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2 Beta Functions of Several Variables and N- Fractional

Calculus of Some Elementary Functions

Katsuyuki Nishimoto Descartes Press

Abstract

The beta function of several variables ( elements ) ( generalized beta functions ) is
defined as

i1 ()
O3 )

(Beta function of n(E€Z* = 2) elements )

nB(ak)= B(ali ala”', an) :=

where

n
o, gak ¢z,
-l

and
o (k=12,--,nE Z' =2) are variables ( constants

for special case ) with order number Xk .
In this article some theorems related to ,B(a,) are reported.

Moreover some applications of generalized beta function to the N - fractional

calculus of some elementary functions are presented.
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3 Convolution properties of certain
analytic functions

Junichi Nishiwaki (Kinki University)
Shigeyoshi Owa (Kinki University)

Let A denote the class of functions f(z) of the form

f(z) = z + Zanz"

n=2

which are analytic in the open unit disk U = {z € C : |2|] < 1}. S. Shams,
S. R. Kulkarni and J. M. Jahangiri (Internat. J. Math. Math. Sci. 55(2004),
2959-2961) have considered the subclass SD(a, 3) of A consisting of all functions

f(z) which satisfy
L), oL |4
Re(FF) > ol -af+o ew
for some a (a 2 0) and for some g (0 £ B < 1), and the subclass KD(a, 8) of A

consisting of f(z) satisfying 2f'(z) € SD(w, §).
Let MD(a, 8) be the subclass of A consisting of all functions f(z) which satisfy

() <707

—_— = -1 + zeU
-y +e e
for some @ (o £ 0) and for some 3 (8 > 1). Also, the class N'D(a, §) is defined as
the subclass of A consisting of all functions f(z) which satisfy z2f'(z) € MD(a, B).

]
Remark If f(z) € MD(e,3) with o £ —1, then 2f(2) = u +iv maps U on

f(2)

to the elliptic domain such that

a?-p 2 a? ) a2(ﬁ_1)2
(u_a2—1) Tt < (a2 —1)?

for & < —1, and on to the parabolic domain such that

1 5, B+l
G-n" * 2

u<—2

for a = —1.

For the classes MD(a, ) and N'D(a, ), we have -



Lemma 1 If f(z) € A satisfies

(1) Y Aln=B+1+n—-B~1]~2a(n~1)}|a:| <6~ 2~ 6|

n=2
for some a(a £0) and B (6 > 1), then f(z) € MD(a, B).
Lemma 2 If f(z) € A satisfies

@  Yon{ln-B+1+In-B-1-2a(n-1)}|a S 5-[2- 5|

n=2
for some a (a £ 0) and B (8 > 1), then f(z) € ND(e, B).

In view of the above lemmas, we introduce the subclass MD*(a, ) of MD(a, B)
consisting of functions f(z) which satisfy the coefficient inequality (1). Also the
class N'D*(e, 3) is defined as the subclass of N'D(e, ) consisting of f(z) which
satisfy the coefficient inequality (2).

In the present talk, some convolution properties of f(z) belonging to the classes
MD*(a,3) and N'D*(a, 8) are discussed.

Let f;(z) € A be given by

fi2) = 2+ ) an;z* (i=1,2)

n=2

Then, the convolution (f; * f2)(z) of fi(z) and fa(z) is defined by

(fl *f?)(z) =2z + Zanllan,zz".

n=2

Theorem 1 Let fi(z) € MD*(«,B1) and fr(z) € MD*(a, B2) with a £ 0 and

1< $2 FaS0andpy S P42, or ifa S 2- VBB F (B B - 1)
2% t31' then (f1 * f2)(z) € MD*(a, B), where
2-a)(f—1)(B2—1)
(Br—1)(B—1)+(2-a=B)2—a—F2)
Theorem 2 Let fi(z) € ND*(a, 1) and f5(2) € ND* (e, B2) with a £ 0 and
1<fuf<$2 fal0and By < 3—(;;—;, or, ifa S ag and 1 < B1,0, £ 2,
then (f1 * f2)(z) € ND*(a, ), where 1
(2=0a)(B —1)(B: - 1)
Br=1)(B—1)+22 - a—p1)(2—a—f)

and ap 1s the solution of

and (3 >

=1+

B=1+

303 —1222+7a+1 =0
such that —0.1181995 £ oy £ —0.118199.

_6_



4 Sufficient conditions for Sakaguchi
functions

Shigeyoshi Owa (Kinki University)
Tadayuki Sekine (Nihon University)
Rikuo Yamakawa (Shibaura Institute of Technology)

Let A denote the class of functions f(z) of the form

flz) = 2 + Za,.z"
n=2
which are analytic in the open unit disk U = {z € C: |z| < 1}. For f(2) € A,
K. Sakaguchi (J. Math. Soc. Japan 11(1959), 72-75) has studied the class ST S
of functions f(z) which satisfy

Re (sz_(;()—_;) >0 (zeU).

Therefore, we call such a function Sakaguchi function. It is known that a function
f(z) € STS is starlike with respect two symmetric points z and —z.

In view of the class ST'S, S. Owa, T. Sekine and R. Yamakawa have introduced
the generalization class S(a,t) of STS as the subclass of A consisting of all
functions f(z) satisfying

Re (m‘;’f—_l(—;—)(—&—)) >a (zel).

for some (0 £ @ < 1) and for some ¢ (|t] £ 1,¢ # 1). Also, the class 7 (a,t) is
defined as the subclass of A consisting of functions f(z) such that zf'(z) € S(a, t).
Let us define

h(z) =-(—1—_i55 =z+an"

n=2
and
>\ u
g(Z) =2z+ g?z )
where

n—1
U, = E t".
i=0



For functions f;(z) € A given by

fitd) =24+ ) e (1=1,2),

n=2

the convolution (fy * f2)(z) of fi(z) and fa(z) is defined by

(fixfa)(z) = 2 + Zaﬂ,lanlzz".

n=2

An application of the convolutions gives us that ’
Lemma 1 A function f(z) € A is in the class S(a,t), if and only if, it satisfies
(f * h)(2) )
Re| ———= ] > (2€U
(Feivo) > = Cev
for some a(0 £ a < 1).
Lemma 2 A function f(z) € A isin the class T(a,t), if and only if, it satisfies
(f x h)'(2) )
Re| ———="=<] >a (z€U
(Feivo) > = ev
for some a (0 £ a <1).

Using the above results, we discuss some sufficient conditions of f(z) to be in

the classes S(a,t) and T (a, t).

Theorem 1 If f(z) € A satisfies
o)) o) | 1

(Froy ~ i NS (€0)

for some a (0 £ a < 1), then

OIS
Fro) @ 1‘<1 a (zel),

therefore f(z) € S(a,t).
Theorem 3 If f(z) € A satisfies

2(f+9)"(2) _ 2f"(2)
(fx9)(z)  f(2)

<1-2a (z€U)

1 1
for some a (Z Sa< 5), then

(f*x9)(2) 1 5,
Gttt eeo

therefore f(z) € S(a,t).



5 Geometric function theory and
Smale’s mean value conjecture

Ege Fujikawa (Tokyo Institute of Technology)
Toshiyuki Sugawa (Hiroshima University)

Let P(z) be a complex polynomial of degree d > 2, and 2z, 23, -+, 2a—1
the critical points of P(z). Smale [6] stated that, if z is not a critical point
of P, then the following inequality holds:

P(z) — P(z)
zZ— 2z

min <4|P(2). '(1>

Furthermore, he also formulated the following conjecture, which is known as
Smale’s mean value conjecture.

Conjecture Let P(z) be a polynomial of degree d > 2 and 21, 23, - -+, 241
the critical points of P(2). If z is not a critical point of P, then
; P(z) — P(z) < d— 1. @)
i [(z—2z)P'(2) d

A weaker conclusion of the conjecture is the inequality replaced the con-
stant (d — 1)/d with 1 in (2). Let S(P, z) be the left-hand side of inequality
(2), and K(d) the smallest constant such that S(P,z) < K(d) holds for all
polynomials P of degree d and for all z # z;. Inequality (1) shows that
K(d) < 4 and Smale’s mean value conjecture says that K(d) = (d -~ 1)/d.
If this conjecture is true, the constant (d — 1)/d is the best possible, since
it is attained by 2% — z. This conjecture has been proved only for degrees
d = 2,3,4 (see [5]) and d = 5 (see [3]). For d > 6, it has been proved in
certain circumstances. In a general case, Beardon, Minda and Ng [1] proved
that ua

K(d) < 441 =: Ki(d)



and Conte, Fujikawa and Lakic [2] verified that

d—1
<4.2" - . ,
K(d) <4- 2 = Kux(d) (< Ki(d))
Furthermore, Schmeisser [4] showed that
2¢ —(d+1)
——m= = .
K@ < T — k)

In this talk, we improve these estimates.

Theorem Let P be a polynomial of degree d > 2 with critical points
21,22, *+,24-1. If z is not a critical point of P, then

P(z) — P(z)

1+ (d—2)4T4
Ne-wPe| =t

S d 1 =: Ko(d)

i

Remark. For d > 7, our constant Ko(d) is the best of the other results. More
precisely, (i) Ko(d) < Ka(d) < K3(d) for d > 8; (ii) Ko(7) = 2.48425... <
Ks(7) < Ky(7); (iii) K3(d) < Ko(d) < Ka(d) for d < 6.

We prove our theorem by using the Bieberbach theorem for coefficients
of univalent functions and an estimate of the hyperbolic density on a certain
simply connected domain.
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6 On Shared-value Properties of the First Painlevé
Transcendents

Weichuan Lin Fujian Normal University
Kazuya Tohge Kanazawa University

R. Nevanlinna’s ‘five-IM’ and ’four-CM’ theorems are well known results con-
cerning the uniqueness of meromorphic functions defined in the whole plane C
under such value-sharing conditions. Both of the numbers ‘five’ and ‘four’ cannot
be replaced by any smaller numbers in general. Counter-examples for ‘four-IM’
were given by G. G. Gundersen and M. Reinders by certain rational functions in e*
and in an elliptic function and its derivative, respectively. It is known that if two
distinct meromorphic functions share ‘three-CM’ or ‘four-IM’ values, then some
of the values would be ramified values of either of the two functions. Examples
by Gundersen and Reinders illustrate this property clearly. In fact for ‘four-IM’,
the followings were proved: let f(2) and g(z) be two distinct non-constant mero-
morphic functions in C and share four distinct values a; (j = 1,2,3,4). Then

1) T(r, f) =T(r,9) + S(r, f), T(r,g) = T(r, f) + S(r, 9);

2) Y N(r 25) = 2T(r, f) + S(r, f);

3) No(r,1/f') = S(r, f), No(r,1/g') = S(r,g), where Ny(r,1/h’) denotes the
counting function of zeros of h' but not zeros of h — a;(j = 1,2,3,4).

4) Z;zl N*(r,a;j) = S(r, f). Here N*(r,a) denotes the counting function of
the multiple common zeros of f — a and g — a, say, of multiplicities k and £
respectively, and counts those points min{k,£}(> 2) times.

On the other hand, due to S. Shimomura, N. Steinmetz, A. Hinkkanen and
1. Laine, almost full information on the value distribution of Painlevé transcen-
dents is now available (see [GLS]). For example, the following properties of the
first Painlevé transcendents w were mainly proved by Shimomura (eg. [GLS]):

i) each has regular growth and the order is 5/2;
ii) all the poles are double;

iii) m(r,w) = O(logr);

iv) m (r, 1=} + m (r, 7=) = O(logr) and

N (r,-%) = N (r, %) < §T(r,w) + O(logr) for any a € C.

’ w—-a ) w-a

In this talk, we repeatedly use them as well as its differential equation, (P1)
w" = 6w? + z, to study their possible shared-value properties. The results given
here are all concerned with the first Painlevé transcendents, but Theorem 1 on
‘four-IM’ can be proved also for the second and the fourth Painlevé transcendents.



The speaker, however, should say that this is still the first step for an attempt to
know more about the value distribution of the Painlevé transcendents.

Theorem 1. Let w(z) be a first, second or fourth Painlevé transcendent and
f(2) be a non-constant meromorphic function which shares four distinct values
a; (1=1,2,3,4) IM with w(z). Then f(2) = w(z).

As a ‘three-CM’ theorem, we can prove

Theorem 2.  Let w(z) be a solution of (P1) and f(z) be a meromorphic
function which shares two distinct values a; (§j = 1,2) CM with w(z), and further
w(z) attains a3 whenever f(z) = a3, where as(as # a1,a2). Then f(z) = w(z).

For the proof of this result, it essential that the order of w(z) is not an integer,
so the reasoning does not simply apply to the second and the fourth Painlevé
transcendents.

As a uniqueness problem with treating two finite values, we often consider a
pair of a given meromorphic function and its derivative. Of course, the Painlevé
transcendents and its first derivative do not coincide identically, so that it may
be natural to ask to what degree they share a finite value.

Theorem 3. Let w(z) be a solution of (P1). By N(r,w' = a;w = a) we denote
the counting function of the a-points of w' where w also attains the value a. Then
for any finite subset A of C, we have

> N(rw' =a;w=a) < T(r,') + O(logr).

ac€A

Remark. Especially when a = 0, as we mentioned above we have
N(r,w' = 0;w =0) < N(r,1/w) = N(r,1/w) < —T(r w') + O(logr),

so that they do not share the value 0.

In fact, we see that w and w' have no shared finite value at all, or slightly more

generally

Theorem 4. Let w(z) be a solution of (P1). Then there exist no two finite
values a, b such that E(a,w) C E(b,w'), where

E(c, h) = {z € C|h(2) = c (ignoring multiplicity)} .
References
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7 An extension of Nochka’s weight function and its application

FEH 8% ERLXEKRFEER)

1. Let f = [f1, -, fa41) be a non-degenerate, transcendental holomorphic
curve from C into P*(C) with a reduced representation

(fla"'}fﬂ-#l) . C - Cﬂ+1—{0}a

where n is a positive integer. Let X be a subset of C™*' — {0} in N-subgeneral
position satisfying #X = +oo, where N > n. For a finite subset P of X, we
denote

V(P) = the vector space spanned by {a € P} and d(P) = dim V(P).

Further we put
O={PCX|0<#P<N+1}

and
Ax = mind(P)/#P.

Note that #{d(P)/#P | P € O} is finite.

Theorem 1. Ther exist a function w : X — (0,1] and a constant 8 satisfying

the followings:
(8) 0 <w(a)f <1 (Va € X);
(b) for any finite set @ D {a | w(a)f < 1} satisfying #Q > 2N —n+1

#Q—(@N -n+1)=8(Y w(a)—n—1);

aeQ
(c) N\n <8< (2N —n+1)/(n+1);

(d) VP € O, L qepw(a) < d(P).
(cf. [1, Theorem 0.3] and (2, Theorem 2.11.4].)

Remark 1. (a) If Ax < (n+ 1)/(2N —n+1), then

gleir}w(a) =Ax <0 ' <(n+1)/(2N —n+1).

(b) If Ax > (n+1)/(2N —n +1), then

w(a) =1/ = (n+1)/(2N —n+1) (Va € X).



2. Let 0 : X — (0, 1] be defined as follows:
o(a) = Ax (Va € X).

Proposition. (a) 1/(N-n+1) < Ax <(n+1)/(N+1);
(b) VP € O, Y aecpo(a) < d(P).

We put

W={r:X-(0,1]|VPe0, ¥ r(a) < d(P)}.

acpP

For example, W 3 w, 0.

Theorem 2(cf. [2, Theorem 3.3.8]). For any 7 € W, we have the inequality

3 7(a)dn(a, f) <n+ 1.

aex

Corollary. Ygex on(a, f) < (n+1)/Ax.
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hH =8 (BIKX - REHR)

AL BEEZREEC LOEWIEREBESTHLEHEAT, C\ALC\B
DRNBERETHDETSD. BIZyZ2C\ (AUB) NOBREBRIAN K LW
BglEd 5. C, ?S:(C\y@ﬂk@glﬂ&fyuﬁofsc%!lﬂ_ﬂﬁloéﬁ'cﬁﬁ’ﬁf;
%ﬁ%m%%ﬁf&%%ﬁ?ﬁﬁ@®2%H§U < > (C,,n,C), A 23R
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Bl=EE2@ET S (6] 2H):
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(2) 0 < cap(A,C, \ B) < 2 - cap(4, C\ B).

CCTLREARERDOAEDDEH 2 (IXDERTRRTHS, ILARNO < 7 < 2
I3 LT 7 - cap(4,C \ B) < cap(4,C, \ B) £%23=D#iZ (A, B,v) 1%
TS,

A3 C, \ (AU B) OERIEMFI ZRIAT 51k, B¥ERY LI a— Tl
BEALy; (1< 5 < n) OFIT = {1;}igjcn ZBBD, C\ (521U7) 2 C\ (35 U%41)



Iy > TRERICEDEDE (1S5 S nyy0 = Yo = 0) THIEKD n KA
Criz (1) O—RbTH O, CrNIC AL BEERICHEET L% (2) 13

(3) 0 < cap(4,Cr \ B) < n-cap(A,C \ B)

DT —RALHFR DA, FAEX Q) DELDOERK n DERBEIRRVIELWET
BIH5H500Dn =2DHFEERB > TRREADEHRNNL =TS ORI RMR
REETHS.
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—
@ It =+00 & I < +o0 251, tlir&t"‘lKgd(te,O) =400 TH5.
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A1 It =+00 & I = +oo DEEL, 1" 'Kq,(te,0) DEREMNE D, AR,
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& &, 400 T rarefied THHKORBEECT,(D) T
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11 Linear relations for p-harmonic functions

Hisayasu KURATA  (Yonago National College of Technology)

Let 1 < p < oo. First we consider p-harmonic functions in the Euclidean space
R™. We define the p-Laplacian by
Apu = div(|VuP V).
Let D be a domain in R”. If Aju = 0 in D, then we say that u is p-harmonic in

D. If p # 2, then the p-harmonicity is non-linear, i.e., the linear combination of
p-harmonic functions need not be p-harmonic.

Let {uy,...,um} be an m-tuple of p-harmonic functions in D. To avoid the
trivial linear combination, we assume that {1, ui, ..., un} is linearly independent.
Here 1 stands for the constant function. We say that {ui,...,um} has a linear
relation in D if every linear combination ) 7., tju; is p-harmonic in D. Also we
say that {uy, ..., un,} has a partial linear relation in D if Y ", t;u; is p-harmonic
in D for some ty,...,tn € R\ {0}.

Theorem 1. Letn > 3.
(i) Let a,b € R™ be distinct points. Then u, = log|x —a| and uy = log |z —b|
are n-harmonic and {ua,us} has a partial linear relation in R™ \ {a, b}.
More precisely, for s,t € R\ {0}, a linear combination su, + tu, is n-
harmonic if and only if s+t = 0.

(ii) Let uj(x) = |z|%z; for j =1,...,n, where x = (x1,...,T,). Then u; is
n-harmonic in R™\ {0} and the n-tuple {u;}}_, has a linear relation in
R"\ {0}.

Second we consider p-harmonic functions on a tree. Let T = (V, E,r) be a lo-
cally finite connected tree with the resistance r. We define the discrete derivative
du and the discrete p-Laplacian Apu for a function » on V' by

du(z,y) = r(z,y) " (u(y) - u(z)),
Apu(z) = Y ldu(z, y)I"2du(z, y).

yev
y~z

Let D C V. If Apu = 0in D, then we say that u is p-harmonic in D.

Theorem 2. Let D C V and let {uy,...,un} be an m-tuple of p-harmonic
functions in D. Suppose that, for each (z,y) € E withx € D or y € D, there is
at most one j such that duj(z,y) # 0. Then {uy,...,un} has a linear relation in
D.

Example 1. Let 7‘3' be a tree formed by seven half lines meeting at a verter zo,
. 7

ie., V= {zo}UU;_ {zix}iz, and E = U;_1 {(®i -1, Tik), (Tik, Tik—1) Yoz, where
Tio = To fori = 1,...,7. Let r be an arbitrary resistance on E. We define a
function u; on'V by

1 = 07 .
(o) otherwise

! o s
Ui(l‘j,[) = {()Zk:l T("I"J,k—lax],k) lf] =1,



fori=1,...,m. Then v;; = u; —u; is p-harmonic in V for each (i,j) and every
p. Moreover:

(i) The triple {v12,v34,vs6} has a linear relation in V.

(ii) The siz-tuple {v12,v13,...,v1,7} has a partial linear relation in V.

Let p(z,y) be the length of the path joining = to y. Let deg(x) be the number
of neighbors of z. Let A be a subset of V. We say that A is connected if any two
vertices of A are joined by a path whose vertices are still in A. By A we denote
the minimal connected set including A.

Theorem 3. Suppose that deg(z) > 2 for every x € V. For a € V we define a
function he on 'V by

-1 k
ha(a') =0, ha(x) = Z T(ﬂ?k,lﬂk+1) H(deg(:cj) - 1)1/(1_’)),
k=0 Jj=0
where {a = xo,21,...,Zi-1,2 = T} is the path joining a to x. Then the function

ha is p-harmonic in V \ {a}. If A is a finite subset of V, then {ho}sca has a
linear relation in V \ A. If a,b € V with p(a,b) = 2, then {hq, hv} has a partial
linear relation in V' \ {a, b}.

We define the Dirichlet sum Dj[u] of order p by
1
DP[U] = 5 Z r(:c,y)ldu(x,y)P’.

(x,y)eE

Denote by D®(T) the set of functions on V with finite Dirichlet sum of order
p. Then D®)(T) is a Banach space with the norm ||ul|, = (D,[u] + |u(zo)])*/?,
where 1, is a fixed vertex. Let Ly be the set of functions on V' with finite support.
Also let D (T) be the closure of Lo in D®(T) with respect to the norm ||-||,. A
tree T is said to be of hyperbolic type of order p if 1 & D[(]p ) (7). For details see
Yamasaki [1].

Now we consider the discrete boundary value problem
(1) Apu=—8,  ueDP(T),
where 6, is the characteristic function of {a}. Yamasaki [2] showed that a solution
u to (1) uniquely exists if and only if the tree is of hyperbolic type of order p.
We call the solution u the p-Green function with pole at a and denote it by g,.
We then have the following result.

Theorem 4. Suppose that the tree T is of hyperbolic type of order p. Then the
p-Green function ga is p-harmonic in V' \ {a}. If A is a finite subset of V, then
{ga}aca has a linear relation in V' \ A.
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12 Reconstruction of Inclusion for the Inverse Boundary Value
Problem of Non-stationary Heat Equation

K& #E (ALKEBY)
Hyeonbae Kang(¥Y VLK - &)
R % (JEKEE - £)

Let © C R™ (n > 1) be a bounded domain. ' which is boundary of {2 is
C?if n > 2. § is considered as an isotropic heat conductive medium with
heat conductivity:

(@, t) = {}c i %(\t)D ®) e A@t) =1+ (k- Dxog

for each 0 < ¢t < T with 0 < T < oo. Here k > 0 is a constant such
that k # 1, D(t) is a bounded domain with C? boundary dD(t) such that
D(t) C Q, @\ D(¢) is connected, the dependency of 8D(t) on t € [0,T] is C'
and xp() is the characteristic function of D(t). The two dimensional figure

of Qand D := U D(t) x {t} is given below.

0<t<T
t N
T_,__ __________
/ l=r
T
0
Q X

We will use the following notations in this note. For any E C R" (or
E CcR* 1) and T > 0, we denote Er := E x (0,T).

We also use the standard notation HP?(Q) for the Sobolev space when @
is either an open set in R? x R, or its lateral boundary 3;Q := 0QNRE, where
p € Rand g € R represent the L? regularity in z or o € 8,Q and L? regularity
in t, respectively. We also use the notation H}¥(Q) := {u € H™(Q) :
ulo,g = 0} and W(Qr) := {u € HY*(Qr) : du € L*((0,T) : (H'(Q))*)} for
the former case. Of course we have to be aware of some necessary conditions
on Q7 D q.



Now, we consider the boundary value problem:

(MP) (Ppu)(z,t) == Oyu(z, t) — div(y(z,t)Vu(z,t)) =0 in Qr
du(z,t) = f(z,t) onTy, wu(z,0)=0.

The physical meaning of u and f are the temperature and heat flux,
respectively.
Theorem(Unique Solvability)
For given f € H’%'O(FT), there exists a unique solution u = u(f) € W(Q7)
to (MP).

Next, we define the Neumann to Dirichlet map Ap as follow.

Definition(Neumann-to-Dirichlet map)
Let u(f) be the solution to (MP). Define Ap : H-2%(I'z) — H%(I'r) by

Ap(f) :=u(f) on It

The measurement Ap is to measure the temperature induced from in-
putting current or heat flux infinitely many times.

Now, we consider the inverse problems:

(IP) Suppose k, D are unknown. Reconstruct D from Ap.
Our main theorem is the following.

Theorem

If n = 1, there is a reconstruction procedure for the inverse problem for (IP)
under some additional condition. The details of the reconstruction procedure
will be given in my talk.

The uniqueness and stability of the identification are known. See [1] and
[2], respectively. However, the reconstruction has not been known. For the
reconstruction, we tied to develop the analogue of probe method known for
elliptic inverse problem. This is the first attempt to study the reconstruction
for the inverse boundary value problem for non-stationary heat equation.
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13 The Bounded Integration Operators
With Closed Range

KHE O g (MERERERE)

ZEfH] By 13
I/ lls.= sup(1 - |2*)%|'(2) < +o0

BT D LOMMTREEEE L+ 5. By = Bii the Bloch space & FEIZH
%. dA(z) X D E® normalized area measure &3 5.
a > —1{Z* LT, the weighted Dirichret space Dy %

(= 12P)°1f (@) (e + 1)dA() < +oo

-7 D LORTEEEE L TD. a=102p=20L% Dl =H* X
the Hardy space {2725, a=222p =20 & %, D2 = L? {¥ the Bergman

space {272 5.
a>0DLE, DOHSEST M sampling set for B, EFEHIND D

1%, there exists a positive constant C > 0 such that

sup(l - |2[*)%f'(2)] < Csup(1 — |21%)°1£(2)],

forall f € B, #i/-3 L& TH5.

—f%Z X % Banach spaces & L, T % linear operator from X into
X Lt+5h ForE, Tix KEMAETROIE, bounded below on X &FE
s || Tf||>C| f| for all f € X and positive constants C' > 0.

D OB g o LT, [, RIRO LI ITERSND:

L(£)(@) = [ 9 (©)dC + £(0).

ZORETIE, TOERFZEN VD L2 ET bounded below 12725 DA2MZH
THHREEL, UTOREBELNT :

Theorem 1. Suppose that g € H*®. Then there is a constant
k > 0 such that

L 17 @Pg@R - |27)2dA) 2 k [ 1f/(2)P(1L - |2)dA()

forall f € L2 if and only if there exists a positive constant € > 0 such
that {z € D, |g(2)| > €} is a sampling set for B.
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14 Toeplitz operators and Carleson measures on parabolic
Bergman spaces

BARCH AHEKX - S
7R Bif KERWA -
L HEE RERK - BH

We consider the parabolic Bergman space
v, .= {u € LP(RT)|L@u = 0},
where 1 < p < o00,0 < a<1and

0

02 d?
5 523

oot

L= dz2 dz2

+(=A) (A =
is the parabolic operator on the upper half space R’:fl of order a. The orthogonal
projection from L2(R7*!) to b? is an integral operator by a kernel R,, called the
a-parabolic Bergman kernel (see [2]). Then for a positive measure x4 on the upper
half space RTl, we can discuss the Toeplitz operator defined by

Ta)(X) = [ Rl Y)ulY ().

In [3], authors treat the case where p is absolutely continuous with respect to the
Lebesgue measure V, and discuss the condition that 7}, be bounded on b2, relating
with the condition that u be the Carleson type measure. In this paper, we generalize
this result to consider a condition that T}, be a bounded operator from b, to b,
where 1 < p < g < co. B. R. Choe, H. Koo and H. Yi discuss the Toeplitz operators
for the harmonic Bergman spaces on the upper half space. We remark that for
0 < a <1, L@ is a non-local operator, which is the essential difference from the
Laplacian A.

DEFINITION 1. Let p be a positive Borel measure on RTI and p, g be positive
numbers. Then p is said to be a (p, g)-Carleson measure with respect to L\ if there
exists a constant C' > 0 such that

([ xpauc0) ™ < o [eoraven)™”

for all L(®-harmonic functions u on RTI'

Theorem 1. Let1 <p < q< oo and it > 0 be a Borel measure on R’fl. Then
p s a (p, q)-Carleson measure if and only if there exists a constant C > 0 such that
the inequality
w(Q®) (x, 1)) < CtE+:

holds for all (z,t) € R¥*! = R™ x (0, 00). Here
QW (z,t) == {(y1, U, t)|t <5 <2, Jy; —z5| <27 5 =1,.-- ,n}.



REMARK 1. In this case, the condition in Theorem 1 depends only on the ratio
p/q. Then we may call 4 a 7-Carleson measure, simply, where 0 < 7 :=p/q < 1.
For an integer m > 0, putting ¢, = (—2)™/m!, we define a modified kernel by
m m am
RM(X,Y) = Ry(z,t;y,8) := cms™ 5o ——Rq(z, t;y, s).

Here and we use the convention R = R,.

DEFINITION 2. Let m > 0 be an integer and 1 > 0 be a Borel measure on R"+1
For Y = (y,s) € R}, we put

X HQW(Y))
fa(Y) =

V( )
Theorem 2. For1 < g< oo and 1< p < gq, put T := (1+%—§)_1 <1, let

m > 0 be an integer such that m > (% + 1) (% - 1) and let p > 0 a Borel measure
on R™*! satisfying that

J Re (X, Y)?du(X)

and fam(Y) = Tpm X YPav(X)

(Y
V(Q©(Y))

[+t aPo)tdutat) < oo

for some 3 € R. Then the following statements are equivalent:
(1) The Toeplitz operator T), : b, — b? is bounded;

a

(2) p is a T-Carleson measure with respect to a-parabolic Bergman spaces;

(3) fia(z,t) < Ct NG9 o R* for some constant C > 0;

(4) fam(z,t) < CttG=8) on R for some constant C > 0.
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GRlE 2
T4 VO VEE
NEF KB (RILKE)

§1. P
HHEBRT Oy IVRIET T ADHER
—div(Vu) =0
ORIZETHHA[ATHS. 2HEARBRERES FEIITH LT, HRERRT

Dy e VA ERBEOBGNBHTEAZLRESH5NTNS, 1980 ERTAMN
5, 2MEMHBERRED SRR, WhWw3p T/ I7AHER 1<p<o):

—div(|Vu(z)|P~*Vu(z)) = 0
zhz—RILLGER :

(Eo) —divA(z, Vu(z)) =0

EHTBRT IV IVRIEN 7 4 > 5 2 REROANLZ ZHRLICEDSNTE

2. ZZT, A(z,€) : RV xRN - RN (N > 2) REA w(z) FEHREH

Az, §) - € = w(z)|é]P ZWEITERTHD. ik, FAEEK w(z) T3, BOWH
N

SNEZBBHEDIC, HB5HE25X25 (HKM] BR) . p7 77 AHBERE,
p=20EESTSAODHBRTHS. 5T, p I TIAHBERL, pT 1Y
A% b

/|Vu|”da:

KT HELMEDOL M T—HBRTHS. bLuMNp I 7 IAHERORT
A\ T REERSE, +TRp I T IAARBRORENRD.

HER (B) I, ¢t KOWTHBMMMREEK B(z,t) : RV xR >R &AL
HER

(E) —div A(z, Vu(z)) + B(z, u(z)) =0

R 2R T > v VEREIFES [MO1], [MO2], [MO3] 2&IZH5. KRDH
BXAITHS.

—div (w(z)|Vu(z) P2 Vu(z)) + b(z)|u(z) [P 2u(z) = 0

ZZT, bz) i blz)/w(z) BRAERTHDEILFATHRKTHS. K2
X (B) TRHL T, HER (B) OBAERRD, ERBEENSTBERXOBRTH D
&R, MOEEMBMBTH D ZENRIEI AL, ( LEOHI TITEREEKS
ROTEEMAMTH 27, [MO1], [MO2], [MO3| TIIE KBIE MO E B fE
DRETHIFEIANRNENIRHEATHBL TND.)

—7, 1990 FEREEN S, REMN SHEMEEM LOIRERT > > v IViwdE
AICHFFEINTNS.



§2. (A, B)-iRFABIEK
Q% RN (N>2) OHBMAEREL., 1<p<oo &T5.

Az, &) ZRD 45&H4%25#729 RY xRY 5 RN NOEHET S .

(A1) PIRERME : JRETRTD z € RV IZHU A(z,) & RY 5 RV A
DEFEERTHD, XTRTO £ c RV ITHL A€ IE RN 5 RN ADWHI
ERTHS ;

(A2) IEEMEN : HDEEK o BB T, RETRNTD 1 ETRTD £
LT

A(z,£) - € = cqw(z)[€]7;

(A3) HHM: HBTK ap > oy BB T, METRTD 7 ETRTD £ 12
RLT

|A(z,€)| < arw(z)|EPY
(A4) BB : FRETRTD z ETRTD £ #£& ITRHLT
(A(Ivgl) - A(J;a§2)) ) (51 - §2) > 0.

B(z,t) ZRD 3&HERZT RY xR 25 RY NOE#HETS :

(B1) AIfERNE : FEETNTD z € R ITHL B(z,:) 3R M5 R NO#
BE/RTHD, XTXRTD te RIIHNL B(,t) IE RY 25 R AOTREKRT
H5;

(B2) BHME  EBROFRBES G KAMLT, HEIEEK a3(G) BdH> T,
FRETRTD z ETRTD ¢t IZHLT

B(z,t)] < as(G)w(z) ([t~ +1);

(B3) B : FRETNTD 7z ETRTD ¢t ITHLT, te B(z,t) BIERD
THh5.

EE 2.1. [HKM] TEONTWEHER (E) KNTDRT > 2+ V@ T,
(A5) HKRME :FRETRTD z £IXTD te R\ {0} KHLT,

Az, ) = MNP A(z,€)
EZREL TEAL TS,

FEARBPE p: du(s) = w(z)de EBHES QITHL, EAMNEYRL 7 2MH
HYP(Q; ), HyP (4 ), HP (4 p) 2% %5 (L <13 [HKM] BH).

loc

ERED A, BEMEST, FHEMEHBAER
(E) —div A(z, Vu(z)) + B(z, u(z)) =0



BEZ, B ue HP(Qu #

loc

(21) /Q Az, Vu) - Vodz + /ﬂ B(z,wpdz =0 (p € C2())

BT EE, w3 Q THERX (E) @ () MTHDEWD. £k, B ue
HL () 4

(2.2) /Q Az, Vu) - Vods + /n B(z,u)pds >0 (o€ C2(Q) > 0)

ERETEE, u i Q THER (B) 0 () BRTHBENS. AER (B) O
(&) #MOARILTERINS.

##8 2.1. (Comparison principle I) [O1; Lemma 3.6] Q ZHR/HESE
U, we H'(Q; ) % Q T (E) DB, ve HP(Q:p) % Q T (B) DEBET
5. HL min(u—v,0) € HyP(Qpu) B5E, QNFEENWSLBZEZAT u> v MR
D3LD.

FHER (E) 0#ikiiz (39) % (A B)-#AMBEKEIELR.
FHEE Q5% (4, B)-FAITH S &1, Q BEBEST, 00 D& THEERT
BEDOec HPRV; ) KML, 00 Eh=0 The CQ)NHYQ;u) THBKS

72 Q T (A B)-RAZEE R N—BIEETDIETHS.

© % 2.2. [MO1; Theorem 1.4], [HKM; Theorem 6.31] §XTDEEFT N
TOZEKIL (4, B)-EAITHS.

§3. (A, B)-E 1B

(A,B)-BRFIBER LI, RO 25:H4Z2MW-T FHEGEEK v: Q - RU {0}
DZETH5.
(1) Q NORESEES LTHRBMHEEZLS.
QBHEAGCeQ & GCH (AB)-RAUTHSE he CG) IKMLT, 86 L
u>hBS5EXGHNTu>h DRDIAID.

(AB)-HRMBEKbEKICL TERINS.

ERE 3.1. [HKM] TRONTVSHER (B) KRTBHT > v V@ TI,
ko) %

(1) Q DERDT u# oo

ELT AERMBAKZERL, BRELTLED (1) 2%5%. ((HKM; Lemma
7.10] ZH.)

98 3.1. (Comparison principle II) [MO1; Theorem 2.1] u % Q T (A, B)-
B, v 2 Q T (A,B)-%AMETS. BL, TRTD £€0°Q ITHL

lix;x_)i{nf{u(x) ~v(z)} >0



MDD, QW u> v BMROID. 22T, QW RY ® 1 Ha Ny
MEWIZBITS Q DEBRTHS.

il 3.2. BB u QT (A, B)-AMTHDIEE udtQ T (A B)-EH
D (A B)-HENTHS - LRFAETHS.

tpi 3.3. (Poisson modification) [MO1; Proposition 2.3) Q ZHESE
L, GEN Z (AB)-ERRREEETS. Q LD (A B)-BERMBEK o ITH
L,

ug =sup{h € C(G) : 0G LT h<u, hi&G T (A B)-i#Hf}
LEERTD. ZDEE,

P(u,G)(z) = { u(z), ze€Q\G

ug(z), T€G

388 3.4. [MO1; Corollary 4.1] (E) DT XRTOEMRIL (A, B)-EBHRF72A
RITEHD.

—fIZ, (A, B)-BRAMAKIIVDOLEMTH S LIE S 2. ([HKM; Ex-
ample 7.47) ZH).

wE 3.5 QEHESLEL, v 2 Q LD (A B)-ERFEKETS. HL Q
MOFEENEDEIATu< g 2WiET ge HP(Qu) DEETNE, w13 QT
(E) DEMTH 5.

QEBESLETD. IRTD k> 0% L min(u, k) € HP (4 p) THBED
72 Q EOBE w iTXL,

Du = lim V min(u, k).
k—o0

EEHETD. WE35 KL T, {EED (A B)-ERHMEK « KL Du T
Ihs.

T 3.1. [02] Q ZHEAEL, v % Q LO (A B)-EHMBEKET 5.
IDEE, TRTD g e CP(Q) KA ULRREMEZT Q LOT RHIE v 27F

£9 5.
/Ax Du) - chdz-+—/ z/wdu
HRICHAEEZEORDABREEZEZLS.
(E,) —div A(z, Vu(z)) + B(z, u(z)) =v

T 3.2. [02] Q 2ARBELESGEL, v 2 Q LOARI R RAEELTS,
ZoEE, /1ER (B,) WL, TXTD k>0 ML min(u, k) € Hy?(Q; p)
THDLIR Q LD (A, B)-ERAFEK « WEETS.



§4. (A, B)-SFIBIEICK S B PWB-#

RF v )VEORLNAREII TV 7 LEETHS. HTLHESMTR
WIBRZHDEIZNT ST+ U 7 LIBEO#MIEIZIE, 4 H Perron-Wiener-Brelot
% (PWB-#) EREINDHENEHTHS.

f % 00 EOEKMEBEKEL,

o[ 9T (A B)EWRL

FZAY T TRTO TR liminf, e u(z) > ¥(E)
o, . 9T (AB) %W,

PV TRTO e szl limsup,_,¢ v(z) < ¥(£)

ETB. L, Uy & Ly MEBIELATIRIEWASHE, Py=infl; & Py =
sup Ly V& Q P (A,B)-WMT P, <P, THB. bL, U & Ly BEDBK
ZEATIRL, Py =Py 55, f 1 (A, B)-TIETHHEND. ZOLE,
Pf=£f=?f En<.

RIS (A, B)-FIRBIS R B &

HEX (Bo) I3 PWB-EIZDWTO##HRIL, [LM], [K], [KM1], [HKM],
[KM2] 2 ETHRONTWS. £k, 047 ER LICEBGRRZSX T UL
% PWB-BEICE > TERT B ZED, p-7 75 AHBRRUAER (Ey) I
xt LT [T1], [T2], [N] (TR —< > BREETO®®R) T, HER (E)
iZxt LTIt [MO1], [MO2] THEHN TS,

§5. BEEZEH EDERILT « U 7 LIEE

l<p<oo ZEETS. X = (X,d,n) ZiEH d SIEORLVIVIERIRE 4 %
i 2 55CiR/zIEREZE M &9 5.

X LD ERVIVATRIBEEK g 2% X LOFEEMEBIE u D upper gradient TH
2L, XHNDz &y ZREIRIARLTRTOD path ITHL T,

(51) u(e) —ulw)| < [ g ds
i
MDD ETHD. X WD path DIE T @D p-modulus %
inf/ P du
P Jx

TEHTS. ZIT, FRIZ, TIKETZ2IXNTOESHREZ path v IZxL,

/pdle
v

ERiETIXRTORARVIVAIRERK p ETES. H2HEN pBRETRTD
path KR U TR ODIMLD L, TOWEMKD MR NWK D7 path DEBD p-
modulus ETHZZELZEWD. BL, (5.1) N pHRETRTD path v AL
THRDIDEE, g 2 u D p-weak upper gradient & K.



NY»(X) = {u € IP(X) : ggg_g_)g Td5 u D p-weak upper gradient g }

EEHEL, ue NP(X) ITHL,
||U||ﬁ1,p(x) = ||U||LP(X) + ir;ng”LP(X)

LEETD. TIT, FPRIZ u D FXTD pweak upper gradient L TED.
we v E = vl = 0 KED TEEL, NW(X) = NP(X)/ ~ ET5.
TRTD u € NVP(X) id&/ND p-weak upper gradient g, € IP(Q) 5D (u D
9T D p-weak upper gradient g IZH L, pFREWEDEZS g, <g) . p-&
B%

Cp(E) = inf |[ul|nr(x)

KL TEHTD. ZIT, FTREIE Lu=1THhDTRTD ue N»(X) L
TLS. HEIMED pBRBREFEOEBSEZRVWTRVMLDEE, ” pqe. 7 EnL.
EcCc X IiTxHL,

NyP(E) = {ue N*(X) : C,({z € X\ E : u(z) #0}) =0}
EEETD. QC X ZHERLTDLEE, IRTODEeQIML, ue NWP(E)
1251, uwe NJP(E) &ML, ( NYP(X) SOMEIZ [S1] BR.)

UTD2DODREZERS.
(I). BEE u ¥d doubling property 2H2D&F 5 : X NOLEDHR B =
B(zo,r) = {r € X |d(z,70) <7} TRLT,

0 < u(2B) < C u(B)

EWTIEER C BWEETS. ZIT, 2B = B(z,2r) TH5.
(II). X 1359 (1, p)-Poincaré FERZMZTET D : X NOTRTOHIR B,
X LOITXRTORTRAIEE f, f DI XTD upper gradient g IZx LT,

ﬁ /B |f = fsldp < C(dima B) (;;(—;F) /AB . dﬂ>1/p

EWLTIEER C & X 2 1 BWEETSD. ZIT, fp = 5[5 fdu, AB =
B(zg,Mr) TH 5.
B ue N2(Q) 25 Q Tp@lMTHB L, o2t QNERT, TXTORE

loc

BGCeQ &TRTD pe NgP(G) IKRL,

/(;gﬁdﬂﬁfcgﬂwdﬂ

ZWETIETHS. BL u D pfAMNT A 7 WERESE, Mu+7 dp-dfid
8%,



FENWX)EL,VECX\V)>0THE2ARERETSHEE, VAT
pIRAIT, X\V L Hyf=f TH% Hyf € NP(X) 2 f DV ~NO p-iMIL
gﬁab)ﬁ fl, f2 S Nl’p(X) fﬁ oV J:fl S f2 p-q.e. 7;6‘3:, |4 m va1 S va2
MDD ([S2] BHR) .

L EDORRED FTOEMZER EORT > vI)b#@EMN [S2], [BMS], [KiM1],
[B1], [KiS], [BBS1], [BBS2] HICBWTRHMINTND. PWB-IEIKL BT«
U7 VEBEORMEII DWW T OERIL [BBS2] THRONTWVS.
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A Fuchsian group T is a discrete group of orientation-preserving isometric automorphisms of the
hyperbolic plane (HZ2,p). We always assume that I is torsion-free. Then it acts on H? properly
discontinuously and freely. The unit disk B2 C C with a conformal metric 2|dz|/(1 — |z|?) is a model
of the hyperbolic plane and T acts on B? as a group of Mdbius transformations. The boundary S! of
the model B? is located at infinity of the hyperbolic plane and the action of I' extends to S*.

The Poincaré series of dimnension s for a Fuchsian group T’ with respect to the origin 0 € B” is
defined by

Py(T) = ) exp(~3p(0,7(0)))

~yer

and the critical ezponent of convergence for I is defined by
§(F) =inf{s > 0| Ps(T") < o0}.

We say that T is of divergence type if Pyry(T') = co and of convergence type if Pyr)(I') < oo. For
a Fuchsian group T', a probability measure x on S! is said to be a [-invariant conformal measure of
dimension s if u(YE) = [g |v/|°du for any Borel measurable set E on S! and for any y € I'.

For s > &(T), consider the sum of the weighted Dirac measures 3_. . exp(—sp(0,7(0)))8+(0)- Di-
viding it by the total mass, we have a probability measure on B2. Then, taking s | (I'), we have
a weak limit of a subsequence of the measures. If I is of divergence type, this limit is a I'-invariant
conformal measure of dimension §(I") and has the support on the limit set A(T’).

On the other hand, if " is of convergence type, we have to modify the weight exp(—sp(0,+v(0))) by
using a continuous, non-decreasing function h : (0, 00) — (0, 00) that satisfies the following:

(1) The h-modified Poincaré series

PMT) =) h(p(0,7(0))) exp(—3p(0,7(0)))
~er

converges for s > §(I') and diverges for s < §(I');

(2) For every € > 0, there exists ro such that h(t + r) < eth(r) for all r > r¢ and t > 0;

(3) h(r +1t) < h(r)h(t) forallT > 0and t > 0.
A function h satisfying these properties is called a Patterson function for I'. It is known that a
Patterson function exists for any Fuchsian group I' and hence there is a I'-invariant conformal measure
of dimension §(I') that has the support on the limit set A(T") even if I is of convergence type. This is
called the Patterson-Sullivan measure. See [4].

Fuchsian groups of divergence type are characterized as follows. See [4] and [5].

Proposition 1. The following conditions are equivalent for a Fuchsian group I' with 6(T") > 1/2:

(1) T is of diﬁergence type;

(2) Any U-invariant conformal measure of dimension §(I') has full measure on the conical limit
set of T';

(3) The A-Green function does not exist on R =H?/T for A = §(I')(1 — ().



However, these properties are not described in terms of the hyperbolic geometric structure of
R = H?/T. Our first theorem states a characterization given by the convergence of the Poincaré series
for a subgroup ['r associated with an end E of R. Here an end is a connected component of the
complement of a compact subsurface of R that is not relatively compact. The end subgroup I'g for
E is the image of the fundamental group of E under a homomorphism 7, (E) — 7 (R) 2 I" induced
by the inclusion map.

Theorem 2. A non-elementary Fuchsian group I' is of divergence type if and only if, for every end
E of R = H?/T such that Tg G T, there exists a Patterson function h for T' such that Pﬁ"(r)(FE)
converges.

This theorem is a consequence from known results: the necessary condition for I" to be of divergence
type is given in [3]; the sufficient condition is given in [1].

Let { R, }nen be a canonical exhaustion of the Riemann surface R. Then each connected component
of the complement of R, is an end for every n. The corresponding sequence {I'y}nen of finitely
generated Fuchsian subgroups with R,, = H?/T',, gives a strictly increasing sequence

§(T1) < 8(0a) < -+ < 8(Tn) /* &(T).

Hence we have a corollary to Thoerem 2.

Corollary 3. If there exists n € N such that, for every connected component E of R — R, the end
subgroup ' g satisfies 6(T'g) < 86(Ty,), then I is of divergence type. Equivalently, if T is of convergence
type, then, for every n € N, there ezists a connected component E of R — R,, such that §(Tg) > 6(I's).

As an application of Theorem 2, we consider quasiconformally invariance for divergence and conver-
gence types. It is known that they are quasiconformally invariant if §(I") = 1. Actually, the invariance
of divergence type is seen from the invariance of a property that R = H2/T" has no Green function.
The invariance of §(I") = 1 is proved in [2].

Proposition 4. Let T be a Fuchsian groups such that §(T') = 1 and I’ is another Fuchsian group that
is quasiconformally conjugate to T'. If T is of divergence type then so is T”, and if I' is of convergence
type then so is .

Our second theorem asserts that there is no quasiconformally invariance for divergence and conver-
gence types in general. To see this, the following sufficient condition for I' to be of convergence type
is useful, which is also a corollary to Theorem 2.

Lemma 5. If there exists an end E of R = H2 /T such that the end subgroup I'g is properly contained
in T but it is conformally conjugate to T', then T is of convergence type. More generally, if there ezists
a subgroup I such that A(I") G A(T') but I' = T, then T is of convergence type.

By deforming this Fuchsian group I', we have the result mentioned above.

Theorem 6. There ezists an ezample of Fuchsian groups T' of convergence type and I of divergence
type such that they are quasiconformally conjugate.
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Ernesto Girondo (Universidad Auténoma de Madrid)
R & (BAILFEKRF)

S ZFEE g OFIUHTREAMAEI L T 5, S AMEFIATRED L & g 3 FIVDE
B (g22) ThY, AEMIFAREDL & ¢ IRIEDMEE (92 3) THB, SIFH
HIMR D S EsEmEIc DD T, itRHY D LONEEF RS58NS,

g REE UL ¥, Bl g ONEEEMEC FRAICEHDAT NS AROFE
R IZDWT C. Bavard & XOARFERZR TS ([1]):

1
2sin stx’ (1)
T T T x & Euler DK, T4bb, x=2—29 (MERFIAIREDL E), x=2—¢
(MEFIRAIRED L ¥) TH B,

S B (1) IKBVWTHESOR D IIDEEOMREE DL ¥, S ZREN LIFT, S
ICHEDA E Nz T OFRZ BERFIR & LR, [ESIATREDHEICOV TR, &
g2 21Ic LT S A 182 WENPIROBE R UEDABMEFIIRDOENT
VB (g2 4DLE, g=2DLE (3[4, g=3DL¥E[5), FAERTRMAEN
GARARERBEIC OV TR LN RZRNS,

FHR1 g2 Zo)r?-i & {13 A AR A AV R Hh & 72 72— D D RB{ERIFIR
28D,

R 2. B ¢ = 3 DAE NI AR EENAMEL, FEZRNT 10 88
FET 3, ChHREL 2DODOEENMAREL S, ZDEDAAMBIELSNT.
%7, HOREE Aut*(S) MMEbh i

coshR £




| dhiE REEMI AR DG Aut*
8 | n(0), 7 (4V-1+V3 3(1-V3+i(1+V3))) | Ds x 2,
S 0),%% (V3 +i(- 2+\/'))) Z,
Sa | 7(0), 7 (V=14 VB(1-V3+i(1+V3))) | Za x 2,
Si | 7(0), 7 (4V-1+VB(1-V3+i(1+V3)) | Za x 2o
S5 1 w(0) Z,
Sg | w(0), (—%(—1 +\/§)%) Zy X Zy
8 | 7(0), 7 (—+vV-1+V3) Zy x Ty
Sg | w(0), w (%\/—1 +\/§) Zy X Zy
So | n(0), 7 (3V-1+VB(1-V3+i(1+V3))) | Zi x 2,
S | 7(0), 7 (4vV=1+vB(1 - V3+i(1+V3))) | Ds x Zs

ZZT ik DHSEMED ENDBREFHETH D, £/, BAFIKTH % Mith
F 128, POEES, ERORAR 2n-1)r/12 (n=1,---,12) £LTWV3

SEM
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17 Jgrgensen numbers of Kleinian groups

Makito Oichi (Shizuoka University)
Hiroki Sato (Shizuoka University)

In 1976 Jgrgensen gave the following important theorem called Jgrgensen’s
inequality theorem.

THEOREM A (Jgrgensen [1]). Suppose that the Mobius transformations A
and B generate a non-elementary discrete group. Then

J(A, B) := |tr?(A) — 4| + |[tr(ABA™'B™!) - 2| > 1.
The lower bound 1 is best possible.

DEFINITION 1. Let A and B be Mobius transformations. The Jgrgensen
number J(A, B) of the ordered pair (A, B) is defined by

J(A, B) := |tr®(A) — 4| + |tr(ABA™'B™!) — 2|.
DEFINITION 2. Let G be a non-elementary two-generator subgroup of Méb.
The Jorgensen number J(G) of G is defined by
J(G) := inf{J(A, B) | A and B generate G}.

Now we have the following problem:

PROBLEM. Let r be a real number with r > 1. When is there a discrete
group whose Jgrgensen number is equal to 77

EXAMPLES.

(1) 7 =1 : The modular group, the Picard group (Sato [6]), the figure-eight
knot group (Sato [6]), Jgrgensen groups (Li-Oichi-Sato [2], [3], [4]).

(2) 7 =2: The Whitehead link group (Sato [7]).



THEOREM 1. For every positive integer r, there is a non-elememtary Kleinian
group G such that J(G) =r.

TEOREM 2. For every r > 4, there is a classical Schottky group G such that
J(G)=r.

This theorem is proved by considering the shape of the classical Schottky
space of real type and its fundamental region (cf. Sato [5]).
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(1,1) HOKRBER b-BOSMHERLMEERNZNETh—ELTS 1 A
REEL—52A0BVEHS, 2EYZhFhot—FA0RAMOEE, L
EEHEICBITZ A7 A VEECHMEL v, RICTERB—BLT 3 1
HRBELN—FADT 2 F )b Z— )t VEEN (M A/2), 2FhEVA
2 FOBE, BAERI—BLTE | AREE 7 R0RMIZ §+ 571 &
BB LMD, 2T T R TROMALOBEMNE X TH 5, BENEK
XRZOWEAKLDOTF4 I 2L - ) 42 IEDOETH 3 FAHOEBO 74 )
7 VSR INS (Ahlfors, Conformal Invarinats, p. 65). FRIBEEIZH
MEER T, BORERERE 2 AV TRMEGE21T) (Buser and Silhol
Duke Math. Journal, Vol 108 (2001)) , DA ¥» & EAMER & MR
OEELIFEMCE. R7 Vv A LEEN2H A3 LIV —R  yORE
K =2 PHRORHN, RENICHETES LHFINS,

i1/1+2cosh%

1+i (y1+2cosh} —1)
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Definition 0.1. f is semi-hyperbolic at x € Jy if there exists a neighbor-
hood U of z and an N € N such that for any connected component V' of
f™U) ("n), f*|v : V — U satisfies

deg(f*lv: V = U) < N.
In the case that f is transcendental, we add the following property:
f*lv : V= U is proper for every V.

Recall that a map f : X — Y is called proper if f~}(K) C X is compact
for every compact subset K C Y. Note that this property is automatically
satisfied when f is rational or a polynomial.

Next theorem is (a part of) the Maiié’s Theorem for rational functions.

Theorem 0.2 (Mané, [Ma]). Let f be a rational function and =z € Jy.
Suppose that

z ¢ U w(c) U {parabolic periodic points},
c€RecNJy

where Rec = {recurrent critical points}. Then f is semi-hyperbolic at z €
Jg.
Actually the converse of the above theorem is also true. Thus we have

f is semi-hyperbolic at z € J¢
= z¢ U w(c) U {parabolic periodic points}.

ceRecNJy

One year ago I proved Mafié’s theorem for entire functions but it gave only
a sufficient condition for semi-hyperbolicity. This time I improved the result
and obtained necesarry and sufficient condition as follows:



Theorem A (Mané’s Theorem for entire functions (revised)). Let f
be a (transcendental) entire function and 2y € J5. Then f is semi-hyperbolic
at 29 if and only if zy ¢ Z, where the set Z is defined as follows:

X =
= derived set of {p | p is a attracting periodic point of f}

= {plfm™

Xo
X3

Y;

VA

{p | p is a parabolic periodic point of f}

w — p (n; = 00) for some wandering domain W'}

U w(c), where Rec = {c | ¢ is a recurrent critical point of f}
c€RecNJy

U f*(AV) N Jg, where AV = {c | c is an asymptotic value of f}
n=0

{p|p= 11_1)1& (i), ¢ (i € N) are mutually different non-recurrent
critical points, order of ¢; — oo (¢ — 00)}
{p i p= ,13330 f™(c;), ¢ (i € N) are mutually different non-recurrent
critical points such that sup (order of ¢;) < co and for any
i
e > 0 let Nj(e) := #{c | c: critical point, O*(c;) N U.(c) # 0}
then sup N;(e) = oo}

{p | p=lim f™(c;), ¢i (¢ € N) are mutually different non-recurrent
1—00

critical points such that sup (order of ¢;) < oo and let &;(n)

3

.= sup{é |*{OT(c;) N Us(c;)} < n} then i1i1f di(n) =0 for Vn}

(Ux)u(Un)

Remark. In the case of rational functions, X; =@ fori =2, 3and Y; =0
for 3 =2, 3, 4, 5.

2E
[Ma] R. Mané, On a theorem of Fatou, Bol. Soc. Brasil. Mat. (N.S.) 24

No.1 (1993), 1-11.
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FTUTO—BHNRIEE2EX, TNESARNEBONERITCAT 5.
EEL (X, d) ZEEEMEL, b X X (=1, ,m) EERERET
35, LEXDIANI MEEET B, (L, {hy, - ,hn}) VERABACHMRE
. RkOEEEND,

1. L=hiYL)U---Uh Y (L), D
2. HEBDj=1,--- ,m &EED z€ LIHL h7'(2) #0.

28 korZE LUTORSZED:

LLOHBUIKNL, NU) TUDIREEZSSDT, DED. NU) il
REEEERT, U = (A1, , A} DEZITIE, vertex 13 4; 25T,
AN NA; #0 DEFIT (A, -+, Ayy) 13§ BEEERSD,

2.G% {h;: X - X}Jo, TERSNLEEROTHRERMETHHHELT,
Cov(L,G) :=
{U: LOERER | U = {g7 (L), -, 97 (D)}, 91, ,gn € G, n €
N} &8<. Zhid. #52TBL T inverse system %7879

3. HEED pe NU{0} & Z B RITHL.

HP(L,G,R) := lim ;. Cov(,qHP(NU), R)
&EB<. IN#E. p-th interaction cohomology for (L,G) with
coefficient R &R Z &I2T 5,

4. HP(L,G,R) ™5 HP(L,R) (p-th Cech cohomology of L with coefficient
R) CBRIBENHS, % ¥: H(L,G,R) - H?(L,R). £H<.,

5. —ROMBBAEEY L., Y| TED IBANER] &5,

6. —ONMHZEM Z ITHL. C(2) T, Z DEMERILHEOEE. &7 5.

BE: X 2C (V- RE). hj:CoC@G=1,---,m) 2HERLHEX.
G % (M), CERINEEROBRERET BER. J(G) & GDVa
D7HEE, DED, TORGEHTCRRAREEETIIRVLS3 2 2¢CD
BE, EBL (ZDEE(J(G), {h1,- -  hm}) BREFEACHEURTHDZ &
BbhB,) 5 P(G) =U,ec{g: C—» COBWRE} (c C) &<,




kDb ET,
EEA. LTS5 P(G)\ {0} HCTHRTHD, £EDj=1,--- ,mITD
WTdeg(h;) > 2 ERET D, ZDEE, WHATHER (J(G), {h1, -, hm})
IZDOWT, RMBEDILD,

L 1im e Govs(a.a) CIN @) = C(J(G)).

2. TJ(G) 3K < [HEED,je {1,---,m}icHLlL. H5%5
(ie)imy C {1, ,m}AFEEEL 41 = 4, 4, = 5, b1 (J(G))Nh; L (J(G)) #
0D (t=1,---,8—1) &x3]

3.m =2 T J(G) A&7z 51, C(J(G)) = {1,2}N.

Lo THCU(G))) > R.

4.m =3 T J(G) MR 5. H(CJ(G))) > N

5. R &4 & LT, Mdimg A%(J(G),G,R) < 00 <= H(C(J(G))) <o) T
HB. i, INSMRDIDEE, dimg HO(J(G), G, R) = §(C(J(G)))
L5,

EFEB.G=(h),  hn) KODWTEBADREDHELE, m>3&T3, &
S5IZUTFTOETERET S,

1. J(G) Wk,
2. (B)"H(J(G)) N (Usizrhi H(J(G))) = 0.
LEWKREDH D ji,js,j3 € {1,--- ,m} BH D,
=1, A;{J(@G)N h;ﬁ,(J(G)) #0(k=1,2,3, ja=7j1) &5,
4. EBD s,t e {1,--- ,m}ITHL,
ls,t,1 EWRELZNE. rTHJI(G)) NR7UI(G)) Nh7HI(G)) = 01
Eix5,

ZDEE, REKELTRMEDILD:
(a)dimg HY(J(G), G, R) = dimg ¥(H'(J(G), G, R)) = oo,
U: HY(J(G),G,R) = HY(J(G),R) 118
(b)F(G) :=C\J(Q) £BL &, F(Q) FERBOERERS D,

BE. (1)EEOn e NKHL. 5 Gn = (hy,--+ han) 2B, FTE A
DIREEFE LTI I(CJI(GL) =n&2D, (2) B3 G = (h1, ha, ha)
BB, TEA DREEH/EZLTHD HCIG) = Ry E72B. (3) B3
G = (hy,ha, k3, hy) T. EE B DREEFHTHONHS, LITIDGIT
DWT dimg HY(J(G), G, R) = oo (R 134%).

BEXM: Dynamics of postcritically bounded polynomial semigroups and
interaction cohomology, H.Sumi, RN FEATMFLER 1447, pp227-238.
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AERARZEHEREOIMTE—KE, ANKZOERILFRE L DXGEH
T-HSNTLNS. REAOBNMIENH I AEREIAY —< o mEOREREAR
CHEFCENTEEOT, HERFTTHRIATLLHFEREYICHT HES
HBEDOHAGHEL S, BRI, B/NSHERTHOATVEIRNLL V212 (VDE
B (HEATELECEEIALY S 7RENMHEEFEOHATHS.) & IR
EHOMATENTY 2 —ENLORBASBRICRT ZENTES. COXREN
SECHMEEL T IHYABEGOKNMEME] 5H5. Chid TTEETELSE
HB/IEDH I ABBOKRMEBDO LRIFL O ? ) EVSRET, 1988 F
[CHEABEZEE (1] I2£2T, HYRBROBRIMERIIE 24 THAHZ LRI
f-. TS O y—oHiEA ERMEEN 4 OFR CHLSEHR/NIEOFENH
SATWADTINRRIB/ETHD. ORAKEDHRX [9) TIXERKEBEIHHR
CoREERT (JaoysRE] OREHNS LOBEFIAL T 5.

—%h, Avy—Tox& 7], 8] (& FETHVKEMENMIE (=FR2HE
SeHENEE) OHFIRBEOBRMERIIZTRITHD I LERLE. LAL, O
DEENBRTHINESNIKRBRTHD. R BRIMERH 3 O RBE/N
HEOMIZIRRINTULAEL. HT /4 EHRBRMEEN 2 ORBE/NHE TH
B32k&Y, 2LOWRENRIMERIEIFR2 THSEFHEL TS,

BERIZCAETCHONTWARERLCOFHEEZEREFROIBHORO TR
BCklzkoT, o1 OEREBHIENTER. FTOPODEBEELRLDELT
KRBROE/NEDH Y ABEEOT LS BERICETIERNHD. R YT
HAETIE, B EHE—BLEL -2 ER (EFIIREER HRFE@HSID
(6] BH) . =i, HHEFEC LOFEHABRERICHL T, TL&oEEH (R
BRIES) X2 UTCRAMERDOHEME — KT 5. T, BEARE 2] (T&-T, —
BOFEECHVSEEENMMENH IAEROTLSEERICEAL TX4UTTH
AIENTEN, COBABICBVLVTHLRIMEBROFI L —BI S5 EMNTENTE
ZD2ONFERHNDS, ChFETREME/NIEISHL TELRMEBMNER2ELD
FEMASSLIEBEHICEAL TEHL 2UTCHBETELSIEEAOATES. LML,
HARIIHX 5] PRORLESBERERA-BER. FTHEEITROBRERL

[EEE 1] ([3])
ﬁrbng&w%éﬁlﬁﬁﬁﬁb@o)ﬁﬁmid\ﬂﬂEb‘ﬁ&?’6.

L PEARAE 1 HI> AT



-, COTEHSEEHEVSRROSRIMERICETHIA[7) ERET &
T, KBMEDMEBEOMICS y—HELZEBRERBEHEOESEIT TH#
RBEE/DHE] EVSHRISHLTROKL I GFHERERSIENTEL.

(EEE 2] ([4]) o
gEBRGDAVIRIFY—IVE M h o kBORZRVERAY—<V@E b
LAZFOHBERBLETER SN EHCHVERBNENHEDOTIZAEHREL,
D, & #DRIMER, 1, ZTDRLAGERLETD. dE M LOgORKET S
LE, ROFEKIABYILD.

2
D, <v, <2+ R= 1

2 _ 4
R’ G-1+k/27
BIZD, <v, <ABRYILD. Fl KBOBDMECHLTIR > 1 &4V,
BIMEBIIF A3 THS.

RIISIAPMENRZ LD (4)8B) OT, COHERIIBRIMERD LR “4” D&
AEHNLEEREZRLTLD.
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(REOEM) WBRLAFODIZHIM - LW5BR (BHDHNIER) ZEAT-L -
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Cayley B L > CTHERBERICERRMETH L. EEEOEFERABEKIIE
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BE LTI, Cayley B w — (w—1)(w+1)"' =1-2(w+1)""! (w € C)
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EE5THIN, BRTICEB DT H R Siegel fFRIEDFEIZIE, Zh L L=, kD
X RRENPERZ > TV D, ®FF Siegel fBIKIXFET 237 IO Hermite Xt
FRZER 72 O T, Harish-Chandra 3 & BN 2 AZHER o F REER 2 H 0.
Korsnyi & Wolf i3, *#F Siegel 8% % ® Harish-Chandra EHIZE T Cayley
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Rational proper holomorphic maps between the Euclidean balls
BH xE TUMEEERF T #E

1 Introduction

Let n > 2. Let B" denote the Euclidean unit ball in C". Let f be a proper holo-
morphic map from B™ into BN, where N > n > 2. In this talk, we are concerned
with the rationality problem for f and also the classification problem of rational
proper maps between the Euclidean balls. About the first problem, it is known
that there exist proper holomorphic maps from B™ into B"*! which are continu-
ous up to the boundary, but not rational ([Do90},[F092]). This gives a problem
to clarify the minimal boundary regularity required for proper holomorphic maps
between balls to be rational maps.

Every proper holomorphic map from the unit disc in C to itself is a finite
Blascheke product (see [DA93, p.152]). For n > 2, Alexander [Al77] proved
that a proper holomorphic map of B™ to itself is actually biholomorphic. The
first result in the case of positive codimension was obtained by Webster [We79].
Faran [Fa82], [Fa86], Cima-Suffridge [CS83], [CS89], Forstneri¢ [Fo86], [Fo89],
D’Angelo [DA88], Dor [Do90] and others obtained several results in this direction
(see the survey [Fo92] or the book [DA93]). By using a totally different approach
from all previous works originally due to Huang [Hu99], Huang [Hu99], [Hu01],
[Hu03], Huang-Ji [HJO01], Hamada [Ha05], Huang-Ji-Xu [HJX05], [HJX] obtained
further results.

2 Preliminaries

Let C* denote the space of n complex variables z = (z1,...,2,) with the
Euclidean norm |z|. For z = (z1,...,2a), w = (wy,...,w,) € C", let (z,w) =
> i-1 2jw;j. Let B® = {z € C*: || < 1}. Proper holomorphic maps f, g : B® —
BY are said to be equivalent, if there exist 0 € Aut(B") and 7 € Aut(B") such

that f =7o0goo. Let
H, = {(3,w) e C" ' x C: S(w) > |2|*}

be the Siegel upper-half space, where Z = (z1,...,2,_1). Then the ball B®
is holomorphically equivalent to H, and the sphere dB" is equivalent to the
Heisenberg hypersurface 0H,,.



We assign the weight of Z to be 1 and w to be 2, and use the notation (-)*)
for a holomorphic polynomial of weighted degree k. For a function A defined over
OH,, we say that h € o,,(k) if

5 42
lim h(tz, t*w)

=0
t—0 tk

uniformly on (Z,w) over any compact subset of 0H,,.
Let M C JH,, be a connected open piece of the Heisenberg hypersurface in C*
which contains the origin. Let

G: (f7¢’g) = (f7g) = (f1)~'*’fn-—17¢1""7¢N—n;g)

be a non-constant C%2-smooth CR map from M into 8Hy with G(0) = 0. Then
Huang [Hu99, Lemma 5.3] showed the following lemma.

Lemma 2.1 After composing G with automorphisms of the Siegel upper-half
spaces, the map

G = (f7¢)g) = (fly'--7fn—11¢1i"')¢1\’—n,g)

can be assumed to take the following normal form (N >n > 1):

1) £ =5+ L0+ 0(3),6 = 606 + 0uel2) 0 = w + 0a(8),
with
@) () 4l = 19,

For each p € M, we have an associated CR map G, from a small neighborhood
U of 0 € 0H,, to 0Hy with G,(0) = 0, defined by

(3) Gp =15 0G 003 = (fp, bp: 9p);
where for each p = (Zo, wo) € M, we define o) € Aut(H,) by
0)(z,w) = (2 + Z, w + wo + 2i(Z, %))
and 7',? € Aut(Hy) by
(2%, w) = (2* — F(Zo,wo), w* — g(Zo, wo) — 2i(2* f(zo,wo)»

The map G, does not satisfy (1) in general. By further composing G, with
suitable automorphisms of H, and Hy, we obtain G;* = (f;*, ¢;*, g;*) for which
(1) and (2) holds (see [Hu99], [HJ01]). From (2), we obtain that aj"")(Z) = ZA(p)
and that A(p) is an (n — 1) x (n — 1) semi-positive Hermitian matrix.



The rank of A(p), which is denoted by Rk¢(p), is called the geometric rank of
G at p. By [Hu03], Rkg(p) is a well-defined integer depending only on G and
p. We define the geometric rank of G to be ko(G) = max,can, Rkg(p). Then
0 < ko(G) < n—1. Also, G is linear fractional if and only if ko(G) = 0 [Hu99,
Theorem 4.2]. We define the geometric rank of F € Prop,(B", BY) to be the one
for the map ‘~I/;,1 o F oV, € Prop,(H,, Hy), where ¥ is a biholomorphic map
from H; onto BF.

The following normalization lemma was obtained by Huang [Hu03, Lemma
3.2].

Lemma 2.2 Let G be a C*-smooth CR map from an open piece M C 0H, into
OHy with Rkg(0) = ko. Let P(n, ko) = Ko(2n—ko—1)/2. Then N > n+P(n, ko)
and there are 0 € Auto(H,) and 7 € Autg(Hy) such that G, = 1o Gpo0 =
(f, ®,9) satisfy the following normalization condition:
i ?f; .
fi = z+ —Qizjw+owt(3), a—w;(O) =0, j=1,...,6k0, p;>0,
f]' = zj+0wt(3)a j=/€0+1,...,n—1,
g = w+ou(4),
b = pjziz + 0wi(2), where py >0 for (j,1) € So
¢ = ow(2), (G,1) €S\ S

MOT'CO’U@T‘, Hj > H1 = 1; Kt = \//J']+p'l fOT Jal < Ko, J # l:' and Hj = \/l‘T] Zf
j<koandl>rkg orifj=10< kg Here
SO = {(]Jl).lsjSKOalngn_lyjél}a
I, ol

S = {0GD: G, €S, orj=r+1,

o — ko — 1
lE{Kto+1,...,lfig+N—n_(n—K’§_ﬂ}}.

3 Rationality of proper holomorphic maps

In this section, we are concerned with finding the boundary regularity required
for proper holomorphic maps F from B”" into B" to be rational maps, when
N>n2>2.

(i) the case of codimension 1
Webster [We79] showed the following theorem.

Theorem 3.1 ([We79]) Ifn >3, N=n+1 and F is C* up to the boundary,
then F is linear fractional.

Faran [Fa82] classified proper holomorphic maps from B? into B® which are C?
up to the boundary.



Theorem 3.2 ([Fa82]) Ifn =2, N =3 and F is C® up to the boundary, then
F is equivalent to one of 4 monomial maps.

Cima-Suffridge [CS89] showed that Theorem 3.2 holds if F' is C? up to the bound-
ary. They [CS83] also showed the following theorem.

Theorem 3.3 ([CS83]) If n > 2, N =n+1 and F is C? up to the boundary,
then F is rational.

They also conjectured that any proper holomorphic map from B” into BY with
N < 2n — 2 which is C? up to the boundary must be linear fractional.

(ii) the low codimensional case
The above conjecture [CS83] was verified by Faran [Fa86] when the maps are
holomorphic up to the boundary.

Theorem 3.4 ([Fa86]) Ifn > 2, N < 2n — 2 and F is holomorphic up to the
boundary, then F' is linear fractional.

Forstneri¢ {Fo86] showed the following theorem.

Theorem 3.5 ([Fo86]) If n > 2, N < 2n—1 and F is C¥"™! up to the
boundary, then F is rational.

Huang [Hu99], [HuO1] showed the following results by using a totally different
approach from all previous works.

Theorem 3.6 ([Hu99]) Ifn >2, N <2n—2 and F is C* up to the boundary,
then F is linear fractional.

This result solves the above conjecture due to Cima-Suffridge [CS83].

Theorem 3.7 ([Hu01]) Ifn>2, N=2n—1and F is C? up to the boundary,
then F' is rational.

Huang-Ji-Xu [HJX05] showed the following theorem.

Theorem 3.8 ([HIXO05]) Ifn > 2, N < n(n+1)/2 and F is C3 up to the
boundary, then F' 1is rational.

(iii) the case of arbitrary codimension.
Forstneri¢ [Fo89] showed the following theorem.

Theorem 3.9 ([Fo89]) Ifn > 2 and F is CN="*! up to the boundary, then F
is rational.



Huang-Ji-Xu [HJX05] obtained a sufficient condition to be rational maps by using
the geometric rank g.

Theorem 3.10 ([HIXO05]) Ifn > 2, F is C* up to the boundary and ko < n—2,
then F' is rational.

We also have the following theorem.

Theorem 3.11 (Hamada) Let n > 2, N > 2n and F is CN=2"3 up to the
boundary, then F is rational.

For n > 3, our result improves the above result due to Forstneri¢ [Fo89].

4 Classification of rational proper holomorphic
maps

In this section, we are concerned with a classification of rational proper holo-
morphic maps F from B" into BN, when N > n > 2. First, we remark that
every proper rational map from B™ into B"'is holomorphic up to the boundary
(Cima-Suffridge [CS90]).

(i) the case N <2n —2
Webster [We79] has proved the following theorem.

Theorem 4.1 ([We79]) Ifn >3, N =n+1 and F is C* up to the boundary,
then F 1is equivalent to a linear imbedding.

By Faran [Fa86], a rational proper map must be equivalent to a linear imbedding
when N < 2n — 2.

Theorem 4.2 ([Fa86]) Ifn > 2, N < 2n — 2 and F is holomorphic up to the
boundary, then F is equivalent to a linear imbedding.

(ii) the case N =2n —1
When n = 2, N = 3, Faran [Fa82] proved that a proper holomorphic map that
is C® up to the boundary must be spherically equivalent to one of 4 monomial

maps.

Theorem 4.3 ([Fa82]) Ifn =2, N =3 and F is C? up to the boundary, then
F is equivalent to one of 4 monomial maps.

When n > 3, N = 2n — 1, the author [Ha91] determined monomial proper maps.
Huang-Ji [HJO01] showed the following theorem.



Theorem 4.4 ([HJO1]) When n > 3, N = 2n — 1, any rational proper holo-
morphic map from B™ into B™~! is equivalent either to the standard linear map
L(z) = (21,---,2n,0,...,0) or to the Whitney map

W(z) = (21, 201, 2021, Zn22; - - - » ZnZn)-

(iit) the case N = 2n
When n = 2, N = 4, D’Angelo [DA88], [DA93] and the author [Ha91] deter-
mined monomial proper maps from B? into B%. D’Angelo [DA88] showed the

following theorem.

Theorem 4.5 ([DA88]) The proper holomorphic maps
Fy(2) = (21, Zn-1, (c0s 0) 2y, (sin )2 2y, . . . , (sin 8) 2, 2,,)
from B™ into B?" are inequivalent for all @ with 0 < 6 < /2.

When n > 3, N = 2n, the author [Ha91] determined monomial proper maps. He
showed that any monomial proper map from B3 into B¢ is equivalent to one of
the following maps.

(i) Fo(z), 0L56<L73,
(ii) (Z%: z%, ng \/52122, \/52223, \/52123)7

(lll) (Zf, \/_2‘2122, Z%, 2123, 2223, 2'3).

He also showed that any monomial proper map from B™ into B?" with n > 4 is
equivalent to Fy for some 6 with 0 < 6 < 7/2.

Then, it is natural to conjecture that any rational proper holomorphic map
from B™ into B?" with n > 4 is equivalent to Fy for some 6 with 0 < 8 < 7/2.
The author [Ha05] gave an affirmative answer to the conjecture.

Theorem 4.6 ([Ha05]) Let n > 4 and N = 2n. Then any rational proper
holomorphic map from B™ into B?" is equivalent to Fy for some 6 with 0 < 0 <
/2.

We remark that Fy is a linear map when 6 = 0.
For rational proper maps from B? into B®, the following partial results are

known.

Theorem 4.7 ([HIXO05]) Let F be a rational proper map from B? into BS.
(i) If ko = 2, then deg(F) < 4;



(ii) If ko = 2 and deg(F) = 2, then F is equivalent either to the generalized
Whitney map
(Zl’l.U, 2w, 2127 \/521227 Z%, ’U))

or to the map

(\/ﬁzlw, V22w, 22 V2212, 22, w?).

Theorem 4.8 ([HIX]) Let F be a rational proper map from B® into B®. If
ko = 1, then F is equivalent to Fy for some § with 0 < 6 < m/2.

(iv) the case N > 2n.
Huang-Ji-Xu [HJX] obtained the following theorem.

Theorem 4.9 ([HIX]) Let F be a rational proper map from B™ into B".

(i) If n > 4 and N < 3n — 4, then F is equivalent to Fy for some 0 with
0 < 8 < m/2, where Fg = (Fy,0).

(ii) If n > 3, N < 3n— 3 and ko = 1, then F is equivalent to Fy for some §
with 0 < 0 < 7/2.

(iii) If n > 3 and ko = 1, then deg(F) < (N —1)/(n —1).
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