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1 N-fractional calculus operator N* method to
nonhomogeneous Fukuhara equations ( I)

Katsuyuki Nishimoto Descartes Press
Judith A. de Duran Univ. del Zulia
Venezuela
and
Leda Galue Univ. del Zulia
Abstract

Many papers and books on the N-fractional calculus, N-transformation and on the N operator have
been published by the first author already. In this article, nonhomogeneous and homogeneous Fukuhara

equations are treated by means of N-fractional calculus Operator N*.

§ 1. Operator N method to nonhomogeneous Fukuhara equations

Theorem 1. Let«pE&;-{¢|O=|¢“|<oo,y€R}and fEEJ -{flO:-lf"|<oo,yER},
then nonhomogeneous Fukuhara equations

L[«p,c;a,b,p,q,rl-¢,+¢,~(a+-§-)+¢-(p+§+§)-f (E=0) (1)

have particular solutions of the forms

. 'CAePC(((f'Cl'A e P ), . g2PraX ,Czhbu-:)

.e-(2PraX . C-(z,mny))
-1

-1-y

o',  (Denote) (2)

@ - CAeQC(((f ETA Lo )a a2t . szma-l) .e-@Q+a) ,C-(uuna))

=g, 3)
@ ={[(2) which has Binstead of A]=¢", (4)
@ = [(3) which has B instead of A]=¢" )

for c=0and d =0, and
@ _Cu-b)/ze-ut/z(((f,Cu(m) ,e-clz)v _Cv)_l ,C-(uv)) =g’ (6)

-a+w) ?

for c=d =0, qg=ab/2, and for arbitrary v ,where

A=(1-b+k)/2, B=(1-b-Jc)/2, c=(b-1)* - 4r, (7
P=(-a+Jd)/2, Q=(-a-YJd)/2, d=a’-4p, (8)
Yy =~(2AP +bP + aAd +q)/(2P +a), (d=0) 9)
6=—(24Q +bQ +aAd + q) (20 + a), (d=0) (10)

@, =d'e/dE (k=0,1,2), ¢,=@=9(), f=f(L) isa given function, L EC,
and a, b, p,q and r are given constants.

__1_




§ 2. Operator N” method to homogeneous Fukuhara equations
Theorem 2. Let ¢ 65 , then the homogeneous Fukuhara equations

L{¢,f;a,b,p,q,r]=0 (&=0) (D

have solutions of the forms

@ -KC"ePC( o CPrax 'C_(MM))-,-, - ¢(I)’ (Denote) (2)
@= KCAch(e-(zam)c LA w)) agp®, (3)

-1-5
@ =[(2) which has B instead of A]= ™, (4)
@ =[(3) which has B instead of A]=g@™, (5)

for c=20and d =0,and

@ _Kc(l-b)/ze-ac/z(C-(xw))_(m) = ‘p(V) (6)
) MEU-92gati2 100 ¢ (M-—Kﬁf:—:;}, |F(v+1)|< oo) (7)
KC(l-b)lze-aCIZ(Cm)m (1+v =—m, mEZ"U{O}) (8)

for c=d=0and q=ab/2,where A,B,P,Q,y,d,c and d are the ones shown

in Theorem 1 of §1 respectively ,and K is an arbitrary constant.
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2 SOME RESULTS FOR
STRONGLY STARLIKE FUNCTIONS

Mamoru Nunokawa  (UNIVERSITY OF GUNMA)
SHIGEYOSHI Owa (Kink1 UNIVERSITY)

HiTosHI SAITOH (GuNMA CoLLEGE OF TECHNOLOGY)
AKIRA TKEDA (UNIVERSITY OF GUNMA)

NaoyAa Kolke (UNIVERSITY OF GUNMA)

Let A denote the class of functions of the

form
f(z) =z + J a_z
n=2 1

n

which are analytic in the open unit disk |.
A function f(z) belonging to A is said to be
strongly starlike of order 8 and type o in |
if it satisfies
zf' (2) m
|arg[——————— - a]l <— 8 (zelD
f(z) 2
for some a (0 < a < 1) and B (0 < B < 1). We
denote by S:(B) the subclass of A consisting of
functions f(z) which are strongly starlike of
order B and type a in [J.

THEOREM I, If £(z) ¢ A satisfies
zf'(z)/£f(z) # o (z € |J) and



< 7B

£'(z) 1 £"(z)
Iarg[ Zf(z: J + arg{l + - Zf.(:) J

for some o (0 < a < 1), B (0 < B < 1), and for

all z € |J, then £(z2) € SZ(B), where
atan(wg/2) = B.

THEOREM 2, If £(z) € A satisfies
zf'(z)/f(z) # 1/2 (z € |J) and
1 + z£"(2)/£'(2) 3]
-1l < — (ze D
zf'(z)/f(z) 2
for some B (0 < B < 1), then £(z2) € Si/z(s).




3 STARLIKENESS AND CONVEXITY
OF CERTAIN LINEAR OPERATORS

SHI1GEYOSHI Owa (KInkI UNIVERSITY)
Yone CHAN KIM (YEUNGNAM UNIVERSITY)
JAE Ho CHol (YEuNGNAM UNIVERSITY)

Let An be the class of functions of the form

f(z) =z+ ] az" (nepN=(1,2,...})
k=n+1
which are analytic in the open unit disk [J.

Let us define

For a function f£(z) belonging to An’ we introduce !

(W Sp= A£G € Ay Re Zf'(z)] 0 (zel))}
= z) € : Re|—m—| > Z€ , i
n n £(2) o
(ii) Kn = {f(z2) ¢ An: zf'(2) € S; (zel)) }, %
(iii) Rn = {f(z) € An: Re(f'(z)) > 0 (zel)}, %
(iv) C,=1{f(2) e A g2 ek,
£'(2)y ?
s.t. Re[ J > 0}. ‘
g'(z)
|

the linear operator LA which is given by

I
(S}

I

wrie




L} (£(2))

I
N
+

r~1
N

for some A (A > 0).

THEOREM I,  If £(2) € R,, then LM(£(2)) ¢ S\
with

log (2n+1)
A > + 1,
log (n+1)

and LM (£(z)) e K with

log (2n+1)
A > — 42,

log(n+l)

THEOREM 2,  We have
1) £ e S, => LMNE@) e S

Sz,

(1) £(2) e K, = LNEE) e K (2 4,
(i11)  £(2) € S, => LME@) e K, (2 5),
) £2) e K, = LME@) e S (2 9.

THEOREM 3,  If f(z) e (. then LME(2)) ¢ C
with A > 4,

i bl ek Bt Bl B i I
N AR

et oens



4 4791 D Neumann [558
> 4] FERFERABFERREH

nKRT1—-2Y vy KEMAR'E T3 R*Y (n>2) LA M i3
(va) = (371,' ot ’mmy) (X € Rn)

LEbEIhS. R LORFEE E OEREOE LES. R OREEFLETEHE
& r OXE%E S(r) ERDT. R LOF%ERH

{MeR" : y>0}

%D LB o(r)=DNS(r) &L, o(r) ® 0D ® (A N TO) BREE% do (don)
LB S(1) OEME spp1 TEOT. D LTERINAEEOME g I2H LT, o(r) £
D g DFEE%: '
m(g;r) = 2smar™)™ [ gdo
a(r)
EEHETS.

B h A%, 0D LTHEZ Shi-EE5ME f B L TO D TOD Neumann MIEDORETH
B3, RD2%H4

(i) BA% K I3 D THRATHB.

(1) 0D LOEED S N iU T,

el 5o = S()

EWlcTIEEND.

Armitage [1, Theorem 1 B8] i

& JA+INDF(N)ldon < o0

8D
£Wi¥ 0D EOMKMM f 1KBLTO D TO Neumann MEBOROEA L, 5 3B
TORO—EEETA L.

CIT, (1) D —BUEEHESH1-F fiIZBL TOD Neumann FIFEDRH, —f(L X
f17: Neumann #iZ &k 3, Neumann PO TEDEINBZZ & (FH1). BiZ, €81 %
AWBZ &Lit&-T,0D LTHEEOEEMEICT 3 Neumann FIEODOR H Neumann
BAORTEDLEND LN TEEZ L (BHR2). FH 1 OMEIZH T, Neumann
BOROLH 2B —EHIcH>WT (EB3)BET 3.

— 7 —



| ZHBBHEL, 0D O LO#EMY f T

/ Lf(N)|
8

Dmmdd‘[v < o0

(2)
B5b002%k% Fi.., L8L.

Armitage DFRIZ, ROER 1L IZHE T I=0DIBATH 3.

TE1. | 5FABMETE. Fop KBTS FICHLT,
Hin1f(M) = [ Kipsa(M, N)f(N)don
aD

{2, f I8 5 D TD Neumann MBEDRTH » T, o
©)) M([Hipir flir) = o(r*!)  (r = o0)
ZWIcT. 8L, Kinp(M,N) (M € D,N € dD) i3—#{t & h ) Neumann .

EE2. f%0DOLTEBINEELESMMNETS.
Horf(M) = [ Ky (M, N)f(N)don
8D

@ FICBILTD D TO Neumann FIFEORTH 3. 1AL, K npn(M, N)(M € D,N € D)
B fICBRLTRESH M.

ROFEE 313, F (2) 257 EEBMBICBALTO D T Neumann FIEORD 5
SHEO—BHICHT S DT, =0 DIBAH Armitage DEERIcH 12 3.

EH3. | EFABYWETS. hidfe Finy1 7% f 2B 3 D TD Neumann BB D

—_—

BTH-T, o
M(ht;r) = o(r*!) (r - o0)

Bol, h IROEICREN B,
(2] (=) .. .
WX, y) = Hina f(M) + I(X) + 37 (Tj),-y”A’H(X) ((X,y) =M € D).
= :
CCT, NI+ LYPEORED 0D =R LOEHEATH 3.

e ZBE N

(1] D.H. Armitage The Neumann problem for a function harmonic in R™ x (0,00). Arch.
Rational Mech. Anal. 63, 89-105 (1976).

— 8 —



5 AMY)yTEDT 1Y) 7 VHBORKR

HH RfE TEX-H
=X Bf TEX-H

R BEPOEE, nRL2—7Y vy FERMR" (n > 2) DHHEE EOKREARE
OELET%7, RITORINY w7

S=(0,1)xR
BT BERE LT, RHYITOR LY 9 7
0.00,1)=(0,1) x R* (n>1)

K"EZohB,
02.(0,1) LOR7 ) ¥ 3W/A. Brawn[2] itk > TEZ Shic, LEMBvOE—HE
@ Bessel B9#& L.

sinh{(1 — z)t}
Tdt (r>0)

o(z,r) = (21r)_%" /Omt%“rl'%"l%"_l(rt)
EBCEE,
II(P,Q) = ®(z,r)x(0yxr~(Q) + (1 — 2,7)x(1}xr~(Q)

(P =(z,Y) € Qa(0,1), @ =(0,Y*) Xig (1,Y") € 90(0,1), r = |V = Y*|)
EEDB, T IT xpld EOKHBIN.

Brawn (3D EB AR L1z,
FEH A (Brawn [2, FE 1 L 1). ¢i(Y*) =1,2) T R* L#&KET
/R la(Y)leldY <o (i=1,2)

ERilcd L&, 80,(0,1) Lo g%
_[a¥) (@=(0,Y"), Y* eR")
9(Q) = {gz(Yl‘) (@Q=(1,Y*), Y* € R")
EThid, R7 485

HOwo)(P)= [ o@T(PQQ (P=(zY)€Mm0,1)

0.(0,1) TR, Q.(0,1) L THEMICHIRTE, hhD
H(Q:;9)(0,Y*) = g1(Y*), H(Qn;9)(1,Y*)=g2(Y*) (Y*€R")



BT T

W,

BIN1] S Q.00,1) OBRE—RLELT, R™ (m > 1) OFREE Dicto LT, —
LMY T
Q.(D)=DxR"

HALT,

CORETIH, RACUDOSIGERELOR™ (m > 1) OFRER DE0N,(D) =
0D x R" EDEGEY g LT, gicBT 5 Qu(D) (n > 2) (UTHBICO, E%F) Lo
T4Y7 VMO (%) B H,(P) (Peq,) b,

pedim  H(P)=9(@) (VQ € 00,)
B5. QU EORTMBEY H)(P) DEGHBRESZ T,
EDORE AR ROZELIZBEWT, D=(0,1), I=0DBATH3,
T 1 I 2FABHET B, g it 00, LOBKEMYT,
Joul L 10", Y ldox )Y 142 exp(—y/AGhan) [Y )Y < oo

(Q=(X*,Y*)€0D x R", dox. I3 X* € ODTOHEEFE)
EWMlTETE, CDEX,

H(Oul9)(P) = [ 9(@QK(On, )(P,Q)drg (doglk Q € 90, TORMER)

R gIcMT 50, LOF 1) 7 VEEORTSH 5, 8L, K(Q, )(P,Q)IXP €N, Q € 69,
D& 5B,

ORI EMNALT, ROEE2HIEATE 3,
EH 2. 9200, LOEBEOBBEMMET S,
W@i0)(P) = [ (@)K, (P,Q)doq

BB 30, LDF 1 Y7 VMBEOREL B, BL. K,(P,Q) ik gick>THhES Pe
O, Q €00,DH5B¥,

2% 3R

(1] H. Aikawa, On the Martin boundary of Lipschitz strips, J. Math. Soc. Japan 38(1986),
527-541.

[2} F.T. Brawn, The Poisson integral and harmonic majorization in R"x]0,1[, J. London
Math. Soc.(2)3(1971), 747-760.



6 A mean value property of polytemperatures
on a strip domain

THBE XEK-#
SARH &K STEHE
BREY ARWA-H

n+1 %3¢ Buclid ZMO#RER D = {(X,t); X e R*,0< t < T}
OB EMFER

m, ._ (0 m,
(—H)™u := (8t - Ax)"u=0
¥Ex, TOM “polytemperature” 123§ 2 FHEDEES L U “poly-
supertemperature” OFEMFITIZOVTERT 5,
EH. D LOEGREN u BLUTHEHEME v oL,

u : mRD polytemperature &L (-H)™u=0

v : mXR®D polysupertemperature &L (-H)™v >0
LEETS.

@HE1. WREW D LD m XD polytemperature u KD & J I
Ebahs .

u(X,t) = ho(X,t) + thi(X,t) + - - - + t™ 1 (X, 1).

ZZT, hyyeyhypoy & D LOBAERNOHETDH 5.

Ih& b, FRER D Eo polytemperature (2533 5 PHEDEH
PHRONB.

@HE 2. m RO polytemperature u A%

|H*u(X,t)| < Me?X? k=0,1,---,m -1 (1)



iz, £ED ¢> 0 2L
u = Afu,c on R" x (me,T)

ARY LD, ZIT,
m

Afu, ] =D (-1)F1 Ok Wlu, ck],
k=1

W v, ck] (Xo, to) = /R W (X, ckyu(Xo — X, to — ck)dX
%5,

pULA

EE1. RO (2) #WATERME v XEED ¢ > 0 oL

u = Afu,c] on R x (me,T) %7€, wu i polytemperature T
»5.

(X, )| < MeXT (2)

T, TOPHEMWT, polysupertemperature HHERAHIT SN S,

EE2. (1) W77 v e C*™(D) icxfL,
v : mR®D polysupertemperature

=
Ve > 0;u > Afu,c] on R"® x (me, T).

RE2IEBYT, & (1) 2, (2) CRERLLNBHE) MIFHT
b%.



7 RABRXOBEROLTIR
KRALBES THBE

R¥1 = R x R* (k 2 1) ofsifi (t,z) = (2o, 21,...,2;) THT. R LTHABR
Hu:=2_Au=0, (A= Z:=x %2?)’ WY ¥R caloric function &MEE. ZZTid
MG BRAOREROBRIZOVWTHERS. LT m,n21, D% R Jofs, E 2 RrH R
DER LTS,

t“ f(t»x) = (fO(t, x)ofl (t9 (t), v )fn(tym)) D b’B E~» COO‘E&» w> 0% D
Lo C*-Fi%L35. E LOERD caloric function u iz LT, o(t, z)(uo f)(t, ) HEV
D Lk caloric function 2225 & &, (f,¢) 2 D »b E ~® caloric morphism & M5,

EHR1 D@b E~DC®FER f=(fo,f1,7,fa) & D LD C®-Ef ¢ > 0 izoWn
T, BT (1)~ (4)ixMA4.
(1) (f,) ix caloric morphism.
(2) R*H LO4AKRLLTOERD caloric ZEHR P IKHL T, o(t,z)(Po f)(t, z) izHU
D _Eo caloric function.

(8) ko (i) ~ (v) A&y iro.
(i) ¢ X caloric function.
(i) pHf; = 2VpVf;, 15jSn, -BR™ORM, V= (3Z,...,5%),
() VAEVS; =0, |VAI=|Vfil, 1S4,jSn,i#j, (fi ) RSATR),
(iV) Vfo = 0, (fo Xt O’I-‘D&).

) i‘% = V5P, (‘%" > 00 V| 1 3 i bF—5).
(4) De = {£;(t,%) € D} LOBB (t) > 0 KAHEL, E LOERD CHRBI u IKHLT

H(p(t, z)(uo f)(¢,2)) = N(t)p(t, z)(Huo f)(t, z).

m <n O, EB T2V caloric morphism REFELRW.
1 1. AppellXxift
=(-1z =1 e/
f(t,.’l:) - ( tv t)i ‘P(tyx)_ (47l'|t|)"/2e ]

i D = {(t,z) e R™1;t £0} »5 E = {(1,y) € R**!;7 # 0} ~ caloric morphism.
#l 2. R™ »5 R® ~OHE

f(t,fl?) = (t) I, T2,... ’x")»
e(t,z) = p(t, Ty, ..., Tm) : D positive caloric function,

12 D =R™+1 28, E =R (m > n) ~® caloric morphism.
Typeset by ApS-TEX




B3 m24,n=m-2,2=(,,...,Tm) RHLT 2 = (21, 12,23) £B<.

1 |IB,I x4 Im 1 -
f60)= (=5 T ) 00 = e

|z /4t
i D = {(t,z) € R™*t #0, || > 0} 25 E = {(r,y) € R™*7 £ 0,9, > 0} ~0
caloric morphism.

m = n OPA caloric morphism I3,

_qat+8 1 bt+c
(1) f(t’w)_(7t+6"yt+6'4m+7t+6)’

(ab— By = 1,b, c € R*, A REZTIORIIK) DB TH S = LASITNS (H. Leutwiler).
ZORIRELT,

(2) f(t,x) = (fo(t), A(t)z + b(2)),
(b(t) € R™, A(t) : (m,n)f75Y, stic t KA LT C™) OB ® caloric morphism % M~<3.

K12, FEOZIZLT m =kn (k:BA%) OBA @ caloric morphism LF L TH5. ER
ik

EE 2. m X n OBBETRNE TS, (2)DB D& caloric morphism (f, ) iIKHL T, %
M1 k<m/nBEELT, R™ DEMEMYVE™T f 12 R™ »5 R ~dprojection &
R** 228 R™ ~ caloric morphism (f,$) ® f LDAKTHS. ¥k, ¢ ik

(p(t,a:) = ¢(t$ T1..., x’n)h(t) Tnt1y '")zm))
(h(t, Thnt1y - Tm) RAEERDpositive caloric function) DO TH 5.

BT n<m <2n DPAIZ, R™ »5 R™ ~oprojection &, (1)DE® caloric morphism
(f,P) LDBIETHS. i (t,2) = G, T1, - , Thn) At Tint 1) or Bm )y (Bt Tng1s oo Ton)
IXERDpositive caloric function) iz 3.

i m X n Y 3EiIcH/R caloric morphism 25Hh 3.

4. z= (xlv"' )$2n) elRZn ‘:i‘j’l’-(-{:(xla"' )m“)) 7]=(xﬂ+1)"':x2") &B<.

t +1 1 tIER + 26 -+ tin|?
162 = (T2 ), t0) = grmgrenp | - L2l

2 D ={(t,z) e Rt £ +1} 25 E=R"! ~0 caloric morphism.



8 H B Riemann [ o & &
ERKAbel D/ 1 KD E4E

G.Schmieder U. Oldenburg, BRD
® O A TN e

AR’ Riemann D 45 0—BY ¥ SANICKSbEhIESL
{HIDOAMR Riemann WATE 3. Tk 5 hilVER, HlZ FERN
OBEHEFIFHL <fTAH, Riemann HD o' ERBLNE. COL &,
Riemann fT5|%®, Riemann HicsH L CTHEMNICES 2B 3 2865
ICBIC C L RERNICHDHAL AR ETRDBH, EFobHEHLY
5 L BARFNCHEBTHS. €T Riemann HOEBEDOILE L
b, COMEZERTS. EOBHL LT, BRKRBEEOSMANEDA
HiICfEo TRON B, Schiffer D span DIKEEIS OB IR X N 3.

R%Z A% Riemann [ (compact bordered Riemann surface), dR%
Z D455 (border) 23 35. BhABODEHMDEDICE, X 1D0ER
BRODESICOTHRThE+TSTHE. 0RRte[-1,1KEsT
BHEERLTEVT, EROse[0,1]IcdLT, M [—s,0] 5K [0, 5]
EEHRIET BRBCE—8T 3. COX5RIRD (—EDD) ZFAN
BrSbeicXo>THL L BIDHR Riemann [ R, 238 b0 3.

RO ECFOEES LA rEn YV —HE (mod dR) x(R) =
{a;,b;}-, RERKCF<TO R, (s € [0,1]) L2 SRS, & R,
D, ORZHEE LFMken Y —RKEy(R,) KBIF 3, ERIAYES:
LFRERAS (V=125 canonical semiexact differentials, 3 3 v 12 holo-
morphic differentials with distinguished imaginary parts, % 3 iz,
Lo- EBHBOWS) DBROBCOEHRIEES, ¢2,---, 69 % & 3:

(1) /‘;k‘ﬁ{:ajh (k=1,2,-°-,g);




(2) it R\ U)(a Uby) D L0522
k=1

(3)

®i(p) = / 4
DB FESEROR, D L CES
RD 2 DOHBE R ICLBNCR~ 7

WA Bs(0<s<1):Fj1<j<g)ICHLT, pinten bt
FRICHIRE W TW L & 5 % =282 } & Riemann i RIDTFIET 3.

W8 IEEE BYEFICREAT, 7TOEkEe{1,2, g} FRT
Dse0,1, FRTDpedRIKCHLT

|®%(»)| < B
BRI >THB I 5CFBC EMNTES.
EH. LORBOVET, tssDEE
“¢,:—¢:‘“_’0v k=1y21"'1g~

COEE»LDASIK,

EFH K ke {1,2,---, 9} EHLT
()= | 4

TEDLI BBMI*:[0,1] - ¢ HEHETH 3.

C AR Riemann B D span ( & ORI 2 FEIRICH 5
% Schiffer span % Riemann HICHEL %2 % D; FiCHbhTW3
D1 Riemann HOFAFMN ABEOEERHLHICT Z D DTH 52,
CCTHEK LT3R L SRR MEY R 5 & ) st
THELERRLTWE. i, HRABRET O~ 5 xMKo

NEBEEDR TNB L L XMbh 3 ( COBEREFIC AT ICHE L
7 b D).



9 Cauchy D EB Lt o AKX
— Jordan i EH KK L A v ERX 1L

® K [RERFTHER

Cauchy OB AR E P L THTHIGRRTHAL X 5 & 7 38R
1t Jordan HSEBERE A\ 3 OIMEHNTH 5. L L Jordan HIERE
ERFHAINBZC L RET RN i i, FECKELERE
ABLTLESDIT, TH5v5HECREENICEEEENICD
KNICEERIH S 3. Jordan HIEE % H b \VWT % Cauchy B EH
Bk ) —Bit X h 3 (X TERE 2 o) 25, W53 5 Cauchy
BOARE 3 E2LFITHB; EoBESIICE, AEOBEEEH:. i
HOOEER H 3 il & ik e OBk (FREIKBiL ThER—70
THEMY 5 D) BEHCT, 2LHBNC, B3 \id Jordan HIRE
HY)—BEEECHELT, BRbhd. ok r—BEYERGER,
ek RIERETREVWE LTS, BEIEL CTBIBRROATTE A3k
ERNTH 3. —F, HREWMIO—BRE LT “BIAREHE IC
B5DORDBH, COlER — —ReZ—RBIEXEBHTLID
k) BAELBRESELRIC — BERMOBRICAFHE VIR
B3 3% (R. Remmert: Funktionentheorie 1.(3. Aufl. Springer, 1992,
360pp), 134 *— ¥ BMW). ThoORHLFEERSNICHEHET B0
EELT, LT X5 et xiRIET 5.

HANEEZLR, DX S cHiRCRlE ST O TR A CIER
B OERBRICEET 3L THE. RERTEMOBEFN L AR
BRINIREA L OBMRICEVTC %, Jordan HREHEEBRAT S
B Do b TH 3. COHSEERIC X5 T, Cauchy OB EEE
BAARR, 30 LILTHO—BABERICS L TR~ b, Jordan
s B BRSSO FRAS 2 FET 3 T & &, FIENICIEH
Ah3 XbKEKBLCECH FHIGERLACLICEST, B




SELLTRENBZOEROBOH X 2 RET 3T RO N
Thbb, —MO ‘RIGREME CH5 MY % (BEELKC) A
drikchk b, “RIAMAMBKICH S BHD BTTRELYBCHRE
¥5.

£k FHEHEERG », &4
GiNGy=8 Vjk(1<jk<N;j#k)
TR T HBRBEO MR Gy, Gy, -+ ,Gy, (N20)ICkoT

N -—
G=G,\ |G,

n=1

EETBLE G% Cauchy OB EERITIC & > T HBEINLMH
B LR (£ GRESEATRAL GKAEhTw3 L RELTY
v %, N=00BSRMARYRT LELS. )

CDXS5ICLTERS N G DERIG RROBEBKTCHEEINB
bDETE: BGOECHESH bh A BRBIASICEEINE 2D
ZhEOG; LB b %,

N
8G = 8G, - 3" 8G,.

n=1

REL, 80GoIG,KAE% b OHMEIAET 3B IS T 368
BEO0G) & 0G, DI B bILFICH h £ 3.

HE AR FEOROSEREE XARA Jordan BT 3.

WHE  HSORE G MGG CEIABMK f tGKaENhEBAA
Rz EER OBy 1K L <

/ f(z)dz=0
.
B3R Y 3LD.
EH GHEFAINRE T, X DPFABGTIERI A% OB
festLc
/ f(z)dz=0
8G

HIEK Y 3L D.



10 On the Connectivity of Julia Sets of
Transcendental Entire Functions

ARFIESE RERF LK R & TR

Let f be a transcendental entire function. Recall that the Julia set

Jy of f is the set of points at which the family of the iterates {f*}g,
fails to be a normal family and the Fatou set F; is the complement of
Js. A connected component U of Fy is called a Fatou component. U
is called a wandering domain if f™(U) N f*(U) = @ for every m,n € N
(m # n). If there exists an ng € N with f™(U) C U, U is called a
periodic component and it is well known that there are four possibilities:
an attracting basin, a parabolic basin, a Siegel disk and a Baker domain.
It is known that eventually periodic components of f are simply connected
while a wandering domain can be multiply-connected.

In this talk we mainly consider the following problem.

Problem : When is the Julia set of a transcendental entire function f
connected or disconnected as a subset of C?

Beforehand we investigate the connectivity of J; U {co} in C.

Theorem 1 The set J; U {oo} in C is connected if and only if F; has no
maultiply-connected wandering domains.

Corollary 1 Under one of the following conditions, J;U{co} is connected.
(1) The set sing(f~!) is bounded. (2) F; has an unbounded component.
(3) There exists a curve I'(t) (0 <t < 1) with lim;_,; I'(t) = co such that
fIT' is bounded. Especially f has a finite asymptotic value.

Then how about J; in C itself? In the case when Fy admits no un-
bounded components, we obtain the following:

Theorem 2 If all the components of Fy are bounded and simply connected,
then J; 1s connected.
Corollary 2 If all the components of Fy are bounded, then J; i3 connected
in C if and only if J; U {oo} is connected in C.

For unbounded components, we obtain the following.
Main Theorem Let U be an unbounded periodic Fatou component of a
transcendental entire function f, ¢ : D — U be a Riemann map of U
Jrom a unit disk D, and Ppo := Upo(f™)"(sing((f™)-1)). We assume
one of the following four conditions:

(1) U is an attracting basin of period ng and co € AU i3 accessible. There
exists a finite point ¢ € OU with q € Pgo, mg € N and a continuous curve

C(t) cU (0 <t<1) with C(1) = q and satisfies f™(C) D C.




(2) U is a parabolic basin of period ny and co € 8U is accessible. There
exists a finite point g € OU with q ¢ Ppo, my € N and a continuous curve
C(t) CU (0 <t <1) with C(1) = q and satisfies f™(C)>C.

(8) U is a Siegel disk of period ny and co € AU is accessible.

(4) U is a Baker domain of period ny and f|U is not univalent. There
exists a finite point g € OU with q ¢ Ppmo, my € N and a continuous curve
C(t) CU (0 <t <1) with C(1) = q and satisfies fm™(C) o C.

Then the set ©, := {e® | p(?) := lim, ~ p(re®®) = oo} is dense in A in
the case of (1), (2) or (3). In the case of (4), the closure B contains a
certain perfect set in OD. In particular, J ¢ 1s disconnected in all cases.

Theorem 3 Let U, f and ¢ be as in the Main Theorem. Suppose that
U is either an atracting basin or a parabolic basin of period ng and co
is accessible. If there exist a point ¢ € OU, my € N with my > ng and
a_continuous curve C(t) C U (0 <t < 1) with C(1) = q and satisfies
Jf™(C) D C, or if there ezist two pairs of ¢; and C; (i = 1,2) with the
same property as above for my = ng. Then J; is disconnected.

For the proof of the Main Theorem we take advantage of a property of
inner functions. It is easy to see that ¢! o f™ o ¢ is an inner function.
It is known that an inner function g has a unique fixed point p € D called
a Denjoy-Wolff point and g"(2) tends to p locally uniformly on D. The
following are important lemmas for the proof.

Lemma 1 Let g : D — D be an inner Junction which is not a Mébius
transformation and p its Denjoy- Wolff point.

(1) Ifp €D, then UZ, g="(z) O 0D holds for every 2o € D\ E where E
13 a certain exceptional set of logarithmic capacity zero.

(2) Ifp € OD, then UZ, g="(2,) D K holds for every z, € Dé]g where E
15 a set of logarithmic capacity zero and K is a perfect set in OD.
Lemma 2 Let U be either an attracting basin or a parabolic basin (not
necessarily unbounded) and g = p~lo foyp. Then there exists a set E C ID

of logarithmic capacity zero such that 0”'(‘ z:"aA — measd (5 00) holds

Jor every z € D\ E and every arc A in 0D, where 0,(2, A) = X(1-[¢P)
and sum is taken over all { = |(|e? with g"(¢) = 2 and e® € A.

In the Main Theorem we assume that f is not univalent in the case of
Baker domains and then the boundary is very complicated and the Julia
set is disconnected. But in the case when JS™|U is univalent, the boundary
can be “neat”. Actually it is know by W.Bergweiler that f(z) :=2—log2+
2z —€* has a Baker domain U on which f is univalent and whose boundary

dU is a Jordan curve in C. We can say much more about this example.
Theorem 4 The boundary of each Fatou component of f(z) :==2—log2+
2z —€* is a Jordan curve in C. In particular, J; is connected in C.




11 Two examples of two-sheeted covering

surfaces of the unit disc
SEEREHER M BEA

(R,7) % U = {|z] < 1} ® 2 XORFED L WHUEHRE TEZOZWND « 12 & 25
2{2,) THHET B, T/, ROV MULA D% R, BEER R\ R
% Ap ThbbT, THL 7 it Ap TTERICHBEINT n(Ar) =9U 2HINLT,

B4 1% R OBFHF L BAEOBR IOV TROBERER TS,

Theorem 1. IfI® = n~1(e*%) consists of one minimal point for cvery e'® € QU, then

R is a mazimal Riemann surface.

BT R MERD e € 9U (33 LT I° = { one minimal point } £ %Z>TWV5H D%
HxXDo $72B(z,r)={2:|z— 2| <7} £T %,

B4ADEBRIRD2DOTH S,

Proposition 1. There is a sequence {£,},>1, 0 < K, < 1/8, such that if z, €
B(z,,K.d,), then a two-sheeted covering surface (Ry,m1) of which projection of branch
points is {z,} U {2]} satisfies that 7y 1(e%%) is homeomorphic to the closcd interval

[0,1] for every e'® € BU.




2

Proposition 2. There is a sequence {Kv}vz1, 0 < Ky £ 1/6, such that if 2, €
B(z,, k,dy), then a two-sheeted covering surface (Ry, 73). of which projection of branch

points is {z,} U {2]} is also mazimal.
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] T RERRFALRF

T

199 5FDFEDFELTIE, H.-Y. Xin DR :

Theorem C. d,p i d>2p+4, p>1 W TEHNICETEME |

T5. a,b#0 % P(w) =w+aw??P+b=0RERELHNED
KEB. ZDEE, 2 ODIEEHERY f,g W FRELLBLHS
BB o T,

P(g) = aP(f)

A1 0, f=g BEDID.

ICBE L TROEEZEMEAN LI

Theorem D. d,p idd>2p+8, p>2 EWMITEHNICETEEE
U, wo,ws ORIKRBER H(wo,w1) = wo + awe? Pw? + bun %%
A3, ZIZT, a,b#01d Hw,1)=0 RNEREDLLVLIITES
ThdbDETE. ZDEE, CHo I KTERHEZEM~D 2>

S ——




DIFEBERER f = (fo: fi),9=(90: 91) DEAELLLVH B
BEBAE o 1T L,
H(.qO)gl) = aH(anfl)

ZHICTIEOE, f =g DY ILD.

Theorem D iKBEWT, g1 = i =1 2L bDEEBRIEE, &4
“d>2p+4,p>1" H"d>2p+8, p>2" IZH 5T, Theorem C
LD HED(HES>TAS. %i'@, 2 &4 “d>2p+4”,4d > 2p+8"
DRZED B, ROEREBEH LI

4
Theorem. - H(wo, w;) 124 “d > 2p +¥” EASiz Theorem D &
RULTE ZDEE, CH6 1 RIGERFNELZEMAD 2 >DIFEE
BEAER f = (fo: ),0 = (00 91) DBAE BIAH BBEH
a,B L,

H(go,91) = aH(fo, /1), 1 = Bf1

EZHBITIEOHE, f=g MERDID.



13 On the second fundamental theorem for

holomorphic curves

TODA Nobushige Nagoya Institute of
Technology

1. Let f:C -+ Pn(C) be a non-degenerate, transcendental
holamorphic curve, where n is a positive integer, (f1 s,
fh+1) a reduced representation of £, N an integer satis-
fying NZn and X a subset of C**! in N-subgeneral position.
The following theorem is well-known.

Theorem of Nochika. For any q(>2N-n+1) elements a;(3=1,
***,q) of X, sGAY

q
(q—2N+n—1)/s’Z N (r,a,,f)+S(r,£f)
j=t 273
(see [2]).
The purpose of this talk is to give a refinement of this

theorem. We use the same notation as in [1].

2. Definition. (i) For u(z)= max |fj(z)|,
2 1£j4n

t(r,f)=.lj (log u(re'®)-10g u(ei?))ae.
21ro

(ii) Q=lim sup t(r,f)/T(r,f) ([3]).

r+o
It is easy to see that t(r,f)sT(r,£)+0(1) and 0sQ<1.

Let X(0)=[a=(an,°°',an,an+1) X:a, 1=0} and p the maximum
number of linearly independent vectors in X(0). #X(0)zN




and ps¢n.

3. Theorem. Let a1,---,aq

X, X(0) {a1,-",aq}={a1,--°,a2‘§and s the maximum number of

(2N-n+1<¢q<®) be any elements of

linearly independent vectors in {aq,***,ay}. Then,

q
L w(j)m(r,aj £)%(s+1)T(r,£f)+(n-s)t(r,£)-N(r,0,W)+S(,£f),
3=1

where W is the Wronskian of fq,---,f and w:{1,.--,g}>

n+1

(0,11 a Nochika weight function for {aq,-:-,a}.

Corollary. For any elements ap,***ag (2N-n+1<gw), on X
q

(1) _21 w(3)6n(ay,£)£(p+1)+(n-p)Q(sn+1)
j::

q ) =
(19) I 6nlay, D)N-neps o) (1), (9-p- B0ler]) g onnet)
j=

4. References
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[2] H. Fujimoto: Value distribution theory of the Gauss
map of minimal surfaces in RM, Vieweg 1993.
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14 Densities with the mean
value property for harmonic
functions in a Lipschitz domain

8 Il 54 B BRAZRAEIER

D% R, n>2 DEFREABE L, 2o DET 5. Hyk DEOFFHM
M 4&kt 4 5. Hansen-Netuka [4] i DEDEHR wTETD h € Hy
XL T

(1) h(zo) = thludx/thdm

2T DEER, ROEELEHL.
R A. (i) (1) Z#72L infpw > 0 & %25 whk il 2\WHR DIFE
T5

(i) E0 L) hAERER DI LTOH LD REA wT (1) WML,
lima;_,ap w(a:) =0&¢%5 %) 0)7)‘*{’137?15 .

(iii) CYre-$ ¥ 7213 & Y —AX\Z Liapunov-Dini BUR (cf. [6])) XL
T/ REAwT (1) & infpw >0 XL TWIHFET 5.

EDOEHOD Lipschitz B Z £ 2 2 D245 EOHMTHA. Lipschitz
EBAS kBLF @ Lipschitz 7 5 7 TR &N % iR % k-Lipschitz IR L
w9,

FIL. (i) (1) %7z Linfpw > 0 & %% we 2%\ 1//n — 1-Lipschitz
HBHPHFLET 5.

(i) 0 < k < 1/v/n—1% 6L ED X % k-Lipschitz I DIZxF L TH
EOPREAWT (1) 272 infpw >0 L 25 b DHENS.

EIR (ii) DAL,

G % D® Green B3 L. g(z) = G(z,x0) L BL. kDFEB LIV EHK
a, 1<a<2, PEELT, ze DIBERITEVEF

(2) g(z) > 8(z)*, &(z) = dist(z,dD)

Yk, FITn=(2—-a)/atBE, MEREBYIIIVL0< g(r) <7y
DE & w(z) = |Vg(z)|?9(z)"1& T 5. T DK Carea A3\ & Poisson



BOREPD h e Hplxt LT

/hw*dx——f dt/ h|Vg|?g" 1 do
{g=t} Iv I

- / 114 / hIVgldo = Lh(z,).
0 {g=t} n

%Y, (1) 2W7-TEHIb25. MBI infpw >0THoAS, b LI
ROEL T

(3) [Vy(z)| > cg(z)/é(=)

PEANE (2) £ w(z) > cg(z)™d(z)~2 > cd(z)eMtD-2 = ¢ &
Y, RODweBLENERE (DONOFTRELICED L), Li
L, EBICIE B) BEREBOERTIIRIEY, HAT[FVERTRY 7
D INhL, wEEELTRDSL wikBETAL. COFVEETO
(3) D7=WIZ, ROBYIERY*HAVE. ZOHMBIEED idea It Ancona
W2E A, ZOFIX Hansen IZEZTH L o7 TH 5.

#HBhTEIR 1. 0<Cl<02<1ﬁ‘00<A<1 bl C@t%cl,CQ
BIVARLEEHa, 0<a<l, "FEELTROBE LT u 2t
B(0,1) EOEDTHAMMEKT u(0) =1 22 infu(B(0,¢c3)) <1-A %5
X infu(B(0,¢1))<1—-a &b,

2% X ik
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15 VT Yy UREBORMER
7oH = B % LK

AR (d22)2—2Yy FEM R OBSHER M %, ERT OM hiE
(b RI\M NEEE)OEX, M % R ONBEREMIC Li2T 3.
HEBB M ISR S OM OEEUEN M oo 7Y p AHER A(M)
(1<p<oo) DEEHEIL, M LOKEEHE p 74V 7 VER p AFIMME
DEELBWIE) R EOBEERTANEEZLS. OM HRFTINICEY
=7y FER (2,29 K& 28 29 = o(a') DT 5T TEENS
L&, M EBEER; o OFHE B iU ve WH(B) (1< r<o0)h

ST o' € B IR L
(1) lim sup lp(a" + B') ~ (") /|1] < oo

ERBRIC o RENZERBEBR M % r LOBY T2 o VEEE; o 8) TS

= v

Yy BBICENBEBER M £ UT Sy VRREES.

FEER. M 2HBYUT V9 VRETEE, Ap(M) 2SS p< oo D
EEEE, 1<p<20DEEXHERETHAS.

Zhid M = B? (BIR) 0L xBONIEE(2), 1) OiETH 5.
EFBROU LB IEIC—RBKROEE, SRS .




2. BE. M 2 FEEGERMLT DL, 2 Sp<oo DEE Ap(M) (3E
#HTH3.

HOERIZ OM DB OIS ELELBFELZOD TR D BN LT
KERNTS EBbd. EEROKFERST b XROEIC—KILEEHL

SR .

3. BE. (TED 1 < p < 2 LK LEED r > max(2p/(2—p),p/(p—1))
L3. M r I0RUT Oy VEREGIE, Ap(M) 3 ERETHS.

4. FE. d<p<oo BOFB2REEAHBOHFERE M I ULKIT 5.
d=2 R OEXERRIMEHOHEFRAE M ICHLUTHRIT 3.

BEXW

[1] D.A. HERRON AND P. KOSKELA: Continuity of Sobolev functions and
Dirichlet finite harmonic measures, Potential Analysis (to appear).

[2] M. NAKAL: Ezistence of Dirichlet finite harmonic measures on Euclidean
balls, Nagoya Math. J., 133(1994), 85-125.
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JKH &3 LEBRFEREWER
T # EMEMERAR

R 0oERHEE D CERSNAVF L 7B u i

() u@)= X a, [ [D*Ram(z - )] D*uly) dy + P(2)

lul=m
OFTRENS ; i, p= (1, o) REEEHT,

okl

— cee . b e
Bl =p1+ -+ pas D 8z ... Ozhr

Rym W 2m RO Y — ¥\ {a,} REH. PR D Em BUNTHAKT
2. H-T,. BHBuoBBHEZRRZIELER. V—-XRF v

Uaf(2) = [ la =" f(u)dy
DENEERBZIEEAHENCALTH 2, Vv EVv7OEBERKC &
2L, felP(R) Cap>nDt&, Y—2XFrve v U,f ik~
VY —-BETH B :

(2)  |Uaf(z) = Uaf(2)| S Mlz — 2> (0<a=-n/p<1)

opSnoOEER, B, V-REF YV VREETRI Vo ap=n
DEE. & felP(R") 2D T. ROZHEELS :

(3) [ £(glog(e + F)°dy < oo

() o>p—1R 5. U.f 1288
M) o Sp—1R5H., Uf REKERS TV




ECT.(3) 2—MbLT. &4

(4) [ £wPelf@)dy < oo
25X %0 C I,
(1) ¢ 1FBAXM (0,00) LIEE»>BH
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20 On the generaligation of A.D.Michal's
theorems concerning successive Frechet
differentials of abstract power series
in the case of non-symmetric polar forms
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21 On the generalization of R.Fueter's

polynomials p(z) for hypercomplex n-tuple
spaces
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- M 1z open subset DCE(D & E'(®) ~ 9 BYL(X)» D ¢
14 Y
ﬁﬁﬁé‘i . Frechet W A
n
z . =
k=1 Bxkf(X,xl)ek =0
A" 2538 £(X) s D& xq - F A) T831ah X -~k ey
[
Theorem Ji 3f #xm 7= Fueter % R N
pm2. . .mn[em] (X) 1 E(® ‘("}j,é x,-regular T 3 %.
(N.B.) pmz. ) .mn[lm](X) supra-F-differentiable

O
1% w.,
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 HEEBSFIRtvs -

ZEAORAIX companion FTHOBEEHEIF L Vo TubB, p(z) = TGzt cn =
1 2WREHER > nROBHK & F 5 &, companion {75

0 «-v --- —co
A, = ! —a
1 —Cn—1

DEIFEIZ. FHApOBREFL( LS,

LaL. 2-20BFic VT, WEETHRERFOATC. b oHREshATL
734 » 72 4%, Kim - Chuan Toh & Lloyd N. Trefethen i3, [2] ofaXothT. Chd
2HoDMBOEHROBAERDETANTY XA LD2VWT, BRRBASLEHLLan
7 companion fTH O R <7 PV BAER, BERRICX - T, BEAFMNICHE B
FEDBHD LR L. 5. L BBDA R/ BADRGERE2DOHER
IAMEBHNOE RS ~, EH{L& hi companion ITHOEBFHEERDET LT
YXADREREEI DL,

Lo LEHEE-SBES. FHi{ & it companion THIOBEHEMERD BT LT Y
ZARBEERCHERERT, FKELBRE DI LW I EFRBFA SN TVWEDS
ROT,. ABBCTRA B COSHANERE2E>BPLOTVTY X LO0REHICD
WTEERT 5, :

Z(p) % p(z) OBABE LT B,

DEMHEHAME LT, tORB<s v d=(do,dy, -+, dac1) EF B0

REARS

Z(p;d) = {z € C: z € Z(p) for some p € P with ||p — plla < ¢}
EEBL.BAs b VvEES%:
AdAp;d) = {z € C; z € A(A) for some A € Mywith]|A — Ay|la < €}

&E¥ B, T,

n—1
1Al = IDAD s, llp - lle = z|d|=|c.—c.|2]

THdo

FEAORBEBLOBEREAF 2 LI EHAOEHELINL S B BEORTR
BEH BERRI PNVEAORELEILOHBET V., £, Th¥hoiRToREMLE
KEOMEBREZEOMEEZERL., companlon THo@BAFMCHTE2TALTY XLADR
EEHEOREIC>WTHE <3,
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Our joint work concerns Numerical Analysis on 8-problem in the unit polydisk
and aims to solve the inhomogeneous 8-equation numerically firstly on the unit poly-
disk, using tht Integral Formula at the proof of page 30 of Hérmander[1]. We do
programming for super computer based on Intel i860 of the above cat in India and
FACOM VP-26000f Kyushu university, using Fortran 77 and apply it to the extension

problem:
We put
U:= {Z = (21,22) € CQ; |z1| < 1,|Zgl < l}
and
L .= {(21,22) € 02;21 + 29+ \/§= 0}
Then

UNL={(zn,2)€Chlal<1,|a+V2 <1}
which is mapped by

to the circle-arced di-angular
|z — 1] < V2, lz+ 1} < V2

which is mapped to the unit disk |w| < 1(cf. p.244 of Komatsu-Kajiwara[2).) by the

mapping
2z

1— 22
Now, let h(zy, 2;) be a holomorphic function on UNL and ¢ be a function of class
C* so that ¥ = 1in a neighborhood of U N L and its support is contained in

w=p(z):=

Vi={z=(z1,2) €U;la| < 1,|n+ V2l <1} cU.

We will define it as follows:
For positive numbers ¢ and d with ¢ < d, we put

(1) pile) = exp(-3) (2> 0)




and
(2) @a(z; ¢, d) == o1z — c)p1(d — z),

d
A= / pa(t;c,d)dt
and, for z > 0, we put

®) pr(zic,d) = B OGS (5 )

Then ¢3(z;c,d) € C* satisfies p3(z;¢,d) = 0on z < ¢, 0 < p3(z;c,d) < 1on
¢ < z < d and p3(z;¢c,d) = 1 on z > d. Using this p3(z; c,d), we put
11
(4) W21, 22) = 1— @3(|za + 22 + V2|3 16’ Z)'
We define a (0,1)-form by putting

— — h(31)5¢
f = fidZ1 + fadzg == RS &

Then by Theorem 2.3.1 of Hérmader[1], the fuction u given by

R S Y (Y ) P
(5) u(zl,vzg) 1= 21",/ p— drd7 =
1 h(zl) , 2. 11 _ _ .
;//T—21¢3(|21+22+\/§| ’E’Z)det— (r=s+1t)
1 h(z1) @alzs + 22+ V235 4, 1)
©) T // T—12 A dsdt
is a solution of the d-equation
™ Bu=f
(please regard u as a complex potential) and let
(8) H(z1,23) == h(z1)9 — (21 + 22 — V2)u(z)).

Since we have 0H = 0, H is holomorphic on the ambiant bidisk U with H|ynr = A,
that is, H is the desired holomorphic extension of A.

We choose the target function h so as to be unbounded at boundary points of
UNL, thatis |w| = 1. Hence |w| < 1 which gives the frontier property of the domain
V. Let us ask the computer to describe the image

(9) ¢=HOrexp(6i))  (0<02m)

of circles z; = r exp(67) (0 < 8 < 271) with center 0 and semi-radius r = 107", n =
1,2,---,00.

References

[1] L. Hérmander, An Introduction to Complex Analysis in Several Variables, D.
Van Nostrand(1966), pp.208.

2] MABE-REE -, ¥W-EXREDY (£3) 1983F299H.



24 Deformation of Double Cusp
Singularity on a Quartic Curve

B B SERERERER

1 Singularities'of quartic curves

Let P? be a 2-dimensional complex projective space with the coordi-
nate [z,y, z] and let f,.(z,y, ) be a homegeneous polynomial of degree
n in P2. We consider the set V, = {(z,y,2)|fa(z,y,2) = 0}. We
call V; complex projective plane quartic curves(quartic curves). There
exists 21 types curves as the classification of irreducible quartic curves.

The A, singularity is called the double cusp((2,5)cusp) singularity.

2 Deformation of double cusp singular-
ity

We consider the following defining equation:

f=z+ 2’2+ vt + P2+ ay® + a2t = 0.




The curve defined by this equation has a double cusp singularity at
[1,0,0] in P2 The defining equation which define the quartic curve
with a double cusp singularity is all.

fo lsm1= 204207, f, lomi= 4oy +49°+3y%+ay, fo lim= 207 +22y* +y°+3a1y+4a,.
Let G be the Grobner Base for f; |;=1,fy le=1, fz lz=1-
G = (—4a? — 2742, —9a2y + 2a?,2a,y + 3az, 3y’ + a1,3z —a1)

(We calculate the Grobner Base by using computer algebra system
Risa)

As a result, the curve defined by f = 0 has the only double cusp
singularity at [1,0,0] for 4a3 + 27a2 # 0. This curve is type I11;.

And the curve defined by f = 0 has the Aj singularity at [0,0,1] for
a; = az = 0. This curve is type I1y,.

We consider the deformation of irreducible quartic curve with a dou-

ble cusp singularity. Then, we obtain the following result.

f=z22+2zy%2 + vt + v32 + ayy2® + a2t = 0.

4a$ + 27a3 # 0 : type I1I,.
4a3 4+ 2Ta2 =0and { ay #0oraz #0 } : type I,
@ =0 and a3 = 0 : type Iy,



25 Pluri-genera IZ X %
2 IRTURIHFR S ORI

BLBERFREDE
R I TR A

f: X — X % normal surface singularity (X,z) ® good resolu-
tion LU IS E = fY2)ed £T5H TDLE. meNIZ
U ZEBH 6.(X, ) %

H(X — E, Og(mKy))
H(X,05(mKz + (m — 1)E))

LEFHET S, BL. T I T X T H—D singularity ¢ % b2 Stein
space &35, bbAA. ZOBEMHEIT good resolution DHLY
FHIZL 6178 6i(X,z) iE\ LW S singularity (X, z) D geomet-
ric genus p,(X,z) DI ETH B, py(X,z) = 0 185 singularity
% rational singularity « p,(X,z) = 1 73 singularity % elliptic
singularity & 9o TDEEXRDI EVPHMONTI S,

(X, z) = dimg

Theorem 1 (Watanabe) (X, z) % normal surface singularity &
TEHLE

(X,z) H quotient singularity <= 6,(X,z)=0 "meN
UL U EBRBRVEKDILD I &2 - 7

Theorem 2 (X,z) % normal surface singularity &35 &%
(X, z) A% quotient singularity

(=>6m(X,'x)=0- for 1<m<6




TSI OBIRE &8 5, 6;(X,z) = 0 iF (X, z) % rational T
HBHILERLTN S, 6(X,z) =0 LD HIHES E D dual graph
A% star-shaped TH 5 Z Edbhbh, £D & XiCi bm (X, z) %2R
HELHRITLD (X, z) DY quotient singularity &7 B3%H%EZ 3,

Example 3 &R®D intersection matriz

-3 1 1 1
1 -3 0 0
1 0 -2 0
1 0 0 -7
% b2 rational singularity (X,z) % 6,(X,z) =+ = 6(X,2) =0

TH B log-canonical T,



26 ISOMETRY GRQUPS ON HADAMARD MARIFOQLDS

X.Wang & W.Yang Beijing Institute
ef Technolagy
Let X be a pinched Hadamard manifold and M(X)

denote its isometry group. it is proved that g
non-elementary subgroup G of M(X) is discrete if

and only if every non-elementary subgroup gene-
rated by two elements af G is discrete which
implies that if G is non-discrete then there
exists a non~discrete and non-elementary subgroup

generated by two elements af G.
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A remark on the pseudo-conformal

transformations of bidisk

5o\ — B PR 28 44 Y

C* 2 ¥shRein handt Al ofeses ks =
T3 R0BFBUEC bR T W3,

322 (. Cantan ).
1L

{X=5°(m, 7), (9(0, 0) =0)
Y=9(z, %), (40, 0) =0)
w(x,7)Elh1ﬁ@/§.§xfzg~z757§p&¢mggggﬁ
E, (X, Y) i”—lﬂﬁhﬁé/ﬁﬁi‘f/ﬁzj'&?ﬁ?&?“;ﬂ
R D = faArey z:ﬂfﬁj&?&&la“)

7(%, 4) =aac+la3 ,

T (x, 4) =Az:+137
(a, b, A, B 1K) PR3,

HRe, ACHEF-/FdoLoon@lt, 70k

3y WEEdXHy H AR 5 2 2 cd > 1 A
S LvwRBE @ n s WAL HRET 59 vRWTH B,







28 r* OFEBDFEF module DEYX
OEse (BB KE HEFESD)

X I OFEBO& ¢t I LT, R* O C¥ &I/ SHILEE D(t) RV D(t) AD
l-cycle 7(t) WEZSNTNT, Zhoidt e I 3T CY BIBOMIEIK & 3,
D(t) o L? A1 BRDLH%E Z)(D(t) L0 e HteliZ70T, ROUE%
£ +Q(t,-) € Z1(D(t)) B—FEHIEHRT 5:

L = @0y Ve 22(D(D)).

«Qt,-) B |, oy (= u(t) & (D(t),7(t) KB 2HLERNX RO &M
module &3S,

Q(t,-) 1t D) Lo#f 3 BXTHY, Qt,2) = a(t,z) - +dz LBEX,0D(t) L
T eq(t,z) := a(t,z)/||le(t, z)|| EEFETHIEE. Zhid OD(t) LOBAENS bV
BiZis s,

ZDEE, RD 2HBESLRIBRILYT 5:

cpt) _
dt?

l a0(t, ) ||

ot
+ /aD(t)(Pn(t, z) + pea(t,z) — per, (t, %) — pes (t, 2))|QYI*(t, 2)dS.

D(t)

S 2 {eq, eh, ef} 13 OD(t) LOEERS MIVBOBRETH D, pa(t,z) 13 BHE
OD(t) D& z IZH1F 3 (t,0)-FANDHIBEKT,

EROFERICIE KO EBAN SN S:

R* OF & O OV TERIOAM IR Q) 26 -T, HH 0 285
HME S IKBR-TOQRE EO3BRELTO £33, ZDEX, ROEUEHR
T 2 R A(z) 23 E OEH Vo THET 5:

(1)Q=dA on Vo, (i) A=0 onX, (iii)6A=0 on V.




R3 ICBITARABOREIL BEDOI— Y —MEERL LItk - TREN, &
BD R* DH AT RISRS a— 2 —FBED ¥ 27 LRAEBORIEE 515 - 7=
(WA HFERRTHE KO-V —MBDO Y XF LRIRBEIC WESEbhATH
3)o ZIIIH R OFEBOESARE R DFNICHIR UBRIC oot
FeRIETH > 720 UTIREWT CY(V) IRV LD CY & i- RO Lkt FT,

d—v—HE (Y27 L0
FEEIC ROFBERIT we CY(V) BEZ Shic T 5.

(i)rSw:O inV

N 9 bo =0 inV
(#) Jo € C3(V) s.t.{ o =dw onX.

ZDEE ROFUERIT G e CY(Vo) (VD IVoDX) WEEET B:

(1)®=w on X, (2) d® = dw on %,
(3) & =0 in Vp, (4) A5 =0 inVp.



29 HY(T?) ® unit ball ® extreme point 22T

T EE JmERE BER

D? % C? @ open unit disc\ T? % D? @ distinguished bound-
ary 2 m % T? E® normalized Lebesgue measure. 1 < p < oo I
LT, LP = LP(T% m) i3 Lebesgue space D»> HP = HP(T?,m) i&
Hardy space 2717

h € H? I outer & i
/Tz log | h | dm = log | /Tzhdm > —co

DEXE NI T =T, h2>T =T, D&%k, T*?=TxT »>
Mm=m,XMmyo - Tm, &my, IZTNTNT, & T, LD normalized
Lebesgue measure #»5bH9. E=E, CT, D> E=E,CT, &
43, h dzouter for E=E, &id

/TxElog |k | dm = /E(log | fThdmz dm.,
DEXED, h I w-outer for E=E, &3
[ logih|dm= [ (tog] [ hdm, dm.

DEEX%EUD, h D zouter for E=T, ®&Xx h 3B z-outer HD
h % w-outer for E =T, ® &% h (B w-outer £ 9, z-outer
- w-outer D & X, weakly outer &PFE3¢,

/Tnloglhldm > /T (log | /T hdm, |)dm.,
: /T(10g|/Thdm,,, )dm, 210g|/T2hdm|

£ Y k% outer 73 51T z-outer DD w-outer 755 DT, weakly outer
Tb % o ’

S={feH; |flh<1} &35, HAKI h €S A outer
151 hid S O extreme point ThHB I EEEBL, FRIEXETH




TOZEERUI. 208 (24 w)/||z + wlly THEN, Thiz S
D extreme point TdH 3 B3, not outer /H> weakly outer Th 3, 7
REIX h € S 4% weakly outer 25 51 h 12 S D extreme point Th 3
S EERLK,

n =1 D&% Rudin Kid outer function i S ® extreme
point THY, ELHSEETHB AR LI

h (S Hl ‘:')L‘—C\ hj(w) = A‘h(z’w)ijdmz(j = 011)2,“')

EFBE by € H(T,) &7550 h = (2 + 2w)/||z + 2w|l; 13 2z
outer T % 4%, not weakly outer TH 3, hi(w) = 2uw/||z + 2wy
« ho(w) = 1/|[z + 2w||y 2D hy(w) =0 for § > 3.

fI&E |k € S &% S @ extreme point 7 51F h i3 weakly outer
Dn? bUZEITHWLSIE S D extreme point 2 HRER L,

BHEIheSHhDh#£0LET 3,

(1) h 2% z-outer 1> w-outer for E with m,(E) > 0 % &£,
h & S ® extreme point Tdh 3,

(2) b % z-outer &3 3, h H S D extreme point Th 5 pHH
TR EBR {hj(w)}2, DHBD inner divisor I3 EHTH 3,

=0

A ={felr; ftn)=0 ((<0)}dDHL={fc
LP; f6n) =0 (n<0)} &93, Fe H h> F ¢ HE 95
5 FeH L) OEEENST ChhB, FRD (1) DFERAIC
RROWENFENHTHS, FTEO (2) OEPIIZ—EHOER L
Hartogs D B8 A A3,

#%8| F € H? DD xgxrF € H, £33, bL m,(E) > 0
o FeHP 115,

AHONE LALLM D multiplier & Szegé DEEIZD
W, T An outer function and several important functions in two
variables | & LT Archiv der Math. IREFETH 3,
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A NEW APPROACH TO HODGE THEORY ON
STRONGLY PSEUDO-CONVEX DOMAINS

TAKAO AKAHORI

Department of Mathematics, Himeji Institute of Technology

Let N be an n-dimensional complex manifold. Let Q be a
strongly pseudo convex domain with smooth boundary M = bQ.
The purpose of this work is to study Hodge structure over 2, more-
over over the isolated singularity, determined by its stein factoriza-
tion, and also to study the relation of Dolbeault cohomology group
H?4(Q) and Kohn-Rossi cohomology group H?*4(b2).

Hodge structure over strongly pseudo convex domains was al-
ready studied by several authors, namely, Fujiki([F]), Ohsawa([O]),
Ohsawa-Takegoshi([O-T]). In order to explain my approach, we re-
call Ohsawa’s approach.

Ohsawa’s approach. Assume that Q is strongly pseudo con-
vex domain with complete Kaehler metric. ( Of course, if Q is
strongly pseudo convex domain with Kaehler metric, Q admits a
complete Kaehler metric. Actually, Ohsawa’s method is applicable
to more general domains, and in order to make the situation clear,
we dare to express like the above.) Then, over {2, we have the
following two facts.

Fact 1(our metric is Kaehler).

2(85" + 6"8) =dé + 4d,
2(86' + §'0) =d6 + éd,

Typeset by ApS-TEX




where §" means the formal adjoint operator of & with respect to
the above Kaehler metric, §' (resp. §)means the the formal adjoint
operator of d(resp. d) with respect to the above Kaehler metric.

Fact 2(our metric is complete). If u,§"u € L?, then
w € Dom 9 and 8 = §"u,
and if v, v € L?, then
v € Dom d* and d*v = év,

where O (resp. d*) means the hilbert space adjoint operator of
O(resp. d). So especially, 0-harmonic space becomes

Hy={u; (06" +6"0)u=0}
={u;0u=0,86u=0}
={u; Ou=0,0u=0}
and d-harmonic space becomes
Hy={u; (d6+éd)ju=0}
={u;du=0, éu=0}
={u;du=0,du=0}
Namely, because our metric is complete, roughly speaking, we can
freely use integral by parts and we dont’t have to worry about the

domain of the hilbert space adjoint operator. Anyway, from Fact 1
and Fact 2, we immediately have

Proposition 1.

Ker 0 N I{er-g*
= Ker 8 N Ker 0*
=Ker d N Ker d*.



More precisely, for any degree k, we have the following decomposi-
tion of the harmonic space.

k __ P,q
Hj= > HY,
p+o=k

where

Hi={u;u € L? du=0, 6u=0}
H%"’:{v; v € L% v=0, 8"v=0}.

This part is a well known part, for example, see [A-V]. What Oh-
sawa proved is that : if k=p+¢q > n+1, then

HYQ,0) ~ H
HP)Q(Q) prq

where H}(Q, C) means the C* De Rham cohomology and HZ 21()
means the C* Dolbeault cohomology. Therefore

HYQ,C) ~ >, HEYQ).
p+e=k,p>0,420

We note that this isomorphism map is through Proposition 1 and
obviously for any u in H%’q, the restricition map to the boundary
b2, doesn’t make sense(we use the complete metric). So if we fol-
low the Ohsawa’s approach, we lose several information over the
boundary, and also ruin our CR-geometry, or contact geometry,
which has been successfully developed. Instead of the complete
metric, we would like to use the Kaehler metric. While, we recall
the Kohn’s @ - theory. We start with I(2, AP(T'N V)" AANI(T")"),
C*-(p,q) forms across the boundary and Kohn’s 8 - operator is
- defined on this space. The serious problem occurs if we con-
- sider the hilbert space adjoint operator of this 6 Namely, for
u € T(Q,AP(T'N)* A /\q(T"N) ) € Dom & if and only if
o(6",dr)u = 0 on b2, where r is the defining function of the bound-
ary. And asfor §,u € Dom 0* if and only if o(6’, dr)u = 0 on bS.
Obviously, these condition are diferent. So, we can’t expect Propo-
sition 1 type theory if we follow Kohn'’s 8 theory. So this approach




also completely breaks down. Now we breifly sketch our new ap-
proach.

Assume that N is a Kaehler manifold with complex dimension
n and § is a relative compact strongly pseudo convex subdomain
with smooth boundary M = bQ2. We take a (1,0) type C® vector
field 7, defined over a neighborhood of b2, satisfying;

nr # 0 on b,

where r is the defining function of bQ in N. And we set a C>®
vector bundle decomposition

C®TN =Cn+°T'+ C7+°T", on a neighborhood of b2 in N,

where °T' means 97" and °T" = { X ;X € T"N, Xr =0 }.
These bundle make sense as a vector bundle on a neighborhood of
bQ. And Cn(resp. C7) means the line bundle generated by 5(resp.
7). Now we take the Kaehler metric on N, and we assume that
our 7 is orthonormal to °T' +°T"" at the boundary(this is possible
if we change 7). Now by using the above decomposition, we set a
C*° decomposition

(1)
AP(T'N)* /\/\q(T"N)* =(Cn)* AAp—l(OTl)* A Aq(OTll)*

+(Cn)* AAp-—](OTI)* A (Cﬁ)‘ AAq—l(OTN)t
+/\p (OTI)* A Aq(OTII)*
+ AP (OTI)* A (Cﬁ)* A Aq—l(OTn)z«

over a neighborhood of 5.
According to this decomposition, we set
U = Uy + uz +uz + uy,

where u; means the first part of u according to the decomposition
(1), and ug, u3, us means the second part, the third part and the




fourth part, respectively. Now we set a function space

FPl = {u:u € APYQ), uz =0 on bQ
(Bu)s = 0 on b2
(Ou)s = 0 on b2
(88u)3 = 0 on Q2 }

Here AP9(Q) = I(Q, AP(T') ANY(T")*). Now we set new operators
d',d" by :
foru € FPI, d'u = Qu,

foru € FP1, d"u = OBu.

We note that the domain which d',d" are defined, is different from
the standard one. We see d',d"” more precisely. For this, we see
the condition (Ou); on bQ2. By the definition,

(Ou)s3 = 0 on b
if and only if
(Ou)(X1,.., Xp, Y1,., Yg41) = 0 for X;,Y; € °T" on bQ.
Namely, we have
o= uX, L X, Y, Y, V)
+ ) ()X, Y] X, X X Yy o Vo)

nJ
+ Z(_l)r+s+s+qu([yr’ K]’YI’ ",Tpa },1’ X Yr: 3] Yaa ] n+1)
r<s
=0
As uisin FP? uz = 0 on bS2. So, this becomes

LAu; =0 o0n bQ,

where L = —df, and 6 is defined by;

0 |0T1+0Tu= O,



and
8(¢) =1, ¢ = V=1((7r)n — (nr)7).

Similarly,
(Ou); = 0 on b2

if and only if
LAug =0 on bd.

Andifp+¢g>n -2,
(00u)3 = 0 on bQ

if and only if
'ﬁu:g +..=0

(this condition means that the coeffcient of the normal direction
doesn’t vanish).

Now we see the L? - adjoint of d',d"” with respect to the
Kaehler metric. For v € AP4(Q),

v € Dom d"*
if and only if
there is a constant ¢ satis fying; | (Ou,v) |< c||lu|| for anyu € FP971,

Then, we have

Theorem 2. If p+¢>n—2,
Dom d'"* N API(Q) = { v ; v €API(Q), < a,v2 >=0 on b2
for ain AP71(OT")* A ATTI(OT),
satisfying: LAa=0on b }.

The proof is just the computation of integral by part. For 8, by
the complete same method, we have

Dom d™ N AP1(Q) = { v ; v €API(Q), < a,v3 >=0 on b
for ain AP~L(OT)* A ATTI(OT"),
satisfying: LAa=0o0n bQ }.



Our boundary condition is symmetry! So,

Dom d" N Dom d"* N AP4(Q) = Dom d' N Dom d™ N AP4(Q).
Therefore if we follow our line, we have Fact2. In order to estab-
lish our Hodge theory, we have to show an a priori estimate for
Dom d" N Dom d"* N AP4(Q), and also for Dom d' N Dom d'™* N
AP4(Q), and the isomorphism of De Rham cohomology group(resp.
Dolbeault cohomology group) and our cohomology groups. These
are proved by the similar way as in [A2].
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