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On an Integral Form of Y~ (1/p;) for x>>1
(p,; Prime Number )

Katsuyuki Nishimoto Descartes Press

Abstract

In this article an approximate integral expression

00 1 1_2—x o ¢*¥-1,-21
}:—Ta( )f L€ &, (x>>1)
k=0 P F(x) J° 1-e

is reported where ['(x) is the Gamma function and
p; =(p,)* and p, (k=0,1,2,---) is a prime of order number k.
Py =2, p,=3.p,=5,p;=7,p,=11, ..., and'so on. )
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On some infinite Sums obtained by
N- fractional Calculus

Katsuyuki Nishimoto Descartes Press

Abstract

In this paper, some infinite sums obtained by N- fractional calculus are reported.

Some of them are shown as follows, for example

R (o)fTk+a-d [z (;C_ lF(k—A+a)

) zok!r(a-l)(z—C)k-(z—c) z-¢ <1 Ik -21) <°°)'
Where I' is Gamma function.

g [ -c\' T(a-1+k)

(ii) z(z_c) o (Ue-D(z-b)+a(c-b)

=[(a —1)[(5;—0) {b(l— a)-z}+{z+a(b—c)—b}}

where
IT(a-1+k)l <%0 , IT(x -1 < ®
=< <1 , (a,b,c ; constants ).
zZ-¢
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Partial Sums of Certain Analytic Functions

Shigeyoshi Owa (Kinki University)

Let A be the class of functions of the form
f(z) = 2z + Zakzk
k=2

which are analytic in the open unit disk U= {2z € C: |z| < 1}. Let S denote
the subclass of A consisting of all univalent functions in U. Let §*(a) be
the subclass of S consisting of functions f(z) which are starlike of order o in
U. Note that S* = S*(0). Also let K(a) be the subclass of S consisting of
functions f(z) which are convex of order  in U. Note that K = K (0).

The partial sum f,(z) of f(z) € A is given by ‘

fn(z) =z + Zakz".

k=2
Remark 1. We note that

(1) The function

f(2)=(1—_—z?=z+2:kz"

k=2

is the extremal function for the class S*. But
fae) =z + 22 ¢ 5°

and

9(2) = f(z) — 22* ¢ .



(2) The function

f(z) = Z =z+2z"

1-2z k=2
is the extremal function for the class K. But

fz(Z) = Z+22 ¢’C
h(z) = f(z) — 2* ¢ K.

Remark 2. If f(2) € S* and |ay| = 2, then |a,| = nforalln =3,4,5,---.
If f(z) € K and |az] = 1, then |a,| = 1 for all n =3,4,3,---.

In the present talk, we discuss the radius for the classes S*(a) and K () of
partial sums of certain analytic functions in A.
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' Complex difference equations

of Malmquist type

_J. Heittokangas, 5 Univ. of Joensuu,
R. Korhonen, " Univ. of Joensuu,

I. Laine, J. Rieppo % Univ. of Joensuu,
K. Tohge Kanazawa Univ.

f

The celebrated Malmquist theorem states that a complex differential
equation of the form y’ = R(z,y), where the right-hand side is rational
in both arguments, and which admits a transcendental meromorphic solu-
tion y in the complex plane €, reduces into a Riccati differential equation
v = a(z) + b(z)y + c(z)y? with rational coefficients.

In this talk we observe meromorphic solutions of complex difference equa-
tions related to these differential equations. This was motivated by a recent
paper by Ablowitz, Halburd and Herbst [1]. They observed some difference
equations closely related to Painlevé equations, as noted in [1]. Similar
results are found in the work of N. Yanagihara.

In what follows, meromorphic means meromorphic in €. For a meromor-
phic function y, let p(y) be the order of growth of y and A(y) (resp. A(1/y))
the exponent of convergence for zeros (resp. poles) of y.

Theorem A (Ablowitz-Halburd-Herbst) Let R(z,y) be an irreducible
rational function in both arguments and put d = deg, R(2,y).

If a difference equation y(z + 1) * y(z — 1) = R(z,y(2)), * := + or X,
admits a transcendental meromorphic solution of finite order, then d < 2.

Suppose that in the equation y(z + 1) + y(z — 1) = a(2) + b(2)y + c(2)y?,
the coefficients a(z),b(z) are polynomials and c(z) is a non-zero complex
constant. Then any transcendental entire solution of this equation is of
infinite order. O

The following questions will be considered in this talk:
1) What happens if some of the coefficients of the above equations are
meromorphic functions other than rational functions or polynomials?
2) What happens if we replace 1 and —1 in those equations by arbitrary
complex constants?
3) What happens if the left-hand sides of those equations are generalized
to have n terms?
4) Is it possible to find any lower bound for the characteristic functions of
transcendental meromorphic solutions of those equations?
5) Is it possible to say something about the distribution of zeros, resp. poles,

of meromorphic solutions of those equations?

ok & 4 2 25316 =400



For example, we can show the following results [2]:

Theorem 1 Let cy,...,ca € €\ {0} and let m > 2. Suppose y is a
transcendental meromorphic solution of the difference equation

n
Y ai(2)y(z +¢j) = Zbk (2)y(2)® (1)
J=1

with rational coefficients a;(z),bx(z). Denote C = max{|cy|,...,|cal}.

If y is entire or has finitely many poles (resp. if y has infinitely many
poles), then there exist constants K > 0 and ro > 0 such that

log M(r,y) > Km™/€ (resp. n(r,y) > Km'/c)
holds for all T > ro. a

Theorem 2 Define the set Ly := {g meromorphic | T(r,g) = S(r, f)}.
Suppose y is a transcendental meromorphic solution of

ao(2) +a1(2)y + - - + ap(2)y”

i];[ly(z +e) = bo(2) + b1(2)y F -+ bg(2)7 (2)

with coefficients a;(z),bx(2) € Ly normalized such that by = 1. If

max {(A(y), A\(1/¥)} < p(y), (3)

then (2) is either of the form

H y(z+ ) = ap(2)y(2)?  or Hy(z +ci) = a(z()) a

i=1

We will give some examples of difference equations of the above form
and their meromorphic solutions, one of which shows that there really exist
equations of the above reduced forms having meromorphic solutions.

References
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5 Extremals for Plane Quasiconformal Mappings

Preserving Reals (1)
ZER % (Kurihara, Shigenori); T 1= (Yamashita, Shinji)
#MIK ()

Let %#(K) be the family of K-quasiconformal mappings f from C=CU{c0}
onto C such that f(R) =R and f(z) = z for z = —1, 0, oo. Given ¢t € R, we shall
denote

)\(K,t)=f:;§mf(t) and v(K,t)= fei‘ngf( K)f(t)-

The open unit disk minus the closed interval [0,7], 0 < r < 1, is mapped onto
the ring domain { z; 1 < |z] < e }. The real-analytic function y is strictly
decreasing, so that it has the inverse u~. Set M(t) = (2/m)u(1/v/1+1t) for t >0,
A,\ = K, and A,, = l/A,\

THEOREM 1. Fort e R\ {~1,0} the set {f(t); f € F(K)} is ezactly the
closed interval [v(K,t), A(K, t)]. Furthermore, X(K,t) for X = X, v, are ezpressed
by p=! and M as follows.

X(K,t) = 1 -1 for t>0.

i (292)}

-1
2
—1 [ =M(-1-t)
{u (=557)}

1+t 2
X(K,t)z—{;f1 <zf—1X—M(—%t—l>} for —1<t<O.
2

X(K,t) = for t< -1

See [L, p. 16] and [LVV] for the case t =1 and X = A. We study the asymptotic
behavior of X (K, t) for X = A, v either for a fixed K or for a fixed ¢ in

THEOREM 2. First fit K > 1. Then

lim t™4XX(K,t) = 16%X7!,  where X =), v;

t-—+>+400

lim (- t)—AYX(K, t)=—16%"1,  where (X,Y)=(\v) or (v,A).

t——o00
Next, fizt > 0, Then

lim )\(K,t)e{""m"’(”}:i and lim u(K,t)e{"KM(%)}:lﬁ
K—+o00 16 K—+oo

_7_



Fizt < —1. Then

lim (MK, )+1)el™ (&)} = 16 and lim v(K, t)elmKMEI-0) _
K—+00 . K—+o0 16

Finally fir =1 <t < 0. Then

lim AK,0)el™M(E)} = _16 and lim (v(K,t) + 1)el™M(F)} = 16.
K—+00 K—+o0

Theorem 2 actually follows from the estimate
1/{;;"1(:1:)}2 = (e"/4+ 6_2)2 +Az)e ™, x>0,

where 0 < limsup,_, ., A(z) < 1/2.
We can also describe the graph s = X(K,t) in the ts-plane for X = A, v.
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6 Extremals for Plane Quasiconformal Mappings

Preserving Reals (2)
FR % (Kurihara, Shigenori); IUTF 8= (Yamashita, Shinji)
#}MIK (B)

Making use of the previous notation we first have the formulae, where X = A, v;
(X,Y)=(\v)or (y,A); and X(K,t) = X(t).

THEOREM 3.
XY (1/t) =1 for t#0;

Xt)+Y(-1—-¢t)=-1 forall t

X(t):—l/( (—1-1/t) +1) for t+#0;
X(t)=-1/X(-1/(1+¢t)) =1 for t# -1

X(@) =Y (=t/(+) [(Y(=t/(1+0) +1) for t#-1

Let o(z,w) = [;° P(¢) |d¢| be the hyperbolic distance between z and w in C* =
C\ {~1, 0} so that AlogP = 4P% Set I, = (0,400), I = (—o0,—1), and
I; = (-1,0).

THEOREM 4. Lett € I; forj € {1, 2, 3}. Then
[V(K,t),\(K,t)] = { s € I; o(s,t) < log VK }.

A consequence of the identities

t A(Kt)
/ P(z)dz = / P(z)dz =logVK (z €R)

v(K,t)

for t e R\ {—1, 0} is that

P(t) = P(X(K,8) %

ZX(K,0)

fort e R\ {-1,0}and X = A, v.

Let ¢(K) be the family of all the K-quasiconformal mappings f from C onto C
such that f(z) = z for z = —1, 0, oo; obviously, F#(K) & ¥(K).

THEOREM 5. For each fized t > 0, the set of values If(t)l for f ranging over
Y(K) is exactly the interval [v(K,t), \(K,1)].

The cases for t < 0 can be described although the formulation is somewhat
unsophisticated.

_g_



One might compare Theorem 5 with Teichmiiller’s theorem [T] that for each fixed
z € C*, the set of values f(z) for f ranging over &(K) is exactly the hyperbolic
disk { w € C*; o(w,2) < log VK }.

THEOREM 6. Let #(t) = limg_,; OA(K,t)/0K fort € R. Then

. Ov(K,t) _
}(1_[_1)11 K - L) forall teR;

§ﬂ(l/t):‘7(t)/t2 forall teR\{0};
L(-1—-t)=L(t) forall teR

Trivially, #(t) = 0 for t = —1, 0. More precisely, .#(t) = ®(7M(t)/2) for
t > 0 where ®(z) = x(d/dx){u‘l(:c)}_2, z>0.

Reference
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Springer-Verlag, Berlin-Heidelberg-NewYork, 1982.



7 Continuity and differentiability for weighted Sobolev spaces

KB L ERRFERERFER
TR & ERKREFERFR

X #EMZEE, n 2 X LORVLREL T 5. £8 DMK B = B(z,r) &£ B' = B(z',r)
(€ B,0<r Sr)ICRLT,

ERDERC >0, s 2 IBFEETHETSD. ue L (X;n), 9 € L (X;u) 35, HRD
pRT U HLURER (1 £ p < o0) &WLT LI, EBD ¢, &2 (2 > o1 > 1) ITHLT,
ar'<r<ecrotx,

1/p
£ ) - waeml < mr (£ 1o da)
Alr) o A(r)

P TERM > 080 2 IBFEETILEEEND. I, A7) = B(z,r) -
B(z,r'), 0A(r,r") = B(z,0r) — B(z,07'r) , RLLVEEG C X TR LT, ug = fudu=
ﬁfc“ dp &35, YRV T7ZEM

WY (R" u) = {u € LP(R" ) : |Vu| € LP(R™; p)}-
#E 2 5. &, Bjorn ([1)), Hajlasz-Koskela ([2]) iZKRDERZFEHA L7

TE A p&2%&E (1) 28T R LORVARIELE TS, u e WH(R™; ) 22 (u, |[Vul)
WERD p-RT7 o I VAREREWHT LTS p>siebid, uw TR k, B ~ V¥ —E#
THY,IFEALENWTED L ZA2WIFIRETHS.

ABETIL, p=s DBEBEETRB7-0DI, KOHEEEHO R, =[0,00) LB 3,(r)
EZAD:

(pl) @,(r) = 1Pp(r), 1 < p < 00; ¢ IXBAXH (0, 00) LIEENDHF . ©,(0) = 0.

(92) clo(r) S p(r?) Scp(r) (r>0)

(¥3) ¥*(1) <o0. TZIT,
r /9
o'(r) = ( / [w(t*)r’*/ﬂrldt) ,



BE 1. X BEEEMENE TS p ikt (1) 2T X LORLVARIELTS.
(u,9) 1X, X Tp-RT7 U I LRER LWL,

/X 3,(19(z))) du(z) < oo
BRI LTS s=pDLE wiI Xk BT o ~E—EFETHD. IHIZ,uid, fE
BEDz,ye B=B(zy,r) & By =B(zo,m) (0< 7T <79) IZHLT,
1/p
lu(@) - u(®)| £ Mro ¢*(r) (][ %o du) R

BT, 220, c=2+1=17,0<e< |, M iZe KEKFTHEERTHS.
EE 2. 1< p< oo, wikA, weight T, du = wdz &M (1) 2WTLT5.
u € WIP(R™; ) A
[ #5(19u(@)) dute) < oo
BT ETR. s=pDEE wTFLAL WD L ZHALWITTRETHD.

pBRRTAN—FRET, p=nD& &, ER 23, 4] CEHINT.
EMEDOERIT[6]ICLB.
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QikdRTL—2Y v FER R (d > 2) DEBT, A % Q OER
o0 DHMAEELETH. Lk, Q i}

QUAU(RI\Q)

DQEECEERFERT. T4, Q EOEE FIHLT, Q EOH
B fo BRTEDS .

_ ] f(z) on Q
f"(x)‘_{ 0 on 9\Q.

ROFEIBRCHOSNTWS ©

TR A. QIR DESHLREBETS. Q LORMBE A, he
CYH{QuUA) »2
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LEMMA (cf. Wielenberg [4], Krushkal’ [1]). F74 bAw KUYV Gy ERD
presentation # & D :

Gu = (A, B | (A"'BAB™')(ABA™'B~')(AB'A™'B)(A™'B™'AB) = 1)

A:ll, B = 1.0.
01 l—zl

PROPOSITION 1 (Sato [3]). +®74 bAvw k)Y Y Gy DT X RROMTE
Iha.

ZIT,

X — 1+ (1—d)a b+ (1 —1)b,
B (1-i)c 1+(1-d)d )

T, a,b,by,c,d€Z+14Z, a+d— b + (1 —1i)(ad — byc) = 0.
DEFINITION1. A& B AU RE#RET .
J(A, B) := |tr}(A) — 4| + |tr(ABA™'B™") — 2|
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DEFINITION 2. G # A4 Yy AEBRED 2 tERFENFORIHLTS. GO
AT B JG) BRODESCERIND !

J(G) :=inf{J(A,B)|A &£ B G 25T 3 ).

PROPOSITION 2 (Sato [3]). (X,Y) % £74 bAw K VD Gy OFHEH
MABELTE. COLE, (X,Y)DINT LU BIE2UETHE  J(X,)Y)>2



PROPOSITION 3 (Sato [3]). A,B % Lemma HD$DE$ 3. C=AB &<,
CDLE ACRETL AV EI VY Gy ODERBTTHY, J(A,C) =2.

THEOREM 1 (Sato [3]) 74 hAv k)Y 2 Gy OdINT L e 8iE 2T
5.

THEOREM 2 (Sato [3]). (i) &74 b~w K1) 2238
Gy =(C,D| DC?DCD~'C'D™'C*D~'C~'DC =1)
LB TH5H. T T,
oo (hr) e (M)
(iiy J(D,C)=2. |
THEOREM 3 (Sato [3]). G% D4R IT#% Sato 2] D&

tko —k%0 —1/0l
o tko

CHEET k=-1/2 0=-1+i TH5.
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On the Defect Relation for Exponential Curves, 11

TODA Nobushige Nagoya Institute of Technology

1. Introduction. Let f, = [e*? "% ... e*+17] be an exponential curve,
where n is a positive integer and Ay, -+ - A,41 are distinct complex numbers. Note
that f. is transcendental and of order 1. Let X be a subset of C**! — {0} in
N—subgeneral position (N > n);

Xt ={a€ X|¥a,f) >0}

and
d; =the number of vectors of type ae; (a # 0) in X+,
It is well-known([1], see [2], p.110) that

*) > 4@ f.) <2N-n+1.
aeX+

The purpose of this talk is to give an improvement of (*) for any exponential
curve f. by using a result on the characteristic function of f, in [3].

2. Result. (I) In general we have the following theorem. B\ﬁ "L f(][
Theorem 1. Z d(a, fe) <2N —-n+1. /{E/'{E /\/> g _ /\7/
acxt
We have more sharp inequalities for some special cases. Let D be the convex
polygon surrounding the points Ay, -, Ant1.
(IT) The case when D is an 7 + 1—gon. We number the vertices Ay, -+, Any1

in ascending sequence as one goes arround D in the positive direction. Put for
t=1,---,n+1

n+l
= Aiptl =&, Ai—Xipe|=si and D L=t

=1

Theorem 2.

n+l
Z é(a, f) <2N-n+1- Z(N —n+1-d)(li-1 + & - si-1),
acX+t 1=1

where £ = 1.



(III) The case when D reduces to a line segment. We number the points
Aj(7=1,--+,n+ 1) as follows:

(i) The points Ay and An4; are the endpoints of D.

(if) The points Aj(j = 1,---,n + 1) are in ascending sequence as one goes
from Ay to Apyg.

We put fori=1,---,n+1

n+1
A = Xig1l =6 and D L=
=1

Theorem 3.

Y 8@, f)<eN-n+1-2{(N-n+1-d)li+ (N -n+1=dn1)b},
aecxt

where ¢ = 1.
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LIMIT SETS AND REGIONS OF DISCONTINUITY
OF TEICHMULLER MODULAR GROUPS

EGE FUJIKAWA
DEPARTMENT OF MATHEMATICS, TOKYO INSTITUTE OF TECHNOLOGY

Let R be a Riemann surface of hyperbolic type, and T#(R) the reduced Te-
ichmiiller space of R. The reduced Teichmiiller modular group Mod#(R) is a group
of a biholomorphic automorphisms of T#(R) and an isometry with respect to Te-
ichmiiller distance dy. If R is of finite type, then Mod¥(R) acts faithfully and
properly discontinuously on T#(R). If R is of infinite type, then Mod*(R) acts also
faithfully. However, Mod*(R) does not act properly discontinuously on T#(R), in
general.

We introduce a new notion of the limit set and the region of discontinuity of the
Teichmiiller modular group for a Riemann surface of infinite type as an analogy to
the theory of Kleinian groups, and observe their properties.

Definition 1. We say that a point p in T#(R) is a limit point for a subgroup G
of Mod#(R) if there exists a sequence {xn} of distinct elements of G such that
lim, 00 d7(Xn(p),p) = 0. The set of limit points is called the limit set of G, and
denoted by A(G). The complement of the limit set T#(R) — A(G) is denoted by
Q(G), and called the region of discontinuity of G.

Proposition 1. For a subgroup G of Mod¥(R), the limit set A(G) is closed and
G -invariant.

Definition 2. For a subgroup G of Mod¥(R), we define two subsets A,(G) and
Ao(G) of the limit set A(G). We say that a point p € A(G) belongs to A;(G) if there
exists a sequence {xn} of distinct elements of G such that lim,e0 dr(xa(p),p) =0
and that x,(p) # p for all n, and we say that a point p.€ A(G) belongs to A2(G) if
Stabg(p) consists of infinitely many elements. Note that A;(G) N Az(G) = @ does
not necessarily hold. Furthermore we divide A2(G) into two disjoint subsets Ay (G)
and A;(G). We say that a point p € Ay(G) belongs to A,(G) if there exists an
element in Stabg(p) which is of infinite order, and we say that a point p € Az(G)
belongs to A, (G) if there exist no elements in Stabg(p) which are of infinite order.

Definition 3. For a subgroup G of Mod*(R), the ezceptional set is defined by
E(G) = A5(G) — A1(G). Further a point in E(G) is called ezceptional point.

Theorem 1. For a subgroup G C Mod” (R) such that A(G) — E(G) is not empty,
A(G) — E(G) does not have an isolated point. Further, the limit set A(G) is an
uncountable set.

Theorem 2. Let G be a subgroup of Mod*(R). For any point p in T#(R) — A1(G),
there ezists a constant r > 0 such that x(B(p,7)) N B(p,r) = 0 for any x € G —
Stabg(p). In particular, G acts on Q(G) properly discontinuously.



Definition 4. For a subgroup G of Mod*(R), we say that G is of the first kind if
Q(G) = 0, and otherwise of the second kind.

Proposition 2. Let R be a Riemann surface which has a sequence {c,} of disjoint
simple closed geodesics that are not peripheral (i.e., that are not freely homotopic to
a boundary component) and that these hyperbolic lengths tend to 0. Then Mod* (R)
is of the first kind.

Definition 5. For a given M > 0, we say that a point p of R belongs to a subset
Ry of R if there exists a non-trivial simple closed curve ¢, containing p such that
the hyperbolic length of ¢, is less than M. The set R, is called the e-thin part of R
if € > 0 is smaller than the Margulis constant.

Theorem 3. Let R be a Riemann surface with the non-abelian fundamental group.
Suppose that R satisfies the following two conditions:
1. There ezists an € > 0 such that the e-thin part of R consists only of cusp
neighborhoods. (i.e., the e-thin part equals to the e-cuspidal part.)
2. There exist a constant M > 0 and a connected component R}, of Ry such that
a homeomorphism of m1(R},) to mi(R) which is induced by the inclusion map
of R}, into R 1s surjective.
Then Mod#(R) is of the second kind.

Theorem 4. ([1]) Let R be a Riemann surface satisfying the conditions in Theorem
3. Suppose that either the genus of R, the number of cusps or the number of holes
of R is positive finite. Then A(Mod*(R)) = 0.

Conjecture 1. Let R be a Riemann surface with the non-abelian fundamental
group. Mod*(R) is of the second kind if and only if there exists an € > 0 such that
the e-thin part of R consists only of cusp neighborhoods.

We aim to solve this conjecture. Giving a more general condition than that in
Theorem 3, we show a partial solution.

Theorem 5. Let R be a Riemann surface with the non-abelian fundamental group.
Suppose that R satisfies the following two conditions:
1. There ezists an € > 0 such that the e-thin part of R consists only of cusp
neighborhoods. (i.e., the e-thin part equals to the e-cuspidal part.)
2. There etists a constant M > 0 such that all the connected components V of the
complement of Ry are simply connected and R — V consists of finitely many
connected components.

Then Mod#(R) is of the second kind.

REFERENCES
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Abstract: We discuss some aspects of the theory of normal fam-
ilies, and in particular the associated heuristic Bloch principle.
Here we describe some recent applications of a rescaling principle
for (non-)normal families first formulated by Zalcman, and later
extended by Pang and others, which gives a rigorous foundation
to the heuristic principle in many cases. We mainly focus on re-
sults concerning exceptional values of derivatives. For example,
we discuss how the result that the family of all meromorphic
functions f for which f and f’ — 1 have no zeros is normal can
be extended to the case that the zeros of f and f'— 1 have suffi-
ciently high multiplicity. We also consider whether these results
have extensions in the context of Ahlfors’s theory of covering
surfaces. Finally we describe how the rescaling principle can be
used to obtain a new proof of Langley’s result characterizing the
meromorphic functions f such that f and f” have no zeros, and
we obtain a normal family analogue of this result.
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A Domain Decomposition Method
for

Numerical Conformal Mapping onto a Rectangle

Nicolas Papamichael
University of Cyprus

Let Q := {Q; z1, 22, 23, 24} be a quadrilateral consisting of a Jordan do-
main ) and four points z;, 22, 23, 24, in counterclockwise order on o0 and
let m(Q) be the conformal module of Q. Also, let R.,q) denote a rectangle
of base 1 and height m(Q), i.e.

R :={(&m):0<£<1, 0<n<m(Q)}.

Then, Q is conformally equivalent to the rectangular quadrilateral

{Rm(@);0,1,1+im(Q),im(Q)},

in the sense that there exists a unique conformal map f : @ = Rpn(g) that
takes the four points z;, 23, 23, 24, respectively onto the four vertices 0, 1,
1+ zm(Q), zm(Q) of R-m(Q)-

As is well-known, the conformal module m(Q) admits the following phys-
ical interpretation: Let {2 represent a thin plate of homogeneous electrically
conducting material, of specific resistance 1, and assume that constant volt-
ages are applied on the two boundary segments (z1,22) and (z3, 24) while
the remainder of 99 is insulated. Then, the conformal module m(Q), of the
quadrilateral Q := {f; 21, 22, 23, 24}, gives the resistance of the conducting
plate. This physical interpretation of m(Q) provides the link between the
problem of computing conformal modules and that of measuring resistance
values of electrical networks.

In this talk we present a review of the theory and application of a domain
decomposition method (DDM) for computing approximations to the confor-
mal module m(Q) and the associated conformal map f : Q@ — Ry q), in cases
where the quadrilateral Q is long. The method is based on the following three
steps: ‘ ‘



(i) Decomposing the original quadrilateral Q := {§; 21, 23, 23, 24} (by means
of appropriate crosscuts l;, j = 1,2,...) into two or more component
quadrilaterals Q;, j = 1,2,.. .; see e.g. Figure 1.

(ii) Approximating the conformal module m(Q) of the original quadrilat-
eral by the sum 3. m(Q;) of the conformal modules of the component
quadrilaterals. (Note that

m(Q) > Z m(Q;)

and equality occurs only when the images of all the crosscuts /; under
the conformal map f : @ — R Q) are straight lines parallel to the real
axis. This follows from the well-known composition law for modules of
curve families; see e.g. [1, pp. 54-56] and [5, pp. 437-438].)

(iii) Approximating the conformal map f : @ — Rnq), of the original ’
domain €, by the conformal maps f; : Q; = Rpq;) of the subdomains
§2;, where

Rumoy) = {(€,1) :0< £ <1, 0 <7 <m(Q1)}

and

j-1 j
Ry ={(6m):0<€<1, Y m(@Q) <n<) m@)}i=23,....
k=1 k=1

Figure 1



The specific objectives for using the above process are as follows:

(a) To overcome the crowding difficulties associated with the problem
of computing the conformal maps of long quadrilaterals, i.e. the difficulties
associated with the conventional approach of seeking to determine m(Q) and
f:Q = Ry, q) by going via the unit disc or the half plane (see e.g. {7, §3.1]
and [11, §1}).

(b) To take advantage of the fact that in many applications (for example
in VLSI applications, in connection with the measurement of resistances of
integrated circuit networks) a complicated original quadrilateral Q) can be
decomposed into very simple components @Q; (see e.g. [12, §3] and [13, §4,
§5]).

The DDM was introduced in (8], [9], for the purpose of computing the
conformal modules and associated conformal maps of a special class of quadri-
laterals, viz. quadrilaterals where: (a) the defining domain Q is bounded by
two parallel straight lines and two Jordan arcs; (b) the points z1, 22, 23, 24 are
the four corners where the two boundary arcs meet the two parallel straight
lines. For the same special class of quadrilaterals, the method was also stud-
ied by Gaier and Hayman (3], [4], in connection with the computation of
conformal modules, and by Laugesen [6], in connection with the determina-
tion of the conformal maps. These three papers contain several important
results that enhance considerably the associated DDM theory. In particular,
the results of Gaier and Hayman provided the necessary tools for extending
the application of the DDM to the computation of the conformal modules
of a much wider class of quadrilaterals than that considered initially in [8]
and [9] (see [10], [11], [12], [13]). Similarly, the results of Laugesen provided
the necessary basis for extending the DDM theory, associated with the full
conformal map f : @ — Rpg), to more general quadrilaterals than those
having the special form described above. This was done recently in [2].

The theory of the method concerns the determination of appropriate
crosscuts of subdivision (for the decomposition of the original domain ) and
the derivation of error estimates for the resulting DDM approximations to the
conformal module m(Q) and the associated conformal map f : Q = Ry q)-
Let m(Q) and f denote respectively two such DDM approximations to m(Q)
and f. Then, typically, the DDM theory leads to computable error estimates
of the form

0 < m(Q) — m(Q) < Cre™™

3



and N
max |f(z) — f(z)| < Cye™,
zef}

where C,, and C; are known numbers and m* denotes the smallest of the
conformal modules of the component quadrilaterals @Q; involved in the de-
composition, i.e. m* := min;{m(Q;)}. (Note that the error for the conformal
mabp is one power of mm* worst than the corresponding error for the conformal
module.)

The general plan of the talk is as follows: (i) to present a review of the
theory of the DDM and to explain why such a method is needed; (ii) to
present numerical examples illustrating the application of the method; (iii)
to make use of the associated theory, in order to investigate the quality of
certain heuristic rules that we have come across in the engineering literature,
in connection with the measurement of resistance values of integrated circuit
networks. '
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Dirichlet R ZNEHKE RH L &, BERT BY FLL D HOOEEKIZB
TR ECRBEED I LOT <2 L b—Hi3 C OBHFEREERL LTY
D, OoTOLNOLNDEBORBRLERDENETY 7 VESOE 1 571X (I)
Euler-Lagrange ®%4% DiEH>, (1I) Gerstenhaber-Rauch D&% 2355, £z
Lo LT HREBILIC, ERSNDBEAMEFICELE ()&, £z (1) HoEy
BAPHBINIETEBRERT D,






15 BN AR LOERIZOLNT
5% et

BT, NE3ULOBRKT 4O/ETRR2VHDLETD.

ENAHBOEARFBAL TS, Lk Ry = (2):““1 cos 45)~! DEIERORKEHRIEIC
LoT, HEME N A F(N) BELRB Z LI, BAOEETH B, BIC F(3) 1t VAL
*—- ﬁzﬁ/ M ELT,FGYX RUF7 ) LLTELHBONATWS.

—5, N BOXENLRDEE AN) :={0.1.... N-1} %, BLE @ A7 mod N Ol
BLT3 EiZneNU{oo} KHLTAN) %, AN) D nBORRIEMETS. 2O {a,.}2
%, EFFIT T2 an <00 EFTHOLFTHIT AN)® x AN)® DED, {an )}, ZEBAHL
T 5E#:

d({an}alx,y) := Z“" — 0y y,). forx:= {Tu}n y = {yn}n € A(N)® (h

AN EOBERECR D, B x € ANN)® IH LT, x DA x* %
x#:={xo(“@i_fl) (ac i — k)" ifx=xon(as k), k==%(1+[N/4)
X

otherwise

(72’2 l,a € AN), x0 € Usog A", 2" == g2 ---x wheren € NU {o0}) TE&EL, A(N)>® LOF

n-times

EBAMk ~ &
X~y E& x=yorx=y#
TEDD & S(N) = AN)Y®/~ X F(N) LRMBERS.
FrCERDdERAVTO %

(l An fn|X, if x
D({an}n|x1y) = {U({ } | Y) if x fi

YL, EiZ 2,y € S(N) = F(N) IR LT

a0 =1(mY) ypm -1y,
D({an}nlz,y) :inf{ZD({au}nl'll"““.m")' cwlepTiz),wmep (y)} 2)

meN: . _
e wh,w?, ..., wm € A(N)®

LB DI Tp: AN)® — S(N) IZERHE.
Denker/Sato X a,, := 27" = (R3)" L LT.N =3 DHE. 2FY SQB) LI RF— -4
27y P FR)BRIYTyYRB THDHZ L:

£ 0.1. Denker/Sato [1] BAEK ¢, 2 (0<¢; <y < o0) BHFHELT, FEBD z,y € S3) =
F3) IR LT

e1D({(R3)" }alz, y) < llv — yll < caD({(R3)" }nlz, y) 3)
BEROSLD. 275U ||| it R2 OBl (% F(3) LIZHIRLE b D).

*FIRECMERT: WM KEREREEFAN, B4, T 812-8581 # MH iX % 6-10-1
t®F A—/V: aimai@math.kyushu-u.ac.ip Typeset by ApS-IATEX



PRI LIAN Q) BBLN=DIT,

O FOB) 2E2HLEEROBLILII R =1/2 Th 5.

() (A(3)® 3) x = x0ab™ (a # b € A(3)) DI x# 2 x# = xpba® TEZ LI B,
(I ) & an a3, Bk

(Rsf = ) (Ry)', forVjeN
t=j+1
THERERNTN S,
bR/ onEHLDTHoT.

FrTARKETIE (HRBAL L), ERO77a—FT F(N) LREMER S(N) DETH (2) A
BEREL LCERT A LA PLCUTOEHLBRS.

EH0.2.
A HEH{a,)2, %,
a; > i ag >0, forVjeN 4)
t=j+1
PRERIET LI IRBNED{an}nl- ) X S(N) LOEREIIZ2 5.
ZDA)IZE>T, KD (B), (C)BERMYT DI L bbb,
UTF {an}n R @) EFEELZLTVEHDLTS.
B) HAI3EEc >OMBHFELTEED2,ye F(N)=SN)iZLT
aD({an}alz, y) < llz -yl
BEROEDBDOULE+ZEHFIL0< a, < (RN)" THB.
(C) REIEK o >O0BHFELT, EED v,y e F(N)=S(N)iZxLT
Iz —yll < c2D({antnlz,y)
B Y IO RDLE+IEMFI 0, > (Ry)" THS.
(B) &£ O)izkY
(D) S(N) & F(N)BRY Iy Y REICR2HDOLE+53EE a, = (RN)" THB.
REFERENCES
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On the dynamics of structurally finite transcendental entire
functions

AR ER (RBXFERERE AR - REFHRH)

We investigate the dynamics of structurally finite transcendental entire func-
tions, which was defined by Taniguchi ([2]). We say that an entire func-
tion is structurally finite if it can be constructed from a finite number
of building blocks by Maskit surgeries. Here, a building block is either a
quadratic block: az? + bz +c¢: C - C (a = 0) or an ezponential block:
aexp(bz) + ¢: C - C (ab = 0). We omit the details here and just recall
the following Representation Theorem :

Theorem (Representation Theorem, [2]) Every structurally finite en-
tire function has the form

/ P(t)e?®dt
with suitable polynomials P and Q.

Let f(z) be a structurally finite transcendental entire function. Since we are
interested in the dynamics of f, by the Representation Theorem and some
suitable linear conjugation, we can assume that f(z) has the following form:

f(z):=a /0 ) P(t)e?Mdt + b,

where a, b € C and P, Q are monic polynomials with degP = p >
0, deg@ = q > 1. In what follows we consider only transcendental case,
we assume here ¢ > 1. Then it is easy to see that f has p critical values and
q asymptotic directions which correspond to some finite asymptotic values.
In particular, f has only finite number of singular values. So we take a
disk D := {z | |2| < C} which contains all the singular values of f. Then
f~Y(C\ D) has exactly g components and each one by one lies in one of the
q domains which are divided by the ¢ asymptotic paths

@k-D)m;

e ¢ t (t>0), k=1,2,---,q,

which correspond to some finite asymptotic value. Let I" be one of these
paths, say ‘
L(t):=ed't (t>0)

for example. Then each connected component of f~!(I') is a curve which
tends to oo and its argument tends to one of 2’;2@ (k=0,1,--- ,q—1), which
is the argument of asymptotic paths which corresponds to the asymptotic
value co. Let S be one of the components of f~!(C \ D). Then we make a
partition of S by using f~!(T') so that S = ][,z Rk. (See Figure 1). For a



point z € S such that f*(z) € S for any n € N, we can define its itinerary
S(z) by

S(z)=s=s0s1""*sn-"+, H f*(z)€R,,.
In what follows, for simplicity, we assume that S is the component.of f~}(C \ D)
which has an intersection with R*.

0 r
Ry o
(R,
Ra S oo

R«

v
Figure 1 : Domain S and its partition by f~!(I') (The case q = 3).
Main Theorem Let f be a structurally finite transcendental entire func-

tion. For an itinerary s = sgs; - - - 8, - - - satisfying [s,| < F™(z), where z > 0
is some constant and

F(z) := Z lan|2", f(z) = Zanz",

there exists a continuous curve
hs(t) C S (t > tp)

such that

(1) All the points hg(t) for fixed ¢ has the itinerary s.

(2) f™(hs(t)) € S for every n.

(3) f™(hs(t)) = oo (n — 00). In particular, he(t) € J(f). -

(4) lim hy(t) = oo.

(5) hs(t) is injective with respect to t.
References
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ED Essential Norms Of Integration Operators On
E .
@ Weighted Bloch Spaces {Z-2V YT
*
% ; + =
: Xm HAT AT EHS
- % B
A

D% HEHRFE EORBMAKE TS, w: [0,1] — Ry % continuous
non-increasing function Tw(l) =0, w(r) > 0 (r €]0,1]) ZWE/=THD LT
%, w: D — Ry i the radial extention w(z) = w(|z|) &5, TDLZX
weighted Bloch space B, IX

| £ llg,i= supw(z) | f/(2)] < +o0
zeD

Zii oY D L OSRTEIR &E H 72 528/ & 45, The associated weighted
5 wid

5@ flme )l

ELTERT D, D LIRS Iz LT, 1ERAR, , J, 13

L)@ = ["gORQC , T = [ Q5 (€

LEBEIND, AETITZNSHD  essential norm T DOWTHIFET B,
FLT, ROXS RERE2E,

10

EHE 1 w: [0,1] — R4iX continuous non-increasing function T
w(l) =0, w(r) >0 @ €0,1) 2H-=TbDLT D, w: D — Ry IX
radial extention w(z) = w(|z|) & L, sup w(z)nlzl"“% < 400 for any n
zeD w
LIREY D, b L Jgis bounded on B,72b1E, £DL &

Il Jg lle~ hm sup ( )

Z>S )

s Febb, C- lim sup ¢ o) §|g ()1 <l s Jim sup 2o/ e

S CIIES B, ]

H & & % 2 25%X16=400

——lg'(2)],




EH 2. w: [0,1] — R; X continuous non-increasing function T
w1) =0, w(r) >0 @ €o1) 2ETHDLETD, w: D— Ry &
radial extention w(z) = w(|z]) & L. ep:=w(rm)nri ! = lzneagw(z)lnz"'ll
and that {cp} converges to some positive constant c as n — oo Z /=975
{ra} C[0, 1) BFETHHLOLRET D, £DLE, H L I is bounded on
B.,7251,

I 7g lle= lim_sup g(z)].

|z|>s
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@ ® Multipliers On Weighted Bloch Spaces G;’D\/ €
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. s wm A AL ES

2 & -

A

D% HRYLELOREMMAKE TS, w: [0,1] — Ry % continuous
non-increasing function Tw(1) =0, w(r) > 0 (r €]0, 1)) EWTbDOLT
5. w: D — Ry iX the radial extention w(z) =w(|z]) €T 5, TDEE
weighted Bloch space B, 13| f ||p.:= sugw(z) |f(2)] < +o0 ZHI=$ D

€

EORTRIS 0 72 BZEM & T B, D EORRTIK gl L, 1EAIR I,
L Jg 1

5 L)@ = [ dONQC | (1)) = / " 109 (e

LEREEND, X, Y% BanachZZj &35, B fICx LT, multiplier of
X into YIX fg € Y for all g in X&W-THLDLEREND, DL
X fX CcY&EL, FHFETIL WENM X Bloch 22/ LD multiplier (22U
TH3Ed %, supw(z)n{zl" 1:—(1—) < 400 for any n Tcy := wlry)nr?! =
MaXzep w(z)[nz" !| and that {c,} converges to some positive constant c as
n — oo &I 5 {rp,} C [0,1) BIFET D bOLRET D, ELT, KDL
) IRRER BT,
10

Theorem 1. B,, C B,, C HP:EET S, DL E, KIXFHE
THD:

(¥) 9Bu, C By, ;

(i) Jg: B., — B., is bounded operator ;

(441) llI{l sup wa(2)|g'(z)] < +oo .

|z}>s

Theorem 2. B, c H® C B,, 'C wa(z) , is comparable to (1—|z|2)P
(6>0) EIEETD, FOLXE, miﬁﬁr&)é

A & & % £ 25X 16=400
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(2) 9B, C By, ;
(3)  Jg: B,, — B., is bounded operator ;
(#i1) hm sup we(2)|g'(2)] < 00 .

T z>s
Theorem 3. RiIZFHETH S :
(i) 9Buy C By ;
(¢¢) I4,Jq: B,, — B., are bounded operators ;
wi(z), 5

(141) g€ H®, hm sup ——|g'(2)] < 400 .
= Jzl>s W1(2)

Theorem 4. (Jl(z; <1 —|21)® (> 1) G- THDHEHEY > 0
WEET D LIRET D, TDOLE, KITRETHS :

() gB., C B, ;

(¢) Ig: B,, — B., is bounded operator ;

(i) ge H™.

Theorem 5. g>0¢9%, £LT B, C B, « :28 is compa- 10
1

rable to (1—|2{2)? . :T;(—z—; is comparable to (1 — |2|%) &= T DL T D,
ZoLE, SDEXRETHD :

(i)  9Bu, CBuy;

(#) Jg: Bu, — B., is bounded operator ;

(¢ii) Ig: B,, — B., is bounded operator ;

@) Jim mp @) < +oo 5
@) lim sup 2 jg(z)| < +o0.

=17 5155 w1(2)
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- f# R Bergman-Privalov 22l (AN)?(v,) DFERER
K R £ CREPIPR: 35 k2
& AR —EB B Emkemes

B=B,%®Cr OB} T3, HB)IZ B LOEAMRBLERZRT, v
X B LOERLEI h iz Lebesgue EER T, & a € (-1, 00) KR LT,
| dva(z) = ca(l = |2?)%dv(z), 2z € B £8<o BLU. E¥ ca i va(B) =1
BPRETEISCEDE, Haec(~1,0),pe(l,0) KHLT. BLOHE
— Bergman-Privalov Zf (AN)?(v,) 2RDEDICERT 5 :

— HIZ B 1O Privalov ZM N?(B)(1<p < 0) BRD LS KERT 5 :

1
P

N?(B) = {f € H(B) : |[fn»(s) = sup [ [togta + 10y da] < oo}.
0<r«l S

[ ZZT. S=S, X CT OBMRETH D, oid S LOESLE N7z Lebesgue
HEERT,

Privalov Z=f§ N?(B) OSEMERIC DWW TIXRIE. Y.Iida-N.Mochizuki
| [ A.V.Subbotin [3] iL&L D REZTNI. HAILHEE Bergman-Privalov 2
B (AN)P(va) DEERERICOVTUTORE RS :

— EZE2 1(2]). 1<p<oo, -l1<a<wo&Td, T% (AN)P(va) B 5
(ANP(ve) ~NOEERERL THIE, |k|=12W=THEK L B»5 B
[ ANOERIE®R IDEEL. REWHET

L~ 1. B FD{ERDIEE Borel BA¥ A I L T\

- /ho@dvathdya. (1)
B B

L 2. & fe (AN)P(va) KA LT,
Tf=k-(fod®). )

I S O B

— (ANY(va) = {f € H(B) : | lanypi) = [ [ o+ 110y dva} < oo},

|
B & % ¥ % 25X 16=400



M EkNEIONELE, (2 Lo TERT 2ERTNE. T (AN)P(va)
| 28 (AN)P(ve) NDBEMRERTH 5,

T k| =1 B@ETHEREE L C LDy ) —KR U BEFEEL,
B Tf=k-(foU) (f€(AN)(va)) ®3)

| @it keC. k=1 URCr LOA=FU—FRETHLE, (K&
NERTE2EHTIIE. Tk (AN)P(r,) 25 (AN)P(va) DENDEERE
I {gfﬁ)éo

A T U A N o ¢

Wi, (1) 2#=3 B2»5 BAOEMER & RV k| =1 E@RETHR

28 2 ([2]). T % (AN)P(va) 5 (AN)P(va) D LADBERERETH |

| &E
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BOUNDED HOLOMORPHIC MAP
WITH WILD BOUNDARY BEHAVIOR

(MR ERE L S5FARERTR)
nE Xk EBIIEEH)

BERTHEOMMNAANTER SN FREAPAKY:, BUARLEDIEEAETT
DA CHEMRME ( nontangential limit ) 2 H>Z L&, Fatou DEHEL L TL<HD
TV ([2]) 2KRTULOEREEMARIZEVTHRROBRNIBON TN D,
ZOZ e ERERIBEEOERERIIRELZLV) WA A—VEEXD, TO
A A—% “ Inner function conjecture ” (2 ¥RITLA L OBMMMAIIRIZIS WV TIX, A
BEMIIFEELRZVTHE 5LV FM) O, DL 20BRFTH-7 ([6]),
LIANIOFRIL, 198 0FERUDITEEHICMRENE ([1],[3])s ZD
EET, ANLRFNEDE L AR ERAIBKOFERCPERICHTIBLELLD
L, 20X 5 BEESITMb V< ohORREAER ([4],[5]) SEOMRKD
BRY LI, KOBRTHS ([5]).

Theorem.
{G} 2. nRTERENROTR L THEEBICS 2 -E4RHBEORDORE LTS,
TDLE, & ( IZHIT B radial cluster set

N7 :T<t<1}

T<1

BEENEOMARES LS, BUREOARERBRAFET D,

ZORRO—DODUERSEIDEETH S, ILDICERREBRDILDIILE
REBELETD, UT, QI C" OFEEE L, (€00 T 5,

Definition 1.
(1) ¢ 28 linearly accessible T#H 5 &%, ¢ 23 Q AORFOWRIZR->TWHI &
EW), Tbb,
{z€C":2=(+sv,0<s8<1}CQ

RARET )R My BEFEETEZ LRV D,
(2) @ EoBA% f & linearly accessible 2R (. BLXL (1) D v IT2NT

CL(f:¢v)= [ {fl0I-tv+():T<t<1}

<1

%, CIZBIT B f O linear cluster set £V 5, BERJITOVWTHEEKIZE XS,



Definition 2.

CEREY, DO QLRLLRVEIRC" OBEEmMBFET D L&, ( & C-convex
point (‘:11\50

Definition 3.

D% COERETHD, 2ED3IRENRKZIEND L&, D iX L-connected T
505,

(1) D i3 BMEE,

(2) DX 0 5 ER2,

(3) D DEEDT 2 ITHOVWT, argz< O PH-TEK 6 BEET S,

Definition 4. :
¢ 1% C-convex point THo &1 5,

H={z=(21,-2a) EC": 121 4+ -+ + Cn2n + ¢o = 0}

%\ (%iﬁ'ﬂ 0 k&b&tﬂl‘cn ®ﬂqzﬁ<‘: l/\ H((Z) = 6121+"‘+Cn2n+60 &1—65
¢ 2 H 2k 3 CL-condition &3 L ik, () = {w € C: w =I(2),z € N}
% L-connected THBZ &%\,

FRERITOED2HOTH B,

Theorem 1.

{G:} %. M4« FIM{ED linearly accessible 72 O DERENPORDIEE LTS,
%& (. ZBEE H, 12X 5 Cl-condition %7 L, ELITHy Bk#1 D&
HoNH 3G, G ¥t Hy = H #3kT LT3, ZOLE, & (4 iKB S linear
cluster set 25, ¥EREOHAAREIERIEOELEZ L OARMELLL LI Q LOF
RIERIBISMBEFEET 5.

Theorem 2.

{¢e} 12 Theorem 1 L A4k L T35, D&, & (, IZHBIF D linear cluster set
2. EBEOHARELIIEOELE2 L OARMOEREL S L2 ANLC! (g
IIEE) ~OARERE®RNBFET S,
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Holomorphic Curves with Deficiencies
in Complex Projective Spaces

YosHIHIRO ATHARA AND SEIKI MORI

Numazu College of Technology and Yamagata University

The defect relation for holomorphic curves yields that the set of Nevanlinna’s deficient
divisors for f is at most countable. Furthermore, holomorphic curves with no Nevan-
linna’s deficient divisor is dense in the space of all transcendental holomorphic curves
f:C — P,(C) with respect to a certain kind of distance. It therefore seems that the
construction of holomorphic curves with preassigned deficiencies is very difficult. There
have been several studies on the construction of holomorphic curves with deficient hyper-
planes. So far, we do not know the existence of examples of holomorphic curves with a
deficient hypersurface of high degree whose deficiency is less than one. We give examples
of holomorphic curves f : C — P,(C) and irreducible hypersurfaces D in P,(C) such
that the deficiencies 6;(D) are arbitrary positive real numbers less than one. In par-
ticular, we have the existence of a holomorphic curve f and a smooth hypersurface
S of an arbitrary degree d with 0 < 6;(S) < C/d, where C is a positive constant
independent of f and d. These results give examples concerning a conjecture due to
Griffiths. Our results are rather pathological, but they suggest that the smoothness of
divisors is a delicate matter to get good bound for deficiencies. The method used in our
construction is based on the theory of entire functions of one complex variable, especially,
on some properties of entire functions of order zero due to Valiron. When a divisor is a
hyperplane in P,(C), we have the following:

Theorem 1. Let a be an arbitrary positive real number less than one. Then there
exist a holomorphic curve f: C — P,(C) with the Zariski dense image and a hyperplane
Hy in P,(C) such that 6;(Hp) = a.

We next deal with the case where a given divisor is an irreducible hypersurface of degree
d not less than two. We denote by ¢ = ({o,---,¢a) a homogeneous coordinate system
in Pg(C). We first assume n > 3. We define an irreducible hypersurface Dy of degree
d in P,(C) by
Gt (=
Note that Dy has just one singular point (1,0,---,0).

Theorem 2. Let a be an arbitrary positive real number less than one. Then there
erists a holomorphic curve with the Zariski dense image f : C — P,(C) such that
6¢(Da) = a.



We now consider the case n = 2. In this case, we define an irreducible curve Cq by

GG —¢ =0

Note that Cy also has just one singular point (1,0,0), if d > 3. Then we have the
following:

Theorem 3. (1) For each positive integer d mnot less than two, there exists a holo-
morphic curve with the Zariski dense image f : C — P5(C) such that §;(Cy) = 1/d.

(2) Let a be a positive real number less than one. Suppose that o +1/d < 1. Then
there ezists a holomorphic curve with the Zariski dense image f: C — P3(C) such that
) I(Cd) = a.

The hypersurfaces Dy and Cy constructed above are singulaf divisors. We finally
deal with the nonsingular case. In this case, we have an example for which the Griffiths
conjecture holds. We define a nonsingular hypersurface Sq in Pn(C) of degree d > 2 by

GG -G ag Y =0

=3
In this case, we have the following:

Theorem 4. (1) Let a be a positive real number less than 1/d. Then there exists a
holomorphic curve with the Zariski dense image f: C — P,(C) such that 6;(Sq4) = a.
(2) For each positive integer d not less than two, there exists a holomorphic curve

f:C— P,(C) such that
< 65(Sa) < -1

!
d &
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Locally boundedness of holomorphic mappings in
infinite dimesional spaces and its applications

HH X JUMNIEILRZE T 8K

Let B be the unit ball in a complex Banach space X. For each z € X\ {0},
we define T'(z) = {z* € X* : ||z*|| = 1,2*(z) = ||z||}. Let

N = {g € H(B) : g(0) = 0, Rz*(g(z)) > 0 for Vz € B\ {0},z* € T(z)}.
Gurganus [1] showed the following theorem.

Theorem 1 Let f : B — Y be a locally biholomorphic mapping with
f(0) =0. Then f is starlike if and only if [Df(x)]~! f(x) € N.

For spirallike mappings, Suffridge [4] showed the following result.

Theorem 2 Let f : B — X be a normalized locally biholomorphic map-
ping. Let A € L(X,X) such that

inf{Rz*(A(z)) : ||lz|]| = 1,2* € T(z)} > 0.
Then f is spirallike relative to A if and only if [Df(z)] "t A(f(z)) € N.
For the proof, they used the following lemma (Gurganus [1]).

Lemma 1 Let h € N. Then for each = € B, the initial value problem

ov
E = —h(’l}), U(O) =z,

has a unique solution v(t) = v(zx,t) defined for all t > 0.

For the proof of this lemma, we need to show that h(z) is bounded on

B, = rB for each r with 0 < r < 1 (cf. Pfaltzgraff (3, Theorem 2.1]). In

general, a holomorphic mapping on B is not necessarily bounded on B,.
We will show that every h € N is bounded on B, for 0 <r < 1.

Lemma 2 Let h € N. Then for each r with 0 < r < 1, there ezists a
constant M (r) such that |h(z)|| < M(r) on B,.

Using Lemma 2, we can give a complete proof of Lemma 1.



Theorem 3 If f : B —» X is convez and normalized, then
Izl + [lzI) 7" < @) < Nlzl(X - llel)™), z€B
and f(B) contains the ball By /,.
When X is a complex Hilbert space, we obtain the following results.

Theorem 4 Let f : B = Y be a locally biholomorphic mapping. Then f
is a conver mapping if and only if

[Df(@) 7 (f(z) = FWI < M;, 3,y €By,
R(Df(2)) " (f(z) = f(y),2) >0, z,y€B with ||z|| > |yl
Theorem 5 If f : B = Y is convez, then

lz? = ® ([Df(2)] ' D*f(2)(=, ), z) = 0
for z € B\ {0}, z € X with R(z,2) =0.

Theorem 6 Let f : B — Y be a locally biholomorphic mapping. Assume
that, for any r with 0 < r < 1, there exists an M, such that

I[Df (@) (f(z) = f)Il < Mr, z,y€By,
=2 - (D ()] D*f(2)(a, ), z) > O
for z € B\ {0}, z € X\ {0} with R{z,2) = 0. Then f(B;) is a convez
domain for any r with 0 <r < 1.

Theorem 7 If f : B — X is convez and normalized, then

1+l < IDf@@) < (1~ |zI)7?, =z€B.
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k-convexity in several complex variables
HH & FUMNIESL K T8

Mejia [3], Mejia-Minda [4] and Ma-Mejia-Minda [2] studied k-convex
regions in C and k-convex functions on the unit disc in C.

We define the notion of k-convexity for domains in C™ and also that
of k-convex mappings on the Euclidean unit ball B in C*. Then, we
will investigate k-convex domains in C" and k-convex mappings on B.

Suppose that k > 0, a,b € C", a # b and |la — b|| < 2/k. Let L be
the complex line through a and b. Then there are two distinct closed
disks U, and U, of radius 1/k in L such that a,b € 0U; (j = 1,2). Let
Ei[a,b] = U;NU,. We also let Ey[a,b] = [a,b], and for |la —b|| = 2/k,
Ey[a,b] is the closed disk in L with center (a + b)/2 and radius 1/k.

DEFINITION 1 A domain © C C" is called k-convex provided |la —
b|| < 2/k for any pair of points a,b €  and FEi[a,b] C Q.

EXAMPLE 1 Let k = 1/max{ry,...,7,}. Then, the ellipsoid

2 2
E:{zeC"' |" + - +|"| <1}

2
r? T2
is k-convex, but is not k’-convex for any k' > k.

THEOREM 1 Let Q be a bounded domain in C™ with C*-boundary. Let
¢ be a defining function. Then Q is k-convez if and only if

(w52} 1ol

DEFINITION 2 K(k,a) denotes the family of all biholomorphic map-
pings f on B such that f(0) =0, Df(0) = al and f(B) is k-convex.

,0%p _, 0%
_ >
R I:’U 557 (c)v} +7 — (c)v >k

for all c € 9N and v € T.(0N).

THEOREM 2 Suppose that f € K(k,) witha > 0. Then ak <1 and
the Euclidean ball B(0,a/(1 + V1 — ak) is contained in f(B).



EXAMPLE 2 Let k,a > 0. For u € C" with ||u|| = 1, let fr.(2) =
az/(1 —+/1— ak(z,u)). Then fi., € K(k,a).

THEOREM 3 Let f : B — C" be a locally biholomorphic mapping. If
vl = R([Df(2)] ' D f(2)(v,v), z) > kl(z,v})[[IDf(2)v]
for all z € B, v € C™ with R(z,v) =0, then f is a k-convez mapping.

EXAMPLE 3 For z = (21, 23) € C?, let f(2) = (21+az23, 22)'. Suffridge
[5, Example 9] showed that if |a] < 1/2, then f € K. We can show
that if |a] < 1/2, then f € K(k,1), where k = (1 — 2|a])/(1 + 2|al).

THEOREM 4 Let f € K(k,a) with k,a > 0. Then

all2| all|

1+ /1 — akllz|| 1 -1 —aklz|

THEOREM 5 Let f € K(k,a), where k,a > 0. Assume that f is a
quasireqular strongly starlike mapping. Then f extends to a quasicon-

z €B.

<7 <

formal homeomorphism of R*™ onto itself.
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Hx &
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< b H. Cartan DEERIZ, C* ADHRER D OERIA CFAEE Aut(D)
B, 3y h—FEICELT, V—HOBER L I LEEETE. ZTOFE
TEEAREROFEICBVWTEARNTHY, VB Aut(D) OV —RiZ D LD
BERINRY FELEDRTY —8 g(D) SEEMIZRI—BIhbZ &b, XJ b
ABDZEHENERA REROFRICBVWT—20EERIEL DD LI 5.
R MBEOERHEORHIERR, — MBIV E LN ETHS. EBE, X7 b
NEXONEX, FOESHEBR () BITXITOLte RICHLTERSNDINE D
MDEVI T L, BEMAaFERRICBITARMROMOMBELE U THMERZERHELZ L.
L L, »ASAEMBREDTTIE, X7 bPABOZHED > £ VHIEESKILT
BIENHD. ZOHBETIE, Fa—7EBEDERANY MFOFRIZBITDE
DEHRUTFED— 2R BETS. HABBELELORRIL, HIZF2—7HEK T
FOZERNRT B THY, BOKED T EORHRZBERNY MABZET O
WMEREICLT, LVEVKRED Tq LOFZHEEARY MBERET D —HEEXE
5B,

1. ZEFTE. Toq=R"+/-1Q 2 C* ROFa— 7k L L, FDEQ iXR"
NOBEBREESERVERTHA LTS, To LD 2 KROEERRY ME Z 1ot
LG,

Z=XXXW+J3YW>

k=0
LEE,
Z[b] = X(z) + \/——1}’(1), Z[a] = X(l) + \/—_IY(O), Z[s] = ‘X(O)
EBL. 2T X® YR FEEANRT MIFT, £00; =08/0z;, j=1,--- ,n, I
SWTDEESD, 21, ,2n BT HERE k KRAIKSEXNTHDLHDOTHS.

EEER ([4) Z B To LZHTHEH-ODOLBE+HEEL, Y =020~
AR, Z), i=1,---,n, BEY Z BI_TTy LEHETHDILTHD.

ZOFRIM ER] WBWTRAWONIBRIZESWTREHASND. EE0RE
LT, [2, Theorem 7.3] DFHI—RALBFZTOND.

% Th%t@iﬁ&b,é%uuﬂﬁﬁﬁiﬁ§ﬁ2kmgﬁﬁﬁ7F»%T%
BLIRETH. ZDEX T WEEROGE, ToRT 74 FETHD



2. ZEAER/NACREE b OF2—THIK. To ZAMEHIOX D L L, &bIZTy

P Cr DEEEEHR, g(To) ¥ To LEMBEENNT MBLENPLRD LIRET

5.

TDLERY MER g(Ta) DEIZEM q,5,a0,,b %

q= {Z € 9(Ta)

5:{817... ’6n}R,
0. = {Zeo(Tn) | 7= XV + VYO,

b={Z e g(T) | 2= x® 4=y )

Z= i (X(") + \/—_1)’(’0) } ,

k=0

LV ERT DL, ERTEHIL q SEMIME

g=s+a.+b

b0 EERT (B[l B8) . ZITh A g(Ta) PEAICEIT DETHIRIC
BENDZLICEBTRETHD. ZhHOFEERR, FEXERINECRBEEZ O
F o —7HRIC T A ERIREMEZ B8, EANTH S LRFFICHERIZAAT

&
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p={X € g(Tp) | XITBHER~NZ M4 },
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EH o BT DO—BMICEEDZLREBLT, r 2F 2 — 7 To OREEHFEE LT
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D deg Z DEKER d(Tq) TRY.
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CONDITIONAL STABILITY IN LINE UNIQUE
g — CONTINUATION FOR ANALYTIC ELLIPTIC ~— |
PARTIAL DIFFERENTIAL EQUATIONS
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§1. Introduction.

In Cheng and Yamamoto ("Inverse Problems”,14 (1998), pp.869-882), we proved
conditional stability in unique continuation along line for a harmonic function in
a domain © C R?: Suppose that  is a domain in R? where L is a straight line
satisfying .

L intersects 9 at two points and
(1.1) I' = LNQ is a segment.

We further assume that two segments v and I'; satifsy
(1.2) ycTicTicl, T #T.
We consider a harmonic functionu = u(z) in

(1.3) Au(z) =0, T €

Theorem 0. Suppose that a straight line L satisfies (1.1) and Ty, v satisfy the ]
assumption (1.2). Let u € C*(Q) be a harmonic function. If there exists a constant
M > 0 such that |lu|cq) < M, then

lullemy < Cllullg)-

Here ¢ = C(M,,T1) > 0 is a constant which depends on M, v and Ty, and
a € (0,1) depends on I'; and 4.

In this unique continuation along the line, we do not require any non-tangential
derivatives for the harmonic function on the smaller part of the line.

The main purpose of this report is to extend Theorem 0 to an elliptic partial
differential operator with analytic coefficient of the form:

(A™u)(z)+ D> aa(z)D%u(z) =0

|a|<2m~1

in a simply connected domain @ C R™ where a,, |¢| < 2m — 1, satisfy conditions
on analyticity.

N T O

|
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2 J. CHENG AND M. YAMAMOTO
§2. Formulation and the main result.
Let £ = (z1,...,2,) € R™ and z = (23, ..., z,) € C*. We set
a=(o,....,an) € (NU{O}", Jo|=ac1+  + ap,
a n
— ; — n — 2
5j—aTj,1.<_J <n, D*=0p"---07m, A—;aj-
i=

We assume that Q C R™ is a simply connected domain. By I(z°) we denote the
isotropic cone with vertex at z% = (29, ...,2%) e C™:

(2.1) I(z%) = {zEC";Z(Z,—zgf:O}.
i=1

We define the kernel of harmononicity hull N(Q) of Q by

(2.2) N(Q)={zeC",CH(R"N I(z)) C N}.

Here CH (A) denotes the convex hull of a set A C R™.
We consider an elliptic partial differential operator:

(2.3) P(z,D)u(z) = A™u(z) + Z aq(z)D%u(z), z€Q.
|a]<2m -1

Throughout this paper, we assume
(2.4) a, Ja| £ 2m — 1, are extended as holomorphic function in N(§).
For sufficiently small § > 0, we set
Qs = {r € Q;dist (z,90Q) > §}.
Let L be a straight line such that
(2.5) I' =L N is a non-empty segment.
Moreover we assume that two segments v and I'; satisfy
(2.6) ycTy, T,cl, T, #I
Now we are ready to state our main result.

Theorem 1. Let u € C*™(Q) satisfy

(2.7) P(z,D)u(z) =0, zeq.
If

(28) lellgam sy < M,
then

(2.9) lullogryy < Cllullge-

Here C = C(M,~,Ty) > 0 is a constant which depends on M, v and Ty, and the
constant o € (0,1) depends on I'y and v.
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BUBIT, ER2KTER S E T30 MEBEIE DB & OBFO B R
IKOWTixE 9, 9\ V.IArnold I &5 Modality 7 5 FZE R DA & Modality
p=0,1,2 DREDIENHVET. p= 0 DBERIAE 2 EAOTHRHIG L T
T RIT. V.Kulikov IZ& % Modality=1,2 DR & & Kodaira I & 2 # A g0 8
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HYET, ZIT. Kodaira FRALZHBOBLEIIRLE VRS ESLET,
—7%« M.Reid i34 8. B/MEMBSESA LR TN L O TRMEOBE L2 L.
MR DBILEK & DBIFE A RE L T,

CDEIWBEERTZ. LO—BMOER2KRTERAEE T MBEhED
BILREDBEBRERL ZE2EZZ, UTOX S HHEREEBONT L-OTHEKL
F9.0

TEL (i) (X,0) FER2KTHRALET S, ZOEX, BY g DI L0 ME
BHADBILEp: S > A T SH(X,0) DHHBKRAMEEMEESLLIN LD
ERTEZZTOHEY g OR/IMEZE (X, 0) D pencil HEH & &4F1T. pe(X,0) £E£T,

(i) 5. fem BKAFTTI) % Ox , D non-multiple 7T (DFEH, m D
fOTD n (2 2 RTHEIL ) £95. ToEx, 3287 MBEIEOBLEK
P:S—AT.SOX Tlom=ply 2MITHDLTEEL, TOEY ¢ DR/
E% (X, 0) & f DXD pencil &L pe(X,0,f) EET.

INSRAROMEEIRSH, XS SITRO LD ITROERNEZ 5,

FBE.1 71 (X,E) = (X,0) % (for)z PEMERTIRTF LML LI, R
PEBETE, ZOLE RVEZXS,

(i) 37 MBEROBKp: S5 A T SOX T for=p|; £l
THDT. Supp(S,)\E DIEBDEREESI D E M SFd 5 Plostring EHLB LIS
DMFET 5,

(i) ZOBLEDIFRERT A /X—D numerical 7—5 (weited dual graph &&EF
¥R DFED 13, (f o)z 1EBHEFD numerical F—F D SWE 3,

(i)  ZOBILROEEIT p. (X, 0, f) E155,

A (X, 0) LAYTKAFHREAORESEEEIY DY, RABICZO LD
ERIBIEE I 0 OB GRILE BT 28 TH 505,



H1.(X,0) = (C?0) ELs f=2a2+1® £ 5, Fill LICHEL4IC blowing-up L
T, TRED LS BHNREERORRABNERD. Jhil, Eoiét:ﬂw
BbEETO. ﬁm@%w:@ﬂ:&:ﬁ% JZo"C\ pe(C?,0,2% + y®)

* 1 zl
2 6 3
B2. Let (X,0) = {z2+¢®+ 25 =0} £F 5, »mi E8 ﬂ!oyﬁﬂ2§-ﬁo iR
Tpe(X,0,z) =1 and pe(X,0,y) =2 and p.(X,0,z) =4 THEIENT D5,
RDEHERBITIE S,
3

zZ:

C}OBO{}(}(}O ®1
2 1 8
B X: .
Y@ 5 101512 9 6 3
- 7108642

RDK D fo\ pe(X, o) DFERLHE SN 5,

EE 2. pr(X,0) £ pe(X,0) £ pa(Mx) + mult(X,0) — 1.
| AU pp(X, o) HEAY A 7 VOBHER. mult(X,0) HEHET, EB5Y
RESDEITALE,

EE 3. (X,0) = {2" = f(z,y)} LB ERBHMEFRSITONT,

pe(X,0,2) = pe(C?0, /) = 2T EL
722U p(f) Er i3 &% FEME C = {f = 0} DIRATOD Milnor & BB O
5

R4 (X,0)={2z°+°+ =0} BLHBMEARFESIZDONT,
pe(X,0,2) = (b—1)(c~1) —2g.c.d.(b,c) + 1,
EXDHAIZ, 2) 1B T c DEPTHRDOEEFIZROIEINZDTH 5,

| BEH
[1]. U. Karras, On pencils of curves and deformations of minimally elliptic
- singularities, Math. Ann., 247 (1980), 43-65.

[2]. T. Tomaru, On Gorenstein surface singularities with fundamental genus py
> 2 which satisfy some minimality conditions, Pacific J. Math., 170 (1995),
271-295.

[3]. T.Tomaru, On Kodaira singularities defined by 2" = f(z,y). Math.Z., 236
(2001),133-149.

[4]. T.Tomaru, Pencil genus of normal surface singularities.( Preprint ).



> B A B M4 E OXxX

LY 23 N '
F#2 AT RSOKEHME LTHBSN S Kodaira RSE

=Bl ) B | BAKE
&

B g DIy MBHIBROBEKp: S > A XEZD, O, TOKET
AN—DFFFR I (Z£D support DHFHGRETHEHM = 1 DS LDH) 2 AEHIE
U\ £115% blowing-up LTHL . ZDEE, DGR T 1 /35— stirict transform
ZDRLTHRONSMRAE Kodaira FRA LD, ZDEX, UTD LS InHH
ELA-E

(Y,0) C (C*0) ZER2RITERSE. f € my, EBHWLTET S, (X,0) %
" = f(z,---, 2) THZAH54% n-cyclic covering of (Y, 0) £ 5, ZDEX, (X, 0)
BESBRAETS (MEXE—HIHK—),

BR1 ¢ (V,E)— (Y,0) & (foply = 3 fii+ 3, C; DEMERZXA
i=1 j=1
FINBES U, HREAMHET B, 2L, 30 C; HBBEL OARMDEA £ 5 5

D9 ZITy N =maz{fi;|Ei;C; £0} & {/%\ n2N &9BHL RUWERXD,

(i) (X,0) (31 p. (Y, 0, f) D2 7%7 MUEHIAR DBILEIZA1EE U 72 Kodaira 4
RATHB, T, : BILIRESZ 2% EL 5,

(i) —=Z% = Y ajo 727U, Zx BB/IMVEREBMBLOREY 1 L,

C;NE#D .

Example 1. (Y,0) ={z* = (z+ y?)(z +3%)} C (C3,0) £FB&. T E; T
ODRE2ERTH S, 213 Oy, OBHNTLTH B, THERRAMIGEZEMIZF % 1
P BN BEMIERZITN L LI NDERDE L, RDLHIZH B,

3 *1
wg@
2 4 6 5 9 3

T\ sstrict transform ZEHKT B0 L 5T\ pe(Y,0,2) = 4o

() (X,0) ={*= (" +¥*)(c" +¢*)} C (C3,0) (n22) £TBEL (X,0) 13
n 2 9IC2W T, Kodaira BREL S, n =910 D& &, R/MERAREN LOR
F(z) BRD &L S 1215,




R2. (X,0) ={z" = f(zr,y)} *ERBMEREAETBE. +HITKEN 0 iC
DNTRAEL B0 (X, 0) IHHEH M_;ﬁ_l DALY MEBEROBIEIC
B L7z Kodaira 4 & 45T, Zi = —r W, 12U pu(f) & rid. B4 FEihi
C={f =0} DFRZTOD Milnor 3 & BEHIES DB,

B g D /%y MBMEBOBIEp: S o A $E2 3, 20D, TORR7
AN—DHFBRE (£D support IR S THEM =1 DRSS LD E) AR
U\ 5% blowing-up LTH . EDEX, TEOKE T A1 /N—O stirict transform
EOSXLTRONAMESY Kodaira RE LV, TOEE, UTDLS s
EL-R

(Y,0) C (C*,0) % Kodaira &4, f ¢ my,, ZHHILTET B, (X, 0) % " =
f(x1, -, 2) THZA SN B ncyclic covering of (Y,0) &9 3,

EE3. ¢ (V,E) — (Y,0) % (fop)y = 3 B+ 3 iC; HBSLERS X E
i=1 Jj=1

FREB LI, BRARKET 5. 12U, Y C; RPN RAOAMORA 5 5
DY, TDEE ik Zg B <07BH5 t]::’l)c\*c\ Coeffg,(f o) D¥IFET
BERDER B

() (X, o) VEHBRC1 4 L (2(g, ~ 1) + Zjl d;} DIy MR BALEI B
U7z Kodaira HESTH 5,

(i) 2% = 72 .

4. (X,0)={2" = f(z,y)) ZESBMERREETZE, n i ord(f) D%
&T&t\pn@mﬁﬁ““*”ﬁ“”")@:yw7rﬁﬁmﬁ@ﬂmﬁuﬁ%
U7z Kodaira R ST, 72 = —n 5877,

BE W

(1]. T.Tomaru, Pencil genus of normal surface singularities.( Preprint ). 15




8 A % ¥ & 3x

i 2 R E RS R SO Pinkham-Demazure ¥k,

~gf A E " BEIE
. 5 EFEP
C*AERA D 2 RITIEFRAER ST OV TIZ, Orlik-Wagreich 12 & 2 HIRERET,
H.Pinkham [3] A ZDRKREALDT 7 VB (REMER) %52 R%lR LD Q FH
EFEFBIC b 0 RIFED V—BETITHER Lice ZHU3. Demazure [2] IZ&
D —ORTCOE S D IE BRI X5 b REBRE LD Q HREEFEANTRED
BRI EA R I N, 0%, EOH—K[6] LD, ERREMEFRIIO
WTo PO Pinkham-Demazure B (£ 7213 Demazure B8 &M, Z
DEELX BT, FOEEMBERD S EEBIT, LD Gorenstein BIZIL 50D
HEEBERERNERET Uiz, EZAT. 2RTAERASD Pinkham-Demazure
B [¥] Tt 2 RITK ARG R AR & L TiEbN 5723 T 2 RTB EIRRFR A D
R HEITITER LTI, —F. 2 RIKEIRRER ST 2 KHPCRMGREER
C{z,y} KBWT B2,y ITELICES M5 2 LT, THEORHSM T ROH
EHADLZEMHMONTIN S, ZORETIR. JOL I BRAOREMAZRIZON
THTNT, P! LOENE Q RMAFEEZ S5 L THERIRS Z EEREL T
ExRET 5,

n, g FEVICRIERET < ¢ < n BT ET 5o G & [en, ] = <€n 0) €

0 e}
GL(2,C) THEESNBMERET B, 7272 Ls o = exp(*r). G OEHOIET C?

S 8> TS BRRS (C2/G, {0)) £ C, , EBL o T OHRAMBIIRD Y S 7 TE
Shde by by ~~$k::T\S:h————iq——w::wb~nmﬂ)
by —

1
-
% L—C b,‘ z 2. (l“i\ r,Ss %EL\(:ifiaﬁﬁtﬁ-%o deg(u)k: r~ dc_q(v) = s &'g‘
5 LT, deg(uivd) = ri+sj ELUT Clu, v} 120 I51T, GIZELBAERIR Clu, v]°
KRBT EROBEDNA S

EX1. NFABHLKETS, TCNxNE, T OLOKRE. EBE L LA %
RDOEHITEHT 5o
I'={(;,j) ENxN|i+¢j=0 (n)},
(i,7) € LIZDWT, deg(i,j) =ri+sj
p=gcd.(n,gr—s) A= :—1 ZDEE, pldmazr{ce N| deg(i,j)

is divisible by ¢ for any (i,j) € T}. &~ T 5%, £>T\ R = aé Ri «~ R, =
k=0

&) Culvd EBLECR =0 (kZ£0 () ) ETEB, 2T RDE
ri+sj=k,i+qj=0(n)

2EZ 5o



Ry s = @ Rk, where Ry = (45} Culed.

k=0 ri+sj=pk,i+qi=0(n) ?/7‘ = j.(/"\)

WEL o, 00 ZROBFRNORE 2BHET S,

al("’";s) =1 (Ar) and 0 < a; < Ar,
/ p—
a(FE2) =1 (As) and 0 < s < As.
éBK\b:ﬁ%+§i+Q2&?5&\:hmﬁﬁu@%:tﬁ%ﬁéo

E% 2. P LOQRF D,, & ZHTF DY) %&'@iﬁ'f%
Dy, =bP) — ;Pl - EP2 and D) = kbPy — { }P1 - {@}P2
727ZUs k€N, Ty Py, P, P € IP’ 7T, mwmﬁﬁ%ﬁé%‘x%’)o

R(D,,) = @HOPIOR"( ) -tk

SE® 3. R,, & R(D,,) BREMEEELTABTH S,
K DD EEFIERETRT,
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EFE.
JE Stein ZH LDIERI7 T 1« VR

BTER 3 CK B M &S H A ER)

ERTHEREMINICENOF2HELKET S, HREMM Lo C %
T AR ESRFEBAEM 7 7 AN~ E->M%2E25L %, M OBR#
B {Vi}ier LRFTEBLDR (n,4): 07 Y (V) SVix Criel, BEET 5. ~27 k
MERSK 1; % E O V; L TO 74 1\—EE#K (fiber coordinate) & FES. m:E— M
HHVIBIZENM EOIERBI7 7 4 2 C'-3R (holomorphic affine C’-bundle)
THd LI, EBEORXTLjel iz, EAIB®K a;:V,NV; - GL(r,C) &
bij: Vinv; — Cr BWEELT, 7I~1(ViﬂVj) ETy= (aijon') ‘tj+bjjom N5 AJBVA
DZETHD(f[1,2,3,5). Zo&&, aF A {aj} € Z ({Vitiet, Do)
XS TERIND M LOREM r DERIRS MR L % E OBEES (linear
part) LFES. Z I T, @) I—RBIEEE GL(RC) I HSERERKOD
HORTM EORBTHD. aFxfy {("g ”;f)} € 2" ({Vitiets Yorri1.0)) 1
LoTEHSND M LW r+1 OERNY MK E % E (BT 5ER
N7 MVRERES, ERIT 7 4 v C-K E B#¥EHEB (quasi-trivial) & 1%, E A
HARZ L THSD.

M Ey—oMk=1,2 %M EOFERIT 74 C-ReETH. mp=moA ik
IMERB A E > E PHEELT, FEO peMiZxtL, FEIIEE
B (p) o (p) N DT T4 L AREEXBL X, B b E, 3R
(isomorphic) THB LS.

#H1 E*8EBTMM LOFAT7T 74 C-¥E, LZEOBERSLTHL
E, ROIEGEIRETHS.

(1) E i RIRAE RGN 2 4% o,
Q)EIRLE:ARTHS.
Q)ERM EOEE r OERIXY MEELERETHS.
B 2 (Lemma 1of [3]). BREMM 2>\ T, &M H (M, 0)=0 & H'(M,

Horre) =0 B ENDLTD. Z0LE, M LOEBOERT 7 42 C'-
WE ITABARES r OFRINY hMAEMxC LREETHS.



BWREMM LOERIT7T 74 C-En:E—>MOLZEME X, Wik b5
DFTStein I EWVWSEBELE 2 -V,

%9, JKEZEM M A Stein 72 51X, E 1X Stein TH 2D (Lemma 2 of [2]). ERIT
7.4 C-ROMEREE GL(1,C) x T = { (% 47) | g1 € GL(,C), g €C" }
ROT, MBEREZELLRVEE, 202 Lid Serre [16, p. 68] D RREIZEE4
% Matsushima-Morimoto [12] DER, T7kbb, KZEME 7 7 A /3—H Stein
ZARE, BERSEEER Le#Thr L o REEORBAERN Y 7 4 N—K
DEZEMEIL Stein TH D LWV IEEDEHEOHERTHD. £, r=1DHEIE,
Mok [13, 14]) DER, T7ob b, KEZEMAH Stein 2], 7 7 A 73—23B Riemann
HTHHLIREBORMBBPERM 7 7 A X—HKOLZRHIL Stein THH &V
IEEORKABRBETLHS.

Wiz, EZH M 2 Stein TRWHEE4E2E25. RIZ, EHX M EOPESE r o~
7 PAKRICEE CHIE, KIKMEIKis . M - E BFEETS. L L E A Stein
72 61E, Yl s(M) b Stein TH DA, s IZL>T M it s(M) L ERIRERD
T, TNIIFETHS. LEMN-T, Stein TRWERZMM LOERIT 7 4
v C™-WE 28 Stein TH 5 & THiE, e LbEE~7 M EIZRB TR
2N,

ERIC, KEZZM M A Stein TR ThH, 2ZM E 23 Stein iC725 2 &0 5
(cf. [1,8,9]). HlziT, %M SL(2,C) i3 Stein ZRETH D53, CZ RO
Stein CRVWER X =C2—0 LOFRIT7T 74> C-RELTEBREIIS. F

L, 0:=(0,0) Th3. HEEDz= (21 gg) € SL(2,C) it L, 7(z) == (z11,221)
ERLZEICEY, HET:SLQR,C) 5> X BPERINSD.
Fornzss-Narasimhan [7] D FEEIZESWT, ROEBIPIERIND. T, E

H3IZANWT, HEABEOLT LY Stein TRWERZH LOERT 7 4 C-E
DEZEMHE N Stein THHEDOEM%25 2 5EE4, SNEIND.

EE 3 (Theorem 3 of [2]). FRKTHERZEM E (221 T, KD 2EHNFHE
Y (- W

(i) dim HY(E,6) < 4oo.
(i) ERIBEYK f € OE) BHEELT, EBD 1€ CiTxtL, E OMITHES
f~Y¢) 23 Stein TH 5.

TDEE, EiLStein THD.



SEFE 4 (Theorem4of [2]). M ¥ HRKTHEEZER L L, ERIEEK fc oM)
MEELT, £EBDeCizxL, M ORITRIES f1(r) 23 Stein TH 2 LT
5 BIziE, MA2KRTK-EHMERLEMAL O, ZOoFRERELZEND). =
DEx, M LOERIT 7 4> C'-K E %, & dimHY(E,0) < 4o &WTHE
X, Stein TH 3.

EH S5 (Theorem 5of[2]). M # K- HEREME L, i <2 DM O Stein
BASEAE {Do}oca DEETH LD LETE BT, S ZIEH Stein 2/, fi &
&S LOEKTROVERBRL LT, M:=S5S—{fi=f =0} LB,
TOEENREFIND). TorEx, M LOERIT 7 4 C-K E X, &
dim H(E,0) < +oo Z 72 tiE, Stein TH5.

AR OF w: SL(2,C) — X ITEH4, 5 THRASNDHLRIICE Fhbd. LarL,
—fTiY, BREMM LOFERIT 74 C-REBEx DL E, akER
C—BHCBIT B &M dim HU(E,0) < 40 WM E I DER/DZ LIIES
Tt RBbins.

UTFTIE, r=10R&8%%% 5. —#%IZ, Stein ZfH S 1O RKTH 2L ED
BESDRITHES A ZRVTEDNHERZEM M :=5 - A i3 Stein TiE7Z
V. BROF 1 SL(2,C) » X IXKROER 6 THRHAINIRRICLEEND.

T 6 (Theorem of [1]). S #IE# Stein Z2f, A %2 S D 2 KK TEAMHTHIE
BLL, Mi=S—-A¢tB. MLEOERIT 74 CER:ES>MIZHONWT,
ROLEHENE-ENDETD.

G EWMEDOERERE L RE TR

(i) FEED peAITxtL, p DEFEV, PHEELT, HHIIhDHV,—A LOE
Q774 CRa:a Y (V,—A) o>V, —ADBEERATH .

DL X, EiXStein THD.

WEBAMEICBE 5 ER 6 D&M (1) 13, EBD pe AL, p DEEV, B’ F
LT, ED#ERV,—A ET2RAWMY 2 LM S5 (Bando [6]). &
7, EBNM ETEERLITHIZENS Siu[18]). =7 L, EXEICMRETS
M LOPER 2 DERIRZ MVETHD. o, BREBRENOLRRTHIUE
DRFTHES Z RV TELNIEREHRELOERT 7 4 C-HITONT, K
DFREET ALY 3L,



#fE 7 (Proposition 5 of [1]). S #BRERE, A % codimpA 23 TR
PEABTFHETHLIRSOMITERLL, M:=S-ALB. ZOLE, M
LOEBOERIT 7 v C-E E IZ2WT, E X Stein T2V,

UTTH, CZhAoEA 0 2BRVTALLSEK X :=C2-0 LOERT 7
4V C-RIBELTEETS. C 0BEY (x,y) LEL. U :=C*xC=
{x#0},Up:=CxC*={y#0} LB &, {U,Ur} X X ® Stein BA#H® T
by, UNU=(C*)2. m:E->X %X LOEMT 74 CRETS. &
i=1,2i1>nC, H\(U;,06) =0 & H\(U;,0*) =0 B3RV LHODT, FHE2
Lo, BIEBL (n,6) : a7 Y (U) S Ui xC,i=1,2, BHFEETD. ZDLE,
ERIBEOR (a,b) € 0*(C*)?) x 6((C*)?) REELT, n71((C*)?) LT,
1 =(aom)-ta+bom BEY Lo, ERIT 7 4 C-RE X, KOMES DRYE
REMHO—F T E X, ¥ (algebraic) RIS (cf. [3,4]).

#8 8 (Proposition2of [3]). n:E X # X =C?-0 LOERT 7 1 C-
KEThH ZOLE, KO2EFREIRMETHD.

WDEDU; LTOT7 7 A"~ ,i=1,2, #BAT, KOXIZESZEMN
Tx 5. w7 l((C)) £Thy=(aon)-nr+bomac 6*((C*)?2)N.#(C?),
be 6((C*)?)N.#(C?).

QE®DU LTCoO77AR—FEE, i=1,2 ZFAT, KO X HIZEL
ZenTxS. I ((CH?) LT H =n+gom, g(xy) =R(xy)/ x™"),
ReClx,y],mn €N, deg,R <m,deg,R<n, R=0F7ITRIXClx,y] i
BWTx,y 2E%KE LTRRERY.

BHEIZED, X=C?-0 LoEBEORKNT 7 4 v C-ROBERZIIBATS
5. LHL, X LOEBOERT 74 v C-EOBERSHBEB L VS DITTIX
fev. FixiE, e/ ™) e *((C*)?) #EHBE%E 45 X LOERIERKIIBHAT
i172v" (Lemma 1 of Kajiwara [11], Serre [17, p. 372], Hartshorne [10, p. 230]).

¥BARTRE SL(2,C) XX =C2 -0 LOBATRWRENT 7 4 C-RE LTE
RN DR OIETHRSRETHD. HIIE 1:SL2,0) X, 2= (H8)~

(z11,221). & i=1,21220T, 4(2) :=—zn/z1,z€ 7 (Ui), R U; LO7 7 A
N—EETHY, nm(UiNU,) L TOEEEROKITH =n+1/(xy).

AEO9 (Lemmadof[3]). T:E->X % X=C?2-0 LOERT7 4> C-KL&
T3 EOU LTO7 74 —FEB, i=1,2, #BAT, n71((C*)?) kT
ti =t +gom, g(x,y) =R(x,y)/ (x™"),R€ O(C?),R£0,mn20L&EF DL



&, KO2EMHRIRETSHS.

() C2lzB 3D 0DEEW BEELT, BHIh2IZW-0LOERT 7 1
YO (W-0) W03 EHEHATHS.

(2) C2iz811 % 0 OitE W & ERIEK a,B,7,6,u,ve O(W) BEELT,
W iz T (;g)(;;.") =R(‘;) e ]3‘;‘ =R.

W 10 (Lemma6of [3]). EEOTEM P, 0, Re C{x,y} ixxfL, geN &

N B P(s1y)\ _ u N
B a, B, 7, 8,uve Clsy) LT, (20)(092)) =Rty (4) 2
o) l‘;gl = R(s9,y).

EF6, #EE9, 103 X% Narasimhan [15] DEREZHWT, KOEHE 11 3%
nihd.

SE® 11 (Theorem 7 of [3]). @:E X # X =C2—0 LOREMT 7 1 C-
WrL, REMESOENE Q) 2E-+2ERLETH. Z0&E, RO3IFMHT
FUETH B.

(1) E iZ Stein TH 5.
Q) EZBHALERERE X xC LR TRV
(3) R#£0.

t £ pd
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