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N-fractional calculus of £(z) and §(-z)

Katsuyuki Nishimoto Descartes Press Co.

Abstract

In this paper, ordinary and partial N- fractional calculus of Riemann's zeta function £(z) and
§(-2) areiscussed.

§ 2. N - Partial and fractional derivatives of (2)

Theorem 1. We have

(i) a(,)(z) Cary(X +iy) = z(logm’l) — (1)

m=]1

and

(1) £p0)(2) = Lppy(x +iy) = 2(: 1ogm")" (2)

mel

for a,BER', and Rez=x>1.
Note 1. Wehave

Eoy@ = 2EED) g gepe (9)
ox
and
B
Epo)(@) = a—c(i‘i-’-"—) for BER’ . (10)
Theorem 2. Let
Ref(z) =u(x,y)=u (11)
and
Im &(z) = v(x,y) = v (12)

we have then

Uy = ““'E(logm) (13)
m-l
Mgy = E(mgm)’——-oos(y logm™ += ﬂ) (14)
m-l
Vo) = 2(logm) —sm(y logm™) (15)
m-l
and Vay) ™ L""E(IOgm)"-—-sm(y logm™ + = ,8) (16)

m=1
for a,BER', and Rez=x>1.

Theorem 3. We have ( Nishimoto's partial and fractional differential equation
for £(z) )

Camy@ - (i)' 6, ,(2) =0  (Rez=x>1) (24)
where a ER*.



Note 2. Familier form of ( 24) is

9°8(z)  iaxi2 9°6(2) .
—-e —=0 a€R). 2
ax® ay® ( ) (28)
Theorem 4. We have ( Nishimoto's partial differential equation for {(z) )
a" " .
A?—(—i)"ﬁ:ﬂ-O (Rez =x >1), (29)
dx dy
where n €Z".
Theorem 5. We have ( Nishimoto's partial and fractional differential equations )
a a aa
(i) f—%—i-g-oosﬂa— :sinﬁa-o (36)
ox dy 2 dy 2
[+ a aﬂ
(i1) IV O nEa - L osZa -0 (37)

ax®  ay* 2 dy 2
for x>1and a ER" , where
u=Rel(z) (20) and v=Imf@E) (21).
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2 N- method to nearly simple harmonic

vibration equations

Katsuyuki Nishimoto Descartes Press Co.

Abstract

In this paper, some nearly simple harmonic vibration equations are discussed by means of N-
fractional calculus.

§ 1. N - method to nearly simple harmonic vibration equation (1)

Theorem 1. Let pEP° ={p:0= |¢V| <o, vER} , then a homogeneous
fractional order differential equation ( nearly simple harmonic vibration equation for
lel<<1)

2 w=0, ¢g= ¢(‘))
= 0
Pt 0" =0 (|£|<1. t,tER (©)
has particular solutions
(i) @=c'" =@l (denote) (1)
(ii) @ = -cp(‘;,’ (2)
LIS © /2 k
where A -(iw)z""’( ‘D and B-(-ia))z"“( “2) ) (3)

and hence, for |€|<<1,
(ii1) @ me'@ ™™ [ (X(e) @' "2 ) +isin (X(e) ™ )] =g, . (4)
(V) @ mel®e ™ [ (X(e)@*'?1) - isin (X(e)w /¥ )]-qJ N . (5)
where Y(€) = cos %(1— 5—) and X(¢&)= sins"z(l —%) ' (6)
and w is a given constant.

Note. Wehave g, , =d***@/dt*** when (2+¢)>0, for example.
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Univalency of Certain Integral Operators

Shigeyoshi Owa (Kinki University)
V.Pescar (Transilvania University of Brasov)

Let ,A be the class of functions of the form

f(z) =2+ Z anz"
n=2

which are analytic in the open unit disk U = {z : |2] < 1}. Let &
denote the subclass of A consisting of all univalent functions in U. In
the present talk, we consider univalency of certain integral operators of

f(z)€S.

Theorem 1. Let a,y be compler numbers with Rea =a > 0. If g(z)
€ A satisfies  |g"(2)/9'(2)] <1/n forallz €U and

lvls”‘;?a(n:za)i’

then , for any compler number 3 with Re > a, the function

0

i5 in the class S for alln € N\ 1.

Theorem 2. Let a,3 be complex numbers with Rea = b > 0. If
g(z) € A satisfies  |g"(2)/g'(2)] <1  forallz€ U and

1

1—{2]2b z|+2}as| ’
151 izigmlzuzﬁ)

hl<

m-axlz]Sl (



then , for any complex number 3 with Re > b, the function
: p—1y 1 Y %
Gaote) = { [ w0 gy}
0

15 in the class S .

Let B denote the subclass of A consisting of functions f(z) which satisfy
2f'(z)

—_— ]

f(z)?

<1

for z € U.

Theorem 3. Let abe a compler number with |a| < 1/3. If g(z) € B
satisfies |g(z)] < 1 for z € U, then the function

Fu(z) = fo ’ (-%‘—))“du

in the class S.

Theorem 4. Let o be a compler number with Rec > 3.If g(2) € B
satisfies {g(z)] < 1 for z € U, then the function

= [l (E)acf

in the class S.
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* &Y Value distribution of algebroid functions
a5 with two branches
K e Foth i ERK-T
% V9

Let Ao, A1 and A2(# 0) be entire functions having no common zeros. Suppose
that at least one of the ratios A;/Az (i = 0, 1) is transcendental. Let us consider
an equation
(1) F(z,w) = Az2(2)w® + Ai(2)w + Ao(2) = 0,
which is irreducible in the ring M[w] of polynomials over the field M of functions
meromorphic on the plane. Then f(z) defined by equation (1) is a transcendental
algebroid function and has two branches.

For convenience’ sake, we put F(z,00) = A2(z) and 1/(f — o0) = f. There-
fore we may introduce the notion of counting functions, each multiplicity being

truncated by 2,
1 1 1
Ny (7‘, m) 2 ilel (ﬁm) ;

whenever a is an extended complex number. By Valiron’s estimation, a deficiency
of f over a
: Ny (r,1/F(z, a))
7] : =1-1 )
21(a, f) 1£TLS;1:P T(r, A)
satisfies 1> 0j9)(a, f) > 6(a, f) > 0 for any a € C U {oo}.
When an identity

(2) F(z,a) = aF(z,4d'), aeC\ {0}

holds, we can say that distributions of two values a and o’ are equivalent for the
algebroid function f. Now we call these values are twins under f.

Then we can prove the following theorem as an extension of results given by
Niino and Ozawa [NOJ and Toda [T].

Theorem Let f(z) be an algebroid function defined by F(z, f) = 0 as in (1).
According to the coefficients A;, we distinguish two cases:

(1) If {Ao, A1, A2} is linearly independent, then for any q(> 4) different val-
ues a; € CU {00},

! 1
(g—-3)T(r, f) < Zlel (7', f——a,) +5(r, f)
Jj=1

holds. Especially we have

Y. e f)<3.
aECU{oo}
H * ¥ % 2 25X 16=400




(1) Suppose that {Ao, A1, Az} is linearly dependent, that is, there ezist three
complez constant a, §, v with (a,f,7) # (0,0,0) and B%? — oy # 0 such
that

aAz(z) + BA1(2) + vAo(2) = 0.

Take o Mébius transformation M,(w) by

Pw —a

My(w) := po—"

which is, of course, an automorphism of the Riemann sphere and has ezactly
two fized points, say w; (j = 1,2). Choose any subset S of

C? = (CU{oo}) \ {wy, wz}
satisfying the condition
My(S)NS=0 and My(S)uS=C°.
Then we have the followings:
a) for evey c € S, two values ¢ and M,(c) are twins under f, that is,
F(z,c) = a(c)F (2, Mo(c)) ,
with the constant a(c) given by

a(c) := (ve — B)* /(B - ov);

b) the fir points of Mo(w), wy and wy are the only images of all the
branch points of f by itself ; ie.,

¢c) the mapping M,(w) keeps the image Riemann surface of f invariant
;and

d) for any q(> 1) values a; € S (1< <q),

qT(r,f)ng;N (T’fjai)+ Z ﬁ(r,f_le> +S(r, f).

ji=1,2

Statement (I) is verified by applying Cartan’s theory on holomorphic curves,
while the proof of (II) goes along the way of discussion due to Toda (T}
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© Transcendental meromorphic solutions of some algebraic dif-
ferential equations

FHEBE GEHTBRIX)
AilgTEH (HATR)

TORETRSTIEEIERPELABAELLOL L, RENZE
WoFRXEEZD. Ab

(1) Q(Z,’w,’wl, s ,w(n)) = Zal(z)wio (w/)il T (,w('n))in = 07

€1
22T, I = (ig,11,-- - ,tn) V& multindex T #7Z < oo, a; € C(z) TH
3. FER (1) ARBNEEBEEMEROL XL (1) ORERET 2HR
(Malmquist-Yosida O EBRE D DOHF, Laine 4] FITFE L1Y) OHF T
Steinmetz [5], Bank and Kaufman [1] ¢ binomial 72U E T 5 # R
H4Th5H. AL, HEKX

(2) (¥)" = R(z,9),

TIT, niXIEDER T R(z,y) Xz, ¥ ICOWTOREEE, B
EEARMEy 2O L TUE, BER—RERY = (ay + B)/(vy + 9),
ab — fy £ 0L 2> TUTD 6 2DOFBADNTIITIRE SN D:

(D (V)2 = ap(2)v? + al(z)’u+ ag(2)

I @) =a(z)(v—>5(2)*v—")v—"1)

(I (V)2 =a(2)(v - m)(v - m2)(v = 7s)(v = 7a)
Iv) ()2 =a(z)(v—n)(v-m)(v-m)

V) )¢ Za(z)(v—ﬁ) (v =7)%(v —7)°

VD) (v)° =a(2)(v—7)*(v = m)*(v = 7)°

I, T, T R BERT, a;(2), =0, 1, 2, a(2), b(2) ISEEE
¥ThB. £17, LD 6 S>OFBRIT OV TR a(2) I22W TiLE
HHOEERMEAEET A2 ERMbN TS, SHOFELLT, (1) &
B BEREN P L HWEET 00, (i) BEEFET S L EIZEN
5 REEIRRIEH B DD, (i) FN S DOHARDOBEERILE > 200, 2 E
REZ NS, ZOHBETIR, FER ) K2V TIh b OB (1), (i),
(iil) PV TOFFRERERITTD [2 3. MEO® (1) ZEY2—K



2
TR TROBIZER L TERL:
(3) (f)? = A(2)(4f° = 9. f — g3) = A(2)G(f),
ZIT, Alz) Z0IXFEEEK.
BB FEXQ) N (D72 b)) 2200 FAR—KRERTHLIDVED
ROVCBEBHABREBERGOLT D, ZDLEXRIPKLY L
[*i] HBBER a(z) VD> Td(2)? = Az) 7=
[¥ii] &2 T (3) DEBF B f(2) 1L
(4) f(2) = pla(z) +¢), ceC,
EET B, T Z T p ik Weierstrass D p BE T (3) T(f)? = G(f) W=
THOTHAD.
[¥iil] u(z), v(z) ZEBORZL D 3) DBBHRFEMMBELTH. ZD&
X HEIEEDGeCrDoT,ug=u—dy,vo=v—dpiZ
(5) ugvg — G2U0U0 - Gl(UQ + ’Uo) - Gg = O,
%?ﬁf:’?‘, ZZT G(), Gl, Gg Viﬁﬁf&)é
Wz, BEAEEAEE uy, vo 2 (5) 2T ETH. ZDEE

(u)®  (vp)?
6 = ;
©) Kluo) ~ K(uo)
BV, ZZTKIFUTIZHZZA6NHBEATHS
(7) K(z) = 423 + 4€9+~G3 12 + 2Goz + G1.
G, Gy
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7 On the Deficiency of Holomorphic Curves with Maximal
Deficiency Sum

TODA Nobushige Nagoya Institute of Technology

1. Introduction. (a) Let f = [fi,--, fat1] be a nondegenerate, tran-
scendental holomorphic curve from C into P*(C) with a reduced represen-
tation

(fioey fap1) : C = cr*! —{o}.

Let X be a subset of C™*! — {0} in N-subgeneral position such that
#X >2N —n+2, where N >n > 1.

We denote by T(r, f) the characteristic function of f and by é(a, f) the
deficiency of a with respect to f. The following Nochka’s result is well-
known( see [1]):

> a,f) <2N-n+1. (1)
aex

(b) Let g be an integer satisfying 2N —n +1 < ¢ < oo and put @ =
{1,2,---,q}. Let {a; : € @} be a family of vectors in X. For a non-empty
subset P of (), we denote

V(P) = the vector space spanned by {a; : j € P}, d(P)=dimV(P).

and weput O={PCQ:0<#P < N+1}.
Definition. We put .

Note that 1/(N—n+1) <A< (n+1)/(N +1).

Lemma([2]). Y é(aj, f) < min{2N —n +1, z —: 1}.‘

i=1

The purpose of this talk is to give some results on é(a, f) when the
equality holds in (1) and N > n.

2. Result. We suppose that

Y b(a,f)=2N—n+1.
aeXx



Theorem 1([2]). If (n + 1,2N —n + 1) = 1, there are at least
(2N =n+1)/(n+1)] +1

vectors @ in X such that §(a, f) = 1.
Vo /‘/> 2122
Theorem 2([2])./If there are N — n + 1 vectors {by,--,by_ns1} in X
such that the dimension of the vector space spanned by them is equal to 1,
then
é(b;,f)=1 (j=1,---,N—-n+1).
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Zalcman 88 IZH 1T H5—BOEE
IR PR bk - #(D3)

BFEEEICE T 5 BAL IR S ELAE BV IR E A EET, Ao
MOBEWIAZDL S22V Alcn, ) ZFRWIZSEK R(c,, ) =
AN Alcn, ) BEZ D, BL, Tl ¢, IZEMOEDEHITH Y
FAICIGELTWA LD ET5, 20X 5 7285 R(c,, ) % Zaleman
SR & RS LT B,

R = R(cp,r,) EOBERERIFEELRE HO(R) IZDWT, z2=0T
—HOTERRE Y S0 LITROWER Y SIoZ L ThD (1)) :

fe H°°(R),z<lérzn_’0f(")(z) =0 (n=012,--)=f=0 (1)

721 TR, Bl e, =270 FRIZOWTIRESSN {N(n)}2, &8
Alr, =20 L UESEICROERA, BERLTWS,
EFE A R=R2m"2™Wr)pLx

p(z) =[] ;—%n € H*(R) < supn (N(n) - n; 1) < 00
n=1 - n
FEB R=R2™m2 ™M) D& HO(R) IZOWT

z2=0 T—HROEHENEY LD = lim N(n) = co.

ABEHETIL, ZhOoDRRE

Cn41

lim sup <1 (2)

n—00 Cp,
BB o WAL LT B A HEET B, ¢, = 27V 1, = 27V N®)
LD (v} {N(n)} BED, vt =n— LTI b

Un



EE1 R=R2"™2mNM) DL X

p(z) = ]] z_:zr € H®(R) <= supvy(N(n) — ;) < o0
n=1 n n

BE 2 R=R2 " 2N Or & [[®(R) 122N T

z=0 T—ROEHENKY > = lim N(n) = oco.

n—o0

EH 2 OFERIIX, IROFREZED,

BB {c.} BERH Q) EHTET D, 20L&, lim (v, — N(n)) =
oo 72X, B¥p(z) € HX(R) IZHOWT—EOEHEDOHE (1) ALY
SLTZ72N,

EF 11X 0R LT |p(2)| OiMli &5 T 52 & Trd, EHE 21
SHBE T, DFED N(ng) < p (BE) & R258HnHndHo7L LT,
v = v, N'(k) = max(p, v}, /2) EBWT, % R(27k, 2% N'(R))
WXL TEE D,

References

(1] M. Hayashi and M. Nakai, A uniqueness theorem and the Myrberg
phenomenon, J. d’Analyse Math. 76 (1998), 109-136.



—HMOEE L MyrbergiRE

W R bk - #
R

WX BB Ao 0 < |z| < 1 Lk unlimited 22 2 BED /3 Ik 4K
BEA, T, {2772, WHKEEESLOEEX, g2 HBTHRET
5. Myrberg DHAHIE LT, Ao LOARERBEELAE He(A0o)
Fri(z) = {2527} (2 € Do\ {an)}) D2 HESBELRV(f(2T) =
F(27), Vf € H®(Ap)). BB, H®(Ag) = H®(Ag) o L7222
HHATWD..

UL, Hlsz il s 3248 r, OB/MERA, = A@2™ ) &
HWMCZbORNEIICEY, D= Ad\U2, A, £BE, D=r"Y(D)
REZBL, 1, DREXZEY, HO(D) ZDDRRD 2 8% 0HEL
0, LRdolm 0T 5D I3 Eon0EA T W TR
HEXETHEWE.

TIT, SNBELRWEGES, Blb,

H®(D) = H®(D) o ¢

BV SIo L X, #BHE D IZHOWT Myrberg RZMBE Y L2V H
ZERTE. JEBWOURLIZESIZ, Z0dD+o4FLE LT,
—HOBBLHT DL OTOMELSH D ¢

feHWDLJ&wa@kJMn:QLZ”)EBﬁfEO

W T AUIBBERIFICL R 50 TR E MR LIS, ZOKEIVHD
IEBRPoTOTHETD. T2bb,

[EEE 1] Myrberg BN Z 5 X 5 72 L5 2 48 D TH-o T,
H®(D) &2\ TR O EEMRL Y L2V DOBFET .



rp = 27N 2 XD ES N(n) 2EDE, —BOEENKY LT
iX. N(n) — oo (n = 00) BV LHDT EBFhoTHD. #- T,
1 2RI, DD L EFREE IV D 90T Myrberg B
BB SO, N(n) A oo (n— o0) ERDLDOREFEETS.

T OREII EREOmIEZME 5, £ OmiEx —{b+5Z L To
TEHLTRES.
[RE2] D % H®(D) # {constants} 2 AEEDFEEMHEL LT, D
Lo unlimited 72 2 50 (5yik) WBED 252 5. DICHERALHE
IR D SN ar Ry MEGDFI{K, R, T, D\U, K, 285, K,
BT OIBA THEDBINED WICERSEBERVWETS. =
DEE, DIZHOWT Myrber BRI » TORIE, 355 {K,, )2,
I o>T, D\ UK, IZ2WTH Myrber BB 5.

AU, Myrberg RBIIERM D DKE S XY bRODERG 544
THZEIZEWEISZZEE/RLTWVS.

EHE 2 OFFRICIZ S E 0L T L.
(%) D, D REE2 LRALETD. DICEERBEBEDa LY L
A KITHLT, HO(D\ K) A58 51E, He(D) basykt
Thsb.
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BERT vy VO—HE
P tEs (BB KFEBEFH)

o(t,z) & 4 KTZEM R* =R, x R® TO C° REMEK L T2, By

1 ot —lly — =], y) 4
t = — dv,, , t, R
RSO( ,Z) 47f /};3 Hy _ Il!” vy ( (C) E

% W ¢ O Retarted Potential ((BiBRT LI ¥) LFD, ZHIIKEIFARE
X ORp = —p BT L, SEARKHEER L BEICHKLTVS 2 EAALNT
WANR ZZTREFNCLEBVHRTHDZ L ETT,
ZEM R TO C° B2 MV T = (p,J) (= (p, 1, fo, f3)) BETREM:
7 op O0fi  Ofr  O0Ofs

leJ(t,Z):E-f--a—x-F%-FE:O
BT LR, T R ATEBREE ), 7 VRS
-;((tyz) = Rj(tvw) :(Rp)RflaRanRf(i)

EEBRERT X NVEE D, BT,

p = =Rpdt+ Rfidz + Rfody+ R fsdz
@w = dp=adt Adz + asdt Ady + asdt Adz + bidy Adz + badz A dx + bzdz A dy
B := (E,B)=(a1,az,a3,—bi, —bs, —bs)

LEL L p,J E,B X Maxwell R %77, E % Bf p LV AEULDHES,
B%*BRJ LIVAELHIKELE D,

ET ETCHEST-BRET Vv AIX R TC® THH-T, FOARIT (R
TOaLY MEETIZRWA) H2 REMBER D), = {(t,z) e R* [t—1o >
|z — xol|} WCEER, BREEEET. LoTJ = A 24 TBRLZRT
T, J, RAREERRT vl 4, = RJ, BL® EREE B, 4L 5,



RBIZ A, 1Z R* T C® & Th-T, Livd £0OEIXAUHERER D}, 28
Eh, BR&EGEHT, #-oT, =4, LEHE LI R COAREBRLR
ENRD, LoT Zhi v RUICEREET Vv %L A, BLUOERS B, BR4EL
%, BT F#OBEZIEK 175 Z LIk >T R AT

4 TEFHOF {Jn}n L
BRUET L2 ADF] {A,). BL Jop1=4. (n=1,2,..))
BRI DF {Bn}n

%?%60

B, 1004 TEK J % R NICER DL EBRO4TER J, 8L ER
DEREE B, MNZEH R IZRNLD, #oT ROFHENIS (L £5THITH
IO ERIZAX VRIS TSN D T LIz d)
it ]

1. 28K T =J+Y2,J, 3ZHM R* THRELEE—HIHRT 5,

2. 28RS B=B+3 > B, bZEM R THBELERICKT 5,
ZDFERADO DI ROBERERTH 3,

Ml {EBO feC®(RY) st Supp f C Df , ICOWT, WAL T D :
1. R"f e C®(R*) s.t. Supp R*"fC D}, (n=1,2,--")

2. VK CCRY O0<Vr<liTRLT,

N st. |R™f(t,z)| <" for Vn> N, Y(t,z) € K.

FEOMBITHO>VWTHE#I L 5,



1T ¥z oMAMRORA CADEROAR

HEAT 9%
HEAXT HIFE =B
HEAL 7F3 JelU?D

Let R';“ = {(y,z);y > 0,z € R"} be the half space, where z =
(z1,7'), ¥ = (z2,--,Za). We consider the Poisson integral

U.2) = [ FOPE -~ &) )
for
P(z,y) = (2:,),./_8—"Itlc“"‘dt
Y
BRI
where
C. = F(:;_:)

and for functions F € L¥R",df). Then, U(y,z) arc harmonic functions on
R:*! and U(y, z) have nontangential boundary values a.c. on R" and

},i_I’I(I)U(y,I) = F(z) on R".
For the propertics of the Poisson integral (1), sec, for cxample, [4] and ().

For these harmonic functions U(y, z), we shall show that :

(A) F and so, U(y,z) arc determined and reasonably represented by the func-

tions



and

aU(.’/oII.I') azu(y.zlal")
arl Ir|=0 and aJﬁ |r|=0 (2)

fory > 0 and for ' € R"~!, by using Fouricr's integral and real inversion
formnulas for the Laplace transforin,

(B) characterization of the two functions in (2) on the hyperplane z, = 0

which arc obtained from U(y,z) in (1), by means of Fourier's transform
and Laplace’s transform; this will give a harmonic eztension formula to
U(y,z) in (1) from the hyperplane x; = 0.
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THE GLOBAL UNIQUENESS FOR THE INVERSE
CONDUCTIVITY PROBLEMS
WITH NON-SMOOTH CONDUCTIVITY

J. CHENG, G. NAKAMURA, AND M. YAMAMOTO

ABSTRACT. By the inverse scattering method for the Beltrami equations and
some results of generalized analytic functions, we prove the global uniqueness
for the inverse problem of determining non-smooth conductivity from Dirichlet
to Neumann map in two dimension.

Let Q be a simply connected domain in R? with the C2-boundary 8. Suppose
that 1 < p < 2 is a constant and vy € B),?_1 ( the Besov space ) which satisfies
¥ > co > 0 where cp is a constant.

We consider the following Dirichlet problem for f € H3(89)

(1) V- -(yVu) = 0, in Q
2) v = f, on 0Q.
The Dirichlet to Neumann map A, is defined by
a
(3) Ayif— a—::lan

where v is the outer normal unit with respect to 99.
The inverse conductivity problem is to recover the conductivity v from A,.

We can prove the following result:

2
Theorem 1. Suppose that v; € B;,, j = 1,2 and v; > co > 0 where co is a
constant. If

(4) A‘h = Ah'
then we have
(5) M =72, in Q.

Outline of the method
1. Transform the elliptic equation to a Beltami equation

We can find a conjugation v € H'(Q) such that w = u +iv satisfies the following
Beltrami equation:

(6) w4+ q0,w=0

where ¢ = ?;i%

—



Let
™ rr=-1 [f B

where z = z, + ixg and { = £ + 2.

2. Introduce a complex number
Let k € C be a complex parameter. We introduce a new function a = e3**

By the equation (6), we have that a satisfies

(8) Ora + ¢0:(ex(z)a) =0
where ex(z) = edlketkn)
3. Special solutions for Beltrami equation

We consider the special solution (ay(z, k), az(z, k)) which satisfy

©) a(z) - _,1;//“ 'J(C)ac((tk_(cz)az(ﬂ)'dq = 1
1) RN/ (R (UG
4. The complex equations in k-space

Let
() Gik) = 5= [ sttt el

Lemma 1. For any k € C, G,(k) depends only on the boundary value of ay(z, k).

We can verify that aj{z,k), j = 1,2 satisfy the following elliptic system in k-

space.

(12) A @R k) = Giban(z k)

(13) W = Gi(k)az(z,k)
For k = 0, we have

(14) a(z,0) =1, az(z,0) =0.

5. Proof of the global uniqueness

By the Liouville Theorem for generalized analytic functions and Lemma 1, we
can obtain aj(z,k), j = 1,2 from the Dirichlet to Neumann map. Then from
aj(z, k), j = 1,2 we can get q.

DEPARTMENT OF MATHEMATICS, FACULTY OF ENGINEERING, GUNMA UNIVERSITY, KIRYU 376-

8515, Jaran
E-mail address: jcheng@math.sci.gunma-u.ac.jp, nakamura@math.sci.gunma-u.ac.jp

DEPARTMENT OF MATHEMATICAL SCIENCES, UNIVERSITY OF Tokyo, KoMaBA, MEGURO, TOkYO
153, JAPAN.
E-mail address: myama@ms .u-tokyo.ac. jp



A characterization of heat balls
by a mean value property for temperatures

$aARACHH K - ST
Neil A. Watson Canterbury Univ.

We discuss the inverse mean value property of solutions of the heat
equation. It is shown that under some assumption, a cetain mean value
identity characterizes a heat ball.

For a point P in the (n + 1)-dimensional Euclidean space R™*!, we
write

P = (z,t) = (z1,22,**, Tn, ).

If H denotes the heat operator and H* its adjoint, then

n

gD )

The letter W will denote the Gauss-Weierstrass kernel, defined by

(4mt)—"/2 exp(—ﬂ%E) t>0

W(z,t) :=
0 t <0,

where ||z|| = (2 + - - + 22)1/2.
Let Py = (:z:o,to) € R™! and ¢ > 0. We consider. two kind of balls
with center at Py and radius c. The first is the usual open ball

B(Py,c) := {(z,t) € R*"L; ||z — zo]|2 + |t — to|? < ?}.
The second is the heat ball Q(P, c) defined by
Q(Po, ¢) := {(z,t) € R W (zg — z, 80 — t) > (4mc) ™2},

It is easily check that Q(P,c) is a bounded convex domain satisfying
Q(Py,c) C {(z,t) € R™ ||z — 20)|2 < 2nc/e, to—c <t < to}.

It is known that solutions of the heat equation (temperatures) have a
mean value property on heat balls. We will show the following inverse
assertion. Here and subsequent, x4 denote the characteristic function
of a set A in R+



Theorem. Let ¢ > 0 and let D be a bounded open set in R™!. If
the following two conditions satisfy, then D coinsides with the heat ball
Q(c) with center at the origin and radius ¢:

(i) the function

T 2
F(z,1) = (x0(@,8) = xa(0 (@ ) A

belongs to LP(R™*1) for some p > n/2 + 1, and

(ii) //D W(z -yt~ s)ﬂ%‘ﬁdxdt = 22 (1) 2W (y, —s)

for all (y,s) € R\ D.

There are many papers concerning the such inverse mean value prop-
erty for harmonic functions (see a good reference [1}). But, by the fact
that the center of heat ball lies on the boundary, the direct analogous
method can not be carried out for temperatures. Our proof is based
upon an argument in [2].

SE R
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14

W|IBR > U — 7 ORI TRIEE
(B89 B R L RTREM:
Al H X Z LB TERY

N={X,Y,K,r} #ER*v N U—7, LX) % X LOESEEY

DO2EETH, 22008 a: Y xR-R & b: X xR RITKRD
FEERTTETD,

(a.1) B yeY ITHL, a(y, ) TS, SeamEFEM;

(a.2) & yeY iZxtl, a(y,0) =0, limy,1o a(y,t) = too (EFME
NE);

(b.1) %& r€ X \ZxtL, b(x, ) IHESE, R,
INHIICR L, FERBAEAE LY L(X) - LX) %

(£u) (x) = 3" K(x,y)aly, Vu(y)) + b(a. u(z))

TERTD. 27T, Vuly) = r(y) ' Teex Az, y)u(z). X ET
Loy =0 (>0, <0 OLE uil X T (ab)-F M ((a,b)-EH
f, (a,b)-%7F1) LD,
feELX)IZHL, RD2ODE#ER %:

U = {u € L(X)| X £ (a,b)- BB, u > f ae. },
Vit = fv e L(X) | X E (a,b)-%F0, v < f ae. }.

7L, ae. HRAREVEREETHLZLuRT. U™ #0,
VI £ 0 200 infU™ = sup Vi ThHDH L&, f T (o,b)-ERFE
ALV D,



Lot > 0L, a(y.t) = max{a(y.t), —a(y,—t)}, A(y.t) =
Jya(y,7)dr LEEL, f € L(X) \Z® L f @ q-Dirichlet fi%

X; y. [V (»)])

TEETH. ZOLE, ROEENBKY IO
BB LITOLME (a3), (a.d), (b.2), (S), (H) ®F T, a-Dirichlet 1
DA RAH FEIT (o, b)-FALFRETH 5!
(a3) EF o> 1 0HoT,ae. yeVY &33TDO ¢t € RITHL,
a(y. [t]) < ola(y,t)].
(a.4) Z*Eﬁp>p >18®H->T,ae. yeY & te (0,T(y)] ioxtl,

P Ay, t) < aly, )t < pA(y,t); 2T, T(y) i r(y)Ay. Tly)) =
1 A 7-9EH.

(b.2) T _XTH se RIZHL, ¥, ex b2, s)] < oc.

(S) X £, HR% (o,b)-EARMBEKE, R (a,b)- LA
ez

(H) N 28 a- B TH D0, HDWVIE, H5 29 € X IZxL b(ay, )
DRI, 2T, N B o- Wb L 1F, kOMEE L OB
PAEBES THIEKOF {f,} REELRNI L2V ) D
A>0xL DYNF]<T, n=1,2,--- 222 f, = 1.
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BHY a2 —EILDEED—

b H=H
ZHREKH KAFILEXRFE

2—27 Yy RZER R (d>2) LO m L (m>1) D%
HFAMBEHO2KE H™(RY) LT, HI(RY) R0 |z|
DEZIER u(z), BNH
(1) u(z)= ¥ hi(z)lzl' (hi € H(R) (0 <i<n)),

0<i<n
DeEEyr H*(RY LET. 1) ORTEFI—BEHTHS. T
% & ([9))

EEB. u e H'RY) A1) ELDET . ¥

s> n il

(2) lim sup (min u(m)) >0
r T oo |z| =7 I:Bls -

LB ADBEYTHEHZE, hi(x) NEEAXT
(3) degh; <s—1 (i=0,1,---,n)
EBBHIETHS.

EOBBICRT(2) &, ¥ s > n I L

(2') lim sup (min “(x)) > —00

rtoo  \lzl=r [z[®

(3) degh;, <s—1i (:=0,1,---,n)



TEEXBRZZLOBMIND ([2]) 2B LOEEHDORE L
TH5.

T U=k v HMRY) ¢ H*(RY) (m = 1,2,---)
ThHH1L, FOFHEOREL T, ue HY(RY) L35 L,
EH s > 2m — 2 1ZRL(2) (X (2)) 1, u %EKXT
degu < s (Xiddegu<s)&DZLEREERD. Th
TR Y 2a—EAVDOERO—-REEZ LD ([6], 3],
[1], [4] ).

S B X |
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Complex convexity, in particular lineal convexity

Christer Kiselman ( Uppsala University, Sweden )

Abstract:

Real convexity is important for many reasons, in particular because it enables
us to pass from local properties to global properties with great ease (a local
minimum of a convex function is necessarily a global minimum). Complex
convexity is different in this respect; passage from local to global properties
is not so easy.

For a connected open set in a real vector space the following three con-
ditions are equivalent:
(1R) The set cuts every line in a contractible set (i.e., an interval).
(2R) The complement of the set is a union of hyperplanes.
(3R) Through every boundary point of the set there passes a hyperplane
which does not cut the set.

For an open connected set in a complex vector space, the corresponding
conditions are all different. The properties are then called:
(1C) C-convexity: The domain cuts every complex line in a contractible set.
(2C) Lineal convexity: The complement is a union of complex hyperplanes.
(3C) Weak lineal convexity: Through every boundary point there passes a
complex hyperplane which does not cut the set.

In my lecture I will discuss various notions of complex convexity, starting
with pseudoconvexity, which is a notion closely related to the plurisubhar-
monic functions (pseudoconvex functions) introduced by Oka and Lelong in
1942. Convexity as well as pseudoconvexity for smooth open sets can be
characterized by a differential condition applied at every boundary point.
Weak lineal convexity can be similarly characterized, although there is no
known class of functions which is related to this notion as in the case of
plurisubharmonic functions.






17 HOLOMORPHIC FAMILIES OF MOBIUS TRANSFORMATIONS
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Let G be a domain in the complex plane. We say that a holomor-
phic map ¢ : G x C — C is a holomorphic family of Mdbius trans-

formations, if ¢(z,w) is biholomorphic for each fixed z € G. (z, w)

. ey - . Tyw + 1 .

is represented by a Mobius transformation ———— with holomor-
ToWw + X3

phic functions zg,...,z3. Therefore we have a holomorphic curve

f : G — Py — Dy, where Dy = {x¢x3 — 2,22 = 0}. In this talk we

consider the case of G = C. In [1] we proved the following result.

Theorem A ([1]). Let f : C — P, be a holomorphic curve of finite
order, Dy be a conic and Dy, D, be lines in P5. Assume that DyN DN
Dy, =0, f(C)N(DyU Dy U Dy) = . Then there is a homogeneous
polynomial P(zy,z,,z,) of degree at most three satisfying f(C) C
{P(zg,z,,29) = 0}.

The purpose of this talk is to extend this result to three dimensional
space. In [1] we proved that, if f : C — Pj is a holomorphic curve of
finite order omitting {zoz zo(ze™ + - - + z3") =0} (n > 2, n € N),
then f(C) is contained in a hypersurface. By making use of the results

of 1] and [2], we obtain the following theorems.



Theorem 1. Let zy, x;, =3, 23 be entire functions satisfying that
2o(2)23(2) — 21(2)x2(2) # 0 (2 € C) and [} log ||z(re®)|| d6 < Ar®
for some positive constants A, B, where ||z]| = (T3, |z;|*)"/%. Let

a1, (9, az be distinct points of C. Assume that the Mobius trans-

. Tow+2x o :

formation — L does not have any fixed point in {1, s, 3} for
T + 23

each fixed z € C. Then there exists a homogeneous polynomial P

such that P(zg,x;,22,23) =0 (2 € C).

Theorem 2. Let zy, z;, 22, z3 be entire functions satisfying the

assumption of Theorem 1. Let ), ay be distinct points of C. Assume
Tow + 2
22771 does not have any fixed
Tow + T3
point in {a;,ay} and is not an elliptic transformation of order two

that the Mobius transformation

for each fixed z € C. Then there exists a homogeneous polynomial P
such that P(zg, 21, 22,23) =0 (2 € C).

Theorem 3. Let f : C — P; be a holomorphic curve of finite order,
Dy be a hypersurface of degree two and D;, D,, D; be hyperplanes
in P3. Assume that DyN---ND3 =@ and f(C)N(DyU---UD;3) = 0.
Then there exists a hypersurface D in P3 such that f(C) C D.
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18ESTIMATES OF HARMONIC MEASURES WITH AN APPLICATION
TO BOUNDARY REGULARITY

A BE  mEBKFE - BER

ZOBETIE, TEHEROBRALERSICH LU CEAMBEL VWO BEZEAL, £O
BRAICBITARMEDES VDS Dirichlet FEICT 2B R ERIMEIC OV TOHFERLE
LD LERAT S,

EFTQ&) v UEREOHSEB CHEAN 2 AU ENLRDILDE L, a ZHR QD
ABRELET D, BERIIBIC) - HKENTEZZLOLETD,)

BaxPLETHERr >0DFAMAKE B(a,r) LELZLIZT D, BBESQNB(a,r)
BT B QNOBa,r) DERMBIES we,q b BE. ZhEZ = CIEMAMNKB(a,r) 8T 5
QOBFAMAE LRI EIZTE, 0<a<1EERELT, HI2EHC>0&710>0
WEFELT

2= al)°

(1) wara(z) < C( " ) , Vre (0,m9)

DD SO, QIR a ICBWTER o OEFTafMRIERRYE (M L TLHMD #£- Local
Harmonic Measure Decay property) 22, EH L1272, S hiZ, QOEFMRER

ICBWTH o ® LHMD A HL, Lavh(1) 10k 28K C,ro A a il L &F—7E
KBNS HAIIIER QI ER e D— K LHMD AR SLE S Z LICT 5,

FTE 1. FEERKQOAERERAACICEVTHER oD LHMD %2 2L95L. BH
M,NIZHLT |o| < M 5D |p(C)] < NI¢ — o] £&-FER ¢ : 00 - RISHLTu
%0 D 23115 Dirichlet BIBEO LB E-IETRETHIE

M
lu(z)] < AC (—7+L> |z —a|”, z €
o a—7%

MY D, Ft2L. SCI=Cro lER(1) FRABEMT A BHEMTH D, &I,
oM B(a,r)NINITBWVTOTH DL IE,
|()|<0M(|~ ”), 2€Q
T2
#]b, L. ZZIZry =min{rg, "} & %,

E4#THREAR L LTEDOLEDE o ® Lipschitz ZZM AL (E) 2RO /) VLAHBHERELRD
L9770 LOEE f &EH 5725 3E Banach Z & 45
gy =suplf @)+ sup LWL
el z,y€EE x#y ’-L - y|

—IZE C COBEIEALE) = Ay(E\ {o0}) LEFLTHL, THE, EOEENS
EHEROEREED



EH 2. FEMAS QMNIEH o D— 4 LHMD 224 oE, FED v < o I L THRM
WS/ HO (XA (00) 5 A () ~OBERBRERRLLY, TOEAE/ UL
IH. < AC (rm #)
a—
THE@EhD, =ELIZIZC e EX1)ITBHI2EHTHY AIXHLIENBRTHS.
T, EEH1OBEOEENGIX. KD Green WEIZ DOV VCHORREPED,

TR 3. MRANAERTHILOLEABAROA DI EH o D—H LHMD %224 61
ZF @ Green BMITBROESE THEY o O Holder M EH D,

—#k LHMD #IZB L TR OFET T35 5,

FHE 4. FERESQN—HLHMD & B O -HOBEFSFERIEC\QHN—HTLT
HHEETHS.

ZIZTCHD2RLUEMNSLRDay /) MERER—RTERTHD LI, HDEKc>0
WEELT, FEDac E\ {0} B8LV0<r <diamEIZHLTEN{z cr <|z—a| <
r} #QDBRY DI LE VD, TOLIREEOHEALRERIZOVWTE1]BLVENOE
Ex@MEBRINT,

=12, —HREEMN O IEEER o OFEE T LI LE—RIIES TIERY, £
T, UTF TRV O D+5582 5252 L1075, RISABHRE»FEE 1O LHMD
HEBES ZLEERLTVD,

TE 5 QFFEMBKELT. a ZTOEBRERRET D, LLFEp)DAAKRB T
BN =0hDac dBHEILONFETIIE, BRBMMEIC OV T w, 0(2) < 20z—al/r
REBEDO<r <20 B&U 2z € B°(a,r) NQITDNTHILT B,

Iz, S EHERGE LD ML LZROEHFLRITY LHMD 2 ES Z 2R L D,
TEERQ & ZOABRERE I L TROEEER D,
La(a,r) = —00 dB(a,r) C Q DEE,
RO TV 10Ba, 1)\ Qlfr  F D TRV,
=L, 22T | 13MALED 1 KT Lebesgue BIEEZRTHDET D, M- THIZO <
Lo(a,r) < 2m £721d Lo(a,r) = —00 TH D,

FE6. fe(0,7ETH, FEBEKQSBIUVEODERRRM o I2HL T La(e,r) > 4B
O<r<plzdLTRYIDHELIE

@) warn(2) < 4 (M) 7

T T

Mo<r<pB&Uze B(a,r)NQIZHLTRYID, #-oT. RalcBLTQIIEH
m/(2r — B) ® LHMD t£ % # D,

REFERENCES

[1] Sucawa, T. Various domain constants related to uniform perfectness, Complez Variables (1998),
311-345.



19 Schottky groups and Bers boundary of Teichmiiller space

F AR (RRIFEKRFE BEIEMER)

TIT}, ¥4I 2T —LEHDOERDLK AL, Schottky FEDFI DA EAIHRER I
RoTWAHILEHET S, HMik 3] #BRENL .

SENMBIO N PHEEL, BRIS HHoThbIneTh ¥/e3ia5—
ZM T(S) (S LORRERLTHUMBEDOER) OB X IINLTB(X) ¥ X
FORRER2REAOOERMET S E, Thid X LOSEHEENZMELALZES.
By(X) DI p 2t LT, £Dh1 ) I—KH % p, : m(S) > PSLy(C) L HL. 74
E 327 —Z20 T(S) i Bers AR L 2T By(X) DERER By LR E
N, Bx IZIZBRRIZ S OEBEN Mod(S) »EHT 5. ZOfEHIE Bers [1] 1I2& -
T By OBBICEFTHRINTVEDY, T TRIDERE2ELIZLIVKERY S
A Cx WCETHIRL, TOMEERN .

CITIIAVEGIIHLT, TORERBEY QG) LB 774 VHEGH
EHBEHTHLH LT, UG) BC-AELRER Q(G) £ dbDL &RV, TDEE

Cx = {p € By(X)|G = p,(m () ZEEEH T X = %(G)/G}

ThHb. I Tk o€ Mod(S) 5 p € Cx \ARRIL72b D% ¢° LB LTS,
¥, Mod(S) DYERASESEL 2% Cx DED+H 4l 4187,

EE 1. Cx DR o IIHLT G =p,(m(S) £T5LE QG)/G D X =0%G)/G
USNDEToRS ORFEBELHEMEE b TE, Mod(S) DIERIX ¢ IZBWTERTD
% B15,Cx IZBVT o, = o THNE, FED 0 € Mod(S) 13T LT (¢n)? = ¢
Thb.

Bx DHXNER 0Bx DT ¢ »* maximal cusp TH 5 Lid, G = p,(m(S)) #*
maximal cusp (E]H, Q(G)/G @ X = 0(G)/G VAN DEZS AT (0,3)-type) TH
HEE%\). T2 T maximal cusp i EDEBRDEMLIMILTWAE I LIZEE
$%. McMullen {2 & © T maximal cusp DEEIL 0By IZBWITHETH L Z LAF
MONTBY, CORBIHERBOMBE IR END. CITRERLEHAVT, £
DEHEH 0Bx 1BV THBEL 2D LERLI.

T 2. f£E D maximal cusp p € 9Bx 128t LT, ZDOHE {07 }remodrs) & 0Bx
DHETHETH 5.

1



IFTIE, S IETHAL LT AH. 22T
Sx = {p € Cx|G = p,(m(8S)) & Schottky ¥ }

EBL. Sy DETTIE Cx DR TIALATHAI DML NTWE, ZDL & EH
12 2%2B0WT, ROZEREET.

EH 3. Sx 3M—DODEEL VKDY, Sx DERMADEEIL 0By ¢ & L.

%, ¥4 325 —2H Bx OBERDOEZ R, Schottky HEVFREKT H Z £A%b
hot. EO2OOFEBOTER I, WFRS By(X) %, & ) ERTEZM; m(S) O
PSL,(C)-HHZEM V(S), ICHORAT, By(X) EEZHMIZE LTS ERER
DER*E25ZLTHEONS. By(X) WEELZFHMOMEDOIRERT 2012,
Thurston DYUEEE » 7.

1.8 DHEE2OBME THL L XL, Sy DEBEELSN 0B k&L Lid
Gallo 2] 12X o THIBRT WA, LA LI ZTHWEHAOFEIL, Gallo Db D &
REREMICERS.
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20 On cusps in the boundary of the Maskit

slice for once punctured torus groups

s (KR SZAEREREEMFERD

COBETIE, —ERADE T ADYA b I 257 -EHOBEAEEOZDE
RO—HHIZOWTHRLS. BHAEEIS (LI 27 -EMOIL¥IRbEHE
HIESRLILICLVERINS, ¥4 b3a5-EHOKBEED—DOTD
% (cL[1,[3). ZOEHH S TOMEEL LILLIE Maskit HDIAAEZRDT & &
WCHAWSLNS. BABEICL 5% M D Wight Dige LTLCHMOENTWVS
(cf.[5]). 8 M I IEEFEAOHEEL Jordan I TH O (cf.l4]), EHIIM
OEEFEAORREIII—SRDE F—FABLIFINDL Y T4 VBT
T A.

SEOEZMEHRABSIIBEVT M PR TN L 2 HEAL LD, D
FiEE M OBERSEIZ M @ inward-pointing cusp ATFET AL 2RT L T
Dotz T, TOHBETVD inward-pointing cusp [ZXD L YIERINS
SEMOERETHS D AEEFEAONESLTH. DL E 2€ 0DITH
L, »5MHMER BT, 0€0BhDz+t2€ D, te BRELTOLDNEFET S

% z |3 D 0) inward-pointing cusp T#H b & \Hhb.

ABETIE LOBEDLHRTHAROEEZHHAT 5.

TFEIE BFAYEBLHEOMCT A M OERSEE, MO inward-pointing
cusp TH 5.

ZDEFTIE, Keen-Series [2] 12 & @A SNz pleating ray DHEIRAEEL
BERRELT. EFEORERH T SIIRAACERIEET A LA SN
TWADT, TOFEIMORROFHEEDLEZX TV 5.



ZE 3R
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Let (a, B) be a canonical homotopy basis of w1 (71) where 7; is an analytically
finite Riemann surface homeomorphic to a once-punctured torus S. Let 8 be an |
involution of 71 (77) defined by 8(a) = 8. C. Earle shows that up to conjugation
in PSLy(C), there exists a unique marked quasifuchsian group I' = (4, B) such
that (71, a,3) is conformal to (2+/T; A, B) and (Q_/T; B, A). This defines a 1
holomorphic embedding of the Teichmiiller space Teich(S) of once-punctured
tori into the space of marked quasifuchsian punctured torus groups Q@F. This -
is called the Earle embedding. We can realize the image of the Earle embedding .
in the complex plane C, which is denoted by €. £ is in the right half plane
{z € C|Re z > 0} and symmetric under the complex conjugation (see figure 1:
Courtesy of Peter Liepa).

Y1311
Figure 1: The upper half of the Earle Slice.

In this talk we will show that

1. The boundary of the Earle slice £ is a Jordan curve.

2. There is a right half region in €.

B A & ¥ £ 25x16=400







22 ON COMPUTING THE BERS BOUNDARY OF THE TEICHMULLER
SPACE OF A ONCE-PUNCTURED TORUS

A BE REKY - BER
IR T KSR - BT

ZDOHETIX. BI F—F R (once-punctured torus) ¢ Bers HiA L DHELR & K EEH
BIZL o TRDBEDO—DODHEIZOVWTHHAT D, T4 E T Porter X Keen 12 & 518
MEEE AV 7-7 7e—F3aon T A8, LT TR~ 2 FIERXXERICIRL T2
EoicBbns,

XZ1KTRF—FA2AM51 852K NTELND (L) BV —<rméddHe, I
HBMTREL = (1,7 £AT (27 LImr > 0). X = (C\ L)/L & ®+ = LAk
B, TOXIFKRDEIICLTHELND 4 ARILKE Y & i@ FIEE (commensurable) Toh
bR L = (1/2.7/2) £ LT, Z = (C\L)/L &FHUET AUz 4 BRI F—F 2 T,
Efz 2202, © T, %87 —» X %8, —F, LIZBT % Weierstrass p-BHEIZ C
MEY—<VHREC ~DONEHEBLE L THr Y L 2R EEE LTHO2Z LD,
S 2 EORAUEEEEE Z — C\ {p(1/2), p(/2), p((1 + 7)/2)} #H< (ZhEb
© 5 A elliptic involution (2 & 2 B FRIZIZ7N 72 6721/ V), Affine B CTEHILTHI LI
L0, TSR BERBERZ - Y = (C\ {0,1,00, A} BfEHN D, 12120, T I
A= (pl(L 4 7)/2) — p(r/2)/(9(1/2) — plr/2) EF 5. bbb, ZHUditeT A
S EEDE A7) Th B,

DA BEMAWRICIERT 5 Fuchs BT X 2—EkT280E 45, I #ZN & commen-
surable 72 Fuchs ECY #—B{tT 21D & T3, By(D,T), Bo(D, ) & L EBEALH
WEDOTD, I ICET2EE 4 DERREAFK (cusp form) DRTERMETDHE, Th
LIt b1 RIETHD = LML TV A, commensurability 725 Eid By(D,T) =
By(D,T") = By(D,LVIY) & 20TV B Z Eind, (DVIIE(0;2,2,2,00)-B? orbifold
#—B1tT D Fuchs ETH %,)

% o € B(D,T) i2% L T# 4% Schwarz #i45r & L CRFORPTHEERBREEE f,: D - C
2 (Mobius FHEZ B T) EED0 (0F Y f il DRABRTH D). %ﬂtiap@ﬁﬁ”ﬁ
MHKRD LS hBOBEKFBRRAEHET S, THbbHHERER x, : I — PSL(2,C)
WX LT

foor=xov Jofs VyeT
MR LD, 2D x, &9 DT/ Fu I—HERR LIS, T O Teichmiiller 22/ ¢ Bers 32
HirZ T(T) 1t o € By(D,T) DT f, 75 LOBFER &R L 5% C2hoESAHCR
BERICIETEILOLEOES L LTERIND,

ZHUZEE Y. Minsky (2 & 0 Jordan S TH D Z EAURE NI, BERICEDL O
BARDNNEFICEL D2 THRNE S THD, £9 X WO B2 BEMBEABIIN
DT F—F 2 X IcBAZF0RER Y —pa -8 (7L I 2o, B1E X OFE



FEDS—EEETS) ELT, plge QLR—BTAIENTET, Lad JHiiLHE
WERxEE 525, plg (F27EU p,q TEVICERLES) (oxtisd 2 BMAMBRERRT
DX DERBEDOTE 1, & LTELS, L<HMENTND X HIZ, Farey ZAFSE 2 H
I/\;h/kf{;'j 1’70/1,’71/0,71/1 DE / Mo I —HERE ‘(<p J:é{%@ kL—ZH» E:J’rﬁfﬁﬁ’]ﬂ fth
D yprg P ELV—ALFBETED I LIZ25,

EZE/ FaI—DO R —2ABRHETENETE) OBFEAKROLIIZLTHMD,

H(p/q) = {90 € By(D, I); ¢ (XW('YP/q)) €[4, tr2(7p/r1)]}

EB<, tri2x(y) =ty ICEET X0 € H(p/q) THEMN D, 0% &L H(p/q) DEFERK
7% Hy(p/q) EEL ZLIZLED, ZHEBLE/ FoeI—D L —2ANa v Ea—Fi
FTHETE LT, HENIIRO DI ENRFAEZRETHD Z EICEB L TEL,
T 5 & Eid Ho(p/q) 1% vp/q (216 272 pleating locus TH 5 Z M55 M D DT, McMullen
L B/ER (“Complex earthquakes and Teichmiiller theory”, J. Amer. Math. Soc. 11
(1998), 283-320) #ABWWTRDZ LMREND,

ER 1. W Hy(p/q) IFRREHRET S Jordan AT H Y . SR ERRUW=ER I (p/q) X T(I)
ICEFhAORRIEOT(T) DARFITHET B, LHE. BRERHEE®R L : Rx(0,1) —»
L)\ {0} MFEL T h({p/q} x (0,1)) = I(p/q) ETFE>TL %,

ST, —HE/ Fa I—x, 2HETAICRKOFEEZRBUTLL, T B,(Y) %Y
EOERIZ 2K TEILIZBWTIEE A I MLOB LKLV E 2R L 02EN L5
Banach ZR & 42 ¢, EZZhiZ B(D,IY) Liz—EtEHRp:D-D/I'=Y 2L 55
TERLp ZBLTRBICRSTWD, > T1IRIEDITTEN, EEICH 2T

2 dz?

Yo(2)de” = Ty
W By(Y) DEEIZA > TWD, —F, p~! @ Schwarz B IXEII—BILER p PHEEHD
BEOBRY FI AT Y OBIC L s TEESD - LAMBA T D, Zhk by (2)d? &
BT LIITBL, BIOEETIHER /25857 EhbbBERC—c(\) ABIT

1 1
Oy (z) = 220 _ 1) + 30z )2 + ctpo(2)
LRED, B\ LIELIET 7% U85 A— 8 LT TH Y Kb 5 DE—MRI
IIERICE LV A, SO X IOV T EEMICKRO A Z L LARETH 5, RIS
RHDZ LMK T, T(C) DEADMENIT & D LK 2572020 TERIT
SR, Fox DEEBIZRO bOThH B, 2 =p0) & LTHE 90 7 & plc £ 5 [0,7(0)]
DBEIEIHD I LIZED T EEREET (Y, 20) LIEE-REEKD,

ST 2. ¢ = p*(thy) € Bo(D,T) £F %, Fuchs B 2 BEREWH AR 2y + (0 +two)y =0
DROE/ FOI—B y, : m (Y, 2) - SL(2,C) & x, & TNT' £ TI& Mobius FETH 2.

—MRIZy eTIZRLTIEA eIV TH Y, tr(v?) = tr2y -2 & W05 BAFERICEETULL
triy #RODZEFEOEBIZFEEIND, T/ R I—H2RDDH I LIEMHHENX
OEERREIZLI DV +REETH D, B, LIV LIRTHIEICEIOVTOE/ Fr I—
FOLOERDDZELAEETH B,
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An estimate of the growth of spirallike
mappings in several complex variables

B kM JUNESIRETER

Let f be a univalent mapping in the unit disc A with f(0) = 0 and
f'(0) = 1. Then the classical growth theorem is as follows:

2| |2|
o fape = VS e

It is well known that the above growth theorem cannot be generalized
to normalized biholomorphic mappings on the Euclidean unit ball B"
in C* (n > 2). Barnard, FitzGerald and Gong [1] and Chuaqui [2]
extended the above growth theorem to normalized starlike mappings
on B". Dong and Zhang [3] generalized the above result to normalized
starlike mappings on the unit ball in complex Banach spaces.

In this talk, we will consider about the growth of spirallike map-
pings in the sense of Suffridge [5].

Definition Let f : B® — C" be a normalized biholomorphic map-
ping. Let A € £(C",C") such that inf{R(Az,z) : ||z|| = 1} > 0.
We say that f is spirallike relative to A if e *4 f(B™) C f(B") for all
t>0.

Then f is starlike if and only if f is spirallike relative to I.

Proposition 1 ([5]) Let f : B — C" be a normalized biholomorphic
mapping and let A be as above. Then f is spirallike relative to A if
and only if R{(Df(z)] *Af(z),z) > 0 on B™\ {0}.

Example Let f((z1, 22)!) = (21, z2+az?)t and let A(z1, 22)F = (21, 222)".
Then [Df(2)]"'Af(2) = (21,222)". Therefore, f is a normalized spi-
rallike mapping relative to A for any a € C. Let z° = (1/2,0)". Then
(2% = (1/2,a/4) and || f(2°)]] = oo as |a| — oo. Therefore, the
growth of normalized spirallike mappings cannot be estimated from
above.



Theorem 1 Let A = (al) be a diagonal matriz. Assume that
0<Ra; = =Ra < RajZ] <... < Ral.

Let f : B® — C™ be a normalized spirallike mapping relative to A.
Then I

1(frye-ey fi,0,. 0, 0)]| < s

(1= l={})*
Corollary 1 Let A be a normal matriz and let Ay, . .., \, be the eigen-
values of A. Assume that RA\, =---=RA, > 0. Let f : B" — C" be
a normalized spirallike mapping relative to A. Then
|12 2]
<FEIN < -
(1+z])? (1= lz[)?

Corollary 2 ([4]) Let B be the unit ball in an arbitrary complez Ba-
nach space X. Let A = al with Ra > 0. Let f : B —> X be a
normalized spirallike mapping relative to A. Then

-] ) 1]
e = e = e

ZE X
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A Schwarz lemma on the Euclidean unit ball

RHE  HEFE SUNERSIREFETFEE
AH #EER AHLESREREMFR

Let A = {z € C;|z| < 1} denote the open unit disc in the complex
plane C. Let f : A — A be a holomorphic map with f(0) = 0. By
the classical Schwarz lemma, if there exists a single point zg € A\ {0}
such that the equality |f(zo)] = |zo| holds, then f(z) = Az with a
complex number A such that |\ = 1 for all z € A. Namely, f is a
linear automorphism of A.

Let || - || be a norm on C™. In this talk, we will consider about a
generalization of the above Schwarz lemma to the unit ball B = {z €
C™|lz|]| < 1} in C™. Let f : B — B be a holomorphic map with

7(0) =0.
Vigué [6], [7] proved that if every boundary point of B in C" is
a complex extreme point of B and ||f(w)|| = ||w|| holds on an open

subset U of B, then f is a linear automorphism of C*. Hamada
[1], [2] generalized the above Schwarz lemma in the case the equality
|f (w)|| = ||w]|| holds on some local complex submanifold of codimen-
sion 1. We note that a single point 2y € A\ {0} is a complex subman-
ifold of codimension 1 in C. Honda [4], [5] extended their results in
the case the equality || f(w)|| = ||w|| holds on a subset mapped onto a
non-pluripolar subset in the projective space. We note that an open
set is non-pluripolar.
Moreover, we have the following theorems [3].

Theorem 1 Assume that every boundary point p € 0B is a complex
extreme point of B. Assume that there exist an open subset U of B
and a totally real, real analytic (n — 1)-dimensional submanifold X of
U such that there ezists a point a € X with 0 & a + To(X) @ 11,(X).
If || f(w)|| = ||w]| holds for every w € X, then f is linear on C™.

Theorem 2 Let || - ||2 be the Euclidean norm on C". Let B" = {z €
C™ |lzll. < 1} be the Euclidean unit ball. If U, X, [ are as in the
assumption of Theorem 1, then f is a linear automorphism of B™.



Example Let f(z) = (21,...,2n-1,22). Then f(B") C B, f(0)
(i) Let X = {(x1 +ty1,...,Tn +1Yn) € By = b,zp =y = - --
yn = 0}, where 0 < |b] < 1. This example shows that the condition
that 0 € a + T,(X) & iT,(X) cannot be weakened to 0 & a + T, (X).
(11) Let X, = {-'L'n—k-)-l =b,Tp g2 =" =T =Y = Yo = =
yn = 0} for k > 2, where 0 < |b] < 1. This example shows that the
condition that the real dimension of X is n — 1 cannot be omitted.
(iii) In the case n = 3, let X = {(z1+1y1, T2 + Y2, T3 +1y3) € C3 25 =
b,x3 = y2 = y3 = 0}, where 0 < || < 1. This example shows that the
condition that X is totally real cannot be omitted.

Il

0.

S5 30K
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25 T4 v MEBGIZEIT 2 ERIEERE & b—F AER Ok

HAR B

AR FRFREEH RN

1. 54 0 MERICET A ERIRERE. UQ) 2L #EsHE 1 ofEREoR
FTRIEHEZRL, T=UQ)" &BL. ZDEEn REKIVANT FF—=FRT X
Cr FiclkFANC LY ERIEREEL L THERT% :a = (ay,--,a,) € T, z =
(21, ,2,) ECMIFK LT, a-z=(a121,  ,AnzZp).

ETCr NOMEE D 1X, $ X TDaeTIZHLTa-DCDMBKIIDEE, T
AV MEREFRIENS. T & T ix D EICIERIESBREEE L TERTS. T O
EANOFEEND D OERE CRAEE Aut(D) ORIEEE T(D) TR

SA voov MERICET A ERIEEMEEZRT 5720120, (CH" oREMES
FAEOBERLETHDH. (CH)” OEAIECREEp X

P (C)" 3 (21, 20) — (w1, -+, wa) € (C),

_ au s .
w; = a2t zp, i=1,-- n,

DEEHLOEE, (C)" OREMBECRBLFENS. 22T (a5 € GL(n, Z),
() € (C)™ THB. Autg((C)?) 1T XY (CH" OHREMECRELED 2T
Aut((C*)") OIS BEELRT. ROMBIL, T4 >0 MIEKORO T-{ERICAY
HRZERERERD (C) OREMECRBICEIV EAOND Z L 2T,

8 (3) ¢ : D - D BC*HD22D T A /)L Mak D, D' ORDOK
FRIB®ETE. 0L xT(D)p ! = T(D) L2251 DLE+DRMITe
Aut, ((CH)™) DHBETDOHIRE L TELXLRDZETHD.

SA L MEROB O T-{ERIZBET 5 RENERTRIZT A > /b MEIKO D
FAY—IIBITAHARRHEEZALNHDT, KOERLHELEPND.

TE CPAD 22D A vk MEBIE, FHHOHIZ Aut, ((C)*) OH S
FTOEIRE L TEZONANERERNIFET D L&, REMICFEE TS D LML
ns.

BT (54 > v MERICET % ERIFEERE) C* RO 22071 /b M
M D XD BSREREMEZSE, £ OREANCREIZR D57

D, D BWEREX, HHWED,D M (FREEBLLV) 2WEHELT A
NV RMEERD & &, TORBICEEENRMENREZLLNTVWS ([2], [6]) . MEI
(CEHICRE T AR E L TROBERH 5.

IS T = (UQQ)" 73 C* AD T A b ME D Bz (L9 L bdHE OER
SRS PID) ERIEREEE LTHRMIERA LTV A ERETH. T OER»L



FHEND Aut(D) OBHBEEFRT TET L X, Aut(D) Ob B 5t BHELT,
T~ =T(D) &£722h°?

DABCr HHNE(C) —ETDHLE, MBEIIIZELNZERFOLNATND
(1] 28) . i D BERZ2E X, MBI —HRICBIT 58K F—F 203
BUHEEEOFH TH 5.

2. (CH" NN T A >0 MEE. D % (C*) WO T A > L Mtk &
T5H., ZDLEx D ORMEK

1 1
ord(D)={<—glog}21],--~ ,—%log|zn|> eR”

(zl,---,zn)eD}

X R™ RNOMMEIRIZ 72D, ord(D) IZEENDHEKR2LT 7 4 U BHZEMO KT ((D)
EBL. (D) ZNEMFEETHY, D PARERICKERFEIZZ B 72D DHE
+53%EL 4(D) =0 ThD. ZORETIHRD 2ODHEREBET 5.

FEI (7)) D, D % (C*)* WD 2 2DEM 7 A v on/L MERE L, (D) > 0,4(D')
>0&79%. bLD,D BREMEMEZSIE, £ 6 3REAICREREIC2S.

THEI (7)) D % (C*)» NOEEMT A /L MERT YD) >0 25050 E L,
T=WU1)" 8D LiICERIEBREEL LTHRAIERL WD LEETD. T OfF
AbHmEEN5 Aut(D) OEFBEEZHOT TET L X, Aut(D) Db dTp BF
ELT, T ! =T(D) L7125.

TR, n=20LEZO0THE[4], 5] KBWTRENT.

BE K

1. D. Barrett, E. Bedford, and J. Dadok, T™-actions on holomorphically separable
complex manifolds, Math. Z. 202 (1989), 65-82.

2. S. Shimizu, Automorphisms and equivalence of bounded Reinhardt domains not
containing the origin, Tohoku Math. J. 40 (1988), 119-152.

3. S. Shimizu, Automorphisms of bounded Reinhardt domains, Japan. J. Math. 15
(1989), 385-414.

4. S. Shimizu, Holomorphic equivalence problem for a certain class of unbounded
Reinhardt domains in C?, Osaka J. Math. 28 (1991), 609-621.

5. S. Shimizu, Holomorphic eguivalence problem for a certain class of unbounded
Reinhardt domains in C?,1I, Kodai Math. J. 15 (1992), 430—444.

6. S. Shimizu, A classification of two-dimensional Reinhardt domains, in prepara-
tion.

7. S. Shimizu, Holomorphic equivalence problem for Reinhardt domains and the
conjugacy of torus actions, preprint.
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On hyperbolicity of complements of Siu-
Yeung hypersurfaces

- B el RBRAFFILAREFE TFE
Wiy F KRB SLRF TFE

Siu & Yeung 13

Defects for ample divisors of abelian varieties, Schwarz lemma, and

hyperbolic hypersurfaces of low degrees, Amer. J. Math. 119(1997)

DOHFT, d>16(n—1)2 3B Jicxt LT, P (C) DIRE d DX
HBHMEE ST THAE. 0 16(n —1)? ELIHEFIL, 4FTH
ST REBHE ORI L b Vs D/hE L. F4FC, PP(C)
BT, d> 1173 dIZD0T, RE d OBl oD Bix

RI7EHEZET T B
wo? + wy? + wy? + Wi (@ewe® + aywi + aawq® + azws?) = 0.

T, ao,a1,a2,a3 bE 0 THIOVERT, q;f # (—-1)d+1akd (05 <
k<2) &A79.
FE. Siu-Yeung i3d 9 1 DFHEMF I TOBENZNIBELES.

ZZTE, PYHC)ickiiBimE

d d d—
wgy + wq + Wo p(aozop + alwlp + a2w2p) =0



DESONM L LUP?(C) 2 ki) 58

d d d
Xy o we® w4+ wy
d_
+ w3" Pagze” + aywi® + a2we” + azws”) =0
d d d
X2 : bowg + blwl + [)27.02

d_
+ baws®P(agze” + aywi? + awo? + azws’) =0

DRIES P*(C)\ (X1 U X,) DRI >OTEH]RET 5.



##%IJ £ 5&3 BER 1999/09
PRIRVSEB DV ARL T c NILT T %

ﬂh

T KR FOE RN GER

SRR DNV 7V D BARI et A ARFRICIIR & (T T
2 ODWNTDH 5.

—21 Fefferman [F3] 0 & o THD L NIAERGFTH A, IRV
7 A% B ORI B CE OB % #AMHAZEE 2 W GRlik 5 2
L HEE LCw5 ([G), [BEG], [HKN], [H]).

b DRMBI L 2RV 73 U BOBRFTEN K] Thas., TNV
Y UBRHERART I —ROME LB, TORBIRETRETREL
LTw3 ([B], [HKN)).

BRI~ 7 < U ROBERZRANEH L-BEHTH 1, BETEHIEE
T ARAEMEREARL LTWA, ZOTOOHEBOREHNN T AEDH
FRICATRTHHEEDIRS.

CO#ETIIMBEAROEBREZAM TSI L HEL LTORERIAE R VK
L7 - NI OB ERARS. TRV BB LT —KiZow
TOMBEOEREZHEB L, ZOHKRE—RILL LTV KL T - NV T V%%
BRI 7 0B E LTERT S (KLY KL 7RSSR bh T
AHB I ZDOBRII %o T 2). KIZY KL 7 - N7 YOI
HIZEH 2 W72 OB % Fefferman OAZERGR LAV GRLRT 5.

RRELT, VRV 78 s/2, s € {0,1,2,...,n+ 1}, DHERXOHR
ERIRER YRV T - RV TR RIS B EAVREND (EH 1), &<
YRV THRE0, 1/2 DBEBNV TV UHE T KIS A, AT
DFEWZ 1L Fefferman OARERGRZO ML [H] £#H\5%. Fefferman 352
B OO0 D CRAERZTEEZ D, S I TIHER 0Q L Z2DOERMEE r O
s (Q,r) ORERIAEREZE RS, VRV T - N7 IR (Q,r) 25
REY, ZOWERERIE (Q,r) ONERAEREANTEITFTTILHTE
A (EF 5.2). ZOWERBAZRRIER | OO EERBEATH L.

Z D#HE TR B RERIT ML ik & O R RS HK] THRONZHDT
H5.

1 NI~ &eEtvdh—1%

1.1 91 FEDHOIERTHRE] FFEMAIZ L oEE L L Tabh Ty
ARV MERS —RBIZOWTHEETA. HEQCC* LO#EFEDON
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N— 7RIS A MRS ERERO 2 e v~y M2 E Ho(Q) T
5. Ho(QY) OmmEIERERR {h;}; o3 L TRE

KB(z,w) = Z h;(2) h; (w)

T Qx Q LTEE-RIKL (2,w) KET2ERIBE#ES25. KB(2, @)
w{h;}; DROHILL LT Q #b—BMITET 5. ZOMKE Q ON
NTZRELE UFTTRECHEBONAR 2 = w ~OHIRLE 2
KB(2) = KB(2,7) L& <. BBBOHEE Q ~OKREMHLEHT S L
i KB =K8 00Xy ic#. #&rombic KB ol

K§, (2) = Kq, (2(2)) | det @' (2)|?

PEPNS, T DO — Oy ENERER detd 3FOEHIVY2ET
VTHhHA.

I ETOMS ZEBRECORSICE IR T LY B ERS IS,
HOQIBESHTHANELFD LOKKEEdr 2 —2BEET 5. ;@};
& do XL CHETHESEHT QO NOFRIMEED L2 BREL 2o Tw
5 O&k H2(0Q, do) := L2(09, do) N O(Q) e v~L 22l % 52T
(0, do) D5 -1k H (09, do) DEATFHRERSR {h;}; £HWT

K5z, w) = Zh (2) b (w),

THZObNA, ZOEERIT do OEVHIMEAFEL TS,

Q O RE ST URER LICERIAE 2 REER 525 2 EHT
&5 . peCe(C") ¢ QOEXHRMY, $2bb Q= {2¢eC™ p(z) >0}
POBHKRET dp(z) #0 ZW-TdOLTH, COLEIHFERET

do Adp = J[p]"/ D) |dz|?
W WRER do 2 p IO —BMIZETS. ZD do & Q OREK
REXL IR 22T J[] 3% Monge-Ampere fEHH

1y o On/0 )
Jlp] := (1) det(ap/azj 0%p/02;0%x ) |,

Thb. 20 do 2T 57— K5 13E#H

-----

K$, (2) = K§,(®(2)) | det ' (z) [/ ("t 1)



Ry
CHEDOEBAIE ILLTRD LI IZy A P2 ERTA.

Kg, (2) = Kq,(®(2)) | det @' (z)|?w/(+1)

R K XTI A b w OFBRZHLT L.
COEHRIZINE KB KS v x A MIEIZ n+1,n THA.

1.2 Fefferman O#EER saELEEONV 7 8B L 07 —#ik
AR CTHEIRRIZZER L2 DR RMITERMEE p THVT

KB_ (,OB +/B1 KS_SO_S Sl
_pn+1 Y logp, —pn+w ogp

DB I NS ([F1], [BY]). = 2T B, ¢85 ¢% € C=([9)),
Q:=QUoN, THHEROILTIE B £0, o5 # 0 DY LD,

ZOREFOFE oF B o5 ¢S EEROBIMLALE (CR ALE) &
HwCihd 52 &25C& 5 ([F3], [G], [BEG], [HKN], [H]). €D HkH
A OWTIE 3 ETHHT 5.

2 IUKRLT « NILT VDMK

H. Boas [B] 1 C® WOHAIER Qo = {po =1 — |2]* > 0} LOBED
VARV 7NFE

(b= Y [

o <s/2

(92 ha) (02 o) |dof?

T AYARLT - NV Tk K RRBERICERLL. LI K E

8 i Ps
K$o(2,2) = F;T + 15 log po
0

V) REHEFED, s >0 Thhud ¢, #0 THAH. K§ 1 s>0 Ty~
A N EFES 7 BUEBIERBREN 272 S v, B Qo (CIZIERE CRIBBEDHERS
IR 5D Ty A b w &b DBBHANL M- IEEIE pg ™ OB
2B, ZHUE oy #0 KKRT 5.

Peo TEBHIZ#M-TVRL 7 - NU T U EHERT A ICIZEE DO VKL
THREEME) T EIXTER V., SOLAKBH R VYRL 7/ VaZEDLD
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CERTE L VOIS o TRV, 22TV RL 7TRRBICET 284
WEBRFILLY KL T - NV e EHETH. ITEORPEE L HME
K] O#REZHET 5. COETIIHER 00 BLUEREH p(2) = p(2,2)
EICEBITHTH S LIRETS.

2.1 MBICEBNLTT U BOBRFABEN Q OV T AEOREMIR
BERE pe 0 TREMICRESNS., T2bb Q' & p Oto/hai
FEUCC LT ONU =Q' NU &z d@RENHEETL I
Ko —Kq € C¥(U) HH0 Lo, 0 KB ORERIIIRD 2 DORMTH
BOFHZ LN TES:

(i) KB(z,w) WROHOREME b2:
KB(2,W) = ¢(z,)p"" " (2, W) + ¢(2, W) log p(2, D)

22T (2, W), (2, W) W& (z,w) € U x U DIEAIBEH.
(i) FED f(z) € Ho(QNU) CHLT

K®(z,w) f(w) [dw* = f(z) ~ mod O(U)
QNU

P 0 TR bBIAOEE U TENTHS.
SO ODEME BT TR BRI T AL LR,

&8 2.1. BRI~V 7~ U3 mod O(U x U) T—BHTHD. LoTk
# (i), (i) I 7 0EBEEDS.

HIE [K] RIS 7 RS 3 MR T S —RE RIS
27, REORBERAD D CEEOEHETH. BH m T LTRO &
5 IRV ER B

ep~ ™+ Ylogp if m >0,
ep ™ logp if m <0,

(2.1) K= {

ST ok i (2,2 O (pp) € CPxCr OEFTOENMEEKT
o(p,P) £0 kBT bTHE. 0L BERMOKDLTHREL CX
&%<(¢&b%cg@ﬁupzo%ﬁa¢5#§mﬁwsaum&f%
JQ.ﬁﬁ(%«@ﬁﬁﬁ%%ﬁ?ék%Kuc&m)k%%<.~ﬁ%mlb
:ﬁKec;k(ndmwaﬂcn@ﬁ%f%%éht&ﬁ@iﬁnwﬁwm
% P = P(2,0,) LT (p,dzp) € T*C* DEFBTERI NI 7 UK
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SER% Q = Q(z,05) T PK = QK %ilirzd b5t it 5.
W P(2,0,) LT 2,0, 2p,0,...,0,, ZERX 2n WDKK
K =Q;(z 0K,
(22) {(‘)27 ’—Q]( (—)r K jzly"'ana
z]I‘ = Qn+](z7 ()E) ;
DBROEND. THEHEAREANE K BFOERIEL BT EH 7
ZoTwA. (2.2) ROWID I 7 UM EIROMIEHEE & 1S iREAR

N H]
2K =Q*z, 0K, K= 3, 2
(2.3) { ")Jf( 2‘:( _)‘}LIA{ j=1,...,n J“?/(‘j‘f)
—0Z; —Qnu(z’(z) ) N ;”W?W,QVW

BRBHS. Tl o See
HMEOER ([K]). BHER (2.2) & K=logp IZ2WVWTERSL. ZOLEf
BV = 8% KB g hER (2.3) 0282 BN T—BW LB TH 5.

ZOEBIGBR TR (i) % 3 7 DMSTRH RO SRR (8 11L)
LTw5,

PEOEREEY —BIZH LTH ) ro, ZoL & (i) TORTIIEER
B, MEDEBRTO K =logp % K =p~ ! KBRS LESS 5.
CREY p ORVCHVER L ORBEZORTHIIHNIST 5: Tbb &
BOT N5 B §(x) 1oL T

feDdo = [ f(z2)8(p(=,2)|de]
519 cn

DY IO X p 2 RELENDH D, RTHET 5 Feffeman OE&EEK
EZDOFRMEEHIZLTWA,
B0 K € CX R LTT#i%R 2 BEO 3 7 aiMEm% A(z,0.) T
K(2,z) = A(z,0,) logp(z,%)

ERET OO —BHMIHEET S, 0L EHBERR (23) Ok
K(2,2) = A*(2,0,)"'KB(2,2) THAbN5. ZORISE

C; >SK—KeC(C)

o~
o~

CHEERE LS ERPOMOL PR LI K = K 250 7.
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EH. L Q ORI RERNY p B LUEE s IDHLT p{==) DRI
e Ko[p] = pt=%) %p (CBATBHEM s/2 DRAFAVEL T « XV T T4

EX& 2L
<k>_{pk it k<0,
P pflogp if k> 0.

£ KOp) VT~ U, Kl p) 37 —#Tha. Hilho /I —5Rk
D-fEamiZ L) Kplidm=n—s+11ZHLT (2.1) OEOEME LD
ZEBE B,

2.2 JUERIZEHRR K*[p] OAERIZIRAIZ FH<5.

#HEE 2.2. AUEHI A% @ZQ[ — QQ k& Kl € Céh,p)’ Kg € C(?Zg,d)(p)) Iz
L

Ky = (Ky 0 ®)| det &'>*/("1)
W) AL T D D VEA T
Ki = (Ky o ®)|det ' |2 (s)/(n+1)

ToHbd. 1220 w(s)=n—s+1.

ZOWEIZLY pO0) By TS b s OBBHI R T Ko r] &y A
b w(s) OEBHIZ A2 2 05 h. KIZ pl) EBRIIERZZT LD
R BRAGELHATA.
e 2.3. (i) B Q OWO PR EREE r T J] =1+ 0"
Wiz b O mod O(r™t?) CT-BHIHFLET S, ZOERBEE
Fefferman DEHRMAKE L 5.

(ii) Fefferman O#E#HMHE mod O(r"t?2) Ty A b -1 OXRHIZ
WiZzd. $bbE 22 LRILALGDB &

r = (ro 0 ®)|det ®'|72/*+Y  mod O(r}?)

/N A VASR

(i) &Y se{0,1,...,n+ 1} KNLT = o rq b s QLRI
EilifT I LB, Lo THE 2.2 L1 K, [r] 954 b w(s) %
Hi& a7z d.

Fefferman OEHRMBUIRD & ) IZEEKHIZFHBETAZ L TES. QO
TCEREB p ZIEEIZED pr,po,. .., Py T BRI

— ) 3 1—J[P —1]
— Jl Ve, Ps g 2T APl
P 2 P Ps—1 + s(n+2-—s)
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X o TERTA. Z0EE Jp] =14+ 0(p*) PEYILH, &< prya
i¥Fefferman OEHMEIZ > T 5,

Fefferman OEHRMBIIER SO RFMICRESNL ZLIEETH. %
ST B SR T T I R A MRZ K D)

pa=2u—|2|? - Z Aixﬁ 2Pyt =0,
120,|al,|8122

7L 2= (2),2,) € C" 1 xC, z, =u+iv, IBFIELHTEL. T
5~%ﬁ@0%%%14=(q$)tﬁé:@%ﬁ(wﬁ)%JWA)&%<.
EREB p=pa PEHEDOT ry = ppy FHERTUIRORFAZ R 5:

n+1
ra(z,z) = ZP (A; 2,2, 0)p’y + O(pst?),

7j=1

Z 2T Pi(A;2,7,v) € CIA|[[Z,Z,0]], Thbb A OZHAEREL
+5 (,7,v) ORRHRREECH 2 (SOHEIIHL TV ). E61C
Ko[ra] © (2.1) DHOEBE p=pa KOVTEZNEZTOEE o, ¢ 1
ClA|[[, 7, v, pa]] BT B Z EHD5.

SFTHPALL Ko[r] OMWEE T LD TRFLEYEL T - "V T U
DEREZGFZA.
T, AT B E b OMBETL Q 18T 2 EALEE K = (Ko)
TRD 3 2O&MEHTHDEIEN s/2 DRFAREVRL T - NI
e,

£ 1 (BRSAMNERY) Ko X Q OEHRBEK p 1K LT (2.1) OEOH
TREEZ b D;

&M 2 (RERFEY) Ko dv oA b w(s) OEBRAIZHZT;

&4 3 (ZBEANEENY) 0Q BHFULOEHET N(A) DETHLEE Ko D
pa BT 2(2.1) OBOBRFEOERK ¢, v & ClA][[z,Z,v,pa]] BT 5.
s€{0,1,...,n+1} L& r IZHT B s/2 DRFTVHELT -~
T8 Ko[r] 52D 3 2O5MEHLZLTRA. 2D s IZHY 554
FYRLT - RV TR IFETHIODOLBEFMTLH 5.
B 1. B s/2 ORFAE VKL 7 - RV T VRBBEET 5 LE 05
it se€ {0,1,...,n+1} TH5.
ZOERDIHIZIIAERBIC OV TOFLVEREILETH S, GEHICD
W4 ETHPT A,



3 Fefferman OAZERR

BHAZEYRL 7 - N7 /%I Fefferman OAERGH L EHT 5.

EIHQOTEI Met& g =g[r] 13 C* x 0Q C C* x C* OEfE
1T ry(20,2) = |20|?r(2), 72721 r 1% Fefferman OE#REE, K7~
Yx Ve LTEHEI NS Lorentz-Kéhler 7t&

9= 9pdzdz = z 02 m dz;dzZy.
J,k=0

Thb. R=R[r] % g DMEF V), RP9 = VI~2VP2R £ Z OHE
WL s Z0kEx RO OB OHhOT VI VED g[r] [ZT A5EAKEK

W4 = contr (R(Pl,ql) Q- ® R(Pm,qm))’

LY g =Yg =2m+w), xTI b w DTANLBRRE LS S
SR LY IA R 20T A VESERD | KESDTANBIEA L IRZ LICT
5. T4 NVEHK Wy it Fefferman OFRMEE r £5 25 Z812 C* x 0
DL TOW SR Wylr] €525, £oT W] = Wylr]|z=o0 &
00 DIEFETERSINIEETHE. ZONE r— Wr] 271 VFEBL
LA,

#E 3.1, AUEHIBS ©: Q0 — Qo [T LT Q; OERBE r; ¥V 1A b
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The geometry of Teichmiiller space

Curtis T. McMullen
Harvard University

Let Mg, be the moduli space of Riemann surfaces of genus g with n punctures.

From a complex perspective, moduli space is hyperbolic. For example M, , is abundantly
populated by holomorphic disks of constant curvature —1 in the Teichmiiller (=Kobayashi)
metric.

When r = dim¢ M, , is greater than one, however, M, catries no complete metric of

bounded negative curvature. Instead Dehn twists give chains of subgroups Z" C m (Mg,n) -6tk s —L

reminiscent of flats in symmetric spaces of rank r > 1.

In this talk we will describe a new Kihler metric on moduli space that exhibits its hy-
perbolic tendencies in a form compatible with higher rank. For details, see [Mc], available at
http://math.harvard.edu/"ctm/papers.html.

Definitions. Let (M, g) be a Kahler manifold. An n-form a is d(bounded) if a = dp for some
bounded (n — 1)-form 3. The space (M, g) is Kahler hyperbolic if:

1. On the universal cover M , the Kihler form w of the pulled-back metric g is d(bounded);
2. (M, g) is complete and of finite volume;

3. The sectional curvature of (M, g) is bounded above and below; and
4. The injectivity radius of (.va ,§) is bounded below.

Note that (2-4) are automatic if M is compact.

The notion of a Kihler hyperbolic manifold was introduced by Gromov. Examples include
compact Kahler manifolds of negative curvature, products of such manifolds, and finite volume
quotients of Hermitian symmetric spaces with no compact or Euclidean factors [Gr].

Theorem 1 (Kihler hyperbolic) The Teichmiiller metric on moduli space is comparable to
a Kdhler metric g1/¢ such that (Mg, 91 s¢) is Kéhler hyperbolic.

Corollary 2 A\o(T,n) > 0 in the Teichmiiller metric.

The Euler characteristic. Gromov shows the Laplacian on the universal cover M of a Kéhler
hyperbolic is also positive on p-forms, so long as p # n = dim¢ M. The L2-cohomology of M
is therefore concentrated in the middle dimension n. Atiyah’s L2-index formula for the Euler
characteristic (generalized to complete manifolds of finite volume and bounded geometry by
Cheeger and Gromov [CG]) then yields

sign x(M*") = (-1)".

In particular Chern's conjecture on the sign of x(M) for closed negatively curved manifolds
holds in the Kihler setting. See [Gr, §2.5A).
For moduli space we obtain:

Corollary 3 The orbifold Euler characteristic of moduli space satisfies
x(Mg.n) > 0 if dimec My p, is even, and X(Mg,n) <0 if dimg My n is odd.

! <o



This corollary was previously known by explicit computations. For example the Harer-Zagier
formula gives

x(Mg) = ((1 - 2g)

for g > 2, and this formula alternates sign as g increases [HZ}.

The 1/£ metric. For any closed geodesic vy on S, let £,(X) denote the length of the corre-
sponding hyperbolic geodesic on X € Teich(S). The 1/€ metric gy, is then defined, for suitable
small € and J, by its Kéhler form

. 7 € :
Wiy = wwp — i E 66Log f— . (1)
£,(X)<e v

The sum above is over primitive short geodesics v on X; at most 3{x(S)|/2 terms occur in the
sum.

Figure 1. The cusp of moduli space My, in the Teichmiiller and Weil-Petersson metrics.

A quasifuchsian primitive for the Weil-Petersson form. The Weil-Petersson metric
on moduli space is convex but incomplete, and its curvature tends to —oo (see Figure 1).
Nevertheless the Weil-Petersson symplectic form wwp is d(bounded), and it serves as our point
of departure for the construction of the Kahler hyperbolic metric g,/,. To describe a bounded
primitive for wwp, recall that the Bers embedding

Bx : Teich(S) = Q(X) = T Teich(S)
sends Teichmiiller space to a bounded domain in the space of quadratic differentials on X.
Theorem 4 For any fized Y € Teich(S), the 1-form
_ fwp(X) = —Bx(Y)
is bounded in the Teichmiiller and Weil-Petersson metrics, and d(ifwp) = wwp.

The compiex projective structures on X are an affine space modeled on Q(X ), and we can
also write

fwp(X) = or(X) — oqr(X,Y),

where or(X) and ogr(X,Y) are the Fuchsian and quasifuchsian projective structures on X
(the latter coming from Bers’ simultaneous uniformization of X and V). Theorem 4 is inspired
by the formula

d(op(X) — 0s(X)) = ~wwp (2)

discovered by Takhtajan and Zograf, where the projective structure os(X) comes from a Schot-
tky uniformization of X [Tak, Thm. 3], [TZ}; see also [Iv1].
Our proof of Theorem 4 is quite different and invokes a new duality for Bers embeddings.



Theorem 5 (Quasifuchsian reciprocity) Given (X,Y) € Teich(S) x Teich(S), the deriva-
tives of the Bers embeddings

DBx : Ty Teich(S) — T Teich(S) and
DBy : Tx Teich(S) — T} Teich(S)

are adjoint linear operators; that is, D% = Dfy.

More generally we show:

Theorem 6 (Kleinian reciprocity) Let X = Q/T be the quotient Riemann surface for o
finitely generated Kleinian group T', and let p,v € M(X ) be a pair of sufficiently smooth Bel-

trami differentials. Then we have:
/ ¢IJV = / ¢V ”’a
X X

where ¢, 8, € L'(X,dz?) give the projective distortions of pu and v.
Here ¢, is essentially the Schwarzian derivative of an infinitesimal quasiconformal map. It
is defined by

_ 2
— dz*,

where dv = p.
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