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N- Fractional Calculus of Some Algebraic Functions

Katsuyuki Nishimoto Descartes Press Co.

Abstract
In this article N- fractional calculus of the functions
(zzn tcz")‘1 (zzn zxd . n= 1,2,3)
are reported. A theorem obtained here is shown as follows for example.

Theorem. We have

() 2l

. 1
- —gzwic)—} (== c=0),
Z+c

Z -C
where
glzvic)= L e_i"F(l +v) (z+ C)“: _(::C)lw (2= %c.c=0)
2¢ (Z -¢)
and v&Z"~.
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Explicit Solutions of a Certain Class of Associated
Legendre Equations by Means
of Fractional Calculus
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Abstract

In recent years, many authors have demonstrated the usefulness of fractional calculus
in the derivation. of particular solutions of & number of linear ordinary and partial
differential equations of the secand and higher orders. The main object of the present
papet is to show how several recent contributions on this subject, involving a certain
class of associated Legendre equations, can be obtained (in a unified manner) by
suitably applying some general theorerns on particular solutions of a certain family
of linear ordinafy fractional differintegral equations.

Key Words and Phrases. Fractional caleulus, Legendre equations, generalized Leibnia rule,
analytic fonctions, differintegral equations, ordinary and partial differential equations, index law,
linearity property, principal value, Bessel’s equation, power-series solutions, Legendre polynomials.
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Fractional Calculus Approaches to The Solutions
of The Bessel Differential Equation
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Abstract

In a remarkably large number of recent works, ope.can find
the emphasis upon (and demonstrations of) the usefulness of frac-
tional caleulus operators in the derivation of (explicit) particular
solutions of significantly general families of linear ordinary and
partial differential eqguations of the second and higher orders.
The main object of this presentation is to survey some earlier
investigations of this simple fractional-calculus approach to the
solutions of the classical Bessel differential equation of general
order and to show how it would lead naturally to several inter-
esting consequences which include (for example) an alternative
derivation of the complete power-series solutions obtainable usu-
ally by the Frobenius method. The underlying analysis presented
bere is based chiefly upon some of the general theorems on (ex-
plicit) particular solutions of a certain family of linear ordinary
fractionsal differintegral equations with polynomial coefficients.

Key Words and Phrases. Operators of fractional calenlus, Bessel differ-
ential equation, Fuchsian (and non-Fuchsian) differential equations, differin-
tetgral equations, (ordinary and partial) linear differential equations, polyno-
mial coefficients, Frobenius method, power-series solutions, Bessel functions,
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A special fundamental solution base and its product

EENth (RRXPXFREATEARH)

BEBE L neNEEXT—RMIZ n BOERENETHR {wi,..., w.}
T. Wronskian 28 W (wy,...,w,) =1 27~ L, > ZORI EIT—ET5H
DEERT 5, ZOFERE., BEEAREE T 5RRBEBL HFRAOBOFR
SHFORFIIEAT D,

Bl 1 There are given a positive integer n, a domain  and a meromorphic func-
tion E(2) on Q. Find n functions wy, ..., w, (which may not be meromorphic on
Q in general) such that the Wronski determinant and the product satisfy

(1) Wwg,...,wy) =1 and ij (z € Q).

Kﬁﬁfm\:@%EK%?%U&o@%&LT&@ﬁ%L WTaR~3

EHE 1 Define the functions w; (j =1,---,n) by
(2) w;(z) = E(2)"/" exp (e = / E(¢ ""Z‘”dC> :
where V, is the Vandermonde determinant of the e>™/™ (j = 1,...,n), that is,
3) V, = ﬁﬁ g2+ /n _ gamivin)
p=lv=p

In the definition (2), the principal branch is chosen for EY™ and E?/™n=1) pe.
spectively, and the integral is considered along a suztable curve in 2. Then the
system of the w; satisfies (1).

ROZEITIERTHY, —fRITIT] ELWEEZAZLOOHEB A CIHEATE
NQAY/IAN

B 2 Is such a system of n functions w; determined uniquely up to constant mul-
tiple c; with [[7_,
(52 \ﬁ@%“FTii LEENREIZELARETHD, L (2) TEALND v, T,
E(z) = 2°/2 X L THERD 3 o# {1,2,22/2}, W(1,2,2%/2) = 1, Tid72<
TE L CERS NS SEEM w, = 20NV /Y2 (j = 1,2,3), ¢ = 2P &5
25, ET2HFRXw® + ;—zw’ 1+’\ LYy =03 2=0 CHERESLFEDL.
1,2, 222 iRETHHFBRRA y® =0 & ij('é‘ SB35,

EE AT OTATFTERICER LN E & W b n BORKHR
RIS FRREEBRL, TOEAMLE L TRDE2%EEES,



BEELAEIL OB FRXOEE DR IIBHERE THIN, +T
DEFEEHRZEATHIUITOMBIIEOFBE L 25, F-REICBEBREENE
EFhTvhd, (IRERKOEBPFET S (3])) ZNODESMIZOVT LR
DEBRERANTHRABT D ENTETH Y, FEMICELILUSNDMESR L normal
THHIELH-TND, HETIE. MOBASHICOVWTRENTVWAER L
SEBOLNT-FERLEDOEELE~S, HlxiL G. Frank [1] (Z X2 ZEBEREHEDOF
B 0 2BRMECHLSEABRICET /R

EHE A Consider a linear differential equation

(4) Lo(w) := w™ + an_1(2)w™ D 4+ - 4 ag(2)w =0,

where the a;(z) are polynomials, ag(z) # 0. It has a fundamental system with the

Picard value 0, when there is a polynomial g(z) such that the transformation
w(z) = exp{q(z) }u(2)

reduces Lp,(w) = 0 into a differential equation in u(z) with constant coefficients.

R H. Wittich OFBERZIZOVWTERT D, Zhid bl TRE) &b EEE
15, FERBEOUELERT, WTFNLEAOINKEENERTHD L S22
EAMEBPFET L, TN OEABOBL E-ARMUEL LI L3 MOLNT
Wo, ROBHKTEDHEGLEY IO :

# 1 For a ‘suitably’ given entire function E of finite order, we find an nth order
homogenous linear equation of the form

v

n—

(5) w™ +) A (2)w? =0,

<.
Il
o

and its fundamental system of solutions w; satisfying:

1. every coefficient A; is entire and of finite order;

2. the exponent of convergence of w; is finite.
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Some notes on holomorphic curves extremal for the defect relation

FH #$B%X (BEHIEXFER)

1. Introduction. (a) Let f = [f1, -, fa41] be a non-degenerate, transcenden-
tal holomorphic curve from C' into P*(C) with a reduced representation
(fi,-+  fas1) = C — C™1 — {0}, where n is a positive integer.

For @ = (aj, - ,an41) € C™' — {0}, we put

(@, f(2)) =arfi(z) + -+ ant1fag1(2), (a,f) =arfi+ -+ ansrfosr

When (a, f) has at least one zero, we say that @ has multiplicity m if all the
zeros of the function (a, f(z)) have multiplicity at least m, while at least one zero
has multiplicity m. When (a, f) has no zero, we set m = oo. We put

pn(a, f) =1 —n/max(m,n).
Then, 0 < pq(a, f) < da(a, f) <1 and pg(a, f) =1 if and only if m = oco.

Let X be a subset of C**! — {0} in N-subgeneral position, where N > n and
X(0)={a= (a1, - ,8n41) € X|ans1 =0}, Mp(X, f) = {a € X|ua(a, f) =1}

For a non-empty subset P of X, let V(P) be the vector space spanned by
{a € P} and d(P) = dim V' (P).
Defect Relation I ([1](N = n), [3](N > n). See [2}).

Z#n(a,f)é Z(Sn(a,f)SQN—TL-Fl.

acx aex

(b) We put for a € C™*! — {0}
T(r,f)z/ (tf)dt N(ra,f) = /Ntaf)dt M(r /m“”

where ¢ is a meromorphic function in |z| < co and a > 1.
Further, we put A(a, f) = 1 — liminf, ;o N(r,a, f)/T(r, f). Then,
0<é(a,f) <Aa f) < Ala,f) < 1.

Lemma 1. Let g be a transcendental meromorphic function in |z| < oo.

Then,
M(r,g/9®)) < O{log T (r,9)} + O{(logr)?}.

(c) We put for u(z) = maxi<;<n | fj(2)|

2r

t(r,f) = {logu re* ) - logu(ew)}dﬁ, to(r, f) = /r t(t, f)/tdt

o



and v = liminf, o t(r, £)/T(7, ), 7o =liminf, e to(r, f)/T(r, f). Then,
0<y<7% <L

Let w : X — (0,1] be the Nochka weight function for X and p(f) be the order
of f.

Defect relation II.

ke N
> @ ) <N —n+1-—(n—d)(1- ),

aex
where d =} g x ) wla)
Note. v, can be replaced by v when p(f) < co.
Lemma 2. Suppose that } gy tin(a, f) = 2N — n+ 1. Then

A(a:f) =0 (a’ €X— Mri("(vf))
Note. A(a, f) can be replaced by A(a, f) when p(f) < oco.

2. Results. [I]. Suppose that N > n > 2 and that

Y bn(a, f)=2N-n+1.

aex
If v, < 1, then (a) #X(0) = N; (b) there is a subset P C X satisfying
#P=N-n+1, dP)=1, é(a,f)=1 (a€ P)and X(0)NP = ¢.

[I1]. Suppose that N > n > 2 and that 7, < 1, then

> (e, f) <2N —n+1.

aex

Note. In [I] and [II], , can be replaced by ¥ when p(f) < oc.
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BB H I ABRDSELSFREHIZ DT

NLE # (Kawakami Yu)!
RAHBRERERETHEH AR

Bz ca—7 Yy FZERRNOEB/NITEO T 7 A BEROE MR
WZOWTHRTE . 3KRT2—7 U v FER R ROB/NITO T 7 2 B35
J—< A LEORBRER L AT LN TEIDT, BIMERSLZNEZILERL
e RENIREROFMAR L OB HRMEEE R TI LN TES., BAITWX
[KKM] iIZBWCTRESE/ T (ARESBREHEB N EOZ L) v —7 i
Hi PR ERSMROREZET “EREOE/ T &V D SRR/ mE D
IVIABREELT, TDIFAZRTHUMEDON VY AERDOFELEMGERDORR D
FEREBE R TEX. EHIZR ROBEREHR/ T O Y U 2 B4R ([Ka2
BH) L R" NOERKOE/ NIEO—RLIN=H v 25H (JR]|B3H) 0FL
SEEEICOVWTHRBOFMEXEE/LZ LB TE .

LIAT, EROX S ARMEIX 3 RTNEZEH H NOSEHE 2 FEihE 1 ophi
(LT, ¥R odiEm2 ‘CMC-1" Bl L FESEZ 212T3) OB T U RE
BIZHLTHRY IS EABFEINS. £, ZoHEONEHYT U XA BRI
BRY —~ ELOFBRBRKEARTIENTE, BRIMEROFMIZ OV TR/
BEON 7 RBRO L & L FEEOKERELE ([Yu) Ro—Br R "—rkiERD
([CHR) iZ&->THBNTWA. £I T, BXIIZDFEDELR/TIEHER O
IZOWTHR, WS ODEREBBHZ LA TERE. E95%5M% CMC-1 dhiFm oW
BN 7 ABERDFTLESEERICHOWT, 2ELEDRX [Yu 2HBTHZ L TRD
HREPTTIENTE.

EHE 1 (Kal). z: M > B % 3RGAREEMAOHETE (VY 2 diRS TS
B2 0 TRV 25l CMC-1#IE L L, G: M - CEZOREEYT 7 R ER L
T 3. Dg #FDBROBRIMES, vo 2L NIEERKET5 L ROXDKY LD

Deg<vyg<4. (1)
EE, v =4 DFRFEETIOT, LOXOFMIIKETHS.

¥ 7572 CMC-1 BiE O N U 258 G DREBEROBEE (Z o
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Quasi-symmetricity for the non-linear
Green function on a tree

BHAW CkTFEH)

Let 1 < p < co. We consider p-harmonic functions on a tree. Let T = (V,E,r) be a
locally finite connected tree with a resistance r, where V = V(7) is the vertex set and
E = E(T) is the edge set. An edge (x,y) € E is an ordered pair of vertices such that
(x,y) € E if and only if (y, x) € E. If (x, y) € E, then we say that x is adjacent to y and
write x ~ y. A resistance r is a positive function on E such that r(y, x) = r(x,y). We
define the discrete derivative Vu and the discrete p-Laplacian A,u for a function u on
V by

Vu(x,y) = r(x,y)" (u(y) - u(x)),
Apu(x) = ZIVu(x, y)l”"2Vu(x, y).

3
Let D c V. If A,u = 0in D, then we say that u is p-harmonic in D. For these accounts
see[1, 2, 3].

Let x,y € V. A path joining x to y is a sequence {x = xo, Xi,..., X1, % = Y}
of distinct vertices such that xy ~ x; ~ .-+ ~ x_; ~ x;. Since T is a tree, it is
uniquely determined and denoted by Xy. For x € V let deg(x) be the degree of x, i.e.,
deg(x) = #{y € V;x ~ y}. Let A C E and x € V. We remove A from E, then we obtain
some components. We denote by 8(7, A, x) the component which contains x.

We define the Dirichlet sum D,[u] of order p by

1
Dylu] = > r(x, MIVulx, y)P.
2

(v, yv)eEE

Denote by D”/(T) the set of functions on V with finite Dirichlet sum of order p. Then
D"(T) is a Banach space with the norm |lull, = (D,[u] + |u(xo)])'/?, where x is a fixed
vertex. Let Ly(T) be the set of functions on V with finite support. Also let Dg’)(‘J) be
the closure of Lo(T) in D'?X(T) with respect to the norm ||-||,. A tree T is said to be of
hyperbolic type of order p if 1 ¢ Dg’ '(7); a tree T is said to be of parabolic type of
order p otherwise. Consider the discrete boundary value problem

Aju=-8, ueDP (D, (1

where 8, is the characteristic function of {a}, i.e., §,(x) = 1 if x = a and §,(x) = 0
otherwise. The solution u to (1) uniquely exists if and only if the tree is of hyperbolic
type of order p. We call the solution u the p-Green function with pole at a and denote
it by g,. For details see Yamasaki [2, 3].



Let
2:0)

H(x,y) = forx,yeV,
PXE) Y
M(T) = sup H(x,y)
x,yeV

It is well known that M(T) = 1 for any tree T if p = 2. However, if p # 2, then it is not
known that M(7) = 1, even whether M(7) is finite or not. We consider the problem
whether M(7) is finite or not for p # 2. A tree 7 is said to have a symmetric p-Green
function if M(T) = 1; a tree T is said to have a quasi-symmetric p-Green function if
M(T) is finite.

Theorem 1. Let T = (V, E, r) be a tree of hyperbolic type of order p. Let (a;,a,) € E.
Let T, = 8(T, {(a), a2)}, @) and Ty = 8(T, {(ay, a2)}, a2). Then T has a quasi-symmetric
p-Green function if and only. if each of T\ and T, has a quasi-symmetric p-Green

function.
Theorem 2. Let p + 2. Let (V, E, r) be a tree.

(1) Suppose that there are only finitely many x € V such that deg(x) > 3. Then
(V, E, r) has a quasi-symmetric p-Green function whenever (V, E, r) is of hyper-
bolic type of order p.

(2) Suppose that there are infinitely many x € V such that deg(x) 2 3. Then we find
two resistances ry and r, with the following conditions.

(a) The tree (V,E,r) is of hyperbolic type of order p and has a quasi-
symmetric p-Green function.

(b) The tree (V, E, ry) is of hyperbolic type of order p and, however, does not
have a quasi-symmetric p-Green function.

SE 3K

[1] Paolo M. Soardi, Potential theory on infinite networks, Lecture Notes in Mathe-
matics, vol. 1590, Springer-Verlag, Berlin, 1994.

[2] Maretsugu Yamasaki, Parabolic and hyperbolic infinite networks, Hiroshima
Math. J. 7 (1977), no. 1, 135-146.

, Nonlinear Poisson equations on an infinite network, Mem. Fac. Sci. Shi-
mane Univ. 23 (1989), 1-9.
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R™ (n > 3) OBRIBEFREHRICEIT S caloric morphism

THBEZ (KBAELEETR)
FREW (KR IZRFHELEFIR)

R™\ {0} (n 2 3) ic, EEBEAELRY —< &R

Z gijdridz;
ij=1
EANTY) =<4k LT 5, R g 1IcBIT 5 gradient # V, T, Laplacian % A,
TENETNERT.
D%RxMHADERLL, ft,2) = (folt,2), fi(t,),..., fnlt,2)) & D D5
RxM D C®EER, o # D LOIEE C° KB LT3, EBEOER E C f(D)
ETEaER

ou
ngzza—Agu=0

PRI TEROBE u(r,y) KWL T, v(t,1) = p(t,z)(uo f)(t,z) 3 fTHE)C D L
THARR
Hyuy=0

W7 TH, (f,¢) % caloric morphism & /5,
FREEAREL 5 1F, ¢ B9 2 [E#EIZ caloric morphism TH 555, t ICBHT 5
EIRRg L aby i

f(t,x) = (t+d,Rz), ¢(t,z)=1, (d€R,R IFEXTHI)

%3, B#A% caloric morphism & LT, BIZHEET 3.



(f, ) ?% caloric morphism TH 3 Z & &, XD (1) - (4) ZFAMETD 5 ([1]).

(1) Hyp =0,

@) Hyfi = 20(V, log o, Vo fo) ~ [(Agw) o 102, i=1,...,m,
®) Vofo =0,

(4) (Vo Vefy) = @0 ND ij=1,.om

ZOEETIE, IRTLULEDBEICOWT, BEEARELFRICEAT 5 caloric morphism
(fyp) BEU, 20BDEE g % BEMICRET 2HBEICET 2R BET 2.

Rric

(1) ED &I RERICOWTHBETR S caloric morphism 23FETY %2,

(2) % DA, caloric morphism % B § 5 HAREERIZ M,
ERLELTRETS.

REFERENCES

[1] M. Nishio and K. Shimomura, A characterization of caloric morphisms between manifolds, Ann.
Acad. Sci. Fenn. Math. 28 (2003), 111 - 122.

[2] K. Shimomura, Caloric morphisms with respect to radial metrics on R™\ {0}, Math. J. Ibaraki
Univ. 35 (2003), 35 - 53.

[3] M. Nishio and K. Shimomura, Caloric morphisms with respect to rotation invariant metric on
Fuclidean spaces, preprint.
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Vanishing exponential integrability for Riesz potentials of
functions in Orlicz classes

KH #EL  KBKFE - RERFER
THE EBRRERFR - BEFHEH
AH#IE T, Adams-Hurri-Syrjinen [1], Edmunds-Gurka-Opic [2], Trudinger
(6], Mizuta-Shimomura [4] DFFFRIZBEE L T, UV —RKT %V R, f O Vanishing

exponential integrability {IZ2WT#ET 5.
a(0<a<n)RDOY—RART ¥V

Raf(@) = [ le=ul"" fu)dy

REXDH. ZZIZ, fIIFATHMEE TR, £oo LIRETD. Cos, XY —RF
BL¥5.
St

- ®,(f(y)) dy < o0
¥Ex5:
(1) @,(r) = rPp(r), 1 < p < oo; ¢ IXBAKR (0, 00) EEMEA M . &,(0) =0.
(#2) clo(r) S p(r?) S cp(r)  (r>0)
(#3)

/ o(t)~V-Dt=1dt = oo.

1

ZIZTH, BEOED, UT, o) = [logle + f(y)))*[log(e + log(e + f(¥))))°,
2% Y,

[ $wPloge-+ Sl + logle + Fw)F dy < oo

ERETS.

&, Coo, RENBNESEBHFELT, "o R\ E, "A>0IZ/LT,

1
lim ————— exp(A|R, f(z) — Ry f(20)|P
50 |B(-’Eo,7‘)| Bzar) { p( I f( ) f( 0)|

x (log(e + | Ruf(¢) = Raf(20))))") - 1} dz =0

TE1. ap=n,a<p-1,8=p/lp—-1-a),y=b/(p—1—a)&T5H. ZDE&

(1)

a=p—10DtE, "8>0( "y >0)IHLTA)IIKYVID. a>p-1D¢L
&, R,fIXR" b#KTH 2D (Mizuta [3]) . @K [1] T, Adams-Hurri-Syrjanen i,
0<a<p-1,b=0DLXZOVTHLTNAS.




FHE2. ap=n,a=p—-1,b<p-1,B8=p/(p—-1-b) &T5H. ZDLE, Coe,
BRENBOEAEMNEFELT, "50e R"\E, YA>0, "B>0IZXL T,
1

lim B0 Jaeor) {exp(Aexp(B|Raf(z) — Raf(0)|’)) — €'} dz=0 (2)

b>p-1MDL&, R fIZR" L#EKETHY (Mizuta (3)) , Yz € R®, V8> 01Z
LT (2) 1IXR Y L.
EREDORERIT (512 LD,

SE
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hH =8 (BIK- 2EER)
ZH KB (KRIX)

M % C® @D d KT (d 2 2) BT, 3587 FThoTHRL ThhEbni
WS, A ESOER LTS, M T C° ROIER ds %

ds® = Z 9ij(z)dzidz; (T = (21, " ,Z4))

1<i,5<d

TH 2T M I Riemann Z#ETH D L L, g = det(g;;), (¢9) = (955)" £BNT
M E® Schrodinger FER

) (—Jig > o (ﬁgff%)+u)u=o

15:4,58d

EEXD (cfeg [5]), BLEDORT VU v b pid M ED Kato BIE, BiH M L
® Radon RIET, M DEBDORFTK (V,z) LT

lim (sup N(z - y)dlul(y)) =0
40 \lzl<e Jiyl<e

EBEFTHOETS, BL N(t) = log(1/[t]) (d = 2), 1/[t¢2 (d 2 3) T, |u| 1% u
DEEFPELTS. (1) OBRES UcC M LoEGEEEM (Z02 U Lo u
A% L s oeky H,(U) LET L&, H,: U H,U) # M LORATE
& LT (M, H,) i3 Brelot #f1ZEf & 225 (cf. [1])). L > THBES U LOERE
f O Dirichlet #% (H, )Y %525 Z L0HED. O L& M LOTHERE u
T, MLEEIZu> —c0o 2> M Eu#+oo £72Y, &5IZ harmonically concave
BNBLEBRO+HG/NS BV B LTV Lu2 (H)Y) &2l Ex uid
Mk Hn BRMTHS &%OT, %@é’ﬁk% SM(M) LR Gij = (5@' (Kronecker
delta) 22 p = 0 DBEITIZEAMDOER P OHFEEHE (cf. eg. [2]) T2
BRUVWROEREBRET 2

TE. EBO u € S,(M) & M LEGERTHS, b, TTOR ac M
[ZRRNT

(2) u(z)dA(z) = u(a)

lim ———
rl0 /\(B(a,r)) B(a,r)



%%, 8L B(a,r) F a BOERE r ORMEK, dA(z) = g(a)dz, - - - dza
(@ = (T1,+++ yxa)) 1T M LOBRERLT .

FERRIL 2 BXBEDVERIZ 31T 5. T So(M) (BDD =039 5 0 ERAEKIE)
wxt LTy FRERRIFERICESE (of (3], [4]) (2) 27T, RICHZER O
B FIEIZLY So(M) DRERE S, (M) ~BITSEHT LITXY S, (M) 123
LT(2) 277, LOEEORMIEK Bla,r) I, a \2FTF 5RIMEREIC X D Euclid
RTREMNZDZ LAHEKS.
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On asymptotically sharp inequalities for
quasiconformal harmonic mappings

hEE W (KRMMKRFERFREFEHRM)

Introduction

LetD:={z€C:|z| <1}, T :={z € C: |z| = 1} and let Hom™ (T) stand
for the class of all sense-preserving homeomorphic self-mappings of T. Given
any f € Hom™*(T) we consider the Poisson extension P{f] of f to D, where

P(f](2) /f( JRe“*Z|du|, zeD.

According to the famous Radé-Kneser-Choquet theorem (cf. e.g. (3], [5] and
references quoted there), P[f] is a harmonic and homeomorphic self-mapping
of D.

First in section 1 we assume that P[f](0) = 0 and that f admits a K-
quasiconformal extension F to D satisfying F(0) = 0. We then obtain a
variant of Schwarz’s lemma for P[f], which gives an upper bound of | P[f](z)
and which is asymptotically sharp as K tends to 1.

Next in section 2 assuming that P[f] is a K-quasiconformal mapping
and that P[f](0) = 0, we obtain a variant of Heinz’s inequality. It gives
lower bounds of |8,F|*> + |9,F|*> and |0F| where F = P|[f], and they are
asymptotically sharp as K tends to 1.

Finally on quasiconformality of P[f], it is known that P[f] is not quasi-
conformal in general even if f admits a quasiconformal extension to D (see
[10],[8] and [18]). In [11] and [12] we gave intrinsic characterizations of qua-
siconformality of P[f] in terms of the Cauchy and Cauchy-Stieltjes singular
integrals involving f. Subsequently and decisively in [17] M. Pavlovié proved
that if F = P[f] is quasiconformal, then F is bi-Lipschitz with respect to
the Euclidean metric. As an improvement of this, using the results given
in sections 3 and 4, we find in section 5 explicit estimations of bi-Lipschitz
constants for such mappings F that are expressed by means of the maximal



dilatation K of F and |F~1(0)|. Under the additional assumption F(0) =0
the estimations are asymptotically sharp as K tends to 1, so F behaves
almost like a rotation for sufficiently small K.

This note is a summary of [13], [14], [15] and [16] which are joint works
with D. Partyka (Catholic Univ. of Lublin, Poland).

1 A variant of Schwarz’s lemma

Schwarz’s lemma for harmonic mappings is stated as follows.

Theorem A. ([6],[2]) Suppose that u is a complez-valued harmonic function
on D, |u(z)| < 1 on D, and u(0) = 0. Then for every z € D,

4
lu(z)] < ;arctan |z]-

We now recall that the Hersch-Pfluger distortion function @k is defined
for any K > 0 by the equalities

Op(r) :=pt(u(r)/K), 0<r<l; ®k(0):=0,Px(1):=1,

where p(r) stands for the module of the Grétzsch extremal domain D\ [0, 7};
cf. [7] and [9, p.53 and p.63].

By means of the distortion function ®,,x we obtain a variant of Schwarz’s
lemma for harmonic mappings.

Theorem 1. ([15, Th. 3.3 and Remark 3.4]) Let K > 1 and let F = P[f]
for some f € Hom™(T) which admits a K -quasiconformal eztension F to D
satisfying F(0) = 0. Assume that F(0) = 0. Then for every z € D,

|F(2)] < Ak(|2])
4 8|z|(1 — |2[?) /"/2 (cost)®y/k (sin(t/2))?
= arctan |z| - . O+ 2P = 4P (cos 1) dt
8lz|(1 — |z]?) /"/2 (cost) [(sin(t/2))% — @1k (sin(t/2))?]
s 0 (1+ |2|2)2 — 4}z|%(cos t)?
Moreover, A(|z|) = |z| and the following equalities hold:

A 1—-A
lim limsup K—(r)- =1 , lim liminf _Kgfl
K—-1% 0+ T K-1t ro1- =T

dt.

= |z| +

=1.



2 A variant of Heinz’s inequality

Heinz showed in [6] the following (see [4], too).

Theorem B. Assume that F is a one-to-one harmonic mapping of D onto
itself normalized by F(0) = 0. Then for every z =z +iy € D,

2
B F () +18,F R 2 = .

For f € Hom™(T) the limit
f(u) - f(2)

! . £
f(z) = lim = —"==

exists for a. e. z € T, and set
— paqi '
dy = essint|f'(2)] 1)
For K > 1 set

.2 / e dt
LK = -

Jo ®x (V) Bk (VI-t)
Then L% is a strictly decreasing function of K > 1 such that
11(1511 Ly=Li=1 and K!ilil@ Ly =0 (cf. [14,Lemmal.4]).
By means of L} we obtain a lower bound of d; and a variant of Heinz'’s

inequality for quasiconformal harmonic mappings.

Theorem 2. ([14, Th. 2.1]) Given K > 1 let F be a K-quasiconformal and
harmonic self-mapping of D satisfying F(0) = 0. If f is the boundary valued
function of F, then

1 2
> = i A S
dy > Kmax{w,LK}



Theorem 3. ([14, Th. 2.2]) Given K > 1 let F be a K-quasiconformal and
harmonic self-mapping of D satisfying F(0) = 0. Then the inequalities

|OF ()| > Kz;;lmax{;,L;(} (3)
and 2
1
10:F(2) + 10, F ()" > 5 (1 + %) max {% L;j} (4

hold for every = € D. Moreover, the right hand sides in (3) and (4) are
decreasing and continuous functions of K > 1 with values in (1/m,1] and
(2/72,2], respectively.

3 On boundary properties for quasiconfor-
mal self-mappings of the unit disk

We recall that the Cauchy singular integral Cr[f] of a function f : T — C
Lebesgue integrable on T is defined for every z € T as follows:

Crlf](z) := PV—I— —(yldu: lim L/ —Mdu (5)
T

27i TU—Z2 e=0+ 2Ti \T(z,¢) u—2z

whenever the limit exists and Cr[f](z) := 0 otherwise, where T(e'%,¢) :=
{eit € T : |t — z| < €}. Here and subsequently, integration along any arc
I c T is understood under counterclockwise orientation.

Lemma 1. ([16, Lemma 1.1}) Suppose that f € Hom™ (T) is absolutely con-
tinuous on T and that f is differentiable at a point z € T. Then both the
following limits erist and

_ 2J(2) £'(u) 1 |f(w) = f(2)]?
lim Re | 2222 du| = lim — ———=|dul.
o [ /1" u} 0 /1-'\1'(;,5) |du]

€0+ Ti Jn\T(ze) ¥~ 2 €0+ 27 lu— 2|2




Moreover, both the following limits simultaneously exist or not and in the
first case

lim Im [@ f—(g)—du] = — lim l/ M—)-]-Idm
T\T(z,€)

Ti JP\T(e ¥ — 2 0+ T lu— 2|2

Given a continuous function f : T — C and z € T set

.1 - f(2)]?
=g [ e @
NV B R 11710
vinE == gim [ TSR, 1)

provided the limits exist as well as V[f](z) := +00 and V*[f](2) := 0 other-
wise.

Theorem 4. ([16, Th. 1.2}) If f € Hom*(T) is absolutely continuous on T,
then for a.e. z € T, the limit in (5) with f replaced by f' and the limits in
(6) and (7) ezist, and

2C1[f)(2) = 2f(2) (VIf1(z) +1V'I£)(2)) -

Lemma 2. ([16, Lemma 1.3])) For every K > 1 the following inegualities
hold:

4 W2 (@y(r)\'"TVE dr 205(1-1/K?)/2
1< My = 2xr) < K2
T Jo T V1-r?

and

T

V2 /@ 1+1/K 5(1—K2)/(2K)
1> Ly :=5/ yx(r) r_» %2
0 N K2+ K-1

T
In particular, Ly — 1 and Mg — 1 as K — 1.



Given a continuous function f : T — C and 2 € T set

fu) - f(2)

fH(z) := sup € [0, +o00] ,
ueT\{z} u—z
@)=t (120D g, 1o0)

For K > 1 write QC(D; K) for the class of all K-quasiconformal self-mappings
of D.

Theorem 5. ([16, Th. 1.4]) Given K > 1 and F € QC(D; K) let f be the
boundary valued function of F. If F(0) = 0, then

Lx(f~(2)7VE < V[fl(2) < Mx(fF ()%, z€eT.

Lemma 3. ([16, Lemma 1.5]) Suppose that f € Hom™ (T) is absolutely con-
tinuous on T. Then

sup f7(z) = e; :=esssup | f'(2)|
z€T 2€T

as well as

inf f7(2) = dy

z€T
where d; is defined by (1).

Corollary 1. ([16, Cor. 1.6]) Given K > 1 and F' € QC(D; K) let f be the
boundary valued function of F. If F(0) = 0 and f is absolutely continuous
on T, then

Lidy ¥ < V[f](2) = 2Re [ () Celf)(2)] < Mcej"

for a.e. z€ T.



4 Derivatives of quasiconformal harmonic map-
pings and Hardy spaces

For K > 1 and a domain Q in C we denote by QCH(D, ©; K) the class of
all K-quasiconformal harmonic mappings of D onto 2.

Lemma 4. ([16, Lemma 2.1]) Given K > 1 and a domain Q in C let F €
QCH(D, Q; K). If Q is bounded by a rectifiable Jordan curve T', then

K+1

sup | |0F(z)||dz| < ——ITl
0<r<1 JT,

and K1
sup [ |OF(z)||dz| < Tz

o<r<1JT, 2
where T, := {2 € C: |z| = 7} and ||, is the length of I'. In particulor, OF
and OF belong to the Hardy space H'(D).

Corollary 2. ([16, Cor. 2.2]) Given K > 1 and a domain Q in C let F €
QCH(D, Q; K). If Q is bounded by a rectifiable Jordan curve I', then the
boundary valued function f of F is absolutely continuous.

Modifying the proof of Lemma 4 we may easily derive the following
lemma.

Lemma 5. ([16, Lemma 2.3]) Given K > 1 and a Jordan domain 2 in C
let F € QCH(D,Q; K). If the boundary valued function f of F satisfies the
inequality

|f(u) = fW)| < Llju—v|, wveT,

for some positive constant L, then

sup|9F(z) < 1L
2€D 2



and

sup |0F(z)| < K- 1L .
2€D 2

In particular, OF and oF belong to the Hardy space H*(D).

5 The bi-Lipschitz property for quasiconfor-
mal harmonic self-mappings of the unit disk
For K > 1 we denote by QCH(ID; K) the class of all K-quasiconformal

harmonic self-mappings of D.

Theorem 6. ([16, Th. 3.1])) Given K > 1 and F € QCH(D; K) let f be the
boundary valued function of F. Then for a.e. z€ T,

VIAIE) +i VIR - 5 (K + BIf G| < 5K - DIF G-

In particular, for a.e. z€ T,

LIPS VAR S KIFE and VUG < 5K - I E) -

Theorem 7. ([16, Th. 3.2]) Given K > 1 and F € QCH(D; K) let f be the
boundary valued function of F. If F(0) =0, then for a.e. z € T,
25(1-1(2)/2

TR =R S U/ S If () < (MK)* < KO (@)

Theorem 8. ([16, Th. 3.3]) Given K > 1 and F € QCH(D; K) assume that
F(0) =0. Then for all z,w € D,

|F(z) — F(w)| < K(MgK)X|z — w| < K3 #193KR2 |z — ) (9)
as well as
?i{K 25(1—K’)(3+1/K)/2
|F(Z) —F(w)! 2 mlz—w| 2 K3K+1(K2 + K — 1)3K|Z—’LU| . (10)



Applying Theorem 3 we derive an alternative estimation to (10) like be-
low.

Theorem 9. ([16, Th. 3.4]) Given K > 1 and F € QCH(D; K) assume that
F(0) =0. Then for all z,w € D,

() ~ Flw)| 2 s max{>, Lic}le — ] (11)

where L} is defined by (2).

Remark 1. ([16, Remark 3.5]) All the estimations in Theorems 7, 8 and 9 hold
under the assumption F(0) = 0. In a general case where a := F~}(0) € D
we may replace F by the composition F, := F o H,, where H,(z) := (z +
a)(1+@z)"!, z € D. Then F,(0) = 0 and F, € QCH(D; K). Applying the
theorems to F, we obtain variants of all the estimations (8), (9), (10) and
(11) by multiplying some terms of them by constants A := (1 —|a])/(1 + |al)
or B:=(1+|a|)/(1 — |a]) as follows:

(i) the first two terms in (8) by A and the last two ones by B;
(ii) the last two terms in (9) by B and the last two ones in (10) by A;
(iii) the right hand side in (11) by A.

Remark 2. ([16, Remark 3.6]) Remark 1 yields an explicit variant of [17,
Theorem 1.2] with L expressed by means of |[F~'(0)| and K. Remark 1
combined with [12, Corollary 4.3] implies explicit variants of [17, Theorem
1.1] with 0 and oo replaced by constants expressed by means of |F~(0)| and
K. Moreover, under the normalized condition F(0) = 0 the explicit variants
appear to be asymptotically sharp as K tends to 1, which is a consequence
of the estimations (8), (9), (10) and (11) where all terms involving K tend
to 1 as K — 1*. This means that F € QCH(D; K) keeping the origin fixed
behaves almost like a rotation for sufficiently small K.
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Subordinations and integral means
inequalities for certain analytic functions

Shigeyoshi Owa (Kinki University)
Tadayuki Sekine (Nihon University)
Rikuo Yamakawa (Shibaura Institute of Technology)

Let A denote the class of functions f(z) of the form

oo

flz) = z + Zanz"

n=2

that are analytic in the open unit disk U = {z € C : |z| < 1}. For functions f(z) € A and
g(2) € A, we say that f(z) is subordinate to g(z), written by f(z) < g(z), if there exists
an anlytic function w(z) with w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = g(w(z)).
In particular, if g(z) is univalent in U, then the subordination f(z) < g(z) is equivalent

to £(0) = g(0) and f(U) C g(U).
Further, J. E. Littlewood (Proc. London Math. Soc. 23(1925), 481 - 519) has shown
the following lemma.

Lemma 1 If f(z) and g(z) are analytic in U with f(2) < g(2) (z € U), then, for
p>0and z=re (0 <r <1),

27 .
/ [f(re®)|" do < / lg(re®))” db.
0 0

Applying the subordination theorem due to S. S. Miller and P. T. Mocanu (J. Math.
Anal. Appl. 65(1978), 289 - 305), we consider

Theorem 1 If f(z) € A satisfies

2f'(z)  2f"(2) 200+ af + 2y — 46
o T )> 1

for somea >0, €R, 20,7 2 —(aff)/2, and § 2 0, then, for p >0 and z = re® (0 <
r<1),

2 ™ 2makrt - H?:l(zj'f‘l»‘) r\*"
/0 |[F(re)|" db < W{”Z )T (1+r2) '

n=1

(z€e)

Re (af(z) T pzf(z)

Corollary 1 If f(z) € A satisfies

zf'(z)  2f"(2) 2a+ L +2y—45
) s

Re (af(z) +B2f'(2) - 7 (z€ V)



for some a €R,3 20,72 —f, and 6 2 0, then, for z =re? (0 < r < 1),
2 2111 2n
=0 _]+1 T
/0 |f(re’ |d {1+Z 72 (1+r2) }

n=1
Theorem 2 If f(z) € A satisfies
L)) akletin- ol
ICEES 2

for some 0 <a<2,a €R,B2 (a—1)y/a, andy 2 0, then, for p >0 and z = re? (0 <
r<1),

Re (af’(z)l/“-}-ﬁ (z €l

2n1

a _ (27 +ap) r\"
! A L
[ et ao s g /{ +Z o (157) |-

Corollary 2 If f(z) € A satisfies

f'(;) z){:';(zz))) S a+(a +21)'y—aﬂ (z € )

for some0<a<2,a€R, 82 (a—1)y/a, and y 2 0, then, for z =re? (0 < r < 1),

+z [ Gi+a) (_r \"
I I = (1+7.Z)a/2 92n nl 14172 '

(af( e+ 8
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Convolutions and Holder inequality for
certain analytic functions

Junichi Nishiwaki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form

f(z2) = z + Za,,z"

n=2

that are analytic in the open unit disk U = {z € C : |z| < 1}. Let MD(a,3) be the
subclass of A consisting of functions f(z) which satisfy

Re(LU) <o L 145 ep

for some a(a £ 0) and for some 3(8 > 1);

Remark If f(z) € MD(a, §), then, for a < —1, ;(S)

{w = u +iv|Re(w) < ajw — 1| + (8}, that is, the part of the complex plane which contains
w =1 and is bounded by the ellipse

lies in the region G(a,3) =

a?—1 2-1  (a2-1)2"
and, for = -1, Z;;S) belongs to the region which contains w = 0 and is bounded by
the pababola
_ v2 _ 132 + 1
u=- _ZTE:—IT
2f'(z)

Further more, for -1 < a £ 0, lies in the region which is the part of the complex

plane containing w = 0 and bounded~ by the hyperbola
—a2\? 2 23 _ 1\l
(u_ﬁ a) of L _oMp-1)

1-a2) 1-a2 ~ 1-a% '

2f'(2)
f(2)

and for a =0, belongs to the half plane which contains w = 0 and is bounded by

U=

Lemma 1 If f(z) € A satisfies

Y Aln-B+1+In-8-1-2a(n—1)}|a £ B-1]2- 4|

n=2



for some a(a £ 0) and for some (B > 1), then f(z) € MD(a,f3).

Note that, for 1 < 3 <2,

> |n—,3+1|+|ri—ﬁ—1|-2a(n—1 < = 1)(1 - a)
= I"l
2, R DN
and, for 3 > 2,
In-p+1+n-8-1-2a(n
I B CEPM B LR T

n=2 n=2

Thus, we introduce the following subclasses of A:

)1 -

U= <10<p22)

f(z) € Mi(a, ) = Z

n=2
and

f(z) € My ) = 3" {n(l - @) = 3+a+ B} fad] (8> 2)

n=2
Let f;j(z) € A be given by
jZ = Z+Zan1~ (.7:1»273’7")
n=2

For f;(z) € A, we define

H,.(z) =z+Z(Ha )" (p; > 0),

n=2

which is the generalization of convolutions.
Applying Holder inequality , we derive

Theorem 1 If f;(z) € My(a,3;) for each j = 1,2,3,...,m, then Hn(z) € M;(a, B%)
with m _
H]:l(ﬁ] - 1)?_1
(1-a)y-1
where s =37 p; 2 1,p; 2 1/g;,q; > 1, and 377, (1/g;) 2 1

Fo=1+

Theorem 4 If f;(z) € My(«;,3) for each j = 1,2,3,...,m, then H,(z) € Ma(a*, )

with .
» {1 +HJ— n(l - a;) = 3+a5+/3)PJ}
n>‘2

o' = max )
n—1

where 3.7, p; 2 1,p5 2 1/¢j,9; > 1, and 3272, (1/g;) 2 1.
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Sufficient conditions for starlikeness
and convexity of analytic functions
with real coefficients

Mamoru Nunokawa (Emeritus Professor of University of Gunma)
Shigeyoshi Owa (Kinki University)
Junichi Nishiwaki (Kinki University)
Hitoshi Saitoh (Gunma College of Technology)

Let A denote the class of functions f(z) of the form

f(z) = z + Zanz"

n=2

which are analytic in the open unit disk U = {z € C: |z] < 1}. R. Singh and S. Ringh
(Ann. Univ. Marie Curie-Sklodowska 35(1981), 145 - 148) have showed that

!
f(z) € A, Re(f'(2) + 2f"(2)) >0 => Re (zjf(g)) >0 (z € D).
P. T. Mocanu (Mathematica 37(1995), 171 - 182) has imporved the above result. On
the other hand, G. S. Salagean (Mathematica 47(2005), 209 - 216) has introduced the
subclass A of functions f(z) € A with negative coefficients. For f(z) € N, G. S. Salagean
has shown that
zf'(2)

Re(f'(z) + zf"(2)) > -1 = Re (T(;T) >0 (z€U)

and that

Re (f'(2) +2f"(2)) >0 => Re (ij(i))) > % (z € V).

Lemma 1 Let f(z) € A and
Re(f/(2) +azf"(z)) > -5 (:€U)
for some a(a > 0). Then Ref'(z) >0 (2 € U).

Lemma2 (M. Nunokawa, Proc. Japan Acad. 68(1992), 152 - 153) Let p(z) be
analytic in U,p(0) = 1,p(2) # 0(z € U), and suppose that there erists a point 2o € U
such that

s
largp(2)] < S (I2] <zl)
2

and -
Iargp(zo)l = 561”



where a > 0. Then we have

20P(20) = ika,
P(Zo)
where
k2 ! a +l (argp(z0) = 7 @)
=2 a 2
and

k‘
A
i

1 1 o
: (a + 3) (argp(z0) = — 7o),
where p(29)'/* = +ia and a > 0.

In the present paper, we introduce the subclass 7 of A consisting of analytic functions
f(z) with real coefficients, that is,

T = {f(z) €A|f(z) =2+ an",an € IR}.

n=2

Theorem 1 Let f(z) € T and suppose that
Re(f'(z) + azf'(2)) >0  (z €U),

where @ 2 1. Then we have

zf"(z) a—-1
Re(1+ f’(z)) > “a (z € 1),

or f(z) is convez of order (o — 1)/a.

Corollary 1 Let f(z) € T and suppose that
Re(f/(z) +2f"() >0 (2 € ).

Then we have

Re (1 + ”j{(ff))) >0 (z€D)

Re (%)-) > % (z € U).

Corollary 2 Let f(z) € T and suppose that

and

Re ( Fi(2) +22f"(2) + %2 f"(z)) >0 (zeD).

Then Ref'(z) > 0(z € U) and

Re (1 + ff(i))) >-1 (zeU).

—40—
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Interpolating sequences of parabolic Bergman spaces

HRBWE (KRMX - #)
SAKEA (AKX - H¥HE)
KR (R - #E)

H % (n+ 1) &35t Euclid ZRE R™! (n > 1) O ¥ Fm|, 7DD,
H={X=(z,t)eR*"*";z€R" t>0}

3B, £, 1<p<oolZXL, L? = [P(H,dV) 2B D Lebesgue 22/
E+B, 2T, dVid, Lebesgue BIEEZRTHDETH, 0<a <1ITHL,
a RIVHBRERE

d
(a) — — a
L' = o + (—-Az)

ORRTLPIZBT A b2k % b LEE, Zhi WA Bergman ZfH] & FES,
AHBIZBIT DT —<it, ZOZH ¥ IZBITHHHERSIEETHDS, H
ORIX = {X;} = {(z;,t;)} L Y, Iﬁ;’ﬂ”é ¥, vye N2 #BEEHK,
keNy L5,
¥ ECUTORRR

T;u—T&u—&Ghu+“%my( )}

J
225, b, & B@EORINEMET D,

eI
DTk - P BERERDOIZ, X={X;} BEDLS ZRFID L ED

() TY* : 02 — &2 BEFLR2DOIL, X = {X;} BEDL I RRAFIDE
A,

ERE, () BLWG) Z2RMBICHZTEE, X ={X;} #ZH ©® OMMRS
LS, ZOMBEIZEL, $OoNDEREITI. Y=(ys) e HE0<i<1
iU,

SY) = 58y, ) = {(2,1) € Hilo — yl < ()", 1bs < t < s}

LU, SINY) % o REHRIAKEL RS- LIcT 5, £7, AFIX = {X;} 2
a WHINBI D &k C b-separated Th 5 & 1%, SI(X;) NS (X)) =0 (5 #m)
RBLEEZEILDOLTH, &b, ARER ECRL, #E CHEAENE
KOBEEEETHO LTS,



7, RO @) BT RETE~D,

EE 1

1<p<oo, 7= (My---,7m) E N} ZBEHEE, ke Ny L7585, KD (1)
~@3)iZ, FETHA, ‘

D T3k b8 - P ITERTH D,

Q) EED (HBWE, D) 0<e <1 IZHHL, BR¥K L BEELT,
#XNSY) <L BRETOAY € HZRLTHRIT S, ThbL, &
SOUYY BT B X D EFIOEEE, —FEHEUTCH S,

B)EED (DWW, D) 0<d<1izxl, BAREM BEFEELT,
X=XU- - UXy E8TE, X iZa KBEHEDOEKRT i-separated T
»5,

FELLY, BRART, 08 - ¢ ORFEL, pllL bRV, TRDL,
B oNT T B — £ BPERTHIUE, ETOpIZONTITY 88 — £
BHERERSB,

wiz, D (i) (2T 5/RE2BR~35,

T2

1<p<oo, y=(M,---,7n) € Ng ZZEHEKT v BLTEK, ke N &
T3, HB0< 6 < I BFEELT, 85X ={X;} B> 6 TPV T a KK
WRIDEK T b-separated 72 HIE, T)*: 08 — 2 ITLHTH 5,

FE2IZBT5H & 13, p CEET D, Thbb, 5 pl 20T T
B P BREHTH-TH, p LIXRRD qIZOWTTYr by — 0 iR
RBEIMHELR,

F72, p= oo (CRET BHUHE Bloch 2/, X U little Bloch 22/
BT ARROBERIZOVTHRET 5,
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Composition operators on the weighted Bloch
space and the weighted Dirichlet spaces
with closed range

kB & (MEERRE)

ZE[ B, X
| £ lle.= sup(1 = |22)7| (2] < +o0

277 D LMK Lk L+ 5. B, = Bt the Bloch space & FEHIH
%. dA(z) i D E® normalized area measure & 3§ 5.
a > —1iZ% L T, the weighted Dirichret space Dy I

/D(l — 1222 (2)P(a + 1)dA(z) < +00

W D EORATREEELE LTS a=1»Dp=20L % Di=H? X
the Hardy space 12725, a=2/2p =20 & & D? = L? X the Bergman
space 1272 5.

a>0nEE, DDESEAT 1 sampling set for B, LHFINDHD
X, there exists a positive constant C > 0 such that

sup(1 — |2*)|f'(2)] < Csup(1 — |2[*)*|f'(2)l,
2€D zel

forall f e By, W= TLETH5.
—fi%iZ X % Banach spaces & L, T % linear operator from X into
X L¥5 FOL&, Tix K%EWHT7251E, bounded below on X & F¥
i3 || Tf||>C | f | for all f € X and positive constants C > 0.
AR TIZ, EREMRHS VD By, D ET bounded below (2722
DMNIBETHHEE L, UTORRBELNRL .

Theorem 1. Leta>1. Suppose ¢ is a univalent sel f-map of
D. Then the following are equivalent.
(1) C,: By — By, is bounded below
(2) lewo@llpasc>C foranywe D
(3) Foranye<C, p(2,F.)<V1—€=r, foranyze€ D
(4) For any e < C, 3r' > 0 and some constant K > 0 such that

|D(w,r")N F| > K |D(w,r")|
for all we D.



Theorem 2. Let1 < a < B. Suppose ¢ is a univalent sel f-map
of the open unit disk D. If the composition operator C, : Bg — Bg is
bounded below, then C, : By — B, is bounded below.

Theorem 3. Let a > 1. Suppose ¢ is a univalent sel f-map
of the open unit disk D. If the composition operator C, : B, — B, 1s
bounded below, then C, : L2 — L2 is bounded below.
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Moduli space of polynomial maps of C

Bl &
FEKFERE R AR A E

For a natural number d with d > 2, we will denote the moduli space of
polynomial maps of degree d by

Py:={f € Clz] |deg f=d}/ ~,

where the relation ~ denotes the affine conjugacy of polynomial maps, i.e.
for polynomial maps f,g € Clz], the equivalent relation f ~ g holds if and
only if there exists an affine transformation y(z) = az + b with a,b € C and
a # 0 such that the equality f =+ o go~y~! holds. We will put

Fix(f) .= {¢ € C |f(¢) = ¢}
for f € C[z], where we consider Fix(f) counted with multiplicity. Thus we
always have # (Fix(f)) = deg f.

Remark 1. For a polynomial map f € P4 and its fixed point ¢ € Fix(f),
the point ¢ is a multiple fixed point of f if and only if f'({) = 1.

Proposition 2 (Fixed point theorem). Let d be a natural number withd > 2,
and suppose that a polynomial map f € P; has no multiple fized point. Then

we have the equality
1
E — =0. (1)
— f1
cermn 17 ©)

On the basis of Proposition 2, we will put

f:]’[(l—,\j) =0}/Gd,

i=1 j#i

Adzz{()\l,...,)\d)e(}"

where G, denotes the d-th symmetry group and &, acts on C? as a permu-
tation of coordinates. Then we can define the map ®,: P; — A4 by

[ (f,(C))(eFix(f)'
Theorem 3. In the case d = 2 or 3, the map ¥, is bijective.

This theorem is well-known and easy to prove. In this talk, we will consider
the map ®, in the case d > 4 in detail.



Main Theorem . Let d be a natural number with d > 4, and suppose
that Ay, ..., \q are compler numbers with \; # 1 for i = 1,...,d and with
Zle 1_—1/\| = 0. We will put X := (A\,...,\g), and will denote by X\ the
equivalent class of X in Ay. Then

1. we always have the inequalities 0 < # (®7* (1)) < (d —2)L.

2. The cardinality # ( (/\)) 1s completely determined by and is practi-
cally computed by hand from the following 2 combinatorial data:

I1#0, Z—_o}

() = {1 c{1,2,...,d}

KQ):={KC{1,2,....,d} | i,j € K= X = )\;}.

3. If the inclusion relations I(/\) CI(\) and K(X) € K(X) hold, then we
have the inequality # (&7 (X )) > # (2" (V).

4. The equality # (@71 (X)) = (d — 2)! holds if and only if the set () is

empty and the complex numbers A1y . .., Aq are mutually distinct.
5. If there exist non-zero integers cy, .. cd which satisfy the conditions
= ,\1 HERR 11Ad =¢ iy andzl el < 2(d — 2), then the set

<I>l;1 (/_\) 1S empty.
6. In the case d < 7, the set ' ()\) is empty if and only if there exist

non-zero integers ci,...,cq which satisfy the conditions 1—_1)‘—1
l—1>\d =C i :Ca and Zi:l 'cl' S 2(d - 2)

— 46—
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DENJOY-WOLFF THEOREM ON RIEMANN SURFACES

BRI RAFBEIFHEN R FK

Hyperbolic Riemann surface R EDFEHHACEHNER o DHERRRD Y A 71253
XN 3 (A [6]).
(1) Finite order - 2 BRA|Mn 3 NT, " =1id
(2) B3I - iR RAICEER p 8L, {p"}2, ¥ pit R LEBERRIRT 5.
(3) Rotation — R IZBfIF, A»HEFAREIZ_HFRESARMET, o ZRENE
gL HE
(4) Escaping - RIDERED a7 FEE K ITH LT {(p™(K)}2, d RO (BE)
BRICEBT 5.
ZDHT, BHD Escaping DRTDSTKFE B3, R IFFICHLIFIUR A DBA, XD Denjoy-
Wolf DEBEBH SN T3,
Theorem 1. ¢ 13 A5 ZNHEDIEYER T Escaping L $5. ZDELE, 3 (€A
DEFELT, {p"}2, 13 A E¢QRIAB—RIKRT 3,
ZOMETIE, T D Denjoy-Wolff DEET A % Riemann surface R ICE ZMZ TEE
T35, ZOFEDHETIZ, M. Heins(3] 12 X 3 R 53 compact bordered Riemann surface
?D & ¥ D Theorem 1 DILFRIH B, T2bL ;

Theorem 2. R % compact bordered Riemann surface £ 3%, D& &E R D Escaping
holomorphic map ¢ SN L, $% (€ IRVBENT, {p"}2, & R L (IWABE—RIUR
T3,

¥4, Z® Theorem 2 DBIEEA%, Fatou-Riesz DEHRDILHER N— 3 V2 FAT
32tk hBEZB, bbAHA, IDHEIIHERNL Denjoy-Wolf DEHOFIFAHL &
ZTw3, ZORFTHOKRELAMATS L, I L—BOH T Theorem 1 BIERE N
5. Thbb

Corollary 1. R % SOyp surface T, ¢ i& R D Escaping holomorphic map £ § 5. &
512, ROHBED 9T X % orbit 23 ROEMNEAICEMR 2R OL oI, {p"}2, 13 R
HHRNBROH B K ICABRIIUKRT 5.

Z ZC, Riemann surface R %5 SOgp surface & 13, R OBEEBROFARELI0TH
2LERES. LEL, HNERRZaVAT M THILERRL.
—BIZRPLZFNEE~NDHEKER o 13, ROEXFOERTZHE, L3 >TR
%% 7T Fuchs B 6 2 NEH~DDERE ), 25[Z& 7. Corollary 1 DIRED T T
i, COERBER O, 3HZBDT RIBET ZROTRRI LTS, Tibb,

Theorem 3. R = A/T, ¢ & Corollary IDRER W= T LT3, ZOLE FHEDHeT
KH LT, B3 n=n(y) e NBENT, 63(y) = id 2R Y 11,
EOEBIZBOTn(y) 2 v CEBRIC—RICHNZLHEI LWV T T CICH
Btk 3. THEREROBEIIES HIC v ICEBIRICELS Z L3 TE 2208, [ BMERE
BOBEIE, BTLLZH)R3%oky, ERICHEES Z EHHKS
1



2 ERIRAEHTHENER =W BR

D & ) Y2 E % FIZ—MD Riemann surface TEET 37 HICiE, WHRE % 3 Riemann
surface 215D DB T2 7 MUT 256BH5H 5. Martin 287 MLIZIBEO#EY L
Bbiz a7 MUD—272%, F. Larusson(4] {3 Heins D% B> T, Martin R
b BHAD regularity ZF§ 2K IC Denjoy-Wolff DFEMANE LV Z & 2FWL 7. —4, P.
Poggi-Corradini[7] I& Martin 2 >23%7 FMETI, Denjoy-Wolff D EBEASHRIL L %2 > FEifi
FEHFET D LEER L. Lo L, Corollary 1 #EZ UL, RIFAIRIT1 D end
DHE—E i irregular ZHFIIZ BV —2 D Martin 27787 FEIZE V> T Denjoy-
Wolff DEIMIK D LD Z LW 3, —MIC RVREBIERATH 2 L &, Z2hBEE~D
non-trivial 7 IEM'EMRZRERT 2 DIZTFAREL V2535, Z DIBAERICTAIRIC 1 Dend &
HAEEIR D | R~ escape T3 IERISEME#NT 5 Z LasTcE 2,
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Symmetric groups that are not the

symmetric conjugates of Fuchsian groups

KATSUHIKO MATSUZAKI
DEPARTMENT OF MATHEMATICS, OKAYAMA UNIVERSITY

A quasiconformal group is a discrete group of quasiconformal automorphisms of
the unit disk A whose maximal dilatations are uniformly bounded. A quasisym-
metric automorphism of the unit circle A is the boundary extension of a quasi-
conformal automorphism of A. A quasisymmetric group is a discrete group of qua-
sisymmetric automorphisms of A whose quasisymmetric constants are uniformly
bounded. It is clear that the boundary extension of a quasiconformal group to A
is a quasisymmetric group. Due to Sullivan [7] and Tukia [8], every quasiconfor-
mal group is conjugate to a conformal group (Fuchsian group) by a quasiconformal
homeomorphism A — A.

On the other hand, since there is no canonical extension of the homeomorphisms
AA — OA to those of A preserving the group structure (cf. [2]), it was difficult
to see that every quasisymmetric group is conjugate to a Fuchsian group by a
quasisymmetric homeomorphism dA — JA, or equivalently, every quasisymmetric
group is the boundary extension of a quasiconformal group. Recently, this has been
shown to be true by Markovic [6], based on a famous result by Tukia [9], Gabai
[3] and Casson-Jungreis [1] that a quasisymmetric group, which is a convergence
group in the sense of Gehring-Martin [5], is conjugate to a Fuchsian group by a
topological homeomorphism dA — JA.

An asymptotically conformal group is a quasiconformal group whose elements are
asymptotically conformal automorphisms of A. A symmetric automorphism is the
extension of an asymptotically conformal automorphism to dA, which was origi-
nally introduced by Gardiner-Sullivan [4]. A symmetric group is a quasisymmetric
group whose elements are symmetric automorphisms of JA. It is clear that the
boundary extension of an asymptotically conformal group to A is a symmetric
group. However, we do not know whether the converse is true or not.

In this talk, we consider an analogous problem to the above context; whether a
symmetric group is conjugate to a Fuchsian group by a symmetric homeomorphism
OA — A or not. Our answer is negative: To every infinite Fuchsian group possibly
with torsion, there exists a quasisymmetric conjugate symmetric group that is not
conjugate to any Fuchsian group by a symmetric homeomorphism. Further, we ex-
tend this problem to a study of asymptotically conformal mapping class subgroups
on Riemann surfaces of general type.



Theorem. Let G C Conf(R) be a group of conformal automorphisms of a Riemann
surface R. Assume that G admits a non-trivial homogenous quasi-homomorphism -
@ : G — R. Then there ezists a quasiconformal homeomorphism f : R — R’ such
that Gy = fGf~! is a group of asymptotically conformal automorphisms of R’ but
there exists no asymptotically conformal homeomorphism h : R’ — R" such that
hGsh™! C Conf(R").

Here, a map ¢ : G — R is said to be a quasi-homomorphism if there exists a
constant D > 0 such that |p(g192) — ¢(91) — ¢(g2)] < D for any g; and g, in G.
Moreover, it is homogenous if p(g9™) = np(g) for any g € G and any n € Z.

The above theorem can be paraphrased as a statement on the existence of a fixed
point of the isometric action of G on a closed subspace of the Teichmiiller space,
which is a fiber over the asymptotic Teichmiiller space.
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HAG72 M & FRICAER &5 R’ OSEMSME/MAITE

Francisco Martin (Universidad de Granada)
R IR HESR (KBRKF)
(L1 EE e AR (FUNKZE)

V=T E M M5 CP NDERIBEK X = (X}, X2 X3): M — C* % HH (null
¥ 713 isotropic) TH 5 &id

dXN\?  /dx2\? [dx3\?

(7{) +(E) +(W) =0
MERODIDZETHS. L 213 M ORFIEREBETHS. £/, BDIH
X M-CPBEETHDENE, C° OERMNIZIIINI—MERO X ITX55&

RBLA M OEERU—TUHBEEIATWAIETHS. ZITIRROEEEZM
1A

TE (IMUY)). ERABEHFNTIDIH X D) - C* T, TOBVAERLZHONTEF
T3, ELD CCIIBEMMAKRTHS.

SSIEBROATRNWER LICHLT, @&k T—D2ODI FZ2HDU—T >
i} ¥ &, RN DODERSE LD IH X T — c? NEET 5.

EHAS5NBEDI, THEEHIDIA XM - C® DEEReX: M —
R EEHInX: M- R, V-2 E M M5 3KRt1—-1y RZEM
R® ~"OZEHM DO/ (EHHE 0) BHBITIDIHEEZS. ImX 13, ReX I
G/ EEXIEN, HEIRAUFEFEEZ LD, JOFBICETIEEN
REBIDOVWTTHEN, H<HSOH#MTH -/ E. Calabi DfFRE [Cal:

R OEHRE/NHET, FOBRBERBZOONEET DM

XU T, 1996 T N. Nadirashvili [N] 2%, 237G FRREMHZE/NEHITID 2 H
f:D - R ZEBRTDZIEICLDMBELE. TO%, TOHEKIIKEN IR,
FEEROZHEN OB R NHE S [LMM] THERINO TV, LaL, Zhs
DH OBRIETIE, HESBNEEDBERTHD I LIRRIETERN >, S
DERADEFTHIER - BHEDICARTHEZERL DO THS. DX, @/h
HEmDEE THRRNIT,

RO DERLZE)HET, TOHEENHBHBERTHS HD
R LI LIRS ZOFBDOIGHAELT, RERTIENTEXS.



% 1 (MUY)). £EOES L ITHLT, Bk T—D2DILF2HDU—-YVEH
T T, ROEIRBROONEET S :

o ERIBFANIDIH Y : T — C? NEHET .
o ARBEAMEDARF S, - C" (n>4) NEETS.

51T CP M5 SL(2,C) ~NDELUBFNEEREMNT, FETHERL - C° Dl
E%SL(2,C) KET Z Lk D, i, AREFANRIHIH T, - SL(2,C) B
BRETAHENTES. —F, EHE -1 O3 KRITNENZEM H® NOFEGihE 1 %
b OBE (CMC-18E) 1 SL(2,C) ~DEHHITD ZH% H® = SL(2,C)/SU(2)
AFRETEZEICE>TESNS (Bryant ODXRBEAR) . Lo T, $HICUT
DRHBRINEZIEITRS.

% 2 (MUY)). ZBEOBS kITdLT, #k T-DDILREHDOY—T >
S 5, 3RTREAREMAOEHME | ORPHITDRARY: T, - H* T
EHEPDOBERZEDNEFET 5.

Nadirashvili IZ & 58 F7z@/NIEOERIL, FHNID ZHDH X, (X,: D, —
C®) T, HEFHEBITED D, O¥EMN 1/n OF—F—THKL, ReX, DRDHE
B 1/n? DA —F —TWRTI2LOZRBMICHRT S I EIE>TRENS.
RWEDOE AT v 7L, PN labyrinth & XidN 5 B0 XD hES
ZEHL, FIT TKERME) 2L 5ERBEK (Runge DEELDHSND) Z
BT Weierstrass ZEHODT—¥ 3 FRIBAREERTH I ETHSNS. D
HiETIE, Re X OBOBERMN (MHEMIZ) FETEZ 5A, labyrinth OHNETO
X OHRIIEEESN TWaEho k. BAOEETHDHHATIE, ZOEHITHN
LM AR T D ATy TR BKMIZHZ X, labyrinth DI TD X OKEZD
FMETOT.

&3
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Stein ZHADEE LDOERERR EEF
G

WHERZE/E D £ Cousin-1I 37 {(U;, m)}ie; DEH D Cartier BF 0 (X
L. I 2 {milm;} € Z'({Ui}ie1, 6*) DEDHS D EOERIBIREE 0] &
B

TR (X,0x) % (LI LBEHWTHEL)) 8 n XT Cohen-Macaulay Stein 22
B, D& X DHRESEL. RD2EXRHZRET D.

i) HD,Oxlp)=0 (2<k<n-1).
i1) D EIERIBIRER LY, ZENGEREDSH

HYD, 6x\|p) — H'(D,6) — H\(D, 6*)

DIBICBT 2553 D L Cartier §F 0 A 7FEL T, L=[0] (FZF2L.
O :=(Ox| Ax)Ip 13 D DRHIERBISE).

CODEE, DIMEBD x€dD\Sing(X, Ox) ICHE TP Stein TH D.

£ 1 & Docquier-Grauert [4] DEEL Y, ROEREES.
E¥ 2. X% ny Stein BFEXRETD. ZNHE=E, R
H*D,6)=0 (2<k<n-1)

EHET X DRAES DICDNT. RD 4 RHFITRETHD.

(1) D (& Stein Tdhd.

(2) D EOEBOERERR LICIIL, D EQERFONBELT, L=[0].

(3) D EOEBOERIERRLICHL. D EOBRFoHFELT, L=[0l.

(4) D EOO{ENICBEREBNERERR LICIIL, D EORFIHEFE
LT, L=[ol

% 3 (Abe [1, Theorem 3]). X %& 2 JRoT Stein BIFARETS. ZDHEE, X DR
ES5DICDONT. TE20D4FZKIBETHD.

% 4 (Ballico (3, Theorem 1]). X % Stein B#EK, ¢: X — R % €2 #:55 2- B8
(Andreotti-Grauert DEIK) &F2. CHEE, BMES D:={p<c} (c[FTEH
DT, TBIB20D4%RBHIEABETHS.

" 862-0976 HEAMNF 4-24-1 BEA KX FEFIIRRER



il 5 (Abe [1, p. 272]). X % dim X 2> 3733 Stein B#EX, A% codim A 2371
D SOBHNES, D:=S\ALT2. COEE, D FOFBEDFLERE LI
WL, DEDERFIDBFHELT L=

AZBRIMAIREL T, M:=A%\{(0,0)}, Uy:=A%\{z,=0} (v=1,2) &B<.

WE6. B he OUINU) O (0,0) (CH TS Laurent BRI cz]'z)? (ry <0,
r<0,c#0) OFDEBEEETIZ e'e 6 (U nlh) = Z (U, Uy}, 6% DEDHS
M FDIFRIBIRRIIEETHELN.

##8 7 (Ballico (2, Remark 1.4]). M EDIERIBIRE LWL, RD 2 R IZE
ETdh2.

(1) LI|3E88 (holomorphically trivial).

(2) M FORF oA BFELT, L=l

EIB1MDRIE, n=2M155E, #HeE6, 7ICEE, Kajiwara-Kazama [6] D535,
Grauert-Remmert (5] DEIE, Levi DILSREIE (Kajiwara-Sakai (7]) =L \B.
BH, X=C"DRSICREINIL Lelong (8] DEIBIC LV, SIOBIIIEYICES
BitTE2.
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REF— 7 AROEEHHEFRIZDONT

EAFE (R R FR LB A M)

z2=z+y/-12BRFEC LOBRLEEL L, f(2) 2BRFELOBEK
LT B, A, fR)IZR LT, HEEEm L EERCHHo T, RBMILT DL
RELELS:
lf(2) < Clz[™ (|| 2 1).

THE, fl2) IREP mUTOLERIZRE, ZHUEI—EEEERTL< AL
NEEETHD, ZHICENORSN, H2MOLERBBRICONVTERILTS L
WA ZEEBMLEZW,

BEREZERCP NOBREZBE X ¥R TERT -

X:={[1:z1:-:2,)] €CP" 2z #0, (1 <i<n)}=(CH"

X EREF—F X (C)" OBARLRFEEDIALTHD, X EOFE L L T Fubini-
Study S EDOHREZI D, (ZOFHEIT, REF—FROEBEHBC" POHAZ
NOFHFRLIZIRR->TWS,) ERIBR f:C - X LT, DM df O
INVEERTEERT H:

|df1(2) := |df(8/92)| (2 € C).

Theorem 1. ERIT® f: C - X IZt LT, FAEEm LEERC HEEL
T, RBWEILT D ERET S

(1) |df|(2) < Clz[™ (|z] 2 1).

THL., WEXm+1UTOEER g1(2), 02(2), -, gn(2) BFEEL T, f(2) ITK
DEIZERINS :

(2) f(2) =[1: e en@) . ... eom)]

bL, REP -T2 EDHEL LT, ZEHEBC NOMAINIFHELXAN
7ol b, EOMENESITSZ LIZBBATH S, Theorem 143, Fubini-Study
HEFZAVTHLRIUERVBITE EERLTVWAS,

FiZm=0%c92L, ROMBEIZRD,



Corollary 2 (F. Berteloot, J. Duval (2001)). X N® Brody 8% f : C — X i3k
DETERIND:

f(z) = [1:en7th; goaztbs ... anztbn ]
:. :—C‘\\ alybl’ cctyQn, b'n ‘iﬁ%&-’c\&)éo

Z OfnREIL [BD, Appendice] IZBWTEERAES LTV 5,

Theorem 1 BERLTWNB Z &id, BEROMOOERKENEROEERET D
EWVWHZETHDH, ZhE, LVBARICKROL IIZERETE D, qi(2), -+, 9n(2)
2EEAELT, f:C—o X % (2) TEETH, ZO,

Theorem 3. f BEKEBR TE N HITRBKLT S -

lim sup max|,|=, log |df |(z)
F—b00 logr
Corollary 4. FRIE# f: C - X IZx LT, HEAER )N LEERC HFEL
T ROBKILT D ERET D -

ldf|(z) < Clel* (|l > 1)

= max(deg g1(2), - ,deggn(2)) — 1.

5L, EEKC BHEEL TRBEY SI:
ldf(z) < C'™ (2] > 1).
IIT. NRIVREETHD,
Theorem 1 DFFFIZONT—EMN TEEZ\, (1) DIRE»D,

T(r,f) = /: %E /||<t |df|?(2) dzdy < const - P22 (r > 1).

ZIZTT(r f) i3 f OREEE TH D, DR ENLREBRICI > T, KEH
M2m+2) UTFDOBER gi(2), - ,a2(2) FAVWT, fIZ (2 DETRENDZ L
Bhd, L, EFEAERELTWAZEROKREIE Im+1) UATFTTHY, Z
DX vy TRBHEOPEHAOEERATH D, TDEDIT, |df| DEBZFEL
SARBZ LIRS,

S5

[BD] F. Berteloot, J. Duval, Sur I'hyperbolicité de certains complémentaires,
Enseign. Math. 47 (2001) 253-267

[T] M. Tsukamoto, On holomorphic curves in algebraic torus, preprint, arXiv:
math.CV /0606742

Gomar. #W‘{IM}/I /hw/y (eomm. 2(/777), 323- ¥/
Eromenkt ) prep it Plndee Univ
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ON THE CASSON INVARIANT CONJECTURE OF
NEUMANN-WAHL

W E5L (WX - HIEEE)
(A. Némethi & (Rényi Institute) & DILRFFIE)

BT, (X,0) #2RTEHBES, SEEOY L2 EL, T RF
FuP—KRETHD ERETS. & O Casson FEEX A, (X,0) D
INF—T A NR—DHEEEE 0 TET. XX (X,0) DAHEARE
BTHDIN, o l3—RIZIXE S TRV,

Neumann & Wahl i% [2] IZB W TKREZTFRALZ.

Conjecture 1. (X,0) BEERXX DL E, A=0/8.

X o X 2 BERSMYN, s ¥FINESOENRSDEE, K
% X FoOE#RRF LT3 L, Durfee & Laufer DARITE Y

—0=8p,+K*+s

LB b, FRE, B{TEEK p, 2
K?+s
DPg = —A— 3

CREDMNHEAERIZARD, LEVBRZIDIEHHKD.

Neumann & Wahl i, [2] 28T, X #3 Brieskorn 5222 X ¥
i 2"+ f(z,y) =0 LW FROBHEADHESICFEPELWNI &
PER LK. 3] KBVTH, (X,0) DRKI T 7 T OF—F b
MASDLEROICEBONDIFERARLZEAL, TNDHICL-TESR
ENDREAPEERNINFRATHY, EORHMTFZ 7B T I
7B (Thbb, TORFRSZ X LRUMEREEZ D) ZLERL
2. TOXIEBEINDIHEALL splice FRR L L 5. S HIT]
DIXHRR72 splice AR L TFRANELWZ AR L.

SEBN LTIV DL, ROEETHD.

Theorem 2 ([1]) X 2 splice RAR G, FHRTELL.



Yoy NARERD—KRETHD L D) RERRX 2R TR RN
iX splice BRATIIARWVD, &) T (HiFF) bH D (cf. [5]) 2%,
L 43D TR,

FEOFEH ORI DN TR RS,

Neumann & Wahl @B L EC, V7 B¥REr P —KET
b5 L5 "o0 splice HEA X; & Xy % “splice” LTH/LND
splice ® R A% X3 LTBHL %, ox, =o0x, +0x, £FfE" py (2B
FRERXNKY Lo L &FT. EBE, X b splicing (2T DI
HEEDL, X X PEIEIDOLNTVWARRERL splice LTHD
Na-ERMLNTNWD, 20 15X 2B 27D, py EXRT
57 D5ENCET AR (f. [4]) ZAWS. 72ZL, BT 77D
48| L splicing (DM 13R 2BEROT, BOHT DT
KBUETHD.
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A3 EAOEET

fiE E  CRRBERIH)

(X,z) % 2R CERBER, 7 (X,A) = (X,z) 2 R/MEE
EREM, A= UL A; PINESOBENDRLTD. ZOLE,
A3 EAOBTT L LT, Artin [1] KX 59T T
D438, Tjurina [2] I X A HE 3 HADBEHLERTRN
BEZ LN TWS, 2 THal, Knoller, ESIZX > TER
AN EBE (X, 2), 0n(X,2) Dm=20LE0E2%
By, 0 DBAN LROFEIEROKHMTEER T

1 ([3]). (X,z2) 2 2KTERERAL L, n(X,4) -
(X,z) ZR/NEREEBETD. ROFKIRETHS.

(1) (X,2) TFEIERTHD.

(2) L(X,z) =3, ie,i=m=0,13#0.

(3) 82(X,z) =0 2> mult(X,z) = 3.

(4) v2(X,z) =0 2> mult(X,z) = 3.

(5) 2(X,2)=02> K-A=1.

6) 2(X,z)=02»> K-A=1.

I, BAIIEBO A LT (-K-W)- A, >0
BAODEFA AW EERE L. L, Kiz X EOEER
FThHBH. ZOYA 2 VW X Laufer DFHEF| & REE, IBHIHY
WHELTRDBZENRTES: Wy =0, W, = 4, £B<.
Wi, (k> 1) BEZBNEETHERD2ODTEELH 5.



(1) (—K- - Wk) 'Aik-n <0&2Bk57 AiH] biﬁﬁﬁ‘é TS
B Wigt = Wi + A, L35<.
(2) BELRVWARLIE, KDVICLTW = W, £5<.

ZDEICLTA, oW ~DHBEFDEXTED. 2O
LE,RDESRABEIEROBBMNIEEX .

EHE2 (4]). (X,2) 2 2RTERBESL L, 7(X,4) -
(X,z) 2R/ NERERBLT D, 0L &, (X,z) "EHIE
B THH-OOMBASEMHT (X, ) IBEER T > 01T
LT, HH (K+ W) A, = 125 A, B W ~OFHES
(Wil BT 5,

&5 3wk

[1] M. Artin, On isolated rational singularities of surfaces,
Amer. J. Math. 88 (1966), 129-136

[2] G.N.Tjurina, Absolute tsolatedness of rational singulari-
ties and triple rational points, Functional Anal. Appl. 2
(1968), 324-332.

[3] K. Wada, Characterizations of minimally elliptic singu-
larities and rational triple points, Saitama Math. J 22

(2004), 1-9

[4] __, A characterization of the vanishing of the second
plurigenus for normal surface singularities, to appear in
Bull. Korean Math. Soc.
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A note on the Bergman metric of
bounded homogeneous domains

KR BE (BK - STHE)
BE FH (KA - B, $ERIFERA (PD))

D% Ct DEREEE & L, D Bergman &% ds?, TET. ds} @ potential 5
T, 0 gradient @/ VL% dsh I L THI o7 & & %TL?%D&(ZF'C%T??"C
HHLIRLONFET DX, dsh BNAdBRTHDHEEIZLITLEL). ZDOX
5 R ME A L OB RERIT, BICRRAAE3 LI RELVWHEE LD LB
ALMIR-TETBY, SHOBRDERVHFIND.

BRI, *HBRA SR [4) 05R#E IR (2] © Bergman SHES dBMMEEZ L O L
BEHLN TS, FBEOEFERIIKROEY TH D:

FE 1 DCC2SHRAMMEKLETD. & @a % D LOEMRFTE T
ds? = Z az a— — —dz,dZg

PR L, o

ﬁiﬁk&é%@ﬁﬁ&fé._gtym%@m%K%LTMot/wA%ﬁf

EHE1DIEATIIROEERRL 25 EEOSHEAMEAKIIFE Siegel il &
FEiEn 2 EEEEROERICERIRAAETH Y, SH Siegel AIKICIT affine T# >
LRLDBDHEBAIZIER LTV

EHIZ, 2D affine FEMEZRVAZ EICED, BAXROZ L EZRLT.

8 2 EE1 D |0p|s 13 p DBUHITERS 2V

D DHEEMMNG ds?) OEBHEBEI D, Zh e EB1THELNZJERELE
bEHZEIZLY, I POROEENRELND:

T 3 DD (p,q)BID L? 5-cohomology % Hf’z’;’(D) TERT. ZDk %,

o (p+g=n),

im HP‘(I D) =
dim H )_{ 0 (p+g#n)
MREILT B.

L LI 48 HBx 1530 [6] 2888 LT=1%12, ds?, O d A FMEsS [3) CBEICEE
PENTNDZ LASHBA LT, 78 (0], PIEICEI LTI, 025 D DR



IDEVW S DI T LED Z &8, FMBEZKOHEICIVALN LT [5].
DEHIRBEERDDOEN, EFB1OIEHAFEMND L RETERESD &
BhNbdDT, ZOBEIIRLY ORAIOVNTRESE TV LZE V.

SE X
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2 AR o T AT o 1 MK
< X$ T % A 2L B Lo MR E

KIRAE % (%68<T $ndoL )

M% (w952 >/°7 M) noratiE ke L, Co(M) ¥ MakYA 710
BT A, Cp M)k, Mo &0 a7 b RRBEAAE 32 Re s HFRAE ¥-T
£ T Lo BREHEKOTRFE 5< » ¥ (A1 70 ) 8RR T2 EATH),
%o bicix D Baadet 12 & AR sk MEREMEM o RN ANS TN,

CaM) 0B —REBHEGH: 5112 Abel o RIZ BB, AT T

REBTZ 5175 ChowER . Chow B E-AHLLER 0T H %,
. 9B EFERD

Andredtti /\/orguet, Siu, Barlet somffizs . Mn Andrectt: - Grauert
OBk (3+1)-Thnor G (Mi @ Stein BRTHR 2L NHN> T, F5T
ZOLE, CZ (M) Lo B B> w3 2 e SRS H2,

Barlet (3. MEotrabmntg (4,2)8 JRBR LT, THEE LPIALT
Hrgs s e ECS Cp (M) oz, Ry RS M LT ER T h3
SYLERRLE,

e ER oS LUIRM PR & C3tmRo oA tAR e I ToRRERR,

FIR . ME(+)RAERMEIRE. 0t MEo (J+)IROREBLHAEL
Lt Cg(MNo=sT ,5% sup p = 00 kKR E0 T, HREL ] 1t
Vo BEET, .

To spian Pl RIMS



2ors M LoRhrTiy—13rE ¢ v CHRlntMi T R— R s
K B LT, 30 ¢ = {Culye, ¢ WRRES
Il ==;JC»J€XP(-t<?<v>>> <o (mem!)
Fak gL o1 LT, MEaCB (4, AR BT w <. FA

“CO”,C ‘= g ,wlgexp(—r'?)dvé. < K“C”f

M
j o
Y
takFEonBEGs. L | ]?, v dlp panTn giBlgsks AMERE L
.

R (BRA) M2 7h 5y (o le prf o <iz
DTk o A& XK

HEN

i

C/»L (/“'21)2)"'>



S YlIE 3
BRI O SR b O ERIBIROILRIZ OV T

REHR = (RIFEXFHEER)

0. X

AMETIIEL LT, C* AOMEEMNER D 0N 2 S&E EOERIBSE D LoEAIBKIZE
BERFE-T-EFHET S L VS BB OV TRRB. &b, —ROFRBOLERICHTHRR -
HIEOFER L [P BFICET3RE, BL 00 MEOROEMC >V THRST 5.

1. BohGERE L OUROTB OB SHELN SO ERBRDOILE

EE 11 QYERSBELT S Q LOFRNKLENZEME 0Q) TR, Q LOBARE
BB 2 EOEME Ho(Q) THRT. Q IKB\\T k EEHHMS THREERBOEME CH(Q),
k=0,1,---,00, CET. T/, Q CERN- 0 CEHERERSKDOEME A(Q) TR

E¥% 1.2 (Leray B®) DX C” 0 C' R 2 b oA REAML 5. C' BER
w=(wy, -, wy) : Dx8D - C"
M DIZx3 5 Leray BRTH D & i
<w(z,(),{—2>#0 ((2,¢) € D x 8D)

BRILTARZETHB.
w(z,{) X D IZH$ 25 Leray B & T 5.
w20 = 3 (-1 wstz,0) A Bew(2,€),
Jj=1
w():=dG A ANdGn
LEBTD. fIROD EO L BKETS. oL X

wg (w(2,€)) Aw(()
<w(z,(),(—z>"

(n—1)!
(2mi)™ Jecop

(9] (ze D)

(Lapf)(2) =

LERTD.

SEE 1.1 (Cauchy-Fantappie DHA2R) DL C* O C R L OAREK LT 5. f D
TERET, D TER| (T72bb, f € A(D)) 26T

f(z) =Lapf(z) (2€D)

BELT 5.

DCCCriIC* R % b OBMBMER L 35, X 12 D OEFICHT 2RSS RIET, 0D &
HEMRY (transversal) (2305 5.



T 1.2 (Henkin [HEN}(1972)) MMER®E E: H®(XND) - H®D) T, E(f)|lxrp=f %
BT HODBEETD. b, fe€e A(XND)#2biX, E(f) € A(D) 725,
FE 1.1 (1) TE1.213 D BERESEE T, (X 0 D) # D DBEMER S S 5B ITEK
% 5. (Adachi [AD2, AD3])

(2) EE 1.2 OIEFIX D BENERT, X = {2k = zp41 = -+ = 2o = 0} DH AT Cauchy-
Fantappi¢ OO ARE BV CERIBIROA REMEIEHA L, D NBENERT X A—B0Hs
EHREOBEITIE X % BN ERMER ORI S SREICEDALRY FTIHEHAL TV

EE 1.3 DCCCriIC® ERE L OMBMEARKE T2, ZDLERIRILTS.

(1) (Adachi [AD1](1980), Elgueta [ELG](1980)) f € O(X ND)NC®(X A D) 26 Ef €
OD)NC®(D) k125,

(2) (Jakébezak [JAK](1983), Adachi [AD4](1994)) f € O(XND)NC*(X A D), k =0,1,2,--,
#2512, Ef € O(D) N C*(D) #AY -

D CC CM iSRRI E T 5. ADHEOLSIHEELRV. T5&,0D DiE & 0 Dt
FIZBNT C? BB ES B p RFEELT

Dno={z€0]p(z) <0}

EREND. § TC RO aj ITHLT

F(z,() = 22 ——(c) z) = 2 ar(OG ~ 2)(Gk ~ 2)-
k=1
EEBTH. T, ai HORBWT p Il 2 ROBEHE THH/TEWERTHS. p21 C° #
D& ET
&?p
ok = 9¢;0¢k
LT3 Z0EEIFF(2,¢) it Levi ZIERIZR 3.
1B O MRBER % b OMERMEIRIZ 51T 3 Leray B8 w(z, ¢) T, w(z, {) # z 2B L TIERIBBEIZ 22
% %D #%, Henkin [HEN](1969) & Ramirez [RAM](1970) i2 k> THIR S iz, IROEE 1413 Fh
OO TRVER % b oM EIROHE £ T—MR{L L7 b DT, Henkin-Leiterer [HER](1984)
IZEk->THLN .

®E 1.4 D CC C" iTMIEME L T5. 0D DEEU C 0 &, (DUU) x U T C? BB
8(z2,C) & 8(2,¢) BTEFEL THRMAR Y 2.

(a) ®(2,¢) & ®(2,() iRz € DUU IKOWTERITH .
(b) & > 0 BMIFAEL T,

8(2,0) #£0, 3(2,0) #0  ((2¢) € (DUU) x U, - 2| > &)



(c) (DUU) x U 2815 C? B M(2,¢) # 0 & M(2,() # 0 BEFELT,
8(2,0) = F(z,)M(2,¢)  ((2,0) € (DUU) x U, [¢ -z < e).
8(7,0) = (F(2,0) - 20(0))M(2,0)  ((2,0) € (DUU) x U, |¢ — 2| <¢)

(d) (DUU) x U IKBIF 5 C? B w;(2,(),j=1,---,n, BFEELT
8(z,¢) =Y (5 - Gwi(:0)  ((¢) € (DUU) x V).
J=1

DRILT B, 6K, wi(z,() itz € DUU DWW TERITHS.

e0>0%,{Ced||p(¢) <20} CCUL2BLITLD. peCP(C") &,0<p<1ERI
L,C€0,p(Q)2 -0 D& () =1,(€(D-0)U{C€f|p({) < —2e0} DEE, p(()=0&
RBEOICED. EE1.4(d) IKBIT B Leray B8 w(z,() = (w1(2,¢), -, wa(2,)) IR LT

” (sa@w(z,c)) R (w(@wj(z,o)
30 ) =\ 80)
LEHTD. EL, D EO L B fITHLT

__n N\ Y
Lpf(2) = @riy [Df(C) c( 30, 0) ) Aw(() (2€D)

LEBTS. w(z,(), 8(z,() Bz KOWTERMTH IS, Lpf i D BV TEMTHS.
EHE 1.4 THON7 Leray B % Cauchy-Fantappie DS AR Y TiEH T, Stokes DEHE%
BOWTERT 2 LROEBRBMRILT 5 T L 1%, Henkin-Leiterer [HER] IZ & » TR &l

EE 1.5 D CC C" iREMARL 75 BRIIROLATRITH LW,
FRIDICBITS L AR T3, T35
f(z)=Lpf(z) (2€D) (1)
BERIMLT 5.
FE 12Dn0={2€ 0| p(z) <0} BARNMEROBEII|OMNTRVWERAR, Thbb,

p(z) = dp(z) = 0 L7222 RIFTEE L2V, BBEOMEROB LB LN TRVERAIBFETS
b5,

WIZMT AK (1) #FIA LT, Beatrous (KL > TRA SN DNX LOERBEOV A +o
& LP ERICOVTRR B,

é(2)

dpnx(z)

dist(z,8D),
dist(z,3(D N X)).

il



EBL. ER,0<p<oo, s> -1IZHLT,

AP(DNX) {feoDnX)| /I;nx | FIP65nxdVDAx < oo},

A3(D)

(feow) /D |FP8*dV < co}.

AP (D) = H?(D) (Hardy class)

LEBTH. ZIT,dViECt OAR—SRET, dVpnx DN X LOGRKERXNTHS. Tk
%, Beatrous [BEA] iX®MRIL ¢ 5 = & &R L 7. Cumenge [CUM|(1983) iZ s = —1 DHEETE
AL,

7 1.6 (Beatrous [BEA)(1985)) D CC C™ X C? R % b oBBMAKL T5. T5 &, W

YER
E:Ah_ . (DNX)— A(D) {(s>-1)

T, Eflprx = f 2T HOREETS. ZI T, m=dimcX.

3% 1.3 Adachi-Kajimoto [ADK] % Kerzman-Stein [KES] DR &F|A L T, D 0o SKE
DR L Lipschitz B34S A(D) KRBT 2 BMICIRFTETH I RHEEBR L.

2. ~ROFRBOERDBS SRS SO L B8

£E 2.1 (AR - MEDQERE [OHT|(1987)) D i3 C* OHFRONERE T2, ¢ 1L D ENSES
WRBEET, X ={26C" |2, =0} £T5. +BL, DCOHMKFETBERC = CO(D) BFEL
T, WAL T 5.

DN X CERIZBEE f B

/ 1£(2,0)|2e=¢"0dV" < 00
DX
Bkt O, D EOERBEMY FAEELT, DNX ETF = f 2L, &6iC
/ |Fl2e=#dV < C(D) f f|2e=*aV"’
D DnX
BRI 5. 2T, dV, dV' IRERER, O, Cv1 1Kkt BA~— Y HETHD.

Berndtsson (¥ KR - MEDOERIZB T 5 EHK C(D) ORFHAREEERDI.

23 2.2 (Berndtsson [BR2](1996)) D i3 C™ 0HFMUERL T 5. ¢ ix D EOZELW
BIS L5 hixD CERIT, bl <1&45. V={zeD|h(z) =0} &+5. +5&, V CEA
72RE% FIZH LT, D LOERBIK F BFEEL T,V ETF=f#&7L, IbiT

-~
2, —p < 2 € 7
/D|F| e dV__47r/V|f[ StV

BRILT 5.



XK 2.1 Siu [SIU)(1996) IR 2.1 KBTI IERCD)RXD C{ze€C ||| <1} DEE
C(D)=%r(1+ L)/ tRBZLNTEBZLEFLE.

¥ 2.2 Adachi-Andersson-Cho [ADO] X Berndtsson ORFLAXEFIA L THRATHZE A DT

DB ED HP ke [P BEREERLI.

3. L? (p > 2) BMIZBAY 5 Diederich-Mazzilli O R

C" DR LNRIER % b OFRIR D LOWMHTRIIHT DU A M E P /AA Berndtsson-
Andersson [BRA](1982) iZ Lo THED M. ZOMBARESHIBBEEZZLICLD, DDA
8D DEBIZRIT B ESBHE X 6D L EIMIZ3E b 33812, Berndtsson [BR1](1983) 2%
X N D LOWMHZARE M, Stk EOERBEIZBT 2 M ARNIIMMIC b REKT 1 DB
A1Z, Stout [STO](1975), TN Z{EEKTIZILHE L 7= Hatziafratis [HAT)(1986) i= & 2 M3 A
DD, MONRERE b OH RMEIKICI T 5 Berndtsson OMFARIIKD L HIcREND.

D={z]|p(z) <0} IZ C" DRLHPRERE b OFROEREL TS, fi,-, frm 1E D O D
TERIT, OD 1TV T Afy A+~ ABfm ABp #0 LRET 3. g(2,¢) i D x D TERIT

@ - H0=36d=0@-6G) (¢ eDxD)

i=1

PHRT LTS,
X = {z €D | fi(2) =+ = fm(z) = 0},

Q = ZBCJdCJ!

g = ngd(. (G=12---,m),
i=1]

GIA---AgmABfLA---
= Cnm
# 187172
LBL. ZZTC,dVpax R DNX LOGMEXNTCHE. Z0t &, ROEENKRILTS.

ATV

BE 3L fBDNXIZBWTER,DNX TCORAERLIE, N 2ERMET+PLE, 2¢eDNX
IR LT

0= [, 10 (a0 20 +p(<))N+n_m CE) @

BEALTB. 2T

<8p(¢), 2 c>—za<
J
LEETD.

D CMIZRITHARMAKL T3, T22bb, qy,---,qn LERKLTHLE

D={zeC"|p(z) =} |z{* ~1<0}

i=1



EREND. DRRLMLRERE L OFRMNERTHS.
g= sup {g;}
1<jsn
LBL. ZDLEERORERXNBRIALT S.
#H 3.1(Range [RAN](1976)) (¢,z) € D x DIZR LT, B C > 0 BAFFE L TRARILT 3.
Re(< 8p(C), ¢ — 2 > —p(¢)) = C(—p(C) = p(2) + D_ 161297212 = GiI* + |25 — Gi1*%).  (3)
=1

FER (3) #fAV T Range TR EFEHA L 7=.
£ 3.2 (Range [RAN]) B C > 0 BEEL T, KBRILT 5.
D EDF_TOHERIMA(0,1) BX fix LT, D £ 1/g-Holder e BN u SEEL T,
du=f, |ullygn<Clflp

55 A/RVASN

Diederich-Mazzilli % Berndtsson DRYAR (2) & FEX (3) # AW T, HEMA KO SEE
&2 6 DOERIBEE D LP (p > 2) BEEICBIT 3R H% 5 2 7. H.R. Cho [CHO](1998) ¥ Fornaess-
Sibony [FOS] P#RE=BVWTRAEEZ TS,

B 3.3(Diederich-Mazzilli [DIM](1997)) € > 0 I2® LT, BEA¥ p LERMAL D c C¥P+
OD LIS DD C?PH OMABFE X, DN X LOFRERBREK f BEELT, K&

=7
D EDFERIBE g T, DNX ETg=f %W, ge L*(D) L23 bDIRBFEELRW.

4. { B ORO IR
E# fe L}, (D,p) THDHLR

IAN2 o= /D If[2e=*dV < co.

PRITHZERZVI,
DcCrizgMNAES LT3, 2D L & Hormander iIXROEE L IEHA L 7.

SEH 4.1 (Hormander [HR1, HR2}(1965)) D C C™ I3 LMK E T, ¢ i3 D LOSEL RS
¥L¥B. blge L%p'q“)(D, ©) B Bg =0 EW=T o, fu=gDRRuec pr’q)(D,loc) T,

/ lu?e=?(1 + |2)*)~%dV < / lg|2edV.
D D

BT HLONEET .
D CC C" BELOLRERE L ORBENERD L %, D £ § BEORO—#ETEAME & Holder I
iy XoY gl calt



®E 4.2 D CC C* RROLMILEALE LORBEMEIRETD. THL, ERC>0BFELT
RO 5.

(1) (Grauert-Lieb [GRL](1970), Lieb [LIE](1970), Kerzman [KER](1971), Ovrelid [OVR](1971))
f €L, q(D) (1< < o00) 2t Of =0 %W 7e0iT,8g=f kMt ge LY, opy(D) %
HETS.

(2) (Henkin-Romanov [HEV](1971)) D LOHR72 (p,q) X f 25 8f =0 #Wic 726, D
£ (p,g—1) Bk g BEELT,

lglli/2.0 < Clifllo,p, 09 =f
D3R Y L.

% 4.1 (1) EMM. Stein i3 D LM (0,1) X f TOf =0 &M T HLOXFEL T, EBD
a> L HLTllglla,p < 00 &H7Y dg = f DR g FFELRVI & RIEH L.

(2) EE 4.2 ZELPTRVHERE b2 C* OBBELFERKICH L THRY 2T & # Bruna-
Burgues [BRB] (1987) 238ERA L 7-.
5. ROHTHVVARE L ORBOEROIS BHkEDL S DIERIIMDOHER

Dcc C iZROMTRVERE L OMBMNEET, X ={2€C" | 2, =0} T 5.

C = (Cla"'v(‘n) ect l:ﬁl/-c,

C’ = (Cl)' o )Cﬂ—l)a

8(' Z ac dC]7 8(' = z a' dCJ,

i=1
dor =08 + 8y, we()=dli A Adaot,
(wl(z! C)) = (wl(Z,O, A 9wn—1(zv C))
CEETSD. I T w(z,C) = wi(2,0), -, wn(2,()) RER14IZBITH LD LTS,
v (X(C)(w(z 0)') —" 5 (x«)w,(z <>)
®(z,¢) =1 ®(z,¢)
LEBTD. EB 14 LY, OD\X OBSES Uspyx NEFELT
82,0 #0 (C€XnD, z€ DUUsp\x)

BRIALT B.
feoDNX)NLY(DNX) & z€ DUUsp\x WZHLT

Ef(z) = (‘2"—)”' [ rome (i(if-ffT‘”(—Oﬁ) A (©)



LEBTD ZDLE, ER LS KVRBRILTS.

E® 5.1 XND EOERIBIK f X LT, Ef(2) i DUUsp\x ILBWTERT
' Ef()=f(z) (z€XD)

BREVTD.

2eU,CeUnDITHLT
‘I"(Zao = @(C,Z), ‘W(ZyC) = “w(C’Z)
"w'(z, C) = (‘wl(z, C)a Tty .wn—l(zs C))
LEBRTD. I0LE, ROEEIRLT S.

£ 5.2 (Henkin-Leiterer [HER](1984)) f i X ND iZBWTER&ET 5. ZDL &, 2€ D\X
LT

W e o I

BRALTS.

% 5.3 (Henkin-Leiterer [HER](1984))
|[Ef(2)| < Clifllpnx (2 € D\(8D N X))
EE 5.1 D BB OHIRER & b ORI OBE ORFATIX
t1(¢) = p(¢) — p(2),  t2(¢) =Im (),

taj—1(¢) =Re (- z;), t2;(Q)=Im(G—2) (G=2,---,n-1)

EBLE (t, ton2) B DNX BV TRAFBERE MR T 5 2 L1 oMY EFET 52, 5
RARBLENTRVESIZdp =0 LRIERANFETIOTEIARARDLILOBRLBETHS.

EE 5305 XND LOFRFRBI D LOFRERBKICHREND. EHICKROER
BRIT 3.
%238 5.4 (Henkin-Leiterer [HER](1984)) X X Stein £tk L 43, D CC X A OBIRE T
3. 8D AT LLBELMTRLLTH LY. X 3D OEHIcBIT AR EREL TS, 0L
ERNVRIALTS.

(1) XnD EORFRENB f IR LT, D EOFREMNBKF BFELT, XND ETF=f
BRITB.

(2) X ND LT, X N D LERIZZBIMK f <t LT, D LTiltge, D LEERIZRBIK F 2757
LT, XNnD ETF=f#RITS.



E¥ 5.1 579 = {2 € 8D | dp(z) # 0} HHRADBR LD LT D, 75 LHLREID\S™ IR
FICRR T n AT O C MRS REIcEEND.

OB TRVER Y b MBI D = {z | p(z) <0} &£ v> 0 kHLT
Ey(2) ={¢ € D¢~z <7ldp(2)|I}

EBL. EE,
t(2,¢) =Im < w(z,(),{ -z >,
GG =& +ijen 25 =05 +iNjgn

LB TIT, w(z, ) XD IIIHT S Leray B THD. Z D& &, Schmalz [SCH](1989) iX7&
LM TRVWERE b OMEBENEIR D I L TROEREIEA L.
EE 55 EMc>0,7>0LBRE p,ve (1, -, 2n} BEELTRBRILT .

{0t(2,0), 60, v or o ban} (TTT, € & & RIS Z L2 EKT D) 1T E,(2) KBV
TEHMREMRT S, S6IKOFMEXNRILTS.

dU(C) < '“'&;c(—zmldCt(va) ARRAFERRNY T8 AR Ad{?n' (C €57 nE"r(z)),
dWOSmﬁﬁw@@ﬂdﬂaoAmw%mmmA@h| (¢ € Ey(2))-

ZIT,dotx ST FOBERET,dV ILC EOLR—-RETHS.

SEHE 5.6 (Adachi [ADS5](2003)) D CC C™ iZ# b1 TRVWEER %2 b OMBEMERET5. DNX
Eo L (p>1) ERIBM F I LT, D £ L? QI F T, Flpax = [ 23T HOREE
T5.

EE520<p<ooiIXNLT,Ef c H(D) ThHH LI
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