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1 An extension of the theorem of De Moivre by means

of N- fractional calculus and some identities

Katsuyuki Nishimoto , Descartes Press
S. S. de Romero, M. Fuenmayor Universidad del

and A. L Prieto Zulia ( Venezuela )

Abstract
In this article, an extension of the theorem of De Moievre by means of N- frac-
tional calculus and some identities for the fractional differ-integrated trigonomet-

ric functions are reported.

Theorem 1. We have the identity
((cosz+isinz)?), = a” cos{az + (% +2mm v},

+ia’sin{az+ (5 +2mm)v} (a=0), (12)

where v ER and mE€Z (a; const., i=-1).
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2 Numerical Solutions of the Poisson Equation

T. MATSUURA, S. SAITOH AND D. D. TRONG
£/ KL, National University of Ho Chi Minh City

Abstract

In this paper we shall give practical and numerical solutions of the
Poisson equation on multidimensional spaces and show their numerical
experiments by using computers.

Keywords: Poisson equation, inverse problem, approximation of functions, reproducing
kernel, Tikhonov regularization, Sobolev space, generalized inverse, approximate inverse,
error estimate, noise, weighted convolution inequality

(to appear in Applicable Analysis)
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Figure 1: For g(z1,72) = Xx(-1,1)(%1) X X(-1,1j(z2) on R?, the figures of
F} 4 4(z1,22) and AFy, (21, 22) for A = 1072,



3 Maximal functions for Lebesgue spaces with
variable exponent approaching 1
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HABES D EOBGRREE p(): D — [1,00) IKNLT,

/ f(z)
D

Y%% D FOaRE f b5 5 BIKIERE LPO(D) L, 2DV LE

A
p(z)
—Ji(/\—x—) dr < 1}

TED D [2, Kovacik-Rikosnik]. $1Z, p(z) = po (—F) DL &, [PO(D) =
L7 (D).
R IR BEE f ISR LT, KB Mf ZRTED S:
sup —
>0 1Bz, Jper)

ROBRIILHAENATNS.

p(z)

dz < 0 (32 > 0)

N o) = S lpe).0 = inf{/\ >0 : /
D

Mf(z) = If ()l dy.

EHAM]
(1) 1<po <o DEE, M L*(D) 25 LP(D) ~\OARERETH 2.

(2) D BEFRRELE, M LlogL(D) 6 LY(D) ~DERERETH 5.
ZZIZ, Llog L(D) & Orlicz ZEf& 3.

3CHR (1] T, L. Diening &, 1 < infsep p(z) < sup,ep p(z) < 00 723 p(-)
A3
c

lp(2) = p(y)| < log(1/]z — y))

BWMETEE, M B LPOD) 6 LPO(D) ~\OBERIEAZTCH BT L &M
L.

FHETIE, EHAQ2) LEELT, M 5 LPO(D) 75 LY(D) ~OERIE
RELRDDDp() DREEERTS. -

r>0RLT, Do ={ceD:(z)<r} LEHTE. I, 6(z) % 2
LR OD DML T 3.
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., log(log(1/4(z))) b
@ =14 = iy @y SN

BT T5. ZOLE, M LPO(D) 5 LY(D) ~OEFMEAETH 3.

Xk [3] , P. Histé (&,

 alog(log(1/4(z))
PE) =1 (18 @)

(a > 1)

DL FIZONWTHRUTED, ZOFERIX P Histo DFEREZZSATNS.
/=, MOGEDIS, THOD p(-) OXEFRRTHDIILBDIS .

8. p() &, BAIR B 75 (1,00) ~OBEEIET, 1 - [z] <ro DL,

log(log(1/(1 = |z]))) _ log(log(log(1/(1 — |z|))))
log(1/(1 — |2[)) log(1/(1 — [z]))

BT eds. ZDLE, felPV(B) T,

plz) =1+

Lﬂuuwx:m

LB DONHFEETD.
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4 Sobolev embeddings for Riesz potential space

of variable exponent
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FREAES D LOBEGES p('): D — [1,00) KX LT,

p(z)

/() dz < oo (3A>0)

A

J

&72% D EOFRIBESE f Ao 5B EME FOD) L, ED/LAE

f(z)

x
A

p(z)
|UM0=WMQD=M{A>O:L mgl}

TED D ([4, Kovacik-Rékosnik]). 412, p(z) =po (—&) D& &, [PO(D) =
L (D).
TRy f S LT, KB Mf 2RTEDS:

1
Mf(z) = sup ——— 1Y) dy
r>0 ;B("Ba"‘)‘ DNB(z,r) (

ABETH () 13,

(p1

2 a log(log(1/]z — y|) a2
) p@) — e < = e =gy T el =)
(zeD,yeD,|lz—-y| <1/2)

&ﬁri?&—é‘é (a1 > 0,@2 > O)

BE 1. p()i%, 1<infrepp(z) < sup,epp(z) < 00 B0 (pl) W T LT 5.
@ >0D¢Ea>a, a=00L&Ea=0&¢LT, Alz) =an/p(z)? L B<.
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/D (Mf(z)(log(Mf(z) +2))4@)"? 4z < ©

a; =00 & &, FEE 11, L. Diening [2] 255 L7z, —REMOFEITIE, &
CRRBFME DT T, FEOREREES (Cruz-Uribe, Fiorenza and Neugebauer

[1p
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Unf(z) = /D & — " (y)dy
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1/p}(z) = 1/p(z) — a/n
L35,

TE 2. p(') 1%, 1<infepp(z) < sup,epp(z) < nj/ad> (pl) 22T &F
5. a1>00¢&Fa>a, ay=00,ZEa=0LL7T, Alz)=an/p(z)? ¢H
< ZDEE, |fllp 1725,

/D (UaF(2) (log(Uaf (z) + 2)) )" dz <

XC#R 3] T, L. Diening i, a1 =0D & EX OV THRETNS.
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5 Liouville’s theorem for monotone Sobolev
functions

R RE KRITEKRF
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1. Monotone #{® Liouville O

D% a2—7Yy RZEER" (n>2) OFEALTS. D LOEHRE v H
Lebesgue [4] DEMET monotone THh 2 &L, G C D LR BEBDHEA G
WAL,

maxu = maxu hD minu = minu
Fel 3G G G

DD DL &E WS, D ED monotone BI¥K u DSV R L 728 WP (D) I
BL, p>n—1, B(zg,R)CD,0<r < RIZHLT,

Rn—p — prn-p

lu(z)—u(Z) < c,,—“—l”__/A( TPy (a2 € Banr) (1)

DEYILD (p=n DEEE (n—p)/(R*P —r"?) DRD DI (log(R/r))7Y).
ZZIZ, A(ze;r, R) = B(zo,R) \ B(zo,r) THH, C, FRT n & p DAITIK
HFI2EEMTH .

EFE1.p>n—10D&E, R* _L® monotone B u 3

lim inf r”—”/ [Vu(y)]f dy =0
A(0O;r/2,r)

r— 0o

2l TR6E, u BEHMTHB.

1. p>n—-10D&&E, R* LD monotone Bl u B a>p—-n &RDa
WX LT,
. [Vu(y)[P(1 + [y)* dy < o0

iy, v SEBTHS.

%2 (cf. [6]). 1 <g<p/(n—1)T, w# A,-weight ¥ 5. R* LD
monotone B u H?

P
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liminf——/ Vu(y)Pw(y) dy =0
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HEHE— (FRAFIEHERLIEN)
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K = Q OB —EREER f(z) € Klz] KRHL, X = C FOFEEN
Ty PEDZREMBHARETD Y —H [7h] € Hy(Klz]) & o TET. 2T
T, Z i f OBEES {z€ X | f(z) =0} ThB.

REWBEFTad Ty — o OMIEARR Dx = K[z, £] iZ8iF 3 anihilator
AT T V% Annp, (o) L BL . MAIERAE P,Q %

P=faitf(a), Q= fle)

TEDH DL, Annp, (o) IX P,Q # Dx LAERTBEAT 7NV Dx (P,Q) %L W
BB,

BHOHFBRRR M,N 2 ZhEh M = Dx/Annp,(0),N = Dx/Dx (f) TE
H5.

B ALY L.
(i) dimg Homp,(M,N) = deg f.
(i) Homp,(M,N) i3H K(z]/(f) MBEOHEEE 7.

W& Homp, (M,N) »bETRWESR p #l5 &, Homp, (M, N) iX K[z]/ (f)
EplckVERTERZ LTS,
FEROWAERR 9 & g = (f'(z)) mod(f) TED,
d

d
By =1,By = (——)g1, - Bee1 = (—5=)" 911
dz dz

LBL. BMAFERR L % L= Dx/Dx (Q) TEDS. ZD8E, Homp, (L, N)
1A Klz]/ (f) MBEE LT By, By, ..., By TERESH S,

ci(z) € K[z]/(f) 725 ¢; ® BROWMAERF L #72 L R%Z R=Y Bic; TED
5. ZO, fEA# R) Homp, (M, N) DEFR% EH 5 4A+523%M PR € Dx (f)
¥EETTILETCROBREEES.

BB c(z) € K[z]/ (f) 25 o % BHMEOWSERR LH2L RE R=Y Bic; TFE
W5, ZOK, Homp, (M,N) DER*ED DL IRMEAR R TH V&M ¢y =1
T b ONME—SIFET .



BAEE Z CEREOT SN 6, & (] TEDS. LROMBEICH B1E
AR R V5 LT, BMAFERR M ORKORH 2 FE 0 Y —HERO
EOERT B LN TES.

E WHSARY 3L
Homp, (M, Hiz(K[=])) = {Rbz | b € K[z]/ (f)}
REWBFT AT Y0 o REBIFERR M OBTHDZ L0, RS
.

& &M (- 1D)(f'(2)* 'b(z) = 1 mod(f) EH7=T b(z) € K(z]/ (f) 2 EWE
DORSVERRE AL S=Rb & B<. ZDK o0 = Séz ALY L.

HaeZlZBT28%E

1 [ h(z) .
21 f‘(w)d
CELKRERD.
EE r(z) & .
r(z) = b{z) Y aiz) o() mod ()

TEDD. O, K a€ Z IR HHEMNK 7 OBKIEL r(a) LHL.
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BRI PRARAT T FoRT 206 1336 [R5 2L JEIERIE | (2003), 121-132.

2] MAERE, HANE—, AEEMOT—5 BE7A Y X AL REHRET=
FEO D —, EEHKFEEBEMATIHRATEZS Computer Algebra-Design of
Algorithms,Jmplementations and Applications| , #E# T €.



7 Notes on Sakaguchi functions

Shigeyoshi Owa (Kinki University)
Rikuo Yamakawa (Shibaura Institute of Technology)
Tadayuki Sekine (Nihon University)

Let A be the class of functions f(z) normalized by
fz) = = 4 ) ap"
n=2

which are analytic in the open unit disk U = {z € C : |z] < 1}. Let S(a) denote the subclass
of A consisting of functions f(z) which satisfy

(i) >

for some o (0 £ & < 1/2) and for all z € U.

A function f(z) € S(0) is said to be Sakaguchi function which was considered by K.Sakaguchi
(1959). A function f(z) € S(0) is starlike with respeet to symmetrical points. Also let T ()
be the subclass of A consisting of all functions f(z) which satisfy zf'(z) € S(a).

Theorem 1. If f(z) € S(a) , then

[12 (G - 20)

lazn| < i n2l)
and n
famar] U205y
Theorem 2. If f(z) € T(a), then
o < T2UZ20) 5y
and "o
oz < T2 )



N.E.Cho, O.S.Kwon and S.Owa (1993) have shown that if f(z) € A satisfies

(1) Z {2(n — Dlagn—2| + (2n — 1 = 2a)laza—i|} £ 1 - 20

for some o (0 £ a < 1/2), then f(z) € S(«) and satisfies

(2) Z {4(n - 1)2[a2n_g| +{(2n-1)(2n-1- 2a)|a2n_1|} <1-2a

n=2
for some o (0 £ o < 1/2), then f(z) € T(a).

Let us define the subclass Sy() of A consisting of all functions f(z) satisfying the coefficient
inequality (1) and the subclass 7o(ct) of A consisting of f(z) satisfying the coefficient inequality
(2).

Theorem 3. If f(z) € So(a), then

ol = 2 laallel” = A5l I S ol + 3 lanllel” + 45l

where
(=20 =Y - (4 (-)adfal
A= T+l-(1+ (-1V)a (122

and

2j-2 . 2j—2

L= Y nlaallel™ = Byla[Y7* S 1)) £ 1 Y nlanlle]™™ + Bjlef¥ %,

n=2 n=2

where

(2 - 1) {(1-20) - T {n = 0+ (-1 ablaa}
B = 2/ —1-2 Y
7 [o

IV
=

Theorem 4. If f(z) € To(w), then

ol = 3 Janllel™ = Cilzl*t S ()] £ H2l 4+ ) lanllel + Cil=P Y,

n=2 n=2
where
¢, = Lz = Tan{n= (4 (U ol sy
G+D{i+1-(1+(-1))a}
and
J A i .
1= nlanllz"™" = Dyl S 1) € 1+ > nlaallz"" + Djlzp,
n=2 n=2
where

(1= 20) = S0, n{n = (14 (=1 )} |l
j+1I—-(1+(-1))a

D; =



8 Essential Norms Of Integration Operators And
Multipliers On Bergman Spaces

XB HE  (BHEEKRF)

ZOBETIINNT < M LOBBERFOT v v ) M AIZH
THREEITD. 1 <p< +00, 2% LT, Lebesgue space LP(D,dA) ix, K% i
723 D EOAR— AN b2 BT o B ET 5

| f llLe(aay:= (/D If(Z)I”dA(Z))% < +00.

A7~ %R [B(D) 12 LP(D, dA) DRSS 220 CRENT RIS 2 72 5 b 0 &
T5, D ORI g o LT, (ERH J, |, I, M, ERO L 5 ICEHT 5

L@ = [[OF0d, LG = [ Qa0 M) = (2)1(2)

IhHDTy e Y VI NAIETEIRD L S iR E BT
EE L 1<p<oo &t DL, D LOMIEKgICBLT, the
essential norm of the operator Jg on LE{ZIRTH 5 :
Il Jg lle~ lim sup (1 —|z|*)|g(2)]
s—1 lzj>s
i.e. C1 lim sup(1 - 1212)lg'(2)] <Il Jg lle< Ca lim sup(1 - |2[*)|g'(2)],
$—>1 jz|>8

T z|>s

for some constants C;,Co > 0.

EHE 2 1<p<oolts. ZOLx, D LOMIMEKgIcBILT, the
essential norm of the operator I, on LE iZIRTH 5 :

Il Ig le~ lim sup [g(z)|(=l g lio0), ¢.e.C lim sup |g(2)| <l I [[e< Jim_sup |g(z)].
3217 |2|>s Lind PP T lzt>s

EH 3. 1<p<ool¥ds. TOLE, D EOMIMEK g ICBLT, the
essential norm of the operator Mg on L2 13K TH 5 :

| Mg lle= lim sup |g(z)|(=|| g lloo)-
s—1 Jz|>s
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O A MAXIMAL OPERATOR ASSOACIATED WITH DIEUDONNE’S
LEMMA

)| e
KBRS R F RS IR

L= =

A#H T3 Yong Chan Kim K& OILFERFE (3] O—EFI OV THREZATD. O
XOERERIEMIBEWNRNTH DD, ZZTHRRDT 7 =y ZIZOWTUIEBNRT A7
THEENL TV DL HFIND.

FTHEBIZH 2 Dieudonné DHHRE (cf. [2, p. 198]) LIFKRD L SiCE~6N 5.

EH¥ 1 (Dieudonné [1)). zp,wo ZHEMAKRADERXSNT=RT, |w| < |20] # 0%
330ETH FERMAKRLOERMER W T, v < 1,w(0) = 0,w(z) = wy Zith
3 DEEDOLTREET S, CDEE, FKE {W(z) we F}lEw/zo ZHIDEL
(J202 = |wol?®)/]20|(1 = |20|?) ZH# B LT HHAAMTHS. 512, COABROERRAIZEK
H—D F OFELRIET S,

Frizwe FizL TiE

20/* — [wol* _
+ Tl =T K(J2o, [wol)
DRYILD. ZIT, 0<s<r<1iZHLT

s =5t s(1-rY)4ri-s?
K(r,s) = ;+ r(l—r2) r(1—r2)

EBWE. L, K(nr) = 1BFEICE M-I EICEBL T, K(0,00=1¢1L THL.

C([0,1)) XM [0,1) Lo (EHREE) #EREBEOEELL, £DOTFITRL T

F(r) = max K(r,5)|F(s)l, 0<r<l,

Wo

/
<
o (z0)| < | 2

CEETDH. THLHOMNIF € C([0,1) THBH. F o FIZI-TEHRBSNHEHR
C([0,1)) — C([0,1)) & K iZHET R AMEEAREFESZ LIZT2. BIZOERE
X, C([0,1)) ETEZREN HKD Bloch B L 2L TELVWHEE R > TV D Z &8
D
IFl = sup (1 —7*)|F(r)|.
0<r<1

(1 =P < (1= 1)) < max(1 - $HIF(s)

BO<r < LIZDOWTKYMIDOZ ENERIIHND. H-T, B |F| = |F|| TH5.
KIZ VA ||F|| DEZED LRD, H51€[0,1) ICBNTERINDEREL LS. T

5&, EOFEEMNG (1—12)F(r) = |[F| THHZ LN 5. BXEEK (1 - r2)F(r)

Hr - 10&&, L) —EZOME |F|IGESK 2B nnsd. fle L TEE F@) =



(1—Ar)/(1 = Br) = pag(r),A=0.7,B = =03, T2 (1 -r?)F(r) D777 (F)
L QA-mFr)or 77 (k) 2RRLT.

0.95

EH 2 FEDOF e C(0,1) ITDOVTRMEYILD :
HFH:!mzﬂ—rﬂﬁvl

EED F,G e C0,))ICHL T (F+G) < F+ GBI LODIXEENLHLNT
HEN, TOFBENLFIROREED.

% 3. A ) o
IFI+IGI = IFI+ Gl = |1F + Gl

ZOEARDOIEAIZOWTIE, BEFHCHBIIER~D 2 &L ev.
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10 On a defect relation for holomorphic curves

FH B%E (BRIxkEElR)

1. Introduction. (a) Let f = [f1,- -, fat1] be a don-degenerate, transcendental
holomorphic curve from C into P*(C) with a reduced representation

(fl)'“afﬂ-{-l) : C - Cﬂ+1_{0},
where n is a positive integer. For a = (a1, -,a,41) € C™*"' — {0}, we put
(@, f(2)) = a1fi(2) + - + ausifori(2), (@, f) =arfi+ -+ ansifasr.

When (a, f) has at least one zero, we say that a has multiplicity m if all the
zeros of the equation (a, f(z)) = 0 have multiplicity at least m, while at least
one zero has multiplicity m. When (a, f) has no zero, we set m = oo. We put

n

60(0" f) =1- max(m,n)'
Then, 0 < §y(a, f) < 6q£a,f) <1 and dy(a, f) = 1 if and only if m = occ.
m

Let X be a subset of C"*! — {0} in N-subgeneral position satisfying #X >
2N —n+ 2, where N > n.

Defect Relation (see [1](N =n), [3](N > n)). For any ay,---,a, € X, we
have the following inequality:

q
> do(aj, f) <2N —n+1.
j=1
We are interested in the holomorphic curve f extremal for the defect relation:
q
Y do(aj, f)=2N —n+1. (1)
j=1

Problem. éy(a;, f)? when (1) holas.

(b) Let ¢ be an integer satisfying 2N —n+1 < ¢ < oo and we put Q =
{1,2,---,q}. Let {a; | j € Q} be a family of vectors in X. For a non-empty
subset P of @}, we denote

V(P) = the vector space spanned by {a; | j € P}, d(P)=dimV(P).



2. Result. We put
M= {a eX | 60(a,f) > 0} and M; = {a. € X , 60(a,f) = ]_}

Proposition. (a) #M; < N + N/n ([2]).
(b) #M < (n+1)(2N —n+1).

Let m be a positive integer.

Theorem. Suppose that N > n. If (1) holds, we have the followings:
(a) For any @ € X — M;, d(a,f)=0.

(b) d(M;) < (n+1)/2 and #M,; < (2N —n+1)/2.

(c) When n =2m, #M;> (2N -n+1)/(n+1).

(d) When n =2m — 1, either (I) #M; > (2N —n+1)/(n+1) or

(II) q is divisible by N —m +1 and for p = ¢/(N —m +1)

14
Q=UP, #P=N-m+1, d(P)=m.
j=1
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11 Schroder BHE(D Julia FEIZDNT

IR ZHE
A (HARTIEKRF)

Z DEEWE TE Schroder DR A FE R

(1) f(sz) = R(f(2)),
DEBERIKBUAR (Schroder BREL) f(z) D Julia A& FEEE R(z) D
Julia 8E Jr DERIZOWTHELSN-HEREZHMET S [3]. Schroder
HEX()IZBWT, s FERBEBT |s| >1 &L, s =[s|e?™ X €
[0,1) EBNTHL. F=, R(z) &R 2 UL EDOEEBEMT R(0) =0,
R(0)=s 2W-T30L L THBL. BRFHALBTAERRBOEL
IZDWTIE, 72 & 21 Steinmezt [4], Valiron [6] R EZSREI Nz 0.
Julia AENZDWTIHBARTH L. HEFHE LEOFER d,, = {z; arg[z] =
wot & IEF o IR LT, AR

Qwo, a) = {z; |arg[z] —wo| < a}

EEHLTBL. FER clWO » f(z )U)Juha B, F7ziE Julia BT
HHLE, EBD a>0IXNLT, f(2) B Qwo, ) ICBWT E221H
DOHIMEEBRNT ac C ZERBEEL 2L TH 5.

Qwo,a) BT S f(z) D a R & z(a,wp,), n =0,1,---, &F
LT EizT 5.

Schroder BREIC DWW TIX Z D RDALE p := logdeg R/ log |s| > 0
THEZALNBIEDBHOENTNWS, L2 [2], 6] 2 ESH. AI#
BR2EHEEKBUZ DOV T a?u,0 D f(2) @Borel B, ¥ 7z Borel B
BMTHD LI, EED o> 01 LT, f(2) D Qw, @) IZBNT &4
2 {H DFRAME 2 FR\\ T

1
; |zn(a,wo, )|l =oo foranye>0
EWETILTHD. MM, d, D Borel FAITH UL Julia FATH .

Theorem 1. N BEEE L T 2. TD& X, Schroder BB f(2) (HHE
B DA M % Borel HHEIZED.



ADEEBOGEL, BYREREEZ DI LIZL>TsIFERER
FEL TN,

Theorem 2. s >1&3%. TDEE, d,, D f(z) D Julia HTET
HDILDOLBETDEHR f(d,)NTr#0 TH 2.

%B%‘Z\L:, f(dwo) = Jr, f(dwo) 2 N2 f(dwo) g Jr RLPIDHFET 2.

RELD, FAE R(z) O Julia EECEENE. FAICET 2R
Eay

‘/7;(0) = ﬂ {arg[w] ; w € TR, 0 < |w| < €}
e>0

TEET 5.

Theorem 3. Schréﬁer BB f(2) i f(0)=0, f/(0)=1ZWzT
D&TH. ZDOLE, Jp(0) & J; B—HT 5.

AR A T OESHRERDPLEICRS>TL 2. 2L, &5
SCER (1], [7T]CFEL W, T T T, Tsuji [5] [0 2 FHEBE ZIGH Lz,

REFERENCES

[1] A. A. Gol’dberg and I1.V. Ostrovskii: Value Distributions of Meromorphic
Functions. Nauka, Moskva 1970 (Russian).

[2) G. Gundersen, J. Heittokangas, 1. Laine, J. Rieppo, and D. Yang: Meromor-
phic solutions of generalized Schroder equations. Aequations Math. 53 (2002),
110-135.

13] K. Ishizaki and N. Yanagihara, Borel and Julia directions of meromorphic

Schroder functions. to appear in Math. Proc. Camb. Phil. Soc.

4] N. Steinmetz: Rational Iteration. Walter de Gruyter, Berlin 1993.

[6] M. Tsuji: Potential Theory in Modern Function Theory. Maruzen, Tokyo 1959.

[6] G. Valiron: Fonctions Analytiques. Press. Univ. de France, Paris 1954.

[7] S.-P. Wang: On the sectorial oscillation theory of f" + A(z)f = 0. Ann. Acad.
Sci. Fenn. Ser. A 1. Dissertations 92 (1994), 1-66.



12 Generalized Obstacle Problem
[RBRFREGEAAER EHEE

B Riemann B 5 4 FRE O S Kk AR IR Z BR V17288 Riemann [ S % finite topo-
logical Riemann Bl EMEVET, S DA/ M ES E A¥ Obstacle THHENID
2. S\ E DEEND E 280 S LOMHANRNEETHLEZEENIBDELET,

AF#E TIE. Obstacle 2D finite topological Riemann E 23 W T dH 5 MIEMHE %5
AT, Zhid. Obstacle DRAVERBEOHE ([3) O—BALERDFT, & 5ITHE
MO 5BO—BHEERUNREL T, BRAEXKH Riemann H® conformal slit mapping
theorem B 5NB T LERLET,
S : finite topological Riemann surface. S9: S @ Schottky double. E : obstacle on S
A(S) = {p(2)dz* S LD ER] 2 RIS T S DEAFER Lo(2)d2? > 0}
S(SY) = {84 LD BHEAKR T 0 X puncture IZHRE B EY 7 TR}
G[S4] = {&(S?) D homotopy class}
p € AS)\ {0} ZEIET 5. ¢?:p D S NDRFAIILIE
Vy € G(SH ML Ty KU [y] D ¢ IZBT S height R TEREIND,

heighta(v) = / Im (v/¢4(2)dz), height,a[y] = inf height (5)
Y

B~vy INS9
3(S,E) == {(9,S,) : g &S\ E !5 S ERLF A T DH% Riemann H S, ~NDEDAH
Tglds OEASER K puncture ZENETN S, DENITI DT, }
V(9,S) € §(S,E) & (g), : m(S9) — mi(S¢) DFBZ induce §5., ZORBICLST,
pg € A(S) \ {0} T
V[7] € &[Sy] height,q[] = height,a(g);" (7)

EWMETOON—BICHEETDZEMHONTND, TOLIITLTHLND o] DL
JIWVLDEREEZ S,
FEIE 1(7F7E) S : finite topological Riemann El. ¢ € A(S)\ {0} E C S: Obstacle set
3(S,E)={(g,S,): g ZS\E 05 S LU ¥ 1 7 D&% Riemann i S, ~NDEDHAHT
S DER K puncture Z2ENEN S, DENITI DT }
ZDEE. 3(f,5) € F(S,E) st. [19fllLi(ssy = sup{llefllei(sp) : (9, 5) € F(S, E)}
E;:=S;\ f(S\E) BAEFETHY E; DERDIZ

(i) ¢s @ horizontal arc, or

(ii) s D horizontal arcs & critical points DEFEF
ZD(f,S;) ZWERHE (S, E, p) DEBIERITT & L5
BH2(—BH) TEI1LAURKREDHET, E5I(g,5,) € F(S, E) bBEKITTE 5,

pgou(uw) =¢; in f(S\E)
IZTu=gof1TH>,
# (conformal slit mapping theorem) )
H FRFEXE Riemann H R 13FAMEK O Riemann [ R IZREAORENR A DHESDE

R R EEHX Nz B IERI 2 K853 D horizontal trajectory arc B L <13, horizontal
trajectory arcs & U critical points DEAEHIMN 525 K I ITHDRAEN S,
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13 ZEKEORIM D9 %A

hH =8 (RIK - BEHR)

HRIRE CRICHMAN y 2 &0, C\y D 2ROFELZ o TRERICH O &
HETHSND 2ERE (C D2 ¥EWB) —~< > H) C, 2ROBICRRT LEAT
H5 ([4)): L ~

C,:=C\7n 4, €\ .

v % C, ERDOMMHIMEIER, ZOR D TIIEDHIZ y 2 E>TH C, 1 3EMIIIE
A—DCEDObDDEETH D, HALH CNOERERDEHTH 5 EHE A,
BTHWIHRZbLDEELSD HIZy2C\(AUB)NICE>TC, 2ERKTHEX0D
v% (A, B)CETAMMMEED . THK AL BRA—-DCO2EATH DM, Th
5%C, DAL TEADEXR ARTO—DDEC\ yKAD BIILWEDE
DOMDEC\yRASDTVNEHDEHMT S -

~

€\ (AuB) = (C\(um) I, (E\(BUY).

R AZEOC, NOMEAC,\ BIKHT2C, 0SAMIETD ADEN 2B
% cap(4,C, \ B) LR L, [#kiIC, AZ2EDCOMEAC\ BICHET 3 C %Mk
WETD ADES 2558 % cap(A,C\B) &il¥. 2 & cap(4,C, \ B) & cap(4,C\ B)
DLBIZHESEAX ZIEH LORMMAS L EETHS (2], [4], [5], 6], [7] 5
). cap(4,C, \ B) #cap(4,C\ B) ‘L D/N (R IHELW , U k0 K") 75
BF, (A, B) KBS 2 RTI0 1 ZHBERH CUIERRSY, UIBERH) CIERZ
LD ZHIZDWTUTORER (3) NESNEIEERETS.

EE 1. FH0D (A,B)£#03. C\ (AU B) DEEDHICHL, ThHLOM
|w’SH > T, COMRICABERED (A, B) ICEAT B ~ B BERHTH 3.

T 2. fFED (A,B)#M5. C\ (AUB) LD A DHEMAE w DEEDE
SROEEOBNMW o DEREZ ab ETHEE, K2a b bBPLDAIRU &V
BHOTROMEERED : (A, B) ICBIT B0y 25, v DB S £ o/, b/ TS
&E, da LB BRLU &V DFBOBARA EHE>TVWT, y M da+a+bY
ICC\(AUB)ATHE F—TH5, v IEERHTHS.

52 5NR y LRI TH B Z EWEA LOB AN SI3ERICEEL
WIRITH D, 2TOMMIMNLEAMIIEShmEEIMENRH > THA%EL
<7z, L0 2FEIT, AN, BEDIMIINESMhEBR S
EE, RilHBZEERLEROMGEZEHTHIHEDODESAD. ARED



BEOHMIE, LALUAans, FT ERoMFICR U THERYTROMAAIAE
HLTWHHEZREWM I DI LIZHD.

EHURDHL (A, B) 1T L TRO (Hfiis) (Rt 25X 5. (A B) NRER
MEMEHAETEE, CLODDHEBIND ST, AL BRLMERIZE—DER
LWL THRRERBZETHDETS. AL BRHWIZHERZEAMAKRDOHENZ D
MBI NDWAFE THD. A& BRAOHLERIERE IZENE XN,

EH 3. (A, B) PRAKSHREEELTETS. (A,B) [CHAYT By T
EBERNZLONEICHEETS. (—RICERGD (A,B) ITHLTH, BERY
AR y NI, v OBRWORICLTEHERIZOONFETSDT) LR
# (A, B) SRS EELTE, (A,B) ICHAT 5B THRRANZ O
BICHEETS.

TOREE (A, B) KT B LD D I #HR E 8 LT RITRILY
ZTEHEEESN, TNERTACEEROMELITET ZZEHAR (1)) O
W (Al DA L0 2 R0 —F) TORBICET B REEME LAITN
ER5HOT, TRIZEEEEL TS HO0, SEENENRNTHEET AL
et R L.

¢ B X &
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RERRTIEMNTES, ISICHALNENERTE T, MENSI LI
TR AT 2a7—FMD FFy &M LR 3, CEarle, F.Gardiner,
N.Lakic i35#X [1] KBV THHAN Y A L S 25 —EMIcik ¥y A L 325 —2%
HE DBRICH L TERALER T vy N SREOMENAZZ LR,

COBEATIR, IENIA I 27 —BHEICRESRDY) —2 LT
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Complex dynamics and the Nevanlinna theories —
forwards and upwards!

B
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1 Picard DEBODYERINFRICE TSR

COHCEFRIEM f 2 ABERL .S 70 (BE R KL d TRL, TOREERY
ff=foff 1 (keN), fO:=1dg L RT.

i3, € Lo CiEEEERSEkORT, LR VA% T 5 Banach 22 Do(C) 1% Y H LIEA
R LUERT 2.

L@@ = ), o) (€ Do(©)). (1)
wef-1(z)

ST f D we fl2) KB B RFNKREEZAD TRS. f, O&E f* 130N Dy ) 1K3|
RUERFL L TEAL, Riesz ORBER L ) B D€y 13 € £ C BIFRIRIEESH4ICTEAAE
FANELOLE—BENE. UTHEOIFIEE OMETEL, AEIEAREOLEERXD. &
TYEEREBIIRTH 5.

R 1.1 (ASESHER). C Lich 2HRMUE u, WHEEL OREELT. £80 C_ LoRRJE 4

WAL, wE() =0 THB L = )
. ()
Jim = =

ZZTE) i f ofSNEELFTIN, RDOLIICERINS.

“5. @

E(f) = (ze C#(|_ f7(@) < ). 3)

neN
¥ 1.1 (#ENH). C LORE 4 IcHL, Z03IERL f'u % f O u LOEHTLIES.

FEH 1113, C OARBOHRAFEIIHNL, f ORBEEARIC LBEHHIFLC Y Ry — ) v 7Rz
BOZLEESTVS ZOLIRBRKREY RET I L I3BAMRITE & CIHGERIT CEE &%
BT BT REERE.



EE11IFET f MSEROEAIT Brolin [1] 1< & > TRED, £ O Lyubich [8] & Freire,
Lopes & Maiié [6] MHNZIKEBREH OB HITRL . % %% Eremenko ¥ Sodin [3], Hubbard &
Papadopol [7], Fornaess & Sibony [4] HSBIZERR & FR L T 5. 8E [16] 13 f © C2 AL BT
(d RFKRBIER B L ER) OFHE Julia EAONBAROFHE LB SEROBAIIFHS LTI LE
134 <, Brolin 1375HK Julia £ O HMAR % 7 D Green EE D Robin EHA 5RO 7= A%, HEEH
OFE Tl (B E)Green EHIEH 5 b DD Robin EHVBE O THIOFEZLELT D), TH
IKEDS X HBREREBOBAICY Brolin ORETER 1.1 ZiRL 7.

& T, Nevanlinna BRI A BREROMHMICET 5 Picard DEBEOHEENTH >/, ZOEWT
13, 2B LUAZEHHEE) BEENFROIED S O Picard OFBROEE(L L RIBE S Z & &M
T 5.

C ol h f ORROBEES, TOB () =1 DHXHEN 1 LV KTHE LT 2.

EE 1.1 GERROY A I VOHEE). W > 1 &0 fIIERBOYVA 7N (f 0HEREAHOBEE
&) REL, 20O bIERFEMY A 7 Uik Fatou OFRUEER L VB4 BRMBETHS. 2%V f Ol
YUk REESBIIREEE S ERFD.

ZorE RRERTC LOEBBEE h WEEL, f O KBTS Poincaré B & FIIN S :

hO0)=¢, H©0)£0m»>C Lk
foh=hod @)

CITHFERAcCIHCOHCKEERw - Aw LA—RT 5.
Nevanlinna BR IS BT Ev(h), Eph) 3 FN FnABEIE h @ Valiron ¥ 713 Picard O fI5
#£4, Ev({f') 13 A(ORBEARS) © Valiton OBINEEZET. LiEoRtFob e T,

FER 1 (P MEDR—1E, Ok [18]).
E(f) = Ev({f*}) = Ev(h) = Ep(h). &)

TEE O S) ORVOEENSEE LIASHHERE) O (2) 137 IR >. 28T, #iT ()
Mo (5) PRADVEBLRTI L LA THS I L, (2) EABRRT V¥ v VROBRL S WK
HZ L EBRHTS.

FEsE & ¥ biZ, Nevanlinna BROBZHAR L2506 EER | OFEHOBBERHRT 5.

2R 11 o3¢ Lo o) = | THEIREBRER, [z,w] 12 C D2 Kz, w FIOKIERT 2, w H'E
VI OADBHE | T#HD.D,:={zeC;lzd <1) £BL. C DA w T Dirac {EZ 6, &5 <.

C L oEBERIEH g 18 L T, K - Ahlfors DFHME (F18) B & 13,

T(r,g) = ](; %f g'doe (r=0). 6)



C ol alcxtL, $& 1, REPOOBARAD g D a AOEMEHA 5EHII,
n(t,a,g) := f g6, (=0) a
(zeCilzl<t)

TnrE g0, CofalcnT b aEER L ARER L IZTNTH,

2 1 d
m(r,a, g) = L log mﬁ, (8)

" n(t,a, g) - n(0,a,
Nra,g) :=f ( g)t 0.a,8)
0

dt +n(0,a,g)logr (r>0). 9)

Nevanlinna % 1 TEFEEIL, STRUCISEA LR OWPEETIL (6),8) & ) DD r> o T
OWEBFRR DA RIET 2 e hE L, ROKEHLRBIIBLEORITIZRhR V.

T 1.2 GRK - Ahlfors B3 1 TEER). C LOFBUER g, aeC & r201THL,
|Z|n(0,a,g)
(g(2),a]
HERTIIABB RO BHEL O THEEILAS TE X hS, £i3 Nevanlinna D& [12] IF T
Bt (RBXE - ANEEOTREICKY 7. REUIKYTTR.)
Valiron ¥ 7<% Picard OIS EES 2 IZENEN

m(r,a,g) + N(r,a,g) - T(r,g) = C, := limlog < . (10)
Z—

Evg) := {aE@;Iir&s:p ’"T(;r“gf) > 0}, an
Ep(g) := C - g(0). (12)

(11) OBETITEND a5 2 E% g IHT 5 a @ Valiron Defekt &>
=1 TEEEPSRVELICNED.

* 1.1
Ep(g) C Ev(g). (13)

ZLTZZTI3EMT 55 Nevanlinna 0% 2 TEEBIY, BIC Ev@g) DRKESE25X5.
Nevanlinna #3378 Picard DB OB L EDIAMLATH S.
IO HRERICES L, T TRIZIERICHEANTH 5.

M 1.1 (Picard O/NER). HEEH f & Poincate ¥ h & LRDEY & T 5 L,
E(f) = Ep(h). (14)
Picard D/NEBITE SIT, E(f) BE 2 2 AR5 L bEKT 5.

Poincaré E# h OESTE L A% HHEE L BEMT TH U7 Did Eremenko & Sodin [3] 25&4]
T#5. h1Z Nevanlinna 0% 2 TEFELHEAL QREE5.



EE 1.3 (Eremenko & Sodin [3]).

Ey(h) € E(f). $§I< Ep(h) C Ev(h) C E(f) = Ep(h). 15)

L L72h%6 Eremenko-Sodin [3] CIXRIED hick 3 C ~D#b FITHEREINh T3S,

EHREHICH L TRE L AABREESOBIMEZA50MARTH S (cf. [13], [2], [21], [10)).
R DOBEEEF D Nevanlinna 23 Sodin [20] 1< & 5.

W d > 1 DFEE f © Valiron FISNES L1T,

A 1 1
Ev({f*) i=lae liiris;p i élog mdo‘ > 0}. (16)
(16) DELTHND a »oEE 5% {4} 1T 5 a @ Valiron Defekt £ 5. T35 &,
E(f) c Ev(if*D (17)

12 E(f) D& BD (f*} 13§ 5 Valiron Defekt OEEZFTEIC & V/RE 0 5. #EF LK - Ahlfors BY
Nevanlinna O% | FEER % L IGEAL TREH L.

TEZE 1.4 (18)).
Ev({f*D) c Ev(h). ¥ E(f) € Ev({f*D) € Ev(h) = E(f). (18)

¥ 25 b} E, Poincaré BHUCHT 5 Nevanlinna ©% 1 - 82 TEFEH L MR HFRICBISLE
SEHMERITIIC, Poincaré EWEUICH T 5 Picard D/MNEEO—RLE LTEL b L B¢ 5. &
B, A% MHER ORI Nevanlinna BERICE ) 58 4 © Defekt DFHHEICREEL /-

bRAC L f O—BHBRT Y Mo —JETLHE. 2o & b HR-> TRSIHERE
A0 I ADSERERNFERNBIRL &9 L RBBZENEREIR TS, ZOFRE -
R LI AKICLERERRAORMRH L LI THS.

2 NHERMRTUIry VRE, BBEBORSSHER
RESHEELABRHERT Vv VROBAPS ESICRTARAL Y. C LORIE uiTHL, Z
D EKA) BT Ty VERDLIICED .

1 A
Vo= [ Tog ) : € = [-o0,01 a9

(AR RV P2 VROBRT S L 2506, ERBES (1) 23 p IR 5261,

liminf V,, =V, (20

NE L r2BEEEBROEL ZATHRYIID. Dinac lIE LD Y Ay —Y v ShifEXHORT
v w VEIOWEREEIC oW T, (20) IZEBRRBRAESZBROTEITHEY .



TER2EF UV VOTRBOINKER, Ok [17]). k¥ d > 1| OFBEK fICHL, &
peC—E(H) M f oBEATRFIE, u=6, ITHL C 24T

hE,g,lf V(f*)‘(Sp/d" = Vﬂ/' (21)
BEAD & Xl Uiso f () BBV L T A TRV ILD.

SOBEEITTFEBET TRLEESIRT V¥ v VERIIR T 5 -0 ORNEE L5,
FIERIMRTF UV NONREREEAEY). Lo f, SpeC-E(Y) tAgeCitLKkD2
RITFEME.

B Vipy-s, a(q) = Vi (@), (22)
.1 1
Py R
(22) £ 7213 (23) MR Y LW D OLERE LA LTS N5. p BEMAT g € Urso (D)

THDEAHERES, p,g BHIC Julia BEIEE LI5S, BRLBELRE p PMEEFERICESEH
o g p KEBEMBERBATHS. BROBELHLIRELD.

(23)

E 2.1 (EGHUR). f REREE D A f OEERIESTH 5 & 13, BIFR % 13/ OBFE Do 25
D ~NOEHEMR L L DD A, = expQina) (@ € R - Q) WELELT Dy L

foh=hol, (24)

RigrT L TH L. DIIRIE OBA Siegel [, #F DBAE Amold-Herman (IR V5. LY —
M, BN f OB RBEEROEEFEETH D L E Y [ OREREK L TS,

T 51 p OLRBE, EFFEMES (cf. [11]) 2 ZhTh,
GOs(p) :={qeC; 5 k,1e N T f(p) = fl(g). (25)
Fol;(p) := {g € C:GO4(p) = GO/(q)} (26)

EBLERMVERYILD.

FERART Y VOWREERER). Lo FIcHL, p IABA TR CEEFERKICE I N,
geGOs(p) £ T5. ZDL X (22) & (23) ALY L.

LI L 28GR RBROE E K- Tz

M 1 (EEERLORT Vv VOIRE). Lo f & picxL, $5 g € Foli(p) - GOs(p) T (22)
F 7213 (23) DALz E NS Z 2B DEM

ZDEADNTENL S, HERHSNESZBRWT, RF V¥ VOUGK (22) A% Fatou £ EEIC
Y2, BEAERTEOND.
T, IRD Maiié [9] DEEN LEROILAORTH 5.



W 2.1 (Maiié [9]). V,, 13 C _LEREH

Maiié¢ Dc4 DIERITER LUESHHER) 2REL AL TCREARKKBES N AXETF 7 =
ANLZERIE ST 5. BET(17] T, AESHERELFELT, FREERICLEATESSER
Frve VEERAVWREVREERXTH.

AESHEELAVTIC BB 2.1 A 5RVRES.

T 5 (FINMA LUK - BBRA, Ok [17]).
E(f) € Ex(f) = € - L(f) € Ey(f) = C - Conv(f). Q7

Z 2T, f @ Nevanlinna OIS ES, BRES, WRESLIZENLEH,

EN({fk ={aeC hm gxf dlk flog 0. ]da- > 0}, (28)
, N (7476,
L(f):={peCiusix = DIBFRS, } (29)

K\ *
Conv(f) := {p € C; lim U _ Myl (30)

COEHIFBYEECH L LV Z0EEEAL, ASOHERZRESE» CRELHANLTL
WKL E N2 : HREOKRY > | OFEEHTERI N BEAR

G=(h,....,hn; hj : HEEE, degh;>1(j=1,...,m)) 31

WWHL, Ex=xx - €Zy ={l,..., mN BITEREREL EXS.
(f = hy 0+ 0hy, 32)
d(x)¥ = deg(x)t. (33)
TEE 6 (AREBICHTIASNHED). & xe X, 1L C EIcH BHEREE u(x) BEELT
KefT. FEO C LORRRME 4 ISHL T WEG)=0THd L&

lim (0"u
koo d(x)

> 2T EG) 11 G OPIANES L RITh, RO LI ITEHR IS,

= p(x). 34

1
E(G) := Ey(G) := {p € C; sup limsup 200k f [p <x),(]clo- > 0}. (35)

x€ELy koo

1T, E(G) D&, 7z TD Dirac {IEE = 6, IKH L, HB5E x € T, BEEL T (34) 3RV Az,

C2I1z#b EIF T, Brolin 0 D FCERE 6 2T I bHikd. 5L EG) ofESHERAY
VST VB ONS. LPLRMNS, EG) Y OBBEOKE INITIRBRTH 5.



3 ESHIIEPDE - MRHERLE®
BIkEE £ 2 UBd > | OHEENE T 5.

EH 3.1 (DA (BR)). f FERZMEE DA f OEEGFABR TH S &1, AR E ZIXEOEAR
Do 26 DNOEAER L LH D A, = expRina) (a €R - Q) WEEL T Dy £
foh=hoa, (36)

R d 2 THB. DITHIE OBA Siegel U, #E OB A Amold-Herman B L WD, kY —
BT, A f DB 5 RBMAROEGEBR TH S L &b f OEERGFEE L TS,

WROMBIIEENFRMEDT AN - Ta T4 TO—EHEZ2 LD 5.

P 2 (ARG OMRAER). EHHBER G6) IR L BWEET 2 L5 ZEEM e cR-Q i3
Yo & RBRNME RO RREY &,

H1T[19] T2 ORBEREST & BEMT THZEL 1=, B0 DEERERIT f FEL T 5.

F 3£ 7 (Diophantus meets Nevanlinna.). B ER (36) ISRRATHRE h EET 5 & O 2EEK
acR-QIZIREHLT

lim sup — log = 6y(1dg: {f*)). 37

k— 00 I(/{a)k I
> ZCHEEN g(T b bEHER) IS L svig; (4D 1T (4} 1exT 5 g @ Valiron Defekt #3%7.

BB f @ Fatou £E 0@ TH B, —BITKEBS.
TR 8 CHRTER). f @ Fatou BAMETRITIIE, JEEMABRER g ISxL
Svig: {f*h =0. (38)

A 3.1. LTV TL ¥ - /- Diophantine meets Nevanlinna. 138 CH % L 4B ROKIREE
EHEFEAOHFOEEIHEBTINTLEVE L. HHBER (Vanishing theorem) & V2 Rz LATIL
FRHAXZOFBEEN SRV, HEELTOMRRBELOIRA Y MLV ET.

FERT & 85,1932 4D Cremer DEBOHRLEHBICES.

flO)=2, LREDLE,
1, 1
i sep 8 iy ° 9

RO L3 f 0 Cremer RTH 5, Tib bEHBAREN (36) PEITHML RS &L O &2, ¢ PO 0EK
fifk (Siegel M%) I3FFAEL 72\,



AW 3.2 FEET L 8T 2 MOMEIEMES (Siegel 4 2 Amold-Herman M%) % B ICHK > T
5. Zh ¥ Tld Amold-Herman FABITEEAFMIC L > TS D, AREZRICHER SN T
Siegel A LHEINTLEIBLAZER TH - L (S OBELREAFHEMERADESL L
£ Y ROFEAE S h B 0.

VIR, ST FAERRYE OREIE) 2EL T Y 2 R e BEATH L AV CEEROMSHN
ME LN .

FER 10 (15]). n-% R R BSEXAGERE 2 TSR Julia BEL RS, T D Siegel ROV A 7 L
MEHEIKEL TESM 1-5 W2 512, Siegel IOV A 2 )V OEEHITIR D Brjuno & % i
=Y.

00

lo
> O8dntt (40)
an

n

Z 2T {pn/qn) 1B o DESBRBMOED 5 o DELSEIITH 5.

FER 11 (14). (p.q) (p 2 1) B 1- DA 2SR REEH O Siegel FEMB O EEHIT
Brjuno &% (40) &&= 7.

FEH 10 & 111340, 2 RBFXOER P UMEE S OB S IR ORELRRTREME R4

0

log g»
Zﬂﬂ = o0, 41)
4n

n

(ZhiE(39) £ V5BV THB I LERLE Yoccoz DEED, FhZFhy 1 7 L BEEHA~NDO—K
{tTchs.

BAIENAERED WM ZRF SN B, 1 74 A1 5 A L RN TOB LI REMNLZNT
b, B E LY ZAPBREAFMT 20 bERRER P SEHREEORAMBREIL. B
LEREREGRISO L T AEN S R SRAEBRSIIDH LB TNR,

BWHRAHZREDPS LT, BARIRVE> TUEN Y T2 L, ATZEWT, BITITEREZ L2 5Bk
DL, B2 OEMORT ERAREMNHMIATL S, ZARRUNTEDIITY.
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Sl 2

Extremal lengths of homology classes
on Riemann surfaces

AR
(N K E 8T

1. Introduction

R %#f&¥ 1 ©PFf Riemann & & L, {a,b} % R OFE#EFEn TV —K L5, FF
nY—8a b a-b OBENRIEZENEN o, 3,7y L THLE

1) o’ + B2+ 9" = 2af + By + ya) = —4

BT B L& (6] CRH LA BEMNL I BENHE~DZ OBFRRONLE (&
H 24 %25 BEIOHEETIERIZOVWTHETS. B2~ 6 @i T3 EHE
i3 BICERDRVIRY, TRT (7], 8], 9] »o0BIATHD. ki, HEDE
HOEDIZ, BIEARSOERL BENLHELZREOH (B 7H) cE Lok
BEARE SICET 2 L0 LW ERICOWTIE, [2], [5), 18] &2 RBE L.

2. Volumes of subgroups of the homology group

R % Riemann @& T5. RiIZa 7 FTHoTHARLTH LV, R DEBFEEK
—RERFEV—B% H(R) ¢k L, DBENY A 7 VTREENS H(R) ©
TTREDLRTEHSEY D(R) £%7. ##t H(R)/D(R) % R OBKREQD—
Bl HY(R) LEL. Ry Y M@ bE~ 1 RERVW-EIZFEMET
H26iE, Di(R) = {0} =h6, HE(R) = H(R) TH 5.

Hi(R) & HP(R) 33:BOHEEZEEFoTWD. £IT, £DO L D R3EED
HHEEZRUDBICIE, OB ERTEDIC, BF Hi(R) #AVS: Hi(R) =
H\(R) :£7-13 H*(R).

Hi(R) DT c DWERIR S % Mc) TRT. G # {0} & Hi(R) DHERAERE
FEETDHLEE ROMBEHBKY L.

ﬁE 2.1. G @g {Cl,...,C,-} ‘:*\TL R" 0)1’.5\ Qap,ay,...,a, <

llax — a;|| = y/A(ek — ¢5), 5 k=0,1,...,r,

BT bONREETS. 22T, =0 ThY, |a| if a € R ® Euclid /1L
KERT.

EIT, ROEBERITD.

R 2.2. £8 {ag,ai,...,a.} DNVED r REEE VG LFEE, ik G
DORHHMERES. G={0} L&, VG =1 & BL.




IR, G O, G DEORY KK ST G DA TEE LR THS. BIG) =0 L7
SEbBB. VG >0 ThHAELDDO+HEMEER 33 THRS.

WOMBEIL, EBPOEDBICHED.

ol 2.3. {c1,...,¢.} DG DERLIE, FH B(GP? 1T Mek—¢;)) 0Sj<kST)
DEr RBEAXTHD. ZOZERIE r ORTEEY, G ITIHKTFELARW,

fE¥ g (0 < g < o0) @ Riemann MD2HE%R B, LEL. X, iT= /37 b
Riemann @ H % 5 T2V Riemann b EL. R € %, (ICHL, 8K En U—F
HY(R) ITABAER LD T, ki BHY(R) BEHXEEIND. 2L T, %, LOE
BMERB¥ V, : R — BHF(R)] G615, BE V, ITREENMEEEZFF->TW
5. Bz X, B Riemann @HO2AEN L THOELTIIERTH 5!
EE 2.4. Re R, My bt Vy(R) = @1}7

IOEBEME 23 NOLROFREBD.
% 2.5. g(29+1) EDOER z;, (0S j <k S29) DF 29 KEHK py(...,Tjk, .. .)
TROMEEFROLONTFET . Bl g OEEDMH Riemann i R & £DOKE
o —R H[(R) @E%‘O)E {Cl,...,ng} %t L/,

po(-- Mex—¢),...) =1
DRRILT D, 12120, 00 =0 ThHD.

. . 1 1
SEE. () pi(zo1, Zo2, T12) = — (To1Zo2 + To1T12 + To2Ti2) — Z(xgl + 15, +71,) THD

(% 1o (1) XABW).
(ii) & 2.5 i, 61 7.3, B 7.4 THRAZEEX AT )AT:) =1 DIEELLEZ OGNS,

HRIER R S OMAME (M8 7.2 (i) 1 L IROEBEBRTT 5 = & LA B8R
TxES.
T 2.6. V, [IHARD THB. 77205, R € &, 18 Ry € B, DHRICERITH
BIAENAUL, V,(Ry) 2 Vy(Ry) BRY 2.

FEEA TR/ B Riemann &Y, A D & B Riemann @O IS AT DA
END. foT, EHE 24 LEE 26 LY, FEX V,(R) 2 (2#9), (Re &,) 113
BIBA, E O REIIES V,(%,) (oo TROEEAR D 175,

1
Z LT, V, BB/MEZERS Riemann &EIXRD & 5 ICHHAHT 5.
EH 2.8. ‘/g(R) = ——1-— <= R € Oyup.

(29)!

INHOEBRLY log{(29)!V,(R)} i Re X, DEBBEROKE S A RTHE
D—DTHLHIERRTENDITHA .



3. Reproducing differentials

ZOETIX, T 2.4 OIERICBWTEERBREZRIZT WL O ORRERN
T 3. R £ 2 Ty R ERRARY 2ED 72385 Hilbert 25/ % T'h(R) &
#<. TW(R) WL

(wi,wa)r = // wy A *Wy, wy,w; € Th(R),
R

THEZLND. welW(R) D/ VA% ||w|g £RT. Hi(R) PEIT ciTxtl,

(w,oh(c))R = /cw, w € I'y(R),

R i7=3 Ta(R) O on(c) B—BMICTFET S, “ha TW(R) (KBTS c DF
BN E BT 5.
KiZ, R EOELTRMAYSEDRTHAZM % The(R) & RT. hiT

/w=0, CEDl(R),

%7zt w € Tw(R) DRETHD. EHBLY, The(R) DITITX L TiZ, HY(R)
DI ¢ (T 5 MRS DBEREEE S, BT & RIS, The(R) 1285 c ORHIEL
W% onse(c) ERT. TROD, onsel(c) 1

(w,ohse(c))H = /w, w € T (R),
BT The(R) DETHS.

c € Hi(R) D&%, g(c) IZ ou(c), opse(c) DTN ERTHLDOLETD. T
2bbH, Hi(R) = Hi(R) 7251E o(c) = on(c) TH Y, Hy(R) = H¥(R) 72 b1
0(c) = Onse(c) THB.

JAHEAMS o(c) EBEMR X Mc) & OBREY 52 D2 ROF LWERIT, e
Difim TEARREEZ R L TWD.

FHE 3.1 (Accola [1], Blatter [3, 4], Rodin [12]). {EE® ¢ € Hi(R) (Z*f
LT

Me) = llo(e)llz-

Iw(R) B 5 EFnk o 20723 % Hilbert Z% Iy(R)r & &ES. AH
BAMIIIEMD2DT, BB o : e o(c) 12 Hy(R) 55 Th(R)r OHF~DHN
BHERUEBRTHD. Hi(R) OFREFTIHE G IIHL, BB o IZLD G D
% 0(G) 25T E/NDE Hilbert MHYZEM% 6(G) LERT. x = {c1,..., ¢} B
G DR GIE 6(G) X o(x) = {o(cr),...,o(c.)} THERLONDE X 7 RILDESH
ZERTHD. #-T, Zhix RT OPICHEHMOORBICEOALZ LR TES.
B o) CHIETDHR OR%x a; LEE a=0 B ¥5&, EFH 31 &
Y, ag,a,...,a, DERE 21 OFRGEEMIZT I LEIALNTHD. Lo T, WK
(0(c;),o(cr)) p & (J, k)-BRSr &5 r KEFITHIZE WG, x] LEEE,

) B(G] = %\/det WIGx], r=rankG,



DRALT D, KIZ, ¢; & o DREE ¢j x o & (J, k)-FRr LT 5 r REFITHI%
UG, x| £ &%,

(3) ¢[G] = /| det UG, x|

LB CGl T X CELT G OATEELIERTHD. K%L, TLW(R)r 205
(G) DE~DEHEE PG LRL, IbIZa(x) B 6(G) PEEELLTWVS
BRI, 6(G) OREIE R

P|G]* : 6(G) 3 w = P|G](*w) € 6(G)

DRI o(x) (BT 2 RBEITHIX TG, x] LEL. Th60 3 FHOMICITRD
BEIRAASER YV ST,

EE 3.2. G % Hi(R) DEMRERBIHLE L, x & G OELET S, o(x) 8 6(G)
DEEZE 72 L THHIT,

DRI T 3.
SEE. G 2 HY(R) OHREREBARR b1, G OEEORE x Wi L o(x) 1 6(G) D
EEFRTENTEINS.
%X (4) OmMADITHIRE L 0, (2), (3) & |detT[G, x]| £ 1 ZAHWHIE, kD
ENRH/EOLND.
¢[G]
Tl

% 3.3. r =rankG £ B< & DG 2 I, €G] £ 0 12 6IE, B(G) 2 %
¥£72,G=HY(R) DL &, |detT[G,x]| = |detU[G,x]| =1 £ 22D T, A&
FIEE, (4), (2) #E-TER 24 28 Z LN TEB.

4. Continuations of open Riemann surfaces of finite genus

Re %, L HY(R) ODFEH#EHR x O# (R, x) ZFE3 g DEI{T & Riemann W & ¥
S RBPaNNT RTHHENEMS LT, (R, x) ixH+ % B Riemann # T
5, HBWE, At £ Riemann M TH D L 5 H. Teichmiiller Zilaa CEHZ S
LB HEIfT & Riemann & OFEMEIRHALHTH B0, R PBETHIHE, TOHE
RS IE T HAMBIIBER I N TRV LIZEEL LS.

(Ri,x1), (R2, x2) Z7E%K g OFMS & Riemann @i & L, xi = {ar;, bi; Y-, (k =
1,2) &%, FAEG (BAENTSR) f R > R i3, & j L ayy, by, %
ﬂ’cﬂ A2j, bgj ‘:g?‘—& %, (RI,XI) nb (RQ,XQ) (7)43’\0)%%5{&'(&)5, if:
X, ZAMNBHAHTHHEED. * LT, ok f : (RI,XI) — (RQ,XQ) EHWS.
DI f(R) =Ry 254, f: (R, x1) = (Ra, x2) RE~ANDERABHBTHDHLE
5. (Ri,x1) 26 (Ry, x2) D E~OFABRBFET DL E, (R, x1) & (R xe2)
FHEWNCEARETHL LS.

¥ g OHEMf+E Riemann i (R, x) XL, (R, x) S AICHOA T MK
g DENM+ X Riemann BiORK%E C(R,x) & RT. 2T, [15], [16] a0 & T



%5 —#DOBFRICH T, Riemann OE#IITFI %@ L TZM C(R,x) Z#W~7-. £
DERDO—HERIT D=0, AHITHIOEELBOHLTRBZ 9.

(R',x') &% g OFI{t&PA Riemann W& L, X' = {a}, 0}, £ T5. R L
IZi

\/.’(p’k: ik j’kzla"‘>gv

J

ZHGITERIBSY ¢, ..., ¢, B—BHICFET D 0L E,

(5) (R X) = / o

5

£ GBS ET5 g KEFHHI TR, X) = (tu(R, X)) % (R,x) © (E&
feEhtz) ARITHE E D. ZDIT5iL Siegel ® L¥ZEMICET S, Thbb,
TR, x] XEFRTHIC, O (R, x] RERETHS. Bic, HAKS
(R X) L TE H O ATHS.

JA#A1T5i3PA Riemann EOEFAWELRE T D (Torelli DEHE) DT, £E
{I(R,x) | (R',x) € C(R,x)} T R #FAITHOIAE ¥ 5 REMK DM Riemann
HOEEERREND. TOXARST E~DFE

Mk(R’ X) = {ﬂ'kk(H, X,) I (R,v XI) € C(Ra X)}a k= 1,...,9,
WZOWT, ROEBENBRIET S.

¥ 4.1 (Schmieder-% [14], M [7]). M,(R, x) ¥, H NOBMKRE-1Z— 8
Thb.

EE. () Av(Rx), k=1,...,9, FRBCHEARELDIH—RERBEIDONTRANT
b5

(ii) HY OBy EE {("11(R,’ X,)""vﬂyy(Rlvxl)) I (R”X,) € C(R’ X)} i1, —AxIZ,
Ml(Rv X) Xoere X Mg(R) X) wgﬁﬁﬁévﬁ)é

Schmieder-% [14] I3 4.1 % R BARBOERRS 2 FFOHEIZFEA L /-,
WODFBADT A7 4 7oL 5. RINOER 11] £ v, My(R,x) 7 H 0
AR NGB ETH D LI TCICHnms. (16 1%, LV#LL H
NOBMRE 7213 — 4 Ax(R,x) T

(6) 8Ak(Rv X) - Mk(R7 X) - Ak(Ra X)

BT OONEETHI L &R L. B8 4113, B M (R, x) = Ax(R, x) 7
BRMTAHZEE2FRLTOD. ZOFEHDOEAL » M, B g DE+& Riemann
EOE {(Re, xt)Yost<i TRD 4 FEEHR T D bOEBKT D RU2H 5:

(a) (Ro,xo0) 1 (R, x) &%AFIE;

(b) Ry iZ=2s’7 b,

() 0SsStS 1201 (R xs) 12 (Re,xe) PHRICEAICHEDAETND;

(d) % kL, Ae(Re, xe) H t IOV TEREICE< .



L RO REMBRESNEE LES. $5E, (a), (b) £V
Ak(Rosx0) = Bk(R,X),  Ar(Ry,x1) = {mi(Ra, x1)}
REBLI, () £V
0

A

S g t é 1 = Ak(RS)Xs) o Ak(Rtaxt)
MBENS. #-T, (d) L9

U OA(Ry, xt) = Ak(R, X)

0<t<1
DY LD EBRMB. (6) Mb
aAk(Rt, Xt) C Mk(Rh Xt) - Mk(ROaXO) = Mk(R7 X) C Ak(R, X)

20T, A(R,x) = My(R, x) #185.
(14] BAWTIR {(Re, x¢)} PHRIETIY, R DERRIVERETHDH L%
RETBLERH-T-. —ROBEICHLBRATEHELZKRETRRL .

5. Peano curve method

Feix, B AR, x) & HY(R) DS 2B rBOKELANTERTHZ LMD
W 5!

EH 5.1. R #f@¥ g OB Riemann E& L, x = {a;,b;}]_, & H}'(R) DIFHE
gc‘:'@"é %kzl,...,gé:i\]‘b,al,...,ak_l,aHl,...,ag ﬁiﬁk nbd iu(R)
DENBER Ge & L G & c e HYR) £ CERSHHRABE Gulc) 5.
7L, g=10LEIE G ={0} 5. LT,

() }
u{eenjm(-1)z (mrld:)')
1 i z (g‘B[Gf({ik]— bi.)] > }
L BL.

(i) OU, NOVi N oW # @ 2 HiE, Ap(R, x) X— 82257229, 8U, N Vi N W,
TS,

(i) U NOViNOW, = @ 2 6IE, U N Vi NW, 13X GBIE L 722W) FEL=/A T,
Ax(R,X) RERONEMTHS.

. ‘B[Gk], ‘B[Gk(ak)], M[Gk(bk)], ‘IJ[Gk(ak - bk)] ETRTEDOKTHS.

v

Uk:{ZEH Imz 2

S
I
——
N
m
<
=
=
1AV



ZDE T, M AR, x) EBFAEr C—HOBENR SOFEBK TRER S
NAHDT, Zh b OBENE X BSEGAIIZERT D L IR {(Re, xi)} ZHERT
NEX W ERTnD. 2OL) RIKEBRT DD, H6UH R ZRAAE
¥ g OFA Riemann @ R OFRICHEFIHOIAATEL. F = R\R ¢£BE,
7([0,1)) = R & 4(1) € R %= 38651 (Peano #i#R) v:[0,1] - R 2L 5.
telo,] L, By=R\{H(t1))NE} LB &,

R=R\E CR, CR

THY, Lob R & R oFEBuIWTIY g oD T, R, OMiFERT R TRED g
12 LN OB —oTFHET . {R} 1Tt & & bICHFICHAT 5 Riemann B
O)bﬁf, R.o =R M R1 = RI é: fﬁo’(b‘é HiU(R,t) @*%ﬁg Xt = {atj,btj}§=1
%, R 7D R, ~DEEEHN (R x) 75 (R, xe) PHE~DERBHERD LD
IBEZENTES. L&, MBET2 LA 74 #ERALT, Aag;), Aby) 13t
DOEGEETHD Z LBRBBIITRESND.

SIE. Ok 572 Peano BIROEREIL, [6) I#BZ LN TE D, kv —f&kMERL
% [10) KR - L8 TEB.

6. Compact Riemann surfaces of genus two

ZOETIE, #$k 2 O Riemann i R BNROXMHMEIZOVW TR LS. EEN D
DL 5. FEaU—EE H (R) DEMSHE

(7) Hl(R) :Gl@Gg, ra.nij =2 (]= 1,2),

%‘%?\;_ZD Xi = {aj,bj} R GJ' a)gfcfro‘i, x1Uxz = {al,bl,az,bg} X Hl(R) (]
ETHD. xqUxz 2 Hy(R) DEBEREZRTEIITE X1, xo ZBSILNTED
& &, (1) & H\(R) ORZEBEMSMR &S

REEE M (7) IZX L, ROEHEARY L.
T 6.1. V(G = V[Ga).

FE. I<RoRTWAEII, R, BEANTHLIOT, M2 DECEAFTRYF
2. ZOBEWRT RITAWVFMEE RN, B 6.1 13O FHEERL TWB L IIZE
bis.

T 6.1 ZHDOETRET . 2K x| Uxe (ST 2 EHI175 TR, x1 U x2)
OxARES m(R,xaUxe) (k=1,2) ICEBT2 (B 48 (5) XBW). xaUxe
DB L B X D3 xq, xo DBOFIZERICELSFETS. HOHOES

{m(R, x1U x2) | x; 13 G; DET, x1 Ux, 13FHEL }
O H BT BHEA% I, LT (k=1,2).

@ 6.2. HOM G MAHELT, = | T(Ch) #3689 Y.

TePSL(2,Z)



Humyﬁﬁg%fiﬁﬁxénxam:wﬁgumursmvbéma@

WHEEE p(Ch) LBC. T5 L, KOEBRRY -5,
EE 6.3. p(C)) = p(Cy).

EH 6.1 L TEH6IITAEWVCFMETHD. U, ROEBIZL-TaHLh 5!
T 6.4. p(Cy) = log(2T[CK)).

FH 3.2 % G=H(R) OBACHEATAZLIZLY, R OFER P—HORE
EAYR & ORI T B REBHERAE LR S, (T, % 2.5 L0 LFHEH
B THD.) ZOBMRENALER 6.1 KNENNLD. T 6.4 XEBEHETS
ZEILEVHENDLND. EE 63T ING ZODEBRDRTHS.

7. Appendix: Extremal length

ZOHEITI, BEME IOES L ERNLREE R E L TH<. Riemann i R k=
D1 REELIL, R OXFIVERE 2 (ZFEAJHE Borel % p 23 E3H DT,
#E p(2)|dz] BEFTEEOR Y BZICH LTREL RS L IR bOTHE. T %
R Ok &4 5. dh#ik L B2, T o é LT (i) RO ATEBEOf G
FLTWA,

8B 7.1. T OBENESE A1) LT,

- /E p(2)? dudy

TERBINDIEETHD. 22T, ERIF0< // p(2)’dzdy < 400 ®i#7=7 R
ED 1 REE p— p(2)|de] LT ES.

B X DA REE BB,

7.2, (i) BEERATER ficxt L A(FD) = AD).

(i) I1 € Ty 254 ATY) 2 A(T.).

1 1 1

. <

(i) AT UTy) = Ay - MDy)
Bl 7.3. R 2 BFEEE C D 4 40,0, a+ib, ib(a,b>0) XTHALTBES
WONELET 5. 8 (0,ib] & [a,a+ib] % R NTRSBBOLEKE T, &L, i
m@eﬁamnm%Rmfﬁsmﬁ@éwénaﬁa.:@aaxwgz%
MnﬁrgfbéWﬁ;MﬂM@QzlﬁﬁDﬁo




Bl7.4. R% CHAOMBEE 1 < |2| <p &F5. R DERZ5MTS R NOD
MBOLSAKE T, &L, R DBERR &S R NOBROSKE T, L35,

A = T(?;r—p, A(T2) = “;fr" ThDH. ZOHEH AT)AI2) =1 BRI LT
W5,

#l 7.5. w;,w, € C, Im% >0&L,4 80 w,w +wy, wp ZTER LT3 LT
DR ORD % F—1 L TB 5N AHE 1 OF Riemann &% R L5, 7 [0,wi]
-
AFHET 23 R LOBMBARERT 50T 0 C—BOBENE 811, <Im »‘;12.)
1
Thb.
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15 Topological structures of Lyubich-Minsky
laminations associated with rabbits

N KR (B BRERFERS T A FER)

As an analogy to hyperbolic 3-orbifolds associated with Kleinian groups, Lyu-
bich and Minsky[4] introduced hyperbolic orbifold 3-laminations associated with
rational maps. They applied analogous arguments of rigidity theorems of hy-
perbolic 3-orbifolds to hyperbolic 3-laminations, and showed a rigidity result of
rational maps as following: Let f and g be rational maps which have no rec-
curent critical points or parabolic points. If f and g are topologically conjugate,
then they are quasiconformally conjugate. Moreover, if the conjugacy is equivari-
antly homotopic to conformal on their Fatou sets, then f and g are conformally
conjugate.

It is also shown that the condition “no reccurent critical points or parabolic
points” of f above corresponds to “convex cocompactness” (compactness of the
convex core of a 3-manifold) of a Kleinian group. A Kleinian group is called
“geometrically finite” if its convex core minus cusp-neighbourhoods is compact.
Thus we may expect that the “geometric finiteness” of rational maps is just
“no reccurent critical points”, which is wider than usual definition of geometric
finiteness of rational maps (critical points in the Julia set are all preperiodic).

To deal with this 3-lamination-based geometric finiteness of rational maps, our
first step is to investigate the structures of “cusps” of Lyubich-Minsky lamination.
However, even for the simplest cusp which appears for 2? 4 1/4, its 3-lamination
had not been precisely known. In this talk I will give a method to describe
the topological structures of cusps which come from parabolic cycles of quadratic
polynomials. In particular, the method will also give us the topological structures
of 3-laminations with superattracting cycles, like Douady’s rabbit, 22 — 1, etc.
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16 Stable points in infinite dimensional Teichmiiller spaces

KATSUHIKO MATSUZAKI

Department of Mathematics, Ochanomizu University

In general, let X = (X,d) be a complete metric space with a distance d, and
Isom(X) the group of all isometric automorphisms of X. For a subgroup I' C
Isom(X), the orbit of z € X under I' is denoted by I'(z) and the isotropy (stabilizer)
subgroup of z € X in I' is denoted by Stabr(z).

Definition. We say that I' C Isom(X) acts at z € X stably if I'(z) is closed and
Stabr(z) is finite. The set of points z € X where I" acts stably is denoted by ®(T')
and called the region of stability for I'.

First we give a condition in which ®(I') is an open subset of X.

Theorem 1. IfT' C Isom(X) contains a subgroup G such that G acts on X sta-
bly and the coset T'/G is countable, then the region of stability ®(I') is open. In
particular, this claim is always satisfied if I' itself is countable.

For an arbitrary subgroup I' of Isom(X), two points z and y in X are defined to
be equivalent (z ~ y) if there exists a sequence of elements -y, of I' not necessarily
distinct such that +,(z) converge to y. In particular, all points in the orbit of
I' are mutually equivalent. It is easy to check that this satisfies the axiom of
equivalence relation, which we call closure equivalence. In particular, the conditions
T(z1) NT(x2) # 0 and T(z1) = I'(x,) are both equivalent to x; ~ 3.

The closure equivalence is stronger than the ordinary equivalence under the group
action of I'. The ordinary quotient space by ' is denoted by X/I" and the quotient
space by the closure equivalence is denoted by X //I". The projections are denoted
by mp : X - X/T" and m : X — X//T respectively. There is also a projection
7 : X/T — X//T defined by 73 0 ()~

The pseudo-distance d induces pseudo-distances d; on X/T" and d3 on X//T as

di(m(z), m(y)) : = inf{d(c’,y") | ' € T(z), ¥’ € T(y)};
da(m2(z), m2(y)) : = inf{d(e',y') | 2’ € T(z), y' € T(y)}-



Here dy always becomes a distance in virtue of the way of defining the closure
equivalence. Hence (X//T',d,) is a complete metric space.

For an analytically finite Riemann surface R, the Teichmiiller modular group
Mod(R) acts on T'(R) discontinuously. Although Mod(R) has fixed points on T(R),
each orbit is discrete and each isotropy subgroup is finite. Hence an orbifold struc-
ture on the moduli space M(R) is induced from T'(R) as the quotient space by
Mod(R). However, this is not always satisfied for analytically infinite Riemann
surfaces.

Hereafter, we mainly deal with an analytically infinite Riemann surface R and
and apply the above results to the Teichmiiller space X = T(R) with the Te-
ichmiiller distance d = dr and the Teichmiiller modular group I' = Mod(R) C
Isom(X). No matter how the action of T is far from discontinuity, the moduli space
M(R) = T(R)/T is a topological space by the quotient topology induced by the
projection m; = mp @ T(R) — M(R). Moreover a pseudo-distance d; = dps on
M (R) is induced from the Teichmiiller distance d = dr on T(R).

The contracted moduli space M,(R) is a complete metric space, which is the
quotient by the closure equivalence with the projection

ma =, : T(R) — M,(R) = T(R)//T.

The distance d2 = dps, is induced from d = dp. Let # : M(R) — M,(R) be
the canonical projection. The inverse image #~!(s) for s € M,(R) is the closure
{0} € M(R) for any point o € #~1(s). If " acts on T(R) stably, then the contracted
moduli space M, (R) is nothing but the moduli space M (R) and the pseudo-distance
dyps is coincident with the distance dps, under the homeomorphism 7.

We set Mg (R) = ®(T')/T" and consider the metric completion Mq,(R)d of Ms(R)
with a distance d. Here d is the path metric on Mg(R) induced by the pseudo-
distance dp; on M(R). The restriction of the projection @ : M(R) — M.(R) to

———d
Mg (R) is injective and it extends to a continuous map ¢ : Mg(R) — M.(R).

Theorem 2. The region of stability ®(I') is an open, dense, connected subset in
T(R) for T' = Mod(R). Moreover, there exists a locally uniform constant K such
that, any two points p and q in ®(T) can be connected by a path in ®(I") whose
length less than Kdr(p,q).

Corollary 3. The map ¢ : Ms(R) — M.(R) is a bijective isometry.



17 On continuous extension of grafting maps
%A (BEBKRY BITMENEHRM)

By ABEM S mEfhronHiEm @K >2) £9%. HB%E
R R(S) = Hom(my(S), PSLy(C))/PSLy(C) DT, $7 v 7 AREZEM

QF = QF(S) = {[p] € R(S) | p : injective, p(m1(S)) : quasi-fuchsian group}

EX5. ZIZTT(S) % S D Teichmiiller space, S %2 S ORIZ &L/
HNDETSHEE, Bers DR —FLEBLVRMEER B : T(S)xT(S) - QF
MEHEL, By = BUX)} x T(3)) ® By = B(T(S) x {V}) #XT X - 25
A AERKR. QF 13 R(S) D TRMERBERETH DN, OF IHEMIEE
bRk L1378 572 (McMullen [Mc]).

SEHE S LORNEMIESIR (G X)HiET G=PSLy(C),X=C Th?
HDZEWND. S ED marking AHDFHEHEZMZ P(S) &L, HEMBE L €
P(S) iZZ0DikR0 /) 2 —&KHB [px] € R(S) &b EELEMHE hol : P(S) —
R(S) £&L. ZITER hol IZRPTFEHHIENHKEER TIZ/2\Y (Hejhal) 25,
Q(S) := hol ™ (QF) D&EHEERS Q ~DOHIR hollg : Q@ — OF IFHEFHK
E72%. 72 Golman &> T, INSDOEKETDEBIIMLN(S) & 1:1
RSN T ERRMENT NS, Z2TMLx(S) = {Shicilk € N, ¢ -
scc.onS, cNe =0} THD. ZOMBITE>T Q(S) DEKERRS SR
Q(S) = Unemensy @ EBT, ) = (hollg,)™ : QF — Q) % grafting
map EMER. GEHIT Gry := Uy 0 ¥5!: Qy — Q) DT &% grafting map &
)

GI‘,\
P(S) D Qo— Q

T

R(S) > QF

RS AREHDCR OF 3 B(Xn, V) = pn — poo € 0QF MAY 25—
RTHB LI, (1) BN MES K ¢ T(S) BEELT {X,} C K,
EFF (i) BT MER K C T(S) MEELT {Y,} C K/, Ik D
MDEEZEWVY, E3TRNWEEIFI/FyITHDEND. (i), (i) DY
A TDAY > F— RNKOBRES EFTNTN 0TQF, 0-QF ERIT Z&IC
TBEOQF = |xers)9Bx & 97QF = yeps 0By MDD, ZZ
T, 0QF -0*QF A0 THHILIZHEETS. £/, TFVFv I RIKS
QF 3 pn — poo € OXQF DHIOEHET S.



EEE - TESME T, Graftingmap Uy : QF —» Q) I30*QF I T H
RIZ) HEERENS. (0-QF DOHAEIE Bromberg [Br] I2£5.) E&HiRABNWE
Z2 Uy(p) =00 EL, P(S) D1#H3>2/87 MEP(S) = P(S)U{oo} D&
BT, ZOEE, U,: QFUIEQF — P(S) I3EHTH A S LHHT2DI3
—RERTHS. Lirl, ped*QF LEOBEYURAHE U ITHLTUNQF
MERESITIRS20Wo T, #EEEIXBHTII L. EBE, TF:FUF v 7 IS
ERAWT, RBEOAFB U ICHLTUNQF NEELRLSRBW pedtQF @
GEMS AT, SITKRMEDILD.

Theorem 1 ([Mc], {It1], [It2]). FEED A € MLy(S) KHL T, $5 px €
DEQF 5.t Wa(po) # 00 ETFIF w27 RINKE QF 3 py — po € 0*QF
MEEL T limp oo Ualpn) # Un(poo) RO D. IHIT XN £ 0 DEX
lim,, 00 Ua(pn) # 00 ETES.

FHEER I TIEMC, RV Y- RIGKRNEGHEERD I EERL.

Theorem 2 ([It3]). OF 3 p, — poo € OFQF MAF ¥ — RIUKTHN
i, P(S) IZBNT Wa(pn) — VUalpoo) ARV IED. T U)(pso) # 00 D&
E, Uy OF — Q) 13 poo DHDIEBICE THRITERINS.

Goldman’s grafting theorem &0, {EE®D p € 0*QF ITH L T hol™(p) =
{Wx(p) | A € MLN(S)} MELDILD. T ZTid Theorem 2 DA EL T, Th
% OrQF KHRLEZDHDEES.

Theorem 3 ([?]). E£E®D p € 0*QF ITHM LU TKRAMRD LD :

hol™ () = {¥a(p) | A € MLx(S), T(p) # 00}.
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18 Behavior of the Bergman kernel at infinity
e d (RIAAE) AE X GuikE) FORER (BEERF)

Ot C""mos®Hieds. Kt (Lo Bergmanﬁai?ﬁb. ds} <" Bergman
H¥rEG. O e< Cro3T4FmHEe 4T

{(z,w)eC™ ] Imw > 9@ |

THZsNBLE KX dsp oIRFHFE 35 L GRAR K. ANKS| T a83K 1< [FHE
5 Tnw > 2P+t B 1KoV BR<Ip s TuB L, BB TH . ARk,
Pavjal, v« 2] 2 3B oS, % o NewltonBHE o K o/R % N NELS k58
32 2B L. —fayrtnntet s Eure. ST (0(2)=]C(IX1I) SHEAD
THY.
£ =2 cux* =2, X e, C, % 20

TH3EAI. Imw >+ nrzo Kordsd oFBsh@liz L.

IFIEE R0 — AR BRISHERIEN LT8R ).

%521 Q={EweC™| Imw>p@®} tsy. paC xo
FESEHEPEERT Lim P(2) =+ o EXRTE0ETD. 2oL

(i) Ko>0®y Igs wﬁm%ﬁi&ﬁ{(%w)eﬂ} lzI<R §
(0<R< +e) xFars TRAT Imw—> +® or &

KA’Z((Z , W’)) = o0 ((Imw>-2>

5%,

(it) (L RZ®HR Bergmajv“;‘}'gﬁév.



F L v RL i E R RoRY.
RIZY. p@=f(Jul, =) Tny.
£ = 570 2 X (ARFe) CR >0
N é“%f(x)z ;%eo THPrTD. 2or&ro [RAT

1"”’;

92
Kol ) & (Tnwe) % ( Log Tmw)

1% 1*

: | Xns1[*
50 (s X) ~ (7 +Z (Imw )/~ 27 (og T V¥

N Imw = to grEEEFs. REL X=X, o, Xowr) THY . A (3%0
BN AR BB EREKTD. £ de, mp, 4, mP 1iovTx
NTFaiBY.
L\v@
de d(‘” : sz{d| cxto el [(F)ESpo RN a5 e
9. [0 & M) odERel. D) v B5 R- (4 1)

LoREA 9B (FRTFLw)E de el R- (1 ; v1)
LoRE ALg Bid o h i T E d’ x93,

me ’mﬁ}) - Arkas f_'(f)a) n—1 %0 @ BE % "’?\ﬂ/f ; A} %
$>TAEEE MY £ FHLE,

’m_F = md'n’\/{";n\;)ﬂ}
(}) {;\Vl/;}) }

BEFER . Chen, B-Y.,, Kamimoto, J. and Ohsawa,T.,  Behavior of
the Bergman kernel at infinity , to appear in Math. Zeit.



19 Levi-flats in complex tori of dimension two

KR A A (SRR )

BEEREER 5% C Camacho, A. LinsNeto, D. Cerveau 504t ¥ 0%
o KRR EP P (ﬂ 22 )]7\3115%% 0 78 Lol FHERBE N B G5 0B 0 ic
ZE oM B LinsNete [ LN T, Scw [S-1,23, Iordan [I] a5 7
BBEEEIIZont:, FF [S-2] p vt [FikaRo 2 TE8Y Ik 3L,
% e BT L T Bergman #4 ¥ HarTogsi%%\c:Fﬂb 537 v L2 3H®R 0" Berndtsson-
Charpentier [ B-C 1% Henkin-Iordan [H-1J < & y BRL =4z 2 213 5EEAEER
BT REBETFTH 3. JEBAERILI B I2E L 3o RE % Lifosc/nitz’f\@\i:

3ITERT I3 » I5EoRIRECH B A %&MT%@—EG—S—W‘S—

Y 5
2:' QV: B s 0y = [ ¥ 2

727 20X wR L TR A L < KEEEER 0 32097 b 8 Lol PR
B (2wt Lovi 75w b LIF ) 1ow T F sk LathiL &) vd
<. K3®@Howl 75y b SBETENE E 0 F 2< BB X Kov (FRAK,
SR cas B2e) IRy b)), v arTFaBE L) B aRaiEE hIRT
FEETRB 2 iiT e, PR olRe By T' 8% <o PRsZRam %, %
HoRTRT Lol 75y L THB, | Tawsphizanvwo T B we e wERG
B3 (= b -2 088 ce@e R e bR 2B E D e wIIRER,) b [M-0]
el ed, (TR IFER Lok 79y b S ATL. T2 NS 13 Stein
THB_UH- . SR RBRETOME N, B CER 2 TREERE 0T H 3,

T3 St T Ho(#ftn) CPowiIivh vis. 2o
1) S e HFEEH»EL.

2) S 23 <KEINBEEERD00AFES X S A THhaY. T



At o P e tR E, -, Em 58S

3) Do rBroa T oohs ERBIEE ~o G178
7 I AN—REBAE T — E itz w(P) ~
CANZ+rz) (Pe E) N TeflEFAAR 2 kT %S <
Y. 3% o ez 1< PR ﬂ%"t> Q

9 EoRzor® S noh 3 A MmER~02H CR 5%,
Ei, v, En £ %0 B FRAMRRI<TE0 N 3427 5,

5 zoBRREA e S W EREMEY L@ U1 E; w%ow.
e

3ERRo RS : CE#o Lovi 759 b THEINER3 W E o8t ds> [2 ¥
By, T nEERit AR Honkin-Tordon™ o L2 3HBRANEL . 557
S [S-2 ] miiRsst1ams cen 02 3, RBFRI 220 398 Ll
759 b S IS THED o<W Trr. S IBPEARR £, En, ¥
BLW, T AEBOHRR T B IR RS vz e @, BIRITEF IR (1982) 15
8%, Er o Ew BEWCRPSE WSS, Shbd—0% B w: T E
O 77AN—THY, TS 13 4 oM BrY 5. B Tr A= 3) e e LR
G BRBRE S s R Lo T-NL X2 BBoBEFua s e i<
50 . —Ho i YREES 774N — L AT ERRYE R L aa Lol
95y N ERBRTCED, S wERI) B2 wIREA T <. IFREA AL )RR
A% IHIRED ISR ZenNFEns, zafboBipiE Tvashkovitch o
Ha%gs@%ﬁiﬁ w3,

Ka¥3em 0 Levi-flats in comp@/x tore of dimension Two, Pre/on‘nT



2(0) On the displacement rigidity of Levi flat

hypersurfeaeces

the case of boundaries of

disc bundles over compact Riemann surfaces

Klas Diederich (Wuppertaéﬁ’?) KERAE A (tBERE)

(S 25 el o&w&?ﬁ»’@%@ rw)¥ o, FEREEBG S W zh 3T
BB e L1 ok 1o BEER ERH 1T 2 2 38R0 H 00 i) oL
b . ZREBER cofiF o RTRAYBIILL- 25, % 2T 2R, Hakler
3344 Lo FIREIE 3 e Bl oAfR. [D- 0 80 LR 3Etd rwe B 1. [D-0]
o FMERa. [ 25007 k% KahlerFHik Lo ARaTe PtERI (FEPoRoke)
331 RBTHE_) eIt oK. ZoERAIR Ed@a—gam/asonwéﬁl#’b?@?%
ERWIH Y. 3ol PR R S ELER RIS (exhastive-
ness WS EAFE IR 2 SRVAAT WS, TAEFIA LT FIRE 2R R0 M B
FaMBLT 3R LTSI LV IaTHB,

Mg 33207 k12 Kebler 5 5%, DM rofbisPRR e 33 . Do&ff v

NG P A ToRF vt 0rds. FRRD={zeC|lz< 1 § o MR
Hizsy. KD o TRBRERARBMER TS . FE > TMEa PIRR o B/ B4R
o %4 Hom(m (M), AuﬂD)/Awtﬂ) o iz BR% 1331 o3 o3, D1ty
KI% M9 (—> 0 ) AXDERBRE [1 w%T. MTEE w2 Lo B3
®C vay. [D o DBERERS) ( properdy discorbnucus )ILAERAF 3 € &,
XD 3 Fuchs®oEHsevwd2eings.

k. CT 3K X e %o BB SAEE Yl L. X o SR 1% Y/ o0 Y
o T4 dea‘,\lacement)@‘&}’a ed. VA<D Y o B T . Y Xuh
(52F T 68 YaskE NY/X no CBMR ¢ 435> T PY7) 40 N oW B3 2
vEwd. 3k Xo B $HA0%| Yoo YRR T s eid, 3BT 0540 Yy

N—Zo T e@icfida Yo ts, . PY,) wChura R UxE g3
ZeEWno .,



T MER X B LniprsBicrRam S« X< Bl (rigd)
THD L. Sic Mﬁ?é%%ﬁ&@@@ﬁ? 0%|.S, ¥t LT, &;@%7#99&
DS GRT S e CRER B2t WS .

S o FIRTE g ex . RIRFEIR RLS, 1FR-T T oEdof# B Tors
O & X\t ﬁﬁﬁffﬁ‘)f \THzEWnD.

2o 58 FFEER wUbiuhh o TRER @R X S 1RSI,

eﬁ’é 3, L3tos) @C) D—C, [4, 1xfe. NP YK
DicAtHE 5% P E W oD 13 B89 < fl o 5,

1) Dz FchAs 'THY. YD/P i@ C driz CofiEEr: FEoss.

Fruia
2D [ 3 TR vHs.
£ 3 IR0 I AR SEMNONT SUE 55 205 2 7R W 1 BRI S C S 17 o E STR N T
0 P -~ @5 BT 2 Schoen-Yau o #RaIAIRIE
W R - & 2 583 VR 88 ((D-0])
i) Tvashkevitch o HarTogs R EIL
W) B =< & T < 7 3 EREFR (Gunning 2 SBETE)
[D-01  Diederich,K. and Ohsawa,T.,  Harmonic mappings and disc bundles over compact
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21 REMIMEERZFTRERBAHICONT
FIER SR8 Bk )

C* LOABERBEEAE M(C) OIFRLAHIE K 2525, KI3C L
HIBA R THBEAE n THBETDH. ZOEIR K 2 C LD n TER
HEEAEEND. fo,... o %2 K DERTLETS.

BE fo,..., fo VEEIERE QLT (AAT) WD) 2FFT SR, &
Dj=01,... 0L THHEEM R, AFELT

filz +y) = Ri(fo(x),..., falx), fol¥), ..., faly)), z,y€C"

ERETEEEND. K OERRITT fo, ..., fo M (AAT) ZHTEEIZ, K
i3 (AAT) ZFF 5 & D,

] K N (AAT) Z2aFd &3, REMITHNIZ n lOTT f1,..., fue K
MELELT, FED j=1,...,niZxL

P?(fj($+y)afl(‘r)""vfn(x)vfl(y)v'”vfn(y)) :Oa .’IT,yG(C"
EBIT 0 THROWBER P, HENDEEE NS,

K 7 (AAT) 29 2 & & (AAT*) Z2iFT BRI TH 5.
n=10D&&E, fMN(AAT*) ZFT0IF, f PHEMHEKTHLNEH
BMETHLM0 e OFHREKTHE2DONTINTHD, £htn &
IZFR 5. Weierstrass 13, ZEKTHHEERT, 7—IVEAENMNEDIREL
ZHDTHBERRTWEN, FOFEHIIFELELRN (3], [4) &) .
iz, 7T—RIBEEOBIELZDDERBWARLEETHEINDIT-E
D L7z,

INICHEHLTROBEREZBZOTHETS. 2B, K ITIHII&AHKE
DIFehE % (1] TELEL TV

EE ([2]) K CM(C) & (AAT) 289 C LD n BERKBIRK K E
T5. IDEE, BEYREEERETOEICKD

K cC(z1,...,2p,w1,...,Wg 90,---,9r)

EBIBED. TIT, (21,...,2), (Wy,...,w,) BEREN CP, (C*)? D
VEREBIEG go,..., 9, V& r ROUT —RVEABEDERITTTH 5.
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22 A group-theoretic characterization of the space
obtained by omitting the coordinate hyperplanes

from the complex Euclidean space, II

Akio Kodama (Kanazawa Univ.)
Satoru Shimizu (Tohoku Univ.)

This is a continuation of our previous paper [4], and discusses a character-
ization of C* x (C*)* by its holomorphic automorphism group. The problems
related to the structure of the holomorphic automorphism group Aut(C* x
(C*)!) of Ck x (C*)* are in general very difficult to study. One reason is that
Aut(C* x (C*)*) is terribly big when k +¢ > 2, and can not have the structure
of a Lie group with respect to the compact-open topology. But, by looking
at topological subgroups with Lie group structures of the topological group
Aut(CF x (C*)*) equipped with the compact-open topology, we can find a lead
to apply the Lie group theory to the investigation of such problems. Besides
CF x (C*)* admits a natural (k + ¢)-dimensional compact torus action given
as the rotations along each coordinate axis. This fact enables us to use the
machinery associated with torus actions, for example, the theory of Reinhardt

domains. Under these points of view, we can show the following result.

Theorem 1. Let M be a connected complex manifold of dimension n
that is holomorphically separable and admits a smooth envelope of holomor-
phy. Assume that Aut(M) is isomorphic to Aut(C* x (C*)*~*) as topological
groups, where the groups Aut(M) and Aut(Ck x (C*)"~F) are equipped with
the compact-open topology. Then M itself is biholomorphically equivalent to
Ck x (C*)n k.

Some remarks should be made here. Firstly, the assertion of Theorem 1 was
proved in [4, Main Theorem| under the assumption that M is a Stein mani-
fold. This time, by improving our method of proof, the assertion of Theorem
1 is shown under the holomorphic separability condition with admittance of

smooth envelope of holomorphy, which is a weaker condition than the Steinness



condition. Next, when k = n, that is, for the case of a characterization of C”,
the same result as ours was obtained independently on us in the paper of Isaev
and Kruzhilin [3] without the holomorphic separability assumption and so on,
and in the paper of Isaev [2] with the Steinness assumption. In particular, a
similar idea to ours is used in the paper of Isaev [2]. Finally, if M is a domain
in C™, then it admits a smooth envelope of holomorphy. Therefore Theorem 1
can be applied when M is a domain in C™.

Our method of proof of Theorem 1 has some interesting applications. One
of them is a fact about actions on complex manifolds by groups given as the

direct product of unitary groups.

Theorem 2. Let M be a connected Stein manifold of dimensionn > 2 and
let K be a compact group given as the direct product K = U(n;) x --- x U(n,)
of unitary groups, where each U(n;) is the unitary group of degree n; >1 and
23:1 n; = n. Suppose that an injective continuous group homomorphism p of
K into Aut(M) is given. Then there exists a biholomorphic mapping F of M
onto a Reinhardt domain D in C" such that K is a subgroup of Aut(D) and
Fp(K)F7! =K.

In the study of n-dimensional compact torus actions on n-dimensional com-
plex manifolds, a result of Barrett, Bedford and Dadok [1, Theorem 1] plays
a fundamental role. Theorem 2 above plays a similar role in the study of n-
dimensional compact group actions on n-dimensional complex manifolds for
which n-dimensional compact groups are given as the direct product of unitary

groups.
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Cayley 22

-1
w2 =1-2w+1)7"! (w e C) (1)
w4+ 1

WX TEFFRIIAEAARICEIND. ERBELQ +V R THD L &
ik, HPRHE Q IAHRET 5 Jordan KRBV O EBREZRAWTELD (w+ 1)1
HEDHLDEHEZDHI LIZE-T, Q+iV O Cayley BB BRIIEREIND.
FOBITERLE T Jordan REW DAY hL )V AIZEET HBEATERE 72
D, BIUHEESTHD. [ EITRERNV—RROE RO Cayley B#aiL, /X5
A= —HFEINT-BETEBRERANTERINDS. EREEDIESFR 2 EES
WX, PR R & (1B > TR R T ERITEL (T A—F — (TN EKkE
HoTL B,

VERRRITERT bEM, QCV 2EHHMLET 5. bbb BEHE2EE
B EE Q IZHRE B CRIREE

G(Q) ={ge GL(V) | g0 =}
DHEBHITERAL TWA L35, Z0&x GQ) OSHRAARESEE H TQIZ
HMHEBHICERT2bONGEETS. FRBICEcQ 2L, BETS. BLEE
BH>T —TE c QI3 RMBEBRTHIND, TEd H OBA T THMS T
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WEHEV sz L, ehERT. VIEA %
Ay = Ly (z,yeV)
TEATS. (V,A) 1T EZBAITE T 5E-EEHRE (clan) 1272 5. Clan (V, A)
(X normal 7% & FRIEN A EFSMEE Lo EBEr CESTE,, ... E. BHEE
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LB EE,
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RTZxt L, A:=expa D—KRITEKH x, &
Xs (exp (Z tiLEi)) = exp (Z siti)
TEHETD. Ny 1= {Lx € b’l S Vk;} (1 <j<k< T):n = Z]‘<knkj EB
< niZhOEFEHD LeffETHY, h=axnThHD. N:=expn b L,




H=AxN.RD xs&xsIn=1¢ L THO—KRTERRIHWIELFALEET
Y. MORMEESRH ST TEc QAT x, 2 QIBLEEHEY A, &
T5:

As(hE) := xs(h) (he H).

T A—=F—=s=(s1,...,8) ER {Tsy,...,s, >0 &IH=T L +5 (Zhz
s>0&EL). V EOBHREEA (), &

(aly), i= DD, log A_(E)  (m,y€ V)
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B fLvreVIZHL D, f(z) = £f(z +tv)|t=0 THD. ze QDT (z)
ZROLIICED D!

(Zs(2)ly)y = —Dylog A_s(z)  (yeV).

L : Qo> V ZEITER LS. —F5, QORxt#EE WK (), # VTV ICE
BHBLIEbLbOEN &35

Q={zeV|vye\{0},(z|y), >0}
CHrOHELTIL OFEREFROBIELED D Z LIZL Y, WatHE¥TES
I - V55,

TIXT(E) = B, I,(Q) = Q &t W=V £5< &, I, T idEic W
FOVEEERIEFER SN, I, = I Thb. I, I TN ZRERE
Q+V, Q0 +4V ETERITH D, NI (), & WICEZIERIIEL, B
EECTRT. W EOBRMEARAD (), CEHT2EBEERLALEL. HD
BWH#lE He L B<. T He 5T 51 L(ha) = *h'T(z) (h € He). 27,
KV ICBET 2 W OBFEEEE w o W TRT L, L) = L(w) (we W). 0
LS TRED NI A=F—d=(dy,...,d,) %

d; :=TrLg, (t=1,...,7)
TEDD. BWRER Q+ iV B3t 51, E 2B T &5 Jordan oo
MWIZAD. ZD & & Ig i3 Jordan REO W T EBRIZ—FT .
(1) {2l » TERSEIR Q + iV D Cayley ZTHC, %
Ci(w) :=F - 2Z,(w + E) (we Q+1V)
EEETD. E72, O+ 1V O Cayley BHC: KD EHIZED 5B
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s

TE. QFBNREEHE L, s>04LT5. Z0OLEROZOIFETHS:
(A) C(Q+iV),Co (2 +4V) i IT M TH 5.
(B) Q4+ iV IIHHTHY, HOERp > 003 FEL Ts=pd &7 5.
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Bergman kernel and metric with applications to
geometry

Bo-Yong Chen

1 Basic notions and properties

Around late 1920’s and early 1930’s, Stephen Bergman introduced the reproducing
kernel and the invariant metric for L? holomorphic functions on a domain in C* which
now carry his name. Later, these concepts were generalized to complex manifolds by
several authors (A. Weil 1958, S. Kobayashi 1959) as follows: Given a n-dimensional
complex manifold M. Denote by K, the canonical line bundle and H?(M, K ;) the
Hilbert space of holomorphic sections s of K such that

st = [ sns
M

Let sy, 55, -+ be an orthonormal basis for H?(M, Ks). Then the non-negative (n,n)
form By = ¥; 5; A 5; is called the Bergman kernel form. Write

< 00.

BM(Z,E) = B;W(Z, Z)dzl JARREIAY dZﬂ A d'Z_l AR /\dZ,,

in local coordinates and set ds3, = 80 log B}, provided By, nowhere vanishing. Since it
does not depend on the choice of coordinate, ds%, defines a Kahler metric on M which
is called the Bergman metric if it is non-degenerate. Let us first give some examples
which carry the Bergman metric.

Ezamples. 1. Any compact manifold with very ample K.

2. Any domain in a complete Kihler manifold (e.g. Stein manifold) which carries
a bounded strictly plurisubharmonic (psh) function. In particular, if M is a bounded
domain in C", then the global defined Bj, is the classical Bergman kernel function.

Importance of the Bergman metric lies in its invariance under biholomorphic maps
and its extreme property as follows

1 * 2 . 2 —
ds3(z;v) = B o) sup{ |0s"(v)|*(2) : s € H*(M,Kp), ||s|| <1, s(z) =0,

s=s8dxy A+ ANdz, }

for any tangent vector v € T10(M).



2 Boundary behavior of the Bergman kernel

Definition. Let M be a bounded pseudoconvex domain in C". Given zy € OM, the
growth exponent of the Bergman kernel function at z; is defined by

am(z) = sup {s >0: linglfoéil(z)BM(z,Z) > 0}
where 8¢ denotes the Euclidean boundary distance.

The modern theory of the Bergman kernel on M started from L. Hérmander’s magic
application of his weighted L? existence theorem in 1965, from which the asymptotic
behavior of the Bergman kernel of bounded strongly pseudoconvex domains was given,
in particular, aps = n + 1. A complete picture of the Bergman kernel and metric
on bounded strongly pseudoconvex domains was figured out in C. Fefferman’s funda-
mental paper (1974). Along this line, precise estimates were obtain for certain weakly
pseudoconvex domains (Catlin 1989, McNeal 1994, etc). However, for a general smooth
pseudoconvex domain M, only a lower estimate holds: By > Cd;7 (Ohsawa-Takegoshi
1987, P. Plug 1975 slightly weaker). Examples with Levi-flat boundary shows that the
lower bound is sharp. So to obtain better bounds, the boundary of M should be
uniformly extendable at each boundary point in certain sense. In this sprit, Diederich-
Herbort-Ohsawa (1986) proved ajs > 2 + 7 where 7 > 0 measures the degree of the
extendibility (in particular, it contains domains of finite type). Recently, J. Kamimoto
(2002) obtained an asymptotic formula of By, in a non tangential convex cone of finite

type domains
{(Z, w) € c**':Imw > p(Z) = f(|zll: B lznl)},

where f > 0 is a smooth function which has an isolated minimal point at 0. In
particular, By < 6;42_2/d’| log dp|™ ~! holds there, where d; > 0, ms > 1 comes from
the Newton polyhedron of f at 0. His result suggests that the estimate of Diederich-
Herbort-Ohsawa is perhaps not sufficiently sharp for many cases. However, one can
not get ap(0) > 2+ 2/d; since the above estimate is only non tangential. Therefore, it
is desirable to look for certain holomorphic invariant to measure the growth exponent
of the Bergman kernel precisely, even for non finite type domains. In this sprite, we
recall

Definition. (Demailly-Kollar 2001) Let p be a measurable function in a neigh-
borhood of 0 in C*. The complex singular exponent of p at 0 is defined to be the
non-negative number

co(p) =sup{c > 0: |p|"* is L' on a neighborhood of 0}.
When p is a holomorphic function, co(p) is known as the log canonical threshold in
algebraic geometry. Roughly speaking, the complex singular exponent is a holomorphic

invariant measuring how singular a function p is at 0. It has important applications
in complex geometry and complex analysis and can be computed via resolution of



singularity (see the survey article by J. Kollar 1997). In Kamimoto’s case, it equals to
1/ds.

Theorem 2.1. Let
o0
M= {(z,w) eC i Imw > p(2) ==Y Ifklz} ,
k=1

where fi are holomorphic functions vanishing at the origin. Let U be any open neigh-
borhood of 0. Then
amnv(0) > 2+ 2c(p).

The proof of Theorem 2.1 is based on the following L*—extension theorem

Theorem (T. Ohsawa 2001) Let D be a pseudoconvez domain in C™ and let D'
be the intersection of D and a linear complez subspace of dimension k. Let #(D') the
space of all ¥ € PSH(D) such that D' C ¥~'(—o0) and for any p € D', there is a
neighborhood U of p in D such that

sup |¥(z) — 2(n — k) logd(z,D")| < o0
U\D'

where d(z, D') denotes the Euclidean distance from z to D'. Then for any ¥ € #(D')
and any holomorphic function f on D' satisfying

/D, |f|?dV[¥] := lim sup 2(n—k)

t—+00 O2n—2k—1

/ Fe¥dV < 400
¥-1((—t-1,—t))

where o,, denotes the volume of the unit sphere in R™*!, there exists a holomorphic
function F on D such that F|p = f and

] |F2e¥dV < 2% / If 12dV [¥].
D D'
and the following semi-continuity principle of complex singular exponent:

Theorem. (Demailly-Kolldr 2001) Let Q be a domain containing 0 and ¢ €
PSH(Q) be given. If c < co(e®) and 1 converges to ¢ in PSH(S2), then e~ %Y converges
to e=2% in L' norm over some neighborhood U of 0.

It should be mentioned that co(p) can also be used to give Holder estimates of
O—equation for domains in Theorem 2.1.
3 Completeness of the Bergman metric

S. Kobayashi (1959, 1962) was the first who considered the completeness problem of
the Bergman metric. He gave a useful criteria as follows



KC. Let M be a compler manifold which possesses a Bergman metric. Assume
that there ezists a dense subspace H of H*(M, Kp;) such that for any s € H and for
any sequence of points {yx}s>, of M which has no adherent point in M, there is a
subsequence {yx, }52, such that

I s(yx;) A 5(yx;)
m  ——-

=0.
J—roo BM(ykJ)

Then the Bergman metric of M is complete.

By using this criteria, Bergman completeness of many special domains had been
verified by a few people. However, the first general result proved by T. Ohsawa (1981)
is that any bounded C! pseudoconvex domain is Bergman complete. In the same
year, it was shown by Kerzman-Rosay that any bounded C! pseudoconvex domain is
hyperconvex. A complex manifold M is called hyperconver if there exists on MaC>®
strictly psh function v such that {z € M : ¥(2) < ¢} CC M for any ¢ < 0. There is
a conjecture (perhaps due to S. Kobayashi) that any hyperconvex manifold should be
Bergman complete. Jarnicki-Pflug (1989) proved the completeness for complete circular
domain with a continuous Minkowski functional, which suggests the conjecture might
be true at least for hyperconvex domains. This important case was proved around
1998 by Blocki-Pflug and G. Herbort independently. In their proofs, a concept called
pluricomplex Green function (Roughly speaking, a generalization of the classical Green
function to high dimensional case via Perron’s definition) plays an important role. The
use of the Green functions to Bergman kernel and metric goes back to the works of T.
Ohsawa (1993) and Diederich-Ohsawa (1995).

On the other hand, there exist various hyperconvex manifolds for which the method
of Blocki-Pflug (or Herbort) can not be directly applied, for instance,

(1) Pseudoconvex domains with C* boundary in P" (Ohsawa-Sibony 1998);
(2) Any complete Kihler manifold M with a pole o such that its sectional curvature
K is non-positive and in addition satisfies

1+e€
= r?logr

for some constant ¢ > 0 outside a compact subset of M, where r denotes the distance
function based at o (Green-Wu 1979);
(3) Holomorphic fiber bundles whose base and fiber are hyperconvex (Vajaitu 1996).

For (2), Greene-Wu proved the completeness for the case when the sectional curva-
ture is pinched by two negative constants. The lower bound assumption was removed
in Chen-Zhang (2002).

Theorem 3.1. Any hyperconver manifold carries a complete Bergman metric.



An old theorem of H. Bremermann (1955) states that a bounded Bergman complete
domain is holomorphically convex. It leads S. Kobayashi (1962) to ask whether a non-
compact Bergman complete manifold is holomorphically convex. We give a negative
answer:

Theorem 3.2. There is a non-compact complez manifold which carries a complete
Bergman metric but is not holomorphically convez.

The construction of the example is inspired by a paper of H. Grauert (1962). Let
M be a complete Kahler manifold with bounded geometry and L be a holomorphic
Hermitian line bundle with curvature bounded above by a negative constant. We
consider the so-called Grauert tube defined by

T(L)y={velL:|v<1}.

One can show that if L is sufficiently negative, then T(L) carries a complete Bergman
metric. On the other hand, there exists many examples such that the zero section M
has no non-constant holomorphic functions.

The above theorems shows that the class of Bergman complete manifolds is quite
large, however, different from holomorphically convex manifolds, while the latter is un-
derstood well. It seems worthwhile to study these manifolds systemically, for instance,

a) Does a locally trivial holomorphic fiber bundle carry a complete Bergman metric
if both base and fiber are Bergman complete? The answer is positive if the base is
hyperconvex (Chen 2003).

b) Is Bergman completeness stable under small deformations?

4 The Bergman metric on Teichmiiller spaces

The Teichmiiller spaces and moduli spaces of Riemann surfaces of genus g > 2 have
been studied intensively by many mathematicians in complex analysis, topology, dif-
ferential and algebraic geometry for at least half a century. They have also appeared
in theoretic physics such as string theory. The foundation of the modern theory of Te-
ichmiiller and moduli spaces was lay down by L. Ahlfors and L. Bers. One of the most
important fact in Teichmiiller theory is that the Teichmiiller space can be embedded as
a bounded domain in some C3~3, which is called the Bers Simultaneous Uniformiza-
tion. There is a complete distance on Teichmiiller spaces which is called the Teichmiiller
distance. The main contribution of linking the Teichmiiller theory with several com-
plex variables is due to H. L. Royden (1971). He proved that the Teichmiiller distance
coincides with another invariant distance introduced by S. Kobayashi in 1967, from
which it follows that the Teichmiiller space is biholomorphic to a domain of holomor-
phy in C®~3. Moreover, he gave an infinitesimal metric induced from the Kobayashi
distance, now named the Kobayashi-Royden metric, which plays an essential role in the
study of complex hyperbolic geometry. The boundary of the Teichmiiller space is very



irregular, it contains a dense set of maximal cusps (C. T. McMullen 1991). Anyway, S.
L. Krushkal (1991) proved that the Teichmiiller space is hyperconvex. Therefore, the
Bergman metric is complete. It was also known that the Bergman kernel function is a
exhaustion function since it is on bounded hyperconvex domains (T. Ohsawa 1993).

The Kobayashi-Royden metric is not smooth. A. Weil (1957/58) introduced a
Riemannian metric on the Teichmiiller space which is induced from the Petersson scalar
product on holomorphic quadratic differentials on Riemann surfaces, now called the
Weil-Petersson metric. It is dominated by the Teichmiller metric. L. Ahlfors (1961)
proved that it is a Kahler metric and its holomorphic sectional curvature and Ricci
curvature are negative. Later, some mathematicians (S. Wolpert, A. J. Tromba, Y. T.
Siu, J. Jost etc.) developed a new geometry called the Weil-Petersson geometry. Bers
had ever conjectured that the Bergman and Weil-Petersson metrics are equivalent. But
it was disapproved by S. Wolpert (1975) by showing some Weil-Petersson geodesics
have finite length. By adding the Weil-Petersson metric with a (1,1) form induced
from short hyperbolic length functions, C. T. McMullen (2000) obtained a complete
Kahler metric on Teichmiiller spaces, which is equivalent to the Teichmiiller-Kobayashi
metric. The motivation of McMullen to construct such a metric is to prove that the
moduli space of Riemann surfaces is Kahler hyperbolic in the sense of Gromov (see the
definition in next section). Based on his work, we prove the following

Theorem 4.1. The Bergman and Teichmiller metrics are equivalent.

Let us sketch the idea of the proof. Denote by gwp the Weil-Petersson metric and
[, the hyperbolic length function with respect a geodesic . Take a cut-off function
Log on R which equals to logz for £ > 2 and vanishes on z < 1. McMullen showed
that

Gp=gwp—38 Y 68Log;—

Iy (X)<e 7
where the sum is over primitive short geodesics v on X; at most 3g — 3 terms occur
in the sum, is a Kéahler metric which is equivalent to the Teichmiiller metric provided
0 < § << € << 1. He also proved that gwp = —df for some (1,0) form induced by
the Bers embedding, showing that 8 is bounded in gwp. Takhtajan-Teo (2003) found
a real analytic function S coming from the string theory such that dS = —f. Thus
Y =-S5 -0 (x)<e Logi gives a global potential of McMullen’s metric satisfying

80y > COYdY 1)

for some constant C' > 0. One can show that for each point X in the Teichmiiller space
¢ = —e~ 3(¥=¥(X0)) is yniformly bounded and its Levi form has uniformly lower bound
with respect to Teichmiiller metric on Royden’s embedded polydisc at X,. Finally,
we use the weighted L?—estimate for 4 on complete Kihler manifold, developed by T.
Ohsawa (1980) and J. P. Demailly (1982) to complete the proof.

Remark. The importance of inequality (1) was first noticed by Donnelly-Fefferman
(1983). It also appears in a series of papers of T. Ohsawa and his colleagues.



Since the Teichmiiller space is a bounded domain of holomorphy, it carries a com-
plete invariant Kéhler-Einstein metric (Cheng-Yau 1980, Mok-Yau 1983). By the above
method, one can also show that the Bergman metric is d—bounded and has bounded
geometry (see the definition in next section). By Yau’s Schwarz lemma, the Bergman
kernel form dominates the Kahler-Einstein volume form. Therefore, by Mok-Yau we
have the following estimates for the Bergman kernel function and the Bergman dis-
tance:

Theorem 4.2. (’L) Br > C((ST) log 57“)"2;
(ii) Given X, € Teich(R), we have distp(Xo,-) > C|logdr|.

Recently, Liu-Sun-Yau (2004) proved that the Kahler-Einstein metric is equivalent
to the Teichmiiller metric by a deep analysis on the Weil-Petersson metric.

It should be pointed out that Diederich-Ohsawa (1995) proved that for any bounded
pseudoconvex domain M with piecewise C? boundary, the Bergman distance is bounded

below by C log |log dx|- This bound was improved by Z. Blocki (2002) to T%%;Tﬂ?

5 An application of the Bergman metric to geom-
etry

Perhaps the first application of the Bergman metric in complex geometry is due to K.
Kodaira (1954): Any compact complex manifold has ample canonical line bundle if it
is covered by a complex manifold which carries a Bergman metric. There are also some
applications in the paper of S. Kogayashi (1959). However, the difficulty of determining
the sign of curvature of the Bergman metric limits its application in geometry, except
for some special cases (eg. compact quotients of bounded symmetry domains). Hence
it is not surprising that its position in geometry is replaced by the Kahler-Einstein
metric when the latter appears. On the other hand, these two invariant Kéhler metrics
are closely related. In this section, we give an application of the Bergman metric to
geometry which can be viewed as a generalization to the case of compact quotients of
bounded symmetry domains.

Definition. (Cheng-Yau 1980) Suppose that (M,w) is a complete Kéhler manifold
of dimension n. We say that (M, w) has bounded geometry of order | if and only if for
each zp € M there exists an embedded polydise

¢ (A", 0) = (M, z¢)

such that the Euclidean metric and w are equivalent on A™ and there is a constant
C; > 0 such that for any multi-indices a, 8 with |a| + |8] < | we have

Hled+181

d0%| <




on A™ where w = ¥ g;;dzidz;.

Ezample. Let 7 : M~—) M be a holomorphic covering over a compact Kahler
manifold (M,w). Then (M, 7*(w)) has bounded geometry of any order.

By using the method similar to section 4, one can prove the following

Theorem 5.1. Suppose (M,w) has bounded geometry of order 1 and the Ricct
curvature of w is bounded above by a negative constant. If the canonical line bundle K
of M is trivial, then M carries a Bergman metric which is d—bounded and equivalent
to the Kobayashi-Royden metric.

The notion of d—boundedness was introduced by M. Gromov (1991). A complete
Kahler metric w on M is called d—bounded if there is a 1—form 6 such that w = df and
supj, |8l. < 0o. A complete Kahler manifold (M, w) is called Kdhler hyperbolic if the
following conditions are verified: (1) the lift & of w to the universal covering M of M is
d—bounded; (2) (M,w) has finite volume and bounded sectional curvature; (3) (M, o)
has positive injectivity radius. Note that (2), (3) hold naturally when M is compact.
Kahler hyperbolicity implies Kobayashi hyperbolicity, but is stronger than the latter
(for instance, the fundamental group of a Kahler hyperbolic manifold is of exponential
growth. On the other hand, there are examples of simply-connected compact complex
manifold which are Kobayashi hyperbolic, e.g., a generic hypersurface of large degree
in P* with n > 2). Examples include compact Kéhler manifolds of negative sectional
curvature, and finite volume quotients of non-compact Hermitian symmetric spaces
with no Euclidean factors. Recently, McMullen (2000) proved that the moduli space
of Riemann surfaces is also Kahler hyperbolic.

By the celebrated theorem of Aubin and Yau, any compact complex manifold with
ample canonical line bundle admits a complete Kahler-Einstein metric with negative
Ricci curvature. Since the Bergman metric is invariant, we have

Corollary 5.2. Let 7 : M — M be a holomorphic covering over a compact Kdihler
manifold. If Ky is ample and Ky is trivial, then M is Kdhler hyperbolic.

Examples include

(a) M : compact Riemann surface with genus g > 2, M : infinite covering over M.

(b) M : compact complex manifold, M : bounded domain in C™.

(¢) M : compact Kéhler manifold of general type, M : contractible Stein manifold
(Oka-Grauert principle).

By the Cartan-Hadamard theorem and Wu’s theorem, any compact Kahler manifold
of general type and with semi-negative sectional curvature satisfies (c). F. Zheng (1996,
1999) provides examples of such manifolds which are neither compact Kéahler manifolds
of negative sectional curvature nor compact quotients of bounded symmetry domains.
It should be pointed out that the contractibility assumption of M in (c) can not be



removed, since a sufficiently general, smooth, ample hypersuface in an Abelian variety
of dimension at least 3 has ample canonical line bundle and Stein universal covering,
but it can not be Kahler hyperbolic since the fundamental group is Abelian.

Comparing to (b), one can show

(b’) M : complex manifold (not necessary compact), M : bounded domain in C"
covering M with n > 1. Then any compact Kahler submanifold in M is Kahler
hyperbolic.

Gromov proved that the L? cohomology of the universal covering of a Kahler hyper-
bolic manifold vanishes except in the middle dimension n. Combined with the theorem
of Atiyah-Singer, he showed that the Euler characteristic satisfies (—1)"x(M) > 0.
There is a so-called Hopf-Singer conjecture in Riemannian geometry which states
(=1)"x(M) > 0 for all compact aspherical 2n—dimensional Riemann manifold (i.e.,
the universal covering is contractible). Jost-Zuo (2000) verified this conjecture for
compact Kéihler manifolds with semi-negative sectional curvature.

Campana-Peternell (2004) proved that for a projective manifold M with a Stein
universal covering, either K is ample or x(M) = 0. Hence

Corollary 5.3. The Hopf-Singer conjecture is true for any projective manifold
whose universal covering is a contractible Stein manifold.

Comparing to McMullen’s work and Theorem 4.1, one might thinks that those
quasi-projective manifolds covered by a bounded domain should have strong geometry
properties and its universal covering should have strong function-theoretic properties.
P. Griffiths (1970) even showed that every point in a projective manifold has a Zariski
neighborhood whose universal covering is a contractible bounded domain of holomorphy
in C" by using Bers simultaneous uniformization. Such Zariski neighborhoods are in
fact quasi-projective (Mok-Wong 1983).
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