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Evaluation of superharmonic
functions using limits along lines

2 Il 54 BH ERAKELSBTYR

Z D #{#E I Stephen J. Gardiner (University College Dublin) & @ 3t[d]
WETH 5.
uw% RZEDEFMPEE THLTRTD (z,y) € RAIXL T,

(1) u(z,y) = liirii;lfu(:z:, t)

&b, TN RETIRIMIHPZ O L thin TEWwWhLTHS. L Z
A 3RICU LN B LRV R B, FEBE u % R3D Newton K7~
D @)%

1
w(z,y, 7) = / (@ 492 + (2 — 02} 2)1)ds,
-1

b Wt
+oo (0< 2| <1)

u(0,0,2) =
2 (z =0).

DFD, 2EIXHL TR () IS TARBRIIEY L2, LaL,
n>3DRTH,[FEALTXTO] EMLIZHL T, THEREG—HT
LI E®RED)., UTFn>3875.

R FO—fDE X % (X',z) L EL, ZZL X' eR"L,zeRTH
5. EEOLFEEBIEBEL f D vertical cluster 86 Cy(f; X) & fine
cluster 84 Cr(f; X) T L TORRIZEHRT 5.

Cv(f;X)={€:z\ZYURL, f(X' tm)— LE %2 DEF (tn) VFHE },
Cr(f; X) = {£: tOEZEDEEE N2 LT, f}(N) ¥ X T non-thin}.



TIHE1. R ED polar& B E'DH->T X' € R*IN\E' DB Cy(f; X)N
Cr(f; X) #0.

%1. ACR*"EL fid A DZHET finely continuous &35 &, R !
D polarEEE'TX e A\(E'xR) %26l f(X)eCv(f; X) &%25D
DIHFET 5.

% 2. RPOBEAQLEDOEFRAMBEE w 12 L T, R*1D polar &4 E’
TUTOWEZH7-TIO0EETS.

u(X) = ligxi)iglfu(X',t) (X € Q\ (E' xR)).

DR o> THAE [1,Theorem 1) Tk R*1DHEE E'T E' x {0} »* R"
FO polar £EER D, X' € R-1\E'% 51F Oy (f; X) C Cr(f; X) &
BAHELDNHDIENRENTW. ZOIE E'?D Hausdorff XJTid
BAn-2Thb. LAL, 40OEHE1 TiE B'id RHO polar &4
THAHH 5, Hausdorf KTCIEH4n -3 TH Y, L D#MLw. 727501,
FiRIZFE., —F, ROEHRIZLY EFOREZSIHFRETHHZ W0
N5,

TEI22. E'% R* 10 polar&& LT 5L, RPEDERL Newton T
vy x Wy T
u(X) < ligninfu(X’,t) (X € (E' x Q))
-z

E%DbDONHFETS.

2 £ X

1. M. Essén and S. J. Gardiner, Limits along parallel lines and the classical fine
topology, J. London Math. Soc. (2) (to appear).

URL: http://www.math.shimane-u.ac.jp/ haikawa
E-mail address: haikawa@riko.shimane-u.ac.jp



ERROR ESTIMATES OF THE
REAL INVERSION FORMULAS
OF THE LAPLACE TRANSFORM

K.AMANO, S.SAITOH and M.YAMAMOTO

ABSTRACT. Let f be the Laplace transform of F' = F(t) such that
Jo7 |F(t)|?t1-29dt < oo for some g > 0. We set

Fn(t) = /0 > f(z)e "' PN ((zt)dz (N =0,1,2,...)

for the polynomials

_ (——1)”+1F(2ﬂ. + 2q) n4v+29-1
Pn,q(€) “Osugg (n ) Tn+ 24+ DT(n+ v £ 29)°
2(n + q) 2_( 2(n +q) ) }
x{n+u+2qE n+u+2q+3n+2q Snlntvdayp.

Let max(%,2q— )<a<landlet §>0satisfya<f<q+ 3. If
the function f(z) satisfies

f(2)2f € Hyy g _p(RY),

where H, a+g- g(R*) is the Bergman-Selberg space on the right half
complex plane {Rez > 0}, then the error estimate as N — oo

|F(t) — Fn(t)] = t3" 1+ 3%, (Nl_f")

1-2a
is given. Here o(N 2 ) is independent of t. Moreover we charac-

terize functions F guaranteeing the above error estimate.

K.AMANO: Gunma Univ., Dep. Math., Fac. Eng., Kiryu 376-8515, Japan
e-mail:kamano@math.sci.gunma-u.ac.jp
S.SAITOH: Gunma Univ., Dep. Math., Fac. Eng., Kiryu 376-8515, Japan
e-mail:ssaitoh@ns518.eg.gunma-u.ac.jp
M.YAMAMOTO: Univ. of Tokyo, Dep. Math. Sci., Tokyo 153-8914, Japan
e-mail:myama@ms.u-tokyo.ac.jp
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3 A characterization of strip domains by a mean value
property for the parabolic operator of order «

HREEE RECHA - #
FiAHCHH K - ST

§1. The purpose of our talk is to give a simple proof of the following

Theorem 1. Let D be an open set in R**! including R™ x {0}. Assume
that for every 7 € R,

(1) R™ x (—00,7) \ D # 0.

If, for every L{®)-harmonic function » >0 on D,

@) / /D h(z, t) dzdt = /R h(z,0)dz,

then D is a strip domain D = R®*! x (a,a + 1) for some —1 < a < 0.

For the case @ = 1, (under the condition that D is contained in an open
strip) N.A.Watson proved the above result in [2, Theorem 1]. We emphasize
that our proof is shorter and simpler than his.

§2. For0 < a < 1, (—A)® is the convolution operator defined by —Ch, op.f.|z| "2,
where Cp o = —4°1~/20((n + 22)/2)/T(—). That is, for ¢ € C$°(D),

. 5 .
(L¢)(z,t) = — 57 1) + ((=8)%¢)(z,1)
— 0 : -n-2a
=59t~ Cralim ]y_xb&(cp(y, t) —p(z,t)ly — zl dy
Then (L®p)(z,t) = O(|z|~"2*) as |z| — +oo0.
The fundamental solution of L(®) := §/0t + (—A)? is given by

W 1) { (2m)™" [go exp(=t|é[** + V=1 - £)d¢ t>0
z,t) =

0 t<O0.
Then

(@) (m _ _ _ 1 ift>s
(3) RnW (x —y,t s)dz:—{ 0 ift<s.

Definition 2. Let D be an open set in R**!. A Borel measurable function h
on R™*! is said to be L{*)-harmonic on D if it satisfies the following conditions:



(a) h is continuous on D,
(b) if 0 < a <1, h e LY(R", (1 +|z|)""?dz) ® L} (R, dt),
(c) for every ¢ € C(D), [ [h- L®pdzdt = 0.

§3. By the assumption (1), there are points {(yn, 5»)}2%; in R™** such that
(Yny Sn) € D, sp < 0 and limp—c0 Sp = —00. Let (y,5) € D with s < 0. Then
h(z,t) := W) (z —y,t — s) is a non-negative L{®)-harmonic function on D, so
that we have

// W (z —y,t — s)dzdt = / W (g —y,—s)dz =1,
D R"

This also implies that there is a point (yo, so) € D such that so > 0. By (2)
and (3) again,

// wie ):z:—yo,t—so)d:cdt—/ W (z — yo, —s0) dz = 0,

which shows D C R"™ x (—00, sg), because W{®)(z — yo,t — s9) > 0 whenever
t > so. Hence putting b := inf{s > 0;(y,s) € D for some y € R"}, we have
D n {(z,t);t > 0} = R™ x (0,b). Next, we put a := sup{s < 0;(y,s) ¢
D for some y € R™}. Then for every (y,s) € D with s < 0, we have

1 = / W("‘)(a:—y,—s)da:=// W (g —y,t — s) dzdt
R" D

b
< / W (z -y, t —s)dzdt =b—s,
s JR®
which shows b — a > 1. On the other hand, since R™ x (a,b) C D, we have

1 = // W (z = yn, t — s,) dzdt
D

b
- / W (g -y, t — s,) dzdt
a JR®

+// W (g — yn,t — s,) dzdt
DN(R™x (sn,a))

> b—'a)

which implies b —a =1 and DN (R™ X (sn,a)) = 0. Then tending s, to —oo,
we have D = R™ X (a,a+ 1) and —1 < a < 0. This completes the proof of
Theorem 1.

e '\
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4 N - method to Weber equations

Katsuyuki Nishimoto Descartes Press Co.

Abstract

In this article famous Weber equation which appears in quantum mechanics is discussed by N-

fractional calculus operator N method ( N -method ).
§1. N-method to nonhomogeneous Weber equations

Theorem 1. Let g E° ={@;0=|g, |<©, vER} and f E@’, then the nonhomo-
geneous Weber equation

Llg,z;A)=g,+@ (A-2")=f (0)
has particular solutions of the forms,
Group 1.
gt 22 _zt ;2 *
P =c n(((f e ) e ), e )_(,H,) =¢u  (denore), (1)
—ZZ ZZ 21 —Zz *
(p =€ /2(6 ‘((f.e /2)11 e )-1)_(““) EV’(Z) 4 (2)
Group 1L
z? - -zt 2 z? -zt __*
R (CAT W Wl IR T N (3
2 2t Lt 2 *
A R (AT W 1) BT @)
where _
a=(A-1)/2, (5)
B=-(A+1)/2, (6)

@, =d'p/dZ" (k=0,1,2),9,=9 =¢(2), f(z) is a given function and A is a given
constant.
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SECOND ORDER DIFFERENTIAL SUBORDINATIONS

SHIGEYOSHI OWA (KINKI UNIVERSITY)
STANISLAWA KANAS (TECHNICAL UNIVERSITY OF RZESZOW)

Let H denote the class of functions f(z) which are analytic in the
open unit disk Y = {z: 2 € C: |z| < 1} and normalized by f(0) = 0 and
f'(0) = 1. If f(2) € H, g(z) € H, and g(2) is univalent in U, written by
f(2) < g(2), if f(0) = ¢(0) and f(U) C g(U).

THEOREM 1. Let « and 8 be real such that § >0 and o+ 23 > 0. If
f(2) € H satisfies

(l—a)f(z)+af'(z)+ﬁzf”(z)<1+Mz (z €lU)

z
for some M > 0, then

&241-# M

_— U).
z a+2ﬁ+1z (z€l)

THEOREM 2. Let a and 3 be real such that 8 > 0 and « > 1. If
f(2) € H satisfies

f(2)

(l—a)——z——+af'(z)+,6zf”(z)<1+Mz (z eU)

for some M > 0, then

2M

fl(z) <1+ mz

(zelU).



THEOREM 3. Let a and [ be real such that § > 0 and o > 1. If
f(z) € H satisfies

(1—a)—[—§—)+af'(z)+ﬁzf”(z)-<1+Mz (z € U)
for some M (0 < M < M (a,3)), where

Bla+26+1)
2y/(e+ B +a+la—pl’

M(a, ) =

then f(z) is starlike in U.



6 HBEHDE Hardy 2 % AW TOREZER NP DB

ERE &R (Yasuo IIDA) RIEXZIRHRFF AT

EH 1.
U={zeCllz|<1},T={:€C||z|=1} £ ¥ 5, U LOEHIME f »*

2T
1. lim/ logt |f(re?)|d8 < +00 kili7zTEE, feN LT 5,
- Jo

r—l

fFENDLE, f (') = ‘lilil_ f(re®®) Aae. e € T THETAHZ EHFHSN

2w 2w

2. feNT, lil}l/ log™ |f(re! |(l€-/ log*t |£*(e')|do #ilir-T & &,

r—1-Jo 0
fEN, t¥ 5, :

27
3. 0<p<oollxflL hm/ [f(re??)|Pdo < 400 Zili7zT L&, feHP &

T4, 72, U LOARERIBEEBERE H* TEY,

N % Nevanlinna class, N, % Smirnov class, H? (0 < p < oo) %* Hardy Z2fj
IS, TNODEMOBHVZIZE, UTO L) LB EMBEIY LD

H*CcCHYCHPCN.CN (0<p<gqg< )

SOOI RUEBBREIEDL>S X LHSNT WA, 1977 ££12 M. Stoll i N, &
HP ORIV ETAHZEM NP #EAL

EH 2.

2
p>1&T5, U LOIERIEE f £ lil}l_/ [log™ |f(re’ ]] df < +o0
¥ilizT L&, feN LT A, ’

2O NP, UTosrdh s .

NPCNY (1<g<p), [JH'c\N, UNCN
g>0 p>1 p>1

RHHETIR, UTO 2 DOMRIZOVTHET 5,



@ »HEADE Hardy ZR @ union & LTD NP OREE
h € H* % N, {233 25 8% ok &, H(|h]?) £ ZLEHA O L2(|h*(e)|2d6)-
closure &£ 3%, H. Helson % J. E. McCarthy & 1990 %2

No= U B = | Fw)

h:outer for N, weW,

ThbhHILERL7, 72 C. M. Eoff i3 1993 4EiC

= ) B = U B(w
h€HIN(Nr)-! weWw,
ThbHILrmliz, TIT, NP OXLTHHLbDOEKE (NP)!
W, = {w : weight | logw € LP(T)} &£ ¥ %,
COEREFRRESE, he HHN(NP)™! (1< g<oo,p>1)iZxtL., HI(h])
2 ZTAD LI(|h*(e'9)|9d0)-closure L FHKT 5o D HI(|h|?) ZHWTRD LS
RAERZEIRI

FE1 p>1,1<¢g<oo0 il

(1) = J  H(Y= | HY(w)

heHIN(NP)-1 weW,

A LD,

@ NP (p>1) o8BV 2 HEk

1

(2) pp(f,g) = lim {%/02” [10g(1+ |f(rei9) —g(v'eio)l)]pdﬁ}p (f,g € N?)

r—1-

X BEREAAR (7, TERT) LEMERRAIoVT

(1) 6, LTFD L)% NP LOFIORAH (inductive limit topology) * £z 5
CENHRDL (BFT L, £FT) !

(Vi %, BB we W, IS L, Van Hi(w) 25 Hi(w) B 2 0-55TH S
EIREEET D, ZDEE, (Ven % Ly O 0-55EEET 5,

IOEE, (2) X AEEBIM T, £ IO L, FEETH ST DT T,

T2 p>1,1<g<o0 ML, 7 & L, & N L, FfliTHhs,




mAuDLEHREHEHROER
THB% S

B kLT, RIYF = {(t,z) e RxR*} (¢ ofkhic oo &
L&) % 1+ k-k7 Euclid ZM &3 5, m ¥ BAKE LT, RIFF
DR TER S NME u(t, ) PHER

. A

kA1 TEE, i mMAAOSERBETHLLEE ).

N.n #B%%. D % RN 05, C° 5ig f: D — RI*"
YD En C® B ¢ >0 &M (f,¢) 25, (1) f(D) d#E. (2)
f(D) LoREED mAuOSZERBEK w I LT ¢ -uofid D EO mifL
NEEHRBB. % T m-caloric morphism & IT5,

FETld, m-caloric morphism OFfH T, 45T caloric morphism
EDBEIIDOVTRNS,

1. m D ZEHPB £ FOEROFHM I
mALNS BEHRMEERORROBHMNITIE, ROBICFI LN L,

T 1.

C® Bfg f: D CRWN S RI™ L D EOIEE C™ B3 ¢ n#
(f, @) LT, KIZEWIZEETH %,

(A) u 7% f(D) LD mIOLEHRBEZLE, ¢-uo f X D LD
miLD% EHBK.

(B) 14+ n EHEER P 7 mEOSEHRMBTRED dm NTFT% 5
2. ¢-Pof iz D LD miDLEZRBH,

(C) f & ¢ BROXEMZT;

(7’) v:l:fO = Ov

(41) (Ve fis Vi fi) = A, 124,55,

(143)  QHf; = 2(Vifi, Vud), 1Sisn,

() Y ACHI .. HX*m k¢ =0, 0SkSm-1,
|a|l=k



BLZZT f(t,z) = (folt,x), fi(t,2), ..., fu(t,2)) THH. A= A(t)
i fo(t) OB EET (1) &0 foldt ZIOBEK). T/ () ¥RV

0 0
TOARK. V= (8:101"”’6:161\/)‘ 6i; & Kronecker @ delta, ¥ L

T (@{iv) D a= (o, 1, m-k) REERKEEET,
(D) FE& D C° B p(t) ¥HEEL T, £ED C*™ B v it LT

H™(¢-uo f) =pp-H™uo f
BRI D,

F13G) ()25 [Vefi2? (1SiSn) b 2 KSRV I EDH 5,

2. (D) 2B p i3 (fo)™ XF LW,

3. n > N DA m-caloric morphism 1ZFF1E L&V, ERE (ii)
Eo(ill) &Y f EEESTLRINELST., f(D) BEBICIEZS %
Vi, ZNiE m-caloric morphism D&FIZKT 5,

4. (A) % "(f, ¢) & m-caloric morphism” &3 %23, (C) i (i)
W fy >0 2fmA. F72 (D) VR 2R KT 5,

2. m~caloric morphism & caloric morphism

%3 m 2 2 DD m-caloric morphism 1. fo(t) 25—R5 5B
T# % caloric morphism (f, @) OFEETF @ & (f5(t))™1/2 %4
”—7’:%0:&9‘(‘/‘50

FE 2. m22&L. (f,¢) 2 C®Efg f: DCRWFY SR &
D EDIEME C™ B ¢ £ T 5. (f,$) #* m-caloric morphism T& 5%
FODLEFTFELEE. fo B—ROBBETHY. »O

o(t,2)
Pl 7) = p) =t

EBLE (f, @) #* caloric morphism & %52 & TH5,

5. folt) = t—f—b e hbiE, o(t,z) = [t — b lg(t, ) k%

REFERENCES

[1] M. Nishio, K. Shimomura and N. Suzuki, A mean value property for
poly-temperatures on a strip domain, to appear in J. London Math. Soc..

[2] K. Shimomura, On transformations which preserve polytemperatures of
degree m, preprint.



8 ot & Bl

He #& THHEFXFE

M#% n(>2) WEDIA L7 b TROSERZY - U EHRELT o
p(1<p<n) ZBEBET D0 (M}, MOEBET 20 k21 (ot
LT wpld My — My T p-harmonic. wy = 0 on 0Mp,= 1 on oM, &
Ly w=limpwr & B Lo w=00DE E, M p-parabolic W,
Z 5 T\ & & p-hyperbolic £ 5o

RHELD 3 Do

(1) M p-parabolic THDEDHDLHE+EMHIHECHESE
MDA N VEAES K M — K EIEAR p-ERAMEK s T
limg oo s(z) = 00 &2 HDDVFEET Do

(2) M7 p-hyperbolic T# % 7z D LE+FFHFE MEFE&E. FE
ERIR p-BAMBBPEFELET DI LTH S,

MR ERICEE LT, DD LD

T 1 MO WESEE K, (0 CT,M) £3 5. K, <0735,
MiZ p-hyperbolic (1 < p<n) TH Y. K, < ¢ <0(c>0: constant)
2 5. MiZ n-hyperbolic T %,

HHEWR p = 2 DBA. [I] TEHIWhTWDH. COEHET, n-
hyperbolicity ICBEL Tid. K, <0 &35 &HTERNS EMRD
BFITHO» B,



Bl 1 M= {Re*lPs,;} B, TDLE a>0R5M
FEMTHO. a>025E. —4a <K, <0TH3. LPL. Mi&
n-parabolic Td %o

Vow FEIEICBL T, KDDL D,
EI 2 Ric(M)>07%25E MIiX n-parabolic T®H %,

COREE p(p £ n) KELTEBTUHED LRI & AR
BITH? %o

Bl 2 M = {R"(1+ |z]*)*6;}(a € R) £ % TDLE,
a > —-1/2 %5 MEAEHmTHH. —1/2n < a < 0REE. 0 <
K, < 40 THb, LzMH>T. Ric(M)>0TH%, L»L. MiZ
p-hyperbolic(l < p< n) THBZ L WDODP Do p=2DE & Yau[2,3](Z
b, MeOppPREINTNDB, LEDP>TIDHIEM € Ogp—0Og
2R L TWbo

S

[1] K. Aomoto: L’analyse harmonique sur les espaces de rieman-
niens, a courbure riemannienne négative I, J. Fac. Sci. Univ.Tokyo,
13 (1966),85-105.

[2] S.-T. Yau: Harmonic functions on complete Riemannian mani-
folds, Comm. Pure Appl. Math 28 (1975),201-228.
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T4 7 LA A e E 1o T
o oa K —  AmasatRer

B: Ak FE 0 BarqAgr. wl< ]

Y R oo RIATRG Yy MW AR
(Y] Y o locas (cariion)

F={Y@)} 3@ 5 [¥]oktn~g, V@R
@ r 1 AR > AER Rk B 7 o 355
T ;i r—.)‘ 19 AL A

(O A A N S R &
Aeg o Bra Fal7 b W o BR

Ca vt o Bp yRw) s BiR
A r-—>%)/*(’w>

1 BB L LI 9O o I
-1 FRET 2,
/






10 TS5 0 I NEERYEOESLED 2EBET Y Y ¥ MIonT

e YF BEDOKIKFKE

DI RIOFER LA TEFDERIDIIS-EEETH, ODVB-EEE
WHDIT.,

bir? < w(B(z,r)NAD) < byr? (0 < Vr < 1y, Yz € OD)

YR T HER LD Radon I FETHI L ThH b,

CDEH)REETH., BRED Lr(p) DESFZERTEH S Besov 22/
A2(OD) (B-(d-1)< a< 1) ZBTHEE f IS L TiZ. 2EBKRT
YIUXNOf R, ye Db

2/(v) = [, {VEU)W), VN (z = y)dy,
ye R\ D% 6
@S (y)= - [ (VE(F)w), VyN(z - y))dy

EVIHTETERTELILERL, FOUEEFARTE ), ZTTN(z—y)
B d=2DL N, d>3 DL EIF=a—+ U BTHbH, T7-.
E(f) 1&. Whitney 72 E > T—EDHET f Ak L THONZRI%K
T. D OPERR U TIE CoBBaic 2 5,

HERE(f) T EOAERUNEIT C R E 2 AR THILL, £
DOIFITEFHRTELUEEUENH 225, fFOEINIRICEL LT —FICET S
7DD+ %5 2. 1% Dirichlet FREIZEE L -{ERHEDT 1 21
THbHI ERAERTH-DOIMERHT 5,

W(D) % D® Whitney 5% & L. W(D) IZ&F 15 k-cube & Wi (D)
—GﬁTo A, = ngnwk(D) B <o f—-d+1<7<1, p>1 %?ﬁf:';—ﬂ
p XL RD (i), (ii), (iii) PBE 2#HF oD Lo f D&fk% UP(D)
TEY .

(i) fi DT CH#E,

(i) b=6Vdl T AL,

DA, dO’(y) /(|y—1'|SbQ“"}OaD I f(y) - f(w) Ip du(w) < cf(z—n)d—1+p-r



R X OB WER h B B,
(iii)
/D | V£(y) | dy < co.

ZDLE,. ROEEVFLND,

FIF 1. U2(D) DB fi, fLh0DETu-ae ICHELITHIEL, &z €
R4\ DIZHH L,

L (VRGN - y)dy = [ (V0), 9,N(z - y)dy

Y LD,

UP(R4\ D) % (i)-(iii) 1S3 2HEICA T, ERERTIZO0 I
TCEVIHIREOF ORI\ DO f &kt ToL, & 1ITHIE
THEHELRONS,

F 7. RIEBRTERSNLBEE f OD, R\ D~DOHKIRD, #h €
., UPD), UN(R!\D)ICBTAHLE, feU(RY TKT,

Wl p>1,8-d+1<a<1%biX, £(f) € U(RY) ThH b,

SHIZ, ¢g>1, g € LYp) ITXF L,

Si191(y) = {" I N(z — y)gi(z)dpu(z) it is well-defined
= 0 othewise

LEET Ho

2. ¢>2,p=9¢/lg-1),f-d+1 <a<1-(d-0)/p, g1 € LU(u)
72‘;)53:\ 5191 € U},’(Rd)ﬂ an(Rd) f‘&)éo

SZ Xk

[1] A.Jonsson and H.Wallin, A Whitney extension theorem in L, and
Besov spaces, Ann. Inst. Fourier, Grenoble 28,1 (1978), 132-192.

[2] H. Watanabe, The double layer potentials for a bounded domain
with fractal boundary, Potential Theory-ICPT94, 463-471, Walter
de Gruyter, Berlin-New York, 1996.



11 ERGEELOEEHNBHREFRAMBLE

IEM 5hHE WEEX - B
#) ER RFELIK

R% OgIZBE 72 (< Green BMNERET %) Riemann & T 5.
REDH RFAMBIK (resp. [EMEFTAMBIE) D class Z HB(R) (resp.
HP(R)) %Y. R RO m EHAREEE (1<m<oo), T2RD S
RANDHELETD. ZDEX REOTHD, EHIC

HB(R)or={hox: he HB(R)} C HB(R),
HP(R)or ={hox: he HP(R)} C HP(R)
THd. FEFEOHWNIE, Martin EROEFEZME>T, HB(R)on =

HB(R) (resp. HP(R)on = HP(R)) &35 DBE+H &%
BEXB5ZETH5.

R (resp. R) ® Martin compact {t, Martin 35, minimal 5 %
ZFNEN, R, A, A, (resp. B, A, A)) THT. ZO&EZE, 3R H
5 RADEZHELUTEKEICHEESIN, 7(A)=ATH 3. £ pe AL
X LT,

Ayp) =7"Yp)NA = {peAs: n(p) = p}
EB<L. k, (resp. k;) % p (resp. p) ICHiE DD R (resp. R) £D
Martin & $ 5. Ay(p) IKDOWT, RO Z ENHSNTNS.

Fact. (i) pe A —ADEE, Ay(p) = 0.
(i) pe AyD EE, 1 < #A4(p) <m.
(i) p € ALITHU, As(p) = {py,- -, B} B EE, BB cr, -+ o
MEELT
kyom = clic,-,l +"'+Cn];‘;3n-

~

EOELIDESEIZ, KO HP(R)or = HP(R) £ 25720 D i



BEt+o&HENESN5.

Theorem 1. HP(R)ox = HP(R) £33 1= DHE+ 5 &L,
EEDpec AMICHUTHA(p) =1EBBZETHS.

HB(R)ox = HB(R) &5 0L E+HE&HIROLSICE
A5N5.
Theorem 2. HB(R)or = HB(R) £33 DHE+HEHIL,
BAAEICEALTRETRTD pe AICHULAA(p) =1 &3
ETHB.
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and minimal fine neighborhood, Osaka Jour. Math., 34(1997), 659-672.
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% 5l 3%
Bloch EH#Z D EHEHFEMIZDOUWNT
B %2 (1L K% T 24 2 B

1 Introduction
BFEHceCLr>0Illo0T, Pl ¥ r OFE%E, D(c,r) = {z € C: |z—c| < 7}
TERT. Hlilce=0,r=10&E, 2F Y BARIZOVTIE, D=D(0,1) LBEET
%, STERIEHE f: Do C 8, HBEHE M > 0121 T
|f'(= )|<T:—I;|—2‘, VzeD

B8 D £ Bloch Bk E FHIN S, Z 2 CIRERBEICTEAIC M =1 & L,
a €[0,1] 122V T £(0) =0, £/(0) = a &) EFULEFT

(1.1) B(a) o {f : f is a holomorphic function in D with f(0) =
and f'(0) = a satisfying |f'(z)] < 1/(1 - |z]?) in D},
(1.2) 3 « {f : f is a holomorphic function in D with f(0) =
and f'(0) > 0 satisfying |f'(z)| < 1/(1 - |z|?) in D}
= U B(a)
«€[0,1)

LR FHETHE, ARIZEEINT 20 €D, 20 # 0 (22T f € B(a) ZEH L
BEOD f'(zo) DEY B DEOFHHEEZE XTIV, DX VES

(13) V(z0,0) = {f'(z0) : f € B(a)}
O ERET DLV BEEELS. 85I B(a), B DEHICINTEEII SN,
RRFEHE L D E 28 LT T& 5 EEIER Bo (0), Boo L1, DY

def

(1.4) Bo(a) = {feB(a): f'(z) #0Vz € D},

(1.5) Boo = {fE€B: ['(2) #0Vz € D} = Use(o,yB(a)

LB fEeEB, BB BREAERFLZ2VOT ff OXMEEO—MERI 2208 H
FETD. Zhk logf THRTILITTD. BELSHIE log f/(0) BEK L 2B LI
WoTEL., ZOHERIZOWTIIES

(1.6) Voo (20, @) = {log f'(20) : f € Boo(a)}

DEEZRETDEVIMBERZEZLDZ LITTD.

LD 2 DORBEIIE A TESYL ST Bloch £ 72 IXRATHEEE Bloch IO\ T
f'(z0) DTFEFLEAZRD L LWV D TH Y, EehFHE (distortion estimate) Dk biF
HER2bDOERDDEVIMETHS.



2 Bloch constants & Bloch functions

ST Bloch E# & Bloch HEOEMFHED, BEMIZATED L 5 R OH NG
EEN, E) L THUEL R TERONEFER LTI .

%7 Koebe @ 1/4 EE X VIED LS.

Theorem A (Koebe) ERIEHE f:D > C A f(0) = f'(0)—1=0 Zim/cL, D TH
$E (1 K1) 2512 D(0,1/4) C £(D).

ST B EOEBROEERBIAET, BEE L) D OBAEIR Q3 0) T flo: Q-
D(0,1/4) NELBHIZRALORFET S, ZOLIIT FITXY 13t 11T cover &4
BFEIL f 0 W (schlicht disc) &FHIND. TR T f 2 6HBEE (14 1) 0
RERELE, EX2RDTHA I N THULITROBIZEZE ZIER V.

Bl 1 BRI n IZ2WT fo(z) = {e™ - 1}/n, z € D LB L, f, 1L D TERIT
fa(0)=fL(0)=1=0 ZZT. LrL e #0VweC LY —n~' ¢ f,(D) 1> TR
AHPOTHEER IOV R RBEMAREZRD Z LIXTE 2.

L L7es b BMEMROPOEFA L RS 2T T
Theorem B (Bloch 1925 [1]) ERIEE f: D — C 25 f(0) = f/(0) — 1 =0 Zi/t
i f TR 1/72 DLEOBIEMIRBFETD.

FITIOL I BRHEEMRDOEET fITEKOLT—HRIZBND b DDOH T best possible
BRLOERDLLEIMBENEEND. ERRERZE~IT

(2.7) H*(D)={f:fH D TERT f(0)=f(0)—1=0}

L, & fe H (D) IZ2WT f OHEEMIRDYEED supremum % r(f) TRELI. Z
DEE

(2.8) B =fei}1;}"m)r(f)

iX Bloch constant & FEIENAEHT, 2N RDLIBDTHD.
FIERIZ cover DIRTEZR AR L THIZ £(D) IZ8 £ DMRDHED supremum % 7(f)
LLT

(2.9) L= inf #(f)

&8 <. ZHUX Landau constant L FEIEND, r(f) < 7(f) &9 B <L B YLD,
Landau 12205 DOESEER O B H* (D) O & 5 2R EREM Tid2 < Br/h s
RZEENZHIR L CEXNIEIRWI EAVRLIZ. 2F Y

Theorem C (Landau [9])) IROFRDE Y L.

B = inf = inf ,
fegl,(mr(f) felgmr(f)
= inf #(f)= inf #(f).

fE}?‘(D)rf F€38(1) ()



. L OBELREW R B ORBEOGERE LTRZ H. £7 H*(D) % D TEAIZ
@ﬁfeﬁ#@)Déﬁibméfrmuwﬂﬁmtfét,

mf r = mf r
feH*(D) h feH*(D) (/)

EBEBIRT I ENTED. 8T f e H (D) ioWTEHK py(2) = (1— |22) I (2)] 12
D THA, EHTHY D TO THD. o THATRKXNEZID. Z0OR%Y 2, €D
LRI, py(0) = 1 EBDET

(2.10) (L =12 (2)] € (1= |20)If'(20)| Vz €D, 1< (1= |z0/*)]f (20)l

B ID. & T

Z+ 29
14+ zp2

2.11) g(z)={f( )—f(zo)}/{(l—lzoP)f'(zo)}
LR L BERHEICE Y g € H (D) $515. £ r(g) = r(£)/{(1=lzo)F (0]} <
r(f) BRED 5. S Bz

s (2 + 20)/ (1 + 20z))
(1 =z0[?)|f(20)]

XY geB(l) BV I UELVIEED fe H* (D) 2T g e B(1) Tr(g) <
r(f) ZWITOYOBFET HOT

(2.12) (1= 1)y (2) = <1

inf r < inf r = inf r =B
fe®B(1) (9 < feH*(D) () feH* (D) ()

MRV 0. HFmEORENT B(1) C H*(D) LVELIZELGNRD. O

LOFEE L Y Bloch constant 12DV TOFHIlAFT D BRZIXEED | f/(2)] < 1/(1-]2]%)
EWVI) EEERMIETELTEANERWI LA 02%. 2D Bloch function &V 9
BN EAINT, THLbEbORETHD. BETIE, ThEADEL RPFEOFNLD:
B f'(2)] < M/(1—|z|?) &) &HEDBENI, Bloch function DEZEMITH L TVD
0, BERRLREEOFRENELNTVDHRNT HDT, Landau DIEAL BN S
TIEW:,

¥72 Landau EH L {Z2WTIED 235, & D8I~ universal covering & 722> T
W5 f e B(1) DRENBED B(1) OFSIEE By(l) & THLE

2.13 L= wmf 7(f)= inf
( ) !eg%l.,(l)r(f) fegl.,(l)r(f)

ERBIERHOENT VD, L LA S universal covering & 722> TWAHEEEHR D
DIXKREHELNOT, MBS TRHFTHEEREER I Z LMD, TOBEIL locally
schlicht Bloch constant %

2.14 B € inf
(2.14) m&me)

TEHFETHD. ZOLE By <L BHEYIL2DOTL OFHEOFER BRI Kb
DIZ, B DT HLOFHEEIT .



3 Distortion estimate & EEHDTMN S DT

AIENTIX B, Beo, L OM%%$ 5 9 2T Bloch function DEENEETHHZ L %
#7358 L7z, TiX{T#k Bloch functions @ distortion estimates ASMEIZ/IR B D25 H 537
ZHUIIRAIIZE 20, distortion estimate 235 B, By, D TS OFEA AN DEMET
HD. ZOBBEEHRONITTLHH]L LT, Peschl IZL 5 By, (1) @ distortion estimate
L, INEVEMNND B, >1/2 EWOIBRERBNMLLD.

Theorem D (Peschl [11], [12]) fEE®D f € B (1) IZDWT

/ b aan
(315) If (Z)IZ (l_lzl)ze ) ZEID
i AIVASN
ke
(3.16) P(s) = {1~ e72/07))

BT EOEBEOREIL |f(2)] > P'(|z]) EREDZLITHEELLD. f € Bo(l)
WOWTREAZRLETHRRKEEMNKZ D L L, D @ subdomain Q #0e€ D T
fla: Q= DBEREELRHIIICMD. Z0LE FRErbHREL, D IZE”) QW
OfiFR v(1), 0 <t <1 Tfoy 7, D D¥EERLRS>TWVDILDONBFETD. LoT

the radius of D = / |dw|
foy

= [Ireoimol
/ ’ ! , _1
/OIP(I"/(i)I)Ilv s [ Pir=1

PR ILD, 2T r(f) > 1/2 PMEED f € Boo (1) ITDOWTHY IO LIZRY, Z
LY L > Boo > 1/2 B3RV DT ER5HND. £72X VEELY distortion estimate
MEINIUE, Boo DLV BWEEZGEDZ EATE D ([14).
[[l4%1Z Bloch function @ distortion estimate 7*% Bloch constant @ T 7> % OFEf
RRDZENTED (], [8]). D B, Bo, L O ETOFHEORES RCEHFT DORERICO
TixS. Finch iIZX %

v

http://www.mathsoft.com/asolve/constant/bloch/bloch.htmi
EVHHRBBEIIRDTHS ).

4 1B{EER

#£E V(zo, o) 721 Vo (20, @) ZRET HITHL, extremal function 2 F#I L TE<
ZENEETHD. ZIZTH Vi (z0,0) 2%V, BATEZE Bloch BDHEIZOWTRE
BRLTEZ)



AIEIO Peschl OFERIL P(z) = {1 —e~22/(1=2)}/2 $3 B (1) TD |f'(2z0)] P, F
TAZRI L Z & TH DA Re log f/(z0) PER/MEZ KD D &V D F/IMERIRED extremal
function £72>TWVWDHZ L ZmkT 5. EFRIZ P € B (l) TH Y, HMEREKIZ/R>T
WHZ EERIEATE D, £72 P ZRBIIEFRTDIILIZE 2T B (a) ITOWTDRE
Uh/MERTEORMERR LT 2 LB TED. ZOL I BRERIEL R T D HDHE
i LTOHER, s> 0 IZDOWTEMABEIZ e THMIA ST S horocircle, horodisc
EROLIIZEERTD.

(4.17) To(s) = { ecC: |%_s}:am(%,lis)—{e”},

i — 2|2 i s
z€C: =
{ € ll—]z[2 < D 1+s'1+s/’

ERLC. ZDEE Upe To(s) = DX, 1<s <o DEXIL 0 Ap(s),s=1 DEEIT
0€Tlg(l) BRYVIDZ LIZEELTERI ). &T

(4.18)  Ag(s)

up(2) = (1= )P = '2:2 (oer==r
THDHH, M(t)=(1+t)e ™t t> -1 BT I, M(t) iXt =0 THRXME M(0) =
ZBY M(o) =0 THD. ZDLE e (—1,00) IZDNT
1
t+1)

BRSO, THEVRHT, pp(z) = M(t) <1 THY, P/(0) =1 £EbET, P e
Boo (1) BohD. BT up(z) =1+ 2z € T(1) BV L.

RIZ P ZEFR LT Beo(a) DRMEHBOBEMZFEDIAIZ0<a< 1 IZOWVWT—KRE
Hax

(4.19) pp(z) = (1+t)e™ = M(t) for =z € Tof

‘ _ z+4+a
(4.20) Ta(z) = 1T as
EBE, PoT,(z) B2 DL
(4.21) ppor,(2) = (1= [Tu(2) )P 0 Tu(2)] = pp 0 Ta(2)
FoT ﬂPoTa(z) S 1Vz eD &

14+a
(4.22) upor,(2) =1 &= Ta(z) € To(1)z € To(7—)
BELY D, 8T -
)= 1% & -t
(PoT,) (z) = 1_“(1_2)26
£9
I+a _14a 2a TR 2a

(4.23) (PoT,)(0) eT 2" —<1+1_a>e = (1—a)



EREDM, M(t) 12 [0,00) THEERBLT, M(0) =1, M(c0) =0 Wxm=M"":
(0,1 = [0,00) EBZI. ZDLE BEXoNT a € (0,1] IZ2WT (PoT,)(0) =
MQ2a/(1-a))=a Z&ZT ae (0,1] iEm(a) =2a/(1 —a) £Y

_ _m(a)
“= 2 +m(a)

(4.24)
B EITEZBRE ac (0,1 12OV T DL ae(0,1) F]Y.
(4.25) Pa(2) & PoTy(z) = PoTs(0) = %{em(a) _ el-(ma))

BT, Pa(0) =0, PL(0) = o, pp, (2) = ppoTa(z) <1 ZWMIT DT Py € Boo(a)
THD. I6iZ(1+a)/(1—a)=1+2a/(1-a)=1+m(a) &P

l+a
l1—ua

(4.26) up (z) =1 <= z€Ty ( ) =To(l + m(a))

MR Y L.
5 Vio(zo, ) DIRTE
FE1ac(0,1),0eR & feEBg(a) ITPNT
(5:27)  ho(z) =log{(1 = e72)7f'(2)}, Hay(z) = log{(1 — e72)? Py (e™"2)}
Ek< L
(1) hg(0) = Hap(0) = log a.

(2) Heg X, horodisc Dg(1+m(a)) Z¥FE {w € C: Rew < log(1 +m(a))} IZ%
AIZERTD.

(3) hays 1X, horodisc Ag(1+m(a)) %¥FE {w € C: Rew < log(1+ m(a))} OF
~EgT 5.
IR (1) B S (2) oW TREIICE Y

eil) + 2z
18

(5.28) Hog(z) =14 log(l+ m(a)) — (1 4+ m(a))

e’ =z

Chh. T Hyp H—WERTHS. 22 TREIE Hag(As(1+m(a)) 122V T

) el + 2 1—|z)?
(5.29) Re ( 7 ) =

et —z

XY Hyg(z)=w EBE

(5.30) z € Ag(1+ m(e))

et + 2 1
S - R
< Re (e”’ _z> > T+ m(a) <= Rew < log(l + m(c))



L5,
—75 hg(z) = log{(1 — e "2)2f'(2)} IZDWTHL z € Ag(1 + m(e)) 72 H1E

(5.31) Rehqo(z) = log|l —e *z)2|f'(2)]

e — 2/?

log{~ — |z[? (1= 2)If'(2)1} < log(1 + m(a))

DRV ILD. Lo The(Ap(l+m(a)) C {weC:Rew < log(l +m(a))} O

T 20 €D, 29 # 0 12DWT Vi (20, 0) DIREEEBANC, FHMERE LTH
9.

(1) Voo (20, @) IE¥FHE {w e C:Rew < —log(l —|20]%)} @ compact subset.

(i) fEED 0 € R IZDWT Voo (20, a) = Vi (20, @).

(111) Voo (20, @) X convex.

(1v) Vio (20, ) 1 NREZFD.

(V) Voo (20,a) tX convex Jordan curve TH Y, Voo (z0,) X, TD curve O inner
domain & curve DFEE. T (1), (i), (iv) &V HEhrh .

UEXY, Vi(z0,a) ZRET HIZIE r € (0,1) {22V T Jordan curve Vo (r, @) %
RETIET5THD.
B 2 «o,r € (0,1) Z2WVWT Jordan curve OV, (r, a) KD L D725,
(1) 0< 7 < m(a)/(2+m(a)) BHIE Ve (r,a) 1X
(5.32) [—7, 7] 3 6 — log P’ (re'?)

TEZONDHAMBTHD. £HdHD f € Bola) & € (—m,7] IZDNT
log f'(r) = log P.(re®) 7251%, f = e~ Py (e'®) ALY L.

(2) m(a)/(2+m(a)) <r <1726 0Ve(r,a) iX
(5.33) (=04(r),84(r)) 3 8 — log P.(re'?)

THEXLNHHEMILE, 2 & log P (re?=("), log P (re~#=0")) %Xy %D
VISP, (B L

¢ 2 _
(5.34) Bq(r) = cos™! <(2 + m(a;: m(a))
THY, BITIER {w € C: Rew = —log(l — r?)} AILHD. £12hHD f €
Beo(a) & 0 € (=04(r),04(r)) D2V Tlog f'(r) = log P.(re’?) 7261%, f =
e~ Py (e?) D3RR Y 3D,

A 0<r <m(a)/(2+ m(a)) DBEIEL, AEED 6 122V Tr € Ag(l +m(a)) BB
DILDOZLILEETD. £ZTD % Ap(1+m(a)) IZBITF D 0 F.LD hyperbolic disc
TredD ZMT LMD, ZnL

142

(5:35)  Ha(z) = log{(1 = 2)? P4(2)} = 1+ log(1 + m(a)) — (1+ m(a)) 7




EB< L, EH 1 & Schwarz OHIEL Y
(5.36) he(D) C Hap(D) = Ha(e ¥ D).

FRZ r €D £V hy(r) € Ho(e™¥ D) DALY 3L2. ZIUIEED f € Bo(a) IZ21T

(5.37) log{(1 — e~*r)2f'(r)} € Ho(e™** D).
Thebb
(5.38) log f'(r) € Ha(e " D) — 2log(1 — re™**)(= PAMIR)

WREYMDOZEEBERTD. LoT
(5.39) Vio (r,@) C Ho(e ¥ D) — 2log(1 — re™*)
MELY S0,

WIZ f(2) = Py (e72) WA EDOHEREEAT DL redD & Hyp BEATHD
ZL XY Hyp(r) € 0Hap(D) = 0Ha(e D) BH Y IZD. ZHIT

(540)  log Py(re™) € Voo(r, a) N 9(Ha(e™* D) — 2log(1 — re™*"))

ZEWRTD. o THEED § e RIZOWTlog PL(re™ ) € 0V (r, ) ALY LD, Tz
log f'(r) = log P.(re=*) 72 51X Schwarz OFED—EML Y log f' = log P (e™*")
BRLYSLH, 2 LY f =€ Pl(em) BELY L.

B [—m, 7] 3 0 log P.(re”*?) 23, BT Jordan curve ZH5X DT &1

1+z2
1—2

(5.41)  Ga(z) =log Pi(z) = 1 + log(1 + m(a)) — 2log(1 — z) — (1 4+ m(«a))

2 Ag(L+ m(a)) THETHHZ L LV,

0<r<ma)/(2+m(a) DHARBAENRERLY 9] < 0, 251 r € Ag(1+
m(a)) WXBREOHERMEDOEEEZ T, log P.(re ) € Voo (r,a) & —EMEMHY 3L
2. log Pl (reX"e) € 0Vio(r,a) IZDWVTHL, OVeo(r,a) BRARETH DI L L VD,
FFEEAREEIZL Y Re log P (refife) = —log(l — 72) DLV LD EDTED. T
N Veo(r,a) C{w € C:Re < ~log(l—-r?)} £V D2 RERERAID 0Veo(r, )
DEHFEETHDZ LMD,

EFBRT [<04,04] 3 0 — log P (re=) & log P.(retif=)) 2SRRI LYV 2D
#RA3 convex Jordan curve TH DI L1L Golz) = log Pi(z) 1IC&D {z € D : |z =
r} N Ag(1 4 m(a)) PRBBROMBAETH DI LLYVED. O

a=1DHED Vo (r,1) DRFEIZDOVWTOEBEERERL ). ZOHERE m(1) =04
Z Ag(l) TEZXBZ LIZIEDN, 0 € 9Aq(1) WX, Schwarz DB ER gV, Lo
LAAS feBu(l) BB F0) =1 & [F(@)< (-l =14+ &Y
F70) =0 THBHHME hg(0) = Hap(0) = loga tZIZT hy(0) = HY, ,(0) BALY L.
Z DA Schwarz OFIEEOAKD VIZ Julia @ lemma BEATE D, E-TEHR 212
BT (2) B ma) =m(l) = & LTHEY 2. FFLIL (18], [14] 28R LTI LW,



6 V(a,r) DIRFE

Via,r) iIZ2WTiX P(z) DRHYIZ
(6.42) B(z) = —3%[312
ZEZITRV. 0 <t < 1TIZDWT M(t) = 3V3t(1 - t2)/2 LB, M(t) IXFEAT
t=1/V3 TRKE L1 ZRB I ENS up(z) = (1 - 22)|B/(2)] = M(|z]) < 1 £720,
Ebilup(z)=1 < |z] = % BRLYIELD. TZTael0,1) iZDNT

zZ—da

(6.43) Ta(z2) =

l—az

ERL L pupor, (2) = pp o Ta(z) BV LD, £72 (BoTy)'(0) = M(a) THD. =
ITM D0,1/V3] ~OHIROFEESE m LB<. (m X [0,1] THEEEMTHY,
m(0) =0, m(1) = 1/v3.) X 5N a €[0,1] IZ2WT

(6.44) Bo(2) % B oTpo (2 )—Bon(a)(O)z—?’ﬂ{(f: m() >~—m(a)2}

4 m(a)z

BT, Bo(0) =0, BL(0)=a THY, up_(z) = up 0 Tp(ay(2) <1 ZWETT DT,
By € B(a) THD. IHIT

2m(a)

(6.45) pp (2) =1<= 5= m(a)?

2z —

BAE Y S,

FHE 3 a€[0,1) ITOWTESE V(a,r) IX compact conver subset of C TH 5. F7=
dV(a,r) X Jordan curve TH Y, V(a,r) & 0V (a,r) &£ £D innner domain DFIE
& &bl

(1) 0<r< (1=v3m(a))/(V3-m(a) 251XV (a,r) iX[-m, 7] 5 0 — By(re®)
CHEXBND. ¥hB feBla) & 0€R ICOVT f(r) = Ba(re'®) 72 b
f=e""B, (") MY LD,

2) (1=v3m(a))/(V3-m(a)) <7 <(1+\/_m )/(V3+m(a)) 725iF oV (a,r)
IXEBAIIL (—04,04) 3 0 — Bo(re?) & 2 & Ba( etf) %sz‘pﬁﬁi Wizn. {8
LIDBZTER {(weC:|luw=(1-r%)"1 EiZdYy,

7'2 — mi« 2 mla 2
618 0, (ZEZnE) Lime 1)

ThHD. ih&é f € Bla) & 0] < by IZ2WT fi(r) = Bu(ret®) 722561%
f=e"B, (") MY Lo,

) (1+V3m(a)/(V3+m(@) <r<1D:XizdV(ier)={weC: v =
(l—rz)"l}fbé.
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15 Localization of the coefficient theorem

HTE—
(Yamashita, Shinji)
(RORERIL R ()

Let U be the family of functions holomorphic and univalent in D = {z;|z| < 1}.
Writing f,(z) = ¥f(vz) for f € U and for v € 0D = {z;|z| = 1}, we know that important
members of U are K., the y-rotations of the Koebe function K(z) = z/(1 — 2)?. The
coefficient theorem proved by L. de Branges then reads as follows. For each f € U/ and for
each n > 2, the inequality (B): |f™(0)/f'(0)| < n!n holds. If the equality holds in (B)
for an n > 2, then f = f'(0)K, + f(0) for some v € 0D. Conversely the equality holds
in (B) for all » > 2 and for all f = AK, + B, where A # 0, B, and v € 0D are complex
constants. By induction we have K{"(z) = (K,)™(2) = v* n!(n + v2)/{(1 — v2)"**}
(n > 1,y € D), so that (B) is precisely |f™(0)/f(0)] < K™ (0)/K'(0). Suppose that
f'(z) # 0 at a point z € D for f holomorphic in D. Then there exists p(z, f) > 0, the
greatest r such that 0 < 7 <1 and f is univalent in {w; |(w— 2)/(1 —Zw)| < r}. Thisis a
Euclidean disk of Euclidean radius R(z,r) = r(1 — |z[2)/{l — r?|z’} < 1.

Theorem 1. Let f be holomorphic in D and suppose that f'(z) # 0 at a point
z € D, so that p = p(z, f) > 0. Then

f(z)
f'(2)

K ®(olz) _ nl(elel + 1) plz] + )
SR RGE) T e = )

(1)

for each n > 2. If the equality holds in (1) for an n > 2, then p(z, f) = 1, so that f € U.
Furthermore, f is of the form

(2) fw) = AKg(w) + B,

where A # 0, B, , and 3 € 0D are all complex constants.

Conversely for f of (2) (for which p(z, f) = 1) the equality holds in (2) for alln > 2
and at all points of A(B) = {ft; 0 < t < 1}, whereas the inequality (1) is strict for all
n > 2 and at all points of D\ A(B).

We may call (1) a localization of the coefficient theorem. Actually setting z = 0 for f €
U for which p(z, f) =1, we have (B). A domain  in the plane C = {|z| < 400} is called
hyperbolic if C \ Q2 contains at least two points. Let ¢ be a universal covering projection
from D onto a hyperbolic domain 2 in C; ¢ is holomorphic and ¢’ is zero-free in D. The



Poincaré density Fq is then the function in © defined by Pn(z) = 1/{(1 — |w|?)|¢'(w)|},
z € ), where z = ¢(w); the choice of ¢ and w is immaterial as far as z = ¢(w) is satisfied.
We next set pa(z) = p(w, @) for z = ¢p(w) € Q. Again, pq(z) is independent of the particular
choice of ¢ and w as far as z = $(w) is satisfied. We call pg(z) the radius of univalency
of Q at z. Let U(Q2) be the family of all the functions holomorphic and univalent in §; in
particular, U = U(D).

Theorem 2. For f € U(Q) of a hyperbolic domain Q C C the inequality

pa(2)\" ' |f™(2)
) (PQ(Z))

f'(2)
holds for each n > 2 and at each z € Q. If the equality holds in (3) at a point z €  and
for an n > 2, then the following items (I) and (II) hold.

‘ < nl4n-1

(I)  There exist complex constants @ # 0 and R such that (2 is the slit domain
1
(4) n=c\{Qt+ Rit<—};

in particular, pa(z) = 1.
(II)  The function f is of the form

S(R — w)

(5) f(w):m+T,

where S # 0 and T' are complex constants.

Conversely, suppose that f of (5) is given in Q2 of (4). Then the equality holds in (3)
at each point of the half-line £ = {Qt + R;t > —1/4} and for each n > 2, whereas the
inequality (3) is strict at each point of Q\ £ and for each n > 2.

The extremal function f of (5) maps Q of (4) univalently onto the slit domain C \
{St+ T;t < —1/4}. We emphasize that in the case Q@ = D, the inequality (3) is worse
than (1).
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On the estimates of the pre-Schwarzian
derivatives of the spiral-like functions

Yisuke Okuyama
Department of Mathematics, Graduate School of Science
Kyoto University, Japan

Let A denote the set of analytic functions f on the unit disk D
normalized so that f(0) = 0 and f'(0) = 1. For a constant 8 €
(—m/2,7/2), a function f € A is called 3-spiral-like if f is univalent
onD and for any z € D, the logarithmic spiral f(z) exp(—e~*t) (¢t > 0)
is contained in f(D). It is equivalent that R(zf'(z)/e* f(z)) > 0 inD.
We set SP(() is the set of 3-spiral-like functions.

For a locally univalent holomorphic function f, we define

Ty = % and Sy = (Ty)' - %(Tf)2>
which are said to be the pre-Schwarzian derivative (or nonlinearity)
and the Schwarzian derivative of f, respectively. For a locally uni-

valent funcition f in the unit disk, we difine the norm of Ty and Sy
by

Tyl = sup [Ty(2I(1 = 2 and |5l = sup|Sy(2](1 - |21}

respectively. These norms have a significant meaning in the theory of
Teichmuller spaces. For example, see [1].



In this talk, we shall give the best possible estimate of the norms
of the pre-Schwarzian derivatives for the class SP(3).

Main Theorem 1. For any f € SP(8), where |3| < m/2, we have
f"(2)

f'(2)

This estimate is sharp. The equality in (1) holds if f(2) = fa(z) =
z(1 — z)‘%_'d cosf which is called the B-spiral Koebe function.

< 202 4 e*4). (1)

I T¢]ls = sup(1 = |2[*)
zeD

On the other hand, we obtain the norms of the Schwarzian deriva-
tives of 8-spiral Koebe function fs and the distance between them in
the universal Teichmuller spaces.

Remark. For any |B] < 7/2, ||Sg,ll2 = 6. If B1 # B2, the distance
between Sfa1 and ngz is more than 6 in the universal Teichmuller
spaces. Otherwise, it is 0.

References
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h(f(z)) = Ah(2)

EEITODONHFET A0, & f DEES 2 = 0 TORITHERLMEL VS,

fl0) =X%, BESz =0T f O multiplier £I5, A =0,0 < |\ < 1,
Al=1 A >1 T BES 2 =0138%K51H, |58, Py, RENTHD L
VA, EHICIN=1DEEE A= ERLE X0 FFEBOBFITHENF
oAy, BEEHORIERNDTIE VI,

5189, R7EH % B Keenigs 4%, B8 7% & & (L Bottcher 2%, & I BEATH#TFZ
fLalge 2 2 2R L TE Y, TR ZORITEXIMBREOERT S ZHBFEA
RUER I NG b, TN LT, EBEPILLRIIETYURELTIETH 58
CEVEENH D,

LUFTEa3EIIEEHTH ST 5, Brjuno iE, a #° Brjuno ¥4 5E, £ED
FaOEFE TEMZBEE f(2) = €72 + ax2® + -+ RSBV TETBBRTAT
BETHDHI L TR, Yoccoz i3 [4] 128V T, Brjuno DEEDFIGEER &, Brjuno
FUDPBITORTACTREDTS&H L LTRRETHL I L 2B L, 2 a #°Br-
juno T2 Wi HIE, 2 REEFK P,(z) = ¥z + 22 3BITHHFALARTEETH S
o YN YA

f£E D, multiplier 7¥ e THLEES ¥ HFDO 2 REHRIT PLIZT 74 »#IET
HHOT, 2REBRIIOVTIEREW DT EE S TORTHRBCTEECONT
DYBETGRED TP 2722 £ 5,

Problem. d > 3 & LT, d KSHRIZOWT b, BEE 7 B E & CORF OB
{LaTEEEIE Briuno &M THEBUT S1A A, %70, HRERIZOWTIZE S b



LFOLIIIERT D,
Paa:={P(z) = €™z + az® + - + ayz’; (az,... ,a4) € C"1} = CH}

Pérez-Marco i [3] 2BV T, a ¥ Brjuno TR T, Py DRATELHEST,
DETOTAE S CHRIFEFARTIETSHS bONEET A E 2R L1 BB,
Po.q O holomorphic family T, D& T DA & CRIFHRTALTEE L b OHTE
ET2%0, 20 (HE) ATHE4d—2Thb, KFEERETH 5,

Main Theorem. o (3 Brjuno T%\VET 5, $5 3 REER P, a(2) = €22+
A2+ 2 BEETRTHRTACTIES S, d > 3 T Pay i (HE) KT d-2TH 5
holomorphic family T, #D&TOLYPE L THRITHKRTALITRETH S D EEL,

Blt, % Brjuno 8t T7% v a T Yoccoz P 2 REBERICHMT 2R3 RFHER
HRTE %W s, d > 3T Puy RELATHRITHRALTRLZT2SK S, W0 IG
% B R KITD holomorphic family % &4 2 £ A5 h2 5 72,

Corollary. Briuno 8 T% WV a 2 BET 5. 5 d > 3T, Pay WE G THITE
FALTTRE R TTA LKA, d — 2 RITTD holomorphic family ¥ & 2 Wi 5iE, TED
A€ CIxLIRZER Py BRI THRITHHIAARTETSH S, Brjuno M Tk
WEED o 123 L ERO I &K Y SLTIE, Yoccoz D 2 REERICHET AFERIL3
REFRIILIRTETH 5,

Remark. Brjuno 8 T%hVa & d > 3 2BET 50 Pou MWELTHTWHRTILTEE
% d REHEA P, 280 % 5L, T Teichmiiller space DR EET L2 & T (cf
McMullen-Sullivan [1]), FE L 72#R%Z /A5 EATETHL EBbN LA, 2] T
{2, Main Theorem D 3FBHIZ 8\ T holomorphic family % BE&&IZHER L 72,

SE R

[1] MCMULLEN, C. and SULLIVAN, D. Quasiconformal Homeomorphisms and Dy-
namics [1I: The Teichmuller space of a holomorphic dynamical system, Preprint
(1994).

[2] OkuvaMa, Y. Non-Linearizability of Polynomials at Irrationally Indifferent
Fixed Points, preprint (1998).

[3] PEREZ-MARCO, R. Sur les dynamique holomorphes non linéarisables et une
conjecture de V. I. Arnold, Ann. Scient. Ec Norm Sup., 4¢ série, 26 (1993),
565-644.

[4] Yoccoz, J. C. Théorém de Siegel, nombres de Bruno et polyndmes quadra-
tiques, Asterisque, 231 (1996), 3-88.



1 8 PQM bO(fC COMPOWZMTS {ora "F&mf l,Z ziF

Cb\\ﬁc Pol’ynvm?q(s WI’ﬂ/\ pqmbo tc ‘P\xec] po‘qd‘s
~ ¥R TR B " BRIE LS

ed &

EHE 1 OB TRER 0 258 9 72 3IREEROIE

Per(1): Py(2) =22 + a2’ +2, a € C
EZD, P, Ofisit

¢y = cx(a) ( a:i:\/a"’—)/B— ( \/I—S/az)a/l%,

THY. a=+V3 THIKET D, #->T, fEH ce(a) 1IZC - {£V3} D2E

%&E”‘“FE}J:OJIEEIE%IT&;V) WEOERLE TOJRWIIIEEYET D, -

la| B+PRKENVEZATider(a) 1IZ 1 BERITH D, ZOKEXEEL
T%xé F 2 TR

chla) = =5 +0(z), cfa) ==+ +0(5)

2a
. felEE

1 4a3
Pu(ci(a) = 0(2),  Pale-(a) ~ =
E12%, (€5 T la| BAIKREVE ZATIE c_(a) 73 escape L. cy(a) 1
DRI EN S 0 OB B;(0) \IC&FEND, ZOMWHEIT stretching &V 9 HfE
TARERDT, # connectedness locus M, (1) DI TIEFIZ c_(a) 25 escape
THT L8 D, FIXRBALY 3L,

WA 1.1 ®Z cy(a) € Bi(0) D3RRV L,
> THEMNZ D,
#HRE 1.2 1 Per;(1) O connectedness locus My(1) 1%
M(1) = {a € Cic_(a) € Ko = K(P,)}
RO b,

c-(a) DRIERE c_(a) £ &L Pa(e—(a)) = 4a%/27+ ... = P,(é_(a)) &
( ) = a/3 BED, D(a) = 3pa(c-(a))/V4 L & RIBRY L,

@@ l.1 &:C-M(1)— C—Dy, 93 W E~DOEAFRRT limy oo P(a)/a = 1
wifi7= 9,




1.1 M(1) 3EFETHB,

c_(a) € B,(0) %ifil=7 KLk % parabolic set, RS % parabolic
component & W& L1295, % parabolic component W (ZxfL, £TD
a € WIZxtL Pr(c_(a)) € Bi(0) & 2B K D28/ D k > 0 BIFET D, ZD
k @ W @ preperiod &V ), k=00, &, D¥YDc (a) € B(0) DEE W
% main component, k > 0 O & & W % capture component &\ 9, a € W &
L T 0 @ Fatou FEAE &, 4 &5 XD, 0 DESIHIROBEERTEFR % Q, 2 &<
LoGuy Qs — CHIPA~OERIFET, BHEL 0, 4 (Py(z)) = Boa(z)+1
Y, 162 TQex NTD P, DNFEFROEALIL cylinder C/Z (Z[RIFY
TH D, ZO cylinder & Ecalle cylinder & M5, X T, Z2ODfERcy(a) D
BB TR TRBIBTER Q- (A2 TL HDT, FO8GE [cx] O Fatou &
o, ([ca(a)]) #EBXAHZENTE S,

TEL1L1 TOE (@) =0, ([c_(a)]) = Pu_(lci(a)) € C/Z % P, ® Fatou
vector £\ V9,

@R 1.2 7 W - 7710) — C/Z — {0} XA TH D, DE Y
T W - C/Z B8 e 525, 1272 W A% main component Wy O &
EE Wo,r OROVIZED 2EWER Wy ROEZA~D lift 7 2EXBHZ LT
95,

AG#{# Tl parabolic components (28 L TEE NG ERE BEER LB
R
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BROHLMENDI A I 2T —Z2HD5E

KEASKEE BETH
8 H

VY WEEMRE —F

R. C. Penner K135 3L [Pe] IR T, cusp D& 5 HiEH LD decorate
ENF A IaT—HEREICHEILE L, ZO5EIXE&EE
DIEFATEDL L ZWAIICER ShTWwT, Zhid D. B. A. Epstein K &
DHFFEFH L [EP] THEL & MBS H4ED canonical decomposition
PHEINE T,

&T. canonical decomposition DAL . /NEETHEDFH L [Ko]
CRTEHABNZERODH 5FECWREINE L, £2 T, ZOF
& Penner KOFHEL ¥ S ¥ 2HT, REFIERDDH S compact
RHELEDS Ak 2T —EHO., BERBFEOIER TAL LR R4S E
PELNLE L,

EEz g OMEFTTEZEE2S ., r MOEWIZZDL L WK
DOAIBEEY B TH/H LN A, compact ZHE% F,, £ L. €DLE®D
Teichmiller 22/ % 7,, THLE T, T,,DTIEE4F,, LIERFE
WHENC 2 HVNHBE T ED T T ORI, F, 02U EDER
POEMBICDH L ROESR, F,, DR TT I 72kLIT (KEEL
WORER), TOBFE LTHRONS F,,05E % T, DTITXT 5
F, ,® canonical decomposition XU % T (FHEEHDEZEER),

ST Fy, %, BERPOLELBLE, BRE) LEBSAPLELS
BEPRBIIHNLANAFIDY ST HELET. CORZDETE
T5 F,ADMDEKE (DFRMER) % A = (c1,¢2,-.-¢9) ETHE,
g=6g—-6+3rTHY, THIF T, DRTE—HELET, ZOHZ A
Po/OLND Fy, D5 %El% truncated triangulation EIERZFEITL
$To T AZDIDDPNIT A PLEDPOMERY R THDS
5 F,,Di4E5NE% truncated cellular decomposition & 5
BILLET (BHAROMEBR), V. BREXBX 2 LREsEICE%
D ¥ A BIZ, Fy, D truncated cellular decomposition & L T A %



—DED T, canonical decomposition %2 ? A LA I —3
V5 T, DTDNEEE C(A) TETHFIILI T, INLDOEHEDT T,
ROFEBEPEY IHE T,

FEE HE F,,? truncated cellular decomposition & LT A %
—DEDBEIT. C(A)E. A REDBMOREE KTTH%E LI
ERAETY . £72. £TD truncated cellular decomposition iZ%4$ %
C(AVRED AR, T,, DEESHIL 2 ) | FizZ 05 S ER
HOVERTEDLY ¥ A,

SLA

SE Nk

(EP] D. B. A. Epstein and R. C. Penner, Fuclidean decomposi-
tions of noncompact hyperbolic manifolds, J. Differential Geom.,
27(1988), 67-80;

[Ko] Sadayoshi Kojima, Polyhedral decomposition of hyperbolic man-
ifolds with boundary, On the Geometric Structure of Manifolds,
Proceedings of Workshops in Pure Mathematics, 10(1990), 37-
50;

[Pe] R. C. Penner, The decorated Teichmiiller space of punctured sur-
faces, Comm. Math. Phys., 113(1987), 299-339.



20 One-parameter family of
Jgrgensen’s groups

Hiroki SATO
Department of Mathematics
Shizuoka University

1. In this talk we will consider a one-parameter family of
Jorgensen’s groups G.

DEFINITION 1. Let G = (A, B) be a marked two-generator
subgroup of M6b. We call

J((A, BY) := |tr*(A) — 4] + |trf(ABA™'B™') — 2|
Jgrgensen’s number for G = (A, B).

DEFINITION 2. The Jgrgensen’s number | J(G) || for a
subgroup G of Mab is defined as follows:

| J(G) ||:= inf{J((A, B))|{A, B) C G, A" # B
A, K ﬂM( LQ/M(‘?%@A?,
DEFINITION3. Wecall a subgroup G of Mob a Jgrgensen’s
group if || J(G) ||= 1.
2. Let

11 o p*o—1/c
AZ(O 1) and B“-":(I‘a g pa/ ) (1,0 € C).

We set Gu0) = (A, B(u,0))- Here we will consider a one-
parameter family of subgroups G, with p = /3i/2 and 0 =
—ie‘” Of Go,,,).

For simplicity, we set B := B 5i/2,—ici¢) and Gg := G (/3i/2,—iei6)
that is,

( V3e?/2 i(3e®/4 —e¥) )
S m



and Go = (A, Ba).
We denote by V(Gy) the volume of 3-orbifold of a Kleinian
group of the first kind Gp.

THEOREM.
(i) In the case of @ = 0, Gy has the following properties:

(1) Go s a Kleinian group of the second kind.

(2) Go is a Jorgensen’s group.

(3) (Ga)/Go is a Riemann surface with signature (0, 3;2, 3, 00).
(ii) Inthe case of @ = w/6, G/ is conjugate with the figure

etght-knot group and has the following properties:

(1) Gx/s s a Kleinian group of the first kind.

(2) Gx/6 is a Jgrgensen’s group.

(3) V(Gxss) = 6J1(m/3), whereJ1(0) is the Lobacheuskii

Junction:

JN0) = - 3 log |2 sin u|du.

(iii) In the case of 0 = 7/2, G4/2 has the following proper-
ties:

(1) Gx/2 is a Kleinian group of the first kind.
(2) Gx/2 is a Jgrgensen’s group.
3) V(Gaxp2) = 2(JT(n/6) +d1(w/3)).

(iv) In the case of 0 = 57/6, Gsy/6 15 conjugate with the
complez conjugate figure-eight knot group and has the follow-
tng propertlies:

(1) Gsa/6 is a Kleinian group of the first kind.
(2) Gsx/6 is a Jorgensen’s group.
(3) V(Gsass) = 6TT(m/3).

REMARKS. (1) Gyo is the same group as Gy for 0 < 0 <
.
(2) J(A,Bg) =1for 0 <6 < 2m.



2 ] GROWTH AND COEFFICIENT ESTIMATES FOR UNIFORMLY
LOCALLY UNIVALENT FUNCTIONS ON THE UNIT DISK

R B RURKRE - AR
AND
YONG CHAN KIM  YEUNGNAM UNIVERSITY

BT EOTFREE f D — CoAd2EHp > 0123 L THAFIRADERDA4E
p >0 DRMMMRICBWTHETHL L &I, —HEAHETHLLE ). JHULf Ol
Schwarz 45 Ty = "/ f' BRHMIIERTHHZ L, Thbb,

1] = sup(1 = |z Ty(2)] < o0

DN IO & LFMETH S [4]o (BIOBVHETHILlog f' 2°Bloch B THH L)
ETHA,) Trld 1LREBOED LD L TARERO TR TIE f(0) = f/(0)-1=0
&Eﬁﬂéﬂf%ﬂﬁﬁi@ﬁ%@&w&%%x5o~®l7&EmAw%Ak§Tv
YIZL, FOWMAESTLERED VLD AERTHE L) RDOEEEBEERT, ZNEf
& Ty RE—H$ 5 &2 X ) Banach ZEROBEEFD,

ZOFEHTIEZDOEMAEE B = {f € 4Tyl <22} XDV TEET S, LTI (3]
DAERD—ERTDH 5o

T, % ADBDEST) —< Y HRELSHICESES IR TE S L) hEBERE T 5,
0L RESIBORESTHETEERBOMS ##H IntB(1/2) C T, C B(3) TH 5
ZERFMENTVD ([2, [5])o ZN%EAILEE Teichmiiller ZHD—DONDEF NV ELTH
EETHA (1o

F9 B\ XV TEROE S BEEHE L TORE R

2 14+t\
AU Tr, = 2M(1 - 22)) 7T ERE LB b, /35 A= 2 1200 TIRKO
CENER B,

fa=E 1.

. Ah»ER < 0< A<,
2 FPHEE S 0<A<1.

BH L. ROERFEETHAH, GEHIIIEFEIZH L ., Bloch DM variant &
BrzIZHmonERTHS,)

T 2. f € B(\) I L TROREARD B Y LD,

R-1ah = (3 +}j) <17 >r_(iﬁ:j})A=F;(|z|),




|f(2)] < Fa(|2])
IS FHAEELSIE
—F(=z]) < |f(2)] £ Fa(]2]).
PRILT D, LEBOEIPICEVWTEAMND 1 ATESHFRITIIEZ NI F, OEE
(ZRE3,
CRENFIIA<IZOIEFIIAERTAS 12T f(2) =001 — |2) LT %,
RIBBREEHH I Z DWW TiliRD, fe BO\) ABEBERL T f(2) =242 +... ERL

TE<o na, =0(n") (n - ) BN ZDE ) RERYyDTHBRE v(f) L&KL, feB())
ERIZD72D y(f) DEREZ v(B(N) TRTZ EIZT 5D, 5 EROFFMAHED L2,

TIE 3.
V14422 -
A=1<9(B(N) < %1
ZIT

A2 I+ -1 , 2)2
i < min{A2, \}.
)\+1< 5 <m1n{)\,2/\+1}_m1n{ , A}
THAILIIFELTB,

%2 Hardy Z2fi & DRMRIZOWTHRRTE <,

HX
TEIE4. fec ADBETDD|Ty| =2\ 8 LTVW3ET B,
A<1ESIEfe HTHD,
A>1E5R fe HP PEBDO<p<1/(A=1)ICDWTHERVILD,
A=1%5l8fc BMOAT®%,

T I TH® C BMOA C Nocpes HP DI Y LD T L ITEELTH {,
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22 ON HOLDER CONTINUITY OF GREEN’S FUNCTION

AN B RUERRE - BER

Z O TIEFHEFILD Green BEOBERIBIT 5 Holder EHEIZDOWTH L Do &
a \BEFOFEIEIR D ¢ C ED Green % Gp(z,a) TEY . BHEDLHIZI ITIE
D \& Dirichlet OFRTERITH 5 LIKET 5. TTROERPERLIE LD, 0<a<1
YERET 5,

EIZ 1 (Carleson [1]). R™ AN/ M EED o-Holder EfE 4 RFIEEICE L ThR&
AEELHRAER TH 3 -DDLEFTHEMSFIE m — 2 + o Rt Hausdorf AN 0 TH S
ZETHD,

Beo CHICEE LOWEE 2w V87 VES EDRHEE D =C\ E D oo 12
% 7D Green WHATETFHIC o-Holder EHAFBUSIIRTENIT I DMRPLEETE D
Hausdorff KTCId a LLETRITNIER 5 W E30h 5, T72. FiZ Hausdorff RTTAH*
0 Td A & 9 7z Dirichlet IEBIES DHERD Green HEIT Holder EFICIZILRTE W T
EXDB,

Green BFAT Holder sEFE IR T E 2008 ) M2 oW I &2 —E Lk 5 5T
%@ﬁ%ﬁf)%ﬁb"@j_b‘o D C C %?}Eﬁik L‘( 5D(Z) = infweap |Z - w] kﬁ < o

¥%E 2. $BIE D L OE(ERAFEE A (S L TROEHSISEHETSH 5,
1. HBETEEC, PTFEL T |h(z) — h(w)| < Ci|z — w|* PEBD z,w € D TR LD,
2. HBEFEC, PTFEL T h(z) < Cobp(2)* PMEBD 2z € D THVWILD,

(F2RI2BWVT, ERIZIZ G, < 0 < 2120, IZEINL S ,)
ZHUEETIUL, Green HD Holder B IIERIIBIT A BL DI — 5 —2 AL
TRV &2k B,
CEIRO T EDHEE 2] ITTEHRE TEPN TV B,

T 3. oo FECFEBEEI —HTLEEREFI UL ZDLED co ERRICHEFD Green EH
I FELEIC Holder EERICHR T E B,

ZITCOAVIr VEFENREZELIT, EONBICEENAHERHEBTE 25
95 H DD modulus H—FRICENSIFHI L OND T LRV, EBEIZIZ LZLD Holder
FEITF D modulus D EFICE > THAREEEMERIEHET A Z LKL, LR
0 BRI ARSEEE A D Hausdorff RTED T 25 OFHEAE LD (cf. [2], [3])o

Wil [ Green B Holder AR ICHEET & 2 4 S I FOBRII—FHEEN? ] £
MEDET 5, THIZDWT, 4RO L ) 2 REIVELONTDOTHET 5,

TIE 4. FEDTEHO < o < 1IZH L T Green D IERE T a-Holder EHEICHIRT &
D FDIERIT—15=2 Tla 7 {, K 5D Dirichlet ERIAG FESEEHATFET 5,



EBIIERD L JIHERTE D, 6, >0 % 0IZPCET 5 & ) ITEREICEY . FFEEHR
3T LT Do = {|z] <1/2}, Du={2€C;é, <|z-2n|<1/2} (n>1) £BL, THIZ
xtLTe, € (0,1/2) T4/ CHUIL,

D= J(D.UP)
n=0
RO BHEBE 2B, 122 L, SR, ={z=z+iy;lzc— (2n+1)| < 1|y <e.} &
¥5,

REFERENCES

[1] CaLRESON, L. Removable singularities of continuous harmonic functions on R™, Math. Scand., 12
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[2] CarLEsON, L. and GAMELIN, T. W. Complez Dyamics, Springer- Verlag (1993).

[3] Sucawa, T. Various domain constants related to uniform perfectness, to appear in Complex Variables.



2 3 HOLOMORPHIC MOTIONS AND QUASICONFORMAL EXTENSION

B = FHERE - BER

COFEHTIIVHY S Nlemma ¥ AV CHEMEH S BRERIREEHRIINT —T v
TEINDLHEHUIDVTHTHhDL, Ll h—RRH LA THET S DIFH L WA, BE
BV DPDBNI DV TR TWITIIFECH IR G o TW27ZF 5 D EE 9, .

ETEL) -~ VEKEADEEORIEE LT 5. D EHRE LTEZF: ExD - C
DES E OIERIES) (holomorphic motion) T&H 5 LIIRD 3 &z yI &L § 5,

1. z€ E#BEETHEF(z,-) : D — CIZIERI,

2. A eD ZEETNIEF, := F(,\) : E — C 1384,

3. Fo =idp.

THUZDWVTRD T LAY Do (FITid 2 BHERE L Tt % EDREE—
DBk, 2B, EBIZIES o EEOERPRILZT 55, FHUIDOWTIIFIZIT[2] %
EEBROZ L)

/'_iig 1 (A-lemma [4], [1]). FRRE xD — CIOEREICHIRTE S, BreDICHLTHR
RCON-REBBCSABICHIRTZ S,

T TIREMEIE f A k-SEATH L L3 f AR ETES L (BEkE LT) #
S%FED ., Beltrami B8 puy = fo/f. D sl < kae. Zii7T I L THSLEHNHET S,

INEHCTESEAIEICETAEENPED L IIZL TEONEDEAFI TR TV,
FTVEREZEP = f 225, THUIDVTILROBEESHON TV,

TEIE 2 (Fefl-Warschawski). D Wi U TERIB& f: D - CHPEHB e RICHL
TRe(Pf)>0&miThoId fI3BEETH B,

FI TR D FOIERIEH f TlHae D LT f(a) =0 L EHESI N2 DEE R
Bo BB (—m)2,m/2)ITxF LT Re(ePif'(2)) >0 P NLDET B, 2F D, f(D) C
Us = LpyD) &F 5, TTITLg(z) = (14 €¥#2)/(1 - 2) £ T 5, €T TIERIEKDOIE
Fy:D — C% F(a) = 0 22 Fy(2) = Lg(ALg (f'(2))) ZWcTHDE L TEDH L Z
ﬂliD DIERLEB & 5, €0 T, FRT F 3 k-BRERITRTRETH S, O LM HK
D¥ERTIHES o

TEIE 3. (R D EDIERIEEL f T 7 f(D) C Lp(By) &7 €1 f BETED k-BE
ABRICHIRTE S,
B, ZZTB={z€Clz| <k} THH,

1+ 2Pk
1—k2

Ls(By) = {z €

< 2k cos B
- 1-—k2

2 -




ThbILITEET S, BB, ZOFRDPHEHITEEKE (close-to-convex function)
WZOWTOMRERFS,

F4. DEDOEEET 3rMEE g Tk -BEB/HIREF DBDISH L TD LD 0 2EET 3
EBIEH f #° f'(2)/'(2) € Ly(By,) (2 € D) ®ifit=21E f (ZLFED (kg + kn)/(1+ krka)-
BEABIRICILIRTE 3,

Fro, BHELFE,LL {2 €Cylz -1 <k} C Lo(Br), 2TICKk =k/(2—-k), THDHZ
ENGDBEDTHDORE L TROEREES,

F5 w:D— CRERBIERT|w() < klz] 8E@ELTVWEET S, D& ZIERIKE
f(2) =z +w(z) REFEICK-BEBUIRTE B,

Z i [3] Theorem 2° DAFEALIZT2 > T b,

RINERFE Pr(2) = 2f'(2)/ f(2) WPV TEZ D, 72720, TIT fITHEMAREDIE
HIET f(0) = f(0) =1 =0D X H)IZEHELINTWE ET S, THE, Py(D) C U
THbH L 7% fid [-spirallike function &M, HEIIL A Z Lo TW5, o
TZDL sEMAREDERICI N LRI Fy % Pr, = Lp(ALz (Py)) i & o TED
MWEEZIIGD5H L IR XD OERLEE 2 €D 5, HEo THIZ Alemma 75 Fy 13 k-
BEATENRS, F, & F IZ5HABZUSKROBREZE S,

T2 6. BMAUMAREDEREI N ERIEE f D LT 2f(2)/f(2) € Ls(Br) &7
fIRRETFEIC - BERIIRHERES,

B, TORRIIFFIZL = 0 DA LTI best possible Tdh b, EBE. zf/(2)/f(2)
Lo(k2?) %72 b DIIBER %2 k-BEFALRE RS (o TENL EESFAUNR 2
LRWZ EDTND,

BAL AR EOEHIL S ERIEE EDVERE Pr(2) = 1+ 2f"(2)/ f/(2) IZ2WTH [F
B Py(D) C Up = {Rez > 0} 22613 fIIMERE R VIFICHETH L Z L5 H 5,
o T LR LAEAKDFEIIL YV RDOERERS,

T 7. BUMARLEDERIEINAERIEE f D LT 1+ 27"(2)/f(2) € Lo(Bx) &ia
R fELTFEIC k- BERHIRHEED, > TINDEE|Sf|p < 2k PRV LD,

72720, TS f D Schwarz 53 TH D | || Stllp = sup,ep(1—12]%)%[Ss(2)| TH %,
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2 4 Unicity theorem for meromorphic functions
sharing four small functions

FHB® (GEBRIX)
AEEH (BALX)

DFETESTORRIERFE L AFER 2D L5, Nevan-
hnnaﬂi DD “2 DODBBBIRREE f(2) L g(z) BERRDE5ODE
BEEATIE f(z) & g(2) EEMTE LW E W EENENN
éo:@ﬁ@@5o®%?%50@smw HEC TR T E 20
EV O RIBEIIRBREE BN, T T, BEAREE f(2) i
Xt U a(z) 25 small TH B & 1%

T(r,a) = 5(r, f)

BT I ETHB, TIICED S(r f) LIXBEA R BRI
¥ ELLT

e ’
~—

S(r,f) =o(I'(r,f)), r—oo,TEE

TEZLNIRETHD, 7. S(f) & f(2) ITBE L T small 228
a(z) DEELTE, ZOEES(f) 3EICRD, a € S(f)u{oo}iZ
LT

E(f=a)={z: f(z) —a(z) =0},
EEBE f(2)Dalz) RDEELE I LIZTT D, IIT, f(z)—
IX1/f(2) ZE%T2E LTEL, f(z) & g(z) 28

E(f=a)=E(g=0a)

EHITEEITf(2) £ g2)iTalz) 2&F TR LEH > LITT
BHe ZIT, BIZHEFLWOIRAZAWVWEZ L EIIEREIIZE L2
WH D E L TR

S ERIZ 7= Nevanlinna @ unicity EBIIE 2 TEEFENLEX
tﬁéﬂ’bé H L, samll REEICXH L TE 2 FEETERNTOX EIER
Eniut, 2 TRIRBER L LTV ARIBEIIBR S ND, Toda [3]1
2 Igﬁﬁ%ﬂiﬁﬁ‘i‘é ZET, f(z) & glz) BERD 7DD small
R A HEETD L &I f(2) = g(2) 2~ L7, Zhang [4) IZKROHHRE
ERTZETE6 DD small K EHBFTHIHEEMAE LT,



Lemma. f(z) Z@BEEE. a1, ..., as € S(f), ai(z) # a;(2),
(i#7) T2, TDLE

2T(r, f) < > N(r,1/f —ax) + S(r, f).
k=1

f2) & g(z) DEEHZLIT42OEEFEFTAE f(2) & 9(2)
IIEEMICELVEWS Z EIZR b, ZOERE small WBUIHLTE
FRADBEILILOFILHD, ZITHE. ZOBRIPHLETD
ERYRI-OTHRETS (2],

Theorem. 2 DDBEEE f(2) & g(2) »3H HEE (u,v) € [0,1/19)X
[0,1/19) T L

N(r, f) SuT(r,f)+ S(r, f) and N(r,g) <vT(r,g) + S(r,g)

Pt ETD, 4D00DEMLD small ¥ ay, ay, a3, ag € S(f) N
S(g) % f(2) & g(z) BEFETHR2HHE f(2) = g(2).

SEBAD T A T 71X Zhang ® Lemma (1202, 1 LWAENZ HEfE
THILELE, BREUSDFEAORBOLAVDIZLERETH D,
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25 Fermat Ri#R @ Weierstrass =D
weight IZDWT

it 15 o KRBT
Ik S= 1k iijup ez

FHE TIL, Fermat HI#R F, : (F + (7 +(F = 0 LD Weierstrass 5
D weight IZBT 5, EKDFR TRESINZERBKOERNPHRTE
el &aHmET B,

Hasse, Towse, Watanabe 2 &2 TRD I EAVREN TN S.

FE 1. F, O 3n2 B8 (1, dV28), (126, a), (1,882, a8 /V2),
(AL, ald 1 D nFEE, 13 -1 D n FH) 13 Weierstrass s TH 5.

FIHE 2. R % compact Riemann H, ¢ Z r AOAREFREHD R D
involution £9%. ZDEE, pe R M o ORBIAR ST weight w(p)
W wp) > (r—2)(r—4)/8 2HIzS. FiZ, pe F, ZEH 1 TN
Weierstrass /i & UL, n BEFRDEGEEIE w(p) > (n— 1)(n - 3)/8,
n DMEROEHEE w(p) > (n—2)(n—4)/8 BHET.

Towse FIZL-> T, FH 2 Tn <8 RLHIEFEFTNRDILDI EMNR
INTNSD.

n>9 DHBGTEFANDIIHIE-T, SHEEBHITTZD, F, &
affine BEEEZANWT s" " =2 LEZEY. TOLE, ERIMSOE



EEBHITES I EITED, (zy)(z+ )iz —y), (zy)f(z + )t FD
(LREED) (z,y) = (1,1) 1} ”iscié%ﬁ@{iiﬂtéé)ﬂf\“mjckm:t
Mbhnd. TIT( (1,1) l’%b‘éﬁﬁﬁ%nﬁ%} T = (141¢)f(t),
y=(1-1t)f(t) UEL, f(¢) Qm t”‘ ) EEBTEITED
Tn<13 OHHETEH 2 DF EIZ_m\/Tt‘%} EEWmET 5.

BIZIE, n =13 O & SZEWFNE {1,2, .. ,60,61,63,65,67,69, 71} &
720, weight & 15 1I2725.
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e ZE e AW EER VI

R (BROARTRERER)
MU i (AT

1 BB EEZR

HWEFE X = C LOFAMBORE Ox LB %, EMIRKEREICHOREGSEN
KDL TROBE Dy L BL. FlHi XWOARBOH 2 = ay,...,00 DOLIREE
ArBL ZO, A REERRORBNBH 2RE0 I -8 H,(Ox) HE Dx-MENDH
EERD, EE-TE-HEOBRTERBHRERL 25, T, A; = {oj} LB, Dx-
Mgt Hly(Ox) RRDO L) CEHSHE NS,

Hia(Ox) = Hia,)(Ox) & His,(Ox)® -+ & Hia,(Ox)-
%ﬁAjK3H5ﬁﬁW%%j$%UV—§#®,Eﬁ@inﬁ=Qﬁﬂ6%%?mw
Ox) € M}, \(Ox) kL 5. TOLE, AFT N T 2 RTEDS. ’
J={ReDx|Rm;=0,j=12,..,n}

FEL () A77V T CERL, KIBWICER SN —BOMMERE P TROL I LF
DODHFIETD. 72720 h(z) BREM ry+ra+ -+, KBODFZHKXTH 5.

d

(z-a)(z—az) (2 - an)zz + h(2)

(i) PLQRATTNV T 2AEBKTA. BLQ=(2—a1)" - (z—an)™ TH5.
(iii)) ATTVELT(P,Q;) = (P,Q;) ¥BYiL>. HL, P;,Q; i3 m; D annihilator
ideal DERTCT, RO CEEND. : Pj=(2- ;)L +1;, Q; = (z — ;).

2 #WRAX

=Mi(z—a)), F,=T1;(z=B;) £ BE F & F REVWIKETHHLT .
—F%@G%H’E}iﬁs”

=TIz - +Z%Hz—m P, =TJ(z- +20; [I(z— B
t#5 t#j
li%i’t%’h;{? mod Oy, F% mod Ox @ annihilator Tdh 5. THITxF L, KAL) LD,



TIE 2 {ER¥E Pp, Pg DHIMNIZATEZLNS.

P = Hz—aJ)H +a1Hz—a,)"’+Hz—-ﬁJ Z’Y;HZ—OQ))
L#5
Z L._—C alli a = ‘a=—01 (11,2. (12 21:0 a;,z' t L—C
(22 olanz )1z — ;)" = (T a2i2') [1(z = B)% + (2 — Bi) (X 5 ey (2 — @) — TI(z —
) (T o [legj(z — Be)) =0
TRIHODTHA.

3 ‘%iﬁl%’fﬁ’\@ﬁﬁﬁi

ﬁgz;sm—z( % ¥HRD. ST, KO0 R | OARL S5, Py = 2442,

Ql-—-Z P) (Z_l)dz+3 QQ—(Z“'})

4 P, P, DBIEERZELZ TN TN L, 2 L 1, 2, 22 ICHELZ D DI, %ﬂ‘?h— b
G _1 g & @ residue pairing 50 &% 52 &P oTWnA.

WMAVEHE PP BT 2L P=2(z-1)£ + (-2+22+ 1522 - 1922 + 72*) %18 %.
DL X,

(P, Q) = (PI)Q1> n <P2’Q2)) (D Ql) (Plan> (DvQ’.’) = (PQ!QZ)

AR ILD.
POREAERFE R P = (z—l) £ 4 (-1+1522 =192+ 72%) THERX MBS, ThE

1,222, 28, 2 TRBLZbDIR, = &‘_—1- & D residue pairing PSEBFIZ 0 L 2B E
z

(z-1)3
BRND. EW FRLIE, KDL S, Qil, Q.1, Py1, Pyz, P;1, Pyz, P;2? ORETERS
b,

Pl = T2' —192° + 1522 — 1 (722 — 19z + 15)Q, — Pyl
(T2 +2)Q2+ P52
Pz = 72% — 1924 4+ 152° - 22 = (722 =192+ 152 — 1)@
(122 4+ 22)Q, + P; 22
P2 = 725-192°+152' -2+ 22 = (72 =192 41522 - 224 1)
(122 +222 = 1)@y + Py(2* + 2 - 1)
(72° — 192 +152° — 327 4+ 2)Q,
(724 4223 — 22 — 2)Q, + P (22 - 1)
(72% —192° 4+ 152* — 423 + 32%)Q,
(72° + 224 — 322 — 42 - 3)Q; + P; (22 + 2 - 2)

Pz = 727 —19284152° - 321 422° =

P24 = 728 -1027 41525 —-425+32¢ =
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WOVERFZRZ2 AW B EETE VII

B SR (BROAKKTFAERER)
M f— (B AT

1 HOERZRICWHTIIvEILI7T7—DER

A={ay,as,...0n,...) ZHEFEFE X = C OHRLL AOEET, X RICERAEZR/L
BWbDET A, £/2,A;={2€Clz=0qa;},j =1,2,... £BKL.

A LB ERFORBMRBET 3K E 0 Y-8 H], (Ox) *¥#x 5. i, coherent Dx-INaf
DHEE 2.

m € T(X,Hjy(Ox)) £& 5. DL &, m; € (X, H,(Ox)) (G = 1,2,...) EAWVT,
m=Ym; LI BSRTHILNTEL. CZTC, J={ReDx|[Rm=0}&m D
annihilator D2 T AT T VDR ETH.

TEIB 1 global section T'(X,J) 4 2 2OXICEIWERIND. K18 o; DUHEZEN
e, EBE, 0 ZBICHEDOHE, TONEE rnE TAE, IO DERTIIERRFER®
BAWT, RTREns.

P= G(z)% + H(z)

: K
Q=2"{](1- i),’er,(;+-~-+;1;(g;) )
Q;j

N
2L, G(z) = 2°TI(1 —ai’_)e':#mﬁ‘l;(‘-'lfw ,CZT,rg=0D, X, 0=0,r0#0 DL %

o=1&T%. 37,

kj O S 2 k5
2 TI(1 = 2)edHHEE dro 1 - 2y E )
H(z)= - L 2

. Az \k5
2o TI(1 ~ 2 ),,»er,(;§+-~+:,(.,,) 7)

H(z) t XTETH 3.
¥ 72, m; % annihilate 5 47 7 VIEKRD P;,Q; THEBRINS.

Pi(2) = (= = )= + ¢5(2), Qs(2) = (2 = )™,

]

TIZT, ¢ HE4 0 -1 ROSEXTH 5.
TDELE,PQIIROUEEFED.



TIE 2
(P,Q;) =(P;,Q;),i =1,2,....
2 HERHATROLEEEADISH

HWA AICEEROL ) RAHBRBY u(z) € T(X,0x(xA)) 3L, m = (u(z) mod
Ox) € 'H[IA](Ox) EBL.

K = {¢(z)dz € T(X,0x)|Resa,(¢(2)u(z)dz) = 0,5 = 1,2,...}

by B
EIE 3
K = {(R°g(2))dzlg(z) € I'(X,9x), R € (X, J)}
3 il
u(z) = = 132 345, m=u(z) mod O, ® annihilator IIRTEZI LN,
in

d
P =sinz— + 3cosz, Qsin®2.
dz

8T, —BOEAE P OREERARIIRTEAONS.

P* = —sinz— + 2cos z.
dz
1, z,sinz, cos z W DREEVERZEZ BT L, KFHLNAS. P'l =2cosz, P’z = —sinz+
2zcosz, P*sinz = —sinzcosz + 2sinzcosz = sin z cos z, P*(cos z) = sin®* 2 + 2 cos? z =

1+cos?z. CNHDERY, u(z) LDED 2 =7 BT BB, 0 & %D LD HFP5.
BV, 2= n o i) p TSRET 220087y mmaniy skTH R HND.

3

sin® 2
—sinz + 2zcosz 2r 1
3 : 5+

sin® z (z=7)P  2z-7x



28 SEREBHKEE LR I v iz DN I

— PN X LD —
HE {#E-— iR RETEER

Grothendieck residue izt LaAn ./ I w7 D-IIEEICH T 2HRORNERZIHAT 2 &,
BROEIEL 2D LS REEEHMAERZRBTITZ I L Pk 2. COFKER2TICL
“T. Grothendieck residue DEZFHETZ2 7NV IV XL EZME LTz,

1 #EE

X = C" LOEER f1, f2, s fn € Qlz1, 22,.., 2n] T regular sequence £RX2HDHBE
ZONELT B AFFIV I =< fi, fa, oy fa > O radical VI O¥ERREAIEE VI =
LNnLn-nI £$3. T 28R0H8E VVI)=V(I)NV(L)N---NV(L) &
ERAD

E;:Q[zl,zz,...,zn]/l, E\/T=Q[Zl,22,...,zn]/\/j
, g(z)dz
K= z)dz | Resq =0,V 1%
{ = {g(z)dz | Res (flfz---fn) acV}
B, KEAK (BEHKR) CL2BHz, H2H0 I v 2 D-MEBCHEATHIC
Ibh, RZMVEE KNE; OEEEBEEXS, COFA0OFRICEEBILR (MFEX) ©
BR L =BRMEY X5 L Kan 2{F 5,

2 FPLIUXA
SR o(z) € Qlar, 22, 2] EAFLT DHBEBATA

p(z)dz
Fifafn
D a € V(I)iIZBF 3 Grothendieck residue XL FOFIHTEHTE 2,

Stepl. 1 77NV I R VI DT VT FEEEZRD. HK B, E 1 ZHERT %

Step2. 4 FPINV I OERZEBAREIT e BAT TNV L(1=1,2,..,8) DT VT FEE
E bj,17 bj,Za ceey bj,n. ki‘? < o

Step3. &7 }‘}l/gFEﬁ I{ N EI @EE&*@%O

Stepd. 5X HNERTF ¢(z) ZBEHBLRIFL., HBMLOHLDO—REEDRIC
ST B, TRDD

— a(flvf?)-"fn)

Oz1,29,.--25)

J(2)



LBE
o(2) = 9(2) + (J(2)h(z) mod I)
tﬁﬁj—éo ==L, g e Kn E[,h(z) S E\/T TH >,
step5. h;(z) = h(z) mod I; ZEtHT %,
Stepb. Qlz1, 22, -2ny A} TA T FIV < bj1, 052,y bjny A — hi(z) > DT VT FREEZEH
L. 8 ) A Z2SBEEAKX r;(\) 2RD B,

Z OB, a € V(I;) iZBiF B Grothendieck residue Dl

o(z)dz
Rezal 7570

i mult(a)h,(a) THH. FEINSOMER, HRR () =0 L& VEBNT N5, (B
BEAETNEEROME —HT 3)

)

3 F&H

BHE fi=0,/f=0,..f.=0 EEPHFKICREDSRVNE SRR P TR, REKF
FratkEoy—8

[ 1
f1f2 fn

7 Delta B OBRHEADO—RIES L 72 5=, Grothendieck residue DfEZRH B Z ki
HETHole LPL. RESMEERBTCO/ V7 FEEZAVWD LBEROERZELT S
k5% K 2REEEKZOT, ZIXBRRETNVIVXLILIDBERERZITOZ
DNAEREE TR o =0

——— € Hp(Ox)



29 On value distribution of entire maps of C? to C?

RNEE

1. C? O—&IZ transendental 7 curve C 23, % ® normal-
ization 7% compact Riemann surface 2> 5H [R{E O R ZFRWZH DIz
holomorphically {Z iso. Th b & &, C ZREFALD curve &FES,

E#E2. f(z,y) % entire function & L7z & &, {EE®D level curve
DRI BT X TREA D curve D & &, f 2RETUD entire func-
tion & FES,

Nishino {Z & % &, REAELD entire function f 1Xd 5 polynome
P(z,y) IZREEND, T2bbL, 2 T € Aut(C?) &, —EHO
entire function ¢(z) BdH>T, f=poPoT ENFTH, FZDEHE
DEGREZE XD,

E#&3. F = (f(z,y),9(z,y)), f,g : entire function 23 C? D{E
FH D algebraic curve A IZxf L. F71(A) #0 T, F71(A) OFTXTD
E%f"JEE SRREFLD curve LV 725 L&, F ¥ D entire map,

“HA) #0 T FYA) OF N TDOBEKIRLST A algebraic curve & 0 72
%) &, F BREHAREAED entire map & FES,

T, FEREEOD entitemap & L7k &, F=0o0FyoT &0S
L, ZZIT, @ F (p(z),v(y)) EVO —EHD entire function DFA T
DT BDFREBRAE O entire map, Fy IE polynomial map, T' € Aut(C?).

it F = (f(z,y),9(z,y)) & Lic& &, F BREAED entire map 72
SIEEAG N, f b g HARESLD entire function T#H B35, Nishino
DEBIY f =@oPoT,g=1v0QoS &nT5, (T,S € Aut(C?),P,
Q :polynome, @,y : —ZE D entire function) T & S % ILED auto.
iZEn B0, V) DORRERET hyperbolic geometry D178 & Kashi-
wara(née Saito) @ (0,2) type polynome (ZB89 BFER 2> THEL,
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The Uniqueness Problem of Meromorphic
Mappings with Deficient Divisors

Y OSHIHIRO AIHARA

Numazu College of Technology
3600 Ooka, Numazu, Shizuoka 410, Japan
e-mail: aihara@la.numazu-ct.ac.jp

Let M be a projective algebraic manifold and Ky the canonical bundle of M. We
denote by Pic(M) the Picard group over M. Let F € Pic(M)®Q and v € Q. We
simply write vF for F®'. Then F € Pic(M)® Q is said to be big if a line bundle
vF € Pic(M) is big for some positive integer v. Let L — M be a fixed big line bundle
over M. Define

[%] = inf{’Y EQYLRF ! is big}-

Let E be an effective divisor on C™ and let k be a positive integer. If E = ¥ ;v;E; for
distinct irreducible hypersurfaces E; in C™ and for nonnegative integers v;, then we
define Supp, £ by

Supp, E = U E;.

O<v;<k

Definition. A meromorphic mapping f : C™ — M is said to be dominant if
rank f = dim M.

Assume that there exists at least one dominant meromorphic mapping fo: C™ — M.
Let Dy,---,D, be divisors in |L| such that D;+ .-+ D, has only simple normal
crossings. Let Ej,---,E, be hypersurfaces in C™ with dimE;NE; <m—2 (i# j).
Assume that there exist positive integers k; such that Suppy; fgD; = E; for all
1<j<gq. Let

F = F(fo; {k}; (C™ {E;}), (M, {D;}))
be the set of all dominant meromorphic mappings f: C™ — M that satisfy the following

two conditions:
Suppkjf *D;=E; and f=1fo on Ej

for all 1 < j < q. We also define the subfamily Fo of F by
Fo={f €F; 6;(D;) <6;(D;) forall 1<j<gq}.

Let & : M — P,(C) be a nonconstant holomorphic mapping with rank® = dim M. We
denote by e, the mapping degree of &, that is, eg = | &~ ($(w)) for generic w € M.



We denote by H the hyperplane bundle over P,(C). We define Fy € Pic(M) ® Q by

gko 2kq

Fp=——L®|—-——— ] $'H,

T+l ( ko + 1)

where ko = maxi<j<qk;. If Fp is sufficiently big, If Fy is sufficiently big, we can
conclude the finiteness of F as follows:

Theorem 1. If Fy ® Ky is big, then the number of mappings in the family F is
bounded by eo.

In the definition of the family F we impose the strong condition on the meromorphic
mappings contained in F, that is, every mapping in F must be equal to fo on all E;.
We note that this condition can not be simply dropped. In the case where Fy @ K)s is
not big, we can not prove §F < ey in general. However we can show the finiteness
theorem for F under an additional condition on the existence of Nevanlinna’s deficient
divisors. Namely we have the following finiteness theorem, which is our main result:

Theorem 2. Suppose that
'Kyl 0
—1 | =0

If 64,(D;) >0 for at least one 1 < j < q, then the number of mappings in the family
F is bounded by ey. '

We notice the following: In the case where [F{'® Kj/L] is positive, we can not
conclude #F < ey under the condition on the existence of deficient divisors in the sense
of Nevanlinna. For the family Fo, we have the following:

Theorem 3. Suppose that

Fy' @ Kif 1 J
| < g Lo

Then the number of mappings in the family Fq is bounded by eq.
Remark. In the case where
fo(C™ — I(fo)) NSupp D; € {w € M; rank dP(w) < dim M}

for some 1< j <gq, we can conclude F = {fo} in the above theorems.



31 Bk LMD 7 5 7 DLEAMEIZ N T

R B OBR REEERE
R H =

Cr OMEE B LL,S=0B &45. ShHbH O™~
WEEERE f L, C"TmND fOYFT7 28 L9565,

Y OZEXNE (S IOV TREL DT ERHMOEN TN 5.
Il A Y

(a)n=m=1D&LXiT AT BLEHEXY (L(X)=3%) T
D0 £ h(Z) 2% A(B) DB¥D T T Zii—E3 %0
DoFnnThs. (Werer (($30)
B)n>1lm=1DEXFC™ hb C* ~OREE 7 &
T5EE 7(h(X)) =B BV ILD,

(c)n>1,m=1T, FeC(B), Fls=f £75%. kowTh
POPETWME)VIEF DB EOTT7I12—%T 5.

(i) F 28 B TZEHM ; (i) F=|g|, g€ A(B), 0¢ g(B)
(a) HX J.Wermer (1953), (b) (c) i% H.Alexander (1991) iZ & 3.
n=m>1DFPAITE, EOZERRVILZLRNE I R2NA
WARHIRHD., oD EEEL-HREBRETD.






32 ON THE §3-EQUATION OVER
PSEUDOCONVEX KAHLER MANIFOLDS

BREY UMK SRR
BILKkEE  ORBROR¥ EEREH

Compact Kahler Z#ELE D, KRD/NFEIZ & AL 00-Lemma” &
FIENZ DHEHOEELRERDO—2TH A (B2 1T [9] BR).

90-Lemma. Let X be a compact Kihler manifold and ¢ a d-ezact C*°
(1,1)-form on X. Then there ezists a C*-function ¥ on X such that
0 = 00V onX.

Nakano[10], X U'H R F &Mk [5F] ORIERE ((11), 32 %,
1980, 161-187) 2BV T, HE KB KIL 00-Lemma (ZFL TRD L H %
RIEZRE LTV,

fIZE. Can one show 80-Lemma on weakly 1-complete Kidhler manifolds?

1997 FEEEKIIBVT, TOMBIZOWT oA FVE (CPDHHHED
BEEER B A I L AR — B C*/A) £ DO-cohomology (ZBIF 5 [4]
DHFEERACTRSIZ 5 272 ([6]). —AARBEIZBWTIE, —DIERT
BRI V87 MR ERE IR R E T & 9 7 weakly 1-complete Kahler %
BiRE, EOBDGEREAROEEDORFIIEE L 250 LB EHET L.
—TEHEOPNIIEFR b — T A T LOMAHMEHZ ERERFEDO 222
Thab. Tt %KL T HAMHNEFELZ ERIERREHD 238 Pic®(T) 12
Picard ZE L IFIE N, 7% % F—F XICEEITH A, T KL T HAHNE
B 72 IF R AR # 13 weakly 1-complete Kahler Z#872425 ((3]), Pic®(T™)
i3 weakly 1-complete Kahler ZHRDkE 2 5 b, Aut( Pic®(T") )
* Pic/(T) ORERIECEZOELHORAMEL T4, 2 € Pic®(T?)
WXt L CFEATRE £, : Pic®’(TY) 2w r— 2z + w € Pic®(T") &z 5,
Z DIFRERBIESy : Pic®(T?) > z — €, € Aut( Pic®(T™) ) i&. 1%
REERT Ho TONFEFRD Orbit  FV T, weakly 1-complete Kahler
SRAEDIE Pic®(T?) DEIZDWT, 00-Lemma HEEIL T A b D & 5L
LWwb DDA S, d-cohomology (T 5 [5] DHEEXHWA.
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T, C*® exhaustion i ¢ : X — R T, X DH5a/37 MEF K %
BWItEA X\ KTHEELRMTH L L OPFET A8, X % 1-convez
L9 . 1-convex ZHkfAiZ, Kohn ([7),(8]) EDHIFE T, compact ZikfED
FANFE D aR D —ARALHF 5 1172 1) Andreotti-Grauert [1] DHFFEL Y Tk
TuY—FRUEERLVE YL DO% E compact ZARK ITIEVHEE RO,
199541 0HDOMBERE 11 2iRW BLMEERIBENT, RKIREX
K2 & 0, 08-Lemma ASEL Y 7272\, 1-convex Kahler % A0S fF/E S
AHOTI & DERMPIRE S Twiz ([12) . ROEFRIT T DR
T AREE A,

Theorem. C ZEEDOHHMIMRE T5 L &, C % exceptional set &§
% 1-conver, complete Kihler ZHRT % D L T00-Lemma DS L 7%
W DVFET S
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COMPLEX MANIFOLDS
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The relation between Dolbeault cohomology with com-
pact support and the usual Dolbeault cohomology on com-
plex manifolds is well understood since the famous work of
Serre from 1955 ( Commentarii Mathematici Helvetici
29 ) and a number of subsequent papers written by different
authors. In the talk some results are presented concerning
this relation in the case of more general pairs of famillies of
supports ( instead of the family of all compact sets on the
one side and the family of all closed sets on the other
side ). Using these results one obtains certain new sepa-
ration theorems for the Dolbeault cohomology ( resp. new
proofs for such theorems ).
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Recent developments in the theory of Fuchsian and Kleinian groups
Gerhard Rosenberger

Abstract

This abstract is intended as survey of some recent work on Fuchsian and Kleinian groups.

The theory of Fuchsian and Kleinian groups and their orbit spaces, Riemann surfaces and hy-
perbolic 3-folds, is a deep and beautiful subject with many important applications in analysis,
geometry, low dimensional topology, combinatorial group theory and number theory.

We have made no attempt here to present a general survey of the theory of Fuchsian and Kleinian
groups, preferring instead to concentrate on our own and related work on these groups. We
recommend the books “The geometry of discrete groups” by A. F. Beardon and “Kleinian groups”
by B. Maskit as good places to begin for readers who want to learn more about Fuchsian and

Kleinian groups.

Here is an outline of the topics we intend to cover:

1)
2)
3)
4)

)

Fuchsian and Kleinian groups.
Universal constraints for Fuchsian and Kleinian groups. Two—generator discrete groups.
Arithmetic Fuchsian and Kleinian groups.

Generalized triangle and tetrahedron groups.

Fuchsian and Kleinian groups

Here essentially we want to recall a few basic definitions. A Fuchsian group is a discrete
subgroup of PSL(2,IR), and a Kleinian group is a discrete subgroup of PSL(2,C). Here
we concentrate on non—elementary groups and use the terms Fuchsian and Kleinian group
to refer to a non-elementary discrete subgroup of PSL(2,IR) and PSL(2, C), respectively.
Recall that a subgroup of PSL(2,IR) or PSL(2,C) is elementary if the commutator of any
two elements of infinite order has trace 2. A Fuchsian group acts discontinuously on the
hyperbolic 2-space
H? = {z = (£,,25) € R* | 25 > 0}

endowed with the complete Riemann metric ds = %l, and a Kleinian group acts discontinu-

ously on the hyperbolic 3-space >

IH3 = {l = (.’El,IQ,ZE;;) € IR3 I 3 > 0}

endowed with the complete Riemannian metric ds = JI—? when we make the usual identifica-

tion CU {oo} = 8HH®. A hyperbolic 2-orbifold is the orbit space H*/F of a Fuchsian group
F, and a hyperbolic 3-orbifold is the orbit space IH*/r of a Kleinian group T.

. . . . 'I/M- X . .
Thurston’s geometrization conjecture asserts that any 3-ewbifold IH*/r with T torsion free
can be canonically cut up into geometric pieces, and here the most prevalent geometry is



hyperbolic. Therefore we expect that Kleinian groups play a similar role in 3—dimensions to
that played by Fuchsian groups in two dimensions, where every surface, with a few simple
exceptions, is the orbit space of a Fuchsian group. A fundamental invariant of a hyperbolic
3-orbifold is its volume. Yet, in general, relatively little is known about the set of volumes
of hyperbolic 3-orbifolds, at least in companion with the situation in two dimensions where
the signature formula gives the complete spectrum of possible volumes. From the work of
Jorgensen and Thurston we know that the set of volumes is well ordered of type w*. Some
extremal volumes have been 1dentified, for instance the smallest volume arithmetic orbifold
and the smallest volume noncompact orbifold.

Universal constraints for Fuchsian and Kleinian groups.
Two—generator discrete groups.

Recall that an element A € PSL(2, C) can be considered as a linear fractional transformation

z 'fj—ig z e C = U{oo}, with ad — bc = 1. This can also be considered as the pair
{A, —A} with A = ('j 3) € SL(2,C). We then use, with slight ambiguity, the term tr A in an

appropriate manner. The classification by trace is as follows. If A € PSL(2,C) with A # £/
then

1) Ais hyperbolicif tr A € R and |tr A] > 2;

()
(2) A is parabolic if tr A € R and |tr A| =2;
(3) Aisellipticiftr A€ R and |tr A] < 2;
(4) A is loxodromic if tr A € IR.

Further A has finite order p > 2 if and only il tr A = j:‘Z(‘.()sflpE with 1 < ¢ < p and
ged(p,q) = 1. Now let A,B € PSL(2,C) and let z = tr A, y = tr B and z = tr AB.
Regarded as linear fractional transformations of € = € U {00}, A and B have a common
fixed point if and only if tr [A, B] = 2; in that case the group generated by A and B is
elementary. We have the following identities.

(1) tr AB™!' = ¢y — z;

(2) tr [A, B] = 22 + y* + 2? — zyz — 2, where [A, B = ABA™'B~! is the commutator for
A and B;

(3) A" = 5,(2)A — Sus ()], n € N U {oo};

(4) tr [A™, B™] — 2 = S*(2)SZ% (y)(tr [A, B] — 2); where the Chebyshev polynomials S,(t)
are defined recursively by So(t) = 0, S1(t) = 1, Sa(t) = tSu1(t) — Sp_z(t) for n > 2
and S,(t) = —S_,(t) for n < 0.

If A, B € PSL(2,C) and G =< A, B >, the group generated by A and B, is non—cyclic, then
we write (A, B) A (U, V) if there exists a Nielsen transformation from (A, B) to (U, V), that
is a finite sequence of the elementary Nielsen transformations of the form

(A, B) = (B, A),

(A,B) = (AB, A™") and

(A, B) — (A, B™Y).



If the element A has finite order p > 2 then a transformation (A, B) — (A%, B) with 1 <
g < p and ged(p, q) = 1 is called an F-transformation. An extended Nielsen transformation
is a finite sequence of Nielsen transformations and E-transformations.

We write (A, B) ~ Z (U V) if there exists an extended Nielsen transformation from (A, B)

to (U,V). f (A,B) ~ ¥ (U,V) then < A,B >=< U,V >; andlf(AB) (U,V) then tr
[A, B] = tr [U,V]. Depending on A, B we define the set

L=L(AB)={tr Ut Vit UV) | (A, B) X (U,V)}.
Starting from the triple (tr A,tr B,tr AB) € L we are able to obtain all triples (U,V, W) € L

by repeated application of the following transformations:

(u,v,w) — (v,u,w),
(u,v,w) — (w,u,v) and
(u,v,w) = (u, v, v — w).

This algorithm, applied in a trace minimizing manner, answers completely the following
question:

If A,B € PSL(2,R) and G =< A, B > is non—elementary, can one find necessary and
sufficient conditions for G to be discrete?

Theorem 1:

Suppose A. B € PSL(2,R) with tr [4, B] > 2 and suppose G =< A, B > is non—elementary.
Then G is discrete if and only il there is an extended Nielsen transformation from (A, B) to
a pair (U, V) which satisfies {after a suitable choice of signs}

(1) 0<trU<tr V< ir UVy;

(2) tr U =2cos > ortr U > 2,

(3) trV——?cos%ortr\/ > 2 and

(3) tr UV = —2cos T or tr UV < —2 where p,q,7 € N\{1}.

Theorem 2:
Suppose A, B € PSL(2,IR) with 0 < tr A, tr Band tr [4, B} < 2 and suppose G =< A, B >.
Then G is discrete if and only if one of the following cases holds:
(1) tr [A, B} < =2
(2) tr [A, B]=—2cos 7. p€ IN\{1}
(3) tr [A, B] = —2cos & TPE IN\{1}, p odd;
(4) tr [A,B] = —2cos &, r € IN, 7 > 7, ged(r,6) = 1, and (4, B) R (U, V) with tr U =
tr V=1tr UV,

(5) tr [A,B] = —2cos ¥, r € IN, r > 5, ged(r,2) = 1, and (A, B) R (U, V) with tr U =
tr Vand tr UV = %(tr U)%



(6) tr [A, B] = —2cos i—" re N, r >4, ged(r,3) =1, and (A, B) N (U, V) with tr U =
trV=trUV,

) tr [A, Bl = —2cos ¥F, and (4, B) ( Viwithtr V=tr UV =tr U + 1.

~3

(

Theorem 3:

() Suppose G =< A, B >C PSL(2,R) is a Fuchsian group. Then
[tr [A,B] —2| > 2 —2cos -:E
7

(ii) Let H be any non-elementary subgroup of PSL(2,IR). Then H is discrete if and only
if each cyclic subgroup of H is discrete

0

For the general case A, B € PSL(2,C) and G =< A, B > the answer is very complicated.
There is no simple general sufficient condition. Many authors, including Jgrgensen, Gehring,
Klimenko, Maclachlan, Martin, Reid, Hagelberg, Rosenberger and Vinberg, considered spe-
cial examples and classes. Here discreteness follows often for arithmetical reasons or just by
constructing a fundamental domain for the action on IH>.

A very interesting example is the following.
Theorem 4:

Let T' = T'(k,l;m). =< a,b| a* = b = [¢,b)" =1 > with 2 < k <[ < oo and 2 S m
oc. I' has a faithful discrete representation p : I' — PSL(2,C) if and only if (k,[;m)
(2:3;2).(3,3;2),(2,3;3),(2,4; 2).

<
+
O

There is an elegant necessary condition, which is Jgrgensen’s inequality. Namely, if A, B €
PSL(2,C) and G =< A, B > is non—-elementary and discrete then

I(tr A)? —4] + |tr [A,B] -2 > 1.

A straightforward consequence is the following.

Theorem 5:

Let H be any non—elementary subgroup of PSL(2,C). Then H is discrete if and only if each
two—generator subgroup of H is discrete.

a

One can ask whether — as in Theorem 3 for PSL(2,IR) — already the commutator trace is
uniformly bounded away from 2. In other words: Does there exist a positive real number c,
such that the inequality |tr [A, B] —2| > c holds whenever A, B € PSL(2, C) generate a non—
elementary, discrete group? The answer to this question is in the negative. The function
[tr [A, B] — 2| > c has the infinum 0 over the set of all pairs (A, B) of generators of non—
elementary, discrete subgroups of PSL(2, C). Recently several different people have obtained



variations on and improvements in Jgrgensen’s inequality including Gehring, Martin and
Tan. We here just mention three of the variations which are related to theorem 3.

Theorem 6:

Suppose G =< A, B >C PSL(2,C) is discrete and non-elementary.

(i) If tr A= +tr B # 0 then |tr [4, B] — 2| > 0,193. Il in addition tr [A, B] is real, then
ftr [A,B] —2| >2—2cos .

(ii) If tr [A, B] # 1 then |(tr A)2—2|+|tr [A,B] = 1| > 1;iftr [A,B] =1 and tr A # £v2
then |(tr A)? — 2| > 1.

(i) If A is parabolic then |tr [A, B} —2| > 1.
O

Since there is no good sufficient condition, sometimes one iterates the process of taking
commutators (as Jergensen already did to prove his inequality). There is a recurrent theme
in recent literature: iterating commutators gives good results. But why it gives good results
is only partially understood. The process of iterating commutators means constructing
sequences similar to the following one, which goes back to Jordan. Begin with A and B. Let

B, = [AB]
B, = [Av [Av B]] = [A, Bl]v

B =[A Bl =1[A[A,...[A,B]].. ]
Other variations are also used.

If one begins with an element of small trace, then iteration of commutators will produce a
sequence of elements of decreasing trace. Since in a discrete group traces of elements cannot
become arbitrary small, this gives information about discretness. A partial geometric expla-
nation for what happens is as follows. For simplicity assume that A and B are hyperbolic,
loxodromic or elliptic, so that they each fix hyperbolic straight lines, their axis in the hy-
perbolic 3-space IH®. Then [A, B] gives a measurement of the hyperbolic distance between
their axes. Tterating commutators iterates distances between axes and in a discrete group,
the axes cannot accumulate. More concrete, if A, B € PSL(2,C) with distinct pairs of fixed
points — regarded as linear fractional transformations of € = C U {oco} — then

Atr [A, B] - 2)
((tr A)2—4)((tr B)2 —4)

4(tr [A,B] - 2)
((tr A)2 —4)((tr B)? —4)

cos(28) = + 1‘ +

where ¢ is the hyperbolic distance between the axes of A and B.

One can call the more general question: “Can we find necessary and sufficient conditions for

G=<A,...,A, >, A;,..., A, € PSL(2,0), to be discrete?”
The answer is that this is extremely complicated. As far as I know a satisfactory an-
swer is only given by Maskit, Seppald and Sorvali for Fuchsian groups of a signature type

(0; a1, @z, a3, a4) or (2;0), that is for Fuchsian groups with a presentation

< 81, 82,83, 84|85 = 892 = 83° = s34 = 51828384 = 1 >,2 <y, a2, a3, a4, O



< ay, by, a, bylfay, bilfag, b)) =1 > .

The proofs here use the geometric descriptions in theorems 1 and 2 as well as combination
arguments.

One should mention at the end of this section that the algebraic structure of the minimal
generating systems for a finitely generated Fuchsian group is well understood; also that the
algebraic rank differs from the geometrical rank. For instance, T' =< sy, 59,83, 84|% = 52 =
2 =81 = 81898384 = 1>, g=2k+1>3, can be generated by s1s2 and s3s; but for each
connected closed fundamental region F' of T, as a Fuchsian group acting on IH?, there are

at least 3 pairs z,z7' € T" for which zF N F has dimension > 1.

Arithmetic Fuchsian and Kleinian groups

In the last years several authors including K. Takeuchi, Maclachlan, Rosenberger, Reid,
Gehring, Martin, Helling, Mennicke, Hilden, Lozano, Montesinos-Amilibia and Vinberg con-
sidered discreteness in connection with arithmeticity.

Let G be a finitely generated subgroup of PSL(2, C). The subgroup G? =< ¢*lg € G >
1s a normal subgroup of finite index with quotient group a finite abelian 2-group. We call
ki = Q(tr g; g € G) the trace field and k; = Q(tr ¢%; g € G) the invariant trace field of G.

For any finite index subgroup G of a non-elementary group G we have k; C Q(ir g;; 91 €
(1), and ky is an invariant of the commensurability class of G. Here, two subgroups 'y, T,
of a group T are called commensurable (in the wide sense) if there exists an element 4 € T
such that Ty N4Tyy™" is of finite index in both T} and yTyy~".

If £ C € is a field then always k — ¢(k) is an embedding from k into C, where ¢ : C = C
denotes the complex conjugation map. With these notations we have the following criterion
for discreteness.

Theorem 7:

Let GG be a finitely generated subgroup of PSL(2, C) such that

(1) G@ contains elements g; and g, which have no common fixed point;
(2) tr G = {tr g;g € G} consists of algebraic integers;

(3) for each embedding o : k; — € such that ¢ # id and & # ¢, the set {o(tr f); f € G®}
is bounded.

Then (G i1s discrete.
O
The condition of theorem 7 reflects the definition of an arithmetic Fuchsian or Kleinian

group. For such groups there is a standard construction via a quaternion algebra over the
invariant trace field.

Let k be a subfield of C. A quaternion algebra over k is a 4-dimensional central simple
algebra A with a multiplicative identity 1. Here, central means that the centre of A is just k,
and simple means that A has no proper two-sided ideal. A has a basis fo the form {1,4, 7,15}
with 12 = a, 3> = b where a,b € k*. Hence, A is denoted by a Hilbert symbol ("Tb) A does



not uniquely determine the Hilbert symbol. In particular, (97}) ~ (“—xzk—byi) for z,y € k*. In

this sense over IR we only have (%) E (1_,“_;_1) = M(2,IR) by taking ¢ = ( (1) _(1) ) and

0 0 -1

Now, let k be an algebraic number field, that is a finite extension of Q, and let R, denote
the ring of integers in k. An order O in A is a subring with 1 which is a finitely generated
Ry—module such that O ®g, K = A. We denote by O! the set of elements of norm 1 in
O. Here, if @ = ap + ayi + a7 + aziy € A with i2 = a, 52 = b, then the norm of « is

n(a) = a2 — aa? — ba? + aba?. The norm is the determinant on matrix algebras.
0 1 2 3

If there is an embedding p of A into M (2, C) then Pp(O') C PSL(2, C) need not be discrete
in PSL(2,C), where P denotes the projection from SL(2, C) to PSL(2, C).

To guarantee discreteness we can use arguments by Borel and Harishchandra on discrete
arithmetic groups in algebraic groups.

: 0 1 . . . .
7= ( ) ) or 3= < 0 1 ), respectively, or (%l) =~ H, Hamilton’s quaternions.

Theorem 8:

(i) Let k be a real algebraic number field. Let (Ek—b) be a quaternion algebra over k such
that (';Ré) = M(2,R), that is, such that there is an embedding p : (-“—I’cé) — M(2,R).
Let O be an order in (3};@) Then Pp(Q') is discrete of finite co-volume in PSL(2, R)
if and only if k is totally real, that is o(k) C IR for each Q-embedding o : kK — C, and

(ﬂgmu@)) & H for each such o with o # id.

(ii) Let k be an algebraic number field with £ C € but k ¢ IR. Let (Ek—b) be a quaternion
ab

algebra over k such that there is an embedding p : (T) — M(2,C). Let O be an
order in (aTb) Then Pp(O?) is discrete of finite co-volume in PSL(2, €) if and only if
a(k) C R for each Q-embedding ¢ : k — € with ¢ # id and o # ¢, and (ZE)R—”@) ~H
for each such o with o # id and o # c.

O

This leads to the following definition.

Definition:

(i) Let A = (9k—b) be a quaternion algebra over a totally real number field k, such that

there is an embedding p : (“Tb) — M(2,IR) and such that (ﬂ&mﬁ@) >~ H for every
Q-embedding o : k — R, ¢ # id. Then any subgroup of PSL(2,R) which is commen-
surable with some Pp(O') is an arithmetic Fuchsian group.

(ii) Let A = ("Tb) be a quaternion algebra over an algebraic number field k£ with k£ ¢ R,

such that there is an embedding p : (“Tb) — M(2,C) and such that o(k) C R and

(ﬂg)m—a@) ~ H for every Q-embedding ¢ : k — C with 0 # id and o # ¢. Then
any subgroup of PSL(2, €) which is commensurable with some Pp(O') is an arithmetic

Kleinian group.



A detailed analysis of this definition gives the following.
Theorem 9:

Let G be a Kleinian (resp. Fuchsian) group of finite co-volume. Then G is arithmetic if and
only if the following conditions are satisfied:

(1) k2 = Q(tr ¢*;9 € G) is an algebraic number field;
(2) tr G = {tr g; g € G} consists of algebraic integers;
(3) o(k2) C R for every Q-embedding o : k; — € with o # id and o # ¢, and there are

91,92 € G such that |o(tr g1)] < 2 and o(tr [g1,92]) < 2 for every such o with o # id
and o # ¢

]

For a fixed n € IN\{1} there are — up to conjugacy in PGL(2,IR) — only finitely many arith-
metic Fuchsian groups which can be generated by < n elements. By a result of Maclachlan
and Martin there are — up to conjugacy in PGL(2,C) — only finitely many two—generator
arithmetic Kleinian groups but — in contact to the case of Fuchsian groups — infinitely
many three—generator arithmetic Kleinian groups.

It remains — especially in the case of arithmetic Fuchsian groups — to classify and describe
the arithmetic Fuchsian and Kleinian groups. The two-generator arithmetic Fuchsian groups
are completely classified by K. Takeuchi and Maclachlan and Rosenberger. Especially there
are just 85 arithmetic triangle groups. There are classification results also for arithmetic
Fuchsian groups with signature (0; a1, ag, a3, as) by Naatanen, Nakanishi and Rosenberger
as well as by Sunaga.

In the case of two—generator arithmetic Kleinian groups Gehring, Maclachlan and Martin
are classifying them. Especially there are — up to conjugacy in PGL(2, C) — only 41 non-
co—compact arithmetic Kleinian groups which can be generated by two elements of finite
order. For the groups I' = T'(k,l;m) =< a,bla* = & = [a,b]™ = 1 > with 2 < k < ]
and 2 < m, which we already considered, we have only for (k,l;m) = (3,3,3),(4,4;2) and
(3,4;2) a faithful discrete representation p into PSL(2,C) such that p(I') is an arithmetic
Kleinian group.

At the end of this section we should mention that many authors including Maclachlan, Reid,
Vulakh and Martin used arithmeticy to consider Fuchsian subgroups of Kleinian groups.

Generalized triangle and tetrahedron groups

An ordinary triangle group is the orientation preserving subgroups of the group generated
by the reflections at the sides of a spherical, euclidean or hyperbolic triangle, and it has a
presentation of the type T =< a,bla? = b = (ab)™ =1 > with 2 < p,q,m; T is finite if and
only if % + % + L >10f ;; + ;— + ;—— < 1 then T is the fundamental group of a hyperbolic
2-orbifold.

The class of ordinary triangle groups has a natural generalization. For instance, take a Hopf
link graph with a bridge joining the two circles and with branching indices k,/ and m as in
the picture:



We assume of course that 2 < k,/,m. The fundamental group of this graph as an 3-orbifold
with underlying topological space S® is then I'; =< a,ba* = &' = [a,b]™ =1 >. As another
example we may consider the cloverleal knot with a bridge and branching indices k, [, m:

]

m

and we get the group Iy =< a,bla* = b = (aba~'bab!)™ >. The first example was



considered by Hagelberg, Maclachlan and Rosenberger, the second by Helling, Mennicke
and Vinberg. This type of consideration one can make for each link and each knot, and each
time we get a presentation of the form G =< a,bla?b? = R™(a,b) = 1 > with 2 < p,q,m
and R(a,b) = a”b? .. aP*b%* wherek>1and 1 <p, <p, 1 <g<qfori=1,... k.

Such a group is called now a generalized triangle group. Baumslag, Morgan and Shalen
and independently Fine, Howie and Rosenberger showed that such G has an essential rep-
resentation into PSL(2, C), that is, a representation p : G — PSL(2,C) with p(a), p(b) and
p(R(a,b)) of order p,q and m, respectively.

This observation automatically leads to the following fundamental problems and questions.

(1) Classify the finite generalized triangle groups.

(2) Does the Tits alternative hold for a generalized triangle group, that is, is it either
solvable by finite or does it contain a free subgroup of rank two?

(3) Which generalized triangle groups G have a faithful discrete representation into

PSL(2,C)?

(4) Which generalized triangle groups G have a faithful discrete representation p into
PSL(2, C) such that p(G) is a Kleinian group of finite co~volume?

0

The finite generalized triangle groups are completely classified by Howie, Metaftsis, Thomas,
Levai, Rosenberger and Souvignier.

Besides the ordinary triangle groups there are, up to isomorphism, only 12 finite gen-
eralized triangle groups, and the biggest one has a presentation G =< a,bla? = b* =
(abababab’ab*abab®ab?)? = 1 > and is of order 424673280 = 22°3*5. Howie, Metaftsis and
Thomas also determined the algebraic and topological structure of the finite generalized
triangle groups. If m > 3 then it was shown that the Tits alternative holds for a generalized
triangle group, and it is conjectured that it also holds for m = 2.

There are many examples of generalized triangle groups G which have a faithful discrete
representation p into PSL(2, €), also such examples with p(G) Kleinian of finite co-volume.
For instance, Reid and Jones showed that for each j € IN the group G =< a,bla* = b* =
((ab)’(ab7')")® = 1 > has a realization as a Kleinian group with finite co-volume, and
that there are infinitely many two—generator, pairwise non—conjugate Kleinian groups with
finite co-volume. Other examples are given by Hagelberg and Vesnin.

In contrast, as already mentioned, there are, up to conjugacy, only finitely many two-
generator arithmetic groups. There are no general results concerning faithful discrete repre-
sentations of generalized triangle groups into PSL(2,C), with or without finite co—volume,
but we have an interesting necessary condition by Hagelberg, Maclachlan and Rosenberger.

Theorem 10:

Let G =< a,bla? = b = R™(a,b) = 1 >, 2 < p,q,m, be a generalized triangle group as
above. Suppose further, that one of the following conditions holds:

(i) m > 4.



(i1) rm =3 and R(a,b) does not involve an element of order 2.
If G has a faithful representation p : G — PSL(2, €) such that p(G) is a Kleinian group of
finite co-volume, then ;—) + % + % > 1.

a

The proof depends on the existence of an Euler characteristic for certain generalized triangle
groups.

I do not think that Theorem 10 can be extended to a general result.

Analogously we may generalize the ordinary tetrahedron groups. An ordinary tetrahedron
group is the orientation preserving subgroup of the group generated by the reflections at the
sides of a tetrahedron, and it has a presentation of the form

T=<a,bcla? =b"=c = (ab™")" = (ca™')" = (b =1>

with 2 < p,q,r,m,n,l.
The generalization is analogous to the case of ordinary triangle groups.

A generalized tetrahedron group is a group with a presentation
G =< a,b,cla? = b = ¢ = R™(a,b) = R%(a,c) = Ry(b,c) =1 >,

with 2 < p,q,r,m,n,l, and Ry(a,b), Ry(a,c) and Rs(b,c) are given analogously as in the
case of a generalized triangle group.
A generalized tetrahedron group can be regarded as a triangular product of the generalized
triangle groups

Gy =< a,bla? = b7 = R{*(a,b) =1 >,

Gy =< a,cla? = = Rj(a,c) =1 > and

Gy =< b,c|b? = ¢ = Ri(b,c)=1 >
with edge amalgamations over the cyclic subgroups < a >.< b > and < ¢ >. A generalized
tetrahedron group G also has an essential representation into PSL(2, C), and we can ask the

analogous four fundamental questions as for the generalized triangle groups. In addition we
may ask the following.

(5) Does each G; embed into G?

Besides the results by Fine, Levin, Roehl, Rosenberger and Stille, not much is known about
generalized tetrahedron groups. We have the list of the finite generalized tetrahedron groups
if in addition (m,n,l) # (2,2,2); also the Tits alternative holds if (m,n, 1) # (2,2,2).

Up to conjugacy, there are only finitely many generalized tetrahedron groups which can
be realized as in arithmetic Kleinian group, but there are infinitely many three generator,
pairwise non—conjugate arithmetic Kleinian groups.

Theorem 10 holds analogously.
Theorem 11:

Let G =< a,b,cla? = b1 = ¢ = R™(a,b) = R} (a,c¢) = Ri(b,c) = 1 > be a generalized
tetrahedron group as above. Suppose further that either mm >4 or m = 3 and R;(a,b) does



not involve an element of order 2, that either n >4 or n = 3 and Ry(a,c) does not involve
an element of order 2, and that either I > 4 or [ = 3 and R3(b, ¢) does not involve an element
of order 2.

If G has a faithful representation p : G = PSL(2, C) such that p(G) is a Kleinian group of

finite co-volume, then
11 1 1 1 1
-+ -+-—F+—+-+- 22
p g r m n I
O

If L+ 1431 <1 then each vertex group Gi, i = 1,23, embeds into the corresponding
generalized tetrahedron group. This latter does not hold in general if Lply 2> 1. For

inslance,
G =< a,b,cla® = b* = ¢ = (abababab’abab’ab®)’ = (ac)’ = (bc)* =1 >

is finite, but
Gy =<a,bla* =¥ = ((Lbabababzababzab?f 1>

15 infinite.
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