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Elliptic Integrals
by Means of Fractional Calculus

Shy-Der Lin,r Chung Yuan Christian University, Taiwan
Pin-Yu Wang, Nan-Ya Institute of Technology, Taiwan

and
Katsuyuki Nishimoto, Descartes Press Co.

Abstract

In a remarkably large number of recent works, one can find the emphasis
upon (and demonstrations of) the usefulness of fractional-calculus operators
in the derivation and integration to obtain (explicit) particular solution. The
main object of this presentation is to calculus the elhptlc integral by means
of fractional calculus. The ellipse has the equation % + ¥y = 1, eccentricity

k=4/1- ;; and can be parametrised by £ = acosf and y = bsin 6.
To find the arc length of an ellipse from # = 0 to ¢, we take the intcgral

dz dy ¢
~.9_)2 + (@)2 df=a | V1-k?cos?§ df
0

Let z = cosf, then dz = —sin§ df. Thus df = —~—=i=dz, we have

b cosé /1 — k222 d
the arc length = a — dz.
€ . ) V1—2z2 “

The circumference of an ellipse is 4aE(k), where

/ VI-k22 k2 2 .
We want to show

b1 — k222 1 1
E(k) =/ dz = szl(E, -
0

D i1 k2
V1-—22 2 )

§>1



by fractional calculus. We use the formula in Journal of Fractional Calculus,
Vol.30, Nov., 2006 pp54:

D) “{~* 1H{ 1—az% -“f}}

J=1

L'\ i1 plidi [ N pa, o) s (0, 1) oo (o 1)'. : }
F b H / ) 7 b ? tl S, O
r(l"’) 1:0;- (N: M1, ,Iir) : - ety TS Nz o
R(\) > 0;u; >0 =1, ,r);maz{laiz], -~ , |ar2z]} < 1 (1)
or

D*W{AlIIH1~a~% }}

e—iﬁ()‘—u) F(l ) L1

B T(1-N)"
x gl (X g, - ,,ur) : (og,1); - (@, 1); 1
F10 [ (/J/ K1, - Hr) . ~; S alzm, RN WLt (Z)

R\/\') > O;u; >0 =1,---,r;maz{|a1z}, -, |arz|} <1

R (BT

j=1
A=1,p=2)
_D—l{zl—l(l kz 2)1/2(1 ) 1/2}
(1) Fllol(}{ (132’ 2) B ("Eal)a (5)1); kzz’ z

I‘(z) (2-2 2 ==
_ZZ 2z+2j -1 i —} '(k2 ) PIAR
=0 =0 2z+2_77".7]

Since the variable z is integral form 0 to 1, we have

B Bes(=Dh); (B (1)
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SR WL L

2
_ i L):(=1). TG +)T(}) (%)
(¢); TA+9r{) i

=0
' 1 1
= '2‘2F1('2', 1;k%).



N- Fractional Calculus of The Logarithmic

Function log((¥z-&-c)*-d)

Katsuyuki Nishimoto ( Descartes Press Co. )
Pin-Yu Wang (Nanya Institute of Tech. Taiwan)

and
Shy-Der Lin  (Chung-Yuan Christian Univ., Taiwan )
Abstract

In this article, N-fractional calculus of the logarithmic function in title is
discussed.

A theorem is presented as follows for example.
Theorem 1. Let f= f(z) = (vVz=b~¢)*—-d#0,1.

We have then;
(i)
(10g £), = =" (z - b) {‘“ Lk +7) o
A~ T(k+1)

1, 2Kl 4k + )
+) 7T D i Sm}

k=1 =0

k4, [I"(%m E+ )] < o)

(log ) = (~1)"*(z — b)‘”{ 3k ToaS*

k=0

o 1 2K]m K

N Z %Tk Z L_l___f;___]_ (n € Z*)(n-th derivatives )
k=] m=0 m!

wher95~( —b)l/z T= !5]<1|T|<1

and[Ajx(k € Z7); Notation of Pochhamme;.







Second Hankel determinant Hy(n)
for odd starlike and convex functions

Toshio Hayami (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A be the class of functions f(2) of the form

fz2)=2z+ ianzn

n=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Let 8*(a) denote the subclassof A
consisting of functions f(z) which satisfy the following inequality

Re (ZJ{;S)> >a (z€el)

for some o (0 £ @ < 1). A function f(2) € 8*(a) is said to be starlike of order ¢ in U. Similarly, let
K(a) denote the subclass of A consisting of all functions f(z) which satisfy following inequality

Re (1 + ZJ{,I;S)) >a (zeU)

for some & (0 £ a < 1).

Also, let Aoda C A be the class of odd functions f(z) normalized by

f@) =2+ amn?®™  (am =0)

m=1

which are analytic in U. Moreover, we define the subclasses of A,qq as follows:
Sodd(@) = Aaa NS™ (@) and  Koaa(@) = Aoaa N K(a).

Then, f(2) € 8yg{a) or Koaa(e) is called odd starlike or convex function of order a, respectively.
We note that
f(2) € Koga(a) if and only if 2f'(2) € Sjyq(a)
and .
f(2) € 83yq4(a) if and only if / f—(CQdC € Koaa(a).
0

In the present talk, we discuss the upper bounds of the functional |a,an.2 — a2,,| for all n
(n=1,2,3,---) and functions f(z) € S%y4(@) or Koaa(a), respectively.



The following theorems are enumerated as the results.

Theorem 1 If a function f(z) € Siya(a), then

( 1-a (n - 1)
Ell(j - a)?
()| = lonansz — dhal < 4 N (n=2m)

(f:ll(j—af) (m+1-a)

\ il (m + 1)1 (n=2m+1)
where m = 1,2,3,---. Equality is attained for
0o H(J - (X)
J=1 2m 1
f(z) = A=a= zZ)l——a =z+ Z +
m=1
Theorem 2 If a function f(z) € Koaa(a), then
( l-a
Lt (n=1)
m , 2
[1G-a)
[Hao(n)| = |@nnsz — ahys| (2m + 1)2(ml)?
(H(J'—a)"’) (m+1-a)
=1
(n=2m+1)
L (2m +1)(2m + 3)m! (m + 1)!

where m = 1,2,3,---. Equality is attained for
- ! 32\ o~ =1 2m+1
f(2) = 2z Fy (2,1 0’2’2)—z+'§:‘(2m+1)m!z .

Furthermore, we would like to discuss the properties of functions g(z) defined by

oo

9(2)=Hf(z)=2z+ Z (a2 = an-18n41) 2.

n=2

for a function f(z) € A.



Subordination relations for certain analytic
functions missing some coefficients

Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let H denote the class of functions f(z) which are analytic in the open unit disk
U= {z:2 € Cand |z] < 1}. For a positive integer n and a complex number a, let
M[a, n] be the class of functions f(z) € H of the form

fz)=a+ 22 a2,
k=n
Also, let A denote the class of functions f(z) € H normalized by f(0) = 0 and f/(0) = 1.
The subclass of A consisting of all univalent functions f(z) in U is denoted by S.

A function f(z) € M is said to be convex in U if it is univalent in U and f(U) is a convex
domain. It is well known that f(z) is convex in U if and only if f/(0) # 0 and

')

1.1 Re[l+=—<-]>0 zel).
1) (1+E (€v)
The normalized class of convex functions denoted by K consists of the set of all functions
f(z) € 8 for which f(U) is convex. Furthermore, a function f(z) € H is said to be starlike
in U if it is univalent in U and f(U) is a starlike domain. It is well known that f(z) is
starlike in U if and only if f(0) =0, f/(0) # 0 and

Zf’(Z))
1.2 Re (-— >0 z e ).
(12) e (zeV)
The class of starlike functions denoted by S* consists of the set of all functions f(z) € S

for which f(U) is starlike. The equivalent analytic descriptions of K and S* are given
respectively as follows.

Remark 1 A necessary and sufficient condition for f(z) € K is that f(z) € A satisfies
the inequality (1.1). Also, f(z) € 8* if and only if f(2) € A satisfies the inequality (1.2).

From the definitions of K and S8*, we know that f(z) € K if and only if z2f'(z) € S*.

We next introduce the familiar principie of differential subordinations between analytic
functions. Let f(2) and g(z) be members of the class H. Then the function g(2) is said
to be subordinate to f(z) in U, written by

9(2) < f(z) (2€D),
if there exists an analytic function w(z) € H with w(0) =0 and |w(z)| <1 (2 € U),



and such that g(z) = f(w(z)) (z € U). In particular, if f(z) is univalent in U, then
9(2) < f(z) (z €U) if and only if g(0) = f(0) and g(U) C f(U).

Suffridge [4] independently discovered some particular case of the lemma which is well-
known as the Jack’s lemma [1] proven by Miller and Mocanu (3] (see also [2]), and deduced
the following subordination relation for convex functions by making use of it.

Lemma 2 Let f(z) € K and g(z) € H[0,1]. If 2¢'(2) < zf'(z) (2 € U), then
9(z) < f(z) (z€U).

In the present talk, applying the Schwarz’s lemma related to analytic functions w(z) €

'H[0,n], we discuss the following subordination properties concerning with the subordina-
tion g(z) < f(z) (z € U) for f(z) € Hla,1] and g(z) € Hla,n].

Theorem 3 Let f(z) =a+ayz+--- € Hla,1] and g(z) =a+ by2" +--- € H[a,n]. If
9(2) < f(2) (z € U), then |by| £ |a1], and equality occurs if and only if g(z) = f(zz")
for some complex number  with |z| = 1.

Theorem 4 Let f(z) € Hla,1] and g(z) € H[a,n], and suppose that f(z) is univalent
inU. Ifg(2) < f(z) (z€U), then
g(UT) - f(Ur")

for each r with 0 < r < 1. Further, if g(z0) is on the boundary of f(U,») for one point
29 € OU,, then there is a complez number z with |z| = 1 such that g(z) = f(z2"), and
g(2) is on the boundary of f(Um) for every point z € 9U,.

Moreover, by making use of these properties and the Jack’s lemma, we deduce a subordi-
nation relation as follows.

Theorem 5 Let f(2) € Ha,1] and g(z) € H[a,n], and suppose that f(z) is convez in
U. If z¢'(2) < nzf'(z) (z € U), then g(2) < f(z) (2€U).

In addition, we will observe some examples of these results.

References

[1] 1. S. Jack, Functions starlike and convez of order a, J. London Math. Soc. 3 (1971),
469 - 474.

[2] S. S. Miller and P. T. Mocanu, Second order differential inequalities in the complex
plane, J. Math. Anal. Appl. 65 (1978), 289 - 305.

[3] S. S. Miller and P. T. Mocanu, Differential Subordinations, Pure and Applied Mathe-
matics 225, Marcel Dekker, 2000.

[4] T. J. Suffridge, Some remarks on convez maps of the unit disk, Duke Math. J. 37
(1970), 775 - T77.



Properties of certain analytic functions
associated with two boundary points

Hitoshi Shiraishi (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A, denote the class of functions f(z) of the form
f(2) =z+ an12" +an22™?+... (n=1,2,3,...)

that are analytic in the closed unit disk U = {z € C: |2/ £ 1} and A = A;. Also, the open
unit disk is denoted by U = {z € C: |2| < 1}. In the present talk, we consider two boundary

(., 7
points z; and 23 such that a = %f—(@ € f'(U) and a # 1. With such points 2z; and
23, we discuss some properties of certain analytic functions f(z) in A,.

Theorem 1. If f(z) € A, satisfies
zf"(2)
f'(2)
’ /
for some complex number a = f_(zﬁ%@ € f'(U) and a # 1 such that z; € 8U and
2y € 0U, and for some real p > 1, then
If'(z) —1ll<pll—a] (2€0).

1 —ajnp
14+[1-afp

(zel)

If we consider M such that

! —_ =
max |f'(2) - ol = M,

then we have
1f'(2) =1 < pll —a| =p|f'(0) —o| S pM  (2€D).

Therefore, we have

Corollary 1.  If f(z) € A, satisfies”

zf"(2)| . 1= alnp

7@ | <Tri-ap €Y
/ (4
for some compler number a = &)_;f—(zz) € f'(U) and a # 1 such that z; € OU and
2y € OU, and for some real p > 1= a}, then

M
If'(z) -1 <pM  (2€0).



Theorem 2. If f(z) € A, satisfies

2f"(2)
oI

1 = af?np?
1+|1-alp

(z€ )

2f"(z) -

! (]
for some complez number a = &;j—(-z—z)- € f'(U) and o # 1 such that z; € U and
2y € U, and for some real p > 1, then

If(z) =1 <pll-a] (z€U)

Corollary 2. If f(z) € A, satisfies

B zj.‘ll(z)
f(2)

1 - of?np®

1+1~alp (z€U)

zfll(z)

for some complex number o = &Zl)—;f—@ € f'(U) and a # 1 such that 2, € OU and

2 € OU, and for some real p > )l—;J-a-I, then

If(z) =1 <pM  (z€U).

Theorem 3. If f(z) € A, satisfies

Re (%@) <n? (zeU)

for some compler number o = I—M € f'(U) and a # 1 such that z; € U and

2
29 € OU, then
F@-1<pl-af (z€U),

where p > 1.

References

[1] 1. S. Jack, Punctions starlike and convez of order o, J. London Math. Soc. 3(1971),
469-474.

[2] S.S. Miller and P. T. Mocanu, Second-order differential inequalities in the complex plane,
J. Math. Anal. Appl. 65(1978), 289-305.

[3] H. Shiraishi and S. Owa, Some sufficient problems for certain univalent functions, Far
East J. Math. Sci. 30(2008), 147-155.



Coefficient estimates of functions in the class
concerning with spirallike functions

Kensei Hamai (Kinki University)
Toshio Hayami (Kinki University)
Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A be the class of functions f(z) of the form
J(Z)=z+ Z 2"
n=2

which are analytic in the open unit disk U= {2z € C: |z| < 1}. If f(z) € A satisfies
1 zf’(z))
Re (—- >1 (€U
afm )7t EEY
for some complex number a such that | — 3| < 3, then we say that f(z) € S,. If we write
a = |aje*, then the condition for S, becomes

O\
Re(e o) )>| | (z € U).

Therefore, a function f(z) € S, is spirallike in U which implies that f(z) is univalent in U.

Theorem 1  Extremal function for the class S, is f(z) defined by
flz) = -

(1 _ z)2a(Re(%)—l) :

Theorem 2 If a function f(z) € S, then

1

Ian!§m

n-1

[ 2(cos(arg(a)) = lal) + (k- 1))  (n=2,3,4--).
k=1

Equality holds true for f(z) qiven in Theorem 1.

Example 1 Let us counsider the extremal function

. .z
J(z) = (1- z)h(Re(i-)——l)‘

If we take a = § + 34, then
z

f(z)= (1 -z)ﬁﬁ"-

This function f(z) maps the open unit disk U onto the following domain.



Example 2 If we take & = 2 + 1i for the extremal function f(z) of S,, then we have

4
6=

This function [(z) mwaps the open unit disk U onto the following domain.

flifitnnsz: sy
WS
NS




On strongly starlike and convex functions
of order a and

WA —8 Gk - w8
i)l # BRKA)

AZBUPRD={zeC:|zd <1} LEBIN-BINBIK f) = 2+ X, 0. DRE
T3,
KEHaec0,1] WL, feEABLTDzeDIIMLT

Zf )
{ @ } 2°
W73 L & i strongly starlike of order @ TH % L V13, ZD2F% S*'(e) THEYT. H
Rc2TDzeDITHL
g{l N i"(z)}

@
% W73 & & fi2 strongly convex of order aTH % & \3\>, Z D% K(o) THRT. E
IV, 0<a1 < s1DEES (@) CcS(a) £-K(a)cKla) TH 3B, a=1DH
A, S'() & K(Q) i X L 815N T > 3 starlike functions £ 7z i3 convex functions D& T
HY, WS (@) LR K@) XAENZ3LTOMKIID LEETHS, S'=S1)F
72K =KQ1) LT,

Ka) & S*(a) &L DEAFHRICOWVT, KD Mocanu[3] iZ X 2FERPHoN T2 ([4]

bBR). ZIT
(7)(552) snfZa -
y(a)=ar+7%Tau'1 l—allte = 2
()78 el o)

LEET D, va)idae (0 1) I L THRBEEFEINE /- ERTH 3,

<a'

¢y

Theorem A. &4 D a €(0,1]1 XN L. K1 a)) c S*'(a).

I TIDRERIE sharp THRWI E (2D R2ERLTEL,
Ioikac@,1]1LBe0,DITL, BIEES (2.8) & K@.B) 2 BATE, feAD

2ThzeDITHL
)5
f@




Z¥i7-F L F f i3 strongly starlike of order @ and type 8 TH 5 L V21, f e S*(a,B) L B
T, ERfeEADRTDzeDITHL
zf" (@) n
arg{l + m —ﬂ} < 50’.
ZW7-9 L ¥ fid strongly convex of order ¢ and type 8 TH % & >\, f e K(e,B) L AT
T, BEELD S'(@,00=80) £ K(@,0) =K@ THY, E5iC0<a;<a,<1F7
0B <P <1 i LROBEFERZWM7T,;
i) S(a1,B) € 8 (a2,p),
ii) K(e,B) c K(az,8),
iii) S'(e,B1) > §*(e.52),
iV) q((a’ﬂl) o q((auBZ)~
&) 8(a,p) 7 K(a,B) KRI232TOREID LEETHE I L3093,
EIETIE K(e,p) & S'(@,p) L DEEBRIIOVWTROMENB O NI L 2RE
T3, ILREHISBONBZICAZVR 22BN T 3,

Theorem 1 ([1]). L D a € (0,1]1andB e [0,1) iZH L, K(y(@),B)c S'(a,p).
LEOERIZB=0DHBE L LT Theorem A 22T,

REFERENCES

1. L Hotta and M. Nunokawa, On strongly starlike and convex functions of order @ and type B, preprint
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2. S. Kanas and T. Sugawa, Strong starlikeness for a class of convex functions, J. Math. Anal. Appl. 336 (2007),
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3. P. T. Mocanu, Alpha-convex integral operator and strongly-starlike functions, Studia Univ. Babeg-Bolyai
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4. M. Nunokawa, On the order of strongly starlikeness of strongly convex functions, Proc. Japan Acad. Ser. A
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Lowner chains with complex leading coefficient

WE —8 Gk - W8

D,={z:ld<rttl, BicD=D £33 AZERLEHF 0 =0, f(0)=1%%
723D LOBITABEL L, 25iIcScA D LEBELEREHLE T2,
f@=f@) =32, a0 ar(t) #0, ZDx[0,00) EERZI /BB ETE. 22T
ai(f) 12 ¢ € [0, 00) 2B L TIRPTHANEE L MRS EBHK <H 5. fix) BPUTOHEZ W
7FEE, LIF—-#THI LY,
1. B2 Dtel0,0)itHL, f@/a)eS,
2.0<s<t<0 L, f.(D) S f£i(D),
3. BRI 3B OBKTE, —» € [0,00)D L Z f, (D) > f,D), £7t, > o
NLEFM-CTH?3,
()= DEE, fR)IIHBL7F—$ TH2LEER ZOREIE EIEDOFRHE 3 3
DFHFH L Whh 37 HDEBEZ NS ([4, Chapter 6.1)).
Lowner Db LD EDTA F 7D SMELEED T X b I A4 XN E—BR
FBR~DEBEB/EEL DD THo7HS, 1% Pommerenke Hi— D HEF TR OBRE
~NEBBL, KDL 2EEL T —-RKORBLITEEZ

Theorem A ([3,[4]). 0 <ro <1 &L, h(z,t) = €2+ T, ()" Z DX [0,00) LEEEE T
7B T2, 20L& h(z,r) DHEHEL T —HHTHZ D DRBBEFEEIIRD 25
HWEND L TH B,
i) hiz, ) 3 BL Dt e[0,00) I L Tze D, KOVTRITN, EL4DzeD, iKBL
Ttel0,00) IOV THNERTH Y, HI2ERKVFELT

lh(z,t)| < Koe' (z € Dy, t € [0,00))

A RASR
ii) B p, ) DSEEEEL, HAD1e[0,00)iCBL Tz e DICOVTHRITH, &2 D
zeDICL Tre[0,00) ERTHITH D

Repz, >0 (€D, 1e[0,00), p0,1)=1
WL,
h(z,t) =20 (z,Dp(z, 1) (2 € Dy, a.e. t € [0,00)) ¢y
BRIFB. T Th=0k/dt, K =0h/dzTHD.
F7, ROFEH Becker iC & DASNTV3;



Theorem B ([1]). h(z) = h(z,)) ZBBEL 7+ —BE L, ZHHIET 3 (1) D pz, 0 B3
2TDzeD LLTDte[0,00) ICHLT;

P e Uk) = {weC:lx—:;’sk}

R TLIRET S, ZDLEZLDe[0,00) ICH L h(z, 1) 13 D L~ & EHH IR
Eh, X5iIhE),
h(z,0), if ld<l1,
h(z) = {

MéJ%M»észl,

R DCNOD k-BFALRE 25,

ERoOEED (REHLIZBS L) V-t L T—RLEh 282 RRET
3. BAERITIZ, Theorem A 335 X —% — 7 t DER, TLHbLEBROLBA L —
FLERD OB THE T I I LIS a() DBEANIET 3. Theorem B i2BL T
BRI —%BRT 2 LRBA UG B TLEIDT, ROV 7+ —Bicx
LTRARDOREBAZ R Y BT IS 5,

BEnER®ED, L7 F—# 2V THERHERG X RS RIS 2 %
Z BB 1 RBOERLLORIMMBAN, XV ERLEFBENINIET 2ESTE3, R
EEYICiz, EEBIREZLOL 7 —HREEETREIRBOREZE DICIERICE -
LT3, FZIERD &S 2ERIEINS;

Theorem1 ([2]). ¢ 2 2e—-11 < 1 2¥H T LI 2 MBEHR L T2, L fe ALK
%5iX, BA%K

af(x)+ (1 -a)zf'(2)
13D EEETH 3.

Theorem 2 ([2)). @ € (—n/2,x/2) £ L, ¥7-ke[|tan(e/2),1) ET 5. fe AITHL,
LLERD zeDITHLT o

i) &

e7ﬂyewm

251F fIECAD K- RESATBERD.
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Ay FPDOASEBERIOYV -2Vl (F—FR) Dar—% 2 0L
T, Ay PO TRY SR LER 2D —< VHABTESL, FP—FRD
EABBOERICEoTHy PORKEO—AZERBLTEL, T2LAHv b
DOBRYOWMEERRIA=FEBIZLICLD, P—S 2D LcEH2DY —
2 VHOERBRGETE 5, FX (1] Ti& Z OIERIEOERUIN O MEGE
iz 7o, SEOBBTIIERIEIZREL . £ ORMALNFHRLHS 2
T3, B4V M P—FRALOREK 2OEMERKE L SZDFHRT
HERH OIERERR AW, ZOER2DY) —< YHDIEMEL EBR
TBHEILILDH B,
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{1] Y. Imayoshi, Y. Komori and T. Nogi, Holomorphic Sections of a Holomorphic Family
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Linear slices close to a Maskit slice
R EKE (AEBRELTEEREHER)

FIARIIM 1RRHE L —FROEEXBLABL Y 54 VEHOEHERIZ, 200
ERTUD b L — ADKBHREREEZS, JITID0ERITOFL—AREEL
&L EDEMERDYIY O % linear slice V23, ZZTREETZ FL—2DES 210
DL &, AT 3 linear slice ® Hausdorff FiFRAS Maskit slice ic—3T 25 & 5 b
2EZ D,

SELRABE b—F AL L, LAREm (S) DERTEORLe, b X EET 3. LB
(@, 8) € AR L Ta = tr(p(a)), B = tr(p(b)) & W7 TEB p : m(S) — SL(2, C)
DIBRY (REMIC) —BIEED, 20% (o] LB BWHEMacCi
LT |
L(a) = {6 € C: pap is descrete faithful}

% linear slice £ \>9), RIZ o =2 D & & £(2) IZ Maskit slice & MEiZh
LR2)={BeC:(z+2, —zl- + 1) is descrete faithful}

&) BREERNFRR 2R, GBRIZ L(2) D 90° [#5% Maskit slice 1> )

ZITIRa BT EE, COMMMEA L LT Lla) B5L(2) KKET < B &
IEEZT0, (@ € R DBA I Parker-Parkkonen % Komori- Yamashita & -
L2 TIHNENT3,) HEERZIZMR o — 2 DI & 2T L(a) 23L(2) IZ5E 0
BB L L) DERDESIECEENH I LERT, 20ROIEEKcC
IZX LT L) DEBIEES L(2,6) ZRDEHICEHT S :

L£(2,8)={BeC:(z2+2,2z+2¢, i +4f) is descrete faithful}.

3 T p(a) B¥loxodromic D & &, % D complex translation length % 47 £ C.,
DHEP LMY XA EH/L ZLIETB L, a=tr(p(a)) = 2cosh(A/2) &> BHRAUR
DD, Bila—-202-0THBLICERT S, UTTiRa%® ADBKE
LTa())=2cosh(A/2) EET. PRI — 013RD 2BEICAEWICEHNZh 2,

Definition. W& M\, € C4, \p 0 & T3, UK ), — 0% horocyclic TH 3 &
BEBDe> 0L T |\ —¢| < e HDAARELLETDOATRDIDEER VS,
7, PR, — 023 tangential TH 2 LIdH S e > 0ITH LT |\, — €] > €
VHDRELETOR TR DL ER WS,

T 27T Ay — 02% horocyclic (tangential) C& 2 HEA-234etEid Im (27i/),) A3
RET2 (ARTHD) T LICHEETS, FIC tangeitial DBA, BOF 2 BN
W21/ A, IRFATBE 2 > 2+ 1 OFEAZ modulo i LTH 3 ¢ € CItIURT 3.
DT EZ2mi/A) -6 LB LTS, BDLEOFEDEFEOD LT, T4
ZHARD Z LK B



Conjecture. )\, € C. 2 LT, A\, — 023 horocyclic THNUL L(a(N\,)) 12 L(2)
\C Hausdorff R L, A\, — 023 tangential TH2 [2mi/A\,] — [€] TH BEA,
L{a(A)) 13 L£(2,€) i< Hausdorff RT3,

TR, FEHIDBOERDL I LIRERZB-OTHET .

Theorem 1 (horocyclic convergence). BRI A, € C, D30I horocyclic W2 IR T
%L E, [ERDOET G, € Lia(h,) DEROERSIT L(2) &ENS, Wi, £
BDpe L(2) N T, 01 horocyclic \CPERT BRI\, € CL FEL T, 3
IINR T 5 15 8, € L(a(),)) DIES,

Theorem 2 (tangential convergence). K%l A\, € Cy 23\, — 02D [27wi/\,] —
(] 27T L &, EEDEI B, € La\)) DEBOERRIZ £(2,6) K& FN
3, Wiz, EEDEecCLBeL2,)ICHNLT, A\ — 052 21i/A,;] — [€] 2
WET TN, € CL MEEL T, SITIRT 2 851 8, € L{a(M)) PR3,

ZFHAIZ 12 Hodgson-Kerckhoff (2 & % filling theorem & Brock-Bromberg IZ & %
drilling theorem % A EHIZH 5 '

X T, linear slice L(a) &3 a = tr(p(a)) ZBE L 7 & EOEBZEMOYH O
%, NI A—% B =tr(p(h)) DEMTRAL DN TH-%, —FT, RLCWHA
BRI A—F w = ) DZRETREEBE ) ERTERLL T (T
M) . EBE, al2B9 % Dehn twist DIEAIE, 2D w BETIR—ROIBEHR

A€SL2,C) st. trd =a iET 2, BEMFEIEIOI L BHHALLY,

1: linear slice £(a) % w BEATR~ED D, PSR o = 2DHAE, o
“horocyclic 1272 IEVEA, ot “tangential 12”2 IEVEA, Th o DERIZ
FEBEE (KA BERLEY 7+ 727 OPTi 2 THERL 7,
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Let f be a rational function on P! of degree d > 2. The exceptional
set E(f) is the maximal f-backward invariant finite subset of P', which is
possibly empty and consists of at most two points. The following equidis-
tribution theorem for moving targets is fundamental in complex dynamics.

Theorem 0.1 (Lyubich [4, Theorem 3]). There is a probability measure ¢
on P! such that for every rational function a, which does not identically
equal a value in E(f), we have as k — oo,

1
Z bw — py weakly.

d* +dega )

For (Radon) measure u on P!, the spherical logarithmic potential is
U,2) = f| log[z, wldu(w),
P

where [z, w] is the chordal distance on P!. One of main facts from axiomatic
potential theory (cf. Brelot [3]) is that if probability measures y; tends to u
weakly as k — oo, then nearly everywhere on P!,

0.3) limsup U, = U,,.
k
Our principal result is a characterization of convergence (0.3) for u; = v{
and u = py in dynamical and value distribution context.

Theorem 1. Let f and a be as in Theorem 0.1. At a point z = zo € P!, we
have a convergence of potentials

lim Uya(z0) = U (20)

of the measures v; if and only if -

im —m— * =0.
lim —— degak)g[f (20), a(z0)]

Let f* be the derivative of f with respect to chordal distance. Theorem 1
allows us to deduce an approximation of the Lyapunov exponent

LU%=Lﬁwﬂ¢v

from the equidistribution theorem for moving targets.
1



2

Theorem 2. Let f and a be as in Theorem 0.1. Then we have an approxi-
mation of the Lyapunov exponent

limf log f*dv§ = L(¥)
p!

k~»00
if and only if every critical point c of f satisfies
im k
Theorem 2 is a variant of Berteloot, Dupont and Molino approximation of
L(f), in one dimension (cf. Szpiro and Tucker [5]): a similar approximation

for polynomial automorphisms on C? is obtained by Bedford, Lyubich and
Smillie [1]. Consider the repelling periodic points of f, and put

={peP P =pIYDI>1}, w =

UJ’
+ 1 WERy

* 1 ] " !
R.:={peR;1sVj<k fl(p)#pl v := &+ 1 26"’
weR;

By Fatou finiteness theorem, the set NR(f) of non-repelling periodic points
of f is finite (counted with multiplicity), and hence we have from Lyubich
theorem,

lim v = lim Vi =y weakly.
An argument similar to the proof of Theorem 2 proves

Theorem 0.4 (Berteloot, Dupont and Molino [2, Theorem 1.5]). Let f be a
rational function on P! of degree d > 2. Then

0.5) lim f log ffdv, = lim f log f*dv; = L(f).
— 00 P! ~—00 pt
Our proof is potential-theoretic, and independent of ergodic theory.
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Let f be a rational function on P! of d = deg f > 2. The exceptional set
E(f) = {a € P'; fXa) = a,deg, f> = d?} consists of at most two points.
The equidistribution theorem for moving targets is

Theorem 0.1 (Lyubich {7, Theorem 3]). There is a probability measure uy
on P! such that for every rational function a, which does not identically
equal a value in E(f), we have as k — oo,

1

Z 6w — [y weakly.
Frw)=a(w)

In the case that f is a polynomial, this fundamental theorem in complex
dynamics is due to Brolin [4] and Tortrat [9], and their proofs are potential-
theoretic, or more concretely, electrostatic. Lyubich’s proof in general case
is based on a shadowing argument from ergodic theory.

We may give an electrostatic proof of Theorem 0.1 in general case and
complete Brolin’s and Tortrat’s strategy by introducing a weighted potential
theory on P': the Green function G* of a (homogeneous) lift F of f on C2
canonically induces a weighted kernel ®(z, w) = ®r(z, w)

C*x C*3(p,q) ~ loglp A gl - GF(p) - G*(g) € [-o0,IM]

onP!' x P! (p € 77'(2),q € 7N (w)).
The equilibrium measure yy of f in (0.2) is characterized as the (unique)
weighted F-equilibrium measure on P!, that is,

Vi = ffq’dllfdﬂf-

Using weighted potential theory, we may also give a short proof of formu-
las on the weighted F-equilibrium energy on P! and the Lyapunov exponent
L(f) := f log f*uy, both of which recently play an important role in study-
ing bifurcation of dynamics of f.



2

Theorem 0.3 (DeMarco [5, Theorem 1.5], Bassanelli-Berteloot [2, Propo-
sition 4.9], DeMarco [5, Corollary 1.6], respectively).

1
0.4) Vi = d(d )logIResFl
Fey . =
0.5) f(G () =logil- IDdys + w) = d(d )loglResF|
2d-2
(0.6) L(f) = -logd - Z1<>g| Res F| + Z GF(Ch).

Here the resultant of F is denoted by Res F, and {CF i=1,...,2d-2} c C?
is a lift of the critical set of f normalized so that det DF (p) = ]'12"'2 pACE.

For thorough generalization of these formulas in higher dimensions, see
[2], [3]. We hope our proof has its own advantage in studying possibly non-
archimedean dynamics: our computation indeed yields a non-archimedean
version of Theorem 0.3 on Berkovich projective line (cf. [8], [6]). In this
setting, (0.4) is due to Baker-Rumely [1, Theorem 3.16], where the proof
relied on a sophisticated intersection theory.

Notation 0.7. We denote the origin of C* as 0. Let w : C? \ {0} 3 (20,21) +
(2 : z1) € P, || - || the Euclidean norm on C?, and w the Fubini-Study area
element on P! normalized as w(P') = 1. Put (zq, 21) A (wo, w1) := Zow; — 21 Wy
on (C2)2. The normalized chordal distance on P! is

[z,w] :==Ip A ql/dipll - llglX< 1)
(pen'(2),qg € 7 (w)).
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The Nielsen realization problem for
asymptotic Teichmiiller modular groups

Ege Fujikawa (Chiba University)
Katsuhiko Matsuzaki (Okayama University)

For a Riemann surface R, let QC(R) be the group of all quasiconformal automorphisms of
R. A quasiconformal mapping class is the homotopy equivalence class [g] of quasiconformal
automorphisms ¢ € QC(R), and the quasiconformal mapping class group MCG(R) of R is the
group of all quasiconformal mapping classes of R. Here the homotopy is considered to be relative
to the ideal boundary at infinity. Then we have a surjective homomorphism ¢ : QC(R) —
MCG(R). The realization problem for the quasiconformal mapping class group MCG(R) is
asking whether there exists a homomorphism £fr : I' — QC(R) such that g o £|r = id|r for a
given subgroup I' of MCG(R).

The quasiconformal mapping class group MCG(R) acts on the Teichmiiller space T(R)
biholomorphically, and we have a representation ¢z : MCG(R) — Aut(T'(R)) in the group
Aut(T(R)) of all biholomorphic automorphisms of T(R). The Teichmiiller modular group
Mod(R) is defined to be the image of ¢, which is isomorphic to MCG(R) and coincident
with Aut(T'(R)) for all Riemann surfaces R of non-exceptional type.

The Nielsen realization problem is the realization problem for a finite subgroup of MCG(R),
namely, it is asking whether there exists a homomorphism & Ir : T — QC(R) such that go€|r =
id|p for a finite subgroup I' of MCG(R). For a compact Riemann surface R, Nielsen himself
proved that a finite cyclic subgroup I' can be always realized, and after several partial solutions
by Fenchel and Zieschang, Kerckhoff [2] finally proved the following fixed point theorem.

Proposition 1. Let R be an analytically finite Riemann surface. Then a subgroup I' of Mod(R)
is finite if and only if it has a common fized point in T(R).

Since a Teichmiiller modular transformation having a fixed point p in T(R) is realized as
a conformal automorphism of the Riemann surface R, corresponding to p, Proposition 1 is
equivalent to the statement that every finite subgroup of Mod(R) can be realized as a group
of conformal automorphisms of the Riemann surface R, quasiconformally equivalent to E.
This gives an affirmative answer to the Nielsen realization problem, namely, there exists a
homomorphism Elr : I' — QC(R) such that g o €|r = id|r for every finite group T.

A generalization of Proposition 1 to analytically infinite Riemann surfaces has been given by
Markovic [3]. This proves the Nielsen realization problem also for analytically infinite Riemann

surfaces.

Proposition 2. Let R be a Riemann surface in general. For a subgroup T' of Mod(R), the
orbit T'(q) is bounded for some q € T(R) if and only if I has a common fized point in T(R). In
particular, every finite subgroup T' of Mod(R) has a common fized point p in T(R) and it can
be realized as a group of conformal automorphisms of the Riemann surface R, quasiconformally
equivalent to R.



In this talk, we consider an asymptotic version of the Nielsen realization problem. We
say that a quasiconformal homeomorphism f of R is asymptotically conformal if, for every
€ > 0, there exists a compact subset V of R such that the maximal dilatation K(f|r-v) of
the restriction of f to R — V is less than 1 +¢. The asymptotic Teichmiiller space AT (R) is
defined in & similar manner to the Teichmiiller space by replacing conformal equivalence with
asymptotically conformal equivalence. It is of interest only when R is analytically infinite;
otherwise trivial.

Every element of MCG(R) induces a biholomorphic automorphism of AT'(R). Then we have
a representation t4r : MCG(R) — Aut(AT(R)) in the group Aut(AT(R)) of all biholomorphic
automorphisms of AT(R). The asymptotic Teichmiiller modular group Modsr(R) is defined to
be the image of t47. Note that the homomorphism t4r is not injective unless R is either the

unit disc or the once-punctured disc.
In [1], we have considered the fixed point problem for asymptotic Teichmiiller modular
transformations of finite order. By extending its proof, we have our theorem in this talk.

Theorem 3. Let R be an analytically infinite Riemann surface satisfying the bounded geometry
condition. Then every finite subgroup of Modar(R) has a common fized point p on AT(R).

Theorem 3 can be regarded as the answer to the Nielsen realization problem for the asymp-
totic Teichmiiller modular group as in Theorem 4 below. For its statement, we use the following
notation.

Definition. We say that two quasiconformal automorphisms of a Riemann surface R are end
equivalent if they are coincident outside some topologically finite subsurface of R. The end qua-
siconformal automorphism group QC,(R) is the group of all end equivalence classes of quasicon-
formal automorphisms of R. Furthermore, the end conformal automorphism group Conf.(R)
is the subgroup of QC,(R) consisting of all end equivalence classes that have representatives
conformal outside some topologically finite subsurfaces of R.

Let e : QC(R) — QC,(R) be the natural projection. Also we have a surjective homomor-
phism g, : QC,(R) — Mod ar(R). Then the following commutative diagram is satisfied:

QC(R) —— QC,(R)
lq lQe
MCG(R) = MOd(R) AT, MOdAT(R)
Theorem 4. Let R be an analytically infinite Riemann surface satisfying the bounded geometry
condition. Then every finite subgroup T' of Modar(R) can be realized in the end conformal

automorphism group Conf.(R,) of some Riemann surface R, quasiconformally equivalent to R.
In particular, there ezists a homomorphism Elp : I' = QC,(R) such that ge o &|p = id|p.
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Plemelj D @B D —M{LIZ DT

EE B GELKEIEHIRH)

1 Introduction

Plemelj D5EE & 1&, HEFHE EOR S H MR T I2E1 5 Cauchy B
SOBRE BT 2 HUNLRERT, UTDEI R bDTH 5,

TR 1 T 2EREE OS2 BMEAMRE L, C\T DERLRS%E
D, ERBIED_L 35, COLE TEDRBMa(0<a<l)®D
~V S — BB o D Cauchy B5y

_ 1 @
Fla)=om fo=2% w
B L CBUTF AR D 320,
1. FRBHeT BT D, BLXUD_»oEAEFL (), F-(() %
b,
1 1
R =30+ PV [ 2 )

LBB, JTICPV.REERDITHS. WIS, T L
Fy-F.=9¢ 3)
TH3.
2. Fy BT LORE a D~V —HRBEEIC 2 3,

ORI, VOO THRINTV S, & Zid Zygmond [2]
i3, @b 3 Zygmond class iICIB T 3 RHCAROBEROR Y IO &
ZRLTV3, %7 Walsh [1] i3 L2 B§ED Cauchy B LT, T kig
LAEWEBEZA B)MBEYID2IERRLTRS, KRETRE, ~v
YL H b E S IR LBEBEICN LTI OERERIRT 5.

=M 1 [0,00) LOHEGEK W T, ROUTOEAEHRLTODLHE% D
2 X



1 w IEFEMBEK T w(©0) =0. Tz, EBD ac (0,1) BHFLEL T,
[t1* < w(t) B LD,

2. wid doubling TH 5. Thbb, HIERA>OBEELT, 0<
t<s< 2% 6 wt) <w(s) < Aw(t) DS Y 3L,

2 Results

EE2T, DL REHIEALHOLT S, T LoBERESK oL T,
HBwEDLERASODBHFELT, (,elicNL

le(¢1) = (G2)) < Aw(|Gr — Cal) @

THBLETE, ZOLELEED o € (0,1) IHLT, ¢ D Cauchy B4y
F(z) i&
|F™(2)[5(2)" = O(w(5(2)"))

EWlT. ZZo(e) iz ETOBRMET, zeD_DL B RTOHD
HEFFTEZLSD.

EBWIT, Di,owid@Hl LALOOLET S, X5i, $B0e(0,1)
PEELT .

/ w(t”)t™dt < oo.

0

THBLETDE, IDLE, ¢ ? CauchyBT F(z) LT (2) Y L
2. 72, Q) = max{w(t®), fy w(s?)s lds} LB L X

[F (1) — Fe(G)l < AQ(|G — G2)- (5)
1215 A/ RYASR

RIS I N S OB OISR &2 _7ve, ¥7, Walsh DRR
% compact bordered Riemann HIZHA3R L 785 R % £ b7z,

SE XM

[1] J. L. Walsh, Polynomial expansions of functions defined by Cauchy’s
integral, J. Math. Pures Appl. 31 (1952), 221-244.
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Subordination chains
in several complex variables

BHE R (UMEXT)

Subordination chains in several complex variables were first studied by Pfaltzgraff [22],
[23]. He generalized to higher dimensions the univalence criteria and quasiconformal
extension results of Becker ([1], [2], [3]). Applications of subordination chains have been
given to the characterization of subclasses of biholomorphic maps, univalence criteria,
growth theorems and coefficient bounds and quasiconformal extensions ( [4-25]).

In one complex variable, every normalized univalent function on the unit disc U
can be embedded in a Loewner chain, and has parametric representation, i.e. f(z) =
limy_y 0 €*v(2,t), where v(z,t) is the unique Lipschitz continuous solution on [0, o) of
a&t_v = —vp(v,t) a.e. t>0, v(z,0) =z,
for some p = p(z,t) such that p(-,t) € P for a.e. t € [0,00) and p(z,-) is measurable
on [0,00) for z € U. In several complex variables, the class S%(B™) of normalized
biholomorphic maps of B™ which have parametric representation, is a proper subclass
of S(B™) (the class of normalized biholomorphic maps on B") (see [5]). We remark
that S%(B") may be characterized as the subclass of S(B™) which consists of those
maps f that can be embedded in Loewner chains f(z,t) such that {e~f(-,t)}:>0 is a
normal family on B™ ([12]).

What happens if we allow the subordination chains to be non-normalized? If a :
[0,00) — C is a function of class C* such that a(0) = 1 and |a(-)| is strictly increasing
on [0,00), and if f(z,t) = a(t)z+- - is a non-normalized univalent subordination chain
on U, then f,(z,t*) = f(e=®®z,t) is a normalized univalent subordination chain,
where t* = log(|a(t)|) and 6(t) = arg(a(t)). That is, there is a normalized univalent
subordination chain with essentially the same geometric properties as the original one.
In dimension n > 2, there exist non-normalized subordination chains f(z,t) = et4z+:--
which cannot be normalized by an analogous change of variable. Also, there exist maps
f € §(B™) \ 8°(B™) which have useful embeddings in non-normalized subordination
chains. For example, if A € L{C", C) is such that m(A) > 0 and if f is a spirallike map
with respect to A4, then f(z,t) = e!4f(2) is a univalent subordination chain. However,
there exist spirallike maps f ¢ S°(B™) (see [16]). In connection with this observation,
we [8] introduced the class S (B™) of maps which have A-parametric representation, i.e.
the subclass of S(B™) which consists of those maps f that can be embedded in univalent
subordination chains f(z,t) = €4z + -+ such that {e *4f(,2)}s>0 is a normal family
on B™. We prove that certain results which hold for the class S (growth, embedding,
compactness) can be generalized to the above class. It is therefore of interest to consider
non-normalized subordination chains in the study of univalent maps on B™ for n > 2.
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The Loewner differential equation
in several complex variables

Peter Duren (Univ. of Michigan), lan Graham (Univ. of Toronto)
BEE ¥ (JUHEKI), Gabriela Kohr (Babeg-Bolyai Univ.)

Becker ([1], [2]; see also [3]) studied the general form of solutions to the Loewner
differential equation in one complex variable, i.e.
of )
(1) a(z,t) = z2f'(2,t)p(2,t) ae. t>0, VzeU,
where p(-,t) € P (the well known Carathéodory class of holomorphic functions ¢
on U with g(0) = 1 and Rq(2) > 0 for 2z € U) for any fixed t € [0, 00), and p(z,-)
is measurable on [0, 00) for z € U. In one complex variable there exists a unique
univalent solution f(z,t) = ez +--- of (1) (called the canonical solution) given
by
f(z,8) = lim e'v(z, s, 1)
t—o0

locally uniformly on U, for each s > 0, where the transition function v = v(z, s, t)
is the unique Lipschitz continuous solution on [s, 0c) of the initial value problem

ov

2 =
Becker proved that any other solution g(z,¢) of (1) that is holomorphic on U and
locally absolutely continuous on [0, cc) locally uniformly with respect to z € U,
has the form g(z,t) = ®(f(z,t)), where f(z,t) is the canonical solution and &
is an entire function (compare also [7]). In particular, if g(:,t) is univalent on U
and ¢(0,t) = ¢’(0,t) — et = 0 for ¢t > 0, then g(z,t) = f(z,t). Becker actually
considered more general situations, e.g. where f(z,t) has a point singularity
at zero, or when the solution is initially defined only on a (punctured) disc of
variable radius 7(t). However, in several complex variables point singularities are
removable, and for simplicity we will restrict our attention to the case where the
solution is defined on the full ball.

In this talk, we study the general form of solutions to the Loewner differential
equation which have the normalization f(z,t) = e*4z+-- -, where A € L(C",C")
and k,(A) < 2m(A) [4]. The case in which A = I, was considered by Graham,
Kohr, and Pfaltzgraff [5]. We prove that any solution g(z,t) with g(0,¢) = 0 for
t > 0, which is holomorphic on B™ and locally absolutely continuous on [0, co)
locally uniformly with respect to z € B", has the form g(z,t) = ®(f(2,t)), where
® : C* - C" is a holomorphic mapping with ®(0) = 0 and f(z,t) is a uniquely
determined univalent subordination chain such that f(0,¢) = 0, Df(0,t) = e*#

—vp(v,t) ae t>s, v(zs8) =z



and {e7*f(-,£)}1>0 is a normal family on B". We also observe that univalent
solutions are not unique. The proof of the main result requires a generalization
to higher dimensions of the well known Carathéodory kernel convergence result
for univalent functions. We do not present here the most general form of the
kernel convergence theorem for biholomorphic mappings on B”. Another version
of this result with slightly different hypotheses can be found in [6].
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BE Bergman ZZf8_E® Schatten-Herz & Toeplitz fEBRICDOWT

B} W (BB - BT)
R Bif (KERTK - #)
Wi HE (RX - BH)

b2 R = R™ x (0,00) LOBWRIERFE
1= a) <asy)
B89 % Bergman %[
b? ;= {u € LA(R",V); wid R} £ L®-F#f1}

REZLD. ZIT,Vid L¥%ERE RY ED (n+1)-RIT Lebesgue WETH 3. %
DL E, b IIEENZ RO Hilbert 2 E %3 3] 3 ye R ICHL

/ (1+t+ 2 du(z,t) <00 (1)
AT FEEE EOIENE p oL, B4EM R, ZAWT,
Ta)(X) = [ RalX,Y)u(Y) du(y)

LB E, Toeplitz fERAIFE L X & I TR, 3v 37 b7 Toeplitz (ERAREEET
3. 207 I ZROFBIBAS (0-averaging function) EHATH 5:

HOY) = @ () [V@QP(Y)).
ZITE>0IHL, QP(Y) RRTEZEI NS a-parabolic 6-Carleson box TH 3:
QS (Y1, 1 Ynr 8) = {(&1, . Tm, 8); 5 S S (L4 8)s, |75 — gs] < 27'(8s) %}
EpE A % BEEEO ] E2 8P MU B EREE L LRI D o [4]:

T, is compact on b <= )}mﬁt Ay =0 (2)

Hilbert 2L 3 v~ 2 MER% T KL, [T] = VI'T ORI BRES
FELTHALIE (\); LT 5.

EE 1. 0< o <00 &9 5. Hilbert ZRI LD 287 FMEAF T 5% Schatten
o-RICBTBLIT(N),; €l ERBIERVH, T, ZDEE TS LRT.

ROER%E Z L E TDOES (2008 FEEK, 2009 LEEHR) THE L 7.



EE A. (cf. [5, Theorem 1]) dV*(X) := t -GV (X), 0 <o < o0 &F
5. (1) 2A%T EEEREQOERRE 4 oL, XYY 7!

T, € 8° = i € L°(R™,V*). (3)

EHR 2. (Herz M) EHE p 13 (1) AT L, fRAMETS. F7,
0<o,pd<oo &L, L¥EBMD -T2 (Qu)retmy, mapyezrtt £F 5:

Qr = QX)) X = (Tuy ) i= (m16% (1 + 8)%,..., mp0% (1 + 6)35, (1 + 6)*).
1

(i) Ty € 857 &5 | T l|sgw = (zn ||T,‘,Q~ng,)” <oo.  (Schatten-Herz 1)

(i) £ € LEP(R V™ (Qu)) €5 1 flige = (2 ufnL.,(Qs,v.)) < co.
TE 1.0<o<o00 t¥3. (1) 2AT LPEHEOEHE p oL, T, €
SgP L 31D DRBE MG A € LIP(RL,V,(Qu)e) EHBIETHS.

BT 2 RTHA L LT3 LR LR 7> v BEOBET [1), [2] 23
HoH, BLid, 20o LIZRR Y, B¥EEE a0 M EATHET S, 20K
BORBEOIOZ L2 ERTS.

ER1.0<o0<o00 &3, (1) AT LF2EM EOEHE 4 icHL, T, € S7°
RO, T, VN7 b ChD. ke, FHE T, € ST 13 6,0 1S T0o,

B#%IZ Orlicz BIZREI~OHBR2HAS.

TE 2. 91, Py % [0,00) LOREEFTHMERE Ty, BMETS. 20O L X,
(1) 237 EEE EOFHE 4 oL, XHRH Lo

T,‘ € S;Pm/’z — ﬂt(sa) € Lg’l,tbz(R:u_H’Vx’ (Qn)n)
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Conjugate functions on spaces of parabolic Bloch type

)l HA(RRK-T)
ERE Bk (KIRmK - #H)
WE R (RRX - BF)

HZn+1&KxE2—7 Yy FEB R (n > 1) DEFZERLT D, T2bDH
H:= {(2,t) = (21,-- T, t) ER™ Lz € R* 1 >0} £ T5, 0<a < 1ITHL,
L) = 8,4 (~A)* £ F B, =T, 8, =0)dt, 9;=0/0z; Ay =P +---+ 2
Bz B TA55 75370 Thh, £, H EOBEEREK u M LO-WTH S
L1k, BEAKOBKRTLOu=0s25LE% ),

m(a) :=min{l, 5=}, o > —m(e) 2 L, HK#HE Bloch type ZHj B.(0) B &

U Bo(o) 2RO LD ILEHET 5.
B.(c) := {u € CY(H) | u ¥ LB, ||u|s, () < 0o}
Ba(0) := {u € Ba(o) | u(0,1) = 0}

(
[y
A

lellsugey = 1u(@, )l + sup # {%6]9.u(z,8)] + Hor(z, )] }
(z,t)eH

BERVY, = (B1,-+-,0,) ThHD, BT, a=1/25h20=00D,ZE, Byy(0)

B LU B12(0) ¥, 0 Bloch ZRIC25 Z L A0» 5, H¥WA Bloch type 2]

Bo(0) BEU Bo(0) 13, RIICBVWTHAZN, ZORIXTIhLDEMOER

RREIZ SW TR E iz,

R [1] Ti, B Bergman ZRICE VT o- B BRBEKEEREL,
FOFEERRV—BEELR UL, £, £ b AV THEDE Bergman B D
tangential derivative norm OF¥Hl % & % 7=,

B2 ix, HHE Bergman ZEIZB WV TEHE I N o- ORI IERBEOHSE
%, K% Bloch type ZRHZ HLMAL, TNOOMEIZHOWTIHFR L, FER
TIX, INHOKREZBRNRD, KA Bergman ZEHIZIT 5 o MBI SLE K
2, ETO0<a<1IZHLT, FROEBENRZRENE, LHL, BKHE Bloch
type ZRIZBVTI0<a<1l ta=1 L DBBIRRDIEREITI Z L HEY
THBHZEBALMRo, T, 0<a<l ODBEOERIZOVWTUT TR
~NBHR, iR Bergman ZRNICEBITAERLL2ALTH B,

B (o HMREEEK, 2EL0<a<])

0<a<l&¥b, uc Buo) THLT, HEO~Ny MEBEKYV =
(01, ,va) (% v; B H EOEKEBER) 5 u © o KPR EHEBTHS &
Ik, ROKBEBETLEEND,

(Cl) Bju = at-vj, Bkv,« = ijk,

'L- n
(C2) D lu= > 521 05vj,

SIT, D=8, ThY, Diuit, udl o1 RABAIBYEET



_a=120H8%%x5, ETBRELIZa=1/2D20=00DL %,
Bi/2(0) iX, #FnBloch Z@ic/ied, 7,0 =1/20HA, %X (C.1) BL(C.2)
X, UToRmBAKIZHT2—RbtEhica—r— - V—<rofERici 5,
Bju = 8:'0,', Bkv,- = 6jvk,
~Ou = Z;:l O;v;,
ROFEEIL, 0< a<1DBFED, HHE Bloch type ZHICH T D oY
HEBBOHFEERUC—EEEZRL TN S,

EEBL O<a<]l, c>-m(a), u € B,(0) £ ¥ B, a, o Hin =g —1+40 >
- LEW TS 72 DT, u D o- RIS EBI Y = (v1,- - ,v.) ﬁ)"ﬁ—‘ﬁffb’f £
'C@v, v € Ba(n) %23, EBIZ, v ICXLRVHBERC = C(n,a,0) > 0
BEELT,

n
CM ullsat) < D Ivsllgatn) < Clullsato)

i=1

BELLT, ER1DOpitBT8:4I120<a<1/2DEEFHITHI-EN,
Frra=120L&n=0THHI LITAMNTEL,
a=1DLEORREZUTTRERS,

BE2 n:=-1+0>-3 (FTabb, ¢>0), u € By(o) £9%, TDL
%, EX(CHBLULUTD (C2Y ZW=TV = (v1,-+-,v,), v; € Bi(n) »ME—
FIET 5, :

(C2y u— lim u(0,r) = Z 0;v;

r—00 .

B, viZEDRVWHIERC = C(n,a) >0 BFELT,

C M ullaye) < Y Ivsllsm < Cllullae)

J=1
reR" &5, BELLT, uEYHE Bergman B¥2 1T hm u(z,r) =0

ThHY, E0<a<1IBIWo>0DLE ue B,(o) L.?TL'C ILm u(z,r) B
FELT lim u(z,r) = T]Lnolo u(0,7) THHZ Litfh TEL,
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TA4UI LEREFAREEZEC Y- UE
R ZE (BIK - BEHD)

B Riemann ifi R - OFRFBIEGERIZR T b BARMZ2F B2 5 % 5 8507 Dirich-
let 753 [ du A *du =: D(u; R) {24k ? Dirichlet ¥ X / /LA D(u; R)Y/2 & LR /
Wb |u; Rlloo 1= sup,eg |u(z)] B3 5. FIZ TR w (ZBREL TS D(y; R) < oo
Elw; Rllo < oo DRIIE, —MICH, MOBMR V. LAL R OBRERDOSH
DA EPDBIEBR DN D & ATE (RI%E) B’ %E CUIFTE) 2 4R
MICHEET 2L EBRENPBDZENHD. SENT, A o o3t LTI
D(u; R) < 00 2 ||u; R|joo < 0o ZTRIET D L T 5 #HE % #OB Riemann & R %3
T5. R EORMBERK w £2EDOELHEERE H(R), ZOF T D(u;R) < oo (X
i |u; Rlloo < 00) ZWMTZ b DDIESBIGEIZEM%E HD(R)(Xix HB(R)) &
L, BTN LOEBHS THOMA%EM HBD(R) := HB(R)N HD(R) b %
Z%. H(R) DEIZER X OBFERITE dim X L5 L dim X € N OB X 13HRK
JT, €D TRVEERKITEF WV dimX = oo &Y. AEME HD(R) ¢ HB(R)
3%EX HD(R)= HBD(R) L AMETH D Z LICHERTH &, (I THLRYIOH
W2@& HD(R) > HBD(R) 2L, 0¥ AE MR TH 5 HD(R) C HBD(R)
i

(1) HD(R) = HBD(R)

EREND. Lo TEERBREFEZESTIVE, BRI (1) 277 H R OWET
b B AHTEANZVOERIE (1) 72 BIERIIC dim HD(R) < 0o & R BMENTH 5.
Sario-Toki IR D := D/Q (Q i% D DADRDHK 2 FHERME) (cf. [1),[6]) ZE-T
{2 A FRAEA I LA FRIEE THRT 5 2 22L& 0 {dim HD(R) : (1) &W7=7
R} D NIZELMONEFROT, Bl LOLEDDESH co a3 EH A
Tho. ET, ERIFEE 2L, (1) R6EHICdAmHD(R) < co THIRV ) & &
SREARRD. § % R D Royden HIER L L OZHBDES K O QL%
) BERE cap(K) LT L& (cf. [5]), KD (1) DRHEFHT IR ST (cf. [3)):

FE 1: (1) EHBBE+HRER infes cap({C}) > 0 ThHB.

> Tdim HD(R) = #6 (FRMEXZERME) 72525 dim HD(R) < oo (CERIL
72725 1%, (1) TH->ThdimHD(R) = co £ 125 RDBHBHDTIT L L > R
bik~%. R EDRET—RRIK & Dirichelet IR D[RFEILHIZ AR B ALH T HBD(R)
X HD(R) DTHEE D ZER TH D (cf. eg. [6]) 25 (1) IRSIFEDR(LEEL LA
A, HICdmHAD(R) < co B L E)MARFHBRLEZERT 1L OEMILE
<,dimHD(R) =00 £ 725 RIZH>THREER TRV 2EHEVDOZD_»HD



BOOERE (RYOFTIIELE) OXPo LBEE 2L

BE 2: (1) THYEHMSdimHD(R) =oco &4 2 ROBEET S -
{dimHD(R) : (1) #/&1-% R} = NU {oo}.

TFIEREIC I, 1Y DO = E— 2 WEERERE LT, 21 6 2 IEEY 1o K4

ARIZES LTITo TRONIESHANR RO DML R D, WHRE S LR L &

5 & LIATE b ORI TR TER Th o7, @ERDEHERL KOBEIZHD D
WD Q =1id. L2 2BACEENBELABRNICER- 7= Hil

v:lzl =p€(0,1),|argz| < 6 € (0,7)

(X LTy DDWNTO Green HE# cap(y), YD DH 2z = 0 THIZHBAHES
hm(y) &2 EROMBRDPRIT S -

(2) cap(y)log(1/p) = hm(y) 2 6/m.
K724 —2>0 K18 HB(R) C HD(R), Bt
(3) HB(R) = HBD(R)

& 72% Riemann [l R ZDOWTIEBEIZIFRRE T, (3) ORABMTIT LB LN, X
EH 2 LAERDOFEH {dim HB(R) : (3) ##%1:9 R} = NU {c} 3B5NT
VW5 (of. [4]). (1) & (3) BREBHIMIIT B, Bl HD(R) = HB(R) DRI
dim HD(R) = dim HB(R) < co BRI % (EROERE [2); (3] 3 H).
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Orlicz-Sobolev capacity of balls

THEE KRR - HERE

KHE #L LB RFRER - BEHER
KRE Bt LREMREEERFR - —REH
TH & KB RFERFERE « BEFHER

A TiL, Adams, Hurri-Syrjinen [1), Joensuu [3, 4], Mizuta [6], Mizuta,
Shimomura [7] DAFFEIZREE L T, RO Orlicz-Sobolev FEIZ OV THET 3.
a(0<a<n)&RDY—ARF ¥

Lf@ = [ la=sl=" )y

2Ez25. T2, fIXFATTRBEEKTIf £oo LIRET .
bt
[ enrw) dy <o

EEZD. ZTIT, pp(r) =1Pp(r), 1 <p <00 THY, ¢IiTFXM (0,00) E
DIEEDO BB T

e(r) < p(r?) S erp(r)  (r > 0).

rl_i’l(x)1+1"’<p(7‘) =0REBLT, ¢,(0)=0&B<.
%S GCRM I LT,

| estlo@)) da < o
G

2Wilcd G LOFRIES g 7 572 2B ZERE L (G) L L,
lgllepc = inf{/\ >0: /chp(lg(m)l//\) dz < 1}

L15. |
BB ECGIZHLT, (o, pp)- BRI

Ca,V’p (Ei G) = lllf "f”‘PPxG

EEETD. 22, TRIZG  ETf=0,z2€ EXHLTLf(z)>1T
HBHES PRI f OFTRTICE->TE BB (cf. Meyers [5), Mizuta [6],
Ziemer [8]).



R>0Zx LT,
R
5u(r) = [ erple e e

®EZD.

FELT

BE. p>1, $(0)=00&¥T5. ZNLE, R>0ZHLT, EHA> 0BT

AT Gy(r) VP < Cayp, (B(0,7); B(O, R)) < AGy(r)™®~D2 (0 <r < R/2)

Adams, Hurri-Syrjénen [1] i, ¢(t) = (logle + t))’,p=nfa > 1,0< <
p—1DEEFIZOVTR LTS, Joensuu [4] 1%, ¢ BEBAIDOHEE, HT
DHERGFEE DT TRLE.
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Bohr’s theorem on power series

TATSUHIRO HONDA ( Hiroshima Institute of Technology, Japan )
HiDETAKA HAMADA ( Kyushu Sangyo University, Japan )
GABRIELA KOHR ( Babeg-Bolyai University, Romania )

Let U be the unit disc in C and let f : U = U be a holomorphic function with
Taylor expansion

flz)= Z arz®.
k=0

Then o

Zlakzkl <1 for|z| < %

k=0
This result, known as Bohr’s theorem, was originally obtained in [2] for |z| < 1/6.
The fact that the inequality is actually true for |z| < 1/3 and that the constant '
1/3 is best possible was obtained independently by Riesz, Schur and Wiener.

Dineen and Timoney [3| considered the generalization to multidimensional

polydiscs and gave some partial solutions. In recent years, a lot of attention
has been paid to multidimensional generalizations of Bohr’s theorem. Such gen-
eralizations were obtained by studying the power series of a holomorphic function
defined in bounded complete Reinhardt domains in C*. For functions defined in

n 1/p
By = ze@:uzllf(ZIZkl”) <1
k=1

with modulus less than 1, these results can be summarized as follows:

1

1
1 — K<<= if0<p<l1
1 1 " [logn\*"V?
3) 11 o k<! ocp<o
3/n ~ n =P =00

where K is the supremum of r € [0,1] such that ) 5,[ca2®] < 1 for z € 7B
whenever | 3°_ . ca2®| <1 for 2 € Bp. Here, the sum is taken over multi-indices
a = (a,a,...,0,), where o; are nonnegative integers. However, the above



results do not give a complete generalization of Bohr’s theorem to several complex
variables. Also, when p > 1, the above results cannot be generalized to infinite
dimensional spaces. These can be verified by putting n = 1 or letting n —» o
in the equations (2) and (3). On the other hand, Aizenberg [1, Theorem 8|, Liu
and Wang [6] gave another generalization of Bohr’s theorem using homogeneous
expansions of holomorphic functions.

In this talk, we will generalize Bohr’s theorem to holomorphic mappings f :
G — By, where G is a bounded balanced domain in a complex Banach space X
and By is the unit ball in a complex Banach space Y. We also assume that By
is homogeneous. Moreover, we show that the constant 1/3 is best possible, if By
is the unit ball of a J*-algebra.
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3 DHartogstRIED NIV T DL EXHEHIC X DPRAN
ILEEE(RRS THIE)

1 ¥

—MRICHERBHEDONIVIT O EOARAREBDI LB UVWEETHS. &> T HRATN
BONBESRESERET L ERKOBIMBATH DI ENRD. EOREES 4 > 0 ZEE
Uy Do i= {(2,¢) € C* x €™ |[¢||? < e~#lI*} LEMTS. CORBDNILI NS BN
BBERAVWTRSINITEERET D, SEREMBI Lis(t) ( T2, bt TEBSN3BKT
lf| < 1,Vs € C RBBKHGDOFTTINERT B, HIC s VABMRSIE(s = —r&BL ), RORTER
ok

Lio (1) = Y Alr, ) 9(1— )", (1)

=0

TTT, A(rg) = Dl (-0 (TG - e+ 1)

Fock-Bargmannzz ] & T DB & #%(Fock-Bargmann# & L ENB)IC DLW TEHB L TH L.
Fock-BargmannZ2fl & (2 Cr EDEH K +H° (LT IBHEENILIIEMOZ &%
W3, COEMDBEX K, , (FERENIC

(2,2 € CM),

Kn,u(z’ Z’) =

EREND. HL2DOERROIIABICHNTRLNREEIERIZTLigockaDFER(ICDLNTEMRNT
35‘:5. Q% C" ROERBB(ERTHIVNERFBWV)EL, p & QO LOIETEE, EH/AMERET

. CDEE, C OB Qnp & Unp = {(2,0) € 2 x CY|C]I? < p(2)} (CEOTEET
Z) W/ Q p, DAILIIAE Q L@Ebﬁ%/\)lxﬁ7/17&03551..,)”\0)4:9&55{%73‘&55;t
#LigockalZEEEAL 1Z.

TR 1 ([3]). Kn & Qup DNULIRIMEL, Ko p & O LOBHMS o* (AT ZEHGEN
WIRMETD. TDEE, K, (& Ko ERVTROELSICERENS:

Fonl (2,0, (2,60 = B 32 P K a5, 6,0

T T, (a)x & Pochhammer symbol (a )k =afa+1)---(a+k~-1) ZKRT.

2 &R

SR OFock-Bargmanni%dBE R RULigockaDERES = & TROBRIES NI



R 2. 884 D, ODNIVIRA Ko, RRBNICRTSZSNS:

unemp(z ) am
KDn,m ((Z, C)7 (Z') C’)) W— dtm Li_p t)lt en{z.2") (€ (2)
pt d™ 1t Li gy (e45701)
= gntm ggm—1 ¢ |t=(CyC')‘ (3)

ER 1. [e#=7) (¢, ()| < 1THD, VE, -n FRBETHINS, R(DKD F5Lin(t)],_ uew) e
(& er=2) (¢, () (CRAT DHRBITHS. Fz, Lo Li_n(t) (FBEBRY—-U> I8 ELerchdiB
HBIIC K DRTNHS.

3 A

?ﬁz/‘z DERBROIGHE LT D,y (L339 3Lu Qi-Kengfifaz@< &' TES.
Z T, Lu Qi-KengR9fE & (&

"EREE Q ONILITIEDN(OQ x QET)EBREROMIER K"

EVWSHETHS. OO, BEDBRC DT[], [2], 4R &L,
ROWEEREBIS.

W 1. PAMK Li_,(t)/t (SAERD n >3 [T U|2] < 1 RBDEM 20 ERD.

A2 TBD |t <1 (CBULT t=e22) (¢ ERD (2,(),(2,(') € Dpm DFIETS.
ITRMEERADETEEZEDS LTRIBENS.

B 3. NUITM Kp,, [ n=1DEEBRERLT, n>2 DESBRERD.

M 2. NIITU Kp, , [CAUTIIBEOERIE o OECEEL TUOROL,. —HIC Q
EWSTEDBEDNILI T HOBEROERS 4 ICEHKIFTS(5).
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AREABEBROEHEESES
BE Bk (RIIEEH)

nRTERBEMNIRB, (n>1) TERIWI2HFRERBY f OERESICHW
T, [fi3 B, DER OB, DIF L A ETXTORIZEN T admissible limit (n = 1
D& nontangential limit) %) &9 Fatou HOEENB L < MbR TV,
BFREBFBIZ OV THERORBERBEILT 58, MZTROEENEBLL T
% (2],

FEO. {G}1,, 1 <m < +00% 0B, PEBDEFIL L, ¢ i MEBOERK L+
5, & t~ﬁbr1<s(ck)<gwﬁﬁ&%@§&s(g) LSRG <g%
HITEREOM (K(1),k(2), .., k(s(G)) € (2,)"@ 2EBIcEAB, oL
X, B, % C (g < +00) IT ooﬁ“ﬁﬁIEEUEf%FT £ G BT BERICE ST

ERERSD, KITBENENEQ),k(2),...,k(s(C) THB 5(G) BOERED
FABROER L 22 L OBREET S,

SEZOEBRFFERBARUNAOEBRICHEET I L 52RA 7, UEQE C
(n> 1) NOFERE T2 CUATOERICONT, <bLIE[1)]),

EE1.(ZQOEREOALTS,

(1) ¢ 28 Q TEMBEEFETHD LT, {z€C:z=(+sv, 0<s<1} C QN
YD My BFETHZEENVD, V() TIOL v &E0Es%dH
B,
RYFZADLCI~DER veV({() LT3, FOLCIZBITAvICF-1-EHB
EHELES L TOL O ESRT S,

CL(F:¢v)=({F{(I-thw+¢):T<t<1)

T<1

EE2.
(1) ¢ € 00 %5 C-point THH LiL, (EEAQLEXDLLRVC* OBEXEBEEH
BIFETSHZ L2V D, Q2 C-domain TH 5 &1, Q OEEDER A C-point
THHILEWVI, n=10L&IF, {} #LOBEEEEZ 5,
(2) C DM D »3 L-connected TH 3 & (X, D
(a) DIFEERE (b)) 0¢ D (c) EBD 2 € DITXH LT argz < © 2 A 7= 8K
O BFET D
DIRHNRBILTEHZLEV D,



E&E3. (€00 % C-point £ ¥ 3,
H={z= (21, 2,) €EC":c121+ -+ + cpnzn + ¢y = 0}
E(EEHQLRDLRVERBFEE T2, ESOICN(2) = 1214+ +Caznt6o

EB<, (A HITED Cl-condition ZAH7F &1k, I(R) = {w € C: w =
II¢(2),z € Q} 7% L-connected THAZ L&\,

FERERITKDOBEY Th D,

FE. {GIP, C N, 1 <m< +oo XEMEETTREAREFIE TS, & EiCHLT
GEBRQLEZDLP, T_TD G 28 Hy i2 & 5 Cl-condition & &7=3 & 5 %
BREYE H, PHFETDIERET D, SOICk£IDEX, HyNH 3 GG £
Tl Hy = H B0 =oEt 53,

F G IEED u € V() 21 DEXTEET S,

SO EUTHRRITS

B GITHLTL < s(G) < g & BETEBROBE () & T k() < g 2B
TEEKOM (k(1),k(2), ... k(s(G)) € (2,) 2ERIcER B, oL,
Q% CY (g< +oo) KIDTHRERAER F T, CL(F: &, v) 5. KEBENE
Hk(1),k(2),...,k(s(¢)) ThHD s(() BOREEDHROEREL 722 b DONEE

o

EBOREEZAIZT QOBIZET D, WTFhoBEbn > 1, {G)1, C 90
IHEETLV,

1. C" DEFRBALIK B,

Bl 2. C OrYfER

3. Q={z= (21, ,2,) €EC*:Im 2z >0}

Bla. Q={z= (21, ,21) €C": Im 21 > —(Rez;)?}

Bl1DFE, v L LTGEBRETDERIZF TR MR LT, EEO %
525, B2 TIIQIAEREZEEL TR, Fl4DQUITERTLOITHAR,
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C"™ OEHIE~EBD Levi form @
KER TR EFEBIESEH

WA o F (RERREEE)

1. HBREEE D 2 Stein THDTDDLEHFEMEIT, D #
(58] Z£ELFMBIEICL > T exhaust D2 &L THD (Grauert).
D BBIOERSRE X OBSEWMO L&, D LOHEELFMMBEIK
X, X OFBNHIRED D OHEFERM Jogp ZAVTHREShDZ L
»%& . D B (locally Stein) D & &,

(1) X =C" OFHéE, —logdsp 1FBELMMTH D (Oka).
(2) X =P" OFE, —logdsp IFREELFMMTH D (Takeuchi).

(1) DHAE, C* iTid ||2])? = 1y |2a]? & D 38 £ ESRMBLKD
BETHDT, —logbsp + ||2)|2 23 D DELESFAF7: exhaustion
function 1272%. E 62 D OER M := 0D » C? &OEB#HE T,
D (£7213 M) M3a#N7e b, —logdy BEVPEREFMICHRLES
R (D RIT 1)y WREELRN) (22505, ZOHIE, M 25 Levi
flat 22358 THRY L2720,

2. DCCr EZHREBESRMBEEIERTEZS72D0 D OF
B M oOEHEE2FARDIZEEZEME LT, —logdy ® Levi form &
M DEBBE¥O 2BEETOMLS L OB OEERRBEKR (FX) 2K
DDz, LB, yn = 1(21,- ., 2n=1,2n) EWVOITED M OEFRME
¥l BRIREEREAVT, —@Y ORBREEB TV ([1), 2] BR).
LA LELRTORERIZ, Bl 2 iE = log,, @ Levi form MBERBEFMIZK
HANZ (1 ST TR 1 ROEHET) BT D7D DOFRMZKRD
BICHLEBEThHoTz. Fi2, TOX D REBEEE RO K& REIHE
D11z, TP (n>2) i2id, C? #® Levi flat 72 EBMEIIHFIE L
R VWD RIEDTEERDH Y, 5% D C P* OBAIT —logdym
@ Levi form DR RERD THIZNVEWNIENLH D,

4E, D 2 C* OWAFERT, D O C? OBEFR M OEHMHEK



B p(z1,...,2,) = 0 DBEIC, M £ TOM ST & ERM 63, @ Levi
form ORRAREZBAZENTELEDT, TNE2HETS.

3. M »C? %OEHBK (LML) p ikt L

9%p d%p
H = =
(8z,-82,- ) > S (8z,-8zj )

EBL. 6 (z) =03(2) & 2z € C" hb M ETOHFBN X 55l (%
Fldp LRLTD TR) &L, 2eC?,pe M iIZHL

A(z,p) = H(p) — §*(2)S(0) [E + 6 (2)H (p)] "' S(p)

EB<. A(z,p) IX Hermite T8I TH Y, H(p) »HIEEMER D Az, p)
(€ D) %5 Th5. C? ROEBHE M OEL D z € C* 1zt
L, 6(z) = |0*(2)| =z —pll £€%2D p=w(z) € M 37721 >FE
T5. ZDLE, RBEY L.

FE M OFET Vo =10k %

(g ) () = AGwE B +6" ALz ()]

M £ ||Vp|| =1 OBECY, EHRES M LD Herimite FE& L
TRBROBEREIBZTOND. 2T, |Vp|2 =X, 10p/02:2.

#1Z, 2 >0 Hermite 1751 (826*/02;0%;) & Az, w(z)) DS
XE LW (BREFEICHIR L THERR). M 28 Levi flat (77205
H(P)iT,}'OM =0,pe M) DL %, rankS(p)|T;,oM =n-17R0bI
B3 1/6 13 M i< © D WTREEBLTANTH 5.
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AS54 ARED CRERIZOINT

HAEE RFLEBSHEMER

2003 I S. Y. Kim & D. Zaitsev & IR D EBEA R L.

Theorem 0.1. [HKZ] (M,p) %, FE 2% L CHBOIEBR L HF
REID CREBREDF LTS, DL & (M,p) i

(M,p) = .(Mlvpl) XX (Mm,pm) _

DEIX—EMIZHREND. 22T (Mj,p)) e:gﬁ‘m CR Z&#k{ET
b3, &bz (M,p) 310 CR gﬁﬁw (M) x - x (M, pl.,)
& EIICHIST S BRI LT 5. f & (M,p) & (M, p') DMD CR
FEERETS. ZOLEm=m'THY, fidf=flx---xfmEi
>0k (722U f7: (M;,p;) — (M}, p)) #i%ﬁ CR= ﬁ@'grfi) ZHr0.

CR 2R ENHRMIEBL L 1X, LV EBROBLOES 3 5iEHIC
f Lic &I, ZDEAVSHRTHS = LERY. ZOERL, CR
TE@S [ERRSHRMRERS] =& 2R LTIB.
?k@ﬁﬂﬁi Theorem 0.1 D/3F A —F—fFL B2 3.

Wi = {(z,w) € C? |z - expih(w, W2 - 1=0, h ERFEE }
LEHTD.
Theorem 0.2. [H] (f,g): W), = Wy &‘Jﬁ)ﬁwﬁf??@ CRRAZE#

LTH. ZDLE f9i

f(z,w) = 2, g(z w) quw" |

L : q>1
LERAShS.
Wi % wBICREIZE5 L, HRO—EAHTL 3 s, Z @EE&

W, DXF4 z’@b‘béF’%JﬁJ(D-ﬁw) CR F@E@L;oﬂ%rzné =

LERLTNS.
Z DHEE TIiL Theorem 0.2 D (2RS4 Xzﬁ*ﬁ#éhé] LWV HE
B, EOBRE—RIZ CR EFEICE TR T ANERRS,

Theorem 0.3. M, N, M(p) 2R CEBENS CREKIEL T 5

M= {(z',zm+1,w',wn+1) € (C"H-l X C‘n+1l
Zmt1 = Ql(zl’w,’?’ W’ ZM+1;'wn+i) 'wn+1 Q2(’w w’ wn+1),
Q'(0,v',0,w, 0, Wny1) = 0},

N ={(0,0,w,wn41) € {0} x C™*! | wnyy = Q*(w', W, W)},



p= (Oa 0»?’,Pn+1) € N ‘:%j-l/‘t
M(p) = {(¢, 2m41,P ,Pas1) € C™*! x {@,Pns1)} |
Zm+1 = Ql( ;P _Z_,PI, zm+1,pn+1)}

Tnzisé%z Q' & QP IIERADEBTERE TEEN, NIIEAKT,
(p) iZp T, TNZNVERANRFERLLTS. SbICH: Mo M
L H|y:N— H(N) X CRABE®RT, Hy(N)CNET5. Z0k
XEEDpe NIZHLT, B35 e NBFELT M(p) i Hlup &
LoT M(3) & CREETHS. bln=1425H|y: N - N B CR
RIE &5 R34 1T 5. 4
CREBEMIZIM@D) R TA AL LTHEON, EDASAANH
W2 TEWBYH ), 20 HiZ R4 AREOCHEEREF)
NS LB
smuwa*vzmmummna, 2 T3 CRBBENHE
FERTAISAXTIEROMEEES. T4 TR 0.1 ITER/

CR BECRAEHOHERL CRBEDERNBIEL KD, LW I ERE
BEoTHHAL TV, ¥/ VEREEROPIELED L, TOMERIT

FEEICHEICRDI L Zlhﬁmo W3,
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A Defect Relation for Holomorphic Curves
in Algebraic Varieties

YosHIHIRO ATHARA

Let M be a smooth complex projective algebraic variety and L — M an ample line
bundle. We let I'(M, L) denote the space of all holomorphic sections of L — M and
|L| the complete linear system defined by L. Let W C I'(M, L) be a linear subspace
with 4y +1 =dimW > 2. Denote by A the linear system determined by W, that is,
A = P(W). The linear system A may have the non-empty base locus. Let D, - -- D, be
divisors in A such that D; = (0;) for o; € W. We first give a definition of subgeneral
position. Set @ = {1,---,q} and take a basis 1, -+ ,%; of W. We write

!
o= it
k=0

for each j € Q. For a subset R C @, we define a matrix Ar by Agr = (cj)jero<k<i:

Definition. Let N > ¢, and ¢ > N+1. Wesay that Dy,---, D, are in N-subgeneral
position in A if
rank Ap = ¥{p+ 1 for every subset RC Q with $R=N+1.

If they are in {y-subgeneral position, we simply say that they are in general position.

The above definition is different from the usual one. The divisors D;,---,D, may
have a common point when they are in N-general position in the sense of our definition.

Let f:C — M be a transcendental holomorphic curve that is nondegenerate with
respect to A, namely, the image of f is not contained in the support of any divisor in
A. Let I, be the coherent ideal sheaf of () that defines the base locus of A as a
complex space. We denote by B, the base locus as a complex space and by BsA its
support, that is, By = (Supp (Om/To), Om/Zy) and BsA = Supp (On/Ip). We let
mg(r, Zy) denote the proximity function for Z,. We have then the following second main
theorem type inequality: :

Theorem 1. Let f : C — M be a transcendental holomorphic curve that is non-
degenerate with respect to A and D,---,Dy € A divisors in N-subgeneral position.
Then

q

(q = 2N + & — 1)(Ty(r, L) = my(r, T)) < 3 N(r, f*D;) + Sy (r),

j=1



where S§(r) = O(logTy(r, L)) + O(logr) as r — +oo ezcept on a Borel subset
E C[1,+00) with finite measure.

If f is of finite type, then E = 0. In the case where f is not of finite type, in general,
the exceptional set E depends on A. Hence we cannot reduce a defect relation from
Theorem 1 without a certain kind of condition on the growth of f. We will introduce
a modification of deficiency and get a defect relation without growth condition. We let
E(f; N) denote the set of all 7 € [1, +oo) with

1
T WNW+NLTs\r+ 77—
o DN ST (4 L)
where N is a positive integer. Then the Lebesgue measure |E(f; N )| is finite, and
E(f; N;) € E(f; N1) if Ni < N. We define N-th Nevanlinna’s deficiency 6;(D; N) by

. S T mf('rv D)
ds(D;N) = h}_‘},}gf ——Tf(r, )

rgE(fiN)

It is clear that d;(D;N2) < 8¢(D; N;) if Ny < N,. We define the modified deficiency of
f in the sense of Nochka by

6;(D) = Jim6;(D; N).
We define a defect of f for Bx by

BT . mf (Ta Iﬂ)
6(Ba) = liminf 7 007y

We also define 67(Ba)_ as in the above. We see that 6;(D) = 6;(Ba) for almost all
De A and 6;(By) < 6¢(D) forall D€ A. Now, we have the following defect relation:

Theorem 2.k Let A, f and Dy,---,D, be as in Theorem 1. Then

Z(SI(D) —84(Ba)) < (1= 6;(Ba))(2N = Lo +1).

Fukushima University

Fukushima 960-1296

Japan

E-mail address: aihara@educ.fukushima-u.ac.jp
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Deficiencies of Holomorphic Curves
in Algebraic Varieties

YosHIHIRO ATHARA

Let M be a smooth complex projective algebraic variety and L — M an ample
line bundle. We let A denote a linear system included in |L| with dimA = £;. Let
f:C - M be a transcendental holomorphic curve that is non-degenerate with respect
to A. Let ~

D;={DeA: 6;(D)>6;(Bx)} and Ds={DeA: 6;(D)>é;(Ba)}.
We first give estimates for the size of those sets.

Definition. A subset S of A is said to be P-polar in A provided that, for any
coordinate chart (U, ¢) in A, there exists a plurisubharmonic function v in ¢(U) C
C% with v # —oco such that ¢(SNU) = {v=—oc}.

By making use of Sadullaev’s method, we have the following:.

Theorem 1. The sets Dy and f)f are P-polar in A. In particular, the Hausdorff
dimensions of those sets are at most 2y — 2.

In what follows, we consider points in A as zero dimensional linear systems included
in A. For a sufficiently small positive number ¢, set

D.={D e A: 6;(D) > 5;(Bp) +¢}.

Then it is clear that _ :
D, =J2.
e>0
By making use of the defect relation for the modified deficiencies, we have a structure
theorem for D;.

Theorem 2. The set D, is a union of finitely many linear systems included in A.
In particular, the set Dy is a union of at most countably many linear systems in A.

We consider the set of values of the defect function Sf : A — [0, 1]. By means of
Theorem 2, we have the following:.



Theorem 3. Let f : C — M be a transcendental holomorphic curve that is non-
degenerate with respect to A. Then the set of values of modified deficiency of f is an
at most countable subset of [0, 1].

We next show that the set of values of § ¢ corresponds to the family of linear systems
in A. There exists a collection {A;} of at most countably many linear systems in
A such that Dy =J; A;. Let £o= {A;} U {A}. We may assume that the following: If
Aj, Ay € £y, then A;NA; € £. We call £ the fundamental family of linear systems
for f. Then we have the following theorem:

Theorem 4. Let £y be the fundamental family of linear systems for f. Then, for
each « € 65(A), there exists a unique finite subfamily £, of Lo such that

a= Sf (BAga)) for all Ag-a) € £,.
Furthermore, there ezists a union €; of at most countably many linear systems in
£0 such that
5)(D)=8; (Byw) forall DeA\€,.
J

In particular, the closure of the inverse image S;I(a) 18 a union of finitely many linear
systems in  £y.

Corollary 5. If 8;(D) > §;(Ba) for a divisor D in A, then there ezists a linear
system Ap included in A such that 6;(D) = d7(Bap)-

It is known that holomorphic curves without defect are dense in the space of holomorphic
curves f : C — P,(C) with respect to a certain kind of topology. We can show the
existence of holomorphic curves with 0 < d7(Bs) < 1. For instance, we have the following:

Theorem 6. Let A C |[L(H)| and suppose that BsA # 0. Let ey be an arbitrary
given positive number less than one. Then there exists an algebraically non-degenerate
transcendental holomorphic curve f:C — P,(C) of finite type such that ey = 6;(Ba).

Fukushima University
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Japan .
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Expression of restricted volumes
with current integration
IR B— (RORKSEREBACER TR

X 2B RAESRE, D% X LOBEKXZHETF (big divisor) & §2. 7, T8
L 7t % restricted volume DEZZRRS. V % X LB RIT d DEFTHIE S
B£E5LTH. O, DDV I T restricted volume IZLL T TEHEI NS,

dime I (H*(X, Ox (kD)) — H*(V, Oy (kD)))
volxw(D) = lim sup 7l .

k—o0

B2, 2hUd Oy (kD) DXIBYINIT X _EICHR T & 2 YIHT O 8% Sni i
B> 78 TH 3. restricted volume i34 2RI THN, [ELMNP] TH L { #E
MBHERENTV B, V 33X DO, restricted volume i3E % DEHE (volume) &—
T3 COBEHEOEEBEDEE L BF, D ZERZRT LV,

Boucksom i3, BH D&EHS Chern i ¢, (D) DHICHKET 5 Z LICHEHL,
BHEOEREE (D) 2RETZHL YV P X >THRIFERLEL (B% : [Boul2)).
FHRR. EH 1Ko T, [Bou2) DFER % restricted volume 123 L T—HALL
7. ¥7-, BB 212 X o Trestricted volume & ¥V A ¥ —FBROEFEZE X 7.

BEOGEDE  DEEIL, V 23 D ® non-Kahler locus E (D) & hiz
W E Y D T T, restricted volume I L THHIZT 3. HIZIE, ZDOFH
O F i volyy (D) O D ® Chern i ¢y (D) DATEE 5. & T, volyy (D)
2c(D)DAHREZEHOCTERTZLHTE, LTOER]1 285, 2T, DDnon-
Kahler locus & 1, Eng (D) := pe,, py B+(T) TE&RS N 3BT LA TD
2. EL, TRY—5—Avy 28, 72, E(T) %, T ® Lelong 3 (Lelong
number) BIETH 2L RDESTH 5.

EEB 1. VB Ex(D)KE&EENLVERET S, ZOK, DDV IZH>7: restricted
volume iIZL T OEA 227 .

volxyv(D) = sup (T Vg e »
T€cy (D) Vieg

2T, T I3EFTHIR Y (analytic singularity) 2T d-BAZRIEA LV Y b (d-closed
positive current) T, E DMV 2EE RV DEEIC.

S iZ, EAL Y b SEAR—THREL I-BEOMHNERTH T ZRT. Vg 13, V
DIEFRESEZRT.

4 a€ HWY(X,R)Z2ERX%ZELTS. (HL, yr—7—AL UV 2&80H
233) EFH1ZH\WS I LT, restricted volume DEHE 2 BENLETDH
HY(X,R)DTta FTARICIRT 2 2 L3 TE 5. ZOWRINATERICHL
T, EHE2MBRENS. FH 213 restricted volume & ¥V A ¥ — % BRI
LEHTHD.



B 2. UTD2200%HIZRAMETH 3.

(1) aBFVAX—3EEHT.

(2) V~V EVV € Ex(a) 2R TEBOEITEIESICNL T,
volxv(a) = volyy (a) BIRILT 3.

IITV~VRBVEV BEDZIFERS—ENEL VLI LEET.
a € HY(X,R) DY) A X —ROERIZOVTHRS. 9o = P+{N} %

EFEF Y 25— E T2 (BF:[Boutd)). ML, NN =30 e gy ¥ (Tonin, F)F

&> TEE 2HMHEF (effective divisor), {N} ‘i%@ﬁ'@i‘oé Pix, P =
a—{N}TEZZHTHD. 2T, Ty td, c HORNREEH LV | (mmimal
singular current), v(Tin, F) 1 Tiuin D F I2¥ > 72 Lelong %2 %5, P SEUHEM
IZHIE (nef) DB, o 2 Y AF—3BAMRE LY.

(R 2 OFEROBRE): 27T,V Z E, (o) DIRED T T, volxv(a) = volxv(P)
DHRIALT B LZRT.
aBFYRF—FB2HTLETS. ZOK, PUIBEREETHE I Lh 5,
volxiv(P) B3R FE (P4- V) EFBLWI EdbH» 3. VEV OEDZaLED
C—HOEL LR, ZOXRBOLEFEL DT, volxy(D) = voly/ (D) 21 5.
HOHMEZRT DI, P D non-nef locus E,,(P) 2#EX 3. 4, PIZEKR
DT % D non-nef locus I {x €X | V(Smin, ) > 0} EFEL V. ZIT, Spun & P
NORNGFRALV Y FTHB. PHRRMENICEIETHS Z L L E,, (P) BREA
THBHIELIRAETHS. TIT, Epn(P) BEELSTEVELTPFEZEL L
2E25. X EOFERICEBERLRATF (very ample divisor) ZBEET 3. ZDFEM—
RFDFERXX DS TEBHREMRC, C 2UTORBERZTIIICE 3.
(1) Ci3, Epn(P) LR 2o Kb 3.
2) C Gi En(P) L3S0,
3 Ct& C/ i3, Eo.x(P) IT&ENnLw
Epn(P)1d, RRIC2 YU L OB T REOEM L DO THRE (2) 2Fl-T LD
KO ZMB I ERTHTHS. 2O, HHE (2) 2 5FK voly (D) = (P-C')
23, H (1) 225 AFK volxic(D) < (P - C) + v(Smin, o) < (P-C) @50 3.
CLC X AL—RXRBZDOBRINIEBREZRIXEDTC ~C BHRMT B, &
T RE L (3) 225 volyr (@) = volxio(a) 28 5. L L, SN EOFRFER - F
REFET 3. ’
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B 2ZRAKICIR > TD
ERRHRD Bergman BOWHAZESICDNT

AEEEZ RERFRFGEEM AR

X ZIRoh Sk L 2FDLOEK (big) HEHRKRLTS. oL
RBEZCXZE5XILELDZ FLOUMT X ETHRTEZEDHEDL
BVWHEMIBEETHS. L O restricted volume

HY(X,0(L™)) - H(Z,O(L™
Volx|z(L) = limsup renke [HOCX, O W)/)p! # 0]
BRThEMAMCHIZBTHS. ABETRTORALICDVWTIELEWY. £
DT=WIT restrected Bergman kernel:

Bxz(m)(2) = [81(2) 3 €™ + - + [S(m) (2) 5 €™

REZS. T (s} B9 5|2, = / I5(2)2 =™ dp VBT B
V4
Im[H°(X,O(L™)) - H°(Z,0(L™))] DEREXBETHS. ZLAEL
O Hermite &, ¢ € C®(X;R) & FD weight T, dp & Z DEEREZT &
OEELTELS. EBHLBRIC
/ Bxiz(me)(z) | _ ranke [HO(X, O(L™) — HY(Z, 0(L™))]
zZ

m? /p! m? /p!
DD IIB, TO restricted Bergman kernel W YIMTOZEM 2R F T2 WM TH
BTENTHB.
Volx|z(L) DRFAEIZRD equilibrium weight I2&>TEX 5N 3.
Definition 1. 6 := —dd®logh € ¢;(L) £$ 5.

¥ € PSH{X, 0)
withy <y on Z

Pxzp(z) := sup” {¢(Z)

KX TEREND Z LOEE Pxz0(2) 2 ¢ D Z IZBET % FHHE (equilib-
rium weight) &PES. O



Theorem 2. Z ZBHOMNT, Z € By (L) ZileTLd5. corEHhL b
DEKT
Bx|z(myp)
mP /p!

D ILD. O

dp — MA(Pxz¢)

TTT B4+(L) ¢ X & augumented base locus £PRIEH 2 REHES T,
L 8 E (ample) THWVWEZIZEL S, £/ MA(Y) = ((6 + dd°y¢)P) &
@ + dd® @ non-pluripolar product, D% D pluripolar set L C&REE&E-4
W& S ICERET Tz Monge-Ampere 7 ([BEGZ08) B8) TH 3.

Z = X DFER Ber07) ITBWTHDN, — /D Z OPFICDOVTLERE
NTVBZHREAR E /2. BOESREDEA T, Fiic L? iEREEEZ AV
ZRBEHRHTL 3. SENL, IREHL Y FOBKICTEDH S T & TX D BAZN
ICBMILRIAZER BT LN TE .

BIEE¥ & LT, XD X 51T restricted volume DAL EBIFRANDE LN

Theorem 3. Z ABEHT, Z ¢ B, (L) DL ERNMRO .
Volxya () = [ MAPx1z0)

= [ MAPx)l2) = [ (@mialo")
=SIT1p/Z((T|z)”>

CCTTWRe(L)ICBTBIEALY T, £D pluripolar set BB (L) IC&E
NEVWEDRIILS. Thin & c1(L) DALY RO S BRADRREZFOLD
L33, O

SEW

[Ber07] R. Berman: Bergman kernels and equilibrium measures for line
bundles over projective manifolds. Preprint (2007) arXiv:0710.4375.
[BEGZ08] S. Boucksom, P. Eyssidieux, V. Guedj, A. Zeriahi: Monge-
Ampére equations in big cohomology classes. Preprint  (2008)
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REMBFRaREOS—2RALEARSA—41{tE
AU~ RREHFIZONT

88306 (K - 48/ JST CREST )
YR (G #KE IR T)
BB — (SRR T )

BREDUELTET B, ¥t 7T 7L ONRERBRICBIT DAY 5 —
FEELZRODDT L BYEZR DI EBEN, BX[2 KBVT, RRE2IMVE
BEL LTHESBHECHLEDYIEATT VDAY V= FEEERDDT
NIy XhEERT, ZOTATY LT, ETEERBRCETL/nsy
F oy WEHER AVB 2 LT, RARMAET 5REMNBFTarETr v —% e
L, THLREMAEF AT U—OEBEN RS VI — FEERXHETI L
SEENRE BN TVD, ZOFEOFARLLTEIDY S arv DL )M

.&%ﬁ&zﬁtﬁﬁ*ﬁ%ﬁ&oi&o&f#ﬁ#%ﬁ?ﬁ?&b&maﬁ&'7

AU XAOBELEEEDHENES ThHBA, HENKRITEN LWV T XD
Fond,
ﬁ%ﬁwﬁigﬁﬁﬂﬁﬂﬁf—&%ﬁﬂbwﬁ§<%UVN7}~5®&6
B Lo THRBRADHBMENRERDILNBLHD, (LI TNINTA—F LI
WATMITLOLdREL LRI ERTEH LV IBETHD, ) FHAETH, €
DI 5785 A— B B EORESFROYIEA FTMIRT DAY & — FE
ESBEORELT, TOHETATY XA L, £k, HERREC AT
A Risa/Asir[1] K EOHET LV TY XaERELI, AR TE/I T A—F
%Zﬁ/y“FEE#§7Wﬁ)ZAﬁ%ﬁiMTEzBﬂtTWﬁ)ZA%A
S A—FDHBEBE BT L THHLEBDTHD, T A—FDLD
B Lo THREAOHENRBRRDIZIERHD LI I, XY vH¥— FEEL—RIC
15 A— 5 D& BIEIC X 5T initial BRERTOERENE(L Uik BB ERD
BAREL DD, BxOBRLETAITY XLEAVDIEIRLY, REF—
NEEOFIC L5 HBICRG Li/85 2 —F ZEM O stratification (£#]) & Eh
RIS A RSV F— REEY BBRICRD D Z L ATFREL 2D,

EEETIE, NS A—EHERF U F— FEERTDE U TA— I BWRIEEHED
C ko THATRTH A EERRD LI, LTI XLOBHEERRD,
RS A F G E ARG H— REEOHIL LTRESE XD, RRKHRRERHO
@ﬁﬁkbff—z+mﬁf+@ﬂwyeChm%%xé(bbfabmﬂ
SA—FTCEDEIRELEDIERTES, )IDEE,BRADOTRT T ALY
aEAF TNV %ﬁg®1>y>z>f>ym>z> . T2 B RETEREEE

By
RIEEFORF v ¥ — FEEEZRO L 5 ICHAT 5,

[627] p_std(x"3+axx 2xy~3+bxy 5+x*y~4, [a,b], [x,y],1);
non zero-dim.

0



parametric standard bases

[[a,bl, [1]1]

[x"2+1/3%y"4,y"3*x,y"7]

[[al, [a,b]]
[b*x~2-4/15%y~3%x,4/5%y "~ 3*x+b*y~4]
[[4*bxa-1],[1]1]

[b*x~2+(2/3*b*a-4/15) *y~3*x,4/5*%y"3*x+bxy~4]
[[b], [-a,bl]

[x~2+1/6%a~2%y~6+1/3%y~4,y 3%x~-1/4%a*xy"6,y 7]
[[0], [-20%b~3*a~3+13xb~2%a"2-2xb*a]]
[b*x~2+(2/3%b*a-4/15) *y~3%x,4 /5%y~ 3*x+b*xy~4]
[[-5*b*a+2], [1]]

[x72,4/5*%y"3*x+bxy~4]

ZOHADERE, BINCNFA—FOEICE > TERETRVBEEZETHS
T35, ZOBIDFEITLL,

S RGA—ERV(a,b) BT BBE, Thbba=b=0DkL%, AFLHF—
FEER {2 + L', 932,07}

- RF A—=EBV(a)\V(a,b) KBTDHE, R¥ ¥ — FEER {br? - L1z,
sv°z + byt

S RNTGA—F RV (dba — 1) KRBT BIHEE, A Y X — FEER {br® + (3ba -
£z, te + byl

- NG A—FRVOB)\V(—a,b) CBTDHE, A ¥ — FEED {z+ oy’ +
%y‘i) y3$ - 41‘1?/67{‘/7}0 )

- T X —FHC?\ V(=200%0° + 13b%a? — 2ba) ICBT BBE, RF V¥ — &
BT {b2? + (3ba — 1)1z, %yax +by'}e '

- 3T A—F RV (-5ba+2) ILBT DHE, AF ¥ — FEER {22, $y’c+by'}e

22T Vg, .00t 01, ... 0 DIEBEEREES {(b,..- ,bm) €C™gilby, ...,
bn)=0forall1 <i<s}2EWKT2,

ZOBIBNTRT LI, BRELEZT0 T MINTA-FIIBT IR ENE
e BAZH— FEEOHEE BBHICHNT S,

ZEXH

[1] M. Noro and T. Takeshima, Risa/ Asir- A Computer Algebra System, Proc.
ISSAC 1992, pp.387-396, ACM-Press, 1992.

[2] Tajima, S., Nakamura, Y. and Nabeshima, K. Standard bases and algebraic
local cohomology for zero dimensional ideals, Advanced Studies in Pure
Mathematics, Vol. 56, pp. 341-361, 2009
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VYN S DBERNT L 1T5ID exact 7 EA X7 hLEHE

EBE—  FEAEHETEN
HRAR  EL Rkt

1. F A7 MSEOBRICESE LY AR NOBEBT 2175 = & T, 1T
FIOERERIEL exact 12k D ERIELHBET S L RNTETHS. AR TI, 1T
FIDFHESHANERR T2 EERVBAICH L, BERZ MAEEEOZER
&L Texact CRBRTARERDZIFESE2S.

2. iLE LB

A:BY (FFBEE) 2O LT 5 n x n ESTH

xa(A) : 1750 A O%HELER,

X(A) = ANLA) - f1(A) 1 xa O (BEEFEZEXBICBTE) BESHE

€ JBEBDORGHE 1, MOBDIILTENGR D n KTEABLI~NY L
TE 5z b= jizxL, &4 fH(A) fo(A)2 ... fq(A)’qej =0 =W THEE
&@%ﬁ (’I‘], T2y eery Tq) D '5 %%/J‘a) %)0)% (Tj,ly Tj.2’ cesyy Tj,q) <l.‘. B%, glﬁiﬁ: 7rA,j(/\)

&, 1400 = AN (V)52 f(A)75s TEDB. (B 15, =0 F7ik = 1) B
i, By={p|rj, =1} £B<.

BE  HHSER x(\) ORTF () XL, J,, K, ERTEDS

Jp:Ul"jm#O}y Kp={k |7y =0}

BF () IKHL, ¢p(z,y) & dplz,y) = f4l2) = () LR, 1TH T, %

T —

U,(N) = 9,(4, A\E) TEDB. ( E I3 n REHITF

3. BAERY FABOEAR

VINR MOBREEZ DI LITKY, f,(\) =0 22BEHE N o+ 2BH
NI M exact ICRODZTATY AL MU LT, UFIRFOTATY XADE
AROBMEEZD. (EROTATY) 0T, HEDR2ERL, FICkB 2Nz
ThH3)



Stepl. J, IZBT j £RD D (—oRDONIEF5T)
Step2. Stepl TR®DIF j 1K L, ma (N) & P KD
Step3. m—F—HEIZ LD, X7 P (X)) = ¥,(Ve; 1D
Step4. r—F—&IC LY, X7 bV
pp(A) = Tkepy\ sy fu(A)1(A)

ZR®DD

X7 MV py(N) EEEE A (ST BEHAZ A0 (BEEOSHENL LTO)
#BEEZXD.

F o7y ANIBEFEOFEICLS, HESRPBDTI.
E ma(0) OBDYIC xa()) ZFALTEENZ PrERDD L H FIHE.

SEXH

- A. N. Krylov: On the numerical solution of the equation by which in techni-
cal questions frequencies of small oscillations of material systems are determined,
Izvestija AN SSSR, Otdel. mat. i. estest, 7, 491-539 (1931) (Z&##).

NEIHE, BBE—: THIORART MR - BENY MV OSBEE, FEX
FHBRITH AT RARERTE.

BB, WO LAY OB L EHY MABRT A T) XA,
FE R EHIERRATIH AT R R RBRTE.

. s —, BT THIOEEE - BERZ by - —REFENS M 0B
Mz kAR HER, BASAEESERE 11, No. 2, 103-120 (2001).
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A tower of Riemann surfaces whose Bergman kernels jump at the roof

KRR (B KETEHE)

SEEEMR 20Dy MY —< U EETE, T—RO—B{LEBL Y. SOLBHKE
ZMIT ¥ FEmA= {z€C| Im>0HZRE TH Y | T TAutH(=PSL(2, R)) DEERET 7 BE T 48
&)O“CS&iH/FZ:ﬁ;Ak&Z) L OEASEEDBDFIT,) (T:i=T)T [T, Tyl 5o

= {id}ZAETHLDIFL, Sy =H/T, ¢BE, Sn LOR_VLT < HBEDH~DE]
%E‘L% ds? EF B3, L) —~<rELEDO_NLS v 3 EE LTCIRAEREO S TRIET
H2b0LEDTELD (BEMAMLREER) .

Kazhdan (=Kajdan) D& ST K)IZ "B EN7=b D & LT, Munford X DR M 0 TLL
FToRTRHE W RERDH S,

Mumfordw:]‘ﬁ(lws)- &)6&%1“ et LT lim A, ds? = (Imz) 2dzdz.

| UToZo0End (EIX/@F) ﬁiﬁf;éﬂhlﬂumford?ﬁl‘lﬁk’ﬁ?‘é (1993, A.Rhodes

(RD) .
a) I, B+ _RCTIOEEBLIBTH S,

b) Sp LORT A VHEBIZETAS 77 AEAROEBEHEOTRE 0, & L7-E X,
inf o, > 0.

Gftka) D EATEAESRIL, Sn. DRT VA V%iiuﬁéﬂ‘é)\%#ﬁ?‘m n—> oooé:%%%‘(
TBEZLEHB, (S.-K Yeung [Y]),

Mumford$ 8D K5

LEDEMF) BLUD)IZOWVWT, RhodesKix TFN 62 L TCIRERBRY IR NEEZ
DMLV (There is no reason to think «++) LIBT3, EHEREWEHOLIER,

MMumford PARIZMRLITEL 0 SLo1EF) &1 5%&7&%&50)( EDOREIZ-EY &¥
TR ZLITEBREDHBELY,

RE): SEBEMAMY—<rEE L, g2 ESOEELTZ, 2D L ZAutSOTE ¢ TH
BHR2THYS/{id, ) BY —~v VHREICARD L ONBFET D, t OEERIISOTA T
2 b T RARCMAR ST, £ TSORVS < U HBILRIET B,

Tt DEERE—2OBVC, ThEpkT5, SEORT VI VHECHET S ¢ RELRBRIHR
Z, BEEREN—TLRE, REN—TTpEEERVBDTXTTHR > TSED Y BT
i, 8g-4ADBEFHEDL . NANT N TEADSOERFEERE LN D, = DERFERED(S, p)
TR, pRilE 5 2 ADTEN~ 7D (S, p) DX FFBIZXIET 2, D(S, p) & BIFHEDAD,

/.

S
DAL & th)



BT A VHEIEATASATMLER—ETE, TOBE, piXFEAIC, AP & vilic®
T, THICE o TEEZADNOS~DHEL ©# TET, SEORSIRHBOEKEHRQ AN, S
J:@T’é{/v—fmn&_ot/;s@@@_ HWzaLl, 7)>0D(S p)EFirL &, QUEISIZFEMFETS

EWNH, TOLERNBEY IO,
WH. SEEEMEA L. SOEEDTAT S a b5 X ApEDS, ) DEEDW o ik

L, BAEENEY —< U ES LR 2EHE 0 S —>S BHoT, o ()=pRBD I
L. D, p ) ESIZA/KL, 220 DL LTEER (o BEHEERITIEDE, o) OB

BlE&¥hsd) .
AL o BH L XD BREL £ ) TRVR LT TITRZY, (TRESHE)

BELY, BEOGRY) —< ENLRIEREET, BEXDTHY, BAOERT
’\103!3’5“0747”/:}~7Z;§'C&>6%0)b>fﬁﬁ“é foTz @iﬁkﬂéb’CMumford:frﬁ
B TH B, }

REPIDREHE SOBEMNILULERD, SOHEBEANRMINERBIEET S, ZOLE
EOEBERERIT DB, BETORNT < U BOREE®IZ OERICHE L TRERE
BThsd, cHIBLBEEEO—BE (f. [0-1DZAVWTRTIENTES, -oT
Mumford PARIEAN 7 < VHERTRTEEETHIE LTHLHBTH S, ;
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A new unicity theorem and Erdos’ problem
for polarized semi-abelian varieties

Pietro Corvaja Udine X%
BF O RER K - ¥EpE

§1 FF. TR 2 148 (200 94) FO¥E (FHIKFE) T, BT — I EHE A ~OEERIH
B Co AL ADEFDICHLTHLHY LV 1 OEKBEKICL DR Y7 ) T DHZ
FEFEELHE L (NWY08]), AT e L TR Bloch - UADEBEFPEIIBLIR
BORMLERMAE LN 2 L IZOWTHRE Lk (NWY07)). 4EIE. RS ZEEEROHOIEHIC
SV THET 5 ([CN09)).

1988 £E |Z P. Erdos i3, ROMBEEZER L% ¢
Erdos DR, 2 € Z 15, 8D n=1,2,... i Lof z" — L CEEN DK ETNT
EROHLNDHMN?

ULl ORRE & L C B33 Tl (Polya-)Nevanlinna D—HOEEBFAL THD, 5 REHB &LL<
MbLATWAR, =2 T3 AEENBEEEY, ERR f: C - PYC) it LTk, BAD
3n+ 2 EH., HHHBB~DOERNER f:C > EXHLTIZ, EM. Schmid 5 RERLH 5.

PEO—BOEEII 2 TEROEEEMIIRA—2 b0 L LTEESH TV, Wz ((Y04)) i,
KO &S RERER b RAZ LD E LTO—ROEMZIER LT,

Wz HD—BOER. (4;,D;) (6 =1,2) ZRET—~AVBiEL L. BT D; i3, HEOZHEL

KeT5, REHIEBCBERBMR S C— 4 (1=1,2) 25,
(1) Supp f; D1 = Supp f; D,
REETRLIE, HBRAE G: A o AABHFELT,

fa=¢o0fi,  Dz=¢(D1),
MEALT B,

S OERT. BT —~BEEE (4;, D) BMSIERCERIEAR f; < K HERFOHE f71D; B
bhiid f; EHICBETED LV ), ThETORBCRWH LW ZFo TV D5 Z EICER
Lz,

&T., bk Erdos ORIEE, Schinzel ([S75]). Corrales-Rodrigaez-R. Schoof ([CRS95]) %
kD EEICHER SN, BT OK) TREE K OBERE2RT,

EE z,y€ OK) LT5, OK) DIEBDORAT T plZHL

(2) 2" —1=0(modp)= 3" —-1=0 (modp) n=12,...,
BT B7261E, D he NBEFEELTy =2t £725,

&M (2) 1. 2" — 1 DEDBATFTAE I(" — 1) &NHE,
(3) SuppZ(z™ - 1) C SuppZ(y” -1), n=12,...

L BB, Erdes ORIER. O(K) =2 T (3) CHEREEELTVHOT, TORKTHESH
B, Er Lz HO—HEOERL ERHEEN~ORERMBROBE £ EDH TRIT S 2
LREEND,

§2 BFRIBRIR. = = Tid, U EEBEXET —~ASREDKE T, 1oFMF (1) % (3) Dk
CAESBEEROLEEICIEETD, BONEERE, ROLOTH D,



EE 4 (ERE[CNOS) fi:C— A; (i = 1,2) %MET—~NSHK A; ~ORBIFEICEER)
. D, & A, OEEMET (MEDR) TEORELBHRSHD) = {0} +5 (HHOH),

(i) KERET D,

(5) Supp fi Dy C Supp f3D; .

775 L. Supp fiD; 1B ERLET frD; OEIES C ORBEE oo TOEADEEET,
_ 00

(6) Ni(r, fi D1) ~ Ni(r, fz D2)||-

TDLE, HHERRIUESE ¢: Ay — Ay BFEEL T do fi = fo 22 Dy C ¢* D2 BRILT D

(ii) & L (5) CHBRIR G, EBD ¢: Ay = A IZRART, Dy =¢"Dy L2 5,

(i) ik Q) T A; (1 = 1,2) BT —SNANBEE, 20 Dy BHEBEREILIEOEEOKTRHA
BER72 61X, ¢ XRABIT Dy = ¢* Dy BERSLT Do

. &M (6) 1. RETHD BRHD),
% 7. () ExHAMBMEL, f:C>C". g:C > E 2FEFEEIOEMNL TS, Z0LE, &
3 # 9O

(i) EE 4 THL dimA4; # dim Ay #5HIE, VW72 REGEREBERER f; : C - A iox
LTH, f;lDloo # f;‘D%o.

§3 KEGLOEEL. oL 5 REROBREMENERIER T, REUE Lo
RDDHORE, BRTH S, EBEErdos OMEZ LR T 2K TROEEVFELND,

EER 8. K 2L L, Os(K) TZ0 SEBEREET, G, (i = 1,2) #WBb—F 2 L,
6 € Gi(Os) #F ) AF—RERMAMEERTHTELT B, Di & K LERSNEHEHNRT
LU, I(D) 22 DEHAFTAET D, D; DEBNBRAERRBEERABLED, 1o
St(Dy) = {0} £+ 5, ZD& %, b LERED n € N ik LOEBIE.

(9) (91)°Z(D1) D (92)"Z(D2)

BRI TIE. 5 K ORI ¢ : G, - G EHRKABHEEL T, ¢(gh) = gk 2o
Dy C ¢*(Dq) MERMT B,
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[CRS97] Corrales-Rodrigaiez, C. and Schoof, R., The support problem and its elliptic analogue,
J. Number Theory 64 (1997), 276-290.
[CN09] P. Corvaja and J. Noguchi, A new unicity theorem and Erd6s’ problem for polarized
semi-abelian varieties, Preprint 2009.
[NWY07] Noguchi, J., Winkelmann, J. and Yamanoi, K., Degeneracy of holomorphic curves
into algebraic varieties, J. Math. Pures Appl. 88 Issue 3, (2007), 293-306.
[NWY08] Noguchi, J., Winkelmann, J. and Yamanoi, K., The second main theorem for holo-
morphic curves into semi-abelian varieties II, Forum Math.20 (2008), 469-503.
[S75] Schinzel, A., On power residues and exponential congruences, Acta Arith. 27 (1975),
397-420.
[Y04) Yamanoi, K., Holomorphic curves in abelian varieties and intersection with higher
codimensional subvarieties, Forum Math. 16 (2004), 749-788.
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On a problem of S. Lang on theta functions

Pietro Corvaja Udine X%
7 1 K AR WK - B

S. Lang ¥, 1966 4512 HIHE L 7=% % [L66]) D% 3 ER TKRO L 5 REFELRR LY,

S. Lang ORfE. A %7 —~VE#hL L, D& ADBERRT LT,

(G) EEOMITAIR 13T A —F 8B ¢: C o Aid, T D LRAEFOEAIN?
(ii) E512, ¢(C) BH¥ Y 2*—RE\ERLIE, ¢(C)ND IXERTHAI 0 ?

FIREDRATHE (i) 13, J. Ax ([AT1], [A72) Theorem 3) IZ K Y BHERICHR S NI=, 6 % D
WHREDT—F L TDEE, 0d(2) 1. ERLT R L ORBERTHD ZLAF
iz, ZOMAITBERMBRIC L THRESN, T 7 OTFRERTNRARIMHRE
Righofehd, Siu-Yeung [SY96] (7 —~LE4kfE) KN, [N98] (ET—~)L) THER
INi,

A (i) 12T, J. Ax ([AT1], [AT2]) IEBARIZITE TV RS, A O
MO Tn(r,¢*D) 2 2] ZRLTW5 ([A72] Theorem 4), L&D, |¢(C)ND| =0
EHDIEBTED,

ZIZ T, [NWYO08] THE LN HET —_AZFE~OBERMRICHT 2B _TER

BOSAE LT, InODOKRLET —~AEEHEKICH L TIHRL, RADHES ¢(C)ND
DHF Y 2% —FREHKE AT D,
EE 1. (EHR[CN09)) A #HET —~NVEfEL L, D% A LOWHRF TEELRS
BESt(D) I3EMRET D, f:C— A #REFERICLRBERMBRE 5, 20L&, DO
HHBEMRS D BIEELT, RAER fF(IC)ND' B D' NTHFY AX—REL LD, ¥
(2, dimA > 27251 f(C)ND XERTH B,

FEMIE. [NWYO08) THE L= kD Z>DFHlRIZ & 5,
FOFER1IDOEGETT, ADHLRAEaL NI MEABTEEL T, RBKILT 5,

(2) T¢(r, (D)) = Ni(r, f* D) + o(Ty(r,c1 (D).
Z% ALOREHYF A7V TeodimZ >2L9DL,
(3) N(r, £*2) = o(Ty(r,c1(D)))]].

HI EEARILANET S L, b HRMMESES Z C D AHELT codim 4Z >
252D f(C)ND BRIT 5, “hi BB >0 EREEbEs L,

Ty (r, c1(D)) = o(Ty (r, e (D)),

L2y, FEEED,

SEB. St(D) OHIMESSETH S, FIAE, A= C/Zli)x C/Z[i]. D = {0} x C/Z[i]
YL, fizeCo (e[ € A LB, THE, fRAEIBMETSHS, bL f(z)eD
ol z e Bl 2D, 22 € 2| THhHB, T, f2) =0 € ALAB, i,
F(C)ND = {0} #EHKT 5.,

EOBITIE, [13 155 A—F =BT N0, f& 1,852 —F B, ABT—~
MR L TRIVE, [St(D)] < 0o ZERT, |£(C)N D| = 0o B35 D,



S 4. DAER =T A M OBMET. dimM 22 £ 5, ¢:C o M 2REIEM
135 A= —BE LT B &, |$(C)N D| = oo,

Big: Mo A= M/SUD)® & L0, M 37 —~_AEEE A T[St(D)| < co DBE
CRESND, %I, EE REALEV, Thud. iR Ax O & RIOIE £ 5
2 TW5,

TE. ME 4T, BTSRRI LTI LRV, ROFIEEZ D,

A=(C/Z)x (C/(Z+7Z))=C" x E,
f(z) = ([2],[2]) € A.

IIZT.ST>0. E=C/(Z+7Z) IEAMMRTH D, D= {0} x E LB, THE,
f(C)ND = {0} T f iZRBIERILR 1-NTA—F—HTH D,
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1. BAFNBI% & Martin 557

o2 Y RZEE R (n > 2) DR D LT 2 B85 71672 BA%X u 23 Laplace 523X
& g
az; +---+ 6—x%)u =0
PRt e, ud D LORMEAKE V). Laplace FERRNIIR LEE CTHERREMS
FERATHD. ZIrb¥EL 00—k, BAEIITbhATWwo7z, LrL, ZIZ Tk
a—7 Y v FEBPNOFER EORIMEBIzO>WTELET S, UT, Bk, r) & Sk, r) TH
DS x, ¥R rOBRKLERAEZENENRT. RICHBLOEEER 2 do TRT. ¥
7z, 6p(x) = dist(x,8D) &7 3.

EFMEBEFELIRARL Y. o7 —BOBERICX LTED LOERMBEH AL
Martin R L W BREERICL-oTE L2322 ¢NTES. EDHIT Green B G(x, y)
FEATS.
E# 1.1 (Green (1828)). G(x,y) 2’ D ® Green ¥ L 1ixeD L ye DDBEETHH- T, £
BEDyeDFEEELELE, ROGGEH-TREZVI.

() GC,y) X D\ {y} TE*0.
(ii) GC,y) - ¢y(x) iX D EFRFICILIREND. 72721 ¢, i3y ZHMBIC b OEAFfEH

Au:(

1 =2),
o= 8=y =2
K=y (n33)

(iti) 6D k G(,y) = 0.
$EIk D A5V A i, D LRI T D OB E THERER b Dk Green BE DI
B4y & v - Poisson B4y TR EN D,

SEE 1.2 (Poisson (1823, published 1827)). D % LR EREHEL 5. G % D D Green
BE#E L, xeDEyedDIZXL P(x,y) = —zl—ai—G(x,y) LBE, DD Poissont b9,

n Olly

7L, e=2nT, n230D L Ee,=(n-2)0, THD. ZIIT, o, TBEAEREOREHE
Thd. he D LOFMBEKTD ETHEGEL LD LTS L

h(x) = LD P(x,y)h(y)do(y) (x € D).

1



L2, BEREBICK LTIREIWHETIERY. ADH S X 5 72 Lipschitz 8% Tix
ERAERRELRVEARHTL 200, BRBS%2E5Z220METHSL, 7757
ENVERTIIERP n- 1 RETRIB-oTLEI D, RS % EOBET I HE
25,

Martin (1941) i% [Green BBDTFET 5] LW IRGRE T 2R T2 —ROFERIZE
TABEAFETREEZ, Martin R & FENIBEERZEA L. DB O LI

-Gy~ o)
on, 777 G(x0,y)
WIZEELT, Gx,)/G(xp, ) WERICILETE 5 X 5 R/ OBEBEER A LR K(x, ) &
EXD, TOLEMHRT:

h(x) = fA Kt )dim(y)

NELND. A% Martin R, K(x,y) % Martin % & 9. K(,y) X D EOTEFHMBEHK
TKx,y)=1,R23b0TH3. ZOMartinZEER[LZRT. LALREL, Z0
O FRICBENBRIE uy 1ZI—BEH TRV, £ZC, Martin EROFTRENRZE, B
Martin ER R 2 EZDLEVDH 5.

— R EFRAIREE u D/ & 13w BT O EFFBSS LRI u ORI R > T LE
5L ExEVWH, Martinkk K(,y) B/ THD & & y 2/ Martin ER R LW, 2024
Z 8/ Martin R L /W, A, THT. B Y OERZ I/ Martin R LV, A TR

Poisson Sy FRIIKD K i —iLEh 3.

SEE 1.3 (Martin (1941)). D O ERFBEE AL, Ay EORIE p, B—BHIKTFELT
hx) = f K Y)dus().
A

Martin DEBIZ—REITELWR, BEAERR2ERO Martin BRITIE 5 2o TV a0k
BOMETHS.

PREE. 52 LN-8EIRICKE LT Martin BER AN ARBER L —BTA30? A=A, =0D L 723
AtV IART > ?

D BB OLTHNIE G(xo, y) ITFERE TOEBEREE 6p(y) = dist(y,0D) & LB F[EETH
Y, Martin #% K(x,y) i Green IO AN & ERIEITE Y 2 y OIEBEEE» T bD L
B, FOMEEEBEICHELAATLE 2T, Martin OF45>FE T & Poisson {9 F-RIZFE
CHLDOTHD. Fioy UADERETKC,y) iBEMRMIC0ICE00, K(.y) BN TH
D, Martin BERIBNEETNERDZ LB,

UL, BELTWAERA2L RIS L, Martin R L AHBERBE—BTI0E
AMHEMNEAVL, FEHEN Martin ERABHTL 2 dH 5. Eix, —BRERLE
5D AREEIR O BT IR &+ O BREVVEIRD 7 5 243 - T Martin 527 0 B 2 #EE08
Do TVS, bHAAFERB—RIZRBIZONTELNDEHITHL 2o T,

2. Carleson §}fi & ## & Harnack R E

FERACKH L TEZTETIFRE—EORPFEHONMIC LN D L XABREHZ
BRledewvd., EIAMUCERND & ENBREGZHIT LV, NERERSEMH: LA HERSE



BOFE DT~ L XBREREZHRT-T LV, ERPREGEATTEE, BEROHZEH
STu=0¢B3ERMBEE uiTFDIEL Tulx) = 6p(x) & 7235, (BRD Green B & 2RO
SR Green L DHER) “hNDH A=A =D L RBIEEZRHITEI LN TE
%, ZOHFETIE CHo-SIRE CRED LB A FTHE TH 5 (Widman (1967)).
RIS BB O N TR otz b E TR I 2 TL 5. RFTAICEER 23 Lipschitz #5
WD S5 7 Tk S DK% Lipschitz $i8 & V9. Lipschitz SIKIZ* L TIEIEM TO
1272 3 EOTEMBEIIER E CORBBB L BT L IR L2V, FIZIER?ZCLER
—HT 2L, B1RBLOEFRMBEE ) = xy RERDEL THREOC2RDAL— T
01z3¥-3<. Lipschitz fi CTIIEROZ A TERMBEOBEI T HBRELR>TWVD.

\ )\ N
\/ ‘ \/ xy = Izl

X 1. Lipschitz $83%. FAFIBEHOWERF.

S0k HRnEEERFY X T, Carleson (1962) 1% (—#%) Carleson $1ffi % & X, RHT
#J Fatou O EE % FEA L 7=,

SE#% 2.1 (Carleson £¥fi). £ € D 2>>r > 0 B/NSWVWIEEDEKE TS, £ € SENND %
Sp&)rrERBEETDH. ZOELEDEIITENLDERY, 5K AD H b DOEEREHN LB
ARER E A AL WS, ZDL X, uSD TIEFRMT, DNBECr) Tu=0725061F

u(x) < Cu(¢,) (xe DN BE,r)).

Carleson #¥fi1% 1 DO ERMBEROEFERELZIER P b2 b —AT 58, KR
Harnack B3 2 SO FRMEE L BT 5. ‘

EHK 2.2 (— #5557 Hanack B3, £ € 0D >0 r > 0 2/NSWVWEDOEK E T 5. u,v BEK
DN BE,Cr) CERMTAIDNBECr) Tu=v=0722061F

u(x)/v(x)
20)/v0) <C (x,ye DNBE,n).

72ELC>11E nuvick b, -

X 2. Carleson 2¥{fj & —#k$% 5t Harnack R HE.




& 2.3. Kemper (1972) i3 Lipschitz S35 X9~ % i} Hamnack [RE % 13- & 9 L EXL
L7z, LaLl, LWz &R Harnack FEOIEHIIIF vy 7B Ho7-. 1970
FEA D%, Ancona (1978), Dahlberg (1977), Wu (1978) IZ & ¥ Bl & 053 T Lipschitz 48
WI935 8E R Harnack JREMR R Sz,

X% 2.4, Carleson 34 & $5R Harnack JRBUIFEEICBABAEY. REIZLIZULITER X
nNTx. BELRERILEZITS &, Carleson Ffh & $E 57 Harnack JREE D FEM A4 H 5
(Aikawa (2008)).

Martin 3R O EITIT—HRE R Harack FEXEETH .
EE 2.5. —#ER Harnack FEBRITHIEA = A, =dD.

EH 2.6 BREECODE—DOEETS. D EOEFRMBKu R EICBITAZBETHS
LIZOD\(E) Tu=0ThHY, FEDr>0IZXLTD\BEr) TER, EhiTulx) =1
LBl %EY. BRESICBTIHBEEROLEE H, TKRT.

EHL 2.5 DFEA. HER Harnack JREBR YV LTIy — £ D & & G(x,y)/G(xo, y) DRBERIX £
WCBITABEKICRD. LEaEdoT, HeBeE—RrbR3ZeE2F2EL L.
— Kk R Hamack [RE N O

Cc'< % <C (u,veH).

(Y
(v
A

c= Sllp u(x)
VEHE V(.x)
xeD

EBLL1<Sc<C<o0THD. c=1%2FRIZL>TFT. c>1 LHETS. £E
WuveH 2Dt vi=(v-wllc-1)eH &725. cOEEIPDuL v ZHEBELT
u<evi=clev-wlc—-1). =T, Qc-NDu<ctv &35, Zhix
ux ¢
c= sup — <c FJE.

u,veH v(x) 5 2c-1
xeD

XoT, c=1THY H X1 "D bbb, £, ue HZBINTHIZLLELETH
3. a

FE27. BERTu=0ThHDLWVIFRHFCEEL XD, Eo7 < — K724 Dirichlet i
Biod LTHERID S LR, LadoT, ERMICERTCu=0LKETHZ LIIT
RV, FRIVEL, ulFBERTH-T, BERLOBRSERVTu=0] B—KDE
R&Thd. 2D L% u=0 qe. (quasi everywhere) L EL. T I THBEARLITFD
ET +oo L R 5EFAMBBENEET I LS /NI REESTHS. WBES ® Hausdorff KT
i¥n-2T%Y (Armitage & Gardiner (2001, Theorem 5.9.6)), & ® n — 1 ¥kt Hausdorff #i
FER° Lebesuge BIEIX0THD. ZOHFWERRETHo THOHRKREDRBITEE L Rk
WKL T 5. Green BBODEREMEGH,Y) =0 ge TR EEBE T, FETERER
MBEBBHFET 2HRIIL T Green B2 b H, Martin ERBNERTES. o, —HE
5% Harnack BB THIZA=A =6D &725.




3. RA M AR

3.1. NTA§Eig. $HR D ADERDOFB(x), 36p(x)), BIEREICIERS 2F D, x € B, 36p(01)
Dy € Blxy, 30p(xy)) E7oTWVDH L&, x by ZMESRES NO Hamack 1& 5. K
TAZDBEFETIERC > | TUT2AETHORHD. hz DNOERMEKLTD.
28 x L yBEE N O Hamnack ETHIIND 2 biE, Mx)/Ay) s CV L1235,

Jerison & Kenig (1982) i Lipschitz #i% % —#%{t L T NTA 881% (Non-Tangentially Acce-
sible domain) # & L. T742bb, NTAFERELIZC>1¢ rn>08boT, LUTD3 5
BEARTHDTHD.

(i) Corkscrew &#. EEDEREE€OD L 0<r<rn XL DNBE N IiT¥EEr/C
DEREEL.
(ii) 4188 corkscrew &#. EEDERAE€ID L 0<r<rlZX L B¢, )\ DIiT¥E
r/C DEREELe.
(iii) Harnack §8&#. SIRADEED 2 K x,y DEER TN ETNALORINLERETO
PEBE L LEBRFIRETH D & &, x & y IR I M —ED Harnack L TH 5.

P

X 3. Snow flake (NTA ZRIRDH).

NTA OARED T T Carleson RO FHEZIZIEEDEEMER D,
I 3.1. NTA Ric st LTI —#3E R Harnack FEBRIL, A=A, =0D TH5.
W E, V) %A EORES U KT IRMAED x iZBiTHELTD.
EW 3.2 (FFORE D 245, B C, > 2BHFEELTE€ DI OR> 0B +43/0 72 bid
(3.1) w(x; B 2R) N 8D, D) < Cw(x; B(¢,R)NdD,D) forx e D\ B¢, CiR)

ERoTWVWD & &, MBI MEEGEESTZTLEVD.
Ebiz, GHBEELE—MEx= %l W TOARRMNT S & SRMBBIT 2 E4&E2%

Bl i,

EE 3.3 NTA SEIROFAFIRE T 2 i 5tE 2 BT

S 3.4. NTA 35812 Lipschitz SEIRIC LR T@EMNICHEEEIC 2D 9 5. HEHR D Hausdorff (R
FLiEn-1%282232L8d0, EROBAEEZZEZLDZ LB TERVY. LI -> TR
B EE S BE R O E BB M HERE & 13FR B 72V, NTA Sk Lo AT IR O E D
KoV ICHRfREICESWTEREND.

NTA SR OF&M4%2 RivE, () & i) RFERNEO&EGTH Y, (i) iIM0FEETHD.
T I L EBRORMAFEOSREIINT EABITOPNTEILIZER L TV o7,



32. BEFEEE. METEREEIROLIIC—BILENS. Green BEEHESBESU Lo
Green &% Cap,(E) TET.

B 3.5 (AREESRM). D BERBESY (Capacity density condition), WL T CDC, %
Wt L, EOEEAL g BdHoT, T_TDE€ID L O<r<rgiZxLT

Capg (B, N\ D) >
Capgon(BE, 1) .
LB L EERTS.

AT 3.6. Cap % 2 RTEDRHIXEAR, 3 Wbl LD L Newton FE & Fhid EOZKMH
Zn=20t%, Cap(BE,r)\D)>Cr, n230D& &, Cap(BE¢,r)\D)=Cr? LFEIET

5. EREEEE: %?—\MD—' > CIECDC D53t b 72 5. SERBERE % 2ie 45

BB 6 HIC CDC 2871, B2, 752/ fEI- Lipschitz 1% CDC # A 7= 7.

3.3. —REE. RICHBEEOREEZR L ). NTASERO () & (i) 24T H0%2—#
BIRE VS, BOESETIIDBI—HREF L IIDANOEBRD2 A,y ITHLT, x b y:f
S DADH#y T

&y) < Clx -y,

min{€(y(x, 2)), {(¥(z,y))} < Cop(z) (z€7)
FHETULOREETRLERWVS., EELAY) TRy ORI EZERL, y(x2) Xy DH
ST x e z2BRLDOERT. x Ly ZIRIIFHD, 2RV x—y OERBETHEI IO
3, BRPTCHEOLDEERDL IR DRICEBNDI LW Z L THDE. FZTI0&B%
WREM LS, F OB SR L RS,

EI 3.7 (Aikawa (2001)). —HESEIRIC R U TIE—4REES Harnack FREBEZL, A=A, =
D THD. —HFEROBMBIEIL 2 EREE 2T LIIRO RV,

3XE 3.8, CDC & A7 —HREEIIT NTA fHI% & 1ZIEF CHE %8, Jerison & Kenig (1982)
L RIL A T—ARBER Harnack BN ENS. CDC % A7 22V MEA1TiX Bass & Burdzy
(1991) D RERFA Box argument % FEATRYIZARIR U 72 715 T—4k88 5% Harnack FURN R &
nas.

4, —RREIR L BB x & X ZRHSERIEERHBRIT.



34, E—HB4ER. —RERTIIEED x,y € DBENRIBEMBTHELD, P LEET
NITEED x,yc D bEEOHMBR THERDZ L MB0H3d. ZZTHAHFDRDOMEEZHKL
;5. DRE—BEBREIIDHNOEROAx LEBOERAyIZHLT, xty&#HSD
NOHBRy T

£(y) < Clx - yl,

min{£(y(x, 2)), €(y(z, y)} < Cép(2) (z€y)
ERHETLOREETD L &2V ). ERMSEYE LIS 3% Denjoy Bk L 5.
Denjoy $E1 & Bk & O 3L@ER /XA 2 —RER TH 2. F—RERIIARMBED 2
ERETHEMTONS. ZHIZOVWTIRETHELIR~NS.

3.5. John$EIE. —FERTIIx,y B DHNEXEBIZENT 0, —FHEky=x LEEL, xD
LEN L TRILAESY AT L XD % John 5B, x, Z John i 2V 5. LV EREIC
ES5L DROEBDOEXITHLT, x& x2Sy T

3.2 6p(2) 2 c,l(y(x,2)) (z€7)

EHRETHLORGEETAE X, ZoiE% Johniiig LB, D% John E¥ c, D John i
LS., Pl DRNOAELZa 7 MEAIZRYEZTHELX 22V, John
EXCc,130<c; <1 THoT, ¢ B LCETITEVIZEEBERBELNIZENI EER
7. John FEIRDEBEIIB R x D0 x AN HBER—EORN-HENRNDZ L EEK
T 3.

E¥39. D% 6D+ 0 LR AEEOEKETH. DL E, x,ye D OBRNALEER

‘ ds
kp(x,y) = %fL m

TEHETS. 2L, TRIiZx L yE DANTHESHER Xy ICEHLTRS.

HEX ik BEHE kp(x,y) 1X x & y 25 55 5%/N® Hamack 840 & S\ FHETH 5. John 8
BIIROBE % FO.

B 3.10. John i D X5 AAEERE 5 4
)
kp(x, x0) < Clog —6’;(3) +C' (xeD)
BHIT. B, DO John B ETBHE, C=1/c; EEND.

John SO A EER A DI < ¥ EENHBEMES VTR L < 85 = L 8% S (Aikawa,
et al. (2006, Proposition 2.1)).

#HEE3.11 (R RA). D& John R L T5. ZD& & John ERICOMEFT 5 BRE
NBHoTHEEREL€ID & R> 0+ LT NEDAY, ... .3k e DNSER) TL
TOHBEZATETLORSHD.

(i) C'R<6p(F) <R

+C for x € DNB(,R/2), 7272 Dr = DN B(£, 8R).
6D(X)



t(y(x,2)) £ Cop(z) forallzey

b e
Vo R BB N ORFBRAL NS,

P
.-
-
-

Pt
P4
e
‘‘‘‘‘‘
s

5. BB RA.

John $EIKIZ % L TIi583% 5% Harnack [REASAR 0 320

SEEE 3.12 (Aikawa et al. (2006), Ancona (2007)). £ € D &3 5. R > 0/MIR L TR, ... )R
BN ORFBRRALTS. 0L EEBOKBER ho, by, by € H 13

Yy ho(yh)

R
ho(x) < C }; oD hi(x) (xeD)

BRI BIZH DRTIEINLUTTHS. bbb, £IC/HGT 58/ Martin R R
DEIINUTTHS. E5HIT, ¢;> V3/2 R BIEN =2 LB, BAHEERA O/
Martin EREDOBII2BUT THS. EH VI IIRETHS.

4. BRI, S BATHME

RIE Ttk e R EERIR 2 SMAMEIC LV EH L, R Hamack REZIILHET3
FEATROMEE 28\ e, Z O TILEICETOME D D, BMAMEL2E 22N TE 52
EERED.

FOT-DITITEEE—BRIZ TKE W] ZEBLNETHD. KB, FTEBEONESTIIHE
E£E5THY, AFERVTHHEEKD Green BIEITIE/L L2 AS, SEIRO — 8RR & o
FRMERIRESEHLTLEY. 22T, B/IBOEEE L TEERESME CDC 2{K
ETAD. ZOREDT TIE—#k5E5 Harnack FECIRFIBIE DR 2 5 &0 b ST FHIE
B E N, —HREK, AR, John SIS REUTIT b D (Aikawa (2004), Aikawa
& Hirata (2008)). '

7, CDC & RMEREZGZRMBETELS.

FHE A1 CDCHRMATAIUEFDEEFIEEC>0L0<B<1BH-T, £€6D &+
SINE V> 0IZX LT,
Op(x)

C)) w(; DN SE ), DNBE 1) < C(-——;—)ﬁ (x € DN B(,7/2))
LRBILTHD.
(4.1) DA & OARLEHA John TR E AT 5.




®E 42 D% CDCRAETERETS. ZOLEEKC>0Le>08H>T, £€dD
L+ ENr> 0T LT,

4.2) wx;DNSE,r),DNBE )= c(‘ﬁ’f—xl)" (xe DN B, 1/2)
LirairbiE, DiXJohn B TH 5.
FOREREE I LT CDC % %77 John il ® & LT L BEMGT & 5.

£E43. D% CDC & Hi=¥ JohnRETH. ZOLZ
DI — S = —REER Harnack FEMRY LD,

% 44. D% CDC 2 »1=¥ JohnBERETH. Z0LE
D il — B — TRREITHR 2 EEMERT.

38 4.5 FRAED 2 BEGIIR? TEL OHRBBRENTER.

() BBAEER D 23 NTA — D OFRMBIE & D OBFMAEN YL L L 2{EREE
7= (Jerison & Kenig (1982, Theorem 2.7)).
(ii) Kim & Langmeyer (1998) it {lsf % 5 % 7c.
Jordan 481543 John $Hi — D OWAMBEIL 2 &M EHT.
(iii) Balogh & Volberg (1996) iZ (3.1) IZ £l 7x 2 fif eft & PR — R = LTc.
(v) BLEOBRITT R THERMATICL 5. BRTLIHE TRV,

B 4.6, TRIHIEE O 2 (544 & e —RRERA £ 5 LTEBRT 2 DA, Balogh & Volberg
(1996) DRFINHEMETX B, DIIHT[-1,1] LR Lo = (te?:0<t< 1) OfERE
EEME BO,2) » o3\ 5. KL, 0<6<n/2 ZZT3sing<c<sing®d
L, B, =B(e® ct), By=Be™ 2 T5. BN[-1,11=0THY, BN[-1,11#0
ThHHEND, to0DLE

w(xo; BL N 8D, D) = " w(xo; B,ND,D) = 1.

w(xg; By N oD, D)

o T,
2% % BindD,D)

B,

B,

[ 6. Balogh-Volberg O ZH.
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TR R R DB ED contact structure

Takao Akahori

(V,0) ZEFRI—7 Vv FZEA CN NOERMIRERL TS FER o b
RAA, FLTM=VNSN-10) &2V LER o ZPLETIER ¢ D
HROLEHES LT B, §HLTO M LiZid V Kb BRI CREE (M,°T")
BADBIZ T D CREBEVERMIUREREEDD, LOFRICEELTA
BERKIZ CR BEOERHEGRZRIH L. AIREROERREER >,
TNIEEMARRIC k> TRRE N (Mi]). FHRETIISBED CR #:E
PSHDF Fa—F Tld < contact structure DITFH STMIFESDEM
ERHERLIV, BHICOT7 To—F LR EREOMSBFLEHBUDITLE
T %, UT. ARLSOBMEEZZERLTT TA NS I MR LT,

1 CR structures and contact structure

Let (M,°T") be a CR structure. This means that M is a real odd-
dimensional C*™ manifold. And °T" is a complex subbundle of the com-
plexfied tangent bundle C ® T'M, satisfying;

COTM _
o 4 7
(2) [0(M,°T"),I(M,°T")) C T(M,°T")

(1) °T" NOT" = 0, dimc

)

While the pair (M, 6) is called a contact structure if M is a real 2n — 1
dimensional C*® manifold and 6 is a real one form on M satisfying;

6 A (d6)™ ! # 0 at any point of M

The notion of CR structures is completely different from the one of contact
structures(a contact structure is insensible to a CR structure). However, in
the case strongly pseudo convex, the situation differs a little bit. And for
the case isolated singularity (Vo) in CN, set

M=V n8¥1(p).



Then we have a natural CR structure,
(M,°T"), where °T" = C® TM NT"(V — o).

And set
N
r:=2|z,~ |2 —¢,
i=1

where (21, ..., 2n) is a complex coordinate system of CN. Set
#:=+/=10r.

Then, this 4 is a real one form on M, and 6 A (d6)"~! # 0 at any point of
M. Hence, our (M, ) is also a contact structure.

Now let (M,°T") be & strongly pseudo convex CR manifold. We recall
the deformation theory of CR structures. We take a supplement vector field
¢ over M. And set

T =T"+Ceg¢,

Now we set a real one form 8 by

8(¢) =1 ey
6 I“T”+°T‘= 0 (2)

Here °T’ = 0T". We assumne that our real one form @ satisfies

8(0) =1 (3)
d8(¢,*) =0, (4)

(because of strongly pseudo convexity, by changing ¢, this is always possi-
ble). Set a C* vector bundle decomposition;

C®TM =T +°T1". (5)

Suppose that we are given a CR structure (M,°T"”). Now consider an
almost CR structure (M, E) over this M.

Definition 1.1. Let F is a complex subbundle of the complezfied tangent
bundle C @ TM. (M, E) is an almost CR structure if and only if our E
satisfies

EﬂF=O,dimcﬂ®lg—=l
E+E

And an almost CR structure (M, E) is called a finite distance from (M, °7")
if and only if



Deflnition 1.2. The following composition map of the inclusion and pro-
jection of C @ TM =T’ +°T" to OT" is isomorphic.
E Inclusion MR, oo TM = T' + 07"
lmojcction to °T"
0w
For an almost CR structure, which is of finite distance from (M,°T"),

the following propositions hold( for the more precise explanation, see Sect.3
in [AGL)).

Proposition 1.1. An almost CR structure, which is of finite distance from
(M,°T"), is parametrized by an element of T(M,T' ® (°T")*. The corre-
spondence is that: for ¢ € T(M,T' ® (°T")*),

T = {X' = X + ¢(X), X €°T"}.

Proposition 1.2. An almost CR structure (M, %T") is actually a CR struc-

ture if and only if
378+ Ra(@) + Ra(9) = 0.

Here, Ry(¢) is the element of I'(M, T’ @ A2(°T")*), which is of second
order with respect to ¢(and this R2(¢) includes the first order derivatives
of ¢), and Rs(¢) is the element of I'(M, T’ ® A2(°T")*), which is of third
order with respect to ¢. We explain 97, .

We set
I'(M,T') = {u:uis a T'-valued C™ section},
and a T’-valued 8j-operator
Or : T(M,T") - T(M, T’ ® (°T")*),
by: for u e I'(M,T"), for pe M,
u = dru(Xp) = [Xp, ulr,

where Xp is & C* extension of X, and [Xp,u};rr means the T” part of
[)Zp,u] with respect to (5). Theﬁ, like as for scalar valued differential forms,
we have a differential complex

The standard deformation complex

3

0 —— I(M,T") =2y I(M, T’ ® (°T")*) 2
3(1) 3(3)
F(M, T® /\2(0T") ) F(M T® /\S(OT“) )



For compact complex manifolds, this differential complex is elliptic. How-
ever, for our CR case, i.e., boundaries of open manifolds, this is only sub-
elliptic. This causes the difficuly in constructing the versal family of de-
formations eventhough HV(M,T’) = K—;gl,; is a finite dimensionalvector
space if 1 < j < n - 2. To overcome this difficulty, we introduce the new
complex. Now we recall the new deformation complex, which is developed

in our papers ([A3],[AGL]). Let ; for a nonnegative integer j,
E; = {u:ue 7Te /\j(OT”)*, (5¥?u)c<®,\j+1(op,). =0}.

We note that ; the map ; u € °T" ® AV (°T")* — (5¥,)u)cc®,\;+x(ow).
is the linear map which does not include the derivatives with respect to u.
Here (5'(11-,) u)c@ni+1(07w)+ Mmeans the projection of Eg,)u to CCRAIH(OT")*
according to the vector bundle decomposition

T @ N3t? (OT")' =T /\J'+1(0Tr/)- +C(® AT (OTH)t‘

In fact, we extend u to a global section of T'(M,°T' ® AJ(°T")), 4, and
project T i to CC @ AFHOT")* according to this vector bundle decom-
position. Because of taking the projection, (BT,) @)ocgai+i(or). does not
depend on the extension. Then, we have

Proposition 1.3. (see Theorem 2.2 in [AS]).
37T (M, E;) C (M, Ej ).
Proposition 1.4. (see Theorem 2.4 in [AS]).
Forj>1, )
Kerdy, NT(M, E;)
9 T(M, Ej-1)
And for j =0, Ey =0.

~ HI(M,T').

So we have some part of deformation complex.

3 3@
I'(M,E,)) —%— I'(M,E;) ——

For this complex, the following theorem holds.

Theorem 1.5. (see Theorem 4.1 in [A3]). If dimpM > 7, on T'(M, E3)
the subelliptic estimate holds.

About, the version for real dimension 5, will be in the next section.



2 CR Hamiltonian vector fields

In Sect.2, we recall some part of the new deformation complex. Here, we
recall the rest.(This part is proved in Sect.4 in {AGL]. While, in [AGL], we
never use the terminology ” CR Hamilonian vector field”. The terminology
"CR Hamiltonian vector field” is used, for the first time, in this paper.).
For g € I'(M, C), we set an element of I'(M, E1), by

Dg = ETIZg.

We have to explain some notations. For the notation, we recall the 9 -
operator.

I'(M,C) — I'(M, (°T")"),
by; for u € T'(M, C), we set 8yu(Y) = Yu. Then, we have the §,-Dolbeault
complex

(1)

0 —— I(M,C) —2 (M, (°T")*) -2 T(M, A2 (°T")")...
Now Let (M, °T",8) be a CR structure with a contact form 6. Let ¢ be the
real vector field on M, determined by (2.1),(2.2). For any C* function g
on M, we can determine an element X, of °T", satisfying: for Y € 97",

d9(Xy,Y) = —(Bpg)(Y).
This X, is uniquely determined. Actually, this equation comes from:
@r(g)(Y) + [X,, F))c =0, for ¥ € OT”,
where 37 (9¢)(Y) + [X,4,Y])¢ means the coefficient of ¢ of 87 (g¢)(Y) +
[X,, V). While by (2.4),
@r (90) ()¢ = (Yg)¢.

Now set Z, = g(+X_, and call Z, a CR Hamiltonian vector field. Suppose
that M is a real hypersurface in C". Then, on M, there is a canonical
bundle isomorphism map m: 7" to T'C™ on M (this map is introduced by:
just taking a (1, 0) part of vectors of T*). So, there is an n of (M, T"C"|»),
7(¢) = n. This means:

(=n+7.
So, we can set a (1,0) vector on M by: for a C*° function g,

an+ X,.

We use the same notation Z, for this vector. Set Dg = Z, for a C* function
gon M. Now we have the complete deformation complex for CR structures.

3 3@
0 —— I'(M,C) —2 (M, E;) —=— T(M, E;) —X— ...



3 The new Hodge decomposition

Even though our D is a sencond order partial differential complex(we
note that 5(;,),1 = 1,2,.., are first order partial differential operators), for
our new complex, we have an apriori estimate. More precisely, we have the
following theorem.

Theorem 3.1. (Main Theorem)(see Theorem 5.1 in [AGL]). If dimg M >
5, on I'(M, E) the subelliptic estimate holds.

By our new Hodge decomposition theorem with an estimate, we have a
versal family of CR structures in the sense of Kuranishi. While, our family
should be more than the versal family in the sense of Kuranishi. Qur family
would be versal in the sense of ”CR Hamiltonian flows”. Unfortunately, this
work is still in progress. We only explain the notion of ”CR Hamiltonian
flows” in the next section.

4 CR Hamiltonian flows

Let M be a real hypersurface with a real one form 6, satisfying (3), (4) in
a complex manifold N with complex dimension n. The triple (M,°T”,9)
is called a CR structure with a contact form. Let M, be a family of real
hypersurfaces of C*, depending on t € (—¢,€). Let *T” be the induced CR
structure over M; from N. Now a quartet (M, 7, (—¢,€),©) is called a CR
Hamiltonian system if

(4.1) M is a real submanifold of N x (—¢,¢), and 7 is a smooth map from
M to (—e,¢€), satisfying : M, =7~ 1(t). At t =0, My = M,

(4.2) 8 is a real one form on M satisfying; the restriction of © to M;(we
write this by 6;), determines a contact form on M;, and 6, =6,

(4.3) there is a C* function g on M, and there is a family of C* maps f;
from M to M, = 7~1(t) satisfying :

fi6, =06, on M. (6)

For a point p of N, we take a local complex coordinate (z1,---,2n)
of p. For the definition of CR Hamiltonian flows, we use this complex
coordinate.Let 2;(p,t) = z; - fr and g: = g - fi-

6Zigy t) = (gtC+Xg,)z,-(p, t), on M x (—6,6). (7)



where X, is the vector field on M, determined in the way as in Sect.2, for

Gt-
The quartet (M, 7, (—¢, €),0) is a CR Hamiltonian sysyem.

5 Versality in the sense of CR Hamiltonian
flows

Our family is versal in the sense of Kuranishi. While, our family should
be also in the sense of our new complex(see Sect.2 in this paper). This part
is still in the progress. But, Kuranishi’s approach in [Ku] might be useful
in this program. Here, we sketch our plan.

Let (M,%T"") be a strongly pseudo convex CR manifold with dimgpM =
2n—1 > 7. Let p be a reference point of M. In this case, our CR manifold
is embeddable in a complex euclidean space(see [A5]). We are focussing
its behavior. Namely, we are given a family of CR structures (M, *®T"),
where ¢ € (—¢, €). Then,the problem is that: how the local embedding map,
ft, t € (—¢,¢€) behaves if ¢t moves.

Theorem 5.1. For eny C*® function g(t), which is parametrized by t €
(—¢,¢€), there is a unique CR Hamiltonian flow, fi, satisfying; f; is an em-
bedding of M as a real hypersurface into a complex manifold N, parametrized
by t € (—¢,€),

ft:M— N,

and this f; is expressed by using compler coordinates of N as follows. Let

ft = (z1(t), ., 2a(t)). Then,

.

62?) = (9(t)¢ + Xg))zi(t), 1 <i<n.

Here X () is the CR-Hamiltonian vector field determined by g(t). We call
this flow a CR Hamiltonian flow.

For this, we recall the following well-known existence theorem of the so-
lutions of a single non-linear partial differential equation.

Theorem 5.2. On a neighborhood of the origin in R™, consider the fol-
lowing single non-linear partial differential equation.
F(mly'” 1 Tmy 8, P10 yp‘m) = 05

Where F is a real valued C™ function on a neighborhood in R™ x R x R™,

and s is an unknown function, p; = %. Suppose ‘g—; # 0 for some 1,



1 <1 £ m at the origin. Then, for any initial value, we have a unique

solution.

The proof relies on the existence theorem of solutions of ordinary differ-

ential equations.
To the case compact complex manifolds case, the proof of versality by
using one parameter group is done by Kuranishi. It might be successful to

apply his method to our CR case. If it is done, we will report this next

year.
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