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A Four Multiple Infinite Sum obtained by
Means of N- Fractional Calculus

Katsuyuki Nishimoto Descartes Press Co.
Abstract
In this article a four multiple infinite sum derived by means of N-fractional

calculus is reported. That is, the result below is reported for example.

Theorem 1. Let
k+m

M= M(a’ﬂ9y ;k, m) = (_ 1) [..al’i[:@m {_Y]mr(k— a+y —m) '
kl-m! Tk -a)

N (-1)"[-€],[m-06), T(k-m-n+e+y~-a)
- n Tk-m+y —a) '

K=K(a,y,0, £ ;k,m,n)

_ D L-pl BT -p-a) (a=m+n-k+a-f-y,)
L= L{u,a,b;k,m,n p) 1 T(-a) \  bmyte-m-n )
P-Plafy) = 2oZ a0 9 P) (g, py)i- a<e)
sinz (o + ) sinafy - o)

and
R=R(a,B,7.,8,€) = P(a,B.y)P(a-v,8,6), (Pa-y,d, e)l=A<wx).

(F(k—m-n+s+y —oz)l<oo

(k- a+y-m) oo
T(k-a) ] Tk-mty-a)
When o,f.v.0,¢c,u ¢Z;, , we have the following four-multiple infinite sums.
-] _ k myn+p
EM-K-L-{—C) /L) =Pa-y-£.y+&n)R.
k,m,n,p=0 \ Z \ Z—C
a-y-e-p

IFe+y-a-6)I(y-a~Pl'(p-a)(z-c¢
x (= ) .

Iy ~a-8)l'(—a-B)I(-0a)

where
(Te+y-a-8)/Ty -a-8), 1Ty -a-p)/I(-a-pA)] IiT(n~a)/T(-a)l< o

and
ID(u—-p-a)/T(-a)l<®, |I-c/zl<l, lz/lz-cl<l.
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Production of Some Fractional Differintegral
Equations in N- Fractional Calculus

Katsuyuki Nishimoto Descartes Press Co.

Abstract
In this article homogeneous fractional differintegral equations

1) - -'(1 14 )=o, ~b)=0),
@, -@-a +a(z—b) (a(z-b)=0)
o g
2) y— ca-g, | ——1 =0, ~b)+y #0),
‘pyAZ (p7+1 a (py a(z—b)+y) (a(z ) y
and nonhomogeneous ones
y +1 v:+y
3) @, — @, =(cosz),| (z-b)+ , ((z-b)=0),
Z_b z-b
.and
+2 Dy +2
4) (Pm'%u'y vo XD +2)

z=b 7 (z-b)’

YoeDr+2) o
(Z—b)z > ((4 b) = )7

= —(sin z)r(z -b)- (cosz),

are discussed in the field of N- fractional calculus; where

PEF={@;0=1g l<wo,yER}, (@=9¢(2))-
Particular solutions are given by
@ =e“(z-b)
to the equations 1) and 2), and
@ =(sinz)(z-b)
to the equations 3 ) and 4 ), respectively, without the consideration of the
arbitrary constants for integrations.






Notes on radius properties of
p-valently starlike functions

Yutaka Shimoda (Kinki University)
Neslihan Uyanik (Atatiirk University)
Shigeyoshi Owa (Kinki University)

Let A, be the class of functions f(z) of the form

f) =2+ 3 a2"  (p=1,23-)
n=p+1
which are analytic in the open unit disk U = {z € C : |z| < 1}. For f(z) € A,, we say
that f(z) € U,(N) if it satisfies 1) #0 (z € U) and

P

p_] 1 "
#(7m3)
flz) =
for some real A > 0.

When p = 1, Obradovi¢ and Ponnusamy [1] have introduced the class U;(X) of f(z)

which satisfy
(1 1Y
Z —_——
flz) =

<A (z€0)

<A (z€l).

This is equivalent to

2f'(z) ‘
-1 X (z€).
ep NEN Y
Thus, if A < 1, then f(z) satisfying
2 f(2)
—1ll<1 (€U
7GP et

is univalent in U by Ozaki and Nunokawa [2].
In the present talk, we write

2P S
A 1 _+_ Z bn Z"Ah
f(Z) n=p+1

for f(z) € A,. It follows that
bl = —Qp41 s b2 = agﬂ — Qp42 and bg = 2(},p+1(lp+2 — Qp43 — ag+1 .



Let S’ (a) be the subclass of A, consisting of all functions f(z) which satisty

I%(?é?)>a (z€U)

for some real o (0 £ o < p). Further, let Sf () be the subclass of S;(a) consisting of
f(z) with

2P

f(2)

=1+ f: bp2" P #£0

n=p+1

and ,
bn = |bn'€l(n—p)9 (” =p + 117 + 27p + 37 e )

Lemma 1 If f(z) € A, with

2P =
=1+ Y bs"P#0 (:€U)
f(2) St
satisfies
Y (n=p=1)(n—p-2)b.| A
n=p+3

for some real X > 0, then f(z) € U,(N).
Lemma 2 If f(z) € 5 (a) with

2P >
— =14+ b2 P #£0 (2 €U),
O el
then -
> ta-2bl Sp-a
n=p+1

Theorem 1 Let f(z) € §;,(a) (p—1Z a<p) andd € C (|§] < 1). Then 677 f(9)
belongs to the class Uy(A) for 0 < |8] < |6o(N)], where |0g| = |do(A)] is the smallest positive
root of the equation

3 / 2 p+2
191"y2(1 + 119] )Jp—a— Z (n+a—-p) = A\

(1—182)

n=p+1

References

[1] M. Obradové and S. Ponnusamy, Radius properties for subclasses of univalent func-
tions, Analysis 25(2005), 183 — 188

[2] S. Ozaki and M. Nunokawa, The Schwarzian derivative and univalent functions, Proc.
Amer. Math. Soc. 33(1972), 392 - 394



Sufficient conditions for
Strongly Carathéodory functions

Hitoshi Shiraishi (Kinki University)
Shigeyoshi Owa (Kinki University)

Let H[a,n] denote the class of functions p(z) of the form

o0

p(z):a+2(zkzk (71,21,2,3“..)

which are analytic in U, where a € C.
If p(z) € H[a,n| satisfies

arg{p(e)H < g (O<pS)

in U, then we say that p(z) is Strongly Carathéodory function of order p and written by
STP(u).
Also, let A, denote the class of functions

f(Z) =z+ a71+lzn+1 + an+23n+2 +... (Tl = 1, 2, 3, e )

that are analytic in the open unit disk U= {z € C: |z] < 1} and A = A,.
Further, let the class STS(u) of f(z) € A, be defined by

2f'(2)
fz)

and S* = STS(1). This class STS(u) was considered by Shiraishi and Owa [1].

Let f(z) and g(z) be analytic in U. Then f(z) is said to be subordinate to g(z) if
there exists an analytic function w(z) in U satisfying w(0) = 0, |w(z)| < 1 (¢ € U) and
f(z) = g(w(z)). We denote this subordination by

f(z) <g(z) (z€0).

Denote by Q the class of functions ¢(¢) that are analytic and injective on U\ E(g), where

S’TS(,u)z{f(z)eAn: arg <zu, U<u§1}

2

E(g) = {c € U - lim{a(2)) = oo},

and such that ¢'(¢) # 0 (¢ € OU \ E(q)).
Futher, let the subclass of @ for which ¢(0) = a be denoted by Q(a).

To proove our main results, we need the following lemma due to Miller and Mocanu [3].



Lemma 1 (Miller and Mocanu lemma).  Let ¢(¢) € Q(a) and let h(z) € H[a,n] with
h(z) # a. If h(2) £ q(C), then there exist points zg € U and (o € U \ E(q) for which

h(z0) = q(Co)

and
20h/(20) = moq' (o) (mznz21).

Applying Lemma 1, we derive

Theorem 1. Let
g:U—-C

with
A = inf{Re(g(z)) cosa — [Im(g(z))sinca|} > 0 (z € ) (1)

zel

for —g <a< g If p(z) € H[1,n] satisfies

Re(p(z) + g(2)zp'(2)) > L(((tosa + 2nA)sin® a — n*A? cos a) (z e,

2nA
then -
arg(p(:)}| < 5~ la|  (z€U)
. 2f'(z) yis s .
Putting p(z) = 8 =1+4na,12"+... (f(z) € A,) and SH=75~ |} in Theorem

1, we have

Corollary 1.  Let
g:U—-C

with
A=inf {Re(g(z)) sin gu — ’Im(g(z)) cosgp\} >0 (ze )

2€l

for0<pu < 1. If f(2) € A, satisfies

) PG () )
RC( OO (1 OREZD ))

((sin gu + 2nA> cos? g,u —n?A?sin gp) (z € U),

o1
2nA
then f(z) € STS(p).

References
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[2] I. H. Kim and N. E. Cho, Sufficient conditions for Carathéodory functions, Comput.
Math. Appl. 59(2010), 2067-2073.
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Some properties for certain class of
univalent functions

Kazuo Kuroki (Kinki University)
Toshio Hayami (Kinki University)
Neslihan Uyanik (Atatiirk University)
Shigeyoshi Owa (Kinki University)

For a positive integer n, let A,, denote the class of functions f(z) of the form
oC
f(z)=z2+ Z a2
k=n+1

which are analytic in the open unit disk U = {z cz € Cand |z] < 1}. In particular,
we write A; = A. The subclass of A consisting of all univalent functions f(z) in U is
denoted by S. In 1972, Ozaki and Nunokawa proved an univalence criterion for f(z) € A
as follows.

Lemma 1 If f(z) € A satisfies

fo’(z?
(f(2))*

then f(2) is univalent in U, which means that f(z) € S.

1| <1 (z € U),

Further, let 7, (i) be the class of functions f(z) € A, which satisfy the incquality

2f(2)
(f(z))

for some real number g with 0 < g £ 1. According to Lemma 1, it is clear that T, (i) C S.

1l <p (- €eU)

A function f(z) € A is said to be starlike of order « in U if it satisfies
2 '(Z))
Re >« (z € )
( f(z)

for some real number a with 0 £ a < 1. We denote by S*(a) the subclass of A consisting
of all functions f(z) which are starlike of order a in U.




In the present talk, we deduce several properties for f(z) € 7, as follows.

Theorem 1 If f(z) € 7, withn # 1, then

z

. 1
(7) m—1’<m (ZEU)

1

g 2f'(2) ~ (n=12=(m-1)/n-12-1]"
(i) R,e( e ) >0 for |z] <{ 5 }

1

)2+8—(n—1)2}"

(iid) Ref'(z) >0 for |2| < {(”_ Dyin = 14

Moreover, we discuss starlikeness of order « for f(z) € T, (u).

Theorem 2 If f(z) € A, with n 5 1 satisfies

2f(2) B (n—1)(1-a) ]
(f(2))* lr < NCES T STy (z € U)

for some real number o with 0 < a < 1, then f(z) € S*(a).

Remark 1  According to Theorem 2, the class 7,(u) is a subclass of S*(a) for

(n—1)(1—-a)
<
O<ns Vin—1+a?+(1—-a)2’

wheren #1and 0 £ a < 1.

References

[1] S. Ozaki and M. Nunokawa, The Schwarzian derivative and univalent functions, Proc.
Amer. Math. Soc. 33 (1972), 392-394.

[2] V. Singh, On a class of univalent functions, Internat. J. Math. Math. Sci. 23 (12)
(2000), 855-857.



Hypocycloid of n 4+ 1 cusps
harmonic function

Toshio Hayami (Kinki University)
Shigeyoshi Owa (Kinki University)

For holomorphic functions f(z) and g(z) in a simply connected domain D, a complex-
valued harmonic function h(z) is given by h(z) = f(z)+g(z). The theory and applications
of harmonic mappings were discussed by Duren [1]. Then, Mocanu [3] has shown the

following result for the univalence of harmonic functions.

Remark 1 Let f(z) and g(z) be holomorphic functions in a domain D. If the
function f(z) is convex in D and

') <If(2)]  (zeD),

then the harmonic function h(z) = f(z) + ¢g(z) is univalent and sense preserving in D.

In fact, for holomorphic functions
1
fY=2z and g(z)= ;z" (n=2,3,4,---)

in the open unit disk U = {z € C : |z] < 1}, considering the harmonic function h(z) given
by

M) = f(2) + 90 = 2 + =

n

z,

it is clear that f(z) = 2z is convex in U, |¢'(z)| < |f'(2)] (z € U) and h(z) is univalent and
sense preserving in U. This harmonic function h(z) satisfies

Re (%?i—?) >0 (z € U)

where

Oh(z)
0z oz

which means that h(z) is also starlike in U (see, [2]). Furthermore, it is well-known that

h(z) maps U onto the region inside a hypocycloid of n + 1 cusps (for detail, [1, p. 115]).

Dh(z) ==z

In the present talk, we discuss the condition for harmonic functions h(z) to be univalent
and sense preserving in U, and to map U onto the region inside a hypocycloid of n + 1
cusps.

-11-



Theorem 1 Let f(z) be holomorphic in the closed unit disk U. with f'(z) # 0 for
all 2 € U and let

F(t) = (n+ 1)t + 2arg(f'(e")) (—rSt<m), n=234, .

If for cach k € K = {0,£1,42,--- & [“2]} where [ | denote the Gauss symbol. the
equation

F(t) = 2kn

has at most a single root in [—m,m) and for any k € K there exist exactly (n + 1) such
roots in [—m,m), then the harmonic function

h(z) = f(2) +9(2)

with ¢'(z) = 2" f'(2) is univalent in U, sense preserving and the image of U by h(z) is
a hypocycloid of n +1 cusps.

1
Example 1 Let f(z) = z + 833. Then, f(z) satisfies the condition of Theorem 1
1 1
with n = 3. Therefore, the harmonic function h(z) = z + =23 + =z + EZS is univalent

in U, sense preserving and the image of U by h(z) is a hypocycloid of four cusps.

References
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An application of convolution integral

Junichi Nishiwaki (Setsunan University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form

that arc analytic in the open unit disk U = {z € C : |z| < 1}. A function f(z) € A is
said to be starlike of order « in U if it satisfies

Re (ZJ{(IS)) e (zel)

for some a (0 £ a < 1). The class of starlike functions f(z) of order a is denoted by
S*(a) and §*(0) = §*.

Lemma 1 if f(z) € A satisfies the following coefficient inequality:

oo

Z(n —a)la,| £ 1 -«

n=2
for some a (0 £ a < 0), then f(z) € S*.

We define the subclass 7*(a) of 8*(a) consisting of functions f(z) which satisfy the
coefficient incquality (1.1).
For functions f;(z) € A (j = 1,2) given by

fi(z) =2+ Zan,jz" (z €U),
n=2
the Hadamard product (or convolution) of fi(z) and fa(z) is defined by

(fl * f2)(2) =z+ Z an,lan,gz".

n=2
Furthemore, We also define the convolution integral of fi(z) and fa(z) below:

henE) = [ L0 5tz

t n

n=

In our present investigation, we aim at presenting some interesting application of con-
volution integral. For functions f;(z) € A (j =1.2,--- .m) given by

13-



fi(z)=z+ Zan,jz" (z € U),
Bernardi integral is defined by

mwwﬁf%/fMVMﬂ (em > —1).
0

2Cm

and by making use of above operator, we consider the new application of convolurion
integral operator as following:

(BB = 2 [T o 2 [ e

~C1

1 +c 1 + n
+Z 1 )an,lan;z .

~ (n+ c1)(n + c2)
Hence we see the application of convolution integral of f1(z). fa(2), - -+ and f,,,(z) below:
]- 1 “7” z Cory, — r
(Brs-ex B)(2) = *‘{/tq*ﬂ>m* e [eiar
2¢ zem o
For functions f;(z) € A (j = 1,2,- , the familiar Holder-type inequality assumes
the form N
s t
> (Hmmn) <[ ()"
n=2 \y=1 7=1 \n=2
m 1
where p; > 1 (5 =1,2,3,- yand > — 2 1.
=i
Theorem 1 If f;(z) € T*(a;) for each j = 1,2,--- ,m, then (By * ---* By,) € T*(53)
with "
[T(1-a)(1+¢)
B=1- !
H1(2 —a)(2+¢) - Hl(l —a;)(1+¢j)
j= =
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COEETIE, (THIORNSHEAE w2854 L L T, THID AR b Vg
X ORI EICR S, X5, (THORIEESERDHEEZ L H 4
KT 370, BUMNEESTHABRM L IRMIGIRE L & BT, BNEESEA 2
By 2REAREL TV,

ARETIE, 2o DIFFRRBICEDE, fTHlOFR/INEESEABR 2 VT, 17
FIOBHE R b LENRMGIE T 2HEZRET 3.

T A%, BEEZERICL O RIEATIIE L, EZHBAATIET 5. ADFHE
IR x4\ BRROE T, BB LOMKNRARDEZ2H 0L HOKDTHEHD
ET 5.

xa(A) = AN fo(N)™ fu(A)™ fo(A)™. (1)

ARTIRET2HEOHMNIE, X (1) 05 28T f,(\) (1 <p<g)lcxtl,
fol@) =0 2 AT AOBEEMEN = BT 2EAN7 PV ERDLIETHD.
B, ARTIE, m,=1, Thbt, HEHT2EAHEOEEEIZ 1 LIKET 5 (I
FKOEE 2] DL I, xa ZEDFRITH 2 LHEIZ20).

S f,(0) KR L, HER G, (2,y) & Uy(2,y) = (fp(2) - )/ (@ —y) TE
KT D, U, (r,y) BREBRICBSEAUCK S Z LITERET 3.

e; =0,....0,1,0,.... 0)%, FiWIN1LIZHF L wvwn REERT PV ET S,
ADF jIDRNHEESER 14,(\) 1, A TT7 L {P(\) | P(A)e; = 0} DE
v I BAERILE LTERINDS. 22T, ma,(N) 1 f,(0) ZRFICH D LKE

X—7—F 1 LYY b, BT, AR VR, RN RS A
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L, maj(A) = f(A) gip(0) ERT (T DB, g;,(A) 13 fo(A) BIAD 74 ;(N) DI
TOMETH ).

CDEE, UTOGEHRD IO,
W 1. xa()), (N, Uy(z,y), ma;(N) Z LEETEZONSEEFHALT S, 20
LE HIRT P p(N) %

p(A) = Up(A, AE)g;(A)e;

KL TEDD L, fo(a) =0% BT ADEEMEN = a L, FIRZT PV p(a)
F3
A pla) =a pa),

ZHRET. Thbb pla) 13 A DEEME A= BT ZEERZ FLTHE. O

T, ARoBEE TR, RPN ESHARBE AV TEGI~ 7 PAERZT).
ko T, B2 R/IMNEESHABRD, EBRICRMNEESTHATH S 2 L 21
BY BEND 5. ARTRETS 2 RN RSFABHE M2 EH <2 b Vi
Bk, LTofiuciz s,

1. [BBEARY MVEEOHE) FHL TV 2 ADBEIFEN = o, ADE jHIOK
INEELB AR PN = f,(\) gj,(0) exfL

pla) = V(A aE) gj,(A) e; (2)
ZERT 5.

2. [(BUNEEBBRIADF v 7] P;(\) BADHE jIORNMNEESHAIZ L 5 H
EVaF v 735 BAERMICE

Pi(A) e; = [,(A) g;»(A) ;= 0 (3)
MDD L 2 MDD 5.

REHEORBO—21%, BHENZ PV BROGIEZ KT, 51 EH TR
HESHRDF 29y 7 2fToT03 2L THS. Z4ud, X (2) DV, (A F) %
Horner 5 CEHET 5 L, X 5IC1 AT v 7® Horner IEOFHE T, R (3) D f,(A)
DEPNDHEICHE DL EBOEETIE, K (2), (3) DEMEIZEBWT, 1751 - X
7 PO HorneriE#HWE Z LIZ& D, Sk 25MEOMBEAZK > T 5,

SE R

(1) MEE - #OEREZGEZL Y ALY b OB LTI D 2R Y b L3R,
Computer Algebra — Design of Algorithms, Implementations and Applications,
BRBEHTIR LR ZEER. ST A BOBBRTITZERT, 2010, AR

(2] MISHE—, MK, LY ARy F2HWEERERY FLVEFE. Computer Algebra

Design of Algorithms, Implementations and Applications, BORBNTHFICHTHEY
%, 55 1666 %, pp. 57-64. 5UELKFBIRMHTHIZLIN, October 2009.



Representing and interpolating sequences
on parabolic Bloch type spaces

ZI N (BREE - —BFR)
I e (R RK - 3F)

H#%n+1XtE2—7Yy FEER (n>1) D EEERET S, Thbb
H:={(z,t) = (21,...,0n,t) ER™MLz e Rt >0} £T 5, 0<a <1IIHNL,
LW =8 + (=A,)" Y43, 2T, 6 = 0/01‘ 0, =0/0x; A, =02+ +0?2
B iclT27 7970 THDB, £, H Lot u 25 L) AICH 2
g, BEBOBRT LOu=02Lt82LER ),

m(a) == min{l,1/(2a)}, o > —m(a) XL, B Bloch type ZE[H B, (o)
ERDELIICEERT %,

Ba(0) := {u e C*(H) | uld L'-FM, ||u||s, ) < oo}

(y
(A

lulls, @) = |u(0. 1) + sup #7 {timu(m,m + tl@,u(z.t)!}
(xt)yeH

BXUOV,=(0, .0, Ths, ¥,
B, (o) := {u € By(0) | u(0,1) = 0}

7%, FRZ, a=1/2220=0D,Z, B,(0 )li FH1 Bloch Z2filic 72 5
EDihipoTw 5, PR Bloch type 22/ B, (0) 1, 2] ICBWTHAIN, C
DHFLT I NS DEFDHARR L EE IOV THIE énto

£, LRI CBOTREINAFHEARIIODVLTRRE Z EIZL &), #@wX
2] TI&, &b - BOEHBOBEARBERSN TV SA, T I TRERAGAIC
OWTHETRRS, £F, W(z,t) % L@ OERBELE T2, £/, No=NU{0}
B keNy &ET3, ZDLE, X =(z.1),Y =(y,s) € HITHL,

WE(XY) = W@ty 8) = (O WO @ =yt 4 5) — (=0 W) (—y, 1+ 5)

EEL LTS, £, BB O<a <1, 0> -mla), BLXU ke Ny
k>0%2H&TET5,

B, (o) lo 81} B HAELAR
LTD ue Bylo) XL, BUTFHHILT %,

u(z,t) = el

/d,u(y s)wh(x, tiy, s)skdV (y,s), (x,t) € H

T 2T, dV i3 H L0 Lebesgue KEMETH 5,



ki, ZoOBEEARD discrete version 21572\, T4 L atomic TR & i)
N LA EZBLVWEEZ, ZRODPHEONZHINEIZEDEL ) LR HDHMIC
WTHIR L 7o, UTTFEEAHERZERS, X = {X;} = {(z;,t;)} % Hd))éaﬁlJ
EL, () e IRL,

UK{A HX) ZA#*"‘”XX) XeH

EELIEICT D, 2T u e By(o) KL, {N} € 2 BHEELTuX) =
UK HX) EBI B, Thbb Ur: 0 — B,(o) H328 7% 5 1EH4 DT 2
AR D discrete version DMF SN EEZ B, Lo T, TDEILRIEDPKIS
FEICOVTERTVEL Y,

£9, Ur oBFREICOVWTHRoNAFEREZBXNS, ¥V = (y,8) € HB LY
0<d<1iENL, SNY)c H% oW cylinder £33, i, MY %
FLETHREDL I HRDDTH B, HA{X;} 23 a- RO ER T §-separated
THEH, SOX)NSIX)=0(i#j) kBEERVD, £, Byglo) %
15451 little Bloch type 22 (%, BT 248, B,(o) DIIEETHZ L
BEBELTEL) L, o= {{/\j} € % imj_oo Aj = 0} ET 5, TOEH
BXOEM 2, £ -BLETRONTHLZEEMRLTEL,

EFE 1.

Uk 2 0% = B,(0) BERDD UL D3¢y % Baolo) ~NET 7 dDMENI3 5
i, X=X,U UXy & X255 X, OBRMICOHTET, £R51X; 23 a-
PRI D FEK T S-separated &£ 2> TWBE 2 ETH 5,

RIZ, Uk 6* - B,(o) BeH E k27200 + 254218 -DT, ZhicD
WTIR 3B,

TERH 2,

FANER0< S <1IZDOVT, H=U;SX,)THY, 1D0<e < s
BIE LT {X;) 25 a- R D K C e-separated 72 518, TP u € B,(o) i3
L, {\} € BFEL T u(X) = UK\ HX) £ B3, ThbbRAOKT 2
FAEXRD discrete version HBEFSND, TDEE, I5IKETD ue Byglo) 2
MU, {N}EcDPERELTu(X)=UNNHX) B2 ELHIL TS
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Notes to the defect relation of holomorphic curves

P %

1. Introduction (a) Let f = [f1, . fut1] be a holomorphic curve from C' into
P"(C) with a reduced representation

(f1, :f71+1) : C — Cn+1\{0},

where n is a positive integer. We suppose that f is linearly non-degenerate
over C and transcendental. Let T'(r, f) be its characteristic function and for
a= (a1, .au41)€ C"t — {0}, weput (a,f) =aifi+  + any1fus1 and we
use the notations N(r,a, f), N, (r,a, f),6(a, ) and é,(a, f) as usual. Let S(r, f)
be any quantity satisfying

S(r,f)=o(T(r.f)) (r—oc; r¢E),

where E is a subset of (0, 00) of finite lincar measure.
(b) Let X be a subset of C"*'\ {0} in N—subgeneral position satisfying
#X > 2N —n+ 1, where N is an integer such that N > n.

Defect Relation. Y gcx dn(a, f) <2N —n+ 1. (1)

We are interested in a holomorphic curve f for which the equality holds in
(1). Let X' = {a € X | d,(a, f) = 1}. Then, X' <2N —n + 1.

For any non-empty, finite subset S of X, we denote by d(S) the dimension of
the subspace generated by elements of S.

Theorem A. Suppose that the equality holds in (1). Then, we have the

following results.
(I) ([1,Theorem 3.2]) If d(X!) = n+ 1. then #X' = 2N —n+ 1.
(I1) ([3.Theorem 6.1]) If (i) N > n =2m (m € N) and (ii) d(X') < n, then

#X'=d(X")+ N —n.

In this talk we consider the set X with an additional condition:
Condition A. For any a,b € X, a # ¢b (c€ C).
We denote by X, the set X satisfying Condition A. We put

X!'={a€X,|da f)=1}

The purpose of this talk is to estimate the defect relation for some holomorphic
curves and #X etc.
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2. Results
I. When N > n = 2, we have the defect relation

zaGXU 62(0, f) < 2N — 5/4(: 2N —n+1-— 1/2n|n:2).
II. For n > 3, there are a transcendental holomorphic curve f linearly non-

degenerate over C and a set X, such that Y qcx, d(a, f) =2N —n + 1.

III. Let My = {¢ | meromorphic in |z| < oo; T(r,¢) = S(r, f)}. If fis
linearly non-degenerate over My, then we have the followings:
(a) #X! <n+1. (b) Forany a;. a2 € X,,

limsup, _ (X057 No(r,ay, ) /T(r. f) > 0.
(¢) When N >n=2m (m > 2), Yagex, onla, f) <2N —n+ 1.
IV. Let P, = {a € X, | (a, f) has at most a finite number of zeros}. If f is

linearly non-degenerate over C(z), then we have the followings:
(a) #P, <n+1. (b) For any a;. .a,42 € X,

lim, .o (X077 No(r. @y, f)/ logr = 0.
V. For @ € C™"' \ {0} with multiplicity u we put
inla. f) = (1= n/p)* =1 - n/ max(s, n),
where p is the multiplicity of the zeros of (a, f) (see [2]) and we set
M!={a€ X, | pn(a,f)=1}.

Then, we have the followings:

(a) #M} <n+1. (b) For any @1. ,a,42 € X,, at least one of (a;. f)
(=1, ,n+2) has zeros.

(c) Suppose that d(X!) > 1 and that N > n > 3. Then,

Yaex, bnla, f) <2N —n+1.
(d) Suppose that N > n = 2m (m > 2). Then,

Zaexo ﬂ"(a, f) < 21’\(r —-n—+ 1
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AR BEIZBI T 5 length spectrum O

HEEIZDOWT
BAREL (N esak e BT i 7E AT )

9, H = {z+yv/—1|y > 0} 2EF LA VH, T 2 SLy(R) DEEHGTRSY
BT, MET3)—<rvHEI\H OBRBEVPHRTH L LI LbDET S, RIC,
Hmﬂj%F@%&ﬂ@%%@ﬁ@%ékL,ﬂ@):{wﬂverMUL
mp(t) = #{y € Prim(I") | try =t} £ B, ZDEE, tryldy e Prim( ) ISR
?5NHh@?ﬂﬂﬁ@Eé%%wfbébéhémf {(t, mr(t)) hemr 13
\H £ length spectrum & A—HI N5, Z4ud, V- YHOFHOT v
dhT, EEAEWRE DL, HEC, 200K 22U koary s Y —<2 vl
IR LT, length spectrum 25T 5L E, 77757 YDART FHi—
T2 EWAMBTH L EPRMENTV S [4].

XC, EBEEmr()ICRL T, EARTIINLTD {(mr(t)} FEERTH S
Z 6], mp(t) DHIAS

dt r?

t Nl 2 = ~ ‘
Z mF( ) l(l ) /2 log t 2logx

teTr(I) t<z

EVLIOBAERZ Lo (BT, 3)%L) BbhroTws, £, I'H
¥Ea (arithmetic) TH 3 & E ik

#{te il t <z} <3Jar as x— o0

T, EEE me(t) D IS T BRKED Jeot/logt 1HE L, T D3FEEGRRY (non-
arithmetic) 7 & 213,

#{teDl t<z}>zr as x— 00

T, BHEHEmr(t) OBKEZ t/logt X D BAENITNIVEEFZ SN TV 575,
DT, EREEGEFRGEo TR,

A TIE, THSL(Z) DRI TH 258D mr(t) DMREZFHR 5.
IOEHIBTICHLT, Til & Zoy DEAEET, mp(t) BEMIAEMIC
—RIEROEEEREZ OB TES (8.2 kYY) Lo, DT EHAT,
length spectrum 23 & { b2 T % BATH S LA 5, FFUZ, Bogomolny-
Leyvraz-Schmit [1] 1, T = SLy(Z) DHEITRD & ) w#EARZH 72,

9 g
Z stz (1) ~ céL)Q(Z)hg(x”‘) as I — 0o,
teTr(SL2(Z)) t<x

AW RS R B E T (B) 20740027 DBIEERZ T b DTH 5,
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*—7—F :J—=< M, length spectrum, [EFBTEE
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ZIT, li(x) = [ (logt)%dt, cf 5 > 0RFEBICBT 55 MDA 17—
T‘?Eiﬂif?%%%ﬂl’(%%. EiL, _wvﬁﬁaﬁﬁ BY9 2 [1] OFEAIZ, BFRIIZIE
B TRV, DBIC Peter [BlIC& > THITEI N TV 2, 2oz,
7mh@U®TﬁmaﬁkE# BEBXZt/logt{ 50THD, t/logt LDTNH
Iﬁlﬁ@f—f‘ﬁcﬁz(z) IHoS5bNTwBEVWZLSE, MAT, W‘ﬁ(g @) i, Rudnick
[Mick>THEA SN, T7TILTYDRALY FLOBHICHTsARICHEH
N3 Eho, AROEEARZINE - —RILL, ZOREEHTRNICHSHT
i, HETHL LR S,

ARETE, 1] EPliIck>THBONAEIDE I R 2EAICET 28R %Z, T
BOE 27 —BOGREIEEICNL T, RDL IR TELDT, ZOHE
E77u—FOEHFIIOOTHRET 5.

Eﬁ.riaﬂmméﬁ%ﬁﬁ,kzl%%&&i%.:m&%,&ﬁmbﬁq
Wl(ﬂk)(:zt) = Z mr ()" ~ 11 (z* ).

3<t<a

2T, ligla) = [logt) *dt TH D, Fi, HEZ, EARBIRED(n) &

#{v € I'T(n)/T(n) | try = § mod n}

ar(d:n) = #I'T(n)/T(n)

ZRHGTU IO L) ICHBTE .

k . N
o =[] limp' D ar(e:p))

P 0<6<pl—1
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Compact non-orientable surfaces of
genus 5 with extremal metric discs

Gou Nakamura (Aichi Institute of Technology)

A compact non-orientable surface S of genus g 2 3 has the unit disc D as its
universal covering surface, where genus g means the number of cross caps. The
hyperbolic metric on S is the one induced by the hyperbolic metric on I. In
[1] C. Bavard showed that if a disc of hyperbolic radins r > 0 is isometrically
embedded in S, then r satisfies the inequality

L (1)

coshr < 5a
sin 5=

where y, denotes the Euler characteristic, that is, x, = 2 — g. (It is also shown
in [1] that the inequality (1) holds for orientable ones of genus g > 2 (the number
of hundles). Compact surfaces containing a disc of the largest possible radius for
its genus are called extremal surfaces, and the disc is also said to be extremal.

Our problem is to find non-orientable extremal surfaces containing more than
one extremal disc. Previous research revealed that non-orientable extremal sur-
faces of genus greater than 6 contain a unique extremal disc ([2]) and that those
of genus 3 or 4 contain at most two extremal discs ([2]. [3]). The purpose of this
talk is to report on the case of genus 5.

Theorem. There exist 3627 non-orientable extremal surfaces of genus 5. They
contain at most two extremal discs, and 17 of them contain exactly two extremal
discs. For these 17 surfaces, the center of an extremal disc and the group of
automorphisms are listed in Table 1, where 7 denotes the projection from D onto
each surface.

To represent the centers in Table 1, we adopt the fundamental region as the
regular 24-gon centrally located in D such that the arguments of vertices are
2k —Dm/24, k=1,...,24.

Surface | Centers of extremal discs l Aut® |
1-V2+(V/2—V3-2)i

51 ’/T(()), ’/T(———'—"\/m ) ZQ

Sg. 53, 54, S5 71'(0), W(Mjﬂ Z) ZQ X Z2

56-, ST, Ssﬁ 59 71'(0), W( \/Qﬁ_ﬁ_1+i\/2ﬂ+ﬂ+l) Ly x ZZ

24/V6+V3+1
‘ VAV B-2(y/ 22— VB- 14iy/2v2+VE+1)
S1o- S, S12. Si3 W(O)-, W( 1/ VI ]) ) Lo X iy

Sia. Si5. Sie. Siz | 7(0). W(l—}%;zl) Zy x Lo

Table 1: 17 surfaces
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Example. Figure 1 shows a fundamental region of a non-orientable extremal
surface S; of genus 5 containing two extremal discs. Lines (resp. dotted lines) in-
dicate side-pairings by orientation-preserving (resp. reversing) mappings; bullets
(e) denote the points to be the center of an extremal disc.

131

'47/

-

Figure 1: P, is a fundamental region of S,
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Thurston 2 ¥ 237 MULDERXILTD
SEIR A RE

IR PR (B ACHR )+
Matthieu Gendulphe (Fribourg K7%)*?

1. Thurston A /%Y MEDBRRTTTDRIZFEE

FED (g.n) BOMEHN LY —< v R LORMEAMMAROR S T TEFR
FEEICHWIUE, RDY A b S aF7—2M T(R) 2 BEXIUHE R ICHOIAL
TENTE, AR Mok D, - HMPHRBR & ORI R TE
FREE IV UL, R _EOSHERRIE M ERE %M PMF(R) %A U #ERT
EEEMICHEORAL Z EBTE, RIEB L) EYA LT 272 T(R) DBD
BRI KT 52 EBHSNTWS (Thurston 2287 MM & Thurston HER :
1Z2R), 2o7at A2 HRRTCHPEMTERTE 200 L LI ERDH Y,
Z 4k ad—20E EHLRITOERXICEFE2EM T Thurston 2 287 MEAS
EETEZ L) FREBH 2 ([2), SENINE [T AR 2L 3 o 2 .
Thbbt 3 OOHEFROERMOELEIC Z OREZERL 7.

2. [E T AROTHELEN 3 OHEE =3
v, hoWEEEE 1 OBEEL, 20t X LT 5,

Proposition 1. X —o 251 DNRZBE F— 7 AI2% 5 &9 %, HMPHABR o 23
TR 1OFET S,

Proposition 2. v % ¢ £ %% 2 X LOHMPANMMIRE T 5,
1.y DAIEMTARELR S I yNno = 0.
2.y DAEMFIATRELR SIE, yno 131 HES,
3. o LR35 X LOBMPARHER v 237272 1 DFEL T ynNy =0 220,
vk A BHEDOREMFTERED, COLIE A By DIF LT,

Definition 1. X Lo X ff1F algE 7% 3 2 0 BRI (o, 3,) 23 ZMAF T
HoHEIF. ZRNFTNOEMANKREEBTRTITHEILET S,

Theorem 1. (o, 3,7) % £; EDOEMF, o 8.7 Z2Z0ZEN o, [,y DB E
T 5,

1. ROERIZ Teich(T3) 56 P(RY) ~DHEDIAZZHZ 5,
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2. ZDBIIRATERINDHFICL S,

A= {(a:b:c-:d)eP(R4) | b+c>a, c+a>b, a+b>cax1dd>0}.

3. ROEHIE PMF(S;) 6 P(RY) ~OHOIAAER LR D, ZO/RIE A D
BRI T 3,

I:PMF(¥;) — P(RY
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CONJUGATION OF UNIFORMLY L2-SYMMETRIC
HOMEOMORPHISMS TO FUCHSIAN GROUPS

KATSUHIKO MATSUZAKI
DEPARTMENT OF MATHEMATICS, SCHOOL OF EDUCATION
WASEDA UNIVERSITY

Let D be the unit disk and S' = 9D its boundary. A homeomorphism g : S' — S!
is called quasisymmetric if g is the boundary extension of some quasiconformal
homecomorphism ¢ : D — D. As an equivalent characterization, g is quasisymmetric
if and only if there is a constant M > 1 such that

1 T +t)— glx

J— S mg(x.’ t) = M S M

M g9(x) —g(z —1)

for every z € S' = R/Z and t > 0, where g(x +t) — g(z) and g(z) — g(x —t) arc well
defined to be a positive real number. We denote the group of all quasisymmetric
homeomorphisins of S* onto S* by QS(S?). For each g € QS(S?), we define

o T4 (1]l
K(g) = inf -— "=,
91— |luglle
where pg(z) = 09(2)/0§(z) is the complex dilatation of the quasiconformal homeo-

morphism ¢ of lD) and the infimum is taken over all such extension g of g.

A homeomorphism ¢ : S' — S* is called symmetric if g is the boundary extension
of some asymptotically conformal homeomorphism § of D onto D). Here g is called
asymptotically conformal if the complex dilatation uz(z) vanishes at the boundary
S, which means that lim,_; ess. supy, s, [#5(2)] = 0. Then g is symmetric if and
only if there exists a positive function e(t) of ¢ > 0 with lim;_oe(t) = 0 such that
{1+e(t)}™' < my(x,t) < 1+e(t) for every x € S*. A subgroup of QS(S') consisting
of all symmetric homeomorphisms is denoted by Sym(S').

A homeomorphism g : S' — S' is called L?-symmetric if g is the boundary
extension of some quasiconformal homeomorphism § of I onto D such that

|mm—/wq (=drdy < oo,

where p(z) rbolic metric on D. We set ko(g) = infy ||pgll2. It is known
that any L2-symmetric homeomorphism is symmetric and the set Sym,(S') of all
L2?-symmetric homeomorphisms constitutes a subgroup of Sym(S?) (Cui [1]).

We consider a discrete subgroup G of QS(S') in the compact-open topology. If
K(g) is uniformly bounded for every g € G, then we say that G is a quasisymmetric
group. Morcover, when every element g of a quasisymmetric group G belongs to
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Sym(S'), we say that G is a symmetric group. In addition, if k(g) is uniformly
bounded for every g € G. we say that G is a uniformly L?-symmetric group. A
fundamental result concerning the conjugation of quasisymmetric groups is the fol-
lowing, which is due to Markovic [2].

Theorem 1. Every quasisymmetric group G is conjugate to a Fuchsian group by a
quasisymmetric homeomorphism of S'.

On the other hand, an analogous fact does not hold for symmetric groups [3].

Proposition 2. A symmetric group G is not necessarily conjugate to a Fuchsian
group by a symmetric homeomorphism of S'.

In this talk, we consider what additional condition to a symmetric group G gives
the conjugation to a Fuchsian group by a symmetric homeomorphism, and develop
certain results for uniformly L2-symmetric groups.

Navas [4] proved that, for a symmetric group G, if every element of G is of
C?® smoothness and satisfies a certain uniform boundedness condition. then G is
conjugate to a Fuchsian group by a C?-diffeomorphism of S?. We apply our results
to a study of symmetric groups of C'** for a > 1/2.

REFERENCES

[1] G. Cui, Integrably asymptotic affine homeomorphisms of the circle and Teichmiiller spaces,
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[3] K. Matsuzaki, Symmetric groups that are not the symmetric conjugates of Fuchsian groups,
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Soc., 2010.

[4] A. Navas, On uniformly quasisymmetric groups of circle diffeomorphisms, Ann. Acad. Sci.
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On the number of holomorphic families
of Riemann surfaces
Al R ELKEI)”

1. Introduction & & V' #{&
X 2 THRBRRY) —< VA& TS, BERIA—FEHET S (gn)B) —
< YD JFAFIEHE B % holomorphic families DEEUZ AR TH 5 Z LA SN
T3, (EL29-2+n>08F5.) AHBEHTIE, ZOMBE BOHTE
TR L AR WG 5.
I AL 27— LIAATEIR ). ZOLHDEMEZBRNS.
(M.7. X) %) —=ViliX £ (g,n)FD Y —= » D holomorphic family &3
5. Thbb, MIZ2RILEZRSHET, M — X ZIEMER T (2) BMERE
DzxeXT(gn) MOV —2VHAIKE>TVELDTHS, Lih>T, XDY
A7 5 FEEEHDS (g.n) D) —<2 VHIOY A £ 227 —%MT(g,n)
~NDOFHIFBO B IO X 2RIET 27 v 7 ABF Ty 2 6 EHHRE Mod(g, n) ~D
RO DL T,

B(v(2)) =0(1)(2(2)) (v €T'x.z €H)

PYKIZT 5. 613 holomorphic family @ monodromy &EMEEN S, S 51T (M. 7, X)
FRFEEWAE TUE, ORBIFERELD. BHEDkey IZBZDBLUTDOTOD
HETH 5.
Proposition 1.1 ([1]). (M;.m;, X) (j = 1.2) % X ED (g.n) DY —<= Y HD
D holomorphic families £ T 5. ZAZND monodromy % 61,0, £T 5. C
DEE(M.m.X) & (My, . X) % holomorphic families & L TRETSH %720
DB EMEIL 0, & 0,15 Mod(g,n) DI EIRER—ICHDLIETH B,
ROWELBRE - DICEEE -OHET 5.
Definition 1.1. 4G  Mod(g.n) LT, (g.n) B ) —2 i Lo H
WICE RO C = {1, . e} PEEL T, GOEEDOILIIHL T (%
FPE—2792ELT0) CHREIND EE, Gldreducible L), ZDEX) % C
DHEEL 20 e & Gldirreducible TH % £ ),
Proposition 1.2 ([2]). AATFEEAZ holomorphic family (M, 7w, X)L T, %
D monodromy § DIR O(T'x) C Mod(g,n) \& irreducible TH %,

AR L RHIFE (GREEF3:22340028) BN EZ T b DTH B,

¥ — 17— F : Holomorphic family of Riemann surface, Teichmiiller space
T 152-8551 #utHE B AL FaCLERENFERE LR
c-mail: shiga@math.titech.ac.jp
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2. Results

AFETIIUTORBAZHET 2.

Theorem 2.1. X % (p, k)Y —< v e L, ZOHEFEROTHREr >0&7
2%, X Lo (g,n) B0 —= EDREAIEABZ holomorphic families DIEEL
& Aexp{Br—C|logr|} A FTH L. TIICABCldp kg nilOMET SIE
BTH5.

S SRR RIG A I B2 AT IS EFE IR 2 .

Theorem 2.2. X 28 (1, 1) B’V —=vHiET5E, X ED(1,n) (n>0) D
1) —= YD holomorphic families DRI nA AT TH S, Z ZITA > 01d#xf
ERTH B,

EE BN

{1] Y. Imayoshi and H. Shiga, A niteness theorem for holomorphic families of Riemann
surfaces, in “Holomorphic Functions and Moduli IT1”, 11, Springer-Verlag New York
Berlin Heidelberg London Paris Tokyo, 207-219, 1988.

[2] H. Shiga, On the monodromies of holomorphic families of Riemann surfaces and
modular transformations, Math. Proc. Cambridge Philos. Soc. 122 (1997), 541 549.
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Holomorphic motions and monodromy

EE OB (RTAEIM
M. Beck (CUNY)
Y. P. Jiang (CUNY)
S. Mitra (CUNY)

1. Introduction

Let V be a connected complex manifold with a base point xg and E a closed
subset of the Riemann sphere. We always assuine that E contains 0,1 and co. A
map  : V x E — C is called a holomorphic motion of E over V if it satisfies the

following conditions :
1. @(xg, 2) = z for every z € E;
2. For any fixed z € E, ¢(, z) is a holomorphic function on V' ;
3. For any fixed z € V., ¢(x, ) is an injection on £.

A holomorphic motion ¢ is called normalized if ¢(x, ) fixes 0,1 and oo for any
x € V. In this talk, we assume that holomorphic motions arc normalized since it
does not lose generality.

One of the important problems of holomorphic motions is an extension problem,
that is, to find conditions for a holomorphic motion of E over V to be extended
to a holomorphic motion of the Riemann sphere over E. A celebrated theorem
of Slodkowski says that every holomorphic motion of E over the unit disk in the
complex plane is extended to a holomorphic motion of the Riemann sphere over
the unit disk, while there exist a simply connected higher dimensional manifold
V and a holomorphic motion over V' such that the holomorphic motion cannot
be extended to a holomorphic motion of the Riemann sphere. We consider the
problem in the case where V' is a Riemann surface.

2. Results

First, we introduce two definitions about a holomorphic motion .

Definition 2.1. For z € £ — 0,1.00, ¢( .z) is a holomorphic map from V to
X := C—-{0,1,00}. Thus. the map gives a homomorphism 7, from 7 (V) to
m(X). We call 7, the trace monodromy for z

AR L RHITE (BRRET:22340028) DB A ZIT -6 DTH B,
¥ —17 — F : Holomorphic motion
U 152-8551 HACERE BRI SRt N FhBE L7 ireht
e-mail: shiga@math.titech.ac. jp
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Definition 2.2. Suppose that E consists of n points. Then, a holomorphic
motion ¢ of E over a Riemann surface B gives a holomorphic family of Riemann
surfaces of type (0, n) over B and the holomorphic family defines a homomorphism
6 from m,(B) to Mod(0,n), the mapping class group of Riemann surfaces of type
(0,n). We call 8 the monodromy of the holomorphic motion.

It is not hard to sce that both the trace monodromy and the monodromy
of a holomorphic motion are trivial if the holomorphic motion is extended to a
holomorphic motion of the Riemann sphere. The problem we consider is whether
the converse is true or not. We present some answers to the problem.

Let K be an AB-removable compact subset of the unit disk A and put Ay =
A— K. The following theorem states that the triviality of the monodromy implies

the extendability of holomorphic families over Ay.

Theorem 2.1. A holomorphic motion ¢ of E over Ak is cxtended to a holomor-
phic motion of the Riemann sphere over Ay if and only if for any finite subset
E' of E, the monodromy of a holomorphic motion restricted ¢ to E' is trivial.

Next, we consider the case where the trace monodromy is trivial. 1f the com-
plement of E is not topologically simple, we may construct a counter example as

follows.

Theorem 2.2. Suppose that there exists a connected component of the comple-
ment of E such that it is neither simply connected nor conformally equivalent to
the punctured disk A*. Then, there cxists a holomorphic motion of E over A
such that it cannot be extended to a holomorphic motion of the Riemann sphere

over A* while the trace monodromy 7, is trivial for any z in E.

Finally, we show that every holomorphic motion of F can be extended if the

complement, of E' is topologically simple.

Theorem 2.3. If every connected component of the complement of E is either
simply connected or conformally equivalent to the punctured disk. then cvery holo-
morphic motion of E over Ay is extended to a holomorphic motion of the Ric-

mann sphere over Ag.

EEB G

[1] S. Mitra and H. Shiga, Extensions of holomorphic motions and holomorphic families
of isomorphisms of Mobius groups, to appear in Osaka Math. J.

[2] Z. Slodokowski, Holomorphic motions and polynomial hulls, Proc. Amer. Math.
Soc. 111 (1991), 347-355.
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FERUEE=

L E D Fatou 25, JuliatE /5D
SEFHEIMER IZ DT
Al T (UK ACER AR - BBEERREA)”

B =
A TSR E O Fatou £ 4, JuliafE A ONFEMMEEIZ SV
TS 5. BRI
- Julia 5 O
« Julia %5 0 JmdE it
+ Fatou Ji /) O a1
+ Julia ik 53 OALFRAIMEE
WICOWTAETIZMON TV DR ESHOBRE, - b 0%
B LT < DR R OV < ’)ﬁ\é:fJL"’ﬁéﬁﬁ'@‘é.

1. #f#

[ AR, b, & FE C 2R TR TEEAATIIZWbD L L, 1
TfOnEERERTLOET D, EENFROMR TR EAMLRALELST
&% Fatou® & F(f), Julia £& J(f) TR TE&HRIND ¢

F(f) = {+€C|zDbniEE U BHEL {f"|v}, WEREE RS},
J(f) = C\F(f).

ﬁlJ%:a.fD_a%:b\o /:E?E SO FE(f) iﬁﬂﬁ% , it (f) iﬁﬁ%ﬁf%é. f
NWEIEA (F-—RICAEBEKE) OBE, J(f) 1T C (F7-—#%IZ Riemann Kifi
C:= KxMwD@:/A7F%Q&@5# [ PBHEFRROBAE J(f) 11 C
DALy NTROVHAES, Lo THICHEERER LD, J(f) ICHERE oo
RAHINZCC OBHESGLEX DL LTRSS, — OFHITBBAT AR
HEOB IR EN TS ([Ber]) L, 72 JuliaEGONROMELZE X 5%
BlEMENsZ b5 (Kil], [Kr|, [KrK]|e X2 8HR) . 2O XD I0ER
FTHEIHIECOaL 7 MERERY, J(f) 3RORT< 2D (521 BH) .
L7 LB f D)5R & L COBRRZRBLERIIEFREFEE C TH Y Riemann
Hki C TV, 28R G co 1L fOEMBERATHIND [ & C LON¥R
ELTHARIIET A Z EIETERONLTHD.

KOFERITEANTHS.
@ 1.1. (1) F(f) & J(f) I TE2TZE (completely invariant), AlH

FE(N) CE(), fHEW)CFS), fFUW) I, [T S I)

2010 Mathematics Subject Classification: 37F10, 30D05
F—U— o MBS, Fatou 45, Julia#®(y, Fatouhksy, Julia sy
* T 606-8501 FUHRiTi A2 AUIX 5 A ARNT RUER R FRERE AR - BRETERIER BORR IR
e-mail: kisaka@math.h.kyoto-u.ac. jp
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2) F(f)=rF(), JU") =)

& 1.2, Picard OBRMEZE L 5722 f (Bl e?) IZX LT (1) TEDOA
BERERDZENDH DN, TOFEIFT1HTHD. F7- Picard DFRIME A Fi 7272
WO F N E S RRALT D,

T 1.3. (1) F(f) O#ERERS U % f O Fatou % (Fatou component) &
AN

(2) Fatouiks U MEEOm,n e N, (m #£n)iZxt LT f™U)N fAU) =0 &
7ot &, WEMEE (wandering domain) &4 9.

(3) fro(U) C U #iit=F ng e N3 D L &, U A ng OEAMS (periodic
component) £ \H (72720 ng 1L f(U)CU dndd bi/hObLo) .

(4) f™(U) (m € N) SAMK S ThHH & &, U 271EAS (preperiodic com-
ponent) &\ 9. F - EMIRY & FE B 2 #8F L TRBE#IS (eventually
periodic component) &9,

FSEA (/23— RICHEEE) L & 3FEFEITHFE LY (Sullivan
¢ No Wandering Domain Theorem [Su, p.404, Theorem 1]) 7%, ###E KD &
T WEEEEE L OLO N E ML TS ([Bal], [Ba3], [Bab5], [Ba6l,
BD2|, [Ber], (Do), [EL1], [EL2), [KS|%5H) . FHIHIHC LT
BTt B (211 [Ber] BIR) -

T 1.4 (AP OSETE). HEEEE [ © FatouEG OB U 13K
DA END (2720 ng 2 U OEBIET D) -

1. 2o € U T fn”(ZQ) = 20, |(f"0)/(30)| <1 %(ﬁf:ﬁ“’{)@ﬁﬁﬁ: L/, {i%’n@
2 € UL frok(2) = 2o, (k — 00) ZiiT=9". /A 20 & WEIBAKAR (attracting
periodic point) &\, U % W%5li (attractive basin) &> 7.

2. 20 € OU T fro(z) = 29 (1¥ : milno 7% ny T [ (20) = 20 & 725 ATHEME

DY), (f)(20) =1 ZM=TLOBHEEL, EED 2z € U 1 frok(z) —

20, (k= 00) W29 A 2 YW E B AR (parabolic periodic point)
LV, UZBME RS (parabolic basin) &9,

3 2 €U T fro(z) = 200 (f)(20) = e (6 € R\ Q) &ilhit=d b DT
FEL, fro|U iZHAHR D o BHEFER B 2 v ™02 [TRATHY R &
5. 2y HEBMDIEMA (irrationally indifferent periodic point)
LWy, U % Siegel 4R (Siegel disk) &V ).

4. MAEED 2 € U 1L fro*(z) — oo, (K — oo) #7273 . U % Baker f8
(Baker domain) &9

FE 1.5, BEEEEOEAS I Herman BRIZTEE L2V, ZUILTEAOEE
EREET, BRKMEEHEEAWVT AT I ENTED
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FE 1.6. f'(c) =075, BIHERMA (critical point) ¢ D% f(c) ZERFE
(critical value) &\ 9. E7oH ol L(t) (0<t<1) T
lim L(t) = oo, 113} F(L(t)) =p.

t—1

T LONTFEET D L&, p 2#A{E (asymptotic value) & V5. FERE
EELEER L OO OEFS L SRIE (singular value) &V, FrREAEK
DELE sing™I(f) TET. ZHL [ OHDIGEBIEET) ELERTER
WEH A RRTH D, E

oo

P(f) = f(sing(f 1))

n=0

% f O post-singular set &> 9.

2. Julia k& DELEM

2.1. J(f) U {oo} C C D&kt

J(f) C C DR R T AT J(f) U {oo} C C OEFREMIZ SN TlR~S.
flu{occHxCoas Ry MERIZIR DO THROFRFFNEZ % ([Bea, p.8l,

Proposition 5.1.5]).

HEE21. KCCxarv s MEALTD. RIERABTHS
(1) K Ix#Efs (i) K OfES K° O/ HLER.
“hE K=J(f)u{cc} & LTEMTD. THIZIT K =F(f
% Fatou A RN HEH TH AN E I R ALV ENRHDH. 2

T 2.2. 1 U C COEHE (connectivity) conn(U) %

§i>
=
gt

) ®
T,

conn(U) = C \ U 055 DA%

LEF#TD (comn(U) =00 bdH VD) .
Fatou iy DHAEEIZOWTIIRAE H T 5 ([Ber, p.165, Theorem 9] 2 H8).
W8 2.3. F(f) ORRBABKS ITHERETH 5.

X > TH &k 72 Fatou o0 1T RAGICHEAESEIRIZ 72 B3, ZAUIRDFERERMNS
HIZARZ D ((Ba2)]) .

T 2.4 (Baker, 1975). 4 572 Fatou il IZBLERE TH D
bz i EnbkpiaEnsd (Ki3, p.191, Theorem 1) .

FE 2.5 (K, 1998). KIZFETH D
(1) J(f)u{oc} C C LR THS. (2) fIxSEER el I A R e,
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Lo TS EdfE Ao b B A BT 720 & 9 ek F T J(F) U {oo} C C I3
ThD. EDOD | 3ERMEEZN ONRZETD

% 2.6 (K, 1998). LIFOWTHAD5METF T J(f)U{oo} € CIHEFHTH S -
(1) feB:={f|sing(f™") ITHEREDR}.

(2) f IZFEH S22 Fatou o & H .

(3) BBk L(t) (0<t<1) T }ig}L(t) =o00 &=L, fIL BWEHRERDLON
FETD. B ZORME f SARZENTEZFF> & X3l sn 5.

2.2. J(f) C C m&EfatE
WIZ J(f) C C OEFEMEICHNWTELET L. fHSEAD L TR OAHA R
MA3& 5 (|Bea, p.202, Theorem 9.5.1]) .
Rl 2.7. f BHHEAD L E, KIZFAMETHS.

() J(f) ERE. (i) oo UAD f OITLE OB A OBIEITA K.
L AN f BEBEEEHHO & ZTROB T LD, ORI LR,
il 2.8. (1) ([DG]) HEEFHE E\(z) := A BRBITEG py 2FFO L& (BlZ
T 0<A<1/e), py DRGIBU, AR TREERELILRY F(E)) & —87%.
TOLE J(E) IBRERKTH D, FIZFELLS, ¢: D — Uy Z U, ®Riemann 5
%geL,

Ou = {€? | p(e?) := li/r‘l%ga(rew) =00} C 0D

L E Oy 130D THETHD.

(2) FEEHEL Er(2) := Ne® DME— DR RAE 0 5> E}(0) — oo (n — o0) &7z 9
Lx (BRI A>1/e), J(E\) =C k70, 2 J(E)) H#ETHD ([De,
p.295] &) .

FoTe<BOTEEEZEZDVERSD. T 2T fHIFEH R Fatou il &R
MEIPTHEFTLTEZD.

(1) f233EH R Fatou iy #7272V EA

WAL Y 2> ([Ki3, p.192, Theorem 2]) :

EE 2.9 (K, 1998). 9T Fatou s 23 A R 2>BER Thivd J(f) 3
HThHD.

WILERE 2.5 EEF 290 HEHIZHE D ([Ki3, p.192, Corollary 2)) .

% 2.10 (K, 1998). fDFatou I T X THERTHLHETEH. ZDLE J(f) C
CAREFTHDZEL J(f)U{oc} CC HEFETHD Z LIZFMETH 5.

FE 2.11. f OFatoulm T X THRICRDTZODOFMENRLUTO L I IZnAN
AHLHLNTWD :
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(i) ([Ba4, Theorem 2]) 1 < 7p < 3, log M(r) = O((logr)?) (r — oc), 7272 L

M(r) = sup | ()]

jel=r

(ii) ([St, Theorem B]) ¢ € (0,1), loglog M(r) < _ogr)® (r: +oX).

(loglogr)e
. log M(2r) 5
D N Z
(iii) ([St, Theorem C]) f O p(f) < 1/2 T Tog M (1) — e, (r — 00), T
7ZL
o(f) 1= tim sup 28108 M)
rsoc log r

Fef (i) (X5 (1) 2FDT- L DIZR>TWD. TRHLOFENREZETHEDO LA
LHMEKIBETHY, KOLIICTHRINA TS ([Bad)) .
¥ A (Baker) : p(f) < 1/2, F£721% p(f) = 1/2 T minimal type (BI'5,

1087;")]\({()(1“) =0) 725 f OFatoulk 3T X TEHERTHS.

TOTVBICE L TIEEE L OMERH HNE5DE AR THD. BERRE
ZEDTHISFELWERDH DO TERE L.

lim sup
T—0OC

(IT) f 2IEA R/ Fatou ik U 2 F255
TOELEEM24 L0 UTEEERO TRiemanm 5B oD > UNZEZ LS.
£ZT

O = {e? | 3 h}r} o(re??) =: (e) = 0o} C OD

LB HLIOL >2 LT DL
g@({reie‘ 10<r<1}U{reé® [0<r< 1}) CU, (8,65 € Ou, 0 # 6))

X WNEA DO TFE(f)NO Jordan Bt & 7220, J(f) &2 CHD 2 SOFRXTHI 7258
ERIINT D, Ko TJ(f) 13RS & 22D, LT ORE ([Ki3, Main Theorem])
12 O KT DHLDOTHY, ZOFRE L THIZ J(f) OIFFEREENU D

FE 2.12 (K, 1998). f #BHEEEH, U 23 R0 Fatou il TE D
WA ng T 5. ROFBEEZLD -

(A) oo € QU 1Z U D HEIEATHE (accessible), Blb, & 2dkedi#t (t) (0 <t <
1)cU T%ljl}y(t) =00 &5 L DVIFAE.

(B) 51 q€ 0U Tq¢g P(f) #Wl-+THboL, i Ct) (0<t<1) T
CtycU(0<t<), C(l)=q%&ili-L, D moe NIZXL fm(C)DC
DL DONFET D,

-37-



FITROWTNNERET D :
(1) U W3 T (A), (B) &=
(2) U I3RS 1T (A), (B) 7=
(3) U & Siegel IR T (A) &7 9.
(4) U I¥Baker 83k T (B) Zi7/= L, fo|U IZHZE T/ .
ZokE, (1), (2), B)DHEIL O 130D THHETHS. (4) DEAIT 0, X
oD TH%D, 72130, 120D O DHERENE L.
B WThosad J(f) 1RERTH 5.
—Ji, [ DHEH R Fatou k3 AL, Lt J(f) CC BRI ZE0LH
% ([Ki3, p.194, Theorem 4]) .

#l 2.13 (K, 1998). f(z) =2 —log2+ 2z — e (T4 72 Baker il U T f|U A°
HIEIRDL0ERDL, J(f) IERTHD.

FO%, EH2121TKRO L H KR E N7 ((BD1, p.439, Theorem 1.1, Theorem
1.2, Corollary 1.3]) .

EIE 2.14 (Baker-Dominguez, 1999). FE# 2.12(35M (B) 72 L TRV L.

AR 2.15. (1) 51 (A) 207 S 220 S8 W Fatou iy T H T
W7V, FE 7 Baker EIBIEHNIZ (A) 27T 2 &ML TS ({Ba7, Theorem
2) . #oT,

F1 B FEAR2EY Fatou iy U 1220V, oo ld U N LEEFRETH
5. BHOER 2121354 (A), (B) 2 L THRLT S,

(2) ZOFERTIE Baker KD & X 72T OG A ITH AT LEEW TSR L
LTV, Baker SO Oy (20T 0D THEIZ2D X ) 2flizibh
TWb Bz f(z) =z+14+e * ([BD1, §7)) 23, BT/ H220 L5 72 fliE
BN T2V, £ 2T,

F4 C: BakerfHIKU T fro|U NHETIIZRNHLOIZKIL, O 1% 0D TH®
ThHd.

3. J(f) DB ELSE

Z DT J(f) DRFTERMECOWTERET S, fRLEN (E7d—RICHE
W) oL X IFIZITROBLARERL S D,

il 3.1. f AZHEX (T MRICHEERE) &L, J() IFEFETHDL LT 5.
H L f BT (hyperbolic) Thiud J(f) IIRAMERTHD.

E AN f PEBEEEEO L T RIZIZ 0 L3 TE RV, B f
A S E I Fatou B3 & R O35 G ZILR D3 K Y S22 ([Ki2, p.115, Theorem
B)) .
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T 3.2 (K, 1997). f NIEF RN Fatou sy U 28> & L, UITRDOW
TOANTHD EET D -

(1) %5k, (2) BBIsI,  (3) Siegel FI4R,

(4) Baker ik T fmo|U 3 d xt 1 (1<d<o0)&72DbD (ng i3 U DHI) .
ok x J(f)u{oo} C CIIBANER T2, £72J(f) C C bRATERE TR,

AECIL EIZRO 2 52 0D
FE 3.3 ((W]). 2087 MEG K C CARFTERTHH = & &

(i) K¢ (= K OfER) ORBIER S OB R FTES,

(i) LD £ > 01ZxF LT K OEREAD TEED ¢ L0 KREWH OIIATIRAA,
D 25U EIND I L EIFFETHD,

T 3.4 (K, 1997 [Ki2]). [ 23R8 Fatousk oy U 2F5>& L, Ul
KONTNNTHD EARET S -

(1) Mo, (2) HBkol,  (3) Siegel FIAR,

(4) Baker ST folU B d 5 1(2<d < 00) E72HHD (ng ix U DJAH) .
ZoEE QU U{co} C CIRBFTERS TR, 720U C C b RFNERE TR,
Z 0%, T 3.2131Baker & Dominguez {2 L > TROEIZHEWFERIZILE ST
([BD2, p.374, Theorem E}) .

FIZ 3.5 (Baker-Dominguez, 2000). f #3378 WA Fatou iy U 245>
EL, URROWTNNTH D EIRET D -

(1) %olsk, (2) BRWSI,  (3) Siegel iR,

(4) Baker (BT f™|U ILHEETIZA (ng 12 U OSEH) .

ZoEE J(f) C CIEERDRATRINER TR,
UbagELHDHERDEHIITRD

FIE 3.6. f A RN Fatou plsy U 2F5> & & J(f) € C I3JRpmiEiE T
AN

¥, f 239K 72 Fatou lRA 2 FE 1 2V B ANTIZ J(f) C C 23 RFTERE & 7
HZEbdHD (M, p.272, Theorem 7)) .

FIH 3.7 (Morosawa, 1999). ¢,(z) := ae*{z — (1 —a)}e* (a > 1) £¥ D&
J(go) 1ZATEAETH Y, T Sierpinski carpet TH 5.

M] T2 J(f) C C SRS & R 27200 & ENFT R TV (M,
p.268, Theorem 2], FEHIIEHE) , ZAUE f 23BN (E7T - RICHBEREE) O
EEORKE (B3 OBTHD.
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4. Fatou B9 DEREE

§2 CHE~7o L350, Z MR Fatou 0y A R BEEEIRTH D 2 LA
S, TOX b OORNOFNEBaker I L > THZ bz (LLTFD 2 D08

% ([Bal, p.206 Statement (A), p.210 Theorem 1], [Ba3, p.174, Theorem]) (Z

£%).

T 4.1 (Baker, 1963 [Bal]). B8 H g(2) T%E@LféiiF‘itouﬁc 57 U (Rl
b, conn(U) > 2%ili7=9) ZFOLONFET D, BAEMIZ

o0

g@)_cfll<y+%>

n=1

MNEITHD. 2770 C>0,r>11F
Cexp (E> <1, Cr;i>1
1

T ERTHY, r, (WL

Tl =C‘7“3<1 + ﬁ) (1+ T—") (1 +&), n=12---
T ] Tn

TE#HEIND.

EIE 4.2 (Baker, 1976 [Ba3]). & 4.1 D% &7 Fatou ilsy U 1306 & fEEk
ThDd.

Z OFIOWE BB OB E X S TIE R o 723, F D Baker [X RO Fik
RO THERERE (A5 conn(U) = oo) 7l EMERA K L7- ([Ba6, p.164,
Theorem 2]) .

EIH 4.3 (Baker, 1985 [Ba6]). #EEEEL g(2) Tﬂfﬁhf*im_t fikk U (AN
5, conn(U) = oo &ii7=7) ZFOLOBFET 5. BRI

g(z) = c?ﬁ (1 + %)2

j=1

BEHTHD. ELC>0,m>1 1%

F

1
0<C< el 20710 > 27, (noldd B ALK
P TERTHY, ikl <n<ng XL T
Tri1 > 21, (N < ng)

i T L O£ L, n > ng \0& L TIEEi{ka

2 2
Tn r,, T
Tnyl = Cz(1+ ) ( : ) (1+ ") , m=mng,ng+1,---
T2 Tn

TEZRIND.

-40-



Z O TIIR ORERASRR TH > 72
%E 4.4 (Bergweiler, [Ber, Question 7]). HRZEFEE % ¢ Ol ERIBIIIF
ET 2025 L <UL, pe NZxL, conn(U) = p &7 BEEEERIIFET 2502

FT U AR E L2 &, conn(f*(U)) IZOWTIRBEYT S ([KS,
p.219, Theorem A]) .

£ 4.5 (K-Shishikura, 2008). #8FEHE [ PlEEEK U 2FFH & &,
f& B conn(f™(U) 1347w KEZ2 n 2 L TE—EBTH Y, ZHLl, 2 £720%
0 ThDH (InxkUOKBEREE (eventual connectivity) &1 9) . & fa
FEEN 1 OEET conn(U) =1 ThHD. FRRHERHEN 20 L 2T HHKRE
ALE O n AR LT f: fM(D) = YD) MEREEHOHBEBHRTHD.
MRE4.41ZRT 2B 213 TH 2615 ([KS, p.219~220, Theorem B, Theorem
cp .
EHE 4.6 (K-Shishikura, 2008). (1) BEFEEHE f CHEERK U 2FH, f(U)
PMEEOn > 0123t L 2 EESICRD L OBFET D.
(2) 1FE® p € N ioxt LHBERE [ ClEEREK U #85, conn(U) = p,
comn(fr(U)) =2 ("n>1) W= T LONBFEET D
AEBH X Baker O X D IZERFER R TH % 52 5O TIEAR <, #EMA TN (quasi-
conformal surgery) O HEIZLD. LT f OEREHLREFRITR.

UL, Bergweiler & Zheng 23 ERE 4.1 DA FEIR A MEFREAE ThHH Z L& L
7KL TWA (2010.11.12, workshop “Transcendental dynamics” (21T 5
J.Zheng X Di#E Some problems on transcendental dynamics] 12X %) .

5. Julia 5 DA AEAHESE
§2DEF2.9 XV, J(f) »IEdEFEA D f XA 722 Fatou AU FE 7o XS RS
72 Fatou [ & ¥ 2 ERbnd. O TRERDOHAHIC J(f) OEFERD I
ODNTELETD.
E& 5.1. (1) JuliafEHOHER Y % Juliaflis (Julia component) & 19,
(2) z € J(f) PMEED Fatou sy U (Zxt LT z ¢ OU ®ifil- 3 & %, » Z1B#
# (buried point) &1 9.
(3)

Jo(f) :={z € J(f) | =13 HjA }
#FR Juliak & (residual Julia set) &\ ).
(4) Juliafsy C B C C Jo(f) Ziwil=F & &, C %#1EEAS (buried component)
LA
[ EER AR A O L 2L, TRTO Julia By mgRicies &
WD, RIZC & Julia iy ET5 & f(C) b Julia BTS2 Y, ZO#ELE
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(MO}, BEBEZONDN, ZARERTHD L EITE C OAMAHMMEIIC SV
TR ED ([Ki6). EoR7ekiRIc o0 TIE [Kid], [Ki5| 25 H) .

FHE 5.2 (K). [ 2HEEEHETLEERREEREEL bObOLE L, C % Julia
o CHERGZHEEZFHOLOLT D, ZOLE

(1) H5%EX g BHEEL, C X J(g) O&HD Juliafm i EATHRIZEDIE
FRIZ 72 %

(2) C 28 full (H1H, HiES C°=C\ C 258FE) 22 Hi1E, CEHIEMD TH 5.
(3) C M€ Juliaplsy (HIG, f"(C)N fA(C) =0, "m#n) 7251 C (31 13
K47 (buried singleton component) T# 5.

(4) XEEWSA pIZHL, pEEL Juliaii/nd Cp) TRT Z LT 5. Cp) 2
full 72 & C(p) (XM TH D, Cp) 23 full TRTHIE, #WES C(p) DRLTY
IXH WG, MRS, F 721X Siegel T & EOFE - LML D. p i
& DHWR, KBTSk, & 71d Siegel FIAR DB FUZHEVFR Y, H#E AT %5.

#% 1T Osborne IZEH 5.2 DFEBHTH WL D FIEIZL Y, f D fast escaping set
A(f):={zeC|°LeN, "neN, |f"(z)| > M*(R, f)}

ﬁ\splderbweb( DA, FOMESOERFERTICOWTER L2 & FRO
BREG TS GEHRIZEE. [O]2R) .

FE 5.3, (1) Vo Jo(f) A0 ERBhy, B, WORBANRTEET IO
TILERIZIIH LM > T, fAFEERO & RO TEAFEL T
5

%*E D (Makienko) : f 0 AEEEO L X, Jy(f) #0 ERDDITF(f)ITnws
BROIDPAFELRNE X, hoZFD L XITRA.

[OSBEEREO EXI2E f OV 7 ZAEFIRTHIERBRO TERE X LN D0,
—RD fIZOWTIEEMN TR, I T,

M E : fOABHEREOLE, L(f)£0 LD DOLE |- HEEE 52 K.
Z OBBEIZ VT [DFCEE LWOFS A S 5 O TEME L

(2) Juliahfisr C OEENFEARO L EOMRITEHDO L S THH. £ T
RIRE F : B4 A28 % F5 o Julia B DAL AR DU TR L.

(3) ZoHEiTHbihoT G, BG, J(f) MBIEEET f BIFEE R Fatou ik
HEFFOLZTICZH Juliaﬁﬁﬁj\ﬂlﬁgféfft% TWw<omdHsb (IDF) . LirLEh
SITEMAMR FIZT280THY, -HRUICITIFEAEME M- T
Ebhs., £2T,

BIRE G : J(f) DIEEFET f BIEA A2 Fatou iy 2 F>%H 51020 T, Julia
R 53 ORLFHAY ’lszv:ﬁfﬁ/\cl:.
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Symmetries of Julia sets of polynomial skew
products on C?

Kohei Ueno
(Toba National College of Maritime Technology)

1 Introduction

The symmetries of the Julia sets of polynomials was studied by Beardon [1] and
others. We generalize his results of polynomials in [1] to those of polynomial
skew products. The results below improve some results in [3].

A polynomial skew product on C? is a polynomial map on C? of the form

flz,w) = (p(z),q(z,w)). Let

{ p(2) = asz’ + ag—1 227" + - +ay,
g=(w) = ba(2)w? + bao1 (2)w™ + - +bo(2),

and let by be a polynomial of degree / > 0. We assume that > 2 and d > 2. The
dynamics of f consists of the dynamics of p on the base space and the dynamics
on fibers: "(2,w) = (¢ (z), 07 ()), where 02(w) = qp-1(z) o z) 0 4= (w).
Let J, and K, be the Julia and filled Julia sets of p, respectively. Favre and Gued
[2] proved that the limit G,(w) = lim,_,c d™" log™ |Q"(w)| exists on K, X C. Let
K. = {w: G-(w) = 0}. In this talk, we define a Julia set J; of f as

U (2} X 9K

zeJ,

We say that J ; has symmetries if some nonelementary maps preserve it. In this
talk, we consider the following symmetries: T s = {y € S : y(J;) = J}}, where

g — z\_ [ az+4c2 ). ci,c2,c3are constants
1"\ w ) T\ eswtca(z) | cqisapolynomialinz [

Since J), and K are compact for some z € Jp, if y € I'y, then |cj| = |e3| = 1.
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2 Results

We first show that the symmetries of J5 ‘. are conjugate to rotational products by
the rational map h(z,w) = (z— ¢, w— L ) where
as-1 _ba-i(2)

0= % ™M &=y

Then we characterize the symmetries of J/ as the maps in S that satisfy certain
functional equations including the iterates of f. Using these results, we can clas-
sify the polynomial skew products whose Julia sets have infinitely many symme-
tries:

Theorem 1. A polynomial skew product whose Julia set has infinitely many sym-
metries is polynomially conjugate to one of the following:

1. f(z,w) = (2, 2/wA),
flzw) = (£.q(w)),
3. f(z.w) = (p(2), ba(z)w),

4. f(z,w) = (2°,q(z,w)), and f is semiconjugate to (z°,q(1,w)) by n(z, w) =
(28,2"w) for some nonzero integers s and r. If | = 0, then 6 = d. If1 # 0,
thend #dandl/(6-d) = s/r.
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An invariant surface of a fixed indeterminate point
for rational mappings

Tomoko Shinohara !

Tokyo Metropolitan College of Industrial Technology

In this talk, we consider a local dynamical structure of a rational mapping F of
P? near the set I of indeterminate points of F. Using a blow up, we will construct a
surface V- which contains I and is invariant by F.

First, prepare some notation and terminology. Let F be a meromorphic mapping
on U which is a neighborhood of the origin of C? with a sct I of indeterminate points
of F. In general, if p is an indeterminate point, then (g, F(Up\ {p}) is not a sin-
gle poiut, where the intersection is taken over all open neighborhoods U, of p. So.
no de nition of the image F(p) makes the mapping F' be continuous. Moreover, if
p € Nu, F(Uu\{p}), we call it a fired indcterminate point. It can be scen from the
de nition that a  xed indeterminate point has a recurrent property, hence we expect a
local dynamical structure at this point.

It is known that dim/ = 0, 1. If dim/ = 0, then we can construct generalized Cantor
bouquet (see [1]). In the following, we consider the case that diml = 1. To simplify

our discussion, put
I:={(x1,20,23) € U |12 =0,23 =0}.

Let X = {(.1'1.172,;173) X [ly:l3) € U x P | x3ly — aol3 = 0} be a subset of U x PL.
Then. X7 is a subvariety of U x P! and covered by the following two coordinate charts
{(U] k1) }j=23

. l
U? = {(.”171..’[?2..’1'3) xle:l3] € Xy |ag= i:z?g},

. .
,u% : U12 — C3, (r1.79.23) X [l 2 I3] — (1‘1.1'2, i) ,

l
leqi = {(1’1,.’1‘2..’1‘3) X [12 : 13] € X, ‘ €T9 = i.’l,‘g,} \
) ) [
T U? — CP. (a1, w9, 13) x [la: 13] — (.’1’1. i.:r;;) .

Definition 1. The map w1 : X1 — U defined by restricting the first projection U xP' —
U is called the blow up of U along I and Ey := 7 (1) = I x P! is called the caxceptional
divisor.

It is remarked here that m; : X \ By — U\ {I} is biholomorphic and

7n|Uiz(21,:2.23) = (21,22, 2223)., Uiz NE; = {(21,22.23) € Ulr“) | 29 = (J}.

! E-mail address: sinohara@s.metro-cit.ac.jp.
This research is supported by MEXT Grant-in-Aid for Young Scientists(B)No. 22740113.
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Set Iy := Fom : Xy — U. Assume that F satis es the following assumption.

(1) F is holomorphic on a ne ighborh()od of Ey.
(2) Fy(Ey) 3 (0,0,0). {p} = F71(0.0,0), p1 = (0.0.43) € UL mi(p1) = (0.0.0),
(3) there is an open 11(\1@,111)()11100(1 Ny of p; such that
Filn, : Ny — F1(N}) is biholomorphic.
(4) I, := F! (I N Fl(Nl)) . I} C E; NU? there is a holomorphic function
such that I; = {(21,32,23) S U]Z | 29 =0, z3 = 1,/;1(21) |Zl| < 6]}.

(A1)

Let Xo := {(71 29,23) ¥ [lg 1 3] € Ny x P1 | 29l3 = (23 — L/)l(z]))lg} be a subset of Ny x
P!. The map 72 : Xo — N is called the blow up of Ny along I;. Set F} := 7r1'] o Fy:
N; — X and F2 = Iy omg : X9 — Xy. Then, the following claim holds.

() 152 is holomorphic on a 11(\ighborhood of Ey:=m5 ' (I)).

(2) Fa(E2) 3 pr. {p2} = F7 ' (p1). map2) = p1,

if py € U2. then onc can put p2 = (0,0,a%) € U3

(A.2) (3) there is an open neighborhood Nj of pa such that
F2|N : ]\2 — F( Ny) is biholomorphic.

(4) I := Fz (11 N F5(N: )) . I, C F5, there is a holomorphic function
such that I = {(y1.y2.y3) € U3 | y2 = 0. y3 = ¢2(y1) || < €2} .

If p, € U N E, for every n € N, we can repeat this process inductively and obtain

the sequence of sets
. -1 ” _ 2 b . .
Iy = E2 (In——l N Fpo1(4 n—l)) = {(!/1-0~?/3) c Uy NE, |ys = vn(y) |yl < fn}~

Here, we set ¢, (y1) = ainyl. Using the sequence {I,}, one can characterize the
E >0 g1 q n

set of points whose orbit is bounded.

Theorem A. For any m € N and sufficiently small open neighborhood N of p =
(0.0,0), there exists some open neighborhood Ny, of py such that

ﬂ F8(N™y AN LCmo mp(Np)N Ny
E>1

Put V=< (r1.20,23) €U | 23 = Z bij:r’ir‘% .

i.j>0
Theorem B. V is non-empty, V O I and V is invariant by F if and only if b;; = ay;
foralli.j > 0.
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HE BRI O RIS bV
FfiarEny—¢tin /Iy 7Rk
RB B (SRR

1. Bffak€EOQY—

2 OFA O =(0,0) DIEF X ICBWTER SN2 FHEHR C = {(v.y) |
f(r.y) =0} THY, Eiﬁ%ﬁ;‘%.’ﬁ LLTHSLOREZ b5, FAICE
ELORFTARER—DR, Hi,, (Ox) #HNT,

af

af
r,={n¢€ H{()} (Ox) | [y = ()[/"—Tl_ 0},

f

, a
Ha,={n¢€ Hf()}(o){) | 1= -

LED.

Axo=4{a € Oxpo | alla, C HT/}
2’_’3;0< Ox 0 gL LT, HA! PHERT AR aRErY—Hoc HA/ %HXU
v = TTU EBL. ZoRFTafEn Y—E v @ annihilator %

Anno,(7) =1{h € Oxp | hy =0}
TET. WP L.
WRE Axo = Anno, ()
A ([5]) dimc Axo/([ ,—f = dime Hy, (Tjurina HEFLW)

EE Ha,.o0q, Annoy(v) B 4] 105 X 72 7B TRBETHE.

2. IEBIRS kLG & torsion diferentials
ERLV. ATTN Ax o WZBRTIERIBE a(r,y) XL,

( J
o)L 4 b ) O = el ) ()

dy
7T IERIBIE b(x, y). c(a,y) BDIFETD. 6o T, <7 b

— u(eg) g+ b
1%, EEah#R C % invariant variety & L CRFOZ &2 5. B, AT TNV (/, —i
WEERWE D7 a(r.y) BDEDDERINZ M, FEHTHDZ &I ICHEE.
F—1U— K : torsion differentials, holonomic D-modules

* T 305-8571 DLEHRER 1-1-1  FURKT KFREKHEMER-FHRR
e-mail: tajima®math. tsukuba.ac. jp
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EEMi#R C % invariant variety & U TR OERINRZ MBFIET XTI DOHIET
W TED.

Ax.o/(f. j—i) DEFRLLTEERLRVE I 2RI alr,y) € Ax o ITH LK
SERX w = b, y)de —a(z,y)dy EEZD. ZOWHEX w i

Vo= Q}\',o/.fﬂg\',o + Ox odf

D torsion & 725, WZLTO torsion differentials (X Z O HETHRKTE 5 ([5]).
B2, (1) ORRERVD &, OIS EXERETES.

3. TEMBIZEEHEO>RO/ =— D-n#E

X OB AR SRR ER R 20 8% Dy TRT. Dy I2
J&Y % ~BEORBATERRE TH Y, RERBET 28T 1 P—F [{] Z annihilate
T2 bORUNERT BE Dy A FT7 % Ay ([3]) EBE . MG HH0 )
I— Dy INEE

M — DX/AWS;([]?])

BEZD. ATFTTN Axo WWIBTIERIBIEK a(z,y) [ LR TEE SN B RHKS
(FES ) 5

P=a(e,y)g-+ bl ”)% — c{e.y)
i, Ann) ((3]) WS IS, Annp) ([5]) 132 ORGSR Sh 5 ik RIS &
FERORHIERSE [T VAERSRD. ZOFERICERT L& 3] OfSREHL
RTED. B, KEBD.

FE Ao/ 3I—% M) OFRAICBITHIEEE (BHEEAOEEE) 13,
mull(fY+p —7—1IZFELW, ZIZ7T, pr 1%, FEdh#R ¢ ORRICBITS
INF—H Fa ) FEEET.
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Holomorphic X7 s VIFITHK 5
Camacho-Sad-Suwa e D EE
e H— (KR
1. R
1982 (2. C. Camacho & P. Sad & C? E® holomorphic #2X27 MG EED
integral submanifold {ZX L¥E¥ A EE L. blow-up {2 X D reduction & Z DK
D& Z WD Z & T, separatrix DIFEE/R LT,
WE, TR (0,0) T a(0,0) =50,0) =0 &222ERIZ b
J d
v = fl(-l-,!/)gl—, + ’)(~'f;'/)a—y

DR {y = 0} ZFESHBRL LTHROETD. ZDEE, X7 MUF e D {y =0}
28893 Camacho-Sad a8, HEE

,0) Y

i | dJ a(x,y)

WLV ERSND.

Bl y= o OWIFHAFERR 2% = \y \ICHET BT M o =22 + My
EZD. WM {y=0}1 Eﬁ'@"é (tamacho-Sad 88U
1 ad Ay _

THZHND (—f&IZ, Camacho-Sad f88UIHR v /7 I — ([3]) R TIATHIL &).

A. L. Neto([4]) 1%, B AR S 2 F OB BT Camacho-Sad Fa¥i % 15k
U=, 3RaGLHE ([5]) 1% 1995 AT, Grothendieck residue Z VT Camacho-Sad
BEERBRT2RE 52, BCRRECHMERLEOBBEZHL ML, 1,
M. Brunella([1]) % Camacho-Sad 54 & Baum-Bott 88 & OBFREFIZ OV TR
Crz.

2. 8%
SEAURI DR ML

0 J
0= aley)go by

BRI 72 S EAREEER f(r.y) = 0 % invariant variety & U TED & § 2.
W, AREHSLHE ([5)) DARERH WD Z & T, -k &7z Camacho-Sad ?ﬁﬁ’a?'Yllf
TY Xy 7 IIRHBIEMARRERDZ EEBET 5.

¥ — 17— F : algebraic local cohomology, Grothendieck local residues
* T 305-8571 D HEHKES I-1-1 R KT KFERECRSERFU5E

c-mail: tajima@math. tsukuba.ac. jp
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fHHEOD, Z 2 TERUT, X7 MEORERITFEA (0,0) THD LT 5.

Step 0. 5 )
olr. )5+ bay) 5 = o))
BHEA o(r.y) ZRDB.

Step 1. X7 MVZER W = {y € H[Z(U‘O)](Qf\,) | f(x,y)y = alx.y)y = 0} O
EEZFHE 22T, 0% 13, KA (0.0) OiFFE X EOER] 2-forms D2TE.
HEyop(0%) RIS B E HOREMBHT AT R O—.

dr Ndy

Step 2. REBIRPTaRE T —H [m

m /) I—%) ZHET D ([6)).

Step 3. Step 1 THER LEEEOHRIEFRE S TH Y, Step 2 THRK L 7fRilD 12
XREH T LOERD L. ILICHEEEICETHHERELFINL T, REMFAT
aRET S —I]

| DRy HRR O

c(x,y)dr Ndf
afr.y)f(r,y)
DRRICBITERAXNERET 5.

]

Step 3 THRIZRBRBRXOT V& BEE 75 OB, KD Camacho-Sad 58 %
525 ([5]).

BR LAY MBOBRANEATRY BROEE, [71), 8] THx=3HET
A=Y R BEFIET S,

2% Xk

[1] M. Brunella : Some remarks on indices of holomorphic vector fields, Publ. Mat. 41
(1997), 527-544.

[2] C.Camacho, P. Sad : Invariant varieties through singularities of holomorphic vector
fields, Ann. Math. 115 (1982), 579-595.

[3] J. . Mattei, R. Moussu : Holonomie et intgrales premiéres, Ann. Sci. I'Ecole Norm.
Sup. 13 (1980), 469-523.

[4] A.Lins Neto: Algebraic solutions of polynomial differential equations and foliations
in dimension two, Lecture Notes in Math. 1345 (1988), 192-232.

[5] T. Suwa : Indices of holomorphic vector fields relative to invariant curves on sur-
faces, Proc. AMS. 123 (1995), 2989-2997.

[6] S. Tajima, Y. Nakamura : Annihilating ideals for an algebraic local cohomology
class, J. Symbolic Compt. 44 (2009), 435-448.

(7] EBE— : EREARKAORT 2 AT m ORI T 5 RE ) v 7 ROBERT v
=Y X b, KPR /I8 1412 (2005), 189-198.

(8] HEE— : Noether {EA#E & BEBEEERT NV Y X b, FERKFHERARYTHE SERT
HITH 1431 (2005), 123-136.
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(C*)™ NODZE Reinhardt fiEis

AR — GRALRZERFERR)

Reinhardt SHEBDIERIFHERIEO—D & LT, ROFESHISHhT W5,

C™ NDEE™M/2 % H Reinhardt 1 D IR U T, IEOEEny, ny, -+ -, 1
(m <na < <) ElLm T, ny+ng+-+mp+1l+m=n %2
EdELDBNEFELT. D

Ba, X Bp, x -+ By, x Ct x (C*)™
£ RBIFRIRIC IR 5.

T T B, = {z|||2lln; < 1}. TH D, REWIFELIE, SO HEREHD
&F 3 Lauret BIHD 5 3 WERIBRFET 5 T & TH B, —RITIEAR
HHFICAZ WA, B D BB EE EORESER VW) [RERZSRMS
DEET, TEERT T LN TR,

FEE  (C*)" NOBY CHEX Reinhardt 58, D 13, (C*) & —8T 5,

it D7y + & Shimuzu [7) 1< K %o FDOHTERD ZDDHENE THLZERT
ZHEL S,

#E1 ExC'EEXC! 30 NO-HO0MRKET 3, 1L, % E c o
CHEEE c oV BHICERESRE FRIRMETH 5 LT 5, Ccok X, FHIER
BIRO:ExC'— E'xC" MEIET 5751, 1=V ThHb, DI, welC#

1
w = (’“’;3) , wWec™!, w®ec
w

wD ONIO)
P w ] T 9@ (w)

EHRET, 0V F s B ZENNP R TH D,

EERT L, DI
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WE2 Q0 CR EEET. ZONERERESEEVET S, Ty = O x
VEIRMCOnBETHLE, MEMBES: To — Ty KKIWLT, 55 A,Be
GL(n,R) PMFELT

O+ V=1Am) = () +V—1Bm  (( €Ty, ne 2"
DR D L DEGE, ¢ EEDHRUIDN GL(n, R) BT % C™ O Affine BHTH
5.

TNEOBEREMVB L. D £ (C) b, % 3HEFEIC & 4 TEMHD
[ R BEROEA D HEBINC T 5 C L RENTHIENEL 3,

BEHR

[1] D. Barrett, E. Bedford, and J. Dadok, T*-actions on holomorphically separable
complez manifolds, Math. Z. 202 (1989), 65-82

[2] E. Cartan, Sur les domaines bornés homogénes de l’espace de n variables com-
plezes, Abh. Math. Sem. Hamburg 11 (1935), 116-162

[3] R. Narasimhan, Sevral Complex Variables, Uni. of Chicago Press, 1971

[4] S. Shimizu, Automorphisms and eqivalence of bounded Reinhardt domains not
containing the origin, Tohoku Math. J. 40 (1988), 119-152

[5] S. Shimizu, Holomorphic egivalence problem for a certain class of unbounded
Reinhardt domains in C?, Osaka J. Math. 28 (1991), 609-621

[6] S. Shimizu, Holomorphic egivalence problem for a certain class of unbounded
Reinhardt domains in C2, 11, Kodai Math. J. 15 (1992),430-444

(7] S. Shimizu, Holomorphic equivalence problem for Reinhardt domains and the
conjugacy of torus actions, preprint
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The Loewner differential equation and
subordination chains in several complex
variables
Hidetaka HAMADA (Kyushu Sangyo University)*

A mapping f : B" x [0,0c) = C" is called a subordination chain if f(-,t)
is holomorphic on B™, f(0,#) = 0 for t > 0, and there exist Schwarz mappings
v(z, 8,1) such that f(z,s) = f(v(z,5.t).t) for 0 < s <t < o0.

Let f(z,t): B" x [0,00) — C" be a solution to the following Loewner differ-
ential equation such that f(-,t) € H(B"). f(0,t) = 0.t >0, and f(z,-) is locally
absolutely continuous on [0, 00) locally uniformly with respect to z € B™

0}‘ . n
—5[—(3,13) = Df(z,t)h{z,t), ae. t >0, Vze B", (1)
where h(z,t) is a generating vector field. Then we say that f(z,1) is a standard
solution to the Loewner differential equation (1).
For each s > 0 and z € B", the initial value problem

W b t) e 125 v(zss) (2)
— = —h(v,t) ae. 125, v(zss) =2,

at ' - o
has a unique solution v = v(z,s,t) such that v(-,s,t) is a univalent Schwarz
mapping, v(z, s, ) is Lipschitz continuous 011 [9 oo) locally uniformly with respect
to z € B", and Dv(0, s,t) = exp(— f A(7)dT) for t > s > 0, where Dh(0,t) =
A(t). Under some additional conditions on 4( ) there exists the limit

lim ef&A(T)’hv(z.s,t) = f(z,s) (3)

t—00
locally uniformly on B" for each s > 0, and f(z,t) is a univalent subordination
chain such that f(z,s) = f(v(z,s.1),t) for z € B* and 0 < 5 <t < oo. Also,
{e™ Jo AT g (. t)}+>0 is a normal fannl\ on B", Df(0,1) = elo AT 4 >0 f(z, )
is locally L1ps<hlt/, continuous on [0, o) locally uniformly with respect to z € B",
and a solution to (1). This solution is called the canonical solution to (1).

Recently, we are studyving about the Loewner differential equations and sub-

ordination chains in several complex variables:

1. (new) abstract approach to Loewner chains on complex manifolds [1];
2. solutions for the Loewner differential equation [2], [4], [11];

3. quasiconformal extension [3];

4. extension operators to higher dimensional spaces [5];

5. geometrical characterization of the image [6], [7]. [8];

This work is partially supported by Grant-in-Aid for Scientific Research (C) n0.22540213 from
Japan Society for the Promotion of Science, 2010.
*c-mail: h.hamada@ip.kyusan-u.ac. jp
web: http://www.ip.kyusan-u.ac.jp/J/kougaku/tb/hamada/
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6. extreme points and support points [9]:
7. convex subordination chains [10], [16];
8. growth theorems and coefficient bounds [12], [13], [14];

In this talk, we will show some of the above results.
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Distortion theorems for convex mappings
on homogeneous balls

Tatsuhiro Honda Hiroshima Institute of Technology. Japan)*!

(

Hidetaka Hamada (Kyushu Sangyo University, Japan)*?

Cho Ho Chu (Queen Mary. University of London, England)
(B

Gabricla Kohr abes-Bolyai University, Romania)

We first recall the distortion theorem for a convex function on the open unit
disc U in the complex plane C. If f: U ~— C is normalized and convex, then

1

1
e =Vl e et

(=
Various distortion theorems for univalent functions have been studied.

The object of this talk is to generalize the distortion theorems for convex
mappings on finite dimensional Euclidean balls to infinite dimension, as well as
improving some infinite dimensional results. From the perspective of the Rie-
mann Mapping Theorem, an appropriate generalization of U € C would be the
homogencous open unit ball B of a complex Banach space. Indeed, every bounded
symmetric domain in a complex Banach space is biholomorphically equivalent to
such a ball. A complex Banach space is a JB*-triple if, and only if, its open
unit ball is homogencous. Therefore a natural extension of the finite dimensional
distortion theorems should be the ones for convex mappings on the open unit ball
of a JB*-triple. We achicve such an extension by proving the following distortion
results.

Main Theorem([1])

Let B be the open unit ball of a JB*-triple X. Given a normalized convex
mapping f : B — X with derivative D f. we have, for a,b,x € B and y € X,

. 1 1
(i) AR < [IDf(@)]l < ==

(- Il il
W G By < PTG

(i sinh Cp(a,b) M{ 1— |lal)? 1—||b)f? }
(i) [[f(a) = fON =2 ————F—= T ;

exp Cp(a.b Df(a)]" [IDf®)] ]

(a:b)
(iv) ||f(a) — f(b)]| < sinh Cp(a,b)exp Cp(a,b)
x min { | B(a.a) 2 || Df(a)[l. || B(®,0) 2 DF B}

where Cp is the Carathéodory distance on B and B(z.r) : X — X is the
Bergmann operator (Note that || B(z. x)'?| < 1).

*1

e-mail: thonda@cc.it-hiroshima.ac. jp
*2o-mail: h.hamada@ip.kyusan-u.ac. jp
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For convenience, we refer to the open unit ball of a JB*-triple as a homogencous
ball. Homogencous balls include the classical Cartan domains as well as the two
exceptional domains. the open unit balls of complex Hilbert spaces and the open
unit balls of C*-algebras.

The distortion theorem in Main Theorem (i) on the Euclidean balls in C"
was proved in [3], [8]. It has been further generalized to the open unit balls of
complex Hilbert spaces in [4, 5]. In [4], it is proved that the upper bound in Main
Theorem (i) is sharp for the open unit balls of complex Hilbert spaces although
the lower bound is not sharp for the Euclidean balls of dimension at least 2. The
following distortion theorem for convex mappings f on the open unit balls of
complex Banach spaces has been proved in [9]:

I e Lt lal
Ay = PP e
They [9, Conjecture 2.2] conjectured that Main Theorem (i) holds for convex
mappings on the open unit balls of complex Banach spaces. Our theorem is an
affirmative answer to this conjecture for convex mappings on homogeneous balls.

The distortion theorem in Main Theorem (ii) on the open unit balls of complex

Hilbert spaces H is proved in [9]:

(L4l = 77T (L= = ]])?
In fact, we show that ||B(z, x)"?| = /1 — |[«]|]? for H with dim H > 2.
The two-point distortion in Main Theorem (iii) for U C C has been proved in
[6]. On finite dimensional Euclidean balls, it has been proved in [7] (cf. [2]).
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—LENicBREOER LD CR BCRE#ICET 2 —ER

MARE: RE IESEHMEK

(1) ]\'[U:{(21,...,25,27,,_*_1) e C" x x C™" x C:
Ilnzn—}-l — ’21|2m1 + + |Z?_1|2m5_1 4 |Zs|2}

&?a( tf'LA.J:(]V..,'j'”)E(C" INLTz)2 = ZH;, yi=1...,8—

XL Tmy,n; >2,n, >0 &L, My DM TE M T2 M% ﬂﬁkﬂ:
éﬂf‘f%?’fﬁflﬂfl\@iﬁ?%c‘: WYL UTFoldl,...,s— 1 DEBEERT. ZOHETII
RDEM (Robert Monti and Daniele I\'Iorbidelli;Pseudohermitian invariants and
classi ccation of CR mappings in generalized ellipsoids, arXiv:1004.1922) D jlGE
Mz252%

Theorem 0.1. f: N — N’ % M O#EfEHESGOMD CRAMEGHRETS. &
EEIEL 00,00 ETDEIIEAT f=0ob,0Jop, EFMHTES. 22
FEERIERD L) ICERIND.

D
v’C\\

21 Zs_1 Zs 1
) 1(e, fnia) = (W U ()M 2 7271+1
(3) 0:(2, 2pe1) = (7'1/"”121, . ,'rl/"’*‘“zs_l,rzs, 7“22,,,“)
(4) (2, 2n41) = (B12o(1)s - -+ » Bs—120(s—1), Bszs + bs,
bust + Zng1 + 2i(Bszs by)
(5) Ga(z,2np1) = (21, -« 2s—1, 25 + Qs Znt1 + Any1 + 2026 Q)

r >0, Bji32=8 ) —f75l, b, € C" bpy1 = to+ilbs|* € C, a = (ay, to+ilas]?) €
C"xa:a,H,1 m+de&Té j@ﬁ%¢ J i RO T L3EEERE2RT.

B TRRDOL I B ATy FCIEHBIN TV 5,
(1) CRRZ FUHTOM OEFFHEWL, ... , W, E TT M =W & oW,8E
7 CR ARG/ T

(6) f V) =Wegd=1.os =1,
(7) f W, &) =W, €&
il T ERERT 5.

2) LoBBERHALTMOY y FHlESLF -V Ty IARED fICLDE
iz ke 5.

(3) CRMAMEGEIHFELL I — MEEIEHLTLEHER (Lo TCR 7779 —
1) THHUE, ZNRBEHD ¢ TH D I LA2RT. T OFEHICEHEMEOE & /51
AOFFkME & (2) AR Z .

(4) G=6,0J0¢, LEVT f=VoG,TELE CR777%—DCRAYYE
BICKZ2EHUND»PS VD CR 77797 —=D51THDH I DY (3) 12X DiEHD
FERT 5.

1
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2 LIV NCFRE L IR W e A e o7

L L ZOHBICIERD X 9 B2 Hihid 3.

(1) my,n; DEHDOEMLNM S 0 & EITR, TXTORATIA CR GERBK
1 7 T NGRS IR T 2 2 LIRS K. 20 & 2 ICikBo#RE T 2080
H5.

(2) EHOAMIZ, HZ 5N LEEHRE TXTEHR L TZNUNDGRD D
L Lo, ZRUIEFD ¢ LBV EVIFERTH 505, REZD L) BHGEH
&T<éb>&ﬁ%@i?&%@fﬁgfw7®ﬁ>@@mu}ﬁéﬁw

(3) WIEDEWAIE CR 777 9 =D o BHROFEMFEEZH L T35 H, Z1UIHEHE
MEOEHBEBPER L2 L TR I E2AHLTWIDT, ZOEm»MEZ %
ﬁfm@ﬂﬁ%n’cw

D& R (%9&0&@)%&15@@::1% THHEEHTH 5. i
B¢ 9 Dl «n()@ﬁﬁfﬂf&%.]iCR%&&@TT“mn%T*
5 &1\#ofw7b>-Mu%@%%%ﬂﬁﬁm%tnéﬁuﬁhstm.5&

SRR WY, ..., W, E ZIERLL T (6) & (7) ORZWHT LI LT 5. —T, L%
wmgwmuquﬂLffam)uﬁmauwmggwﬁ@mfﬁwéuff%é
D3 (6), (7) DFEMEDP S ZDHDVBL O DFBUIX R THS. (LI L2 W, GE I
HLTHITH. Stk fPW, DRBIHARIEZAALTTI) &, TRE=01 &v
AR f DT — 7 —BEHOBREICOWTOREVPA->TVE. ZOFNEEZEHEEZT
L, 222 E NI A=9—%ANB L, THOL I BEROER E LT f G
BIENTND

_®£%Tumj DWW Tmy; > 205 LfELRG (n; >2,5=1,...,s—-1
AT ) D3, T’\"C@j Tm;=1%6HRAICAZDT, CORERZZHTHS.
it,:@Nﬁ%?%,&%i@@iﬁ&?@@é&?@?fw%ﬁnuﬁ#%ﬁw
DL LB I I THZRLMEHICE Y 2o 0FRIZAKICE T 5. RICHE
ME D E RO R R IC DV TIE, _mﬁﬁ%fmﬁﬁﬁrﬁﬁjtfwéckﬁ
AHTHT. 2FED 25 = (2f,...,2)7) L zj = (2),...,z/ ) POBELTW2 Z &
Tﬁi(%ﬁ%ﬂg%gﬁﬁﬁfg# ;ﬂiﬁﬁm%cmotﬁﬁfi&< il 2
2 o0 HIEOBERBTOLE Y I>HHETH S, (6) & ()u1m.s—1®Anm
ADBICW; W, O E DD ERIED f THOVSHI) ZLERLTRED, M 2%
NODBMABRERTHHRL T LT f IO SRER 2R LS9 TR SHKE
MIEDBSR, THBEZEAD. 2D L TMxN & MxN2CRFET, &R
? CR SRS HIRE D HRAPERL THIUL, B R SEMOMAEZ AEZ T
MEM NENWCREETHZ, L9 S.Y.Kim, D.Zaitsev, A.Hayashimoto
DERLNDHDIH> T L

E-mail address: atsushi@ge.nagano-nct.ac. jp
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#IPRE! Carathéodory BMEEERICDOWT
FH ® (RIEXEXZEREBEZWHER)

(sabm15@math.tohoku.ac.jp)

A [5] I8 BWT, n RILEHFELSHRE X OEHERD R & Carathéodory HIEEIC
9 2 2REOMOBERICE L TROM B2 E L

FIE 1. X % IFH% compact BEMBTERME L. p: X - X 220 usiE, Ky
ZZOEHER LT 2. 20 L %, X O Carathéodory HIFE 1 & Kx OB vol(Ky)
LT

(X, O(mKx)) S (n+1)"n! ~

15 (X)

oll Kv) = Tim n!
vol(Kx) := ,313;”' — 2 )

NI RYASN

Z #Ud Carahéodory HIEDFEHBIME (Z @ & & X i Carathéodory HIlEE BRI &
W) P BFEEROBERE W) IEtEE2EC 2 E 2L AEFATEL TV 5.

ZOEH O, Carathéodory BRI A DM 2 IR, 241 % Boucksom-
Popovici 12 & 2 D current #5372 RANHER T 5 2 ETRonb

HIOFEED TR, ZOEME X O d XITHENTIIE DS Z ~OFlRAN
Wikd22&ThHas.

FFIEMERF IS T 2 ARBOGIRAOE&HEZ IR 2. compact EHFEL KA X
EDIERNERRK L & Z D d RICHBHIE T EEG : Z = X ITR LT

HY(X|Z.O(mL)) :=Im[* : H*(X.O(mL)) — H*(Z, O(mL))]
BEEO m e NIeoWTEAS. ZOM L O Z ~OFIRBIAS voly (L) 13
limHY(X1Z, O(mL
volya(L) i= liglj;ip(nn (ml/(,” (mL))

TEHIND. HIRAREIZ Z Lo L O IFAIKBYIF T X ICIERTE2H 00D
BAEAEDEMICH > 72 b D ThH 5. FEHIKBYIMOIRZ T570IcETHH
MR Th ). kL RICHBH 5 ([2).

Z 2T X DR Ky OFIREIAR & BT 2 O I12H A% Carathéodory HEE
B E 2 FHEORIREZRD X ) ICERT 5.

EE 1. Z WO HTHBIHCIE, Z ~DHIIVH Carathéodory FHARIER oS, 13
RKTEHRT S
2(1

l"g{:\Z = sup {(”7)* <m(\/—10510g Ul)d) fi X > B EEU}_
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Ty = 20(1=[t3) D AT dteAdE HE n KTTEFEHAERIE B 12D Poincard
FHEATH 5.

—f&D Z 123t LT OO THIE /Lg:,z &L TERL, FIBRE Carathéodory
BURE & M58

213 2 ORI AEIC I Bisenman([3) ISk > TEZSN TV LD THS.
% 7= Carathéodory HIE2sE D EE L WE TH 2 MR H 2 2 OfllRALC
WNLTEZDE RDEHITHD

1. e Y & nRITHELA W %20 dRILBHTEEAETS. 20D
EEEED [(W) C ZZMTTIEIER f Y - XIS LT fuf, < nfy
Eh s,

° 7&:\2 DB L Ky (cf. B -1UTTH 5.

ZOWEDS Z #4E0 X OIERIA RN L THIBRAY Carathéodory HIEE XA
%f%b%@:Z:p4w)aLtgﬂ%ﬂizh@ME&ﬁaﬁa.
Yol FTEH 1 OFIRATH 2 FEBIIRD LI It o B

FEE 1. R R ABSRE X & o] OFREEITE TN ORI

S AN S AP .
. + D)4
volx|z(Kx) > %”Eﬂz(z)

SR RYASS

AEWVT S ER 1 S IRIER U T E TR ONRD D ICHIIRA Carathéodory HEk
R & Carathéodory BHAREHE A DI current @ Z ~DHIER D non-pluripolar
Monge-Ampere 8 ([1]) DEDAEAZ RS . Z L TZ 4% Matsumura-Hisamoto
i X % Boucksom-Popovici DR ORI (4], [6]) @M 5.

SEXM

[1] S. Boucksom, P. Eyssidicux, V. Guedj. and A. Zeriahi, Monge-Ampere cquations in big
cohomology classes, arXiv/math:0812.3674.

[2] L. Ein, R. Lazarsfeld. M. Mustat&, M. Nakamaye, and M. Popa, Restricted volumes and base
loci of linear series, Amer. J. Math. 131 (2009). no. 3, 607-651.

[3] D. A. Eisenman, Intrinsic measures on complex manifolds and holomorphic mappings, Nem-
oirs of the American Mathematical Society. No. 96, 1970.

[4] T. Hisamoto, Restricted Bergman kernel asymptotics, master thesis (Tokyo University).

[5] S. Kikuta, Carathéodory measure hyperbolicity and positivity of canonical bundles, to appear
in Proc. Amer. Math. Soc.

[6] S. Matsumura, Restricted volumes and divisorial Zariski decompositions, arXiv:math/1005.
1503.
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¥ Eﬁ@l_ﬁid) q-fl:1 s

IR E— (RECR AR BE R AR iR

X Zn RIGOIRRFF L. L2 X LOEMERKRE T2, BEHREKR LDIE

(positive) TH 2 (HIL, L OIMENIE L L2 BVHFETS) 2L, UMTD XD

IH & LG SR 6T %,

(A) [T ERE AT }\odaira.] L7 E (ample) TH 5. HIL . @Y 2 RIEEE->

ToIEARE LO™ DFEM—RRDS (HHR) HHER O DAL ZFEET 5.

(B) [24E0 Y — Serre] X EOMLEOMER F1od LT, L& H5ciug, 1

%ML®3$%D§—H%KI®LW)U>MM%WT%
[iﬁ(fﬁ!’l’]ﬁfﬂ’)\ . Nakai-Moishezon-Kleiman.] X OfEEOE T LkEV LT

@L@D SR (LY V) DI E TS B

AEH T, ERED - EEEICOWTEET 3.

ETE.q=01... . n¢tT5 HERRLOMSHE) LI — FHETUT 2
72T b DOFIET B, LIZ g-1E (g-positive ) TH B &) .
I I—FEROF vy = HiEB X OFE LT (n—q) l@U Lo IEBEHE#Z RO,

EHBEPOHS L LI, ¢- ﬂéﬁaﬂfﬂ’* EEDIEOMEDIETH L.
2T, 0-1EASE K EOBAIC M2 2 LSS 5. 2O, BT ORIEA H %
IHAET B

R . [ERR D g-IEfEED (A) BMFRY, (B) 2R €0y —1, (C) HEN 2R
irzL A k.

ERRE L AR EE (semi-ample) DIHE. COREIZERE 1 Ik hgkI 05 (&
2% M), T 2T, BRH LS 4:_%.;??_ V.Y A BIEEE S ZERE LO (m > 0)
D3HEE L H I (base point free) 1% 5 2 EZEHRT 5. 2%0, L (m>0) D
FEM KRB EMADIENGR O v : X — PN 2FET 5.

BT IE R EBHICH L TE, MToarEa s —2NEHT 5 2 L35
T\ % (Andreotti-Grauert).
(*) X LOMEEOMER FIH LT, L& F1cisiug, (¢+1) KU ko a ke
0Y— H{(X.F&L¥) (i>q) ZHBT 5.
COFM M) R aFERY —N¢EEELTRIEICTS. ML, akERY —
1 - a5 S - IEEEBE 1 5 75) EI)DREBIRTH S, ZOUDEHEICH
mEnAUE. ¢ IFfito a s sy — Il L 2RI BHBon Lt kb, f§
Hig 27 FARFIOFRIC LY. FBEAERRO 2T 0 Y — i - BB
RIS (I’|Lx n| D7 7 A N=DRILTREM T S50 3 [SOIHJ ZEWHFEETS.
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FER.
EE 1. (ZOTHIC X O ELER Y. ) & X — Y Z2HHESREKY ~D
(DBFLHeH LRV FAGHETS. 22T YV Lox s — Mgl (H
L EBLIAETHD (1,1)HR) w2FETS. oK, LMIFAMTH .
(1) & 2160 EHHEMB o TUT 2T LDONHFET S
(1,)-ERO*w +ddpiE, ELHTn— gl EDIEEAEZE.

(2) FHIBH O D7 7 4 N—DRITIEE X ¢-RILTH 5.
COEMIE, T2 — MEAD O L B IEEEDRLE B o ISk o TEDR
EHIETE 2% 7 74 N —DRIGIC K> TR T 2. 4 GO 3800
REMRR L D5 R %0 6 E ¥ 2 1IEHGHOK (M, & = e - X — PY)
BEZD. E1, wH Opn(1) D Fubini-study al & $5%. ZOK EH1ICE-T
Bons (1,1)- R w4 ddpld, ERRLOH 5 EOMEL LTV S,
1 & [Som] DWERPSUTOZRE-ANS. ZDOFRIE LIEEELGAHOMME
| DffEEZ TV
F2. HBHLVEEETH L ERET S ZOK, BLMEFAETSH 2
(A) LOYBE 774 7L —2arvD7 7 A N—DRILBHEZ¢RILTH 5
(B) Ligat®Eus—[¢BETH5.
(C) X ED (q+ 1) RITLL LOFT SRRIANIC, L ORBZIEE T 5 & 9 7Ry
FHET 5.
(D) LS q-IETH 5.

EM1Dq=0DEA%EELLE, UTOREES ZEMHKSL. ORI
AR E LTIRAIS N TV S,
% 3. [Var] Z 2@ESEKRLET 2. G80.Z —Y 22U r—5—%
BE Y ~OARE (finite map ) £ T2 (HIH, B (proper) T, 7 74 N—03H
REDS). o Y OHREETHL ZH %7, av 0 b r—J7 =%k T

% 4. [Bar] 5O : 7 — S%T 28 A (Stein) BRI S ~DHRE & F
5. ZO, SORRBETHL Z bk, v a s A SR ETHS.
References
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Ann. 222 (1976). no. 1. 63 69.

[Mat] Matsumura S. On g-positivity and fibre dimension of a semi-ample fibra-
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Author: Shin-ichi Matsumura
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Fock-Bargmann-Hartogs $E5®
BergmanBDER &4 VY —L— Xk
Ligk B (BEEKRE - $onlcE)

F
X [1, 3] k28T Fock-Bargmann-Hartogs &

#H -

Dpm = {(2,0) € C* x C™||¢]I? < e#H*} (1> 0)

@ Bergman 3% ENHEIME FHLTERIND 2 RSN, TORETIES
BN Li_n(t) O m BT 6 HRICERI NS ETHA Ay m(t) KR LA >
85— —AMERFWIL, Dy 95 Lu Qi-Keng HICENZIEHT 5. 2 Z
TLu Qi-Keng i & 13 THEFRK Q c C* D Bergman %23Q x Q L CHHAL2 R
DPHEER L &) MRET Bergman 2V A L 7 REBEEF O E R ATHEME %[ 5
HDTH 5. Bergman HiH B i % Kilelp WEIBO Z & % Lu Qi-Keng H8 & MRS,

2. ¥R
TV, AL —AOERE LT SHA S, g 3R TEREROEL, 2T
NORE {1}, {s;} LBL. TOLE, g fIIN LAY (g alternates [) TH
X, [,gDRBDBELCTHH T,

Sn ST <8 1< <8<y <5157y, (1)

BT &RV, E e, gbd fITR L ALEERY (g interlaces f) TH S Liddeg f =
degg+1=nTH>T,

Tn<sp 1< <5< <s51 <7y, 2)

W TZERV) . g FIRN LRI E IO L Eg < fERT. B’
HE LUEHEEDOERICBOTENS <2 TRT<RBEEIBWA D ONBLT
% b EIRFEIAN (g strictly alternates f) ¥ 7z 1ZBRFIZFENY (g strictly interlaces
HEvn g< fERT.

KIS H BN E BET 5. SENBEIE Li(2) iE

>°j:;- ®
k=

LEEIN |zl < 1,5 € CTUEET 2. RrIC s 2 BER L S HEBARIC 0 5. S0
R Apm(t) ZRORTEET S

ar o Agm(t)
%[/Z,n(t) WT (4)

* e-inail: d08006u@math.nagoya-u.ac. jp
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Anm(t) RESHIZRD L S 10K E N2
A mlz 1™ (m + 1);S(1 +n, 1+ 5)(1 — )~

I T, (a)k i% Pochhammer DFL5E, S(-, ) XA S — Y v ST R2RT.

3. ¥R
X[ BWT Dy, D Bergmant% Kp, ,, 13

ur nd™
Kp, .((z,0),(#,¢")) = W‘*""‘(z’z )dt—mLLn(t)h:eu(z,z')(c,w (5)

LRINDIEWRENT. F72, Dy, D Lu Qi-Keng FIEIC D W TR O REES?
HohTwd., _
WA 1. $HIR D,y 0 2% Lu Qi-Keng BHIBRIC 72 5 72 D DB F4E1T %Lu(t) 23
[t| < 1 TBEEREVWIETH D,

ROEBDRA DERBRTH 5.
FR 1. (1) FBEDn,me NIZH L, A, () = Apmia(t)
(E)EBDn,m e NIZH L, Ay n(t) < Apr1m(t)
(i) BB n ZAERICHEET S, 20L&, LT 2MTBRE me(n) 25—
FETS: m > my(n) BREBEROm IR L Dy i3 Lu Qi-KengTHE 2D, Lu
Qi-KengtHIB E R DI D EFICRS.

AR (i) WER () L DIEHEI N 5. TR () 2 5 LB {me(n)}e, W
TEROMWEME NS
% 1. BF {mo(n) )2, X MFARINETICH 5.

B {mo(n)}2, KBLTROTFHEPH 5.
FA 1. B {mo(n) ), IR BHFFRINETITH 5.

FR 2. f(n)=(n+Dlogln +1) LB E, 2] CxllROEVERERT. ot
FEEDn € NIZH L mo(n) < [f(n)] 2IRLT 5.

BEXH

[1] A.Yamamori. The Bergman kernel of a certain Hartogs domain and the polyloga-
rithin function. Preprint available at arXiv:1008.5339.

[2] A.Yamamori. Zeros of the Bergman kernel of the Fock-Bargmann Hartogs domain
and the interlacing property, in preparation.

[3] A.Yamamori. The Bergman kernel of a certain Hartogs domain (in Japanese), RIMS
Kokyuroku, 1694:151-159, 2010.
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On the cone of Kidhlerian infinitesimal
deformations for complex tori

KRR
A BRFS TTHEERI A

BERLBREOENE n X — S (SITETEMTr IZEREE) 55 L
L. SO—# o0 LD 7 74 ,3— X IZKahlerigl B2 Fo LT 5,

ZnEEX LoKahleril& g #EET 5 J ki, BITROTF X, X) —
(S,0) DEHIH (X', X) — (S,0)T g 73 X' EoKahleril &~ & HEERAJRER D D
DI L. BRDSDWEET 5 2 &H%ES 4T W B(cf. [Sch], [F], [F-Sch])).
Zzh%x X(g — S(g TET,

X— S ZXOAE\BEICE )., 378 g 12 X(@g) — S(g) D/INFE - AR H—
B H(X,0) (O IFXDERE) 1c81T & Lg 2SI 5ZLick->T, X
LEoKahlerfED £ & 1XGrassmann % fkE LD R TF X P4 XEINBH T LI
%5, XEoOKahlerigt&82Ticb 5 Lg) DHIEE% KID(X) (Kahlerian
infinitesimal deformations of X) %9, H!(X,0) B <. KIDX) IZEEZ &
$ikTH b, X EDKiahler# R—? de Rham a4 €n P —#HodcKihlerfg
RELTHIE S L) BEFRBEDE Haz, £ TOKihlerfiicb7->TE
DEHLDTH 5,

Kahlert: D &0 RUE T HEBEDEH T A~ OHIHH KIDX) D & ) aHEE
WCETRSZ EIZ, K3tiEDIEKahlerEFR OB (Y A A Y — AR &Itk b,
implicitic iz s LTz 6 Ly, Lo LEFDFEE R KIDX) (@) 72Dk,
BerndtssonKiZ & h RENTRDERTH 5,

1. (cf. [B]) MR m i X——S IZBWT, SOERETHH, X
#SKahlerit B2 1 TiE, MREERE Ky DEEDLET 7 A /N —FIRICH
T HMERIZFHOBIRTHEIEETSH 5,

ZOBEDONRITLERE N — 7 ADEFERE R TL27 7 A N—EFIBOHE R
BdaE, Wh3EZIAnn-1)/2 @OEDEBMHEEZFFOZ EVDYS, Lk
D3oT X H2RITCU EDEREF—5 24613, FH 1 &b KIDX) # H(X,0)
Yinb, 22 TXhEELL THEOREMMEIE TKahlerfmy 2R#O %
My EVITEDBRN L BolDT, INEEHFEN—TF7 ADHEITAN, UT
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DFERE2E T,

ERL 2. (cf. [O) X 2RI EOER T — 7 2% 613, H(X, 0)D b
VHEELT KIDX)=Vu(-V)u (0] &% 3%,

It FEROMFBICETIHERR. BLUVEE 1 2HDE 5 EXVRLN
%,

. XR2RIUUEDEE L — T A% 5 1E, XOBABREDOL EZHEDHEDED
JEEIC 2 3 & ) H(X, 0)DTtefobi%ii. KIDX) - (0} 2EIZ&T,
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FFRUEEE

AHEAEBOE —FTEEHIZOWT

./ H e

1 ELC®HIC

BoOTECH e, HRVH LEOERTROWVERERBESIES Y ZDDHEERVWTIRTO
tizsd, &\ HA47% Picard D/NEE 2 FEEA, CEMALZEOTT. THiF 1920 4K
IZ Rolf Nevanlinua i2 & » THENL X726 DT, 4 H Nevanlinna Big e KiEn2 001 HE
B EIRIZR > TWE T, Nevanlinna HERIZBET AMRIESHETRZEIZ DD T4, 20
11213 Nevanlinna B2 &> THE N BEPEFE SRR > T0W AR AR H L £
Ao, ZOHHTIX, Nevanlinna HEICET 2 B2 W SBOT, UFIZEIFE M EY
7;(’45:4'/[:\ nul./ij.

o i FEUCHOEIRER (Moving target) NDOHLIR
o BBUA ED Diophantus [H & DFEE
o EEEEHDEUZET 5 Gol'dberg F48

2 Nevanlinna i

AR, ISR AR RS TRWREI AR e U CHEE &4 %Y. ELUTH
MR OME X, AHEROWED b LTRABLHEHMLPTVIENEIHD X
F. Nevanlima B@REZF D ~DTY. T I THABRKOELG L AT 82475, Nevanlinna
HamoBAE2LET. GELIE, [1). 2], [5). 1], [12]. 13] & &2 B T ZE W)

¥9 - E’JQuLT:@AL%’S:ﬂ’) LET.

1. V=< VR DmAER:

1 \/
W= -— d~/\d~.
(1+1=[*)?

IR - VEREOEBN LIRS LD, EffkEInTuwET.
2. Bl AL T B r D

Cr)y={:€C; |z| <}
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XT, ZhHS Nevanlinma BRI W TR EEREH 213727, EErc@lds =20
M zwEELET.

(3&7K-Ahlfors @) I

dt

1) = [ 507

(N
(N
o)

st = [ RE

LEEF LA hE, AMMBIROEET SHER [ Ct) » C OWBEO KR E H S
bLET.

() LU fHOEHESL S
112(1)105(15) = deg f.

LT, roo00de &
T(r.f) = (deg f) x logr + O(1)
LD E9.

B : sac ClzrtLT,

" dt
N(r.a.f) A/l n(t.a)?f.

(v
[

n(t,a) = Z ord, f*(a)

zeC(t)
EBEEFELE ZhECH) OBPIHDFHBA f2)=a DOEEHE L ZOHTT.
) U f AR 51

thii n(t.a) = Z ord. f*(a).

zeC

LT, rooccdD& &

N(r.a, f) = <Z()1'(1:_f*((z)> x logr + O(1)

zeC

AN

BOREE : facClznl T,
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ra )= o [ oo
m(r.a, f) = — y ——————df.
s 27 Jo °6 [f(reif). al

(v
(N
I

4] = el
' \/1 + |;1‘|2\/1 + {y|?
3V — < VIR OGRS, BaRBBuE, FIZ X2 R r OFE OC(r) DBEA R o 1T FY
I ENL SWVEDWTWEnEHI>TWE T,

W) - BL fPEHBEERSIE. r—> T
m(r.a, f) = (ordy f*(a)) x logr + O(1)
L ET.
ST [HHHBBLE S, TATDMae CITHLT,

/Cf*w =deg f
= Z ord. f*(a) + ords [ (a).
zeC

ERDET. LoT, TRTOHIZ logr 22 TNIE, FHEHEBBIZT L TROBEFZRLEESN

E S
T(r,f) = N(r.a. f)+m(r.a. f) + O(1).

OG- IZIELYY, WD DD Nevanlinna B ORI EETT.

T 1 (BF—FEEHE, Nevanlinna, Shimizu, Ahlfors) f % EH TR WAHEIEK L ¢
58, $RTDaeClzoVT

T(r.f)= N(r.a. f)+m(r.a. f)+ O(1).

KIZEHi#HSH7-OT, ZOFBEDODTETHAE FECHDOMNE L ET. H72AI2 Nevan-
llmma @O T eI —>T, FZFHEEHEH L WIS DOIERHDH D FHA.

3 FFEFIHE
7, MBEBEEERLE-ZbO2EALET.
THE) Y BB : flae ClzaLT.

N(r.a.f)= /rﬁ(f.a)d:.
J1

(y
(y
A

n(t,a) = Z min {1, ord, f*(a)}

zeC(t)

271



EBEELA ZHECH) DHIZH B SRR f(2) = a OO E EHE 2 ZRETICHA
-HDTT.
I 51T

(Ni(r.a.fy=N(r.a.f) - N(r.a.f)
YEEFT. INEFEHaDEIHDE fFORBRERATVET

T, U fHPEHBEBGSIEE ) -y - TVEY YV DORANS

m( )+ Z Ni(r.a.f) = (2 - (lex:g f) T(r, f) 4+ 0O(1)

1151,

(If : T = C ONBAOWE+1) xlog r
EWHEADNBONTT. MMTIIRD KD BAGEADVHIL £ T

THE 2 (Nevanlinna DE_FEBFEHE) f 2 C LERINZEHRTHRWHHAEKE T 5.
ay..... a, ECEMARLLHETDHE, 1500 DEZIIAEFEX

q
S mrai f)+ > Ni(ra.f) <2T(r. f) + o(T(r. [)) (3.1)
i=1 "€4

NRIEAHROPRES DT D LD,

=2y - TAEYYORRPERTHAD LTS, EFECHEIAERIIL -
TVWET., ZHEADBRNZETTD, UFOEI BRI RETEHILTH 1 HEEMEE
q

ﬁﬂ?é:a%?%i?.T&b%,%:I%ﬁ@@&ﬂ@E:m@mJ)%m®%ﬁT%
i=1
Sz ET \
my(r. f) = sup / max log ;d—g
€y Jo

(ay.-.aq)€ [ 1<i<q [.f(r()’g)- (Ii] 27 '

ZDEZRDED B ET ([20]) .
EE 3 f%2CLTERIN-BEEN R AHIERE 75, Bfig: R, - NIZREALT

Ed5 "
quv@m+(T@D)}
0g 1

IDEE, r o oo llBWVWTHNENRE A
Mg (. f) + Z Ni(roa. fy=2T(r. f) + o(T(r. f))

ué@

A BERE O ORNEEDHTHE D LD,
T, F o FEEM O (3.0) 0 - FEEHAHNS &

(g-2)T rf'<§:NTaz (T(r.1)) (32)
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NEPNE T, ZOLIIEBESHBZ L3l LTRALIE< B E9H, Zhs LIFLIE
0 OFHEME XENET. TSI - UERLIZKRTD = (@) + -+ (a) EEALT,
(g —2)T(r. f) DIFIRK Ko(D) (2T K idY — < VEROBHER) (25T 28T
HBHIITIEERTSHE (3.2) Ak

Trx.0)(r) < Nyp(r) +o(T(r, f))

CELILETEET. ZOROFHMAEZ ZNhSHEEL £

4 B-IETEOBIREA DR
B REEEO 00 MbE A BEDICRD &S RABRMAORIEELET

wl J” (4.1)

IIT, X.MBRBOLBREREFEEHAT, fip: X - MIZE2HTH-T, DK
a € MIZRHLTZ77AN=p () IFAVRIN) = VHITHEELET. 7y : Y = C,
T B = CRBERFHROARPEERT, mpon=m LULET. f&gEMEFEKTT.

WE X OHKIRKRT D C X AGRoni e &, M LOEREEIEAZ = Z(X. M.p.D) &
M Z2ROWE % A7-TRNDORBMWESG L LTERELET. 40D

1. M\Z ETiEp ko rapghizny,
2. HBMre M\ZIZxLT, 774NN —p Y (r) LICDAFIERTLHHITH 5.

LEbAh, TOZIEX. M p.DDMMAKIFELTHRED 9. FHaBHK (4.1) OEAEH
FHUTORMEEZAETEE, MA QDML ZIZLET :

fY)g Dup™(Z).
IO EE - FEEMO b UTRAKY b 9 ([19]) .

EE A4 LLEARZTNETNX &M EOBERERRELT, > 02{ILEOERLTS.
DY EEBC = C(X,M.p.D.L.E.e) WFAEL T, BN (4.1) 1T L TAR%ERX

TfJ\',\-(D)(T) S ]\'Yf.D(r) + A‘Yramm ( ) + ETfL ) + C{Tq E\T + \’ranmg( )}

NHEAROBAESONTHED VD, 2FEU Ry IZ X OEEFEH SO,

BLIRIZABEDIZZOHRNPSEOMNDOFEEZH MBS Z N TEET. ZOFNIIE
HizcEidsomBiz LY.
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TP ABEEZM Y 5> CITHLT,

1 r dt

Ny (1) = ord,rammy p —.

rammy ( ) (1(‘2 Ty /1 { Z( Y Y } t
1)

yEry ' (C

Z 2 Trammy BEEES 1y ODER T, RITEZEFEEHEARX EIFREHR Y - X
2EZFT. X LoEBHR LIZHLT,

= O
TfL (1(;,/1) // + ()

<‘ib357f ZITo(L)F LIRSt EE AN LCOMBILATTA, GHROANS
TIIAR BB ERCT, KELEEA. BRI X OHHIRIAF DIZHLT

x\f[)( ) 1 / {77') ﬂf D}(]—f

deg my-

LHEEET.

1) X=C. M= B=C.g=EH VRN TIE, KX @1) I FEHEE& (F
BOLREEEE) [ Y 5o C:2EZADZ LI EHA. ZOLETHINS

Tj}}\'t(l))(r) S 7\‘?_[.1}( ) + Ax ATy ( ) r:Ff L( )

PHEABROBRAEES DA THE Y L2Db1 0 £F. T Selberg 12 & 25 - FHEHD
REFUEEAD LT T. X 2 ORI M) =2 VHILTEILHTE, TOHE
T TRER A AE D BT — FBEEHO RO D £,

(f#1 2) Nevanlinna iZ#2 ([10]) Oh T, FE_FEEHTEATWER o 2 C LOAT
AR a,(z) KB ENZABLEILEN, LVIREEHUE L. ZOREIE Osgood
[14] & Steinmetz [15] 42 & > THALIZHHR L E Lz, ZRETBEIAN, (roa,. f) 2EE R0V
DIEZS7=DTEH, EHAIL>TEOREMRTEXY

FIE 5 f(z).ay(z).....a.(z) 2R D C LOAHRBBEKE T, =70 f(z) FERTHRL
ETB. IDEEEEDe > 0IZHUTERC(q.e) > 0DMFHELT, 1> 0o DE EIIAEX

Zm7af+ZA r.a; f +e)T(r. f)+Clg (ZTI(I,)

DEIEAROPRNAESDINTHE D L.
ZZT, m(ria. f) & Ni(r.a. f) \ & a PEBRIERO L 2RO LS ITEHREZRL
T ETHEEEBIC AL T

o 7i 2m 7 1
m(r.a. f) = QW/U log ﬁ[f(rﬂ”) ( (‘10”({'9'
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AT Ny(roa, HIELTIE, f=g/h&a=>b/c2BELEE R VERBUC &5 08E
RELUT, nlr.a f) % Cr) NOEEB cg - bth DEFEEXADFNORLLET. ik
aWEBDOHELRULOICERZLET. BRAIH - FETHIZ

m(r.a, f)+ N(r.a. f) =T(r, f) + T(r.a) + O(1)

EWHIZHRENE T
EHL AP S5 2E K, KR4 E LT RE2EZNEIVOTT

(far...aq)
_—

C (P1)r+!

idcl J,(le proj.....(q + 1)th proj)

C — (P

(ar.....aq)

ZIZT, D={(a1.....xq41) € (P)Y" ooy = 2; for some 1 =2... .. g+1} & UEY.

(F13) A 4IZY. BAI LRI M) =< VHT f.g BWREWLEETE R AW % 5
ZF9. Thbb, WA (41) EUTRORREEZDZ LT Vojtall Ko THREI WM
A L O Diophantus BIEOBE BB SN E T

Y%X

ﬂl l,)

B — B

idy
LY. BIEay Ry Y =< @, X IREE, fIEREW, D=0.
ZDEx
lim Trkvoy(r)/logr =deg fTKx/degmy.
Wf‘D(’I‘) =0,
lim Neam, (7)/logr = 2(genus(Y) — 1)/ degmy + 2, ete.

T

W->T, THA4ZBEHT DL, FEOEHK >0/ LT, e.Lp: X - MEIFTHRED,
7Y = B, fATIMRGE LR WERC > 0 BIFEL TRBED LD Z 3D £7 ¢

deg f*RKx < 2genus(Y) + edeg f*L + C'degr.

ZIT, LIRX LOMEREMRKETT. Vojta BZNL VA LIWEOREREIW LS
AT, ZOREAEPHRELTRELTVWELAE (]16]) .

5 Gol’dberg F738 [20]

W VB ONO EEIHIZ 2T (r. f) TY D, FRREZ AT 2O EERMETT.
Gol'dberg FRUZEH 5 D & 5 458 ¥ EEHOIENANOIEZBEHT 5720120, TR
HEHMET 2 Z e PRENZARD ET. FDEDIZay, ... aq, £ UT—ROAHBEEEZ X

H5DEXHT, BHERASIITA2EZLILIZILET. FI TRy %2 dRXATOEHERER
DEASLLET. 2, co 2 WHEHERE SO LML .

7
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TR 6 fE2EEFH EOBBNLEHAEKR d2ARKLTE. Z0LE fLdITITK
FLUTHREDPEERLES Erg C Rog BWEEL TRAHED LD g (ED 5 AP
ap,.... a, € Rq L1EM e > 01T LT, i

2 1 df -
/ max log ———————— + Z Ni(riai. )y <2+ )T(r. f) +
0

l<isg b [f(re?). ai(re®)] 2 1<i<q

Dir € Rog\Epq W2 UTHD LD,

THLS LT 5, METHOBEONT ¢ P qgDEHAA - X —TiHlicnhTwd Z
EMETEETT. ((5.1) 288). ©HSTEC(q.e) EWHBERE LIzEHTLE. &7
BRAES Erg D ay, .. a HIFLRWI EBEETY. ZOLS W ar.....q 0 llKFLAR
W BRI A S D Z & A, AUWIHOBSEEEE RS S K max [ITAH U 72 AL
<.

RIZFEH 3 2 AMERAEN T HRMICHEAIEET. 2ORDIZRD LI L m,(r. f)
DO—MfbEZEZXET :

do

2m
May(r, f) = sup / max log _ —— —.
- (a1 ag)e®ae Jo  1Si<a T [f(re?). ai(re®)) 2m

IhE RS FMT 2, 2WHOIRDFIETT

TR 7 (mOFTHSOFME) f% C LTERI N @B AHEEIEK, F2ARKETS.
Mg R —» NIZREAZTET S

g(r) ~ {log+ (Tlf; p)} )

IDEE, r 5 ollBVWTHRER

2T (r, f) + (k — L)N(r. 00, f) < g 1401 f) + N0, f*) + Ny (r.00. f) + o(T(r. f))

DB 0 DERAEG DA TR D VLD,
ST, THO6ETHTNOSROKRAMHPT AW TEET (h = 20882 ED
Gol'dberg F4H) .
T 8 (Gol’dberg $18) f #EZ Vil L CEHINBE R FHIERE TS, 2ok
E rooollBWVWTHRER
(k= 1D)N(r.oo. f) < N(r.0. f*) 4 o(T(r, f))

PRBEE 0 DBRAEL DN TE D LD,

AT RHEIIZ WS &, fOEBBSEME D72 TADFER 2L DI L2 TRLET.
Frank-Weissenborn 1% f OMiS§T R CTHHMAQR L SIZINERLTVWET (3) . &b
Gol'dberg FAIX Mues PR ([9) WH DO PREZEHT 27-2DICEZ 6N DT, HH
8705 Mues PARBILHINET.
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e

H6eLEMTNOERSEZFHTHITIIROLSICLET. $TEM6ED, Ejp 1 D

ATEAD LR 2L 522 LD

Mi 14(r. )+ Ny(r.00. f) < (2 + )T(r. f) + =T ()3 (log 1)
YD ET. HLIZTHIIIH S DN gr) ITHLT
a(r)"T(r)* (log r)* = o(T (1) (5.1)

IZHEET AL

My 140 (7. f) + Ni(rooo. f) <2T(r. f) +o(T(r. f))

MHEAG R RN ESONTHE D SID I ER o0 Ed. ZOFizEH 7 O4LAMIEMT
i, EHSHESNET.
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