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N-Transformations of elementary functions

1 and their inverses

Katsuyuki Nishimoto Descartes Press Co.

Abstract

Many papers ([1]1 ~[/8] ) and books ([147,[20]) on the fractional ca-
lculus have been reported by the author already. In a previous paper,
the author discussed the inverse of N( Nishimoto)-transformation whi-
ch is a complex integral form . In this paper, N-transformations of
elementary functions and their inverses are discussed.

§0. Introduction (Definition of fractional calculus)

(I) Dermvimion. (by K. Nishimoto) ([1 ] Vol. 1)
Let D={D, D}, c={C.C)

C be a curve along the cut joining two points z and — o0 +iIm(z),
C be a curve along the cut joining two points z and oo +iIm(z),
D be a domain surrounded by C, Dbe a domain surrounded by C.

(Here D contains the points over the curve C)
Moreover, let f=f(z) be a regular function in D (z€ D),

J§)

rv+1) _
Si=Ny=c, P L “_z),,.dt (v¢Z7), m
N-a= !:T N, (meZ%), 2
where —xgarg({~2z)€x for C, O0<arg({—2z)<2x for ?- {#z

I': Gamma function ,
then (), is the fractional differintcgration of arbitrary order v (derivalives of order v for
v>0, and intcgrals of order —v for v<0), with respect to z, of the function f, if 1N, <o0.

Note 1. See Figs. | and 2 for the integral curves C and 9 and the domains D and Q
respectively.

Note 2. More generally, if f(2) is regular except the singular points in a finite (or infinite)
number and there are no these singularities inside C and on C, then f(z) can be defined again
with the above definition.

Note 3. If f(z) is a many valued regular function, we define /,(z) for the principal values

of f(2).
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Lemmas
(i) TueoremA. Let Nishimoto’s complex insegral transformation be

_Te) [ SO Lo
R{/C)) ™ G- =R, 3)

for a given constant p€ R, then the inverse 1o F(z) is given by
ﬂ-'{ﬂz))—r(_“+ 1) Fa) de @

w0

where f({) is a regular function in D and 0%| F(z)| <. (For the integral contour C and the
domain D of formula (3), see the definition in §0. And when pw —n(n€ Z*) in (3), refer

10 §0. (2), For the integral contour C and the domain D of formula (4) see ihe Fig.
V" and Fig. 2.) [17]

D <
..mwmni@ G>—o+:lwo
c

+

Fig. 1". Fig. 7.

(ii) ComoLiary A, Let a complex integral transformation be

fn+1) JK) -
MOV == (ﬁ——«_z),.. & =A3), ®)
Jor a given constant n€ Z*, then the inverse to F\z) Is given by
-t M(=n+D) L R3)
N {A2) e !}(‘_0-,,,& »  (see§0.(2) (6)

under the sume conditions with that of TheoremA, where $ means a complex contour integration
along a closed simple Jordan curve which surrounds z for formula (5) and { for formulu (6).

Formula (§)is the Goursat's transformation, hence formula (6) is the inverse Goursat’s
transformation.

(i) CoroLiary B. Let a complex integral transformation be

1 L /E€)
w0 2 &sr=ra. m
then the inverse to F(z) is given by
R GOEP R ®

under the same conditions with that of TheoremA.

Formula (7) is the Cauchy’s transformation, hence formula (8) is the inverse Cauchy's
transformation.




2 APPLICATIONS OF A SUBORDINATION THEOREM

SHiGgeYosHI Owa  (KINKI UNIVERSITY)

Mamoru NunokawA (GUNMA UNIVERSITY)

Let A(n) be the class of functions of the

form

f(z) =z + § akzk (neN=11,2,3,...1)

k=n+1

which are analytic in the open unit disk |[J.
For analytic functions g(z) and h(z) with
g(0) = h(0), g(z) is said to be subordinate to
h(z) in |J if there exists an analytic function
w(z) so that w(0) = 0, |w(z)| < 1 (z ¢ |J) and
g(z) = h(w(z)).

Applying a subordination theorem by
D.J.Hallenbeck and St.Ruscheweyh (Proc. Amer.
Math. Soc. 52(1975), 191 - 195), we prove

THEOREM I, Let p(z) be analytic in | with
p(0) = 1, p'(0) = ... = p@ Doy = 0. 1f

Re{p(z) + azp'(2)} > B8 (z e |),

then



1 dp
Re{p(z)} > B + (1 - B){ZJO 1 + orRe(@) 7 1}’

where o # 0, Re(a) > 0 and B < 1.

THEOREM 2. Let p(z) be analytic in |} with

pC0) =1, p'(0) = ... =p™® Doy = 0. 1£
Re{p(z) + azp'(2)} < B (z e ),
then
) 1 dp
Re{p(z)} < B + (1 - B){ IO ] + phRe(@) ~ 1}’

where a # 0, Re(a) > 0 and B < 1.




ON FUNCTIONS OF YOSIDA’'S CLASS (4)

MAKHMUTOV SHAMIL e k- 32
\]2& R 1 d
Tecwnital Unives ""‘3“&
. =) 7
1. Consider classes of meromorphic functions on C with

given growth of the spherical derivative p(f(z)). Meromorphic func-

tion f(z) belongs to the class W,(C), p>1,if "].Iiinoolzlz"}’p(f(z)) < oo.

Classes W,(C), p > 1, can be also characterized in the terms of

normality, i.e. f(z) € W,(C) < the family of functions {f(an +
lan|?772)}, nang°|an| = oo, is normal in C [1]. If in addition all
the limit functions of the convergent sequences of functions {flan +

lan|?~72)} are not constant then f(z) € Wp(C). The class W;(C)
ass WQ(C) 1s

is known as class of Julia’s exceptional functions and cl

Yosida’s class (A) [2].
Theorem 1. If f(z) € W,(C) (or f(z) € W2(C)), p > 1. then all
the limit functions of the convergent sequences of family {f(an +

lan|>~?2)} belong to W2(C) (resp. W3 (C)).

Corollary 1. If f(z) € WZ(C), p > 1, then there exists such R>0

that function f(z) takes all the values of extended complex plane C

in each weighted disk Dp(a,R) = {z: |z — al] < R- o>~}



2. Now let f(z) be defined in the unit disk D. Meromorphic func-
tion f(z) € W,(D), p > 1, if Ililm (1 — |z]*)Pp(f(2)) < oo. It is known
z|—1

that f(z) € W,(D) & the family of functions {f(an +(1—|an|*)?2)},
rl.1—.m1 lan| =1, is normal in C. If in addition this family doesn’t have as
a limit functions of convergent sequences the constant functions then
meromorphic function f(z) € W7(D), p > 1.

Theorem 2. If f(z) € Wy(D) (or f(2) € W3(D)), p > 1, then all
the limit functions of the convergent sequences of family {f(a, + (1 —
|an|?)?2)) belong to Wa(C) (resp. W3(C))-

Corollary 2. If f(z) € W2(D), p > 1 then there exists such R>0
that function f(z) takes all the values of extended complex plane C
in each weighted disk Dp(a,R) = {z:|z —a| < R- (1 — [a|?)?}.
Remark. The class W,(D) is the class of normal functions and

subclass WP(D) is the subclass of the normal functions of the first

kind in the sense of Noshiro. It is known that if f(z) € Wp(D)

(or f(2) € WP(D)) then all the limit functions of the convergent

sequences of the family { f (T‘fn“-z)}, a € D, belong to the class W1(D)

(resp. WP(D)).

(1] Gavrilov V.I. Math., USSR - Izvestija, 2(1968), 684-694.
[2) Yosida K. Proc. Phys.-Math. Soc. Japan, v.16 (1934), p.227-235
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R. Nevanlinna @ 2 2ORDO—EHEH, §HKbH,

Theorem A. f,g % C LOMER I EHFELEHLETS. C
D4DDE .y I, fNa) =g a) (= 1,...,4) A

BELADTEY IO O, ¢ i3 f O Mobius BB TH 5.

Theorem B. C O 2 DO EHEEREEHDOC O 5 2D EIKt

TARIFENENEFNEZELWESIE, ThoDEBE/IZ—HT 3,

2B TR, (ERRIZTOELDY) 4 BF il 5 BoFERBHMONE
Frzy 7 UL THOWFROOTEETHS. LML, &I H-Y. Xin

BRERLIZ :

Theorem C. n.m iEn>2m+4 2T HWICELIEOER L

T35, a,b% Plw)=u"+auw™+b=0DE MRELILLHITE



5. ZDEXE, 2 ODIEEEEME f,¢ D FAEDIL DB ERY
HoaloxtL,
P(g) = aP(f)

EHICTROE, =g BEDHID.
IITR, CHICEEL TROERZMENT S

Theorem. wy,- -, w, DERZEAR H, TREZMI2T HDNEFE
75
C M5 n RIGERHEEH~ORBENIIERILT 2 DOEAIER
=i fa),g=(g0: 1 ¢a) DEREDBIIHBERH o
Xt L,

Hu(g0, ", 9n) = aHu(fo,. ., fn)

ZAHITIOE, f=9 BEKDILD.

REFERENCES
[1] R. Nevanlinna, Einige Eindeutigkeitssdtze in der Theorie der mero-
morphen Functionen, Acta Math. 48 (1926), 367-391.
[2] M. Shirosaki, On polynominals which determine holomorphic map-
pings, preprint.

[3] H-Y. Xin, A question of Gross on the uniqueness of entire functions,
preprint.




On the functional equation f* = e ... +ef II

FH #F_ WEIK- B

Ev={et"+---4+el P eC[:]. dgP; < N. meN} B
<. ok i Ey HEEBEOFTREMCAL TV a2 LW R
Bk, ZORECELTSEM (1] TROERZRLL.

Ay << Aps giaen s gs € En_y, f % {|largz| <€} (¢>0)
FOFRIBET f7 = giett ™ 4+ gpeids” 2HLTLOLTS.
THrk g =el.P e Clz] (R g, =e%.Q € C[z]) g=1>

g,V € Exy (X3 g//" € Enoy ) -

ZZT f# En ZEZNAEPENIL (] TREAHLE- 7. A

T3, ZOEDIAATELILEZHRETS.

. :1] < .- < A, gio-- - gseEN—lr f’é‘{larg:|<
e} (¢ > 0) LOTERBERT f7 = g™ + ot gt RALT
LOLr$s. TOLE g =eP . PeCl:] (X3 g, =¢9Q € C[:]

) Zeoll, feEx.



FECIE (1) OREFVS. ZOBRT T g =¢. PeC[s] X
(¢ gs = EQ-Q € C[S] J t“ﬁ%ﬁh’% r gll/" € EN-[ Xtz gs]/“ €

Ex_, | TEXf1Z b b W HESRINTNS.

253K
[1] Y. Noda, On the functional equation f" = e 4. 4P and
rigidity theorems for holomorphic curves, Kodai Math. J.,

Vol. 16, No. 1. pp. 90-117, 1993.




Complex oscillation theory on f" + A(z)f =0
A mi HATLRX

ABECREEYBLTOMSHTER
(1) f"+A(2)f =0, Az) 3 BEK

PROBEROEAFT POV TOERERET S, HEFHELTOR
AEBRRBOHTROBEAFTEFARSZ L IEALTR, 558KT
2R FoEKBEoFERRIENTHS. SRR (D)icovwTo
7 - 2B %3 Bank and Laine [0 &0 » othE - & E -
THWEEDbN S, DI, ¥+A s 3 (1) cBL ToRERHRX
DEALABRBROBMES DRI BV, XEDY 4 TRBKRELFH
2 (Voggogs@ol {fi, bfledltobos, RO
fleoWwTDbDTH 5. Nifi, REOHFTIVWHERVBHTLER
BHiZEOEE2EUHLIITH Y, fidoWBRXOPTLELIEE
B4 3 Bank-Laine B, f1f2 = E, W(flny) =ctlLT

(8 -(3) -5

KEEIBEPBRBEOFRCBVWOBEETHS. BHEDOHFOHRK
BETREMKESDICVDW B “f-Theorem” L Ebh 3 bDHH 5.

Theorem A, Bank, Laine and Langley [2]. P% ¥ EHEER &
LzoREEnET 3. QEHNBEROBEMELA(Q)<niT
5. ()¢ A(2) = PP +Q(2) & LA HBADSFHEWLME f
TAMf)<ni2ErToorEonsE, fRABAEHALT QRS
HAT

____1_ 1\ 2 lu
Q= ]ﬁ(P) + 3P

TH5.

ccw, o(A)ix Aok, MR foBEROIRERTH 5.



Theorem A DL EHETH 5 ThH-1e &k dic A(2) DRI IZE B
LVIREDS L THH‘ZROOUIBEBRENICE V. 5%, MK
BMERRKOLEEDLISEE->TWK DO BVE>OMBETHZ. &
SR BIRICE - T, 11—6-Theorem i3 Chiang, Laine and Wang [3]

ODHTHNEEROBRBASZSATWEIERKTH 2. (lod oo
FRERBICBADLD OB VWEECRDODSDONEH 3.

Theorem B. (1) © A3 A(A) < 0(4), 0< d(A) L 0 2%
ET5. CoLEREWHBBIANS) 2 0(A) kLS.

Theorem BOZEFoH#EEB S > DO THET 3.

Theorem. (1) ¢ Az 0<d(A) L0 &, e>0icxilL
— 1
(8 + E)N('I‘, Z) g T(T, A)a r ¢ EO

TR TETE, CIT ERAEERZBRARBTSSE. co
EHEHEBRIANS) 2 0(4) 2&1- 4.

REFERENCES

[1] Bank, S. and I. Laine, On the oscillation theory of f" + Af = 0 where A
is entire, Trans. Amer. Math. 273 (1982), 351-363.

[2] Bank, S., L. Laine and J. K. Langley, Oscillation results for solutions of
linear differential equations in the complez domain, Resultate Math. 16
(1989), 3-15.

(3] Chiang Y.-K., L. Laine and S.-P. Wang, Oscillation results for some linear
differential equations, Math. Scand. (to appear).




An extension of the defect relation for

holomorphic curves

TODA Nobushige Nagoya Institute

of Technology

1. Let £=[f,, =+ +f 4

] be a transcendental holomorphic
curve from C into P?(C) with a reduced representation

(f1’..-,fn+1):CaCn+1-{0}, So(r,f) any quantity satisfying

So(r,f)=o(T(r,f)) (r>), Mo(f)={a:meromorphic in

| 2] < and T(r,a)=So(r,f)}, Ho(f)={A=[a1,u- ,an+1]
:T(r,A)=S°(r,f)}, X a subset of Ho(f) in general
position, X°={A=[a1,~- ,an+1]€X:an+1=0} and #X =

v (0svsn). We suppose that f is linearly non-deg-
enerate over Mo(f). The following theoremis known.
Theorem A. L &(A,f)sn+1 ([11).

AEX
The purpose of this talk is to give a result which

contains Theorem A.

2. Definition 1. (a) For u(z)= max Ifj(z)|,
' 1sjsn

2 . I .
t(r,f):é%J logu(rele)de—é%[ logu(ele)de.
0

(b) Q=1lim sup t(r,f)/T(r,f) ([21).

r > ©

Remark 1. t(r,f)sT(r,f)+0(1) and 0s0s 1.

Definition 2. We say that X is V-maximal in the sense of

general position if it satisfies the following (i) and ()




NS 8 e e

(i) X is maximal in the sense of general position; namely,
for any Y in general position such that XCYCHO(f), X=Y;
. o
(i) #Xo )
Remark 2. For any V, there is a V-maximal subset of Ho(f)
in the sense of general position (1svsn)([4]).

e - . <ps
3. Theorem. For any A1, ,AqEX Xo and B ,BPEXo (0spsv)

1°°

q p
L S(A.,f)+ I 6(Bk,f)5p+1+(n—p)ﬂ ([31).
j=1 k=1

Corollary. If X is v-maximal in the sense of general posi-
tion,

T 8(A,f)sv+1+(n-v)Q. ([31).
AeX

Remark 3. v+1+(n-v)Qsn+1 and the equality holds if and
only if Q=1 or v=n.
4. References.

[1] W. Stoll, Math. Ann., 282(1988), 185-222.
[2] N. Toda, NIT Sem. Rep. on Math., 117(1994), pp.12.

) J—— , ibid., 122(1994), pp.10.
P — , ibid., 125(1994), pp-6.



8 On singular set of analytic function
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I =J-mw,+ noy | mnel} , F-35% C//_’
t P:={at+iw+mwy| Lx e[o,iJj! t“ibf@
ark PARE ERPrELL ) 3. B {al,
a,eP | (ayINO FELIRELE EE A T
—HEoEETHY w,, W tRERKELT I P-fof T
G2 MM Fo RGBT IMAELLE,
HeHy —= T CBIBRLyy TIRE<ERS
nEz c 1834 FEethse k) LRastEEE
A 1@2{,}12’@,3 kiR -G%9FEI. @E -7 2H
S-ExBvE P-fo] «ThR puw, 5w, S«
Ky Eiirzwaﬁ%ﬂﬁlé's’ zed 2R THWE
Rl = H(a)p/-[ [g((««)a,,) IO (‘F”“‘)?/“‘”g
tBEAT 3 A RE3 2 ERT, 2 T poix.9)
tx, y 9 3ARKX, Hew 1 P-lo} 72 ERIM LK



B 6w, fw 0% BXo% FETLEATH3.
R0 BE v i) . du, puode | [Ziu-a,)
~%plda P roF i3 B7- Ayt i
LA P-fof £ ay T—7%9% (83 1) EHS
A DB BEF 0 927 - N B dF, EE3, XkT 9
RTE Bl pia, pow) THMTI CEMRTRE = ¥ d—
Whao BaTRL &), Fedfd) Pu) =-5lw
é(«)‘;,%fz/%e‘ca) tE7 T e 9B E5 3,
WL, G,W;—MMMM Ko TRE
NTRATRER P-fof o 2 BB oy BEL Gl

(Glaryso) 'L 9EREHF 2 A" VA3,

=, 2 “
hiire W, wWy—r 00 bk ioé?; EA 3,



H)-v=H 53 Mo T-Awil 4 0 RHAAGE
E R TTY WU ANE ¢
¥ B LR EREXx T
FAX 2 T ekk TS
RiMly—v>f, Jsoo BE
{Raj S BIEBS| , 8. RaOEK
A ;1 vARBEEFRANS BB Bt
Atk BRI E T 2 LT,
r={oct, wsRt , lise, Aoo, Aa, L7,
, 2o, am, -+, (FFR RT3 "!:’.'El
J={12-,35, T=9%; T o KR
5&,:34,‘ o i Lrads wnau@a aff
~] A € loanne (Age~Aes), (l) / Ae Lp,

4,8
dGJ'pﬂJ €9, () [ A€LR, 528, BT

RES, (1) JmA e [I'&oJ}j
P=1b, b, bhl, boRES1B3) R
Ay = f/\ed)w&(A&efA&o) ) //\ P‘f/\ J€dn,
(&) / Ae R, J>c?n i QM)C D’&o {,
S o &-3 /15,‘:[4_&*‘;‘ A:*-‘-v'ﬁxt(_‘(
Ak ={xi 3 Qnedd); e Al >0 wwt ol

10



Ay = dlowne} Tae+/ e Aso jf%‘ { M‘),cﬂaﬁjf ,
A%y = disna ] e Auereo s 510 W -5-09f
Crod el , O witEo RERE, o) T
Y - cycle ) pentod Yopeduar  § W) TB)[ W o),
B T RT3 BW zd<, (813 =1)
The Aooneife ARcAL ) Vo, Ral 2
4 Mk} 975 Gt Bresve
) Ax = A/T‘; X
@A, 3¢ /1,, 5 At M;uz\,,u; <to

/ /\h,,—w\ )&-ﬂ»} ~ﬁ,8 %1
h

<e Af= s R 2
=% AN AL (ge m'&,@,—zz—-wﬁb‘;@_ Pz
'331-71.3) /I-T: A‘ﬂf#{ag ,
={,2 vlz3,

Con wit SaTR &9 A%, B= L2 oAy oFF
3 x> Awoa R TRE T3, B AR
(23T HE, B e FEEBA I, TR
= /l:“).{f'éﬁa’.;ﬁ%&&u—(%?/ﬁﬁﬁ

REC-EL T-Aten RABETS
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Global real analytic angle parameters for
Teichmuller spaces 11

ERRFTER BAEX

4E . HBRRIC Teichmiller 2@ DR 2R L FEOAEEH (angle
parameter) 2 b % 3 EfFFEBEERILC O WTHET 3,

Fuchs B (XM g OFA Riemann M2 XBET 2L ¥ (9,0,0) B vwbh, X
10X5aXRBEORE L RFONMB—RER D b i 2 EUEERTH

2 = (Al, Bl; ...,Ag, Bg),

B;YA;'ByAy- -+ By AT By A, = identity

2HD. L O—RERIC K 23KH (L] DLTRF L Riemann @i EE T 5,
BUIF. g>2¢L X% (g,0,0) BFEEEMRTROBEOEZH (4,0,0) B
Teichmiller 227 T(g,0,0) & \»bh 6g — 6 KITEMMHISHL & % 5.

[Z] &R 3 % Riemann M. EOFARMIROR X ICHIET 2 X8> b T(g,0,0)
DRIBOYEFTNERERB oI 5 T &, Fricke ORRLDAMbIA TS, T
D X 5 hEHIE, EXEH (length parameter) & wbh 5, Teichmiller 2/ %
RRTIRIEROBR/MEBE N, T8¢,

Ni=6g-5= d'lm(T(g;O)O))+l

TH BT &N, 1993 ££IC Schmutz KX VY R& i, FLYRIEMICEL JIHE
T, COFREBIEROZRHERR L o

—A%® Riemann ML building blocks & Vb h B il \» { DD Riemann
HiReT 5 ¢ TROLN S, Building blocks & &4 D44 1k Riemann H_ED
W DOrDRHBRIORTETCHREI LB RENDS, X>Ty —HD Riemann
. HEOWS 2 OMBROZHTREIIC LXDHD, CDESAERE
A AEEW (angle parameter) t nE 5, TDX 5 AFHT, HAEERICX?
Teichmiiller 2D BEEA FHETBETH B C L RT3,

HEBACETH, ZARRESIORILEZNFHDOE b bR bTHIRET
¥, PAAECRACENRELLRICEND, BRI X VAR RERE N



ZnkbCB4s3, Thb, Teichmiller 2% IR T 2 HEER O K/DME
BE® N, &3DL,
N, = dim(T(g,0,0)) (< N1)

KFHEENhb, BEXEROLEBREREASAIR TR E o cosine ® sine
DZERR I HFERARCREI LI L 2b, AREROZF DR, B
XEROBE LY. AHLTFREEN S,

ﬁn@”:\ T(2,0,0) Kﬁ?aﬁ%%ﬁ%l/ﬁ:o

WECR. AEERIC Y3 T(,0,0); ¢ >3 BT IRERERET 2o




12 RIEMANN #» HOLOMORPHIC FAMILY 22w\ <

HIirOSHIGE SHIGA

RRLI¥EKRFE HEY

ABRE Riemann HE_EOKRA! Riemann EOFBATIEEHRERIEEE 2 %, Base
surface & U fiber @ surface 2SHICHHBAE 26, ZOEBIIARB LI RNV &
BHOEN TS, KEERTITZOMEFEMIOVTEET 5,

— kD & D L ERIENS Z O/ &, F1UE base surface DB
75 fiber ¥ Ak 32T —ZH~DEAEZ L., monodoromy &FFIN 5 base
surface DEEFENPLIA LI 2T —FEV 25— HEDERBOME LTERHETSZ
LAk D, bbb, B=H?/T % (g,n) B Riemann T base surface.
5z o/ ERIK® fiber » Riemann @4 (¢, n)BThHhorcb oL, EFFE
H2 59 4v3as—2M T(¢,n) ~DFERERNER ® L BERT 7V /A
BT 2584325 —FEV25—8 Mod(g',n') ~D#RHR x (monodoromy)
PHEELT, FED yel & z2€ H2 Cx LT &(y(2)) = x(7)(®(2)) LT
3, (CoEE, & OWY HiZ Mod(g',n') DIEREZBRVWT—EHNTH S, )

BHE TR/ L9 12, FEHERTIE,

RIS B Lo (¢',n') B Riemann EOERIKRCTHRAAFEHAL b OOERE
Pl &

FVWORBEREZ LN, Thxr Lok ) R2ENEROBEKEME VI BA»HE
gj—éo

Eiz 72 & 912, Riemann EOIERIKICH L Tik monodoromy A%k ¥ %
M, ERIZOFELSAAILFHONTVWD, Thbb,

Proposition 1 (Imayoshi-Shiga). Riemann @ B £® (g¢',n') B Rie-
mann WO EMETRAEERZLOF 2526 TnbET 5, 22T
By, &y : H2 — T(g,n') 426 HET 2EMER EABER X,

Typeset by AS-TEX




x2 : I' = Mod(g’,n') %% ® monodoromy £+ %, b L. x; = xy &5iE
(I)lz(b‘z T&)z«)o

Licht> T, IEQERRET A & L, #0 monodoromy % ik& 5 2 L idfilfii
b, £IT, HEWIZ monodoromy xy NfEE LTHILE Mod(g',n') O
BEDLI LD ENRER D,

Theorem 1. x(T') i& Mod(¢',n") DEEIRLLEL irreducible subgroup T 5%,

¥ 5% & Ivanov DR, H, EHIZRDZ LG50 5,

Corollary 1. x(I') (37 hyperbolic modular transformation % &ts,

(g9,n) ¥® Riemann E® moduli ZH % M(g,n) £¥%, Be€ M(g,n) (2
FLT, BEo (¢',n') B Riemann EDQERARTHEFAFEEHL L OB E
n(B,(g,n')) LHL LT B, £72. M(g,n) D5 ES K IS LT

N(K,(g',n")) = sup{n(B, (¢',n)); B € K}
LBl TDEE, RO ENFEHTE Do
Proposition 2. K 2% M(g,n) ® compact £&7%561£, N(K,(¢',n')) < oc.

#ZT. compact £24 K 0fb0iZ M(g,n) &% 559 E ) o REICE
HIZEnEE, N(M(g,n),(¢,n')) x Lo o ETHUIRYMORIBOMFEE J;Z)o
ZIZTiE, ¢ =0 DA L fiber #F hyperelliptic DFEIBEIBONLZ L%
HET 5o
Theorem 2. N(M(g,n),(0,n')) < oco. £ 7. EEIZ (g,n,n') 2o T
N(M(g,n),(0,n")) % L ofFfis 22 LA TE 5,

Corollary 2. HN(M(g,n),(g’,0)) T fiber 7% ¢’ ® hyperelliptic Rie-
mann 25 % 5 FBATEEHE %L Riemann MOEREOERZEH DT LDET S
AN

HN(M(g,n),(¢',0)) < oo

BRI
N(M(g,n),(2,0)) < oo.

L72b, WTFhOEHD BAMICFEMET 52 LK S,
REFERENCES

1. Y. Imayoshi and H. Shiga, A finiteness theorem for holomorphic families of Riemann
surfaces, Holomorphic Functions and Moduli II, vol. 11, Springer-Verlag, New York
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Xt H¥z2 M) -2 @, HEEYFELT S,
—BAUESBI=L ) 7 TRBECE L, T, x=H/rvk
720225, HEATIRT 5 ERI=Jthy2IRA
AalH P ed% S 2€fo(H ) 12RLT, HET 1%
25t (1) S(FH =19 (SENIFn 7V sk
TY niEE M3, He 5 -2 VER@IP ANBPIR
FRERy 12), FOr2)=pr) FR) (yel’ zeH)
&, 7, #F . T—=PSLC) EEHE. Wi
n— 12 Ao F (AePSLEQ) LI, s3ic T 3H [
IZ Y= AP A nFLThhan's, &FieAH D1~
HUTEBI PSL2,C) R -2 35= &
SGh, <hE 90 (FE1T 1-HGT 5 X ok
B E/kos-nd,

W1z, ) = X AL 285 | THEA DY
%, BBEIR) 7w 7 RBT 08 4 £ —=RAT(T)
BRI LT thie T V(7)) = T EEXNLLD,



ETeT(M) 1 LT, BEFFEH: 37 7 REE:
WL, W 0 TEn77AN—11 T T HEETS
)~z gHe/ et B, BT LT, HebalEls
BT 5 ERI =i otk AalHo [7) £T0T, T
FRARTEN7 MV EQ—>TU7) ERpXT 2, %9 e
As(Ho T2) 2B —PSLaC) nEABES— 28
Ltnd, AT Lol -HE

F:Q— Hom (7,psL@Q)/PsL(,C) =R
B, BRI = SR TER IS, HEF 1:>
WToBEEHEEL LT, ()InF&& 12 R » ERIE
9, G) F12ApRER g%y 2D = & M SN T
13 (Hejhal, Earle, Hubbard) . ] 0 7B 85E.
12, GVERIQBS T (M) HERREER (T T(T) € s
YN, LB T2\ T BRG 27 VT Ty THEE
Wa I3, ()ERBAHZHREIZL 1AE
03— R7 1 Lithl=d b 72 L7, 7HEE
W BNEBRT B~ TH 2,
TIP| HEF . Q =R 111777 ks
(R T SRRLW RS Tabhb

T Ffar = Wo #RETS.




Pk circle packing 2 % g4 TR0y
R 5 EJEIT = e
5 L7 Frk 3
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€210l tHITMC £ 95w mip
ot Gy #7%h 5 3w Bppmamal £ 40hy S SN Y
vr 3y C- ;{llntCé' 9%&&%5&n 4
alRWv@DInt a4y A 3 eogdy X ) iCﬁ:f;
R Y T U THR =M 3 a?ﬂr-no
€ oMM TE) e . € + HIARGE
n €I Arko B8 { €] (nhoL MBb(E) v
RiEw taaMienny)azer 2LH3, Tee
eidin «PA4 3Bl i th3 174 343
Tl)a Te o Wi BHENEPN -39 . 27 tn
B oorbifold T/, 084 1o 5 - TR~ 1y
av, T 94t 123 WML, T T(€)T Bk
Trany, € o g3 min, L5 16
el TR TE) = Lo EB5l0 Sup /i avw §3 N,

wock (TQ')) wod (1102
V2) e 5] > (o R wacoy, %) ), )

1&%‘53 ¢ ;4«!‘36\]‘-@‘14&& NIatl, ﬂwﬂ 51

r’rj‘ G’



T(e)an5¥-% -+ Fi TE€)o Tva-vii
¢ o% 0,

Brroks a@spmay @ nijcr Yo MU &
civecle P“‘\dﬂa LERAEREE SRR L @’5&& Ei\-
L. %aib rem(@) t Ae 2. € #RiE@a @3
PEECE A 7(€)n s r -9 -ETih, FihR 1y
€ v RBRoMAy NI RE =0 %%‘n’ﬁxﬁ U1

33T 34, hubd. T B Tl Rt
vew (100 vem (F(65)
tFl v (\"% nm(G:) ): log ?c—m—fo—;)l: o ) rEY R

YU, Brooks TaheeohaxH3 e

1R (R O@HLY £ L Brevks
‘3:4;:—5_‘3~ T(2) ks Lo TRV £~ o RBTH
THI,

Lo BAEH. BR MTE. ARrveicvi
YR UREDav E3 4. A1 bw B o Y9 %R
FroWH Bl o —HM TIIPRBY Yo T
L @ F4MEL B35 (Te 7.7 2%a1%
B) =an T, TE)n 2+ 12kt b:TJ(€)= R?
— R 8- REE v&HI = 8 FV b, bin R o LR A

AT TS R E RS A S LARE

g |
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RIREW PRI Be —Blo Fuchs I T nsti .
Yo liwm'T el A(T) 9 Hausdords 227 diwm (A(D)
7l e R3hoonp@iir +584 %3 3, T
o conseed) wmit @T Ac(T) wosw g, nmeyY
~3> T NI = M/ o %magroshll (smbtyso°
5w nBH3IBRG@2e2 by TRFY A6
U aX?s L BRoPEERYo 48§ T
32w vr3h., ADe->wv2r 33 3vkipnzy
e §5 UH3,

Rhndf N2/ o convex cove CLT) =
Cnall (/xm)/r " ARAERE DC) LR, NLT)

o thin pat P(T) ®¥m. 3v 79228 o o
trl. B3R+ v 2 ToNW) o 54450 §5

a3, Tukia g nxnw diy$aeeds r A e 248 ¢

ZMEHBRL L v IWM A <N THI 2 3

Lt Yo PRI e §RiEd 3w - RPTEI,

— 29 —




1 @ado 16 CLD-PM + P, 3cMI<K
(ntrL PantyEit) 1a®=3 §3 % K o4'ng
Ing. dim AD) €A <1 (KR » a2 d
3RB) . |

¥e 20MFrIEF T3 COD-PM)2Is4hR
:\M? dim AD=21%2 ev 29" =h 'y T 13—

Bl 7. Bishep- Jonos = ¢3 HNERYRER + %
ZRIBKERD AR [ & dim (A= ThRmu?
=t odzoRit Bvinizh 3. 0e B3,

2RI CMO-PM) o S31 Y= () o 2B
MY Buhto YREFh R dmAD)>1153,
0 P (R, 3CM) =200 () rl)= PCX,9) o=
A0 T3795 3V 0 -2~k wo inf  3E(O
= 3 (CM)-PO)-3P() v LTt 2.

ju.,u_) No 1p (- 209> A5 (4) <%0

1y B 2032y Mol 70 (S dmA(D <L)
5 LAY D BRI MAMD 47E | &9 dwiam)
1 :ihtoTra). N2 o VRV IR
dim (AD)=1 v &3 T oM@ &, M. di-0AD)

=1 5 divw (ALD) <1 47> m (AID)=0 193 T L @R T,
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BRITOM FUCHS #o LIMIT

SET ®» HAUSDORFF KTiZ2oWT

H B YE RRHRL KA HEED

AT CId, 18 & 242D Mébius Z38E (round k-sphere, k < n—1,
% round k-sphere (2B n RICIRE O FHEBROIES TE) DR
W% SUCVER T A Klein BEEMERT LI12T 5, &2 Tround k-
sphere & 13, S"% RMHDBAIRAE AL LALE, R DL+ 1-
plane & S"E DKL Y L LTHOLND LRTIKMOZ L Z V),

Ty % n KICERE S™ (n > 2) ICEAT % convex cocompact 7%
Klein # C limit set A(Ty) #% round k-sphere (2% > T\ % bok
4%, Klein B T %% convex cocompact TdH 5 & X, limit set D
convex lmll @ T OFERIC & BIHEMATT /87 MZ b L LGE
#+ 5, 2, T 5% geometrically finite T parabolic clement x
HlhwI L LEMETH B, ST, LD XS 7% Ty T limit set
% round (n — 1)-sphere 2% 5 & 9 % b D% Fuchs BELIES, &
7z, Fuchs BOBREALETL L > TH B N5 Klein #% . # Fuchs
PELIRRS LI B,

1 ([2)). Ty #LARDE ) % KleinBEE$5, T % Ty & (FhL
L) BT conves cocompact %%, S™ (CVEHT 5 Klein Ly




By ZDEE, T O limit set A(T) O Hausdorff KIT dimy (A(T))
R ETHA, 2612, dimpg(AMD)) = k& % B12DDLEATT
&1, AD) 2 round k-sphere W Hhl L ThHb,

SOEBOn =2, k=10BEE, 1] CEEHINTW 5, it
B4, T® domain of discontinuity Q(I') OWZEME LTRLHN
% conformally flat % S #fk Q(T)/T L Riemann BETHY % E 5%
YEVE, EHOk=n—1DBENS. FFICRORZR S,

F. & Fuchs TET O limat set O Hausdorff RIEH n— 1ICFEL

Wi H51F. T X Fuchs BThH 5,

REFERENCES

(1] R. Bowen, Hausdorff dimension of quasicircles, Publ. Math.
Inst. Hautes Etud. Sci. 50 (1979), 11-25.

[2] H. Izeki, Limit sets of Kleinian groups and conformally flat
Riemannian manifolds, preprint.



17 Cranston-McConnell DARZER DO —fz{t &
Z DIGH

11 54 B REAR K E EER
HE ' R LEKE BER

DR FHEHBERTT 7727 VIZBT 5 Green B G(z,y) EFO b0 L
5. £/ |D| THBOEE XK. Cranston & McConnell [6] IZXK
DEBEIEHLY. ([2, 3, 5] SH)

FIE A BN ER cHH>T DEOTRTOEOFTFMBEE A IZH LT
1
S /D G(z,y)h(y)dy < c|D|

Az e DIZBL—BRIZBLT 5.

Cranston-McConnell DEBEOBHEF L WEIIABOE LN SIZE o7
L&V ETHE. LoEBIIFFAMBERDO D 2EOTRSEE B
+5. FANERONESELHIRTLLEBICEBRTESL L HIC, HRE
DELTO h OEHHEEL LY, FHEOELPIHBEBELTL 0P
WIRTH B (cf. [1]). EZAHH, BB A TRERDIFEOL ST o724
BAfR% .

FEFEO HIIEE A ¥ — L L, Zh % B 2 OIEH FEH D Martin
BROVEBIICHTIETH D, B(t,...,tn) £t;>0,j=1,...,niZ
T AIEEEBETE. > LITHLE(E,. .. 1) = Tyts,...htn) &

T(t1,...stn) = Tp(ts, .. tn) = sup b(cit1,- .. Cnln)
’7—2<cli"-ycﬂ<n2

TEET 5.
T 1. BABn BLXUEBICH LEOER ¢ = ca(n) HH T

5 [ 6@ @R @), vy < o [ B, )iy

Az e DIZEE L —HRIZEL Y ALD.




Ioffe & Pinsky [7] 13AEEHEQ = {(z,s) € RV x RY|s| < a(|z[)} @
EFRMEEEREL, ROEREZRL TV,

%38 B. a % [0,00) LOED C?HHT, o’ > 0,a" <0 Ta(r)/rk Hh %5
{(r,a(r)) : v > 0} DB k(r) AFEHM, S5 lim, o0 a(r)k(r) =0
2HTHOET D, ZOBQOERIZHIT S Martin HRTERD &
W2 5.

(1) /°° a(r)r2dr =00 BHWE T X1 HTH 2.
1

(i) / a(r)r=2dr < 00 T 512 T 1XEATRE SV-1ZFHTH 5.
1

1 LAEORES EEIEICL), EEB O (i) EROL I I
LT 2HNSTE B,

F38 2. a £ b % [0,00) £ Lipschitz EHEZBET b <a D
/°° (@81 4 ¢ o
1

72
L L,E%* SN-1to Lipschitz IR E T 5 &,

Q= {(z,5) e RN x R : b(|z|) < s < a(|z]),z/|z| € E for = # 0}.
DERRE EIZ BV 5 Martin HERIZEICFMETH 5.

REFERENCES

[1] H. Aikawa, Integrability of superharmonic functions and subharmonic func-
tions, Proc. Amer. Math. Soc 120 (1994), 109-117.
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POINT TO THE FRONTIER OF HELE-SHAW FLOWS

| H B W KHE

We denote by R the real d-dimensional Euclidean space and
by || the norm of z € R%. We denote by B,(c) the ball with
radius r and center c. We write B, for B,.(0). We interpret By as
{0}. For a finite positive measure 4 on R?, we denote by r(u) the
volume radius of u. An open set Q in R? is called a quadrature
domain of a finite positive measure u for subharmonic functions

if w(R4\ Q) =0 and if

/sdu < /f;s(:c)da:

for every integrable subharmonic function s in 2. In this talk we
assume further that €2 is bounded.

Theorem 1. Let u be a finite positive measure with support in
the closed unit ball B,. Then every quadrature domain §) of u for
subharmonic functions satisfies

Q C .B,.(“)_*_l.

If (092) N (8B (uy4+1) is not empty, then it consists of only one
point, say xo, and p is the one point measure at xo/|zo| and
B,(u)(zo/|x0]) is the unique quadrature domain of p for subhar-
monic functions.

Theorem 2. If r(p) > 2, then there exists a quadrature domain
Q of u for subharmonic functions and every ) satisfies

B,.(u)_l Cc Q.

If (092) N (8By(u)-1) is not empty, then it consists of only one
point, say xo, and p is the one point measure at —zo/|xo| and




B,(u)(—zo/|xo]) is the unique quadrature domain of pu for subhar-
monic functions.

- From Theorem 2, we see that, for any given p > 0, there is a
finite number R such that if 7(u) > R, then

B,CQ

for every quadrature domain Q of yu for subharmonic functions.
We denote by r(p,d) the infimum of such R. Theorem 2 asserts
that, for every d, r(p,d) = 1+pif p > 1, so we restrict the function
onto [0,1]. For fixed d, r(p, d) is a nondecreasing function on [0, 1].

For p with 0 < p < 1, by taking zo with |z¢| = p and consid-
ering Biy,(—zo/|zo|) U Bi—,(zo/|x0|), we see that

r(p,d) > (1+p)* + (1 - p)?)V/4.

If p = 0, by taking a with |a|] = 1 and considering B;(—a) U
Bi(a), we obtain the same estimation of r(p, d) from below. As for
estimation of r(p, d) from above, we obtain the following theorem:

Theorem 3. Ifd =1, then r(p,1) is constant and is equal to 2.
If d =2, then r(p,2) is determined implicitly, namely,

(1-p%)e”
r(p,2) =

where o is determined by p = \/1 — 20 /e’. In particular, r(p,2)
increases from \/e to 2 and satisfies

r(p,2) < (1L + p)e*=P)/2,
Ifd > 3, then r(p,d) increases from (d/2)/(4=2) to 2 and satisfies

_ 1/(d-2)
r(p,d) < {(1 — é)d_z + 4 5 21-p0 +p)d‘1}




19 5z oh-EBREAxE>YY) V¥ — LOREMBE
wE HF TEA-B

RAnRiEL—7Y vy FEMET S, @R G C RMIHL T, ¢%0G LOEGMI L
T2, “hgicBTBEGLDTF4 Y/ LHEBORTHS” ik, h°GRAMTH - T,
£EQeIGITHLT,

pelim  B(P) = 6(Q)

wWHrIEET B,
22 )
T,={(X,y) € R"; X € "}, y > 0}

i Uy g(X) 20T, = R EO#EGBEET,

X
/| l{%dx <oo, (I HIHAEH)
Afted &4 B, ZOB., Armitage [1, FHE 2] 13 gitBi$ 3 T, LD T 1 ) 7 VHEDOHZE
5% f- (¥, Siegel [4, p.1 & p.7) 8 8), & 5iC Finkelstein & Scheinberg [2] i30T,
LOEBDESEEY o(X) KBTS, T.LDOT 1V 7 VHEOBOFEZEMRL, Gardiner
(3] RO BRI A5 R 12, B Ih S DRRIE. Yoshida & Miyamoto [5] 12 & > T,
J— v OBRICHRE N,

ST, YU vy —TuD)=Dx R(DiF RIROBHSNEERERFOHRA
) icH L CRBRERERET S,

DT 574Y 7 VHE
(Apoy +X)f=0 in D
f=0 on 0D
OEEMEH . FhicxeT 3 EREREAMYS (BEEMORTILIERL TENS
nTW3) & {(MD, k) {fPY (k=1,2,3,...) EF 5. T5 & MD, ki) <MD, ki) 4
BEHF (k) (ki =1,k = 2) BN DIZDVTEE > TK 5o

FE1. [ mi32OoO0FAEKT 9(Q) = g(X*y") 30T(D) LTEHELT %

7 exo(=y/AD Ry ) 19X,y ldox-)dy” < oo
| expl/AD k) )( 19X,y ldox-)dy" < oo.

AT F N

HIAD)Lmig)(P) = [ g(@K(Tu(D),l,m)(P, Q)dog

i gl BT ATL(D) LDF 4 Y 7 LRIBORTH B, 172U, K(Ta(D),l,m)(P,Q) 1} (—
ibant) £7 Y VBT, doy. & dogid ZhEhaD £ol(D) LOEREETH 5,




TE1 2FALT, ROEHE2HFEHENS,
EE2. ¢(Q) T, (D) oK ET S5, ZDLZF,
H(Tw(D),pgi0)(P) = [ g(QUE(T(D), )P, Q)dorg

i gicBT A0.(D) LOF 4V 7 VEEORTSH S, 72720 K(Ta(D),0,)(P,Q) i g2
KELTHESNIIRT Y V¥,
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20 A local Hopf lemma for solutions

of the one dimensional heat equation

AR ZZY N

A5t Lipschiz A D EOJERERMBAK v KfLT, H3EH p> 0 3¢
FELT,

Ao, u=0 LRERTE3 ([2]). T, 6p(z) = dist(z,0D) TH 5. &
¥ p & D @ Lipschitz BIC & > TFHlET ¥ 3.

K D HE+LHERL> (L CHRBAR) A, p=12LTE¥Z0T, ¢
DR, D DERE 74 T,

u(z)
m —— =
== ||z = zo|

0

YW EAEMAMBEE « 1BOALTH L. chirdisyA Hopf ® lemma
ELTRDESICIRRB L HHES :
udzo €D THR/PMEO % L B,
du

5;(20) =0

Aol u RESNKCETH 3.

WL M.S.Baouendi and L.P.Rothschild i d KT DO BfIEk B, d > 2 0
BAMABER R 2o T BMEO0” 2 & BB DOWT, KD local Hopf lemma
¥Rl L.

EH(1]. u % B TEELHMBEE T3, ¢, OEF V BFEELT, 8BNV
LT u>0 20T RToOFEREHE nCHLT

i ()

=% e =zl -

ke u REESHCETH 5.




EROEEE | RTMABRAOMCOWTEEL, ROBRAEBOI DT
B/ET 5 AAEXOMIREICBIL TRITI TR O THIM %4 (B) 24
HEE R T

BH T,c®2 0<c<Th3EHETS. u(z,t) ¥RAE[0,7] x [0,T] T
g, TONPTHAFBRNLWTHRLE TS KRERET S :

(A) u(0,:) >0o0n [T —c,T]

(B) u(m,:) > 0oru(m-)<0on [T -cT]

(C) TRToFABK n LT

u(z, T)

204 g2ntl

=0

C o, [0,7] x[t—¢,T] LT u(z,t) =0.

MARERNCRER (1] 0FEES. &4 (A), (C)20KREFRT : EX
€ﬁ;#EL—Cs
u(0,t) = 0, T—e<t<T
w(z,T) = 0, 0<z<n
CCZTH, u=0on[0,n]x [T -6, T|REBL RV LICEET 3.

& (B) b, z =1 T (A), (C) Hi5T 3 FBORERR Y To0C Lk
ORBRERDELES C LICE hRERMEES.

LE Xk

(1] M.S.Baouendi & L.P.Rothschild, A local Hopt lemma and unique contin-
uation for harmonic functions, Duke J. Math., International Math. Re-
search Notices, No.8 (1993), 245-251.

(2] N.Suzuki, L’allure & la frontiére des fonctions L-harmoniques positives
dans un domaine, C. R. Acad. Sc. Paris, 303 (1986), 621-624.
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B % n RTHER n22) ¢ L, 1<pSnicfL T, A:B"xXR" —
R" <A FFHOEK (cf. 2, Chap.6]) DS p ORIIFEFNIRIERF
YL, HBER -V A, Vu) =0T u O ARFHELED, [g. |Vu(z)Pdx

YudpFAVILENET D w & 1—w ORKFENLSERS 0 & i

% B" +o AFEHBER w x4 v XOEKRD ABMMELES. B" Lk
DFRTCOFEH ABMAER p 74V 7 VIR & 23 RBTOEEGR
2<p<nTd5(3]). LrbBEl<p<2D:Ep74 ) s LIEHRFM
BERAGET S 2 250X EROME ([5, Chap.8]) TH 5. Thich
ERICEZ S.

2 B {a}, {br} & ak > bp > apq1 (k=1,2,---) ZWRT 5FF L&

L, k@ S*! Lo “HB” Ax %

) = e x (=3.5) <o x (=505) < W0p B x o)

22
WD, %L s: R x {0} — S\ (N} it §7! odtkE N BT

BEME LTS 1<p<2 eFoe {a} & (b} OBDD STTI\N}
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LoExtseB ABERF & L CORES

A= A({ae}, {0} = | As
k=1

D B* £ A FRBE w(4,B%A) = Hi,(BSA) 804 ¥ X0 Kk

AFFIBE L B2 eBREND. ELT

(1) min (Z lag — 0|27, Z |ak+1 — bklz_p) < 00

k=1 k=1

Rl w(A,BA) B p 74 7 LEBRCTS B 8
(2) > min (I“k — be*7P, laksr — bk‘2_p) =00
k=1

TH5E wA,BYA) B pT4) 7 VERTHD. LoTagy — b =
b —ap = kY@ P (k=1,2,-- ) icethid w(A, B A BpF4aY oL

R A BFHRAEORAIL 5L 2 (n=2 ICDOVTH, cf. [4], [1]).

F EF XK

[1] D. A. Herron and P. Koskela: Continuity of Sobolev functions and
Dirichlet finite harmonic measures, Preprint.

[2] J. Heinonen, J. Kilpeldinen and O. Martio: Nonlinear Potential The-
ory of Degenerate Eiliptic Equations, Oxford Univ. Press, 1993.

[3] M. Nakai: Existence of Dirichlet finite harmonic measures on Eu-
ciidean balls, Nagoya Math. J., 133(1994), 85-125.

[4] M. Nakai: Existence of Dirichlet infinite harmonic measures on the
unit disc, Nagoya Math. J., 138(1995) (To appear in June).

[5] M. Ohtsuka: Extremal Length and Precise Functions (In prepara-
tion).
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Solution of the Dirichlet problem
by means of control function
Aurel Cornea Katholische Universitat Eichstatt

D-85071 Eichstatt

Abstract.
U  subdomain of R* (with Green function for d = 2),
A the boundary of U in the Alexandrov compactification of R¢,
f numerical function on A,
h  harmonic function on U,
k  non-negative harmonic function on U.
Theorem.  Following assertions are equivalent:

(a) For any set A C U and any point y € AN A we have:

(*) If limsupk(z) < +oo then f(y) € R and f(y) =

A3z—y
lergy h(z).
h
(%x) If h:cIE.y k(z) = +oo then ggy 7 +(;:() ) =0.
(b) For any point y € A we have:
(%) If lzifraninfk(a:) < +oo then f(y) € R and
Ty
hE) — f(y) _
Usz—y 1+ k(:l:)
h(z)
(%%) If hm k(z) = +o0c then lim =0.

3Ty Usz—y 1 + k(z)

(c) For any real number € > 0 and any point y € A we have:

+oo  # limsupy,,_,(h(z) — ck(z)) < f(y)
< liminfys, ., (h(z) + €k(z)) # —o0.




Definition.  If one of the above properties holds we shall call f
controled resolutive with solution h and with control function k.

The function f is controled resolutive if and only if it is Perron-
Wiener-Brelot resolutive.

A new method for solving the Dirichlet problem is given, and it is
shown that the upper and the lower functions in the Perron-Wiener-
Brelot method may be taken harmonic.

Boundary behaviour of the solutions and generalizations to the ax-
iomatic potential theory or to pluriharmonic functions on the polydisk

are made.
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elements of hypercomplex n-tuple spaces
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algebra & without the unity element.
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Hiroyoshi Sasayama Sasayama Institute
T AR T e cnfl i ¥ #B o associate x4t
associative X1 non-associative < % 'eTfﬁ X hypercomp-
lex n-tuple space E(&) ai,i X s &» unity element D
tv e (x,0,...,0)€ E(5) & x€B ridentify 33 % izd)

n _ ¢n
o= Zio %48 = Liog &%y

thB NS 2 2 i (egy.,e Jre =3 5o 1@
5 basis 33, M. @& 4 unity element § ¢ 1= 5 w (£

U 1{\ Lie algebra L ? f%% ) \a\ t xR 29 EAui

Led Moo v gL ek At n s ¥ ek
55 3

(Kzg)(‘s‘»‘\‘ unity element o 3 wApkK lv) n;kx hon-commuta-

tive,non-associative algebra ¢ 3 3 i g'Lkd 4%¥ %

8l B1. associate R 1o hypercomplex n-tuple space

E@G)2xk XE(xl,...,xn)(xie B)(i=1,...,n) & scalar

Wzt ﬁ&’*) 5 & 9 basis (el,...,en)(bei(i=1,...,n)

N RA'¢ nilfactor < %Y %oy




n
X = 57 1 Cay xgaeee,ty X5)€;

vk zn3, o oz %p(i,k=l,...,0) @ S 9 multi-

plication constants b,i 5y fEon T Kos& iizgéf_
jk

CK,K'm W4 R za ki ¥isC < (K,K') # (C,R) ¢33.

1\§U:
det. £ 0

*
Xi
|

i,j=l,...,n

n .
1
§ B.(xj,...,xj) e,

. - .= - n
lr},s. \3 \‘Lbn - 12 Kj Zk:]_

"

K?k(i,j=1,...,n) L

B?(i,j=1,...,n)‘3 K?k »o BT Ko R KRrd D,




On the generalization of F.Ringleb's
analytic hypercomplex function theory for
25 associative non-commutative hypercomplex
n-tuple spaces

LR

Hiroyoshi SASAYAMA Sasayama Institute

1933 % o 3G X 7 F.Ringleb % ¥ §1f REn ikt 4 8y

ST RSO X 20 S F Ao —pRéh 5 RRAT MG &

BRUE, $W4y paya¥mg et Rbgrg &L

» Hypercomplex n-tuple spaces A 9 Y.k 3 3,

& 44K Lo ¥ 7{,3& t > n % associative,non-com-
mutative algebra, B,B'8ifK'L 9 s n a® m,K,K'la

R« kB4 cTU(x,K') £ (C,LR)t § 5_B,B"rasso-

ciateZnt.hypercomplex n-tuple spaces tXRE(B),E'G)

t 3 §a§\¥(9 scalarfki&gel=a 3y 34p & basis (el,...

.,en)i:')\\zié“ thzu%t-ytqéo E(©G) v 4k 1%

DEVE' (@)~ oWl Y=£(X)= IT_ju(xy,...,x De, =N
= yh n
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(xl""’xnldx)ek Ly T RE (’90 M ¢ q’k.(xl"

.,xnldX),vjk(xl,..,xn|dX)‘Ixl,...,xn'i7‘\T ana-

lytic,dX iz 5> « T @ 9 § ox { lineart X E'(G) 1k,

B'-18 % * L Y& DU Fréchet F g4 v 33,
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(\“\msl
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08 i modutlor Zﬁ-& S P s
and fimodeler [pe 7«/%@4
M I I W s
PN K Do A

Amold I ZREIORAAOIEMAIMNTNO L G124 B,

DL, ARNRAI2ODMBRAN A,. D, BL U3 2DON%
WERRAEs. B Ec2oR5, 1EBEVa228RA1320K
WTUNRL (ARNFABRRL). 3222 FELIOXNRNR
A (RIANARL) PARANE LIV 4 ONABRRIAOED L
2, 2HMEV2I7RRARIIBOVMBANYL L4ONRK> 6L 3,

COMRTR2BPOSEABRTH 3 65, e MV TRINEHTN
RAEOWMTI2ERE S,

(o1 ]

AR 1 €Y 22 B RAD minimal good resolution i unimod-
wlar type TH D, 6=1T53,

[eN2 ]

29%€ Y27 @A AP minimal good resolution i bimodular type
THN, 5=2Th3.

IBEY22RRAL2WEV 228 R AL EOAMAKII] T
226, WPhiRINARER A (minimally elliptic singularity)
T3, ChLoOSRO—RIELLXDOEEERA,

[xu3 ]

simple elliptic singularity, cusp singularity, nnimodular type sin-
gulanity <=> HRIWEARNKRAT 6, =1,

[em4 ]

bimodular type singularity <=> RAMARRRET § =2,



O=-2 A D=—<>

UNIMODULAR TYPE  UNIMODULAR SINGULARITY
O (<, &, O) =123,

I (2.4,
O-o-0 (3.3,
(3.4

(g, g, O) =(-p,-q,-r)

BIMODULAR TYPE BIMODULAR SINGULARITY
O (<, O, &) =1(2,2.3),(2,2,4), (2,2,5)
| (2,3.3). (2,3,4), (3,3.3)
O
|
O-o0-0-0-0
O (C, ©) =12,3).(2,4),(2,5), (3,3)
[ (3,4)
O-0-0-0-0-0-0
O $=3,4,5
|
O-0-0-0-0=0-0-0
0 O (O, O; ¢, O) =1(2,2;2,3),(2,2:2,4)
AN /S (2,2:2,5), (2,2:3,3)
O-0-0 (2,2:3,4),(2,3;2,3)
/ AN (2.3:2,4),(2,3:3,3)
O O
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BEOFLTREZMHIR I (1), Laplace EfoEW Lo@EosEHL, L b, MK
HEtAvwihvwe, FHEEZB8LEROLAEEX, Hio, *ORBTHERITERD
oo ZHMEIL, X —/t—3 vt a— 2% FACOM VP-2600 & E:=E Fortran77 2 B\, Xl
BITZ2T-1, *OEFTHETH %,

FEABHNCHLTROZHXEERT 3,

( 1)v+1(2n)| €(n+v)

0<r<n<N (n+ 1)Wwi(n—v)!(n+v)!

(1) Py(€) =

m+1 , 241

(

{ +3n+1)é+n(n+v+1)}

n+v+1 n+rv+1
HETURIMY F(t) & 2o Laplace £ f(s) cH LTRDOE S icBLC ¢
2) Fw(®)= [~ f(s)e™Pu(st)ds.

EERMIBOREIC LN {FN)F0 R L2/ V2D EK%T FicUE ¥ 3 o Clenshaw-Curtis{2]
OHETHREBRDEETL, COHERRET-HETH 5,
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Holomorphic chains and the support hypothesis conjecture

H. Alexander
University of Illinois at Chicago

Let Q2 be a complex manifold and let V' be a (holomorphic) subvariety of
Q of pure (complex) dimension k. Then integration over V defines a closed
current of dimension 2k in §, denoted by [V]. More generally, let {V;} be
a locally finite family of irreducible holomorphic subvarieties of  of pure
dimension k and let {n;} be integers, then T = ¥ n;[V}] is a 2k-current in
{}—these are the holomorphic k-chains in .

Holomorphic chains are particular examples of the locally rectifiable cur-
rents of H. Federer [F]. A locally rectifiable s-current T in an open subset
of R" can be described as follows. We denote s-dimensional Hausdorff mea-
sure by H*. There is a locally (H*, s)-rectifiable set B in Q and an s-vector
field 7 on B which is locally H*-integrable over B such that for H*-almost
all z € B, n(z) is a simple s-vector that represents the approximate tangent
space to B at r and ||n(z)|| is a positive integer-the multiplicity of T at z.
Then the s-current T is given by T(¢) = [z < ¢,7 > dH* for all s forms
¢ with compact support in . In C*, this description can be refined. The
s-forms can be decomposed into sums of (a,b) forms with a +b = s. A 2k-
current has bidimension (k, k) if T(¢) = 0 for all forms ¢ of type (a, b) with
(a,b) # (k,k). If T has bidimension (k, k) it follows that the approximate
tangent space to B is for H*—almost all z € B a complex k-dimensional
linear space. If the natural orientation of this complex linear space agrees
with the orientation induced by 7(z) for H? -almost all x € B, one says
that the (k,k) current T is positive. The space of all locally rectifiable (k, k)
currents on (2 is denoted by ’R,f‘ifk)(Q).

Thus every holomorphic A-chain is a closed locally rectifiable (k, k) cur-
rent. We shall consider the converse. The first result in this direction was
due to King [K]. We denote by © an open subset of C*—however, being
local, all of the results discussed below hold on complex manifolds.

King’s Theorem. Let T € R{ifk)(ﬂ) be positive with dT'= 0. Then T is a
holomorphic k-chain.




There are some natural problems in which one wants to apply a theorem of
this type—especially when T is a difference of elements of Rf‘;jk)(Q)—but for
which the positivity hypothesis is not satisfied. This difficulty was overcome
by Harvey and Shiffman [HS] who proved the following extension of King’s
theorem. Here supp T is the support of T in (2.

Harvey-Shiffman Theorem. Let T € Rf‘ifk)(ﬂ) with dT = 0. Suppose
that H2*+(supp T) = 0 . Then T is a holomorphic A-chain.

Harvey and Shiffman derived many nice applications of this theorem. They
conjectured that the “support hypothesis” ( H2+(supp T) = 0) could be
dropped—they were able to weaken the hypothesis somewhat. More recently
Shiffman [S] succeeded in verifying the conjecture in the hypersurface case,
. = 1 — 1. Our main result is that the conjecture is true in general.

Theorem. Let T € R{‘iﬁk)(ﬂ) with dT = 0. Then T is a holomorphic k-chain.

Our proof differs from that of Harvey and Shiffman who utilize the
Poincaré-Lelong formula to treat the hypersurface case and then reduce to
that by projections. We treat the case &k = 1 first. This has several advan-
tages: (i) To handle the putative 1-variety which is the support of T', we can
use the techniques of uniform algebras, which—especially in the hands of Er-
rett Bishop [B]—have proved to be powerful tools in treating 1-dimensional
varieties, (ii) we can use, in the k = 1 case, Federer’s structure theorem for
integral 1-currents—there is no hope for such a structure theorem in higher
dimensions—and (iii) we can then use induction on k starting from the case
k = 1 together with the nice slicing properties of rectifiable currents.

In this lecture we shall concentrate on the case k = 1. Let T € R{‘{‘fl)(ﬂ)
with dT = 0. The main point is to establish the lower bound

H2(supp T N B(a,r)) > 77°
whenever the ball B(a,r) with center a and radius 7 is contained in  and a €
supp T. It follows from this by a general resnlt of measure theory that supp T
has locally finite H? measure; in particular, the support hypothesis holds for
T. Then our desired conclusion, that T is a holomorphic 1-chain, follows

either from the Harvey-Shiffiman theorem or by an alternate argument, which
we shall not give here.

M




It is illuminating to conmsider first how Bishop proved the lower bound in
the well-known case in which supp T is replaced by a 1-variety A that passes
through the point a. The lower bound on the area follows from a lower bound
on length (= M!):

HYAN B(a,r)) > 27r.

Indeed, integrating this with respect to r then yields the above lower bound
for area.

To prove this length estimate, Bishop argues as follows. Let ¥ be the
real curve A N bB(a,r). (1) From the maximum principle applied to the
compact set ,, one concludes that there is a ‘representing’ measure pon 7y,
which represents evaluation at the point a. (2) Bishop shows that for such a
representing measure du/ds < #, where ds denotes arclength on 7,. Since
u is a probabilty measure, the lower bound on length follows by integrating
this inequality with respect to ds over #,.

We shall adapt this line of reasoning to prove the required estimate for T
The real curve v, is replaced by bT'(r), the slice of T on the sphere bB(a,r).
For almost all r, bT'(r) is a closed rectifiable 1-current on bB(a,r). Moreover
bT(r) is an integral current on bB(a,r) and is given by integration over a
countable union I, of (oriented) closed rectifiable Jordan curves contained
in bB(a,r). Our objective now is to show that

HY(T,) > 277,

However for step (1) we cannot apply the maximum principle to get a mea-
sure u concentred on I',. This is because we cannot assert that I, is com-
pact; indeed ', might be dense in bB(a,r). This, of course, is the core of
the problem—how does one deal with the possibility that supp T might be
dense in Q2. To get p on T, we first prove a Cauchy integral formula.

Cauchy Formula. Suppose that the slice bT'(r) exists as a closed rectifiable
L-current supported on bB(a,r). Let o € C. Suppose that

bT(r)(ldzul/)zn — a]) < 00
and that

the slice <T'(r), 7, @ > exists and equals > njfw;).
1




Then for all polynomials f in C".
fdz,

In— @

bT'(7)( ) =271 Y n;f(w)).

It is not difficult to use this to obtain the desired representing measures on
|
To adapt step (2) we need to extend Bishop’s estimate for measures p
living on the real curve v, to measures whose supports may be all of bB(a, 7).
This is the following.

Proposition. Let A be the uniform algebra of functions holomorphic on
the ball B(a,r) in C" and continuous on B(a,7). Let n be a representing
measure for A for the origin with support of u contained in bB(a,r). Let 4
be a rectifiable (open) Jordan arc in bB(a,7). Then p|y << H'|y and

duly . 1
dH|y = 2mr’
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