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N- Fractional Calculus Operator Method to

Laguerre's Equations (I)

Katsuyuki Nishimoto Descartes Press Co.

Abstract

In this article, solutions to the homogeneous Laguerre's equations
@ zre(z+a+ D+ =0 (z=0)
(g, =d’@ldz" for v>0,0, =9 =9(2) )

are discussed by means of N-fractional calculus operator (NFCO- Method).
By our method, some particular solutions to the above equations are
given as below for example, in fractional differintegrated forms.

Group L
(i) @ =2 () =Puyap (denote)
and
.. . -(a+B+1) e 4 —
(ii) @ =27 e )-w) = P21y

And the familiar forms are

_ B+1 1
Priytapy =€ 2 @h F(a+la+f+1; 7)

and
i T -
. inf a z . .
Pr2)(a.p) = € T(a +ﬂ+1)2 e F(B+1;1-a; ~z)
respectively.

Where  F () is the generalized Gauss hypergeometric function.



N- Fractional Calculus of Some Functions,
Which Have A Root Sign

Katsuyuki Nishimoto Descartes Press Co.

Abstract

In this article N- fractional calculus of functions

Nz-¢ UY7-¢c (m€ZH)

)

and
(az+b) /| Vz -c

are reported.
We have the following for example.

aZ+b\ _ —i:rrr(y_l+(1/m)) _ oy Umy
Y ("’Jz—c e Twm &9
x {(y ~1 +7,11~)(az+ b)—-ay(z —c)}
(z—¢c=0, IT(y~1+{l/m))l<m),
@by L T-1+A/m)  amen
2) (’2/273)"'( ) C(1/m) (z=¢)
x {(n—1+%,-)(az+b)—an(z—c)}
(z-¢c=0, n€EZ, ),
and
a+b iwim 1
3) (” z—c)_l,,,,“_e T'(l/m)
x {(az + B)log(z~ )~ &(z- ) (log(z- ) -1)}  (z-c=0,1)
where mez* .
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The reproducing property
' _and the normal derivative norm
with fractioanl orders on the parabolic Bloch space

ZI ESR (REXR - T)
H % n+ 1KILEE Buclid BRI R (n > 1) 0 LEZERET5. T2bh,
H=R"xR; = {(z,t) e R"*!;z € R*,¢ > 0}.

0<a<lIZHRL,L® =084 (-A)* & T5. ZZ7T,0,=0/0t, Ay 12z IZH
T5 Laplacian ThHbD. Fir, H EOESEE wS L@ F\ATHD LT, BEHKRO
BURTLWy=0LR5LE50) WO XL OBAEERT.
% Bloch Zf B, 2RO X 5 ICEET 3.
= {u € CMH); LT, |ulls, = sup {t%|V,u(z,t)] + t|du(z,t)|} < oo}
B)EH

32 i1BIT B gradient #E 3. S5, B, 2RO LS ICEHT 3.
B, := {u € By;u(0,1) = 0}.
B L T Banach ZEf & 725, Flha=1/20L &,

ZITC, Vi

TIT, Batk /v s, i2
B2 137870 Bloch Z2f] ([4]) TH 5.

FAF0 Bloch [, [2]°[4] THEENTWA. i, K% Bloch i
—, [1] T, #%E! Bergman BE% D fractional denvatwe

[3] THFEI LTV D

IZOWTHIZE L'Cl/\f) AFEE T, HE! Bloch B%kIC fractional derivative &
AL, reproducing property & normal derivative norm O FHEIZ DWW TH LT
HRERETD.

k & R¥ LD, fractional order DI 1EMSE Df &, Df = (=6,)° &£ 45. 5
1 well-defined TH D Z LIZERELTE

WWr>0ET5E,ue B IZH LT, Diul

<. B ES Bergman BAEK O fractional derivative {IZDW T, T TIRELN TV S
REBNTD. 1<p<oo,A>—~1Ix LT, HHH Bergman ZEMH] b5 (\) ZIRD
EOTERTD.

BE(A) = {u; LOFF, / lu(z, £)PPAV (3, 8) < o0},
H

T, dV i H E® Lebesgue volume measure %39 Theorem A T, B

£ Bergman B8% @ reproducing property % 5 2 T\ %
ﬁ—l K > ’\“ &y

THEOREM A ([1D). 0<a < 1,1 <p< oo, A> -1, v> —
ZorE, FEOue BN IRLT,

5.
(1) C/ Dyuly, DWW (@ — y, t + 5)s**~1dV (y, s),

(z,t) e H

-3-



MDD, ZI2T, Cf=2°/T(x).

ERBEBABEDI, REEETS. k> -2 CHLT, HxH L0
wh &
LUZ(I,t;y,S) = 'DSW(O‘)(Z‘ - y’t+ 3) - DSW(Q)(——y, 1+ S)

ET D LUT, ERRIZOVWTIHRRS. Theorem 1 1EH#%! Bloch Z8f& £ repro-
ducing property Z 52 T\ 5. %FIZ, Theorem 11Z8F 5 v & k D&MD, Theorem
A @ limiting case (p — 00) &> TNAZ LIZEETS.

THEOREM 1. 0 < o<1, v >0, k> 0,75, ZDLE, FEDue B, -
LT,

w(z,1) = Chpn / Diuly, iz, by, ) 1dV (w,s),  (o,6) € H
H
DAL D L.

Theorem 2 TiE, ##% Bloch BE% normal derivative norm DFEfR % 5 2 T
AP%

THEOREM2. 0<a<Lv>0&T 2. ZDEE HAEHC >ONFELT,
FED u e By i25F LT,

CMullp. < [1t*Dyul|re < Clluls,
MELD SED. I,
1fllpee := ess sup | f{z, )|
(z,t)eH
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4 Notes on jack’s lemma

Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f;(z) of the form

fiz) = 2 + ) aniz" (i=1,23,...)

n=2

that are analytic in the open unit disk U = {z € C : |2| < 1}. For f;(z) € A, the
convolution of f;(z) ( =1,2,3,--- ,m) is defined by

(Foxfarex D) =2+ (ﬁ)

n=2 \j=1

Iff(2) = 2+ 00 a2 € A, g2) = —— = 24 52, 2%,

1-=2
and k(z) = 5 =2z+ Y o, nz", then

(1-2)
(fx9)(2) = (f xg7)(z) = f(2)
with ¢ '(z) = ¢(z) and

(f*xB)(z)=zf'(z) =2+ Z na,z"

n=2

with (k& ')(2) = z

T1-z
For f(z) = z+ ) o ,a.2" € A, G. S. Salagean introduced the following
Salagean differential operator

D°f(z) = f(2), D'f(2) = Df(z) = 2f'(z) = (f * k)(2),

DIf(z) = D (D f(2)) = 2+ mians” = (kaks- sk f)(s) (j=1,2,3,-).
n=2
J. W. Alexander has given Alexander integral operator given by

o0

Df(2) = /: fg—t)dt =z+4 Z %anz".
n=2

Furthermore, we introduce

D7 f(z) =D (D' f(2)) = Z+Z (;1;)] a,2" = (k7" %k kT f)(2) (5 =1,2,8,--0).

n=2



Therefore, for any integer j,

Djf(z) =z+ ana,,z".
n=2

For f(z) € A and g(z) € A, f(z) is said to be subordinate to g(z) if there
exists an anlytic function w(z) with w(0) = 0,w(2)| < 1 (2 € U) such that
f(2) = (g o w)(2). We denote this subordination by f(z) < g(z). If g(z) is
univalent in U, then f(z) < g(z) is equivalent to f(0) = g(0) and f(U) C ¢(U).

Applying Jack’s lemma due to I. S. Jack (J. London Math. Soc. 3(1971)), we
derive

Theorem 1 If f(z) € A satisfies

Dit2f(z) a+1

Jor some real & (25 < 3), or

Dit2f(3) Sa—1
Re (D”‘f(Z)) “Sarp €U

for some real & (1 < a £ 2), then

Ditlf(z)  a(l—-2z)
D7) R (z € ),

S0

Ditlf(2) @
Dif(z)  a+1

[4

a+1 (z € U).

Theorem 2 If f(z) € A satisfies

2 10O WS N
v (Bmrg) > maey ¢€U

Jor some real @ (a £ 1), or

Di+2f(z) 3a+1
Re (DJ"“f(z)) > 2a(a + 1) (z€0)

Jor some real a (o > 1), then

Dif(z) ol -2)
D) o (z € U).




A series associated to a pair of simple closed geodesics

hEER (BRAE - AEIIHEE)

SEE -1 ORHEL OHEERLZHBRBELONE 1 EARHEL—FAF EicdH
5 32 Weierstrass D 22 PP, *[BET 5, S% P & P, %@ % HHERRIhE
2FO8E LTS, GMcShane[4]([5] bEMO Z &) IROEZEREFEHEL 7,

Z( osh(lm/z)) 7 (1)

ZEThliEyORETHS, ZOBHETIE (1) OBEEAERNT .

GENHEFPEDIEHTL2 79y 7 ABTD/G=F t&bbDL T3, NHmDH
%t {a,b} B G DIEBEELRRTH 5 L1k, ROFEH2HETEENT,

o G i3 g, b TEEIN S HHE,

o aba~ b~V XL

o b Dl o DELE Z ORI & BRI REY) B

e 2 UAC O3, KEAH R S BEIABRICAD ) HENE L 6NTVDS
bDET R, F ROBMEARMBE  HED S G DTN g =g, (BHILEWTE) Ta,b
OB BB TH DL DEEE, n.(g9)n(g) ZENTHgIEENDa L bD
B 92, EEERERS {a, b} Z#EYIGES L, SiEn.(g,) =n(g,) =1 mod 2
% Bt d BB Y DEQ L LTORBMITo6NE, S6ItIDIlE2MVaE
a DUl bDEDTREZ O L LT, B

G={{g,h}: {g,h} FEFEERRT g h OWIZ O ZES }
EEODEE, (1)

EEHEETILNBTED,

(2) DELFADEIRE, O =@ 5H% & D BMWHTOANEROESGDHE E(C dD) %
Birman-Series 823 £ FER, EFiZA v F—NEHETEZO 1 KGN —FTHIEIZ0TH



% ([1]))e OD B} 5 E DFEESDOHED % “gap” LS, gap DEA% Gap TED
Legap IDODPSRERLARG ETDE, EOBENLS

Z 01=27T. (3)

I€eGap

G IR B IEIRIEERR {g,h} 1N L T ghg *h™! DFBIRZEL gap Iigny € Gap
7537?@1/1\ *‘j‘m g - Gap, {g, h} — I{g,h}, 01%%%15) 50 =) Ew = e{g,h} = 0[{gvh}

EysLE
. 2
G{Q,h} = 2arcsin (It‘,[‘Thl) . (4)

£ o T(3),(4) »5 (2) S, BB [3),[1] DERZAVE & GOMETRTHEL
ETFonB I EERFELTEL,

SE 3R

[1] J. S. Birman and C. Series, An algorithm for simple curves on surfaces. J.
London Math. Soc. (2), 29 (1984), 331-342.

[2] J. S. Birman and C. Series, Geodesics with bounded intersection are sparce,
Topology, 24 (1985), 217-225.

[3] M. Cohen, W. Metzler and A. Zimmermann, What does a basis of F(a, b) look
like?, Math. Ann., 257 (1981), 435-445.
Proc. Amer. Math. Soc., 119 (1993), n 893-896.

[4] G. McShane, Weierstrass points and simple geodesics, Bull. London Math. Soc.,
36 (2004), 181-187.

[5] S.-P. Tan, Y.-L. Wong and Y. Zhang, Generalizations of McShane’s identity to
hyperbolic cone-surfaces. J. Differential Geom. 72 (2006), 73-112



Extensions of holomorphic motions and
holomorphic families of Mobius groups

Sudeb Mitra (CUNY)
BE OB GEIAHET220FRRD

1 Intoroduction

Holomorphic motion D 7 A 7 4 7 I* Mafié, Sad, and Sullivan iZ & >T
BRIERICBOTHOTEAINT, Z 1L holomorphic motion 1
BRNIFER, 43272, Ken#RICBWIULAIIGHINT
V3%, ZKEEHE TlE holomorphic motion DINEEEZ W D05 Z 3, X
52 Bers IZ & % Mobius groups D FIB D ERIEICEI§ 2 &R 0—Mfbx
525,

EE 1.1 V 2EELEE BanachZRE L L, ER g, c V 2EHET 3,
E% COEPEEG LTS, V_ED E D holomorphic motion & LT D5
BRI ESR . VXE-CDZLETHS:

1. ¢(z0,2) =z for all z in E,

2. HKrzeVEEELLEEER §(z, ) E-CR1INI1TH 3,

3 HB2ecEXBEELLEEER ¢(,2): V->CRV EFHTH 3.
¥rbo2 k30

o FEDz cV EEED e> 0N L T DEFEU, BEELT, E
HWDORZ2 45 a,b,c,diTXHL

p(dy(a,b,c,d), ¢y (a,b,c,d)) <e forally andy' in U,.
DAL B, TR plEC\{0,1} DR7 A VHEEETH 5,
EWVWIH)FHTEERZ 5D %V LD E D quasiconformal motion & V> 9,



2 Results
FHEBIDTOADEHTH S,

FE1XZ2Y—wVHETSE OLE X _RIZIEAELCD holomor-
phic motion ¢ : X x C — COEHT 2720 DBEHTHMEE X ¢ O
THD., FiL, X € 0% 6, X LAY holomorphic motion i
C D holomorphic motion WKL,

EH 2 K 2B AWDa Y 7 FEELET 5,
K %% AB-removable TH % & ¥, holomorphic motion ¢ : (A—K)xE —
CiBLTUTFRARTSHS :

1. ¢ can be extended to a continuous motion ¢ : (A — K) x C — €.
2. ¢ can be extended to a holomorphic motion ¢ : (A — K) x C — €.
3. ¢ can be extended to a holomorphic motion ¢y : A X E — ¢.

¥ 72 K 53 AB-removable Tla\ 2 & &, (A — K) x EIZB 3 holomorphic
motion T (A — K) x C D holomorphic motion \ZIARHE 225, Ax E
D holomorphic motion IR VWb DIFEILT 5,

EE 3 GEACTAEBRP L IH, EC C2GE) = EXb%ED
L35, G-RZE% holomorphic motion ¢ : V x E — C % continuous
motion ¢: V xC — CIIEHKZ LT B, COLIUTOWERF
quasiconformal motion ¢ : V x € — C MEET 3 ¢

1. ¢3¢ DEIRTG-RAETH B,

2 EBDsc VIRHLT ¢y = g(w, SR by = a(:r, -} i3 isotopic rel
E.

EE4V, G ERLEALLDT, ELD 1 — 1 EHEOERE (¢, rev
NG OBABDIERER {6,} ey FEDHTVWBEET S, L, HD1eV
N LT, G OBEFEAEE2E ko, £BDzecVIto20TH
0,12 G DIEEAEL TH 5, SO VEEETHEILSIT {0} 13H
% quasiconformal motiond: V xC - C X DEE D, ZHhid {pz}ocy D
YRR TH B,

FREPEFR I I o DR DIGH - Bl 27\,

-10 -



Remarks on Jgrgensen groups
of parabolic type

Hirofumi Goto

Hiroki Sato (Emeritus Professor, Shizuoka University)

In this talk we will deal with extreme discrete groups (Jprgensen groups) of
parabolic type for Jgrgensen’s inequality. It is one of the most important prob-
lems in the theory of Kleinian groups to decide whether or not a subgroup G
of the Mébius transformation group is discrete. For this problem there are two
important and useful theorems: One is Poincaré’s polyhedron theorem, which
gives a sufficient condition for G to be discrete. The other is Jgrgensen’s in-
equality theorem ([1]), which gives a necessary condition for a two-generator
Mobius transformation group G = (A, B) to be discrete. We set J(A4,B) :=
[tr?(A) — 4]+ [tr(ABA™'B™!) — 2|. A non-elementary discrete two-generator sub-
group G of the Mobius transformation group is called a Jgrgensen group if there
exist generators A and B of G such that J(A, B) = 1.

Let G = (A, B) be a Jorgensen group. Then either A is elliptic of order
at least seven or A is parabolic. If A is parabolic, then we call it a Jgrgensen
group of parabolic type. Now it gives rise to the following problem: Find all
Jgrgensen groulps of parabolic type, For this problem, C. Li, M. Oichi and
H. Sato ([2],[3],[4]) introduced parameters (6,k) (0 < 6 < 27 : k € R) and
found all Jgrgensen groups of parabolic type, which contain the following familiar
groups:The modular group, the Picard group and the figure-eight knot group.
However the case of § = 7/4 in their papers is not perfect. This time we solved
this case, and so the problem for parabolic type, completely. Qur theorem is as
follows ([5]).

THEOREM. The group Grsx with 1 < k < 2 is a Jorgensen group if and
only if one of the following conditions holds. (

(1) k=14 cos(n/3). In this case, Grsx is a Kleinian group of the first kind,
and the volume of the 3-manifold H® /G sk i3 V(Grjaasn) = 3V (Grya/a),
where V(Grya,1/2) = 2(2L(m/4) — L(5%/12) — L(=/12)).

-11 -



(2) k =14cos(w/4). In this case, G 4 is a Kleinian group of the first kind, the
volume of the 3-manifold H*[ Gy 15 V(.Gﬂ./4.1+\/§/2) V(G 2,320/ 2 +
2V(Gryasa), where V(Gapayzpn) = Ll +7/3) + Lia — 7/3) + 2L{e) +
2L(n/2 — a) + L(3r/4 — @) + L{r/4 — o) and tan a = /2.

(3) k = 1+ cos(m/5). In this case, Gr/ss is a Kleinian group of the first
kind, and the volume of the 3-manifold H*/Gr/ap is V(Gr/y10veye) =
V(G (1+\/')/4)/2 + 2V(Gr2,1/2), where V(G'"/,‘ 1+vEye) = LB +7/3) +
L(8 L ny5Y 1 2L(x/2 — B) + L(7n/10 — B) + L{3r /10 — B) + 2L(8) and
tan 8 = (1 + v/5)/2.

(4) k = 14 cos(w/6). In this case, Gn/ar 5 a Kleinian group of the first
kind, and the volume of the 3- mamfo[cf H?*/Gojax is '\'/'(Gﬂ,/‘l 1_,_\/—/2) =
V(Gw/z \/'/2)/2 +2V(Grya,/2), where V(Gw/z \/_/2) = 5L(m/3).

(5) k=1+cos(r/(2m+1)) (m =3,4,5,...). In this case, Gr/as are Kleinian
groups of the second kind, and Q(Grjsx)/Grjap s @ Riemann surface with
signature (052, 3, 2m + 1). :

(6) k = 1+ cos(m/2m) (m = 4,5,6,...). In this case, Gr/ss are Kleinian
groups of the second kind, and /(Grjsx)/Gr/ap i a Riemann surface with
signature (0;3,3,m).
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submission.
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BALMRN S5 1 £ 2 5 —%2[H]
BIOWHARISY 1 £ 2 25 —2%/H]
NOFHREEHRITDONT

KMEE  (FEHEEE KRS

J—<>E R1ZC, C, C\{0},C\{0,1} pEN&EBHEAFBTHRNET S, R
DETERETH D EE, DEVEEEROU - EMNSHREOSZED
BRNTHRONLIHTHDEE, ROIYM I aF7—FM T(R) IIBEEXTTHD,
BHATAR D 25 T(R) ~NOIERISESHEHIT, R EORES/REN 2 X#H
d#0B2HNWT, D3¢ [C¢|/d] € T(R) EEEINDTENHSNTNS (W
PHEIA I TR, 222, [ 3NV SIBE e DETB Y 1 eI
T —ZBHIDOREETH 5.

LUFoRREN$H % (Krushkal[1] BH). EH5OMBED, Z ORIREIL open problem
ThH5.

FIRE 1. BAIFIRDSHEERKITSY A £ 2 o2 5 —EHAOEROEERESARIXER
FERREMERDD?

R DA RE TR WES, ST 5HEOREISEN THS. EE, KD
TR 5.

FHE 1. R OWEEDES B, B EIV SISy, pe DEH
(i) By, E- BEBDIIERATRLS, ELNE_=4,

(i) By ETiE |uyl =1, B- ETIF ju-| =1,

(ii) By 0TI py =0, E- OHVTIE p_ =0,

(iv) py & po BEDITHEERTH S,

EHZTROIE, ZDODEHK

D 3¢+ [Cuy +Cp-] € T(R),
D 3 ¢ = [[(py + Cu]] € AT(R)

WEAICTHRIERITHRNWEEREESRTH S.
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ZZiz, AT(R) 13 R O#AMY 1 B2 2 5—22RTH D, [[u] 30V bo3
o DET D, AT(R) TR BREEETHS.

R DA RE T WES, EOTFBOFEGERZT By, B, py, u- H4E
HEHFRIC L VR TELDT, ROBRIKIT S.

% 1. )—<E R ARMERN TR SIE D s T(R) BLU AT(R)
ADERTCHRERTCHINE D AESEMERNETET S.

ZORIIBWT, IT(R) ~) OMFIFEEWBLICHI SN TWETETH DM,
TAT(R) ~) OEAIHLWERTHS. ,

BTz, R PRTHARE THLIBEOFEE FOEBRER S &, T
HIERE THAHAMNENMIESTZWEREE LT, KORENRERICELS.

FIZE 2. D 5L b T IREOESE M(R) ~OEH p T, M(R) 5 T(R)
E72i AT(R) ~ORE L OHRAFEMERICIE S XD REROERIIN LT,
J W1 DIERI 2 K0 DF (dn)azy & D ESERE,

Da¢r lim [ p(()g. €D
n—rc0 R

NGRS T2 DM ?
U5,
EIH 2. FOMEOZALEENTHS.

SE

{1] S. Krushkal, Complex Geomerty of the Universal Teichmiiller Space. II, Geor-
gian Math. J., vol.14, no.3, (2007), 483-498.

- 14 -



On a defect for holomorphic curves

9

FHEOEE

1. Introduction. (a) Let f = [fy,---, fus1] be a non-degenerate, transcendental
holomorphic curve from C' into P*(C) with a reduced representation

(foo s fu) - € — Cn“*{o};

where n is a positive integer. Let T'(r, f) be its characteristic function and for
a = (ay, -, 0up1) € C* = {0}, we use N(7, a, f),5(a, f) and d,(a, f) as usual.
Let m be the multiplicity of a with respect to f. We put

n n
(@, f)=(1-—)"=1~- ——r
pula, £ = 'm.) max(m,n)
and we give the following definition.
. L : N(r, a,
Definition. d,(a,f) =1~ i lim sup M

max(m,n) roeo  T(r, f)
It is easy to see that

(1) (Su(a'l f) =1- (1 - (5(0’7 f))(l - .“’n(a'7 f))

(I1) én(a, f) 2 b.(a; f) =2 max{d(a, f), u(a, f)}.

(b) Let X be a subset of C™"' — {0} in N—subgeneral position satisfying
#X > 2N —n+2, where NV is an integer such that N > n.

For a non-empty, finite subset S of X', we denote by V/(S) .the vector space
spanned by elements of S and by d(S5) the dimension of V' (5). Let

O={SCX|0<#S<N+1}.

Then, #{d(S)/#S | S € O} < 0o and we put A = mingee d(9)/#5 (see [2]).

2. Result.

Proposition 1. Z Oula, f) S 2N —n+1.
acx

We put

At ={ac X |da, f) >0}, Al={aeX|da,f)=1}
M*={ae X |u(a,f)>0}, M = {a € X | nla, f) =1}
At ={ae€ X |d.a,f) >0}, Al ={aeX |d(a,f)=1}

Proposition 2. 1) At = ATUM*; 2) AL = Al and AL D M.

-15 -



Theorem 1.

0 > éaf)=2N—-—n+1= VaeX, acA' or (a, f)=0.
acAt

I > wla,f)=2N-n+1= Va€e X, ac M oré(a,f)=0
aecp+

Theorem 2. Suppose that (i) N > n > 2 and that

> bula, f) =2N —n+1.

acaf

Then, A < (n+1)/(2N — n+ 1) and we have the followings.

4

[1] If d(A}) =n+ 1, then #A, = 2N —n+ 1.

[2] If d(A}) = n, then #A, = N.

n+1
2N —n+1

(4] If A' = At and d(A}) < n, then when ) < (n+1)/2N —-n+1),

8] If A < and d(A}) <, then #A, = d(AL) + N —n.

#A}L = d(A}L) +N—n ((l(A},}) < (n-1)/2)
and when A = (n+1)/(2N — n+ 1), n is odd and

2N —n-+1 "
(4

Al = .
#A 741 d(.l"')

(cf. [11,[3]")

References

[1] N. Toda: On holomorphic curves extremal for the truncated defect relation
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[2] N. Toda: A generalization of Nochka weight function. Proc. Japan Acad., Ser.
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10

3w FI—2 LD oo FHRIBEEICET B
VA

BHAE CKkFEH)

V,EnZARy FI—2 L35, IZiZL, VIREHROES, ERIOES. rik
BHTHB. e, QREBROEE LTS, ,yeVEE= Xl 1= n), € O
onT

n
d(x,y) = inf {Z 7 (Xin1, Xi) 3 Xicg ~ Xi, Xg = X, Xy = y},

i=1

d(x,n) = limsupd(x,y,),

n-—eo

di¢ )= li”rfl_)sgp d (X, Yn)

n->00

LEDS.
xeVe&, TOBBRNRTERINIZER LICDONT

- fu(y) -1
Haxu @)= Iilix )

e, ThEBNCT B tiIZHE—ICEES. FhE Hu LB VOFLE
BDIDWVWT, DADBRxTux) =H, u 2T EE, uld D ToH/NITH
5209, Too JIVLEER/NCT %1 T TR—EENRVWED, FEOXSIE
A IR E LT o RIS E £ 5.

Q7 VOEFREEX, o RAEHRICHETZT 2V 7 LB DOV TERT S,
QFERDIDINEITS.

Q= {{ = {zn}, € Q;limsup d (z,,0) = O},

n—oo

O = {{ = {z,}, € ;0 < limsupd(z,,{) < °°}’

n—o0

Q. = {{ = {z,}, € Q;limsup d(z,,¢) = oo}.

n—

AL ={2),€Q. acV LT3,

(D) £ e QBB d@,) < o THB. B lim, . d(a,z,) = da, ) BERY
iro.

Q) e BB, X2, r@nz) =0 Dd(a,) <o ThHb.
() (€Qu EHIE, T2 1 (zir,2) = 0 B D d(a,0) = 0 THB.
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F2YRT—=2E, Qp # 0D EXE oo R, F 5 THRVEE o PR L T
h3.

EBL (VE N Z o Ry FI—2 LT3, LERITIERT. VH&ET
oo AR BEEUE., EHEIEUCIES.

BE2 (VEDZ o IR Y FY—Z2 L, ACQET 3. uid, Vu FR
T ADBRLE = (2), KDWVT fO) = limy o u(z,) VEEET B LTS, TOLE
FRAERYTVyVEETHS.

EH2 (VEDZ oI R Y FU—S LT3, O TEBINRY SV v U
BB I DV T, Qo DBER L = {2}, 1DWT £ () = lim, o0 u(z,) W72 T 0
AR u DEET 5.

EE3, (VEnZ o iRy hT—0 T3, QTERINZY Ty
B FI2DOVT, QOB LE = (2.}, ICDWVT F©) = limpeseo u(2,) ZHG/2T 00 3
B u DEEET N, ZHE—BNTH 5.
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11

BERZEL OERZERICETS

EE)IEH 1 .
—ZARTF U ILDIN—T 4 —BIFRZES

'

TR RIE KRETEKRE - BEE
KHE 5L IRBRFERFRE - BENER
TH &  EBRFERFER - 8H 2

R™ EOEGEREE p(-) ZUTO 3 S>DO&EERET LTS ¢

(P1) 1 <p~ =infgnp(z) < supg-~p(z) = p* < 00

N log p(1/]z — y|) o .
(P2) Ip(z) — p(v)l < Tog(1/lz = 3 (lz—yl<1/e)

log ¢(Jz)
log |z|

2L, @, ¢ X [0,00) EOTEEHEBABEEKT, 5 >0 BEELT
(log(1/r))™p(1/r) BLT* (log(1/r))~*w(1/r)
X r=00E THEED LT3,

(P3) [p(z) —p(y)| < (lyl > lzl/2>e/2)

EEEE p() % bOBEER PORY) 2E%, FDO/ Vb E

p(y)
llfllp(-)=iﬂf{>\>0:/n f%— dysl}

TEDD. AREKEOBEREMEH D & 13504 (P IIXLEL LW,
a(0<a<n)ROY—ARTF ¥

Uf@) = [ o=y rw) dy

2E2D. pl )E —%E), 0<a<n/pDE&E, ROFREXNMNEKYSZOZ &3

BN TVS ([4, S ))
/R i @F de S0 [ 1@ do

ZOFRENRIL, S. Samko [3] 12X - T, HFRERICBIT S log-Holder EfERE
BROBEIC—RILShi.

KHEETIE, ZOFREXE (P1), (P2), (P3) 2W=7 R" LOEEIRK p(-) ©

BECHETS. Z0Hil, ERABIOt20,ze¢ R IZXHLT,

PA(m, t) = mjn{tp(m)go(t)—A/P(m), tP(I)w(t——l)—A/p(z)}
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&5,

EBEL pt<nfa, A>n&T5. ZDEE, ||fle 17261,

| Patalal " Wat@) do < €

‘ 3 1 .
*ﬁkg@& Mf(l') - ili%) ‘B(CD, r)l Bla) If(y)ldy %%Z_Zy & ’

Uaf(@)] < / U@ / I — 41°"| £(3)] dy

R™\B(z,2|=)

< ClelPMf(z) + / o — y* | ()] dy.

R™\B(z,2|=})

| fllpy S1DEZE,
/ Palz,Mf(z)) dz £ C
Rﬂ.

B TonT, EE1OERE J.f(@) = o] / e — y*|f ()] dy

~ N R™\B(z,2|z})
DOFEZ T L.
Ebl, EE1IEIROBIC—B{ILTES.

EE2. pt<nfa, 0<fB<a, A>n kL,

1_1_a—,6
g(z) p(z) n

ET5. Z0EE, |fllp) 172613,

/ (Pa(a, |2 |UaF (@)} dz < C
Rn

S5 2K
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[3] S. Samko, Hardy inequality in the generalized Lebesgue spaces, Fract. Calc.
Appl. Anal. 6 (2003), 355-362.

[4] E. M. Stein, Singular integrals and differentiability properties of functions,
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]- 2 BE Bergman ZZREICH T DB UTO
Schatten f& Toeplitz fERAZR DR T

B AU (BOK - BT
FaRE B (RIRHX - 2)
I HEE (ERX - HH)

B3R R = R x (0,00) LOBYIEIEHE

a
(D‘):—_ — o <
L -—at+( Ay) 0<a<l)

IZB89 % Bergman 22
b2 = {ue LX(R™,V); widR™ L L-Ff1}

BEZD. JIT,VIid L¥EE R EO Lebesgue WIETHS. 2O L E, b H
%% % KD Hilbert 2R &% 5. BPZEM EOEHE 4 icXL, 2084 R, 2
AT,

Ta)(X) 1= [ RalX,¥)u(Y) duy)

LB E, Toeplitz TEAF L X8, ZIZTiX, a2 F 7 Toeplitz TERIE % BT
3. ZD1DIIEROMEBEESERTH 5.

®E 1. ¥ EOERME 4 L,
EOY) = p(Q(Y)) /V(Q(Y))
W) = [ RalX,YPau(X) ] [ RalX,Y PV (X)

LEBE ZNZEN u D averaging function 8 XU Berezin ZB#LIELR. T I°T,
QW(Y) IR TEZEZ NS a-parabolic Carleson box TH 5.

Q(a)(Y) = {(xl) T ,xn,t); s<t< 23) |$j - yJI < 2—131/2a)j = 17 e ,TL}.

EE A. (cf. [4, Theorem 1]) b2 EOIEHME p 3H% de RITHLX
2l L5,

/ (1 4+ |22)® duu(, ) < oo (1)

ZDLE, RIZFAETHS. 7L, A B EEERED 1 ma vy MhicB i) 5 &R
BR2ERTY.

(i) T, 13 b2 Eav s}
(i) imy_ 44 (Y) =0
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(i) limy_4 2 (Y) =0
Hilbert ZZl Lo a v 87 MEREZE T XL, [T = VT*T OEEEEEEE®

EE 2. 0<0 <00 £75, Hibert Z D a7 FMERASE T 23 Schatten
cHEIZBTBER (), el LhDBIERV). Tk IDLE TS LRT.

1 < 0 < oo DA D Schatten & Toeplitz FEARE DRI T IcOWTIE, RDFE
BEainlo%se (200 8FEK) THEL~.

EE B. ([6, Theorem 1}) 1 <o <oo &7 5. (1) Z&H7 T EFEM EDIE
FUEE 4 R U, RIEAECH B, 727 L, dvi(X) = -V (X) 5.

(i) T, €8
(i) A € L7 (R V)
(i) A e L7(R}H, V)
SHIZ, 0 <0 <1 DHEHI, ROFERWF O LE2RET 5.

FE 1. 1<o<o0 T3, (1) 2AT LPEREOIERE p e, T, € S°
LB RODBBETHEME A € Lo(RTLVY) ERBIETHS.

B8, Berezin B+ OBIR P HET 5.
Wi 1. o>n/(n+2a) ET5. ZDLE, KHBEH 3.
’a(a) € LU(R1+1,V*) P ﬁ(a) c LU(R1+1,V*)
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13 sexmmmmsoz~<s rLse@
hHF =8 (FI K- [EHE)

Riemann i R EOFRMBIK DK H(R) O 2 I u, v iZ%F L T u,v DR KR (XL, &)
G (UL, 8) BB E uAv (U, uve) ERT. ue HR) B

(1) uA(l—u)=0

AT E uk R EORMME L FU (1), [2)), TOEE Hm(R) &<,
R EoRRAEMBEHOREEY HB(R) EHIE, Hm(R) C HB(R) T$ 5. &T
H(R) @ 1 &I {ex}rer (BL RIZEEEK) BDRD 4 M E2HT2T L&, {er)ier
PHEDTREMS: ey € Hm(R) (A € R); ex S e, (A S p); expo = ey, AL
exto === limy y €, e_go = limy,y e, = 0 W ey, 1= limyqe, €, = 1. LD SR
{erher AL ~o0o <a<b< +ooBENTey, =0 (A <a), ex=1(A20b) &Y
KHLE, (e hea TAHRBETHDLE). SAKIEBRRLFEREZRER L ([3)).

EHE 1: EED u € HB(R) S8 L, B~ OBBEBEDHE {exhren HEE Y
(2) u = /00 Ade,  (Riemann-Stieltjes F8%)

ERRY FUHMRIE S, HITERE B OME [ex )k EEBICEAT (2) Tu
£®H5HE, u € HB(R) £ 5.

u € HR)IZDWT 3% n € N ({BL NIZHAEEE) it L (uAn)V(—n) €
HB(R) THHM, RNOT R LRFF—8RIC u = limgpeo(u An) V (—n) 2D EE u
RERR LK, T O2E%E HB'(R) £381E, HB(R) c HB'(R) £ 725 . &5EIX
EF | & HB(R) 75 HB'(R) \HEBRE Lo\, DB BN D5 {e)}aer 25, END
VED, s THEED a € RIZR LT

(3) / |Aldex(a) < +oo

ERITEE (e r TEAERBTHDEED - LT 5. AR LA IRE
ThdLU, XNERRA L 2 DDA OSE (e aer DFEETD. SEITKOER 1
DOYERDERL FHET 5 .

TH 2: FEDu € HB'(R) Ix LE—DDEFBRYEELAOSE {ex}acr TE

FoT, uld (2) ERRY MUHBHED. BICRERUBEOSREEEISS 5
T(2) TutEHBE, uc HB(R) £ 3.
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Hm(R) DGR F DRIZD 2T u,v BEICuAv=0%RiT L&, FIZHEL
ICRRIECHDEED. ER1ICL VRO HB(R) DELERSREND. FED
u€ HB(R) LD L& EHDe > 01Zx LT, Hm(R) DEWIZRRZH B E
B {wihgjcn & BHOERI(A) 1gjc0 B ENT

(4) llu — Z Ajwis Rl <€

1£5%n

KD, 22| Bl T RLDER/ VA THS. KT Hm(R) IXZ D/ VA
{2 & % Banach 22 HB(R) DEAERTH S, 1B HB(R) 1X Hm(R) D#H A
NUDEETH L. FIET BT HB'(R) I L TR OKRICES: EBED Y €
HB'(R)\HB(R) %2 £ 2 & & EBD e > 01Xt L, Hm(R) DHEHW R ATEEHS
EA {wi}ien & BEIN ())jen BENRT

(5) llu— > Ajwys Rlles < €
jeN

D,
& B X ®w

[1] M. HEINS: On the Lindeldfian principle, Ann. of Math., 61(1955), 440-473.

[2] M. HEINS: Lindeldfian maps, Ann. of Math., 62(1955), 418-446.

[ 3] M. NAKAIL: Spectral resolutions of bounded harmonic functions, 2008 4B R
Ty Vg RESRESE.
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SHlE

Brody Bif# D 22 o £l & SEHRIG

AR EE (RERFER B eHATR*

o=

Brody BIARD €% 2 7 4 520 (FEFRRTZEMICE 3) OBA¥%, Gromov
D BERRIL) LI BREILMATEEV) T RMEBT 5,

1 &

BRI (EHRTHE C 6 DOIEMER) G CHLEIPNLINRTH S, &
SR 3DIET A8, Thbb, R (GREEM) , Y8 (FEEd), &
B (HEA) L) oEE2EZ 58, CIFFREME LI TR, OB
ET 5. o), ARELEBEDCER ECHSE. 20k, FoEHhELE
BFEZRELLR00, RBICERTTAN RSB TuRE L WA RANE
EEZIERHRIEFED. (B2 A, 20 X9 LBk RIMicd H25 9 3)

EHIARZ AR 2 9 2 TAE 2 1% HES 5351 Nevanlinna B H 5. 5
RTC Nevanlinna HEGIIRFIASZR LBV E, BESCLED TEN-HGS L
B, GFav . b EREET, 22X -0FREREEY TICIEREEES S
BAZPRT LV, BEAFHBEELEZIZRAT, ZIFTHIFL vaT
VB ERBMIZH BHE B I ?)

Lo L, ZOwmHTIE, @D Nevanlinna g & 34 LB R ->AEETL T
Al T THL VDI Brody HISRDE Y 2. J A EROHIETH 2. Brody
MR & BIERIEER f: C - CPN TH-T, |df| <128 TdHDTh5, (BHL
Qidid$3%.) BETHCEIET /37 F DT, Brody BRI ERR T
DZEMMET, Z OWBRTGEEOWEZ T,

ERIITZEM (H D0k, BloXVF 1y 75058 2WET2EEED
e L, 2L 2 AT REDbLSLBIETHD, # 212, Gromov
VRS THMT, Lo LENLREORERS 2L, Hi, SERITEMICHD
EHL T 28, ZOBERAT TESE2Hok) RIGEVIEEBEETESE D
L& R, (ERECIE, EATIERTAF T A EVIEENES ) Fflz i,
[0,1] DFEREM [0, 12 1T Z 832 7 b & LCTERT 338, ZORDOFEERTIE1

*Supported by Grant-in-Aid for JSPS Fellows (19-1530) from Japan Society for the Promo-
tion of Science
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TH%. Brody HIEEDEY 2 74 E#ICiE, LB COHRLGIEHEH B, fto
T, ZOFRICETAEHRTTERD I EVWIMEEEZ R LNTES, 0D
Mg T, ZOMBEIZEL RSN TOLEREHENL 2w,

Brody BifR DB OFRITOTIEIE, EEIHBRY 13, HELTIE, #
D Nevanlinna BEmIZ G2\, 7272, EERITOME L WH DT, B2 5K
KILO—HIZTEEWERDbNS, XLV I) DL, R E > THRENS F—
FTHBEH, ThidER, BOTHF+ILT—FTodH 5, FERITIE, HEX
LR DEE THS ) Sodblt2E547, X612k hdH 200 FTHEE L,
RELREVIAV>THBE I LR THS, (THA, MHLBWHOPEELT
W AERELIZIE, D BVIRBFBAN S TWEEITE LI MEELH 55 .)

2 FIRT

WIPRTTICBE T B EARY R C EAYS #EHT 5. L < IE Gromov [4], Lindenstrauss-
Weiss [7] % R &.

(X,d) 22,87 b BEEEZER, Y 2OHEEMH, F: X - YV REREHRET
5. EOB LT, f5 e ldiAd, THB L, FEDye Y ITHLT,
Diamf~'(y) < e BRILTBHI L T2, 2% D, cBED #E, 20271,
BORAAIGESTHB L) ILTHD, Fe>0NLT, ROWHEFHOB
o> 0ORIMEE Widim. (X,d) EEL 2 LT3 : T RTSHEEP & -
A f X - POBWEETS, .

e — 0 DK, Widim.(X,d) 3#BRTdnX 252 5 :

lim Widim,(X,d) = dim X.

E—r00

Widim, (X, d) 1& Te- A7 —VCREFHO) X ORTGTHS, HlAE, X =[0,1]x
0,¢] (6 < 1) ELT, Blligz—2 1y FEMEANDC Lict 5L, HALE
X —[0,1]1ZeHDRAARTH- T, Widim. X = 1.

AR EEEERFOMERTH S (cf. Gromov [4, p. 332, 333]. FHAI
Lindenstrauss-Weiss [7, Lemma 3.2], & U < i3 Tsukamoto [8, Example 4.1] %

Example 1. X = (0,1}, d(z,y) := max;|z; — 5| £ T3 &,
Widim ([0, 1]Y,d) = N (e < 1).
COTHERILRe <1 LRIFHER N ICEKELEVEVW I HTH S,

RIZ, MEMZHB X ICERIERHL T3 ELES, ZoLE, SBEEN >0
KX LT, X EOBEREdy(, ) 2R TEETS @

dy(z,y) = o B dlk.z, ky) (z,y€X).
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ZLTC, ROMWRMEEZEL S (BICBBRAFET S) !

Widime (X : Z) := lim w_

SEERIE dim(X : Z) R TERT S ¢

dim(X : Z) == el:ir%Widim,;.(X : 7).
—ic, FIRITOMEIZ 0 U EDRE (oo bEL) TH B, FHXRTLOERIC
IHIEEEAEDLN TV B0, RIMMEAZERICRS (0 h, AUMKHERZED 35

DEHERES>THIIOLEERL Th, HREDL S LV, RLERNLFIZXRT
b5,

Example 2. B C R*" Z0BRET5, B2 % BE CHRAFII - BOary—o
WIREREL 35, (MAZERCH) NE#Z A8k 7 MERALLTBEC

e %, ZOH,
dim(B% : Z) = n.

BRI,
dim(B* : Z) = dim B%/|Z| = n|Z|/|Z| = n.

%t\:y
dim([0,1]*: Z) = 1.

BLbciE, ZRICERT 2R3 Z Ch - 7-08, BTHEBICHTL 2013,
HRHCOEATHS, 22T, RECIDBEDEIRTOESLBR LS,

(X,d) Zav.37 FEEBEZEREI L L, 22 LieBECPERICIEAI LT3 LT
5, FEBRR>0IINLT, X EOREEEdp(-,") ZRTED S :

dr(z,y) == sup dla.z,ay) (z,y€ X).
2€C la|<R

ZLTC, Fe>0lc0 LT, Widim, (X : C) K TED 5,

i (X d
Wmmdxzmﬁéynﬂﬁ@%g;ﬁ_

Z2LTEERIGAmM(X : C) #RTED S ¢
dim(X : C) := lim Widim(X : C).
ZOfEIR, PRV UETERICK S, BRI,
dim(X : C) = dim X/vol(C).

X OBFERIC dim X BYEROEE, FHRITdim(X : C)IFEIZ 0tk %, o T,
FIGRTTOMEIZ X O THREEXTTRMED ) HHEREIATWE I LItk 3,
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BRI, b)— OBl TSZLERRE, A=Tw +Zw, CCEBTLETS,
CHXIEFICERL TS, BFIZCOWSHAD X IEEICERTS. &
n=1,2,3 KL,

Q. ={zw+ycAlz,yeZ 0<z,y<n—1}
ZLT, X boEMdy () ZERDEHIZED B,

do,(z,y) = maxd(a.z,a.y) for z,y € X.

a€ly

FRTC dim(X 1 A) BT ORRIC L CEE 5.

Widim.(X : A) := lim %Widimg(X, da,)-

n—oo 11
dim(X : A) == lin(l)WidimE(X 1 A).
£—

i, dim(X : C) ERDBIRICH B, (Gromov [4, p. 329], Lindenstrauss-Weiss
[7, Proposition 2.7], Tsukamoto |8, Proposition 4.5] & 28, )

Proposition 3.
dim(X : C) = |[C/A| dim(X : C).

TIT, |C/AFADERFBORBETH B,

3 BrodyBhig

z=o++/~-lyZBRVPEC LOFRLGEREL T2, EHERf: C— CPY
KR LT, 2O df DFR/ VA |df)(z) > 0BRTED S !

ldf|?(2) = ﬁAIog(lfOIQ + AP+ + D) (A =8%/02+ 8 /0y?),

7L, SSCf=1[fo: fri: fn] (3% fi GIERIRE) <¢H5. ERIER
F:C—CPYD|df|(z) <1 RETDR 2z € CTHLTLE, f% Brody it &
MEEZ 1235, (Brody [2] 2H.)

Remark 4. $3EH C > 0BELEL T, |df| < C EhotGa, f(2/C) 13
Brody BHRIZ 7% 5.

Brody HI#RDBI 2V DR LD (TN =104, $hb b HHBEET
$H->T, Brody Hifkiz 7% 24.)

Example 5. {85 7 |3 Brody Hi#R,
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Example 6. f(z) = z (3 Brody #if8. & b —#Ri, f(z) 2EROEEEL L T
L, BHTERC >08H->T, |df| <C Ltleb, #->TC, f(2/C) i Brody
Wik s,

Example 7. f(z) ZHMHERETZ. (Thbbd, H2B T A c CHEELT,
EBEDANCAKRLT, fle+ N = flz) £25) T3E, BBEHC > 05
FELT|df| SCHBALT B, £-T, f(2/C) i Brody Biic 72 5,

MEDPILY, Brody HRIXBEICHEET S Lvbh s, HHISLIZ, 2
TORBEHEBCOEHEBIIE LY &5 A 7 — VWA T Brody HISRIZ72 % . Brody #iifi
W26 wHH—DFTE { (Winkelmann [11, Proposition 2] ) .

Example 8. f(z) :=z+¢e* £ § 5 &, sup,ec|df](2) = +oo. 2T, f(2) i,
OB A —VEBRRL TH Brody BIfRICIZ 54, 2T, 20 e” i
Brody MR TH -7 Z LITHEEY L. ZOHiE, Brody BI#F & \» 9 &R AE
IR 2T HB I EERARL TS LR,

=T, CPY O Brody Hif#&d % M(CPYN) LEL Z et 3, fiiffiza v
R VR EELS, SulANT, a7 b RRIROMMHTH B, o F
D, Brody BIFEDI {f.}as1 C M(CPNY DS f € M(CPN) IR T 3 L1, R
DAVRT FMEEK CCIMNLT, fulg 2 flg I RITRT 2 L 0wH 2 &Th
5. IOfMEEEE T TH D, M(CPY) IZERRITO 3 87 M ERIC R
5, %7, RDEHICLT, Lie#E CH M(CPN) IEIRICIERT S -

M(CPN) x C— M(CPY),  (f(2),0) — f(z+a).

T, FHRTAm(M(CPN) :C) ZEZBZ ENTES, 17, Zhz@E3
HIEREBRBENICS ) —DUEMEL L9,

4 Brody RO T X)L F—
Brody Hlif# f: C — CPY I LT, ZORMERET(r, f) 2R TEDS ¢

T(r, f) = /lr%/lzmldfl?dxdy (r>1).

ldf| <1 THB26,T(r,f) <nr?/2L%5, FIT, FHIRAT—e(f) 2K
ATCED S : )
e(f) := limsup —T(r, f) € [0,1].
Tr

—ro0

LI, e(CPN)RRTEDD ©

e(CPY):= sup e(f) €[0,1].
FEM(EPN)
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SOBMIOWTERLEARRE Z 13, ST EEEAEER RO L LS T L TH
3, THbHHLRMEY LD (Tsukamoto [8, 10])

0 < e(CPY) < 1.

Example 9. f(z) PWEEEH, b L GIEHEBEDOBE, o(f) = 0. F oMK
(BRI R) LT5E, e(f) >0.

b ) —DEMDOFAERBTHEATS, BrodyHift f: C - CPYiZHLT, 5
BTFACCHHEELT, EEDIe AT+ =[f(2) Lkh53L%E, FeEiEH
Brody HfR ETESRZ &C L k9. f:C — CPN #3&H Brody Miff4E % £ 2 b
De(f) D ERE e(CPY)yy EELZLIZT S, 0<e(CPY)y < e(CPY) < 1T
H%B, E£7, ROV T 3 (Tsukamoto [10, Section 4] )

: N 1 Ny _
&EI&O&(CP )eu*]\}gr;oe(CP )—-1.

5  M(CPN) DFIRTT

Wilze Bt &, M(CPY) ik CPY N Brody ik oZfltdh b, =2
1213 Lie B C 25HICIERH LTz, f€-5T, F¥ERIC dim(M(CPY) : C) »5#
Zbih, TR 3 ERBIEIRDOFTMNTH S,

Theorem 10.
2N + De(CPN)y < dim(M(CPY) : ©) < 4Ne(CPY).

b o DR & T2 5 DFHMiNE, BT CHEIHTE L5112, & BhokFic
SEEAE LD, Lho OFFEER L, FBEMWIZIE Nevanlinna DFE—FHEHIC L 3
bDOTHD, T o DML Brody #HiIc N 2 EHEROBEIC LS. X
7z, Lt s ORIV T, Gromov [4, p. 396 (c)] ® Eremenko [3] D55 %
A7t EBENTwS, (lll» EBELTHEVLDT, Theorem 10 D
Fili & £H BRI, 727, DTICBR3 k9512, fAld Theorem 10 D
ML, N =1DORICIEREMZ ETFRLTWS))

toEMEh, FRXEH5.

Theorem 11.
4e(CP1)eu < dim(M(CPl) :O) < 4e(<CP1).
o, ReEPHEELTRHBTS,

Conjecture 12.
e(CPY)ey = e(CPY).
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L INHIEL VRS, Theorem 11 2256 XDERE[FS,
dim(M(CPY) : C) = 4e(CPY).
L@ Conjecture 12 ICBHEL T, ROFIZHL TEL.

Example 13. DL MR T 218K f 13, o(f) O LRMHEZER T 3HHOR
WEEZ DO TRV LR Y. 2O f i Bonk-Eremenko [1] TR X #17: Bloch
EBBONEDOHEREDO—>TH 5,

CP= CU{oo} ED 4 HAEXRD X 3 15 :

e 1= 1/\/5, €y 1= ez’r\/:i/g/\/a, €3 = 64"\/?1/3/\/5, €4 1= O0.

T D 4 Bl Riemann BRENICNEET 2 IEPURED 4 THRE R L T0 5, w ZIEEH,
wo = w eV IR ETB, ACCEOw,w ®3ERETBEZAMBEL, AC
CP' % e1,e0,e4 #TBRET 3, FRAIE=AN 9%, Riemann DEHREHIZL D,
FREHf A - ATHHT, 0,w,w, % ep,es,e llENENGTHDIFELT
V5, BROFEENS, TO fI3EEFRSEICIRTET, A = Z(2uw)+Z(2w:)
AT LT AEMHERICER S, fFOBRRRSEIE Zu + Zw, CCTHY, B
FUE2F i er,e0,e3,64 1875, deg(f: C/A—-CPY=2Thb, fIERDOMY
- AR,

(' = K(f —e)(f —e2)(f —es) = K(f* = 1/V/8).
7L, KIIRACELLEERTHS.

/ 21/4 dz
Wy v At

K
dff?(z) = —=.
Rl =

K=n/8Lt%3L)ICw BMB, T5&, sup,l|df|(z) =1 TH>T fI2HEM
Brody Hifiz % 2, HAEROER (C/A| = 2V32 THY, Zhdhbd

W =

RBEIT S -

2 27 ®  dz
‘)= 1e7m] %( Ny

Theorem 11 725,

~2
) = 0.6150198678198 - - -

-2
dim(M(CP) : C) > 4e(f) ( / \/_> = 2.460079471279 - - -

COAFERE, bL0TEE, REFRCR22b Lk,



6 _EHSOFHHEOFERR : 1E 8 IR ORERL
ZOETIE L6 OFFM
dim(M(CPY) : C) < 4Ne(CPY),
RIS, BICELDIEROFHETH S ©

Lemma 14. f,g: C — CPN #_2® BrodyWfg & L, A C CEREWI-TH#
TETE:

e(f) +elg) < 1/|C/A[.
72ZL, |[C/ABADEARFHOEETHS., TR, bLALTSE g
TBhk5, B[ L g EHSKIEL Y, Ge, fla=gla= f=g.)

ProOOF. ML T & HRIDHEGR IS Eremenko [3, Theorem 2.5 THZ 6T 5,
HHOREE BT T840, N=108 (0F) 5 g EHEEER I
o CHEHEE S, —RRTOGEOAREIZF LU TH 5. FEL < I3 Tsukamoto
[8, Lemma 2.1) #&H,)

Sla=gladD, fEgRESEMNIZIZZELCAVELES. 7, CPLo@EYL
[iE2%£Z52 LT, cod f(A)=g(A) THBELTRY, KELD, (f-9)
BRADERTORRIFERDOEEENMUTH S, ->T, BF—FEEHN»PS,

2

aicya] O ST f =) < T [) + Tlr.g) + OQL).

ik, (e(f) = limsup,_,, #T(r, HThH-ot)

1 1
M <e(f)telg) < m

INEFETH S, O

&T, dim(M(CPY): C) < 4Ne(CPY) ZFHIL £ 9. A C CEETTHo
T, REWHTHDE L TEZITHS.

(1) 2e(CPY) < 1/|C/A].
ZLTROER (THHIL) &2 LS,
D: M(CPYY = (CPMA, f = (F(\)aea-

2L, (CPMAMBEATHRATIICPY 0 a—DBRERTHS. Z0E
BDIAEETH>T, $LEDARTHSL. EWE, D(f)=D(g) &T5E, %
(1) &0,

e(f) +e(g) < 2¢(CPY) < 1/|C/A].
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> T, Lemmald &V, f=gts. ko7,
dim(M(CPY) : A) = dim(D(M(CPM)) : A) < dim((CPM)A - A) = 2N,
% L, Proposition 312k -7,
dim(M(CPY) : C) = |C/A|" dim(M(CPY) : A) < 2|C/A|7IN.
|C/A|™! 1F 2e(CPM) 12w ¢ 5 THETF 5N B DT,
dim(M(CPY) : C) < 4Ne(CPV).
M bThd o OFHEDOIIZ Kb 5,

7T THSOFMDIRR | TIER
= DETIE, Theorem 10 @ FH» & O
2(N + 1)e(CPY).y < dim(M(CPY): C),
DIEHAD T A4 77 2N T B, AHIDAF BT TR 3 MG TH 5. 5
ZHY 72T 1E Tsukamoto [9] ZBR L T2 &/,

f:C— CPNR2EHTIBWENEHRTCH-T, |[df| <152, BFACCH
FELTfz+A) =fz) AeA) BEVVEDET S, 20D f OWMPER %2 HBR
L7vs, T'CPN #EFRHEEMCPY OIEAERE L, F = f*T'CPN 2% 07|
ERL LTS, EREFTHIC EOERXZ FAKETHD, Fubini-Study 318D
SIZ2RL % Hermite §H 8 & U T2, ¥/, EICRBBERICABERTS GrE®
fROER) . EQEHIVINIGG 570 % (IBRILD) <~ FALEBV 2R TED B,

Vi={u:C— E|uiZIERIEIKITH > T, Ju|,, := sup |u(z)| < oo}
2eC
VIE| ], &/ Vo ET BEERRICD Banach ZZBIC 2%, ARV ICERTS (/
NOEFED) . r>0RHLTRD L JICEL :
B (V) i={ueV||ul, <r}h

ROUEHHEROTETH 2. (ZhOFEHIEIFHHL 2V, X[ 2R THALE
=)

Proposition 15. IEE#§ & CHEEL T, RHBEY D, Fuc B(V) It
LT, fu€ MCPNYDHEELT, UTFOEMA2HT.

(i) fo= 1.
(22) g@ BJ(V) 3 U — fu c M(CPN) 13 A—Iﬁ%'(ﬁ)é
(iii) FEBED u,v € By(V) Izt LT,

CHu~ vl < supd{fu(2), fu(2)) < Clu = vl -

T IC, d(-, ) (FE G ER LD Fubini-Study M8 X D HEEETH B,
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IhEMST, EDLHILTTRS 0L FHT 200 % F 4 — 7ICHH
T35 (UTOBRETHEE LTSI LRZUIEHL RV Dry, BELRERI
BR[O BN EDT, TITHELA, EENAHHEE LAY,

ATEEDS, fEENEHRf:C/A - CPY 2FEETS, n=1,2,3,--- &
NUT, ADEGHEMEEZL, VOLTH-T, nA DIEHTRELR S DLE
DR THAEMMEV, CVELXI). 7 :C/nA - C/AEHR L n2-BEWEL T
2E, V, BBRIZC/nA ED (fom,) T'CPN DIERIBIN & & [[—HT% 3 ¢

Vo, = HY(C/nA; O((f o m)*T'CPY)).
f:C/A — CPY D degree® d LI 9. Riemann-Roch & 9,
dimg V,, = 2dime V,, = 2n%(N + 1)d.

CITC H =0&E4LZEEAVTRS, (L, UTOERTHELDIEIAE
A dimg V,, > 2n2(N + 1)d %D, EBEZIE H' = 0345 B3 n,)
BHEWIZE ) &, fOERD/ T X =385, nA OERFER I 2n?(N +1)d
BELTWEEWH Z eIz %, (La b, Proposition 15 %, HAEHRTING
D235 A =28 Teffective 12 FMAT 3 2 L2 T 3)) ‘
T5E, [OEWMD/F A -8, THEEESZHIc) Pl Ed

dimg V,, _ 2(N + 1)d

FHETHZ LR, (e(NEfFOPHIELE—) T3,
_ dim M(CPY) _  dimgV,

dim(M(CPY) : C) =2(N + 1)e(f).

vol(©) = nive TC/nA\|
FIROwT EREI &, kT s OIS 5 15

Remark 16. % V, IZIEBIER form, : C/nA — CPY OEEZTBRL T3,
C/nAlZa¥ "7 b DT, form, DEBILER DETLEGR CHKTE %, Propo-
sition 15 DELE, 2T for, DERE THRIZ) (DF D, niT®FELBWVEF
flizb->7T) BRTEZLEVLIRILH D,

8 Gromov®DFEICDOWNT

I ZETOFMITEIC dim(M(CPY) : Q) KDV TOETH »7245, L h—
12 Hermite Z4R4K X 1T LT, X WD Brody HARESE D= M(X) 352 5
5, THIZIWT, Gromov [4, p. 320] RO TFEELRIL 7,

Conjecture 17. X 2237 |, FEREFHERBERELTE, 2O, ¥
KT dim(M(X) : C) PExR 61, X xF8EihRE &,

-34 -



Mic, X VHBHBEZETES, dm(M(X): C)BEICES I LIRESICHE
HTE%, ZOFRIZIOWT, XOERLH,

Proposition 18. 2 %7  Hermite B8k (CH o T kihler i1 BE /-0 w)
XWHFELT, KUY % 1 X AR EZ & % 50D, dim(M(X):C) > 0.

Kollar-Mori [5, Example 1.8] T5 X 6t TV 2% RED, ZOWHEERFHO>I L
% 9] CAHAL 7. ZOfERD S Conjecture 17128 WTC, X OB, LR
Kahler ESAENTH 5 2 L¥b 3,

EE PG
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BRNEROFDHEEOEELERT 7 ) v ER

Rl (R TERERE)

Let f be a rational map on C of degree d > 2, f® := Idg and for
each k € N, f*:= fo f*1. We use the following notation:
e the local degree n,= n,(f) = degz fof fatzeC,
e the spherical area measure o on C, normalized by o'(C) =1,
o the chordal distance [z, z1] on € normalized by [c0,0] = 1,
e the chordal ball Bla,r] := {w € C;[w,a] < r} for a € C and
r > 0.
Let F(f) be the Fatou set, the maximal open subset in € on which
{f*: k € N} is normal, and J(f) the Julia set, C — F(f). The excep-
tional set E(f) is defined and characterized as

E(f)={aeC;i# U F™a) < 00} = {a € C; f2(a) = a and n, = njy) = d}.
neN

This talk pursues the analogy in which J(f) and E(f) respectively

play the roles of essential singularity and Picard exceptional set of a

meromorphic map. By the Riemann-Hurwitz formula, the critical set

C(f) = {CEC;nc>2}

satisfies > co(p)(ne — 1) = 2d — 2, and hence #E(f) < 2, which is
already an analogue of the Picard theorem. E(f) is a subset of

SAT(f) = {superattracting periodic points of f},

whose cardinality is still finife since each superattracting cycle of f
intersects C(f). The main theme is the role SAT(f) plays in this
analogy.

The Nevanlinna theory for iterates f* of f was introduced by Sodin:
the degree d* of f¥ and the prozimity of f*,

1
m(a, f*) := /m;log mdd € Ryg

(a € €), are respectively the counterparts of the (Shimizu-Ahlfors)
characteristic and the (integrated version of) proximity function in the
Nevanlinna theory for meromorphic maps. Moreover, for each n > 1,
the Valiron exceptional set of exponent 7 is

N k
Ey(f;n) = {a € C;limsnp—m—(%if—) > 0} )
k—oco

We quote only a simplified version of Russakovskii and Shiffman,
which implies the arbitrarily slow exponential growth of m(a, f*) nearly

everywhere on C.

Theorem 0.1 (Russakovskii-Shiffman). Let f be a rational map on C
of degree > 2. Then for everyn > 1, Ev(f;n) is polar, i.c., of capacity
zero.
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We have a stronger consequence.

Theorem 1 (finiteness of the Valiron exceptional sets). Let f be a
rational map on C of degree > 2. Then

U Bv(f;m) = SAT(D).

The proof of Theorem 1 uses a precise estimate of the growth of
m(a, f¥). This is especially tame under semihyperbolicity.

Definition 0.2 (semihyperbolicity). Let UH(f) (unhyperbolic) be the
set of all a € C such that for every s > 0,

supmaxdeg(f* : V% — Bla, s]) = oo,
keN VoF
where V~F ranges over the set of all components of f~*(B]a, s]). Then
f is said to be semihyperbolic at each a € C — UH(f).
For exampile,
UH(f) — J(f) = AT(f) := {attracting periodic points of f}.

Our principal result is the following, which yields a quantitative ver-
sion of Theorem 1.

Theorem 2. Let f be a rational map on C of degree > 2. Then as
k — o0,

o) (e e C— UH(S)),
m(a, f¥) = o(n*) (a € J(f), for everyn > 1),
’ O(k) (a € AT(f) — SAT(F)),

O(deg,(f*)) (a € SAT(f)).
Each estimate is locally uniform, end the final two are sharp.

As an application, we have an equdistribution theorem in complex
dynamics with uniform exponential error estimates. This is recently
generalized to higher dimension by Dinh and Sibony.

Theorem 3 (equidistribution theorem with order estimates). There

exists a reqular probability measure uy on C with support J(f) such
that for every a € C — E(f),

fk: *6‘1
(d),c = 4y

weakly as k — oo. More precisely, for every n > 1, there exist C,, > 0
and Ny, € N such that for every k > N, and every ¢ € CQ(@),

((%)«0)(a) n\k
s (DO [ g0 < i, ()"
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EFEIFEZROWMMY & SCHRODER E#OSEM

Blis (RETEMEARSE)

Let f be a rational function on € of degree d = deg f > 2, ie,
the critical set C(f) = {f'(¢) = 0} # 0. Denote its k-th iterate
(k € NU{0}) by f*. For every repelling periodic point 2, of f of period
p, there exists a unique meromorphic map h on C, which is called the
Sehroder map of f at zp, such that A(0) = 2z, A'(0) = 1 and

(0.1) ffoh=hol

on C. Here the multiplier A := (f?)'(z) (|A\| > 1) also denotes multi-
plication by A on C. Using complex dynamics and Nevanlinna theory,
we study the relationship between singularities of Schroder maps h and
the unhyperbolicity of f.

We say that f is not semihyperbolic or, more conveniently, unhyper-
bolic at a € C if for every open neighborhood U of a,

(0.2) supmaxdeg(f*: V* -5 U) = 0,
keN Vk

where V¥ ranges over all components of f*(U). We denote by UH(f)
(unhyperbolic) the set of all such a € C.

Notation 0.3. U,(a) is the spherical open disk centered at a € C and
of radius » > 0. Let F(f) and J(f) be the Fatou and Julia sets of
f, respectively, and let AT(f), PB(f) and CM(f) be the attracting,
parabolic and Cremer periodic points of f, respectively.

If ¢ is transcendental meromorphic on C, we can consider more gen-
eral singularities than its critical set C(g): let 9 be the set of decreasing
families A = {A, },50 C 2%, so that A, C A, if s <. Let TS(g) C M
be the set of A € M such that there exists (the unique) a = a4 € C
such that for every 7 > 0, A, is a component of g~*(U,(a)) and in
addition that (., A, = 0. Each A € TS(yg) is called a transcendental
singularity of g, and we extend g to the map from CU TS(g) to C by
setting g(A) := a for A € T5(g). A is said tc be direct if the point
g(A) is not contained in g(A,) for some r > 0, and ndirect otherwise.

For A= {A,},B={B,} €M, wesay A~ Bif

¢ for every r > 0, there exists s > 0 such that A, C B,,
o for every r > 0, there exists s > 0 such that B, C A,.

This defines an equivalence relation on 9. When g is a Schréder map
h as (0.1), we call the map A = A below the natural extension of the
multiplication action of A on C since from (0.5), we have ho A = fPoh
on TS(h).

Theorem 0.4. Let f and h be as above. Then there exists a map
A=Ay : TS(h) — TS(h) such that for each A= {A,} € TS(h),

(0.5) AA ~ M.} s0.
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The map A is bijective and preserves the direct or indirect character of
A € T8(h), i.e., A is direct if and only if AA is direct.

Definition 0.6. An A € TS(h) is periodic if it is periodic under Ap,.
We consider the omega-limit set

we(e) == {z € C;3k; — oo such that lim fY(c) = z}
100

for each c € €, and define the Ma7ié set of f as

M(f) = U  wrlo.

ceC(fNI(f)
such that c€wy(c)

We recall that CM(f) C M(f) and that AT(f)U PB(f)UM(f) coin-
cides with UH(f).

Theorem 1. Let h be a Schréder map of the rational function f. Then

(0.7) MTS(h)) C AT(f)U PB(f)u M(f),
(0.8)  h({A € TS(h); periodic}) C AT(f) U PB(f) U CM(f),
(0.9) h({A € TS(h); direct}) C AT(f).

By a careful study of immediate basins, we show that the inclusion
(0.9) is proper, and that a partial converse of (0.7) holds.

Corollary 1. For every a € AT(f) U PB(f) of the rational function
f, there ezists a Schréder map h of f with a € h(TS(h)).

We have an application of Theorem 1 to a concrete dynamical prob-
lem.

Fatou conjecture. We consider the unieritical polynomial family
{fo(z) = 2*+¢c;ce C} 2C,
and we note that C(f.) NC = {0} while oo € AT(f.). The Mandelbrot
set and its hyperbolicity locus are defined as
Ci={ce G lim |[50)] £ 00}, H:={ceCAT(f)NT#T)

respectively. It is known that H is an open and closed subset of int C.

‘We say that a covering selfmap g of C, which is possibly ramified
and not surjective, covers a point a € C completely if there exists r > 0
such that g~1(U,.(a)) has no unbounded component,; g itself is complete
if it covers all a € C completely.

Corollary 2. Let c € intC. Then ¢ & 'H if and only if every Schrider
map of f. is a complete covering selfmap of C.

We remark that it has been expected for a long time that
' intC = H;
this is known as a Fatou conjecture. Perhaps our characterization of H
might be helpful in understanding this conjecture.
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E BSOS RS DR D O R A AT

RE IR (GUbRY RFEHEFIIERR)

TERIBES o SRR P A B, R RIRE S R AERS 7 Julia 24, Siegel HR®
IEROMRE, Perez-Marco @ hedgehog e &, BREWHEBEDRE L->TEL, Z TR,
fz) =2z + az? + ... W2 =0 DEFTEMT, A= (o e R\Q) LT, EHE
W AEIE =0 DR DDAEEGIZOWTEZ S, BEETE Oz WK oL E
1%, RADBREUVIEIRE Siegel MM & WL, %7, REULTEE - TREICELLT, 0%
&tr Jordan §EER D C, D OMEMET f HEAIDOBEO L E, fAERERKI V2 b
EAHKCD T, CNK P, KNOD#0 Lix 3 bDHMEIEL, hedgehog &N
5. 2Tk, XOBOMBIZOVWTER S,

BB, f(z) = e Mz 4 22 £l f(2) = e¥™2h(2). 72721, h(2)=z+O(z%) 1% [IS] T
BASN-BEE A O, £/, a e R\ Q IEXRDEKT “high type”,
amapt 2 BEL an€Z, en=+l (n=0,12,...),
o+ — an > N (n>1).

£2
ag +

I, NIiZRikh [IS| TED s+ aRkEik

ZOLE, (IS]IcEhE, fREER Dom(f) AICHE—ORRS op; b b, BARYE
{hZ&) DIIRf(2) = e2™onh,(2) (n=1,2,...) BEBTE, 0, e R\Q, hp €
&7 %. Truncated Checkerboard Pattern Qean ZRENER Fopn(w) = w(l ~ E)“l =
w+1+0(1) OBPRARE N co DRIIEBNICED &) ZEEL L'Cﬁ%‘?’%

(IS] TOEHL 5, ROFESDDS, kDL
A7 fIRHL (RO IOV THERE), Qean
ZHLWTUDE % Qf &, BRI 74 :
Q5 — Dom(f) ~ {0}, Qy DEHRDERED S
EHIROME~DIERER 0 35> T,

« Tp0Fn=forp BAIL,

- (@) U {0} 12 0 DIEETH Y,

s ik TA—RENRD (ALRICH
ENnd) OEF, wi O(w) DRITEE LD
WTEL (Thbb, Qp /05 ~ Tf(Qf).)

FOREDS ETUTMBRET S, 22T, pu/gn b o DESHERZIT LT - TE
5 N BEMRISE.
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B 1 (HE). 0 2 SUHESF 0O 500 5 0@ 5 | EELT, RERET.
(a) & QM {0} 14 g f@@ﬁ'ﬁﬁ!\nk enky, ORIELTEIFB, 22, (ki ka, .. k)

127" Db BBTES (B ¢, &) J:a‘rib ¢,

(b) O o B Oy KERIFHAKTSH D, Zobcl, fom GEMEHRE
*—?ﬁft‘é Orny ZHEL, for FEENER [, 2FET 2. ZoHKT,

le,kz,.“.kn/fq" Lo fmold, 0 ORD BIERF Tpnp(Qrrng) LD RO ACIERR

n—1
(C) Q](‘:T)kz ..... fen C Q;ﬂ kg) kn—l U {0}

(d) 3t ﬂm>—{0}u U ﬂn};kz e O BEU cpp OBUE
n=0 (k1,k2,..) n=1
2ET YA MRS, COT, HAOMR Q) BEBTEZ LS
BT X TOEET (ky ko, ...) KBS 2FITH B,

(e) f : A.f - Af Liéﬁ%

ER 2. f ¥k ZOHIRITL, hedgehog DEBIZENZ LI D 2ED, WET 3
hedgehog® K £ 35L, KCAp TH3,

EE 3. THEND BEO bk, RL, 0,00, R AR
Wi s, WEOBEE 0 MBI (0,1] M) w3, 200l SIC—
By ad, 30 OATEDS, fRINSDMBRLLIC 0 DF Y ORERERF %
BoTRAT 3. Bic, Ay BIMRERTH D, BARE cpy EAENE 0 2R/E A AD
HIRHFET 5.

EE 4 fEEECHDEIR2RXEER LTS, g 245A 0 KNG T 2 RENAH
RETBHEE, gL -0 2EDL, cpy & 0%2ED L) % Julia By J; AOBRIELE
T35, Fh, Jr i3 decomposable(2 DDRIEDERIEADOME LTETS). S5, Jf
BT RTORFBORABR B TREETH 3.,

ER 5. S o 13 Briuno fF (300, BB < o) BHLTET S, ZOLE, fik
Siegel disk A % %2 (Siegel, Brjuno), “D & &, XM T B,

(a) Ald f DEBRATHN 237 b F i 0A ETEE. A 1% cpy OBEDE
BlzaENs,

(b) cps DY OA ILEEND < o » Yoccoz DEEL &Mt H AT (H 13 S°
D EERATRIBY RIS SEARATIOIC R B X 15 7= D D BRI D &),

(c) OA 13> 2> Jordan FHEIFRTH D, Z DEIEEE (modulus of continuity) D
o OEFEREMEROCTEZ 52 LK S,

[IS] H. Inou and M. Shishikura, The renormalization for parabolic fixed points and
their perturbation, preprint.
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17 7 — LSRR OB ERHRD
B_FEFEICDOWT

FFOIPERER A - ¥oERE
Jérg Winkelmann - Bayreuther K2
i/ Hreik BRARA - BRRLZIEH

FRR1 24 (2 0004 ROPe (FEHASE) T, B7—UVEBEE ADEEN
Bf:Co AL ADETFDIITBRTy VU v FOE - TEEEPHE Uiz, F0k.
C OFERIEF [NWYO00], [NWY02] & L THIfRE iz, CTO#ERIE. Z05EETH 5,

BETFEFETR. HEEROTEYO LAV EEBALTMET B EAEETH S,
7= IERKICDW TR, BETHBITHYD LAV 1 TOFHED L./ H [Y04) TES
hiz.

Slalid, BT —ANUVBREOBFHICONT, ThEERET 2HENMEONIOTHE
93 ((NWY08)D . E/=. LAl ADay s MeEEEL., EF Dicar 37 MEL
fe & Z2DEFAFMEEH L TN, SEE, B8O DI La /37 M AZ@ENicH
B UTE S FEERAAA LT,

LT, ARET—NIVEREE TS0 (C)P - ADB Ay 0, TTT, A RLED
T—_IVEBRETHD. ADVxy FRE Ji(A) L. Yy bMES EIF J,(f) : C— Ju(4)
LB, Xip(f) T J(F)(C) DYV AF—HarET,

ERHE, f:C— AZRBMIER L BIERERE 3 5.

(i) Z ¢ Xi(f) ZHRERBTREMETE L. Xu(f) DH BI85 MEX(f) B
FELUTRDRIIT 5.

‘ T(rwz,55) S Nilr; Je(f)*Z) + €T3 (r)lle, Ve > 0.

(if) i, &L codimx, (52 2 285, T(r; wz, g(f)) S €Te(rlle; Ve > 0.

(iii) k=0 (Xo(f) = A) DBET, Z 3 ADFKARKAF D LT3, TOBRHZ, O
YRTMEAR, IS T, ADERICH LREERREZLONENT.

Ty(r; L(D)) < Ni(r; f*D) + €T (r; L(D))|le, Ve > 0.

2. (1) LEEAHA T BRE €Ty ()|l @& “S(r) = Olog™ 7 + log* Ty(r))||” 1k
TEIL, FAIBERZLNTHS,

(2) AN, T—NIVBREDHEIR, 1L/ YU icE D BLNTVWE, BF—~ LS
BATId. Poincaré #HIEEMNIR VR E, BN TIEH A8 FRIBA I, WL
SR 5EE TR b h 5,

IR, ROAT Y TEBATEENS,

1 [2223% ME] Je(A)ISiE, ADBRIEAL TV 3, SOEHIKDWT X5 (f) ZFR
BT B REDOEATCHT & St(Xk(f)) &35, St(Xk(f)) AEZR> 37 ME X (F)
Ty Z OV RF—T Z B St(Xe(f)) U EEEVEONENB T L RIHT 3,

2 [ETBY0 LNVOEZFEEE] Ko, T LAVORWE - FEEEEH
ZEIHY %

(1) T(riwz 5n) S Nilr; Je(£)*Z) + 8¢ (r).

(2) myr) (s Z) = Sg(r).
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3 [BRRLZ DIFEE] codmZ 22295, Yy bEMOYV 2y MREXBT LI
&b, ROFLXEFRT, '

(3) Ni(r, Je(f)* Z) € €T¥(r)]]e-
che, (). (2 B&bds e,
(4) T(rwz g.() = €Tf(r)lle-

4 [BXRIZROFM] codimZ(2 1) i3, —E T 5. () € ZH, BROZIL %
Lcwiug, Jer1(FNQ) € Xpa1 NH(Z) &R B, ERIEEE O ZH > T,

(5) codim X1 N Jy(Z) = 2.
HiAF v TECOFHE Jopr (F) R UEINS &
(6) Ni(r, Jo(£)* Z) — Ni(r, Ji(£)* Z) £ €Ty(r)]e-

5 [EERADsER] EEHO (1) DRER LB L, T
T(riwz, r.(5) = Ni(r; Je(£)7Z) + Sg(r).
WRENS, chd, (6) Z&bEhid,
T(TQWZ,Jk(f)) = Ni(r; Ju(F)* 2) + fo(T)”e

PMEHN, BEEABNED S,

IS, TR (Lang T4, [SY96]. [N98))o f:C — A BUET —~YLBEENOIEHIER
EL. DEADHEHRT LTS, &L, fF(C)ND =0 56iE, fFRREGELT 3,

BRLCHABH A, Fhd [NWY07] TEX ST W3,

BE X

[N98] J. Noguchi, On holomorphic curves in semi-Abelian varieties, Math. Z. 228
(1998), 713-72L. ,
[NWY00] J. Noguchi, J. Winkelmann and K. Yamanoi, The value distribution of holo-
morphic curves into semi-Abelian varieties, C.R. Acad. Sci. Paris t. 331
(2000), Serié 1, 235-240.
[NWY02] Noguchi, J., Winkelmann, J. and Yamanoi, K., The second main theorem for
holomorphic curves into semi-abelian varieties, Acta Math. 188 No. 1 (2002),
129-161.
[NWY07] Noguchi, J., Winkelmann, J. and Yamanoi, K., Degeneracy of holomorphic
curves into algebraic varieties, J. Math. Pures Appl. 88 Issue 3, (2007), 293—
306.
[MWYO08] Noguchi, J., Winkelmann, J. and Yamanoi, ¥., The second main theorem
for holomorphic curves into semi-abelian varieties II, Forum Math.20 (2008),
469-503.
[SY96] Siu, Y.-T., Yeung, S.-K.: A generalized Bloch’s theorem and the hyperbolicity
of the complement of an ample divisor in an Abelian variety. Math. Ann. 306
(1996), 743-758.
[Y04] Yamanoi, K., Holomorphic curves in abelian varieties and intersection with
higher codimensional subvarieties, Forum Math. 16 (2004), 749-788.
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REZHRENDORIELRIRD
BIEICDWNT

5P 1 RER BOK - HEEp
Jorg Winkelmann Bayreuther A2
./ Hrie BRACK - HAARLZ2ISERL

AiEAEO F T ((NWY08]) DEIERIMRORBERENDSE 2 #HE T 5, BR
ik, [NWYOT] ICHIIRE AT B,

DUF, ARET—)VEFHKLL L, f:C— AZRBIFHIERE T 3,
FE 1 D% ADERDOHHREBEIE T & U,
ordf*D 22, V(€ f'D
ERET D, TDEE, fbatﬁ%ﬁEﬂ:@‘%o

B, HEH LY SHD) THEE L >THEFE, StD) = {0} ELTXW, T3
k. D, BECKRS, RELD,

Ty(r, (D)) £ Mi(r, f* D) + eI;(r)]|

N, f*D) + eTx(r)||

3 +¢) Tt LD

A A
b -

1A
TN

b, FHEZRD.

Bl 2 Pr(C) DS n+ 1 HO—MRDOMBICHZETFmESTIC & (C) kD, Th
ZHET —_RVE RGO EREETH S, B, P*(C) O—eXREEEIHE D (C*)"
EDXDLDZD LB, f:CH(CY M. DEDORRTHEICEMLTVWSES
Wi, REGRIEY 2,

FHE 3 X 2REEKREL L. ROFXGFERET S,
(i) MEEVERHEH g(X) 2 dim X,
(i) BT VRF—EEfa: X — Ak, BETH .
(iii) SHEEINERTT R(X) > 0,
ZOrE, EED f:C— X ik REGELT 3,
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AEEE. o DDIKRF DICH L. FAEOEEH2BMAT 5, TOLDIT, X
DAY MEX ZRREAMBARNESICL D, X OXBHMSERTH, XK
Mlc D &ixak3kckde, DIX, X ERETIWK G, ZOLET, BE_FEEH
25,

. (1) §(X) > dim X I 5, W Bloch A OERE (N77]. [N81))ITk b,
RO f: C - X BRERILT %, HLVLRIE, ¢X) =dim X DIFHTH D,

1 T3 AICHiFAEREOE _FEFHINAAENICEDN S,

(2) LRDEE 3 T, & f(C) D X NTOY Y AF—Bald, #7 — VS

i ADET— VRS SREDOTLITEEHO LOTSBAREE L k5,

Bl 4 FE (1) PMC)NT., D=1 D ZEMEREIDOAERFHOHAT LT 3,
g>n, degD >n+1 (= kP"(C)\D)=n) &5, £ED f:C - X T
By 3%,

(2) Fric. PYC)AD—MONBICHHEMR 2 AL 2 RHROME D T B L.
q=3>2degD=4>2+1%k7xb, FED f:C— P}C)\DFIERILT 3,

5F. (1) k52 (2) 3. M. Green [G4| W FHLTEDTH S, KEFE, fHF
RO DB EICE L Tz,

(2) L& (2)(2 lines + 1 conic) DIFEDEGERIHALUI KL FT T, Hh Corvaja-
Zannier & BEUA ETEEZRL TW3 ([CV08)).

BEE

[CV08] Corvaja, P., and Zannier, U., Some cases of Vojta’s conjecture on inte-
gral points over function fields, J. Amer. Math. Soc. (2008).
[G74] Green, M., On the functional equation fZ = %1 + ¢2%2 4 £2¢s and a new
Picard theorem, Trans. Amer. Math. Soc. 195 (1974), 223--230.
[N77] Noguchi, J., Holomorphic curves in algebraic varieties, Hiroshima Math.
J. 7 (1977), 833-853.
[N81] Noguchi, J., Lemma on logarithmic derivatives and holomorphic curves
in algebraic varieties, Nagoya Math. J. 83 (1981), 213-233.
[NWY07] Noguchi, J., Winkelmann, J. and Yamanoi, K., Degeneracy of holomor-
phic curves into algebraic varieties, J. Math. Pures Appl. 88 Issue 3,
(2007), 293-306.
[MWYO08] Noguchi, J., Winkelmann, J. and Yamanoi, K., The second main
theorem for holomorphic curves into semi-abelian varieties II, Forum
Math.20 (2008), 469-503.
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A Remark on Kazhdan's Theorem on Sequences of Bergman Metrics
KRfExR (BHEKXE - 0808

S.T.Yau[Yllic & hid, D.KazhdanXKZUTOSELEEAL fro

THE 1. EREBGMOAOFHRE M —> M, ZOREZRED, BV
I OWIBHOEBIETH Ii=I'dl2d --- oM 2. HBZETB, 2hd
lcDoWTERML
1) KALiBergmanE‘l‘E%ﬁ'J
2) [l'k,l';m] < o
3) ar, ={id)

k=1

PElEhniE. M/ I, .EDBergmani&o, $E n, ‘M — M/T,
&35 ERLIEMDBergmanizicilR 9 %, Bergmanst2icBIL THREEE
TH3,

I 1 OKazhdanKic & % FEERIERFEER (f [K]IM]) 72 A% 19934,
JARhodesfKid M, M RTIRTHDAVNI FTHBEWSRED TIC,
DEOVWThHDOEEO T TREHEENELWT &ERU . '

a) My @, PoincéréE‘I‘%EEE@'%Laplacian@IEElﬁﬂEt:L kKick5WH3
EDELDREW, .

b) T, BERTTOERBABETH S,
BAPHICEERELOBEOFERDPFONGEEKRDT, I, NERFEIEET
HBBEICOINETDTH B LS X LS5 P.Sarnaks DR (cf.[L-R-S])

REDERZERFICANS EE, My, DRITP IV /Y MEORHIFRWADEE
52TH35, :
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OARROBERENC & 2EEEEAT A Lick D, BB OEREUTO
Z & {RhodesKDHER L DBEWMEED TIERT CENTE D,

EE2, TEIO1) &£3) ORERMAT. E5REUTO 3 DORMGHNE
feehde&d 3,

() MoOBergmanitBid=ETH 3,
(i) MoOBergmanztBlzd-55TH 3.

(i) EEOIVNRI7EEET Q¢ Mg kKL, BN, EREST
A c My B&URRIERI r, HEELT,

sup{dist(P,Ak)' PeM.} < re-r,
"o

AcA,, #A<N o&Z n{p|dist(p.a)<;}=2
JeA '

BERITT 3.

ZoEE M, EoBergmantdMA®3| R U IEMOBergmantZic ik
L. BergmangtBicoWTEEETH 5,

[K] Kajdan(=Kazhdan),D., Arithmetic varieties and theirs(¥ ¥) fields of
quasi-definition, [CM, 1970, 321-325.

[M] Mumford,D., Curves and their Jacobians, Univ. of Michgan Press,
Ann Arbor, 1975. (cf. Red book of varieties and schemes, LNM 1358)
[O] Ohsawa,T., A remark on Kazhdan's theorem on sequences of
Bergman metrics, to appear in Kyushu J. Math.

[R] Rhodes,J.A.,, Sequences of metrics on compact Riemann surfaces,
Duke mathematical Journal, 72 (1993), 725-738.

[L-R-S} Luo,W.,Rudnick,Z. and Sarnak,P., Geom.Func.Anal.5 (1995),
387-401.

[Y] YauS.T., Nonlinear analysis in geometry, Monograph de
l'enseignement mathématique, 33, 1986.
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milRE (RAEE)

1. INTRODUCTION

The aim is to explain our joint work with Mourougane on the metric positivity
of direct image sheaves of adjoint type bundles (mainly [MT2], [MT3], see also
M], [MT1], [MT4]). Our basic setting is as follows. Let f : X — Y be a
holomorphic map of complex manifolds, which is proper, surjective and with
connected fibers with dimY = m and dim X = m + n. Let w be a Kéahler
form on X (it is enough to assume that f is Kahler, but ...), and let (F, k) be
a holomorphic vector bundle on X with a Hermitian metric & of semi-positive
curvature in the sense of Nakano. We denote by Kx/y = Kx® f *K;l the relative

canonical bundle. The first result is the following

Theorem 1.1. [MT2, 1.1]. Assume f is smooth. Then for any g > 0, the direct
image sheaf Rf,(Kx/y ® E) is locally free and Nakano semi-positive endowed
with the Hodge metric g = g, p with respect to w and h.

In case when ¢ = 0 and F is a line bundle, this is obtained by Berndtsson
[B]. We have also obtained a weaker statement independently [MT1]. This kind
of positivity is a basic ingredient in the study of fiber spaces f : X — Y in
algebraic geometry.

Needless to say, the smoothness assumption of the map f is unrealistic in
practice. If f may be singular, we let A C Y be the discriminant locus of f. It
is know that F:= RIf,(Kx/y ® E) is torsion free on Y, and F is locally free on
Y \ A by Takegoshi [Tk] (Kollar [Ko1] in algebraic case). Therefore there exists
the minimum analytic subset 5, C A such that codimy S, > 2 and F' is locally
freeon Y\ S;. We let m : P(F|y\s,) — Y \ S, be the projective space bundle, and
7 Fly\s, — O(1) be the universal quotient line bundle. By Theorem 1.1, we
can put a canonical metric: the Hodge metric g on F|y\a with respect to w and
h, with Nakano semi-positive curvature. Then we put the quotient metric ge(qye
on O(1)|x-1\a) by the quotient: (7" Fly\a, 7g) — (O(1)|r-1r\a), giory)- This
go) is a smooth Hermitian metric with semi-positive curvature on 771(Y"\ A).
Then

Theorem 1.2. [MT3, 1.2]. 9o extends as a singular Hermitian metric goq)

on O(1) with semi-positive curvature.
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If in particular R7f,(Kx;y ® E) is locally free and if Y is a smooth projective
variety, then the vector bundle RYf. (K x/vy ® L) is pseudo-effective in the sense of
[DPS, §6]. The above curvature property of O(1) leads to the following algebraic
positivity of R f.(Kx/v ® E).

Theorem 1.3. [MT3, 1.3]. Let f: X — Y be o surjective morphism with con-
nected fibers between smooth projective varieties, and let (E, h) be a Nakano semz-
positive holomorphic vector bundle on X . Then the torsion free sheaf R fu(K x/y®
E) is weakly positive over Y \ A (the smooth locus of f), in the sense of Viehweg
[Vi2, 2.13).

The sheaf F' on a smooth projective variety Y is said to be weakly positive over
an open subset Yo C Y in the sense of Viehweg [Vi2, 2.13], if for any given ample
line bundle A on Y and any given positive integer a, there exists a positive integer
b such that §%(F) @ A®® is gencrated by global sections HO(Y, §%(F) @ A®?)
over Yy. Here §"‘(F ) is the double dual of the m-th symmetric tensor product
Sym™(F). We note [Vi2, 2.14] that this condition does not depend on the choice
of A.

There are many positivity results of direct image sheaves of relative canonical
bundles and of adjoint bundles, which are mostly about the positivity in algebraic
geometry. The origin is due to Griffiths in his theory on the variation of Hodge
structures [Gr] when the map [ is smooth and E = Ox. Griffiths’ work has
been generalized by Fujita [Ft], when the map f may not be smooth over a curve
Y. Fujita analyzed the singularities of the Hodge metric on f,Kx/y. After [Ft],
there are a lot of works mostly in algebraic geometry to try to generalize [Fit], for
example by Kawamata [Kal] [Ka2] [Ka3], Viehweg [Vil], Zucker [Z], Nakayama
[N1], Moriwaki [Mw], Fujino [Fn], Campana [C]. Their methods heavily depend
on the theory of a variation of Hodge structures. While Kollar [Kol] and Ohsawa
[Oh, §3] reduce the semi-positivity to their vanishing theorems. We refer to
[EV][N2, V.§3][Vi2] for further related works. On the analytic side, it can be
understood as the plurisubharmonic variation of related functions to the Robin
constant [Y] [LY], or of the Bergman kernels [MY]. There is also a series of works
by Yamaguchi. There are more recent related works from the Bergman kernel
point of view, by Berndtsson-Piun [BP1][BP2] and Tsuji [Ts]. In [BP1][BP2],
they rely on [B] and an extension theorem of Ohsawa-Takegoshi type, and give a

new perspective.
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2. HODGE METRIC

In the rest of this note, we assume for simplicity that YV = {¢t = (t1,... ,tm) €
C™ |It] <1}. WedenotebyyeY ort €Y, X, = f"Hy),w, = w|x,,.-., and
by dt = dty A ... Adbn.

We will deal with relative differential forms. A relative differential form is
not a differential form on X, but it is an equivalence class. For example, there
is a standard exact sequence: 0 — [0y — QfF — Qﬁm, — 0 (where
f is smooth). Here the last quotient map Q% 3 o — [o] € Qﬁ(/y defines the
equivalence class. For w,v € A?(X, F), they are f-equivalent [u] = [v] if and
only if ulx, = v|x, € APY(X,, Fy) on any X,. For u € AP%(X, E), the class
defines a holomorphic relative form [u] € H(X, (2, iy ® F) if and only if u A dt €
HOX, 05 ™ @ F).

Here we construct the so-called Hodge metric. We can not do it immediately.
We need to recall some result on Rf,(Kx/y ® E).

Definition 2.1. (Hodge metric on f*(Q’J’(/Y ® E) where f is smooth.) We take
p and ¢ with p + ¢ = n. Then the so-called Hodge metric g on f*(QI)’(/Y ® F) is
defined as follows. Over a point y € Y, g, is defined by a canonical pairing with

respect to the Kahler form w, and h,:

90y, 1) = (04, Ty)ny = / (Cp/q!)wfj Nay NhyTy

Y

for o,,7, € AP’(X,,E,). Here ¢, = /~1 " For relative forms [o],[r] €
HD(Yv f*(Q’;(/Y ®E)) - HO(X7 Qz))(/y ® E)*

gllol [7]) = S (/g Ao ART) € AXY,C).

Namely g([e],[7]) is a family of fiber integrals, or it is understood as a push-

forward current. !

We note that we do not know if f, (9% Y ® F)) is locally free. However, when we
restricted to a locally free subsheaf, the Hodge metric g defines a usual Hermitian

metric.

2.1. Hard Lefschetz type theorem. We recall Enoki’s result [E]. Before ex-
plaining higher direct images, we explain higher cohomology groups on a compact
manifold. We let (X, wp) be an n-dimensional compact Kahler, and (Ey, hg) be
a Nakano semi-positive vector bundle on Xy. Those are basically the things on

the central fiber in our fibration setting.
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The space of harmonic forms H”9( X, Eo) represents H(Xo, ¥ ® Ep). The
Nakano formula is Az = Ag, +v/—1 [e(Op,), Ag], where e(0)u := 6 Au in general.
For u € A™(X,, Ep), we have | 8ul|? + |3 u|? = 1185, 6l + (vV=Te(Ono ) Aou, u).
Here 3 u = — #g O (o 1), and Of,u = — %o 9(xou). If u is harmonic, every term

has to be zero, and we obtain dy,{*¢u) =0 and A(*pu) = 0. In particular,
%0 1 ™ (Xo, Eo) — H®(Xo, 0%, ® Ep)
is defined, and gives a splitting for the Lefschetz homomorphism:
Li=wine i H(Xo, 0%, ® Fo) — HY(Xo, Kx, ® Fo)
up to a constant, (\/—_1("”")2/q!)wg A kg U= U

2.2. Relative hard Lefschetz type theorem. Takegoshi’s theory [Tk] is a
relative version of this hard Lefchetz type theorem for Kahler morphisms. We
take ® = f*||t]|* as a C* plurisubharmonic exhaustion function on X. We

consider
H*™(X, E,®) = {u € A""™Y(X,E); Bu=08 u=0and e(d®)*u =0 on X}.

Here the condition e(8®)*u = 0 plays a role of a collection of boundary con-
ditions: the &-Neumann condition, and here & is the formal adjoint. The first

fundamental result is the following harmonic theory:

Theorem 2.2. [Tk, §5]. (1) H""™4(X,E,®) does not depend on C*° plurisub-
harmonic exhaustion function ®.

(2) H*t™4(X, E,®) represents HY(X,Kx ® E).

(8) Let u € H"™4(X,E,®). Then Oy(+u) = 0 and O(*u) = 0, ie., *u is
Dy -closed.

Next is the hard Lefschetz type result:

Theorem 2.3. [Tk, §5]. There ezist H°(Y, Oy )-module homomorphisms
xoH: H(X,Kx ® E) — H(X, Q%™ '® F),
LU HY(X, Q5™ @ E) — HY(X,Kx ® E)

such that (1) (¢ntm—g/¢ )L 0 (x o H) = id, and
(2) for every u € HY(X,Kx ® E), there exists a relative holomorphic form
[o] € HYX N\ f71(A), Q)5 ® E) such that

(x o H(u))|x\f2(a) = ou A frdt.
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Since Y is Stein and Ky = Oy by dt = diy A. .. Adt,,, we have an isomorphism
HOY, R f(Kx/y ®F)) = HU(X, Kx @ E). Hence, by localizing the theorems on
Y above, the decomposition (¥ o H(u))|x\s-1(a) = ou A f*dt induces a splitting
injection

Su Rf(Kxy ® E)lyna — f*(Q}Xf ® E)lyna by um [oy).

Definition 2.4. (Hodge metric g on Rf,(Kx/y ® E)|ly\a, [MT2, 5.1].) The
definition on the Hodge metric g of R f,(Kx/v ® E)|y\a is as follows. For u,v €
Rif.(Kx)y ® E), the pairing is given by

o(u,v)(8) = /X (enal @) (6 A o A 1),

at t € Y\ A. Namely the Hodge metric g on R?f,(Kx/y ® E)|y\a is the pull-back
of the Hodge metric g on f.(Q% /5 ® E)|y\a by the injection S,. a

Remark 2.5. In the relation
(* o H(U))|X\f—1(A) =g, N\ f*dt,
the left hand side is holomorphically extendable across f~1(A), and is non-

vanishing if « is, in an appropriate sense. In the right hand side, f*dt may
only have zero along f~1(A), that is “Jacobian” of f. Hence

0., may only have “pole” along f(A).

This is the main reason why g(u,u)(¢) has a positive lower bound on Y \ A, and
which is fundamental for the extension of positivity. The importance of the role
of the Jacobian of f is already observed by Fujita [Ft]. O

Another result of Takegoshi: the injectivity theorem [Tk, §6] implies the fol-

lowing
Proposition 2.6. Rf,(Kx;y ® E) is locally free where f is smooth.
We will not discuss on this.

3. IN CASE f IS SMOOTH

Here we assume f is smooth i.e., A = () to explain Theorem 1.1, and dimY =1
for simplicity. Recall the injection S, : I := R fu(Kx/y ® E) — f.(Q/5 ® E).
We identity #' and the image S.(F). Hence [0] € H*(Y,F) is represented by
o € A"99(X, F) such that o Adt € HY(X, Q%™ 9@ B).

We want to show that the Hermitian vector bundle (F,g) is Nakano semi-

positive, for example, at the origin ¢t = 0 € Y. As it is well known, it is enough to
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show the following: for any oo € Fy, there exists a local extension |¢] € H(Y, F)
such that

(i) olxo = o0,

(ii) dylc] = 0 at ¢ = 0, namely [o] is normal at ¢ = 0 with respect to g,

(it) —v/ =189 g([o [o])rmo 2 0.

Here we use a convention: for a real (1,1)-form V = v()y/—1dt A dE, we denote
by Vieo := v(0). In fact, ~+/—188 g([o], [0])i=0 = g0(©400,70)-

Then the first variation is described as follows.

Lemma 3.1. Let [o] € HY(Y, F). Then

(1) there exists p € A" 40(X, E) such that Oyo = u A dt;

(2) there exists n € A"V X, E) such that o = n A dt, n|x, is O-closed,
(n Awit)|x, is O-ezact for anyt €Y.

“Proof”. Regarding (2), we see immediately 0 = (¢ A dt) = do A dt. Thus
8¢ = p Adt for some n € A" 9 LYX E). But while, (1) is not automatic,
because we do not have dyo = p A dt for some p € A" 49(X, E), in general
o € A"O(X | E) with |o] € H(Y, [y ® E)). But, if [o] € HO(Y,’F) C
HOY, f.(0%,5 ® E)), we have 9,0 = u A dt for some p € A"%0(X, E). This is
because, by Theorem 2.2, there exists u € H**™4(X | E, ®) such that o Adt = *u,
and then (8y0) A dt = Op(*u) = 0. d

Lemma 3.2. (Curvature formula.) For [o] € H(Y, F), one has
V180 g([0],[o])i=0 = Ffllen/q)w' AV =104 Ao AhT) im0
= [ Crafa)et n A M,

- / (cnmaa)(w? ATy A ) x,

Xo

= (20) - |ulxl® — (indefinite ).
Remark 3.3. (1) The first term comes from the curvature of F, and contributes
positively.
(2) The second term is —||u|x,lf;,, and it can be seen as the “second funda-
mental form” of F ¢ J ey A" 7%(Xy, E,) at ¢ = 0. This negative contribution
will be eliminated by a careful choice of forms o.

(3) The third term is not a definite form. In general one can write n|x, as a

sum 7| x, = 7 +wo A1 for primitive forms n, and 7] on Xy, and then

- /X (cna/a!) (% A A B xo = b2, — 212
0
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We will see that we can take o so that 7|x, are primitive on Xy. In that case,
the third term is — [y (ca—g/a)(@7 A7 A AT xo = InlxallZ, > 0.
(4) A well-known and important remark is that n comes from the Kodaira-

Spencer class. Let
U o HY (X, o) x HY (X, Tx,) — H™ 4V ( Xy, Ep)

be the cup product map. Then the Dolbeault cohomology class {n|x,} is well-
defined for the class [o] and is the cup product of ¢|x, and the Kodaira-Spencer
class po a%). The Kodaira-Spencer class contributes positively. g

Then the main observation due to Berndtsson [B] (in case ¢ = 0) is that |y,
and 7|x, are well-defined for o, but not for [¢]. We can take ¢ in [o] so that
® ulx, = 0 (this is related to [o] is normal at ¢t = 0 with respect to g), and
o 7| x, is primitive i.e., n]x, Awl™ = 0 (this is related to (7 Aw?™)|x, is D-exact).

Then the curvature formula leads
—V=188g([o],[c])o = fullen/q)w AV=10, Ao ART) im0
- [ sl A AR

Xo
- / (cnoafa)(? A A KT |xa
Xo

= (20) — 0 + [|nlxlf
> 0.

4. IN CASE f 1S SINGULAR

Here we explain one basic estimate to prove Theorem 1.2. We assume for
simplicity that dimY = 1 and the map f is smooth except the origin ¢t = 0. We
take v € H(Y, R1f,(Kx/y ® E)) which is nowhere vanishing (i.e., v is a part of
local frame of R7f,(Kx/y ® E)). We write g(u,w) = e¥ on Y \ {0}. By Theorem
1.1 we know that g has Nakano semi-positive curvature. Then Theorem 1.2 is

something like the following

Proposition 4.1. If p € A%Y \ {0},R) is subharmonic, then ¢ eztends as a

subharmonic function on Y.

Although this is not enough to conclude Theorem 1.2, this is a basic reason for
all extension of positivity of direct image sheaves of relative canonical bundles,
for example in [Ft], [Kal], [Vil], and so on.
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Proof. We shall show that ¢ is bounded from above around ¢ = 0. Then the
Riemann type extension implies our assertion.

(1) By Theorem 2.3, we have * o H(u) € H°(X, Q%™ ?® E). This % o H(u)
does not vanish at ¢ = 0 as an element of H°(Y, Oy)-module H(X, QY™ Q@ E).
This is saying that there exists at least one component B, in f*(t = 0) = >~ b;B;
such that o H(u) does not vanish of order greater than or equal to b; along B;.
We take one such B; and denote by

(2) We take a general point zp € B N f71(0) so that z¢ is a smooth point
on (f*(t = 0))eq, and take local coordinates (U;z = (21,... ,2,41)) centered at
2o € X. We may assume f(U) =Y and ¢t = f(z) =2}, on U.

Over U, the bundle [ is also trivialized, i.e., E|y = U x C"®) where r(E) is
the rank of F. Using the local trivializations on {/, we have a constant a > 0
such that (i) w > aw,, on U, where we, = v—1/2 Z?:Jrll dz; A dz; is the standard
complex euclidean Kéhler form, and (i) » > olId on U as Hemitian matrixes.
Here we regard h|y(z) as a positive definite Hermitian matrix at each z € U in
terms of E|y = U x C"®)| and here Id is the 7(E) x r(E) identity matrix.

(3) By Theorem 2.3, we can write as (¥ o H(u))|x\s-10) = 0u A f*dt for some
o, € AVXN f7HO), E). We write 0, = Ytern 0182 + RAdzng on U\ B.
Here I,_, is the set of all multi-indexes 1 < i) < ... < ip—q < n of length n —g
(not including n + 1), oy = “(o1,1,..- ,01~E)) is a vector valued holomorphic
function with o7, € H°(U \ B,Ox), and here R € A»9~20(U \ B, E). Now

ou A frdE = bzzjnll ( Z a;dz[> Adzpq

I€l,_y

on U\ B. Since o, A f*dt = (xoH(u))|x\s-1(0) and xoH(u) € HO(X, Q¥ " ®L),
all zflj_l] oy can be extended holomorphically on U. By the non-vanishing property
of * o H(u) along bB (being zo to be general), we have at least one g, €
H(U\ B,Ox) whose divisor is

div (0.45,i) = —PBly
with some integer 0 < p < b — 1. We take such
Jo € I,_g and 44 € {1,...,7(E)}.

(4) Let 0 < & < 1 be a sufficiently small number so that, on the e-polydisc
neighbourhood U(z1,€) = {z = (21,... , Znq1) € U; |zs — z(z1)| < e for any 1 <

-56-



7 < n+ 1}, we have
A= inf{|o 4 (2)]; z € U(zo,e) \ B} > 0.

We should note that o, ;, may have a pole along B, but no zeros on U(zg, ).
Then for any t € Y \ {0} close to 0, we have

/ (en-q/a) (W Aoy A hT)|x, 2 a / (en—o/qN)(W* A ow AT 3w

Xt
= gt Z Z lo7:(2)2dV,
2&Xen reg
> g9t / A% av,
2€XNU (z0,e)
= a1 A% (me?)n,
Here dV,, = (vV—1/2)" \_, dz A d% is the standard euclidean volume form in
C". Namely we have g(u,u)(t) > a?1A%(me?)" for any t € Y \ {0}. O

5. QUESTION

Question 5.1. Is (f.Q7%, /‘{,( ), g) Nakano semi-positive, at least where it is
locally free ? This may not be true. What is the meaning of negative sign of the

curvature (if there are).

Question 5.2. A pairing ny uy A¥p, v, for harmonic forms uy, v, € H™(X,, £y)
with respect to wy, and h, defines a metric on H%(X,, Kx, ® E,), and another
Hodge type metric g% on R4f.(Kx/y ® E). We note that g% is NOT our g above.
Is (R*f.(Kx/y ® E),g") Nakano semi-positive?

Question 5.3. (Matsushita [Ma]) Let f: X — Y be a Lagrangian fibration
between smooth projective manifolds. Then by Matsushita, we know R'f.Ox =

Y, and R f.Kx/y = Ty as the dual. Then is R 'f,Ky;y = Ty nef? In
partlcular R Kx sy = Ty is ample if X is an irreducible symplectic manifold?

Hwang proved the ampleness of Ty

Let X be a Kahler manifold with a holomorphic symplectic form w and Y
a normal variety. A proper surjective morphism f : X — Y is said to be
a Lagrangian fibration if a general fibre F' of f is a Lagrangian submanifold
with respect to w, that is, the restriction of 2-form w|p is identically zero and

dim F = (1/2) dim X.
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