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1 On The N-Fractional Calculus of Some Products

of Some Power Functions

Katsuyuki Nishimoto Descartes Press

Abstract
In this article, N- fractional calculus of products of power functions
((z= 0" (2= ), , (z=)f-(z-¢c)), ,and (z-c)*F),
are discussed again. ( In this article a, B,y €R , for our convenience. )
A main theorem is shown asfollows, for example.
Theorem 1. Let

sinqwor -sinz(y — o - fB)

P=P(a,B.y):= (1P, B,y) =M< =)

sinz(a + B)-sinzx(y —a)

and
0=0(,B.y):=P(B.ay) (IP(B,0,y)l=M<»)
When o, .,y €Z , we have ;

Iy —a-B)
I'(-a-pB)

) ((z=0)"+(z= ), =e™™ P, B.¥) (2= 0™,

(Re(a+B+1)>0, (l+a-y)&EZ, ),

(ii) (z=¢f -z=0)"), =¢™™ Q(a, B.y) H(Z-C)Mﬁ—y,
(Re(a+B+1)>0, (1+p-y)EZ,)
_ o ya+By _ imy 'y —a-B) _ yatb-y
(iii) ((z=¢)""), =€ TCa p) (z—0©) ,
where
z-¢c=0, I_I‘(_y:_c_x_—ﬁ’ <@,

I(-a-p)

(1)

(2)

(5)
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2 N_Fractional Calculus of Functions

{log"(z -c)(z- c)"}a

Shih- Tong Tu, Pin- Yu Wang Chung Yuan Christian
Univ. , Taiwan
and

Katsuyuki Nishimoto Descartes Press Co.

Abstract

In a five - volume work published recently, K. Nishimoto [ 1 ] has presented a
systematic account of the theory and applications of fractional calculus in
number of areas ( such as ordinary and partial differential equations, special
functions, and summation of series ).

As for the fundamental formulas, recently, several workers demonstrated N -
fractional calculus of the power and logarithmic functions (cf. [2]1-[81).

The object of the present paper is to show the simplest closed form for the

functions

{log"(z -c)(z- c)”}a , (n€Z").
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3 A Simple Fractional- Calculus Approach to the Solutions
of the Bessel Differential Equation of General
Order and Some of Its Applications
Shy - Der Lin, Wei-Chich Ling, Chung Yuan Christian
Univ. , Taiwan

Katsuyuki Nishimoto Descartes Press Co.

and
H M. Srivastava University of Victoria,
B. C., Canada
Abstract

In many recent works, several authors demonstrated the usefulness of
fractional calculus operators in the derivation of ( explicit ) particular solutions of
a significantly large number of linear ordinary and partial differential equations of
the second and higher orders. The main object of the present paper is to show
how this simple fractional- calculus approach to the solutions of the classical
Bessel differential equation of general order would lead naturally to several
interesting consequences which include ( for example ) an alternative investi-
gation of the power-series solutions obtainable usually by the Frobenius method.
The methodology presented here is based largely upon some of the general
theorems on ( explicit ) particular solutions of a certain family of linear ordinary
fractional differintegral equations.

2000 Mathematics Subject Classification ; Primary 26 A 33 ; Secondary
33C10, 34A05.

Key Words and Phrases ; Fractional Calculus, Bessel differential equation,
Fuchsian (and non- Fuchsian ) equations, differintegral equations, ( ordinary
and partial ) linear differential equations, index law, linearity property, gene-
ralized Leibniz rule, Frobenius method, Power -series solutions, Bessel func-

tions, trigonometric functions.






4 Notes on Sakaguchi functions 2

Efn B (EHKTF)
BER BAT (HAKE)
i)l B (EIRTK)

2004 FEEFKESBL T, order a DR AEKIZ OV TV DA DREREE®E
LER, =Ttz (jt] 1) i2BALTO order o ERBEHKIZ SV CTRIROEE

PETR25. .
A REAAER U= {)z] < 1} CERREEK f(z) = z + Y _a.2" OREL,

n=2

A OEHIE S(a,t) EBROEIIEDD :

S(a,t)-—-{f(z)eA:Re(fl(—z—)t_)iJ{(i%} >a 0<a<l,|t|S1,t#1.

S(0,-1) it —z KL TERZBEOK TH DS, RAKE 2JICLVBASHE
OTHRAOBEK L I TWS. H2AIZ Goodman[l] (24X Y EA S Renning
12 Lo TRNLN TRAE—RERBEROKIIRTH D :

e -0 ) ]
UST—{f()eA Re f()—f(C)}>0’ (2,¢) €U X U,

HIETR (2] 1 S(a, —1) oW T, AEIE S(a,1) L2V TTH .
Theorem 1. If f(2) € A satisfies
i{ln—unl (1= ol € 1-a
then f(z) € S(a,t;.—Where

Up =14+t +t2 4t

Theorem 2. If f(z) € S(a,t), then

n—1 n-2 n—-1 n—-2 n-3

|an| < I {1+IBZ IuJI +,32 z Z I'u’hqul +ﬂ3 Z Z Z |u11:)"jzz':ll

|'U]| j2>j1 j1=2 | Vir Vs I Ja>jo jo>i1 1=2 Vi1



Where
B=2(1-qa), va=7n—1u.
£Thd. £
T(a,t) ={f(z) € A: z2f'(2) € S(a, 1)}
LEDDE, T(oyt) L THEUDOBRBIB/OND.

£ Xk
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5 Uniqueness theorems in an angular domain

‘Weichuan Lin Fujian Normal University
Seiki Mori Yamagata University
Kazuya Tohge Kanazawa University

Since R. Nevanlinna proved his celebrated ‘four-CM’ and ‘five-IM’ theo-
rems, there have been given a lot of results on the uniqueness of meromor-
phic functions in the plane C under a variety of value-sharing conditions.
Although examples such as e* and e™* with values 0, &1 and oo show that
‘four’ and ‘five’ in those theorems cannot be replaced by any smaller num-
ber, the Weierstrass Product Theorem says that ‘three-CM’ is in general
a sufficient condition to deduce the uniqueness of meromorphic functions
in C with no ezceptional values.

In connection to this fact, F. Gross proposed an idea of set-sharing con-
ditions and asked about the minimum number or the smallest cardinality
of the sets which imply the uniqueness of meromorphic functions sharing
those sets.

Here we put fo(2) = f(z) —a for a € C and foo(z) = 1/f(2). Given a
domain X C C, a discrete set S C CU{oo} and a meromorphic function f
in C, we define a ‘set’ Ex(S, f) C C by

Ex(S,f) = |J{zeX | fale) =0, CM},

a€sS
where X is the closure of the domain X relative to C and ‘CM’ means that
each of the roots z € X is repeated so many times as its multiplicity.
Now we take three sets S; (j = 1,2,3) as follows: S1 = {0}, S2 = {oo}
and S3 = {w | w(w+a) —b=0}, where n € N, a,b € C\ {0} such that
the algebraic equation w™(w + a) — b = 0 has no multiple roots.
In 1998 and 2004, H. X. Yi [Yi], Yi and W. C. Lin [WY] proved the

following:

Theorem A. 1) Let n € N\ {1}. If f and g are two entire functions
satisfying Ec(S;, f) = Ec(S;,g) for j = 1,3, then f = g.

2) Let n € N\ {1,2}. If f and g are two meromorphic functions in
C satisfying Ec(Sj, f) = Ec(Sj,9) for j = 1,2,3 and ©(co, f) > 0, then
f=g



In this talk, we deal with a problem of uniqueness for meromorphic
functions defined in C under some S;-sharing conditions in a sector instead
of the whole plane C. We will consider actually the following question
about a sectrical counterpart of Theorem A: Does there exist an angular
domain X = X(e,B) :={z|a <argz < B} (0 < a < B < 2m) such that

= g is always the case when f and g are two entire or meromorphic
functions in C satisfying Ex(S;, f) = Ex(Sj,g) for j =1,2,3?

As a partial answer to this question, we prove the following:

Theorem 1. Let f be a meromorphic function in C of order \ and lower
order p € (1/2,00).

1) Assume that f is an entire function. Then for each o < oo with
p < o < A, there exists a sector X (a,B) whose opening B — « is larger
than w /o when o < 1, and 2w —w/o when o > 1 such that if the conditions
Ec(S1, f) = Ec(S1,9) and Ex(Ss, f) = Ex(Ss,9) (n > 2) hold for an
entire function g of finite order or more generally with the growth satisfying

. loglog T'(r, g)
ther log T(r, g) = O (log T(r, :
either log T'(r, g) (og (r f)) or mln{logr, logT('r,f)}

r — 00 possibly outside a set of finite linear measure, then f = g.

2) Assume that & := 6(¢, f) > 0 for some v # 0,—a. Then for each
o < oo with p < o < X there ezists an angular domain X = X (a, 8) with
0<a<pfBand

ﬂ—a>max{l, 27r—iarcsin\/i},
o o 2

such that if the conditions Ec(S1, f) = Ec(S1,9) and Ex(S;, f) = Ex(S;,9)
(7 =2,3) (n > 3) hold for a meromorphic function g in C with the growth

— 0 holds as

mentioned above, then f = g.

We will illustrate the necessity of those assumptions in 1) and 2) of
Theorem 1 with examples. If time permits, the infinite order case will be
discussed, also.
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Wl F RBFILRF T

FE S (1<7<q % C ODEVIIKbOBVERESLETS.
(S1,--+, 5, ) DEEEEHICT I —BiEE b OLE, C LOIEE
HEBEEE f,¢ ITHLT,

S =¢71(5;) (CM) (1<j<q)
NS =g NEMINDEEZITND.

#1743 Nevanlinna @ 4 S LY, EFEOIEF TR —1
KIS Hoay, a2 ENE, {{a), -, {ad}} EEEEE
CHd B —EHEE B

2 BEARITOVTIE, ROBEEHE ST,

T A, X6 LLEOEHEL, &L,m, -, 6,0 FHBLSRE
T5. FEEE3DOD jIIDNTE &y BT 5 1 IREBRIF
TELRNERETS. Z0&E, S;={&,n; EFHud, {51---,5,)
RIS 5 —EHE b .

AENE, INEDBAEHEDOT, RAKRORRNEONIZZ &k
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C DEBELT, UpeaSa=C. TDEX, HzeC WIIRE]RT



D DHENTHTHEYEEEEE, 2 £ T() DEL S, ICA-T
WIS E XTI,

FIE. ¢ 136 LLEOEEELT, S, .5 EEWNIEDL SN2
BEASETE. 2F {S, S, -, S} IR LT, EEEBRUNOEE
O 1VIREBIN L EDEDHEX S22 56, {S1,---,5,) A
HERASICH T B —FME DD KL, S =C )\ (UL,S)).
FE. WO (S, .5, AE otk FEHOLIIHEEE
2T, ZHICH LED S AN 2 ELUTOESEERTRN 1IRE
T DEETIUS, BEERAH f 2845 1CE->Tyg=T(f) £&95CZ
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{  On the truncated defect relation for holomorphic curves

FH 8% (EALERFEER)

1. Introduction. (a) Let f = [f1,-- -, fnt1] be a non-degenerate, transcendental
holomorphic curve from C into P*{C) with a reduced representation

(fla"'yfn+l) : C = Cn+1—{0}7

where n is a positive integer. For @ = (a1, -, any1) € C*™ — {0}, we put

(a, f(2)) =a1fi(z) + - + a1 forr(2); (@, f) =arfi+-+ anr1fasi;

for a positive integer k, let v(c) be the order of zero of (a, f(2)) at z = ¢;

ng(r,a, f) = Z min{v(c), k};

lel<r

and for r > 0

Ni(r,a, f) = /OT it 0.4) —t_ (0.4, f)dt + ni(0, a, f)logr.

We put
5k(a7 f) =1- limsuka(r, a, f)/T(Ta f)7

where T'(r, f) is the characteristic function of f.

When (a, f) has at least one zero, we say that a has multiplicity m if all the
zeros of the function (a, f(2)) have multiplicity at least m, while at least one zero
has multiplicity m. When (a, f) has no zero, we set m = oo. We put

k
pi(a, f) =1-— max(m, B’
Then, 0 < m(a, f) < dk(a, f) <1 and pi(a, f) =1 if and only if m = co.

Let X be a subset of C™™' — {0} in N-subgeneral position satisfying #X >
2N —n + 2, where N > n.

Defect Relation (see [1](N = n), [3](N > n)). For any a4,---,a, € X, we
have the following inequality:

q q
Z (a;, f §Z (a;,f) <2N —n+1.



(b) Let ¢ be an integer satisfying 2N —n + 1 < ¢ < oo and we put Q =
{1,2,---,q}. Let {a; | j € Q} be a family of vectors in X. For a non-empty
subset P of ), we denote

V(P) = the vector space spanned by {a; | j € P}, d(P)=dimV(P).
Let
O={PCQ|0<#P<N+1}
and

A= mind(P)/#P.

n+1

q
Proposition. Y d,(a;, f) < 3

=1

2. Result.

Theorem 1. When n > 2, there exist f and X such that forany 1 < £ <n-1

Z pr(a, f) = oo, so that Z or(a, f) = 0.

acx aex

We apply the method used in [2] to obtain this theorem..

Theorem 2. Suppose that n is even and that N > n.
IfA>(n+1)/(2N —n+1), then

On(a;, f) <2N —n+1-1/2n.

g
=1

J
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8  Schroder DEEHFER & Nevanlinna O 2 TEEFHIZDONT

Akt (AARIERF)
(L) -

AW TIE, Schroder B Z O, HEAEATCERINIERT
P RENE BN R OESFICOVWTOMERRERET S, I,
Nevanlinna OFE 2 FEBEFEHICBVWTEEDRR Y IOPESI P EFNZV.
BEREE f(z) ISR LT

Ny(r) + m(r,00; ) + zm(n ;3 f) < 2T(r, f) + S(r),

[y
(4
A

Ni(r)=N (r, %) +2N(r, f) — N(r, f'),

S(r) & BIEERZRAXEDIT O(logrT(r, f)), r — co BT &
THD. fz) MEERTHNIE S(r) i Ologr) & LT L, BRIMNXHE
EEZBRTRL.

R(w) 22 LA EOBEHE, s (|s| > 1) Z2BFREEL T 5. Schroder
o IER

(1) f(sz) = R(f(z)),

IZBWT, R(0) =0, R(0) =s 2RET 5. DL &, GEREKERE f(2)
P &M f(0) =0and f'(0) =1 DB LIC—BMICHFLET 5. I T,
2D f(z) % Schroder BRI L FESR T £12F 5. Schroder BRELIX B T
HoT, ZDERDIEUL p(f) = logdeg R/ log|s| TH B. BIZ, HBE
B0< K, <K, \ICHUT K r*U) < T(r, f) < Kor?D B HZDT &
MonTnd.

FREMEIZDOWTIE, R(w) D iteration iZ K 2T EEDES E(R) & R(w)
@ m.f. value, m.f. pair DEE L f(z) D Picard value DEE LD 3EE
B—ET 2 eDBFMENTVS (1], [4], [6]. £z, R(w) D Julia BEDER
HICBIT AREA & f(z) ® Julia(Borel) FAB—HT 2 LdTFEN
T3 [3]. Nevanlinna D% 2 FEEHICEIR L CUTFORRZ]MET 5.

Theorem [2] E(R) = £7z1& E(R) = {co} D&
M
Ny(r) +m(r,00; f) + Y m(r,e55 f) > 2T(r, [)(1 + o(1)),

i=1

2T, ¢€eCi=1,2,...,.M,M>2 BRRLEREHTH.



E(R) = {b,00} DIFE
M
Ny(r) +mr,00; f) + > m(r,c;; f) > 2T(r, f) + O(log),
7=1
ZZC,a=btLcgeC i i=12,... M M>2 BZERIEREH
Th 5.

Mo HRACEHEAEADPDH A o0, BOBEPRIND EINIZ
Bl&RWT, FEOES T (BRE - RNEfE - 2l - 3ifE) = &2 N
22k HEBEHRERLEDNS. F2TBEFHTCESPHILT 2D E
SDEFANDILHEZNLOMAD—REZIOSND. L L, MOHE
RIBEITER R Clunie DFEE (NEMADEH) [5] & £, Schroder B8
WEBDHESBICIEAENTERL, SEHCE o744 T 7 ZIGA L.
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0 BEFYVARL IBHOEREICONT

“HERE KRIX
KE AL EBKRE - RERFEE

YR V7B uw e WLP(D) 75 Manfredi BN CHERBEHCTHD LI, £

loc

BEOHE I FRESER G L 200K k< K ICRLT,
k-wt o (w-K)T e W"(G)

26T,
k<u(z)<K foraezeG

DI B & EEV D (cf. Manfredi [4]). Z ZiZ, v (z) = max{v(z),0}. b L,
5 B R RIS RE T A, £4UT Lebesgue DELRTEFH L VNI (cf. Lebesgue

(31)-
p>n—1ThHiL, HEFBEHK v 1T

lu(z) — u(y)lF < Cro™" / |Vu(z)Pdz (1)
2B
=Y. T2, z,y € B, B=B(2¢,m0) T2BC D ¢95. (1)l Ep<n-1

DL EITITMIL LN ERIMbN TV 3.
ET,p=n—-1>1%,L7T, XM [0,00) EOEMEIBABEE ¢ T

(1) p(r*) < Me(r)  (r>0)
1

w [ e <o
0

LRBABDEEZ,

T (n—2)/(n-1)
®(r) = < / ot (2‘”)t‘1dt)
0

i)

1

pna(r) =1""p(r)

LB<.



EFE BERA/ AL I7EHue WD) (n>3) R
/Dgon_l(qu(x)l)da: < oo

Wiz L, B(zo,2r) C D &5, ZDEE, € B(zg,r) £ 0<e< 1
LT
lu(z) — u(ze)|”™! < Mret=D

+ Mo [ (VaG)es

B(I‘o,Q'F)

Onninen ([7, Theorem 1.2, Example 1.3]) i W1Lr—1! (2B 2 55 EEFARE%
o7z,

& 3k
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10 EoEHE L OBEAY R L TBRROEREIZIONT

SHER  KRTK
R NS i

D CR" EoERR$ p(-) : D — [1,00) IZH LT,

/ (@) [P

5 dr < co (3r>0)

L3 D LRI f b 2B E PO(D) L, TD/NLE

p(z)
l!fl|p<~>=Hfl|p<->,0=inf{k>0 : /D (=) d:z:Sl}

TED S ([2, Kovacik-Rékosnik]). & 5HIZ, |Vu| € LPO(D) L7z 5B%u €

h\
LPO(D) 72 5 %k ZER 2 WPO(D) L5 5.
infoepp(z) > n DL %, BEFEEK v c WPO(D) 3EFETHD (Fb

%, Lebesgue DEL ([3]) THERATH D) .

SEE 1. p(-) (TEAEk B EoERREET

3 alog(e + log(1/]z|)) _
p(z)=n— log(e/|z|) ’ p(0) =n

BT, o <1 0LE, BEFABE v e WPO(B) HEATERT
Y,
(ia<lDEE, glpi_r}r(l)(log(l/Ix[))(l_“)/”lu(m) —u(0)]=0.

(ii) a =101 %, lim(log(log(1/[z])))""u(z) — u(0)| = 0.

BfTER B EOERRIE p() (3Z OTESTET

alog(e + log(1/(1 — [z]) b
ple) = {’” log(e/(1 — [a])) } ’ < Togle/l — )

(a>0,b>0) Zi#=L, BORETIE p(z) >n T2,

EE2. B Lo (53) BEFEREE u e WPO(B) i |||Vullly,) < 1 &7
F. IOl E, a>n—1DEE, lz—y|<1/2 LD z,yeBITXL

lu(z) — u(y)] < Clog(1/)z — y))) ™=/,




EE2Mba>n—-10LE, B EOBEFERELH v e W»O(B) i%, BUIB
FICERICHRT A2 N TED. 0<a<n—1DLEITiE, Fatou DFERA
RE D,

€eB, v>1IRLT

T,(&c)={z€B: |z —¢" <c(l—[z)} (c>0)

LI5.

FHE3 B LOEFEEH v c WWPOB) I LT, koL H>RES
E CB »EETS:

(i) Coy(E;2B) =0..
(i) EEDECOBC EICHL, lim ulz) BEEL, BRTHS.

Ty (&,c)oz—¢

25 3k
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11 ZEiEH %4 OEBEBICHS T ABXERROATENMEICONT
KE FEIL  JEBRE - REREH

KEy & LRERFRER - BEMER
TH 7 IR RERFRE - BB FHRER

BRHF%ESE GCR" LOEGREE p(-) : G — [1,00) IZH LT,
JA > 0 s.t. / f—y—)
G

(
A
L3 G LoOWRIEK f 2o sBEEERE POG) LU, TD Ve E
()
dy < 1}

CED D (cf. Kovacik-Rékosnik [4]). #iZ, p(z) = po (—7F) L &, [PU(G) =
LPo(G).
JRET AR RS £ ISR LT, KB Mf IR TED 5

2(y)
dy < oo

)
A

”f“p(-) = “f”p(~),G = inf {A >0: /G

>0

1
M(e) = sup s /B G

WOEEIZIS<HLNTND.

T A (Stein [5)) (1) 1 < po < 00 D& X, M iZ LP(G) b LP(G) ~D
HRIEAZECHD.

(2) G BERILLE, MiX Llog L(G) 136 LY G) ~DEFRMEARTH 5.
=~ 22, Llog L(G) % Orlicz ZEITH 5.

EHEAQL)CBEELT, £ p() »
(pl) 1 < infree p(z) < supyeap(z) < 0

C
(2) Ip(z) — ply)| < oe(/lz =3 (lz =yl <1/e)
Z W7~ B, L. Diening [1] i, M 2% LPO(G) 2° b LPO(G) ~DFERIERFETH D
ZLEEFRLE.

avRy MEE K CGITHLT, Kr) {z e G:dg(z)<r} &95. ZZ
i, dx(z) 13z & K OEEEZET. SbIC

a blog(log(1/7))

(P3) p(r) =1+ log(1/7) log(1/7)




LB HOIKLT, dx(z) BTSN & plz) = p(0k(z)) L+ 5. Bif, BH
A(2) LBEE LT, Hastd 1%, M 28 LPO(G) 75 LYG) ~DBEFERZ L2579
D p() & K OFHEEEELE.

TE B (Histo [3]). K iZARBEES GO X7 FERLL, n—-1 KD
Minkowski content NGB & T 2. ZD L&, M X LPO(G) 126 LYG) ~D
ARERRTHD.

A KHE 2] X =1 ORRIOW TR L’Cb\é

ZORERTIE, THE B OIEZITI. 20D, KR (0,00) LiEkes2IEH
7B k T, /k%(‘ﬁf:f%@%%xé :

(k) (log(1/r))~%%k(r) I% (0,70) EHFREEM
T, g > 0,0 < mp < l/e. THIZ, @ i [0,00) LIEBAFKEADBEEI
@k(2t) < O@k@) <,

C"lk(t‘l)S/ E9) 4o < ok (e 2)

. p() 13, 0x(z) /b &,

_p gy Logklx(2)
(p4) p(z) =1+ alog(1/6x(x))

TFEHE. K 1T n— a KD Minkowski content N HR THIHERHEAES GAD
28y MEALT D, ZOLE, ||y <1 %5

/ B, (MF(z))dz < C.
G

ZE XMk
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12 ZEEHE L 2BHED) —ARTF oI v ILIZNT B
YR IDOFREKIZTDNT '

AH #iL EBREFE - REF
TH &  JERRFERFER

SEER
- BEFHER

IS O FOBRHEE p(-): Q — (1,00) X LT,

/'Lﬁ
Q

(
A
Lin QO EOTHBEE [ 0Lk aBkERE [POQ) L, X0 VLR

»(z)
ii) dzr < 1}

(
A
TED D ([5, Kovacik-Rékosnik]). #Z, p(z) =py (—F) L&, [PO(Q) =
Lr(S).
BETERESREE f ISR LT, KB Mf 2R TED S:

p(z)
dz < 00 (3x > 0)

1fllp¢) = 1fllp¢y,0 = inf {/\ >0 : /Q

1
Mf(z) = sup Bz o) |f(¥)| dy

AHH T p() 1

_ = infzemn y Poo = i o )
(pl) p infzer»p(z) > 1, p limyg| oo p() > 1

C
(02) Iple) —PWI < o=

(p3) |p(z) — p(y)| < aolog(e + log(e + |z]))/ log(e + |2]) + bo/ log(e + |=])
(Il = |=1/2)

W7 R LOEGEE LTS (a0 >0, b > 0).

(z,y € R, |z —y| < 1);

FE 1 A> A= Go‘n/pgo LT 5. ”f“p(.) <1 2B,

{Mf(z)(log(e + M f(z)~ “A}p(w)dm <C
R'n

ap =0 TQWFEREED L &, T 11%, L. Diening [2] 2FEFAL 7. ap =0
— %Rl & &, Cruz-Uribe, Fiorenza and Neugebauer [1] 35EBA L 7=.



R" LOBEE fIzT2a (0<a<n) ROV —ART vy
Lf(z) = [ lo=sl""Fw)y
PE2 5. KERETD.

(p4) sup p(z) <n/a.

1/p'(z) = 1/p(z) — a/n
L9 5.

FHE 2 A> A £ 5. |flp < 1 BB,

/R At (@)](log(e + af@) )Y @ de <

Diening [3] 1%, ap=0D & EZTOVTHRLETWVS.
AHEORFERIL6] 12X D.

S5 3 Hk
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on variable L? spaces, Ann. Acad. Sci. Fenn. Ser. Math. 28 (2003), 223-238.

[2] L. Diening, Maximal functions in generalized IP0) spaces, Math. Inequal.
Appl. 7(2) (2004), 245-254.

[3] L. Diening, Riesz potentials and Sobolev embeddings on generalized
Lebesgue and Sobolev spaces L7 and W*?() Math. Nachr. 263(1) (2004),
31-43.

[4] T. Futamura, Y. Mizuta and T. Shimomura, Sobolev embeddings for Riesz
potential space of variable exponent, preprint.

[5] O. Kovécik and J. Rékosnik, On spaces 7@ and W"P®) Cgechoslovak
Math. J. 41 (1991), 592-618.

[6] Y. Mizuta and T. Shimomura, Sobolev’s inequality for Riesz potentials with
variable exponent satisfying a log-Holder condition at infinity, to appear in
J. Math. Anal. Appl.



13 EEFAMEERORERE S L ) — A o fEEH
el ANE
AKHE #F5L NN
dbiE =R I ¥
B U VENRIRE v OREESEHE
mezf u@ma@=—%:/ u(z) dS(z)
5(0,7) TnT 5(0,7)
TEHDH. 2T, o, 1%, BEk@E S(0,1) EEL T 5.
K DEERT BTN ([5]) .

THE A R’ LOEFRMEN o ICk LT, 20U —RBES 4= —(2r) Ay
rEBLE, KIEAETHS

(@u@%:/bguu—Mme+h@)&ﬁéR?L@%ﬁ%ﬁhﬁﬁﬁ
5.

(b) lim (M(r,u) — p(B(0,7))logr) =c 72D c€ R HFET D.

T—00

(¢) lim (M(r?,u) —2M(r,u))=c &72d c€ R BNFET D.

7—00

R* L0 BRI u B,
(a) wfen 13, R* b, TEEETHD;
(b) Ay i3, R EHADRETHSE, S,
/?mma%gymzo (Vp e CP(R™), p>0)
ElT L, EERMLVS. DI
4o (n=2)
' ={ 40, (n=4)
22—n)d—n)on (n=1,3n> 4)

FHEETIE, THAORRE LT, EERWEED Y — X5 AREEIZ OV TR
L3, Z07biZ, KDY —2AEERND

Rule) = { w::n (n=3,n>4)
|z|*~" log(1/]z]) (n=2,4)



7=,

H}(R") = {R* LERMBEEK ]},

SHY(R*) = {R" HEEFFREH SR }
LEFETD.

FTEH we SHARY), p=A7A T35,
(a) n <4 ITH LT, KIZAETHS.
(1) 7> 11ZRWNT, M(2r,u) — 4M(r,u) BHF
(2) ue H}R™)
(b) n>5 IR LT, KIZFRMETH 5.
(1) 7> 1IZHNT, M(2r,u) — 4M(r,u) BER
(2) uid, KDLV —2AGMEFIND:
u(e) = [ Rule —v) duty) + hla)
ZZIZ, he HERR) 1o,

/ (1+ |y))*™ du(y) < o0

£ 3R
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14 ABA—EREDEFEEEARAERX
DT4 )0 VEBIZxT5BERILE

I OB X 2

RN (N >2) OFRBES G TRV TERERORREMSIERR
Lu := —div A(z, Vu) + B(z,u)

E25, 2T, A:GxRY SRV, B:GxR—oRidp>1ICHLT
pHEERYTA b wlBT D pROEEREEHTL, Bz,-) 3R LT
%, —RBEEOERAE v £ c HPGuw) 2527 &, uBdT4U 71
&

DP[y,8: Lu=vonG, u=80ondG

DETHD E1E, u € [P HC;w), Ti(u — ) := max(min(u — 0, k), —k) €
HYP(G;w) (Yk > 0), Dy = limy oo Vi (u — 8) + V8 € LP7HG;w) T

LA@DMWUM+LB@@ﬁh:Lf@ (1)

PEED fe CP(G) K LTRY IO E ThHD, EbiZ, TROFH (L),
(L), (®), (O) ZHT=F 1, o, p ICE- T f=l(u—0+1)p LRELEED f
L, (1) oBn%

/Gfdva+l(00)f090d1/:—l(—OO)j;sodV;

TEBEXHZ=XPBRYILOL &, u % DPy, 0] DB ES{LHE (renormalized
solution) E VN9, T I T, v, vs I (p, w)-BREIZET 5 v OHXHERE T &
BRESTERT,

(L) 1:R = RIZY 7oy VEEEET, 55 M>0ICHL, t>M T
I(t) = l{c0), t < —M T I(t) = l{—00).

(0) ¥ € H?(G;w) N L®(G).
(®) ¢ 1X G EHEFERET Ve bAER.
(0) 1(0) = 0 7213 ¢ € Hy?(G;w).



SH 1. 30 v, it L, DPy, 6] IXBEEHRES Lo,

TE 2. u 2 DPl, 4] OBERLELRS, Ef = {k <u-0 < k+ 1},
Ei={-k—-1<u—0<-k} LTDL (?) ZHILTHAD ¢ ITHL,

aglf wdvE < liminf | Du|Pow dz
G k—o0

B

< lim sup DulPowdz < a7? (,Ddlli.
i s
EE G

k—o0 e

TE 3. v, =0 725 DP[y, §] DBFEHRMIL unique TH 5D,

EEPE

[1] G. Dal Maso, F. Murat, L. Orsina and A. Prignet, Renormalized so-
lutions of elliptic equations with general measure data, Ann. Scuola
Norm. Sup. Pisa CL Sci. (4) 28 (1999), 741-808.

[2] J. Heinonen, T. Kilpeldinen and O. Martio, Nonlinear Potential Theory
of Degenerate Elliptic Equations, Clarendon Press, 1993.



15 3—2M® ¢-minimally thin Z&E&OEE 1T
BA BT FEA-®
HE O(E  TEA-ARRE

1. R® (n>2) WOBMKES™ LOWEOLIRERY b OEKQICH LT, R* W
D P OWEIEERT A (r,0) TETH, Co(Q) = {P = (,0) e R";(1,0) € Q} = — >
LR, EZERE, Q= ST EAEAERE ) OROERIZ S — 2 Th B,

STSLT A, DERERS A, IBETA, QTOT 4V 7 ViNE

(A, +X)f=0 onQ
f=0 ondfd

OE/NEEOEEMEE . ERAEL-EEERE Ao fo(0) TR, 2+ (n-2)t—Ag=0
D 21R% aq, —Palag, Ba > 0) £F 5,

Co(Q) D~ VT L EERITES 0C,(Q) U {oo} TH V., & 2L EHESIZET 5 A 0o
TOwLF VBT K (P;00,Q) = r* fo(0) (P = (r,0) € Ca(Q)) Th 5,

eF0<a<l BWETEREL, C(Q) DY —VEH% Go(P,Q) TRT, E I
Co(Q) NOERES LT 58, C,(Q) DEER 0C,(Q) ETO L7225 C,(Q) EOEMEET
B3 K°(P; 00,Q) DR RE. (0 0)(P) WERBEDT, Cp(Q) LOEMERE 15, T\

Bfetoony(P) = [ GalPQ)dnsa(Q) (P € Ca(®)
LB bOR—BERICEET 5, Co(Q) EOEMERE \g, &
dAgo(P) = K(P;00,Q)dnpa(P) (P € Cr(Q))
Lo TED D,
Cn(Q) DEHIEE E T LT,
Ey=EN{P =(r,0) € C,(Q); 2F <r < 21}

&I BEE, Aikawa [1] 12 K D ¥ZEMOBFEDERELZILRL T, F D oo TD a-minimal thin-
ness DEF A, WDV 4 F—HGMH

Z)‘E(Ic),a(Cn(Q))2_k(“an+ﬁn) < 400
k=0

i2&k - TH5 %25 (Yanagishita [5] Z28), l-minimal thinnness (¥ minimal thinnness (2
% L 1% \o



2. AEETIE. ROBREZHET D,

TE 1. a20<a<1ZWETEELTD, Co(Q) DESES E 7 0o T a-minimally
thin T 5 7z DLEHZEMER

Ec{P=(0)eCul@)s [ CalPQ)dkra(@) > f3(0))

L7B. Co(Q) EOEMBE &, AT 52 LT B

WO EHE 2 1%, Essén, Jackson and Rippon [3] (2 & 23 ZEMTORERM, =2 —DHE
LEDFEMITEHELRLTND, AIIMELDFELIIRRY, EOFEL DO TIZ,
Hayman [4], Azarin [2] (IZZES< FiEE AW D,

FE2 a%20<a<lZWMETERETE, C(Q) DEPES E 2 co T a-minimally
thin 72 51X, ZD ElZ .

J \n—1+a
;(Rj) < 400
wEIND,

FE OFHEH 2 0#Eb HAAE TR,

% Xk
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16 Gleason problem for parabolic Bergman spaces
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For an a (0 < a < 1), we consider a parabolic operator

ou
(a) = —_— —_ @
L%y 8t+( A)*u

on the upper half space
H = {(z,t) € R" x R|t > 0}.

We denote by %, the totality of LP-solutions of L®y = 0 and call it an o-parabolic
Bergman space, where 1 < p < co.

It is an interesting problem on Bergman type spaces whether a function in the
Bergman space, called a Bergman function, can be characterized by its suitable
derivative norms. For harmonic Bergman spaces on the upper half space, there is a
result by Ramey and Yi [7], who use the notion of harmonic conjugates. And as for
Bergman spaces of holomorphic functions on the unit ball of C", Zhu [10] gives a
characterization by solving the Gleason problem.

For parabolic Bergman spaces, Yamada [9] gives the notion of “harmonic conju-
gates” and discusses their existence and uniqueness.

DEFINITION 1. (Yamada [9]). Let u be a solution of L(®u = 0 on H. Then
functions (vy,--- ,vy) is called an L®)-harmonic conjugate of u if

1. L(“‘)vj =0forj=1,...,n,
Bv; ] du __ Ovj . _
2. ?a‘z":za_:’;ﬁ 672;“ St forj,k=1,...,n.
In this note, we consider the Gleason problem for parabolic Bergman spaces.
Our main theorem is the following.

Theorem 1. Let (zo,tp) € H be fized and assume p > max{n + 2a, n/2a + 1}.
Then there ezist unique bounded linear operators G; (j = 0,1,--- ,n) on b2 such
that for every u € b,

u(z,t) — u(zo, to) = (t — to)Goul(z, t) + Y _(z — 70)Gju(z, t)
j=1
and (G4, . .., Gnu) is an L -harmonic conjugate of -Q-IEG’Ou.

We remark that for the case a = 1/2, b7/, coincides with the usual harmonic
Bergman space ”. The Gleason problem for & was discussed in [2].
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17 $#3—4-Yy REFOEZRAHAEHEICEIT S caloric morphism

T
RIPAF LT

R” (n 2 2) 12, IFRMEEZRER v(z,y) = Z?jd vijziy; CETEZ ANTF
22V FEEE2EZS. M = {z € RYvy(z,z) > 0} £935¢, M ETI
,/am:@Eﬁ#%@ﬁ%%%?MELyuﬁﬁﬁftwaT%)% Tp
(Oagtwmﬁcwﬁ%ﬁ&tfA4L#U—vz+g(::1i DEEZH)
BEHMEEE L HS)

Z gijdzidzr; = Z p({®))vijdzridz;

i,j=1 i,j=1

PANTEY) - ERELETE. ZOFEICET % gradient 2 V T, Laplacian
%AgfﬁﬁmbuwW®ﬁﬁfﬁﬁén%%ﬁub{_@%Euﬁﬁéﬁﬁﬁﬁ

Ou
ot

%72 7BF caloric function X W&, p ZHWT Hyu 2FE TEIXTROKIZL S -

Hyu = —Ag=0

_9 1 i O ”*QP(x)) z; Ou I
How =1 p((z)) 3;17 Ba:iaxj 2 p((2)? & Z ) oz (v = ("))

D% RxMRADFERE L, f(t,z) = (folt,z), [1(L,x),..., fo(t,z)) 2 D 5 RxM
~D C*RER, o % D LOIEME C KB E T 3. f(D) OWMIHEK E LOEERE
® caloric function u(7,y) N LT, (¢, z)(uo f)(t,z) BEY f71(E) LD caloric
function 12725 £ &, (f,¢) % caloric morphism & FES.

(f, ) %% caloric morphism TH 3 Z & &, RD (1)~(4) ZFRMETH % ([1]).

& Hyp =0,
@) Hyfi = 20(%log @, %) — (Byzi) o 192, i=1,...,m
(3) Vo fo =0,
. d
) 0% %) = (g7 0 T, i5=1,on

0,(n) = {R € GL(n,R);'RYR = v} £ BL. G BOEH» 5, R OFTEE & O,
DfTFINC X EHZ G L -

f(t,z) = (t +b,Roz), olt,z)=C



(bR, Ry € 0,(n), C > 0) i, fFERD p I L T caloric morphism 27 %.

2P D, ELIREHTRVLDIZEMT O DS 3. find FE p K
HlIpRMS <.

1. (Appell BIZH#) p> 0,9 R (g # —2), p(r) =pr? £T 5. % D

_ at +b Rox
f(t, fL’) - (Ct "f‘d, ]Ct + d|2/(q+2))7
C —pa(z)T+?
tr)= —— _ha\%).
wlt,2) |ct + d|n/2 exp [(q+ 2)2|ct+dl]

I3 caloric morphism T®H 5. fHL a,b,c,d € R (ad —bc=1), C > 0, Ry € O4(n).
g=—2 DEAR, TOBOERIFEL B, —5T, MTOROEEIFET 5.

2.p>0,p(r)=pr 2 £¥5. ZOK

Ft,x) = (t+ b,1e* Roz), (t,x) = C{z)*?/? exp(a’pt/4),
F(t,2) = (t+b,r0e L) p(t,a) = O exp(a?pt/4)
(z)? (z)or/2
1% caloric morphism TH 5. HL b,a € R (a#0), 1,C > 0, Ry € O4(n).
38 1 OFBOEEE ) FBATg— 2 ETHIE 2 OEEPFESNS.
n=2 DBESEREIENT, t KOoNTEERT 2HOTBRNEFEET S.

3.n=2p>0p(r)=pr 2 LT3 ZDk

Ft) = (¢ + by voe™ Ry exp /[detin] By~ J),
p(t,r,0) = Cr*?/2 exp (p(QBB +(a® + aﬁz)t)/él)
Ryexp Bty tJz

1
p(t,7,60) = C—s exp (p(260 + (o + o %)t) /4)

ft,x)=(t+Db, voet

I caloric morphism T%H%. AL b,a,f € R (a #0), ,C > 0, J = ((1) *01),
o = sgadety, Ro € Oy(n), (r,6) 13 M OB,
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18 Integration Operators With
Closed Range

KB S& /IMERERLR

DEEFRTE LORBEMMRERTTS2HDET D, 7ayRIAT
=R BT
I 1= 17O+l f =< +o0,

where || f ||ge= sug(l — 1)1 (z)| %= D LB EISRe kNS
zZE€
AZeR L35, DOERGES H)S sampling set for B* THD Lid. T
D feBUZRLT
sup(1 — |2[%)%|f'(2)] = Csup(1 — |21*)*|f"(2)|
2€H zeD

BT BERC > 0 BHET B L & % S M5, WATERRL,,J, M,
FRO Y D ICERTS

L(N@ = [ 97 Qdc+ 50, HNE = [ 70+ £0)

My(f)(2) = 9(2)f(2) -

SENXT v o R & A FERB* LD Multipﬁcation operator M,RE5r1ER
5% I,,J, 3V D bounded below (2732 D DHNTDOWVTHIZE LIRDFER /T

Theorem 1. Let o> 0. Let g be an analytic function on D
and 1y is bounded on B®. Then I, is bounded below on B® if and only if
the set {z € D : |g(z)| > €} is sampling set for B“.

Theorem 2. Let o> 1. Let g be an analytic function on D
and Jy is bounded on B®. Then J, is bounded below on B* if and only if
the set {z € D : (1 — |2]*)|g'(2)| > €} is sampling set for B*.

Theorem 3. Let o > 1. Let g be an analytic function on D
and My is bounded on B®. Then M, is bounded below on. B® if and only
if the set {z € D :|g(z)| > €} is sampling set for B*.
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19 Sampling theory, reproducing kernels
and the Tikhonov regularization

BRI FEEZER, R
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We shall discuss the relations among sampling theory (Sinc
method), reproducing kernels and the Tikhonov regularization.
Here, we will see the difference of the Sobolev Hilbert spaces
and the Paley-Wiener spaces when we use their reproducing
kernel Hibert spaces as approximate spaces in the Tikhonov
regularization.

Keywords: Sampling theory, Tikhonov regularization, Gaussian con-
volution, Weierstrass transform, Approximation of functions, Repro-
ducing kernel, Sobolev space, Generalized inverse, Approximate in-
verse
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20 EA—IVRTTOEFRE

HE (BITA - BEHE)
SEEH (ARIX)

dRIT (d=2) REEI—7 v REF R\ {0} LEDOTRHE 2RT2 v
WICEDFEES LT« 2 H—FHER (A + p)u =0 DRY\ {0} DEB/EIER X
FoEGRELRE p BRHBEBES Y, XX 2 @S - EREFDOLE,
pld X EREETHZEES. RESHAEK B\ {0} £ p #F0T, BEALEKE SO
EEREEEZFOERE/NIRSEADOREZ dimp EREL, p DEA—IVRT
EIEAT p OFE 0 TOREKOESVWERTHDEERS. FiZdimp=1 &
BHEE pIRLT O TEI—IIVEENREDIIDESED. KiT, EEDEIRITS
g LEED R\ {0} DRVIVESE B ITRL ulg- E) = p(E) (9-2 =*(g'z)) L7z
5EE 4 BEEFAELSD. TOMBFGIONN—FTRHEEZ N L5 d\(z) = dz.
ZZT dy(z) = Clz|2d\(z) (C BIHFEEE) LD EEALIEMBERE  EZ2EE
BENEIEREE, ROWRERET 2.

EBHAEER. p eNHBREGERES FVAE, v EBFRIETEHLERDFHF
KRR Y I D:
(1) dim(p + v) = dim p.

R p BSTEMET 51T, A A I —VRE OB Bt L 1974 FEED 5D
Mo TREREZEO—~DTHY ([2]), —BIFHD p ~EET <L, @ r DL
W (BT BEBO—RILTH 5 ERD & X ([4]) %) TRA A (7] %) B4
Hiskiino 7. EORBIIROBICEVIZ 5 EhHKS,

EPAEEE. p & v ZUHMBREARES FVHE, v ZBFEHETEHEE, o
& v DENS

(2) lp—v| =y
DEREICNZVWESE, ROFEXSKILT S:

(3) dim g = dim v.

FRBROVAERTIEAZ 3RS, AT 3HDNTIITRNTS p 3%
KRR EEARE T RCHETHHETSD. Xy FEFEHLETS.



SH1. p > —v 25 dimpt = dimp BRITS.

ORI L0 DHB—RILTHIREBDRED S & THITRL7Z ([4]) 25,
MIRE DD & TR TR DB S ([8)).

A2 p > —y BO5FRER dim(cp) =dimp (0 < c < 1) BRIULT S.

Z DERIZ IR U I DFARARER dim(cp) 2 dimp (0 < ¢ £ 1) ([5]) DFREEAL
T, RIERO & E TR U ([4]) B BRITIEEL D SL72 8 ([9)).

JoR 3. NEXHBAKRULEEMIRO p INTF I EREDORFAET X TEN
BT, u OHE—DOEEATHIRADLICDBHWH L, AKICKL—_THIP,
NIZRABICKk 4 KARVEMN LFEKETHS.
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81| e
JE B R R oA

A5EE Tl Stanistawa Kanas K & OILRWFFE [1] IZOWTOMEHREIT . EEK It

( )2 y )2 !
cosh & sinh &

DWNE%E D & L, BAAKRD M5 D ~OEARBER f;, g 5
fe(0) =0, f¢(0) >0, g¢(0) = -1, ge(0) >0
Lo TEDD. 22T, LOEMIT L1 #BRIHOZLICEET S, D i3RAUICH

T 5 YEER, %im T AEBICE L TRHBRDT, fi(z) = —f(—2) = f:(2) TH D
ZLEMBBITHEND. I
— ZanZZn-l—l

n=0

LB, a0, IEHTHD.
Schwarz i 1869 FEDFIIZRNT fr DHEE (L7edS o> THREMITIL f) DEMEELR

BaraMEH BEHRES) 2RAVWTExL
fe(e) = sin | 5E K15,

K(t) = K(1,2)

1) = /z dz
o /1 =21 —22?)
L, s>0iFpu(s) =2 %M TLoICed. 22
o K(t’) Y
s =5 @ - Vi—t
i Grétzsch ring D\ [0,£] @ modulus & L THONTVWIETHS.
LivLeds s, EOBILLREELIEK 0, OFFICET IERIELILD DT TiER
V. BxDERIFZEROLDOTHD.
TH 1. f 2L T, 2Hlla, > 0A Y ILD.

FERICIY, fe ASELEREGMETE 72 2 BED KM EMAY FRALWML T Z L2 AVT, a,
75>3IEFEJ®#%F/{$M!:‘E%{%71T EEAWVWD. LnvL, EN7ET TEEICZ OEEIFEH
TEBbITTIERL, ReESEOEREZ RV T TREFICHKZ L.



RIT, gelCDWTHERD. ¥, MEAEEND

(o) = i (15 )

ThD T EBINPDER, TORDD g (2) DRBEREICOVWTHERT 2 DAL TRV,
Z:C, KOO HBRRICEETS. (bABROEY 2 7 —FRITHET 2BHRAIZ L
EZxzbh5.)

TE 2.
92¢(2) = 2(fe(V/2))? — 1.
% 3. ge(z) DBAIZH1T 2 Taylor FRISEHAEZRETETETHD.
E#OFRERIL, Kanas KBERITHIZE LT SEEUE k-UCV IZH L TW L 220 %
Bo.
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1 Covering Properties of Analytic Functions

EEOFEICADRNS, A DI BEEEZZEAZ DL DB 2O ELBOE
EHFNTELDTHID. C TERTEZ, D(a,r) THLacCH¥Er>00
MR EZET. £/ D ZEAMK, DEDD=D(0,1) £75.

TEISLEFEHRLTWEDITTIHAWDER, 22 15 FIFEEMHAK D Lo
FRITENELD covering properties IZDWTHIRZTT o TE /. MBTEE f:D—C
NEZ6NEETD. ZOEESERTFHRANOEE Q 4Y unramified Th D (X7
I3 unramified 1T cover TN 53) &I, HEEH Q) < D Tf D Qp NDOHIR
flao : Q0 — Q A conformal(DFED 1 4 1 7D onto T analytic) £72% H DY
FETHEEERED. JITEBEALEE Q ERAMAREL, A SN BITEE
fhY, ENLKSNOKRE S D unramified disk ZFDDONERNRZNEND DR,
COHEEZBECTOEEREETH S, FITHKRABEEKRIIONWT, TOKIZE
G 5 EEIT B covering properties & A 7z,

FlE L THMMENRENZEEEZRTTHEIS. S 2BMMAKD FOBE
(1K 1) Z2fRITEEL f Tf0) = f(0)—1=02WMeIdbDETIDEDIKRE
95,

Theorem A (Koebe D 1/4 MEME) FE®D fe S ITDWTD(0,1/4) C f(D) &
FROID. DED f FEAHD, ¥&E1/4 ORMARZE unramified 17 cover T 5.

COFEEIT feSIZDWT|f(0)| <4 MEDILDENDIEENS RO—E
DFHEXZRETENMND.

Theorem B (Distortion and Growth Estimates) & f € S {IZDWT

(1+12]) (=127 (L+]z]) (1—12)?
MDD, & 2z € D IZOWTHEFE f A7 Koebe BIE k(z) = 755 DB
ko(2) = e ®k(e?2) D, £z TDRFIZRDEZ 5.

% S OEHEE LTI starlike BEEDETH 5 S* % convex IR DET
HDKRENRHD, INSITDNTHRKRREHENL O L DN, BEH TN Z
LT 5.

TTINSDER, KT Koebe D 1/4 HEMICBNWTHEERLE WO FHZEE
QEEIRBEAIM? H(D) TD LOMHEKOLEKEEL, f € H(D) T
f(0) = f(0) — 1 =0 EIEFL S NIEEWERDOEENTTEHDEZE Ho(D) TRT Z

5 < |f(2)] <



Lt &S, ZDEEFEEIE Ho(D) IZDWTid Koebe @ 1/4 FEBIZELIOE
AR 02720, ZHUEBIATEES fu.(2) = S 2F AN, IBEEHOF
HEBERNIELD —1/n & f,(D) BV, FRFLOMRT, IXTD f, IZ
L DHBIT cover SNDHDNEHELBNT ENGND. EIARHRDPLZE
ERICES T, f ITEKEL TENTEWE TR DD,

Theorem C (Bloch [1]) fEED £ > 0 & f € Ho(D) ITDWT f iZHEN 5 —¢
£ DK EFT7R unramified disc ZFD.

7 L 13 best possible ZFHE T2 <, o ERVWFHHETD JEATE 2.
A2 TTREICT 272010 f OFFD unramified disc OEED ERZ r(f) TEL,

B = feiHnof(D)T(f)
EBIH. ZOHEER B 13 Bloch EEMIINTNS.
Landau [8] 1 inf ZHB I Ho(D) Dk S 72k B TIA2 <

B={feHo(D): (1-[zPIf(2) <1}

£415 Bloch semi-norm 7% 1 BLFOEEGEICHEL Tinf ZRNERENWI &%
5L 7=. Landau (2 U3 T, unramified disc OFED LR Z, BT f(D) iC&
Fh3 disc DEED LRICEEL CRRICERINDERK L °, BWEUEE S I
HEL TEEINAIER A Z2ERLE INHIECDVWTH B ERUL, inf i
Bloch semi-norm 7% 1 BATF OBEEAEICHIBR L TH> THRW. —RIZ |f/] I LD
5® bound BHNIE, FMSED bound 2HL ZENTES. €I T Landau (&
B. Lo OFH 5 OFEZERA TS,

2 Bloch EEODER & EAEFE
(1= 2P| f'(2)] <125, BT |f'(0)| <1 THEPEE |o] <1IZDWT
B(a) = {f € HD): f(0) = f(0) —a=0and (1—[z]*)|f ()| <1in D }
EB<. TDEEERT DRI variability region EFEIENS 2 DOES
Vo, 20) = {f(20): fE€B(@)}, V'xz)={f(n): feBla)}

THD. T 2 e D BEESNEZHRTH O, Vi, 2), Vi, 2) Ed f € B(a)
EEIRBDBHET f(z) ®  f(20) BENKBENETHERINDERTRET
%5, il Z13 distortion estimate & 13 max{|w|: w € V(a,z)} LA S OFHME
£ min{jw| : w € Via,2)} DFHSOHARTHBHLEED ILENTE DL,
growth estimate ICDWTHFRKTH 5.

=T Vila, 2) 13, EEARERETD T EICEK D compact, convex N DOHNRE
HOZENIMD. 5T Vi(a, z) 1& convex 7% Jordan BB TH D, TDHEFR
HE SR E TENUE, Vi(a, 2) DIRENTERLEE > TRVWTHSD. Via, 2)
DEABRHEERZEEICRETE S ([2), [6]).



HEAMBEICTAEOIZ0<a<l ERELED. LT

M(t) = 32£t(1—t2), 0<t<1

EBLE, M) IE0<t<1/V/3 THRERMT, M(0) =0, M(1/V3)=1TH%.
F1/V3<t <1 THREBOTM1) =0 Ko THK M3 t=1/V3DEER
Kfli 1 2HB. B M % [0,1/V3] NHIBRL, ZHOWEEZEm = (M|, ,/s) "

EL,a=mla) EBTIE, 0<m(a) <1/V3AMDILD. ZIT

Bu(2) = 34£ {m(a)2 - (Z_—m(o‘)—f} . zeD (1)

1-m(a)z

EBIFE D L TRHHIT Bo(0) = 0, BL(0) = M(m(a)) = o BRDILD. T 51T

vy L SV3(A—[2H(A—m(a)?’) | z—m(e) | _ z—m(a)
(1= 12P)IBa(2)] = 2 |1 —m(a)z|? 1—-m(a)z| M ( 1—m(a)z > =1
MO DDT, B, € Bla) THO,
_22 ") = Z_m(a) ___1__
(- B = 1 [ZEE

MDD, TD B, MINNS5EZ DMEREOMERK TH D, EERRE
BT S.

S CEEE B(a) ITBT 5 distortion estimate Z1§5121d f € B(a) IZD
WT

w+m(a) w + m(a) z —m(a)

F(w)Zf(IW>7 Z:m<°rwzm>
EBL. ZoLE

") = 1—|m(@))® ,, [ w+m(a)
ro- el ()
EnK
1- l w+a 2: (1—la?)(1 = |w]?)
1+ aw 1+ aw/?
ZRNWT
s — 1— Im(a)|2 , [ w+m(a)
|F'(w)] 11+ m(a)w? f (1+m(a)w>’
B 1 | wtm(e) 1, w+m(a)
)
1 3 L
_ 1—|w|2§§ for|w|Sﬁ



Fi

i _ f’(o) _ a . 3\/5
F(-m(e)) = 1—m(a)? 1—m(a)? T2 m(a)
ThHd. £IZT )

EBIE, ¢ < 1 IRDWTIGE) <1 THY, G(—V3m(e) = —V3m(a) ® A
Schwarz’s lemma Z#H L T

G(Q) +V3m(a) | _ | ¢+ V3m(e)
1+/3m(a)G(C)| ~ |1+ v3Bm(a)

EE5. INERERTIL

| ¢+vBEm(e
\/gm(a) (1 1+w/§m(oz)(

2) (1 - 3m(a)?) |——<+V§m<“>

G + = a < C1+‘\//§§m((oz)C_ )
(+v/3m(a) _ 2 | {¢+V3m(a
1 ~3m(a)2,‘____1+ Vinle) 1 - 3m(a) ‘———lH o
ZDOAREIUT

60— -2 (£), P = G ()

ERALT, fi(z) DRICERE, &5

|F'(z) — (e, 2)] < r(a,2) for —1’—2__—;1(%0% —\%
OROFMREES. 2T f e Bla) IERDR
V(@ 20) = {/(70), f € B(@)} € Bleler ,), (@ 20)) for r_iﬂ{?zﬁj“—) s

WD, f = B, € Bla) DHEEE, EEREEICKD, G =idp £BB I EN
BB, ZOFRERICBNTES |f/(2) — cla, 2)| = (e, 2) DRI S. ->T

B.(2) € 0D(c(a, 20, ), (e, 2)) N Via, z)

LT20, 5R Bal(z0) € OV (a, z0) M5, o = 1 DHA Schwarz’s lemma &
FWa ZENTERND, ZOHRFEFEFRITHT S Schwarz’s lemma ETHR
5 RE Julia’s lemma ZH W12 R EITD 2ENTET,

1

B

Ba(20) € 0V'(a, ) for 20— m(e)

1—m(a)z

MEROILD T EBRINS.

ZIZT feB(a) KDOWTZDEE fo(z) = e f(e%2) BE fo € Bla) &
W T T EAFIATIUE, Via,20) = Ve, €2) DRV ILD I EESITHN
%, EIZEE OV (a,20) ERET BITIE, TN5 DERITMA THIREDOMIERE
DHBEIC DN T OB HNETATHS.



Theorem 2.1 & a € [0,1] & r € (0,1) IZDWT V¥e,r) &, convez 72
Jordan (BN TH VD, TDERIMIR 0V (a,r) IIRTEZLNS.

(i)o<r< %@;ﬁ(% DEXE [, 7) 50— Bl (re?).

ﬁﬂ§£%§§r<c%§%?®&%}%ﬁ@99%%%&@)&Eﬁ¢®

T B! (re®) & Bl (re”™) Z#ESHM (ERITHEEEL (1 -rH)71). ZZK
0y = cos~H{r?(3 — m()?) + 3m(a)? — 1}/4m(a).
(iii) L) < < 1 ORFHZFE OD(0, (1 - 1) 7).

Vi(a, 20) WA ED X DITKRD D T ENTE DD, f(z) D variability region T
B3 Va,z) PHIIEDHEHELWHELLES. EHHNMER f € Ba) KDV
T F(w) = f((w+m(a)/(1+ m(a)w) EBWT[F'(w)] < 3/2 for |w| < 1/V/3
& Fl(=m(a)) = 3v3m(a)/2 EVWIERHET T F(w) NENS SWOHBZEI< O
MEVNSRIEEICAE S, WUICEREZRDEAT, MEEZRLITNESEA 5N q,
0 <1 & 2 € D ICDWTRHTERE f € H(D) 75| < 1, £(0) = 0, f(0) = a %
B URNSEIE, f(zo) MEDXDBHFAZEHEZ S 2DNENIMEICLED.
ZORENSNNE EOFEEEFRKICL TV (q,2) OEFRO—HMNRETES
([15]).

3 WENBEREBITHIERDOEDZELE

ZOHTIED T |f(z) <1 2L, f(0) =0, f'(0) = a ThDEHFTEHEKD
Bz 5N 2o THRDEBEIZDWTO variability region 2RO & D. £IT
o] <1 ITDNWT

B(o) = {f € H(D): |f'(z)] < LinDand £(0) = £(0) —a =0}
EBE 2eDITDNT
Va(a, 20) = {f(20) : f € B(a)}
ERL. ZDEE

Theorem 3.1 zp = 0 T2 |of = 1 B5E Vo, 2) = {az} THO, 2z €
D\{0} and |a| < 1 725 V(a, 20) IBELF THE R 5N MR C(o, 20) ZHFIT
BN Jordan A TH 5. Cla,z) : 0D 3 ¢ fu(z), TIIZ

[fdta oz 1—|af? _
fc(Z)—/O 1—|—50Cd<_'07 — log(1 +acz), ze€D.

BB, DI f(z) = flzo) M f € Ba) & ¢ € ID IKDWTHDITIE
f = fc-
FEROFEMOEELIFHE S LT growth estimate G501 5.



Corollary 3.2 a, 2 € D\{0} & f € B(a) iIZDWT

1— 2
(o)) < |fun(20)] = % - %—)mgu + lallz]),
RO D, TIT ¢ = azs/(oljz]) THY, BEANRVIOOE f = fo O
., EZ70OROAICES.

Z3NTlZ Theorem 3.1 @ FEEHDHEIEZIRREK D.

Proof of Theorem 8.1. £F 2 =0 DEE f(2) = 0 WA Vz(a,0) = {0} = {a-
0} DERVILD. £z o] =15E|f1d, RRTRREZRLSDT, f' =« RER
GAHEOETLE D RD D, ko f(z) = azo THD, RIEY Vi(a, 20) = {0z}
MEL O ILD.

PITF T 20 € D\{0}, Jo] < 1 EIREL CTREZED LS. H(D) DRFT—HRIR
OO D & T B(a) 1 compact TH 2. > TEREER B(a) > f+— f(x) €C
DB TH D Vg(a,z) B compact TH 2. £7z B(a) id convex ©Z Vi(a, z0) ES)
convex TH 5. KIT Va(a, 20) BHEERFDILZRTD. T || <1 &
2eDIZDNT

fc(z):/(: cCJradC: 1- o

z |2
1+ aCC o azc

log(1 + @cz). (3)

LB, TOEE e Bla) ERBTEREBICHMD. T 2 € D\{0} ZH
FLEE B D> c— f.(2) 3 nonconstant analytic TH2NSHEHRTH
%, B> T Va(a, 20) WEBIESE {fo(20) : |c| < 1} 25D

ST Vala,20) DNEZE 1 DRVEET S, —MIEZEKRD TEA<, ARAN
EETHDELTEN. ZOEEH0< 0 < 2r DWW Tmax{|lw| : w €
Va(a, 20) argw = 0} 25X BRNEE 1 DHEETZDT, wy &EBFITHE
[0,27] 6+ we 1& Jordan curve TH Y, Vi(a, z0) 1&, D Jordan HHARIC PR &
NIZPAENTH 2.

PIEED Va(a,z) ZRET S LW HERIZ DR 0Vs(a,20) ZRET D
LEYMBEICRITENZ. £2T

Proposition 3.3 fE&®D ¢ € 9D KK DWT fo(z0) € OVa(e, 20) BRDILD.

B2 9. ZHUCIE Schwarz’s lemma ZAEERESEHT 2 I LITRES.
feB@) kD2WT|f|<1 & f(0)=a &V, f IT Schwarz’s lemma % 3

v 7(2)
zZ)—Q
—ar| =
Zﬂbiﬁfﬂ’éﬁ%bfﬁ%%b@‘l’%?ﬂﬁ
L a(l=®) | A= laP)e]
lf ) = T el | < T jallep @)




LRETHS. ZOFRERE C B> THEALED. v 2=2(1),0<t <1,
% 2(0) =0, 2(1) = 2 ZET C' HRETNUTF0)=0 & (4) kD

ey - [ 2 E O )

/ {f (CORES 1@5%% } 2t ‘”1

o ol — 2))
L lreo - e

L fa) =)l

< [ Tamr O

ZOFRERIT f € Bla) DERAEXD

f(ZO) S VB(av'ZO) C E(C(a’ 7)7 R(auf)/)) = {Z € C: lZ - C(a7 7)| 5 R(av 7)}’
MEROINDZEZE%KTSD. I=72ZL

|2'(¢)] dt

IA

Clay) = A-%%ig%%%ﬂﬂﬁ, (5)
R = [ SSEE g ®
<H%.
—F |e] =11TDNT
o) - 28 )

cz+a  o(l-|2P)
1+acz 1—|a?|z?

(1—laP)z(c+az) ol — o) |zlg(2)
(1 —laPlzP)(1+acz) 1ozl |g(z)]

7=7EL z
9 = e ®

THB. ZIT
Proposition 3.4 » % starlike univalent function Gy € S* T Go(2)? = G(z) =
2[5 9(Q) d¢ ZI=T b OWEFET 2.

Z ® Proposition 3HIFERT I EICUT, SEAZEICED LS. Gy HER
IZBIL T starlike THBN5 0 & Golz) ZHRESRDE Go(D) KEENDDT
Yo iz = 2z(t) = Gy (t2Go(20)), 0 < t < 113 well-defined TH D, 0 & 2z ZifE
S D NOBRRIC/ES. T LT G(2(t) = tG(z) DD DD T, Wil ZEM5m5 L T
29(2(t))2'(t) = G'(2())2'(t) = G(z0) WHRVILD. £>T

, _a(l- Iz(t)12)> in o cl—laf?) |zlg(2) ,
(o0~ £ e ) 70~ T Lo O
G(z0) (1 —|af?)|2(?)

= |Z’
= G - laPl@P




Ko TID vy K> THRES ZITAR

Gz (1—!042)|Z(fl ) G(z0) b
fc(zo)" 0‘ ’YO ‘G(ZO)I/ IQPIZ I (t)ldt— IG(ZO)lR( a'YO) (10)

MEROILD. £2T fo(z) € ID(C(a, ), R(a, %)) THB. 7 f(x) €
Va(a, 20) € D(C(a, %), R(a,70)) THBMS fo(20) € OVp(a, z0) MLV ILD.

i —BH AR, 2L TENEFIE L THMHE 0D 5 ¢ s fu(z) NEMTH
BTEERTRED. f(zn) = fulz) BBD feBla) EcedD KDVWTRVIDE

bEs 2. 1G(z0)] (1- 20)P)
/ S EUL Y .
k(t) = G () (f (2(1)) 1— ]ai2]z(t)|2> (t)

EBFIE k() 13 [0,1] LOBRERTHY, (9) £
(1 — IO[| )lZ(t)| lz/(t)I

Rek(t) < |k(t)] <

e WEEOE
6] o(l— O ,
- cG(z)< (1)) - —|a1212(t)f2> )

MO DDT

Rlaw) = Re{IZEN (1)~ o) }

I8
_ R{ 2ol (7o) - ¢ ,m)}

= /01 Re k(1) dt

! |6() a(1 1 0F))
< || i (e - {E i) <o

= R(a,’yo)

z2H5. kD

| (- 20— EOD))
iy (70— TR ) <0

(6 oL~ [2(0P) )
= ’““)‘cmz@)( fel=(t)) = |o4|<>|2) ®

MIRTD t€[0,1] TONWTHRDIULDD Ty £ET f/=fl ThHb. LKoT—&
DFEBED f=f &0, WMUZEBES LT f0)=f0)=0&D f=f 2D
3MD.

BBIZOD 3 ¢ foz) WEHMTH DI EEEHETRED. £5TRVER
FTDE 00 € 0D Ty #co DD fo(20) = for(20) ZWMET HONERET S.
forsfor € B() THBMBHRIFERLE—BIERD fo = fo, TN £ K
FET 5.




= CHHMB R OVa(z0, o) IZBFIBARIER OD o ¢ fu(z0) 2BV T EAURS
Nz, BEEAHRIZE 2 B S U O BT Z S0 Z L3N o TlEE —
K9 5.

Pl Theorem 3.1 OIFBRITKD - /=08, @H THVW /= Proposition 3.4 DAk
BHAERINTNDS. ZHLKRD lemma M SEHRICET 5.

Lemma 3.5 g(z) = 2% + ap4 12271 + - € H(D) ¥
Re (zgl(z)> >-1, zeD
9(2)
2, 5 Gy S MHEEL p ) 9(¢) d¢ = Go(2)P.

2O lemma IEIHE L ASHEN TS EBS DA, A FEIAAE > T U2 SRR
BEOMSRN., ZOMOFEEE L T3k ERMOBEEILH MacGregor [11] IZX
NESNTNSA, Thoerem 3.1 DFFFICHEAT 511E LD Lemma D TH453
ThH5.

XT 3.1 DFEFADFD g 1T g(2) = 2/(1 + @cz)? THEHINIDHEE

Re (zgl(z)) — Re (1 _O‘CZ> >0
9(2) 1+ acz ’
£V Lemma 3.5 NEHARIEETH 5.

SETOEBIFBEFTDEE Ref' > 0 2T D EOFITEHEGERIIDNT
HITFH ZEMTES [17). £72 £(0) =0, f/(0) = o EVWIRHED S ETERIND,
ZHUTE SITEME f7(0) = B ZBIML TH, SRRV EEIZ/E A variability
region ZRET D LIFFIRETH 5.

4 Convex functions "D

HiEiOF TS & B & Bloch functions D5 X SN 290 TOE f(z) ITBET 2
variability region DBFEZITo TNB I BIZEADWER, MUFKRZEHTE
HEEIMICHHD. COFHTIEBAFAD 1 DELT

K={fe€S: f(D)is convex }

EBNT, log f'(z) D f €K EWDEMHET T variability region Z3RKDTHK
5. Lo THHERS variability region {log f/(20) : f € K} ZRD2 DI, & &E
EEMEL L THY. B {log f/(20) : f € K} = {—2log(1 — az) : |a| < 1}
ERBTEMAISNTVNS. TITIZITE N SLIEZDWTKEN) ={fekK:
F"(0) = 20} &£HBWT variability region

V(X 2) = {log f'(0) : f€K(N}

ERDTHES ([16)).

F9 V(A 2) DINEZEFFD convex and compact set Th D I EIXEHITH
W%, $€5 T (MFA Jordan M TH O, BRIRERETNETHTHS. e
V(eP), 20) = V() efz) DROIIDODT, 0< A < 1 DHEOAEZNTEL.



Z D& EMEEREKT

) P91
e IR A A X

P(z) =

ERTIE f e K KD RePi(z) > 0, jwp(2)] < 1 BERDILDT EL, f(0) = 0,
F0) =1, £7(0) = 2X £V w;(0) = 0 D Wh(0) = f"(0)/2 = A BRRVIDI &
2EZAabEniE

e _
1 X"-’_f_(z) =CZ
%“:{ﬁt f n, %@fﬁ?ﬁ&f;é tbi@%k#ﬁiﬁﬂ'c%é Bl cid |c | %‘:iﬁ%
Bzl
_ - e 26(cC1, A) dGy z4+ A
o)=L [T o mLseN =T o)
Th5.
FEK(A) DT
wi(z) _
e | <
NN DN, ZOFRERIIHEBREVWEGIEZITD &
£1(2) _ 2AL = [2) + (e~ A} 2(1 - )4 12
fiz) A=z =Az+2) + 2]~ Q1= [2)A = Az +72) + |2*)
f=F\. DRI, TNDHEVERICKD
Fle(z)  2{AQ = [2) + Z(|2)* — M)} _ 2c(1 = N?)|z| 9(2)
F(z) Q=)A= +2)+]2) Q= [2)A—-Az+72) +|2?) lg(f)l’)
13
HL ,
g(z) = 1+ e — 1)z — €972} (14)
Thb. ZDEZE

Theorem 4.1 [\ <1 & 2z € D\{0} KDWT V(A z) (&N7& Jordan BT
HV, TOEFIIHHE OD > ¢ — log F} (z) KKV EASNS.

DMERODOMNE I ML, LD g IDWT Lemma 3.5 2SEMAAIRETH 20 E D
Mo TS, ZHUT T+ Ae? — 1)z — €?22 = (1 — G2)(1 — (2), (1,6 € OD
ERBORTED ZEICERETNL

Re (zgl(z)> +1=Re (ﬁ) + Re (1+§Z> >0
9(z) 1— Gz 1—(oz

LB EXDHED.
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22 An estimate on the Petersson series

by

KATSUHIKO MATSUZAKI
Department, of Mathematics, Ochanomizu University

Let R = H/T be an arbitrary hyperbolic Riemann surface represented by a
Fuchsian group I' acting on the upper half-plane H. Let ¢ be a simple closed
geodesic on R whose hyperbolic length is £(c) and -, the corresponding hyperbolic
element of T, which can be normalized as 7.(z) = €%®z. The Petersson series
with respect to c is the relative Poincaré series

v'(z)?
mleanr 1(2)°

which projects on R as an integrable holomorphic quadratic differential we(z)d22.
For the hyperbolic metric p(z)|dz| on R, we estimate the function p(z)~2|¢c(z)|
on R.

Theorem. Let R be a hyperbolic Riemann surface and let ¢ be a simple closed
geodesic on it. The hyperbolic distance between z € R and c is denoted by d(z, c).
Then there exist an absolute constant A > 0 that satisfies

p(2)2lee(2)] < Al(c) - exp(—d(z,c)/3)

for every z € R with d(z,c) sufficiently large. In particular, the holomorphic
quadratic differential ¢, is bounded and vanishes at infinity.

For a Beltrami differential p(2)dz/dz on R, consider a quasiconformal defor-
mation R, of R given by 1 and denote the geodesic length of the free homopoly
class of ¢ on R, by £,(c). Then a variational formula due to Gardiner asserts

that
dlsy (c)
dt o

The above theorem can be applied to an estimate of the derivative d?y,(c)/dt|—o
through this formula.

= gRe/Ru(z)goc(z) dzdy.

T







23 FHIHC#HEZ DY —< VHID
¥4 kE s ay—2EEoN%R

BRI e (RN IERYERAB BRI T ET7ER
A0 HEE (RERERLGHAVIZERD
W 5EEE (BFRDKLFRATLTR)

EABSKEBETIRRWREMAY —< Y R = A/T (A ZEMMR, Tith
Lk LoFEGEN7 v 7 A8 BEE TRy (R EREHOHEESR
f:R—>REIDLEVIREREZ S, ROVWMEHEICEIL T fIIBATICER
E&BThH 5,

Mz € RD fICk 3 RPE (grand orbit) &1, H5EH n,m > 0ICXD
)= fy) L B2E)BRyc ROEALERTS. £/, Mz e RD fIC
X B /N (small orbit) & 1%, HBEEEn >0k fM(z) = fry) L% LI %
Hyec ROEALERT S, KuE» 5T % 3 RERERIC X 3@ZE_% R/f, /N
BlEd 5 E ¥ 5 FEBHRIC X &M% R/(f) TRT. TOLE, XM I-
Tw3,

1. EROK 7 € R OKWEIHEEINCH Y, WMERR/f X, BWEB:R—
R/f PIERIWEER E %5 & 9 WY —< VHEIA/T; TH 5.

2. RG22 R -= R/(f) b WA Y —2 Vi A/To Th b, ERBETE 1, -
R— Ry ICHLT, ROERETHRICT 5 & 5 2B NERNE TR
BB oo - Roo — Reoo & .

R 1. R

meo | |

Ry — Ry
gw

3. Goo WX BREEM Reo/goo W R/f L —FL, 7 : R — Ry LHEBR R, —
R/goo DERRD 1 IZFEL 3,

4. SETZ7y 7 ABBEEBURT C T, C Iy 24T, WEHEA - R
T3 f:R—> ROFBLEFEg: A - ALT3E, Ty = (I,g),
Fo =Ung—nl-‘gn &7‘&5-



HETRARVEHECHEBEES f - R — ROHBEWNLRENL, FEEHEICL 2
) —2 VRRE EOBEENFERD 7 7 VBRSPS EZ B EMBTES. L2 L,
KROFEEZ, ZOLIBRABL Y BWCEETEIL2RL TS

65 1 EARSKERETIREWEZO WY —< VHE RSN LT, BETIE
KWEHECOHEES f:R—> RELOMMEA Y —<>HEHRT, R/f=Rt#%
HLDDEET S,

—icY) —< VEOENHEEEGR f: Ry — R iICWLT, 4327~
ROIEHER f* : T(R)) — T(Ry) », R, DESAED fIcLB5ERL
TEZIND. fFREHETHY, YA T -EHOFERERD. Lo
<, FHHCOHWBER f : R - RP513¥ At 327 —ZHOHEHHCIER
B f*: T(R) — T(R) MEX 5. fOBETRLEW)FHEZ [ BEETE
WwWZtLRETHB. T(R)DFAt2ad—3tRICEL T f BIFHERNTD
2. X5IEAIBE R — Ro — R/f 251374 € I 27 —ZHDIEAIE DA A
T(R/f) — T(Rx) — T(R) BEX 515,

H2%% f*: T(R) — T(R) 2w, T(Ry) BZDOAREELETHY, T(R/S)
BEESEAIC—HT 5. $LBREAA) CT(R)PERTESLDY, TN
BLTRDZ L2bD2 5

S8 2 (1) BREABEOEEBURT(R/f) C A(f*) C T(R) H1T. (2)
@$A®ﬁpeAGﬂ@ﬁﬁ#%@%?ﬂﬂ@ﬁﬁk%ﬁ%%«ﬁFw%kﬂt
<, fREENTHS. ThbS |4 @)l = vl

SE R

[1] E. Fujikawa and K. Matsuzaki, Recurrent sets and periodic points for isome-
tries of L™ spaces, Indiana Univ. Math. J. , to appear.

[2] C. McMullen and D. Sullivan, Quasiconformal homeomorphisms and dy-
namics IITI. The Teichmiiller space of a holomorphic dynamical system, Adv.
Math. 135 (1998), 351-395.



24 Branner-Hubbard-Lavaurs deformation
of parabolic cubic polynomials

HRER 5 RHRIERF

Stretching deformation (Branner-Hubbard deformation) X7 2 ) 75
ESFALER LEWDT, YY) 7EANERRZIERIL stretching THET
Hb. UL L. BNEREZFDOEAIX Lavaurs map ZHWT. £ @ basin
WHERT BN TE S, KER T, EEED 1 OBRYNTERZRDOL
S REIWRSERICH LTZDO LI RERETV. ERICSEADPERE NS
Y. ZOERLERE DD B stretching ray OEREHESII—HT B I L eHE
5,

1 Stretching rays

£ IWEERNGEE Ps = {P(z) =22 —34z+VB;A,B >0} &35, PePs
=3t U op %% @ Bottcher coordinate ¥ &£ <o s € Ry XX U £,(2) = 2|z|*!
EPBNWTC PAERERME 0 2

o — (45 o pp)*op in a nbd of co ,
* ] ooon K(P).

¥ B < ¥ Measurable Riemann Mapping Theorem X b o5 = Frop D Ps :=
F,oPoF;! € P3 %#i#i/=9 qc-map F;, BEET 5. COREFALILZ stretching
¥ /=% Branner-Hubbard deformation ¥ W55, P; ~py P # P € C3 (connect-
edness locus) 725 P, = P DD 3iD. P € Py —Cs 82 strelching ray 2
R(P) ={P;s € R} £EFHT %, Shift locus k- Béticher vector %

1 1
1 —VA) -
log3 loglog ) log 3

n(P) = log log wp(VA)

CERT Do
{828 1. Shift locus N stretching ray |t Béticher vector iX—ETdH 3,

2 Branner-Hubbard-Lavaurs deformation

B 1 ORI TBEZ /DL 5% Py OFEGRMIE Pery(1) = {B =
4(A+1/3)%) EEREN D, Q € Peri(1) DHPIKIATE L Bo D attracting KT
repelling Fatou coordinates % ¢g_ KT ¢g 4 L ENT lifted phase 0 € R D



Lavaurs map gg, : Bg = C % go,s(2) = ¢5,1+ oT,0¢g_ LEFET D, JIT
B & Bo @ basin, T,(z) =z+0 THDo T2y P (FEEITET UATRZ AR
BXSICFEHELTEL, Q€ Pery(l) Lo e RIIHL < Q,900 >TER
HEEE o, 2
{ (45 0 pg)*op in a nbd of co ,
0s = .
95,005 in Bg.

LEFET DL, LLRARKIC 0, = Xi00, Qoo = Xs0 Qo X;" € Pery(1) Zi
729 qemap Xs = Xso PHELET Do Qs 2 Q O Branner-Hubbard-Lavaurs
deformation LIERT LIZT B, TOLE X090 0 X5 & Qs D Lavaurs
map T D. Z lifted phase Z o(s) D<o Fiz. L(Q,0) = {(Qs0,0(s)) €
Peri(1) xR;s € R, } 2 (Q,0) %82 BHL-ray LIE3, (Q,0) € (Pery(1) N
C3) x R @ Béttcher-Lavaurs vector ZIRCEFET %o

1 1
n(Q,0) = o5 ogles vo(90,0.(—VA)) — Tog 3 0B LeE v0(90.,(VA))

@ 2. BHL-ray It n(Q,0) 3—ETH %o

FI 1. Q € Per;(1) NCs @ Fatou vector 7(Q) = ¢o_(—VA) — ¢o,-(VA)
EBLe T(Q)EZ mBIE TARTD o IIHU s Qs EBBIH TR

Z 0D X > 2B Willumsen [W] TlX U TRz,

T2 2. 7(Q) ¢ Z. 7(Q,0) =mp £T DL, {Qs0;5 > 0} & R(no) DERER
EHIIBT 5,

S Ro = {B > 4(A +1/3)°} i& Shift locus IC&Fh, ZOMEED
streching ray {& Bottcher vector map @ level curve I272% o R(no) i& Ro AD
level 79 @ stretching ray ## 9, BHL-ray & Bottcher-Lavaurs vector map
D level curve & —H 9T %,

S Xk

[KN] Y. Komori and S. Nakane: Landing property of stretching rays for real
cubic polynomials. Conformal Geometry and Dynamics 8 (2004), pp. 87—
114.

[PT] C. L. Petersen and Tan Lei: Branner-Hubbard motions and attracting
dynamics. Preprint (2004).

[W] P. Willumsen: Holomorphic dynamics : On accumulation of stretching
rays. Ph.D. thesis Tech. Univ. Denmark, 1997.



25 fERRI= M % metric global attractor (CHD
BHERR M DR~ EHIICDONT

AR EsE (RBAFAFER AR - REFHEH)

Definition f % (@) BEH L T5. Lebesgue HIFICEHL TCLIFL
AEETDE 2z 12 LT fA(2) 200 (n—o0) LBEE, cold f D
metric global attractor TH 5 &\ ).
f BRIy TEVES, ILLENROBEE, &6 f(2) » o (n = )
13 2 DSRBILG I AB) T S ERE M co D5 FEIE A(o) ICEINLI L
LRMETH 2550, RERY LD EDSEHEITDO,S
Proposition f #ZHENLTHLE, REIFETH 5.

(1) oo i f @ metric global attractor T® 5.

(2) Leb(K;) = 0.

(3) Fy = A(co) %> Leb(Jy) =0.
2L Ky={2€C| f(z) 20 (n—o00) &bV} T fOFTEY 2
VTEE, F 3f0o77 b IEE, B3V THRERETHA.
LA Leb(Jy) >0 %5 &) ZZEKIZWELZIZZR oD o TR,

DT TR fABREEEOLELXEZ 5. MEOFERTIIEBRERHD
BENFRITT S [Mané DEH ]| &, ZORA L L CEBBER DR
¥ 15 % metric global attractor 12 27290 D 1 DO EHICOVTHRE L
72, AENILLT O & 912, ERRE S % metric global attractor (2 & DE#E
BB OREA HICOWTHRET 5.

fOSBBITH S L FFLERXOBELELRD, fM(2) >0 (n—o00) &
%5 zIZDWTIERD 3 DD REHD D 5 .
(1) % neNIZxF LT f*(z) € I Baker domain (C F¥) .
(2) z € F wandering domain (C FY).

(3) z e Jf.
TITLERED (L), (2), 3) BRI A2RERDEEEINEN B, W, J LT
B, ZD3IDODEAEDFNENREIED 0 DI X o TEF8E Y O REMEAE
25N BA, MRS A metric global attractor 127 > TWAIRMEE X 5
CEHTBYDOWERENH A LI AE., TNODOWRERIIH LT, £1E
NOEBITEI D 2 B0 ) PITOVWTE Rz,






26 3-dimensional extension of Maskit slice for
once-punctured tori

FiR & GRAEED
AR (BRZTTRED)
IR PR (BT RED

Introduction C=R?={(z,9,0) € R®} CR3, C=5C S* = R*U {c0}
95, ST OmERFEOEAECRAEEE Conf (S*) LEE, Conf (S*) DEEAL
EROEER 7S5 A VBEE PR, T Conf (S?) = Aut(C) 2 PSLy(C) THB. VE,
G C Conf ($?) % (1,1)-B & (0, 3)- Bl Dz —E(Ld % b-group 55 &, GD
Conf (S?) I B Z2EHZERNE (1, 1)-B4D Maskit slice £ LTI SHENT 5.
T T T G % Conf (S%) DESBEL BT, TDEED Conf (S?) IC BV BEHZER-
RERTS.

Maskit slices (1,1)-F & (0, 3)- Bz —E{Ld % b-group G C Conf (S?)
Z1IDEETS. TOLIBREROBICESLENS. 7Z/iZL p e ClINRT
A—RTHB :

1
G, = (Au B); Au(r)= - +u, B(t)=71+2.

T T GOEWZER M, = {p e C|Ip,: G— G, : faithful, discrete} % (1,1)-
B0 Maskit slice &5, [FRRIC, (0,4)- & 2D0D (0,3)-Bohmmz—&ILd %
b-group H C Conf (S?) ERDFICERILENDS (e CiENTA—5):

H,=(B,C,D,); B(r)=71+2, C(1)= D,(1) = C(1 — p) + .

1
27+ 1’
T T HDEWZEM Moy = {p € C|3n, : H — H, : faithful, discrete} %
(0,4)-B10> Maskit slice LFESR. WX, EEDOp e CICNUTA'BA, =C &
A,BAZ = D, RO IODT, BICG, > H, THBHT LICHET 5. EBIER
MRS TWS.

Theorem 1 (Kra, 1990, J. Amer. Math. Soc). Mo = 3 M.

Poincaré extension of G C & R? C R® ZROMSTH—HI 3 :
r=z+14 < x=(2,9,0), p=p+ig < p=(pq,0). TITG, C Conf (S?)
D&% Poincaré extension I X D Conf (S3) Dt HEL, EHIKNTA—&
p=(pq0) eRZp=(pqr) e RRCHIET S LT, GO Conf(S*) IcFHBF
BZEE

B T2 T = (5,0,2) € B I(5,9,2) = (6-0,2), Jww,2) =

THB. W G D Conf (S) IC BV BEIIC DBICERILE NS :



Proposition 2. A, B € Conf (S?), A: lotodromic, B:parabolic without rotation,
[A, B]: parabolic, D A & BHLBEDEERZRENEE, B (A, B) XX (1)
DRICERIEENS. T TNRFTA—ZpeRPWE £1 ZROT—EMICEE 5.

Deformation space of G in Conf (S?) G ® Conf (S?) ic B} BEH
ZER 7z

M= {peR?|3p,: G — G, : faithful, discrete}
LEL TOEE, EEMD MO (r =0 plane) = My BEEDITD. LITFTR,
R? C R®D z-HlcBEIT 2MEEAZ O L L TR =R2 x [0,7) £V S FEEE HNS.
ZDEE, LTOMRZET.

Proposition 3. M4 x [0,7) C M C {(z,y) € R?|y > 2} x [0, 7).

Theorem 4. $% 0 < 6y < ZWEFELT,

T

Mn (R2x [g-—eo, gwo}) = Moa x [—2——90, -723+90].

AERD IO, Bl MN (g = 0 plane) = Moy x {3} DEDIID.

Theorem 5. p = (0,¢,7) € (p = 0 plane) IKIH LT, p € M &R BHEH54
&, 2TDn e NIZXHUT AL D isometric sphere DFFEN 1T LREILTH
%. T 5IC AL D isometric sphere DD 1 & [AZ, B]: parabolic BFL D 1L D.

(p = 0 plane) ICBVT, 2TDn € NI LT A2 D isometric sphere DFE
M 1ILUT LR 2M0RE 22— 2 TV LDAR 1 OERITHS. Mn(p=
0 plane) DEIFNE, [AZ, B] A accidental parabolic &7 518 5 ARz BIc K-
THIRENTVS.

' (0,0,1)

(0,2,0)

Y

(0, —2,0)
% 242 *

i 2+1

s (07 Oa —1)

1: My, O—E (EOBEWVWEE) & Mn (p = 0 plane) (FHDOHEWVFEE)



27 7254 VET—EBILEnS5RBEHRICOVT

AFREEE (BRK - 3

KIRTER bBEE W) 7 54 VEE G DEEOERTRPS. G B—EILT
2V —2 Vi Q/GC DRERE L COERTRZRDBMELZE L 5,
::TQMiG®$ SRy ET 5, BIZIEROFRIT T KNEEF—
FADGZETH 5,
EE 1. G, = (S,T,) % (1,1) BoOMKIHER b-FHORRET S, 2
TS()=2+2 TE) =L+p p BERATA=FETEH, CDL
E.RXDELI% G, 2B 2 BETR LR E 7 v h LB o

EeERE % e, (49)()°

Biz) = 229SBNG, IV 12

* 2 gen, 9'(2)°
1 EREE TR Q/G oY — 7/ﬁﬁfhwbziﬁ&ﬁ5%
523, 2ITg(2) & g(z) Dz BT 3MT. Az) =X, B(2) =
S, T =822 £ 5§35, Rz Q/G DEMERE L TORTIIRD &
Ik D,

v = (@ — h(5))(e — (5 + 1)z~ (i)

2% DB h(z) BHEMBEERICBITIZ7A IV 27 RAD PH
BB L TW 3, 5 oREuRE L TOERRIZ, HE T A —
Z p BILCERNCE LI ERT S, METRERZ2DY) —<
VHER & OMOREEFRIC OV THEET 5,






28 b EHAEED SL(2,C) FHRE L I —H L —2{EFHK

BRI AT FPUEIE (Toshihiro Nakanishi)

—O@HEMFAEEL a7 b iR DR
G= <a1,b1, ...,ag,bg,cl, ey Cpy - ((L]blal_lbi-l) v (agbga;bg’l)cl e Cp = 1)
D5 SL2,C) ~DER\REEZD, LT 29-2+m>0m>12RET 2.

R CHEIERFER p: G — SL(2,C) Tp(er) (k = 1,2, ...,m) ZEHRDD trp(ce) =
2 ZHETHOOREESEDERLET S, G DI g BWEDD R EOFL—2A
BE%

Xg: R—=C  x4(p) =trp(g)

ORI T 2 ESER BV A LA sNTWw S, FIZIE [, 3.4 2, ZOF#ET
RS EHERICEED b L — 2 EEREBENT 5,

F %S AR @S g OBl E L. P = {2),...,2n} C F & m RESGL
T2, Fl=F—-PBLL GIIF OELRHTHS, B
c:I°=(0,1) — F'

T, ¢(0),c(1) e P#AZLT LI LM c: 1 =[0,1] » FITIFRTEZ D% F
Eoideal arc EWESR, F' LD ideal arc ¢ DA YV F E—4 [c] LIS 2 R EDB
¥ (X length) \,: R - C ZRD K I IZED 5:

(i) c DHED P ORLC DR 7, THBLEE 1 c ZET F' D (0,3) BARD I (2
pair of pants) % z; & 2 DD HHEAMKR ¢/, ¢ ZHEFTICH D L ) ITEX,

Ae(p) = —trp(c) — trp(c”)
LED D, (trp id F' LOBHERO AHAE F E—HOEMTERTE S Z LITER)

(ii) c DHRED P DBEE B 2/ x50 THDEE e 2ED F' @ (0,3) BEDH
W% r;,r; &1 DOHEMEAMR ¢ ZERRTICS O & ) ISET,

Ae(p)? =2 — trp(c)

LEDD, ZDEEIE () T {-1,1} KBTI 3EERTFOEZRVTEL 5,



BMIEAY D = {(z,y) : 0 < z,y < 1} D py = (0,0) & p, = (1,0) &HE
B% a,pp & p3 = (1,1) 2HfSEZ b, p3 & py = (0,1) ZFESEZ ¢, py &
p ZRESA%E d, py & p3 ZIESHARE e, po & py ZRENARE F B,
D' =D — {p1,p2,p3,pa} 5 F' ~DEDAH o T, BRER ¢ : D — F IR
1 o({p1,p2,p3,01}) CP LD DEEZD, pli2&k? a,bc,d DBIEZNETN
ideal arc ZED B, TNoEWDT a,b,¢c,d TELTI LTS, YU LOFRED
b & TRBED LD,

FBE. Ao, Moy Aoy Ay Ae, Ap ZEZNE I a,b,c,d,e, f ITHBEL TEE % Mlength &
—’9)_5 & % €1,€2 € {—1, 1} %iﬁ%ﬂ:%"‘ti‘

61/\a/\c + E]AbAd = /\e)\f.

COEBROIGH E LT, R IZEHT 2EBEH MC,,, (G DIRECHELE) O
ERAPEHEERTEDLOINBE I LBHIY, 5D L ZAFEDEVHORENH %
DT MCy o DYEFITAZ % BB (72 & ZI1E R OWAERLE LTD (0B A
ZEBRTD) Teichmiiller Z2[) ICHIR L TR H o3& e ThHh 5, LOEHORHZ
BAF 2] CHHINTWLS,

SE R

[1] Maclachlan, C. and A. W. Reid, The Arithmetic of Hyperbolic 3-manifolds,
Springer, GTM 219, Springer Verlag, 2003.

[2] Nakanishi, T. and M. Na&tanen, complexification of lambda length as parameter
for SL(2, C) representation space of punctured surface groups, J. London. Math.
Soc., 70 (2004), 383-404



29 & HFED/NEHIE B EE D
1ERIZE O IE RIS

L£F HF— (KRS RFERFBRERZLER)
REMR BUE  (RERTISZREFER B E AT SR

REE T, HDOEO/NFHMET, Riera WBRLIEbONLEE D, B2
DAY —~ VEOEAER (M, T, R) Z, FEAEZZRAVTERTL, TO»LEDL
No/REBRD.

%9 Riera O FEEZBEICRNS. B 1 oY —~ @, $72bb
SAET 45, TOMp 220, T=T\{p} L B<. FEDApe Tz
L, poHb p ~EAM#EIR-THY OEAND. 2OV OB AT D=
P—% 2 0META. 20080 OEZREMCEEY &b, B2 DAY —
< HE S, T, T Dpy & p THETZ T LD 2 EHBRENELND.

oL E S, OBEFREEL, R p BT TR, pp D p ~DEIY ADIWY
BB ZEICERTD. S, DEREEIL, W p, p ZEELIZLE, XE
BT 4B D80 O THRED. 22T, T DAERSEWEp: R— T
PEETA. RIZFN—IFANL4E82BW\W-) —<VETHD. THEEEDR
t e RIZKL, D p(t) & po 226 p(t) ~DEI0 O LIEE S, Ei2 D
V—<E S M—BMIZEED. ZDLx,

MzU{t}XSt, T M—=R, (t,q) —t
tER
L <. Riera T M ICBRIZ 2 RTTERZIREOEEN AL, B2 DAY —
<~ VEOERE (M,n,R) MMEbnsZ xR, ZD30# (M,7,R) &
Riera O & ST LI2T 5.

Riera DFID, EHEEERHW=E 1 0FNT, BH 20 —~r@Em%x b—
S22 T =C/I LOFBMEETRTLOTHS. EBEDE g T\ {[0]} ioxt
LT, HpeT Tp=2q ZWMETb0OLTE. Z0OLI7p DLV FHFIT4EY
BB LICEETS. 2T T\ {[0]) DABERSIEE p: R — T\ {[0]} &
Heé, EEDOEte RIZHLT, & p(t) Tp(t)=2q¢ ZWmI=TbONR—BHIZE
5. T LOFBRERET0] & p(t) TLAOFER, q=p(t)/2 T2MLOB%E b



SHLD%E f, LEL. EHEEM (d:/d2)([0) =1 DL ET fi IT—EMITHRED.
I T,

ME = {(t>paw) € R x T X C l w2 = ft(p)}, TE * ME - R) (tapaw) =1

LBITIE, 308 (Mg, g, R) I3ES2 O —~ VEOEAIRIZR 2D Z L A5
B, EBIT (Mg, g, R) i Riera Ofl (M, 7, R) LIEAIEE LTREIZLS.
TDLE, ROBERPEOND.

FE 1. V-~ EOERE (M, , R) % Riera Of & 37U, M IZIXIERIGIETS
TE2-5h5. TNbIL, EEDt € RIZHLT, si(t) = (£,[0]) & s2(t) = (¢, p(2))
THREINDEHILIN 5) & 59 THD.

Riera OBINE 2 DFRITZ, BHE20BY —~<r@x T Lo f, zAWT, C
LD 2EDOHIEEEE (BEMM®K) TETLOTHS. 13T Ric4-o04%
%D, Fhba g=p(t)/2,b;(t) (5 =1,2,3) LEX, q;(t) = fu(bi(t) &
B 2z DERDELAN Py(x) &

Py(z) = (2% — ar(t))(2” — a2(t))(2” — as(t))
TEHETDH. ZDLE
Mpye = {(t,z,y) € Rx C? | y* = Pi(z)}, 7up: Mur— R, (t,z,y)—1

LT, 308 (Myg,mae, RB) (3B 2 0V —~ CEDERIKRIZZRD Z L
W5, 62 (Myg, e, R) (3 Riera O] (M, n, R) LIERIEE L THE
LB, ZOZEND, BB < VEDOEY 2T A ZlE M, TR,
KOFERIELND.

S 2. B &: R — M, t— [S)] EKREMICEFRENEBRTHS.

£ 3K

[1] K. Kodaira, A certain type of irregular algebraic surfaces, J. Analyse Math.
19(1967), 207-215.

[2] G. Riera, Semi-direct products of fuchsian groups and uniformization, Duke
Math. J 44(1977), 291-304.



HFW & (BF
P ER (RRIERE
7 =

i BRI, W7 Y ZERETVOL SIS, AThO AR
SLEEICIBEEED LN TV VRN 2 FHFOFEETVIE, /85
A—FPEEEREICEY, 74y VY —fEIHET S LWV T b O,
DY BHEFVEEREF VLIRS, TE, HI[5, 6] 1BVT, FEE
FNDEY— 5 EROED, HFREEFNONA IR BHERNEMES D
A RS2 52 EDRENTWE, CZTEHETFVOE - YBEKIL, 7

Wy 7 IERELEMAME N EE S 1 ERERBEHTH .
LA L, 4%T, SHENEMR LD, BHIIBWT, ZOWEROEE
HOERIFESN TV, HidRkOOhTwidrol. ZORETIE, B
BR=a2—F Wiy FT—ZIZBWIOTEEY 52, MEROEESOBRT

ot

LETERT 52 5.
w= @™, ,a, b, . b)) & op RTEOERY L, BAEKQITHL, —

B 2 DERBR () ZRTERT 5.

P p P P
Jé(z) _ L*{Z(Z aﬁ,@")bg”)Q("'l)“ . Z a*mb:nQ(n—l)H)z}z H da(mw)dbs,zzu)

n=1 m=1 m=1 m=1
(1)

ZIT, wt=(a}, - ,a5,b], 0, b) WERT, Ut = U an by by 135
(af, - a5, bf, - b2y DTN ELEETH D, A} | 5;9 #0} OFT, B
VICRLEB0% 609, 09 kT b T, o &

0" = =(Cm | 19mp-@1cmepy, @ mb m) /b TEHEL, E51a5 = 0,55 =0
ELTBL. 7F(F<r) 2a*, #0000 L, EEXIEEZT
a* A0, .0 #£0, a8, =0, ,0* =0 THBHLELTBL. ZOFEH
WCTP=p+7&¥5.

£4 BOEKEY #B TRL,

BY = (o) | by = b}, s, =#B", 1<r <,
B(gw) = {bgw) | o] = 0}7 So = #B(()w)7

—1)+1
LEET B, H =%, a0 o0t g L
P
J(2) = / Sy [ daan.
U*nRs™ =5 by B

LB —h, —h EENENIG(2) BLU J(2) DRROEE 5.



FEHE 1

(1) A =23"70 A

(2) fip =max{i e N | Q(1* —1) + 2 < 250}, 1 <7y < FITX LT, n, =max{: €
N|?24+i<25,} BID, F<n<riZ®LT, n, =max{i e N|Z+i<
2(s,, — 1)} &£T 5. ZOD,

Q(’ﬁg -+ ﬁo) -+ 280

N =
0 4Qng+4 7
N, +ns +2s
Ary = Tl—ﬁl——l, for1 <7 <7,
T1
Ny + 12 +2(5,, — 1 _
Ary = 2 2 (5r, ), forf+1<m<rn,>1,
4n,
1 ”
Ary = 2 fori+1<m<rn,=0.
(3)
@ = {’7’0,7’1,7'2 | Q(’flg — flo) -+ 2750 = 2STO,T0 = 0, STO Z 1,
nZ 4+ ng, =25.,8, >1,1<n <7, WXL T,

N2, 4Ny =2(sy, —1),8, > 1,7 <1 <r}.
WOJRAKDMEIL 0= #O0 + 1.

EEE2 3BMEEHAAONILRRE, RIS OTEEL, EEH10Q =2
DH/ED N, THERZONS.

[1] E0E R, FETE, FERAR, ANB—, BAREX, MEEA, FEHE,
$B AT O L EH, TR, (EIRIF)

W

[2] M. Aoyagi and S. Watanabe, [7-=2— b 1) 7 JL3#i#] Resolution of singularities
and its application to learning theory, Technical report of IEICE, NC2003-26,
(2003) No. 26, pp.25-30.

[3] M. Aoyagi and S. Watanabe, Stochastic Complexities of Reduced Rank Re-
gression in Bayesian Estimation, Neural Network, (to appear).

[4] M. Aoyagi and S. Watanabe, FfBRARHEL =2 —F VA v P T =27 DA

A I BV B YULRRE, BB HulE F 230 3Ca6 DII, (to appear).

[5] S. Watanabe, Algebraic analysis for nonidentifiable learning machines, Neu-
ral Computation, 13 (4), pp. 899-933, 2001.

[6] S. Watanabe, Algebraic geometrical methods for hierarchical learning ma-
chines, Neural Networks, 14 (8), pp. 1049-1060, 2001.



31 UNIVERSAL ABELIAN COVERS OF
CERTAIN SURFACE SINGULARITIES

W gL (HEeE)

(X 0) Z2WRITIEHRFER, SEEDV 7L, XIS Eo
ZEETHDETD. 61T, SIEEQFEaY—HKETHD L
ﬁm“zo. FOLE, Gi= Hy(S,Z) i 3ERTHS. 2WTERE
BRROHBRHEE (Y,0) = (X,0) 1T Y\ {o} = X\ {o} G &4
BEHRE L T OHRDIEHE TH D & & universal abelian covering
(UAC) L\ bid. REICED, UAC (Y,0) — (X,0) ILEFTE
T 5.
Neumann & Wahl 1% (X,0) ®®xtZ7 7 T R “semigroup
condition” %74 & &, splice diagram equations £\ 5 T' D
T2 BONLSFERXNFEZEAL, KETFLE.

Theorem 1 ([2)). (Y,0) % splice diagram equations TEE S
ZRERELT DL, (1) (Y,0) 1X 2% TTINSL complete intersection
%:ﬁm THY, (2)T B “congruence condition” ZHil=F 726 G
ZVER L, Y/G (splice-quotient singularity &£\ oD ) X
XkﬂmﬁzﬁmEﬁ%Em 2RV, Y 5 Y/G X UAC Th 5.

Neumann & Wahl Ik % FE L7~

Conjecture 2 ([1], [2]). FHEAEE S & &/ MEMRRFR S O I
77 7% semigroup condition & congruence condition V7~ L
B DOREE RIX splice-quotient singularities T3 5.

(H#01%, X 25 Q-Gorenstein 72 5, ZLi splice-quotient singu-
larity T&H A 5 & FHEL T2, Némethi BRFIZFHER L. )

Theorem 3 ([4]). Conjecture 2 IXIE L V>,

BEREIZ DWW TR~ 5.

T M — X ZR/NRERRBE, A=, A ZFINEED
BROEET 5. T OmRIIKIET 5 A; % end-curve &5
Az =>ZA;,, Apg=Az0Q LBE, A; € Ag Z A, - A; ———(5zJ
PGl bD LT 5. AZ —ZZA CAQ }jjb< L, Gl j:Az/AZ
R THD. Az/Az OTICHRICHIGT S M EORTF D,



gEG, &toT, A=, omOu(Dy) IZBEMRIL Ox-algebra O
HEZ AL, Y = Specany A £ 725,
ZIT, ROFHEEZSD.

Condition 4. end-curve TRUVMEED A; & A— A, DfEEDE
W ClR LT, C EoEXRYA 7L Zo W Zo-A=1%
7= 7.

Condition 5. n; € N % n, A, € Ay 2746035, £ED
end-curve A; IZXF LT, D, % A; mod Az \Z&IGTAHEF &
5L, B2y € H(Ou(D,)) BoHoT REWMET : XD A b
BERVM EORFH>0TA-H=A;-H=1%WMzTbD
C Y, div(y®™) = ni( A+ H) R84 € HY(Ox) Th5).

Theorem 6 ([2]). Condition 4 I% semigroup condition & con-
gruence condition % & <,

Lemma 7 ([4]). (X, 0) NEHBUEE S F 72 135K/ Me H AU B 5
72 51E, Condition 4, 5 13- & 5.

S=C{z1,...,2n} ZIRBERERL T 5.

Theorem 8 ([4]). Condition 4, 5 B3l I b ERKETS. =D
&, Y(@) =y KL TEESNDIERAEES Y: S — Oy, i
25 THY, Keryy L G-homogeneous 72 splice diagram equations
THEMIND. L3> T, (X,0) i& splice-quotient singularity
Thd.
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32 Ona Kobayashi hyperbolic manifold N modulo a closed subset Ay
and its applications

RILFEE

N %&n&kE (n> 1) EEERSERE, dyv & N RICER S/ WERR#EL 75,

E#E1 Ay = {p € N;dy(p,q) = 0,39 # p}, p € Ay IZHL Apn(p) = {q €
N;dn(p,q) =0}

F&2 NOBHESENRLI—F¥—108EWMRESLIX. EEONOEE U: |zl <
Lo lz <1 EEEOEHr,sO<rs<)IZHLT, U'NE=0RbUNE=0¢&7%
AL THDB, IELU ={peU;|zi(p) <r}U{p € U;s < maxo<i<n |2:(p)|}-

[A-S] LR L HFETHRMENZ D,
EE3 Ay, An(p) 34—~ 1 DRMKEE TH 5,

%4 AySpixtL. p®O N OEZRREEU #MWdE 3g € 0U sit. dy(p,q) = 0.
An(p) 3 qizxt L. ¢ N OEZELEHE U %W & Ir € dU st. dy(p,r)=0.

EES5  M,N & 2WTEEHRME. Ay FARFTROfER (W 1 OTiTES) . @ M > N
BEREBEETODYIET U JO£0ET DL Ay ld M OfFFTHIRTH D,

FHE6 7w:N - NEFWESHEE NOkTn(n>1)T5E Ay=1"AyN)ThHD
N, n=28cT5E Ay BEHTHIHRE D Ay T TH D,

P(z,y) #EEHLERL T5, POEZEOBENRDZ (9,n) #4 7 (g B, nEiR
H) £75, BREOEEERRE., 24 7—E. FEETHHI LTI BTN,
F I C—RDOEHKED (g,n) FATDEE, P% (9,n) FA TDELENE NI, BISED
AL TE (g, W)eTHEG<gd+n <g+nBRILTD, —REOLEKXLIL (g,n)
BAFL LI E2—24n>0ThHo L Thd, FHRUSER L IIHREOELKEZ
B, ERERERNTHDEIEEVI,

EE7  Pz,y) 2—HEELEXL LN = {(z,y) € C?;P(z,y) # a,b} T D&,
Ay CSThB, S P(z,y) ® N NOFISEEE,

GES NZ2RTEDSEETIy=0LT5, F: N C?T, H5EEER Plz,y)ic
fFL. PoF#ab%b FiXiEkd s, (B PO—o0EREIZEEND,)

EHO N & 2WTEEERER. Ay iEZE Tl BTMRTbRnE T3, F: N - C?



THEMBELERX P(z,y) I L, PoF#a,b’2b FITBLT3, (BABEEL2SE
720,)

EE10 LOFEHETP(,y) "—RETHDLWIFHFEIELER, ZE2IEN=
Cx(C—{a,b}) L P(z,y) =y, F=id. £55L N={PoF +#a,b}.

BEE11 2WETAZA VEHRIEN Tdy=0,22b0%F1%4T52L, N=C2,Cx
C*,C* x C*,P2—C(C1x P? @ 2 IRE#R) REDBIBHDA -,

2Bk
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33 An intrinsic characterization of the direct product of balls

Akio Kodama (Kanazawa Univ.)

Satoru Shimizu (Tohoku Univ.)

The well-known Riemann mapping theorem may be viewed as a kind of an
intrinsic characterization of the unit disk in the complex plane. In fact, the
Riemann mapping theorem asserts that the unit disk in the complex plane is
characterized intrinsically as a simply connected domain in the complex plane
that is hyperbolic in the sense of Kobayashi. Generalizing this fact to the
higher-dimensional case, for example, characterizing intrinsically a single ball
of dimension > 2 or more generally the direct product of balls, is an interesting
problem in several complex variables. It should be noted here that, as was
shown by Poincaré, the direct product of balls can not be characterized by only
topological conditions and hyperbolicity. So we need another approaches to the
study of an intrinsic characterization of the direct product of balls. In this talk,
directing our attention to holomorphic automorphism groups, let us consider
the following problem:

Let M be a connected complex manifold of dimension n and let B be a
domain in C™ given as the direct product of balls. If the holomorphic automor-
phism group of M is isomorphic to that of B as topological groups, then is M
itself biholomorphically equivalent to B?

This is the problem of characterizing the direct product of balls intrinsically
by using its holomorphic automorphism group. The purpose of this talk is to

give some answer to this problem.

Theorem. Let M be a connected Stein manifold of dimension n > 2 and
let B be a domain in C" given as the direct product B = By, X --- X By, of
balls, where each By, is the unit ball in C" withn; > 1 and ijlnj = n.
Assume that Aut(M) is isomorphic to Aut(B) as topological groups, where the
groups Aut(M) and Aut(B) are equipped with the compact-open topology. Then
M itself is biholomorphically equivalent to B.



Note that, in this theorem, when s = 1, that is, for the case of a character-
ization of a single ball of dimension > 2, the same result as ours was obtained
independently on us in the paper of Isaev [2] without the Steinness assumption.

The proof of our theorem is based on the methods developed in Kodama and
Shimizu [3], [4]. One consequence of them is a fact about actions on complex
manifolds by groups given as the direct product of unitary groups, which plays

a fundamental role in our study.

Generalized Standardization Theorem. Let M be a connected Stein
manifold of dimension n and let K be a compact Lie group of rank n. Suppose
that an injective continuous group homomorphism p of K into Aut(M) is given.
Then there ezists a biholomorphic mapping F' of M onto a Reinhardi domain
D in C™ such that

Fp(K)F~' =U(n1) x --- x U(ng) C Aut(D),

where each U(n;) is the unitary group of degree n; and ijl n; = n. In
particular, if K = U(ny) x --- x U(ns) and ijl n; = n, then F' can be so
chosen that Fp(K)F~1 = K.

In the study of n-dimensional compact torus actions on n-dimensional com-
plex manifolds, a result of Barrett, Bedford and Dadok [1, Theorem 1] plays
a fundamental role. The Generalized Standardization Theorem above plays a
similar role in the study of compact group actions on n-dimensional complex
manifolds for which compact groups are of rank n and given as the direct prod-

uct of unitary groups.
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34 RN BT AREORE
BT (BB ALK - ARISTE)

REREORE L TS5,

FARE (F5Z [2]). C" DAL D i= Cousin 52 47 (3) 52 bATNBLE, D
LRI P ERIESE, 52E (5) 8%, RSRER () LEbLAVE Sk
b

IO XS BREREENRENT, T0h%x () KT IRFOMEDOREL VY. b
55 A Cousin 58 2 RIEHET 72V (3) 123 LT OREIZEKEZ b .
SEIDOFEETIIZOMBEICE LKRD 2 ODRERL RS C* OERRIEIZRL,

1. n =2 bIEREOHEITEICELE-.
2. n >3 TIT—RITITME T 720,

T DORERRIZIE, LARTEE L7z, C™ ORIRIKIZEIT 5 Cousin 55 2 RIEN B L
=D DYBEA5 R (LU TFICR~ 5 8 1) ORIC, [3] THA S i 58 A2 fv
TR NEL 2D

Cr 2B BRIMkIE D=D; x---x D, 1= Cousin % 2 97 (3) BEZ HHTN3
T 5. 4,5 (4,5=1,...,n) ZERICEY, D; BELT D; NIZEN S EHER i
Y; BLO Yj %%%, -Dz & Dj %%b‘fi%%ﬁ D(ZJ) Wﬂl,‘ﬁ p %iﬁ‘é’&zﬁ‘yof, D
ICRITDE2RTOMAME Tyji= v xyjxp <. 20L& (3) o L—DhL

EE 1. C" OfRIE D 12 Cousin 207 (3) BEZLNTWHEE, (3) 28 D
TREZFRF OO DBLEFDEMEL, —ROMBIZHHEEDO ;I L, Ty & (5)
EDOREEN 0IRDBLTHS.

1. FIEB3MILTRBETERAFEL VIS EZEALKERLE

B DCC"IZE (3) NEADNZLE, DDZEE pIZHLTp 2HbLELE
I 6, &, E 2n+1 KITLEE 6,xI (I={0 <t < 1}) TR DEFREEE f,(2,1)
T, FBATE f,(,0)=01% (3)|6, THY, &E f,(2,8)=0 X 6,xI THREFHZT,
6 £ fp(-,1)#0, BIZ 6,N G #0 DL X fo(- ) & fo(-t) ERILEZFEOLONE
FETDHELE ) I D CTREMETHD LV .

R EEFE C,, (i =1,...,n) IZHW=ES D; OERBES Dy x---xD,.




EHE 2 (B [1]). BRI G C C* 25 %2 b7z Cousin 5 2 5 B REFTRER &
X, ZOFIZH L Cousin 5 2 FEEIIMET 5. HHIELL.

—FF 2RTDBAIIE, ROBEIRIL TS Z & 27T,
fHRE. fHI D C C? IZ Cousin B2 57 (3) BEZDNLZLTE. ZoLx, £E
DFEIE Dy € D X LT, (3)|Do i3Z D H BITETRETRETH S.

AERRIT, C2 2R 2EH 2,w DZEBL T DL &, BE (3) © - FE~DHE
EDAHHEBY —~ VEOSERIT RIS L TWD Z & &, fTEILADRET
wZBET2BHESENL LTEAIND Z 00, BEFEET 2 8EEER s Bk
FICIER Z iz Lk 5.

IOMELER2 £ LTERLOTSEGERAVT, C? ORRBICBITZRE
DOREBIZEICREEFE DI LR END.

2. 2. 2V TCIIRFIZ BEAMICH L., n=3 DL XITRREN, —B0HE
LEBETHS :

KRBl ERES z,y, 2 DZEM C 2BV TRIRIER
A T1<Il’|<1, 7‘2<|y|<1, |Z|<1 (T1+7"2>1)

EEZ,ADSTZ20D0bHDEEE AT, Sz S0 0EFEE A~ T Z0L X,
fEATE 0z —y—1=0 D A NOEHIZODERERSTHS I, FDO—2iF At
I, fhd—olk A- IZEERTWS. 22T

fl(x,y,z)=(:1:—y——1)z iIlA+,
fg(.’L‘,y,Z):Z in A”

WZEo>TEHEZBND Cousin 52727 (3)={(f1,A"),(f2,A7)} &Ex22 &, Zh
XA LRI DIREOMBEOME B2/,

AT ER 1 OLEEFITL 5.

& X Rk
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35 Non-projective compatifications of C> (I)

wEERE (RER - )

(X.Y) % B2 Ry FE by(X) = 125D C D FEHEN A x> a2/
7 MbE ET 5. FOR, PicX 2ZO0x(Y) T, BERTFIIKx ~—rY, 1<
r<2)THolz. BRETFY NpefDEEE, (X,)V)DHBORABELIEDN
TWnaHM (25 &), Y2 not-nef OIIE, FIEEBREOHNEFEL, HE
THRMUEZESRIHEVREAN. hEWVDST, (X,Y) SIS N> T
BEMNERZITEDITHARN. ZOHE, MEABCHESHRATHERNDT
H5I5M? —DO0 ((HDEED] rbLNARW) HFRld X OFEED
BMETHAD. LAL, BEANS, INH, §OETAZERHEOK D/
TREMBAMN> TR, T, BERETY (ZHUIBEKRIEER - 3EH
B219 « Moishezon Hi) OFBEHEICDWTIIEDEAIN? ZHICEL, &
T, ERDHST=OTRENTS. Wi, TEARETIHIFERN.






36 FOAFILEOEXEDOIREOD—
2HEE (GUNEERZEIFEH
BEFEE  uUNEEXRFEIFH)
EERERY B X BNEEREAEEE LRV EEII s FARE VD E
2L X ZESTHRY) —BHTHY, BERTEn L T5L, C" OBERIESMET =
Zier, - en,v1, - ,vg} BIFAELT, X XC?/T L7125, ZIZT ey, - ,en,v1, ",V €
Cr IE RN, 1< g<n THB. ZOHAECT % type g L5,

v =+v—le;, g+1<i<n, Bi=Imy, 1<i<n &L B, -f 13 CELILM
M. FITzeCtizxtL, ZoDEEY
(1) z=z1b1+ "+ zbn
=t1e1+ -+ tpen +tpr1v1 + -+ Lontn.
LEETD.
EBEAEU CCYTITHL

FWU):={f|f:C®inU and of =0, fori=g+1,-,n},

0z;
F 2B {F(U)} TEEESNEBLT B, [ € HY(CYT,F) 1 E0® TH7 7 A 5= ET
ERIBE#THD.
FrP % FILREE LD (r,p)-forms DL T D&

Z5(C/T, FOP)
Bj(Cr/T, For)

HP(C™/T, 0) = (Dolbeault ).

Wiz C*T DEARBET O H=HC",0) ILfExZ boaRERY—25X5.
CP(T,H) :={f :T? — H} &9 %. coboundary 6 : CP(I', H) — CP*(T, H) i¥

p—1
8 (M0 2p)(2) = FO, -, Ap) (2 4+ do) + (=10, i i, Ap)(2)
i=0

+(=1)PT f(Nos - -+, Ap—1)(2),
ZP(T', H) = Ker (5), BP(T,H) =1Im(5), H?(T,H) = Z?(T,H)/B"(T, H).

Mumford: Abelian Varieties (= HP(C?/T,0) & HP(T,H) ORGSR —#RAI2H T
FENTWAR, =2 Tl Z5(Ch/T, FOP) & Z°(T, H) OROBAM IS E KD, Z
DL THELND HP(CY/T,0) OEER LIV,

1 _ -~ n
0= S GiipdZy Ao N dZi, € Z5(CM T, FOP)
" 1<in, e ip<g

L¥aL, I e HO(C, FOP-1) st. o= THY
©'(N)(z) = () (M)(2) € Z5(CP, FOP7Y). LIH - TEL,



H2(N)(2) € CHT, FOP7Y) st o (A)(2) = Oy (N)(2), FOP~1 = HO(C™, FOP)
©* (A1, A2)(2) = (09%) (A1, Xo)(2) € Z5(C™, FOP72), Thafid 5 &,
(A1, -

) (2) = (B9P) (A, -+ 5 Ap)(2) € Z5(C7, FO0) B"BBNG. ZHid
SDP()\L e

,Ap)(2) € ZP(TH) BT 5.
Theorem 1 ¢ — ¢P(A,-

<, Ap)(2) OXFISIEFIEY
HP(C"/T,0)= HP(T,H), p>1
HZD.

Lemma 2 ¢ — ¢P(A,-+- ,A)(2) €T DL
o} .
a_zigpp(xla e 7)‘P)(z)v 1< < q

Oy

_—
8:@

Lemma 3 ¢ € Zz(C"/T,FoP) L35 & 90

P & B5(C*/T, FO%). Liz#35T
622'
)

aZ.SDP(Ala e a/\P)(z) € BP(F=H)7 1<:i< q.

Theorem 4 X =C*/T % b A ZAEE, oP(\, -, \p)(2) € ZP(T,H) £ 55
(1) X BaFrEn—FHRRY

Sad ‘Pp()\h e =Ap)(2) ~ c(>\17 e 7AP)(Z) (Eﬁ)
(2) X 73 non-Hausdorff B
— Ja(h, -

Ap)(2) = a(A, -5 Ap)(0,...,0, 2441, ..+, 25) Sit.
SDP()\la" : 7)‘P)(z) ~ a(Alv”' a)‘P)(Z)



37 kind k OET7 —ANIZHEKIZDNT

RIER SEfE (ZILKFE HFE)
BH B8 (WMEERXFE TFE6)

X =CT ZhOAFINELETS. T OERTDERUET2EMRZ Rr
EL, Cr=RrnNiRp EB<L. rtank'=n+m &LZS5, dimcCr=m
Thb. CrlE R KEENDZBRRNODERBEEBHIZERTDHO, X ITHL
T—BWICEES. ZOX2B oA FIIE X 2K (n,m) DO
FIIEEEND.

Gherardelli-Andreotti 13, K&HAETITIII— M H DNEETSH &
=T, X B2UWET—NR)BHRAREEATE
(1) HE Cr LIEEBETH D,
2)H OEBA=ImH BT xT LEEEZLD.
to (1), (2) #2H=TTII—MERX H £7 > 7 )V Riemann B &I
. Ar = Algpxry £ET5. 51T, WHEET —NIVEZRAED kind 2
KDEDICEELE.

EE KT (n,m) DET —NVEERE X = C/T DN kind k THDEL,
rank Ar = 2(m + k)
L7857 ) Riemann B H 26D EEZ2WND.

LaL, FOEETIE X I U T kind B—DIZIIE E 57320, Gherardelli-
Andreotti DB TO kind 1%, X ZFOHE TR, LA, D7
> 7))l Riemann B H DHEETHS. £IT, KDELIHITNWH &I
T 5.

FE KT (n,m) OET —NIVEHEE X 1T 2T > TV Riemann
X HMN
rank Ar = 2(m + k)

ThHdHEE, HiT kindk THDEWD.

%9, kind k (> 0) ®Y > 7)) Riemann R Z H DA kind 0 DHD
Wbiziwplz525. 2L T, R&ERY.



TE X =C/T' ZK5L (n,m) DEY —N)VEERIEETS. L X 2
kindk (0 < 2k S n—m) DY > 7))V Riemann BXZEHTIE, 2k <2k <
n—mIE5ITXTD K IZHLUT kind ¥ Y > 7))V Riemann BRINTE
HI 5.

L5 T, kind ZROXDICERTNE X ITH L TEE—DIZEE 5.

EE KT (n,m) OEY —NIEHRE X =C*/T KHLT, kindk O
7 > 7V Riemann WRDEETEHRND kE (052k<n-m) 2 X O
kind W 5.

X =C"/T ZKJT (n,m) DET—R)EHEEL, TOELOEOER
WL EEZD. L5722 7)V Riemann B H WEES. H D kind
Bk &ETDH. ZDEE, (X,L) % kind k OEBET — )L ZERIK & FE
RHNS X DT 7AN—HKOMEE

7: X — A

MEED. ZIT, Al (m+k) K7 —RINERETHD, 7714/)N—
i (C™2% x Ck THB. T7AN—% Py ™+ IZTBHIET, &
NICHAIFEST B 7 71 IN—

7T:X — A

NEEND. WHRDIBEI LN X KIRESNEGMEEELE. HBE
ERDEETDHS.

EE (X,L) & kind k DRBET —~)VEREKLEL, X DKRITE (n,m)
ETB. 7: X —mA T: X —>ARLELOBOETD. ZOEE, L
N X EICIEEANCIEHREINDGDIE, A LOT—FW Ly — A BEEL,
L7 Ly £E72BELETHD, FLTOLERRES.
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Severi DEMRDET —~N)VEEE &
£7 — NI ZHEE

FIER ==& (B ILKRF HEHE)

1 [FC®IC

7 —RIVEREORBIRIZ 17— NIV ZEEDED 2 51 2R D3 2N
7 Mel EUTREBAFNICEZEREINTE L. €I TR, Mys
RICRMFZRICEROH 2/ RPMIEL TWDH I &P NI MESh
EY 271 M EEPRERMAENIC” BWHEE " 2RO ZEMNEK
INTVWS. ERINT MENSBESTVEETIIWS DD >
NI MEDSEER ST E= (0], [5], [7], [8], [6] 72 &) . ENETNDER
MNEFENTNRARBINT MEBDTHAS. —RICTHRNED
NEFDED 2 74 =R H > TRNDIEERS.

34513 Severi DEE [12], ® o & <1 Cousin DFX [4] ITHRXTH
L2 ENSETDRMABEANTNSHFET 5.
Severi[12], p.7

Bx OWZEDR G E 72 DHENT 1 < 2r 7356 MR E B ThE E 2
ERFOBOTHD. ILOEEZ quasi abel BEL (81113 degenerate abel
BE) LS. M5, WOEREKT abel WD, EONOAMZRD
RS RELUERKOBRREEZEZDEN/HKLENE THS [0.36, n.57]. Ik
NIEEAEREOMEE L T=ARKEZREF 20— RILLIZDBDTH
3.
GR: B 1, Severi ® Quasi Abel BE, FEDHH 7-2, 1959, ¥
DHEBHAITE + SSS #afe)
Cousin[4], p.106

La seconde Partie est consacrée tout entiére & des classes spéciales
de fonctions triplement périodiques que nous appelons semi-rationnelles.
Ces fonctions ont les propriétés des fonctions abéliennes avec quelques
modifications qui rappelent tout & fait la dégénérescence des fonctions
elliptiques en fonctions trigonométriques.

INEEFAZEE, EFEOHEDPFITRD 2 DDFAERMNEC T
1. AEAFEHREKTIEEERZFFD D DM,



2. BONOREHIZBOBSKRELLEKOMEZESEZZZS5XND
.

1 OREZBOLMTI TN EHREMICIE Weierstrass DERIZZED &
Wz,

LEOBEANS DWEBITIX, 7T—NNERIEKEZOLEDT —XIVE
BERZ2AEDETEILTODBDOTHSD. Thabb, 7—IVEREEKDFRIE
DEREEILT —NIIVEBE OB OEBEAEZ S DODRETHD, £EZD
DTHB. 7—)VEAEEDFBE DBk 2 REMInNEE B 2B
HWEEZDHZ LR, MOTHATHLEEDNS.

2 Weierstrass DFEiR

Weierstrass D F3zid Painlevé D3 [9] DHF TRD K DITHREINT
Wb

Tout systéme de n fonctions (indépendantes) a n variables qui admet
un théoreme d’addition est une combinaison algébrique de n fonctions
abéliennes (ou dégénérescences) a n arguments et aux mémes périodes.

CONEEHEICERTS. C LOoAERERKE m(C?) &L, £
DRk K 25725, Kid C LARERTHBEXE »n THDELET S.
ZOXSk K % C LD n ZHEAREBEBAENS.

EE 2.1 C Lo n 2EMREEIERGE K MRBWMEEBEFI &, &
Dj=0,1,...,n THLTHEEEK R, Nd->T

fj(x +y) = Rj(fO(x)a .. 7fn(x)af0(y)a .- afn(y))a T,y € c"
BHTET K DERKTT fo,..., fo DEETDHEEZND.

HERBEN f € MC™) 13, BOHFREWL:C" — C* Itk 0, EBIC
KETIEEOBEEN r<n ERBEZITRETEENDNS. BIEL
OB E IR E NS,

22 2.2 M(C") OEME K MIEBLTHS &0k, K AHEEML72 B
ZILICHDEEZND.

TH 23 ([1]) K 2 C LD n ZHEABEHAKETS. K BIFRLELT
REWIEERZF T2 5, BYREEEREITD ZLIKKD K &
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3 Severi DEBKRDET —NJVEHEET NI
ZiRk
EAG T2 E T HL Lie #F
G=CPx(CYxA
D )NT Me
G=P)yxA

BEZD. ZITA=CT i r KET — IV ERETHS. HHiOE
B 9313, K 3G LOERMENRE MG) OMMEEBEIND &
EBRLTND. G 2ROESCEEHES

G=C"I*, T"={0}aZ'aT.

r* OREFTIIE
0 0
P=|o g
0 0 P
Eir%. ZZT, PRT OAHTIITHS.
Severi I3 [12] ® [11] ®H'T, quasi abel E{EUEDFITTH DIRER 2
RETHMEZEHL TV, LORYTANZOMETHS.

EE 3.1 n KLEGERAM Lie B G 13
G=CMI* =CP x (C*)? x A

0
0

D EEIT Severi DEHRDUEY — NI ZRE L IRIEIND. ZDEE, EOD
REIZ XD

K(G)=2C(z1,..-,2p, W1,...,Wq, Go, - - -, Gr)

LD M(G) DFME K(G) WMEESD. ZD K(G) & Severi DEKRD
Hy —NVEEERE NS,



2 DODEFEE RN Lie B C*/A, C/N ORAMTAEZENEN P, P
ETBH. ZOEE, C/A=CY/N THBDIE, rank A = rank A’ = r
Th-o7T,

P=MPU
£7% M e GL(n,C), U € GL(r,Z) WEETHELETHD, £z, &
DEZITHS.

4 1 XRADZE
T=C/Q% 1 XKtERF—F X, TOKT Q OEKXRAMZ (w;,ws)

ETB. 7= wyfwy BEFTE H DILTHY, H* = H/SL(2,Z) A
1 RIEER T RADEI 27 EMTH 2. EXARH (w,w,) KL
T, B p(z;w,wp) MERSINDS. Q ITHIET 2HHBEEEKE K =
C (p(z;w1,ws), @' (z;w1,w2)) THB. EERBHDH {(wip,wep)}, &5
A

Q= {awrp +bway ; a,b € Z},

Tk = w2,k/w1,k,

on(2) = p(2; ok, Wik),

Ki == Clpx, 94

L9 5.
MEONDOFEHZBE OB RKREL LEKOBR] 13XD 2 DOBEITH

(1) wyp WWHRT woy — o0
(2) wip — 00 DD woy —> 00
(1) DHE : C/Q, — C*, K — C(e?)
(2) DH/E : C/U — C, Ky — C(2)

EDPaTAERMH 2C DA MEE P =CU {0} THD. oo
RIS T BT — )V RN Cr THET —N)VBEBUERD C(e) TH 5.
(2) DJFERF I BN, BAFZ

O

(Wi, wo ) = wik(1, k)

EXRFIE, Twyy = 0o MDwyy = ool & Ty = 0o BDwyy = o0l &
B5. ZOLEOBEEENDZ LI RED 2T MO /NI MeZE
Z 2T,



Severi DERDIETY — RN ZREDTXTRBENDLDBET 251
22 % — DRI TRERR T 5 ([2]). R EIE, TUTHIET B Y —
< CEOBIICONTHER LW ([3)]).
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INTRODUCTION

Let T be a Fuchsian group acting on the upper half plane H in the complex
plane C, and Hr be H with all of the fixed points of elliptic elements of T’
removed. Let M(T) be the set of all Beltrami coefficients p for I' on the upper
half plane H. Then the Teichmiiller space T'(T') is the set of all the equivalence
classes [u] of the Beltrami coefficients p in M(T"). "It is well known that the
Teichmiiller space T(T") has a unique complex manifold structure so that the
natural projection of M(T") onto T(T") is holomorphic with local holomorphic
sections, which implies that M(T) is a holomorphic fiber space over T(T'). A
theorem of Bers and Greenberg [BG] (see also [EK1], [EM], [Ga2], [Ma]) says
that a conformal mapping from Hr, /T’y onto Hr, /T’y induces a biholomorphic
isomorphism from 7'(T';) onto T'(T'z), which implies that the structure of T'(T')
depends only on the topological type of I' (or of Hr/T') when T is finitely
generated and of the first kind.

For any Fuchsian group I', there are some other important holomorphic
fiber spaces over the Teichmiiller space T'(T'), the Bers fiber space F(I'), the
“punctured” fiber space Fo(I'), the Teichmiiller curve V(I') and the “punc-
tured” Teichmiiller curve Vo(T'). Because of their great importance in the study
of moduli theory of Riemann surfaces and of their universal properties in the
theory of holomorphic families of Riemann surfaces, these fiber spaces have been
much investigated by many mathematicians such as Bers, Grothendieck, Earle,
Kra (see the papers [Be2], [EF], [EK1], [EK2], [Gr]).

An important question in the theory of several complex variables is to de-
termine the biholomorphic isomorphisms between two complex manifolds, in
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Key words and phrases: Teichmiiller space, Bers fiber space, Teichmiiller curve, biholo-
morphic isomorphism.
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particular, the biholomorphic automorphisms of a complex manifold. This ques-
tion has been completely solved for Teichmiiller spaces in a series of papers (see
[EG], [EK1], [La], [Mar], [Ro]). Some partial results of this question have also
been obtained for Bers fiber spaces and Teichmiiller curves ( see [EK1], [Krl],
[21).

In this paper, we will report some recent results on these fiber spaces obtained
in the papers [CS], [HS] and [Sh], partly joint with Cai and Hu.

1 TEICHMULLER SPACES

Let T be a Fuchsian group acting on the upper half plane H and also on
the lower half plane L in the complex plane C, and Hr be H with all of the '
fixed points of elliptic elements of T’ removed. Let L>(T") denote the set of all
Beltrami differentials for T on the upper half plane H, namely,

(1) L@ ={peL®M):(uoy)y/y =p, forall yeT}.

The open unit ball M(T") of L°°(T") is the set of all Beltrami coefficients for I'.

For any p € M(T), let w* denote the unique quasiconformal mapping of the
plane C onto itself which fixes zero and one, is conformal in L., and satisfies the
Beltrami equation 8;w = pd,w in H. Two elements p and v in M(T') are said
to be equivalent if w# and w”’ coincide on the real axis R. [u] will denote the
equivalence class of u. Let Mo(T") denote the set of all elements in M(I") which
are equivalent to zero, and ¥o(T") the set of all quasiconformal self-mappings of
H which fixes zero, one and the point at infinity, with Beltrami coefficients in
Mo(T'). Then y is equivalent to » if and only if there exists some w in Xo(T)
such that w* = w” ow in H.

The Teichmiiller space T(T) is the set of all the equivalence classes [u] of
the Beltrami coefficients u in M (T'). We let @ denote the natural projection of
M(T) onto T(T'), so that ®(u) is the equivalence class of . Since ® depends
on the group I', we shall occasionally denote it by ®r to avoid ambiguity.

Since it is an open set in the complex Banach space L*°(T'), M(T) is a
complex manifold. Fundamental work of Ahlfors and Bers shows that T(T') is
also a complex manifold.

Theorem A. T(T') has a unique complex manifold structure so that the natural
projection ® : M(T') — T(T') is holomorphic with local holomorphic sections.

The following important theorem due to Bers and Greenberg [BG] (see also
[EK1], [EM], [Ga2], [Ma]) implies that the structure of 7(I") depends only on
the topological type of I (or of Hp/T") when T' is finitely generated and of the
first kind.

Theorem B. A conformal mapping from Hr, /T'1 onto Hr, /Ty induces a bi-
holomorphic isomorphism from T(T'1) onto T(I'z).
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2 BERS FIBER SPACES AND TEICHMULLER CURVES

For each g € M(T), the domain w* (L), hence also w*(H), depends only on
®(u). We may form the Bers fiber space

F(T)={(®1),{) eTT)xC: p€ M(T),{ € w(H)}.

It is known that F(T") is a complex manifold, and the natural projection = :
F(T') — T(T) defined by mr(®(u),2) = ®(u) is holomorphic with local holo-
morphic sections (see [Be2]).

The group I' acts discontinuously on F(I') as a group of biholomorphic map-

pings by

(2.1) Y(@(u), ) = (2(u), ¥*(C)),
where p € M(T'),{ € w*(H), y €T, and

(2.2) VP owh = w oy,

Due to an important result of Cartan [Ca], we can obtain a quotient normal
complex space V(I') = F(T')/T, known as the Teichmiiller curve of I, with
possible singularities only along the fixed-point loci of the elliptic elements of
I'. The natural projections 7 : F(I') — T(T") and myr : F(T') — V(T') induce
the projection mor : V(T') — T(T).

Suppose at the moment that I is torsion free. Then the action of I' is free and
the Teichmiiller curve V(T') is a complex manifold. In this case, mr : F(T') —
V(T') is a holomorphic universal covering mapping, and mor : V(I') — T(T') is
holomorphic with local holomorphic sections.

When T possesses elliptic elements, Earle and Kra [EK2] observed, by a
theorem of Gottschling [Go], that V(T') is actually singularity free and thus
a complex manifold when T is finitely generated and of the first kind, and
showed that the structure of V(I') depends only on the topological type of I’
(or of H/T') and not on the orders of the elliptic elements of I' when H/T" is a
compact hyperbolic Riemann surface. In a recent paper by Cai and the author
[CS], we extended these results to a general Fuchsian group I' and proved the
following theorems.

Theorem 1 [CS]. For any Fuchsian group T' such that H/T' is a hyperbolic
Riemann surface the Teichmiiller curve V(T') has a unique compler manifold
structure so that the natural projection of the Bers fiber space F(T") onto V(I)
is holomorphic with local holomorphic sections. Under this complex structure,
the natural projection from V (T') onto T(T') is also holomorphic with local holo-
morphic sections.



SHEN YULIANG

Theorem 2 [CS]. Let T'y and Ty be two Fuchsian groups such that H/T
and H/T'y are two conformally equivalent hyperbolic Riemann surfaces. Then
a conformal mapping from Hr, /T onto Hr, /T's induces a biholomorphic iso-
morphism from V(I'1) onto V(T'2).

Remark 1. The biholomorphic isomorphism from V(I';) onto V(I's) in-
duced by a conformal mapping from Hp, /Ty onto Hr, /T2 is fiber-preserving,
namely, it maps each fiber of mop, onto the corresponding fiber of mor,. Actually,
it covers the Bers-Greenberg isomorphism from T(T';) to T(T'2).

Remark 2. Contrary to Theorem 2, the corresponding result for Bers fiber
spaces is not true. Bers’ isomorphism theorem (see [Be2] or section 4) says that
the Bers fiber space F(T") is biholomorphic to a Teichmiiller space when T is
torsion free. On the other hand, when I" contains elliptic elements and is finitely
generated and of the first kind, Earle -Kra [EK1] proved that F(T") can not be
biholomorphic to a Teichmiiller space except in some special cases.

3 “PUNCTURED” FIBER SPACE AND “PUNCTURED” TEICHMULLER CURVE

Now we consider the “punctured” fiber space
Ro(T) = {(®(),¢) € T(T) x C: p € M(T), ¢ € wh(Hr)}.

Fo(T') is open and dense in F(T") but is equal to F(T') only if I" has no ellip-
tic elements. Since the group I' acts freely and properly discontinuously as
fiber-preserving biholomorphic automorphisms of Fy(T"), Cartan’s [Ca] theorem
now implies that the quotient space Vp(I') = Fo(I")/T, known as the “punc-
tured” Teichmiiller curve for I', is a complex manifold. The natural projections
F(T) — T(T), Fo(T") — Vo(T), Vo(T') — T(T), which will also be denoted by
7p, T1T, Tor, respectively, are all holomorphic with local holomorphic sections
(mir 2 Fo(T') — Vo(T) is actually a covering in this case).

The following theorem implies that the structure of V5(T') depends only on
the topological type of I' (or of Hr/T") when I is finitely generated and of the
first kind.

Theroem 3 [HS]. 4 confbrmal mapping from Hy, /Ty onto Hr, /Ty induces a
biholomorphic isomorphism from Vo(T'1) onto Vp(T2).

Remark 3. The biholomorphic isomorphism from Vp(I';) onto Vp(I'e) in-
duced by a conformal mapping from Hr, /T'; onto Hp,/T'; is fiber-preserving,
namely, it maps each fiber of mor, onto the corresponding fiber of mop,. Con-
trary to this, the corresponding result for “punctured” fiber spaces is not true.
Actually, let T be an arbitrary Fuchsian group, which contains at least an elliptic
element, and I' be a torsion free Fuchsian group so that Hp+ /T = H/I" = Hp/I.
Then Fy(I") = F(I') — Fo(T") is a non-injective holomorphic fiber-preserving
universal covering.
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4 ALLOWABLE MAPPINGS, MODULAR GROUPS AND BERS’ ISOMORPHISM

In this section, we shall recall some basic definitions, notations and some
fundamental results on allowable mappings and modular groups. We will follow
the discussion in the paper [Be2].

4.1 Allowable mappings and modular groups For any Fuchsian group
T, let Q(T') denote the set of all quasiconformal mappings w of H onto itself
such that wT'w™! is again a Fuchsian group. Two elements w; and w> are said
to be equivalent if they coincide on the real line R. The equivalence class of w
will be denoted by [w].

For any u € M(T), let w, denote the unique quasiconformal mapping of
H onto itself which fixes zero, one, and the point at infinity, and satisfies the
Beltrami equation 8;w = pd,w. Then w, and w, are equivalent if and only if
[4] = [v]. The point [u] will also be denoted by [w),] later.

Let w € Q(T') be given. We consider the mapping
(4.1) wy(w,) = aow, ow™?,
where u € M(T), a is a Mébius transformation of H onto itself such that
cow, ow™! fixes 0, 1 and co. Since [w.(w,)] depends only on [w] and [w,],
w, may be considered as an biholomorphic isomorphism x([w]) between T(T)
and T(wI'w™ ). Now the biholomorphic isomorphism x([w]) between T(T') and
T(wT'w™!) can be extended to an action between the fiber spaces F(I') and
F(wTw™1):

(42) p([w])([wpl, 2) = ([wy], 2),
where

(4.3) ve Mwlw™) with w.(w,)=w,
and

(4.4) 2 =w’ owo (w*)"(z).

Note that p([w]) : F(T) — F(wl'w™?) satisfies x([w]) 0 70 = Tyrw-1 © p([w])
and thus is fiber-preserving, namely, it maps each fiber of 7p conformally onto
the corresponding fiber of Tyry-1. Note also that p([w]) : F(T') — F(wl'w™?)
can be projected to a biholomorphic isomorphism A([w]) : V(T') — V(wT'w™?)
which satisfies x([w]) o Tar = Tayuryw-1 © A([w]) and thus is also fiber-preserving
in the sense that it maps each fiber of mor conformally onto the corresponding
fiber of Toyry-1. The mappings x([w]) : T(T) — T(wlw™t), A([w]) : V(T') —
V(wT'w™') and p([w]) : F(T) — F(wl'w™!) are called allowable mappings.
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Now let £(T") denote the set of all mappings w in Q(T") such that wlw™! = w.
The extended modular group for T, which is denoted by mod(T’), is the set of
all equivalence classes [w] of all elements w in T(T'). Then each element [w] in
mod(T) acts on F(I') by p([w]) as a biholomorphic fiber-preserving automor-
phism, and the action of mod(T') on F(T') is always effective. The subgroup T’
of (") can be considered as a subgroup of mod(T), and the action (4.2-4.4)
on F(T') by these elements are reduced to (2.1) and (2.2). On the other hand,
for each 4 € T, the action x([7]) on T(T) is trivial. So we define naturally
the modular group for I', which is denoted by Mod(T'), as mod(T')/T. The
element of Mod(T") induced by w € I(I') will be denoted by (w). Then each
element (w) of Mod(T') acts on T(T') by x({w)) as a biholomorphic automor-
phism. The automorphisms p([w]) and x({w)) induced by the same w € X(T')
satisfy o p([w]) = x({w)) o wp. However, the action of Mod(T') on T'(T') is not
always effective. Recall that a Riemann surface X is said to have type (g,m)
if it is a compact surface of genus g with n points removed, X is said to be
exceptional if it has type (g,n) with 2g +n < 4. A Fuchsian group I' is said
to have type (g,n) if the surface Hp/T" has type (g,7), exceptional if Hp/I" is
exceptional. Then, when T is torsion free, Mod(T') acts on T(T") non-effectively
if and only if I is exceptional (see [EGL], [Ep], [Mat]). The action of mod(T’)
on F(T") induces an action of mod(T") on V(T'). Since I acts on V/(T') trivially,
we have actually an action of Mod(T') on V(I'). This action is always effective.
The biholomorphic fiber-preserving automorphism of V(T') induced by (w) will
be denoted by A({w)).

We need the following important result in our discussion. It is a combination
of a series of papers (see [EG], [EK1], [La], [Mar], [Ro]).

Theorem C. LetT andI” be two Fuchsian groups, each of which is torsion free
and not exceptional, and let F : T(T') — T(I") be a biholomorphic isomorphism.
Then there ezists some w € Q(T) such that T' = wT'w™! and F = x([w]). Par-
ticularly, each biholomorphic automorphism of T(T) 14s induced by an element
of the modular group.

4.2 Bers’ isomorphism theorem We use in an essential way an isomor-
phism theorem of Bers [Be2] between Bers fiber spaces and Teichmiiller spaces
for torsion free Fuchsian groups. The theorem can be described precisely as
follows. Let T" be a torsion free Fuchsian group, a € H be a fixed point, and
& = m(a), where 7 : H — H/T is the natural projection. Set A = {y(a) : 7 € T'}.
Choose a universal covering mapping v : HH — H— A. Then there exists a torsion
free Fuchsian group I such that H/T" is conformally equivalent to H/I' — {4}
v induces a surjective homomorphism % : I'-Thby

(4.5) voy=1(f)ov forall He€T
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and also a norm-preserving isomorphism v* : M (I') — M(T) by

(4.6) (v*p) ov = ' /v, u e M(D).

It is easy to see that v = v*y if and only if there exists some universal covering
vy : H — H — w, (A) such that

(4.7) Uy, O Wy = Wy O V.

Now v* : M(I'") — M(T) projects to a holomorphic map sending @1(u) to
&r(v*p) from T(I) onto T(T") with local holomorphic sections, known as the
“puncture-forgetting mapping”. By means of a homotopy theorem of Ep-
stein [Ep], Bers proved that v* : M (I') — M(T) induces a holomorphic map
sending p to (®r(v*p),w’ #(a)) from M (I') onto F(T') with local holomor-
phic sections, which projects to a biholomorphic isomorphism sending ®p (1) to
(®r(v* 1), w? #(a)) between T(I") and F(T), known as the Bers’ isomorphism.

5 ISOMORPHISMS OF FIBER SPACES

In this section, we will discuss the fiber-preserving biholomorphic isomor-

phisms of fiber spaces F(I') and Fp(T') for a general Fuchsian group I'. In
general, for any complex manifold X, we denote by AutX the group of all bi-
holomorphic automorphisms of X. We have the natural homomorphisms p :
modT — Aut(F(T)), A : Mod(I") — Aut(V(T")) and x : Mod(T') — Aut(T(T)).
We also know that p and )\ are one-to-one, while x is one-to-one if and only
if ' is not exceptional, and it is also surjective if T' is not. of type (0,4), (1,1)
or (1,2). We denote by p(I') and p(mod(T)) the images of I' and mod(T")
under p : modI' — Aut(F(T)), respectively. Then p(T') is a normal sub-
group of p(mod(T")). We also denote by A(Mod(T)) the image of Mod(I") under
A : Mod(T") — Aut(V(T)).
Theorem 4 [HS]. Let I'y and T3 be two torsion free Fuchsian groups not of
type (0,3) or (1,1), and F be a bikolomorphic fiber-preserving isomorphism from
F(T) onto F(T'2). Then there ezists some w € Q(T'1) such that 'z = whw™!
and F = p([w]). '

Corollary 1. Let T be a torsion free Fuchsian group not of type (0,3) or (1,1).
Then any bikolomorphic fiber-preserving automorphism of F(T') is induced by
an element [w] of mod(T).

Remark 4. Except in some special cases, Zhang [Zh] showed that both
Theorem 4 and Corollary 1 still hold for finitely generated Fuchsian groups of
the first kind which may contain elliptic elements. However, it is still an open
question whether the corresponding results hold for a general Fuchsian group
which may contain elliptic elements.
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Corollary 2. Let I'y and Ty be two torsion free Fuchsian groups not of type
(0,3) or (1,1), and F be a biholomorphic fiber-preserving isomorphism from
V(T1) onto V(I'2). Then there exists some w € Q(I'1) such that 'y = wlw™?
and F = \([w]).

Corollary 3. LetT be a torsion free Fuchsian group not of type (0,3) or (1,1).
Then any biholomorphic fiber-preserving automorphism of V(I') is induced by
an element (w) of Mod(T').

Remark 5. Unlike Corollary 2, Theorem 2 implies that the corresponding
result does not hold for Fuchsian groups with elliptic elements. On the other
hand, Coroliaries 2 and 3 will be strengthened in the next section.

Theorem 5 [HS]. Let 'y and Ty be two Fuchsian groups not of type (0,3)
or (1,1), and F be a biholomorphic fiber-preserving isomorphism from Fo(I'1)
onto Fo(T'2). Then there exists some w € Q(I'y) such that T’y = whw™! and
F = p([w]).
Corollary 4. Let T be a Fuchsian group not of type (0,3) or (1,1). Then any
biholomorphic fiber-preserving automorphism of Fo(T) is induced by an element
[w] of mod(T").

Remark 6. Unlike Theorem 5, Theorem 3 implies that the corresponding
result for “punctured” Teichmiiller curves Vp(I') is not true for Fuchsian groups
with elliptic elements.

6 ISOMORPHISMS OF TEICHMULLER CURVES

In this section, we give a complete characterization of the biholomorphic
isomorphisms between Teichmiiller curves V(T') for torsion free Fuchsian groups
I'. We first note

Theorem 6 [Sh]. Let T'; and T’z be two torsion free Fuchsian groups such that
each of H/Ty and H/T2 is not a once-punctured torus, and F : F(I'1) — F(T'2)
be a biholomorphic isomorphism. Then the following holds:

(1) If H/T; is a twice-punctured plane, then H/Ty is also a twice-punctured
plane, and F € Aut(H).

(2) IfH/T; is a once-punctured disk, then H/T'z is also a one-punctured disk,
and Fp(T1)F~* = p(T).

(3) If H/T'; is different from a twice-punctured plane or a once-punctured
disk, then Fp(I'1)F~! = p(T3) if and only if there ezists some w € Q(I'1) such
that Ty = wlw™! and F = p([w]).
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Theorem 7 [Sh]. Let T’ be a torsion free Fuchsian group. Then the following
holds: .

(1) IfH/T is a twice-punctured plane, then the normalizer in Aut(F(T)) of
p(T) is Z(T) N Aut(H).

(2) If H/T is a once-punctured disk, then p(T') is a normal subgroup of
Aut(F(T)).

(3) If H/T is not a twice-punctured plane or a once-punctured disk, then the
normalizer of p(T) in Aut(F(T)) is p(mod(T)).

The following results give a complete characterization of the biholomor-
phic isomorphisms between Teichmiiller curves for torsion free Fuchsian groups.
They follow immediately from Theorems 6 and 7.

Theorem 8 [Sh]. Let I'; and I'y be two torsion free Fuchsian groups so that
each of H/T'; and H/T is not a once-punctured torus or a once-punctured disk,
and F be a biholomorphic isomorphism from V(I'y) onto V(I'y). Then there
exists some w € Q(T';) such that Ty = wliw™! and F = \([w]).

Theorem 9 [Sh]. Let T’ be a torsion free Fuchsian group such that H/T is
not a once-punctured disk. Then any biholomorphic automorphism of V(I') is
induced by an element (w) of Mod(T"), namely, A : Mod(I") — Aut(V(T)) is a
surjective isomorphism.

Remark 7. When H/T is a once-punctured disk, Theorem 7 implies that
each element of Aut(F(I')) = Aut(T'(I)) = x(Mod(I")) can be projected to an
element of Aut(V(T')), which contains A(Mod(T")) as a subgroup of index two.
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