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Subordination properties
for special integral operators

Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let H = H(U) denote the class of functions f(z) analytic in the open unit disk
U={z:2€C and 2| <1}.
For a positive integer n and a € C, let
Hla,n) = {f(z) e H: [(2) = a+ apz" + @ny 2™ + -},
with Hy = H[0,1]. Also, we define the class A, of normalized analytic functions f(2) as
An={f(2) € H: f(2) = 2+ ans12" + anyaz™? + ...},
with A; = A.

We also introduce the familiar principle of differential subordinations botween analytic
functions. Let f(z) and g(z) be members of the class H. Then the function f (z) is said
to be subordinate to g(z) in U, written by

I(z) <g(z) (2€V),

if there exists a function w(z) analytic in U, with w(0) = 0 and |w(z)| < 1, and such that
f(z)=g(w(z)) (z2€U).
If g(z) is univalent in U, then f(z) < g(z) if and only if f(0) = ¢(0) and f(U) C g(U).

For the function F(z) € A,, Miller and Mocanu [1] proved the Integral Existence
Theorem concerning the existence and analyticity of a general integral operator of the

form .
]

B+ [? a 5—1 }
I[F)(z) = F@)) p(t)tf1dt b |
(P = {52 [ (P ot
where a, 3, v and d are complex constants, and ¢(z), 1(z) € H[1,n]. This operator was
introduced by Miller, Mocanu and Reade [2].

In the present talk, by giving some conditions in the Integral Existence Theorem, we
derive special Integral Existence Theorem below.



Lemma 1 Let p(z) € H[1,n], with p(2) # 0 in U. Also, let a, 3 and 6 be complex
numbers with 3 = o + 6 and Re (a + 6) > 0. Moreover, let F(z) € A, and suppose that

zF'(z)  z¢/(2) ‘
F@) + o) +4 € H[3,n]

satisfies Re P(2) > 0 (z € U). If f(2) is defined by
z ]
J(2) = {5 / (F@) et dt} =z 4 b 2™ 4,
0
then f(z) € An, and satisfies

i(z_‘)- #0 and R.e{ﬂzﬁg)} >0

Piz)=a

for z € U.

Applying the above lemma, we discuss the analyticity and univalency of the functions
defined by the following special integral operator

1
- z u ~ 7
1171 = { [ (P0)" et )
Further, by making use of several lemmas often used in the theory of differential subor-
dinations, we deduce a subordination criterion as follows.
Theorem 2 Let a, 3 and § be complex numbers with § = a + 6 and Re(a +0) > 0.
Also, let F(2) € An, (z) € H[1,n] with ¢(z) # 0 in U, and suppose that

PG, 26y
P(z) = a—F(z—)- + m +4 € H|[3,n]

satisfies Re P(z) > 0 (z € U). If f(2) is analytic in U with f(0) = 0 and satisfies the
following differential subordination

U@)F cre) <{(F@) @) Geu,

f(2) < {ﬂ/oz(F(t))"ga(t)t"" dt}% (z e V).

In addition, we observe some subordination criteria concerning several integral operators
which can be obtained from our main theorem.
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Hankel determinant for p-valently starlike
and convex functions of order o

Toshio Hayami (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A, denote the class of functions f(z) of the form
f@=2+ ) a2 (peN={1,2,3,--})
n=p+1

which are analytic in the open unit disk U= {z € C: |z| < 1}.

If f(z) € A, satisfies the following condition
z.f’(Z))
Re( o) >a (ze€eU)

for some a (0 £ a < p), then f(2) is said to be p-valently starlike of order « in U. We denote by
S, () the subclass of 4, consisting of functions f(z) which are p-valently starlike of order a in U.

Similarly, we say that f(z) belongs to the class K,(a) of p-valently convex functions of order a
in U if f(2) € A, satisfies the following inequality

Re (1+ sz";(z;)) >a (zeU)

for some a (0 < a < p).

Example 1 ,
f(2) = (1—_% € Sp(a)

and

J(z) = 2P Fi2(p — a),p;p + 1; 2) € Ky(a),

where 2 Fi(a, b; ¢; 2) reprensents the Hypergeometric function.

In the present talk, we discuss the upper bounds of the functionals |a,2 — pal,, | and [ap41ap4s —
pal o], where p is some real number, for functions f(z) € 5} (a) or Kp(a), respectively.

The following theorems are enumerated as the results.



Theorem 1 If f(z) € S;(a), then

f

IA

1)

SP

(p - a){(2p+1 — 20) — 4(p — a)ps} (,,

+1-a
2(p—a)

ll/\

1
epea = ol < p-a (3

b-aap-au-Cpr1-22) (u252)

\

IIA

p+1-—-
hE =y a))

1 p+l—
PR T a))

2F 1
s (2
with equality for f(2) =

ll/\

e (¢
Theorem 2 If f(z) € K;(a), then
[ pp—a){(2p+1-20)(p+1)" — 4(p— )p(p+ 2} (# < (p+1)? )

B+ 0% +2) ~ b+
p(p—a) (p+1)° (p+12(p+1-a)
laps2 — paj | £ 9 2 (Zp(p+2)§”é 2p(p+2)(p— @) )

P — a){4(p — ajp(p + Ve — 2p +1 — 2a)(p + 1)%} (,,"> (P+1)2(P+1—a))
\ (P+1)%(p+2) = 2 +2)(p-a)

» (p+1)? P+1)2%(p+1-0)
b (pp -t 5) (m§“§ 2p@+2)~<p—a>>

, N (p+1)° (P+1)(p+1-a)
Z2F1(2(p - a),pip +1;2) (uémfﬂ@ 2p(p+2)(p—a))

with equality for f(z) =
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Starlikeness of order (3
for second-order differential inequalities

Hitoshi Shiraishi (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A, denote the class of functions
f(2) = 24+ a1 2™ + ap2™t2 .. (n=1,2,3,...)
that are analytic in the open unit disk U= {z € C: |2] < 1}, so that f(0) = f'(0) -1 =0

and A = A;. We denote by S the subclass of A, consisting of univalent functions f(z) in
U. Let 8*(a) be defined by

S*(a) = {f(z) € A :Re (sz(i‘)‘)) >a, 0<% < 1} :

We denote by S* = §*(0). Also, let C(a) be

Cla) = {f(z) € A, :Re (fé;’) Sa, 05 %<1, %(z) € s*}

We also denote by C = C(0).
Lemma 1 Let the function w(z) defined by
w(2) = an2™ + @n1 2" + ap02™ 2. . (n=1,2,3,...)

be analytic in U with w(0) = 0. If |w(z)| attains its mazimum value on the circle |2| = r at
a point z3 € U, then there ezists a real number k 2 n such that

20w’ (2) = kw(z) and Re (%%) +12k.
Theorem 2 If f(z) € A, satisfies

) =a (716~ f(zz)) ‘ Asfnntiza) oy

for some complez Re(a) <n+1and0 X 8 <1, then

ZH G
%) 1l<1 Jij (z € U),

so that f(z) € 8*(0).



Theorem 3 If f(z) € A, satisfies
l2f"(2) —a(f' () -1 < (1= B)ln—a|  (2€V)
for some complez o with Re(ar) < n and some real 0 < 3 < 1, then
If'(z)-1<1-8 (z€U).
This means that f(2) € C().
Theorem 4 If f(z) € A, satisfies
|2f"(2) = a(f'(z) =1l < Bln—a|  (z€1)

1
for some complez o with Re(a) < n and some real 0 < § < 50 o7

lef(2) —a(f(2) — D <A -Pin-aof (2€7)
for some complez a with Re(a) < n and some real % < B < 1, then we have
1 1 1
"I‘@_ﬁl <z (el
which implies that f(z) € C(B).
Theorem 5 If f(z) € A, satisfies

(1) o7

< %|a+ﬂ(n+1)| (z€U)

for some real 0 < v £ -;— and for some complez a and 8 such that Re (9—) >0, or

s,
(7 ) 7

<(I-e+Bn+1)] (z€7)

1
for some real 3 £ v < 1 and for some complez a and B such that Re (2> > 0, then we

B.
have ) ) )

z
JE nml<nm FeY

which shows that f(z) € S*(v).




Notes on radius problems
of certain univalent functions

Hiro Kobashi (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A be the class of functions f(z) of the form
f@)=2+) an"
n=2

which are analytic in the open unit disk U = {z € C||z| < 1}. Let S denote the
subclass of A consisting of all univalent functions f(z) in U. M. Obradovi¢ and S.
Ponnusamy (Analysis 25(2005)) have considered the subclass P,(A) of S consisting of

functions f(z) which satisfy @ #0 (2 €U) and

”

J (

In the present talk, we define the subclass P(f;, 3; A) of S consisting of functions

f(2) satisfying | } |
o (55) +2(75)

for some complex numbers §; and 3;, and for some real A > 0.

Let us consider the function f(z) = Z—l——zzj (6 2 0). Then we see that

=xA (z€D)

mn

SA (z€0)

@=(T:17‘)7¢0(Z€U)7

n

= 1606~ 1)(1 - 2% <6 - 1)2"2 (52 2),

|(7%5)
(7).

Therefore, the Keobe function f(2) =

P(0,1; X) for any A > 0.
If we consider the function f(z) defined by f(2) =

o (s) + (5

and

=606 -1)(-2)1-2)°3 <8(6-1)(6—2)252 (6§23).

ﬁ belongs to the class P(1,0;2) and

z

dk=02*’

18IS Rk — 1)+ 18]S k(k — 1)k~ 2)

then

a




_ M+ (- 1)+ (n —2)|Ba])
6
This means that f(z) € P(B1,52; A) with

s 2ln+ 1o = DEIB+ (2~ 2IB)
- ! _

Lemma 1 (A. W. Goodman(1983)) If f(z) € S and

o0
2
— =1+ bu2",
@ Lt

then

oo

S-S

n=2

Zo=14 i baz" # 0 (z € U). If f(2) satisfies

Lemma 2 Let f(z) € A and 7@ Py

2Bullba| + Y n(n — 1) (181] + (n — 2)|B2) [Ba] < A
n=3
for some complex numbers B, and 2, then f(2) € P(B1,F2; A).

1
Theorem 1 Let f(z) € S and a € C with || < 1. Then the function p f(az)

belongs to the class P(f1,52; A) for 0 < |a| < |ag|, where |ag| is the smallest positive
root of the equation

e R
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Notes on radius properties
of certain univalent functions

Yutaka Shimoda (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form
f(Z) =z+ Zanzn
n=2

which are analytic in the open unit disk U = {z € C||z] < 1}. Let S be the subclass
of A consisting of all univalent functions f(z) in U. M. Obradovi¢ and S. Ponnusamy
(Analysis 25(2005)) have defined the subclass 2/, ()\) of S consisting of functions f(z)

which satisfy 1) #0 (2 € U) and

2
2 \?2
"Dl —=—) -1
e (75)
for some real A > 0. This condition is equivalent to
of 1 1)'.
PE N
(s

for some real A > 0.  In the present talk, we define the subclass U(By, Ba; A) of S
consisting of functions f(z) satisfying

<X (€D

X (z€D)

B 22 <f—(1z5—§)l+ﬁzz3 (._f_(lzj_é)”’é/\ (z€U)

for some complex numbers 3; and B;, and for some real A > 0.

Let us consider the function f(z) = (T-iﬁ (6 2 0). Then we have that

ii—“l=(1_12)5¢0(zem.

If we write f(2) by
1
14300, an2"

an = {(-1)" (fl) N

‘_13_

f(z) =

with



then we see that

S (n— Dane®| < 3 (v — Dlaal

n=2 n=2

# (f(z) 2)
(-2

Therefore, the Keobe function f(z) =

U(0,1; A) for any A > 0.
Furthernore, if § = 2, then we have that

b (f() z) * b (f() l)

This shows that f(z) € U(B1,Ba; ) for A 2 |B1]. If § = 3, then we have that

"(i% ) v (7~ 1)

which shows that F(z) € U(By, Bz} A) Tor A 2 5|B,] + 2|5,]. Further, if § = 4, then we

see that . . Y
57 (70 E) th (f() 2)

which shows that f(z) € U(B1,02; A) for A 2 17|6;] + 14|55

and

= 3 = 1)(n— Danr®| < 30~ 1)~ Dlnl
n=3

n=3

(i_ZT)"’ belongs to the class U(1,0;1) and

<|Bl-

< 5|61 + 2|2l

< 17|61 + 14|52,

Lemma 1 (A. W. Goodman(1983)) If f(z) € S and
z =
Tz). =1+ "2 an ’

then

Y (n-1)ba £ 1.

n=2

Lemma 2 Let f(2) € A and —— = 1+ 3o, ba2™ # 0 (z € U). If f(2) satisfies

f
1Ballbal + (0 — 1) (18] + (n = 2)IBa]) [ba] £ A

n=3

for some complez numbers By and B, then f(2) € U(By, Fa; ).

1
Theorem 1 Let f(z) € S and a € C with |a| < 1. Then the function af(az)
belongs to the class U(B1, Ba; A) for 0 < |a| < |ap|, where |ag| is the smallest positive
root of the equation

|of?

2135 _
_ - ) =

i 20+MM%(

P
1

714,A



(ay §)-neighborhoods for
certain analytic functions

Kazuyuoki Kugita (Kinki University)
Kazuo Kuroki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A be the class of functions f(z) of the form

f()=2z+ Za,,z”

n=2

which are analytic in the open unit disk U = {2z € C||z| < 1}. For f(2) € A, G. S.
Salagean (Lect. Notes in Math. 1013(1083)) has introduced

Df(z) = £(z), DUf(z) = Df(s) = 2f'(z) = 2+ 3 mame”
n=2

and

Dif(2) = D(D'7'f(2)) =z + ana,.z".

n=2

On the other hand, J. W. Alexander (Ann. of Math. 17(1915)) has introduced
z o
py = [ T84 - 1o
D f(z)—‘/o . dt—z+§naﬂz .
In view of D! f(2), we intdoduce
. . 1
—Jj — D-l(p-itl — il "
D7 f(2) = D"Y(D™ 1 f(2)) =z + ; —an?
Therefore, we can define the operator DY f(z) by
Dif(z2)=z+) nlans"
n=2
for some integer j and f(z) € A. For f(z) € A and
g(z) =z+ Zb,.z“ € A,
n=2
we say that f(z) is (o, §)-neighborhood for g(z) if f(z) satisfies

DItf(z) . D™g(2)
z z

< (z€l)




for some real a (—7 < a S w)and § > /2(1 —cosa). We denote this (a,d)-
neighborhood by (e, §) — +1(g)

Theorem 1 If f(z) € A satisfies

Zn In"aﬂ - e“’n’"bnl L6-+/2(1—cosa)

n=2

for some real a (—m £ a £ 7),0 > /2(1 — cosa) and g(2) € A, then f(2) € (,6) —
+1(Q)

Example 1 Let us consider f(2) € A and g(z) € A such that

V21 — cos e‘”’+e’°‘nmb (n=2,3,4,---).

nl'+2(n -1)

Then we have that

ann"aﬂ—e""‘nmbnl=2n j0= 21— cosa) e

nit2(n — 1)

n=2 n=2

—v2(1 = cosa),

which shows that f(z) € (q, 5) +1(g)

Theorem 2 If f(z) € (a,8) — N3} (g) and
arg (n’a, — e“n™ w) =(m—1)p (p€ER)
forn=2,34,-.-, then

[o o]
annjaﬂ —n'"bn| S d+cosa—1.
n=2

Theorem 3 If f(2) € A satisfies
DINf(z) o D™ig(z)
Z

z

<26— —cosa) (z€U)

for some real a (—x £ a £ 7,6 > /2(1 — cosa), and g(z) € A, then
,__D’i(@ «298)| 54 ATmoma) (ze ).

Theorem 4 If f(z) € A satisfies

j+1 m+1
Re (DJ f(z) —ei"D Z!](Z)) >1—cosa— Z—(S (z€)

z

Jor some real a (—m < a S 7),86 > 0, and g(z) € A, then

Re (DJi(z) - e,.aD"‘g(z)) >1-cosa-— g (z € ).

z




Notes on starlike functions
of complex order

Kensei Hamai (Kinki University)

Toshio Hayami (Kinki University)
Shigeyoshi Owa (Kinki University)

Let \A be the class of functions f(z) of the form
e o]
f(z2) =2+ Z a,2"
n=2

which are analytic in the open unit disk U = {z € C||z| < 1}. If a function f(z) € A
satisfies ) ,
Re{1+E (Zf(z) —1)} >0 (zeU)

f(2)
for some complex number b (b # 0), then f(2) is said to be starlike of complex order b
in U. We denote the subclass of A consisting of all starlike functions f(z) of complex
order b by S;. This class S§ was introduced by M. A. Nasr and M. K. Aouf (J. Nat.

Sci. Math. 25(1985)).
From the definition for the class S;, we see that f(2) € S; is equivalent to

1(2f(z) }= cosp, . sing
Re{1+b(f(z) 1) 1+ . (u—-1)+ - v >0,

where zf(S) = u+iv and b = pe*. This implies that

p
tan(— 1~ >0
u > tan(—p)v + pr (cosp > 0)

or
p

tan(— - .

u < tan(—p)v + 1 - (cosp < 0)

Therefore, we see that there exists some function f(z) € S; which is not starlike (not
univalent) in U.
From the above, we consider f(z) € A satisfying

fz) 1

1
@ 2a <= {(z€¥)

2|a|

a— -;—' < % This condition is equivalent to

Re (%Zﬁi‘;)) >1 (zeU).

for some complex number o such that




Let f(2) € A be in the class S, if it satisfies
Re(lzf(z)) >1 (z€U)

a f(2)
for some complex number @ such that {a - %i < %

Theorem 1 If f(2) € A satisfies
Z(]2a——n|+n)|a.n| <1-|1-2q

n=>2

< %, then f(z) € Sa.

o 1
2

for some complez number o such that

Theorem 2 If f(2) € S, with a, = |a,|e (%4 then

)" (nRe(@) — |af) lan] < Re(a) - laf

n=2

Theorem 3 If f(z) € Sa, then
Re(o) —fof = .

_ Re(a) - fof? - X; S+l 2 r )
G Re@ o = @IS0+ o Re@) —aP

for |zl =1 < 1, where

T—Jj

0 (=1
=14 ,
2_%'0.,,‘1‘" 032)314"")
and
0 @G=1

Aj = p
"):::2 (nRe(a) - Ialz) Ia‘nl (.7 =2,3,4,-- )

Theorem 2 If f(z) & S,, then
(G +1) Re(a) —Jal* = Aj) ;

e GHDRel@) = laP=X) ;< f ,
L G DRe@ o = O S I R e@) — [aP

Jor |z| =r < 1, where

0 (=1
& = p
Zi’ﬂlanlrn_l (.7 = 2;314a"')
and
0 @U=1

j

2, (nRe(a) - la®)laa] (G =2,3,4,---).
~18 —



N- Fractional Calculus of Some Functions,
Which Have A Root Sign

Katsuyuki Nishimoto

Abstract
In this article N- fractional calculus of functions

Ye-c , U%Wz-¢ (m€Z)
and
(az+b) !/ Yz -c
are reported.
We have the following for example.

ac+by Ty -1+(1/m)) - imey
b (”’Jz-c),—e rrm 9

x{r - 1+%&)(@z+ B-arc -0}

(z=-¢c=0, IN(y-1+(1/m))l<x ),

az+b L(n=1+1/m)) ~Qimyn

2 =(- -
) (’Vz_-?) D dm 9
x {(n-1+-,1,—,)(az+b)—an(z—0)}
(z-c=0, n€EZY),

and

az+b ixlm 1
3) (sz—c>_,,m=_e T(1/m)

X {(az+ b)Iog(z—c)-—-,%(z— c) (log(z- c)—l)} (z-¢=0,1)

where meZ® .
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N- Fractional Calculus of Functions

2

f yéz -c —d} (m,n€EZ"

\

Shy-Der Lin, Shih-Tong Tu (Chung-Yuan Christian Univ.

, Taiwan )
Ding-Kuo Chyan (Hwa-Hsia Institute of Tech. Taiwan)
and
Katsuyuki Nishimoto ( Descartes Press Co. )
Abstract

In this article, N-fractional calculus (f ?(2)), where

(1)

(F2(2)) = € (z — p)~/mm)=

x i_lro _ k5 1 —
s (=2 [-2(2 - )k [(—£ + L(2 5) + ) prrps
5.k=0 S,‘k,r(~% + ;11—5(2 - S))

<o)

(Fractional calculus of order =)

where R = c(z — 0)Y™ T =d(z — b)/™ |R| < 1,|T| < 1.

Me=AA+1)--- (A +k~1)=T(A+k)/T(X) with [Ny =1
(Notation of Pochhammer)
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On the defect relation of holomorphic curves for moving targets

FHE 8%

Let f = [f1, ", fa+1] be a transcendental holomorphic curve from C into
P™(C)) with a reduced representation

(fl)"' 1fn+l) : C — Cn+l—{0}’

where n is a positive integer and let T'(r, f) be its characteristic function.
Let M be a subfield of the set

{ | meromorphic in |z| < 0o, T(r,¢) = o(T'(r, f)) (r = o)}

satisfying M D C and let M}, be a set of holomorphic curves @ = [a1, - , Gny1)
from C into P*(C) such that there esists a j, for which a;/a;, € M (j =
1, SRR () + 1)
We suppose that f is linearly non-degenerate over M.
We put
n+l n+1
(@, f) =D eif5; (a(2), f(2)) = D @;(2) f5(2);
j=1 j=1
1o la(re) IS (re)l
= — 1 A ——df
miro D)= g [ 98 e, e
and (r.a, f)
.. .m(ra,
J(a,f) = hlr—l)lorolf —1:(7',—‘?)—

We have that 0 < é(a, f) < 1.

Let N be an integer satisfying N > n, X a subset of Mj, in N—subgeneral
position such that #X > 2N —n + 2.

Theorem A(Ru and Stoll [1]). For any ay,--- ,a, € X (2N-n+1 < ¢ < 00),
we have the inequality

‘(S(Qj,f) <2N —-n+1.

q
=1

J
Let X* = {a € X | é(a, f) > 0}. Then, X* is at most countable and

> da,f)<2N -n+1.
aeXt
We are interested in the upperbound of

> 6(a, f)

eeXt



and in a holomorphic curve f satisfying
> 6(e,f)=2N-n+1. (1)
aeXt

Let
X'={a€ X" |6a,f)=1}

The purpose of this talk is to give estimates of

> da )

aEX+t

in several cases and a result on the number #X* when (1) holds, which generalize
the results in [2] to moving targets.
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Holomorphic curves with shift-invariant
hyperplane preimages

Rod Halburd University College London
Risto Korhonen University of Helsinki
Kazuya Tohge Kanazawa University

If f : C = P" is a holomorphic curve of hyper-order less than one for which 2n + 1
hyperplanes in general position have forward invariant preimages with respect to the
translation 7(2) = z+¢, then f is periodic with period ¢ € C. This result, which can be
described as a difference analogue of M. Green’s Picard-type theorem for holomorphic
curves, follows from a more general result presented in this talk. The proof relies on
a new version of Cartan’s second main theorem for the Casorati determinant and an
extended version of the difference analogue of the lemma on the logarithmic derivatives
mentioned below. If time permits, an application to the uniqueness theory of mero-
morphic functions is given, and the sharpness of the obtained results is demonstrated
by examples. !

We say that the preimage of the hyperplane H C P" under f is forward invariant with
respect to the translation 7(z) = z+cif r(f "} ({H})) C fY({H}) where f~1({H}) and
7(f~1({H})) are multisets in which each point is repeated according to its multiplicity.
The hyper-order of a holomorphic curve f : C — P" with reduced representation
f=1[fo:---: fa] is defined by

log™ log™ T (r)
logr

¢(f) = limsup ,
r—00

where log* z = max{0, logz} for all z > 0, and

27 . do
Tyr)i= [ uré)] —u(0), ue)= sw loglfi(e)l,
0 ™ ke{0,...,n}
is the Cartan characteristic function of f. A difference analogue of the lemma on the
logarithmic derivative for finite-order meromorphic functions was proved independently
by Halburd-Korhonen, and Chiang-Feng. Another main purpose of this talk is to see
that if f is a meromorphic function such that ¢(f) =¢ < 1 and € > 0, then

m(nf?) = (72)

for all 7 outside of a set of finite logarithmic measure, || En[1,00) 4t/t < 00. Note that this
cannot be extended to meromorphic functions of hyper-order one, since g(z) = exp(2?)
satisfies g(z + 1)/9(2) = g(2), and so m(r, g(z + 1)/9(2)) = T(r, g).

A natural generalization of Picard’s theorem was given by Fujimoto and Green,
who showed that if f : C — PP omits n + p hyperplanes in general position where

'arXiv:0903.3236v1 [math.CV] http://arxiv.org/abs/0903.3236
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p € {1,...,n + 1}, then the image of f is contained in a linear subspace at most of
dimension [n/p]. In particular, if the image of the holomorphic function f lies in the
complement of 2n + 1 hyperplanes in general position, then f must be a constant. Let
c € C, and let P! be the field of period ¢ meromorphic functions defined in C of hyper-
order strictly less than one. The following theorem is a difference analogue of Picard’s

theorem for holomorphic curves.

Theorem 1. Let f : C — P® be a holomorphic curve such that ¢(f) < 1, let c€ C
andletp € {1,...,n+1}. If n+p hyperplanes in general position have forward invariant
preimages under f with respect to the translation 7(z) = z + ¢, then the image of f is
contained in a projective linear subspace over Pl of dimension < [n/p]. O

Hence, if 2n + 1 hyperplanes in general position have forward invariant preimages
under f with respect to the translation 7(z) = 2z + ¢, then f is periodic with period c.
In particular, if f omits 2n + 1 hyperplanes in general position, then f is a constant
function, which is Green’s Picard-type theorem for holomorphic curves in the special
case <(f) < 1. Examples show that the sharpness of the upper bound [n/p] for each p.
Also, consider the function f(z) = [exp(exp(z)) : 1] : C — P! and the v*? roots of unity
[1: —exp(2mmifv)], m € {1,...,v} for any given v € N. Note f(z) # f(z+log(v+1)).
Then we observe that this f has all these v values (thus arbitrarily many target values)
with forward invariant preimages with respect to 7(z)} = z + log(v + 1), even though it
just barely fails to satisfy the condition ¢(f) < 1.

Let g(z) be a meromorphic function, and let ¢ € C. We will use the short notation
g(z + ke) = gl¥ to suppress the z-dependence of g(z). The Casorati determinant of
90, ---,gn is then defined by C(go,...,gn) = det(§£.k_] 1)- The following theorem is a
difference analogue of Cartan’s result where the ramification term has been replaced
by a quantity expressed in terms of the Casorati determinant of functions which are

linearly independent over a field of periodic functions.

Theorem 2. Letn > 1, and let gg, . . ., gn be entire functions, linearly independent
over P}, such that max{|go(2)|,...,|gn(2)|} > O for each z € C, and ¢ := ¢(g) < 1,
g=1I90: - :9n). Lete>0. If fo,..., fq are ¢ + 1 linear combinations of the n + 1

functions go, ..., gn, where ¢ > n, such that any n+ 1 of the ¢ + 1 functions fo,..., fq

_—_
. . _ fOf f f f"+1...f
are linearly independent, and L = Clnoray then

(a-n)T(r) < N (r, %) _N(rL)+o (Tfi(f_)) +o(),

as r — oo outside of an exceptional set E of finite logarithmic measure. O

As an application, we prove a difference analogue of the Nevanlinna 4-value theorem
where 4 CM has been replaced by 4 ignoring c-separated pairs.

Also a g¢-difference analogue of Theorem 2 is possible, when one observes g-Casorati
determinant instead of the Casoratian and assumes the curve f is of order zero and
those hyperplanes in general position have forward invariant preimages under f with
respect to the rescaling 7(z) = gz.

7264



Holonomies and the slope inequalities
of Lefschetz fibrations

HE BB GRLREIARAR)
i FE (BRAREFEPIRD

1 Introduction

Lefschetz fibration (A TFLF) 3 & b & BREMEOEA»SEEIN LI T
% 2%, Donaldson &iC & b symplectic 2o DEER L ER/I N, HAFETR
WM, RS —REPLOEELRMANRICL>TwS, AH#ETIE, LF
DEFERECHL T O ORRZEHET 5.

% 1.1 M, BRzhZThEESIonfcar iy b hEL, 2RERELT
4. UTO&BE*E-TCCERf: M — B%E gD Lefschetz fibration (LF)
gV,

1. fi325c, BROERK b, ... b, (n> 1) (critical points &L W#.5) ZERE

f 1% C-fibre bundle T fibre \3FE%K g DPAMIE TH 5.

2. % b TI& f71(b;) 13775 —2D node & FDOBILHIETH 5.
ZODLFf; : M; » B; (i = 1,2) ¥ABTH B L i3, BEEROBIAMC:
M1 had M2,¢Z B1 — Bz iﬁﬁELVC, fgoq) =¢0f1 iﬁﬁES‘ZT% & ‘3’2‘13:),
LF f: M — B RERICHERRER p: m,(B) — Mod(g) %<, I Mod(g)
R g OB OERERTH 5. ZO¥EFREER p % LF D holonomy & (278
LF @ holonomy '3 critical point ®IE D75 [EIC i3 right Dehn twist # H ¥, HiZ Z
DOEMER T THERBEL p: m(B) — Mod(g) KX L T, ZH% holonomy iZb
D LFDBARZBRE-BRICHEETS (3).

AFBFCIIEFELFOLF, 455 Riemann HOIEREZEET S5, —R
W LF DSEEBELROLF LABTH S & %, KD slope TERHHILT S ([5)
(RS RFHEPITERD) .
@ 1.1 LF f: M - BYEFEEELZHOLF LARTHS L &, slope FEFR

)\24(1~1>
Y

HED LD,
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—#¥ D Riemann FDIEAE f : M — BIZBIL TH holonomy p : m1(B) — Mod(g)
BEEINDY, L TEUAToZ tmsnTw3 ([4)).

W 1.2 f: M — BZRAEEEY RiemannTOERIEE T 5 &, p(m(B)) 13
FER]#aD>D irreducible 75 Mod(g) DEBIEHTH 5.

2 Results

R CRR 7 ZoDMEN R T LI, LFOEHERERTF T ODRERMAFLL
T Tslope %3, & holonomy #D irreducibility ) 25% 5. S OBRIZOW
TEUTOFRVEILT S L2 WET 5.

EIE 2.1 LF T holonomy &S irreducible 7553, slope FEREZ T X 72> b DHF
T3, Fh, W slope NERZ #7233 holonomy BEHS reducible \272 5 b DY
TS, LEzdoT, FiCslope AER LT, 7213 holonomy BEDS irreducible
THO>THEFHEL RV LFPFET 5.

U2 &\, slope A\ DIEICBEL Ti, ROFEREMEY LD,

R 2.2 FEOADEEK s ICNLT, LFf: M —- BT, Z®D slopehiz Lz
25DONBHETD. FIC LF 2D slope DTRIZ —c0 TH B,
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The earthequake measure map is a
homeomorphism

Hideki Miyachi (Osaka University)*
Dragomir Sarié (CUNY)

Measured laminations A geodesic lamination L is a closed subset in D
which consists of disjoint complete geodesics. Each complete geodesic in £ is
called a leaf of L. A stratum of L is either a geodesic of A or a component of
the complement of £ in D. Notice that each geodesic lamination is canonically
embedded into the space G of geodesics on D.

Let £ be a geodesic lamination. A transverse measure p with support £ is
an assignment of a positive, Radon measure to each closed finite hyperbolic arc
I in D whose support is I N £ and which is invariant under homotopies which
preserve the foliation of £. A measured lamination ) is given by a transversal
measure with support |A|. A measured lamination A is bounded if the Thurston’s
earthquake norm

IMlrn = sup (D)

is bounded where I runs over all geodesic arcs in D with unit length. Let
MLy(D) be the set of bounded measured laminations on D.

Earthquakes An earthquake E with the support a geodesic lamination L is a
surjective map E : D — D such that E is a hyperbolic isometry when restricted
to any stratum of £ and, for any two strata A and B, the comparison isometry

(Ela)'oE|B

is a hyperbolic translation whose axis weakly separate A and B, and which
translates B to the left as seen from A. An earthquake E of D continuously
extends to a homeomorphism of the boundary S!. We denote by E |s1 the
extension. The faults of an earthquake map consists of a geodesic lJamination
and the displacement gives a transversal measure for the geodesic lamination.
Such measured lamination is called the earthquake measure for given earthquake
map. Notice that for an earthquake E and a Mdbius transformation A, the
earthquake measure of A o E coincides with that of E.

*Partially supported by Grant-in-Aid for Scientific Research (C) 21540177
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In [5], W.Thurston showed that any orientation preserving homeomorphism
h can be represented as the boundary value of a unique earthquake up to the
postcomposition of a Mdbius transformation.

Holder distributions Let H” be the space of v-Hélder functions on G and
set H = Up<p<1H”. A bounded measured lamination canonically corresponds
to a positive Radon measure on G, and hence it determines a linear functional
on the space of Holder function H on G, which we call a Hélder distribution. It
is known that there is a canonical topology on ML;(D) induced from the space
of Holder distributions.

The earthquake measure map By F.Gardiner, J.Hu, and N.Lakic in (1]
and Sari¢ (3], the earthquake measure for any quasisymmetic mapping on st
is bounded, and vise versa. Hence, we get a bijective mapping, so-called, the
earthquake measure map

EM : T(D) = MLy(D),

where T(D) is the universal Teichmiiller space.
Our main result in this talk is as follows.

Theorem 1. The earthquake map is a homeomorphism.
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a2/\Y FRiemann B LD 2 H(Zxd 3
Weierstrass ¥ v 7&£ & & Wronski 175

*w#E ¥ HRKFER)

2737 b Riemanni@ X FORALZ28 PQ ZxL,
H(P,Q) := {(m,n) € Ny x Ny | diveo(f) = mP + nQ 72 2 HERBEKEIEFE }

B LEE, EDO N xNy (ZB1T2HESE G(P,Q) := Ny x No\ H(P, Q) % (Weierstrass)
Xyry 7EBLV). ¥vry 7EETERT, TOROBEEICO>VWTIEERBMOEN TS

TE (Kim) X OF¥% g 45, KBRY L.

(1) g(g+3)/2 SHG(P,Q) £ 9(3g +1)/2

(2) #G(P,Q) = g(g + 3)/2 iX generic 72 P,Q TR T 5.

(B)IG(P,Q) = g(3g+1)/2 ix P,Q 2 & b IZBHEM A Weierstrass ADP-SIZIR O L4
5. #iC, X 3@8HEME Riemann @TH 5. o

o 8972 Weierstrass RIEBRRIC BT, Weierstrass sUL R D & 9 iZ Wronski 1T5IRIC
LBt T onk. Tf.::b’e, ER/I1-FEXDZERM Q(X) DEE wy,...,w, > HIELERD
72 I NE KO O ERIGIET W(w,,...,w,) 2 Wronski {T5IR & LTEBESH, A
P 3 Weierstrass R THh B Z & &, W(w,...,w)(P)=0THBZ L LIZRETH B.

FEETIT, 2RSS DX vy TESICEFRT 5 ERIERRK & T O ERIYIE % Wronski
THIZAWTHERTS. 22T, Wronski T & 3RO & 5 ICERI 1- R w,,...,w, ¢ TE
BF D=uv P+ -+ l/nP WXt L TEZEIND £1T deg D FIDITFITH S.

Wplwi,...,w)] = (Wlel[wl,--.,w[]?--.’Wunpn[wl,...,wl]),
w(P) wy(P) --- (v U(P)
W,oplwy,...,w) = wa(P) wy(P) --- ("’1)(P)
Q,kp) wy(P) (-1 p)

Kim OF¥ETHE, pla) :=min{8 21| (o,8) € HP,Q)} KLV EBEINDILEH
1:G(P) = G(Q) BKEIBEZT 5. H(P,Q) & Wronski {751 % BIUEAHT 572 D101,
ER 1R E OBFRERSFRFER LRy, KOEE DT p 2ER 1-BROUEDOE
ETRBETDIHLDOTHD.

EH1 PQ#% X LoRALD2HEL, a2 PRBIAX vy 7HETEHE, KHBK
SF 5 p(a) :=max{B 2 1| ordp(w) = a — l,ordg(w) =B~ 1 2% w BFE} o
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TOFEBICEY, 2APQICELT QX)) DLIWEENRFEL, GP,Q) ¥HR5D
{Z Wronski TR B2 DD THS.

XC, AEKIZKim ObD L IERL2 5 1G(P,Q) DRTERHL, Tz AVWTEK
oo EOREEBRICOVTY (2 BRMETHIEERLE. KRROFELERLI
kv, KOREZES.

]2 Ko(1), (2 RETHS.

() IG(P,Q) = g(g +3)/2
(2) EEF gP + gQ @ Wronski 1T5ix, Q(X) DBLEAREEw,...,w, KELTEKOW

o5
A *x x x| 0 --- 0 B
0 A, *x x| .o By x
W9P+gQ[w1""’w9] = . . ’ . . : (*)
: .. . * 0 .- * *
0 -~ 0 Ag{By * *
ZIT, A, Ay By, By IR TRVWERTHS. O

—BICERIFTI M i EoT QX) OEE w,...,wp, & (W, w)M KEXBDE
Wronski 751X Wpl(w, . ..,we)M) = ‘M - Wplwy,...,w,] RDEHRERTDH. T T,
B BRERE wr, ..., w, (BT 5 Wronski 1751 Wypygolwn, ... w,) BEDES R & &
IZATHRMEIC L D (8) DRICER T 302 E X 5. 1 KIZEIT D Weierstrass AEERIZE
WTiX Woplwi, - . -, w,) ZITHEIEICL Y (ERIZ) EZATHICERTHIETHY, £h
i Weplwr,...,w,] DBERTHIUE LIV DT Wronski {THIRAH T 2D TH- 7z,
2ADEEIT L VEMHT, Wronski fTHIO/NMTFIRETRTEZXD I LITLY, KOEE
ERTIENTED.

EE3 QUX) OEE w,...,w, b X x X EOERK
pIK§9(9+1)(93+y+4)/12 ®p;K§g(9+l)(g+2)/6 S XxX

DERIGIH U, ... w,) PR TESD. 22T, pi: X x X > X (i=1,2) B i 5
~OHETHS. TLT, X LORRS24A P,Q I LTRIZFMEL 25,

(1) 1G(P,Q) = g(g +3)/2
(2) UX) PHIEE w,,...,w, IKH LT, ¥lwy,...,w)(P,Q) #0. o



M E L DR RAFBIX

hHZH (BIK - BEKE)
HIIES (KEXZ)
LEBHK (KEXS)

J—=EOBBHEADL2THOERIRATERRMELZ O L THREMITONDLE
HEHEMEFEMBEEAZZOE LOFERMBEL LS ). BELSMIIIBERATEKS
Rk B —< VEOKE O, ¢8T. O, DV —< & R OFEMKT
dim R D5 H%EE dim O, := {dimR: R€ O,} 2L T

(1) dim O, = [1,Ro] := NU {Ro}

ERTADERL LT, e DEIFHO, MHKE W = (P, (To)nes, (0n)ner) (BL,
I=NXiZI={1,2--,m} (meN)) £2Ex, #@HHti P ROEAF (T)nes @
BEHAT, BVFKIZ O, DYV —~ ATHDHEE HEHE W BAEX O, DY —<
ETHDLINENE, BHA T, DR o, (CUIHENHM P IZHAT EE8K T, DB
HIFTARDR 0,) DF (0p)ner PH Y FIZESWNTRT HEERECE (1), 2)).
op HEWZET P NIZEBLA2VHD ¢, ORFTEZMAR V, O 2(¢) =0 &2
DR 2 1LY o, = [—sp,8,] (0<5,<1/2) L LTHEXBNTEBY, X P
DG BBETDHZY - BEE g(2,(P) &L, BEiCBRR o€ P\U,, Vn &
£, P\Une,(1/2)V, (i2B8T 2 {o}UdV, D NVF oo Bl E M, 15, b L
B (04)ner BRDEM

Supyy,, g('»(n; P)

- <1
lnfan g(‘ a(n;P)

(2) > (@M, +1)-

nel
WIS FIUE W e O, 2R LI ([2]). B (2) O T L S HIRE—5)
BATE b, BICERIT W e 0, TRV EE S BRINA L, SE0E7:
BHEEEL LT,

EE1 ([3]): P, T, #IZ O, THH>TH, W ¢ O, LLDHEHEA W =
<P’ (Tn)nEN’ (an)neN> NREET 5.

ERAD. BRI (2 IOVWTHE, bbbl I BERESRO W e O, THHD
2, I BEREATYH (2) BRIHRILBHIREOTRENEL, 2 BHENY

— 33 —
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OLERBBELEOVRHY, TNABX W € O, DERERLOEND—H L
HLizo TV, 4@ (2) %

< 400

Supsy;, g(' Nes P)
(3) D M )

nel

CHELIL LT, KOBERLEERET .

%22 ([4]): P, T, € O, T, (3)1HNIE, BHKE W = (P, (Tn)ners (0n)ner)
X 0, DY—ILETHS.

IOEBRIROEEDNR L LTEMND ([4]):

¥ik: P, T,€0, THH HEHE W = (P, (Tn)ners (Un),-,e]> o, THd
DB, BT (T,)nes H5EBEREOHAERYBRNTE, O, THIEE
EREOWAEFIMATY, TETHS.
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Ruscheweyh’s univalence criterion and
quasiconformal extensions

E —8& G - 1EE)

D ZHEYHELICB I 3 MR, A% D LT TERLEEHE f0)= £0)-1=0
Rl BB f 2kl T3,

Ahlfors 1, Becker[2] IC X > TR O NI HERFHZIERL TR L S 2ESHERSE
HERLY (c =0 DBAD Becker DRERICHIET 3)

Theorem A (Ahlfors[1], Becker[3]). feA LT B, bLHBke[0,1)VBFEL, Id <k
ZRITEIORHIE R ceCLETDzeDITL

e + (1~ o) D <
DD U225 E, fIZCOLBREAEHCRARAN LRI NS,

Fitk- 1 DBSIIHERAESRME L %5, Ruscheweyh 13 DBEMEHEZRDO L)
ICHRER L 7

TheoremB ([4)). fe AL L, s=a+ib,a>0,beRE TS, |c+s|<|slZWT LI
HIERceCLETDzeDITNL

clz? +s-a(l - |z|2){s(1 + “—f—(—“)) +(1—5)

zf ’(z)}
f@

f@

<M,

IITMIZ

{ alsl+@-Dls+¢c, O0<ac<l,

Isl, 1<a,
DRYIMEDLETSE, TDLE fiID EMETH S,

TheoremB 2BV Ts=1, L c% —c- 1~ BEHZ Z2HHIZL > T Theorem A DH
BMEREOr — 2B 5 N5, IO Ruscheweyh KD BIEM: M % S AR £ °H
FTEZILICEDRD I BRERIBONK,

Theorem 1. s = a+ib,a>0,beREL, £ ke[01) LT3 fe AL,
lc+ sl <kls| 27T L) %2 M ceCHFEETD LTS, L

el + s - a(1 - |z|2){s(l + J{(())) Ha- ”;(%)} ' =M
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TITMIZ
aklsf+ (a—- s +c¢c], O0<ax<l,
| st 1<a,
BRTDzeDTRHUDET S, Z20LE fIIC O I REAHCABERN LIRS

ha 7Tl
2ka + (1 — k)b

T A+ Da+ -kl

(¥ LEOERICBVLT, BWRENFEHROBUME 1) 3 k<ITHY, b=0DL
El=kt%3)

SFHH135&Y) 72 Lowner chain % #5% L, Becker[2] I & % Lowner chain % fi\> 7= %
HEERHFOERZ v 5, Threorem 1 DIGA & L <, Bazilevic BAEUCBIT 2 M IR
ZEVBBOoND,

Theorem 1 DIW L AN T A 77 2B 3HIcL 5T D' = C- D LMK
8@ =z+d/z+ - KT IREABREFMFXHBCHHITE, ZDFK & L TRuscheweyh[4]
L& o TR I NS ATRIECE T 2 RBRMEICUTO L) L HENRELE X
LI ENTE,

¢y

Corollary 2. g(z) =z + g 4. 2D BT 2EKRETSE, LLHB kel0,]) BFE
L, £THzeD il

8@ Q| _,
g g1

DD D% 61, g2 C—{0) D k-REAACARERN LIRS NS,

(> - D1+
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PRI R DIRRICDLT
FRd: AT (RABREAFBERERZRY

EER. B f: U — U’ » polynomial-like TH 5 L i, U, U’ » C
WOMHEPIRT U e U %7 L, 2> f 3 proper ZXIEHIE&HTH
52¢LTHB.

Douady-Hubbard 2 & %, LT OEBELH ST 3 [DH).

T 1 (Straightening theorem). fE&® d (> 2) XD polynomial-like
map 3H % d REFARENA 7Y vy FEMEICR S, X5, b LFEE
Julia £4 (MESEBIBRIKEICH T 2 HOER) »WEERS, 20k
7 2 %HAL affine HEZBRVLT—EM.

DE D, EBONA 7Yy FREEICIZZ DRBOSERNNTEE
NTEH, TOEKTIE polynomial-like ZERIZLERALAL K, &
EZTLuo.

HENEROPRICBOT, LIELIEEZ S EROREARE—
WAICHIRY 5 &, {EVLRED polynomial-like 127 %, &) B&K ((
HIR)DENDZ EMHE (IEREICIZE S I8 FIE Julia £4%
FOLLZ2EHETD) CoBa, BREMICBIT355F0%, /219
DRBOBEOEHADLD L L THBETELZDTH S.

ZDO—T, BITREEE2E 2 5 &, AEREIR T L/hE 23
E3brot.

EIR 2 (11)). fi, f» X BB (resp. BHE) £33, 2 XM ED
polynomial-like 2[R f,: U] - Uy, fo: U} — Uy HFLEL, Zh o s
$: U, - Uy ICE>THRHITICHBTHE LEETS. ZOK, H2E
FHRREL (resp. BEREE) g, 61, ¢ BFEELLUT 28727
° ¢ 13 fi 6 g NDFKZTHS. 2%, ¢0g=fiod; DI
T3 (i=1,2).
o L pood DAL O TS,
ﬁ¢:, fl, f2 biﬁ@%&&%, degfl = degfg Tb%

2% b, BITHWRERICE, RCRETH-T, ho¥fFick>T
BRI s - BB L »& Thiw. NS 7)) v FREMBEICIZ, <
D ZAARZEHRA (DREEGHK) 7 SAETN T3S, BRITHY
FEDOEKR T, TN oiFIFLETRANT 2 LAiELDTH 5.

EH 2 ORERDOL ) RFEHRKI, HIVEELLEVEICEZS.
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BI. (1) BHER h(z) KL, f(2) = 25(h(2))?, g(2) = 2*h(2%) EF
Br f(4) = () DED, o(z) = 24 13 g BB | AO¥

#*iz.
(2) Chebyshev %IER Ty (B1%, cos(df) = Tu(cos(6)) ZHiT b
D)L, Ty 13 T 26 ZNEEDFHE (T, 0T = TyoTo).
(3) hi,ho I L, f=hiohy, g=haoh £E9%¢&, fohy=hiog.

SEADH AL, Ritt [R] DR EEZAVS LT, KEMNICKE
LD 3o RETES I Edbd S (1] 3%, FEBIROFHBEDOSEIC
D2WBTIR L Do TVRRW,

—F, BB OBAIC OB TIE, REDHBH %< (oo =00 K%
TLEY), BEAEDDPo TR, BBENKD S SHANDF L
BREBEELEVI Lidbd 3 (Bic, €8 2i2BVT, fi, fo PEEK
T, —HMBEERRS g bFER) 5, FRRERTH 5:

PsE. ok EDSIER g &, BB f,¢ T dog=fo¢ 2l
TIIRDDOVFETEDN?

Bl. g B 1 ROBAEHIVEET 5. RENTBR LR L) wEEE
B% f oL, ¢ & L CRIAMLEBEOMERE & iud, JHUIBEHIC
BERINS.

¥, EH 213, { b I ATREARSHERD straightening map (EHE 1
PRAOCTERI NS XA — YLD LEDOER) 58, 3IRULDHEIC
@I D (2], W) L EHAATE LOBEBERAT Yy TERoT.
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Examples of transcendental entire functions
with wandering domains

AA I (—EAIEEFEMAFR)

1 Preliminaries

Let S be the complex plane C or the Riemann sphere C and let f : S — Sbe a
holomorphic map. The Fatou set F(f) of f is defined as

F(f)={z€ S : the family {f"},, is normal in some open neighborhood of z}.

The Julia set J(f) of f is the complement J(f) = S\ F(ff) of the Fatou set.

Polynomial-like maps

Let U and V be simply connected domains with U € V. Amap f : U —» Visa
polynomial-like map of degree d if f is a holomorphic proper map of degree d. The
filled-in Julia set K(f) of the polynomial-like map f : U — V is defined as

K(f)={zeU: f'(z) e Uforalln >0}

and the Julia set J(f) of the polynomial-like map f : U — V is the boundary
J(f) = OK(F) of the filled-in Julia set. The dynamics and the structure of the Julia
set of a polynomial-like map correspond to those of some genuine polynomial at
the level of quasiconformality (The Straightening Theorem).

2 Results

Let @ € R\ Q be a Bryuno number and let m > 2 be a positive integer. First,
we consider the polynomial P(z) = (A — m)Z™*! + (1 + m — 2)z", where 2 = ¢*™.
The origin is a superattracting fixed point of P and z = 1 is a fixed point of P with
multiplier A. Let A(P, 1) be the Siegel disk of P centered at z = 1.

Theorem 1. There exist simply connected domains U € V containing A(P, 1) such
that P : U — V is a polynomial-like map of degree two.

Second, we consider the transcendental entire function f(z) = z"e*@, where
g(2) = (1 — m)(e*' = 1). The origin is a superattracting fixed point of f and z = 1
is a fixed point of f with multiplier A. Let A(f,0) be the immediate basin of f at
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the origin and let A(f, 1) be the Siegel disk of f centered at z = 1. The origin is not
only a critical value but also a asymptotic value and there exists v € Sing(f™') such
that 0A(f, 1) C {f"W)>2,-

Theorem 2. For a large m > 2, there exist simply connected domains U € V
containing A(f,0) and A(f, 1) such that f : U — V is a polynomial-like map of
degree m + 1.

Let m be large enough. By Theorem 1 and 2, the Siegel disk A(f, 1) inherits
properties of the Siegel disk of some quadratic polynomial. For example:

Corollary 1. The transcendental entire function f is linearizable near z = 1 if and
only if & is a Bryuno number.

Corollary 2. For some a, there is no singular value on the boundary of the Siegel
disk A(f, 1).

Finally, we consider the logarithmic lift f(2) = mz + g(e?) of f. Then the func-
tional equation expof = f o exp holds. Therefore we have exp F (f) = F(f). The
origin is a fixed point of f with multiplier 2. Let A(f,0) be the Siegel disk of f
centered at the origin and A, be the Fatou component containing 2rki, where k € Z.
(Note that A, = A(f, 0) holds.) Since expof = f o exp, we have exp Ax = A(f, D).
The behavior of 27ki is

2nki t—f; 2rckmi »—{r 2mkm?i |-f+ r—/-> 2nkm”i r—f->

or f*(2nki) = 2mkm"i. Hence we have 2mkm™i # 2nim™i for positive integers n,
and n, and prime numbers k # I. Therefore {Arde:a prime number 15 @ family of infinitely
many wandering domains having distinct orbits.

Let m be large enough. Conditions of the Bryuno number a determine properties
of wandering domains. For example:

Theorem 3. For some a, there exists a family of infinitely many wandering domains
of f having distinct orbits such that their boundaries have no singular value.
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S VY AGRRENFRICE T OBAREL
ERFELORRBH

f3 A#8 (Sumi, Hiroki) ABRASELESHE
E-mail: sumi@math.sci.osaka-u.ac.jp
http://www.math.sci.osaka-u.ac.jp/ " sumi/

S UH DBEFANFERTREL OPRRIC BEROERNFRERL-T) HEKD
BEROBINTEDhARAMERTZ 2R, MRREICBVWTEROEED
CLEWBRED IC LOWRBEK MHBL S 52 L%&RT.

EE1L CRIV—~UREETS. CLOEEREREHLAZ Rat EXL, Th
12 C EO—BIGEMN SHEMNBMHEANS. C LD 2 KU L OEHRE & LK
P EME, TN Rat S OHMHEEANS.

Rat & P REHBOEREZBETHIERITIZ>TVNBZEICEET 5. Rat O
SEHETHEEE, PORIEHREZERNEREVD.

EE 2. G EHREERETS.

FG) = {z € C | 3nbdUofzst. GII U LABEHESE } BT,
FG)ZGD77 bU&ESEND. JG) = C\FG) £&BWTIG)ZGD
JaAUTERENS,

EE 3. MHER X ITHL, M(X) TX LORVIVERRIESAEZRT.

UTF, 7€ My(Rat) #—2& 0, M, 7 iITIECThe Rat Z8RTBEI74C
L0 WSIRAMED) TOF DHEREELD.

Eﬁ 4. T € 93?1(Rat) t—g—é
(1) C(€C) :=={p:C - C| o 3Kt} EB =X, sup. norm AN,

(2) TER# M, : C’A(C) - C(€) & M.(p)(2) = JRat¥(9(2)) dr(g), =EL
peC(C),zeC, TEXRT 5.

) U, T, ™M, :C(C) - c€) PERBEOL=Y) —EAFHKO—KEED
k) %Y. CITEEBEENI-SYY — ST BB EOKE
MIDEEENS.

(4) Bo, = {p € C(C) | M ¢) = 0 as n — oo} EBK.
(5) G, T, lsuppr THEREINIHEYE) 2K,
FSUTNRBERENFREZRADEERNBERD.

FE 5. G EHEBERET D, Jiee(G) = Mg VM 1J(G)) EBNTINEGD
BIaAUTESEZVD,
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EB: ERHBBURTIEEAED 7 € My(P) with compact support IZDWWT
Jier(Gy) =0 TH B ENDOMNS. (Montel DERZES )

TE A (BRRBICKDHARDEHR). 7€ M(Rat) &L, suppT FI NI
RETD. 72, Jea(Gr) =0 DD J(G,) £DLTDH. ZDEE, LUTOETARL
DiLD.

1) By, 13 C(C) DA ZMT C(C) = U, ® Bo,r-

3) EEBED pcl, & F(G,) DIEBOERERS U IR, oly IEHK

4) EBD 2 e CML BB A, C (Rat)N with (R, 7)(A4.) =1 T, REML
THONFET B.
MEBDy = (n,72,...) EA KL, $56=208(2,7) > 0BFLELT
diamy, - - -11(B(2,8)) = 0 (n — o0) E72% ]

) G, D CAOERICHET B INERIERBOLFET . THLHETO
ApE K ETBE, V2 € C 3¢ C (Rat)N with (52, 7)(C.) = 1 st.
V’Y = (71772:-' ) € Czy d(’)’n "71(2),K) —0asn — oo.

F8B: heRat,deg(h) > 2,7 =8, DEE (DEVBEHDOEHRNFROLE) I,
EE A O (1)(4)(5) PEFEVTH BRI,

X B (UT Oi@ﬁﬁ*ﬂﬁ%ﬁ) hi,h € P,0<p,p2 <1,p1 +p2 = 1 &L/,
7= 32 pibn, € M(P) EBL. P(Gy) i= Upee, {h: € — COBESE } (c ©)
EBL. ZELUTUT® (a)(b)(c) ZIKET 5.
(a) P(G;) C F(G-),
(b) hi*(J(G,) N by (J(G)) =0,
(c) 3z € C s.t. Upeo, {A(2)} HC THR.

ZOEE UTO2TRKRILTS.

(1) Jeee(Gr) =MD J(G,) # 0. (Ko TEH A DEIRANBKIL)

(2) dimg (J(G,)) < 2. (dimy {F21—27 v FEERICEST 2NV A RV 7 Roez
#£9)

(3) U, DL THERDOBDONHS. B 1 0o ITWERT 2HEROBEK T, ;)

(4) J(G,) DB HHWEDBHES AT dimp(4) > 018560 T, EEDz€ A
LHEBOTR o € Uy ITHLT o ld 2 TEMAFTRE) ERDLONB D,

¥ X K

{1] H. Sumi, Random complez dynamics and semigroups of holomorphic maps, preprint 2008,
http://arxiv.org/abs/0812.4483. FHRRONERIOIVLTY X PEFENET. )

[2} H. Sumi, Interaction cohomology of forward or backward self-similar systems, to appear in Adv. Math,,
http://arxiv.org/abs/0804.3822.

[8] AR, (HEEH, SOYLARRNEREERTELOKRNNK , KEE 61 85 2 5 2009 F 4 AFFES
W p133-161.
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Weighted Green functions of polynomial skew
products on C?

Kohei Ueno (Kyoto University)

We consider the dynamics of polynomial skew products on C2. We introduce
the weighted Green function of a polynomial skew product f, a generalization of
the Green function of . Moreover, we consider the dynamics of the extension of
S to a holomorphic map on the weighted projective space.

1 Weighted Green functions

We consider the dynamics of a polynomial skew product on C? of the form
flz,w) = (p(2),q(z,w)), where p(z) and q(z,w) are polynomials such that
p(z) = 22+ 0(#") and g(z,w) = w¥ + O,(w*!). We assume that d > 2.
It follows that the dynamical degree of f is equal to d.

An important tool for the study of the dynamics of a polynomial map f on C?
is the Green function G of f, which is defined by

1
Gr(zw) = Jlim - logt 1" (z, w)l,

where |(z, w)| = max{|z|,|w|} and d is the dynamical degree of f. The question is
whether the limit G/ is well behaved or not. It is known that if f is regular, then
G is well-defined, continuous and plurisubharmonic on C2. However, there are
many polynomial skew products whose Green functions are not well behaved on
2.

Let f(z,w) = (p(2),q(z,w)) be a polynomial skew product on C2. We define
the weighted Green function G} of fas

1
k T +
Gf(z, w) = nlg{.xo —log™ |f"(z, W)k,

where |(z, w)|y = max{|z|¥, |wl} and

c;jz"'w™ is a term in ¢(z, w) which is not w"} .

k:maxj{d
-m;j
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Theorem 1. The weighted Green function Gf, is well-defined, continuous and

plurisubharmonic on C2.

2 Dynamics on weighted projective spaces
The weighted projective space P(r, s, 1) is a quotient space of C> \ {0},
P(r,5,1) = C\ {0} [ ~,

where (z,w, 1) ~ (X'z, A°w, At) for any A in C \ {0}. A polynomial skew product
f(z,w) = (p(2), g(z, w)) extends to a holomorphic map f on P(r, s, 1),

flz:w:1] = [p(tir){j’:q(i -vz)td’:td], where k = ;

1’ ’ 15
The weighted Green function of f determines the Fatou and Julia sets of f.

Theorem 2. The Julia set of f coincides with the closure of the set where G’} is
not pluriharmonic.
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(3B) PILEXTFRMNNFROFREN & HPRNOGH

B GRELEBMERF)

Projective spaces over valued fields. Let K be a commutative
algebraically closed field which is complete with respect to a non-trivial
absolute value (or valuation) |-|. This |-| is said to be non-Archimedean
if Vz,Vw € K,|z — w| < max{|z|,|w|}. Otherwise, |- | is said to
be Archimedean and K is then topologically isomorphic to C (with
Hermitian norm). We extend |- | to K (¢ € N) as the maximum
norm |Z| = |Z|¢ = maxj—, ¢ || for Z = (z1,...,2). Let w: K™\

{O} — P*(K) be the canonical projection and set ¢(n) € N so that
A? K™t =2 K™ The chordal distance [-,-] on P*(K) is defined as

[z,w] := _—__——IZ/\ Wlew)
’ 1Zln+1Winir
where Z € 77 1(2),W € n Y(w). For zp € P*(K) and r > 0, we
consider the ball
B(zy,7) = {z € P*(K); [z, 2] <7}

Nonlinearity of morphisms. Let f: P*(K) — P*(K) be a (finite)
morphism, i.e., there is a homogeneous polynomial map F : K ntlo,
K™+ over K, which is called a lift of f, such that F~*(0) = {O} and
satisfies

nokF = form.

The degree d = deg f is that of F' as homogeneous polynomial map.
As in the case of K = C, the Fatou set F(f) is the largest open set at
each point of which the family {f*;k € N} is equicontinuous.

The Julia set J(f) is defined by P*(K) \ F(f). In non-Archimedean
case, J(f) may be empty even if d > 2.

Theorem 1 (nonlinearity of morphisms). Let f : P*(K) — P*(K) be
a morphism of degree d > 1. If there are a ball B(z,7) C P*(K) and
a morphism g : P*(K) — P*(K) such that

1
liminf — log sup [fk,Q] = —00,
k—o0 dk E(zo,r)

then either f is linear or J(f) = 0.

Theorem 1 has several application for both non-Archimedean and
Archimedean dynamics.
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Singular domain over the field C. Let f: P* =P*(C) — P" be a
morphism, which is now holomorphic, of degree d > 2.

Each component D of F(f), which is called a Fatou component of f,
is Stein and Kobayashi hyperbolic. In particular, D is holomorphically
separable and the biholomorphic automorphisms Aut(D) is a Lie group.
When there is a sequence (f*) C {f*} which converges to Idp locally
uniformly on D, we have fP(D) = D for some p € N and moreover
fP|D € Aut(D). We call such D a singular domain of f. When n =1,
a singular domain D is either a Siegel disk or an Herman ring. When
n > 2, a partial analogue is known: let G be the closed subgroup
generated by fP|D in Aut(D), and G, the component of G containing
Idp. Then there is a Lie group isomorphism Gy — T° for some s €
[1,7n], which maps f9|D for some g € N to (e*™,...,e*™) for some
ay,...,a, € R\ Q. In the maximal case of s = n, we say the singular
domain D to be of mazimal type.

A singular domain D of maximal type is exactly a generahzatlon of
one-dimensional Siegel disks and Herman rings: setting A; := e*"%
(j = 1,...,n), we have a biholomorphic homeomorphism <I> from a
Reinhardt domain U C C™ to D which satisfies the Schroder equation

FUP(wy, .-, wy)) = P(Mwr, ..., Aw,) on U.

Theorem 2 (a priori bound). Let f : P* — P" be a holomorphic map
of degree d > 2. If a singular domain D of f is of mazimal type, then
under the same notation as in the above, D satisfies

hm ﬁlog max_ Mk —-1]=0.

In the case of n = 1, every singular domain of f is of maximal
type. In this case, Theorem 2 has been proved in several ways which
contain some one-dimensional arguments which are not easily extended
to higher dimensions. Our proof of Theorem 2 is based on a proof of
Theorem 1, which dispenses with pluripotential theory.

Finally, we study the Valiron deﬁciency

k
Sy (Idpe, (7)) == hmsup o / log ~—— [f’“ T ———dwpe
Here wrg denotes the Fubnu-Study Kahler form on P™.

Theorem 3 (a vanishing theorem). Let f : P* — P" be a holomorphic
map of degree > 2. If every singular domain of f is of marimal type,
then

dv (Iden, (f*)) = 0.

We expect that the assertion of Theorem 3 still remains true with
no maximality assumption on singular domains.



Yezef LD ) A~ REIZOWT

& EX
B Hff THEX #
MT R FTEKRK-H

ZOHEBETH, ¥ZEE Topy = {M =(X,y) e R 1y >0} LD/ 4~ R,
DEY, Topy PHER 0Toy LICHEE f 25X, Ty ETHMCEKTHA LT
DE DB DOERM Sy OEN fFIZE LD L) RBEEE RO BB EET5.
DI, KEE D+ LKA Y ¥ Y FASER Lypyy 2 AVTHFABK KL
T—RfbaSnic /A~ ¥ Kl,n-H(Mv N) (M € Tpny1, N € 6T,,+1) YEETHZ
Lo XY, Armitage (1] ORRELET 5. < M,N > THHERL, p = S
B HEDMETopy, N,y ICXLT,

-1

—kni1)_Cent1| NI M| L o1 (p) IN[>1, I>1

_ k=0

Vinr(M,N) =4 IN|<1, [>1
0 l=0

LB 22T, knyy R ORIEKEOREHAD § DML L, cepr = (£4777)
LB, &N ) A < 8 Ky (M, N) %

Kons1(M, N) = —knis|M = N (1=0),

Kinii(M,N) = Kont1:(M,N) = Vipi(M,N) (1>1)
ko TEHET . WE, Finp 13 0Tn = R LOEKME f T4

LF(V)]
—__ dN < o0
_/R,. 14 |N|n+l—1 <

EWI-THEE LT H. KOER 11X Armitage [1] ORR%Z2 (EE1Tl=00H4
ELTO)HEBRT 5.

EE L IZHABRE L, f€ERan &T5. Z0DLE, Ty LO—ILEShT
fo)A4~< 8,

Hin f(M) = [ Kina(M,N)f(N)AN (M € Tas)
e/ 4~ HEORE S5 2, UTOERGERT.
M(|Hypsa fli7) = o) (r— o)

BL, M(g;r) by, ¥R r OFIKmMICHIT D g DEREEH &1 5.

22



Siegel & Talvila [4] X5 —7 0 N7 —ZEXEZAWVWTER 1 Z—KL L7
BEEZTVWAY, UTRARTER EOEBOEGEREKICHT 2/ 4~ HED
BErEx2D BV, W Wr» RASERZAWE—BELE /A< BT
T+ THY, ZOEES LICER EOEGREE f I L THIZHMD ) A~ 8
Kopni1(M,N) Z##5 L, 1 X Finkelstein & Scheinberg [2] DF#:% AL
HZLTHBIZEXBIENTED. F, ZORKRIT Gardiner [3] & iXRIDAZ
2EXBHDTHD.

B 2. f% 0T, LOEBOEGREKE T5. Zo& & fiont L CEMMEE
Hot) t>1)T

Hopisf (M) = [ Konir(M,N)f(N)AN (M € Top2)
B TD /A< BEOREZDLDONRFETS.

REIC, LTI/ A< BT 2BOH 2BO—EHICET &R E 5 X
5. ZOFERIL, Armitage (1) OFERE (EE3ITI=00HEL L) ILKRTS.

EH 3. IZHABK kZ2EORBEE L, I>k 2WidET5. feFa &L,
h#% fIZxd 5 Topy LD/ A < RIEORE LMY

M(RH;r) = o(r*t)  (r — )
ERETL0ETE. ok E
Hinnf(M)+C (k=1)
(54

h(M) = e
M2\ Bt 0 + Y SRATI) (62 2)
j=1

(M = (X,y) € Tay)). 22T, CHEREL, T HKERk+1 UFO X =
(z1,Z2,...,2,) ER® DERATH 5.

BEXH
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grals in a half space, Potential Analysis, 15 (2001), 333-360.



B4 E Bergman 22fE] £ ) atomic 77 fiZ

Z) EL (BRI
H % n+ 1 KRTEEuclid ZZH R (n > 1) D EFEMETE. bbb,
H=R"xRy = {(z,t) e R"';2 € R, ¢ > 0}.

0<a<1liZHL, L® =05+ (=) ¢T5H. 22T, 8,=0/0t, A ldzx
(2R84 5 Laplacian Th 5. £z, H LOEGEAK w2 L@ FHIMTHS LT, 8
BEOBWRTLOy=0,25L&% ). W I L@ OXEXELERT.

1<p<oo, A>-1IZXLT, K% Bergman ZZE b (\) X RD L D IEE
T5.

1/p
bh(\) :={ue C(H); L(“)?Jﬁfﬂ, |[u|l1,p(,\) = (/H |u(:c,t)|”t’\dV(z,t)) < 00}.

I ZTdV i3 Lebesgue BRERIE L RS, B E LT, W) I/ VA |- oy I©
BIL T Banach ZEM& 725, KiZa=1/2DL &, B ),()) (L#HF0 Bergman 22/ &
8%,

v EFERET S, tIZB8T 5 fractional order D453 1EA# (Riemann-Liouville
operator) & D = (—0,)" £ T 5. FiZv > — (5 + A+ 1), THHUL, uve b())
2%t LT, DYuid well-defined TH5Z LICHEREL THL.

FHFEEO BHIIE, HHE Bergman ZEfH LD atomic FAEIZOWTHTNL Z &
TH 5. [1] TrXFEFo Bergman i £ D atomic 7% 52 THEY, TOMIETI
Poisson #Z DEBEHENEELRZE 2B - T35, —7F, [2] TiEH®E Bergman 22
MLoBEAREEX TR, BHEERFE L@ OXEARE W o fractional M4BT
BREELREHZH->TWA. AEETIE, KA Bergman 2=/ O atomic 4y
#2725 W@ 0 fractional EEEIZ L - THELND Z L 2T 5,

EHLO0<a<l, 1<p<oo, A>-1, k>0&7 5. £ {(z;,t;)} 2 H
NOEF, {n} #EHFNETD. HEOBBuERDO LS ICERT D:

1

u(z, t) = Znjtjﬁ””(?;*”l)"D;°W<“>(z — ozt t). (1.1)

J

EHEIICBNT, a=1/2, A=0, k=keN&THL,

k—(n+1)1
u(x,t) = ant;-l+ (nt )PD:CP(QI - $j,t+tj) (Al)
J

&%, P(,-) = WW/2(. ) X Poisson £ & & 3. RO EH LT Bergman 22
£ atomic HERICBET ARERTH S.
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EEA.(IDI<p<ooll, k>1%BELTD. TOLE, KEWLT LD
e HD8EF {(z),t)} LEEC > 0 BFET 2 E£ED {n;} € P IZHLT, (A
(Lo TRBENT H EOBS U SEEL, u e ¥, 7, lullos < I}l
Wiy HIERO u € b, IR LT, 55 {le} € P OBMFEL, (A1) D
I{n;iHle < Cllullr ZHI=T

E512, p=1DHEIT k> 2 TRYT 5.

KOEED, HPE Bergman 25 D atomic FARIZET DR TH D.

FELO<a<l 1<p<oo, A>-1, k> LTH TDLE, K
ZWT-T L 5 7% HOEF {(;,t)} L EEC >0 ZM’?ETZ) EED {n} e
LT, (1.1) L:iofﬁ%éﬂth’h@ﬁ@ﬁuﬁ‘f&b u € bL(\) 12,
lullzoy < [HmjHie ZWEZ9. FAEB DO u € BR(N) I LT, EHES {n;} € &
NEEL, (1.1) 2o ||{’I]j}||zp < C“U”LP()\) T
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ON SOME VALUES OF THE BETA FUNCTION AND GAUSS’S
HYPERGEOMETRIC FUNCTION FROM ARITHMETIC VIEWPOINT

M EREE gkH  (REE

(B#) R—4BI% B(p,q) & BREIRAY F(a, 8,7, 2) DBAME LTOHOEREERBEOEREZRTT 5.
(58) B—%% (M) ROEH. OB, GMKOE. ZO3SEOHFEZEITVET,
=R N: ST N

2 14
1, ZABEKOBE sin(§)=§, 12E;=/ —l—z—x
b Vi-z2
1
2 lemniscate B DB E sl(;) = \/\/5— 1, ; :=/ lda: =.
0 V1—T

Lo BT BIERE PA C BRI VD - LWV S OREKEO—HORRHE (BER) T
T, BEROOEEIT, —EOKBREMHE (D, lemniscate, ZHRBUR, ---) L BT EBRKOMA
ErEz. Ablc. chDBON-BBEOUENETA—4ME B(p,q) THITTLHLWVWIEETT,
o2 DAL, TS ML lemniscate BASITE LB 1] LW O RACESE, BHTRFOBEKD
ERECT o U—k LTCOMRIKEAER Y TT, Ko (ML lemniscate) I HDOEN D BED D
CH? ERERALIIC LEERTT, (ZhOOERPEMIIOVTIE (2, 3] % [6] 2BRT V)
(FED) (1,23 2004.03.28, BERABATHNT FEXRFLT) ROBRERERLL,
BRY n IS 2 TEAKER fo(z,y) =0 L LTRDO X IRLDEEXD, (c> 0:E¥)
(o242 2k . 2km 2) _ 2n _
(¢1) kl;[l(z +y —2c(:rcosT+ysm - )+c) " =0.

O, ZOEEREHR fu(z,y) =0 OMELEOE S L 13, KOLIKEXBND,
1
Lo=¥2eB(305).  BL. Bp.a i  B@a) :=/ #11-z)'de  (p,q>0).
2n’ 2 o
(HRE)  ER (+1) OFEREKER fo(z,y) =01, UTOEZHICE > THERENEHLDOTY,

R? LD P = (z,y). A Fy = (a5;,by) BEET Fy ZBRED i, KEHT5,). BREND, £
BB G (6:N-— R). ZABLTUTOLI #bOEERD,

fi(z,y) =0 <= |PFu|=4(1),
fa(z,y) =0 < |PFa||PFy| = ¢(2),
B ) =0 = [PRallPRallPPis} = 963 (PPl i= = + - )

fn(xay) =0
fe(z,y) =0 <= |PFy||PFi2||PFia|-- - |PFi| = ¢(k),

COESRELIFICHLTe>0 BN (F) £ARLT, AEMIER Fy LB ZUTOX HITE
HI=HLO
Fox ::(ccos gﬁ,csin %‘E), (k=1,2,---,n, neN)
n n
o(n) :=c™.

Date: WKNE O —EBIE 2004.03. 28(ABKS) . 2004.10.16(ERKXF) . 2006.03.27(PRKF) IKTRRLTNS.
# XL (EF) HERICEMBERNE LB 1593, (BEHS) 344-0123. BRPOREONE, RENF
(FT/AL57 b EEDL). OLTOREIE—EE (MIKE) K.



Zhd, EEROREKEMR (x1) 2 Ed, ORI (1) IZLATF O (x2) R (x3) ORI B,
(#2) |z" —c"|=c", (*3) r™ =2c" cosnd.

F-LCREETOER) (3, 4]

ROEFBROOHMMBEIL, #IC (x1) OREFEIPL BREDO n iITEKFLTREL TV S 22083 55hh
TWAERRMEET, TI T, Fzll, gu(z,y) (BL go(rcosd,rsinf) =r"cosnd 2H¥ii=%,) LD
ZHEAFHABEL T, KOLORBELFTOERZBIREYV I LA, ThilEBO*STIRER T, XE
NI RO (x3) DILEEE X2 LD T,

(BEQ) [3,4,5 2006.03.27, BMERIBRAIRBNT (PRRFIT) KOBERERBER L,

BRYEDO m,n IEKFET 5 Fiafikdhét
(%) (2 + 7)™ = 2c"gn(z, ) 2ED 2™ = 26" cosnd.

H52ETd, BLcREH ZZC . l=2m-ntB&FET, I>00¢E, ZOHROMREE Ly,
RED LS5 bhLD,
—n 11 111 1 I\2
Linn = V2 7 B(5p5) Fopqpy 21 (3) )
8L F(a, B,7;z) i Gauss DB TRARE KT,
(LRERQLYBLAZHR. ) [5)
RS (+0) 1. EROORKBEBEL SATVET, =m=n0k ¥ WHORKMEEI—K
LET, 4B

I'(p)'(q) NI - a1 -8
B0 = o P@Bme) = gl [ a0 0 - e e
EV D) B E R— 7B OBERK., T b, Gauss DREBBMEBOBOEZREFH o TWHIDT, = Z
2. THHROELER (HEWME—MIL) OALLT . ThICHETILIICARLELBRELEREDOHED
FYRBOMNEER (HAWNI—MBE) ShTWD] LW B2 R3ENTEET, EEORVERQOL
VEDTHEONIHEZUTICERLET,

1. _X—Z ¥R (Gauss @) BEFTAKEBEOHBEORELY 52 5BEOBRELE-LTWS,

2. R—S YL BRABROREEALEICLYEZBZL2EARS O 1 DOLEA (BBQ) 1EL
hi-, (A&, TOAICAR (3 TIHA0EATLOARORELEEOETIL) EEICEEQ
Y I=2m-n=1,%dLE ARD L, , IF2BRLBEARSICLD, W, I=m=nD
LELEZT, EBOZESCHRIZLE>TWS,

3. VaFA X —DfER (7, 8] (O=—F B B(p,q) ioxt LT p, g BEBREAR BT B(p, q) DITEE
¥, OB 2WLEA#EY. > VENOMERBER, “FLERcERIRMME) 2B
ZIEIZEY, BEEOBEMNREB LA DHIIo T,

ERD1, 2,3, OX5REA, BREECEY PICHLTESLELEXTCVET, . Zhbi 2 T
7 LRI 4.3 %, [3] TR LB 5.4 O—>ORRETY,
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A SIMILAR SYMMETRY BETWEEN CIRCULAR FUNCTIONS AND
LEMNISCATE FUNCTIONS FROM ARITHMETIC VIEWPOINTS

I KB

=B L lemniscate B O T HF I IHEROLEAD LR T Sh0B TV AMEERH ET, £
DETNSHEELFEOHRAL LT, BEFILROSNSHHEL VO HRLBEL TV ORE
FILL > TO—DOBFRT —~ T, ThE TIELOWRYE LTINS I L\ 5 HE L RS
EVOBICLTHELE L [2,3,4), SEI. 0OBLhBESXr AV TELONE2TOERYE
ARER. HOAREE OREAUALEDT 7). TOXLEE LT,

1. H#REINFETORER

ERROBANOCRIEOTEZS, ZAMKE VA= — FEAKOB OO OFEMEICE K2 KT,
B2 RO 2 ENFRELR D & DOFE# E LT, Eisenstein iZ X 2 EERIOEH & . Abel Sk ko R
(Kronecker-Weber D ER & BAHBEMNR ) BHiT 55, Eisenstein iz, SHABEKEE > TEF RIS
DOHEHRIOEAZ 5L, RROFEILLY, VA=Y — NP E-> T4 RREOBEER OB 2 5
ZTW%, Z0 Eisenstein IZ & 2 HEBAIOHFANHEOHRERATH D, EiL, Eisenstein O E A DIE
& Abel SEREDFRBROMIZ. KEIFBAEN L Z/b > T, Eisenstein OMEERIOEFITL T v
Y ENVESEZABPKRTEL, TR g0 LT Py(sinu) = sinqu/sinu 23 HEX Py (z) PR %
RAOTELSRAOHEERIOERZE X, FRIZL T, 4KBRESE L A=Ay — b AV (sl(n)) TF
L. BRI s 100 LT R,(sl(v)) = sl(su)/sl(u) 27T HHBEK R, (z) OHEL AV T4 KEL2OHE
BEAOHEAEEZ DLV LD THD, FiL. D Py(z) = 0% Ry(z) DY FOLEX = 0 HKEHR
HepoTW5, BEFAILBAENIHHIEL VORI, LROFEBEK R, (z) S R5EMN KD,
(RERAROM) (1, 5, 6] (AL D lemniscate sine sl(u) % s £ @& . lemniscate cosine % cl(u) & EL 7=,)
_si((8—2i)u) (3 2i) + (7 + 4i)s* + (—11 — 10i)s® + 52

F_ 10

sl(u) T 14 (=11 — 108)s* + (7 + 4i)s8 + (3 — 2i)s12’
o= c((3-20)u)  1—(2—6i)s® + (3+ 8i)s? + (12 — 44)s® + (3 + 8i)s® — (2 — 6i)s10 + 512
THOT ) T T+ (2—60)s% + (3 + 8i)s? — (12— 4i)s® + (3 + 81)s® + (2 — 6i)s10 4 812

IoE %, BEFlIORBEINT, BERREEERLBRRLELE,

2. XL RTEARERELHRE
EBVEN 2 FEPEN?EBLEVER (BOhEER) 28R T3010, BIZHEL A LERD
Do, MM ARTEESXZLAMBOMEELS )DL, UTREREDELET,
(BE&) 7] (cf. 2, 3,4,5)
(1. ZABKOEBEE) m: EOHK, wi=sinuv. ELTUTOLYCEBEINS sinu ODFHER L
~tan?u XV EX O HEEREERS,

sinmu cosmu w tan mu
P, o (w) := =

— ianZay
sinu ’ Peym(w) = cosu BRy,m(~ tan®u) Rt’m('w—l
(2. lemniscate B3 ?35&)  n: primary ¥, w=s(u). L LTUTFOLSKEHEENSD sl (u) ©
FEBE¥EE 2D, sl(u):lemniscate sine, cl(u):lemniscate cosine, & & ¥,
cl(nu) fi(nu)

Ren(w):= 305 Rpa(w)i= 3o,

fi(u) == 1/1 — sl*(u), Fl(u) := 1/1 +sl*(u),
45, LREBICHLT, UATRT L AENLRBEESERRIUTOL 59 T, (LEEHEIEDLET.
BEBMIILOT, BRELTOHE (FEHR) BBEIZLTVWET,)

Date: X 2004.03. 285BI K¥) . 2004.10.16(FREEKF) . 2006.10.15(RABKYE) ORRANED, TORDERTT, .
WAL () WERLCEMEEEMEIKE1 593, (BEHSB) 344-0123.

tanu

Fl(nu)
Fl(u)’

sl(nu)

sl(u) ’

Ryn(w) = Rpp(w) i=

¢45%, fHL,

,53_
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(BA%ER) [2,3,4)

m—1 1—w
Pom(l=w) = ()P Pom(w),  Ren(j52) = Runlw).
TRLDOEKEXOEKRD, HHVIHEEXLBLL DOFERHUDTEZLE I, FTMATEL
HREAEEMEICSMAEET, TR, BRTBEEL LCEx-hn, ZABKOBED Rym,
lemniscate DIFED Ryn, Rpp 10729 E3, €LT, BERE LI bOEICKH L CHREXOERT, &
A1-00OFEZEBLEZ bR EEEXELHYH LEBE. KOEXbrbELE,
(E&E) (1)
(1, SABKOHE) 2 DDERK Pym, Peom EHEBH Rem IZUTO 620 1 &HEK) EHR
1 w—1 w 1
Gczz{w, w’ 1-w, w w—1’ l—w}
KR LTEWEHZT 5EREXelLT. £, SO DDERITOERTHERBIC D, ThE
G, £ BL, DG E G, = (RFrHE)Ss = (EZmfg)Ds. LWVOBEER-TVD,

(2, lemniscate 55&0)%'8) 4 Omﬁgﬁﬁ Ra,n: RC,'\) Rf,vn RF,n ,‘iu?@ 85D (1 k%&) ﬁﬁ
1 1 1-w w1 14+w 14w
Gri= {w, v w’ Tw’ 14w’ 14w’ 1-w' w~1}
R LTEVWEHET RS EHT, . 2o 8 HODERITEDOARTHEREICLS, ThE
G B, TG IIXHEES, OHIBHEMLARTEIRIG EE&R Dy LW OBKEL-oTWD,
UFEZABEROBETm =4n+ 1 OBEOBKEEXORLIBRT D, T, RO B S X0FH
lemniscate DB bER SN D, EEOBE L, #FT5,)

* w 1 1-w w-1 v 1
w w -1 1-w
Pam | Pam(1=0) | Pam(%=2) | Pam@) | Pem() Pam(2=) | Pom(55)
Pen || Pom(1 — ) gﬂcﬁi) Pym(w) 1@4&) RMG%;)<ﬂm&£ﬁ)
R 1 1 1 1 1 1
tm Rom(3) | Bem®) . Rm(3%) By (257 Rem(1 — w)

(GBE) - ZZ¥T, £FLT. Thbdb (HEE -

AE. HHEEEE LTV D b OO (EZERE Dyy) « T LT, RENRERESHALLZOT,
TricHEEE LET, chubid, (3] ORIE3T R, [5] ORE5.3 I HERES AL BDOLEXTNE
F. M. DD ERMRERENHE LEOT, Jhh ¥ BEABKORRL Y BERID L, LR
ENREILNDEEZTVET,
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Approximate identities and Young type
inequalities in variable Lebesgue-Orlicz

spaces LP()(log L))

ATA XZ
KE ®L  EBEKTF - RERFER
KEF & LBEAREEMER - —REH

R® FOARESEE ¢ & t >0 IH LT, ¢efx) =t "d(z/t) £ T 5,
(1) [ #(z)dz =1 2B, BI¥IL {¢:} % approximate identity & FES,

(2) $(z) = supyy s |6(y)] ASFTRSYBIRR 1, BISKE {9} AT > s
AT THHEVD,

KOEEITLI<HMLERATWS ,

SEIEA.1 < p < oo, BEUE {¢.} % approximate identity &35 & f € LP(R")
72T, {dx [} 1 £ 10 DP(RP) BV TR 5,

FEA LT, KO LD REBBRE % b D Lebesgue 2RI L TOILIRE
NEEERIONTWS, 20, EBEE p(-) 1.

(p1) 1 < p- := infzern p(z) < SUPLcRrn P(T) =: P4 < 00;
(P2) Ip(z) — p(y)| < C/log(e + 1/|z — yl);
(p3) |p(z) — p(y)] < C/logle+|z[)  (ly| > |=|/2)
AWl TboL L,
oy = 08 {305 [ (/AP0 <1} < o0

B4 R EORRIBIK [ 672 HRKERE PORY) 15 ([3)).

SEIE B ([1, Theorem 2.3]). B3%iik {¢,} % approximate identity &5, &
BIZ. ¢ REROELLMEWMWIET LT 5!

(1) BABUEK (¢} IRT v N T A7,
(2) ¢ € L-Y(R™) T ¢ DEIZITI LRI K,

Tokx, fe PR 6IE, {dx f} X f 12 LPOR?) BV TIK
45,
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AEETIL. EB B OIRA1TH, Z0HIZ, TEEH p(-) X (pl), (p2),
(p3) W7 L. EBMEE ¢(-) L.
(ql) —oo < infzern g(Z) < SUPLcpn ¢(T) < 00;
(a2) lg(z) — q(v)| < C/log(e + log(e + 1/|z — yl))

AL TLOREXD, ALK, EER K H->T, ¥ XTD z e R* AL
K(p(z) — 1) +q(z) > 0 W73 ¢35,
t>0, 7€ RVIZH LT, Qpyq)(z,t) = 2@ (log(e + 1)1 & L.,

”f“@p(_)_q(v),nn = inf {/\ >0: L <I>p(.),,,(.)(y, |f(y)|//\)dy < 1} < 00

P74 R LoWRIBEEK f 62 5E%%EME LPOlog L)YI(R) ¥

SEXR. BI%kK {¢,} % approximate identity & T2, T HIZ, ¢ FRDELD
DEFHTETH:

(1) p- > 1 T B#IE {4} HRT V> r V&AL

(2) t— t_poq’,,(.),q(.)(x,t) N—HBEEMTHI LI 1< p <p_ IZFL
¢ € LWV (R™) T, ¢ DEIFI /T b,

ok E, fe IPO(log L)1O(R®) 7261, {gexf} 1% 12 L) (log L)TV(R™)
ICBWTNERT 5, 2¥9

%1_1;% “¢t * f - f”‘pp(.)_q(‘),R" =0.

F7-, AEETIE LPO(log L)) 7 A A2k T 5 Young OARERUT SOV T HAR
tE9 D,

P
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Sobolev inequalities for Orlicz spaces of two variable
exponents

Peter Hasto University of Oulu

KHE 5L IRBRFRFR - BEWRH
KEF & IRSEAEEEM SR - —EE
TH & IRBRFR¥RE - H#EZHEH

KOEEZ L HOLATNS.

FEHE A (Sobolev DAEX). 1 <p<nizxtL T, R LOFHATRIBEHK v X
/ u(z)Pdzr <1, |Vu(z)|Pdz < 1
n R’l
RIS ETDH. 0L, HIEHC >0BHEFEELT,

/ u(z)? dr < C.

I, 1fpr=1/p-1/n.

EBAICRLT, KDL ) ZEEIHEHE LD Sobolev ZRIIZX L T Sobolev @
FEABPMONTWS. EBIRE p() 1,

(p1) 1 < infzern p(z) < sUp,egn p(z) < 15
(P2) Ip(z) —p(y)| < C/log(1/|lz —yl)  (lz —y| < 1/e)
T Lo L4 3.

S B ([2, Proposition 4.2 (1)]). ARFREE G LOFATHEIK w i
/ w(@)P@dz < 1, / Vu(z)P@dz < 1
G G
EWMILTESTDH. Z0LE, HHERC > O0BFELT,

/ u(z)P" Pdz < C.
G

i, 1/p*(z) = 1/p(z) — 1/n.

AHEETIE, EEBOWEREZITY. ZO72Hic, BB p() 13 (p1), (p2),
C
(p3) Ip(z) - p(y)] < ogle +12]) (lyl = |=l/2)
AL, TR q() 3,
(ql) —oo < infzern g(z) < sup,cpn ¢(z) < 00;

(@2) lg(z) - g(y)] < C/log(log(1/|z —y])) Iz ~y| < 1/¢?)
— 57 —
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AT LORELXD. &L, t>0,z e RPICHLT,
®(z,t) = P (log(co + 1))
&L,
ooy =it 250 [ @ lsGI/AMy <1 < o0

24 R EOTRIBIE f 2672 HBIKZEME L2(R") & ¥ ([1, Cruz-Uribe and
Fiorenza), 3, Kovagik-Rakosnik],[4]). F7,

Nl ecomny = lullogymm) + I VUllagymny < o0

TR ORI w2 b 5B E WIERY) £ T 5.
KDY —RART Ly VEEZD

Ut = [ le-vl s

B R LOFRTREE [ 2 |[llecymm < 1 EBETETE. ZOLE, b5
EEC >0MNFELT,

/ {t(log(co + t))‘l(ﬂ/?(z)}”'(z) dz < C.
{zeR":Uf(z)>t}

BELAVDZLICLE ST, KD Sobolev DFREXE T

£E R FOFATHBIR u i |lulieyrm <1 EHLTETH. Z0LE, HD
EEC >0NFELT,

/ {u(z)(log(co + u(x)))q(z)/p(z)}p'(z) dr <C.
R™

ABEORRIE, [5]ICL 5.

S 3k

[1] D. Cruz-Uribe and A. Fiorenza, Llog L results for the maximal operator in vari-
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Maximal functions in variable exponent spaces:
limiting cases of the exponent

Lars Diening Freiburg University

Petteri Harjulehto University of Helsinki

Peter Histo University of Oulu

KB 54 IRRRFRFRE - BFEHER
TH & IRBRFERFER - HEEHRH

In this talk, we discuss the Hardy-Littlewood maximal operator in variable
exponent spaces when the exponent is not assumed to be bounded away from 1

and oo.
Let © C R be an open set. For f € L} (2) and A C R" with positive finite
measure we write

fa= ][A f() dy = A /A ).

By M we denote the centered Hardy-Littlewood maximal operator, M f(z) =

sup,»o | f|B(z.)-
Let p: 2 — [1, 00| be a measurable function, which we call a variable exponent.

We define
t?®  for 0 < p(z) < 0o,
pp(@,8) =40 forp(z) = oo,t € (0,1],
00 for p(z) = o0o,t € (1,00).

The variable exponent modular is defined for measurable functions by

2o (f) = / ool |£(2)) da

The variable exponent Lebesque space LPC)(Q) consists of measurable functions
f: Q= R with gpy(f/)) < co for some A > 0. We define the Luxemburg norm
on this space by the formula

1200y = inf {X > 0: gp(y(f/X) < 1}-

Recall that the Orlicz-Musielak space with modular ®(z,t) is defined by the
Luxemburg type-norm

| fllze (@) := inf {/\ >0: /Q‘I)(z, f—E\Z—Z) dz < 1}.

(The function ® must satisfy certain conditions, which we will not detail here.)
We need a function which behaves like a logarithm when p = 1 and fades away
when p > 1. Since the embedding constant of M: L < L? is p/, the function

min {p,log(e + |t])}, P’ :=p/(p-1),
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would be a natural choice. Unfortunately, it does not yield a convex modular.
The following variant fixes this problem:
log(e + |t]), for |t| < e? —e
Yp(t) = {

2~ eipltlp” for |t| > e? —e.

Note that t > tPef,(t) is convex on [0,00) and that

1 -
S95(0) < min {9, log(e + [t} < (1),
50 1, is equivalent up to a contant to the natural choice of modular.
The norm ||f|| Ls(ry,,(x) is then given by the modular
@(.’D, t) = ltlp(x)lljp(x)(t).
Let a € C(2). We say that a is log-Holder continuous if there exists ciog > 0
so that

Clog
log(e +1/|z — yl)

la(z) - a(y)l <
for all z,y € Q.

Theorem. Let 8 C R" be a bounded open set and let 1/p:  — R be log-
Hélder continuous with 1 < infzeq p(z) < sup,eq p(z) < 0o. Then

IM flisor@y < CUF e, i)

Cruz-Uribe and Fiorenza [1] have recently investigated the behavior of the
maximal operator in variable exponent spaces when p — 1. As a consequence of
Theorem, we get the improvement of Cruz-Uribe and Fiorenza [1, Theorem 1.5].
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1 TENILTIVZERLEO VIR FEESRIEARICDOWT

A BB CREAE TH#E)

={z€C: |z <1} #HEFAK, HD) % D LOBFTHEKOLHELTS. ve HD) &
¢ € HD) (p(D) C D) KA LT, uC, XD & 9 IKEET 5:

(uCp)f(2) =u(2) - (fop)(z)  (fe H(D) zeD).

Bobic, uC, : HD) — HD) BBHEAETHZ. ZOEAE uC, IWEGRFRER
(weighted composition operator) & PHEH, SHE T Hardy 2% i R4 L REHTBESZE
MLET, L OWEEIC L > THEBICHRBLZIN TS, ¥, u(z) =1 DHAIKK, uC, 3H
BAEA# C, TH 5. SEOME TR, HEAL 72 v EHO ETERSNSHEAREAK uC,
DAy FEICOWTEZLS.

D LOBHEAINYI IR (weighted Bergman space) L2(dAy) (o > 1) BRD LI &
EEIND:

2 = : 2 = PDIRE — |2?)*dA(z) < o0 } .
La<dAa>—{feH(m>> I = [ @R @+ D0 - ) < }

ZIT, dA IR D EDOFESMLE N7 Lebesgue BIETH B, TDEE 1o =1 %5, HHDOL
&, (a+1)(1 - |2|?)*dA(2) % dA, EET.
WERNL T2V EEED uCy, IK2WT, ROMELEET S ¢

BE  uC,: L2(dAs) — L2(dAq) HERERMETHD & &, uC, DI V37 MEZBIK
u ko OWEIC & O BT X

BEOER oc HD) (o(D) c D) icxdL T, ARMEARE C, 3% LI(dAL) LOBRRIELE
BAETHD. 2O a7 FEIR, 1986 41 B.D. MacCluer & J.H. Shapiro[2] iZ & D XRD & 5
KRBT shTw S
1,12
CSP:Lz(dAa) _to):’://\°7 }‘ﬂﬂﬁ#f%% < l}l 1= I——,(pl(z—l)F:
Julia-Carathéodory DERBIC L 3d. D&M To 5D OER ELTHORTHRZL angular
derivative 2\ ZE LAMTHS. ThHL, C, DAV AT MEL W) ERIZROWED
OEREH L V) HEGRHEE CRBENTsnTw D
— %, HEABRMERE uC, oV TIRHT L b ERMEARICA 2 LIZR S 2028, Z. Cutkovié
Y R. Zhao 2 & BRBEDWIZ (1] K BWT, uC, 28 L2(dAs) LD a7 MERFETH L 1-HD

BB+ 508
li /|u( { L }MdA (w) =0
1m w a =
lzl—1- 1 - e(w)z]?

(1)

— 61 —
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THBIEMRENT. Tt uC, D symbol Bif u & o 2SR S N BT LM (Berezin B
BOLH) OERBHICL2BEATLEREIENTE, ZhF TICH SN TV Carleson BIH]
BRAECLIBEAIARBLABRETHS. Lo Lads, ARMEAFOBEDOEN (1) L K
ToLul o DEAEEHCLHVBEENTE LI BERAGVLHIHEORRTH S L) b0,
BonkRR ULEoXITHAELEIAS L, AIBOMEIERR,

"uC, : L2(dAa) — L2(dAq) D2V A2 MEE u & OEEOERERIC & HHHL &

EwIHTETHD. THIOLT, BEEERORBMI 2B

Theorem ([3]). a > —1, u € H(D), ¢ € HD) (p(D) C D) £ $5. uC, : LZ(d4,) —
L2(dA,) DERLZEEABRMEAZETH L L E, RO 2HRNIIAMTH 5 ¢

(a)  uC,:L%(dA,) — L%(dA,) i3 37 MERIETSH 5.
@

[u(@)P(L= o) _

(b)

lim
fzl—1= (1= |p(z)]?)+2

Example uec HD) &t o€ HD) ERDEHICED S :
1ta

W= (1) . ee=5

DLE, pitz=1THR% angular derivative % T, MacCluer & Shapiro D#EH &
h C, 13 L2(dAy) LDy 7 MERFRICEZSZV. UL, u t ¢ i3 uC, DHEMERITSR
(212, Cudkovic & Zhao DEEE) ®M7T DT, uC, : L2(dAqs) — L2(dAn) WHRLHE
BRfERFEE % 5. X512, k8 Theorem D& (b) 27§ Z LI D ENDEDT, uC,y, 13
[2(dAg) LD a5 MERKTH S Z Ldibh b,
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On Stoll-Shi’s theorem concerning

the fractional derivatives of holomorphic functions

FOREER (BMXFEER) .  WEHEZE (EMXFERFER

Cr OHAER B, LOIERIBK2EE H(B,) TXY. fe€ H(B,) PER
KBTIRARSEREME f =20, ft £T5. f>0ITHLT.

£8) = F(k+1+ﬂ)f, JPf = k+n+ﬁf,
g Z T(k+n) °*

N~k 2. T(k+n)
f‘”"ér(k+1+ﬂ)f" Jof = zI‘(k+n+ﬂ)
EEHTD, Tl n+syn+ s+t NANDAOBREELRSTVWESAR, 2
DOER s, t ITXHL T,

ot F'n+1+s)Tn+1+k+s+1)
R f= Z

I‘(n+1+s+t)r(n+1+k+s)f"’

f= Zl‘(n+l+s+t)l‘(n+l+k+s)
R «T(n+1+s)T(n+1+k+s+1)

EEHETD. >0 kﬁb‘f.
fP =T+ B)(RTFf),  fig= r(1 ra+p el

Ji

I'(n)
L(n+8

I'(n+B)

1= T

MERIT B,
Cr OMAIERE S, L DIEH{L X/ Euclidean surface measure % ¢ TH
¥ fEH(B,) p>0. re[0,1) KHLT,

w0 ={ [ 1560Pas()}’

Moo (r, f) = sup |f(r)]
(€Sn

R7VEf),  Jsf = )(R—1 sf)

EEHT D, KROEEIL. M.Stoll(1], J.Shi[2] DKERTH S :
Theorem. 0<p<o00,0<g<o0,-1<a<o,0<f<o &7 5,
OB, £BD f e HB,) RMLT, KOFEXMNKDILD,

1 1
/ (1 - )M (r, fP)dr < C / (1 =r)*Mi(r, f)dr,
0 0

_63 —
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1 1
(ii) /(1—r)°+ﬂqM;(r,Jﬂf)dr50/ (1=r)*Mi(r, f)dr,
o 0
1 1
@) [ @-neMy( f)ar <C [ A=r)=+z(r, fa,
0 0

1 1
(iv) /0 (1= 1) M3 (r, Jsf)dr < C /0 (1= r)>BIMI(r, f)dr

ZIZTC. . CHabpg RUEnICOAEEFETDEERTH S,

LOEBO-BLEL T, ROBRERL[3):
Theorem 1. p€ (0,00),¢> 0,0 ERsER,t>0LT 5,
n+s,n+s+tMANBAOBRTATNE. 8D fe HB,) ITHL T,
KOFRESMR D ILD,

[ =g mear < [ a-nemgin ar
0 0

ZZTC. Cidpqas,t RUn KOHMEEFTIEERTH S,

Theorem 2. pe€ (0,00),¢ > 0,a € (~1,0),s €ER,t>0&T 5,
n+s>-1Thhid. £ED f € HB,) KHL T, KOFERXMNKDILD,

[ 4= nMge Ruetar < [ @ =rytasgte, par
0 o

T Cidpq,a,s5tBUnllOAMKETIEEKTH 5.
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[2]J.Shi, On the rate of growth of the means M, of holomorphic and
pluriharmonic functions on bounded symmetric domains of C®,
J.Math.Anal.Appl.126(1987), 161-175.

[3]Y.Matsugu and T.Yamada, On Stoll-Shi’s theorem concerning the
fractional derivatives of holomolphic functions, Far East
J.Math.Sci.32(2009), 359-386.
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CGS D& UTIRZ ISR AIERLRG

& IE PR - \HEZREFETAR

FRICBL TN RAZ KO EBEEF o FICB LTI,
% DERNE SN, modality E VLI BRDL S, FHNICKR
RD class BPFWINTW» 3,

NIRXA—=FE2RFORBRAERAFBRAR2VT, ZORERIE
BRELRDINRIA-IDOEHENDD, T2V TI—HEED
HEICE>TRDBZLMTESL, LDL, "7 XA—F 2R
SHEARDO 7V 7 —HEREIIRA RMREBH D, 7 X —
YOI A DIZEHRERIIYKAL, 7, ZBHHORESE,
NIRA—IDEHGREEERT 5 LBBEICE 5 FDOREDN
&L 3,

—BE LT, Sio BN (T—/ VFOHKICKD) DERS
BRcHET 2. v 7 —EEHE 2 AL B LS HE
HOBEDTICRY, (SioNHRADEBHBAR. 22 2+y 22+
Y+l 4 2Pl 4 b2yt = 0 TH D)

ZH1.b6#£0
EH 2. -2+ b0 - 12k + 402k # 0
% 3.10 — 3% + 24k — 8b% # 0
ZH 4.5 - 20 + 52k — 14062 k + 156 k?
— 24b% K% + 144K # 0
5.5 - 20 + 60k — 1802k + 228 k? — 52 b k?
+ 288 k% — 4802 K2 £ 0
£H6. —3 + b2 — 32k + 1002k — 84Kk% + 320b%k?
+ 48 Kk® + 3202 k3 + 288kt # 0
7.8 -3 + 24k —8bk #0
8. b # 4
9.1+ 02 +6k+502k+60KkK £0
£#10.2 — 2 — 202k #£ 0
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#1102 #£ 3
12, -1 4+ —6k + 262k #0
513 -2+ 0¥ -8k + 20k #0
b ORI LY, SEAR <f,g{-,gi-,%£ > (f RHR
HEBHERLETS) KL, 8RNIV T - AT7L%285
(EHOBBR E—HOAEZTT),
a =0andb # Oand b* # 4 ICNL T,
9 = Tz,
g2 = 22 4+ (144k) v* + (1+2k) b y*z,
g = 12 + 2y z + byt

2 1+4k
9 = y"¥ 2 + _____yb )
g5 = zy*,
g6 = yltok,

a =0and b = 4IZHLT,
9 = Tz
g = 22 4+ (144k) v* + (14 2k) b y*z,
g3 = 22 + 2y z + byt
. 2y1+4k
9 =yt ¥z +

b b}
g5 = 35y4k-

JV7r—EEOHEBRIZEARICETIERTHY, FEA
ERABARSERATH S, LU, S oHoRRAERIER
. kELTREINTLEEDIR., BEBBRORIL ko> Tw3,
Az, 20z kBB L BOSHRAzARICKBE TSI L
LERELTwE, T, BIIoEXHLEKRTH 3,

Z 2T, {gsi} (EEEKINT LTV T - A7 L0DF) ¢
LTIRA, k DEH L TEIND I ) KEETHI LEEX
5, TDXHICEXBE, EBE kL oBfLicy LT, GENS
L7 =S AT a0 5 2 05, SNV 7 —HED
EEDZ Licitl. BREIOBRMFICE T, NV 7 —
HE*B2ENTELOEAIR. {g) BPRETILEEXD
TENTED, ZORIGR, VLT F—BEDEELEED
&9 BTN LR TE S WHEZ RIRT 5,
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LYW b ZRWTHIO AT B
SREBERNY BVEE

NEDVE  (SRKFETHITER)
MBE— (BB TEE)

bhbid, THDART MIVAREBERY MVEEICEL T, LYY b
DBEMBITITE TV, LW exact REFBEERETS. AFRETREARY b
WAROREHHEESDE THEBRANDQILHII DN TARS.

LUF, AZFEBZERL TS n RESTH, f(z) & A DBRABEALL, f(z)
IELATHEERETH. A DEFME N ITHL,

__ 1 A -1
Py = T ‘%\(‘A zE) 'dz
X ADARY MIVEEEZD. Tabb

A= > AR, E= ) Ph.
f(A)=0 f(A)=0
ZIT EBATHTHD, {THEREK R(z) =(A—zE) ' 2 ADLYIRY
NERER. T, R(z) ICDWTITRMK D ILD.
_eEyl— 1 - _f@)-f)
(A IE) - f(z)Q(AazE)v ZZT Q(z7y) - T—vy € Q[-’E,y]
R flz) MEEAETHBIENS, FLEI—2 VU v FERZEICEKD
a(z) f(z) +b(z) f'(z) = 1 = ged(f, f')

R BEER a(z). bz) € Qlz] BEFETB. Lo T, BEERIZLY

-1 -1 — ____1_ L T T
Bo= 2my/—1 ,%;(A —zE)dr = 2my/—1 .7{\ f(z) 14, 2E)d
= _%lﬁ 7{ {b(z)q(A,z:E)fT(%—) + a(r)q(A.:cE')} dx
= b(\)g(4,AE).
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T g(z,y) = (b(z) - b(y))/(z — y) € Qlz,y] LBETIE,
b(y)a(z,y) = b(z)q(y, z) — f(2)9(z,y) + f(W)g(z,y)
THBMS, f(A) =0, f(A) =0 KEETHIE, &5
Py = b(A)g(A, AE).

PEE D, ik Q) OTXEZEXRETHEH P RROFETKRESZ LD
»n5.

ZFNVIUXA 1 AN A HA: Py
1. BAEER f(z) DEH
2. WITEHE b(z) «— f(2)™" (in Q[z]/{f(z)))

3. fTFIEtRE k<« degf—1
CkHb(A)
fori=k—1,...,0; do C;«— Ci;1A+ (coef;y1 f) Cx; done
P, — C )+ -+ CiA+ Co.

T OREROKEN, BERRES AT AMCEELBEOTOY T LAOHE
HROBETHD, Er A LEERT ETHAN, LHEES AT L& O
PRI E <, BRIFRICE N LRI R RT.

$72, f(z) 7% Qle] TARBBAIK, f(z) OREAMERLTE SIFER
EROSTIEMTESD, FOZEIZDVWTITEET S.

SEE

1] BBE— BOAR: LIRS M EROWEEERY MVEE, SRR
BRTE

(2] INRSHE, FBH— FRIDZRY FIVIHR - BE RS MV OSHEE, K2
PHERBRTE



PUSL R R D p-constant deformation (2T 5
Tjurina stratification & fREWIBAT=HRE0 P —

HS #Hi— FRXFILFEHRHFRIFER)

BB X i3, C"OFRERE O DOBESET (/37 A—F%Z/M) X, C* ORADOKE
HL43. X xT EOERIREE F(z,t) THY, p-constant deformation X E®H %
LOREXbNEET D b, F iILNTORGE2H-THDET .

() X B 2@EE f(z) = F(z,0) = 0 1%, FA O 2IMIHRAL LTHS

quasi-homogeneous BA%X.

(i) #BHE F(z) = F(z,t) = 0 DRRKICIIT D Milnor i, f(z) = 0 @ Milnor
¥E—%.

DL &, BE Fi(r) =0 @ Tjurina Fd/XT A—4F ¢ L3RITEILT S (3],
[5], [6]). AF& T, Tjurina DT A— FZ{KFFHE L RRAT 5720 O 22l A
525%.

KEWWBAIAREQADS— X xT £ (ERINT A—F2F2) n KERHESF
KROBTBE QLD L&,V = {0} xT ILEEED n KOREHFEFaHE o
U—BE HY, (OF.Y) TRT

WE, Wp PRTEDD.
OF _ OF oF

— W= —w= =
6.7}1 6372

T s e e —a—z_r;w fr 0 }
Wr OBEF wid, ERIST A—4 t &80 H,(Q}) OFEL RET LN TE, &
t R, w € Hip(Q%) XE®SD. TIT, & teT IKHL, Wa = {w |w € Wr}
LBL.
&T, B Fi(z) = F(z.t) OTRBERER Oxo KB DY AL TTVE Jp,
T#7. Grothendieck B, WD IiRIL72 pairing ZED D

Wr = {w € Hiy(Q5) |

res: Wg, x OX,O/JF‘ — C.

FE OBRX[7), 8] ORREFLETHILT, Wr &RODDT AT XLZHEKT
HIEMNTE D,
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F, & Js ODATTAEE, F,: Jp, TRY. 2O EE, N7 MNVER FWg i3,
RIRZM Ox o/ (F,: Jr) ORRNT bAZREE 2B, 65T, FWp OE &R
T2 LT, Tjurina ED/RF A —FKFHFEHAONIT LI LNTMRETH D,

Wr & FWr % F\W3 &, Tjurina stratification MDA T72 < Tjurina KD
Hilbert function HLREIFFIZH S Z &N TEH. Fio, AR TR/ L3, New-
ton FEIB(LRIGEITHRT D Z L B AMRETH D.

SE3CH
[1] R. Bahloul, Stratification by the local Hilbert-Samuel function, preprint.

[2] S. Endrass, Standard bases with respect to the Newton filtration, arXiv:
math.AG /9904071

[3] G.-M. Greuel, C. Hertling, G. Pfister, Moduli space of semiquasihomogeneous
singularities with fixes principal part, J. Algebraic Geom. 6 (1997), 169-199.
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[5] O. A. Laudal, G. Pfister, Local Moduli and Singularities, Lecture Notes in
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Remarks on our characterization
of the unit polydisc

Akio Kodama (Kanazawa Univ.)

Satoru Shimizu (Tohoku Univ.)

Let M be a connected complex manifold and Aut(M) the group of all
biholomorphic automorphisms of M. Then, equipped with the compact-open
topology, Aut(M) is a topological group acting continuously on M.

In the previous paper [2], we studied the following question: Let M and N be
connected compler manifolds and assume that their holomorphic automorphism
groups Aut(M) and Aut(N) are isomorphic as topological groups. Then, is M
bitholomorphically equivalent to N ¢ And, as our main result, we obtained the

following intrinsic characterization of the unit polydisc A™ in C™:

Theorem A ([2, Theorem]). Let M be a connected complez manifold of
dimension n that is holomorphically separable and admits a smooth envelope
of holomorphy. Assume that Aut(M) is isomorphic to Aut(A™) as topological
groups. Then M is biholomorphically equivalent to A™.

Recently, in connection with this, Isaev investigated a complex manifold M
having the property that its isotropy subgroup Aut,(M) at every point p € M

is compact, and showed the following:

Theorem B ([1, Theorem 1.2]). Let M be a connected complex manifold of
dimension n such that, for every point p € M, the isotropy subgroup Aut,(M)
of Aut(M) at p is compact in Aut(M). If Aut(M) and Aut(A™) are isomorphic
as topological groups, then M is biholomorphically equivalent to A™.

The main purpose of this talk is to announce that Theorems A and B can

be generalized as follows:

Theorem 1. Let M be a connected complex manifold of dimension n that

— 717

34



is holomorphically separable and admits a smooth envelope of holomorphy. As-
sume that Aut(M) contains a topological, not necessarily closed, subgroup G
that is isomorphic to Aut(A™) as topological groups. Then M itself is biholo-

morphically equivalent to A™.

Let D be an arbitrary domain in C™. Then it is well known that D admits
a smooth envelope of holomorphy. Hence, as an immediate consequence of this

theorem, we obtain the following:

Corollary 1. Let M be a connected Stein manifold of dimension n or a
domain in C™. Assume that Aut(M) contains a topological, not necessarily
closed, subgroup G that is isomorphic to Aut(A™) as topological groups. Then
M is bikolomorphically equivalent to A™.

On the other hand, Theorem B can be extended to any symmetric bounded

domain D in C" as follows:

Theorem 2. Let M be a connected complez manifold of dimension n and
let D be a symmetric bounded domain in C™. Assume that Aut(M) contains a
topological, not necessarily closed, subgroup G such that the isotropy subgroup
Gp of G at every point p € M 1s compact and G is isomorphic to Aut(D) as
topological groups. Then M is biholomorphically equivalent to D.

Let M be a hyperbolic manifold in the sense of Kobayashi. Then its isotropy
subgroup Aut,(M) at each point p € M is compact; consequently, we have the

following:

Corollary 2. Let M be a connected hyperbolic manifold of dimension n and
let D be a symmetric bounded domain in C™. Assume that Aut(M) is isomor-
phic to Aut(D) as topological groups. Then M is biholomorphically equivalent
to D.

References: [1] A. V. Isaev, A remark on a theorem by Kodama and Shimizu,
J. Geom. Anal. 18 (2008), 795-799. [2] A. Kodama and S. Shimizu, An intrin-
sic characterization of the unit polydisc, Michigan Math. J. 56 (2008), 173-181.



A3 2 $E.D Analytic Span D% 2B LGHIVIEE
BEEANT (IBILEH - ZUERER

1. BEDHE 5D Tplanar 2V — VH R() DEEBEER t € B = {|t| < p}
ERICHEOSPICES R:te B— R(t) T35 LRETS. - T, #HF 2 KouHE
R == U,ep(t, R(t)) DER U5t 0R() RSP THS. 2O & &, HIEI([1)2])
1, 2% a,b THi log |z —a|, —log|z—b] %D L-ERBH (i = 1,0) D 2BEES
/\“n“%TL ZDISHAZRR:. 5B, BT 2 FEEE D) <BL T 1ER
a (BBD7D a=0 &7 2) KB R{1/z} 252 Li-EF pt,z) BLUV Lo-E
RIS q(t, 2) DED B 1RO 2 DRBEOET R{A1(¢)}, R{B:1(t)} BT % 2BEE
SRRBRD (1), (2) TEZoN B I EEBMET 5. EEE R{A(t)}, R{B:(t)}
12 (D(0),0) BT B Lyi-, Lo-BEEMEIENS ([4]). TI2T, Ct)G=1,...,v)
i D(t) DERBETE L, 0D = ,c5(t,8D(t)) T 5.
EE (B R{1/z) 25D L-EBE p(t,z) BLV Lo-FEB (¢,2) ).
p(t, 2),q(t,2) & R(t)\ {0} TORABEKTH->T

{ pt,z) = %{;} +0+ R{D | An(t)z"} near z = 0,

p(t,z) = constant ¢;(t) on Cj(t), fc ® 3”3722 ds,=0 (j=1,...,v).

qt,2) =R{:}+0+R{3> 2 Bn(t)z"}  nearz=0,
D —0 onCyt) (=1,...,v)
HE 2RBEIAR). EdoRob T

1) PR{A:(t)} *l/ ot )’3p(t z d%p( tz)
aD(t)

otoR o / /Dm
O*R{B:(t)} 1 / alt 2) ‘Bq(t z
aD(t)

@ —%m ~x //D(t)

722U, kao(t, 2) 1 KB-ILO [3) DAL 0D DL E mﬁﬁs&f‘&s %,

2. C, NOHRMBOWS > 2R CH E N/ MALE K KL T, ~ZHEHK
RIZBWT, K O analytic span s(K) 22RO L) IKERI LT 5 [4).

Fx ={f | K Of$EE D TOHREEAIEHD> Lim f(2)/z=1 %7},

Es(K) = {f (€ Fx) \= X 2588 f(D) oWMBEEDO2—2Y v FERK ),
s(K) :=max{E;(K) | f € Fx} > 0.
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D& E, K O analytic span s(K) I
s(K) = R{B1(D)} — ®{A:(D)}

THBIENRINTLS ([5]). 22T, R{A(D)} BEUV R{B1(D)} ¥ (D, o)
BT 2 L-BERB LU L-EHTH 5.

& HREOESHLEAMGTHIN/HALEK(¢) €C, ¥te B LHITHES
DICEB L LT3, & K@), t € B D analytic span s(K(t)) ZflHIC s(t) &
B ZoLE, FRO2EESAR 1),02) 25 s(t) BROEKT, SEHEK
BONCELTAZEERL

FIE 1. HE2IRTOES K = Uep(t, K(t)) DS B x C, O 2 RTHRMREEZ S
i£, K(t) ® analytic span s(t) ¥ B £ NERILHEMBEHTH 5.

ZOHEEF, ROMBEIHIEL T 3:
ROFABIS () ORERERE LTERIND K(t) € C, DBBERE? d(t) =
lima_oo dn(t) £ 3:

dn(t) = max {(II}; 4|2 — zj|)2/n(n—l) | 21,25 € K(t)}.

&, HEIRTES K 2 B x C, DFMRES %2 51T, K(t) OEBEER d(t)
13 B LOSMBRLAMBERTH 5.

IR, HEORTHEA KD BxC, DHEMREATH 2 Z LIdMREOD, BEAK
& K@) B THO LS CABCELT 28B4 TH, BRER dt) ONENSEHN
MRS 2 EHIS RT3, L L, analytic span s(t) DX R
BRNE G v, ERL2#BRIEISBROMETHS.

‘ @ @ @
) eo®-@9-09
B" K(t) K@)

K(?)
SE M

1] EEERTF, L-FBEICBET 2 2R AR L Schottky covering DREE—FLIZOVT.
AAHES 2008 EEKERAIRRRICGRINSHEET 72X + 7 7 M, pp 47-48.

[2] BEFEDT, KEXHE, WO, Lo- FBERICBIT 2 o BEEDAA LY — VD span
OB FITOWT. HEKES 2008 EEKERAINSREGGINEHERT 7A I 7 b
#i pp 49-50.

[3] F.Maitani and H.Yamaguchi, Variation of Bergman metrics on Riemann surfaces, Math.
Ann. 330 (2004), 477-489.

[4] L.Sario and M.Nakai, Classification theory of Riemann surfaces, Springer-Verlag (1970).
(5] M.Schiffer, The span of multiply connected domains, Duke Math. J. 10 (1943), 209-216.



—BRTBERKICEAT SV L/ A FHE
OHE (EEXP)

1. De REHERMCYHAdhEm L OfFEEK; 2,(D) 2 D TOC® A1 EXRD
2 ye DEBAMERETS. Z0LE D TCOROFGEEHE-TREA2H
K Q, =adyAdz+ Bdz Adz + ydz A dy B—BRNTFFET S -

/wz//l;w/\ﬂ., Vwe Z(D).

Q, 3 (D,y) KETAHEEZTHD. QORENHATHIIESND R TO
N ~ R (a1ﬁ,7) ln D Y ) — SN
Rl M B o= { ¢ D ERTERERLE
(i) MBHP—FRTITEYV /A F(ES, T OFSMIITREEERRh W)
BEETIZERHFERB CR<MONATWAY, Ad@mIICAEALT
LY LA RBREEL, £UI~2 ME B THhD. (ALKEE (1996);
Potential theory(2001)&Math. Proc.RIA.(2008) i& U. Cegrell & 3t3).

(i) FEIK D(t) 23B§R ¢t LIRICEM LRV OBS L X, YV /A FB(t,) D
TRAF— ||B(t, b P 2HBEEFLRRBRILY D (FKAE (1996)).

INDEIATHERIC, KBEERHTHo7
Ml VeRZBEEPOLOR, o XA EEDV ADCY BIH; w 1TV T
DOCYBERETB. bLVTOCYHE1FERe, BFELT

(1) wg=de; inV, (2)e1 =0 ono
BoiE, o DHDEEVo(C V) TOCY Z 1R B—BIICHFELT
(1) wo =de; in Vg, (2)&r=0 ono, (3)dxey =0 inV,.
2. ZI T, R OfEK D A® kRICHAME v BT 2BAKQ, 2
WT, RO (1), (i) #HLETI-D0EHE LT, LOMEIEKRITICILE
ENBZEETT. TOE 3 REDHE L RigotEmAVEEORENE

Z ot

YL/ A FHE VeR 2EAPLOK o ZREEED V AD CY #iE;
R VOCBERRETD. BLVOC#Kk (k—1) B e BFELT

(D)wy=deg—; inV, (2)e_1=0 ono
RoiE, o DHDEEV, D CY & (k — 1) FER - B—EHIUIFEL T

(1) we = dex_y in Vj, (2") €-1 =0 ono, (3") d*ex-1 =0 in V.
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W T%H (1), (2 OTT, REBEEOK: ,Cr; FERADE: .C; +
nCroz; THIRHO: Oy OBRIFRUREHUSFRARIME L) O
EERBRTND.

ZIZTH, #ifio:z, =0 DBEIEHAOBE RS, C/H(V) &V T
DOk ROEE ; Z9(V) & C° B BROEEERT.

%1 B BROKTE 1 o% L $) BH O Poisson DHERNL, FHEILK
DEMBEICREIND ¢

V TO (k- 2) FER wi_p € CY_o(V) D35

(1) d*wg—2=0 inV,

(A) (i) wk—1 =dwg-2 ono,
2) Jwgr € CY_ (V) st
(2) 3wk v (V) s (i) dxwps =0 -

BT R0, WEWET o € CY_,(Vo) (Vo R o DIEF) BHFETS :
) (1) Aok2=0 in Vg, (2) 0k—2=uwr_2 ono,
(3) dO’k_z = dwk_g on o, (4) d x Ok—-o = 0 in VQ

B0 BpE (B E LToORTE) F1ERIIBNT

Wg—g = E Giy.np_, dT1 A ... Adzi_, InV,
1< <. <ig—2%n
Ok_2 = E Ciy..ip_2 dzi A... A d:l,‘,'k_i, in W

1< <. <ig-2<n
LR FEB) BKRERD EEDI<H <. <i2 <niZHLT
(1) Acilu-ik—z =0 inV, (2) Ciyigoz — Qiyip_p, O O,

iy iy_g 30:‘1...i,=_2

©) (3) e T om. on o,
¢y .. 0Ci ig.in_sj
(4) Y s gq M (m)FEEEE =0 in V.
N fh_a<i<n Oz;

B IERE (D&M & (0)-(1),(2),(3) o RMBE ¢y, [BEHE

Boai i, Lo T—BMIHFET S (Cauchy-Kowalevsky DEHE). #iZ,

{Ciy.ip_, } EEDFAE (C)-(4) WA Z & BRTORBRIE T, FOFRER

C-(1),(2),(3) & (A)-(1) 25, aiy.i,., KETOROFHFICEFEBRZIOND
(*) Aa,-l“_,-k_a,, =0 onco (1 < 11 <...< I3 < n)

R, B Twiee D&M (A) D (x) 2EL] ZEICRESRE. ZOZ

LM (A)-(2) Lo TRIEEND Z L E2FT.
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On a curvature property of effective divisors
and its application to sheaf cohomology

(to appear in Publ. RIMS)

AFER (HHBARFE - HLi0H)
e ¥ CE—EafRER - EFHEECRED

Exploring a method of taming the boundary behavior
of n-convex exhaustion functions, a curvature property
of line bundles associated to effective Cartier divisors
is proved. Cohomology vanishing theorems of the
Serre type and the Kodaira-Nakano type are obtained

as application.

Let X be a complex analytic space of dimension n. It is known that X is
n-complete in the sense of Andreotti-Grauert [A-G] if every irreducible
component of X is noncompact. This shows that the vanishing theorem for the
cohomology groups of top degrees, due to Y.-T. Siu [S}], is essentially contained in
[A-G].

In [F], based on the 1-completeness of noncompact Riemann surfaces, an
elementary proof was given to a basic fact that, for any Riemann surface R and
for any point p € R, the line bundle [p] associated to the divisor p, is positive.

The purpose of the present note is to extend the paper [F] to establish the
following.

Theorem 1. Let X be a compact complex analytic space of dimension n
and let D be an effective Cartier divisor of X such that {D|, the support of
D, intersects every n-dimensional irreducible component of X. Then the line
bundle [D] is n-concave (see section one for the definition).

Theorem 1 supplements [O] and [Dm]. By applying it we shall show at first the
following Serre type vanishing theorem.

Theorem 2. Let M be a complex manifold, let Z be a complex analytic
space, let f: M—— Z be a proper holomorphic map, let D be an effective
divisor of M, let z € f(|D|), and let n be any positive integer exceeding the
dimension of any compact irreducible component of (f—’(z) \ ID[)u (f"(z) n |DJ).



Then, for any holomorphic vector bundle E——> M, there exists a positive
number m, such that

(R'LOER[DI™), =0

holds if m = m,. Here O(E®[D]™) denotes the sheaf of the germs of holomorphic
sections of EQ[DJ™, and R"QO(E@[D]"‘) the n-th direct image of Q(E®[DI") by
f.

For the proof of Theorem 2, we need results from [B] and [O].
Further we obtain a refined version of Theorem 2 when E is the canonical
bundle of M.

Theorem 3. In the above situation, suppose moreover that E is the
canonical bundle Ky of M, and that M admits a Kdhler metric. Then

(R" {,O(K,,®[D])), =0
holds.

Theorem 3 may well be regarded as a supplement to the vanishing theorem
of Grauert-Riemenschneider [G-R].

References

[A-G] Andreotti, A. and Grauert, H., Théorémes de finitude pour la cohomologie des
espaces complexes, Bull. Soc. Math. France 90 (1962), 193-259.

[B] Barlet, D.,, Base de voisinages n-complets pour un sous-ensemble analytique compact
de dimension n, C. R. Acad. Sci. Paris Sér. A-B 286 (1978), 751-753.

[Dm] Demailly, J.-P., Cohomology of g-convex spaces in top degrees. Math. Z. 204 (1990),
283-295.

[F] Fuse, H., Positivity of line bundles associated to point divisors and its parameter
dependence, Master Thesis ( Japanese), Nagoya Univ. 2009.

[G-R] Grauert, H. and Riemenschneider, R., Verschwindungssétze fiir analytische
kohomologiegruppen auf komplexen rdumen, Invent. Math. 11 (1970), 263-292.

[O] Ohsawa, T., Completeness of noncompact analytic spaces, Publ. RIMS, Kyoto Univ.
20 (1984), 683-692.

[S] Siu, Y.-T., Analytic sheaf cohomology groups of dimension n of n-dimensional
complex spaces, Trans. Amer. Math. Soc. 143 (1969), 77-94.



STIE 9

AT R 2Tz BB DR %)

T EAE KR ZHE L 4)

HnE

EERTRIR R R 2B 5 Fatou FFR L Littlewood EHEH & UIEIEEAMN
BBOEREICHT IHEORREAN L, ThEEIEHREAEN -Au= Vv
OIFARICHE - BT 5. BANICE, FHIEEROTHEZERL TN S, BR
HOKEAM, Harnack BRI, Fatou BUEM, Littlewood BER, Naim-Doob B5E
Hr525.

1 BENER
11 R EDIFERMBERDIZRFEE

Laplace 2RO R FABA L VS . R EDOEEFMBEROEREE I L M SH
TENIL DD >TW3B. BCRNDBEMEKEXRT. yecdB L I>1IKHLT,

To(y) ={z € B: [l - yll <801 — [z}
E95. ThERy B 3IFEEARRE VS, B LD f Ay € 0B TIHEKIEHR
LEHEDEIR, &O>1IIHLT

lim" f(z)=¢

To(y)3z—y

THHEERVD. RO Fatou DERIIHEHTHS. BHIJIC Fatou [8] A 2 KTFHIR TR
L, Bray & Evans [5]ic & b @oe\{skE i,

EIE A (Fatou FEH). B FOIEEFMMERII 0B DFREEZFT CIEEMIREEY D, Hic,
FRBEAE X EK AR REIC 9 % Poisson F5% ZBIMIEE @ Radon-Nikodym DT FE L L.

AEDOEEFEMBEROEFRBEDEER R T 5 /2Hicid, EEABBIISERICIERT
NI ESZVN? E WS EERIALE T S M, Littlewood I & O ROEDEHASRE N
Je. OR") TR" LOEREHBDOLEZET
EIE B (Littlewood EZFH). v d ke = (1,0,---,0) BT H D B NOHIERT

lz—ell _

lim inf 400

e 1 el
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EHEIT LTS, COL%, B EOHERKEERMEEA CTHEEDO € OR™M)ICHLT

liminf h(z) =0# 1= limsup h(r)

fzfl—1,z€0vy Jzf{—1,z€0y
LB DNEET 5.

FE HEDyecdBICKHLT, Oe=y R3O0 e OR") BFET BT LICHERET
3L, FHBRLTOERACEMEOIFELZERT S, L, Littlewood [16] (X 2
KITART TR EE ) THERERZ L IXVENBEROFEERZR L. 2 TOHER
A TEBBOIEEER Aikawa [1, 2] I & D 2 XyeMii & @Rt EEZEMTREN .

3. Nagel & Stein [19] *® Mair & Singman [18] 1%, FRMMTOMARICHL T, LA
IEESERIC b S E NV E B EEEEICI - THEAFET AT L &R L.

3B, Cr OBAER 10D Bergman 5HRICAIS % Laplace-Beltrami 7 F2AODARIC I 9% Fatou
SEFHIZ Kordnyi [15] AR L, Nagel & Stein EFHI Sueiro [21] AR LTz, &7, Littlewood
EH% [9) TE5A .

1.2 XK EOEEERNERORER SR

B(z,7) THD z, ¥FEr OELT. HEHQ FOBE u : Q — (o0, +o0] HEH
HITHB LR, u # +oo k% FUMFME TTMOTENX “Blz,;r) ¢ Q%5
u(z) > Alu;z,7)” BT EERVS. T, A(yz,r)idud B(z,r) EOKERY
Y#EET. Q0O Green M Go(r,y) LRE p o LT, Bz — [, Galz,y)du(y) B
THEMIC 400 THWE X, TORBZERIEE u O Green BT > v )L EWVS. Riesz D7)
fREMic kb, Q FOEABROMER I

u(z) = h(z) + i Ga(z,y) dp(y) (z€Q)

LEIND, EEL, hiZQIKBI B u DBRENSHEETHD, 1,13 Q LORET
HBEBOBEW.T p, = —Au BT, o T, BROBROEREEHZMSHITR
Green KT > ¥ v IVERANNIE XV, KA Littlewood [17] I K D /RENTZ.

FEC. B LD Green BF >+ UL 9B DFREE ST radial B 0 %21 D.

Green RT3 v VOIHEBBOER I —RIIIFIL T hizw. FTT, JEuH
Lebesgue RIREICRE U THEXEEE T 2 B A BB OTFIEAHZL E Nf. Tolsted [23,
24,25]1d 2 RITHHRIC BT Green K7 > v )b [, Gp(x,y) [ (y)dy D IFEAEFR%Z £ D
FehDEEEE fIcHNTHEOMD TG EEZ T, HOBERZHRL, Arsove &
Huber [4] DRDFER % 2 XD & ZITRL, Wu [26] BEIITOHSICHR L /2.

FED. i B LOIFEMEATRIBET [, — lyl)f )y < oo BT LT 5. Hic,
ROWT el &9 5.
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(i) BB q>1IHUT [(1 - lyl)* " f(y)?dy < oo.
(i) EBMCHHFELT fly) <CL—-vl)™* we B).
L&, [,Gp(r,y)f(y)dyld B DWEZELFTIEEERO0ZE D.

1.3 —R&sEEL E DREIRERE

G QI LT, A T Martin &R, A, B/ Martin 5%, Ka(-,y) Ty € AT
2 Martin % £, Martin OESZEERICL Y, Q LOEMERAMBEKAICHLT, A
EORE vy, Tun(A\ A = 053 EDBEFEL T h(z) = [,, Ka(z,y)dvaly) &—FH
IKEENB. vy % hOMartin BRAEE L LR, Q LOEHEBRNER«EEEGECQ
WKL,

Ry (z) = inf{v(z)}
5. 121U, FBRIZE FTu<vZd Q LOEARRNMEK L TES.
RE T4 LE RE TERY. Eftye A, TRINMITHD LI,

ﬁlb‘j’n(._y)(fz) < Ko(z,y)

BEET e QONEHETHLERVS. Q LOB f My e A TRNIER (25D
Lid, My TRINRHIRES ECc QAMFELT

im  f(z)=1¢

Q\E3z—y
THBHLXEVS. Naim [20] & Doob [7] IC & h XARE Nz,

£ E (Naim-Doob EHH). u,v i Q LOEEEAMEKE L, ThH DR RSB
O Martin ZBHER v, v, £T5. COLE, uv/vid v, i KBLTA, LOREESHT
B NERERR 2 6D, B, MIBRAENE v, 1CBEY B 1, O Radon-Nikodym DT F L.

COEMICBEVT, B/NIERRIC Y 5 BN S B v, v ICKTFT 20T, &
FEBORIRHETSHS. T, FNEROBATEIX, FEEEOEFEREDICH
ZCLRTET, ERABRHIDETHS. QHER Lipschitz B CUT X —HHT—
B 7251, QO Martin 75 & U1 Martin B2 A5 00 LA-HTE 5
(3, 13, 14] BBM). Tz, y € 0QIKIERY 2RI {z;} cQLO0< [ <] L
T, 1A U, B(z;, fdalz;) ERy TRUNRHITERWT EAVWE D, TTIC, dofz) ik
o HhDIER N ETOEMAPEYT. FAMERO Hamack AERZ AWV TRAIRE N
(3, 13, 22] 2B ).

FH F. 457 Lipschitz fi Q L OIEEZHABIEIERMRAECRIL T oQ LOMEE S
TIFEEIRZ HD.

SEE. U NIRERR & IFEHERR O RARIE SR AIC Brelot & Doob [6] A b 22 THRNTL.
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2 AR E R T ERNRB DK

KEMEZIC BV THENSIFEAER - Au = v XEONREE (HEESH - BN
F - BRESH) R T B EFINARRTH D, Lane-Emden FEXEFEIN TV
(ML 27] #BR). COABRKXOEEROEHETEMS ABRROFERETEZ RV
THLHOWETN, SHTIEE > L —ROJBPLEEE S BEICHFEEN TS, K
BETIE, FROLS AR AERDEHEROBER¥EEHS. LD —RIC, Riesz
SRUCHN BRI 11, D Lebesgue FIEEICRE U THixhEs: € d 2 IE{ABFRIBIE uw BRD
IR ERF - TIB SR T 5. Radon-Nikodym DEEMEKE f, TET. ¢ >0,
p>1, a>0&L,

fu(z) < cda(z) *u(z)? (ae.z€Q) .0

®iTd QO LOFEBFRNERuOREE S, ,(Q) TKT. TOMBKIIER cICbK
FT 5N, UTOBERICEOT clcEERINS BTV OTHRI LW,

3 #HR

COfTIE, QIEER Lipschitz fEk L §5. Xz, FCEETHRWVWEERZ C Tk
THLTREDEDETS. BRRATRBEN, S,.(Q) ICBIT 5 BKECEEIELLT
TbRBEREATHICEL BFRTS. K-> T, EELEHEZEATS. 1€ Qi
BEEREL,

ga(z) = min{l, Ga(z, zo)}

k9%, £CT,

i(t) = inf { ‘?:((f))t z€ Q}

&L,
T = sup{t > 0 : i(t) = 0} (3.1

CEHTB. THIE Green BROBRBRE X TIRETSHS. FBE, HH Lipschitz
BETIE1<7<o00THY, 7=inf{t >0:i(t) >0} TH3. Fic, AR CV-FHT
Br=1Tbh5%.

EE 3.0 (BEREASHE [12]). 71X G.DDEDEL,

n+rT

1< S
“n+T7-2

0<a<n+7—pln+7—-2)

)

LB TDEE, EBC = Cleapn) kg =p0pn) WMAELT, EEDu e

SP,a (Q) i j‘\]‘ L’ T
C

< _
U S G aly
BEDID. i(r) > 055, a=n+7-pn+7-2)DFPAICE 32) NKDILD.

u(ze)® (z€Q) (3.2)



AB. yeobl, Ty(y) ={z€Q: |z —y| <a(z)} £T5. TOLE,
9a(z)Ka(z,y) = ba(x)*™ (z € To(y))
PEIIT S ([10]). - T, (3.2) DHELX Q LD EFRMEROBKERIEKETH 5.

AE EEH3IEQDED, LLBRAERTHS. BXIC, EH31DpLallHLT
Spa(Q) C CHO) WES.

EH3IDOBEONAEELARERRS. XD 2DDRICEBVT, p>1La>00i
T3 OFEEOLD LT 5.

%32 (W THEDOTRERX[12). u € S,a(Q) &L, didQ EOBETd(z) > 2 (z € Q)
9B cokE, REBETIERC =C(c,a,p,n, Q) WEETS !

r2-a—(p-1)(n-2)
ga(z)?~td(z)>+P-D=2)

pd(x,r) = Cu(.’lo)ﬁ(p;l)
t93L, FEDz QL0 <r <dg(z)/dz)icxLT
{1 - pa(z,7)}u(z) < M(u;z,7) < A(y; z,7) < u(z)

D HILD. TTIT, M(ujz,7) i3 uDOB(x,r) LOKEFEZXL, A(u;z,r)idu
D B(z,r) LOGRYERZET.

EBC =Clc,a,p,n, Q) DFELT, FEDe >0 U T2

aﬂzcﬁ““fr” (z €

icedl, IRTDzeQL0<r<dgz)/dx)IicHLT

pd(.'IJ,T) <e
BES. R, KO Hamack BIAFEXEES.

% 3.3 (Hamack BIRER [12]). M > 0& L, u € 5,0(R) W u(ze) < M ZHITET
5. Fl, 0<k<1¥95. FEDe> 0T, E8d, =d(e, M,c,a,p,n, Q) M
FUELTHEEDz€Q, 0<r <édo(z)/4d. Ly € Bz, kr) IXHLT

(itifuu)

1—¢ u
(1+£)"

(z) < uly) <

D ILD.
CODFRMNS, thu/v OIHEBROTFEN VX B.
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EXE 3.4 (Naim-Doob BIEH [12]). T B. 1) DHDEL,

n+r71
“n4r-2
ETB6G(T)>0a5Ea=n+7-pn+7-2) TELV). y,ve&L() EL, %
v DRAFHMLIEED Martin KBERIE LT3, TOLE, u/vidBEy, LT L
D EEZFTIEBIERZ L. B, u/Ka(,y) iy € 00 TIHEBRYE & D.

1<

0<a<n+7—pn+7-—2)

UEDERICEBNT, @flp< (n+7)/(n+17-2)ta<n+7-pn+71-2) 3K
BTH%.

EE3.5([12]). QIXERSEAERETS. ridG.1H)DLDEL,

> ntrT a>0
p rar—t 2

Pl
p>1l, a>n+7-—pn+7-2)

LTB. COLE, ue S, (Q)NnCAQ) ERABHERAICHY BIEBAF] (2} C QHE
HELT

lim sup gg(:cj)ég(zj)"‘?u(:cj) = 400
j—+oo

Lixs.

EH3AILBVTv=1€85,,(0) LT5L, uNHAMMEICEHL TN LOBREES
FRCIEEBIEZ L DT EAVE S, R, CTOT LR S ELVWERDp L alci LT
RILT 5.

B 3.6 (Fatou BUEH [11)).

1Sp<;%? 0<a<?
BHIE, ue€ S,a(Q) IXTAMRBEICHE L TN LOFWREEZFTIEEMEIEZ S D.
EE3OICBNTHFp<n/(n—-2) L a<2lIZIZRBTHS.

R 3.7 ([11)).
p>—L ¥/ a>2
n—2

9%, CDLE, FyecdBEOH>1IKHLT

limsup u(z) = 400
Ta(y)3z-y

YHBue S, (B)NCHB) MFET .



FEFP 3.8 (Littlewood BIEFE [11]). p > 1, a <2, ¢>0 (p=1DEEZ+H/N) &§
%. VI3 B LORTHIBIT [V(z)| < c(1 - ||z]|)™* (ae. z€ BY 2T &L, vIdsA
e=(1,0,---,0) ZigR%ZHD BNDHER T

lim inf ——I:—6ﬂ = 400

Rl E$H. oL, HERORBKT —Au = VP i TIEEER T uw e C(B)
PEELTEED O e ORMICHLT

liminf wu(z) # limsup wu(z)
llzit—1, €0y llzll—1,z€0
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1. INTRODUCTION: HENON MAPS IN C?
BEI/VEREZ, (b)) eCxCIZNLT
Jep : (z,y) ¥ (2% + ¢ — by, 7)

T5z250% C? OSHEAHCAMERD Z L THD, LR, KB 2P E
D1EBHER p(z) £ be C* IKHLT

fon : (2,y) — (p(z) — by, T)
—RUCERT/VEGRETS, UTTR., T 0ERMBEOARK

f=fabmo0fon
DBhET C? OBENYFREERD, [ BEAROFEER [ 2RO LRAESICD
D5, [ DR¥%E d=degp,---degpr L LTERT %,

FoWOSEHEABCHAE fIcN LT, BiAHE {(f(z,y) o DERIC A 5K
(z,y) € C? D&% K+, B {f (2, y)}nzo PHRICL YR (z,y) € C°
OetkE K- L, Jt=0Kt, JT=0K™ 8L, ZLTJ=JtnJ LED,
hZ fOI1YPEELEFE,

—fic, WEL VEHR R EOHD f) oYY TEAR C ROEMR
WR%E LTS Lk, ZOMEAND 2 IIHAAOEREEZBT TS
FONARKECRETH 3, ABEOBER., b2HEFAZHVTIOY 2T
FEEEERTEILICH D, BEEDL ) LERVERLEDPIEBT 5.

ORI 1) TESREAGDERNICERT 3 HEE, BEEOMBRY,
BRESTICUUTO 3@ b BFEEL 7o,

(a) YV / 4 FiZ X 5588 (Bedford-Smillie [BS])

HiEEDLOWHNLE Y 2 Y THRE Jf BYL/AR D ICE>T T35 A4 X
T%5%, 2%h

% = lim(R/Z; 6(8) = df)
YA, M E WHEDOREDITLTIE, ®od=fod Tl ¢HEFLESH !
.Y — J

DEET B, HALIZTC, 6:R/Z - R/Z D T ~OFH LIFEHK§ TRLT,
zeJ KNLT, (@) =2 t%% 0T % z DHRAA LI,
Date: 2009 % 9 A, KERA% I 51 2 AABZATERIBLFRHOTH.



2 B B WMXEBEEHRER

(b) #— b= b vic & 5588 (Oliva [0])

{1, ,d}* % d BO> v RAOHMERIID 2 THEEM, 0 % {1,---,d}*
o7 vERETHE, {1, ,d}* LOARLAMBIR ~ KXo THRAOFER
ofu {1, d} ) = {1,--,d}2/ 13 6 E > T MBI LD, HIGT D
HEx pr:{l,-- ,d}2 > L CEDbE ), DL E (a) THRREARAORA—ED
A=z, A=RT RV EFRENZ 2 YD ITRY Y IR FAF>HEAT 77T
HdEnz, oFh, Kbt

3
(¢)

(L e € {1,---,d)) BBEBTINY ¥V ENLEREAYT T 7 HHLEL .
{1, ) D2DOOTEE = (en)nez & € = (En)ncz KH LT,

®opr(e) = dopr(e)
DBROIOIEET S 7DD HHAUEREEICHR> 7 7 RY ¥ T DFIH

. [Enm1 ‘€n [Ent1
En-1 (Eﬁ Entl
L3 Z LDSEEIC B,

(c) 7\/3— FARIC X 3584 (I [12])

H2I5ABT L) VER (B0 LEOFD f) oY) TEAR, £ob
DORHABHE XN 2OoODK (tree) D E Z0 6 DHDOEHDOHM ¢

L7 T — T°

DBERT 2 IRIALOR/MBRE LT TES, D428 (T°, 7T, 1) DI E%
INSI—REREW), "= FROBROFMIIE4TTERS,

LA ED Oliva itk aA— = F vOBRIZ. BREB55DLEIHA20D
BT ) vERICRLTLPESNTuRY, Ldrd, TosBEYicr /) v
BHROC2Y 7ESORFMFGEEEZ TV A2 REFNICHEHINTU VLD,
FWVwIDD, Oliva i3y Ea—2Tilivrngzb it L TARARLOR—#
DOA—NVEFRESICBTHEUGI LTI A— I P 2BREL-06THE ! EIADE
D—HT., ZOFEA—F2 itz Y L/ 4 FORMBBROEIERME, 2297
ELOMH2HRS ECHEEICHRD BTV, BLED X hEBELL.

A—Fro bbb L REMITEEL 2w

CHOORBBERLE I LTHA)H, ERIOFEZ»EHITIADHELEL T, H5HF
DEREEHLTANSN—FADPOA— b= b Y ZBHET L) AEBEIGND
DTHDB, SEZTERRBER (13 1. CORZAAEOHRD—DDAT v 7
LA AT ENTES, B, Ihs 38 OERE L OBIROBARI L BRI D
WTIE, BOEEXMLTEEV,

121 o,



REAZAVWTC ) 7HRAERAT 2 3

2. ITERATED MONODROMY GROUPS

3T, BIETBARBHEMA L1k, KEE/ Fu I —## (iterated monodromy group)
EWENBHDH 2R S ERERANDERDOZ L Th b, MREELHO8E
ERICX LT Nekrashevych et al [N1, BGN] ic & > TH