGNTVS
(Milnor [2]) . i toe S\ {0} % 1 DEET 2 &, AR 1,(S\{0},t0) 237 74 /N—
Xy, = fHto) D nROAFEQTS B HY(X,,) WEAT 2208, m OEBITICNIET
LIWERT - HM(X,,) » H(Xy,) % (EA—N-L 7> xzyY) £/ Fo 3Kt
V%, Steenbrink iz k#uE, H™(X,,) & €/ Fu3— T OPEMES 7, 1BL T
AE22EA Hodge G ZFFO23, H™(X,,) I Z DA Hodge WG 2 AN TEZ DD
® H'(Xy) L30T, T OFEAME A I220T, HY(Xy) D X KET 3 (A&D) BA
W%k Hy, ERTZLILT 3,

E#& 1 (Steenbrink [3]) dimGri.Hy, #0 TH 5 & &, HHE

1
271

ZARYT TN (spectral number) , n, :=dimGriHy, % o DEEE LTS,
7, BI=dimGriGrl¥ H\#0 ThH5 L &, B

pt+q

j_lrte ifA#£1
T ptg-—1, ifa=1

o= logh, n—-p—-1l<a<n-p

29X A4 M (weight number) |, (a,1) Z# A7 b I UK (spectral pair) , nay = hY?
% (a,1) DEBIE LS.

1.2. FEARERR

MEARRERREAIARKICE D EAIN, EHNVERERICY L TERINS
LB {6,(X,2) tmen ZAVTRD LI ICEES NS,

T 2 (B0 [4)) FEDO meNICOWT§,(X,2)=1THsLE, (X z) 3HHEM
RIKF R (purely elliptic singularity) TH 2 L9,

TLrvyad A VIERIUIREN (X, z) BHMEARRRNTH 5 - D DME+I5&
iz, (X,z) da ZMERNTIEAZY, o 7 BENRESTHE I EHONTHES, £

* T 471-8525 BAIR B4R 2-1 BH TESSEMER —FR

e-mail: kanesaka@toyota-ct.ac.jp
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72, n RO TV vy a4 VHHRRRRR, RiChRs &) icnBRICIEIN
2, ZOSEERENEEICE T 2PMESONEBEEMELMNE L OBRIAH
,uf%?f’&’&ﬁ“&)k*fé?ﬁ?ﬁ’“ IhHLIZZIN TS,

EE 3 (AH (1)) nXILIL vy a ¥y A4 VAR RA (X, 2) DRFRAEHOA
,EE}JW_T?‘ EJ ZDOWT,

C=H"YE;,Op,) = Gr%H"Y(E;,C @H”’l (Ey).

DERIZL, HY (E)#£0TH2EE (X,z) 3FA 7 (0,i) THBEWVD.

ERLHEN f = 2— b VERT(f) KBELOBRLTH 3 L &, BiimmilrkE
RO RE L 22 OOREIRAZEL B Itk EZ 6N Tw3,

2. FER

UF, BREAOERLER [ X2 — F VER () KBELTBRLTH3 b0
EIRET S, £, RINDART FINEE apy, ERET I EIZT B,

EE 1 SRS (X, 2) = ({f = 0},0) DMBHARER ( FEREA)
THEDDBEATHEME amin = 0 (Qmin > 0) ERBIETHE. DL E,
Ny = No = 1 BIRLT 5.

EE 2 n XuEmMEIZRREA (X, 2) = ({f = 0},0) BHHEMARKRRELTH S L &,
RD25MHIIFRMETH 5.,

(i) (X,z) DF A 7& (0,9).

({il=n+n—-i—1)=2n—i—-17%22% LIZDWVT, ne #0

% 3 n RICEBMEIMIFER (X, 2) = ({f =0},0) 394 7 (0,i) DHEHERREN
THHLE E/FOI—FHTIZ, BEEME1ICOVT, RESH (n—1) UbEDTa
N T R,

% 4 n RIGEBIEINIR RS (X, 2) = ({f = 0},0) 2354 7 (0,i) OMIEFRFRS
oW, i=0,1, £/ 2 T%%t% i3, B/ FRS—FHT OYaly /1
WicBI 2 a Ly IO REZ I (n—i)+1 28BAkv. £, EHEME1OY 3
W RRIZDWTIE (n—4) ZEA RV,

SE R

[1] S. Ishii, On isolated Gorenstein singularities, Math. Ann. 270 (1985), 541-554.

[2] J. Milnor, Singular Points of Complex Hypersurfaces, Annals of Math. Studies, No. 61,
Princeton University Press, Princeton, 1968.

[3] J. H. M. Steenbrink, Mixed Hodge structure on the vanishing cohomology, Real and
Complex Singularities, Oslo 1976, 525-563, Alphen aan den Rijin, Oslo, 1977.

[4] K. Watanabe, On plurigenera of normal isolated singularities I, Math. Ann. 250 (1980),
65-94.

[5] K. Watanabe, On plurigenera of normal isolated singularities II, Complex Analytic

Singularities (T.Suwa and P.Wagreich editors), 671-685, Adv. Stud. in Pure Math.,
8, Kinokuniya, Tokyo and North-Holland, Amsterdam, New York and Oxford, 1986.



L Sl

BR 2R TR E S ORMEHIZOWT
R L (ILBAE)

1. U ®IC
BB iR BRI, RBCSMy, S, RRSoRkL B LKL T
2, BCoRTTHERAIBAINICIZY v 27 L XI5 3RTTERE LOHIZR 579,
BRI F R Y — OB #EE ., $, Y7 3BRAMEN 77 7 ThbadIns
DT, 2RTFERBOMHNAER LBV 7O0REETHH D, HEeEmnkmd d
3, DX, MEBEENGRLRTVOT, MiE»SHRINEEBEDH
HER, EDXI)BBINAEREED L) REHEOT THHENAERICKZD0%
MET2DIR—oDERZAFALEBbNS, & ZIE, Artin OFB2EHLDOIH,
IR B ORI T R Laufer O/ MEFIRIRREOEA, HEEEPHOIAHLRIG
BREDARRZERZDL ) LS CHBET LI ENTES,. ZOKL ZOHATS
CDOWFEDDH D, 5B Némethi FIC L > TERLMEL T THLNT WS,
AHETREMEREZFEICT S, drEomEELzRO>ARICOVTHRR, Kk
%7 95 ANDIGHIZOWTIHRR 3,

BT, BRcHio 2R TREMS) 1 2XRERERT,

2. BOBHROER
COETIREMEROER L X CASNERL ERBHIGAR S, KIS X 2 %M
BEROY—<A 27 LI DECONBRMBRICE LD TEHVAESEILR D,

(X,0) Z2RTIEBBERMEL, m: X > X ZHFRSABHEET S, Gravert DEH
&h R'nO; ZHEERTHS. i, n OPINEE (o) 2 E ERT L, 7 ZAE
X\E — X\ {o} 285 R'r,0; DAEE {0} K&EEN, ZOA =21 C LH
BRRILTH S, (X,0) DEMEL p,(X,0) FRDEL ) ITEREIN S,

pe(X,0) = dimc(R'7m.O0%),.
COEIRRABHICL S AV EBRIS TS, BT X i3 Stein THB LT 5.
ZDLE, p(X,o0)=h'(Oz):=dimc H(O3) &% 5.

2.1. Y17 )L & BAEK
E =,y B ZHWRAT E, NODBEET 5.

L:E:mg

veVY

DITEYA 7N E LS, SiuDEHIZLD X FOBEED H 13MA5. LidoT,
Di,D, € L % Dy > Dy >0 273746, BRLRERY H(O3z) - HY(Op,) &
HY(Op,) = HY(Op,) 325 TH 2. Grauert DHBEM LD, H5 Dy e L BHFLEL,
D > Dy 72 5Ep,(X,0) = h1(Op) DD DT E Db 5,

* T 990-8560 ILFEH/ANEIET—T H 4-12 (LIRS HUSEE LFETR

e-mail: okumaQe . yamagata-u.ac. jp
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2.2, 128 L BMEHK
K % X FOE¥RETF L3 2. Grauert-Riemenschneider D MEEHE & H XD52485 %
83,

0— HYX,0%(K)) = HY (X \ E,03(K)) = H5(X,04(K)) =0
W ERIZXD

H(X \ E, 0% (K))

Po(X.0) = H(O5) = Bp(O5(K) = dime =2 2= 2R

I(E) B A Bl D THEED v e VIS LT (K+Zk)-E, =0 £ %3 Zg € LQQ DL
T3, INEEFEEYA 7L E KL, (X, 0) 23 Gorenstein (Thb b, Oz\e(K) = Oz\g)
%6 ZgelL Th D, O)?(K) = Og(—ZK). ZnLE, Loz

H°(0%)
HO(OJ?(—ZK))

ERE D, ZORBUTENE, BMERRIFORVGEROSI2RL T3,

2.3. BEROMNB—I >0 ETST

X - X PRAORBRABELETS. Thbb, & E, 3EEREKTHD, BE
ZPFIN IR RICBOWTERARELTEY, 1 320 &) &2 T8 48
BABHETRNOLDTH S, ZHI—BWICHEEL, TXTOERMBMNIZR/NREW
E7u—7y7T52tchRons, ZDLE RESHEHESI7T LB, KE, %
HRIC, KM E,NE, # 0 2T 2 - >0HEMEZESLICHEEE, E, DHS
REB B2 LR g(E,) 27 x4 FELTHIST BTEAICHMLEZSDTHS, L
Do TC, T BRETH I(E) = (B, - E,) & g(E,) D¥F—% LR TH 3.

XiZoe X MERELDEHICC DHEAITHDIATNTWE LTS, S21cCn
ZoxHPDETEITHNIVER: ZLOREMETEHE, T:=XNS etk
BVIRTHSRETH D, oc X DEFER T Lo#icAMETH 3 2 ErmonTy
5. L% (Xo0)D) 7w, BREROMHEEEZIZDI VY IDILETHEEVZD,
OX =% LRELTE, ZDLETS=0X TH58, SRTHLSEE27 7 7%k
& (plumbed manifold) & L TEHBTE 2, EE, © & I 13 UERZH D (Neumann
(14]). LE&d>T, BENOMHAERLERIT 4213 T OFEROIETH S,

LOREFEY —HRETH27-0DFMEFE v KL T g(E,) =052 T KT
HHILTHD, T, YVBFEuY-HRETHEHDOEHIIE WEHEFERY —
HRETH>TI(E) BL_EP2T7—THBILTHS,

2.4. EEGA

X LORF DD, oL TD-E, >0 %W~ TLE DIIF7THELEVI.
RATH I(E) BAEHETH B 2,06, DELBFRT7%56 D>0ThH5.

2.4.1. BEXREHD 1 UTOHBE

Zmin % Artin OERY A 7NV ET D, Thbb, -DBR7IXEBHY A7V D >0
DHTRNDSDTH D, Zpin ERDEI BV A I AD67%25 1RSI, 2HWT

Py(X, 0) = dim¢
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HETzL8TEL 2 =E,, Z; = Zi1+ Ey,, Zi1- E,, > 0. ZOFES
T W(0g) — W(0z,_,) ZIBICRZ 2, BERYA 7 VOERER po(Zmin) =
Zmin - (K + Zpin) /2 + 1 ZRRERBHOMD HIZ Xk S0\, ZoOERZEAER L L
pi(X,0) ERT. p; BIMHEAEETHY, 0<ps < p, PRDILD. Artin 1& py =0
Ko p,=0,BBIERTLE EXIp, =1k p =1ERBIE8DD5,
Laufer |3 X HSR/AMEME, $ThbbR/NGEREBHD L E 2y = Zpin (2 HUIHHR
M) %25 (X,0) 1 Gorenstein Tpy(X,0) =1 TH5bZ &2 L7%, SST. Yau &
pr=1 L 2RRALFEHEEREE X, HBAS (X713 Laufer 5) & XidN 3
AFESIEEAL, p, BEASORX I UMTFIchs 2R L%, | BHEALETDH
3, Zx DY A7 NO L EFICIBATNOBAIL Zx 2k 3, HY [24] I2B W THEMSIO
B R RN 70k X L OBED I CREE A ERE B L T3, Némethi
[8] 13 Gorenstein J9HEARRRADY V7 PFEFER Y —READ L &, p, =1 277
L7, —# D Gorenstein FEMARFREDOBEICIX, | LHIERROLLCIULE L
TONE vy ZAVEARABE SN TS ([19). —H, &AL [26] & p; > 2 L2 B5E
ICHMS Zi W DY A I NDINREL, FOUDBEET B E T p, <p;+1 DD LD
ZERRLE, S B ZIEFEME EOEEOMKE (X e ThWAMKT) 3808
BRI ND L EmL, 2RUFREAGRICIGAL T Yau L HADOREZ —BAL
L7,

2.4.2. C* fEAZEFHOHZAE

(X,0) % good C*-action 22, T5, ZDLI BREAZEARBELLLV ),
ZOLERBEABN 77T 3EW, T42bb—20HED SV D9 D#HBHUT
WaiIcks, 7, Vv 7id Seifert ZRkAETH 2. Pinkham 377 74 VEBR%Z2 S
7 7 DHLICHIET 8 E, LOFBRBBRROET D 2T, H(Og (kD))
LFELE ZHUSED py(X,0) = Yo hH(Og, (kD)) 5565, b LH T HEAED
P—RETHIUS B =P THY, p, IUETERIZL S,

2.4.3. BERBHBEN S

X [24) IKBWT, HEIMERERORERBEN L R EIRRRNREZPLET ST
O—7y 7O > THRT2EE, RAT v 7Hhob L 2F8EREZAOTERME
FeRL: BHELZBAZHIRTS. (X,0) 2EHEE d OHBIARESR, RoeX D
=7y 7% X' 5 X L, X BIREE {z,... ) LR RVWETSE

m

+ ZPQ(X,, (L',;)

=1

d(d — 1)(d — 2)

pg(Xv O) = 6

DBRDIID, 2IT, (X)) BFEREADFERL T35,

HEKIRARZ KD 23 L TOREAFEE LT, MELL248EBE2 7u—7y 7OH0
2268 % % Hilbert B & Hilbert ZHHRDZE, 713710 Hilbert ZHADEHIH L
LTEHZBZE2BRTVE ([24,2.8]). £/, EDOARIZ filtered blowing up O#
W) ik h—fbEhns, AFBETFELTIARRZA»OEY FEHB TS,

3. BABEHDOILEAT
B cb Rz kI, BAEEORDITIIRRENAOER L T2 HEISU THRA T
H3. ITR, FII7TERLOBEENRTPDRTOHORAEE LT,
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PF, Vo273 BEEAEa—RETHE ERET S, LidoT, /97T LR
BATH I(B) BRAUEEEHS. 75 70600 L 2hh 5 HTOL 3BT
EVIHBEZBROIRT L, B 7 70EHARESICNET 377 76108
BZENHKSE, NRELTOARERICOWVWT, ZONEICEFAT 2 L5 AR
BoNIUS, 777 DREER pu(Znin) FIHIT BRELEZ 5137 THB.

3.1. AXDOH

E, zEEL, E-E, DEERT% F,....F, £3%. Gravert DE#H XY, & F,
RIEMBRSIC 70— TE3, UF, 270—¥20338% . X 5 X' L L,
=m(F) &35, ZITH (X, 5) $FEHOFEET.

m

c(X,v) ::pg(Xvo) - Zpg(lexi)
=1
L8L. E, F,... F, DELEBT2F oy 78EE2E UL, o(X,v)>0 &
KB EMbS, D (X,v) RKDB I EHREE 2508, ZhUuz—RRic i EE
Th3. MorODBOEEEELEZIREL2), IOBAORVWEERGE LY
DEIRDBDDPEVIRESLEL TL 3.
CORROEHEED S, ROMEZEZ 5 LIFHRTH 5.

B 3.1. ROFH 2T L) RRESEDIFIA C 2RO &,

(X,0) € C %613,

1 % v TRt LT ofX,v) ZEETRETH Y,

2. &K (X'z,) bC g7 3,

ﬁ@ﬂ%ﬁﬁ@%@ﬁﬁu?nfﬁéﬁe,:@;5&75xm@15ﬁ§ﬁ@%
AU, AR py(X,0) =c(X,v)+ Y, p( X' z;) ZEH T EIT XD, RMRNEE
TE 5,
3.2. Periodic constant
IIT, oX,v) D—oDEREEZS. X LOBMBORTEIC E, K8 2B
BItEoT74NV L —2a v 2ED, ZhhoAEEBLEL,

I, .= H(Og(-nE,)) C H(O%),  Gn:=I/Iny, G:=EPGCn.

n>0

KEAB G @ Hilbert 8% Hg(t) £ :
Hg(t) =Y (dimc G,)t".

n>0
EE 3.2. h(t) =Y, pait’ € C[[t]] Z2TEANREEKE T2, 5 ke NIHFEL,
SRl g DR n OHIERBIM Po(n) 145 LRET B, DL E, Py(n) OESE
BEBZRMTEI R EkDHEICKST—ETH S, ZDEHE periodic constant & &
W, pe(h) EET.
pc(Hg) WEE S L E, HED ke NIINLT, I, 2 HY(Oz(—nkE,)) ICHD#x
TG EARICBONLEE GO EHT L, pe(Hg) = pe(How) B D 3L,
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A 3.3. H2%HR p(t),q(t),r(t) € C[t] BHFEL T

h(t) = p(t) + rit) degr < degq

(t)’
LB L E, pe(h) BEED, pe(h) =p(1) TH3.
B 3.4. R=Clz,y,2], fER X d DEXRLHANL T H L

=

Huy(® = 0=/ =08, pelHnn) = (3) = dld = 1(d=2)/6

FE 3.5. HRALHE X' - X BSHEEINTH 2 L E, oX,v) = pe(He).
EBOEMLE D To L E G IFARER CRETHY, He 3HEHEHBEETH 5.
% 3.6. & (X' ;) BWHERRRNZ 6T py(X,0) =pc(Hg).

4. Splice quotient $f&£R
Z DT, splice quotient FFEEM (77 2C) OBlIcH s Z L 2BNT 5. 5l EH
g3 LALERERMS. Vo r L 3EHAEn Y —BRAE, X 3R/RERSMEYT
b5,

REATH I(E) BREETH 72056, Hic VIR LTE: - E; = -6, (j € V),
E}>0%W7-T Eec LeQWHEET S, d=|detI(E)| LB EdEf € L TH 5.
fe H(Oz)\ {0} DHF divg(f) DE KEZROWOZ (fle EET.

EEA4L 777 T OWEICNETIHNRET E Zend £ &5, £12&D end 25
DEAZRT E={E |(E-FE) E; =1}

£ E cEINL, 3 fie H(Oz) & X LOBWRT C; DL Tdivg(fi) =
d(E:+C), (fi)g=dE: 7% &%, X I3 end curve condition (ECC) Wiz § &\
). TDCRC-E=Ci-E;=1%#LTw»5

Splice quotient Ff#2 1% Neumann & Wahl I X > TEA I LK ([16], [17]). 2015
REXRFRROBEZRECBRLAODOTH Y, FHE T — VD splice type
ELONIRERXFRAIEZbDL L TERSI N, BARRRELOE»ICHAE
RIRFE SRR/ IMEFRIRF R 5 b splice quotient FFREMTH 2 ([20). o DBEwRL D
splice quotient FF RSN 77 72 EHT 2 EBRN LN T2 Z LK S 2 LIZEHE
ThH3.

Neumann & Wahl IZ & > TROREEIT /ST 5 ([18]. cf. [22])

EE 4.2. (X, 0) %% splice quotient R TH 57 DEHIIRNRRREMED ECC
T ETHD,

4.1. ZfIEHAK

Splice quotient R MDA pe(He) T »6FIRETE S, 2023570
HEEATS, L= ZE, H=L"/L £ B (H2H(S,Z) t7%5), KEK
5 BARICED NS pairing

exp(2ny/—1e)
_—

6: Hx L' - Q/Z o
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BHB, 6, IC&oT F@]E)f—iw#%ﬂj%iﬂ@ﬁ%i%l,, aww = —E* - E! LBE,

HFu — I Z H h E* v )6w-2

heH wey

EEDD, Hro(t) BT L v k> TEEDIARERTH S, a,, FEBREIZRS 2w
3, RO D 31D,
EE 4.3 ([21]). (X, 0) #* splice quotient FrR R 51, Hr,(t) = He(t) TH D,
1. pg(X,0) = pe(Hry) + 302, pe( X', 20),
2. % (X', x;) b Splice quotient RFRMTH 5,
TRk p, T 25 BERICHETE 3,

Splice quotient FfEHZD LIRL b DEEZX B,

EBE 44. M = Y o LxEf LB EEDOF A7V D e LM ICHL, 3
feHY Oz) BEELT (flp=D £ 3L E, X 1% weak end curve condition % i
ey v,

ECC 1% weak ECC 28 Z L db» 3,
FE 4.5. X B weak ECC %73 % 513,
1. py(X,0) = pc(Hg) + 302 po( X', 1)
2. % (X' x;) DER/INRBRAMBIHD wedk ECC Z2H7:¢

4.2. Casson FEEFEEZFD—MK1L

BB AROMEREIC I, p, DEZRD B Z EDSHIBIEADH 3. (X, 0) ¥ smooth-
ing#b2&L, F% Milnor 774 /X—¢F %, Hy(F,Z) D7~ 7 % Milnor 8¢ X
Cp tRYT, £, ZORF5E%E 0 LR T. Laufer, Durfee, Steenbrink DfEHR & 1,
Gorenstein RFE IR L TR D L2 ([6], [2], [23]).

p=12p, + Z3 + #V - b(8), o+8p,+Zp+#V =0. (4.1)

ZIT, Zh+#V IREAENEICL SR OHNAZRTH B, 2, Wik
B {f=0) IRLT,

DY LDODT, T BFondud p, BEHHETE S,
RDFHIE Neumann-Wahl @ Casson FERTFEE Vb ([15)).

(X,0) BEERXFERMT Z BRERY —KALSIEN =0/8.

ZZTAIE Y D Casson FEBETH S, (X,0) »° Brieskorn #EHIHI D% A 1d Fintushel-
Stern [3] 12 & D, Brieskorn 582X & ¥ X Neumann-Wahl & fiJ5 - #AK < A [4]
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& D ENLICEIRE ., 26 id Casson AEROMEREZHAVTWS, (4.1) &Y

FRXA=0/813

K? + #V
8

LAfETdH 5. Némethi Nicolaescu 1 Zhz—f{LL, Vv 7 0EHFER Y -

DFEICKRZ FREL 2 ([11)).

Q-Gorenstein FFE R 12X L TR Y L2,

Zi+#V
e
T 2T sw(X) &V ¥ 7 D Seiberg-Witten FERT T 226 EHFHFETE ([11]), & 2
FEROC—BRAID L Eid sw(X) = A PR IID, £, CORTHoONEZAERE
smoothability DIRE % LF & L % \>, Némethi-Nicolaescu 1327 7 7 2K splice
quotient FiR M2 &LV DDDOBAIC THEGEF L 7253 ([11), [12], [13], (9], [10]), %
DHBRBID RO o (7). LEdoT, EDXIBRERPINEZMITHER)
Z DRI B,

EIE 4.6. Splice quotient FF R UK L T Seiberg- Witten AEB PRI Y 2>, &K

IZ Casson AERTFEHHD 2.
IHEEMEROAR EXOARICED, BRI 7 72K 560 EINS. &

DEBIZEB VLTI, splice quotient FFRATH S Z LIHMREL &\,

EE 4.7 (Braun-Némethi [1]). &, Vi, Z2 % (X',z;) KNLTE, V, Z§ ERRRICE

HIbDETBE, RIBRY LD,

py(X,0) +sw(X) + 0,

2 m Z2 .
sw(Z) + ‘Z’f—;fk = — pe(Hry) + ; (sw(z,«) + —%#—V) .

ETRBRERBNE H(,Z) =0 2%/ X%\, EBE,  Casson AERTFRIZFHR
fRIRTH 5.

SE R
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negative definite plumbed 3-manifolds, J. Reine Angew. Math. 638 (2010), 189-208.

[2] A. H. Durfee, The signature of smoothings of complex surface singularities, Math. Ann.
232 (1978), no. 1, 85-98.

[3] R. Fintushel and R. J. Stern, Instanton homology of Seifert fibred homology three spheres,
Proc. London Math. Soc. (3) 61 (1990}, no. 1, 109-137.

[4] S. Fukuhara, Y. Matsumoto, and K. Sakamoto, Casson’s invariant of Seifert homology
3-spheres, Math. Ann. 287 (1990), no. 2, 275-285.

[5] Kazuhiro Konno, Chain-connected component decomposition of curves on surfaces, J.
Math. Soc. Japan 62 (2010), no. 2, 467-486.

[6] H. Laufer, On u for surface singularities, Several complex variables, Part 1, Proc. Sym-
pos. Pure Math., vol. 30, Amer. Math. Soc., Providence, R. I., 1977, pp. 45-49.

[7] 1. Luengo-Velasco, A. Melle-Herndndez, and A. Némethi, Links and analytic invariants
of superisolated singularities, J. Algebraic Geom. 14 (2005), no. 3, 543-565.

77-



[8]

(9]

(26]

[27]

A. Némethi, “Weakly” elliptic Gorenstein singularities of surfaces, Invent. Math. 137
(1999), no. 1, 145-167.

A Némethi, On the Ozsvdth-Szabé invariant of negative definite plumbed 3-manifolds,
Geom. Topol. 9 (2005), 991-1042 (electronic).

A. Némethi, Graded roots and singularities, Singularities in geometry and topology,
World Sci. Publ., Hackensack, NJ, 2007, pp. 394-463.

A. Némethi and L. I. Nicolaescu, Seiberg- Witten invariants and surface singularities,
Geom. Topol. 6 (2002), 269-328.

, Seiberg- Witten invariants and surface singularities, II. Singularities with good
C*-action, J. London Math. Soc. (2) 69 (2004), no. 3, 593-607.

, Seiberg- Witten invariants and surface singularities: splicings and cyclic covers,
Selecta Math. (N.S.) 11 (2005), no. 3-4, 399-451.

W. D. Neumann, A calculus for plumbing applied to the topology of complex surface
singularities and degenerating compler curves, Trans. Amer. Math. Soc. 268 (1981),
no. 2, 299-344.

W. D. Neumann and J. Wahl, Casson invariant of links of singularities, Comment.
Math. Helv. 65 (1990), 58-78.

, Complete intersection singularities of splice type as universal abelian covers,
Geom. Topol. 9 (2005), 699-755.

, Complex surface singularities with integral homology sphere links, Geom. Topol.
9 (2005), 757-811.

, The end curve theorem for normal complex surface singularities, J. Eur. Math.
Soc. (JEMS) 12 (2010), no. 2, 471-503.

T. Okuma, Numerical Gorenstein elliptic singularities, Math. Z. 249 (2005), 31-62.

, Universal abelian covers of certain surface singularities, Math. Ann. 334 (2006),
753-773.

, The geometric genus of splice-quotient singularities, Trans. Amer. Math. Soc.
360 (2008), 6643-6659.

, Another proof of the end curve theorem for normal surface singularities, J.
Math. Soc. Japan 62 (2010), 1-11.

J. Steenbrink, Mized Hodge structures associated with isolated singularities, Singulari-
ties, Part 2 (P. Orlik, ed.), Proc. Sympos. Pure Math., vol. 40, Amer. Math. Soc., 1983,
pp. 513-536.

M. Tomari, A py-formula and elliptic singularities, Publ. Res. Inst. Math. Sci. 21 (1985),
297-354.

M. Tomari and K.-i. Watanabe, Filtered rings, filtered blowing-ups and normal two-
dimensional singularities with “star-shaped” resolution, Publ. Res. Inst. Math. Sci. 25
(1989), 681-740.

T. Tomaru, On Gorenstein surface singularities with fundamental genus py > 2 which
satisfy some minimality conditions, Pacific J. Math. 170 (1995), no. 1, 271-295.
HEFE, 2RTERBERICOVWTO—D0OH =1, LR, #8, FRIORBEEML
FRoY—) HEE, 1996, pp. 144-165.

-78-












