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1

|EHTERLO=Zm 2 RBEOIERIB SRR

RESHR ARKEXFEHERBFAMAR

7 : X — PL(g(X) > 2)%¥P'Lo=a5 A RGaloisti B & ¥+
bo GrmDHBEERE., Aut(X)2* X0 ERIBECHEAR, D, = e(0) +
e2(1) + e3(00) (0,1,00 € PYen DG HRAF LT 5, DLTOHERER

Theoreml. ImnkEDEKET S, (e1,e2,e3) %
(1,3,2)(I>27). £7:1¢ (m,4,2)(m > 5,m #8). £k

(n,5,2)(n > 4,n #5,10) %56, Gr= Aut(X).

Remark. (8,4,2),(5,5,2)0 & %id. G, # Aut(X) &% aH15H 5,

m1(P*={0,1,00}) =< 70,71, Yoo Y0 N1 Y0 = 1 > £F 20 Sa dJiHh
B, A B ABc Sy #En¥n ord(A) = ey, ord(B) = e, ord(AB) =
e; %7z L. A, BTEREhbB< A B >R¥EBHTHL ETH, B
A& & : m(P' - {0,1,00}) =< A,B >% ¥(7) = 4,%n) =
B,®(veo) = B'A™! TEHT B, 7 X — P ¥Ker(®)IHIET
5GaloisEBET %,



A, B BB H:2HEavEa—5V 7 FGAPEHVT(ey, e2,e3)8
DERGalois#iBD G.(< A, B >)»itET& 3,

Examplel. A =(7,6,5,4,3,2,1), B =(1,2,3)(4,6,7),

AB =(1,4)(5,6) ot &n: X — Pl (7,3,2)BInARGalois#B T

Theoreml EGAP L) G, (= Aut(X)) = PSL(2, Fy) ({31687

HHE), Riemann — Hurwitz® 28X\ » 59(X) = 3.

Example2. A =(7,6,5,4,3,2,1), B = (1,7,8)(2,3,6)(4,9,5),
AB = (7,2)(6,4)(5,9)(1,8) ®& %(7,3,2)HT Ga(= Aut(X)) =
PSL(2, Fy) (K504 B#tiBt), g(X) = To

Example3. A =(11,10,9,8,7,6,5,4,3,2,1), B =(1,11,12)
(2,3,10)(4,5,9)(6,7,8), AB = (1,12)(2,11)(4,10)(6,9) o & X
(11,3,2) BTG (= Aut(X)) = My, (RI950400 HiBE),

9(X) = 3601,

BEICGPHABII 2500+t 5 2 %,

Theorem?2. p,q,7 (p>q¢>r)k 3MWOFEKET S, 7: X - Pl%
D, =p(0)+ q(1) + r(c0) TR T 2 ERGaloistkEE T 5, & LAEY
¥ f: P! - P'Tdeg(f) = p, fOGalois closured® n& %% fAEIET

nif, G .RHEMEETHA,



To +a||y &e,odeg\‘c. boundaries are dense

in the  moduli space
e # £F AR B
8% KEJ AR BHA E
£ (21) A8 o B FERD A5 %5 241
TShT PR s F=20v- Vi3,
AN T o FEH 350 13 2 Ak 293,
F o Riemann @1 o moduli ”EF,ﬂg m(F) (=
m(E) x~xm(Te) ) xF3. m(F)oAs
= AT rEsy e ®E ¢ FO) £ A
FrrizF3, 222 Zadpic m(F)o
PLBIEARCE) 2 BT Tuhd,
Sem(F) » Q(F) = s vl it
3 24T 01 S kT a2 7 b g T 8 31
7 Heh M 2, B HF oM & A A
Wy wdbarx AL V2, F(S) #» oM
Yy &R ¢ midez v,
2avF, LA Ft TN,

TR R(F) 13 m(F) A 72 Jense 253,



A, 379 =2 Ao 3 (z)=3%(2y)
LA BB T Hp e o0 2 RF Qe 13l
15, 2ax*, coircde packivg 1= B 75 Brooks
o BF [B] & Thurston o L5y Dehn F4E3E
P & 1 Mostow o H 4 3B % Fvd, iR
> o H5 5 'J*?%/E\l: S0 2 B 3>1'7E§’
;ﬁ{«d\ 2 *;%/‘?Fo) Teichmiller ZZ B 1~ 4ERIF2,
bHrERIEMB L LS, 2o Tl 2,
McMullen 1x &3 2592588, —4& Y, Teidmiller
T FR TS ER T < )R LT Y
AR R} TM2] v automorphic Forw 2 Potnoars
WE 2 BABLMID A BLF 23 2202 £ 394,

A7 K
[B] R.Brooks : Circle packings and co-compact
extensipns of Kleinian %romFS, Tuveut. Math. 84 6‘196)
[MI] C.McMullen : Awenability ;| Poiwcare series aud
guasi conformal mops , Tuvent. Math. 97 (1982)
[M2] €. McMullen : Tteration on Teichwmiller space,
- Tuveut. Math. 49 ('1990)



AR N Y- VEHLOFET— 5 DEBEICOWT

A F= FEKX - &

YZHEBgE2)Da VNI M Y—<VH, A2 Y LD%EAH
HORBEHEPUERE#) 4B L L. AG% Au(Y) DERS
BLTh, COLEMNYAG) I LTHBEEEY 5 Y/AGHES
5o Wi [FEHEBY > Y/AG] 2538 (Y, AG)IRET B4 ? L \»
D REREZ NS,

TR [DEBEY > Y/IAG) BT 51E®E (T >822 b
V- VE)Y/AGLOT -5 L LTRRTAFET—F &) b
DEEHREL. FANFBETF -5 2ERTRaVNRI ) —<Y
HYLYEOBCORBEAGHKWOFELETERLL VI HEZE .

FRECTRIOMELEACARMBEAGIN K pg (p, qidp>qB
LUp=1(mod ¢) % il7=F RBODHFTRBEDREILHB-ROER
WZonWTHET 5,

TE p,qip>qBITp=1(mod q) 27 FTE¥HE L.
G(p.q) e hi¥i pg DIFTHREFL T 5. X2HEHgNI Y/}
V= VEET S, COLEUTORGRHEToET— 4
AL:X>RGp,)2BNTH L, A SLEE S G(p,q) DEIBE
LAY DB G(p,q) DAL B pg TEI D I B T L DU 7 — 5 A D55k
BRIV ERShBOOBEHFEHETH B,



p-1

q -1
@8 =1, ¥n0=3 =0

i=l i=1

q-1

(b) g =0, Y,p,()=0

i=1

p-1
q-1 q-1

© 8 =0, Y,p)=0, Y pH)=2, Yip,i)=q

i=1 i=1 i=l

72720, p(),p,(DIZFUET— 5 AVED B (G(p,q) D IIXIITxT
,l—.l‘:‘ Lf:) #ﬁ@%ﬁo

SEZ M
Momose and Nakajima : On tamely Ramified Galois coverings of Alge-
braic Curves with given Ramification Data, 1990 (Preprint)



4 On the zero-maps and automorphism groups of
a compact Riemann surface
% # A Aa SEE N 2
IR BB o R E SN

Mg (> 0) D3> /%7 b Riemann H., Aut(M) * M OEHCRER &
L. G% Aut(M) DERESEEL T 5D, {Cy,...,Ch} & GOIERRLR LIS
DFEEFH ;7 Ci (1 i< h)RRITE T L, M/CORY g & MORIFE

*ERLHE M — M/GTELZEOER(s,) L DA

={g0; l(s1),-.-,1(sn)]

% G D r-signature & & 5, Aut(M) A MOIER| ¢- K OEBICEA L2 &
&, ZhIZED Aut(M) DEBRDOY T 5 Lefschetz trace

@ =3 (-1 Tr(G | H(M,Q%%)

12xf L. Chevalley-Weil i2 £ 5285 :

h 1 @
X(Q)={(2‘1_1)(90—1)+qzl(5i)'(l_ﬁ_>} rege — Z“t Ha,

i=1
ﬁfﬁ)éo ZZTs € G(I:-)%j-l/

ﬁsl

u;(q) — E" Z d- Indw (0d+q)

FAE, COWCDOWTERT L. Tanh, KIHRAREG #5 2,
COEBBELKEENELT (C1,...,Ch} EXIETHETHS G Dvirtual
r-signature

r=[go;li,...,ln]

%EAT S, THUIRTIROD r-signature FMBRILL 72D DTH L, THIZL D,
h 1 (q)
XD =3 (2q-1)(g0—-1)+g) k- (1 Ts ) "Tegc — Zl A
i=1

rEELT, X{]—lc'*')q X, (1) =gt COMFERZ x,:G—C
LIEEOER Y HWT, Riemann@@EE.n&#%ﬁf THIENTES,



ZOHETIR, ROZODOEMORIEEZRIEIZT S !
(i) Xy =0 ¢ (ii) r is realizable of genus 0.

ZITx, =0%zeromap & L&, E/o—HEIC, "r is realizable of genus g
e, B gD 77 b Riemann HI M L ORAA - G — Aut(M) £%. go
MM/GOBYT, [(1<i<h)DPMOBEERYBARLZHFHEL . M - M/G
TELICHOERE LTOFKREDL DL I IIEND T LETRT, HADREL
T A [EfEMEIL. hyperelliptic curve O H CRIBIFOBE L 48T 5 —2 DFl
12722 T\ 5, $72, genus 0D Riemann MO BUREE, §72bHb5 Aut(P)
OERBABEN, RERF - E28EEH - 4 KRB - 4 RGHREF - 5 KR
BIIOBESNDILRECALNRTVED, F4 OREL T2 FEMEEDIEH
i&, —f%? Riemann A BTRREAH—HICHFET 272012, KEADET
FRO L OHRER T, fin OMPERBEG ¥ HRIZFR., x,, =0 LIRE
L7zd &I, virtual r-signature (2 & ) Aut(P) O EMBUTOL HIZTE S
CEEERTS

(1) Zn i n—i
(i) incasen >2 : [0;...,?,...,\1/,...] with (n,7) =1,
(i) incasen=2 : [0;2].

(2) Dom i k+l k42

(i) incasem =2k : [0; ...,Y,...,Y, 1]
with (m,i) =1, 1 <i <k,

(ii) incasem =2k +1 : [0;...,1,...,
with (m,i)=1,1<i<k.

(3) A4 : [0, 1,1,1]
(4) S4 : [0;0,1,1,1].

(5) 4s : [0; 1,1,1,0], [0; 1,1,0,1).



5 Fr—FZXEDS5%LH0

WA HEAER RS KFE TFEER
£ K UN- N

h—7 243 Riemann Bl £, £ 0,1, A 3LV oo O _LIzoMs A%
bO2HOFEFHE LTERSATWA LTS, Z0OFEDEIC 0o k
IZHDREIER LT D Jordan W v & & B ; T OFAD Riemann KR
~DOREET TRT. b—F X EyIZ#>T, X 5T Riemann 5Rifj -
IZHyDHE (EN by FEL) IZR-T, IV RABEANT, —“hb
220 Riemann @ # v (Z¥h > TRZERIZS22 <. B 5N 7= Riemann
178
f(z,y) = ¥ +3(?- Dv’zy + {(2u® +3u® — NP —1}y—23—3vz? =0
DD TEITDZ ENHMSB ;
4w —1)*° —4( P+ 1) +1 = A+, 4(2u®+3u? — 1)1 —40® = A7,

Ad+T=-5+t+1, AT =1t
LY, RDELS 2w 28T 5 9 KkFEANBOLNS.
udt? — 3t2u® — 4tub + 412u8 + 4ubts
—6tu’s — 6tu's + 4uds® — 4sud + 4tud — 3s%u + 2 =0

1

ﬁi?ﬁmﬁwrﬁﬁ&yzl 5 KBE, R0,1,ADIZ2 55

53 (00 WHHUND HFRY) 27 v F LCRBIBHES X, (k = 1,2,3)
95, G f(z,y) = 0 DIXWIRAZTH 5K

zx(y) = ply) + \/;1@ + ) , k=123
k W1 9p(y) + \Ja(y)




IR f(x,y) =0 2L, 2DOFNENXE DO I TLITHA.
X1, X, Xy &) Y GOE T oy G, & DK o)
AR END. B, [, qDFE &L AT, 0,1 MIBW
T 3 2DOEFRA

(VrW)? =er(y) c=1,w,

DILDENRBEYSLONZE ST, BV SR REENRED 5
na.

FIZHNRZ ZTIRY F>THB R8I, Efulz i % Joukowski 25

O 1 OBPE~DILEEX 52 TWB. BIEERAZI361 % 1T Riemann
mOEHGMIZBRT DB TH DD, HEAFHRM S TIUT R —5
A L Rankine 888! (Rankine ovoid) # &8 L7-Z Lo/ 3. EB,
h—7 2 BIZ3 BERHNE 1 DB X, THEFDHBUZI>T Riemann
Rim~ & nifhnid, HrL<E 5N/~ Riemann fiE, Fo#RIzHT
5 3EDOHRmIZMA 572\ . Riemann EKifiAY Rankine S 24834
TORLTHD. ZhexdHol-dT2HOFEBHEO LTV =L -
€, b—7 A LD Rankine I TH 5. BAMRBAITHIHFENTF
Baf-oT, ZOIENTHEDLZ LN TES.

#il.

uz = —0.6526 — 0.5808: v = 0.6696 — 0.45073

@&%,ﬁﬁﬁmy:QLA:§+u r:%+%mmttbé.&
&: X3 liyzO,l -6, X] & X2 ‘iyzz\ —C‘\, X] CE X3 ‘iy:T—C‘KL_\‘
ENNCRY EbEND. y=0,1,A, 7121, HH#(23),(23),(12),(13)
BRSTD. HREFER (1) & () THENEE R ~B&T
D&, BT (23),(23),(23),(13) &£725.

&R, 0,1, A, co THIET B 244D Riemann fD 1 ¥iZ, Riemann
K% 7,00 THBT DLV ADLETTE S Riemann i3,
Uz, Uy, U (CXNET DA TERINDG. TNOOMIIBAFEEL R, S, T
N TT1 & oo ZRESIBUII > TV GO LD TH S,

R.Horiuchi, M.Shiba : Deformation of a torus by attaching the
Riemann sphere, J. Reine Angew. Math., 456 (1994),135-149.



AHLFORS FUNCTIONS ON
TWO-SHEETED UNLIMITED COVERING
RIEMANN SURFACES OF THE UNIT DISK

B E WOK

1. FINITE TYPE D546,

finite type ® Riemann surface R ¥ genus #% g, SERBST OHA*
| 4%, R ® double R it compact Riemann surface TH Y. £
genus ¥ G &AL G=29+1—1, 20t E f OFROHE deg(f)
&3 5& Ahlfors I2& D

| <deg(fs) <29+1l=7+1 Va€ R

f%%: t?ﬁ%ﬂ]%ﬂ’(\ﬂ%o

Theorem. compact Riemann surface y* = H?:ll(:z: —a;)(1 —a;z)
DS Riemann surface R % R={pe R:|z(p)| <1} £ ¥ 5, T

Y% R ED%&L a TD Ahlfors function f, ERE®LZT,
(1) L deg(fa) <g+1%bid,

z — z(a)

—_— (3 =1
1 —z(a)z’ i

fa=¢€
THoT. deg(fa) =2 TH 5o
(2) b L a € R #* projection map z @ branch point (2 F Y R o
Weierstrass point) 7 b i

fa y y |€|=1

=e—=
1 —
Hg:1(1 —a;z)



ThoT, deg(fa)=g+1 TH5,
(3) {deg(fs) : a € R} T a % R L&kt®< &&D Ahlfors
function @ degree D& BEEKRERT ET B L,

{g+1} C {deg(f.) :a € R} C {2,5+ 1}

2. FINITE TYPE TiiZWE4,

{an}2, % unit disk WOMR% 5 H5IT unit disk U PIZERA
YR wbDET B, f(z) % unit disk E analytic < o 1214
DELEFFHHLMICIIBL L%\ function £T 5%, y? = f(z) &8
(o TDE iﬁ A(U)[y] TE % % Riemann surface # R &¥ %,

Case I > (1—|aj]) = 0o DHo
i=1
AB(R) = AB(U) T& Y branch point {g;}32, {8 T? Ahlfors
function i*—&ET%V. R = R\{g;}R, ¢BWE. &£ peR TD
Ahlfors function f, &

T—-z
fp = E—.'_(—?J— IEl =1
1-z(p)z
ThHoT, Lhb {2} ={deg(fp):p€ R'}o
Case II. Z(l —laj|) < 00 DIGE
=1

Z ® t %1t Blaschke product

& e Rl 7]
B(z) = H 1—-ajzr a;

=1
RU ETHEFE—HIRL T, y® = B(z) £ T AB(R) = AB(U)[y]
THhb, DL E R OFKAT Ahlfors function ZFELT—ETH
%, % gq; I8 % Ahlfors function f,; &

fo; =€y lef =1
THY. deg(fy;) = o0.



7 Subhyperbolic rational functions @
Julia sets 2D\ T

HE RN AR B

A B R 7 subhyperbolic Td % & i R D% critical point @
HLE SRS EBICRSI X 5 2 F /=i eventually periodic I2%2 3% &
ERVWS. ABWCIEAEHEBEM R EHIC subhyperbolic TH 5 &
¥%. RO77 oA F(R) DS D BEFESECHI L&, 2
DOER 0D IBFH#EEL25. D% ROTERBETBLE R
subhyperbolic TH 2 Z &» 6 D XRSIFHETH 5.

WE1. D% ROBERETERAE L, D TDO R ORARK
Rk ET5. S'={z]]¢| =1}, h(z) = 2* LBLELE S 25
0D O E~DHZEE®R ¢ T

woh(z) = Roy(z)

EHETOOBELETS. X512 (H R D critical point TRiTh
EhiE o (¢) ETcHETH D, ¢ D critical point CEDEHE
Btk

hi97H6) o7 (B(O)
EEZ2t+1:1¢R3%.

#WBE2. H2 N BELELTERD ( € 0D kcxL<T
#{o Q<N &2 3.

EHE1. RDOYaY7EE JR) PERKTHDLTSE. ZDk

& F(R) DTERS D 0D = J(R) 2HE¥IE D 322 FER
ATHS.



J(R) DAT F(R) DVWHARZBADERICO RV DDEL %
Jo(R) L, RORMAY 1) 7HRE LI,

£HE2. Jo(R) =0 L3 4E+HEMER F(R) B2 TERS
EbONEEE, BEIEOORAPEREIPONTIITHS.

$HE3. D% F(R) DEBRTERALTS. TOLE

A = {C€dD|¢ & R OEMA )}
A, = {C€dD|( Dtz OD THEL 23 )}
Ay = {(€0D\ (UnxoR (A1)

| ¢ D#EIX OD THEL RSV }

EBE, Thes0BEAEEZNZN 0D LTHELRS.

EE4. f(z)=B-10=2—-r BB RER)=2H 077}
YESDRMBSDERIE Jordan curve TH 5.



Commutators in Kleinian groups

R B SREHERF

MidMobiusZSH Bt 2 KT f,gEMIC DI T, B (f)=tr2(f)-4, » (f,8)=
tr([f,g])22 33,220, [f,g]=fef g 120 DEEILEREND
K, ORNOBEHIIBIE T, » (,8)F0,8()=8@R)#-42TBL &
|» (f,g) | 22-2cos (n /T) BB Y SLoH & W S Gehr ingbMart inORRE L
K, ORNOBERBIS T, » () #0,8 R F-4FR|IB () |=
2{cos @z /T)+cos(n/T1)-1}x 6 F, |~ (f,8) | Z2-2cos (n/T) TH Do,
EVORENETHINEIRRE B3, UL, HBETE, RO EHHIS
T3,

EH, <f,>3NOBEMAIBLBET, » (f,8) #0,8 (8)#-4
FrlBE)=2{cos(2a/T)+cos(n/T-1}12 5,
|7 (f,8) | =22-2cos(n /) F x| v (f,efg™ ) | 22-2c0s (/7)o

BRIEEMT.F(2)=2(2-8) L H L FRFOnEOESR,FP 1 (2)=
FFr(2) U, ,Fo=F 2 33 MOBEHRS,gIC DWW T, gn+178nfen 1 273,
KR lgosgo i 6, B8=8 (), 7=7 (f.g) T3,

EBRE2, niX0LL OB L T3, g3, O DREMBIB LB T,
Fr(2)#0,8 @) #-4F 1| B1=2{cos(2rn/T+cos(n/T)-1}2 6,
[FP () |22-2cos(n/T) FHZIF* 1 (2) | =22-2cos(7 /T)o






32 % B T1% v THINNESS

T ) Fn B8 TEPRERE
227 5p

A2#Fo Bz EcCR* 3" Q2 thnm 2H3c%
(Eo B HS 2°&3x 215 0 6 C\E 9 Dirichlet
MEo ot v FERE cAE) E o REo RFAGE
FR&I1EIE) 4 T the THB LS55 E FA 3
te THB, A RMMLT ) - WEHE Ry ZHER
B,

k= N GeR'zMSk L, Ecqr L $:g7R ¢

quasiregular B 133, zoe* RV HLT I,
(4 E sV S@Gr) ¢ thin ' & J, E n P(}(o) = i3} 2
#3 %6 $E)IBFG) T thn T H3F,

a> E4Y @ U tha ThHOGF LR fE) BT

thin T F W,

21 oML L2 ZXnz#Erffs,



Eﬁl, H(CIRZ) : L¥ 3@ oL, EcH e

frH-Hz BEREIMBeTE, t6 r TedHnr
Hoe, EMIETRBE T3 HM o St PEKN =3 3
LARET3, 2L EAIT minimaly thix T

r 5e) 18 §6) 20 miniwmally thin T”'& 3,

Fi= € — {0} & Heinz’ cover'ng surfaces o FHF 2T A\
: §

73 ABTr HSERL om3 b sV Fe3



FUCHS #® CONFORMAL
10 CONJUGATION (tFE—E{LEBIIOWVT

ER OB, B mE  (ERIERE BEY)

FHEERTIIHAMAE A EICEAT 58— fEFuchs B T b 2BOREKICD
WTERT L. T PERERFE—HORE, A TEH SN/ -compatible 7%
BEEOEAER f I LT, £ conjugation

Iy = fTf™

EHIZ A = f(A) ERERSTICHD Klein Bi22 5, L7z2oT, F0ER
£ A(Ty) BEOHER OAF 2% LW, 2Fh, [T [E—H| LwiER
FAEMIZL 5 conjugation TRESINDLER A, ZOHEEZ Ahlfors D
FRUEEERDP OB IRT I EFHRKD DS, FOEHIZBVTiE [Riemann H
R=A/T = Ay /Ty DR puncture TL2RWV] F721k TA/T O
LoTERENPEDLoTLE) | LV BEPFENLREEHERT. 0L
BB, LEAIIROBEREB.
1 Fuchs # I’ & Riemann W R = A/T (2B L TLUTIXEME;
(1) T-compatible % A EOEEDNEATR f LT Ty = fTf it
Af = f(A) EARERSIHFHD Klein Bz 5. #iC, A(Ty) = 0Ay.
(2) f RBEA A #5 A ~DOHBEMZT fTf~1 75 Fuchs B2 %5 7% b
i, fIR—KRERTH S,
(3) Riemann M R I3+ b ¥ —RMERER (RB) 2//-%\w.
(4) f %A A »5 A ~OEREET [y = fTf!  Fuchs Bio%
%61, Ty \3%—H Fuchs B TH 5.
(5) R i disk with D-ideal boundary (k) %H7=7% .

CCT, Riemann @ R Ok € P —FEMELER L IZ, R 2 HSHEBRICH
© Riemann @ R THE%E# (: R —» R B E M —FEL ELDTH
4. %7z, Riemann M R #f disk with D-ideal boundary ##2&i3, R o
(relatively non-compact) BE#FB D TEESRAY Np KBS 2V
BHEAETAHLERE). H4ZLEOME Y M7 Fuchs #, Riemann H*%
S-type EMERZ EIZT S,

Typeset by ApS-TEX



XT, TTTRICRIBICZ S Did S-type TH K, »D%H—# Fuchs 8T
HI3VDEMRTIIE THHH, TOL)LHOBIIBRTES (LRI
12, Sakai[2] THR SN bDLEFEMICE LD THS. ) ZOBIDOHEHR% M
BIZ@B~RE).

(GIoRR] T3, BAME 0A Eic totally disconnected T, #2 Np
CREZVWES EPHETS. RICENHA A 256 A OF~NOERER ¢ T
image p(A) »* A DERFTERELLY, p(0A—FE) COA THHbDEL
(0 %%E E LEAER o OFERALNATYWS. of [3) . £2
T, o(A) ROEF] {pr ), 2 ZOERELEN 0A Eb L Hilts. L
T, A—U2 07 p,) 2F T Fuchs #x L, ThAPFE—RBTRDODEIC
oTWn5h,

K2 [f B — B AL (Simultaneous uniformization) BB DR EZXL L. T
T, —2® Riemann ® R;, Ry M#RAK—E{LweE&s i, Klein # G £ £D
$%EJZ§} Al, Az 7")3‘5)0'{, Rl = Al/G, R2 = AQ/G 75‘7&1‘[.1—7.) 2: %%%
5. LML TWA &) ICESARAME L ARE Riemann E? pair (Ry, Rs)
3E ICFE—BLTEETH 5 (Bers). ZORB—E{LEHE% —#& D Riemann H
~YLET A RANEKE Hamilton[l] Ik o TRENTWAS., L2 Leds, £
NDHRXTIREROER 1D (1) OFRIVMEEDE—E Fuchs FITH L TRILT
52t (Thbb, £TOE—T Fuchs A% S-type) ZIRELTWAD. L72H
>T, BRXDERE Y ICFAB—EIEENE—E Fuchs B TUEELI &) »
DU LIIARETH A EELEL 2B L V. I T, S-type ICBT5 Riemann
o LCIE A — B TRETH A Z L 2 HETA.

FI22 Ry, R, # S-type ® Riemann BT, M % # 2§ 5 REER
h:Ry — Ry PEETAHINDETE. DL &, Ry, Ry *AIR—FALT 2
Klein # G »F4E7T 5.

% \2%177: Hamilton OF#EaR: S-type @ Riemann MEiIx L TidBAL,
FRERAVCHER2IEHTEL LBEDNLY, BROBERRIP2VEMTDH
A, TITHEZAEBPIIL - LBHRTEHENLZODOTHAS.

EiZ, S-type ® Fuchs #OBEAREHE LN T— FIREIZOWTERT
5.

REFERENCES

1. D. H. Hamilton, Simultaneous uniformisation, J. reine angew. Math. 455 (1994),
105-122.

2. M. Sakai, Continuations of Riemann surfaces, Canad. J. Math. 44 (1992), 357~
367.

3. L. Sario and K. Oikawa, Capacity Functions, Springer, 1969.



11 — e ¥ R A4 DEBRERIZOWT

7R FERRFRF R R 5o

Riemann BRECOMTER DTHERI 3 HULP 2B DEEZ D, THE LA
HRTWA LI, L FHEH 25 DO EREEER FAMET 5, T Schwarz
W5 Sy = (/1) - (5" )V OBH /v A

Np :=||S¢lln = S:E(ﬂml)zlsf(z)l

MEDL ) LEFHIERIZZDEDL I D ? ( Npid fOBUAIZELT, DOAXICLDESE
%,) IOV TIE, Pommerenke [P1},[P2II & D#k4 2 ZHEBEITONRTE
D, NpdHRTH 5 L) LERITH4 LA PRV EZ S, BEEFEBISEVWER
FROZL A EPHONTV S, DX REROT L% (Minda DHEIREST) —1
ELFREFLETEIZLE S, I TR, BETAHEEBEROHENRFELHRLETVE
v, TTROLIICERFTEED D,

op = f DEHFFE =sup{a > 0; LEDFE o ONEPME LT FI38ST )

Mp= sup mod A, H[,: sup mod R
AcAp ReAp
7275l 22 Ap, Apit DOBER % 5383 5 X 5 % DA (round) annulus D4, ring
domain DEE¥ FNEFNETE TS, T/, ring domain RDEY 27 A mod RiZ RA*
round annulus {r; < |z —a| < 72} IFMEMELRF logry /il L DERSNDLDET D,
INLIZDWVT, KO LS REHELEFONE,

EH 1(KrA-MaskIT, CF.[S]).
DAEELETEIT L, 2coth®op < Np < 6coth?op.

EH 2.

2
T -20p < T t. __1___ < M < I
2. S op " \Sinh(20p)) =P = 20p

op, Mpligfﬁ FfETH B (%Kﬁp 1S AEIIDOV T quasi-invariant TH 5

CEIREIET D). MpiZoWw Tt Mébius FETT S 2V, LA L, RD & 9 %5l
PRI RTASN



EH 3.
L % MobiusZEROTE T DL &, LMy py—log4/3 < MpW*BiN LD, 6D CC
72 L(D) c C DEFEINE My(p) — log2 < MpHIK Y 3D,

F7. MpE Mpk OBRIZOWTIE Mp < MpldEHP LS55, Ml xizo
WTHRD & D L FEAELT 5o

% 4(cF. MCMULLEN [{M, THOREM 2.1}).
D C COEAITIEMp < Mp + 5log?2

%.
Np<oo®ap>0& Mp<ooe Mp<oo RII—HESEROBESATRIZL

BEbET—HELTH D,

ML BE T D EBERDE L ONAN, AR—ADEES T Z TIHEM L, HHF
IRRB T EIZ LIV, BB, BE TS WA, CD &) 2 —H5Ee#E%o BMO
YA A OBEBHTIC OV TIIBBR[GIC L 2EBRECREENDH L EXHELT
B,

REFERENCES

[G]. Y. Gotoh, On holomorphic maps between Riemann surfaces which preserve BMO,
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[M]. C. McMullen, “Complex Dynamics and Renormalization,” Annals of Mathematical

Studies, Princeton, 1994.
{P1). Ch. Pommerenke, Uniformly perfect sets and the Poincaré metric, Arch. Math. 32
(1979), 192-199.
[P2]. Ch. Pommerenke, On uniformly perfect sets and Fuchsian groups, Analysis 4 (1984),
299-321.
[S). T. Sugawa, A class of norms on the spaces of Schwarzian derivatives and its appli-

cations, Proc. Japan Acad. 69, Ser. A (1993), 211-216.



R 7l 3

#FR Xt Teichmuller ZRIDHHFIZOWT
ANEE  (GURKEE - BIEEBISH)

§1. TFftbs L UEEH

TNy R )= A (FAIRHTAT A ) — < i) RO Teichmiiller 248 T'(R)
AR OERTE i L: (marked ) REFILEID ) — < LilioSFMAMiEILHhTH
%o T(R) WIZARLEBEMIEA AT HI EPMONT D, COEHKEETNT DN
TN = /MCEFTHRL L S & 32 L, ) =< UllioHRTONRMKbILTL
3 1O BUSBEE A A S Z (ko TLE Ho (MAHMIITREFOOT, 2k
9 7% b ?id reduced Teichmiiller space &I, ChixIhTHNTH L. WA
RASMALFIMZZ & Riemann OEGEREL S I Ud 1 ik b,) £ T, BRTONMH
bRDAJIDIRAE 2 b1, FFMEHEREMA DLW T AFT L L BITEIY)
¥ B, —#o Teichmiiller 22l T(R) 1&& 2858/3F v NEBOATRFURE L TH
Bahb I e olz, THH Bers HIORAAREHINTW L b DTH D, TOTEHT
i T(R) BTRKITTH 2 -0 DL+ 5350013 RAFITIHAR 2 ) —< Vil (0F 1
I8 PP SATBRRDEEZ RV TR OGN D) THEI L TH D,

ZOHDRAREFL {BTBI Ho Teichmiiller M T'(R) i RYHHbo ) —=
i S~OBEMER f% Teichmilller WHETH > THONLEMTH S, (Litkh, $E5
NEREEALE, WibZVIRY, 25chbbl L ¥ lETS,) 22 f: R - Sk
f': R — S'# Teichmiiller Fifficd % Lix. H25MBi%p : §' — SHIAELT
fYogo f'tidpic ROMEMNORIHE LTHIXHRE Yy 2 ThHHI ETh B, (&
CCEHI MM L BUTIABARD L 7 v 7 ARENOTERSNDL LD TH S,)

V) — i R, ©F 1 L H 25 o 8asis g p : H — Ry
145 LRELT &V, p OBMERIT = {y € Aut(H) = PSL(2,R);poy = p}
E35, (ME RD7 v 7 AMBR EWVEID,) TORBIRERA(L) &T5E. Tk
R\ A(N) (22 TR = RU {00} £¥5) ARMBIMAAIT B, S OHEANC X BTl
(R\ A(I"))/T% ROBESR LT, LIFLIZOREE . f : R — SEERSASR
Y4onEE, q: H > SEMFLEREEERETIUL, fRRSASES H - Hic
FH b D, fI EEPROBR T CEARICESLRIIRS S LA TVEDT (S
Db, i, HEEO ROBSAERIZIZOIMER T USRS, Lv)
HPEAED S EICHZE LT o Zhid Teichmiiller FEOEHTLELHETH D).
T R WSISERA T LfA70,1,00 $EETHLOL LTB L, fONMVF T3
Blus = f/f £ LT RO C LDV 5 I HBEREM o

psw, on H
Wz = —
0 on H*=C\ H



EBUEASE w(0) = 0, w(1) = 1,w(o0) = oo 7T D)X OM weCol
TRHIBLIC % 2 b O — AT I LML TV D, Sk FEBCI BTN
L PEN S S FIr TR H LT Th D, I IICKORENEVIIMITH S &
s T2,

Nehari-Kraus &z & 0, Sfﬁ‘ H* Loilllki%e Tpoy-(Y)2 =¢ (Vv €
I) k7L, HRERM Vo |lollae = sup,eqe(—Imz)?|p(2)| < oo ¥H2H
DEED S L BYHESTF v NEH By(H*, ') O TH DT W50 5%, #oT, Big
fr S ¥EXDEINHIUET(R) 6 By(H*, I') ~igt e dliketiig b 2o T
BH. L2b ZOMIMTRAIETH D Z L 33D %, #o T, BT T Teichmiiller 22
REDEHIILTHORINZbNE LTERDI LT D, T4 LIHLET(R) oR
bIZT() & b# <o (WAL PR =L D Teichmiiller ZMH % %% Teichmiiller
2N, Sk T(1) ks, i T(D) = T(1) N By(H*, I') ThH BT LHt
LAY L2 OBOVERNM &5~ a v F 7213 Douady-Earle k> 6595, #-T.
T(I') t3F 7 Bers slice LIE o L bd %)

C DDA DOV TIIFZ T(R) 2 BRAITORE 1243 Teichmiiller 2oz >
I8 MERHRRTTY 54 Y HOEREME %2 5 LTHRET, £ DRI TE
TWBHY, FRLLPDPoTVDHEREI AV, BIZIE, T(R) 1 XTOYETTSH, ML
OAFNIFURDOBIR A EDRED o & " EFHOPIET o TRV, (McMullen
Lo T RIEDHEITV a VT YHIRTH D Z ENTR SN ) 15h5, TG/ DTT
BETORWE I ThD,) 27, Bl L2k L2k irregular %2 & 5 T, 1
RTEORA IR L-Holder THEVR? LV I FHRLH 2, BERTHBE, 1 X5
BEHENFRTBNEH MO T 2 ) TRE L LBPTVREVHFbH D,

bok b, Sullivan O#E LTINS Teichmiller ZMiGE 1 KITWHNER & DX
e 2 tud, & Teichmiiller 2217 Bers H0AM I, ##H%% D Mandelbrot
FaIhET B e Bbh, ERdtirregular KT L RS LBETFHRENEZ ETRH S,

&T., ¥ Teichmiiller ZH T(1) RRD L I IcHERT L b iliks, 2,

T(1) = {p|3f : H* - C: B s.t. Sy = ¢ CCORSMBEMIHRLRS }
= {p = S¢|f BHFHBAH> f(H) $BRMK (quasi-disk) }

Thdo 24L& b, % Teichmiller ZZHIZIM (0 Mobius BN £kE /3T A
PG AXTRLEMTHDEREED, #oT, KDL % (JEEWIL) HlHHURaHk,



BLUYV a vy U ERLEIHIET 2EME V) bOFBRICEI LN S,

S(1) = {p = 5;|f TUFEEH )
J(1) = {p = S|f REEEKS> f(H*) kVa Ly Em }

&5, Bers slice LABIZLT7 v 7 AR LT S(I) = S(1) N By(H*, I),
J(I')=J(1)NBy(H*,T) L EHT B, BEBHEAPDLIICS(T) BERBALET
b, S(I') D> J(I') D T(I') pBH L2,

R = H/T»WAra %) —< Y E. & )—#icIHcofinite . o2 5 | lA
BRAERT » 7 ABOHAI S(I) = T(M)MRD Lo L) Bk, £To b-group ¢
Teichmiiller ZMOBFIFHNDETHA ), L) HH% Bers FREFETS 2795, =
MUV TRES K DR L ENTV DI 226 T, 46 o TRBRLHECTH 2,

Ll 2%<EbT = 1 0BATE S(1) # T( )’C‘i)% EAEEI - Gehring
[G2] itk hREhTw3, 8512, Flinn [F]l &5(1) # JQ)»> J(1)\ T( EX
THHZEXERL TV D, —DV a V¥ VERASRMKIC L » Bers 145 TR Bk
BOEVIDRRREILTH DY (0F ), ZONIR—MIGEEL D b AL
V) SR OHANEORFIH LTOHEFIHOHH 5L TV D L ORBTH
LbEZ2HN05, %83, Thurston [Th] 12 S(1) MMLAEH-TV B LV SRR
&giiﬁ% Lf:o

CNEDHUNEDBRE— DT v 7 ABRTCIZOWTHE D ILOD? L) 0H
Blonaht, shizo w'tli%%ﬂ‘[Sugl]Liou\'fﬁ':'é‘a)% 207 v 7 AB (bbb,
AD) #Reh27 97 28) iont LT AR S(F)\J(F) #0»o J(F)\T(F) #
DTHBILRR LY, H1AEOHSIIEEIP?E V) ZEMRIZEEICE B, &
OB THH2HOEBARSE 1 M7 v 7 ABUI DV TEBOB RN D L S 14
PR MICX DB s i,

T, D7y 7 ARV TR S(I) L T() Lizdb T W EEILVOP? &
BRIZLF L 625 Tz, Gehring [G1)i2X W% < & b IntS(1) = T(1) Th s
CEATRENT V2, (22T, 8% Int i3, /35 v/\2M By i34 2P9% (interior) %
#£¥.) &6, Zuravlev [Z] 12k WEED Y VI ARV TT(I) #IntS(I)
D0 2 ELEERSI—KT BT LRSI TV,

#-T, S IntS(I) #*Mandelbrot £#4D X 512 Db “ Fft " ¥ FoT
WBLIRTENBEN? LV T EATHEICE Bo TIUSOWTIX, FRE [S] 1LY
cofinite 27 v 7 ABIZoV Tk ) IntS(I) = T(I') WD IO LATRE AT
5o CHUIEFD Bers FPEEYH— T 2ERTH ) IHICHBKREN,

—HIHEREDT7 v 7 ABZOWTS IntS(I) = T(I) ThdLFHEEND, LiT
5 RCOMBEICOVTIHERA R P o/ & ) TH A, SOUEEITL VERLES
DV TIHERATT Teichmiiller ZH T ZOFEHIE LV 2 EASRE Nz, T CIE,
= DIEHADBREE B S THLSFETH o



= ([Sugd]).

HRERE 2T v 7 AR RN TH L&, T4b5 R=H/TrENgn
AZNRIPY=TLEPSHEWNIED S o m BOAEMAMR MY RV A THI &
& (2f, 20L& LEE (g,0,m)-BTH3EES). tS(I) = T(I) FRIT 3,

ZOEBOFRE LTHERMEAEINT 2 BRECHERVBOND, T, £OH
SMERFEERT D, FEAD 3 SUES,S 2 2H%4S B2 Méb = PSL(2,C) 0%
SBGIMERLTOBEL, L®(E,G) = {v € L®(E)lvog-¢'/d = v} B,
:@ﬁ\ﬁﬁﬁﬁﬁmiP:L“U?GyaBﬁ@\ExH%kmxﬁuﬁiTéo

PU) = -2 [ 72 4d5d (¢=¢+in)
z2iz, By(C\ E,G) i By(H*, I') & Mtz L TEHE S NBHH T v 1220

T, /vait|ollp =sup(M(2)) 72 |p(2)| ek o TEEEND, 272U, A(2)|dz] 1
D=C\ Eo®x7vnLitREt 5,

%

e B ERE ISR DIC (FRER) Schottky B G FEBELTVBEL, 20
WESEEET D, 2O, ROIEHUEEVZFEHETH 5,

(1) P: L*(E,G) — Bz(D,G) is285.

(2) P: L*(E,1) = By(D,1) 1.

(3) Dis#gMAR.

£ix P\ ) 01t Bers ¥ EFHIN 2 EMEZOF S TOMFERICE o T 2,
#-T. (2) © (3) 1 Ahlfors, Gehring DR % AVIUTESIIH 5. (3) = (1)
LERIZER DD B, FEOERPL, (1) D&%, LVF&ED,SL (2) Tt
(3) D& HWHARBHHED) TENFDD L) OHBKFENE T B THD,

FOFER OV TIZEEL < 1X[Sugd| R THEE 2V,

ERn &5, IntS(I) #FZ 2B I2BVTik, Mandelbrot 40 & 9 127:¢
EATFH" BB o TVBEIICIEBI VDR, ERRLoEEL(RDE S L#BE

K(I') ={¢ = S¢|3 a homomorphism x : I' — Méb
st. foy=x(y)of Vyel »ox(INrs4 8}

¥Z2BE, Eidl'H cofinite DB IntK(I') 0 2 &L ERERSF R Y T(I) &—
HLTwHIENGFDD. LPLZOBIT(I) BN SA“FH#” . 2F Dk
B ERo TSI LATER., Maskit 512 igHEh T, TOREIIOVTIE,
ERK, fHRKICE N REF LRSI, BEIHSHIZENODH 5,

7y 7 AR 2O, T() o550 T() OHFIETWTITo T
b, HOBAVFBRNLLET T, BEQO LRI TV AL T ERELHE0T, £FLb
IntK(I') ® 0-component 2*T(I") L —BLEVbDELEbh b,



Vb7 X 512, Bers ICL 2UAMHEZER 2 L HOEHZEME L TIIRICHEE
SECEMAAAD 12, FOBRTIRBA LS L ERIFNS 2 L5505, —F.
BEAOK [Ta] i3t/ L AOROYIZBloch / VARFEX BT LIZE Y, KHFE—HIT
ROAAE Y b3V A5, Bers A& DIMBRICTHVAHE T(1) K52, MRTOKT
FERLTV S, SOMMIZOVTL, SROFEIFINDLIATH D,

§2. EFBOEHOBIE

CDIEAOERN% T 47 7 1t Gehring [Gl]oHEIET T2, ¢ = 57 €
IntS(I) L Lz &2, D = f(H*) LB83EL b A A DIxNBMEERERIC R - T
VEDHITREH, FROCRTNHRARTH 2 2 EATEATETIV, 22T, T
&b &0 Gehring D7 A F7 IOV TR D E-TET 5,

AR VMM EEREEE DIRABMCTH LI LR E ) IEHIER A > 1 9L
T RO 2 DOMRAE A TRV S LS NTw 3, (FIXIE. [Gl], [P]¥R&.)

(L) EEOPRAITH L, A% 25 21,22 € DNAS DNALADEBTES 2,

(J) EEOMERAISH L, EAR 2K 21,20 € D\ Agb D\ ARDBETERS,

1L, ZZizA={|z—a|<r} THBLE, Agixl = {|z—a| < Ar} iz
LoTERSNZLDET S,

(L) 273 R¥it linearly connected 288, (J) #7234 Rz John
FREFHTN TV 2, 58 D #BC LIc@A» 5 KB ICRY TR &, RS E 1IE,
&4 (L) RZOKENZII LR ADMALEERHL 20 L2 ERL, 3154 (J)
IXE DRI UM B R B2V L2 KT S,

Gehring n7 4 77it, b LABVRVE FoTHwzE LS, BOAYOE4L
DIFINVF—THDTLEIZ EHTE, TLHMKUNIEBER>TW L 20T
NIBTEF SRDEIZL TR YD LOZ RN F—-THOMEE 5 12 BBV D1
HIUNTEDN (oTELIHETLVEERIEONS) ., F#h i AANIHBE
BEFRAVTHBRL-C LI, “PLOTRVF—T" L) DIk, ZOBRS+4H/hE
W/ NVAD Schwarz a2 ¥ L ) EE A T, LW EKTH B,

—BOFEUR, G = fTf P <MbetaLx, DO%FREED = AG) &
8:D = 0D \ A(G) b\ L. $¥130: D DEEEBRAS VBRI OBEARIL > T
5, bW TERHHT R, COLE, ERERLAEICLNZOZ L E2RTOTH DA,
EREEZDEB A E LTI G-FETH Db DEMET 2LENH 2, £D7-DIZIT,
BEMIERO L ) 2 EREY 52 2EBEEHEL. Fht G TELTVTHIEbED,
bHAA, SO LERAIZHITORITH L IZL S0, SRIFNER (0F Higs
AEROEHTENNT L BFTEMEICRD LI 240) I TED, S610, BHEL
BETHILIZED, 1o~V b 7 IBFUDNHEROSEOBY FIcL birvk Sz,
h EBMRT BT ENTET, foThOROYITH = wh o h (ZZIZwhidut k(D)
DATIROICHBELTAVE 5 IHBRREZBOTHONBSEALR) 2F12L. i



FOBBEDP IS 2T 5, (Eid, 20 “EEEL " L) OWFEREICRI T,
BLEHFLIBLOI b1 oTHB,)

&tu\:wliﬂm&LtH®“1$w¥—"ﬂ&&w‘tw5:t%ié&6ﬂ
DT v, DFE D || Skl pATHAAE N E RRTLEND 2D7EH, A D Schwarz
WA OEY EENITKOZ01X, ZOMBEO/FIPOSRTERISEY,, (BEATERIZOV
Tix, biIXRFD Schwarz MG 3 EETHI L IARTETH S H,) LeLEIS, £
DI NVLZDOWTIRRD L ) L HETHMET 22 EHTE, SOFEFHVIIERZRN
DV ONESRIOFHER Y B BOEEOE L 72,

#E (cf. [AG], [Sug3])
D C C & etk e T3, A> 1,0< k< 1 #EMEL. f: D> C

ERANEERINEN LT S,

Ap C DERETEEOBRACH L. fIarCLD k- BEABRICKIEI NS
51f. % ||S¢llp < 96kA’TH B,

i, ||Sfllp < 2kA’THNIE, EBDAL C DEHRLTARACHL flakC
L0 k-RERBRICHIRTE S,

EEL. STTHE-RMERTHDEL, fONIE S IWBud’ |ulloo < kE#E
TIETHD,

Ei, CCETREZEDE2H 7 vy ABNIIH LTH N I2FETH o720 LA L.
A(G) ¥ TEOTIDHHANEREARII Lo TV I NI DIk, FLELITERLEL.
EP2) 7 TEIZOMSGED L 51Z0A Schottky Bl > TWBHE. THbLAR
E AR OBEDAZDTH S,

FEEOFETHAIERROLEROPRRD DI, ETARTELIERLLE
VRZTBE ) TEHEOE2H7 v 7 AREL, G = fTf L3 ERDEY 35,
¥5& RO R* .= H*/I = D/G =: S*3ERIC (EELIEROLV) V-
#iS = (C\ A(G))/G 0HiBORENBH, ZOHTOMMERA (BL  12B~S
NZON, HEREDOTT) EVIIRDL R CITHG (23 ). ABOEETERS
NESATRICE B18) THEI LI 5,

LPL, SSTIHHBReERMBMNz. 20 R (g,0,m)-BY—< & (m >
1) OBAIBRETSE. S0L ) RRTIFFICHELBE LIRI 0TV RV EHR
2T B, £BS, T3 Maskit @ Schottky BoK@Hi&€BIck ) G bETERAL
#o) Schottky BTH B LA, #-TSb 72 ROy 7R = (C\ A(I))/T)
LRLFATDY) -V ETHEI ENGFH D, 2, R* OHEHER S m BOE VK
bo OB HEI S LB L b FDD, SO RO, BAERf:H* - D
EFTICHE LTHONBEAERF : R* — S* = D/G USRI CRMICIETE
5T EH5rH B, ( Carathéodry D)

EHIZ, KETY-BOFMICL NEDRAE S* — SbEi:, ROYIVERLTS
BIENFDD, Thbb, SAERF : R* > S*RANREEF : R - SIHETH
BTN B. (EBCIR, MATRMITNLEOT, REABRIERZ EATED,)

ShEHUS: C\A(I) » C\ A(G) 28L By 5 2 kAtTa U, BRESAI



E LI ELE (totally disconnected ) T h—HIzBEEEIFE- TOADTERER
BIRETERTH D, #oT. D = f(H*) REAETHZ 2 LAEHSNS,

CIT, EBCFARL ENBREI P TH B, S 2 { FORREF £ MoTomuL,
FOLFBIENTEDDTH D, SHUIDVTIE, BANICREORT 2SR BE
TRLENDH ), REBHOZOEATIIRRE S L TERVOT, BEkD»HHE
1*[Sugd]? 6 % RTHZ AV,

COEX, FNHSFBRRAHENERTHIOT, HEE LTRBIIASNTEC
SEIZLE S,

%4 ([Sugd])

G £BEM NO Schottky B L. p: 2(G) —» R:= 2(G)/G t BRLERE T
3. (Z2I2(G) = C\ A(G).) $%. Ryt ROBHFERT D = p~!(Ry) #*Bist
FELBLIZHDE L., & 5ILORHRBOEVIZID 5V EMMARED 5 4 o
TWBERET 3,

fH-> DEV-RBRELT.TET7 972 fTIGfE L. ARERy : [ —
G2BFRR x(Y)of=foy VyeNL&WED 3,

ZNEE, fitx(y)of=foy Vye ItmrtCoRBERFIHET S &
FTEB, HoT. WD =FH)RTaNnd 4BETHS,
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12 Some properties of N-transformation

Katsuyuki Nishimoto Descartes Press

Abstract

In this article, some properties of N-transformation ( which is based on N-fractional
calculus) are reported.
Definition of N-transformation:

Denote the N-complex integral transformation of order i € R of the function f(§) as
N, {f(&)} and define

L) (2) nez
ARV R e LA (Cﬁ) M
with
N {f(D} = lim NAf(E)} = im F,(2)  (mEZ") @

where | F (2) I<o, zE€D, D= {D,?}, C-= {(;’?}’
C is a curve along the cutjoining two pointszand - o + i Im(2),
é is a curve along the cutjoining two pointszand o +iIm(z),
b is a domain surrounded by C, ? is a domain surrounded by ?,

(here D contains the points over the curve C ),
f = f(&) isaregular functionin D, T" is the Gamma function,
-nsarg(&-z)s x for C and 0 < arg(¢ -2z) <2x for C.
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13 Applications of N-transformation and N-fractional
calculus to nonhomogeneous
Bessel equations

Katsuyuki Nishimoto Descartes Press Co.

Abstract
In this article, N-transformation and N-fractional calculus method to nonhomogeneous and
homogeneousBessel differential equations are reported. Solutions to the equations are given
by the use of the author's fractional calculus. Theorems for the solutions and some illustrative
examples are shown in §1 and in §2 respectively.
Some theorems in §1 are shown as follows.

Theorem1. Let ¢ €9 = {g|0 =@, | <o, uER} and g €$ then the nonhomogene-
ous Bessel equation
70+ el -v)=80) (€20 (1)
have a particular solution of the form
Q= Cvelc(((gg'( m)e-lc)-v-(x/z)C-lep(;))-le—”;))v-(vz) (2)
and (p* =@ whichhas-i instead ofi in (2), (2)*
where
P(g) =i2¢ +{v +(1/2)}og¢, 3
¢ =d’p/dE’, g, =dp/dE, gy= g = g(£), LEC, v is a given constant,g = g(£)is a
given function, and log ¢ = log, .
Theorem 2. Let ¢ Egs, then the homogeneous Bessel equations
8ol -v)=0  (£20) @

have solutions of the forms

P KCveiC(e-EZC C’(wi‘))v-% , (5)

-(v+d
( 1))"-%’ (5)*

and o =Kg'e F e

where K is an arbitrary constant.
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On the complex oscillation of some linear differential equations
B Ot ERAKT
i =i HATLK

HESREBETOMAHBIAOROBAOSHE2A~IHER 115
OO YRFTFy IBICK->TE., BRAENKBUR TR 5,
AR THROMAFERERD K>

(1) f"+ARf=0, A(z) =" 120 1 Q(2)
MG SPNSTEE 2 E- W

{Pl(z)=(1z"'+--- G:-G#0,n,meN

(2) P2(Z)=<2zm+"‘

< Q(2) BEEH CHH(Q) < max{n,m}. M, e, Qur—
3T,

Bank, Laine and Langley iz [2) ohcER iz d 2 28 A(2) =
ReP +Se®+1, R, P, S, Q, TREFERDOBEER->TVD., 15-
Theorem B Ao #FiwTd v, TP ERZTWEFRKECHR A
BRENTEHE M oTHAER B 2BE T BLEIABRE,

(% (ii))

Theorem 1.
() mEnzsELcokEELRE fRASf) =00 2 7.
G) m=mn, (G #GROIELTOFREWELIE FRAS) =00 2
9.
(i) m=n, G =0CRoERTOREHRRE fRAf) 2n %2
-9,

(i), i) oFBEREENIczhZh B cReshiRkoEREC
£ 5,

Theorem A. P32 cdegP=n21, QiBENBEKT
BEo(Q)<nidhnif, 2TOFEERROMHHER

f + (P +Q)f =0



O frAMf)=cc%i7.

Theorem B. Bii BB E%, AZ0, CRE8HYE CAKER &
5. CDEEROHAFEER

"+ (A(2)e" ) + C(2) f = 0

DETOFEELER fedtLTAf)=c0cTh2h fBBEEREL
Fo(ooEEid Az) b BEERKLTWV)

174 N\ 14 Y
C“‘E(Z+B>+E(X+B)
DD L.

(i) oERMf) Z2n 2 Af) =0 ETER VD E S » iz Wang
BEEEL T ) CBEEVWHETS 3.
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On the order of solutions of non-homogeneous

17

linear differential equations

TODA Nobushoge Nagoya Institute
of Technology

1. Introduction. We consider the non-homogeneous linear
differential equation

(1) f(n)+a.n_1f(n'1)+..~. +a0f'=F,

where ag,...,a, ¢ and F are entire functions, F£0 and n>1.

Every solution of (1) is entire and all solutions are
of finite order if ay#0,a;,...,a, ¢ are polynomials and
F is of finite order([2]).

For an entire function w, we denote the order of w by
o(w), the lower order of w by u(w), the order of N(r,1/w)
by A(w) and the order of N(r,1/w) by X(w) respectively.

The following result([1]) is interesting.

Theorem A. Suppose in (1) that max{p(a,l),...,p(an_1 ),
p(F)}<p(a0)<1/2. Then every solution of (1) has infinite
order.

2. Result. Let f be any solution of (1). Suppose that for
some constant K the set { z:|£(2)| >K} consists of at least
g components.

Theorem 1. Suppose in (1) that ao(z)=P(z)A(z)+Q(z), where

A is transcendental and y(A)<+w and P#0,Q are polynomials



and that a1,...,an_1,F are polynomials. If for some cons-
tant K the set {'z:IA(z)I>K} consists of at least N compo-
nents(1¢N<4»), then either p(f)=+o or
(2) N/“(ao) + g/p(£)s52.
In particular, if u(ao)é1/2 or u(ao)=N/2, then p(f)=A(f)=
A £)=+o.
Remark. There are examples of (1) with an entire solution
of finite order for which the equality holds in (2).
Theorem 2. Suppose in (1) that ag(z)=P(z)A(z)+h(z), where
P#0 is polynomial, A and h are entire such that p(A) <+,
(ii) for some constant K the set{ z:[A(z) [>K} has at least
N(22) components and (iii) nlax{p(a1),...,p(an_1),p(F),p(h)}
<p(A)/(2p(A)+1-N). Then, either p(f)=+= or

N/u(ag) + a/p(£f)s2.
In particular, u(ay)=N/2 or p(a,)=N/2, then o(£)=A(£)=A(£f)
=400,
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Let A be the class of functions of the form

f(z) = a

(a; = 1)
. z a;

k

e~ 8
=

k
which are analytic in the open unit disk |J.

For functions
o k
f. = a . = 1
J(Z) kzl k,j-z (a]-»J )

belonging to A, the convolution (or Hadamard
product) (fl*fz)(z) of fl(z) and fz(z) is
defined by

(E*E))(2) = T a i3, 52"
k=1 ™’ ’
With the help of this convolution, we define
the differential operator
z

DUf(z) = T *£(z)

for £(z) in A, where n ¢ NO = {0,1,2,...}.

Since



z

) C(n,k)zk
k=1

(1 - z)n+l
with
k-1
.H (j + n)
C(n,k) = —=% , C(n,1) =1,
(k - 1)!
we see that
n o k
D f(z) = Y C(n,k)a, z .
k=1

This differential operator an(z) is said to
be Ruscheweyh derivative.

In the present talk, we derive some
distortion theorems for an(z) when f(z)

belongs to some subclasses of A.
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SOME RESULTS AND PROBLEMS IN THE
THEORY OF VALUE DISTRIBUTION

Lo Yang

Institute of Mathematics, Chinese Academy of Science

Let f(z) be a transcendental meromorphic function in the complex plane C
and a be a complex number (finite or infinite). According to Nevanlinna[9]

m(r, A~ N(r, 2
( f'“)=1—1imsup ( 7-2)

(1) 8(a, f) = liminf —m 5= oo I(nf)

where m(r, j+a), N(r, ,—l;) and T(r, f) etc are the usual notations in the theory
of value distribution (cf. [7], [9] and [17]).

It is clear that 0 < 6(a, f) < 1. If §(f, a) is positive, then a is named a deficient
value with respect to f(z) and 6(a, f) is its deficiency. The most fundamental and
important result of Nevanlinna theory can be stated as follows:

Any transcendental meromorphic function f(z) in the complez plane has count-
able deficient values at most and the total deficiency does not exceed 2, §. e.

(2) Y 6af) < 2,

aEE
where the summation ts taken over all the complex values including infinity. It is
the famous defect relation and upper bound 2 is sharp in general.



1. Quasi deficiency and modified defect relation

For an arbitrary positive integer p, denote by Np(r, -}-é;) the counting function
of zeros of f — a with the multiplicity less or equal to p. Similarly to (2), the
author [13] defined quasi deficiency as

- .
(3) bpla, f) =1 —].i:t_lil:p %!)—:)“—).
It is easy to see that 0 < 6(e, f) < 65(a, f) < 1. When 6&y(a, f) is positive, a is
named as the quasi deficient value. Under this definition, we have

Theorem 1.1 Any transcendental meromorphic function f(z) tn the complez
plane C has countable quasi deficient values at most and the total quass deficiency

does not exceed 2 + %.
In 1994, A. A. Goldberg([5] proved

Theorem 1.2 For any posttive tnteger p, there is a meromorphic function of order
2 in the complez plane such that it has four quasi deficient values with quast de-
fictency 5&; each. That means the total quass deficiency reaches the upper bound

2 +% and Theorem 1 can not be tmproved.
2. Connection with complex dynamic system

There is very close relation between the theory of value distribution and com-
plex dynamic system. For instance, the following theorem was proved by the
author[15] in 1986.

Theorem 2.1 Let F be a famtly of meromorphic functions in a region D and &
be a positive integer. If for each function f(z) € F , neither f(z) nor f¥)(2) has a
fized point in D, then F s normal.

Recently, W. Bergweiler and A. A. Eremenko [1] settled a long standing prob-

lem by using some results of complex dynamic system. The following conjecture

was proposed by W. K. Hayman[6] in 1959.



Problem 2.2 Let f be a transcendental meromorphic function in the complex
plane. Does f™f' assume every finite non-zero complex value infinitely often for

any positive integer n ¢

Hayman himself settled the problem for n > 3, and » > 2 in the case of entire
functions. Some mathematicians have interested in this problem and it has known
that the answer is positive for n > 1 when f is a transcendental entire function and
for n > 2 in general. When » = 1 and meromorphic case, however, the problem
is very difficult and stands for many years. In 1994, Bergweiler and Eremenko[l]
solved this problem for n = 1 and £ is a meromorphic function of finite order. Few
months later, on the basis of Bergweiler and Eremenko's result, the problem was
finally settled by H. Chen anf M. Fang[2], Bergweiler and Eremenko, as well as L.
Zalcman independently.

3. A new method for proving normality

The concept of normal family and some criteria for normality are very close
connected with the theory of value distribution. During the recent years, there is
a new method which easily leads to some new criteria for normality. This method

is based on a lemma due to L. Zalcman.

Lemma 3.1 A family of meromorphic functions in the unit disk is not normal at
the origin, if and only if there exists a sequence (f;) belonging to F, a sequence of
complez numbers (z;) tending to zero, a sequence of positive numbers (p;) tending
to zero and a non-constant meromorphic function f in the comples plane such that
fi(zj + pjz) tends to f uniformly on all compact substes of C with respect to the

spherical distance.

W. Schwick[11] proved the following criterion for normality.
Theorem 3.2 Let F be a family of meromorphic functions in a region D and n
and k be two positive integers with n > k + 3. If every function f(z) belonging to

F , satisfies
(4) (M®() # 1,



then F is normal in D.

A young Chinese mathematician Xuecheng Pan[10] extended the Zalcman’s

lemma and proved the following result.
Theorem 3.3 Let F be a family of meromorphic functions in a region D. If every

function f(z) belonging to F , satisfies one of the followsng conditions, then F is

normal in D:
(a) fH#EL
(b) f'—aft #b, where a and b are two finite complez numbers with a # 0.

Recently Huaihui Chen has done a seies of research on normal families. For

instance, he proved [2]

Theorem 3.4 A family of meromorphic functions belonging to F posseses the
property that f* f' # a for a positive integer n and a finite non-zero complez value
a.

The condition f*f' # a of Theorem 3.4 can be replaced a weaker one.
Theorem 3.4’ A family of meromorphic functions is normal, if every function f
belonging to F posseses the property that f*f' = a implies |f'| < M for a positive
integer n, a finite non-zero complez value a and a positive number M.

It is natural to pose the following problem.

Problem 3.5 Let F be a family of meromorphic functions in a region D and P be
a condition (or a group of conditions) of normality. If every function f belonging

to F posseses the property that |f'| < M for all points of D where f does not satisfy

P, is F normal?

4, Drasin’s problem

D. Drasin[3] posed the following problems in 1976.



Problem 4.1 Let f(z) be meromorphic and of finite order in the complez plane.
If the total deficiency of finite complex values of f equals 2, i. e. function f(2) in
the plane has countable deficient value at most and the total deficiency does not

exceed 2, 1. e.

(5) Z 6(a, f) =2,

aGC
and
(6) 6(c0, f) =10,
must we have
(7 > 6, £)=6(0,f) =17
seC

Problem 4.2 Let f be meromorphic in the complez plane with 6(co, f) = 0. Can

we have
*) EaEE 6(a, f) + Zbeé_ 6(b,f')=4 7

Problem 4.3 If the equality (*) is not possible, what is the best upper bound of
the left hand side of (*)

Inorder to answer Drasin’s problem, we have the folowing result [18]

Theorem 4.4 Let f be a transcendental meromorphic function and k be a positive

integer. Then we have

) T, n)+ T, gk ™) <5

The equality of (**) holds if and only if either

(a) Op(c, f) =1, ZaeC 6(a,f)=1 and }:bEEQS(b,f(")) =2;
or

(b) k=1 Og(co,f) =0 Tcblaf)=2 ad T, 5601 =
6(01 .f) =1

where Op(oo, f) is the modofied ramification indez of co with respect to f.



Now we can answer Drasin's problems completely. In fact, it is a direct conse-
quence of Theorem 4.4 that the answer of Problem 4.2 is negative and the upper
bound for Problem 4.3 equals 3. On the other hand, by a well known fact

(8) D 8(a, ) {2 - 8(c0, £)}8(0, ")
aeC

and Theorem 4.4, it is easy to see that the answer of Problem 4.1 is positive.

5. Mues conjecture

Let f(z) be a transcendental meromorphic function in the complex plane and
k be a positive integer. Since f*¥)(z) is also a meromorphic function, it is natural
to get the precise estimate of total deficiency of f(")(z).

Hayman[6] pointed out that the total deficiency of all the deficient values of
f®)(2) does not exceed £x2. Then E. Mues[8] improved the bound of this result

k+1°
to
) k% +5k+4
k2 +4k+ 2

We proved the following theorem[16].

Theorem 5.1 Let f(z) be a transcendental meromorphic function in the complex

plane and k be a posttive snteger. Then we have

2k +2
(k) - -
(10) EECi 6 f™) < et

where the summation is taken over all the finite complex numbers.
In order to include §(oo, f*)), we have another estimate.

Theorem 5.2 Under the same hypothesis, we have

2k(1 - @E(Oo,f))
(11) %é&(a’f(k)) I THiC Or(c, )

Concerning this topic, Mues[8] posed the following conjecrure, when he im-

proved the Hayman's estimate.

Problem 5.3 Zaeéts(a’f(k)) <1



Recently, we[18] proved that Mues conjecture is true for almost every positive
integer. Then Yuefai Wang[12] improved this result to that Mues conjecture is

true, except four positive integers at most.
/
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42 On Relative Base Point Freeness of Adjoint Bundle
SHIGEHARU TAKAYAMA* NAGoYA UNIVERSITY

Recently, Tsuji [T2] has proven the following theorem which gives the complete

affirmative answer to the global generation part of Fujita’s conjecture [F):

Tsuji’s effective base point freeness theorem. Let X be an n-dimensional
projective manifold defined over C and let L be an ample line bundle on X. Then

Ox(Kx ® L®™) is generated by global sections for every m > n.

Although Tsuji had to overcome some technical difficulties to deal with the case
of the best constant n+1, the basic idea of the proof (from [T1]) is extremely simple
and can be applied to a variety of contexts. In this talk I would like to mention the

following relative version:

Main Theorem. Let f : X — Y be a projective morphism from a complex
manifold X to a complex space Y, and let L be a relatively ample line bundle on

X. Then the natural sheaf homomorphism
T f.Ox(Kx ® L®™) — Ox(Kx ® L®™)
is surjective for every
m > % d(d+1),
here d is the maximum dimension of the fibres of f.
Our basic tool is singular Hermitian metrics as in [D].

Definition. Let L be a line bundle over a complex manifold M. A metric h on L
is called singular Hermitian , if there exist a function ¢ € L}, (M) and a smooth
Hermitian metric hg on L such that h = e~%hg holds. This defines a closed current
curv h := curv hg ++/—1080¢, where curv hyq is the curvature form of the Hermitian
metric hg and 89 is taken in the sense of currents. The (1,1)-current curv h is said

to be the curvature current of the singular Hermitian line bundle (L, h).

* Research Fellow of the Japan Society for the Promotion of Science.
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Definition ([D]). Let (L, k) be a singular Hermitian line bundle on a Hermitian
manifold (M,w). The multiplier ideal sheaf Z(h) of the singular Hermitian
metric is defined by

I(h)U) = {f e T(U,0x) ; |fI*e™® € LL.(U)}.

Thanks to the following proposition, all we have to do is construct a singular
Hermitian metric which has the correct singularity at the given point, and whose

curvature current is strictly positive.

Proposition. Let (X,w) be a complete Kahler manifold, = be a point of X, and
let L be a holomorphic line bundle on X. Assume that L®™ admits a singular
Hermitian metric h, such that

(1) there exists a positive constant c such that curv h, > c w, and that

(2) z is isolated in the zero scheme VI(h,).

Then there exists a holomorphic section of Kx ® L®™ which does not vanish at z.

For a given point £ € X and a positive integer £, we can see that there exist

an open neighborhood V of f(z), a positive integer mq and sections og, -+ ,0n in
HO(f~Y(V), L®™(2¢+1)} with high vanishing order at z. Then

B hgpmo(uﬂ)

 Tilolosl?

is a singular Hermitian metric on L™(2¢+1) here hq is an appropriate smooth

Hermitian metric on L. The key point is to estimate

a:=sup{t > 0| () _loj|*)"Cm) € L}, (x)}
and controle the ideal sheaf

Z((Q_ lo[*) et/ Cma))

in order to use the proposition.
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A defect relation for Gauss maps.
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HEMFEESEBREL, Pt l(Ps)% L ROBRTERIN
frbDEd 3.

(i) FE¥HqgicfzwlT, ¥BRE

LT (X, I(Pg )R '%x(E))—>Image of (*CH"(X, "x(E))
B2 TH-T, L0 6=id &7 3454
67 : Image of (* - I'(X,I(PE )X '%x(E))
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b0, AL (T H (X, I(Pr)RR"x(E))—H'(X, 2"x(E)).
(ii) g>n—v(E) K5I,

t?: HI(X, I(Pr =)QRR"x(E)) — H' (X, Q"x(E))

REEHRTHS. ITrv(E)REDKREOIANIE/PNIERILTHS.

o, 3oV -0BHERLBONIN, WTFhbIEOoHMK
EDHBTHENMELZ L OBALERLT MEHFOETLIES
nizw., ZoBHRBASORHE (X, Q*x(E))%2&KBT 2T Tt
Boxtheex p(— e, DKL TL-A[ER bO LMK TE LV
Hick 5.
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45 Second Main Theorem for f:C™ — P*(C) with 1 <
rank f < n.

B O W ER FRLERFHERZE

The value distribution of a meromorphic mapping f : C™ — P*(C)
with respect to hyperplanes was dealt by W. Stoll, H. Fujimoto and
others, generalizing the theory of Nevanlinna-Cartan and Weyls- Ahlfors.
Carlson-Griffiths-King obtained S.M.T. (the second min theorem) for
f in more general setting with assumption that rankf 2 n. Here we
investigate the general case, 1 £ rankf £ n, and will see that the rank

of f appears in the truncation level of counting functions in the estimate
of SM.T.

Main Theorem (S.M.T.). Let f : C™ — P*(C) be a meromorphic
mapping. Let! be the dimension of the smallest projective linear subspace
of P"(C) containing f(C), and p = rank f. Let H;,1 S 5 < g, be
hyperplanes of P™(C) in general position. Then

q
(¢=2n+1-1)Ts(r) £ Nicpsa(r, f*Hj) + 5(r).

j=1

The case of m = 1 was proved by Cartan and Nochka, and the case of
p = n by Carlson-Griffiths.

For simplicity we here assume that y = m and ! = n. The general
case of | £ n is dealt with in the same way as Nochka’s arguments,
and the case of 4 £ m my be easily reduced to the case 4 = m by
slicing. So, f : C™ — P7?(C) is linearly nondegenerate. Let f =
(fo,-..,fn) be a reduced representation of f. Let (z1,...,2m) be the
standard holomorphic coordinate system, and let D be a partial differ-
ential operator in 8/0zy,..., B/p‘g:tz'alzm with respect to a multi-index
a = (aj,...,am). Let Vi(2) denote the linear subspace of C**! spanned
by D*(fo, .-, fa)(2) with |a| £ k, and set hy = max, dim Vi(z). Then

hi=m+1, hg < hgy.

Lemma 1. If hy = hyyy for some k, then hj = hy for all j 2 k.
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By this Lemma we see

Lemma 2. There are partial differential operators Dy, ...

that
o

8z
DizDaiu lall.<_7'—m+1)

D; = 1S:ESm,

and that the generalized Wronskian

fo(2)
D:fo(z)
W(fo(2), ..., falz)) = | P f_o(z)

an:o(z)

satisfies

m+1Z1Sn,

fa(2)
D! fn(z)
szn(z)

D™ fu(2)

, D, such

W(E(2)fo(2), -, E(2) fal(2)) = E(2)" T W (fo(2), - -, fa(2))-

for a holomorphic function £(2).

We show the Main Theorem by making use of this generalized Wron-

skian W(fo(2),..., fa(z)) and Cartan’s method.

The Main Theorem implies a ramification theorem and generalized

Borel’s theorem.

Function Field Case.

Let R be a complex projective algebraic manifold. Let z : R — P*(C)
be a rational mapping with rank u. Let ! be the dimension of the smallest
projective linear subspace containing z(R). Then we have

Theorem. Let the notation be as above, and let Hj,1 < j < g be as

in the Main Theorem. Then

q
(q —2n+1- l)ht(x) é Z NI—#+1(x*Hj) + C(Ra Hy n))

i=1

where C(R, p,n) 18 a constant depending only on R, u, and n.

Remark. If R is a curve of genus g, then Cp = n(n +1)(g — 1).
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WHHER  PHERSOIK
WOt (EEKRY HEFH)

1 F

3t -2 vy NEM R IZBANLIBOMILEEKICH]L OEMAELSZ B L.
BANEZDORENIFIIOM L. TNL AU B EHHIEERAN TIIEZEMIZ0 £ 73
BHIKRE. LW B FEIREEICH] 5, ZOBOEBEMIHITFEEMIGES NS,
INE O ZERANICFEESZENEL S, COFKIIRT VY v IVHROEED—DIZ
BoTnb, ZOFETIE. VYV /A FO—fgbE LT BBIZOWT HEEFENIC
BEROZENTZA AT L BB, FEEER RV £k 04 U5 FERSITE
f£F 5 E%xRRE, B, BRICESZ ONEER) S FHEERICHET S
THNTY) XL %ERT,

2 ﬁ EEIJIL

F. ZR R O CF DT IV J(x) = (fi.fa, f3) D&M T divJ(z) = 0]
T TRE. Jdv, ZEEBRES O, BL. dv, E R ODBBEETH S, KD
N7 bIVIERES

R 1 J(y) :
Ayz) = NJ(z)= 47r/w S, s R

, L[ y-z 3

By(e) = rot Ayfe) = — /R e < Wiy, v eR
%% 5, Biot-Savart IZ96-T. Ay, By % FNFh B Jdv, LYEL BN
T PIVRF VY v RO B35 SRS, ZERINOEEDHME v 1o LT, v %

:/ J(y)- ny dS,
Q

TEFKT 5. J2I. Qi3 0Q = L5 BME. dSe. ny 12 Q DE 2 ICHITB
W RO BN P LVE KT, RRERORKE V. 2T,
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Wi, BRED CvY gigonishm ¥ CHEN/HEE D (CCR?) &%,
D' =R3\(DUS) &80 © LD (% @y MU J(2) = (fi, fa, f3) D%ME Tk
BMEAOH {Jodv, Yne1.. DEIELT BEBOERT J,dv, — JdS,(n — )
ThhHo] Zil-dH, JdS, # S LOEER £59, BL. d5, 3 Y OmF%
#£9, ROXT ~IVERES:

1 [ J( .
Ayj(x) = NJ(JT) = E/v 0 (_y)l” dS,, w¢€ R?
1

- . ) — y—- ¢z . /
By(z) = rotAy(z)= M/Z fp X W) Sy, € DUD
2EZ 5D, Ay, By 2FhFh BBMR JdS, LVYELBXRIMIRFV vV R
D HE 29, A R R THEETHEIN By X X IZ-T
R 1113111 Bj(z) - }1_"} Bj(z) = n,, x J(xo), Tp € 8
i.veb) ;UEDOI
2RO, THIIBERSAF TRAAIONICEETHS (K [F-L-S),
Y LOomEBHRO2EE S(X) LBX. FIT. CY RHEBRO2EE SY(E) &&
o HMBHRIZEATARDFEWE X %ML TEL :
il 2.1 J(2) & X LD C¥ B/RT MNVEHET D, TDEF

(a) J i3 S LOEBRY MUBETH B,

Jd5. € S(X) = { (b) (ny x J(2))-dz 11 S LOB 1 BRTH 2,

SE 2.2 fEED JdS, € S(T) LT
1. wy = Bj(x)-*dz EBIFIE. w e ZLR)NHyR*\X) THHY. DuD' K
DEED 1 94 )b v 12kt LT J]] :/*wBJ AU RSN

Y
2. x =00 Tk As(z) = O(1/||z||?) %R By(z) = O(1/||z|]®) TH 3, #->T

As(z) = N By(z) = %/R ||§J_(i)||

i ZRH R® TO C! /X7 MIUETH %,
3. RDADOORIEEEZ S :
n:=J()-dzx on I, p:=Aj(z)-dr in R3,
{ w:= By(z)-*dz in R*\ X, A= Ay(x)-*dz in R3.

dvy, =€ R?

ZDLE. ROBYFEHEBNKILT S :
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(1) bw=n (BEKOERT) .

(2) éx=p inR%
Ul
/ \ﬂﬂ@ﬁ)
p d w
N A
A

B 1: [\

3 quﬁﬁ EE.IJIL

Y LOmER JdS, DoEL B DUD' Lo By B4 D' TIEERIZO0IZ
BB EE JdS, = ¥ LOFEEBR 8T 5. ThLVELD Ay, By =%
NEN F@ARI PVRF VY vV RO FEHS £S5, L LOFEIHERD 2

&z &, PG O2EE £, EiLT. ROFEEENKRILT S :
TE 3.1 {1:}i=1,.0 Z D D1RLEETAV-HERET S, ZDEE,

.....

L& 1<i<q LT Tyl = 6, (1 < V) < q) Ailir-d FHTEER TS,
ﬁ\#ﬁﬂmlﬁ;ﬁ:?éo

2. Y LOFEEDOFEEERIE {/dS,}iz1, , D—REETEYR B,
Ji FOEUBFENRT MUVRT Uy v RU FEREE A, B, &L,

BY —< il Lo Ahlfors [Ah] OELIE LT, B D (CC R®) TOHA 2
EXD2Eks Hy(D) &8l ZOEH%ERH

Hgo(ﬁ) = {w € HQ(E) l ¥ J:T‘i w @&’ﬁ:ﬁ‘iof%%o }

HEZ B, dim Hy(D) = ¢ 5. FH 3.1 DAFPADAICIZROMEL REIE 4
Ths:
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HEE 3.1 £ED w=(a,8,7) *dz € Hy(D) I LT, DUD' LDOX7 hILE;

[ (apy) D
Sm(w) = { (0,0,0) in D'

Aedd, ZDEE
Smlw) € En == w € Hyp(D).

C OO I ITIZIRENC RN S 5.2 2RAT A EE BAohicw e
Hoo(D) iz LT RO SHWEEHE S LR Ac CY(V) BL. V iE £ OFH7
EEETH D) BED. FNERBET I HEE BH 5 ¢

dA=w inV, 84=0inV, A=0 onZ.
EH 3.1 THAIOEERES B 13 ROBEMMHE 2> TH5

I1Billge = | Min o {l1Bsllps | & J[y,] = 6 (L < VG < m) 28T}

4 7IVTY XA

FERIC i 1<i<qA525E%, E8 3.1 Tt FHEBR JdS, ~85
FITY L GERIEGE) 2H~E 5, WBOHIS, DY =D, D" =D &&
xR\ T CEBINAAS MUHPBRV ISHLT V(z) = VEe), 2 € D*
E#:L, Fhoo JdS, € SYU(E) TH-T. G

' Jly;] =6; (L<Vj<m)
(4.1) :
Jly] =0 for VYl-cyceyin D~

AHitc T b 0D E SY(Y) EE£T,
90 BRBY  AEEIC JodS, € SY(E) 2525, TNE VAU LS E Bo £T %o

BB J,_1dS, €8¥ () & ThEVEU AR By DEX o0& &,
(4.2) JadS, == (BY_,(x) x n,)dS, on ¥
EEHET 5,

CDEEL JdS, €SY(Y) THY. ZD J,dS, FDELBERT PLET Y8
WV RO EHE A, B, ETAE [Baoalle 2 1Bullze 2 [IBille: TH Ao
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JodSy  J1dSy  JadSp oo JpdSy o e ~ T

avevanve

By B, B, e Ba_yoo e ~ B;
X 2: FEHEER J:dS, ~DOTITY) XL

AHEDOEEMRBIROEREHATLILTHS

EIE 4.1 _t@jj-(ﬁf% “Q*Lfc 3’)0)/\7 )‘}bi?%@fU {J'n,ds.yr}m {An}ru {Bn}n Iz
B LT ROMREHRINKILT S :

1. nli_l}l\lc JndSy = J;dS, (GBEAEKDEWRT).

IS

711£le< “A" - Ai”]}@a =0.
3. lim By — Bullps = 0.
COEBIZBEERICL > TEFZIITRINSIETH S, ThEMHAT L HIHL

B 3ODHBEARETRE Do FDIHOHD 2 >OMEIZ. THHEE. RF v
Vv IVERIZINO TS BSR A FF Do,

5 fHeB

PRI L OBYSEEE U #MY, HE e U Mo £ FTOFSHE (-7
)y D) A R(x) EFHUE. R(z) € C(U) TH-To £ ETH VR(z) = ny
THbo K n>1ITHLT, ROFEHE#TT (—00,00) ED C™ BB xn(R)
EZB:

1 on (—oc, —,l—L
0 <\.(R) <L \a(R) =
0 on [—%,4—00)7
0 < IXL(R) <nM, I (R)| < n?M.

HLLM>0EEn(>1)Ilb e RICHKSTLWERTH S, EiZ. D Ot
BA% xp(z) B & n(> 3ng) ICH LT RATEHEINS R TO CF #BA%K
Xn(x) 2BZ5 :

. 1 in D\U
1 in D — .
xpla) = { 0 i; D (@) = ¢ xau(R(z)) in U
' 0 in D'\U.
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F->T B reDuD IZD0T nlﬂl&.ﬁ(“f) = xp(z) THhb, MH ¥ DAz I
i3 FihELE H(r) &Lt TDEE

WEA 5.1 GELIRME) & n (> no) XML T KR TEHINS R® TO C™ KH
ﬁ 1171.(41?) &U 1271(51:) %%2_5

Iln(.L) = /; Hy—;zrll dLy, rER

Ln(z) = /U Xx(lf;(g)lﬁ(y) dv,,  © R
EiZ
L) = - [ 29 45 LeR?
£ |ly — 2]
ble) = L{ﬁ%(mﬁﬂﬂ>+ﬁyfﬁﬁd%’ rERI
LB, TDEE

1. 7}212011n(z) =I(z) RT—HIT)
2. lim Ia(x) = Ip(x) (R*\ SDELANET—HEIZ),
3. BAKG {Ln(z)}n X R THRIZERTH %,

AEBNE S AVEHO & X ICEEBROHEICL > THEI NG, T DI - T
ZEXF T2 OMENRENRRESER (BR ER-BE. SHREAFD I
LT BEEITEFHICE L TGEHE N %,

H5Z 5B D (C R ICH LT @BEDOIEL. D AD 2 T/AIELE i (= 1,2)
BROIESZEME Ly(D)x D TO C§ & « BADIEZ%EM% C5(D), D T
O C>= % i PiERXoEM%E Z°(D) &L L. Z(D) = Cl[ZZ(D)], Bi(D) =
CldC, o(D)] EBLo TDEE RDTAINVOBERSEEER (Wy] DRILT S :
(5.1) L¥(D) = %Z3-:(D) + Bi(D).

2R R ICAOT BR300 MEEBROHSMHEBE dv 2 —f{EShICE
WEBEE LS. N7 MVEES

E, (zx) —! / y-° dv(y)

T ar Jpe fly - 2|
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dv SYECBRB 595, Bl R ICAWT RT3 bEEBEDOFS
T ERED 3 DD dp = (dpy, duy, dus) D% -

HJpdvy}tn=12,. € Ve s.t. nh_’rréc Jodv, = dp GBREASIOERT)

Wl L& —MIESNICRR LEE 0. N7 MViERS

T

1 Y-
= — d
B}L(m) AT R3 ”y _ 13”3 X "l’(y)

dp SYKEUCBHB L55, £DL S dv RV dp D2H% G, RV G, &
EC I

UTFTIH 526Nt oe CY(D) 20T ROTEEANS :
(1) DETo=fdo &ELS

du. e (rot f) dv, in D D e (div f)dv, in D
- { —(ny X f)dS; on X, { —(ng - f)dS; on X.

Ko

(2) xpoe€ L3R iIZHLT 74 NVOEKHHE :
XDO = *w, + 7, in LER?), {HL w, € Zo(R®), 7, € Bi(R®)
ET2EE w, RO 1, DEDENT PIVEE a, R a, EEL, BB,
w, =a-*dx, T,=a-dz inR>

BES2 (VMINOEBZAREBOBRHIBHER) ! £ED 0 € CY(D) 2
LT LEDEL5DHET

1. we R 17, DT ROBAETRDVKILT S :
{ ws(z) =dps(z) in R3\ &
To(z) =du,(z) in R?,
2L

1 1 .
pd(z) = ('——/ T d""a) 'd$7 NS Rd
‘iﬂ E? IIyl— z|

= — - dv x € R®.
dr Jre fly—zf] Y

Ug(T)

YR [Y2] TH oo € Z¢(D) DBAICHEETR LI, —BD o € CY(D) 1220 T bR
H5EEH AV MIHLEBERIKS,
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2 dp, € G, dv, € G, TH-T. &iki du, LVEUBHSE By 13 X7 b
VB, 12 BREE dv, XD USER E,, 13 ar 1KHELL, AL

xpf=Bu, +E, inR\Z
[FEFH) MAREER RV BREEEZZEELT
N = 6 % Xn0, prn=06xno inR3
EEB Ly €+ Z5(R3), pu € CF(RY) THBo #-To B IZHNT

{ pn(T) = N7]71($) { wn(ir) = dPn(i)
Un(x) = —an(:r), J

L@ & w, € Zo(R?), € Bi(R?) EHD( *wy, L7y 3B, £ZT
Mo = Jp(x)-dz, wp:= B, -*dz, T,(z):=E, -dr in R®

LB &L Judv, €V, THY RT MV By, E, $ZNWTH FEEBIR Jodv, &
O BREE podv, LOEU RS KU EBHICHL S0,

Za— b |ly—z|| OWELD N id* d, 6 EAATH LI EITHEET S,
R TO CF2RK 4xn0 ICRT VY VOHBRR R A =6d—dé ZEHLT

Wy = ANE(xxno) = d6(N * X,0)
(=A + 6d)N (3Xn0) = *Xno + *dN (6Xr0)

= *EO’ — *Tp

1825, BT, Xno = *wy + T, in LAR3) TH B, 1L
(5.2) xnf = B, +E, nR’
LRLUTH D, EIAT HBLEHEICLD R ICANT
Jn =X (VRX f)+ Xa (rot f), pn = Xn (VR f)+ Xn (div f)
THBEIENGND, BIZ. n—oo EFHIL. FES1 D1, 2 IZX-T

lim po(z) = po(z) (R®\ SOZELNILT—HIT)

n—0Q

lim un(z) = u,(z) (R*T—HEID),

= OO
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BT, WESL D3Ik T
nh_{n\ |70 = Tollpe = 0, nli_l}’; [|wn — wgl||pe = 0.
/ﬁE’DT\ (5.2) ‘:EA(I\’C n—oo &’g‘h‘i\ ﬁgg 52 %?‘5‘50 O
¥IZ. o€ Z“‘( ) DEGEICHRE 5.2 *WHT A&

F5.1 JdS, €S8¥%) &5, bL T LD CY ZBALER (ny, xJ)-dz D AN
DEDH C™ BB 1 BN o IZHEEIN B2 5E. xpo € LER?) D7 A IVOERS
BB (5.1) 1T B +Z(R?)-Hi43 *w, 1E By -da 125 L,

fEED ue H(D) I LT ROEREBLHSHTNS

xpu(z) = pru(z) — pa(z), z€R’

1 ou 1 3
plu(x) - 4_WL (&;) mdsy, z€eR

1 o 1 :

HU

W-T. o=du ITHIE 52 ZEAT S &

%52 fFED ue HD) IZLT
1. \Ddu - dplu + d( pZu) in LZ(RZ%)’ dplu € BI(R: )9 deu & *ZZ(RB)

QVmudﬂﬁztmaﬁ%F—~d9i@ib%%%F%b(V@umu
L@E%ﬁ@uxvm%'ibibém%l%bh

TTHue HD)IZHLT RO T2D /) VA {ej(u)} (1<j<T):
{ei(whecr = { dullp, lldpiullps» (4P|l p }i:u
222 %, H(D) DROEBAHZ2/
by \
Hun_@eﬂ )| S D& MRS T LT/ o }

ERHET R, COEE
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R 5.3 (FUEMRG) ° ROALEALWHTER L > 1 DFEETS ¢

Tll;e‘,‘(u) <eu)< Kej(u) (1<Vi,j<7) forVuc Hb(_ﬁ).

FERRIE D OBR Y RIS CY B f 2525 L% X ONE DY R4S D
KT A/ 472 RO T4V 7 VEEOHA 7Ly RAIVLADEBEICE T —&
& /R "EEAT U NTERL (BR[Fo)). FNoD /) IVAARBTAZ &
L& -THEINh 3B,

5.3 E% 52 2468 T, EEHOMMHICLERROZR 4B
%53 ROAEREZWICTERH c: 1>c>0DFEHETS
(53) ldpialiss < clldullo (i =1,2)  Jor Vu € Hy(D)

EE AT UAV [Po] XA D AERE CF BEMDEEX. J 1< DERE
PETT 4 U 7 VRIREAER 72I20 22D Vs {dpl) RO {dp,} ORIMEH%
ZRLTW3,

6 FEEDIEHA

ﬁ‘_?ﬁ 4.1 G:ﬁ/\f‘: \.71'd5.l‘~, BivAéaJn.d‘sva;ﬂ Aann %mb\f

E=(nyxJ;)-de on X N=B;-xdz inR3\ T P=A;-dr inR?
£, = wy = By, -*dz in R?\ T, pn = A, -dr in R3

LB (42) DSl | 16D D ADC* B BRIETHE0 5. % 5.2

(6.1) XD *wi_ ;| = sw, + 71, in L}R).

CTITN wy € Zy(RP)NHy(RP\ E). 7, € By(R?) TH B, & J,dS, I3 &M (4.1)
EWHreT o, ROWHEHET 2R/ v, € HR?\ I) BROMB:

du, = KWy — KWy in R*\ ©
_ i T3

xpdut = du,py + dvgyg in L{(R?)
- _ P

Up+1 = —Pout - Dnpl = Pyt in R?.

PIRERTIIHICY EVICEEE - LR TRV, BE-FHEHEL D b - B0 EE
BRFE L EIBEANHE TS~ (BB [ON]D.
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BRABIZ. H wp € Zo(R3) &Y. u, € Hy(D) TH 5B, #IC. £ 53 &0
lduntrllgs < elldutllp < clldug|lge.
T 0< <1 THEDS, {win 1 LUR?) TaA——HI%7 L. bR

wi= lim w, € Zy(R*) N Hy(R*\ B)
PERET 5, (6.1) ICANVT n — oo EF4UE D™ TEEMIC W =0 THH. &
2D 1 R J,[y] = bi; N5 / *w =106, (1<Vj<gq) THbH, BT, % R3
v
.‘ w = b\:ﬁ}b\éo E']B\
Jim w, =0 in Li(R?).
INEFE2MTHRNIMGEHEREMAEDET

lim &, == (BEAKDOEX%RT), lim p, =P in L(R?)

n—oG

/5. NS 3 DDOREBOERIIEEHD (3),(1),(2) I8 575, O
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