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1. On Some Double and Triple Infinite Sums
( A Serendipity in N- Fractional Calculus )

Katsuyuki Nishimoto Descartes Press Co.

Abstract

In 1991, an infinite sum which is derived through the N- fractional calculus of products
(- logaz) (a=0)

is reported as a serendipity in N- fractional calculus, by the author.

In this paper two kinds double infinite sums and a triple infinite sum which are obtained from
the previous infinite sum are reported.

A triple infinite sum is shown as follows, for example.

Theorem. We have the triple infinite sum l

o ® [(m— - (n +m)!(2:'_l (n +k)“)]

’ =1.59063--- ,
e & = kk+m)(k+m+1)--(k+m+n)

where mE2Z” and n EZ;’ .
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2. Notes on Partial Sums of Analytic Functions

Shigeyoshi Owa (Kinki University)

Let A be the class of functions of the form
i) =z + Y adt
k=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Let S denote
the subclass of A consisting of all univalent functions in U. Let S* be the
subclass of S consisting of functions f(z) which are starlike in U. Also let X
be the subclass of S consisting of functions f(z) which are convex in U.

The partial sum f,(z) of f(z) € A is given by

fa(z) = z + Zakzk.
k=2

Remark 1. (1) If f(z) € S, then f,(z) is not univalent in U
when |a,| 2 —.
n

(2) The function

kzF

“~
X

I
—

I | w
™
-

I

N

+
El
ngl

is the extremal function for the class S*. But f,(z) is not starlike in U.

(3) The function

- _ Lk
g(z)—-l_z z+kz=;z

is the extremal function for the class K. But gn(z) is not convex in U.

Remark 2. (1) fa(2) = z + 22% + 323 satisfies

2 fY 3191
Re (14 2302) =0.2009- - -
e( T )~ 15876

_3.__




for 0 £ r < B, where 3 is the positive root of the equation

1
81z* —1622° + 742~ 162 +1=0 (0<z< 3

(2) g3(z) = z+ 2% + 23 satisfies

zg5(2) 626
223\ 2 = 06514---
Re(gg(z)>>961 0.65

for 0 £ r < 3, where [ is the positive root of the equation

1
z*-62°+92° -8z +1=0 (0<x<%).

Theorem 1. f;(z) = z + 222 + 32% satisfies

Re (1+ z "‘I(z)) >2 (1— @) =0.7350 - - -

f3(2) 5

—2
for0§r<%l_0—=0.0750~--.

Theorem 2. g3(2) = z + 22 + 23 satisfies
Re (z_g_:,_(_z_)> > 4-V5 =0.9919- - -
g3(z) 2

7 —
for0§r<——23—\-/—-§=0.1455---.

Theorem 3.
(1) fa(z) = z + 22% + 32° satisfies

zf3(2) 3(89 —16v22)
Re ( f:(z) ) > 37 = 0.3055

=0.1031---.

for0Sr<

5— /22
3

(2)  g3(2) = z + 2% + 23 satisfies

zgé’(z)) S 3(89 — 16 v22)

Re (1 ) 137

= 0.3055--

— V33
S 3‘/:=0.1031-~-.

__4_

for0<r<



3. Gaussian convolution D EHEHIZDINVT

HBARKLT FHE=E

BIMOBITtEA a L Ea—F TIRAONDEDNE VI RIICHOVWT, A
ITERWEEIDLENRY, TFTITREHBRRPTVASAFYI2bTR
¥ (7 R convolution) DRBEABAATEERIZ R D LMD, £
SOYWEREYEH EOEHBVIIEBRIZT VB2 —F TRDOBITIIE
B EOHRBBOETOEZAWVCTHEERIELTILNEEHD, T
D= DESEHBITIIAENRE L IBHD, EE, thboEI
HOEBEEEL, WAWSEEKNRIGHOBEEN L b EFINTHRE
T Zh b O ~DHERITLR TS ([6]. [11),

- BIIEN S DS EROBEE L TRIHER ST FEERBI
T, HLWEAREERAREEIL, I OIZ@mBEkicE
x5 L BEFMOHEEROFEMELREENEITHZ LERL
7= ([1-46,7,10D. L2LA2d5. ThbDARIIEEL EOR
B OSSO EEY ERICAV TS D, avEa—FE2HANT
WEBRPERICROOND L HIZF R TV RVWESIZBbhb, £
IT, ary¥¥a—F TEBRTELLIRFEBRARNEZ RO THLVA
RKE2EZLTW5D,

—fIT, BV RZERIOBNTO, 7Ly K74V ADHE1E
By FRADOBEICOWVWT, LEROBEANS

1) EHFEROBEEBEZEF O EAMER (LROEHRT
TEEMIZIT IO Y RLUTZER]) LHIRT S,

2)  Tikhonov regularizations D& X ZB Y AL 5.

3) BBEMOZBZEFRMYANT, —R¥EELEZD,

4) FATHEEZHEERETRZD.

REDEZXT, ILWHETHRARZE-OTINLD—BHREZ L
BERARAREFBNIT S, FL0F0OHEAKITEL RELOK
f&ofb‘é&,%\bnéo
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4. Bloch-type Spaces £ Closed Range Z#f-2
ARRAIERFTIZOWNT

KE A% BRBEKRE

DEFERYEC LOMBEMMIKRETD. The Bloch space B%

I fllg=1fO)+ || fllp< 400,
where || f ||g:= sug(l — |2%) |f'(2)| &7 D_EDRRATBIREIE, the space Biog
2€ .

%

| £ Bieg:= |FO)H+ | f | Brog< +00,
where || f || o= igg(l - 123 |f'(2)] (log 1—_%—;[—2> %‘?ﬁf:?Di%M\
the space By %

I f llga:=1£O)I+ || £ lBa< 00,

where || f |p.:= sgg(l — 1212 |7 (2) | &= § D L DR BI AR L T B,

w % positive continuous function on [0, 1] with w(|z|) — 0 (]z| — 17) &{K
ZE L. thespace B, %

| f B, := supw(lz]) | f'(2)] < +oo
zeD .

23 D LOTEREEK L T 5, ¢ 1 a holomorphic function taking D
into DERRL, Coldp L DBRIEAFEL T, TN L E, JTHR[3] T, P. Ghatage
& J.Yan & D.Zheng 13 ROFEFRZIA LT

Theorem A. Let ¢ be a holomorphic function taking D into D. If C,
is bounded below on B, then there exist positive constants €,r with r < 1 such

2 .
that, for all z € D, p(p(k), 2) S TwhereQe ={z€ D : —1—1-—'-—%—)-1799’(:)

Theorem B. Let ¢ be a holomorphic function taking D into D. If
for some constants 0 < r < %, for each w € D, there is a point z, € D such

1- |Z|2 ]
=i’ &

>e€}

that p(p(zy),w) < T and > ¢, then C, is bounded below on B.

A IRORERZREA LTz

Theorem 1. Let a > 1. Let ¢ be a holomorphic function taking
D into D and C, is bounded on By. If C, is bounded below on By, then
there exist positive constants €, v with v < 1 such that , for oll w € D,

l-—[z|2 )a )
), w) <1 where Qe={z€D: || ———— z
P(p(e), w) < 7 {ze€ I(l—lw(Z)l2 @'(2)

> €}




Theorem 2. Let a > 1. Let ¢ be a holomorphic functicm taking
D into D. If for some constants 0 < r < yg := min{2, >} and € > 0,
for each w € D, there is a point z, € D such that p((pZz Y<r and

1-z2 \° 2)
1-1e@r) ©

Theorem 3. Let ¢ be a holomorphic function taking D into D and C,
is bounded on Biog. If C,, is bounded below on Blog, then there exist positive
constants €,r withr < 1 such that , for all w € D, p(p(§), w) < 7 where

(o= 14) (s )

| (- le@P) (o8 =

> ¢, then C, is bounded below on Bj.

={zeD )w'(Z) > €, p(z) € D(w,r) }.

Iv 2l

Theorem 4. Let ¢ be a holomorphic function taking D into D. If
for some constants 0 < r < Cp := mm{g,cr}, and € > 0, for each w € D,
there is a point z, E D such that p(p(zy),w) < r and

(1= 1¢f*) (log =2)

7 N
¢'(2)| > €, then C, is bounded below on Biog.
2
(1 le(2)?) (tog e

Theorem 5. Let ¢ be a holomorphic function taking D into D. If
for some constants 0 < r < K := min{3}, K%},and € >0, for each w € D,

w(|2])

there is a point 2, € D such that p(¢(zy),w) < T and l ol )Dga '(z)| > €, then

C, is bounded below on B,,.
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5. BEREOBRAMT ) —oFF L 0O p-REERHS FHOBAE

THBE LBERKFER - BEFEH
KEEIL LKBKFE - REFFH

Gardiner [1] ® Mizuta [4] (Z& > T, n RTEMEK B R L3 ZER EOFH S
Y= RF v LD p-RIREE S EHORBKEOFMEA 2N TS, Kif
BT, ZORMELEMKREOERAMS ) -V RT v MIBNTERETS.
Go(z,y) #EMK EOERFS Y — ML L, BKEDKARE piZxt
LT,
Gan(z) = /B Galz,y) duy)

LEBETD. BRI Y —VEEGy(x,y) OFFEICL Y, GuBERMS Y —
VRFUe (Thbb, GyuZoo) THEADOLETRER

/B (1= [o])? duly) < oo

TH5b.
B u O FaENnFLO¥E r Bk S(r) EOKREESFEHE
1
M(u, :][ dS = —— as
(1) S(r)u 1S(r)l S(r)u

TET. E5I5, p>0LALT, My(ur) = {M(ulp,r)}? L35,

TH1 Guu % B EOERMI V-V RT3,
() n<4DEZE, 1<p<oo b,

lim(1 — r)»~2=(=D/P AL (Gap, ) = 0.

r—+1
(2) n>5 DEZE,
(i) 1<p<(n—-1)/(n-4) 2L,

lim(1 = r)* >V M (Gap, 1) = 0.

(i) (n~1)/(n—-4)<p<(n-1)/(n—5) &I,

hwﬁﬂl—rﬂ”*”ﬂhﬂgugwr)zo




CHEROICAELT, B LOBEERAMBENERARM ISV - RT v
LB EGEKREMSs EHOEBBTHERMTS. 22T, HESQ L
DTHERLBHATHEIBER u KEREFRNTHS &I,

(1) /Qu(:r)/_\2<p(x)da: >0 (Vo € C§°(2), ¢ > 0)

(iiy wu(z)= Iir% u(y) dy € (—o0, ] (Vz € Q).
=%/ B(z,r)

TE2 u% B LOEERFMBKLTS. ZoLx, udd
lirrrl’ilnf(l - )" "My (u,r) =0

Pl wIRERARM SV —CRTF UYL THB.

25 3K
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6. a-parabolic Bergman spaces

THBE RIK - 12
$AARICEE BK - 3T
BEER BRMmk-E

EE, Ramey ® Yi BLUBAPOMEZESICLY, L¥EM RIY Lo harmonic
Bergman space NHIEDTTH LTV 5 ([7],[8],[9]). £ T, #HEZ->TWwHI L,
FFIAZL u @ Poisson BAHER

u(z,t) = /" Pz —y,t - s)uly, s)dy (t>s>0)

THhb. ZIT, PIZEFZEMLED Poisson B TH 5.

INERT, Hpeyic Bergman EM %2500 8L LAVE#Z, ZIT, a-parabolic
Bergman space ¥ AL, EXWLMEEHrDLI LIZLT.

0<a<1ixl, Buclid =M R & a- ki HER %

L =9, + (-A)°
rEZ, WO & L nfRifeTs .
W) (2, 1) = {(2#)‘” Srn exp(—tlEP* + -1z -€)d¢ if t>0

0 othewise.

CITHEETAILE, a=1/20L &, WYD(g, t) = P(x,t) & Poisson & —HT 5
DT, k4 OHEGEIE harmonic Bergman space ¥ EUETTTHLNDL L) 5 TH 5.
1<p<ooilftl,

b= {u: R"' - Re LP|L™u =0 (distribution)}

LB %, a-parabolic Bergman space & & 5.
LSARET AERIIRDEBNTH S,

EE 1. uebl L,

u(z,t) = / W (g -y t = s)u(y, s)dy (t>s>0).

FEH 1 4% Huygens Property &WHEN 5 ([11)) A%, I O#&R & IERFOFTEMA, T
DFERHECDIIHAMIETTHA, TLT, FM 1 OV, L i3 2 MR
& Ricsz #IZY BARHGMNE D LIFRA TV S AL 5.

T 2. Ru(v, ty,s) = =200W(x —y t+s) &, Bergman #%, T4bb,
LRI 205 b2 ~OMBHE T FHT 5L TH 5.



FHE 3. (B2) ~bl (1<p<oo,l/g+1/p=1)

(1
FI2 4. (b)) ~ By/R. ZIT, B, it a-parabolic Bloch space

R

B, := {u|L®u = 0,t0u € L®(R}™)}
THY, RIZERMEBEEET.

EIE 5. (Bao/R)* ~bl. TIT, Byp it a-parabolic little Bloch space, $%bH 5,
A % Alexiandroff point & L,

Bap = {u € Byl lim tdu(z,t) =0}
(z,t)— A
ThHb.
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7. BEENEE -1 weak type DYRL I DTEX D
WD YT BROKEFREANETLHER

QIZR"ODERLZMES T, 1<p<néT3. YRLIEMWIP(Q)DYKRY
T DFREX % 1E > T, O'Neil ® Peetre DFER L W KROTREXHEIND.

(Vull, &1 ThB L3R EARuE CRQ)ILFHLTY
1 % -1 1-p/2 s S .
) /0 £ {u > t}1Pdt S ¢

ITC, i u i ERERERT, A ZERADn KRN RIETHD.
=R"DEE, TORERXNHEEHKR Y R L 7ERMTEARETHEY (LD
¥EXZB.
GolZaRDRyEAEETE. KD ak_y EART ¥ VDES
LP = {G.* f; f € L”(R™)}

2 VB E |Go* fllap = Ifll, TEHET D, BHREmIIHLTE, YR LT ZERM
WmP(RM X LE, & —BL, ZThO6D/ M LAIRETH D T & B3, mohTWS. L
oo T, LP IR EIIBOLRVWY AL I ERMERZIND.

Bo,(A) 2 EA AD o- kX yENFEL LT, R LORHgIIx L, ~yENL
FERS %

p(g) = inf{”f”p; |g|§‘ Go* f Ba.p —g.e.on R", fe€ LP}

LEETD.

IDEE ROEENBELND.
TE., l<p<nap<nuclledd ZNDELZ

[ ot > 17t 5 cplw).

T, c i ERAGRRERTHD.
ZOEBRND a=1DHEITE, (1) BEIND.
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Behaviour of Positive (Superharmonic) Harmonic Functions and
Exceptinal Sets

Ikuko Miyamoto (Chiba University)

Let R and R, be the set of all real numbers and all positive real numbers, respectively.
We denote by R™ (n > 2) the n-dimensional Euclidean space. A point in R" is denoted
by P=(X,y),X = (z1,Z2,,,%n-1)- The unit sphere and the upper half unit sphere are
denoted by S™~! and S’j_"l, respectively. When we introduce the system of the spherical
coordinates

(T', @), o= (91,92, ceey an—l)» y= TC0391

in R", the half-space
{(r®) eR":r€Ry, (1,0) eS]'}={(X,y) €R": y> 0}

will be denoted by T,.

By C.(Q), we denote the set {(r,0) € R* : r € Ry, (1,0) € Q} in R" with a domain
Q0 C S*!(n > 2) having smooth boundary. We call it a cone. Then T, is a special cone
obtained by putting Q = S771.

Consider the Dirichlet problem

(An+Nf = 0 onQ
f = 0 onoQ,

where A, is the spherical part of the Laplace operator A,

We denote the least positive eigenvalue of this boundary value problem by 7o and the
normalized positive eigenfunction corresponding to mq by fa(©);

[ f3(©)doe =1,
where dog is the_ surface element on S™~!. We denote the solutions of the equation
2+ (n-2t—mq=0
by ag, —Ba (an,Ba>0). fQ =S} thenag =1, fo=n—1, and
fa(®) = (2ns;H)Y2 cos by,

where s, is the surface area 27"/2{T'(n/2)}~! of S™~L.



1. Behaviour of positive superharmonic functions and exceptional sets in a
cone

(1) Definitions of exceptional sets in a cone

It is known that the Martin boundary A of Cn(f2) is the set 8C,, () U {oo} and each
point of A is a minimal Martin boundary point. When we denote the Martin kernel
by K(P,Q) (P € C,(),Q € 9C,(Q) U {o0}) with respect to a reference point chosen

suitably, we know
K(P,o0) =r*fq(0) (P € Cn(Q)).

A subset E of C,(f2) is said to be minimally thin at co € ‘A with respect to C,(Q), if
there exists a point P € C,(£2) such that

RE (P) # K(P,c0),

where RE(‘_M)(P) is the regularized reduced function of K(-, c0) relative to E.
Let E be a Borel subset of C,{€2) and

E.=En[(Q) (k=0,1,2,..),
where
I(Q) = {(r,0) € Ca(Q); 2 < r < 251}
Since Ey is a bounded subset of C, (), then fi,i’im) is bounded on C,(2) and hence the

greatest harmonic minorant of Rf}jm is zero. When we denote the Green function of
Ca(Q) by G(P,Q) (P € Cn(R2),Q € Cr(Q)), we see from the Riesz decomposition theorem
that there exists a unique positive measure Ag on C,(2) such that

Rt ) (P) =GAg,(P) (P € Ca(Q)).

We denote the total mass Ag, (Cn(Q)) of Ag, by Aq(Ex). The (Green) energy ya(Ex) of
Ag, is defined by

Bo) = [ (GAs)dA
Ya(Ex) Cn(m(G BB,
As in T, (Essén and Jackson [9, DEFINITION 3.1. and REMARK 3.1]), we have

Theorem 1.1 (Miyamoto and Yoshida [19, Theorem 1). A subset E of Cn(Q) is
minimally thin at co with respect to C,(2) if and only if

Z fm(E‘k)g-k(an*Fﬁn) < o0,
k=0
As in T, (Essén and Jackson [9, DEFINITION 3.2.]), A subset E of C(Q) is said to
be rarefied at co with respect to Cn(S2), if

Z 2_kﬁn/\Q(Ek) < +00.
k=0



(2) Behaviour of positive superharmonic functions in a cone

We set
v(P)

= inf — "t
ev) PeCa() K (P, o)
for a positive superharmonic function v(P) on C,(2). We immediately see that c¢(v) <
+00 (e.g. see Yoshida (24, Lemma 6.1]).

The following theorem 1.2 is immediately obtained by specializing the Fatou boundary
limit theorem for the Martin space: for any positive superharmonic functin v(P) in Cr(Q)

. v(P
mf hmP.—-(r,@)GCn(Q),r—)-{»ooﬁ = c(v),

where “mf limit” means minimal-fine limit (Naim [21, THEOREME 10 and THEOREME
8'-17], also Doob [8, XII, 13. Theorem (a)]).

Theorem 1.2. Let v(P) be any positive superharmonic function in C,(). Then there
ezists a minimally thin set E at oo with respect to Cr(Q) such that v(P)/K(P,00) uni-
formly converges to c(v) on Co(2)—E asr — +oo (P = (r,0) € Cn(Q)). Conversely, for
any minimally thin set E at oo with respect to C,(§) there ezists a positive superharmonic
function v(P) such that

im P
P=(r,0)€E,r»+00 K (P, 0) '

As in T, (Essén and Jackson [9, THEOREM 4.6]), we have

Theorem 1.3 (Miyamoto and Yoshida [19, Theoerem 3]). Let v(P) be a positive
superharmonic function on C,(Q). Then there exists a rarefied set E at co with respect
to Cn() such that v(P)r=*® uniformly converges to c(v)fa(©) on Co() — £ as T —
+o00 (P = (r,0) € C.(Q)).

Remark 1.1. This theorem is best possible in the following sense: Given any rarefied
set E at co with respect to C,(f2), there exists a positive superharmonic function v(P)
on C,(Q2) such that v(P)r=*2>1 on E and c(v) = 0 (see Theorem 2.2). Hence v(P)r=*e
does not converge to c(v) fa(©) =0 on E as r = +oo.

(3) Relation between minimally thin sets and rarefied sets in a cone
A cone C,() is called a subcone of C, (), if ¥ C © (' is the closure of ' on S™7).
As in T, ( Essén and Jackson [9, Remark 3.2]), we have

Theorem 1.4 (Miyamoto and Yoshida [19, Theoerem 4]). Let E be a subset of Cr(Q).
If E is rarefied at oo with respect to C,(Q), then E is minimally thin at co with respect
to Cw(Q). If E is contained in a subcone of Cr(Q) and E is minimally thin at co with
respect to C,(Q), then E is also rarefied at co with respect to C,(2).



2. Characterizations of exceptional sets in a cone

(1) Qualitative characterizations
(A) Minimally thin sets

As for a subset of a Liapunov-Dini domain in R™ (Sjogren [22, THEOREME 2] and
Dahlberg [7, THEOREM 1]), we have

Theorem 2.1 (Miyamoto, Yanagishita and Yoshida [17, THEOREM 1]). The fol-
lowing statements are equivalent.
(I) A subset E of Cn(Q) is minimally thin at co with respect to C,(f2).
(IT) (Sjégren type) There exists a positive superharmonic function v(P) on Cn(Q2) such
that
v(P)

e vP)
PEC () K (P, o) 0

(2.1)

and

E C {P € Co(Q);u(P) > r*2 fo(O)}.

(I1I) (Dahlberg type) There ezist a positive superharmonic function v(P) on Ch(Q2) and a
positive number m such that even if u(P) > mK(P,00) (P € E), there exzists Py € Cp(Q2)
satisfying v(Py) < mK (P, 00).

(B) Rarefied sets

As in T, (Essén and Jackson [9, Remark 4.4], Aikawa and Essén [3, Definition 124,
p.74]) and in T, (Hayman [11, p.474]), we have

Theorem 2.2 (Miyamoto and Yoshida [19, Theorem 2]). A subset E of C,(Q) s
rarefied at oo with respect to Cn(Q) if and only if there exists a positive superharmonic
function v(P) in C,(Q) satisfying (2.1) and

EC {P=(r,0) € Ca(Q); v(P) > 1},

(2) Quantitative characterizations
(A) Minimally thin sets
As in T, (Essén, Jackson and Rippon [10, COROLLARY 3]), we have

Theorem 2.3 (Miyamoto and Yoshida [19]). If a subset of E of Cn(Q) s minimally
thin at co with respect to Cn(Q), then E is covered by a sequence of balls By satisfying

Tk n
Xk:(Rk) < +00,



where 7y 1s the radius of By and Ry is the distance between the origin and the center of
By.

But we have a sharper result than in Theorem 2.3, because the energy ya(E) is
countably sub-additive and quasi-additive. The following types of theorems were originally
considered by Beurling [6] for a subset of a half-plane and then by Dahlberg [7] for a subset
of a Liapunov-Dini domain in R™. As in T, (Aikawa [1, Corollary 7 and Corollary 8]),
we have

Theorem 2.4 (Miyamoto, Yanagishita and Yoshida [17, Theorem 2}). Let a subset
E of C,(R2) be minimally thin at oo with respect to Co(Q). Then we have

aP

For a subset S in R™, the interior of S and the diameter of S are denoted by int S
and diam S, respectively. For two subsets S; and S, in R", the distance between S; and
S, is denoted by dist(S], Sg). A cube is of the form

(1275, (I +1)27%] x -+ x [la27%, (I, + 1)27%]

where k,[y,...,l, are integers. Let p be a number satisfying 0 < p < -;- A family of the
Whitney cubes of C,(€2) with p is the set of cubes having the following properties;

(i) U: Wi =Cr(Q),

(L'i) int W;nint W; =0 (1 # j),

(#11) [ ] diamW; < dist(W;, R" \ Ch(R2)) < 2 [si] + 1) diamW;,

where [ | denotes the integer satxsfymg [ ] < a<[a] +1 (Stein [23, p.167, Theorem 1]).

The following types of theorems were stated in Aikawa [1, Corollary 8] for a subset of
T,, Aikawa and Essén [2, Corollary 7.4.6 in p.158] for a subset of a Liapunov-Dini domain
in R,

Theorem 2.5 (Miyamoto, Yanagishita and Yoshida [17, Theorem 3] ) If E is a union
of cubes from a family of the Whitney cubes of Cn(Q) with p (0 < p < 3), then (2.2) is
also sufficient for E to be minimally thin at oo with respect to Cr ().

(B) Rarefied sets

When we set
d(P)= mf |P Q|

for any P € C,(Q2), we have the following result analogous to Theorem 2.5, because A(E)
is countably sub-additivite.

Theorem 2.6 (Miyamoto and Yoshida [20]). Let E be a union of cubes from a family
of the Whitney cubes of Cn(Q) with p (0 < p < 3) such that

‘ dP
29 Je T <




Then E is rarefied at oo with respect to C,(Q) .

As in T, (Essén, Jackson and Rippon {10, THEOREM 2 and p.397]), we have the
following theorem, which gives Azarin [5, Theorem 2| with Theorem 1.3.

Theorem 2.7 (Miyamoto and Yoshida {20]). If a subset of E of C.(Q) is rarefied at
oo with respect to Cn(R2), then E is covered by a sequence of balls By satisfying

Z(—ri)"'1 < 400,
v Bk

where 7 is the radius of B, and Ry is the distance between the origin and the center of
Bk.

Remark 2.1. Since A(E) is not countably quasi-additivite (see. Aikawa and Essén (3,
p.105]), we cannot always obtain (2.3) from the rarefiedness of £ as in Theorem 2.4.

3. Behaviour of positive harmonic functions and exceptional sets in a cone

(1) Equivalence set

Following Beurling [6], we say that a subset E of Cn(f) is an equivalence set for oo, if
every positive harmonic function in C,(§2) which majorizes K (P, o0) on E also majorizes
K(P,00) everywhere on C,(Q), i.e.

h(P) f h(P)

o P _h(P)
pecu) K(P,00)  Pek K(P,o0)
for every positive harmonic function A in C,(£2).

We set
B(P,r)={P' e R"; |[P'=P| <7} (r>0)

for any P € C,(Q). For a subset E of C,(2) and a number p (0 < p < 1) we put

E, = UpepB(P, pd(P)).

Aikawa [2, THEOREM 1] proved the following theorem for a subset of an NT'A domain
in R".

Theorem 3.1 (Miyamoto, Yanagishita and Yoshida [18, Theorem 2] and Aikawa [2,
THEOREM 1}). Let E be a subset of C,(Q). The following conditions on E are equivalent:

(1) E 1is an equivalence set for co;

(1t) for any p, 0 < p< 1, E, is not minimally thin at oo;

(117) for some p, 0 < p < 1, E, is not minimally thin at co .



The following types of theorems were obtained by Beurling [6, Lemma 1] for a subset
of a half-plane and then by Dahlberg [7, Theorem 1] for a subset of a Liapunov-Dini

domain in R".

Theorem 3.2 (Miyamoto, Yanagishita and Yoshida [18, Theorem 3|). Let E be a
subset of C,(Q). Then the following conditions on E are equivalent:

(1) E is an equivalence set for oo ;

(1) [g,(1+|P)™"dP = +oo for every p (0 < p < 1);

(113) Jg,(1+|P|)"dP = 4oc0 for some p (0 < p <1).

(2) Beurling’s minimum Principle

Theorems 3.1 and 3.2 can be called “Beurling’s minimum principle” by following An-
cona [4] and Maz’ya [12]. We remark that the Martin function K (P, co) is (up to a positive
multiplicative constant) the only positive harmonic function in C,(Q2) which vanishes on
9C,(Q) and hence if h(P) is a positive harmonic function of C,(f2), then

Pech(rn mf {h( ) — K(P,00)} >0

for every P’ € 9C,(Q). Thus if h(P) satisfies an additional condition
o B S
s S . (P) (P01} 20,

then it follows from the minimal principle of a harmonic function that A(P) majorizes
K(P,o00) everywhere on C,(f2).

In connection with the fact stated above, we shall say that a subset E of Cn(f) is
an essential equivalence set for co, if every positive harmonic function h(P) on C,(2)
satisfying
e _ S
Pélgl}lp_{m {h(P) — K(P,0)} >0,
majorizes K (P, 00) everywhere on C,(Q).

Theorem 3.3 (Miyamoto and Yanagishita [16, Theorem 4]). Let £ be a subset of
Cn(82). It is necessary and sufficient condition for E to be an essential equivalence set for
oo that E is an equivalence set for oo.

4. Behaviour of positive harmonic (superharmonic) functions and
exceptional sets in a cylinder

Let D be a bounded domain on R*"!(n > 2) having smooth boundary. The set

{(X,y) eR" X € D,—c0 <y < 400}

is usually called a cylinder. For a positive superharmonic (harmonic) functions in this
cylinder, we can also obtain a result coresponding to each result in Sections 1, 2 and 3
(Miyamoto [13],[14}, Miyamoto and Yanagishita[15],[16]).
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8. THE DILATATION AND THE ORDER OF PERIODIC
ELEMENTS OF TEICHMULLER MODULAR GROUPS

EGE FUJIKAWA

Department of Mathematics
Tokyo Institute of Technology

For an arbitrarily Riemann surface R possibly of the infinitely generated
fundamental group, an element x of the Teichmiiller modular group Mod(R)
that fixes the base point of the Teichmiiller space T(R) is induced by a con-
formal automorphism of R. We consider when the order of x is finite. In {1},
we proved that, for a Riemann surface R with the non-abelian fundamental
group, a conformal automorphism f of R has the finite order if and only if f
fixes either a simple closed geodesic, a puncture or a point on R. In each case,
we estimated the order of f concretely in terms of the injectivity radius on a
Riemann surface which satisfies a certain condition on hyperbolic geometry.

In this talk, we consider a quasiconformal automorphism f instead of a
conformal automorphism. Then the element x € Mod(R) induced by f does
not necessarily fix the base point of T'(R). However we see that, if the maximal
dilatation of f is less than some constant, then the orbit of the base point under
the action of the iterate of x is a finite set and x is periodic. We estimate a
range of the maximal dilatation of f for x to be periodic as well as the order
of the period of x.

We give some definitions on hyperbolic geometry on Riemann surfaces.

Definition. For a constant M > 0, we define Ry, to be the subset of points
p € R such that there exists a non-trivial simple closed curve passing through
p whose hyperbolic length is less than M. We say that R satisfies the lower
bound condition if there exists a constant ¢ > 0 such that R, consists only of
cusp neighborhoods. Further we say that R satisfies the upper bound condition
if there exist a constant M > 0 and a connected component R}, of Ry such
that a homomorphism of m(R},) to m (R) that is induced by the inclusion
map of R}, into R is surjective.

We state our theorems.

Theorem 1. Let R be a Riemann surface that satisfies the lower bound condi-
tion for a constant € > 0 and satisfies the upper bound condition for a constant
M > 0 and for a connected component R, of Rur. Let £ > 0 be a constant.



Then there exists a constant Ko = Ko(e, M,¢) > 1 depending only one, M and

¢ that satisfies the following property: Let f be a quasiconformal automorphism

of R such that f(c) is homotopic to c for a simple closed geodesic ¢ on R with

c C Ry and ¢(c) = L. If K(f) < Ko, then there exists a positive integer n

such that f™ is homotopic to the identity. Moreover, we have n < Ny, where
14

" log(tanh(D + E))’

inh(M/2)
D = D(M, ) = { 2arccosh (ss—um) +M (¢
M ¢

No = No(M, ) =

< M)

> M),

and
E = (1/4)arccosh(e**/2).

In particular, in the case that K(f) = 1, we have the following.

Theorem 2. Let R be a Riemann surface that satisfies the upper bound con-
dition for a constant M > 0 and for a connected component R}, of Ry Let
f be a conformal automorphism of R such that f(c) = c for a simple closed
geodesic ¢ on R with ¢ C R}, and €(c) = € > 0. Then the order n of f satisfies

14
" log(tanh(D/2))’ (" ~1) cosh(e/z)} _

Here D = D(M, {) is the same constant in Theorem 1.

ngmin{

Theorems 1 and 2 yield the discreteness of the orbit of a point in the Te-
ichmiiller space under the action of a certain subgroup of the Teichmiiller

modular group.

Corollary 3 ([2]). Let R be a Riemann surface satisfying the lower and upper
bound conditions. For a simple closed geodesic ¢ on R, let G be a subgroup of
Mod(R) such that g(c) is homotopic to c for every [g] € G. Then for every
point p € T(R), the orbit G(p) of p is a discrete subset in T(R). Further, for
any point p € T(R), there exist only finitely many elements [g] in G that fiz p.
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10. CHARACTERIZATIONS OF HYPERBOLICALLY CONVEX REGIONS

Seong-A Kim
Woosuk University

2)!| BE
EBRERERBEFRH

X % EHFE —4 2 FOBER L 2 KM Riemann ZRE L 15, X@E%ﬁﬁﬁﬁﬁ&(}
T, FOEBEOZE#BEX CBITHAMBINRQIIEEND L&, (XIZBNT) Wil
MM THdEEbND, X ITITEAEE, o TEEBEN BRI )\60)'(" TR &
Ax(z)|dz] ## O Riemann WL EX B Z LN TE 2, Q b EDOEIHEE LT Riemann
e, —BLERICL ORI EMREAHE \o(2)|dz] EFLZ DML, RILA
FTEEE A AV T pxa = pa = da/dx EBROAE. ZHIZEEORY FIZiFL620Q E
DEKEEZDBZENTED, EFME (Schwarz DHRE) 2LV pg > 1 THBHZ &Il
BETH, IORETIIZOEM pq PHEEELRW - QORMAMEEEX D, TOLHIZ,
WS OMDREMSERFZFLBEHEOMMEBMELREL TR, £7

1
a/\’ - Eal
P = o [07 ~ 20x0)3] = 37 [0° - 2(010g \x)2]
Ak Ak
1 4 -
Ay = E/ = ;\2—66
LEDB, (Eit. BHIDZORERICERICELTRE L b T <, Bl 2

Tifiw = p(2) 125 LTI Ox(rop) = (¢'/1¢])[(0xT)0¢], 0% (row) = (wHwDK, ow
DL RERUMBKY D, JIICESFIHEEwICBTILOERTIELET D, -
TS, PR ELBMEFTAUT N SETREEAZD,) RICX O (BEFE LIRS
V) SRR Q FomEr A (X-) RSN TH B LT, QICEEND X ORAIMER S
WRTL, M S4dt: 1 -t TR 2w EECELE

» sinh[2(1 — t)d]r(wo) + sinh[2td]r(w,)

r(w) 2 sinh(2d]
MR TAZERVD, =L T dizfitBroRSET 5,

FrxDEEBIFILITOEY TH D,




T 1. Q ZHEEZEWNE Riemann @ X OEHNELETHEE,

ETHD
i) QIFEXITHENTRENETH S,
1
i) [O0x—| < 1.
(11) XPQ >
1 1
(iii) laxp—n <1- %

4
(IV) A‘(i‘ < -_

fole)
(v) l/pn HOEENTRAINTH S,
()Ar£<—i<L~L)

Pa Pa pQ
, 1 3 1?
vii Oy —| < =|1—-{0x—
( ) 149} Xle =9 < an )
1 1 1 1
(viii) ——’a\ +‘0‘(-——— < 1+—
pa | ¥ pa

() Lion (40 T X R T B,
(x) tanh(1/pg) T QAT X-MHMMIMTH %,

QAR XICBWTRENG THILE, LA QiTEE

HEEMEARELTWRWI LIZEEINT VY,

ROEFHEEWIZE

EREL AN, LOEBTIEIN W

i, BETIEVWHDYD ZAZEHMEIC X AROBFEMTTIZ G AN,



11. Growth of Meromorphic Solutions of Some Functional
Equations

L -
Ayt (HALEKRE)

Hofi i & 2 T W B IH
AJ
(1) ai(z)=af’ =) a’s*, degla;(z)] = A4;, j=0,....p,
k=1

ERBE T 50T
(2) ao(2)f(2) + ar(2)flez) + -+ ap(2)f(c"z) =0, 0 <e[ <1,

wo(2)ay(2) £ 0, OYTRALIR, 4T EARIC D\ T 5 MR %
B0z LT, BUENEERYEEMR f(2) OFEREETHIE, TOH
KEZ T(r, f) = O((logr)?) »D  (logr)> = O(T(r, f)) TH B &,
R, BB GIC

3) m(r, ) = =y (logr)*(1 + o(1)),

BT B2 2, (1), [2] O THM VN LE L.
SEIIREES ZHOTEEL E (3) ORI B ER o I2DNWT,
FICHAB I LICLET [4]. A0 cQ) 0Ll  EAER#EE
T ICEREREIEERT, ZOERENSMR (2 DU LDOMEMARED
EBE) ICEBIFRWEERICEHNTHEEERLT, REDDEDIIMA
7.
BEBRE KD B DI, f(z) = Y00, anz® EEVWTHREOBERK

#KB & Poincaré DED AN [6], 3] BFo5hH T !
P A

0 DM PN )
J=1 k=1



ZZT,
p

T, = ago) + af,l)c" + -4 aép)c”” = Z aéj)c"-i, n € Z.

=0
T, = 0 %?ﬁf’?‘*“ﬁ& n BWEALRIINE, EHHRBEZES N
RN EEBERBIIOPVET, FIDE5R n EEA p DT

no>nl> >, k<p tj‘a%i? cf [5].
%@ﬁ&(%#ﬁ)%@iﬁ&&@ﬁéiad)wkuiof%m
LFE 3. 5. (i) Ao =0, (ii) Ao > 1, ao(0) # 0, (1 )A021,a0(0)=0
COBRICAHTTMOHBOILENHOE . T2 THE, (1) D& ZDOFR
DHFAMNWLET.
b

o HRER(]) DEHB £ O LOOLE | HEME, BB n Ikt
LTT,=0&23Z&TH5.

o fo(z) = 2™g(2), g(z) XBEHET g(0) # 0 (no AT BfiF) Tz
TEEL, TEEZRNT—ENICHRE 5.
HERXQ) PBIITH B LT 3. fo(z) DKREIS (3) ICBIT B
o* iX Newton-polygon DIg KABTHZ 65N 5.
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12. On some holomorphic curves extremal for the defect relation

FE %% FEFLEXFER)

1. Introduction. (a) Let f = [fi, -, fa+1] be a don-degenerate, transcendental
holomorphic curve from C into P*(C) with a reduced representation

(fio 2 fat1) : € = C™ = {0},

where n is a positive integer.
Let X be a subset of C**! —{0} in N-subgeneral position satisfying #X > 2N —n+2,

where N > n.
Defect Relation ([1J(N = n), [3](V > n). See [2]). For any ay,---,a, € X, we
have the following inequality:
q
> b(aj, f) <2N -n+1.
i=1
We are interested in the holomorphic curves extremal for the defect relation.
Problem. §(a;, f)? when the equality holds in the defect relation.
(b) Let g be an integer satisfying 2N —n+1 < ¢ < oo and we put Q = {1,2,---,q}.

Let {a; | j € Q} be a family of vectors in X. For a non-empty subset P of Q, we
denote

V(P) = the vector space spanned by {a; | j € Q}, d(P)=dimV(P).

Further we put

. d(P)
= < =
O={PCQ|0<#P<N+1} and A mnig iy
Then, we have
Proposition. =t <\ < &%} and
Y 8(ay, f) <min{2N = n+1,(n +1)/A} (1)
j=1



2. Result.

Theorem. Suppose that

() N>n=2m—-1and (m,N—-m+1)=d (m € N),

(ii) there exist @;,---,a, € X (2N —n + 1 < ¢ < 00) satisfying d(a;, f) > 0

q
> 4(aj, f)=2N-n+1.
=1

Then, either (I) or (II) given below holds:
(I) There exist at least [(2N —n+1)/(n+1)]+1 integers j € Q satisfying d(a;, f) = 1.

(II) There are mutually disjoint subsets Py,- - -, P, of Q satisfying
(a) @ = UL, P and
(b) for some integers a; (1 < ax < d)

14
d(Pe) = akp, #Pi=aw and vy ar =g,
k=1

where p =m/dand v = (N —m +1)/d.
Proof. From (1), (ii) and (i) we obtain the inequality

n+1 m
< = .
)‘_ZN—n+l N-m+1

When A < 57—, we have (I); and when A = =72, we have (II).

Remark. This theorem is a generalization of the result for d = 1 given in [5], which
was reported at the annual meeting of M.S.J. on March 29, 2002.
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Entire and meromorphic solutions of

PP+ +r=1

& Gary G. Gundersen o —a—A1) X KE

&= TRAZ f0th B SRK% I%$H

In 2001, Gundersen [1] gave the first example of three tran-
scendental meromorphic (non-entire) functions f, g, h in the plane
that satisfy the equation

P+ +h =1 (1)

In this talk we give new examples of transcendental entire, non-
constant rational, and transcendental meromorphic (non-entire)

solutions of (1).

Our main result is about a ”general” solutions of (1).

Theorem Let w be a non-constant meromorphic function, and
set

=14+ 2V24w — w? 1+ V2i4+ (1= V20w’
1+ 2V2iw+w? ' 1+2vV2iw + w?

1-v2i+ (1 + vV2i)w?

1+2V2iw + w?

Then
FP+G+H =1. (2)

By choosing w to be certain particular functions in Theorem,
we can obtain three transcendental entire functions F', G, H that
satisfy (2).

Then we will speak along the following lines:

H & & ¥ & 25X 16=400




- (a) For the purposes of illustration and clarity, we discuss in
more detail the steps in the above method to find examples

of (1).

(b) At the same time we use the above method in more detail
to find various kinds of examples of (1), and in particular,
we determine when this method gives non-constant entire
solutions of (1).

(c) We discuss the idea by Reznick [2], (3], which is similar to
~ the above idea.

(d) We give a generalization of Gundersen’s example and com-
pare it with the above examples.

Open problem [t is known that there cannot ezist transcen-
dental entire solutions of

fn+g.n+hn:1’ (3)

when n > 7. On the other hand, the above ezample shows that
there exist transcendental entire solutions of (3) when n = 5,
and 1t is also known that there exist such examples for all n sat-
isfying 1 < n < 4. Therefore, the one remaining open question
is whether there erist transcendental entire solutions of (3) when
n==67
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14. BEEBHICT 5 —BEEZ L D2 2E/KIC

201\ T
A RE RIRAFILRFRFE TFOFER
i F KR ILKF TFER

T S (1<j<q) % C(FhiFC) OENMZHFELE DN
WBRISESET S, (S-S, WEEREE (F7I3EBED X
+5—EW (B : UPM (F/41E UPE)) #b2&id, C LD¥EE
HAEBREE (F7IEEHERE) f.¢1IIHLT,

FTUS) =g7HS) (M) (1<) <q)

N f=g DEINSEEXITND.

#12, {S)} A% UPM (%7213 UPE) A#bo& &, S #HEEM
¥O(E BB T A —ENEEES (B8 URSM (£
URSE)) &9,

#Z 1 Nevanlinna @ 4 SEE LD, EEOIEF TIEFAMLELD ~1
SIS Hay - ag BENE, {{ai) - {ad}} 13 UPM %%
2. F72, Yi 5i2& D UPM % UPE % b 2HEEDHIMEDONES
SNTNAD, | SESGEETHOESDEZT DT, generic LN
DFT UPM ® UPE b 2L BREBMMOSNTORNEITH
5. HBA0E, FNODOHITIHIZEAE L SEEPS HULDOES
DN, 24054 SD0EATEZDEINLLDEIELDIBEHLL
(b HAHA, Nevanlinna OFERN SHEOLZOHHIECENS) .

CITIH2AHERIIODOTOERERET 5.



EE1. &m,- g IFHELRSAEL, S;={¢,n} &L,
FHRIEB 3 DD jIZDNTE &y 2T 5 1 REBDVFEELL
WEIRETS. ZDEE, ¢ 26706 {S---,5,} i UPM %D,

22, FEH1IOREDT, ZoIIE& S, OFEIIHERNLEET
3. DEE, ¢>515E, {S---.5,) 1 UPE £b7.
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15. kA5 A v Sk M EOIBLERBE&OES T & M D45
(1) M L 03EBLERIBAR DA

<t

v

(il

1941 4, R.Nevanlinna|Ne] (¥R D5 M HwA C & R E
BH% OB U —~ ¢ LT nullberandeten Flichen #& %, FAY —
< EHOSEO—SDE ST EE R T,

R RIIUT. AV —=r@Ed5, L<MONTWDHEIIZ, REIZ
7)) —EENEET D EE A, FELRVWEEEYE (R € Og)
EWV), R EFRFEHARERBEESFELRVWI —< AN T A%
Oup £T25L 065G 04 THHZ EBRMONT D,

1 Oup THRVWHEIRY —< @m%Z R R &95&, M =RxR
DR T, TOERER Opp DY —< E&EREMERD T LT
fevy, MECPoFERMEBE L THLRIED Z &30 2 5,

B> THHED Y —< ETREREARO L O 2 REkmE.,
ary M) —=rENLERBEOREZRVZLOEREEDY —<
v E S,

A2  (cf [Ni3)) ¢: R — R DIEEREANTEHRETE L.
ReO¢ 7% R € Og. ROFERBEWE (RER) 26 R v% ),

PEEF [Ni3], $hK [Su2] (2L > T M EDIERIBIYAS level curve DBE
KIS DERERES WHIBRID Y —< U HE & RERINT, 2EHOE
ML RRICDBRINTVS, ZZITREOERITAR TS, GEE
TR~ 3,) Op(M),0y(M),0p(M),0sp(M),04(M) ZEHLTH
M E3EFESH, WhE, HpR, REREE, REBEARKO2EK &
+T5, e xiE feOp(M) £1F f D level curve DBEKIRL 7 DIER L
TRTH O DY —=EEREMTHD, LWIDOBERZOTH
B3, LA [Y1,2], FEEFNi3]. K [Sul,2) iz &k > T —HMEREAVR &
NnNTEY, EALEIZEAED level curve (IZ2WTEEMTILIT LV,



E&ES P M o C?AERME (BBRESEEDL) ERIEERO
LxFe B(M)LE, WEF e EM),P(r,y) 3ETHLEX L
T 5,

(1) VPIZX L, PoFeOy(M) DL& FeGH(M),

(2) AP IZxtL, PoFeOy(M) D& Fe HM),

(3) YPIZxtL, PoF € Op(M)(,0sP(M),04(M)) O®& &
Fe }%Ai)(lSFwﬂd) A(M)),

(4) AP, Pizst L, (P, Py)oF € E(M),PioF,PyoF € Op(M)

w&%FeGMU_E“¢60

GH(M), H(M), P(M), SP(M), ()cxM)%%n%mm4mE&
B WERRY . T, R, B, —ARERIES LV D,

G(M) X P(M) &2, HM)—GH(M) O—&E % &8T5\ 7 5 A
NEBJRIETHD, TIUIDWT, ROED—ILO/NEBRO—fLEE
2 HNATFEMN [A2 TOEC) BV TRLE L S ICEEICKIIT 5.,
GHMQ@R%WT%677%¢—-E~N»Nyhgﬁﬁ%6mm
Bl = OPNEERO—fRAIIREIL L2V, 8> T—EHEREE
HLUTHRNT AL D REDI—LVO/NERE E(M)IZXfLT— kk#é
ZEIETERY,

FeEM),peCHIZxL FYp) M Ocuve 28L& D mp

PEREE ETDHE, ByidE4EBORTH 5,

EH4 F e GM)&TD, Np = supyeceg, Nr(p) £6<, Z
A Ne(p) i3 {F 1 (p)} PEBELIAD THA BT Np(p) < oo
Thd, $56L3ECCLE CE, EOR OAR—7HIEIL0 T,
[)EC2~Ef£%NF(p):NF\ pEE—E()f.fEJ Np(p)<NF &f.ﬁ%)o

%5 FeEM ORAEESOR ONLX—FRENRERL F €
H(M) - G(M),



16.

WAL A SRR M EOIEBLIERIBAR OB AT & M 0O53R
(II) M D538
RIEE
E#E 1

(1) PIM)=0D&& MeH &L, RthBELIES,

(2) PIM) 40 D& MeP &L, BB LIES,

(3) SP(M)#Q0 n&& MeSP &L, RERR U & W5

(4) AMM)#0DEEd Med &L, RERLES,

(5) G(M)#0 &= MeG &L, —#H &SR,

(6) E(M) - GH(M) L& MeGH & L., BIENME LITL,

G2 P M— M WERBNZEL>TLEDZ Z ZIRE,
GREE3 EEOMIZOWT GH(M) # 0,
G4 GHCHHNP=0ACSPCPCGCHUP-GH,

i 5
(1) M, B30 Me (M, ®, M) 285 (M 3237 ME
FERREE, & M, — Mo = ®(M) IZRER, M-My=C I M ®D
curve) . M THBMEMR F T, Fe E(My) 26 M, € A,
(2) My = CL)(I:Q) —{r= a‘lya?)"'} - {y = b1, by, - '}7{a’i}){b.'i}
T C OREIZERE L R WERBE OS], £T5& MyeSP - A
(3) RReOs £35H& Ms=RxR €G,
(4) {|f(x.y)] <1}, f € Op(C?) DERRD%E My £TDE My €
(H-GH) -G,
(5) C2 DFERAL A MBI € GH, R, R (IXHHRT O4p TH
W —wrEETHE My =Rx R € GH,

TH6 MeG FHFRFEHRFERBEIIFELR,



AET7 RR €04 £ET5E Mg=Rx R EIFEHERERRN
B L2\, Mege G THAHIN?

PRYT [Ni2,3]. #8A [Su2] &9

TERS M EACFBEICER (dimH,(M,Z) < 0o,i > 0). F e A(M)
LB EL MO ME (M, M) HdHY, Fod ' I MOK
MEAERTH D, =L (M, ®,M) X FIZX-T—RICRRS,

EEY9 A RINWE M =C 0sx, & 13 F LT EBRIZ
Aut(C?) TEND, 72 M€ AFBISIZHTT M IZIREND Z &
Lhnb, SEMeARXCEOEIIZ, TXTHITRAOEREY
FroZ &b bnd,
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17. Estimate of Deficiencies of Meromorphic Mappings
for Hypersurfaces

YosHIHIRO AIHARA, SEiki MORI anD SHIGEKI OH'UCHI
Numazu College of Technology, Yamagata University and ICU

The defect relation for meromorphic mappings shows that the set of Nevanlinna’s defi-
cient divisors for f is very small. Furthermore, meromorphic mappings without defect
are dense in the space of all meromorphic mappings f: C™ — P,(C) with respect to a
certain kind of distance. It therefore seems that the construction of meromorphic map-
pings with preassigned deficiencies is very difficult. There have been several studies on -
the construction of holomorphic curves with deficient hypersurfaces. We now recall the
defect relation for dominant meromorphic mappings f : C™ — P,(C) due to Griffiths’
school, that is, we have the defect relation

q

n+1
60 <
j=1

where Dy,---,D, are nonsingular hypersurfaces of degree d in P,(C) intersecting
normally. There has been a conjecture of Griffiths ([G, p. 379]) stating the defect relation
for meromorphic mappings f : C™ — P,(C) is also given by the above form under an
appropriate nondegeneracy condition on f. Moreover, there also has been a conjecture
such that the estimate o

5;(D) < -
holds under a generic condition for D, where C is a positive constant independent of
f and D (cf. [S, p.289]). In [AM], we proved the existence of meromorphic mappings
that have a preassigned positive deficiency for a given divisor D in Pn(C) (n > 2), that
is, we have the following theorem concerning Griffiths’ conjecture:

Theorem. Let D € |L(H)®?| be an arbitrary divisor in P,(C), where L(H) is the
hyperplane bundle over P,(C) and let d be a positive integer. Then there ezists a positive
constant (D) depending only on D with A(D) < d that has the following property:
For each positive number o with a < A(D)/d, there ezists a meromorphic mapping
f:C™ — P,(C) with Zariski dense image such that f &;(D) = a. Furthermore, in the
case of m > n, there ezists a dominant meromorphic mapping f : C™ — P.(C) with
(Sf(D) = .



This theorem yields that for every irreducible hypersurface S in P,(C) there exists
a meromorphic mapping f such that the deficiency d7(S) for S is positive and less
than one. We note here that the constant A(D) may be dependent on the degree d. For
instance, we have A(D) = d for some singular divisors. In the case of d = d, we could
not obtain good estimate of A(D). However, we lately have new estimate of A(D) that
improves the previous result. Let D be an effective divisor defined by P(¢) = 0,
where P is a homogeneous polynomial with degree d > 2 and ¢ = ({o,--- ,(n) is a
homogeneous coordinate system in P,(C). Let d; be the highest degree in {; that are
contained in P and set d = mingejc, d;. Then we have the following estimate:

Proposition. There ezists a polynomial L(z) in z with degree d determined by
P(¢) that has the following property: Denote by « the largest multiplicity of roots of the
equation L(z) =0, where 1 < k < d—1. Then the following estimate holds.

() If d=d, then (D)= x.

() If d<d, then A\(D)=d~d.

We do not know whether A(D) is sharp or not. Note that the above constant x does
not depend on d. So far, if k¥ > 2, we do not know the existence of smooth hypersurface
for which the above theorem holds. On the other hand, if d < d-2, we can easily construct
a singular divisor D and a dominant meromorphic mapping f: C™ — P,(C) for which
Griffiths’ defect relation does not hold, that is,

n+1
d

This divisor D is not at most simple normal crossings. This fact shows that the hypothesis
in Griffiths’ defect relation cannot be simply dropped.

< 8p(D) < 1.
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18. UNIVERSAL ABELIAN COVERS OF SURFACE
SINGULARITIES

HE EIL (BHEEH)

(X,0) Z2RTEHRBRERLL, £DY 7 S H(S,Q) =0
P TETA. &6, X3S LOHICEHRTHDL LIRETS.
ok x, H(SZ) IAERETHY, THIZHETD X\ {o} O
T—~AHBIC L ERHIMADIEICLY 2RTFESDOHR
5 q: (Y,0) = (X,0) #183%. Y % X O universal abelian cover
(UAC) &5

%#8 (Neumann-Wahl [2]). X 2% Q-Gorenstein D& &, X @ UAC
iX complete intersection T&H A 9.

SOFEE, X B CEREBOBA L, ZEEEE IR TIL
HEBEEREDESITITE LWV I EMBERINTWS ([1], [3]).

X #HABRBESFLEARMMEARBRRLEET S, £,
X = T % X @ equisingular deformation &3 2.

Theorem 1. ARH Y - X T, BN t € T IKHLT Y, —
X, W UAC ICRBEIRLOBFETS. BREHF Y - T b
equisingular deformation TH 5.

Corollary 2. X ® UAC # complete intersection 72 B i, X, 0
UAC b X 5725,

BRI S75BF02RTHERN, C EREZESOHRESD eq-
uisingular deformation (272 272 DEMHEH [4] THEX ONTWVSD.
FOZLPLKRERD.

Corollary 3. X OR/NEHESEORNN 77 7REMTHD &
T35, ZDrx, X O UACIE complete intersection TH D .
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19. wm 5124 FESICET 5 ERIRERE~OBRHT 7 o —F

wmAk &

Kt KFRFERBFEFREH

1. FA4 oA MEBICETAERREME. UQ) L 0@xE 1 oBEEHEN 2
FTRIEBHEZRL, T=(UQ))" &BL. Z0ELEn REaI LRI FF—=FRT X
C* LItk BRANC L FRIEBREL LTERTS ta = (o, - ,a,) €T,z =
(21, ,20) ECHUIF LT, a2z = (121, -+, ¥nZn).

STCrADES D I, T _XTDaecT i LTa-DC D BHRIILDEEX, T
AoV MEREFEEND. DL ET XD LICERIEREL LTERTS. T O
EANLHEEND D OERIE SRR Aut(D) OMIBEE T(D) TRT.

F4 v MERICET 2 ERIREMBEL R T DI, (C) nREWAC
FEOEANLETHS. (C)* OEAECER i

@: (C)" 3 (21, z) v (w1, ,wn) € (CF)7,
wi=aizf“--~z:"", i=1,---,n,

DEEBLOLE, (C)" DREMBECEREFENS. 22T (1) € GL(n,Z),
() € (C*)* TH3B. Autyg((C*H)™) IZEY (C) DREMBESRBRMAED 2T
Aut((CH™) OBMAYBEELRYT. ROMBIX, T >/ FREORO T-IERICEY
HREREMESH (CH” PREMBECERIZ LV EX LGNS ZLETRT.

HBE(3) ¢:D - D 2ZC"HD2ADFA L MESK D, D OFEDOR
FRIERLETS. ZDLEET(D)p~! = T(D') &R2B1ODLE+FH&MEFiEe 7
Aut ((C*)") DHETDFIBLE L TEXONDZLTHS.

S A v MEROBO T-ERICET 2REREMFRITT A >~V MEED T
FIY BT HAERRHLEEXALNENT, ROTELHEENE PN,

EE CPHD22ODT A b MEEIE, FNODEIC Aut,, ((C™) PH D
TOHIRE LTEX N AREMERNFET D L&, REMICFBETH D &R
ns.

FIRE (54 > b MERICE Y 3 ERIRIERE) CPHRD22D7 A /vl Mifl

D & D' BWERIFER b 1F, 25 ERENICREIC250:2
DD KERGEE, ~OMEICHEENRRENELONTNS ([2)).

2. MVESA UL MER. c=(c1,,cn) ER*—{0} Dt L, C* LD} A
EEH @R &

pc(z) = |31 |cl I IC"v z= (Zh' e :371) eC”,



LNV EETS.
D.={z€ C"|pc(2) < 1}

IKEDEZLNS C NOEERT A b MES D, HHIET A A MEK S
BN (1] BB). Z0OBE THADER~DBRIT 72 —FIcoTHETS.

TH ctdZR"-{0} DL TH. bLC"AD2ODFEFERT A/ L b
fEik D, & Dy PRERIREZ S, Zh63REMICRIBECR25.

ZOFEEE, [T, FEEERZ ) —VHARERVWTRENRTHWASD, ZCZ
Tk [6]| DRERDOICAE LT, ERIAECAEHOBREAWIIIAE 52 5. DIt
BRIEIL (R T A /v RRIE IR G 72VY) —RRDERR T A >~ /L MEEHZES
TAERIFMEMBE~OBRAVBHESNS. £-LZ2FEHIE, n=2D L X251 Tik
(4], [5] KB VTRENT. ’ —

BB ik

1. A. Edigarian and W. Zwonek, Proper holomorphic mappings in some class of
unbounded domains., Kodai Math. J. 22 (1999), 305-312.

2. S. Shimizu, Automorphisms and equivalence of bounded Reinhardt domains not
containing the origin, Tohoku Math. J. 40 (1988), 119-152.

3. S. Shimizu, Automorphisms of bounded Reinhardt domains, Japan. J. Math. 15
(1989), 385-414.

4. S. Shimizu, Holomorphic equivalence problem for a certain class of unbounded
Reinhardt domains in C%, Osaka J. Math. 28 (1991), 609-621.

5. S. Shimizu, Holomorphic equivalence problem for a certain class of unbounded
Reinhardt domains in C2 11, Kodai Math. J. 15 (1992), 430—444.

6. S. Shimizu, Holomorphic equivalence problem for Reinhardt domains and the
conjugacy of torus actions, preprint.
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21. —mAmER R R OER/NEFZER O CRFRITOWVT

BREBRFRFRBIFHER D2RE X

V= {(Xo. Xy, -, Xn) € CN* h(Xo, X1, . Xn) = 0) ¢ CN¥! £ ¥ B L &, HRADERNIER
ZRZDVTHRBRD S22 ERFMEAT VS ((1]).

Ext! (R, 0v) = C[Xo, X1,--- . Xn|/T (1)
cems_ [, Oh Oh Bk
““TJ_O’@XO’@X]' ,—aXN).

—%, S CNY OMEMEROBER, M =VNS ET3E MIIV OBRTHD. HESOER/NE
WZERE S £ CRBEQERNEHBEROBIIZROBERHZ Z LBHMbATVS ([2)) .

Ext’ (). Ov) = Ker{H (T') £ HEH(TOCM+ ) (2)
ZOWEDREY, “HEEMBRAICONT (1), (2) OMEILL Y, Ext’(2L.0y) © CR &REKRDS
TEE EDOHEERDILTHD.

n>2&¥5 IOLE,

(5 2) (3 3) om0

EIEGBEE VD, ZEERE Dnio ICXBBER2KRE2—2 ) v FER C? ORZERM V = C?/Dpyr 132
FAMERAL DITN B EAORICILIHRESE L OBRBITEMICA2S.

Clz,w] @ Dyyo FERR Clz,w)”"*? OERTE LT zw(z? — w™), 22" + v, 220? RERBDD,
Bl 7:C? — C® % n(z,w) = (zw(z?" — w?), 22" + w?", 22uw?) TEHET B &,

V 27 (C?) = {(Xo, X1, X2) € C*| X5 — X} X2 + 4X3*! = 0)

E CPizEBah3.
VIZHLT, BRADOEFEOERE LT M :=53/Dor 2R3 MIZV OEBRATETHY, 2O M
IV OFEHRWBH S B2 CRIEE TOIM H3lEEZ N3,

E#% 1 (CR#%)
T M .= CTM n T (V )\ {0})

WWEoTEED TO'M # M LOCRBEL WS,
THOM :=TOTNM &35, F= CTM/(TM @ TVOM) LB< b, THHERDELF)
0 — T'M&T"'M —— CTM —— F —— 0
FXB0b,
CTM =T""Me¢T"MeF

EVHTWIKOGEB I bnD. &, TUM, TVOM, F I3, ThERKRTELND.

.8 @ 0 8 . (0. @
Z = ’UJ§ —.‘,%, Z = UJ—Z "4%, T:=Im (a—a‘; +w%>

LUF G=Dnyo, M =8%/G. T =T MGF L¥5.



% 2
0.1 /N . . 0 7 by 03 /
H%} (1) = Coker {48, (T") —Z— 4%)(T"))

HY3(T19C® 1) i= Coker {A, (TH0C? ) 2 497 (170C3 1))
&ET5.
FE n>2 ¢T3 Ke{HGN(T) D HONTIOC? )} DEEL LT, KO n+2 @BEND. EEL,

0<k<n-1¢75.

= 2 2 5 ! ! 2 -7

fgk’lIYZkZ A (5-71 + ﬂ)'n)Z & Z', { (277)(227T);+ 1) (5411 + ﬁ)qn) + E_nu—’_n} A
—%,V QEEFERILh(Xo. X3, Xz) = XZ - X2X, +4X7*1 205
C[.Xo .X] X'z]/] = Spanc(l.X] . _XQ. _\"_;2_ RN .\’2")

n>20k & (1), (2) OMBITL YV ROBESEIND. ZIZITO0<k<n-1¢0L, 1T hizdo

w4
TREDEHTHD.
Ker{Hp (T") 5 H3(T70C3),) ClXo. X1, X2}/ T
2kp2k 7 6 20 - cr X
(FEn+ainZe T (n+ 12;1(71 +1) X (2727.(?1;(12)7:)! Bo X"

&% ik
(1] Ishii, S : %8 KR APY, Springer-Verlag Tokyo (1997).
[2) Miyajima, K : CR construction of the flat deformations of normal isolated singularities, J. Alg. Geom.

8 (1999), 403-470.
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Grothendieck B3 D AT &
HET7TLT Y XA

HEE— FRRFLFMERIFEH
FATIRE BRDOKEFRERFEGRARSULA R

RIS DBLED & L (Grothendieck local residues) % E8$ 5. Ko
/vy Dx-IIBEOEGK L FEBREOFERAVSZ L T, Grothendieck local
residues DENB 7/ T VX v 7 IZFHEAREERD T L BT,

1 RBWBFaREOD—5R

Tz = (21,..,2,) € X = C* ¥FExRL TS K(= Q HRESFENR
Klz1,. . 2. & K[z]) TET. n BOEERX fi,....fn € K[z] D#RTHY F =
{fi,-- -, f2} DNIEHF (regular sequence) L2 DOV EXLNILTDH. Zhb
DEERNERTEATTNE T = (fi,...,fa) CK[z] £ L, ST HFERTE
BE V() ={z€X | fiz) == fulz) =0} & Z L BL.

ARG TIX, ZHEN e € K[z] IZxfL, &R B € Z TD Grothendieck local residues
DIEZ XS S ¥ D HEER

p(z)d )
fl--'fn

¢ — Resg(

RREMT L, FOISH & L T Grothendieck local residues %5t E 3237 /42 ) A L%
UHT 5.

Z D EITIX, Grothendieck symbol f & f € Exty, (K[2)/1, K[z]dz) 3 FE
1-+-Jn
D5 BEM AEAL, Dy-MECHBRPEATE D L ) REEL THRBEEL ERL

T5.

X £ n KEBIMOBERORZTESR 0% LBE, Z LBEFSREBBAT 2R
ToU—E Hp (2%) 5. Ect B o ZOREMBR2 Rty —#~0D8
KhE&

¢ Bat™(Klz]/1, K|z]dz) — Hip(2%)



FRHOT REMBFaAE oY —Hwr ¥ wr = L([ s & f ) TEHTS. 4,
1-+-Jn
X EDOERIEHOLTEE Ox &< & wr € Homo, (Ox/1, 1y (2%)) £725.
KH pairing
R83<',-> : Ox/[ X Homox(ol‘{/[,HFZ}(Q})) — Cz

IR DT, REMFFR a2 At oY —H wr TBRKE R2E 5. RFIAEK
ELTD we DRFIEATLT 2 LEDR H DL Resp(p(2),wr) R DHRFTERE
Reslg([ PEE ) e B,

fioo fa
EATTNIC K[z) DEHERBR K(2) COERAT TV E I =1LN---NI,

LF B KL EK[)A=1,2.,0 5L, 2, = V(L) & 5<.
Hiz(02%) = Hiz, (%) @ -+ & Hiz,(2%)
RIS LR BarET oY —H wr OEMSEE LD,
Wr =wry+ o Fwry
PR LA, wry 1 supp(wra) = 2y L TWBE TS
KITALNTH .
e
(i)  wrx € Homo, (Ox /I, M, (12%)),
(i)  Klzlwrx = Batky, (K[z]/I, K[2]dz)) .

W BeZ\LTDH. RHBAY L.

(2)d

£ ) = Resslpla) ).

Resgl(

jralz) = Lo Fn) gy g

(21, 22, -y 2n)
E%z [(-’\7 }\/[/7‘__&:;55 E['\ = [([Z]/[)‘ @%{Séj\’\7 F/VQFEE] E_],,\,EK,A %lk'ci

£75.
Ejy = { jra(2)g(z) mod I1 | g € K[2]/V D},

Exs={ h€ Er, |Resg(h(z),wr,) =0, B € Zp}.
RASRLY ST,

el Er = Ej\ 9 Exa.



2 O/ 299 Dy hngs

X =C LD Weyl /¥ K[z, £] % Dx TERY. Hfy (%) 15 Dx-MEEDH
ErboZ LIZEBL, Wey = L:J]:,)\DX EBL. Wga C ’HFZ,\]('Q;() Thd. R
R aREO Y — wry ® Dx \23VF % annihilator % Annp, (wry) TRT:

Annpy(wry) = {P € Dx | weaP =0}

WE, REEBFT S RED Y~ 05 € Hiy (Ox) AT wey = orpds L&

ER=
Anan(w;',\) = {P € Dy | P‘(a']:)‘) = O}

LRENBIEXEBL TR, ZIT P L, RMAVERR P € Dx DR XBEH

TERRERT.
E DXJJDEi M;')‘ x M]:,,\ = Dx/Anan(w;:,,\) ’C";E&bé

e
(1) MFA X Zs —V( ) IEERYLoEkn /2 Y I RTHE.
(i) &4 B € Zy ioBVT Mg, L simple TH 3.

:l

G Ru ) Iy IR My, OREOBFaAETR P —ARIZOWT, DENALY L.
dimg Homp , (Mr.x, Wr,)) = dimg K[2]//Ir = 12»

FE - FIEORAEREFT ) 2 v /% Mey ICERATAZL T, 2E0EEZ
&5,

T
Ex s = Spang{ Py mod I, | ¢ € K[z],P € Annp,(wra)}-

&, R¥\ = {P € Dx | ordP < k, wpaP =0} L B&, RY) DAEMT 5% Dx-
AF 7 RE\Dx % Ann) (wr,) LBL. AF T L OHEMF

Ann(DoL(w;:,,\) Q Anngi(wg,\) g C Ann (w;: ,\) C T

¥18%. ZIT, Annj) (wrp) = [hDx #3HY I
KROBEROGALHLTHS.

WA ROZKMEFIXREIE.
() AT TN LIEFEAT TV

(11) Annpx(w;:)) = Ann(DOl(w}-‘,\).



-

WE A Dx-MBE MO\ % Dyx/Anny) (wr)) CTE®S. ZRbiT 2, = V(L) 12
BEbOoFa /Iy s RERD.

Dx HEXF—BTHEDT Ann) (wrn) = Annp, (wry) 725 BRI k BIEE
15 OFNRRIT .
HE  KROFMEIRE
(i) Anngcl(w;,,\) = Annp, (wg,) -

(ii) Ex = Spang{ Py mod I, | ¥ € K[z}, P € Annjy) (wr 1)}
ROFERIT annihilator 2R L T BICEELR KT 4 2/-1.

W SeDyidk+]lBORMMERZETHSETD. Z0L xRIIAEL
3.

(i) [9,5) € RE\ B+ ~TD g e [ I3 L TRLT .

(i) S+ h(z) € RETY &t h e K[2) BFET 3.

FERR STBTFHE [, | OMEDD (9,5 + k] = [9,S] BEKY LODT (1) — (i)
G, (1) — (4) ZTREE L. VWE, wrealg,5] =0 8T 5. wea(gS—59) =
—(W;IAS)_(] £ '9, -(UJ}'_/\S)Q = 0, Vg € [/\ %%Efé & y —(w;:_,\S) = w;y;h 72
B heKlz) OFENVZ BB, S+ he RETY »EkT 2.

3 Annihilator O K%

ZOETIE L # VL RBHEI, wry = oradz R DREWIBATaFETR V—
¥ oz @ annihilator Annp, (0z)) = Annp, (wry)® EERTHFHEEEZ 5.

Annl) (0£5) = DxIy £725Z % BNT Annd) (05,) = Annl) (wr))” %
RETDHZIENLIEDD.

¥, L 07 V7 TEE G(L) x& Y,

LS = Gr(I,), By = {7 | NF, (") = ="}

LB Sz,
U = B, L(U”) = Span, (U")
L.
WE, —BORMSIEAE Qe Dy N5abhit 3. Qx LV TthvELE
DRV%EDE, 2D ELTBLNBRUSERZEDOFESERTT~T LU



WEBTAZ LN nD 5. ZOFEIERLT,

0
— )27 27 € Byh, L(UYY) = Spang(UfY)

EBE,

O Vai(z) € LUM), b e LU}

= {S+h€ Dx [(S+h)ory=0,5=) (-

FEATB. Annl) (0r2) IO & LY KV EREND I LRHALNTHE.
ROEGEEIT-T a,a0,...,a8,,h ERDDEIZLY S+hE L&l) T 1 i
LATE D,

(i) 3 ail2)82(2) € In,¥g € I,
(i) T a(2) 2825 4 (h(z) - S 92V fi-- - fa € I
tﬁb,ﬁﬂiIm:(ﬁj%wf%®$i477w“ﬁ KBENBAFTATHY,

V= VL BT bORERT .
EIA = K[Z]/[,\ DERSFR T hIVZER] EL“

By = Spang{h| Y (~5-)ai(2) + h(z) € L'}
TEHTS.
WE  KBRIT 5.

Ey = Spang{ Py mod I | ¥ € K[2], P € Ann) (wr )}

~7 }\/V”FﬁE )0)@(7"’5_’;:)’3’\5 & T, E = Ex ) MWEPBHETED.
RIZ L # EKA ThHhHLL, 2BED anmhxlators ST A HEE RS,
Weylﬁﬁj: LM BR& HETHEBF 2 AN, RESEAZICL T HT, NF (£
NZEN headterm, normalform D) % OESEAND.
A BY Ul =UL{(-Z) |7 e B} &
AV = {HT(S) | S+ he LY,
BY = Uni{(=&)2" INF o0 ((-52)2") = (=55)27)

<EDds. BV =u Al L n.

= Ui —,>erBw

1<i,3<n




&L

5}
T = U — {(= )T | T € A}, L(T{") = Spang (17

2i

ER<.

LY = {Say + Sy + b € Annl) (052) | Sz € L(TY), Sy € L(BY), h € By}

EFHUE, Annld) (o52) IO LY & L ZDERER B ERBLPTHE.
WOGMHEDTZT S = Sy + Suph EROBZECLY S+ he L 2T
TERTED.
(i) [g,5] € Anng’)/\,‘v'g €I,
(1) (S+h)orr=0
TIT (i) O&MEBEOICEE TN, IO = (£, ) O¥ERAT TV
PRIAN DA FTATHY, IO = VT 2T b ORE .

ELE\z) = Span{h | 5(2) + 5(1) + h(z) S L(Az)}
TEL = K[Z]/[,\ DR MNVEREEHRT .
WWEE KRBT B.
E4”+Ewpzﬁmw{P¢meq¢ekapeAm£gqmn

EME D annihilators b FEKRFHRE TERTIIENTED. ZOFEEZAND
& Annpx(w}—,,\) = ATLTLDX(O';!:’,\)', EK',\ BTN Y Xy 7IZRED.

4 BHEHET7ILTY X LOBIEE

Grothendieck B Ress( f”% ) DERHET BT AT ) X AOEEE T

1e-+Jn

RE. BHEORROLEF L L TIRUTOZ®Y 25X 5.
(i) B DR L L TRHIELRRT .
(i) BHEOHET <% FRXE 51 5.
Input: fhf?v'“afna‘p € K[Z]
Stepl. AF 7/ I = (f1,foren fn) DERATTNVGHEI=1N---N1 #RDD.

Step2. In,vIr D L7 FEEX AT, Er,, By 2 HBRT 5. BEHE
pr = dimg (K [2)/ 1)/ dimg (K[2)/VT5) 235k 5.



Step3. I # VI 2 BHA (AIE THRATZFESEITLY ), Exy PEEEXRDS.
Stepd. &M= T gy € K(2]/VD K9 3.

lp(z) mod I, = j;'_,\(z)g,\(l) + h(Z) mod Iy
Step5. 47 7V (I, t — paga(z)) C Kz, t] &=t L, (VI t — paga(z)) N K[t] D
ARLTE ra(t) RO B.
Output:  gx(z),7a(¢)

B e Zy BT mgn(f) = Res,@([ f(p(z)(j: ) BRI E,
1ee-Jn
tRess(| PI% |} 182} = {t]m() =0}
fl "fn
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