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Some Properties of Multivalent Functions
Associated with Fractional Calculus

R X - 2
[N il N

Let A(p) denote the class of functions of the form

[e o}
f(z)=zp+zak+pzk+p (p€N={172’3a})
k=1
being analytic in the open unit disk 2/, and A’ the class of all analytic
functions f(z) with f(0) = 1in U.

Let f(z) be an analytic function and g(z) be a univalent function sat-
isfying f(0) = g(0) and f(U) C g(U), then f(z) is said to be subordinate
to g(z), and is written as f(z) < g(2).

In this report, we consider a best dominant of the differential subor-
dination [1], [3] and investigate some properties of multivalent functions
associated with the fractional calculus operator [2], [4].

Theorem 1. Let f(z) € A(p) and let @ > —p,B,n € R and
p>max{f—-1,-n-1,—a—-n—-1}. If

Re{I&f’"f(z)}>7 (OS7< pT(p—F+n+1) ) ’

PP Tp—B+ 1l (p+a+n+1)
then

1,6-1,7-1
Re Te A1 1 (2) .

zP‘ﬂ"'l P— ﬂ + 1

+( pT(p—-B+n+1) 7 )(/1 2dt _1>
T(p-B+)T(p+a+n+1) p-pB+1)\Jo T+ e/-F) ~~

and Ig,jl’ﬁ_l’n_lf(z) € H? (0 < q < o0). The estimate is sharp in
general.

Theorem 2. Let f(2) € A(p) and let a > 1,a > —p, 8,7 € R and
p>max{f-1,0—-n-1,—a—-n—1}. If

Re TP f(2) pT(p—B+n+1)
PP L(p-B+1I(p+a+n+1)




(g <7<

and

1 2qt¢1 2(1—17)
”““”(/o I‘:zt—w—%‘mdt*)*”‘” =z
then

—1m— 1/a
Re{fé’,il"’ b 1f(z>} >[ pD(p = B+ +1)
I(

ZP=Pl p—B+2)T(p+a+n+1)

1/a
{2y -14+2(1=)2Fi(p-B+1,Lp—B+2; —1)}] :

The estimate is sharp in general.
Theorem 3. Let f(2) € A(p) andleta > —p,f,n€ R, p> f-n—-1
and0<é6< 1. If

2-36
{ L5871 () }> P8t gy (050<3)
e

l—g,-zl-l,,@—lsﬂ—lf(z) . ﬂ N 365 —1 (
26

then

T(p—B+2)T(p+a+n+1) Re TgFPI1 £ (2) S8
pL(p—B+n+1) .p—B+1 :

[1] S. Miller and P. Mocanu, On some class of first-order differential
subordinations, Michigan Math. J. 32(1985), 185-195.

2 S. Owa, On the distortion theorems, L Kyun pOOk Math, J.18(1978 )
9.
53_591

[3] S. Ponnusamy, Differential subordination and Bazilevi¢ functions,
Proc. Indian Acad. Sci. 105(1995), 169-186.

[4] M. Saigo, A remark on integral operators involving the Gauss hy-
pergeometric functions, Rep. College General Ed. Kyushu Univ.
11(1978), 135-143.



NoTES ON BERNARDI INTEGRAL OPERATORS

SH1GEYOSHI OwA  KINKI UNIVERSITY
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Let A(p) be the class of functions f(z) of the

form

£(z) = 2P + zlap+nzP+n ® e N
n=

that are analytic in the open unit disk |J.
A function f(z) ¢ A(p) is said to be a member

of the class A(p,a) if it satisfies
Re{f'(z)/zP 1} > & (z € )

for some real o (0 < a < p). For £(z2) € A(p),
we define DBf(z) by

T pin p+n

B
-B~B - P
(p+1) "D f(z) = z¥ + } ap+nz ,

n=1 ( ptl

where B > 0. A function £(z) ¢ A(p) is said to

be in the class B(p,a,B) if it satisfies that

(+1) "PoPe(z) € Ap,a).



For f(z) belonging to A(p), Bernardi integral

operator Jp C(f(z)) is given by

ptc z .1
Ip,e(E) = — fo e leeyde (e > -p)
© ptc
=z + § —— 2 +nzp+n .
n=1 ptntc P

THEOREM 1, If £(z) € B(p,a,B), then
Jp’c(f(Z)) e B(p,u,B), where
= (-1)F

o= p+2(p-a) (ptc) § —
n=1 pintc

The result is sharp.

THEOREM 2. If £(z) ¢ B(p,a,B), then
J; l(f(Z)) e B(p,u,B), where

oo n ptl A
w = p+t2(p-a) ) (-1) [——————]
n=1 ptnt+l
and
o p+l A
J 1(£(2)) = zP + [———-———] a +nzp+n (A > 0).
P n=1%' p+n+l P

The result is sharp.



3 N-fractional calculus operator N” method to
nonhomogeneous Gauss equation

Katsuyuki Nishimolo Descartes Press Co.

Abstract

sauss equation in the same pl’()LLdllrL as the case of
,npcr [ 6] of the author. Then the tivo more
v are different from the previous one reported

In this paper we treat the nonhomogencous G
homogencous Gauss equation in the previous
fractional differintegrated form solutions, whic
already, are shown newly.

Theorem 1. Let 9 EH° = { (pl 0= g|<o,v ER} and [ €§°, then the nonhomo-

gencous Gauss equation
Llg,z;a,B,y |
=p, (z*=2)+o, {z(a+ B+ )=y} +p-af=f (z=0,1) (0)

has solutions of the forms

(Group1);
((/ SRt ) ’) 2@ -1) " ‘) =q), . (denote) (1)
((fﬂ 7ﬂl(z l)rx y)I ﬂY(Z ))' ﬂl)ﬂlswé), (2)
@ =(Z"—r (z _l)wﬂAl .(f—u gt 1 l)ﬂ r ])a 1 E(p;) , (3)
7 =(zﬂ"(z—l)"""'(f_/, 2Nz -1 ’ 1) =@l - (4)

-1
(Group 11);

T-y

|
ot

O S A R RV RS AP
(

(f -2 )y_”_,'z‘"(z—l)ﬂ")_l'z""(z—l)ﬂ) =Py (6)

¢ = 2" r(zﬂ l(z -1) ((/'.Zr—l)y_ﬂ ] ﬂ(z—l)" 1 l)ﬂ E(p:;) ) (7)
@ =Z|—r (Zu—l(z_l)-ﬂ .((f,zr—l)r-" | Z_"(Z l)/l 1 ) E(PZ;)) ) (8)

-1/ -y

(Group 111)
5 _(Z_l)y a- ﬂ (/ (Z ut/l-—y )“_y 'Z"V’(Z _l)—ﬂ) l_z—u(z_])ﬂ—l
- y-—a-

@ =(z-1)"" ﬂ( f (z- n+ﬂ—y)ﬂ$y .Zﬂ—l(z_])"’)_‘l 2"z _])u-l) N =@y A0
==y @) (- ), ) )

- _yr-e-f -, qya-1, . a+fi- f- 1\-a
® =1 (z @0 (=0, ) ) e,
Jor z= 0,1, where @, = d*e/d (k=0,,2), 9, =¢ =@(2),z€C, [ is a given

function, and «, 3 and y are given constants.

¥
l=(p(9)’ (9)

y-a-1
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4 On g(a,f) for a holomorphic curve f with
maximal deficiency sum

TODA Nobushige Nagoya Institute
of Technology

1 Introduction. Let N and n be integers satisfying N > n > 1, f = [f1, -, fas1]
a transcendental, linearly non-degenerate holomorphic curve from C into P*(C) with a
reduced representation (fy,---, fas1) : C — C™"' — {0}, X a subset of C**! — {0} in
N-subgeneral position satisfying #X > 2N —n + 1. The following defect relation due to
E.I.Nochka is well-known.

Theorem A. For any vectors @, -+,a,(1 < g <0o0) in X

> b(a;, f) 2N —-n+1

J=1

(see (1]).
The purpose of this talk is to give some results on the deficiency §(a, f) when the equal-
ity holds in Theorem A.

2 Definition. We put

u(z) = max 1),

t(r, f) 2”{log u(re?) —logu(e?)}dd

T oo
and
Q = limsup t(r, f)/T(r, f),

T—~00

where T'(r, f) is the characteristic function of f. Note that 0 < Q <1 ([21]).

3 Result. Suppose that N > n > 2 and that Ithere exist a1, -+, 8 2N —n+1 < g < 00)
in X satisfying

Y 6(aj, f)=2N-n+1
7=1
Put Y = {ay,---,a,},Y*={a€Y :6(a,f)>0tandY' ={ac¥ :8(,f) =1}
Then we have the following
Theorem. (a) If Q < 1, then [(N —n)(n—1)/n]+1 < #YL
(b)IfQ < land§(e;, f)=1(j=1,---,n), then [(N—n)(n—1)/n]+ N —n+2 < #Y".



() IfQ =0, then #Y!'=2N —n+1.

4 References

(1] H. Fujimoto: Value distribution theory of the Gauss Map of minimal surfaces in R™.
Aspects of Math. E21, VieWeg 1993.

(2] N. Toda: On the second fundamental theorem for degenerate holomorphic curves I
and II. NIT Sem. Rep. on Math., No.121(1994), pp.16 and No.134(1996), pp.8.



Mkt DIEBE K

fH=ZE AHRIXKXT
ZHHEH KHEAIXKY

pxdRica—79 v FEERY Loh o i
FFYHELT 5. R OBHHE R LTy =2 v —TF 4
v —JiRK

(-A+pu=0, (A=d/zi+ - +0°/zy)

DR okl ye RoT)—2E% ,GE(-y) & EHEEK
DE%T R I

(A + m)uG (- y) = &,

¢ i BE/ (0,00 kRO ETH D (HL 6, X y
CEESDOF 4 7 v 2 BIE). GE(-,y) DAHE, LR
y € R icikfie . GR(- y) 2MEfEF 5 (XLEBAFEL &
W) & &, (R ) IR (LEFEMBE) TH B L
W, JERER oM (R, 1) o2k r, B AL S & - fRiC
LT, Og £i03. R # R o Hipsrhiik< (R, p) € O¢
b, HiC R;R' 70 (R, u) & Og & %286 R
2 END &S EERTOWMMED Ik KYED TR IR~ O
NTws (uz0AbIELWY). COFREICIH S HIAToR
DfGREWMET 5.



2. R! OtpHEE R OBER OR OFEAGHEA T
B RICHUTHAIMGEGHETHDES, (R u) € O0¢
5E, RUTCR 1D (R,p) ¢ O¢ £%5% R 0fpH
% R HHEETS.

T T 2 R extL CHAINGESHE T 5 &3,
Faecl CXLT,a OFEYARILE U &5 7%1E L
(2!, 2q) XIEMEERE (r, &) 235> T, T'NU & U Wikl
Brg=p@) Xdr=p(l) D777 LTELEIN, RNU
22U WNT xg>p(a) Xidr>ep) THhzohdb %
HEBT 5.

L B X i
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[3] M. Nakal: Continuity of solutions of Schrodinger
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UNIFORM PERFECTNESS OF LIMIT SETS OF
KLEINIAN GROUPS

Al = CREKRFERFERT - EEFER)

Z DEE TrEIEWIER) Klein BEDORBIRE S 23 —#k5E £ (uniformly perfect) Th 57z
DDF+GERMIZDONTER RS, F%ER Klein EOBBESIZOWTIHAb &L
ER2VDT, UTTHEALDHEIETHENENTHD L35, (FRAEAM) Schottky
HEOBRES DO —HFTEEMEIZ 2V TIZBEIZ Pommerenke 235X (3] T, £ L TZD#&
— MDA MR Klein BE1Z-2V Thk Pommerenke [4] TR Y LD Z LR EN TN D,
ZDH% G ko & LIEEIZ &Y BTEIA R Klein BEIZOW T L BIRES A —HRTL
THDZERFRENTVWS (B2 Canary [I| BB), ZOHEE CILERERDEE
LEO TRBEESN —KELTHH-OD+EG* 525,

9 G % Klein B & LA(G), 2(G) 22 Zh % ORIRES (limit set) B O
BRI (region of discontinuity) & 3%, X = Xg = 2(G)/G * F#EFEK%E G DIER
TEI-THRICEOND (ERE L IXMR S 220Y) hyperbolic orbifold & L7 : 2(G) — X
PRERE LT, XEOQES2E0EEE BEL X°= X \BEBL, £2XD
HEOBEEENTEONS ) —~v v EEX LB Z LT 5,

‘hyperbolic” &5 D% Xo% X DERERS & LT & 1(Xo) PRI D—2 LT 5
tx g H={2€C;lmz >0} - QEEAREEHFBEEFHR L L Tp=moq: H— Xp
ETD, (—RRICZDEDITHN LD Galois B E® p DR &L L TH LN oI AR X
? Y —< % (connected) hyperblic orbifold & FEIZILS,) ZD & &, H D Poincaré
metric pg(2) = 2‘;‘;[2 % p Tproject LT Xy E® metric px, 3G 65, T72bDL, px,
13570 523V T cone singularity 28 HZ LIS TIXIE 52 722or = p*(px,) Z 7
F metric ThH D, THBEMD Z EIZEE DD TEAED metric px DSERIZEE B,
ZD X E® hyperbolic metric £ FEEN S H D TH B, X ORIz L TEDOX
AR & 0 (8) A

ex(8) = [ px(2)idz]

WL VERBEND, £72. I'x, = {y € Aut(H) : poy = p} & BIFIE ZHiE2 D Fuchs
BRI, = {v € Aut(H) : goy = q} ZIERMBEE & L TE T Fuchs 8 T orbifold



Xo® Fuchs BERET LIS,
ITRDE D REEREITD,
Cxo = {lo] : alx Xy IEE A7 BARRR },
Cy, = {la] € Cxp 1 @XMy, BRI TIZ LV BB }.

IZTla)EX) =X\ BIZBITAHEMEAE R —BERT, £ZTEHIC

Lx, =, ]mf lx,la], Ly, = }inf {x, ]

aleCxq la L_'C;(O

EEET D, (ZBEAIIT S infld+oo EEEL TEL,) TDEE XM ARITRYIZ
FRETHIL Ly BEICRDZEIEBELTEI ), £EFRIZORL L IICKRD

HbRLY S0,
Ly, = inf Ay,

v<xq:hyperbolic gl
Z ZIZAIEy O translation length 2 %9, 4 725X, = 2cosh™(try) TH D, &5
Iz X JT LT
LX = infoo,L}( = inf LB(O
EBL, ZZizinf ik XOERERS Xo2EiZhizo TS,

EE 1 —MIC X% (EF EIEBR 572 hyperbolic orbifold & 95, Lx >0 Tdh
D Xid modulated & FES, $£7- Ly > 0 Th 505 Xid Lehner B & Z Z TIHMFA T
BLZEIZLED,

EE 1 XBCOREATH D L &1k XA modulated TH 5 & & X B —HFEL
(uniformly perfect) ThdEE 5, £72. X1 Lehner W TH 7DDV E+45 &M
i X EORFE 5 2 BRI 2 Ry O ZEM 3 M)A R IER] 2 RO ZERICE £ h

BT L LRABETHD (2.

EE 1. FOEM Klein B G IZOVTROFERXSKY LD,
Log) 2 L,
12 Xeh' Lehner M THNIEA(G) F—HRTELTH D,

FE 2 ZOFEHDFRE L TESICHEITHAERZ Klein BEORRIBES A —HRELT
BB ENTIDB,
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UNIFORM PERFECTNESS OF JULIA SETS OF
RATIONAL FUNCTIONS

A BE CRERFERFERT - EFEVREM)

T OEETIIKRE 2 U LOFEREED Julia EED—KRFEEMEII OV THERRD, L
TTREFICE O RVIBY EX 2 HBEEEIZIE TREI>2THD L35, KildRH
HEHIZ 2V Tk Pommerenke [3] % D—HFELMZFEA L T 7, —ROFH
B2 2V Tk Maié-da Rocha (2] & Hinkkanen [1] (T X Y MAZIZFERH Sz, £7z
. BHEEREIC OV T2 TRV I remark S TWS, 7272, Wil
DFER B —RHKFZTLE TRV ET S V< 5T H modulus 23K E < 725 essential 28R
DFIBRNDE ZENOFEEENTEY, BEHL—KEE2EOFMITES A 60T
2y, BlZE, RO E D RERBEY IO TREMN L —RESHOFMEIT Z &
EEEREHLIHDEEX LD,

EE 1 I UBRECOREECOHER Y 5 FRMEBIO modulus O LB ZE
MoTREIEE = C\ 20 Hausdorff Xt (2B L TROEFFMAALY D,

. log 2 log 2
H-dim(FE) > > .
m(E) 2 log(2eMa + 1) — M, + log3

SHIZEMER Lo IRD XD IZERT D,
L_Q = inf en{,@],

=L Z ZiZinf IRARDOETORHE CRWVEABBRSO B R AT M —H8 0] £F&icb
T-oTHRY, o8] REDHMBROTBMES THH LT 5, IOV TROFFH
MDD Z EHBICINETOESRERDBEY TH D,

2

mw
Lo < — < Loe*a.
N VA

%:TI\JQ < OO(<=> LQ > O) THbdH & 57335?]%/5\E= (f:\'Q;z*‘1§7’__E/*;E\‘—‘C‘3})/Z)kl/\‘53



ETf:C - ChrREd > 20FBEKET D, O Julia BERV Fatou £EEE
NENJ;, 2, EELZEIZLE D, UT TR Lo, O FbORBAGHELZ 5252 &
BEETH D, fOcritical point ii@}#%%bf 2d -2 55 ZERMLNTNAN
. critical point Z & T Fatou EADERR T EE THEL TENLZ U,... .U &L
o, W, = f(U).C, = {ue U, df(w) = 0} £, & ZTupv € F(C))(vr £ v)
EOve f(C’) ;XTL'CS(Ul,’Uz) %o, v i@ 5 WRNOAHEREAMAR T fI X Y
L EIFOU BT D L O BUD%WU)A'ﬁ‘ﬁA K ONT (v) % v% essential IZ
2@ LA E@ D W, WUDTffiﬁﬁﬂnﬁTf L BEERFD EIF AU, %’\%Téi RAS
LOAKDARTES LT 5, =2 CHEES S — W ﬁ“EL’é:essentla 2@k
WD EE, HDH2H a,beSa#b) THa)=H(b) = U&Z)BUD#Z'DOT Sl\{a b}
DERERS ;211,12&@“5&%»9!11 Bl 28 & biT WO AIHE TR VE#BRIZ 2> T

HZETHBHETD, 2% W, T@Kﬁ!ﬁsf‘@ﬁﬁiﬁﬁﬂ)ﬁé % by, (B) L KIHE
Bouw) = inf 6w (8), k)= inf 6, (8),
k= vx,tz‘fr?cl% jU1E U2 k:-(vl,vg), kj - lfﬁnfl(lgj) kj( )

ETED D, IELH#S(C)) = 1725k = 00 EEDTHL, TIZ Tdw,(v1,v2), tw; (v)
FEnEN Wﬂ:iﬁi‘féﬂﬂﬂ@ﬁ%ﬁ&f)‘ﬂ@ﬁ%‘ﬁﬁf‘x&fé L&
kj(vi,v2) > 2dw; (v, 1), k'»( ) = 4w, (v)

DR ky > 0,k >O'C&)5 LIZEBELTEIZ ), &%IZ fO Herman B %
A, ..., At&'é‘hi/k@fh%%

L_Qf 2 min{kl,...,ks,k'l,...,k‘;,LAl,...,LAt}.

La, > mi 2d 4 v),La,,...,La}-
s _v1,vzy'v€f(g):01?-'v2{ n,(Ul,Uz), LQI( ) La Lad

B JE—BELTHS,
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FINBEE~DOIGHICOWVWT

g ZER (BEBAT)

We shall consider an arbitrary mapping p = ¢(p)
1) ¢:E—E

from an abstract set E into an abstract set E. Then, we shall consider the general
problem representing the inverse function ¢! in terms of ¢. By using the theory
of reproducing kernels, at first we shall attack this general problem and then, we
shall establish a general principle to solve this problem under some general and
reasonable settings. We shall also give typical concrete examples.

Let K(p, q) be a positive matrix on E in the sense of Aronszajn-Moore such
that for any finite point set {p;} of E and for any complex numbers {c;},

) >N &iciK(pje,ps) 2 0.
J

j’
Then, there exists & uniquely determined functional Hilbert space Hx comprising
functions on E and admitting the reproducing kernel K(p,q). We shall assume
that K(p, q) is expressible in the form
(3) K(p,q)=(h(q).h(p))x on ExE
in terms of a Hilbert space H{-valued function h(p) on E. We further assume that
() {h(p);p € E} is completein H.

Then, for the linear transform of H

(5) f(P) = (ft h(P))H- fe H:
we shall define the function
(6) K4(5,9) = K(6(3),4(9))

= (b(¢(2), h(#@))y on ExE
and the linear mapping of H
™ () = (£, h(6(5)))5,, feH.



Of course, K4($, §) is a positive matrix on E, and so there exists a uniquely de-
termined functional Hilbert space H, admitting the reproducing kernel K4 (5, §).
Then, we obtain

Theorem. In an arbitrary mapping ¢ in (1), for any f € Hy, we take the
function f* € Hyx satisfying

8) f=r() and |fluc, =15 lax-
Then, we have

(9) ;) = (0, K($(),P) i, -

Now, in Theorem, we shall assume that the mapping ¢ is isometry between
H K and H, Kq-

If we know the mapping p = ¢(§) from E to E, then the isometrical mapping
from Hg onto Hg, is given by

(10) f(p) € Hk — f(8(p)) € Hk,.
If we know the (in general, multiply-valued) inverse p = ¢~1(p) of p = ¢(p),

then for f € Hyk 4+ the function f(¢~1(p)) is a single-valued function on E and the
isometrical mapping from Hg, onto H is given by

(11) feHx, — f(¢7(p)) € H.

In general, Theorem establishes the isometrical mapping

(12) fEHK‘_’j‘GHKI

explicitly in terms of the reproducing kernel K(p, ¢) on E, the mapping ¢ and the
reproducing kernel Hilbert space Hg,. This fact will mean that Theorem gives,
in a sense, a method how to construct the inverse ¢1.

Following our general principle, we shall give typical examples for the Riemann
mapping function, harmonic mappings and increasing functions.



BARRDBEOBITHEICOVT

WA E% (RRKFEHE)
Wik =BC (BEATL)

We consider an initial value problem for the heat equation:
v'(z,t) = Au(z,t), zeQ t>0
(1.1) u(z, 0) = f(z), zef
u(z,t) =0, zedQ, t>0,
where @ CR", 2 < r < 3 is a bounded domain with C?-boundary 8Q, v’ = §%, A
the Laplacian, 4 is a trace operator (e.g. Adams [1]), that is, if u € C!(Q2), then

du - du
'a_u(z) = gyi(z)a_z_'_(x)t TE aﬂ,

v(z) = (v1(z), ..., vr(z)) being the outward unit normal to 9 at z.
We recall the following analytic extension formula

Proposition 2([16]). For the right half plane Rt = {Z;Z = p +iq,p > 0} and
w> %, we have the identity, for the Bergman-Selbery space H,(RY) comprising all
analytic functions f(Z) on Rt with finite norm

1/2
Uty = { sty [, V@PCr*dpda} <o

1 (°°
2 — - - n ’ 2, 2n+42u—1
"f"H,.(m) = z :n!l"(n F2u+1) Jo 185 (pf"(P))°P dp.

n=0
Conversely, any C™ function f(p) on the real positive line with a convergent sum in
the right hand side can be extended analytically onto Rt and the analytic extension
f(Z) satisfying limy_.o0 f(p) = O belongs to H,(R") and the identity holds.

We shall define

lote. DI, extoon = |

the right hand side being convergent. Then we obtain
Theorem. For an arbitrarily fired z¢9 € R", we set

2

ds,
H,(Rt)

- 1
p gg(zv '4_};)

(1.2) I'={z € ;(x — =) - v(z) > 0}
and take
(1.3) pE (1,;) .



We assume

(1.4) r (= the spatial dimension) <3

and

(1.5) f € HX(Q) N Hy(Q).

Then, there ezists a constant C = C(Q,T, p) > 0 such that

(16) ey < || 2o < Gl

YV B, (rx(0,00))
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10 @RS AAEROEBRESRO N SEERIZ DT

mEfAZ  Fth #RKT

BHREE C LOFHAEREER M(C) DT A L EOEHLENKITES O
A T, mes(I) = +oo, ZEE LT, M(C) DI S=S(A,I), T=T(A,I)
ERDODELHIICERT S :

S={aeM@O)|T(r,a) = o1) T(r, A) //1},

T={ge MO |T(, 9) = 0T, 4) //1}.
IITiEE Y/ X “FEC I, mes(E) <00 Tr—ooo,rel\E, &L

X7 DB THWE,
TDEE MC) ODBBETRWT f OXNEEEE f//f BbOHE L LT,

KOBEIED HEN,DOND :
o 5x6N7 feM(C) IR LT, £D k BEERBEMYZENX

k—1
Li(f) = f® + 3 4;(2)f9 (keN)
=0

#E25%, bL A; € SG = 0,---,k—1) D f/f €T 726,

Li(f)/f € T TH5,
o BHEHIK CET—RINIAE {f,}5_, C M(C) 2 ZDEAMR LTS

k BEE MRS HERX Ly(w) =0 2525, DL X

/
%E T (resp. S) foralVv = Aj€ T (resp. S) forallVj
v

L%,
N HDFDMEIZ DOV T OEEPMESTERROMIZBNTRERT —<
ThHZ L ITEBIZHD, #xiE Hayman-Frank-Langley DOEHES> Bank-

Laine % ® Complex oscillation theory. )
ZOBETH, ZOBZRIEES HROFERICONTIHRRD,



EE. BEAEEANEE A ITOWT, kb BRI RS HERR
k-1 s—1

(1) w® 3 ai(2)u? = A@z) {w + 3 bz}
3=0 3=0

¥EX D, ZIilaj€S(j=0,--,k=1),b;€S(j=0,---,5-1),0< s < k
L35, HEMEH f, fO) + 520b5(2)f0) # 0, BHRK (1) 27§72
BIE. £ DORMBEERBUZ OV TRORER, REAOMN A —F R Lo ¢

m (r, —’}) <2 {N (r, %) iy (7‘, %) + N, A)}+o(1)T (r, 7’) .
BV ME, de € 2 EH. £7-

 k(E—1)—s(s—1)A(2)  ak_1(2) = bs_1(2)
02 = =T A@) ¢ v

¢ LT,
(2) fI1f = dAY® =9 — q(2) (e T).

(e 8).

ZOHEA (1) DEEIZONWT, ;€ S(s+1<j<k—-1),a,—Ae T\ S,
F®a;j-BjAe TO<S j<s—1) BV TVWDS, ZOFENT T
BHBTHIEE. EARERTEREK £, 1 <v<k) o0 T, #
B (2) ZAWTHLND DN k— s BEET D (dF°=1), ThbiHTh
H A &I zero-free L7720 A(z) = exp{(k — s)a(2)} EFETITRD k—s
B R SRR OEAMA L KT

P(4-6()) v = AQ)y.

ZIZICP(t) = (t + a'(z)) (t + 2a'(z)) - (t + (k - s)a’(z)) RO B(z) =
(k—s)d(2) —a(z)(€S) &35, W-T, JLKDFERX (1) IXR(t) := t° +
Y520 bi(2)td LINT,

R (dii (k- s)a'(z)> P (dﬁ; _ ﬂ(z)) w = A(z) R (dii) w
CEX BTV,
—k. REXNHIT

N(r,1/f)=00)T(r, A) //1 = ['/feT
DBREVY, s =0 DEZITRDTWEEDOE DI B,



11  Lr-Lipschitz Classes and Weighted Bergman Spaces

JREA - B OUH K

D »BEFHEICB T AHBMPNR, A = D LOBITEKE®k, H ©
D FOFRMPEMERET A2, 0<r< oo PEET S, a € DIZFL, ¢,
* Mobius ZB#1, T7bbH,

&L
IB(G,Z) = _log

EFThH, TDOEE, Dia)
D.(a)={z€ D; B(a,z) <r}
TEFE L. Bergman disk £FER, 0<a<1 Dk X,

0%(f.2) = sup HEL I

WEDT(:) ‘Z - wla

E3 5, f€ADTorder a @ Lipschitz &2 WHET 5 & id, 02(f,z) #F
D EERDLE RS, ThHOMBZEMIIEI ORI NTED.,
COEBET. (- 2D f(2) D LEERTHAZ L LFMET
HEIEFMONTVSE, TITiE, TOBMErdo bk ELR, K
OEBZEM*EZS. n>0% o-ABRAEFELL. 0<a <1 BLU,
1<p<ooiZxfLT, Bu,a)=B(u,a,r) % fEH, f(0)=0T

o) = ppst$) = ([ 10207 20 du(2)) " < o0

2HME.f DiRE L, Bi(p,a) = Bi(p,a,r) = Bi(p.a,r)NA EF 5%,
Thbb, 0%(f,2) BAHRE N BAL D o—ARME 41 1352
p EUHESHEOBE~NEIRT 5.

poulf) EEABE. HROEEZD LS HRBALIHLT 55, &
WO MEEH L, MBSO, a=p=1,T5, fe AIIHLT,



BWHEBMTE ONf,z) DEEDS |f'(2)] < ONf,z) WEBIZHELDT
/|f’(z)|d,u < /O:(f,z)du SR THE, L L, —RISEDFFRIZ
WALL 2V KBETIE, ppo(f) OFHiEiZE 2. 0% DT % H
WT B (p,a) OB, $5i2 f 225 f @ Taylor 4REUE b X4
B IGIHBEED 7V AIZDOWTHRRD, ppolf) OFHEIZBE T 5 45RIC
DNTHBRR5B,

Theorem 1. 0 <r < oo *BET S, F7/2. 1 >0% D L® o-FR
WEETE, SDEX, RPEILT S,
(N0<a<1&1<p<llfH LT, C=Crap>0DFELT

[ Aa==mpsEN) du < € [ {07(7.2)) du

PETD fe HICHLTHILT 5,
2)0<a<1 £1<p<ooiZH LT, C=Crap >0 FELT

¢ [ {1 =1z 2 DA ool )dm
< [ 102(.2)) du
< ¢ [{a=1Py==pfE)} an(=
WETDH fe HIZHLTHRILT 5,

ZZT.

N .
”T(“)‘m(Dr(a))/D,(a)d“ (a€ D)

YEB, S50, Dk D=09/dz, 0/dy £7-1EV DVFATH BV,



12 The determination of caloric morphisms
on Euclidean domains

KWKRF HFEE TH B
RF1 =R x R* (k 2 1) OE#ZE% (t,z) (z € RF) THEY. R ofig LT
gk
ou Nk
5~ Au=0 (A‘;a_xf)’

i TR caloric function &IEXR. & 2 TIRBAFENOB LR OEIRIIONT
25, UWFmn>1, D% R HOMEELT 5.

f=fof1, - fn) & DHS R A0 C®-Efg, ¢>0% D £EO C®-H
BEsh. f(D)H»FERTHY, »2oEED f(D) £ caloric function u(r,y) X
LT, o(t,z)(uo f)(t,x) »° D L caloric function i2% 5 & &, (f,p) % caloric
morphism & 5.

m < n OB, caloric morphism I L&V, F72. m =n DL, Appell
i, TATRE), HAKAD, BEBIUZRSOEBICES A, (Leutwiler [3])

LIFTid m > n OB caloric morphism #& 2 5.

KDL %, GZEEORTHE L\ caloric morphism O [EE] 2k 0. #H
% caloric morphism KT 5.

EIB 1. n,ma,... mp FERMK, [ 2BIXE, D; # R™ (1<
%. k f8® caloric morphisms (f7,¢?) : I x D; C R™+1 — R™H (1
#% caloric morphism (f, ) : I x Dy x --- x Dy —» R %

fi(taxla cee ’mk) :fil(t’ml) + fiz(t7$k2) +--+ fik(t’ xk)a
(P(t, xlv s ’xk) :¢1(t,x1)¢2(t7$2) U (pk(t’xk)7

0<i<n) Lo THETESL, 22T, o/ = acj,...,:cj VI R™ oExERD
— 1 m;
7.



Ef% f 5z L TEHERIILE > TW A A caloric morphism D% Ko
B. fo BT TH A EIRET DL, ROMITELZEIHETE S,

E3E 2. (f,¢) ¥ caloric morphism T, fi,...,fn 3z KB LTEEHK, fo(t)

EERITCTHL LTS, ZOLE, BRK k< m/n BLU R™ OEREENHFLE
LT, (f,¢) BROWIR S,

k
folt) =32y (af ﬁj)eSL(Z,R) 72 g # 0,

oty v 6
I yted +d?
ftn) =S BTG TE < cn,
=1 ’th-f-(s]
k exp [_ iz? + v — 601
. 4’Yj('7jt+6j)
o(t,z) = H1 ot 6772 R(t, Trks1s - Tm)s
‘7:

P [_ hjzuwjdhéjcfﬁ]
47 (v;t+85)

# exp (ICZI% n c1~2:171) -

=0 OBEE, ¢ ORI IR
%ho HLI T, o/ = (Zy-1)41,-- -1 Zjn), ¢, d? € R™, 7D h iF positive
caloric function T Y, m = nk OFRIEEHE L 5.
X E® 1.CTmy,...,mg1=n, my=m—n(k—1) >k,
fé(t):w, 1<j<k,
’th-i—(sj
: I ted +d?
fij(tax):u—l, 1§]§k,1§z§n,
’th-i-(sj
n . .
exp| -3 (v + % d — 6;¢)2
. — 4y, (vt + 65)
o (t,x) = =1 i d , 1<j<k,
|75t + 651772

EBCE, BB 2O (f,p) PRoNb, 20, EH 2 DIRELZ A2 caloric
morphism 13 Appell Z#t (m > kn OBIZIE fi (355212 Appell B &R L7z
b)) O kMO [EE] ZkoTwa,



13 YR 7 DIEBERIZOINT

KE &4 JEBRFER AR

T & "

Big f e IPR™) (1<p<oo) HLT, @ 0<a<n) KD
V—RARF ¥ v

Uaf(z) = [ 2= yl"™f(3)dy

BEZD. ZZIZ, 20, Usf £o0 EIRETS. YARL7OHEEE
Bizkne

Lol @ o nei U.fe L@y

q9 p n
2. ap=n 126, FEED ¢> 010 LT U, f € LT (R™)
Ho&—RRIZ

LﬁmQWLﬂ@WMx<m,VA>mG:ﬁﬁm3=M@—U
3. ap>n72bif, 0<a—n/p<l DL,
Uaf(z) = Uaf(2)] < Mlz — 2|*™?
ZITH, YRV OEBO—BLERET B0, LT,
[, Fwlog(e + fw)I7llog e + logle + @)y < oo
ZIRETD.
B 1. (BEOTDa=b=0%T5) 0<a—n/p<2 DLE,

[Uaf(z + k) — 2Uaf(z) + Uaf(z — h)| £ M]|h|>"/?



EE 2. (FHEOIDa=b=0%LTD) m<a—-n/p<m+1D
& &, Usf HEm BEURMS FIHET

(0/02)Us f (z + k) — (8/8z)Usf(z)| £ MIR|*™™P™™, |yl =m
E¥E 3. ap=n, a<p—-17256i%

/G explA(Ua f(2))? (log(e + Unf(z)))"ldz < 00, VA > 0;

G:HRF f=p/(p—1—a), y=b/(p—1—a)
¥ 4. ap=n, a=p—1, b<p—1725I3,

/G exp|Aexp(B(Uaf(2))?)ldz < 00, VA >0, VB > 0;

G: AR, B=p/(p—1-b)
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757 ¥V EAEE RGBS 2ER KT YUy Vv

Eae ¥ BROKZKFKE

DI REDERTLDO»RFERE L, D& W AERSNIFFR A
D x (0,T) %Qp, FOMEID x [0,T) & SpTRY. 20L&, LD
FERE TS PR fO2ERHFT v vz

T
~ [ s [ s)(@WX =), my)do () )

TEHIND, WREFBEROEFETHD. CITRROLHIRT T
yENVRERPFOEB DIH LT 2ERBRT v VY VIIERTE,
(1) L EFOUELIFOZ L 2k ~N5.

D RIDAFIER T EDERODIS-BE (d-1<pf<d) ETH. T
%bHHoDEDIE Radon PELT

bir? < u(B(z,7) N D) < byr® (0 < Vr < g, Vz € D)

R ETRESHEET A LIRETS. T, 0k, 1RTONVN—T KR
X [0, T) V=HIRR L7z & OMEL pr TRT. 0<a <1 2T a
(X3 HIE £ Besov ZERIAL  ,(ur) %, f € LP(pr) T

/ dt//lf|z_ |ﬂ+pa i p(z)dp(y)

+/d // |ft_s|1+pa/2|dtds<oo

izt fORKDPORD I NVAERETS. TDEE, LP(ur) BD
LP(Re x [0,T)) ~DILRSERAFE €T, Bz » E(f)(z,t) H R\ DT
CoMRE BODHEIETS. ThifioT, Xe DxRIIFL T

/ mﬁm#ve ), V,W(X —Y))dy

+/d%m) Y)AW (X — Y)dy,



X e RO\ DIH LTI

= —/Tdsf VES)(Y), V,W (X —Y))dy

_ / ds/ HE)AW(X - Y)dy

LEHETH. OfITROUK L.

EE p>1,0<f-(d-1)<a<1,F5. feAl, ,(ur) 2o
$fi3 (RY\OD) x R CHAARREWRET S, &5 IME LD ur —a.e. DX
ZOBEINE, SHBIEEIRD, (Z), Te(Z2) (3t L, B(Z,r)NT.(Z) # 0,
B(Z,r)NT¢(Z) # 0 % 512,

1
xoalflni ) = K@) +5102)
21(2)

X—rZ,I}(nelr‘g(Z) eIX) = Kf(2)- 2

Pur —a.eZ € SpTHY LD,



ﬁHTﬂA:\"] AN B S ATy /’;?.PQQ T R
KeprP, @) #

(/) =Epe@ i=>71FT¥B42, P=0 v
bo TH>2t o b, Pe @ 0 TER

(2) PpPyr o $a<Bpz2imr? tELow=XK]
L F ¥

) K(r, @)

r Lo R ( T= A2 1
\&)Smdﬁ?s’) )

33 ARk eT3 ., Qo®¥ME o v Y I

Krv oo e i ¥ — FhH OKIP, u) [<9«,f>)‘
K, v) ) Kipm ) 2RE- T3, 245 o F o K7

\/\UT’ w‘é@‘:g\v\ Zﬁa 2‘553 Kb iy

K(p, ©) =
G534 MR s &2

& z*/\;?’ﬂﬁf@{ T £ s
T3 ¥—BrsrER 23 &5 FE MELFI, L

Wi F3BEGERN BRI K 3.

TR A E ool v m-BEe gz WME),
z2o% AR [ B3 L2 Agt m(E)



(e o Fod Lz ¥ —45p R 753 1 o
Dkgs E(EY , T0F vAEEs [ 1H3It oo
Egr S8 1T bY

T oo b SEe F o E(RY%F F3 orE, B
R ANY Lo e mzmd . EUFY=¢ H3ex
Evang @f,?:a_!?,rs"zyuiv > e X ﬁ“'ﬁ.w Y
E(F)=¢ %3 cz, F o K-RLEBEE 0 743
Cefie L A7 3,

FCp.e)= k(p o) #3 B4BHm L —> )y L& 13,

LMQ.,_ mI(F) 9 ’é‘r@ i‘l{[:': /‘"i’,/'"l,"‘/«é

v B
—L iy [f = < ¢
g G T By o)

B3F e FA ., s py =TT g (o)

E ¢y W, «d 3. /‘:n-ﬁ.m)((-—“—-. )—E‘:;‘.z
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16 Extremal length of vector measures

R 5L 9 BIRAS AR L
N

AR 4 extremal length, B & % D5ET3H % modulus 1T
PHRIZE SN, BMEBHRRRT v ¥ v VERIIBIL B S TRz, &Y
H1} modulus #% p-capacity (2—H T2 LV WHEIIKILTH 7.

Ji, ', BALRSHIR S R AL E O A RIS R o TR (Bl
Z[HKM]). LA L&A, FHaDH L& TILBILEHER S gL
FEICEBRLZ modulus IZEESIN TV RWVL, WDAR—HT 5L
V) EERIT 2.

AFEEOHMIIDH 2 EOBEMEMS FRXCHRIIERSINSD ca-
pacity & %IRRT A modulus A EEL, —HTLHrEAZzELZ L
THhb. #L T, 5FTO modulus £ DEIFETHL 2 ITL, — LS
NI CTRIERBERE & 1RO B OBFMRAZAEN 4. & 512 Shlyk[Sh] I
L DRBENE S OEFEMEOBREY Z OF L WRENR S (2R T 5.

1<p<oo L Q% ROEREHETH. A= Al2) = {ai;} RIERE
flin x nATHICTH D, BIe—HEEHEH

ey 2w(z)¥PlE)? < Zaij(ﬂf)fifj < cw(z) /7|
(]

(E=(1,....&) ER™ 2 € Q) Zilli7zT LT H. 7275 L co > 1IFEHT
w!t Muckenhoupt @ A, &ff% A7 TEATH L. Alf] = (FEAL)V? =
(X 005 (@)6:E)2 LB L. 25128 = E(z) PQEORY M VERIHO

#AAQ:Q/AM%@VPEELsUDAKﬁLTumwmmmm
R ERDOBEKTHD.

ou Ou \Pr/2
: V)P = i E ( ot g
1:IelfD A (V) = JIEl% ./sz ( 3 Oz; 81']-) dz.



DR L P LREBOEY,, LT &) —#%IZ precise DT
. 5L {a;;} pSEAATE %2 51F, EIZEEM % p-capacity (C—KT 5.
SRR A B E S AR L L. /fdu S1OLE fApuk

(. ENEBMEDHEDEE, fAERTRTOpe LT, fApki?
Z & THhab. weighted modulus

A@M@)zmﬂ/ﬂ%MufZQfAS}

TERT L. Fok vector v = (v1,...,v,) DIRETH. |Fo| = {|v] :
veFot EBE, Myu(|Fol) =07% 5T Fy id (p,w)-exceptional (B L
T (p,w)-exc.) L. HHHED, B4 (p,w)-exc. ¥BWTHILT S
B, Z1d (p,w)-a.e. \IHLT DLV,

EFE. I3 vector B, vid vector ML 5. /é-dr/z 1D XENY

rEL Fre vector HIEDKET L. EAF (p,w)-ae. &id (p,w)-a.e.
vEFIXMLTEAVELRDLZETHA., ROKIZ FIZXHT A modulus
TEETH.

My p(F) =inf{A,(§)? : ENF (p,w)-ae.}.

HEOPTILICHADERETOR, MIEOMBEHL LTV,
& £ X |
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17 Norm estimate of Green operator
and perturbation of Green function

N 54 B BRARELHGETFEHR

ARFFEITEHAR[Su], HHEM] ICME IS DTH L. REEHEOHIL
RD3IDOTHA:
o EEDHEIRD Green VEFFE D LP — L= % BEAMEZ AWV T
525,
o COFMEEFMLT, WHV R D LD Schrodinger
Ly =-A+V, 722LV >0, D Green B GEHT77 52
2D Green BAFL GP L LELATEEIC R B BD VOGN A5 2 5.
o 5|2, £ —#&®D Schrodinger FFEX Ly = L+ V, 72721
L=-%,,0i(a;;0;) 1378 5 2% —FRFEMEEME, % NTA
WMETEZ, WoOPLREFUARZERZNOTEIZL TS
5.
Capy(F) %G U CR*" LD Green HE & T 5.

EE. 0<n<1zBEETL. UDEEAME w,(U) ZRORRIZERT 5.

Ca‘pB(m,Qp) (B(.’K, p) \ U)
CapB(m,Zp)(B(x’ p))

w,,(U)=inf{p>O: >n foralleU}.

T 1. n/2 <p<ookT5bL Green ﬁg}ﬂﬁ@/}blﬂiHGUpr ~
wy (U2~ P72

COEBITAS N TV AFER[BO], [HP], [St] ZILERT 5. T E[AM]
D basic estimate ¥ FAWT, o€ D¥BEELZE &

(1) 1 S GZ(xmy)

<A forallye D
GV(:L‘D’y)

ERLVOFNE5 24, I



EIR 2. V(z) = v(d(x)), 6(z) = dist(z,dD), v > 0 1TFEHIZHF 527
W, (1) PO A LET5&GE

/rv(r)dr < 0.

0
S HIZ L) EEL
L GP(z,y)
T GY(z,y)
ALY 55405 2 5. 21T Cranston-McConnell DA [CM]
LRET L.

<A forallz,ye D

LLED Green BAELD LB FUIRDW 5 9 S w WA 45, LT DKk ((Al,
A2), [AE]) ##5R L T, NTA #I8 LD —#® Schrodinger fER 3 Ly 12
MLTHEHE2 BB T S L ERT.

2 E X |

[A1] H. Aikawa, Integrability of superharmonic functions and subharmonic func-
tions, Proc. Amer. Math. Soc. 120 (1994), 109-117.

[A2] H. Aikawa, Densities with the mean value property for harmonic functions
in a Lipschitz domain, Proc. Amer. Math. Soc. (to appear).

[AE] H. Aikawa and M. Essén, Potential Theory: Selected Topics, Lecture Notes
in Math., vol. 1633, Springer, 1996.

[AM] H. Aikawa and M. Murata, Generalized Cranston-McConnell Inequalities
and Martin boundaries of unbounded domains, J. Analyse Math. (to appear).

[BO] R. Baiiuelos and B. @ksendal, Exit times for elliptic diffusions and BMO,
Proc. Edinburgh Math. Soc. 30 (1987), 273-287.

[CM] M. Cranston and T. R. McConnell, The lifetime of conditioned Brownian
motion, Z. Wahrsch. Verw. Gebiete 65 (1983), 1-11.

[HP] W. K. Hayman and Ch. Pommerenke, On analytic functions of bounded
mean oscillation, Bull. London Math. Soc. 10 (1978), 219-224.

[M] M. Murata, Semismall perturbations in the Martin theory for elliptic equa-
tions, Israel J. Math. (to appear).

[St] D. A. Stegenga, A geometric condition which implies BMOA, Michigan
Math. J. 27 (1980), 247-252.

[Su] N. Suzuki, Martin boundary for A— P, Hiroshima Math. J. 14 (1984), 67-74.

URL: http://www.math.shimane-u.ac.jp/ haikawa
E-mail address: haikawa@riko.shimane-u.ac.jp



S

FEREFRHEEmD Martin IR
IERELARR (REKIE) - BIIES (KRIIX)

0. COEDOHMIZ Martin EFRDEATH 5 (FMIZ [M], [CN-Cr],
[HiL] % 28). R % Riemann &4 5. 7, R & Green B
G(p,q) (p,g € R) TR ELIRETH (ZDZ L% Rg Og &3LY). 1
F.g € RYEZEL,

ko(q) = Z% (p,q € R)

LB BEEIE{R S p e ky(9)}ger DNERILIRZ FFORETD R D com-
pact {t R*2fFfE$ 4. R* # R O Martin compact{t, A = R* — R
* R O Martin & V). R id g0 DY) HIAKFELZ V. pe A
XL, ky = lim,_y b, & B <.

TEFEL. pe ALY 5. REDIFEMEFMBEEA D REL < kAT 72
HiE, h=cky(cl3IFREER) £XINHLE, p% minimal REV).

minimal BEEEKZ A, L3 L, R ® minimal Martin R &\ 5.
R € OgD%A, BT B(C R) 2:5& R-B ¢ Ogk %0,
R* = (R—- B)*UB% R ® Martin compact ft& 9. R* & B @
B FIFE LW, LT T, 000, RTO0cICELR-B
EEAREFAICHHEIZR EECZLIITAS.



1. R %5 Riemann i R D m ¥EFERBER (1<m<oo), 7% R
76 R ~DEE, R* (resp. R*) % R (resp. R) ® Martin compact 1t
Y% 5. R (resp. R) D Martin 35 R* — R (resp. R* — R) % A (resp.
A), & 52 minimal Martin R % A, (resp. A;) TERY. AFHEOE
BEE, Ay 1220 T (BIZ A, LOBEIZOWT) AR ETH A,

T D R* ~OEFILHR v % unique 1L, I, m(A) = A T
HHIENDLRDL. K pe AIHLT, Ap) =71 p)NA, £BL.
A A DBER #A TRTI LT H. BRAIRICHLH»D 5 DI,
#A,(p) *RETHLTHA.

B 1 (1) peA &5, 1 <#A(p) <m.
(2)pe A—A, B5IE, #A,(p) =0.

2. ZOHOBEMIE minimal MAHDEATHS. S =S(R) & RED
FEERMBEEOEKRE TS, R OMBPER EL s(€ S) IZxL, s D
EL~O##k RE = RRF # R CTE&HT 5.

RE(w) = liminf inf{u(z): u €S, EETu>s}.

FEUCEE T 2158 [BL-HA) BT 5.

EE2. pFADHEEL E% ROESEALTE. ZOLE Edp
T minimally thin T$ 5 &3, FRE £k, 2 AT L TH 2.

FE3. prADHEEL, U % ROBGERLTA. DL E Uu{p}

% p @ minimal #AETH 5 &iX, R— U #°p T minimally thin T
HHILTHA.



RETRARDEEFHOEHD DI ROGEILETH S, (df.
[MAaZ2])

%8 2. pcA, ECRETB. ZDEZ, E 1A (p) DEAT min-
imally thin T# 3 7= DLB+HEHEIE, 7(E) » p T minimally
thin T3 &Th 3.

ZDrBDIG & LT, #& L ? minimal thinness (283 % Wiener
RO EEHF LN D (cf. [MA2)])

wHE3 R=C—{0} £T 3. E #R OBYES, p EMHE—DA, DA
ETB. Ai={p, -, p} ERL, kj=ky, j=1,---,r) EBL. &
JRIMLT

El ={wec EnUj:s" <kj(w) <s"} (s>1)
EHBL L, r>1DERE

Uj={we R:kjw) > kw)} (G=1,,7),
i#£]
r=1N&E U, =R &BL. TDEE, E #p; T minimally thin
THBZEERREBLETIERRAMBETS 3.
)" capz(EL)s™ < +oo,

n=1

ZZT, capy(E)) W EID5 Green BRTH 3.
3. Hpe AITXLT, R DEMEFES MT MU {p} 2 p D minimal

MEEEE %2 B b DD class & M, TET. &5, R DEMEHES NI
L, 7 Y(N) DERGOMEEE n(N) TET. 20 & &, #A,(p) 13KRD



IIHIITHRESINS.

TEE. FEDpe AICHLT,

#A1(p) = max n(M).

MeM,

FFEEBOIIA. #A,(p) =n, A(p) = {1, +,Pa} ET 5.

5023t LN, U {p;} 255;D minimal KEEE L %5 & ) R EVICELR
SIRFIN,,--- N & &V, E = m;;lfxffk <. Ei3%p; T minimally
thin TH o5, ME2 LV, n(E) id p T minimally thin TH 5. &
\Z, R—m(E) DEFERST MTMe M, e%bb0D0H%. M2 &
D, 77 (R — M) ¥4, T minimally thin, Bl 7~ (M) U {p;} 13p; D
minimal MIEEETH 5. W, 7Y (M) DEHESO0,TO; U {p:} #p:
® minimal fIEEE A DHBEND (1 =1,---,n). N, N O; £0 &
T(ON,) CR-M&E Y, 0, C Nk %dZ Lh¥ 5. 2, n < n(M), B
b (D) < () &% 5.

RIS, M € M,&EBEIZE Do (M) OS2 %E {0),--+,0,}
EBL. ETRARZESIC, ZpxFLO; U {p:} A% minimal
EEEE 50,5 M1 DT D, ZOMETEES (B, Bu} 2D
(01, +,0,} ~\DEBZETET B, rHFEHTHH I & &REE, (il
) > (F530) L% o CAEBIARD B, UL () = MEBL &, M3 &p
“C minimally thin T# 4. 725&§ TR L, O, C Mk 750,55
L, Z0LEx 4E2LY, M=x(0) i p T minimally thin & 7% 9
MeMIZFEYTS. O

KOBL, BE AL, #A,(p) =m LB D005 EMEE LTH
HT®»5.



R ALY, E RRDEWVIIRLEFDTITRAICERLEVWBDE L,
I=ux, I, £BL. U(CR") & ple A) DEREET, UNR-1 &
BT WUNR-1) P mBORIPOIRBEDETS. ZDEXE, T
# p T minimally thin % 5 £, #A,(p) = m.

FROFFA. M =UNR-IEBLE BELD M € M,H2 n(M) =m.
M, EEDO N € MZx L n(N) <m THAHI EIEETNE, £
EHELD #Al(p)zm b, 0

4. ZOHTIE, R ELT, R =C—{0} £7213 R, = {|z| < 1}
*EZ2Ah R=ROEE {a} %1 >a, | 0 ZARTTHEIEL,
I =U2 [azn, @an_1], J = U2 [agns1,020), G=R-1 £BL. R=R,
DA, {an} 20 <a, 11 Z2AHZTHINE L, I = U [asn-1,0a2,:), J =
U, [a2n, @2ns1), G=R—1 &£B<L. G D copy Gy, ,GnTHEL,
Gt I DFRE G ED T DLEXHEHELT (imodm) T2 R
DO m EFEREEBEERR *#25. R D Martin compact LI R = R,
DA CLRAMTHY, R = RyOBE {|2| <1} LAMTH Y, &5
5 b Martin EHA 13 minimal EREDOADSLEA. R = R DA
z=013, R=RDEHE =11 TAADEE p EBL. ZDL
&, RDOZ LD LD,

T 2. R=R &ET3.

(i) I »z =0 T thin &5, #A,(p) = m;

(ii) I» z = 0 T thick(=not thin) & 5 &, #A,(p) = 1.

(22T, E(c C) #%a(e €) Tthin THA LI, E — {a} # C— {a}
® minimal 55 a T minimally thin £ %52 & TH5.)



EFIE 3. R=R&T 3.
() I £7213 J "z =1 T thin & 5, #A,(p) = m;
(ii) I & J ODEAD 2z =1 T thick(=not thin) & 5 (£, #Al(p) = 1.

FH 2(1), 3(0) RECHORLVES IS . ©H; 2(i) DFEHIZIE
RD (a) BRLETH Y, & 3(ii) DIEHITITRD (a), (b), (c) DSLE
TdH 5 (cf. [HL], [D] and [LF]).

(a) E(CC) # 2=0 T thin D&%, {|z|]:z€ E} 4 z2=0 T thin
THo.

(b) E(CC) » 2z =0 T thin D&%, RDME % H DK (polar) &
& Z(C {lz] = 1)) PHEHETS: LbnZ =0 2#H-TEBDOFER
lg={arg z=0} ICH LT, ,Nn{0<|2|]<p}CC—-E &K p H'TF
#T 3.

(c)S & z=1 #JBAET S R, O Stolz ${kET 5. S DWHES
E »" p T minimally thin £4 370 DUEBE+REHS, ED 2 =1
T thin £E532&ETH 3.

EH 2(il) DFEH D idea 13 EH 3(i1) DAL FE L THLDT, EH
3(ii) PIEHDO AL 2 THBL.

12 3(ii) DIR. M(c M,) 2B E 5. /R L (a), (b), () 25,
Ee, fE<a<f<L)BLWs, t(0<t<s<1)T

CcM,1-sel,1-teJ



RHBTVONHFET S 22T
C={z:arg(z—1)=a, t<|z—-1|<s}
Uf{z:a<arg(z—1) < B, |z—1| = s}
Ufz:arg(z—1)=4, t <]z -1 < s}
U{z:a<arg(z—1)<fB, |z—1] =t}
% a, E\CEBEE m ODEERHHI L LY, 77 Y(C) DEIEEATHED
HDHENL, ThE M PBEETHLI NS, o Y(M) HEME, T4
bbnM)=1 ¢V EEHIVEREZHES. 0

Ri, Ry, {a}, I, JBEUpiz EE AL E LT, ETHBILAR &1
HL—EDO R O mEFRERBEBERTR 2£2 L. R OSlknekz
B &% 5.

FH 4. R= R &T3. n(B) ={a,:n € N} T&a, DEICIIER
BEom OHBAYSBY, »(R-1) 3 m BEOERRIDPSKIET
3. 2O ¥,

() I # z=0 T thin &5 &, #A(p) =
(mfﬁz—OTumkam¢#A()

FClRER 2 OIEWIE, EF 4 OEHICOERAT S, L LR
25, R=RDEA, ERIEFER4DL ) ITHERTE 2.

Bl. R=R, ¥ 5. I} = U2 [a4n-1,042), T2 = UL, [04n-3, Gan—2] &
BLEE I, LA EbIZz=1Tthick&%Y,J A 2=1 T thin &
AL {a,} BEAH. G=R~-1, -1, D copy Gy,--+,Gy *HE
L, G LD LDOTE (resp. I, DEF) & Gipy D LD LR (resp. I
DTFHE) % LT (i mod 4) TX 5 4 EFARWERER & T5. 2



3 3(il) DFEEHDFEEZ T, RD 2 DDEHITRIND.

TS5 R=R&ETB ROERGEHRT r(>0) Ep(>0) FHEHET
&7 5

(1) 7(B)N{largz| <, 2| < p} = {an : |ax| < p} DOF an(€ {|2] <
p}) DEICISEHEE m ORERN B B;

(2) 7 ({|argz| <, |2] < p} = 1) & m EDEFEETH» S5 S.
CDEE, [ EJDEAD 2 =0 T thick & 51E, #A,(p) =1 TH 3.

FE 6. R=R,&T3. ROEZEHJHEHETr(>0)E2=1%RRET
% R,D Stolz $BIR S PFHET R T 3:

(1) 7(B)nSNn{lz=1|<r}={ap:|a, =1 <7} PI2&a,(>1-7)
DEICIIEEE m OREED S 3;

(2) (SN {|lz =1 <r}—1)) & m BEDOEERI» 5K 5.
ZDEE, [ EJ DEEN 2=0 T thick £ 51, #A,(p) =1 TH 3.

FH2IRVUFEHRL), ROEHZH5.

FIT7. R=R, $/13 R, DEX,1<qg<m A -THEEDEHY
IS LT, #A1(p) =q £63 R O m EREE R FFET 5.

5. ZOHTIE, R % —# DB Riemann W& L, B* £ LTR DIEH
WEEZEZ 25 (cf. [F]).

THE 4 RY ROFERBERE TS, EED 2 € RIIXL, R O



BEMBED 77 1(2) DBHEE L L T BH (transitive) % 51, R 13 R
DIERHEMETH D L\ ).

R*ROmEFERGBEETAHEEX RPROEEHKEBERTH
A EIIR OMBERBEDOMNED  m THAZ EFMETHAH. ZOHE
DBEE U TRIBNT 5.

T8 R%¥ROm EFABAREREL, pe A ETH. ZDLEE,
HA(p) I m DHBMTHB.

FTHS5. RPROLEHEBERCT, FOHRBELRELSKAHTH S & X,
R i R OKEHMETH L L.

FEH, €H 8, (a), (b) R (c) &0, ROEHLRHS.

EEE 9. Rl, Rg, p ‘iﬁﬁﬁﬁtﬂﬁt?é. R = R] &t‘; R2 o)t g,
#A,(p) = q& 3 R O mEREHEER »TEHET 3 - HDOLE+S
ZHE, g P m DHWBICEDIETHS.
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18 On the generalized Cauchy integral
theorem and Green's identity for func-
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19 Finiteness Theorems for Meromorphic Mappings

Y OSHIHIRO AIHARA NuMAzU COLLEGE OF TECHNOLOGY

Let M be a compact complex manifold. Let L — M be a fixed line bundle over M,
and let oy,---,0, be linearly independent holomorphic sections of L — M with s > 2.
We assume that (o;) = dD; (1 < j <s) for some positive integer d, where D; are
effective divisors on M. Set

W = C,0, + -+ Cs0,

where ¢; € C*. Let D be a divisor defined by w = 0. We define a meromorphic
mapping ¥:V — P,_,(C) by

V= (0,,-,0%)-

DEFINITION. Let p be a nonnegative integer. For divisors, E; and FE; on C™, we
write
E, = E;, (mod p)

if there exists a divisor E’ on C™ such that E, — E; = pE’; in the special case of
p=0, By = E (mod 0) if and only if E;, = E,.

Let E be a nonzero effective divisor on C™. We denote by
Fp; (C™, E), (M, D))
the set of all meromorphic mappings f:C™ — M such that
f*D = E (mod p).

DEFINITION. A meromorphic mapping f : C™ — M is said to be analytically
nondegenerate if f(C™) is not included in any proper analytic subset of M.

Let
F(p; (C™, E), (M, D))
denote the subset of all f € F(p; (C™, E), (M, D)) that are analytically nondegenerate.
The main result is as follows:

THEOREM 1. If rank ¥ =dim M and d > (s+1)! {(s+1)! —2}, then the number of
mappings in F*(d; (C™, E),(M, D)) 1is bounded by a constant depending only on D.

For the proof of this theorem, we need to generalize Fujimoto’s finiteness theorem as
follows.



DEFINITION. A meromorphic mapping f : C™ — P,(C) is said to be linearly
nondegenerate if f(C™) is not included in any proper linear subspace of P, (C).

Let Ey,-:-,Eqn.2 be effective divisors on C™ and let Hjy,--- ,Hpy2 be hyperplanes
in general position in P,(C). Let

E(p; (C™,{E;}), (Pa(C), {H;}))

be the set of all linearly nondegenerate meromorphic mappings f of C™ into P,(C) such
that
f'H; = Ej; (mod p)

for 1 <j <n+ 2. Then we have the following theorem that is a generalization of the
finiteness theorem of Fujimoto (J. Math. Soc. Japan 34 (1982), 527-539):

THEOREM 2. Suppose that p > (n+ 2)! {(n+2)! —2}. Then the number of mappings
in E(p; (C™,{E;}), (Pa(C),{H;})) is bounded by by a constant depending only on n.

The unicity problem for meromorphic mappings may be considered as a special case
where the finite set of a family of meromorphic mappings reduces to one point set. We
have the following unicity theorem:

‘THEOREM 3. Assume that there exist big line bundles L; — M (1 < j <s) such that
L= L?d, 1<j<s,and 0;= T]fed for some holomorphic sections 7; of L;j — M. Let
f, 9:C™ - M be analytically nondegenerate meromorphic mappings whose ranks are
not less than p. Suppose that the following conditions are satisfied:

(1) rank ¥ =dim M.

(2) M-y Supp (o) = 0.

() fFUD)=gY(D) as point sets (say Z).

4) f=g on Z—(I(f)UI(g))

Then there exists a positive integer dy depending only on L; (1 < j <s) such that if
d>(s—p)(s+do), f=g on C™

Numazu College of Technology
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MERITEDEEDOH-RD ML [ fFORMMMNET. = DB O R
TARCHBO Z =Mt 5,] WG o3, F 7., Laufer ic & » LUFiE S



nre. FIAEEDOH BRI T 2 EO—MRILBESBONE, &5,
BHE LT, (X, 2) OREAEY (KAY A4 7 VOREBHEE) M. f& fod
LA OMBERAVCCHUTO LI KRB TE 5,
T %mw%%iuéﬂ - ER ST
T 2. RAEHp(X,2) (EAY A4 7 VOBEWEHR) LT X
S B FOMBEREmM &4 5. Py B-/+ 2 K2
(1) mﬁﬁ@&g\mﬂﬁﬂzﬂglo | =
(2) mbdHoLE &,

E%E, if 22 = -2,
2
ps(X,2) = Ei%L—,ﬂZ%:AaMAﬂ:_z
1
Té—q if 22 = —1and M? = —1.

Prils mod 1 © B2 DN EERT 5. FORT O EKo 41355 0H
TIN5 o
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421-454.

[6]. S.S.-T. Yau, On maximally elliptic singularities, Trans. Amer. Math.
Soc., (2), 257 (1980), 269-329.



26 2" = flz,y) P/NFHICO WV To
o QS A PR B R A R

PIF. (X,2) 22 ReFEBEA, 7 (X, A) — (X,2) 2HRA
BB LS5, (X,2) ORAMBAHERLEREE LT, BAREE P(X,2)
5%, UKarras [1Jit 2 R T RADH 57 7 R E/PPFHRE LT DT o
$:S5 > D EHEo~xyy it s (SEESRME. DRIBEMH. K
(0} o fibre A REBRoOBEEH g ot e, {0) o fibre D A EAL
LTuwa@itdb)e o0& &, A DB/ fibre © non-multiple 75 5%
HOEBRAEMA»ES. 1% blowing-up ¢ 5, D LD BIREE
YTV, 20RTE @S Eo. B fibre 3 ERLELTESH
AHMADREFHIATMEN S L2 L. I % Gravert DFER LD -
FSLTCEOCHABEAZNEBRELALZ ST b, CNOSDEHERP K — 1 ¥
73 . Kulikov i & 2 [ Arnold @ modality=1,2 O E &SR 4 < T /NF
X AHEMHEOBILEL S LOBREEA~ATELON L, | ELIHIBELS
KTWB, COEE, IOLIB2RLHBRAORAEH g & —HT 5,
Karras (1 chlco W, RO LD BUERBGEEZER (X, 2) W ETH D
VEFDZEIRNDEBBRESRBE TR FT VI A I VERERT L 70
B—HL. FIAEEOTrS IWNES S 7TH D, 1 NET 57 EENE
BEEOHAEE»OLEBONE SIS TDIE, LBLEBS, KA FT
VNH A I NVOHBERBEER O TR, CORRP»OBAOSNIHRAD
$CIR/NETHEIHEIPOHTEET S L REL V. A REBICHT
ok S HBHAESERES (C0LS BBRAIC>VWTRIFE., EFIE., Fieda
Ganter F WAL DEBADHEWVHEERRENTWVWS,) O 7RI
Ot BAAFTAVH A2 VOFEEITIET, COLIRBT 7 2DF
BEicoWT, NEERB DD+ HEEEBLOTENE R T



FE (X,2) = {z" = f(z,9)} C(C3,{0}) x93, ciL. n>1
o f e C{e, v} )

() ord(f) #5 n < b WIh . (X, 2) it 1)(°;d(f)_2)@
o~y vVt LTR/NERREETH S, &SI, KA 77 vy
A7 NV=RKHSF A7 L,

(i) 2 FHARBEOBE FREHEL. n 2 FRA2EEDO n ic>W0 T,
(X,2) B/ANFHRS SR 5,

(i) iwo>wTit, 22 = f(z,y) ©>0C, DJDixon ic L HF SNtk
Tord(f) BB THINE, BMAA FT S A IV EEAS A7 VT KT
Bol FVIEROMLIc > TWD, (i) © Fizihii f(z,y) =0 5
kv onsB, CoEEb, (1) SEBRCEBHEAECE £ D LESE
MOWDBLOTHBETBEL E T,

2% Xk
[1] U. Karras, On pencils of curves and deformations of minimally

elliptic
singularities, Math. Ann., 247 (1980), 43-65.
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2 ZRITEFRFR S D maximal ideal cycle &
fundamental cycle QE—MIcOI\T

Y /ih
" B8 SRKFE - BER

(V.p) 2AUBBMK b EDER 2 RIAKRSE, v:(V,4) - (Vip)
B A= Ul 20I0ERETHEORESREE LTS, DL
Z . Artin’s fundamental cycle Z,;, & maximal ideal cycle Y, (&
Z, = min{D € 3Z-4; | D-4; < 0 Yj).D > 0} LU
Y, = Z;'n=1 min e, ord(¢*(f))-A; EEDHONDDHDT, O (-Yy) =
(m-0y)" THY, MEFN Z, =Y, BEFHEE2EZZDL. HiS
BRI EBAROERNGET —IDBERERDIBICKUTHS.
SE. —DDTHRELLTROBEREZRET 5.

Theorem 1. EE® (V.p) [CDWT, EEE%* n £T3, hem
BH>T,. C={h=0}CV Mp TEHEE» THH>THMhD. EX
% n EOBMMRICTBEINLLTE, CDEE FEORESRKE
v (V,4) — (Vip) LT, Z, =Y, TH3.

Chid, FERICTHAZAD EHIHMEDIBE] CRR 5]
BEOTNEHRIBERAND—FETY, MABRLEZHICHBAD
£Y. R, CORBEORELTANBSNS,

Corollary 2. (1) (J. Dixon[l] for n = 2. #3 {3] for general )
Vi={:"~g(z,y) =0} Ck* MD. n|ordg 55(F. EEDBR
SEHE U (V.4) - (Vip) [CRHULT, Zuo = Y, THB. (2) V =
("9, )+ flz,y.2) =0} &, g.n 1. (1) EABEL. f(z,y.2)
0 Newton boundary A%, z" — initial form of g & ¥ F(Z#H B &. (1)
ERICEREZAS. (3) V D tangent cone A5 reduced 72 5(f. FE



DHREEE v (V. 4) = (V.p) KRHLT. Z, =Y, TH3.

EE 3. (1) BTEORATIE., EFEOREAMEEL m-0p REIC
invertible [C/%%, (2) FEDRHERMBEL 7, =Y, TH-TH. F
BORERLTUHHILAZL @Z (L. rational singularity),

JoR 4. (1) Theorem 1 QR F T, dim R'e.Oyp/m - R'w,0; =
dimHY(0z,) = pa(Zy) = pa(Yy) THY 3. EHICZDEIZL (C.p)
DOBRFRRICE > T, EHENICEEZRT EMNTES ( Prop (3.4) [2] ).
(2) ®(2 Y Theorem 1 MR F T, dim R'v.(Oy) < pa(Zy)-L(V.p)
ERTEMTES[B], 22T, L(V.p) I$ R\ (Oy) @ maximal
ideal adic filtration DTS TH B (3][4].

Ref. [1] J. Dixon: The fundamental divisor of normal dou-
ble points of surfaces, Pasific J. Math., 80 (1979), 105-115. [2] M.
Tomari: A pg,-formula and elliptic singularities, Publ. Rims. Ky-
oto Univ. 21 (1985),297-354, [3] M. Tomari: Maximal-ideal-adic fil-
tration on Rl'z,/)*OV for normal two-dimensional singularities. Adv.
Studies in Pure Math. 8 (1986) 633-647 , [4] M. Tomari: ZF&
#) TO#E. [5] T. Tomaru: FFL BEIHKEHR) TORRE



28 On the cohomology groups of certain covering spaces

HiE A ANBRERARHENIOR

X% (n+m) RIEBEHRERIK, T m KICBRZIRAL
L. 7m: X — ThESPLREAEFNENER, 0 X —
X % WEEHBETH, ACTIZNL, X4:=(ro0) '(A)
LB <o

n=m=10D& EZITRDEEI LN TV 5,

TP (1996 [1]) 1 X % 2 RICEREARE, T CHOHN
Htre L, 7 X — TGS 07 MAEFENES & v
2, ZOLEXOEBEOWEZER X ZIEHINTSH 5,

ZoEHOERTALE LT, ROEREHET,

T oD T 7 AN=DET NI b THHE LI, L
BEDte T I LROEMNEARTT t OERE U BT
% akEnY—#E H(Xy, F)=0,i >n DY LD, 2
ZC. Fid Xy LOAT S0P cd %,

References
[1] T.Ohsawa: A note on the variation of Riemann sur-
faces Nagoya Math.J. 142(1996),1 4.
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31 99-LEMMA ON WEAKLY
1-COMPLETE KAHLER MANIFOLDS

JRIZERS LN KRFRIR AR
Bk BPMEERFRTFEHE

Compact Kahler £ T, XD Kodaira |2 & 5 ## (1" 90-Lemma”
YIFIEN O EDOEEZFERD —DTH A (for instance in [5])o

00-Lemma. Let X be a compact Kihler manifold and ¢ a d-eract (1,
1)-form on X. Then there erists a (- function ¥ on X such that
w = 00V on X.

HABF AR (5% ORMERE ((10], 3274, 1980, 161-187) 128
W, S. Nakano (2 & - T 80-Lemma (2 L TRD & 9 ZREED R &
NTW b (S. Takayama (3 2 ORBEDBILIZDOWVT, 1996 F£EED S ALY
F¥ERY <~ — £ 3+ — O (6]) W BWTER Rt L72).

 — 8. Can one show 00- Lemma on weakly 1-complete Kahler mani-
 Jolds?

& Lie BICH L, 2O LOLHIBHAPEHDOATH Ly, bOAy
VEELIFIEN S, bOA FVEL, C* OBERERDEE T = Z{vy, ..., vs}
(7272 L. vp,eyvy W R BRI HANT PV, 2O & rankll =5 &
ERT D) BEAEL CT LR Lie L LTHENIR A, bOA ¥ VEE
1372 weakly 1-complete Kihler T# 5 Z L IZ{EH L ([1,7]). 22T
N A T VDR EFRIZL T, Nakano DHEZERT H, bH ATV
BECn/T IIBEECH S8 T 0BG RMEICL > T, ZOIRERY —F
DRI B BRO 2HEDO Y 4 T2 d ([2,3,89])-

(1) dim H*(C*/T,0) < oo (1 <k <s—n) Dig, C*/T % coho-

mologically finite type & IF-5

(2) H*(C"/T,0) (1 < k < s —n) ?" non Hausdorff locally convex
; space( L 725> THERKIL) & % % £ &, non Hausdorff type &

V9

L /Zm X= ¢ XTX_(C Q\[,krt{§> =i
2

Typeset by AAMS-TEX



Bl. e c RIZX LT, I':=2Z{(1,0).(0,1),(v~1,a)} CC?L¥§LHELX
(1) a PERE < C2/T b A yVE ([4),
(2) a #° irrational and algebraic number = C?/T #% cohomologi-
cally finite type;
(3) a:= Zjil 10719 — C?/T" & non Hausdorff type.

at 2H a0k v
’yx DEFERIT. ‘/}/v‘t (i P85 f
Theorem. (p ) C. K.
(1) C*/T %% cohomologically finite type 7% H L, 00-Lemma (1% 12
WL A

(2) C*/T" »* non Hausdorff type ® & & d-exact-form T 90-exact T
R\ form BEFET b FDEKRT 00-Lemma (317 L7 e

L7278 o T, BRI LD BRI INC I L1l b, 72,
LT LY baAg g VERE IR S 2 V2 quasi-torus C*/T (T id rank 2°
s DEZDOUERERSEE) 1 T00-Lemma BN TANE I EEZLL L,
HF(C™/T,0) (1 < k < s—n) ?° Hausdorff #FRXJC locally convex
space 2% A EDTTL A5 (B X LFLOBIT « PWEHEEKOK), 20
B4 00-Lemma 13RI L 2V, ZIL5 DOFER LY cohomologically finite
type DAFAEI1E weakly 1-complete Kihler Z#:/A T, compact Kahler %
AR EFUOME 2 HD ZRIEOENFIET S Z L ZRET 5.
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S

Adjoint Linear Series on
Weakly 1-Complete Kahler Manifolds

Bl R S FIEE KF

1 Introduction.

ZZT19 8 0FEFICHE-KRICE RIS WA ROME 1.1 &, DL
Bigk & 72 % adjoint bundle ? effective bese point freeness D 4 DILHIZ DOV
TEETS.

Problem 1.1 [1] Let X be a weakly 1-complete manifold with a positive line
bundle L. Then can one embed X into a projective space 7

BESBE X LICBEL» 2L ELRABE @ : X — R T exhaustive & b
DHPFIET H & & X 1359 1 50 (weakly 1-complete ¥ 7:13 pseudoconvex) &
FHEN S, £E B c<supy @ KMLT X, :={z € X; ®(z) <c} &BE,(X,D)
® sublevel set EIFER. B & f exhaustive TH 5 & i, & X, 7% X WTH
YR P THBIETHD. $72, X LOERIERE L 5% very ample ThH 5
Ei, HHERAEAA (EREICH, ERIZ 1331 42— ar) f: X — PN
HoTfrON)XL ERBIETHAH. LT, LA ample TH5H LI, LO™
very ample £ %5 L) RBRE mo PHEETHZ L TH 5.

1 ZMEREDEFTNE LT, 30327 FEESHA (Z0BEHE 11
WKEALT, NERDAAEERDNS L 5% ample THAHZ LWH5H) , A¥ A %k
& (Z DA 1L Cartan-Serre DEFRERICL Y L A5 ample THHZ W5 5)
RUKEMICZOZHEOHRAGTLEE LTRSINDEMNEREN DS, —7,
C* DHLMEDMBIAB T 12X BT 237 FERE CM/T D L) BEHUSIC
ERIBEE 2T 287 bES 1 ERERESFLET 5. Thiion Tk
DELETHRT A.

M 11 KEELTROZ EDPHONT WS,

Remark 1.2 L * n RJL§9 | ZHEE X LOTFRIERE LTS, CnE &
(1) L: ample => L: positive (Fubini-Study §r&M5IEREL) .
(2) L: positive => L: ample on every sublevel set X, (FHEFHBERIZLS)
(3) —AXIZ “ L: positive => L: ample” 3L L2V (KRIZ X 540 [11]).

_73 —_



o (2) BAFRORALEHROBEUTHD, 2Fh, K c <supy @ XK LT,
HHERE m. BHFELT L|IF™ 13 very ample £ % 5. LT (2) T

“Positive % L #% X Lk ample 27 %
AEZHE BIEHRMBEL 250N
(@) “T¥VIVM {me}eer E—RICBIXBIEHNTELD P
LW ETHE. FRUROMEL LT,
(b) “d % B m 123t LT HY(X,L®™) #0”

S —RRKICIIBRIILZWE S ICBbhb,

199541 0 ADAEEBRFTOZEBBEGOMAEKICBVTKRIZ
& 1.1 IZ2WTHH L, “Adjoint bundle %% projective embedding % 5-2 % ®
T vy LERL [2]. EOERDERICIE adjoint bundle @ freeness 3
YT AEETFELOC 5 HELWRE, 12 Demailly [5], Angehrn-Siu (3], it
[17] 612 X % singular Hermitian metric * AV 7o#ERITH T, b o/z. Z
Z Tt Angehrn-Siu DHEEZ —KILT H I LT, KD X 9 & effective 2T M
11 OBEEZSH2 5.

Theorem 1.3 [15]Let X be an n-dimensional weakly 1-complete manifold with
a positive line bundle L. Then Kx ® L®™ is ample for everym > n(n+1)/2. In
fact, X is then holomorphically embeddable into P?™+! by a linear subsystem of
(Kx ® L8™)®(+2)| for m > n(n +1)/2. »

Adjoint bundle IZ2WTE 2 5 Z EDFIL, HE 1.2 O TR & ) 2 H
BANRDE IR THREINDIEIZH 5.

(A) Effective base point freeness: For any ¢ < supy ®, there exists an effective
bound m(dim X) depending only on the dimension of X, but on the level c,
such that Kx ® L®™(dimX) j5 generated by global sections on every sublevel
set X,.

(B) Approximation theorem: The natural restriction map
HY(X,Kx ® L®™) — H°(X.,Kx ® L®™) has dense image
with respect to the topology of compact convergent.

ELVER (B) 1, BB, KIRGIZL o THEL SN, 5§51 RS E LORE
REOIFEDV-BERIIBWTHRERLE & D ITH O 2 REI 2 R2T.



Angehrn-Siu, 112 & 5 §HER LK L D effective base point freeness &
Riemann-Roch, Nadel’s (Kawamata-Viehweg) vanishing theorem € L T Ohsawa-
Takegoshi’s L%-extension theorem [13] IZ & % % DT o /z. Riemann-Roch,
Kawamata-Viehweg vanishing (& Bombieri-Kawamata-Shokurov concentration
method [6] IZBWVTEEICH V5N TW/zA5, effective BT 5121 concen-
trate D L ) T BEMICHET 2L EMNDH D, £OEEEIL Ohsawa-Takegoshi'’s
L2-extension theorem ZIGHTAZ LICL o THDOTRETE /2. RADFED
L5 (A) K2V THE, XOBEIZBWTROPOEEDHICS L—BIL LB TE
AT BT LiICT 5.

2 Effective Points Separation.

BT L ¥ n kTTES 1 iS4 X Lo positive line bundle &5 5. &=
ze X ITHLT

d(x) := max{dim V; V is a compact subvariety of X passing through z}.

LB BEEOEZRRTCHTHBETHL LT, ROERICH S L 9 % singular
Hermitian metric DR E L 5.

Theorem 2.1 [15]Let z be a point on a sublevel set X.. Then for every positive
integer
1 .
m > Ed(x)(d(:z:) +1),

there ezists a singular Hermitian metric H of L|§" such that

(1) the curvature current of H dominants some complete Kdhler form w. on
X, i.e., curv H > 6 w, for some positive constant §, and such that

(2) z is isolated in VI(H).

Z ZTLIEH < singular Hermitian metric & £ #LICB84 % Nadel’s vanishing
theorem IZ2OWTHE TS [5]. E * HESHRE M LOLEREHRKLTS. E
® smooth Hermitian metric hg & M LOFHFTTHESBE ¢ € LfOC(M, R) %
>oT h=e"%hy £EXSINDH D% E D singular Hermitian metric & IF3.
Singular Hermitian metric i23f L TH MIFEHRD L ) b DHFERSI WS, B
BIZIE curv h = /=1 88logh LK E N, (E,h) D curvature current &IFiE
Nb, D curv hid hy ¥ o 20 RROAFIKSTIZE T 5. Singular
Hermitian metric h 2%t L T, € multiplier ideal sheaf Z(h) LT D & 5
ICEFEND: presheaf & LTt

I(R)(U) = { fEeT(U,0h) ; /U IfPe*dv < +oo}.



D sheaf b p, hg R w DENPLNKOTICET L. BELEHTTI(h) B
coherent ideal sheaf {27 1), £D L Z D ideal D’FE®H 5 complex subspace %
VI(h) CET.

XDEH T Hormander D L*-estimate DS B2 T, Kawamata-Viehweg van-
ishing theorem @ HWEMRTIRE %> T 5.

Nadel’s coherence and vanishing theorem 2.2 [5] Let (M,w) be a complete
Kdéhler manifold and let (E, h) be a singular Hermitian line bundle on M. Assume
that there exists a real number § such that curv h > 6 w on M. Then

(1) the sheaf I(h) is a coherent ideal sheaf of Op, and

(2) if 6 is positive, the g-th L?-cohomology group

Hi(M,Ky ® EQZ(h)) =0 for every g > 1.

EH 2.1 OHEPOFER L Nadel’s vanishing 12 & o TEKBH LR T TR%E
A,

Theorem 2.3 [15|Let z1,...,z, be r-distinct points on a sublevel set X.. Then
for every positive integer

m > %d,(dm +2r —1), here d,:=max{d(z;); i=1,---,7},

H°(X., Kx ® L®™) separate {z;}]_,, i.e., the restriction map H*(X., Kx ® L®™)
— @i, Ox/Mx s, is surjective.

EHICEPEEZEZ T X £ global section R X5 BET A Z &5 H
5 FLTER 13 BER 23 P OMBMAESICHEONS. UTIZBWTRER
1.3 RUER 2.3 DIBHIZOWTEZ A, EB 2.3 12X i, IERITD compact
subvariety 2% W FEE L2 UE, ENZ2T 7V vl m & BT 12 Kx@L®™
D section ¥R TEXAZ LGN A. ZOZEWRIEI V7 VEEDHRT, &
4 # D quasi-abelian variety L Lefschetz BIFRDIEBIZ BV THEN 2i%E
vR-T.

3 Application to Geometry.
T 1.3 RUEH 23 *EEAVTRONAIHERIIOVTARNS.

3A Global embedding problem of weakly 1-complete manifolds.

HEF-KIROMEII/NERAAER (237 FDOBFE) R Cartan-Serre O
FH (RY A VEREDBE) O—fLFHEL LTIRBENZZDDTH 57,
CZCRAAFERDERLET S



Kodaira type embedding theorem 3.1 [15] Let X be a weakly 1-complete
manifold. Then the following three conditions are equivalent to each other.

(1) X is holomorphically embeddable into a projective space.

(2) X admits a positive line bundle.

(3) There ezists an integral Kdahler form on X.

BOPTLEVHIE 2) = (1) THoT, SO LITEAMICER 1.3 51
5., LORBICBWTIMEDAADHE S+ SHETH L LBV W, £
CTC, ALICERLEBTIRE)THAH D,

Question 3.2 Let L be a holomorphic line bundle on a weakly 1-complete man-
ifold X. Then are the following three conditions equivalent to each other ?

(1) L is ample;

(2) L is positive;

(3) The first Chern class ¢;(L) is represented by an integral Kahler form.

BB X HI2 (2) = (1) F—fRICIRIEZ L. LAL, X b L LT
PDEEIFOTVBIFEITITE ) 2. (3) = (2) KW TIRD §0-Lemma
PHEELTV S,

Proposition 3.3 (99-Lemma) Let X be a complez manifold with some addi-
tional structures and let  be a smooth real (1,1)-form on X. Assume that there
erists a smooth real 1-form & such that n = d€. Then there exists a smooth real
function f such that n = /—100f.

Z Z T8 “additional structure” & LT, X 252 X7 by — 5 —SRHET
b5, BRI A VERBTHS, LEFETONE. HE 3.2 & 05-Lemma
IEDOWTIRARETEAN 2R Bl C'/T LTEEEXTL).

3B Relative very ampleness.

59 1 SRR T7 NV TH 2 EALENESR OB ER & KIRER~OEH
525, FVEHE 23 DFRELT

Relative base point freeness 3.4 [14] Let f : X — Y be a projective mor-
phism from a complex manifold X to a complex space Y, and let L be a relatively
ample line bundle on X. Then Ox(Kx ® L®™) is f-free, i.e., the natural sheaf
homomorphism f*f,Ox(Kx ® L®™) — Ox(Kx ® L®™) is surjective, for every
m > d(d + 1)/2, where d is the mazimum dimension of the fibres of f.

EH 1.3 2o T, R0 &) RIENEMKZ b DIERMSREDOHH T L E
Zohd. ThRGFERESHREDKROFEEAA L AN,

777 —



Relative very ampleness 3.5 [15] Every holomorphically conver complez man-
ifold with a positive line bundle admits a proper holomorphic embedding into a
product space of a projective space and a complezx Euclidian space.

3C Construction of holomorphic functions.

HRO4BETRRS LI 1T, —#&ICH 1 EREHE L ICERUSN O ERIBEEDTF
ETHERROL. BHICERLERBT T FOFEEYRTI LI L THHEK
HHLMBIELRE ). #ADEH 23 2HAVT, RDEI LI EWFh 5.

Theorem 3.6 [15]Let X be a weakly 1-complete manifold whose anti-canonical
bundle K;‘?“‘) is positive.

(1) Assume that any compact subvariety of positive dimension does not contain
distinct two points x and y on X. Then there exists a non-constant holomorphic
function which separates x and y.

(2) X 1s Stein if and only if X has no compact complex subspaces of positive
dimension.

RIRBFHI [12] 1I2BW T, 2 KI6HS 1 TSI 2OV T, negative canonical
bundle &\ ) FFDHD 6, FOLEEAIERIMNIZE 5 Z & 2B TWwWh. Green-
Wu 13RO 5RM Tl Kahler SH4ED Stein 2 L2 FEEL TN,

4 Lefschetz Type Theorem on Quasi-Abelian
Varieties.

T % C* ® (43 L b maximal rank Tidi\) BRSO BELT5. ZOBH
X := C*/T i quasi-torus LIFITh, & HICHFEERIERIBEPFEL LWL &
toroidal group & FEHIN 5. €DHFIE Cousin (1910) F TE 2 DIiZ5 (toroidal
gruop ¥ Cousin quasi-torus & b FHIN 5). Quasi-torus IXHHLREEERL D
59 1 i — 7 —SRET [7), BEHER 2558 C™ /T =2 C* x (C*)™ x (toroidal) #*
»5.

BELTAHDIE, KD Lefschetz 12X A2EFHDLKRTH 5.

Lefschetz’ theorem 4.1 Let X = C*/T" be a compact complez torus and let L
be a holomorphic line bundle over X. Assume that the alternating form ¢;(L) :
['x I' — Z given by the first Chern class ts obtained as the imaginary part of a
positive definite Hermitian form H on C". Then

(1) L has a non-trivial global sections;

(2) L®? is generated by its global sections;

(3) L®® is very ample.



FCHLNRTWA LD, av s b b —F5 ADHAITIEREMHIROD section
2O EoF— Y BBICHELTWT, 202 L 2o TREGKMICEIET A L
MTE. LA LKRDE DI quasi-torus ETIE—RZICED X S eatiid iz , BF
MM TH 5.

Example-Theorem 4.2 (8] [10] C?* DRk 3 DRERLER B

r=z(;)+z(g)+z(“§T)mr5eR
¥Ex, X =CYT B, C LoFEBHEANEREL 4 =+ V-13(i = 1,2)
Y45, C OB 8(z, 22) = 42 BT RERSELRHT exhaustive 2 BIEL
T, X LOSELRBAT exhaustive 2 & 2EDLHZ L H 7T 5. Zhicko
T (X,®) 1158 1 EREREL 2 5.

X BPOA T VBRTHEODLETSEHIIBeR\Q THDH. 3HICZ
DEE, RDELLP—FMPHILT 5.

(1) X BERBOM DAY VETH 5.

> gef HI(X,0) BABRKT

<« FRIEHED section 137 — 7 BEIIKIET 5.

s EDFEK C & a BFELELT, |g8 — p| > Cexp(—alq|) PEEDEK
pa(# 0) KK LTHRIT 2. REHEMRIDI I AETHIEFALNT
w5,

(2) X 1% non-Hausdorff BlD F O A ¥ VEETDH 5.

> gef H'(X, 0) i non-Hausdorff

s 7 — ¥ BBIHIE L WIERIE AR D section PHFET 5.

s BEOEOEH C & o i3 LT, % 5B p, q(# 0) AFHIELT, |gf—p| <
Cexp(—alg]) BBRILT 5. BIXIT f =352, 1009 25 5

FFEIVNI L =T XOBEEFRIC, b OA ¥ VESRESREC D
PODRGEEZRD.

Definition 4.3 [4] A toroidal group X = C"/T is said to be a quasi-abelian
variety if the following generalized Riemann relations for I' is satisfied: there
exists a Hermitian form H on C" such that

(i) H is positive definite, and such that

(ii) the imaginary part ImH of H takes integral values on I' X I'.

ZLTER H Lot 3 FHESEOHEICOVWTKRER.

Kodaira type theorem 4.4 [16] Let L be a holomorphic line bundle over a
quasi-torus C*/T'. Then the following four conditions are equivalent to each other.



(1) L is ample.

(2) L is positive.

(3) There exists a Kdhler form in the first Chern class ¢;(L) € H*(C*/T',R).

(4) The alternating form ¢,(L) : T' x I' — Z given by the first Chern class is
obtained as the imaginary part of a positive definite Hermitian form H on C".

2= (1) RER 13 2LHE). 3) <= (@) K2V Tikar s DFFL
FRICLTHDN TV, Lo T (3) = (2) ML 2 5. MEAMIEIETY
BRTVEHN, ZOZ L IRPEITTICHEE LTRIBELTW.

Problem 4.5 (89-Lemma [1}) Let X be a weakly 1-complete Kéhler manifold
and let 7 be a smooth real (1,1)-form on X. Assume that there exists a smooth
real 1-form £ such that 7 = d€. Then does there exist a smooth real function f

such that n = /—189f ?
RALZDS, ROEEIRT LI IZ ZOMBEICOWTIRALEEILETH 5.

Theorem 4.6 [9] Let X = C*/T’ be a toroidal group. Then
(1) X is of finite type <=> 89-Lemma always holds;
(2) X is of non-Hausdorff type <=> 08-Lemma does not necessarily hold.

LA LEAIRORALT A LR 5.

Question 4.7 Let L be a holomorphic line bundle over a weakly 1-complete
manifold X whose first Chern class ¢;(L) is represented by a Kahler form. Then
does L admit a smooth Hermitian metric (at least on every relatively compact
domain) whose curvature form is positive ?

FRILLENTH, MABER 44 1XH B L) B (X, L) IS L TREZHL.

Lefschetz type theorem 4.8 [16] Let X be a quasi-torus and let L be a holo-
morphic line bundle over X which satisfies one of the properties (1) - (4). Then
(1) L has a non-trivial section;
(2) L®? is generated by its global sections;
(3) L®? is very ample.

FPROBHNEBEITOVTIERT S, 20 (1) XER 2.3 OEEOKET
H5.

Theorem 4.9 [16] Let X and L be as above. Assume that X has no compact
subvariety of positive dimension. Then

(1) global sections of L separate any set of finite number of distinct points on
X;

(2) L®? is very ample.

— 80 —



BRALHNS (1) D L @ section ICDOWTHRKHLEREGIL A LIITE

2V (2) 1I22WTHE, (1) TH7: section DBL L FTBE L ) I (HllAagbE
A EILEoTHOLNS (\bW5H Lefschetz’ trick).

—BEDOHE I ROFEIEA LT, TEELHE (EH 4.1 LEH 49) IR

EIE5D.

Lemma 4.10 Let X be a quasi-abelian variety. Then there exist an abelian sub-
variety A of X and a closed quasi-abelian subvariety Y of X without a compact
subvariety of positive dimension such that the natural map Y x A — X is sur-
jective with finite kernel.
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