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ON ROBERTSON FUNCTIONS

Li-Mei Wang (Tohoku University, Gsis)
Ikkei Hotta (Tohoku University, Gsis)

Let D = {z € C: |z| < 1} be the unit disk. Let A be the family
of functions f analytic in D, and A; be the subset of A consisting of
functions f which are normalized by f(0) = f'(0) —1 = 0. A function
f € A is said to be subordinate to a function F' € A in D (in symbols
f < For f(z) < F(z)) if there exists an analytic function w(z) on D
with |w(2)| < 1 and w(0) = 0, such that |

f(z) = F(w(z))
in .
A function f € Aj; is said to be a A-spirallike function (denoted by
fesSP,)if
Re e“zjE > 0.

»

f(z)
Note that SPy is the set of starlike functions normally denoted by &*.

A function f € A; is said to be a A-Robertson function if zf'(z) €

SP As 1. e.
- 2f"(2)
Re e <1 + > 0.
f'(2)
Let R, denote the set of those functions. Note that Ry is precisely the

set of convex functions sometimes denoted by /.
Theorem 1. Let f € R, with cos A < 1/\/5, then f is bounded.

Theorem 2. Let f € Ry, then
G )
f2)  A()
in |z| < Ry(\) where Ry(X) is given by
Ri(\) =sup{r < 1: Ree ™ fy(2) > 0inlz| <r}
2000 Mathematics Subject Classification. 30C45, 30C62.

Key words and phrases. Robertson function, subordination.




and N
(1 _ 2)1—26*’ CoOsA __ 1

M=) = 2e~ cos A — 1
Remark 1. The radius of M-spirallikeness of A-Robertson functions is
at least Ry ().

Theorem 3. Let f € Ry, then
/

1
zf'(2) - +z
flz) 1=z

in |z| < Rg(\) where Ry(N) is given by
2

2(N) = .
\/4 + 24/3| sin(2))]

Remark 2. The radius of \-starlikeness of A-Robertson functions is at
least Ry(N).

R
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Coefficient estimates of functions in the class
concerning with spirallike functions
Kensei Hamai (Kinki University)

Toshio Hayami (Kinki University)

Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A be the class of functions f(z) of the form

which are analytic in the open unit disk U= {z € C; |z| < 1}. If a function f(z) € A satisfies

Re <%ZJ{£2§)) >1 (z € U)

1 1
for some complex number a (la — 5[ < =), then we say that f(z) € S,. This class S, was

defined by Hamai, Hayami and Owa [3]. We note that the function f(z) € S, is spirallike in
U which implies that f(z) is univalent in U. But the function of the class S, is not always
starlike. Then, we defined the new subclass 8§S, of the class A.

If f(z) € A satisfies the following condition

fz) 1 <Re(1)—Re(“‘) (z € U)

2f(z) 2a 20/ 2|af?

Re(a))’ then we say that f(z) € SS,. We note that
o

the function f(z) € S8, is starlike and spirallike in U which implies that f(z) is univalent in
U.

for some complex number a (|2a — 1] <

Theorem 1 The extremal function of the class SS,, is given by
z
f(z) = N\ 2 T2 2 2 1
(Im(«))? — 2a|al? | (m@)?—aRe(w)|a+d|a|

(1 (Im(e))2 —2a |2
2Re(a)|a|?

Theorem 2 If a function f(z) satisfies the following inequality

Z (;m —n|+ Rro(lr)”) |an| < 5%'@ — |20 — 1|

R
for some complex number « (|2a — 1| < e(oz)), then f(z) € §S,.

|



Theorem 3 If a function f(z) € SS, with a, = |a,|e?® V%™ then

Z(nRe(oz) —t)|an| = Re(a) — ¢

n=2

with 2’
t= W(lfﬂ — Re(a))

for some complex number o € C\R (|2a — 1| < B—r&(—‘lﬁ), and

ad 1 1

S (- aan| S 5~ 520~ 1]
2 92

n=2

for some real number o (0 < o < 1).

Theorem 4 If a function f(z) € 8§, then

lazf < ‘A - B]
a— 2]a? B (Im(a))? — 2a|af?
fOI‘ A = —W and B = 2R,e(a)‘a|2 .
References
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Notes on the Janowski functions
defined by some complex parameters

Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form
f(z)=z+ ianz”
n=2
which are analytic in the open unit disk U= {z: z € C and |z| < 1}.
Also, let P denote the class of functions p(z) of the form
p(z) =1+ ipnz”
n=1
which are analytic in U with Rep(z) >0 (z € U).

A function f(z) € A is said to be starlike of order « in U if it satisfies
zf ’(Z))
Re > z2eU
(6 et

for some real number o with 0 < o < 1. We denote by §*(«) the subclass of A consisting
of all functions f(z) which are starlike of order o in U. In particular, we write $*(0) = S*.

For some real numbers A and B with —1 < B < A < 1, Janowski [1] has investigated

the following function
1+ Az

which is analytic and univalent in U. This function p(z) is said to be the Janowski
function. We note that the Janowski function belongs to the class P.

(z € U)

We next introduce the familiar principle of differential subordinations between analytic
functions. Let p(z) and ¢(z) be analytic in U. Then the function p(z) is said to be
subordinate to ¢(z) in U, written by

(1.1) p(z) <q(z) (€0,

if there exists a function w(z) which is analytic in U with w(0) = 0 and |w(z)| <1 (z €
U), and such that p(z) = ¢(w(z)) (z € U). From the definition of the subordinations,
it is easy to show that the subordination (1.1) implies that

(1.2) p(0) = ¢q(0) and p(U) C ¢q(U).



In particular, if ¢(z) is univalent in U, then the subordination (1.1) is equivalent to the
condition (1.2).
Remark 1 If f(z) € A satisfies the following subordination
z2f'(z) 1+ Az
f(2) 1+ Bz
for some real numbers A and B with —1 < B < A = 1, then f(z) € S*.

(z € 1)

Liu [2] has investigated the Janowski functions, and deduced the following assertion.

Lemma 2  For some real numbers A, B, C and D with -1 <D< B<ASCZ<1,
1+ Az - 14+Cx
1+Bz 1+ Dz

(1.3) (z € V).
In the present talk, applying the theory of the subordinations, we will determine some
conditions for complex numbers A and B to satisfy
1+ Az
p(z) = 1+ Bz
In order to discuss our problem, we consider the subordination (1.3) for some complex
numbers A, B, C' and D, and deduce an extension of Lemma 2 as follows.

eP.

Theorem 3 Let A, B, C and D be complex numbers with A # B and C # D. If A,
B, C and D satisfy |B| <1, |[D| £ 1 and

|A— B|+|AD — BC| = |C — D|,
then the subordination (1.3) holds.

Corollary 4  For some complex numbers A and B with
(1.4) A#B, |Bl£1 and |A—B|+|A+ B| =2,

we have ,
1+ Az - 1+ ez
1+Bz 1—¢€2

14+ Az

cF.
1+ Bz

(z €l),

where 0 < 6 < 2w. This means that

In addition, we will observe some complex numbers A and B satisfying the conditions in
(1.4) for a fixed B with |B| < 1.

References

[1] W. Janowski, Eztremal problem for a family of functions with positive real part and
for some related families. Ann. Polon. Math 23 (1970), 159 - 177.

2] M.-S. Liu, A subclass of p-valent close-to-convex functions of type a and order 3, J.
Math. Study 30 (1997), 102 - 104 (in Chinese).



Hankel determinant for certain class
of analytic functions

Toshio Hayami (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A be the class of functions f(z) of the form

f(z)=z+ Zanz”
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1}. Furthermore, let QR () denote
the subclass of A consisting of functions f(z) € A which satisfy the following inequality

Re [a (@) +(1— a)f'(z)] ~8 (zel)

for some real parameters a (0 < a < 1) and § (0 < 8 < 1). Then, we write

OR1(B) = Q(B) and QRy = R(P).

Example 1 For each d (d=1,2,3,---), the function

L 1;1 + !
d1—a) "’

—(1-2B)z +2(1 — B)z F (
(L1)  falz) =
z+ (1 —28)z4t1
1— 2

belongs to the class QR4 (8) where o F1(a, b; c; 2) is the Gauss hypergeometric function.

Remark 1 The function fy(z) has the following Taylor expansion

fa(z) =2+ ; —kd(Ql(l—_a)ﬂ)—i— lzkd“.

Remark 2 Tt follows that QR,(5) C Q(7) where = %1—0;)
—

In the present talk, we discuss the upper bounds of the functional ‘ananﬁ — pa? 41| for all n
(n=1,2,3,--), some real number u and functions f(z) € QR,(3).



The following theorems are enumerated as the obtained results.

Theorem 1 If f( ) € OQR.(B), then

{5 A} =)

21— 9) (2 a)?
330 (O§“§<3—2a><1—ﬁ>)

Ceoofam w2

- (2-a)? 2—a)"
with equality for f1(2) (u =0ornz Boan - ﬁ)) ot 122) (0 SH2 B ﬁ))

— pad| £

given by (1.1).
Theorem 2 If f(z) € QR.(0), then

2
‘an&n+2 - ,Uan+1‘ §

( ) 1 1
H1-5) {(n—(n—l)a)(n+2—(n+1)a)_(n—i-l—noz)Qu} (1= 0)
4(1 — B)? (n+1—na)?
n—(mn—-1a)(n+2—(n+1)a) (O§H§(n—(n—l)a)(n+2—(n+1)a))
4(1 — )? ( S n+1—na)2 )
L (n+1—na)? - (n—1Da)(n+2—(n+1)a)
' _ (n+1—na)2 B
with equality for f1(2) (n £ 0), fo(2) (0§u§ = —DamT2—nt ) in=3,5,7, )

(n+ 1 —na)?
m—mn—-1a)(n+2—(n+1)a)

and fq(2) (u > ) given by (1.1), wheren 2 2, d 2 2 and d|n.

We also derive the following result.

Theorem 3 If f(z) € QR.(F), then

( (2= V2)(3 — 20)? 3(3 — 2a)?
Al 8. 1) (4(2—a)(4—3a) §“§4(2—a)(4—3a)>
QoQy — MCL§| <
4(1 — 3)? 3(3 — 2a)? (3 —2a)?
| (3—2a)2" (4(2 — )i —3a) PG ao 3a)>
where
Al B 1) = {9(3 —2a)* —16(2 — a)(4 — 3a)(3 — 22)?u + 8(2 — @)?(4 — 3a)*p?} (1 — B)?
o 22— a)(4 —30)(3—2a)2{(3—2a)? — (2— a)(4 — 3a)u} '
L , 3(3 — 2a)? (3 —20)° .
FEquality is attained for fo(2) (4<2 )= 3a) Sp S = 3a)) given by (1.1).



An application of Miller and Mocanu lemma

Hitoshi Shiraishi (Kinki University)
Shigeyoshi Owa (Kinki University)

Let HJa, n] denote the class of functions f(z) of the form
f(z):cH-Z@kzk (n=1,2,3,...)
k=n

which are analytic in the open unit disk U = {z € C : |z] < 1}, where a € C. Jack (J.
London Math. Soc. 3(1971), 469-474) has shown the result for analytic functions w(z) in U
with w(0) = 0, which is called Jack’s lemma. In 1978, Miller and Mocanu (J. Math. Anal.
Appl. 65(1978), 289-305) have given the generalization theorem for Jack’s lemma, which
was called Miller and Mocanu lemma.

Lemma 1 (Miller and Mocanu lemma). Let f(z) € H[a,n] with f(z) # a. If there
exists a point zg € U such that

max |f(2)| = |f(20)l,

EINEN
then
20 f'(20) —m
f(20)
" £(z0)
20 20
Re F1lz0) +12=2m,
where m s real and F(z0) 2 )| — [al
> Z0) — a > Zo)| — |a
"= G =Tl = T Go)l + Jal

If a = 0, then the above lemma becomes Jack’s lemma due to Jack.

Applying Miller and Mocanu lemma, we derive

Theorem 1.  Let f(2) € Hla,n] with f(z) # a and f(z) # 0 for z € U. If there exists a
point zo € U such that

min [f(2)| = |f(20)],

EINEN
then
20" (20) — _m
f(20)
and wf"(20)
Re 0e0) +1=2—m,



where
L o= fEP o Jal = 1f()l

=" =17Go)l? = "lal+ [f )]

Example 1. Let us consider the function f(z) given by

B a+ (eiarg(a) _ a) g
N 1—2n
= q + ' @8@)n 4 grarg(e) 20 4 (z € U)

f(2)

1
for some compledx number a with |a| > 5" Then, f(z) maps the disk U, = {z: |z| <r £ 1}
onto the domain

1 —r2n = 1—rn

‘f(z)— (a+

Thus, we know that there exists a point zy = re‘= € U such that

et arg(a)r2n) ‘ < rn

n

. r
min 72 = 1)l = lal - 1
For such a point 2y, we obtain that
20f (z0) B nr" -
f(20) (1+r")(lal = (1 = al)r™)
where .
nr
m = > 0.

(1 +7rm)(la] = (1 = [a])r)
Therefore, we get that

" 1 — pn
ReZof (Zo) +1=n r

>0>—m.
1 (z0) 14rm mn

Furthermore, we obtain that
la— f(z0)]> nr" nr"

, (\a| — (1 |a)yrm + %r”)

< m.

jal> = f(z0)*  2la| + (2la] = 1)r

References
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RISV~ VBBDT b AR ONT

A 7EE (RBRMR - 2)

QCRZESHRERERLTS. 200 L 1< p<oolELTOREMNNVT <
7=
Q) :={f:Q—-R: #f»r> f e LF(Q,dz)}

BE2 5. 72T, de iXR® LD n %kt Lebesgue BETHD. 2D L &, b 1THER
R(z,y) % ¥ Hilbert Z2MI £ 720 | & b f € bP 154 R(z,y) AV TUTFOLS
WERBEEh5 (Kang, Koo [4]).

f(z) = /Q R(z,v)f ()dy

KHEFE T, TRV < VBB T b ASRREFFIND H ORI L > TRRIND L
WHREREZBRET .

TE1. QCRZBOPRERERL L, 1<p<oo &T5.ZDLE, QLD
Bl {\i}s HFHELC, BB f € P 1okt LCRETZT A5 {a}; € IP 2 BEZ LN T
%%,

Zaz T, \;) (1‘1)“ (1)

Z 2T, r(z) :=dist(z,00) TH 5.

B 5 (TR & L Cid., AR LTI~ 7 < ZRICx LT Coifman,
Rochberg [3] 238 0 & Z TIXHALER & BIRENCRE] (N} &2 & 200, AREROER
TIEAF (N} PEOREHEICORFBR LTRI (N} ZMR LT

Splc, (1) 27T A5 (i} OFAEHFICOVTHERLE.

FHE2, QOCR 2BL0NEREHE L, 1<p<oo &T5H. £DEE, REHH
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O febPix, (1) OFTEED. b, ik [ {a}i TERBRECHLH. I T,
B(z,r) iZHl z THEEr ORTHD.
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Hardy’s inequality in Orlicz-Sobolev spaces of variable
exponent

KH i IRERFRFBE - AR
o e— KRB RY: - BT

KEF B RITRE - B RALRES
IR JRERAERABE - B AL

R D Hardy DAFER T L CHIGN TV S,

I A ([1, Theorem 1)).Q # R FFEAG LT 5. XD (1), 2)DESL L2/
£9 5%,

(1) 1<p<ocodD, HBEHL>0PFMELT,

|B(z,7)NQ°| > k|B(z,7)] ("2 €0Q,r>0). (1)
(2) n<p<oo.
IDLE, HBEKC >0, 0<by < IDHFEL T,

10" ull o0y < ClE° |Vl [l

PHEIED u € WEP(Q), 0<b < b IS LTRY T, 21, §(x) = dist(z, ).

ER A LT, XD &I BEHRE % b D Sobolev Z£[HI K L T D Hardy DA
HFEADH SN TS, ZEEFEH p(-) 13,

(pl) 1 <p™ =infyern p(r) < sUP,ern p(r) = pT < 00;

(02) |p(z) = p(y)| < C/logle +1/]z —yl)
ZiiZcybDEd 5,

I B ([2, Theorems 3.3 and 3.5]). Q # R* ZERFAEALTZ. XD (1), (2)D
ELohziiild &35,

(1) Q&M (1) 2T,
(2) p~ >n.
CDEE, HBHERC >0, 0<by <1DHFELT,
18" ull ot @) < CINS° IVl [l o

A D u € WP (), 0< b < by i LT D 37,

AHEHE T, EHEBOIEZIT). ooz, ZEHER p() X (pl), (p2),

(03) Iple) - ply)] < —-C

< w (ly| > [z[/2)
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2z L, ZEHEE q() 13,
(ql) —oo < infyern q(x) < sup,egrn q(z) < o0;
(42) lg(z) —q(y)| < C/log(e + log(e + 1/|z — yl))
27 THbO%REZ L, I51T, t>0, € RPIIHNLT,
Bp(),0) (1) = (t(log(co + 1)) )P

&L,

1oy =0 {3 05 [ ey ) 0y < 1
LT BLE,

||u||1,‘1>p(.)7q(.)(9) = Hu”‘ﬁp(.),q(.)(g) + |Hvu||"bp(.)7q(.)(ﬂ) < 00

2723 Q LORHBIE u 2> 5 78 2 BIBZRM 2 W0« (Q) £ 5, £/, t >
0, zeR", 0<a<1ITHLT,

1/pi () = 1/p(x) — a/n
NG
i (.00 (@) = (t(logleo + £))4(@))Ph(@)

£ %,

ITEE QLR"EHEAL TS, XD (1), 2)DELLLZNHILT ET S,
(1) QIFEMAE () 2WzLl, 0<A<1220<A<n/pt LT3,

(2) p->nDO0<A<n/pt T 5.

CDEE, HBEKC >0, 0<by < 1DFELT,

l0° ullo @ < Cllo°Vulll

Q
ph()sa() p(),a() ()

LD u e WP 10(Q), 0<a< A, 0<b< byl LT DD,

WG ORI, 310X 3.

S 3HR

[1] P. Hajlasz, Pointwise Hardy inequalities, Proc. Amer. Math. Soc. 127(2) (1999),
417-423.

[2] P. Harjulehto, P. Hast6 and M. Koskenoja, Hardy’s inequality in variable expo-
nent Sobolev space, Georgian Math. J. 12 (2005), no. 3, 431-442.

[3] Y. Mizuta, E. Nakai, T. Ohno and T. Shimomura, Hardy’s inequality in variable
exponent Orlicz spaces, to appear in Hokkaido Math. J.
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Capacity for potentials of functions in
Musielak-Orlicz spaces

HTH 302 (W R EHIR)

K #ih (KR RFERZEBE LI TER)
REF B (RORFHFEAFHE)
TR B (REBRERFBEE AR

LDP-BEBDORT v VI L > TERSNDREOMRIT, BT v v
AR WCEE AR EZ R (4], [1]). ZoM&OHEES LT, 2 50K
BEZHIWTHKT « LP-27 7 A% Orlicz-7 7 AZ—ib 32 5m ([2], %) &, p &
EEREICT 50510 ([3], ). 2 b 2 2O F %2 aHET L, Musielak-Orlicz-
J T ARBZDH T LD, K TIE, Musielak-Orlicz-7 7 2 ([5]) D% D
RT UV x VKo TERINDFED, EORE [P-FEOWHEZHRFEL TV
DM ONT, BLNTRERERET 5.

B ®(x,t) : RY x [0,00) — [0,00) 1ZRDOEKME BT ET5: () 1 RY
AT @(2,0) =0 Tt >01ZBWT O(z,t) > 0; D(z,-) 1LMBEEG O(x,1) K
1/®(x, 1) 1IZAF; O(x,2t) £ A1 P(x,t).

Bz L (RY) = {f € Lino(RY); fqv @y, [f(y))dy < oo} 1F(2(z,t) DIE
» %) Musielak-Orlicz 25/ & FEITIL S .

RT v Vi E LT, (0,00) EOIEMEFEEIMNBIE k(r) “C“fol k(r)yrN—tdr < oo,
k(r) £ Ask(r+1) (r 2 1) %77 60%E 2, k(0) = lim, o1 k(r), k(z) =
k(lz]) (z € RN) L3 %.

ECRN LBEA G RN izxt L (k, ®)-(HH%) HE%

Cra(B:C) = inf /G B (y, f(4)) dy

FeSK(E;G)
TEHETD. 22T S(EG) EGUANTE f=0T,E LTkxf21Thd
£ 9 A ATHIRR S f D2tk
'IJAFIE 1. Ck@( 5 G) ﬁiy\i‘gé
il 2. L®(RY) 28 reflexive 725, E; C Ejpy, E =2, Ej 12/ L
limj_mo Ck@(Ej; G) = Ck,cp(E; G)

FEEOHRBFES G I L Co(ENG;G) =0 ThHDHEE Cra(E) =0 &
Fie

M 3. Cro(E) =0 THLHOILIE, kxf#£oo CTFE Lkxf(z)=00 &72%
HED fe L2RY) BMEIET D 2 &%, B - +5Th 5.

il 4. k(r) 28 (0,00) TEfD L X, f e LPRY), kx|f| Zoo 2D kx* f 1%
(k, ®)-quasi EHE T 5.

-15-



LLF, k(r) = Nr=N [ k(p)p™~dp,
heo(r;x) = TN(I)(IE, T_NI_C(T)_I)
LB<.
M 5. HDOERAZ1RNH->TEED0<r <1, 2 e RV (ZHL

A" inf hge(r;y) S Cre(B(z,7); Bz, 7)) S A sup hya(r;y).

yEB(z,r) yEB(z,r)

FEH 1. T e RV Ik L

su hi.o(7;
lim sup PyeBr) (r3y) < 00
r—0+  I0fyepr) M <1>( )

LB ol x ATED fe LXRN) ICK L Cyo(E) =0 ThHES EC RY
NboTzeRV\E 726

1
lim — B(y, dy = 0.
i ey Lo 201

i (1 @) 1239 % — b S 7z Hausdorff MIE Hy, ,(E) &, RO X HITEE
T2 1 h(r;z) = Supg. <, SUPyep(a,p) Mo (P y) & L,

Hy, ,(E) = 6lim inf {Z h(rj;z;); E C UB(xj,rj),O <r; < (5} .
J

—04 -
j
EHE 2. 73CH 2 € RV IZH L lim, o, h(r;z) =0 THDH & X,

Hhk@(E) =0 = Ck7¢(E) = 0.

22 3k
[1] D. R. Adams and L. I. Hedberg, Function spaces and potential theory, Springer,
1996.

[2] N. Aissaoui and A. Benkirane, Capacités dans les espaces d’Orlicz, Ann. Sci. Math.
Québec 18 (1994), 1-23.

[3] T.Futamura, Y. Mizuta and T. Shimomura, Sobolev embedding for Riesz potential
spaces of variable exponent, Math. Nachr. 279 (2006), 1463-1473.

[4] N. G. Meyers, A theory of capacities for potentials in Lebesgue classes, Math.
Scand. 8 (1970), 255-292.

[5] J. Musielak, Orlicz spaces and modular spaces, Lecture Notes Math. 1034,
Springer, 1983.
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B Hardy 2212 8 1) % Carleson A3
B BA (KA
BR AOBH  (AAORAABETAET)

e Hardy 22[E]12 8 1) % Carleson NERDINALT 2 72 D D AEEA-57
FOWTHEET 5, 22T, 20z PEZREICE T 2 HIEORO T 217
)T ETHEERETS, R, 1<p<qg<oo EW)RWD D & TD Carleson HEFZ
2.

(n+1)Xmx—7Y v F2[H (n > 1) I8 1T 5 2R

R = {(z,t) | € R", ¢t > 0}
ICBWT, oI L@ 13,
L@ =0, +(-4,)* (0<a<)

TEHRSNS ([NSS]) . EZfic B\ T Hardy 2RI B RIEHE 2B A L 72
22l he = R2(RYT) (1 < p < 00) %,

W= {u € ORI | LWu =0, [luly < oo}

EEFT S, IV LIF

P
sup ( |u(x,t)|pda:) (1 <p<o0)
fullg = § =0 e

sup Ju(z, )] (p = o0)

n+1
(at) R

TEDH T EILT S, DU, b2 2R Hardy 22 EFES 2 E129 5, a=1/2,1
D EE, B Hardy 221k 2 112 201 Hardy 22/, Hardy 22RIC)E T 5 8407
BROMAKIC—BT 5. 7, T'-Carleson HIE%EAT 2,

EE 0<a<l pZR{" EEBorel i, 7>0&92%, ZOLE, HIEHK
C > 0DHEL T,
u(T(x,1)) < OF

D INTOBEE, & (LT 2) T Carleson HIJE £ W5, & 2T,
T (a,) 1= {(y,5) € RY |y — ol +5 < )

£ 5%, 7,
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% T')_Carleson B2k & WE5.

Z O T'-Carleson MIE X, B(z,r) := {y € R" | |z —y| <r}, BIORHES
E(CR")ICH LT,

E@ = {(z,t) € R B(:p,ti) C E}

&L,

— (@
p(B(z,t) )< Ct
D7 INs 2 EENETH 5,
T ) _Carleson I % ffi>C, Hardy 22122 \WTDLLT @ Carleson A
HAUCBHT 2 EME S,

FE10<a<l,l<p<g<oo, pZRM LOEBorel HIFEE T2, ZDLE,
R Hardy 22128 \WT, HEEC > 0FEL Tu e RRITRL T, XD
AEH

||u||L<1(]RT_f_+1,d,u) < Cllullp

DRNRTT B 1 D DBE R, 7= - L & U p 3 T-Carleson HIIE
p

2a
Wb ETHS.

INVLDEDTTRTHI LK), BETTHEHEDFRMAIZ oI X 5% L
5K,

FE2 0<a<l,l<p<g<oo, pZRIM EOEBorelfllELE T2, ZDL E,
B Hardy 2B WT, HHEHRC > 0DHFEEL Tu € B IZW LT, XD
AE

;)| Lo gy < Cllullag
+

ﬁ%mﬁjﬁ%k@w%g+ﬁ%ﬁu,uﬁm:%abfﬂ@CmmmMEK
KHZETHD.

SE R
[L] D. H. Luecking, Embedding derivertive of Hardy spaces into Lebesque spaces,
Proc. London Math. Soc. (3) 63 (1991), 595-619.

[NSS] M. Nishio, K. Shimomura, N. Suzuki, a-parabolic Bergman spaces, Osaka J.
Math. 42 (2005), 153-162.

[NSY] M. Nishio, N. Suzuki, M. Yamada, Toeplitz operators and Carleson mea-
sures on parabolic Bergman spaces, Hokkaido Math. J. Vol. 36 (2007), 563-583.
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10

Modulus of continuity of the Dirichlet
solutions
Hiroaki Aikawa (Hokkaido University)

Let D be a bounded domain in R” with n > 2. For a function f on dD we denote
by HP f the Dirichlet solution, for the Laplacian, of f over D, i.e., H?f is harmonic
in D and HPf = f on 8D. It is well known that if D is regular, then H®” maps the
family of continuous boundary functions to the family of harmonic functions in D
continuous up to the boundary dD. It may be natural to think that improved continuity
of a boundary function f ensures improved continuity of 4 f. In the previous paper
[1] we characterized the family of domains for which -Holder continuity is preserved
by HP. See [3] for further generalizations to p-harmonic functions in metric measure
spaces. This talk is based on the continuation [2].

Let us study similar problems in the context of a general modulus of continuity.
Let M be the family of positive nondecreasing concave functions ¢ on (0, c0) with
Y(0) = lim,0 ¥(#) = 0. See [5] for concavity. For & > 0 let

(=logH)y™@ for0 <1< 1/e*!,
w“(t) = - a+1
(a+1) fort > 1/e*"".

Then ¢, € M. We see that i, is a modulus of continuity weaker than Holder continu-
ity. Let v € M. For an arbitrary bounded set E C R", n > 2, we consider the family
Ay (E) of all bounded continuous functions f on E with

il = suplf)l + sup L SON

xeE x,yeE W(|X - yl)
X£Y

Take another ¢ € M and define the operator norm

?{D
(Ol = sup L Tled

reng@py N flly.op '
1 /1ly.0p#0

The finiteness of ||H? |l,— 18 of interest. Hinkkanen [4] considered the problem mainly
for planar domains. However, the most interesting case ¥ = ¢ was treated only for
Holder continuity. We [1] and [3] also dealt only with Holder continuity.

The case ¥ = ¢ = ¥, with the above i, appeared (at least tacitly) in connection
with Kleinian groups. Shiga [6] and [7] proved a Hardy-Littlewood type theorem for
holomorphic functions with respect to ¢, . His result [7, Theorem 2.2] yields

Theorem A The operator norm ||H A||L,,_,¢, < oo for every Y(t) = Y, (t) with a > 0.

Shiga [7] employed the explicit form of Cauchy’s integral formula for the unit
disk, which is not available for a general domain. Instead, we shall apply a barrier and
harmonic measure method, as in [1]. This method enables us to deal not only with ¥,
but also a general modulus of continuity ¢ € M. It also reveals that the smoothness of
the domain has no significance.
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Without loss of generality, we may assume that D is a bounded regular domain (see
[1, Proposition 1]). For each a € D we define a test function 7,, on dD by
Tay(&) = Y(§ —al) for& € dD.
Theorem 1 Let € M. Then the following are equivalent:
(@) IHPllyoy < 0.

(i1) There is a constant C > 1 such that

7‘(D7'a,¢/()f) < Cy(lx—al) for x € D, whenever a € dD.

Definition 2 (Global Harmonic Measure Decay property) Let w(x, E, U) be the har-
monic measure evaluated at x of E in U and let B(x,r) be the open ball of center at
x and radius r. We say that D enjoys the Global Harmonic Measure Decay property
with  (abbreviated to the GHMD(y) property) if

w(x, 0D \ B(a,r), D) < C% for x € DN B(a,r), (1)

whenever a € 0D and r > 0.

Theorem 3 Ler y € M. If |HP|ly—y < oo, then D satisfies the GHMD(y) property.
Conversely, let Y € M and suppose that there is R > 0 such that
R
dy(1) < Ctﬂ(r)
» Y@ ¥(r)
If D satisfies the GHMD(Y) property, then ||H|ly—y < co.

Corollary 4 Let D C R", n > 2, be a Lipschitz domain. Then ||HP lly—y < oo for every
U(t) = Yo () with a > 0.

for0 <r <R. 2)

Corollary 5 Let D C R? be a finitely connected plane domain with no puncture. Then
IHPly—y < oo for every y(t) = . (t) with @ > 0.
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11

RNV URZSH DU —YVH
it =88 (ZI K - LEHD)

MR Riemann 16 R OMERASE W (K16 R\ W 2SERIGER) 2 ERICE D
LT, R Lo Dirichlet AIRFIRIBILR HD(R) DX

HDW;0W) :={ue HD(W)NC(R) : u|[R\ W =0}

#Z2%E HD(R) = HD(W;0W) (#IZRAL) Tb %53, BWIZ (HD(R) 133E) 1F
n&) HD(W;0W) (3. Dirichlet 857 D(u, v; W) == [, du A xdv ZNFEE T
% 14y Hilbert 22 & %2 0, 4% B(z,¢) 2F>. 2z R 11D Bergman #%
(FEL < |& HD Bergman #%) &5 2 OHAFHME, HIG

(1) sup  B(z,() =sup B(z,2) < +0
(Z7<)6W><W ZEW

EEIOWHEICEIRYT 5. R LoRHIHMBEERZ HB(R) Lill,
HBD(R) := HD(R) N HB(R)

bEEEZ L. I (1) BALT 252DV RO 2 5 1 5

T 1. ME (1) BRIIT 2 BDOBE+HEMER

(2) HD(R) C HB(R) (i.e. HD(R) = HBD(R)).

Riemann [l R S A MWE P 2#Ff> L &, R LSS MAEE 22 TOmMBMEE P
2RO oI, P IIREARETHELLEF ). T5H¢L

T 2. HE (1) IREEETETHS.

> THE (2) bHBEALLETH S, (2) ENFNAENE HB(R) = HBD(R) &,
R Lo TOFMMERIE D Dirichlet BENHRZ B 2> 2 & TR
STV ([3]) 2%, ZOWEIFEEMAZ TR (of. [1)).

TEE (1) 13l BB T ORER & [F U < MEJRIR O 28 Tl 2 2 W PEBISR
D—DEEZHND (cf. eg. [5]). FHHE R »° planar XIFHRMEHD & = (1) 13
M IS C 5 72w, Pl R TS, MFDSTHEFICEE L 2 WBRED D D 7%
5 (1) IFEZ 54w, BEWITE, B2, RORWEEZS. RNIC R DEDLR
ICHER L RV Z £ > THAWICED 6 BB (A,)nen T, R\ UyenA, 23
planar 7>

Z 1/mod A, < 400

neN
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EBb0EN5 EE, R, R AMIZEEMES TS, FAERTESL (of almost finite
genus ([5])) TH2EFE). §5¢&

EIE 3. R DRBREEH (7€> THIC R Y planar SWIEICL K BEBR) &
5, (1) [FEIZU AR,

M Eo 3EHDFHIZIE, ROFEZfE) : 6R %2 R D Royden FAMEIHRE L,
cap(K) % 0R DTS K OFRET 5 (cf. [2], [4]). HEH (2) 13, 7> T
H (1) b, ROFMLFEETH 5 ([2)):

(3) [nf cap({C}) > 0.

Bl Z 0, EE 1 OFAEHIZ (1) = (2) = 3) = (1) DR TONEEN LS.
(1) = (2) 1 B(2,¢) OHAEMEO—WHTH 5. (2) = (3) I Banach DHHEAGRFH
ICZDOREDD 5. (3) = (1) 13, EHAMTHES K C R DEREBIEL ) 13
3 % Bergman &7 ER
Cx = / B(+, () x dck
oR

2o TR N %R

cap({C}) = 1/B(¢,¢)
Do 5. BB 2 1% (3) OBEEFEAAEMEIFE L ORT. HU EM 3 I3FmAR
D R DBETED C € oR M cap({(}) =0 THBH I LITkD, (3) & (1) 12k
DV, R

W

B X B
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JEEH 7 7 7 4 VERAID Gauss BARDAET AT DO WT

SUMRZERE GBI ZElE I # (Kawakami Yu) - FERNT  (Nakajo Daisuke)

EAFMOMATINE TR OENTELTIEE LR RIS ORI b KE R Br 5 2
Twa, PlZR, 32Xt Euclid 22 D 5efiti i O Gauss BARIAE T AFwITFEZ W5 2 &
T, ZOMAEOBERFE IR E 27T 2 L TE %, AH#HETIE, Gauss BROE A % 3
RZHEHD 7 7 AELT, INEFTRICT 774 VEMETHRONTELWNRTH S, 3KILT
774 VEBR OEEGT 7 74 VERiZ & 2 ORREZ2IET 27 7 AL TIREL & THER
B7 774 VIR EWHI T ITREEZ D,

[E&R] 2XILAMAEHRES 225 R3NDWE O REMR = (2,0): X — R3=C x R
EH 77 74 ¥l (improper affine front) TH % & I3,

o= (o finan)

&+ % special Lagrangian [303AR Ly, =z +/—1n: ¥ — C2 BHET 2 L E& VI,

D7 I RAEBEEMITEDERD 1 DL LT, XD X % Martinez D & 2 HEMHTINT — 712 &
LRENKDND 5,

[2%£1] T % Riemann & L, (F,G) Z2XD 2005 %ii7-7 2 LOIEHIBEE M E T %:
(1) Re(FdG) D352 TH 5.
(2) C? NOEFZIMR .= (F,G): ¥ — C? Diregular £ 7% 5.
ZDEE, Y —-R*=CxR%
2 _ 12
)= (G+F,|G||F1|—|—§R<GF—/FCZG)>

2

TEDZE, TUIEEET 7 74 VI E 5D, £72, o ORFRE |dF| = [dG| & 7 5 Ik
LT3,

ZI7T, v:=dF/dG £ LTY Lo ZED, Tz ¢ O Lagrangian Gauss G4 &9,
ZDEIZL, special Lagrangian 13 9iAA D Gauss AR D nontrivial part IZHIGEL TW5, £z,
CDBBROBDMNZ D7 7 ADKMWEE ZELL T2, HIZIEX [FHFEIL] 206, ¢ OFFEM
v =1%ZH7T 2 E8bhb, REHETIE, ROWHZHZT 7 7 ADOKRBIEE 2R3,

*kawakami@math.kyushu-u.ac.jp, T 819-0395 # i P4 [X k] 744
Thakajo@math. kyushu-u.ac.jp, T 819-0395 & HiP6[X ol 744
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[E& ] ([UY)]) HEEET7 7 74 V¥ : © — R3 235550 (weakly complete) TH 3 & 13,
CZ Dl DFED Ly, DX S5 ERLICH 5 dr? .= 2(]dF|? + |[dG|*) 23 Riemann il & L T
TEMTHB EER T,

ok 13 Sefik NI O Gauss BARDERIMER DI B2 JR 5 LTl 7 AR K D [Fu
EEML, 2077 AT S ET, v OBRIMEBICOWTRD &) ik 252 2 LTS
7.
[ EER ] (KN]) ¢: £ — R? 2589503EEA 7 7 74 VikHiE L, v: ¥ — CU{c0} ZZD
Lagrangian Gauss 5%, D, % v ODRIMER E T2, 5, v ZEREBRTHRVELLLEE, XD
EDRD LD -

D, <3.

CNRERBOIMETH 5.

2, SOV FRACEBEOT v REREGBRTHSL I L L,  DEMBMHITH S 2 & LIZFAMET
HHLIERRTIEDTESL, ZOMRE, 7774 VitRE dr? LOFFREROKE I DK%
HEbt s LT, Calabi [Ca] 12X > TRINZRXRDOFERZESAmINIEL 6RT I ETE
5.

[R] 7774 v5Efiik RISHNOIEFEAG 7 7 7 A4 »ERANZEMBBEYINTH 5.

W
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A unit disc analogue of the Bank-Laine
conjecture does not hold

R Mt ERKET
J. Heittokangas Univ. Eastern Finland

The celebrated 1982 paper [1] by Bank and Laine opened up a new chapter in

the oscillation theory of solutions of

"+ AR)f =0, (1)
where A(z) is entire. Finding a condition on p(A) such that each fundamental
system { fi, of (1) satisfies

ystem hr, f2} of (1) max{ACA), Mf2)) = oo 2)

has aroused wide interest Ociuring the last three decades. Here,
Ag) = inf{a >0: Z N oo} and p(g) = limsup log T'(r- /)
vt r—o0 log r

stand for the exponent of convergence of the zeros {z,} and the order of growth of
an entire function g, respectively. If A(z) € Clz], then it is well-known [1] that all
solutions f of (1) are entire and satisfy A\(f) < p(f) < oo. Hence, in all attempts
to obtain (2), we need to assume that A(z) is transcendental. Bank and Laine [1]
introduced a method for constructing equations of the form (1) with zero-free solu-
tion bases. This construction depends on a certain entire parameter function .
If o(z) € Clz], then p(A) € N, while if ¢ is transcendental, then p(A) = oco.
Hence it seems plausible that (2) holds whenever A(z) is transcendental and sat-
isfies p(A) € [0,00) \ N. This is widely known as the Bank-Laine conjecture.
This conjecture was verified in [1] when p(A) < 1/2, the method being based on
Wiman-Valiron theory and the cos mp-theorem. The case p(A) = 1/2 was proved
in 1985-86 independently by J. Rossi and L.-C. Shen, based on the Beurling-Tsuji
estimate for harmonic measure and the Carleman integral inequality, respectively.
Despite of the seeming obviousness, this conjecture remains generally unsolved.

Proceeding to the case of the unit disc D, a couple of definitions are in order.
Let g be an analytic function in D. The exponent of convergence of its zeros {z,}
and the order of growth of g are respectively given by

S log™ T'(r, )
—inf{#>0: (1= |z < oo} and — limsup —2—"9
p(g) = inf{ B nzl( ES)) cof and o(g) =limsup =~

Let A(z) be analytic in D, and let {f1, fo} be a fundamental solution base of (1).
Then a unit disc analogue of the Bank-Laine conjecture would be a condition

max{pu(f1), p(f2)} = oo. (3)

If A(z) is an H-function, that is, if there exists a constant ¢ € [0, 00) such that
sup,p(1 — |2[%)9A(2)| < oo, then it is known that all solutions f of (1) satisfy
u(f) < o(f) < oo. Hence, for (3) to hold, A(z) cannot be an H-function.

on o(A) implying



Following the reasoning in [1, p. 356], let ¢ be an analytic function in D, and
let h denote a primitive function of e?, that is, K’ = e¥. Set g = —(p + h)/2.
Then a simple computation shows that the functions f; = €9 and f, = e9™" are
linearly independent solutions of (1), where A = —1 (e2* 4 (¢)?> —2¢") is analytic
in D. We can give examples which illustrate that no growth condition on a finite-
order A(z) alone implies (3). Our main result below shows that it is possible to
construct a function A(z) analytic in D and of arbitrarily rapid growth such that
equation (1) possesses two linearly independent solutions each having no zeros.
This is a unit disc analogue of the corresponding reasoning in [1, p. 356].

Theorem 1 Let A(r) be an increasing and continuous function defined on the
interval [0,1) such that A"(r) >0 and , A(r)

iy oy (4)
Then we can construct a function A(z) analytic in D with rl—iglf T/(\Z’;;l) =
such that (1) possesses linearly independent solutions fi, fo each having no zeros.
Moreover, the product E = f fs satisfies rliI{l— T/(((??f) = 00. O

The assumption (4) does not seem too restrictive, when we observe examples.
When proving Theorem 1, we rely on a Linden-Shea construction on an analytic
function of prescribed asymptotic growth, which depends on (4).

Our tool is a unit disc analogue of a well known plane result due to J. Clunie:

Lemma 2 Suppose that ¢ is analytic in D and of unbounded characteristic.

. . T ® .
Then €e® is of unbounded characteristic, and lir{{ T((ij (;)) = oo. In particular,
T . T(r, e ’
lim _The) = oo implies lim _T(e?) = O
r—1- —log(1 —r) r—1- —log(l —r)

For this proof, we require the statement due to R. Nevanlinna [2, p. 276]: If f
1s meromorphic in D and of unbounded characteristic, then for all a € C outside
a set of zero capacity, depending on f, we have N <r, ﬁ) ~T(r, f)asr —1".

Also, our discussion yields a solution to some open problem recently stated by

T.-B. Cao and H.-X. Yi about conditions on A(z) to guarantee that (3) holds
when A(z) is an analytic coefficient of (1) which satisfies lim T(r, 4)

r—1- —log(l —r) -
PN

[1] S. Bank and I. Laine, On the oscillation theory of f" + Af = 0 where A is
entire, Trans. Amer. Math. Soc. 273 (1982), no. 1, 351-363.

[2] R. Nevanlinna, Analytic Functions. Translated from the second German edi-
tion by Phillip Emig. Die Grundlehren der mathematischen Wissenschaften,
Band 162, Springer-Verlag, New York-Berlin, 1970.
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¥4t a7 —llROERERES

FECT HEE (RO LAY BL T AR
s A (RBOCERITE R

fEFTINAARZ: ) — = VI X DY A & S 27— T(X) IR &V —< V1
YV, /) DAt ad—[AEERRDEAGTHS. 7L, fFIIXD2550DY —
2 VY NOESEMEHRE TS, Y463 a7 —HEkC kD T(X) % HHEEZ2R &
AT EILT S, FY—2rvHo—2EEHICLD, T(X)IZ X EoRhEt
= O [FEERA DO ZEM & [A— N TE 5,

ZAE a7 —2dar s bTiEes, BEER (2287 ML) O
TERVLOPASNTV S, SITRUTO DB RZHLIEZ S, X L
DR T OHFEAHFE D 2 3N VR S BIBUE X o WGt EZ —DMET 5 T L
WEE 5. FEiF, TOMIBET(X) DIBRITEBZEF DDA Z 525 &
DHISGNTED, ZOBRZHAL THREBMOIARIZR 5. FAL L 72 BUIH
2V R FTH-T, ZDEH UL ThurstonIBFR L WX 2, WEHE S BIE D
H Y ITERRAT E Y —~ VNS 2 AR S BB 2 E 2 5 2 LIk > T, ARk
WKT(X)Dav7 Mz s 2 E23TE 5 ([1]). 2 DERIE Gardiner-Masur
BREIIN S,

Thurston Ha 5413 ffi i _F o> I EEAF E s o H 2y e 2R D B E PMF &
A —fiSTE 5 2 LPHEN TS, Gardiner-Masur BiFHUTBI L T2 @ X 9 %k
BT IEE 2RI NT R Wwdd, Thurston AR ZEEG L L THICUET S L
DIHIS N T 5,

T(X) LOMMEIZSY 1 £ 2 25 —BIHER & MEE, RRI R0 ic X 0 R
NI, 4L 327 —GREFITNDRHTINCT 7 4~ REEFAGERD
1 EBOBETHIRI NS, ZDEHZEIICEHL TL L OrDHIEPIH SN TS,
E 9 EHI RO 03E & 2 BN EERE SR, S F 0 iz AREOH
SIS HT 256, ZOZRKBIBED S5 A & 27 —HHIfRIE Thurston
BRCIRT 2% ([4)). FARRDHHEDS Gardiner-Masur EEFUZ B W T H K D 2003
([2]) IR T % il Thurston A DG G L 13 R% 5, RIS, IR R 03E 9
ENEMEEL B LT — LGS, COZXBINEDLI AL a
7 — HIHIER 1 Thurston BiFL TR T 3 ([4]). FRRDHE DY Gardiner-Masur B 7t
IBWTHD IS ([5]). BT % milE Thurston A OGS L —HT 5. HEH
HEEAZEE DS AT D IV I — FINTH R WIEHI =X ED 55 1 &
S 27 —HHERIC BT 2 BAZEENIZIZ EA ERIS LT3, A Lenzhen 132X
DifiRZ R~ L7z,

Theorem 1 ([3]) X 232D O DY —= HD & ZF, Thurston EIFIZE »
TPCRL 2 WT(X) LDy 4 & 2 27— RS HFEET 5.

27-



UMD Z Ebrotz,

Theorem 2 X 232 oD —<vHD L &, AT —EF)LIT—}
TR VCEREPEMNEREZ SOOI XBa» 6 EE5T(X) LY A a
7 — AR T, Thurston Bift & Gardiner-Masur 5EFHUC B 1T 5 Z L Z LD ERE A
HLEEDEGLE L TELLODDHFEET 5.

Lenzhen {Z Thurston AL TR L 20w ¥ A £ S 27 —HIHEZ XD X 9 IZBik
HICRERR L 7.

9. VWV IEAE (ORI DIEH) % »-FHICHEL T, 203t —
% o-FHICHET 2, 72720, IEABOLE NOEMEDSE R, A EOTEMEL (1,1)
WRIBT2bDET S, ZL T, ZNFNUCEL2EEZCTHCEIDORTICED
Y HZ AN, UNHEHBEEICZ S X ) ICENEZZ2NFNREEE ¥ 5, 512,
ZNOIEAHEOMNAZE TS5, T2 DOD0—DORHOHEL—T7 A X, Xo B
TELD, ZNoZUNHITH > TREMNIEY b 3 LD 20 —< v
MXPTES, XOEEMERYNHZ ANLZEIPHEIITKEL v, -
& 2o FIHDEEZZRT -0 0T % X, X, LORENENERE2 Z0F N
FI,F, 7% Zho3UNHOEIPHESIKEL TEES, 22 T2DIE
HIBICUINHZ AN DBOMEE 25 & & MHECT 2 - FHIDO G 2@ a8 e LT
GRIZ, n-FHOHZEERTHL LTS, 2L E, X LoEENENLEE
F=F+FEDPEDLYA LI 27 —JIHiF R IE Thurston BiFITE W TR L
v ([3]). ESIELIERERL 1,

Theorem 3 ([3]) LEOMBRIEDFHED T T, FIFFZAE I 27—l RD
Thurston HEHRIC BT 2 EME N TH 5.,

W RERK L7274 & 2 27—l % Gardiner-Masur 35 IC B W TEZE L
THDERDTHoT:,

Theorem 4 Lenzhen DWEKIEDEZFD T T, FL & FRlF &by A I aTF—
AR R @ Gardiner-Masur 5E5HUZ B 1) 2 BB Tl 22\,

PLED = >DEMD S Theorem 2 215 5.
SE R

[1] F. Gardiner and H. Masur, Extremal length geometry of Teichmiiller space. Com-
plex Variables Theory Appl. 16 (1991), no. 2-3, 209-237.

[2] S. Kerckhoff, The asymptotic geometry of Teichmiiller space. Topology 19 (1980),
23-41.

[3] A. Lenzhen, Teichmiiller geodesics that do not have a limit in PMJF. Geom. and
Top. 12 (2008), 177-197.

[4] H. Masur, Two boundaries of Teichmiiller space. Duke Math. 49 (1982), 183-190.

[5] H. Miyachi, Gardiner-Masur boundary of Teichmdiller space : Vanishing subsurfaces
and Uniquely ergodic boundary points. submitted.
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Veech groups of flat structures
on Riemann surfaces

VizE i R ERER AR TR

1. Introduction

Veech #f & 1k, EEBHD Y A & 2 27 —ZH~DIEHD Y 4 & 2 27—k
X BHIRD PSL(2,R) TOXRELTH 5. VeechBild 7 v 7 ABETH D, Z DRG2E
FIZEY 2 7 4 HEICHRICHDIA L1 5. Schmithiisen[1] 1%, IE/TTEOR D &
ODEDPORK I NS ) —< VHID Veech BED G HRIEZ 5. 2 7-. SHIOFEETIZZ
DFEVED, IE2n ATZORED GbE D2 RIS ) — < VDG E~NDIRIRIC
DVTHBRS . JRRICHERRIZE 2 A 1K BRI N —< VH P, D
L SEHEA X, D Veech BEZ BARIYIC KD 2 2 L TH .

- Ow

Example. n >4 &4 5. P, D Veech#:T'(P,) I3 Veech[2] IZ X > T TFD X 9 I
%5 EDRINT VS,

L. R, = cos% —sin% T — 1 200t% ‘
’ sin®  cosZ ’ 0 1

2. Result
Theoreml. P, £ P, DI@H I X, D Veech BElZ—3T 2 I L,

F(‘)?n) =T'(Fn) = ([Ra], [T2])
AP WRYASS
Z DfEHR & Schmithiisen D 75% (Covering theory, Reidemeister-Schreier method)

ZEOE T IE2n AIOIED SRR I L5 Y — < VIHD Veech B2 G
T%. ZOFHEOEIRICE L TEMIT D & 9 iRz 7.
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Theorem?2. P, DHRR 7 — )V D Veech FED G IZIFE T 3.

ZOFHBEICE > THE SN VeechBEICIZWIZIZLTD LI b D03H 5.

X=d

XZEOHOBDEL, R=Ry, T =Ty L T2ET(X)IFUTDXHIC%RD,
H/D(X) (F11 R E BRI E 4 5.

[T], [RT*R™"], [RTRT*(RTR)™"],
[RTRTRT(RTRTR)™'], [RTRTR*T(RTR?)7Y,
I'(X) = [RTRTR*T(RTRTR*)™|, [RTR*T(RTRTR?)™],
[RTR’T?(RTR®)™'], [RTR*TR),
[R’TR7?), [R*(RTR*T)"Y]

SE Xk

[1] G. Schmithiisen. An algorithm for finding the Veech group of an Origami. Exper-
imental Mathematics 13 (2004), 459-472.

[2] W.Veech. Teichmiiller curves in moduli space, Fisenstein series and an application
to triangular billiards. Inventiones Mathematicae 97 (1989), 553-583. Erratum :
Inventiones Mathematicae 103 (1991) 447.
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Linear slices and the complex Fenchel-Nielsen
coordinate of the punctured torus space

KRS (Al ERES BRI R

PTARZIBM 1HERHET—F ADHAR LR L 7 74 VEOLBZERICBIL T, b
L — R %Z W7 FEE L complex Fenchel-Nielsen JEEEIZDWTEZ %, FfIZ, 12D FL—
A% EE L7z & EDOEZER DY) D 1T - linear slice - D258 % complex Fenchel-Nielsen 4
Bz OTHEHT 5.

AR m1(S) DEFITTDOM a,b ZIEET 5. KBl p: m(S) — SL(2,C) EZ{RD
Elxtrfpa), p(b)] = 22RO D E E 2RI, MEROEE p D SL(2,C) L
[p] &tz R(S) £RT. [p] 1Ftr(p(a)) & tr(p(d)) DIETARENICEE 5D T, ZD
XIBTR(S) 2 C* AL (o, 8) € C2ITHINT 2HBLZ [p ] EFL. W

D(S) = {(a, ) € C*: [pap) is descrete, faithful}
EBL. aeCZEELLEZDD(S)DYIH

L(a) ={B€C: (o, 3) € D(S)}

% linear slice £\, K a=2D & F L(2) IF Maskit slice & KIFN 5, a—2D
EED L(a) DEFIOWT, HIRIOEXTERDELZFFNL 72, 7272 L posla)
D complex translation length Z X £ 8 < & &, a = 2cosh()\/2) 2ILD VLB, a —
26 A= 0THD I LITHEET 2.

Theorem 1. PUF% N, — 01K L Ta, :=2cosh(),/2) EEL. ZDEE N, —0
D3 horocyclic THIUR L(ay,) 13 L(2) 12 HausdorffPR L, N, — 023 tangential TH
E L(oy,) (DIEREOINEFH ) 13 L(2) DEHDIEAI HousdorffIURT 5. (%
7z, ZNEFNOPHRIZE W THRESD Caratheodory IR H W2 %)

WE S OGEIEREE D(S) IER L, R a € m(9) ICBIT % Dehn twist D, 1345
linear slice L(a) Zf&D. Zd D, DIEHIE, D F T2 complex Fencel-Nielsen
JERREZ v 5 LT E & L TRE 2D TEHEGD K\,

W E R(S) D complex Fencel-Nielsen FERE (X, 7) ZRDEARTED 5

Ppy : (C\ 27mZ) x C — R(S) = C?,
(A, 7) — (2cosh(A/2), 2cosh(7/2)/tanh(A/2)).

ZZTAMNT ERDEGEI, ®py 1 Fuchs BIHADREHEGT L 7 1) @i % D Fencel-Nielsen
FEE2 525, A, 7€ CDEE Dpy FHHTIIRLC, (e¥4,e*) & (ta,£6) 251 1 1
WS 5 (7272 LESRIATIER) . 65T, (A7) — (£ +2mmi, £\ + 2n7i)
(m,n € Z) DYEM % modulo IZ LT (\,7) Z R(S) DR E Bed., T D& E Dehn
twist Dy DIEFHIE (N, 7) — (N, 7+ \) £FIT 5.
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WE N e C\2mZ Z2EET 5 & EF, a=2cosh(\/2) bEEIND T LITHERT
5L, TREDOEE

L) :={reC:Ppy(\7)eD(S)}

13 L) D ey T ZEIERLTHSE. ZITLO) I (2 4+ N2 +2mi) AE L&
5. A= 08 a—=20LED L) DERZ L) ZHOTEVCHZ ZDOHBRDOFR
TH5,

Corollary 2. )\, — 02 horocyclic 7% 5 1% %<£~(A") — i) \& L£(2) I Hausdorff IR
L, A — 023 tangential THHE 2 (ﬁ()\n) — i) (DERDIPCRERTS) 13 L(2) D
B A HausdorffIUR T 5.

RIZ 1 % complex probability (D 12) wIlIMIEIHE., ZOwldpt (HIHE
RT) L1XIET 52D THS. VWFE

tr(par(ab))
=w(\ 1) = 7
YT = (@) (orn )
LEDD, TOEFw= g PR E, ARFELL L E 1w ORISR
(.U(T) :onexp(T) O)ﬂy U’% 22T f)\( ) = O'Fiz—)—é_;‘m H/\a&ﬁfﬁf%é

E>T
L) = {w\, 1) €C: Ppy()\,7) € D(S)}
EBLLE, BfRw: L) — L) BEESEHRERD, 2+ 2mi OIEREEL

ﬁ&&b,z+A@¢mﬁ&ﬁ:<z1?)6ﬂ%@£ﬁ@¢ﬁﬁ%%%.ﬁﬁb

a = 2cosh(\/2) TH 2., Thbb LA IZ (g ) AEERD, EALDN) & L) 1F
(HBERT) 1: 1LISHIET2DTH 20, D, 81 Roy$fae UCEAT 24,
LO) ZBET 2D L0) EDBBELBEL BB LA, £ L(o) BIFERT
HEMWLN) IZERESGTH S, BHDO LN NDBFVIZIIRDE I ITh D

Corollary 3. \, — 023 horocyclic 7% 513 L(\,) 1 3 + <5 5(2) ={;+4% 5:0€L(2 )}
HausdorﬁlR% L, A\, — 023 tangential TH UL ( n) (DERDOINCREA) |
I+ o) DEGRTEA T HausdorffIURT 5,

TORIREDS L(a), L), LN DAVYEL—=F T 53749 7 ATH5, 1L
INSD o N DRICIFRICEIRIZ 2, 2o ORIFEANIIERK (AR
T2EE R D3) I/E L CTEW 7 u 7o A7z HouTHird 7.
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Cook Hats and Crowns
N OEE (Bl

V'V

T
N

1. 1DRZEE;—F R (cook hats)

Definition 1. 1 D% Z b — 7 X LD 3RO (o, 3,v) 23 EHER 3 DfH
THdLiE, ZNZTNDRMNZREBITRTITHEI L LET B,
Proposition 1. WHiY7Z 1 D% E F — 7 A LOEEOEHER 3 O (o, 3,7)
EHESHER 0 OREFRICBIT 2 RS IIRDFEXZ Wi/ 7T,

W2 o
COS 4 COS 5 COS 5 9 5

2 DEXDP 5 RDAERDPEPN S,
Corollary 1.
l(a) +1(B) + U(y) > 1(0).
Theorem 1. X7 1 D2 Z b — 7 A LOMEEOEHERN 3 O (o, 8,7) &
B 6 OWMEIRICBET 2 RS X, EEOFER t > 1 1T LROAEA 2727,

2 1(9) 1(B) +1(v) ) ) 1[(B) —1(v)
cosh Tt < (cosh Tt — cosh Tt)(cosh Tt — cosh — 5

FHCRSBEIBD A28 L = (I(«) : 1(B) : I(v) : 1(0)) 13BWHHI7Ze 1 D/REE F—
FADYA kS a7 —REOFRXEREEZ 525,

).

P(RY)

*e-mail: komori@sci.osaka-cu.ac. jp
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2. 3D2DARTE 1 DREZIRME (crowns)

Definition 2. 32D A A7 & 1 DRXHEZ R LD 3ARDEHIME (o, 3,7) 23
FHEN 3 DM TH B L 1F, ENENDORMIVERBSIT R T2THSHI L LT 5,

1 DOREEF—FRE, 3DODHATE 1 DRZEZRIAD ZNZF o
ODHHFE FE—2KDBE., ZNFNDY A & I 25—/ DB H IR R
DHEEL, XD 2> ([2] ).

Theorem 2. WY 1 D2 E F — 7 A2 L, [\ U E X OHEFLUA L 2 520N
M3 2D H 27 L 1 DREZERAD-7 1 DFAE L T, M 2 iAo Hifl
EHMIHLER D R I 3T RCT 2512k 5,

Corollary 2. W7 32D A A 7 L 1 D22 Z BRI _EOEHER 3 O (o, 5,7)
& EIFLRRE 0 DOMHHAYR S 3R DAEX 2727,

L) +1(B) + U(y) > 21(0).

Corollary 3. M7 352D Ah A 7 & 1 D22 E BRI LR OBHER 3 O
(ar, B,) ESEFHIER 6 OIMIHE S D 4 DL == (I() : 1(B) : 1(7) : 1(5)) 1FHHh
M3 DODH AT E 1 DNREERAD Y A & 2 27 —EMORREEZ 52 5,

3. Thurston A2/ MEDBRRITTTDRIFRIRE

(E320D (g,n) BOWMINE ) —2 Vil B -0 BEERHESRO B X 3 T2 F%X
JEERIZHWIUE, R DY A & 2 a7 —2%[M T(R) Z2 MBI HAEMICH DAL
TEMNTE, RIZa V7 M2 D, FRBMINA T R T2 FREEEIC
. R o HHIEAMBMAR 4K 2 [\ U MEERIOTS 22 I A L Z LS TE,
Bizb ) EYA L2272 T(R) DBROBEFUTHFEICAHL TSI &
HS0 T2 (Thurston 22827 MEE Thurston $i5t : [1]2H), o 7mx
A B BRRICHHE M THEETE R uh L WIHREIH D, ¥4 & I 27 —%[H
EE C RGO A R ITH 5224 C Thurston 2 > 287 MUDBHEBHTE S w9 F
HHH 5 ([2). SHORED SR 3,

Theorem 3. Fricke-Klein DHfREZ HWT, 99 — 9+ 3n — 1 XInD 2
W, Thurston 237 MUIZEHTE 3,

SE
[1] A. Fathi, F. Laudenbach and V. Poénaru, Travaur de Thurston sur les surfaces,
Séminaire Orsay, Astérisque 66-67, (1991/1979).

[2] U. Hamenstéadt, Parametrizations of Teichmiller space and its Thurston boundary,
in ” Geometric analysis and nonlinear partial differential equations” (S. Hildebrandst,
H. Karcher, eds.), Springer, Berlin 2003, 81-88.

[3] F. Luo, Geodesic length functions and Teichmiller spaces,
J. Differential Geometry 48 (1998), 275-317.

[4] P. Schmutz, Teichmiiller space and fundamental domains on Fuchsian groups,
L’ Enseignement Mathématique 45 (1999), 169-187.
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POLYCYCLIC QUASICONFORMAL
MAPPING CLASS SUBGROUPS

KATSUHIKO MATSUZAKI
DEPARTMENT OF MATHEMATICS, SCHOOL OF EDUCATION
WASEDA UNIVERSITY

We consider a Riemann surface R in general, not necessarily analytically
finite, and a subgroup G consisting of quasiconformal mapping classes of R.
Such a group usually appears as acting on the infinite dimensional Teichmiiller
space of R and in particular discreteness of its orbit is often discussed. In this
case, the discreteness of GG is understood through the action on the Teichmiiller
space. In this paper however, we first start from a more basic viewpoint on G
as surface homeomorphisms and then look into its action on the Teichmiiller
space.

The quasiconformal mapping class group MCG(R) of a Riemann surface R
is the group of all quasiconformal automorphisms g of R modulo homotopy
equivalence. We introduce a topology for this group induced by the compact-
open topology of homeomorphisms of R. Throughout this introduction, we
assume that R has no boundary at infinity for the same of simplicity. Then a
subgroup G of MCG(R) is defined to be discrete if it is discrete in this topology.
Our main theorem refers to a certain algebraic condition under which G is
always discrete. Here we say that a group G is polycyclic if G is solvable and
if every subgroup of G is finitely generated.

Theorem 1. If a subgroup G of MCG(R) is polycyclic, then G is discrete.

This result is sharp in a sense that there is a counter-example for either a
finitely generated solvable group or an infinitely generated abelian group.

In the first part of the application of this theorem, we deal with stationary
mapping class subgroups and consider their action on the Teichmiiller space.
The quasiconformal mapping class group MCG(R) acts on the Teichmiiller
space T(R) of R biholomorphically and isometrically. We call a subgroup G
of MCG(R) stationary if there exists a compact subsurface V' of R such that
every representative g of every mapping class [g] € G satisfies g(V) NV # ().

A basic nature of stationary subgroups in connection with their discreteness
in the compact open topology and discontinuity of the action on the Teich-
miiller space is that, if G € MCG(R) is stationary and discrete, then G acts
discontinuously on T'(R). Then we have the following consequence from the
main theorem.
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Corollary 2. If a polycyclic subgroup G C MCG(R) is stationary, then G acts
discontinuously on T'(R).

We expect that this result should be valid for every finitely generated sta-
tionary group.

In the second part, we apply our main theorem to asymptotically conformal
mapping class subgroups. We say that a quasiconformal homeomorphism of a
Riemann surface R is asymptotically conformal if its complex dilatation van-
ishes at infinity of R. We say that a subgroup G of MCG(R) is asymptotically
conformal if there exists some p € T'(R) such that every element of G can be
realized as an asymptotically conformal automorphism of the Riemann surface
R, corresponding to p. We denote by MCG,(R) the subgroup of MCG(R)
having this property for p € T(R).

Theorem 3. If a subgroup G of MCG,(R) for p € T(R) is polycyclic, then the
orbit G(p) is a discrete set in T(R).

One may ask a question about how the algebraic assumption on G can be
loosen for this statement.
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FERlEE

2 287 b Riemann [H[E D
IFEHIBEAR DRI DT

FUIERE (RO R AR A T AR

1 R

a8 b Riemann [HMDOIEHIBERIC I, &4 2lEEHE»H 5, %
N5, 2,87 b+ Riemann HEDIERIGAER DS, Jacobi Z kA ] D HE[H
REHBOHIREEZ S L, L) HRICHFAEINZD, X DEOFERIE
bNBILDVH B, ZOFHTIZ, 29 LELBRIoROoNS, a3
7k Riemann A D IERERIZEET 2 W  ODlPEE B D W T,
95,

2 de Franchis DEE

2.1 LR

ZOffiTld, PLF Riemann [l & 5 ZI1E, TR_XTav 87 b THE2 DL
kThrET 3,

¥ 7. Riemann HDFEM HOHEERIZOWTIE, ROFEELH %,
Riemann [l X D% HOARMEREED L ITHZ Aut(X) TEZ I, %
3. Schwarz 25, Sl H CFEEARIZ. Weierstrass i %z Weierstrass ki lZ
)DL, L2bZD Weierstrass D MIGDS, [EHENZ & IX5AHCH
TEAXEZEE G AR D> hyperelliptic involution Th % &9 Z EZfi>T, X
L7z,

EIE 1 (Schwarz). Aut(X) IFHREETH 5,

I 5612, Hurwitz 25X &~ L 72,
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EIE 2 (Hurwitz). X OfZ g TR & Aut(X) DAEIZ 84(g—1) M
TTh s,

I T, FAHOREEED) S Riemann HFD IEHIGERICH 28 L % &
PIEOXROEREEEDH 5,

EIE 3 (de Franchis). (/9]) (a) 2D Riemann [HIH D IEE fEIE R G D
iz, ARTH 35,

(b) Riemann iz —2EE L7 & &, Z D Riemann 2> 5 DIEEMEIEH]
BED3H 5 X9 75 Riemann HIDEE, FARTH %,

Fik (b) 13, LIF LI Severi DEBLEMEIEN 5,

de Franchis DEM %2 W7 & Z12, Hurwitz OEBD X 9 7%, HEIZD
AT 5 ERDIFE D0 L V) REMZERO I LIE, EDLOTHARLZ
ETHA), FBE. 2D LI B EREBEHETL2DED, G2 onlzDii,
R B 20 R & HE AU E T L v, ERE 3(a) ICBI L TR, D
% D 2O Riemann [fi X, Y 23ME I 7z & ZITIE, Martens [7] 23X 225
Y ~NOIEEMIERIESROHIE, X Offifi%E g THET L. (cg)? (cldglc
AFL 2 OER, U cldZD &) BT, HFEHRTEITR LV
bDETE,) UNTHLILZRNLDDBENTHS EBbIE, I
IZDOWTUE, [13] I8 W T,

(cg)™
UFThsrZtrznli,

A L 7% 5 Riemann [H Y D3EE S NG WEHAITOWT, DN O
KRR R ED S, f;i X =Y (i=1,2)%22200IEHIEHRTH 2 LT
%, EMEME Y, > Yo Tho fy = fo 2l T OODVHET B & &,
fi LIRAETHEES WV, i~ L EEHII T,(X) 2. X » O FEH Y
? Riemann [f~D IEHIGG A% FEELAMERIFR TH - 72 FEE A O %
BTHHET D, I6IC, T(X) = Uynysy I, (X) LS & de Franchis
DEMMDP S, #I(X) < 00 TH %, Howard & Sommese [10] (&, #Z(X)
DBT, HIDTGgIRDOAMEET 2 ERE2LZ225 2 kL, 51
Kani [11] 25, X D/hE v ER

HT(X) < (9 — 1222 -1,
52, 206, Alzati & Pirola [1] 233 51T/ BR

17(X) < exp{(4/3)(g* — 1)log3 + [logyg] log(84g) + log(12v/2)}
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5. Z 7, ¥7-. Kani 3BT ORI GFER IR L T0w 35,
M(g) = maxx {#Z(X)},

EBL, L. X I3HEE g D Riemann HETZ2ES DD E TS, Kani
& M(g) > exp (c(logg)?) THB L) % g3 MREDH 2 Z 2R L7, C
DIEDS, M(g) 1ZglcBIT 2%HATELLEI A5 2 LIFHRE W,
— T, Kani DFERIZL A Alzati & Pirola DFERICL A, A —4%—T
g,

M(g) < ¢

Ths, HEHIFET, (4] ITBVT, M(g9) < (c9)®? THDHI EZRL,
RIT [15] 1BV T,

M(g) < (cg)™ (1)
Thsr xRN LT,

2.2 GFFHOBIE

ETlR ER2 52 25X O TH, Fike LT, EHEEED
X @ Hodge Hi&E D lattice ~NDIEHZ A5, H 502Nt FAEDOFE%L
HwTws, fhoFke LT, Wil 2fi->T, ERz2ROER)
AT Imayoshi [5] & Tto & Yamamoto [6] 3FFEINTH %,

EFHIER f, X Y, 526t L X)), 2DEZE, fiilckoT,
l1-st. de Rham 2 F€w0 Y —~DfEH f : HY(Y;) — H'(X) (pull back)
& fu HY(X) — HYY;) (push forward) 2§64 5, o 2L
Ty fifie t HY(X) - H{(X) 2§65, THICEh, REGELT
7 % Riemann [Hi % FFOIEAIEHGED, FIU G285, F, = fifi. &
BT ZEI ). F, O H(X,Z) ~DfllRzEZ2 5L, I3, H(X,Z)
EOACHERBICZ STV 2830 h %, H IZk>T, X LoIEH]
WMok nd2H2EZ 5, £7. Q :=Hom(H,C) Lilsz &
o Jacobi ZHkiA J(X) = Q/H\(X,Z) 3R g DEFEF—F A TH
b, H % Q Lo C-antilinear forms & &% &, BAF Jacobi ZHkiE 23,
J(X) = H/H\(X,Z) TEHIND, fRENE»S, FIRH LoD
EHETH Y, H'(X,Z) EOHCHERBICR > T2 L EffET, W
Kt Jacobi ZHkiE J(X) = H/H' (X, Z) DHCHERB L FL5 2 & bR,

—

J(X) @ HEHERM AR End(J(X)) 17—V EEZ 2L, 2 m < 2¢°
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WIRLT, Zm ERBICR %, £, WEPAS, ZONEIX, LT Ok
’*igﬂZ;

THIFRBZ WX 9, HY (X, Z) DER ay, -+ ,as, & LT, wedge %2 &5
TORGY [y a5 (.0 Ry es s s, g = 0
THALNBMREbDEMS, DT, J EHIE, $RXTIDOBOIY
ZHobT, TDEE, ﬂJ@e&ﬁ((» IRLT, ZoREICEET
IR E My, My TERENET &,

< Fy, Fy >:=trace 'M,J ' M,J

X, A TH 5, EE» 5, ZAETH S, £, F; € End(J ( )) B3, Rie-
mann [HIADIEAER f; - X - V226, EORRICE = frfi Ik > TE
HINLDLDTHDEE, degf =d EiES L,

|Fi||? =< F;, F; >=2d*y

(v 3EETH 2 Y, D) TH2, DI EDS, degf = d ThD
E DL~y D, X 26 DIEHIGEGEIX, Kouim < 2¢* D2/ D%
2d%y DBRIAI I, HICEEREZ Tl 7. /02 L LCBIN S 2 Lk 5,
Riemann-Hurwitz DRIRR L D, d<g— 17056 v < g LT, iR
degf =d D X LEoIFRIBSE X

(cg®)*

TEPSFHEIHKS Z &5, T8 anb

CICiHiiZ RS 570 mJ@mM\E%g%ﬁG%%ZO@ﬁ®
DS, HBRIEHIBEHN TV I 2R L, Zuck Dk, F
PE2d%y P BTz (cg?) DERITZ g ITHKIF L B WEICE EHZ 5 2 &
ISR, ZORERELTA—F—E LTRUE, ¢ v ERZ2EE,

ITC, iHiz R T50oEE LT, IEHIBHEEZ R ITtm < 29° D72
BN B E LTRAZDED, TARITEHORILDEZATHZSEDE
WDTIE, EWV)BAWNELS, WEZERT S L Z, trace 2> 72D
T, KIEm<2g2 &) ETAHTHEMT 22 Eickot,

Hodge star Df751EEL%Z G THT, G2 = —E TH %, Hodge star I3
O F, € End(J(X)) & W20 5 G & F, OFFFIEB M, & Wi ThH 5.,
Fio, T = JG FEEENKITITH 2, H(X,Z) DEE ay,--- ,ay, I

2
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LT, BT [ya; A *a 23 (5, k)BT >Tw5, J=Ig ! LHEZ
$az <. tM,J M, J =M, M, JJ ISR T U,

tMiJMijil - tMlF QilMigFfl == tMiFMipil

E%%o T, tracez EXUR, ODLRICR B 2 EDZ DL S50 5,

TE, MM ICOAER LS E) D ZOHG. TIFHY(X,Z) IS
W ZERT 206, ZN2il5 (, ) TES, e€ HY(X,Z) %2, / VA
INETEET %, F, € End(J(X)) 75, Riemann FRIOEHEE £, X — Y,
Do, F = fifu CEOoTERINIDDTHLLE, D=F [ &
BT, De=0 modl(>29—2)ThHhbLT 2, FEEDz € H(X,Z)
ICN LT ||Fz|| < df|z]| TH B E & (d; =degf; £T5), ZAR%ER
XS

|[Del| < (di + da)|le]|.

L22L, De=0 modl(>2g—2) EDIREDS, De=0ThHb, D%
D. e ® Riemann M DIER G 6 K7 F; 72 H 12 X 2181, (29 —1)%
WO Ld0ERv, e DRI UL, Riemann MO IEAIGG E L
TUE. B L g IcBIT 3 SHRA — ¥ —OBBIES Lo ¢ T, 7. (1)
D EHRZE5,

de Franchis DEBD (a), fEilk & % % Riemann [Hi23EHE ST 58
HIZBOTIE, 220FHIEE X - Y (i=1,2) 526Nt &,
Fr3 Hom(J(Y), J(X)) DTG & RER T, fifor D trace & LU, I
ZNDNEZERZL TV 5, EEFBOMERIC X D 13D B (cg)™ %
Fons,

¥/, 2D X I, Hodge BED2ENDIEHZ R0 20T, 1
DD lattice DIRITEH L Z DB O AJHgl: 2 5. lattice DBRDI—E L
TwiUL, & EMECA =5 —DBERI KL 06, S 512z il
T % L) FiklE, Naranjo & Pirola[12] I2 &k ), —OEELKEDE;
ANEH S N,

3 Lefschetz trace formula

ZOffiTl, Riemann[fi& §Z2I1E, IXRTavy X7 b THEDIFMEL
7208, MEZ 1 ETHhBET S,

X T, de Rham 2R EQ Y —D trace ZH 5 & 5 ) BIETHEVIFED)LX
% D%, Lefschetz trace formula Td %, Riemann [l X X} LT, &
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HORAB T ¢ Aut(X) DEAZBOEILTAL), TOF I 7 Ty =
{(p,T(p))} C X x X | ﬂLT T@ImﬁirTaﬁﬁ& ACXxX
DR E 28 5, T D Lefschetz $ L(T) »3

L(T) = 4(A - T)
(NP QUNIVIEE SR (Y /AN

k=2
L(T) = 3 (~1)Htrace (T*] )

k=0
DAL L T T, ZDORRADN W B Lefschetz trace formula (D5 2
RIthk) TH 5,

ST, fi: X =Y Zfi#lg & v D Riemann AR DOIEHIEHRTH D |

degf; =d; (i=1,2) TH 5 LT 2, HELZIEHIBM f;(i =1,2) I L
T. Lefschetz {2 DI T DRRICEET %,

Urip = {(fl(p>>f2(p>)} CY XY,

EEL,
L(fi, f2) =8(A Ty 1)
75? f1 & fo @ Lefschetz LEMESR, Z3UE, pe X T fi(p) = folp) Zii7z
W (f, o DO—BUIENES) DRUCTHEU L L EEZIADISDTH S,
(fl,f2> Z2WTIE, Fuertes & Gonzdlez-Diez IZX D, RSN T 5
([3], [4]) o FFICHBEEOSDIILLTOEHTH S I,

EIE 4 (Fuertes and Gonzélez-Diez). f; : X — Y Zf#lg & v D Rie-
mann HEDIEMIERTH D, degf; = d; (i =1,2) TH D T 5,

i) L(f1, fo) < di + 2y/didy + do.

i) v > 2 D6, FEALIX, Y DY hyperelliptic T fo=Jo fi (J 1%
hyperelliptic involution) D& &, F1ZDEZDH,

i, FEAACRMEOSGEDINREICZ > TWE 2 EDTh 5,
3T,

=2 k=2
L(f1, f2) = Z( 1)%trace (fou f1 | Ha(y)) Z Ytrace (f; Joel v (x))
q=0

D&Y, FHELK 2, B ORED T TR, trace (ff fol i1 (x))
X, Hom(J(Y),J(X)) LoWNEZERL T5, CONEZEEEL LT,
LU iR 0353 515 [16],
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FEBS5 f,: X Y 2f8ig & vD Riemann D IEHIGEHRTH D,
degflzdl(z: 1,2) Ta’é% &,3,.%0

dy = dy
cos(fi, fa) =771

YBb=FZADEE, DLTHHD D,

L(fi, f2) =0 = {

Corollary 6. f;: X =Y 2 g & v = 1D Riemann HE D IEHI G A
THsET2, LTD25EMEIZFEMETDH S,

1) L(fi, f2) = 0.

2) fi & f, DEWVIZ, Y LOVFITBEOATH S,

DI L. Riemann HDIERIEROEDHRME L, —FHOBEFT I, —
R TN -FENRB a s T0 Y —~DERH D trace 25 2 %, D%
D B Jacobi SRR DHERI2AD 227 — VB LONEZ 9
EWVW), FAUCFEICED, RGN E VW) ZE 2%,

WTNOMZERNRS . FiEOMENM, SmRIU~O@EHE, F72HKS
ZtixbsrEtEbNns,
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Representing sequences on parabolic Bergman spaces
Z A (R TS EFAR)
H#%Zn+1XLFEL—7)y FEBR™ (n>1) D ERERET S, T42bb,
H=R"xR, ={(z,t) e R""h z € R",t > 0}.

O<a<liz®l, LW=0,+(-A,)*t$%. 22T, 9,=0/0t, A, iFz BT 3
Laplacian T®H %. H L% « 25 L@ FifITdh % & 1%, HEAKDOEWNT L@y =0
ERBEERV). WO LW QIEREEZRT,

1<p<oo, A>-1IZXLT, BYWE Bergman Z2[E] b2 (\) ZRKD K ) ICEET 5.

1/p
b2 () == {u € C(H); LA, |Jul on) = </ |u(:z:,t)|pt’\dV(x,t)) < 00}
H

2 2T dV 13 Lebesgue RREMIEZ R . IR E LT, RN IE/ VA |- oy KL T
Banach Z%fHl & 72 5. Fflca=1/2D L &, by/5(A) (3FAA] Bergman Z2[H] & 72 5
v 2FEBET S, LICET 2REB v DREEWITENFEZ DY = (—0,)” £ET.

2009 FEKFR A TR ICTE VT, AL IR Bergman BB DO BERITN 2 i E AKX 2
5.2 2 53N 28 Ic D Wi 7z, 2ORHKIE L DIERGEO M 1T X -
THAoN%, AFHETIE, 2009 FRFRADTRIZICECTHMAN LR ROBE L, 2
DHEDWZEIZ DTN T S.

F OIS, BB RBEARZ L2 21ENFEZ2ELRT 5. k Z2FEE, X={(2;,t;)} 2
HWORA, {n;} 2FLIN T3, ZOLSEARU %

K lig%ﬁgf liu%A4fl % K o
U D). t) = it G ) iy @) (o — st 4 4,), (a) € H
J

LEHKT B,

EEL 0<a<l,1<p<oo, A>-1, s Z2FEKETSH. HANDKEII XD bE(N)-
representing sequence of order K TH % & 13, Ufy : (7 — bL(N) BEHR L EADIEHET
HHrEEZRVS. Thbb,

(1) {n;} € PIZXLT, Uix({n;}) € bL(N). EH5I2, HBEMC > 0 BFEL T,
1T ({niDlleoy < ClHmi e ({ni} € 7) E% 5.

(2) ue bb(N)IZXHLT, &% {n;} € P BFELT, H ETu=USx({n;}) £%%.

TR 1 &7z TR Z RS 712, a-parabolic cylinder ZE AT %, Z 1Bl

Bergman Z2[H] LIS ([3]) BT 2% THV 6N TE D, FHADZEICE W THEH
Hak#EEHY, 0<d6<1, (v,t) e HET D,

1/2a
(@) - o 26 1-0 140
S5 (z,t) = {(y,s)EH,Ly x|<<1_52t> ,—1+5t<s<—1_5t :
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a-parabolic cylinder ZH\»C, RDOFFZEEKT 5. 0<d <1, X={(a;,t;)} 2 HWN
DEHNET %, X DS a-TIODIEK T §-separated TH 3 E1E, S (), 4;)NSE (21, t;) = 0
(j#£4) 2T EERN), £, RO2FEM42WLT EE, HIIX T o YR O E%R
T d-lattice TH 5 & L .5;

(i) U;Sy (2, t;) = H.
(i) 5 0<e < ITRLT, {(x),t;)} 23 a- VIR DEWR T e-separated & 75 5.

ROEHDBTRERTDH 5.

FEL 0<a<,1<p<oo,A>-1,k>2H T2 ZDEE, REfild
0< 8 <1DHFET %; HNDRHI XD, fEED0 < < 6 I LT a B OEKRT
d-lattice 7 51X, X b2 (\)-representing sequence & 75 5.

ER 11X, HND I X D36 ()\)-representing sequence TdH 5 72D D135 % 5 2
Tw3, HAIFSI R L LT, b2()\)-representing sequence & 7% % 72 & D LEA-55
FMFCER L, R2EET 5.

2. 0<a<l,1<p<oo, A\>—-1, v Z2EHLTE HHNDOFIX = {(z;,t;)}
23 b2, (\)-sampling sequence of order v TH % L 1E, HBEBC > 0 3FEL T

_ A+ 14v v
CMlullfpny < D13 1Dl )1 < Cllullfo ("u € bp(N)
J

il EE 2.

TE2 0<a<l,l<p<oo, N> —1,q%p DB > % ET 5. IHIT,
X%z HNORINET S, ZDEE RDOEMAHFAETH 5 ;

(1) X : b2 (\)-representing sequence of order k.

(2) X : b (\)-sampling sequence of order Kk — (A + 1).

References

[1] B. R. Choe and H. Yi, Representations and Interpolations of Harmonic Bergman
functions on half-spaces, Nagoya Math. J., 151 (1998), 51-89.

[2] Y. Hishikawa, Fractional calculus on parabolic Bergman spaces, Hiroshima Math. J.,

38 (2008), 471-488.

[3] M. Nishio, N. Suzuki, and M. Yamada, Interpolating sequences of parabolic Bergman
spaces, Potential Anal., 36 (2008), 357-378.

[4] K. Zhu, Evaluation operators on the Bergman space, Math. Proc. Camb. Phil. Soc.,
117 (1995), 513-523.



21

=ABBD X ) LWE z R OB
N WA (IHK)”

1. Introduction
HiviZ, ZARBD L) ZRWIEEZ2F S22 C $5 W3 C, hTHRT I LT
H5. FTROEFKRNIEHT 3.
. = 4 3
smx—n7:21 x—ﬁx .
ZITils R X
N
n7:21fn(i€) = filfo--- fn(z)---)

DL BEBOEREH o bTRIE LT 5, M sin OB EH L) E L
7%, EoFRERD»S, X ) —BDLIEADMEA L THERR S 115 BB W CTiff
HTHIERFETCHHATHS. 2 L CEED 2ZLHADEBER THKI NS
BIEUC O W TROWE ZF2 b DB =AB B sin e AL THIET % .(cosz TH &
<))

1. C ETIEH

2. R L THER

3. BTOFERPFI

4. WfES 2 THBEE L2 3.

IS OWEITAT=AAEsine 3R OHEHTH 5.

F7:, C, ET=MAB%sine ISR T 2BEIC OV TH IR w. C, ET=A
Bifising %2 C RERINEZRXFHPHEFRL LD TEET % &, ZDYCRIIINS
Sy, p ERICEBRE 3RS, L2 L C,0=MAMBA% (sinz) £WV»I)ns
T S C, THEBIC A > TOTIEL Y, 51009 & OBk 12
54Dp EROWEZb>TTIEL VW ERED, 2 2 THAEMEZ LEADMERE
TR INB% L L, ZOBEENEBEEORBE L WEHEZ2F >0 2 T E
72\,

*e-mail: 09rc001d@rikkyo.ac. jp
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Modulus of Local Connectivity of
Julia Sets of Rational Maps

Masashi KISAKA (Kyoto University)*!
Mitsuhiro SHISHIKURA  (Kyoto University)*?

Abstract

We discuss modulus of local connectivity of the Julia set J; of a
rational map f. We show that J; is Holder locally connected, if f
is subhyperbolic and J is connected. Furthermore we show that Jy
is linearly locally connected, if f is hyperbolic and J; is connected.
This gives a little more detailed information on local connectivity of
Julia sets. The similar method gives a different proof of the following
well-known fact: the Julia set J; of a geometrically finite rational
map f is locally connected, if it is connected.

Let f be a rational map on the Riemann sphere C and J 7, Iy be its Julia set
and Fatou set, respectively. In this talk, we discuss local path connectivity of Jy.
Here we summarize several notions of “connectivity”.

Definition 0.1. A topological space X is called path connected, if for any given
points z, y € X there exists a continuous map v : [0, 1] — X with v(0) = z and
(1) = y. We call this v a path which connects z and y. X is called locally path
connected if every point x € X has arbitrary small path connected neighborhoods.

Remark 0.1. In general, if X is a compact metric space, then it is known that
X is locally connected if and only if it is locally path connected. See [Mi, p.185,
Lemma 17.17]. So discussing local path connectivity of J; is equivalent to dis-

cussing local connectivity of J;. Moreover, let X be a subset of C. If X is locally
path connected, then we can show the following:

Fact : There exists a function n(t) (t > 0) with n(t) > 0 and n(t) — 0 (¢t — 0)
such that for any x, y € X there exists a path v C X from x to y with

diamgz(v) < n(da(z,y)).

Here diamgz(-) and dga(-,-) denote the spherical diameter and the spherical dis-
tance, respectively.

Definition 0.2. (1) We call the above n(t) a modulus of local connectivity of X
(See [DH]).

(2) If we can take n(t) = Ct* for some constants C' > 0 and 0 < a < 1, X is
called Holder locally connected.

(3) If we can take n(t) = Ct for some constant C' > 0, X is called linearly locally
connected.

Remark 0.2. To be more precise, we should call n(t) a modulus of local “path”
connectivity of X in the above definition (1). But we call it just a modulus of

*l e-mail: kisaka@math.h.kyoto-u.ac.jp

*2e-mail: mitsuCmath.kyoto-u.ac.jp
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local connectivity, taking Remark 0.1 into consideration. We also omitted the
word “path” in the definitions (2) and (3) above by the same reason. Douady
and Hubbard already considered this n(¢) in [DH] and investigated a relationship
between 7(t) and the Carathéodory theorem on boundary behavior of a Riemann
map of the complement of a filled Julia set of a polynomial. They also called it
a modulus of local connectivity.

When J; is connected, it is well-known that local connectivity of J; often
follows from good dynamical properties of f. For example, J; is locally connected

if
(i

) f is a hyperbolic polynomial (Douady and Hubbard, [DH]).
(ii) f is a subhyperbolic polynomial (Douady and Hubbard, [DH]).
) f

(iii) f is a geometrically finite rational map (Tan and Yin, [TY]).

(iv) f is a semihyperbolic rational map (Yin, [Y]).

Here we say f is hyperbolic if all the critical points are attracted to attracting
cycles under the iterate of f. f is called subhyperbolic if every critical point is
either attracted to an attracting cycle or preperiodic.

In this paper we prove the following:

Theorem A. Let f be a subhyperbolic rational map with connected Julia set J.
Then for every a with

log (inf.es, || £/(2)]l,)
log (sup.es, [1/(2)llg)

there exists a C' > 0 such that n(t) = Ct*, where p(z)|dz| is the orbifold metric
on a neighborhood of Jg, i.e.,

I<a<

i PUEII ()]
“f (Z)HP _ ,O(Z)

That s, Jy 1s Holder locally connected.

Theorem B. Let f be a hyperbolic rational map with connected Julia set Jy.
Then J¢ is linearly locally connected.
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Postcritical sets and saddle basic sets for
Axiom A polynomial skew products
B B (R LERY)”

C* @ polynomial skew product f(z,w) = (p(z),q(z,w)) WXL, J, & p D
Julia #£4. ¢.(w) = q(z,w), C, = {w € C; ¢ (w) =0} EBE., J, LOGHRES
% Cj = U,y {2} x C, £E <, DeMarco-Hruska [DH1] 1& C;, DEMFES L
LT, BHOEMNEATDH S

A(Cy,) = NwzoUn>n f7(C,)

IZINA T, point-wise accumulation set A, (C;) & component-wise accumulation

set Ae(Cy,) %

Ap(C,) = Use,, A(@),  Aee(C,) = Ucece(c,,) A(C)
LEFE LT, TITCC,,) 130y DHEFERTDEETH S, EHEPS
Ap(C,) C Aee(C,) © A(C,)
DD . RDELFZ 5,

7
K = K(f)={(z,w) € C* {f*(2,w) }xso DVEH },
K, = {weC(zw)e K},

IS

J, = 0K,
A, x C DY FVEABIE 2RO EAE DR,
A = {weC(zu)e A}

WHA) = {yeCf(y) — A},

W"(A) = {y € C?% 3 backward orbit j = (y ;) — A}.

PUNTIE f I3HIC Axiom A ERET S, TOEZ AT A=U" A &, saddle
basic sets @ disjoint union TEI N3,

Theorem A ([DH1])

Ap(Cr) = A, A(C,)=W*"(A)n (J, x C).

AWFZE I FRHIFE: (BT S21540203) DB ZZ T - DTH 5,
2010 Mathematics Subject Classification: 37F45, 37F30
¥ —7—F ! axiom A, saddle basic set
* T 243-0297 AR IRIEARMARIL 1583 HELZRY:
e-mail: nakane@gen.t-kougei.ac.jp
web: http://www.gen.t-kougei.ac.jp/math/nakane/index.html



Theorem B ([DH1, DH2]|)

Ae(Cy) = Ap(Cy) = VC€C(Cy),CNK=0FkiZCcCK (1)

Au(Cr) = A(Cy) <= B 2 A, 1 J, THlfE . (2)

W A)NWHA) = A DIRED T T,
Ap(C) = A(C),) = B 2 — K, |3 J, THifi. (3)
ZZT,

WHUA)NWHA) = A<= 1 <Vi#j<m, W*(N)NW?*(A;) =0.
THdIEITERT S, Co=C,, \K, C;=C;, nW*(A,;), (1<i<m) &EX
L Oy = 1,Ch DD VD,

Theorem 1
Au(Cr) = Ap(Cy) == VC € C(Cy), 0<Ti<m st. CCC (4)
C; DEETIE, (1) DHELADSEMIE
VO €C(Cy), CCCy FTild Ccur G

EFHITZDT, m=12F0 A HHD® basic set %5 1F (4) DAELDFEAEE (1)
DEADGA & —ET 5. —fRITIZ, (4) DEAE (1) DEMA X D iE,
RIZ, Ap(Cy) = A(Cr) @ C; 12 X 2RO 252 5,

Theorem 2 Ag =0 B &, K0 >0 IR LRDBED D,

L7035 T,
Apt(CJp) = A(CJP) <— Vi > 0, Cz Ci%%/ﬁu\ .

ZtE (3) I WTE, KLY 3o,

Theorem 3 XD 3 5=/ 1% B\ I [EH,
(a) Cy 1ZPA%ES,

() A(Cy,) = WH(A) A TH(A),

(©) Bl > > K. 15 J, Tk

SE Xk

[DH1] L. DeMarco & S. Hruska: Axiom A polynomial skew products of C* and their
postcritical sets. Ergod. Th. & Dynam. Sys. 28 (2008), pp. 1749 1779.
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Carathéodory #FFEAZIDRRZEIC DT

HHMH (RIEKFEKRFEFREZHAZER)
(sabm15@math.tohoku.ac.jp)

n KITHERBENERE B LD Poincaré AFEF R vy 13 ERIB A% AR BHIC
T3, —MRDOnRTERZHE X LI ZDX S5 HEBEEREER L XS £ %
% &, Carathéodory f{AFEIE I

v§ = sup{frvy; f & X B 5B DIEAIEB }

MERICEHENS. CORKBEADEDBHEICBEL T, ZZTHRVEESHED
HIEZFD & 21, X & Carathéodory HIEMHHZ A L WS . - OEEREE
NBEERDEIZFTIE/A 51X, Carathéodory FRIAIE RS Rk & FES.

—ATX RICEAEER 0 D55 &, XD 2 DOMEEDEEZA v okt UTES
TE5%. X9 1D, vDWiov & X OIEUER Ky E ORI Hermite 58 & Rk
LTz b ZDZDHIER current 6,1 := /—1001logv TH 3. &5 1 DIF/MABEK
DEFIE ([3]) IcH B v DHI=RETEL

2" (@v—l)n
(n+1)"n! v
THb. ELINGEE v WMEDFIRER E T ATDHREZ T NS,

CDEE, FFTRUDHICHRICENZRIED 1 DI Carathéodory AL v§
DRI O y0)-1, Ko ICDWVTTHS. 2L, K g KDV TR ZDEETIIER
TERNDT, Ong)-1 [FHIESE current, KFIC Radon HIEFRHKTH S C LiciEH
LT, RDXSICEE LTz

v

EE 1. ([2]) Carathéodory HATEL D HERETEL K, ZRTEET S :

K¢ :=— 2 (O
x (n+1)*n! v

7272 U, ac i Lebesgue HIFEICEH L T D Lebesgue 7RO EF D TH .

Z DFEFKD T T Carathéodory HAREERNOHZRICE L TR EET !

FEE 1. ([2)

. V=1 "
1. K,U}c{‘ < -1, ie. (—2?8610@1% >

(n+ 1)”n!vc
(dm»

2. 6(05,;)_1 =+/—100logv§ 1& X \ Zero(v§) ETHERIETH 5.

ac
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PRI BE S 2 W2 0 A HETRICH T 2 [ARROHEOAREFXNME N TV
% ([5]). T DEEIEZ D Carathéodory FIEEMERMERTH 5. L L/
ISR T BHROAERITERZESNTVERY. ZORKLI/IIMEEER XD
Hi=R current OFEEEDNRHTH S C Lichb. THUCBEL T, EERZDOTL
TERICK o T, IEHERNEER L ZICWER DD T EHATFREINTNS.

RIC X B compact THBIGEREZD. DL ZEHIBEBIIERDOATHD,
Carathéodory BHAREERIZ 0 £ 5B, 7T TEOMEZRI X A Carathéodory il
EWHITH S L X, FEH 1D X OFHER Kx OIEEMICEId 2 52BN
%. TORIT X £ Carathéodory ARIER vf EWEAAFLLDT, X T
EZONBHTLICERT 3.

% 1. ([2]) X B X D compact HTH 5B L ¥,

- ‘hO(X,O(mKX)) S (n+ 1)"n!

1. vol(Kx) := lim n! vol,c (X)
m—ro0

mn - (4m)m 23
L7 b, Bl X B Carathéodory IENEhZREAZ 51 X 13— REITH 5.

2. X ¥ Carathéodory BRI W Z A 51E, X & Kx WEEZHFHEAES
RIKTH%.

AEAANE Boucksom-Popovici([4]) 12 & % vol(Kx) D current TDEITERDSHED .
% LT Carathéodory HIEMNHME & Bergman IR « FHEDIFEED BRI DU
TRZ&Ge:

TFE 2. ([2]) compact B&FFD Carathéodory HIEWEHZHEA X it LT, X\
Zero(v$) I BT Bergman IR « FHEMNMFET 5.

AEAALE Chen([1)) 1T X % B &8 Z EHRFBEE 2 H D52 i Kahler Zhk{k LD
Bergman % * SIEOEFEEEHENSHKD. KXo T, RICEZBZNEMED 1 DI,
Carathéodory #AREF X & Bergman X ADEDOIAELRAERXZRDTF 5 &
Thb. EEE, FEOFHRIIICTDIS BERENDH S ([3)).

BE
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165-170.
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n RTCH RS ZE R DI 9%
52 FEEH

THE BIF (RERFEEERENER)

n RTTDHFZERNC BT 2 ERIFFROMEZ RS T LIdH hEERINTE
7B THB. TDX 2 EMHEDFERE LT Nevanlinna Eimh'd O, Nevanlinna
DFE2FEEHZRT T LICK D FRIRO T X T E S EREBL T ENTES.
—fRDABEIC H BEEFEICH T 55 2 FEEH H. Cartan I KD RENTED,
&5 m-EE—ROAMBEICH BB TFHEICHT 55 2 FEEHE E. 1. Nochka [2] I
KX DREHE Nz, Nochka I X BFERRIGIEFFICRBINRE DTH >z, TT TR
DZDDFERZHENT 5. —DiE n RITHEEMIC BT 5, BHIERRR A8
HZMHE LB 2FEFHICOWVWT. 95— 2 R 2EMicisd 3, m-
E—RDAIEIC B HEBHHEICT T 2 H 2 FEEHICOWTTH 5.

2 FEEHOGADOR LK DIE J. -P. Demailly [1] Ic X DEA TN
DOBERTH 5.
EE 1. X Zn RTHEREERIE, (Ul 2 X DT 771 VEIHEL TS,
COLER U, LOER V, 2, RefWizdtDedd. IRNTD1<Lq,j<N
LC?D’D‘T, %%ﬁ@@lﬂéﬁ Qi j, ﬂz‘,j T‘, UiﬂUj J:,

Vi—=V;=a;; ® Ildrx +Idrx ® G;;
b‘ﬁi*)ﬁ?%@h“ﬁﬁ@‘% C@k%%ﬁ@ﬁé—i V= {vi}lsl'SN %X ,[:@ mero-
morphic partial projective connection & FESN.

ERIER f: C — X IZBWV T, meromorphic partial projective connection
V = {vi}lgiSN LC;%E‘/Z:\:TT/ .

Wo(f)=F' AVpf A AVEf
ZRBHICERTES. ZUTHRET S X ORTFISH U TEES v, Hali
Nzl &, CORYVAFT VK> ThIEONEMD OMERFIHAT 5T &M
AIRET, B2 XEFEENRENEDTH 5.

EE 1. s0,...,8, € C[Xy, ..., Xp) &2 dROFRZLIEN T det(0s;/0X;) 20 &F

B, ELICHBIFEER I, ..., I, BT, XF|so,..., X n|s, BROILDE

9%, CCTELDERTF o1,...,0,€ |{s0,...,8n}| T o1+ +0, WEMIER
RRIEEDELT, H ZP" OBFHRE TS L, EAIER f:C—- P LT

<q~n+1_n(n— 1)(n+1+lo+"'.+ln))Tf(T7 dH) < > Ny(r, f*o:)+S4(r)

d 2 1<i<q

*T 153-8914  EREUAPH BRXEILE 3-8-1
e-mail: yt11701@gmail. com
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AR D IID. TTT S¢(r) < O(logt T(r) +log™ r)|| TH-T, || 1& R ADHR
BIEEBROTARERDEDILDE VI ERTHS.

T, X - X % X O blowing-up &9 % & meromorphic partial projective
connection & X FICB|ERT T ENTES. m-HE—ROAEICDH 5 EHEZ
blowing-up < & b, BHIEN—ROMBEICH 2IFAICRETE TROEEZIFS.

FE 2. n=2 LTEE1IDKXS% 50,581,810, 01,l0,01,...,0, 2ED. ED
ZODRF 04,05, 1 <i#j<qb, P OFTEHNIIRDoTVE LT S.
P2\ {zy,...,2,} Toy,...,0, WEHIEHRN L EB XS BR o1,...,20, €P* &
L%. E; % o; ZRLET S blowing-up DFINVERF &9 %. 5, Hy, Hy, Hy € P?
% xg,... 1, BELEV, —RONBEICHZEROBTEETS. TOLEIEA
B f:C—-P* LT, £% {z1,...,7,} T P? % blowing-up LTzHDAD f
DVT & frdae,

(q _ M) TirH) < 3 No(r, ') +m S N FE)

d =1 =1
m—1 3
+—2—;N2(Ta frH;) + Sg(r).

BEROIID. Flhd=1DLEFELD XVFHENELNT,
(¢ — 3)Ty(r, H) ZNQ 5 +mZN  [*E;)

+’_”—27— ; No(r, f*H;) + Sy(r).
AR DILD.
T UZ Nochka IC X BHERLIZERA B EDEDN, m-E—RONMIEIC B 5 BRI
I d %58 2 FEE OB ZEMNFAAZ 5 Z TW\5.

SE R
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A remark on C! subharmonicity of the harmonic spans

for discontinuously moving Riemann surfaces

Sachiko Hamano  (Fukushima University)

Smooth variations. In [1] and [2], we showed the variation formulas for L;-
(Lo-) constants «(t) (5(t)) of Li- (Lo-) principal functions p(t, z) (¢(t, z)) on the
smoothly moving planar Riemann surfaces R(¢) in a larger Riemann surface R
witht € B={t € C| |t| < p} as follows:

a(t) 1 Ip(t, z)
1 = = — t ;
( ) otot ™ /33(,5) kQ( ’Z) ' //R(t) 8t6,z d:Edy,
*B(t) 1 dq(t,
2 L = = _Z -
( ) otot ™ /6R(t) kQ (t’ Z) ’ //R(t) 87582 xdy

Here k(t, z) is the Levi curvature for OR = J,c5(t, OR(t)) (cf: in [1]). These
formulas imply that, if the total space R = \J,c5(t, R(t)) is pseudoconvex in
B X R, then a(t) is subharmonic on B, while 3(t) is superharmonic on B.

On the other hand, M. Nakai in [3] introduced the harmonic span s(t) :=
a(t) — B(t). Thus, if R is pseudoconvex, then s(t) is subharmonic on B. This
implies some results for the variation of Poincaré distances on R(t) (see [2]).

To generalize these results, we shall consider the variation of arbitrary Riemann
surfaces. Then we need the following consideration.

Non-smooth variations. We assume that OR is C¥ strictly pseudoconvex in

Bx R. We study about discontinuous moving Riemann surfaces R : t € B — R(t)
like below:

el
- 008

Lemma. The harmonic span s(t) is C' subharmonic on B for the variation R
of type (FI), but not for R of type (FII), in general.

Theorem. Let R = |J,.5(t, R(t)) be a (finitely or infinitely sheeted) unramified
domain over B x C,. If R is pseudoconver and each R(t), t € B is simply
connected, then s(t) is subharmonic on B.

1



Example. We give an example of type (FI). Foreacht €e B={t € C||t—1| <
1/4}, we consider the moving domains R(t) = {z € P, | |z — 1||z + 1| < |t|} in
P,. Let denote by R/(t) the connected component of R(t) containing two points
{1,\/§}, B =Bn{tl<1},l=Bn{t =1}, B = Bn{lt| > 1}, and

R = U,cp(t, R'(t)). Then the harmonic span s(t) for (R'(t),1,4/2) is written by

2
V3202412t +1 "
, teB
s(t) = VIH(IE+1)
ﬁ, te B'Ul.

The span s(t) is, in fact, C* subharmonic on B (but is not C?).

Counterexample. We give an example of type (FII). Let B={t € C | |[t—1| <
1/4} and let R(t) = {z € P, | |z—1||z+1| > |t|} in P,. B’,[, and B” are the same
as above. Then R(t), t € B’ is a domain in P, bounded by two smooth closed
curves C1(t)(C {Rz < 0}) and Cy(t)(C {Rz > 0}), and R(t), t € B" is a simply
connected domain in P, bounded by a smooth closed curve. R(t) for t € [ is a
simply connected domain in P, bounded by the lemniscate {|z — 1||z + 1| = 1}
passing through 0. Then for a,b € R(t), the L;-constant a(t) for (R(t),a,b) is

{ 29a(t,0) — (Aa(t) + Np(t)), te€ B"UI
a(t)

294(t,0) — (Na(t) + As(t)) — !dwl(t%)HQ()
) R(t

Here g4(t, z)(A(t)) is the Green function (Robin constant) for (R(t), a); wi(t, z) is
the harmonic measure for (R(t), Cy(t)), and ||dw: (¢, 2) ||?%(t) is the Dirichlet integral
of wy(t,2) on R(t). From this expression of «(t) we have:

(wl(tva) - wl(t? b))za te B

(1) «a(t) is continuous on B;
(2) a(t) is not of class C' on B. Precisely, a(t) is of class C* on B” U, and
3

(1) < 20u(1,5) ~ (\lt) + M(1) — = /T— 11l on B,

where |wy(t,a) —wi(t,b)] > 3K >0 on B';
(3) «(t) is subharmonic on B \ [ but is not on B.
These results for a(t) induce the same ones for s(t) for (R(t),a,b).

We note in [4] that the Robin constant A(¢) holds the C'!' subharmonicity on B
for the variations R of each type (FI), (FII).
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Stein ZZEAN DR - Grauert DRIE% & fc 9 4815,
Bf35R Sk

D ZHHIEEERN, GEEELeE 3%, GILiHZ b OIEHIBR, €% WE
%, WEGOFDET D FOBDERZ 2nFN 06, (£°)°, €6 L&, =
W5 HY (D, 0°) — HY(D,6°) 3Bt £ %, D13 GIZBIL T - Grauert
DEEBZA-T LWV,

i 6] 12X b, C" D Stein fElH D F D IEH] Cousin-1I 434 1, & Ui 7 fif %
HCUlE, EHIZEZ D, X512, Grauert 2] 12X D, D 2348 Stein 22/ D
LE, LEOEFE Lie G loowT, EHENLRE4S H (D, 0% — H(D,%6°%) 13
EHHTH B,

M 22 &tE D ¢, #EfEZEZEM D © Stein 123 « Grauert DJFEHIC L >
THEBMN TN EVHIREICBEL T, W 22D ER LI N T35,
2, MR - VHJE [4] 1%, D %32 KJG Stein Z A X OFEBD & &, IEOXRILDOHE
FLieBEGHEMEL T, DGIZEHL T - Grauert OJFF%Z A 72w, DI
Stein TH B Z EZIFHL 7=,

EIE1 X %2 nRyuilbHl Stein 22[H, D %2 X OHIEA L L, XD 2 M2 RE
ER-P

e HY(D,0)=0 2<k<n-1).!
o IFORILDEEF Lie B G BEIEL T, HYD, 0% — HY(D, (&>)0) I3
$ch s 2
CDEE, XD EDKD VD,

o {[LE DM xedD\Sing(X) IZE T, D IZJFT Stein TH 3,
e D ¥ Sing(X) IZifi> ThREMBEABERA R Z 7220,

%2 X% nRICStein Wik 3 & L, 512 Sing(X) IZIEATHZ LT 5.
CDOLE, &M HYD,0)=0 2<k<n-1) 2&7%:T X DBES D IZOWT,
RD 45 ZEETH 3,

(1) D X Stein TH 4.
Q) (EFBEOEZE LieE G I LT, HYD,0% — HY (D, €% 1325 TH 5.

* T 862-0976 FEATTILTF 4-24-1 BEARYREBEA B AIIS0E ((RER)

1 X512 X %% Cohen-Macaulay ® & &, Z®%M3 TdimHY(D,0) <Ry 2<k<n-1); T
bk,

2N ILOMR DRSS L E, HEEE L L,
SR D x e Sing(X) SRR TH 2 X I R BEFEZM X 288K (orbifold) & k3.



(3) IEDXRILDHEFE Lie Bt G SFIEL <, HYD, 0% — HY(D,%°) 134T

b5,
(4) IEORILDEE Lie Bt G SFELE LT, HY(D,0%) — HY(D, (&)%) IZHEH
HWTh B,

DTDRIE, Z2nFh, Tk (5 Theorem], HeJ5 - Pl [4, Satz], HES - R (3,
Theorem], #2J - At [3, Corollary 2] @ Stein BB A~D L TH %,

%3 XZnXILSteinitifke 5. D% XDOREAEL, XD 25&M42IKE
95,

e H*D,0)=0 2<k<n-1).
o IEOXRITDOEEFH Lie Bt G BEEL T, HYD,0% =0,

ZDEZE, DIIFrStein TH 5.

%4 X%Z2RICStein Wk, D% XOHESGLTA, 2L E, F2D45%
TEIZEMETH 5.

5 X & 2KJ0 Stein Hilifk, D% X OBIEALE TS, SO E, EOXILD
B Lie B G BE(EL T, H'(D,09)=07%51F, D Stein TH 5.

%6 (Abe[l]) X % 2XJG Stein 78K, D % X DS, G ZIEDXRILOA]
P Lie G LETA, ZDLE, RO25MIZMEETH 5.

(1) D % Stein 7> H?(D,n;(G)) = 0.
(2) HY(D,0%) =o.
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A Remark on the Embedding Theorem Associated to
Complex Connections of Mixed Type

KRR (BRETTEHH)  ZREMAE (FARER)

HINE S ZRORB DX IMITRRI N T, KRIF[O-1IcB8 W TER
SRR DB/ THMBIC X > CTIEAZE 27 W RIEAIZ 272D T3 D% F
RCHz, ZOREIFRACIZERSEHRORME L Eificd 255, KRG
IRV 20089 2 IEHE D 0FERFZRIITE L THETE S0 ) »
0o T3, [O-1]TIEHAFE - B XOFAME RErRE TS Z LI
kD, REREWMBEGZ A TIEHERROFTE T VY AR EIE
YEESR R 2 2211 72 b O OWIH DL & LT, S EE\DHEOAAZ 5 2
% TER) - RRIEA]) BARZRR L 72, K212, T OHER LEEOEDIA
AT R CEMRROEIHIR I NS, ZDR%2SEEIER L. KRG
DFER. SEO—RILE 72 o7,

M da v 7 P REREFEE, (Lh) i3 M _EOIERIZR )L S — FER
WE L, ZoMEERNE W2 L ZAERILT, 222D IERRO:
BELUO2T rank®: + rank®z = AimMMZ A 7= THDDETH D, 51
012 O3 ZNZN M _LOEEZMITERE F1 B XU F2 0BRZFT
5ERETS, ZDEELUTHRAIILT B,

T (cf. [0-T]) LOREDTT, BAZ mo 23H D, m>mo 247

THIRTOAAE m oL, EFE L o C° OB so, s1, . . ., sx
T, CPY "OBH (so:s1:---:80) 2 M EWk2LIAFEEIN, b

2 F2 IZif> CIER], FiiZih> CRIERITH 2 b DBEET 5,

L DEEL I, ORI O %03508, L' @ C° oOWiE T, 51
ROFZHWZ (hIicBT%) BEHBLELCEE2H 2 HERDREICR -
T2 bOWH5% ) BET 2, ZOHBRRNEEE - 05ERR L IF
B, RDNEHEREM 2 01T OHERE ML L ORIEIC R B,

_63-



EFFIC 1 04 RRIE TARR L EMTH H . F6o CLEEHBR AR T
2. ik O CRIBI R R R BIOE M TR & L CRERT 24RO
HLFHTH S,

ZDHER 0 HERD CKRDKEBER, 7 35—y a v LOEROME
BRI b ISR o BRIC L v 1 S 2 SRR 0 ST oA 2 BT 5 kR
EUETO S D (72 & 21E[0-S) & b o LI A Y . BIEERRMZNE
#H\7: b D[0-2) 2 HEHTH %,
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A group-theoretic characterization of the
direct product of a ball and punctured planes

Jisoo Byun (POSTECH)
Akio Kodama (Kanazawa Univ.)
Satoru Shimizu (Tohoku Univ.)

Let M be a complex manifold and Aut(M) the group of all holomorphic
automorphlsms of M equipped with the compact-open topology. Then one of
the fundamental problems in complex geometric analysis is to determine the
complex analytic structure of M by the topological group structure of Aut(M ).

In the previous paper [2], by looking at some topological subgroups with
Lie group structures of Aut(B k x C*), we succeeded in characterizing the space
B* x C! from the viewpoint of the holomorphic automorphism group, where
BF denotes the open unit ball in CFk. In view of this, it would be naturally
expected that the same conclusion is also valid for the space B¥ x (C*)¥, where
C* = C )\ {0} the punctured plane. Recall that, in the proof of our character-
ization theorem of B¥ x C* in [2], the crucial fact is that BF x C* admits an
effective continuous action of the direct product U(k) x U(£) of unitary groups
by holomorphic automorphisms and this fact simplified many arguments espe-
cially in the case where k + £ > 3. But, BF x (C*)* no longer admits such an
action of U(k) x U(£), except when £ = 1. This causes many new difficulties to
characterize the space B* x (C*)*.

The main purpose of this talk is to announce that we can overcome these

difficulties and obtain the following results (cf. [3]):

Theorem. Let M be a connected Stein manifold of dimension n. Assume
that Aut(M) is isomorphic to Aut(B* x (C*)"~*) as topological groups for
some integer k with 0 < k < n. Then M is biholomorphically equivalent to

k (C*)n'k. ‘ )
Combining Riemann’s extension theorem with the proof of [2, Corollary],

we obtain the following fundamental fact:
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Corollary. For any two pairs (k,£) and (k',£) of non-negative integers,
the groups Aut(B* x (C*)*) and Aut(B* x (C*)¥) are isomorphic as topological
groups if and only if (k,£) = (K',£').

The main idea of the probf of Theorem is as follows. Firstly, we realize M
as a Reinhardt domain D in C™ by using the assumption of Theorem. Since
M is a Stein manifold, the Reinhardt domain D is pseudoconvex. Secondly,
using the pseudoconvexity of D, we list up all the possible cases where Aut(D)
is isomorphic to Aut(B* x (C*)™*) as topological groups. We essentially use
here the assumption that M is Stein, because, if D is not pseudoconvex, then
it is impossible to classify D explicitly in contrast with the argument in [1],
where M is only holomorphically separable and admitting a smooth envelope of
holomorphy. Finally, by comparing carefully the structure of suitable subgroups
of Aut(BF x (C*)" %) and Aut(D) that are isomorphic to each other under the
given isomorphism ®: Aut(BF x (C*)"k) — Aut(D), we eliminate all the
possibilities except for the case where D is biholomorphically equivalent to
the model domain B* x (C*)"~*. As a typical example of this, we illustrate
the following: Let I' be a topological subgroup of Aut(B* x (C*)"*) and
put A = ®T). Let C(I') be the centralizer of I' and Z(I') its commutator
group in Aut(BF x (C*)"~*). Similarly, we denote by C(A) and Z(A) the
subgroups of Aut(D) relative to A. Hence, Z(I') and Z (A) are isomorphic
| under the isomorphism ®. With these notations, if one of the cases where D is
not biholomorphically equivalent to Bk x (C"‘)”_’C occurs, then one can find a
topological subgroup I' of Aut(B* x (C*)"*) such that Z(I') is non-abelian,
while Z(A) is abelian, a contradiction. Making use of these kind of arguments,

we obtain the conclusion of Theorem.

References: [1] A. Kodama and S. Shimizu, A group-theoretic character-
ization of the space obtained by omitting the coordinate hyperplanes from the
complez Euclidean space, II, J. Math. Soc. Japan 58 (2006), 643-663.
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983-1009. [3] J. Byun, A. Kodama and S. Shimizu, A group-theoretic char-
acterization of the direct product of a ball and punctured planes, to appear in
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FERlEE

VARIATION FORMULAS FOR PRINCIPAL FUNCTIONS

SACHIKO HAMANO (FUKUSHIMA UNIVERSITY)

1. VARIATION FORMULAS OF L; AND Ly-CONSTANTS
WITH TWO LOGARITHMIC POLES

A conformal mapping is a function which preserves angles. One of important
results of complex analysis, the Riemann mapping theorem states that any non-
empty simply connected domain in C (except for C itself) is conformally equiva-
lent to the unit disk in C. Then, P. Koebe [8] showed that a multiply connected
domain D can be mapped onto a circular slit domain or a radial slit domain in
P,. Precisely, let D be a domain in C, such that the boundary 0D = Z;zl C;
consists of C* smooth closed curves and D > 0, €.

[Circular slit mapping] Consider the following conformal mapping w = P(z) on
D into P, such that P(0) = oo; P(£) = 0; P(z) — £ is holomorphic near z = 0,
and P(C;), j = 1,...,v are circular arcs centered at w = 0. Such mapping is
uniquely determined. If we set p(z) := log|P(2)|, then p(z) is a unique real-
valued function on D \ {0,¢} satisfying the following three conditions: (i) p(z)
has a pole log & at z = 0 normalized lim, _o(p(z) — log ﬁ) = 0; (ii) p(z) has a

||
pole log |z — | at z = &; (iii) p(2) has the following boundary condition: on each

Cj, p(z) = c¢; = constant and fc- 8§£Z)dsz =0.
J z

[Radial slit mapping] Consider the following conformal mapping w = Q(z) on D
into P, such that Q(0) = o0; Q(&) = 0; Q(z) — % is holomorphic near z = 0, and
Q(Cj), j =1,...,v are radial slits from center w = 0. Such mapping is uniquely
determined. If we set ¢(z) := log |Q(z)], then ¢(z) is a unique real-valued function
on D\ {0,¢} satisfying the following three conditions: ¢(z) satisfies the same
conditions (i) and (ii) as p(z), and ¢(z) has the following boundary condition: on
cach C;, 242 — ¢,

J7 On,

We call p and g the L;- and the Lg-principal function with two logarithmic poles
for (D, 0,€), respectively. The constant terms a := lim,_.¢(p(z) — log |z — £]) and
B = lim, ¢(q(z) —log |z —&|) are called the L;- and the Lg-constant for (D,0, )
(see [1] and [11]).

Now let B = {t € C : |t| < p} and let R = Uen(t, R(t)) be an un-
ramified domain sheeted over B x C,. For each t € B, we correspond to
smoothly moving Riemann surfaces R(t) over C,. We denote the variation by

R:t e B — R(t) € R(t). We say that R is smooth variation if the boundary
OR(t) = Cy(t) +-- -+ Cy(t) is C*¥ smooth contours in R(t), OR = J,.5(t, 0R(1))

Key words and phrases. Riemann surface; Principal function; Span ; Pseudoconvexity.
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of R in R is C* smooth, and each R(t), t € B contains the origin 0. Let
£(t) € R(t), t € B varies holomorphically in R(t) with ¢ € B. Then each R(t),
t € B admits the Li-(resp. Lo-)principal function p(t,z) (resp. ¢(t,z)) with two
logarithmic poles for (R(t),0,£(t)). Namely, both real-valued functions p(t, 2)
and q(t, z) are continuous on R(t) and harmonic on R(t) \ {0,£(¢)} with poles
log é at z = 0 and log |z —&(t)| at z = £(¢) normalized lim,_o(p(t, z) — log é) =
lim, o(q(t, z) — log ﬁ) =0at z =0, and p(t, z) and q(¢, z) satisfy the following
boundary conditions (L;) and (Lg), respectively: for j =1,...,v,

(L1) p(t, z) =cj(t) = constant on Cj(t) and / op(t, Z>dsz =0;
Cj(t) anz
dq(t, z
(Lo) (,;nz ) =0 on Cj(t).

Since OR(t) in R(t) is of class C*, p(t, z) and g(t, z) can be harmonically extended
to a neighborhood V() of OR(t) in R(t). We find a neighborhood Uy(t) of 2z =0

such that
p(t, z) = log ﬁ + ho(t,z)  on Up(t);
q(t, z) = log ﬁ + ho(t,z) on Uy(t),
where ho(t, z) and bhy(t, z) are harmonic for z on Uy(t) such that
ho(t,0) =0, bo(t,00=0 on B.
We also find a neighborhood Ug(t) of z = &£(t) such that
p(t,2) =log|z = £(t)| + a(t) + he(t, 2)  on Ug(t);
q(t,z) =log |z = &()| + B(t) +he(t, z)  on Ue(?),

where «a(t) and ((t) are the constant terms, and he(t, z) and bhe (¢, z) are harmonic
for z on Ug(t) such that

hé(t>€(t)) =0, hé(t>€(t)) =0 onB.

We call «(t) and 5(t) the Li- and the Lg-constant for (R(t),0,£(t)).
We showed the following variation formulas of the second order for them:

Lemma 1.1. It holds for t € B that

Pa(t) 1 8p(t 2)
1 - = — ko (t d
( ) otot ™ /BR(t) 2< 72) // R(t) 81567: de 4
and that, if each R(t), t € B is a planar Riemann surface, then
9?B(t) 1 8q(t z)
@ et~ x /am) 2(t %) / / R 8t8z ddy
Here
0%p |0p %0 Dp Do dol? 020 \ |8p|”
Falt,2) = (atat 0z _2Re{afazataz} 1| 9202 ) |92

on OR, where p is a defining function of OR, and ds, is the arc length element
of OR(t) at z.
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We note that ko(t, z) does not depend on the choice of defining functions ¢(t, 2)
of OR. The formulas (1) and (2) are showed in [4] and Hamano, Maitani and
Yamaguchi [7], respectively. In order to prove the formula for §(t), we have to
add a new idea to the proof for a(t). In fact, the formula for a(t) does not concern
to the genus of R(t) but that for 3(¢) concerns to the genus of R(t) (see [7] for
details). These variation formulas imply the following:

Theorem 1.2 ([4], [7]). Under the same conditions in Lemma 1.1, if R is pseu-
doconvex in R, then «o(t) is a C*¥ subharmonic function on B, while 3(t) is a C¥
superharmonic function on B.

The superharmonicity of 5(t) in the above theorem does not hold without the
assumption that each R(t), t € B is planar, in general. The contrast between
the subharmonicity of «(t) and the superharmonicity of 3(t) are unified with the
notion of the harmonic span s(t) for (R(t),0,£(t)) in the next section.

Remark 1. For Lemma 1.1, we assumed that R is unramified over B x C,.
However, even if each R(t), t € B has a finite number of branch points (x(t),
k =1,...,m for t € B such that (4(t) is a holomorphic function on B with
Ce(t) # G(t) (k#1), t € B, then Lemma 1.1 and hence Theorem 1.2 hold by the
standard use of Nishimura [10].

Here, we shall introduce the earlier results: Under the same conditions for
R = U;ep(t, R(1)) in R and R D B x {0}. Then each R(t) for t € B carries the
Green function g(t, z) with a pole log ﬁ at z = 0 and the Robin constant A(t)
for (R(t),0). Hadamard gave the the variation formula of the first order for A(¢),
and Maitani and Yamaguchi showed that the second order for A(t) as follows:

Fact ([9]). It holds for t € B that
ST

PAt) 1 dg(t, 2
oot /aR(,f?(t’ 2 x

The variation formula in Lemma 1.1 is formally the same as that for the Robin
constant A(t) in [9]. The essential difference of the proofs for «(t) and A(¢) comes
from the fact that principal functions are not defining functions of OR contrary
to the case of the Green function g(t, 2).

dxdy.

815(92

It is known that a multiply connected domain D can be mapped onto a circle
domain with concentric circular slits or one with radial slits in C,,. This conformal
mapping transforming D into these domains distinguish one of the boundary
components of D, namely, the boundary component which is carried into the outer
circumference. Let D be a domain in C, such that the boundary 0D = Z;Zl C
consists of C* smooth closed curves and D > 0.

[Circular slit mapping] Consider the following conformal mapping w = P(z) on
D into C,, such that P(0) = oo, P(z) — logﬁ is holomorphic near z = 0; the
arbitrarily chosen boundary component C; of D map to a circle, and the others
P(Cj), j = 2,...,v are circular slits. Such mapping is uniquely determined. If
we set p(z) := log|P(z)|, then p(z) is a unique real-valued function on D \ {0}
satisfying the following three conditions: (i) p(z) has a pole logé at z = 0
normalized lim,_o(p(z) — log1}) = 0; (ii) p(z) = 0 on Ci; (iii) p(z) has the
3



following boundary condition: on Cj, j =2,...,v, p(z) = ¢; = constant and

op(z) _
¢, on. ds, = 0.

[Radial slit mapping] Consider the following conformal mapping w = Q(z) on
D into C,, such that Q(0) = oo; Q(2) — log‘;l| is holomorphic near z = 0; an

arbitrary chosen boundary component C; map to a circle, and the others Q(C}),
j = 2,...,v are radial slits. Such mapping is uniquely determined. If we set
q(z) := log|Q(z)|, then ¢(z) is a unique real-valued function on D\ {0} satisfying
the following three conditions: ¢(z) satisfies the same conditions (i) and (ii) as
p(z), and ¢(z) has the following boundary condition: on C}, j=2,... v, 857(3 = 0.
We call p and ¢ the L;- and the Ly-principal function with a logarithmic pole for

(D,0,C1). The constant terms « := lim,_o(p(z) — log ‘%') and (§ := lim,_o(q(2) —

log ﬁ) are called Li- and the Lg-constant for (D, 0, Cy), respectively.

Now we shall consider smoothly moving Riemann surfaces R(¢) with one com-
plex parameter ¢ € B. Under the same conditions for the unramified domain
R = Uep(t, R(t)) in R over B x C, and 9R(t) = > _, Cj(t), we assume that
R contains B x {0}. Then each R(t), t € B carries the Li-(resp. Lo-)principal
function p(t, z) (resp. q(t, z)) with a pole log ﬁ for (R(t),0,C1(t)), and Ly-(resp.
Ly-)constant «a(t) (resp. B(t) for (R(t),0,Cy(t)), respectively.

Remark 2. We show in [4] the same variation formula of «(t) for (R(t),0,C1(t))
as one of the Robin constant A(¢) for (R(t),0) in the above fact. Thus, if R is
pseudoconver over BxC,, then a(t) is C* superharmonic on B. Hence the radius
of the outer circle depending on the circular slit mapping with ¢ € B is logarithmic
superharmonic on B. In the theory of one complex variable, the circular slit and
radial slit mapping have good correspondence. But the difference are appeared
to the variation of radii of them, i.e., for Lo-constant ((t) for (R(t),0,C,(t)), the
variation formula of the similar type does not hold. Moreover, there is a difference
between Lg-constant with two logarithmic poles and one with a logarithmic pole
and a distinguished boundary component. In fact, we give examples s.t. the
radii of radial slit mappings are not logarithmic superharmonic nor logarithmic
subharmonic on B nevertheless total space R is pseudoconvex in B x C,:

(i) The radius of radial slit mapping is not logarithmic superharmonic on B: For
teB={lt| <3} R(t) ={lz] <13\ {lz— 3| < [t]}.

(ii) The radius of radial slit mapping is not logarithmic subharmonic on B: Let
R =U,es{l <zl <r(t)} \ B x (C1 UC), where Cy = [3, 3], Cy =[5, %] in C.,
and log r(t) is superharmonic on B.

Application of Theorem 1.2. Let B be a simply connected domain in C;. Let
7 : S — B be a holomorphic family of compact Riemann surfaces S(t) = 7= 1(¢)
over B such that each fiber S(t) is of genus > 2 and non-singular in S. For a
fixed t € B, we consider the Schottky covering S(t) of each S(t) (cf: p.266 in
Ford [2], and p.241 in Ahlfors-Sario [1]). We denote by S the total space of the
variation: ¢t € B — S(t), namely, S = | J,c5(t, S(t)). Then we have:

Theorem 1.3 ([4]). The total space S consisting of the Schottky covering S(t)
of compact Riemann surfaces S(t) with one complex parametert € B is holomor-

phically uniformized to a univalent domain on B x P*.
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Maitani and Yamaguchi [9] proved that, if R = Uep(t, R(t)) is an unramified
pseudoconvex domain over B x C, such that each R(t), t € B is planar and
parabolic, then R is holomorphically uniformizable to a domain in B X P!. Since
the Schottky covering S(t) of a compact Riemann surface S(t) of genus g > 2
is planar but not parabolic, their theorem and method cannot be applicable to
our case. In [13], Yamaguchi wrote a resumé about Theorem 1.3 with a rough
sketch of the proof. However his sketch had a “gap”. Then I bridge the gap by
establishing the variation formula for L;-principal function (in Lemma 1.1), and
obtain Theorem 1.3.

2. VARIATION FORMULA FOR HARMONIC SPANS.

We shall recall some notions studied in the theory of one complex variable. Let
R be a domain in C, bounded by a finite number of closed curves Cj, j =1,...,v.
For simplicity we assume 0 € R. For a point £ # 0, we consider the Li- and Lo-
principal functions p(z) and ¢(z) with two logarithmic poles for (R, 0,¢) and the
L1- and Ly-constant « and 3 for (R, 0,&). In the function theory of one complex
variable, Nakai and Sario introduced in [11]

s(R)=a—-p0

as the harmonic span s(R) for (R,0,£). The harmonic span has the following
geometric meaning: Let S(R) be the set of all univalent functions f on R s.t.

f(2) — 1/z is holomorphic near z = 0,

f(2)=ci(z =& 4 calz — )+ ... near z =¢.
Then the circular slit mapping P(z) and the radial slit mapping @(z) induced by
p(z) and q(z), respectively, are the elements of S(R). We draw a Jordan curve [
in R from £ to 0. For f € S(R), the image f(l) in P, is a simple curve from 0 to
00, so that each branch W = log f(z) on R\ [ is single-valued. We consider the

Euclidean area Ej,q(f) of the complement of log f(R \ [), which is independent
of the choice of branches. For example, if f is extended to be of class C! on IR,

then Fiog(f) = =227, fcj log | f(z2)| darg f(z). Let us set
Elog<R) = Sup{Elog(f) : .f € S(R)}
We proved in [7] that H(z) := v/ P(2)Q(z) € S(R) and

T
Fiog(H) = Eua(R) = 2 5(R).

We shall return to the variation of Riemann surfaces. Let R : t € B — R(t) be
smooth variation in the beginning of Section 1. For a fixed t € B, we denote by
p(t, z) (resp. q(t, z)) the Li-(resp. Lg-) principal function, by a(t) (resp. 3(t)) the
Ly-(resp. Lo-) constant for (R(t),0,£(t)), respectively, and by s(¢) the harmonic
span for (R(t),0,&(t)). Then combining the formulas (1) and (2) in Lemma 1.1,
we immediately have the following:

)d:cdy.

Lemma 2.1. Assume that R(t), t € B is planar. Then it holds that

S0 L P o,

8t8

dq(t, 2)

8t82



This implies a kind of subharmonicity of the length d(¢) of Poincaré geodesic
curve ((t) connecting two points 0 and £(¢) on R(t) which moves continuously
with ¢t € B.

Corollary 2.2. Under the same condition in Lemma 2.1, we assume that R is
pseudoconver over B x C, and each R(t), t € B is planar. Then

1. The harmonic span s(t) for (R(t),0,&(t)) is subharmonic on B.

2. Assume that each R(t), t € B is simply connected. Let & :t € B —
&(t) € R(t), k = 1,2 be two holomorphic sections of R over B and
denote by d(t) the Poincaré distance between & (t) and &(t) on R(t).
Then

log cosh d(t)

1s subharmonic on B.

To generalize the above results, we shall consider the variation of arbitrary
Riemann surfaces. Then we need the following consideration in [6].
Non-smooth variations. We assume that IR is C* strictly pseudoconvex in
B x R. Then we study about discontinuous moving Riemann surfaces like below:

JCENeN
- @08

Lemma 2.3. The harmonic span s(t) is C* subharmonic on B for the variation
R of type (FI), but not for R of type (FII), in general.

We note that if the variation R is exhausted by a sequence of pseudoconvex
domains {R,} whose boundary dR,, is of type (FI), then the subharmonicity of
harmonic span s(¢) holds on B.

Theorem 2.4 ([7]). Let R = U,c5(t, R(t)) be a (finitely or infinitely sheeted)
unramified pseudoconvex domain over B x C, such that each R(t), t € B is
simply connected. Let &, k = 1,2 be two holomorphic sections of R over B
and denote by d(t) the Poincaré distance between & (t) and &(t) on R(t). Then
log cosh d(t) is subharmonic on B.

Examples. We shall give simple examples of Theorem 1.2, and Corollary 2.2.
Let B = {|t| < p} be a disk in C;. For each t € B, let R(t) be a disk {|z| < r(t)}
in C,, where logr(t) is a superharmonic function on B. If we set the Hartogs
domain of disks R = J,c5(t, R(t)), then R is a pseudoconvex domain in B x C..
Assume that there exists a holomorphic section & : t € B — &(t)(#£ 0) € R(t).

[Example of Theorem 1.2.] We consider the following function:
2(,
P(t,z) = — L () E(t)) on R(t).
§1) 2 (r(t)? - €(1)2)
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Then P is a circular slit mapping on R(t) with zero at z = £(t) and pole at z = 0.
The L;-constant «(t) for (R(t),0,£(t)) is written into

a_P ~ el 1 _ r(t)?
8z(t,§(t))' = log 62 r()2— €1

Since &(t) is holomorphic on B and since logr(t) is superharmonic on B, log

a(t) = log

l£(t)
r(t)
is subharmonic on B, so is the second term in the right-hand side. Hence, «(t)

is subharmonic on B.
We set 0(t) = arg&(t). Then

1 2 r(t)e® L@, r)
Qt,z) = ) (r(t)ew(t) + P ) 9 ( r(t) * ’f(tﬂ)

is the radial slit mapping on R(t) with zero at z = £(¢) and pole at z = 0. The
Ly-constant ((t) for (R(t),0,£(t)) is written into
- (|s<t>|>1
r(t) ) |

oQ

B(t) = log 02

<t,§<t>>\ — 2log|é(t)] + log

which is certainly superharmonic on B.

[Example of 1. in Corollary 2.2.]  We also see that the harmonic span
s(t) = a(t) — B(t) for (R(2),0,£(t)) is

1
(2.1) s(t) = log

which is subharmonic on B.

[Example of 2. in Corollary 2.2.] Let & (t) be the zero section of R and
&(t) = £(t) in the above examples. Then we have

)
d(t) = log ~—eay-
70

By (2.1) we have the following relation:
s(t) = 4logcoshd(t),

so that logcosh d(t) is subharmonic on B.

3. VARIATION FORMULAS OF L; AND Ly PRINCIPAL FUNCTIONS
WITH A POLE OF R{1}

It is known that a multiply connected domain D can be mapped onto a vertical
slit domain or a horizontal slit domain in P,,. Let D be a domain in C, such that
the boundary 0D = 37 | C; consists of C* smooth closed curves and D > 0.

[Vertical slit mapping] Consider the following conformal mapping w = P(z)

on D into P, such that P(0) = oo; P(z) — 1 is holomorphic near z = 0, and

P(C;), j = 1,...,v are slits parallel to the v-axis. Such mapping is uniquely

determined. If we set p(z) := R{P(z)}, then p(z) is a unique real-valued function

on D \ {0} satisfying the following two conditions: (i) p(z) has a pole R{1} at
7



z = 0 normalized lim,_o(p(z) — R{2}) = 0; (ii) p(z) has the following boundary
= 0.

condition: on each Cj, p(z) = ¢; = constant and fc

[Horizontal slit mapping] Consider the following conformal mapping w = Q(z)
on D into P, such that Q(0) = oc; Q(z)—% is holomorphic near z = 0, and Q(C}),
j=1,...,v are slits parallel to the u-axis. Such mapping is uniquely determined.
If we set q(z) := R{Q(z)}, then ¢(z) is a unique real-valued function on D \ {0}
satisfying the following two conditions: ¢(z) satisfies the same condition (i) as

p(z), and ¢(z) has the following boundary condition: on each Cj, 8515) = 0.

We call p and ¢ the L;- and the Lo-principal function with a pole of §R{%} for
(D, 0), respectively.

Now we shall consider smoothly moving Riemann surfaces R(t) with one com-
plex parameter ¢ € B. Under the same conditions for the unramified domain
R = U,ep(t, R(t)) in R over B x C, and dR(t) = > ;-1 Cj(t), we assume that
R contains B x {0}. Then each R(t), t € B carries the L;-(resp. Lg-)principal
function p(t,z) (resp. q(t,z)) with a pole R{1} for (R(t),0). Namely, both
real-valued functions p(t, z) and ¢(t, z) are continuous on R(t) and harmonic on
R(t) \ 0 with a pole R{1} at z = 0 and normalized lim,_o(p(t,z) — R{1}) =
lim._o(q(t,z) — R{1}) = 0 at z = 0, and p(t, z) and ¢(t, z) satisfy the following
boundary condition (L;) and (L), respectively: on each C;(t), j=1,...,v

(L1) p(t,z) = const.c;(t) and /Cj(fpa(:l’j) 8%(2’22)
Since OR(t) in R(t) is of class C¥, p(t, z) and ¢(t, z) can be harmonically extended

to a neighborhood V(¢) of dR(t) in R(t). We find a neighborhood Uy(t) of z = 0
such that

pt, z)= %{%}+ 0+R{>An(t)2"}, qlt,2)= %{%}Jr 0+R{>_ Bn(t)z"} on Up(t).
n=1 n=1

We call R{A;(t)} (resp. R{Bi(t)}) L1-(resp. Lo-)constant for (R(t),0). Then

we prove the following variation formulas in [5]:

=0.

dsz - Oa (LO)

Lemma 3.1. For each t € B,

OPR{A1(t)} 1 8p (t, 2)
—_— = ka(t _— - — d
otot /8D(t) 2( ’ Z) //D(t) 6t82’ de Y
and that, if each R(t),t € B is planar Riemann surface then
O*R{B1(t)} 1 aq t,z)
otot /BD(t) 2(t,2) // 87582’ 4

Theorem 3.2. Under the same conditions in Lemma 3.1, if R is pseudoconvex

in R, then Ly-constant for (R(t),0) is C* superharmonic on B, while Ly-constant
for (R(t),0) is C¥ subharmonic on B.

The subharmonicity of R{B;(¢)} in the above theorem does not hold without
the assumption that each R(t), t € B is planar. The contrast between the
subharmonicity of R{B;(¢)} and the superharmonicity of R{A;(¢)} are unified

with the notion of the analytic span S(t) for (R(t),0) in the next section.
8



4. VARIATION FORMULA FOR ANALYTIC SPANS

For an arbitrary fixed t € B, each R(t) carries the analytic span S(¢) with
respect to (R(t),0) introduced by M. Schiffer [12] which is defined by

It is known that Bj(t)— A;(t) is real positive. The analytic span S(t) has the
following geometric meaning: U(R(t)) is the set of all univalent fns f on R(t) s.t.

1 o0
f(t,2) Z+ + g an(t)z"  near z

M. Schiffer showed that 7.5(t) represents the maximum of the Euclidean area
E(f) of the complement of f(R(t)) in P, of all f € U(R(t)). Precisely, we put
P(t,z) = p(t, z) +ip*(t, z) and Q(t,2) = q(t, 2) + i¢*(t, 2), so that P(t, z) (resp.
Q(t, z)) is a vertical slit (resp. horizontal) mapping on R(t). Then
P(t,z) + Q(t, 2)

2

belongs to U (R(t)); H(t,-) maximizes E(f) among f € U(R(t)), and E(H (t,-)) =

7S5(t). Then we have the following variation formula:

H(t,z) =

Lemma 4.1. Let R be a smooth variation such that each R(t), t € B is planar
Riemann surface. Then it holds fort € B that
)d:vdy.

Rl (e S Ny

This formula is same as the formula in Lemma 2.1. However the contents are
different in several complex variables as follows:

32 q(t, 2)
0toz

dq(t, 2)

8t8z

Theorem 4.2 ([5]). Under the same condition in Lemma 4.1, if R is a pseudo-
convex domain in R, then log S(t) is subharmonic on B.

Applications of Theorem 4.2.

Corollary 4.3 (Uniformity). Let R = (J,.5(t, R(t)) be a (finitely or infinitely
sheeted) unramified pseudoconver domain over B x C,. Assume that R is ez-
hausted by a sequence of pseudoconver domains {R,} whose boundary OR, is
of type (FI). We set e := {t € B : D(t) is of class Oap}. If e is of positive
logarithmic capacity in Cy, then each fiber R(t), t € B is of class Oap.

Corollary 4.4. Let R be a polynomially convex domain in C? with smooth bound-
ary. Fiz z € D and consider the set L(z) of all complex lines { passing through
the point z in C%. We denote by Sy(t) the mazimum of the Euclidean area of the
complement of f(R(t)) in C, of all f e U(D N L), and define

S(z) :=max{S(z): L€ L(2)}.
Then S(z) is a logarithmic plurisubharmonic exhaustion function on D.
Examples. We shall give the simple examples of Theorems 3.2 and 4.2. Let

R :t € B — R(t) be a variation of disks R(t) = {|z| < r(t)}, t € B such that

log r(t) is superharmonic on B, so that R is pseudoconvex on B x C,.
9



[Example of Theorem 3.2]  We shall note that the mapping z — w = (£ —2)

is a vertical slit mapping on {|z| < 1} whose image is P! \ [, i]. It follows that
_ AN Y A O N S
w=Pl =10 g < P r(t)) REREICE
2 2

is a vertical slit mapping on R(t) whose image is P! \ [_@’ Tz)] Thus we see
1

that R{A,()} = —z < 0 and is superharmonic on B. Let us set w; = %,

wy = J(wy) = %(wl + w%), w3 = %wg. Then the three composite function
1 z

w = Q(t,2) ::;+r(t)2 on R(t)

is a horizontal slit mapping on R(t) whose image is P! \ [%, %] Thus we see

that R{B(t)} = ﬁ > 0 and surely is subharmonic on B.

[Example of Theorem 4.2] Consequently, we have ﬂsz(t) = ”(Bl(t); Al)

# > 0 on B. Hence log S(t) = logm — 2logr(t), which surely is subharmonic

on B. Further, we consider the maximizing function

= =3 )+ ) =

Thus, we see that the complement of F'(¢, R(t)) in P, is equal to {|w| < r(l—t)},

so that it is convex and its area is # which is certainly equal to S(t).
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