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1 Unification of the integrals and derivatives
(A serendipity in fractional calculus)

Katsuyuki NisummMoro Descarles Press Co.

Chapter 1. Fractional calculus of elementary functions by the extension
of their n (e Z*)th order differintegrations

§0. Introduction (Definition of fractional calculus)

(I) Dermvimion.  (by K. Nishimoto) ([13] Vol. 1)
Let D={D, Q}, C={C, g},

C be a curve along the cut joining two points z and —oo +i Im(z),
¢ be a curve along the cut joining two points z and 0o +iIm(z),
D be a domain surrounded by c, 9 be a domain surrounded by g

(Here D contains the points over the curve C.)
Moreover, let f=/(z) be a regular function in D (ze D),

r 1
f=Dy=cN,= ‘;f’f O ez, 0
udl c({-2)
N-n=lim (1), (mez"), @
where —n<arg({—z)<n for C, 0<arg({—z)<2n for g, [#z

I': Gamma function ,

then (f), is the fractional differintegration of arbitrary order v (derivatives of order v for
v>0, and integrals of order —v for v<0), with respect to z, of the function Lif () I <oo.

§1. Lacroix’s fractional derivative

§2. “F.C. of E-function” by the definition of K. Nishimoto

Chapter 2. On Nishimoto’s fractional calculus operator 4
(On an action group)

§1. On the fractional calculus operator _#*

§2. The set {4} and action group



(6]

(7]

{8]
{91
{10]
0
(12}
(131
[14]
{15]

Chapter 3. Inverse of Nishimoto’s integral transformation, inverse
of Goursat’s transformation and that of Cauchy’s one
(A serendipity in fractional calculus)

§1. A complex integral transformation and its inverse

§2. Inverse of Goursat’s transformation and of Cauchy’s one

Chapter 4. Unification of jntegrals and derivatives

§1. Unification of integrals and derivatives

§2. On the complementary functions

References

K. Nishimoto: Fractiona! derivative and integral, Part I, J. Coll. Engng. Nihon Univ., B-17 (1976), 11-19.
K. Nishimoto:  Fractional dilterintegration of products, J. Coll. Engng. Nihon Univ., B-20 (1979), 1-7.

K. Nishimoto:  Table of fructional diflerintegration of elementary functions, J. Coll. Engng. Nihon Univ.,
B-25 (1984). 41 6.

K, Nishimoto: On the fractional calculus of products of functions z#, 27 and log az, J. Coll. Engng. Nihon
Univ., B-32 (1991), 1-6.

K. Nishimoto: Some values of products (z?-27), obtained by computer, J. Frac. Calc,, Vol. 1 (1992), 1-6.
K. Nishimoto: On infinite sum §, ,=R, , (Re(f)> —1) (A serendipity in fractional calculus), J. Frac. Calc.,
Vol. 1 (1992), 7-16.

K. Nishimoto and Shih-Tong Tu: Fractional calculus method to a generalized linear second order

(nonhomogencous and homogeneous) ordinary differential equation of Fuchs Type, J. Coll. Engng. Nihon
Univ., B-33 (1992), 27-52.
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S. D. Lin, Shih-Tong Tu and K. Nishimoto: A generalization of Legendre’s equation by fractional calculus
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2 On Kontrovich-Lebedev and
Mehler-Fock Index Transforms
in L,-Space

S.B. Yakubovich NZI)v—VEIALK - BRKHE
[iicp 9= oK

We study the known integral transforms of Kontrovich-Lebedev and
Mehler-Fock:

KLolf)(r) = sinh(ar) [~ Kir(u)fwdy (>0, 0<a<r/2), (1)

MFAM =5 [ PoaprapP+ D1y >0, (2

where K, (y) is the Macdonald function, P,(2) is the Legendre func-
tion of the first kind [1] and the functions f(z) belong to the space
Ly(R+) (1 £ p < 00). Several results for these transforms are announced
in (2] and [3]. In the present report, we give inversion formulas and map-
ping properties of these transforms.

Let us introduce the following spaces of images for the transforms (1)
and (2):

KLo(Ly) = {KLalf)(7): f € Ly(R4)} (1S p< oo, 0<a<n/2),
MF(Ly) = {MF[f)(r) : f € L,(Ry)} (1<p< o)

Theorem 1. Let g(r) = KL,[f)(r) € KLo(Ly) for f(y) € Ly(Ry)
(1£p<o00,0<a<n/2). Then

/(e) = Lim. (129) (2), 3

where

(I%9) () = 2 / 7sinh((r — £)7) Kir(2)g(r)dr

m2gl-e A sinh(ar)

and the limit in the equality (3) is taken in the norm of L,(Ry4), which
exists almost everywhere on R,.



Theorem 2. The necessary and sufficient conditions for g(r) €
KL,(Ly) 1£p< o0, 0< a<n/2)areg(r) € L,(R;) (1 £7 £ )
and

Lim. (I79) € Ly(Rs). (4)

Theorem 3. Let g(1) = MF[f)(r) € MF(L,) for f(y) € L,(Ry)
(1 < p < o). Then
@) = Li (L) (2) Q

where

(Isg) (.’L‘) - 27;*'—'/ TSinh((ﬂ' — 5)7') P_1/2+,‘T/2(2352 + 1)g(7‘)d1‘
0

cosh?(r7/2)
and the limit in the equality (5) is taken in the norm of L,(Ry), which

exists almost everywhere on R .

Theorem 4.  The necessary and sufficient conditions for g(r) €
MF(L,) (1 < p < o) are

Lim. (Lg) € Ly(R4) (6)

and g(r) € L,(e7*;Ry) (7/4 < a < 7/2,1 £r £ 00) at the part of
necessity and g(1) € L;(R4) (1 £ 7 £ o) at the part of sufficiency. '

(1] A.Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi: Higher
Transcendental Functions, Vols. 1,2, McGraw-Hill, New York, 1953.

(2] S.B. Yakubovich and Yu.F. Luchko: Hypergeometric Approach to
Integral Transforms and Convolutions (Mathematics and Its Appli-
cations, 287), Kluwer Academic Publishers, Dordrecht, 1994.

(3] S.B. Yakubovich and M. Saigo: On the Mehler-Fock index trans-
form in L,-space, Sirikaisekikenkyisho Kokyiroku (to appear).



AN ARGUMENT THEOREM OF
CERTAIN ANALYTIC FUNCTIONS

SHIGEYOSHI OWA KINkI UNIVERSITY

Let Ap be the class of functions of the form

f(z) = 2P + ) a z" e N
n=p+1 n
which are analytic in the open unit disk [J.
A function f(z) in Ap is said to be a member of

the class Sp(a) if it satisfies

1£P ) -pt] <pl -0 (ze )
for some o (0 < a < p!).

THEOREM, If f(z) belongs to Sp(a), then

£(P-1) ()

[ e

ors
V4

for z € |J. The result is sharp.

CorROLLARY I, If f(z) belongs to Sp(a), then

(p-1)
... F .
Re{elB ~———~——£EZ } > 0 (z e ),

Z
where [8] < w/2 - sin~l((pl-a)/p!).

The result is sharp.



COROLLARY 2, If £(z) belongs to Sp(a),
then
f(P"l) (2)
Re{ —_— } > a (z ¢ |)).
V4

The result is sharp.



4 A NoTe oN THE ScHWARZIAN DERIVATIVE

SHIGEYOSHI OWA KINKI UNIVERSITY

Huane XINZHONG Huaqiao UNIVERSITY

Let A be the class of functions of the form
f(z) =z + % a_z

which are analytic in the open unit disk [J.
Let § denote the subclass of A consisting of
all univalent functions in |J. The Schwarzian

derivative Sf(z) of f(z) belonging to A is

given by
f”(Z) ' 1 f”(Z) 2
o - [£0] -2
f'(2) 2 LU f'(2)
£'"' (2) 3 £"(2) ]2
) £'(2) 2 LU £'(2)

It is well-known that

(i) f(2) ¢ § =P [5(2)] < 6

and

(i)  [Sg(2)| 2 2 = f(2) e §.



In the present talk, we consider the
Schwarzian derivative for certain analytic

functions.



On the fundamental inequality of

H. Cartan for holomorphic curves

TODA Nobushige Nagoya Institute
of Technology

1. Let £ be a transcendental and non-degene-

rate holomorphic curve from C into Pn(C), let

(f1,...,fn+1):C*Cn+1—{O} be a reduced represen-

tation of £ and let X be a subset of Cn+1 in
general position. About sixty years ago, H. Car-

tan([1]) proved the following inequality for f.

Theorem A. For any a1,...,aq of X,
g
(d-n-1)T(r,£f)s & N(r,aj,f)—N(r,O,W)+S(r,f),
3=1
where W is the Wronskian of f,,...,f .
1 n+1

The purpose of this talk is to give a result
which contains this theorem.

2. Definition 1([3]). For u(z)= max |f.(z)],
15j=n

27

1 (2" i8 1 (2" i0
t(r, £ -——J logu(re ")do- E?J logu(e™ " )deb.
0 0

Definition 2([{2]). (i) X is maximal if for any

Y in general positionsuch that XCYCCn+1, X=Y,

(ii) X is v-maximal if X is maximal and #X(0)=v,

where X(0)={a=(a;,...,a_, ,)eX:a_,  =0}.



Note that t(r,f)sT(r,£)+0(1) and 0=svsn.

Proposition([2]). For any v(1svsn), there are

v-maximal subsets of Cn+1.

Remark 1. There is no 0O-maximal subset of C2,

but it is not known whether there is a O-maximal

1

subset of Cn+ for nz2.

3. Our main result is the following theorem.
Theorem([3]). Let x be v-maximal. For any CRRRRR

,a_of X,
q

a
z m(r,aj,f)+N(r,0,W)§(\)+1 JT(r,f)+(n-v)t(r, £)+S(r, f).
j=1

q
Corollary([3]). Z d(a,f)sv+1+(n-v)Q,
3=1

where Q=limsup t(r,£)/T(r,£)(s1).

r+

Remark 2. If Q<1 and v<n, then v+1+(n-v)Q<n+1.

Remark 3. There are holomorphic curves with Q<1.
References

[1] H. Cartan, Mathematica 7(1933), 5-31.

[2] N. Toda, NIT Sem. Rep. on Math., No. 114
(1994), pp. 7.

(3] ——--~—, ibid. No. 117(1994), pp. 12.



6 HBUBHEXEABRBEEDE D —LEHK

MR EE RIRKFTHE
B At ERXFTHE

REBEOEH —AEBEEHAT2LE, Tk, CHh—AEHBLAE
WREEHEHOBINEREEL B L E, ¥ ol Mro>uTHSBERBO
EHATBRRICHSA 5. ®IT, Ozawa-Sawada [2], Sawada-Tohge [5] i1 3
ERBEE DO EH — 1L EH, Ozawa-Sawada [3], [4] it ¢ EREEED ¥
Hh—rERERH L. ThOoDBROFIED 2 B HEZEL 54D
i, XV —KAEEBEFTERXEEL, KROMREEL.

EE Let H and L be non-constant entire functions with H(0) = L(0) =
0, ¢m = by =1, a, (g =0,1,---,m—1) and b, (v = 0,1,-+-+,n —
1) meromorphic functions with ag £ 0, bo Z 0 and f a meromorphic
function . Further suppose that

T(r,a#):S(r.eH) g=0,---,m-—1,

T(r,by)=S(T,eL) v=0,---,n—1,

and
N(r,0, f) + N(r,00, f) = o(m(r,e¥) + m(r,e")) F— 00

.vtside a set of finite measurc. Ifm >n>1,d=(m,n),m=pd,n=qd
and the identity

(e 5 = f(2)3 b, (2)e MO

u=0 v=0
holds, then we have one of the following two cases:
(I) emH(2)+nL(z) — ao(z)bo(z), f(Z) — ao(z)e—-nL(z),
a;p(z) = e—(j/d)(mH(z)+nL(Z))a0(Z)b(d_J)q(z) for §=0,1,2,---,d,
a,(2) =0 for p#0,1p,2p,---,dp=m,



b(2)=0 for v#0,1¢,2¢q,---,dg = n;
(II) eMH(2)—nL(z) — ao(z)/bo(z), f(z) — emH(z)—nL(z),

ajp(2) = e((d—j)/d)(mH(Z)-ﬂL(Z))b].q(z) for §=0,1,2,---,d,

a,(z)=0 for w#0,1p,2p,---,dp =m,

b(2)=0 for v#0,1q,2q,---,dgq = n.

COEEI D, 3FERPEMICEIT 5 Ozawa-Sawada 2] DEET,
HERNMBMDORELETNETH 5 T & %KL & Sawada-Tohge [5] D FIBEH1S
bh, ¥k, 4TEREEHEIEIF 5 Ozawa-Sawada [3], [4] DEE LD
Té, FAREERIBONS.

SE XM

[1] K. Niino, On regularly branched three-sheeted covering Riemann
surfaces, Kodai Math. Sem. Rep. 18(1966), 229-250.

[2] M. Ozawa and K. Sawada, Three-sheeted algebroid surfaces whose
Picard constants are five, Kodai Math. J. 17(1994), 101-124.

[3] M. Ozawa and K. Sawada, Picard constants of four-sheeted alge-
broid surfaces, 1, to appear in Kodai Math. J..

{4] M. Ozawa and K. Sawada, Picard constants of four-sheeted alge-
broid surfaces, II, to appear in Kodai Math. J..

[5] K. Sawada and K.bTohge, A remark on three-sheeted algebroid
surfaces whose Picard constants are five, to appear in Kodai Math.
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=X BY¥ FTEK-B

Rridn®kima—7Yy FEMEL. SCRMWIDWTHEREMREE 05,5 THY, £
o H={(z,y) e R¥0<z<m -0 <y<oo} &9 3, Widder [2] FRDTE %
L7

T A. h(z,y) id HERMT, HLEESMHE L,

(1) Vy €R, h(0,y)=h(r,y)=0
@) [ bz ldz = 0y (gl ) (@2 1)
ol

fa]
h(z,y) = Y (Are* + Bye™*V)sin kz.
k=1
EHE B BE AT (2)
(3) h(z,y) 20

TR&EHAohB L&,
h(z,y) = (Are¥ + Bie™V)sinz.

UTTIR DA +AICB OO LUERE LD R I(n > 2) LOBFRFEREL. HO—f&
LELT. & (Y5 -)
T.(D)=D xR

AEZ 5,
T (D) LORFBEIC DT, Bouligand (1] (3RO EBEEFERA L 12,

8 C. h(X,y) 3 TW(D) LARTHAM, Ol (D) £ (ELEMIZ)0 IS ML SE
h(X,y) =0 on T,.(D).

CITHRETATERITI. ChoDER A, B, C 5 —#fb, HEMALL T3S, SERizT—
VTCORBOER (3, B 5 ERREIZP 3,
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(Apr+A)f =0 inD
f =0 ondD

OEA M EMIET B ERERMEIN % {(MD,K)}, {fP} (k=1,2,3,..) ¢T3, &5
120 A(DL ki) < A(D, kigy) 5 2883 % (k) &7 53,

FH. p, qit 2 DOEEHMT. h(X,y) & [n(D) LBERE, ATL(D) £ 0475 58
BEds, bL
lim, eV (Pkr1) "/Dh’”(X,y)le(X)dX =0

lim, ., _goeV M Dket1) U/Dh+(X,y)fF(X)dX =0

kpy1-1 kqr1-1
h(X,y) = Z Ax(h)ed /M(D k) ny )+ Z Bi(h \//\(D.k)yka(X)
FetZUs Ar(h) (k=1,2,. . kpp1 — 1), Be(h) (k=1,2,... kg1 — 1) TEH
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13 $ (a—2) LOoF4 ) 7 VHMBEIZONT

HH XfE FEKX-H
=5 ETF TEX-H

FERBETHI¥ZEMTOT 47 VHBEDORIZOVT, =B &3 Helms
[1,p42 & p.158] THMIN TV 2HEH THBH, HEERTO—E#HNH S &b Siegel
RIic&->TaEAE NI, Yoshida [4] i3 F 7z, Siegel DRI HFOMEICEZL T, LHF
ZUHDOLET. ABO—EHOEELTN LI, T2 TR, FEMABHREYr—2&0LT
SO, LV —BUIBERBABRTHH I3 - iI LT, 4 DEREMBLIERNBOH
ROTHET S,

QACS T (n22) 2 +HICBSOEERERS>EREL, QLT STS VT VA, D
KEES A BT 574Y 7 LM

A+ XN)f =0 on Q
f =0 on 90

DEHMEHI AT 2 ERELBEIE (AQ, )}, {(ff(0)} (k=1,2,3,..) EF 5., &
oo MOL k) < AR, kigr) 12 BEHINE (k) 9 5,

£+ (n—2)t—AQk) =0
DEMR. ARE o(Q k), k) EF5, 9013 Q DERET 3,
Ca() = {(r,0) € R*0 <r < 4+00,(1,0) € 02}

Sa(9) = {(t,Z) € R0 < t < +00,(1,E) € 90}

BRI L, m i3 220FARH. ¢(Q) = ¢(t,5) H S.(0) LOEHMHT
/ T a1 [, 196, 2)ldoz)ds < oo
/Ozf’mv"mm—l(/m l9(t, Z)|do=)dt < +o0
EHITHOETE, ZOL &,
H(Cn(Q),1,m; g)(P) = /Sn(mg(Q)K(Cn(Q),l,m)(P,Q)doq
i3 g ZHRMEICH OWMBK T

lim r""(n'k‘“)/n |H(CH(Q),l,m;g)(r,®)|fln(9)d09

T—00

r—0

 lim 8@ kms1) /ﬂ |H(Cn(Q),1,m; g)(r, 0)| f2(©)doo = 0



1T B L. K(Ca(),1,m)(P,Q) $3— VLD (—fALINI) KTV U TH B,

TH 2 BELIKWMAT. B p, ¢%kp21l, ¢g2mERkT 2 OOEEH
EF B, U A(r,0) ¥ g ZEFMEIC SO Ca(Q) LOATBEKT

r—00

lim ro(®kp+1) / h*(r,0)f2(0)doe
Q

= lim rP@kes) / h*(r,0)f3(0)doe = 0

r—0

kpy1-1

h(r,0) = H(Cn(2),1,m;g)(P) + Z Ar(h)re@® (@)

kq+1 -1

+ 2 Bu(h)r~®0 fi(0)

k=1

U Ak(h) (E=1,2,...,kpps — 1), Be(h) (k=1,2,... kpp1 — 1) IZEH.

EE Yoshida 3, T3 B LEEH 2D p=q=10DEAICaLNh53,
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max u = max u o min u = min u
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TE. HLIoBBME us, F+Y 7 LRIER, +45b5b,

(1) /H lgrad u(z)["dz < oo

LT 55L&, uR~y e VER B, ¥00REER VT, T <TOE
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Sk, cRURESTVWEY, A IEY,
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O R E
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o
e u(y1 )ty n > 0’
u(ylyy% sey yn) = { L2 Y ) n
u(_yl)y’b"-vyn) Y < 0.

BE-T, u DHBREICSVWTIRL B &ENTE, Ric, BEMAKC
SVWTOHR

(3)  |u(z) —u(y)P < MrP™ /E(ﬂr) Igrad u(z)[Pdz, y € B(z,r)

TFATE: CCT,p>n—-1. 3) ik, n—-1 RTZEMTDOY #£1L
TORZEX (p>n—-1@cgdahrn) CHEBULTHAISDLETE
>h 3,

¥ HEIoARUBEAEROZHSE, ~» 2 VvER By, ¥u
DREERVT, $XTORRAT T-BEEL 6.

AERIBFABER ficouT,
/H If'(z)"de < K/H J(z)ds
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/f(H) v

BRI LTS,
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operator of order «r

i) =V ARHA B

R"XR LD a RAVBERHR

d
L(®) — En + (—A)”

%X (0<a<1). Dirichlet BB T 2 MR SOEY %5
295, Xoe R ABA ECR™ & s0>0 koL,

T)(<ao)(E’3°) ={X, + (3?‘1‘7:1:,—3);:1: € E,0 <5 <so}

LB [ BlebvT,. LS QC R OBRA X, # L(®
KBALTERRTH 500 +8K%8L LT, (*) THEAELOHS
BECR" s>088ELT. QNTY(E,s0)=0 &% 3, |
BRONTWVWE, ST &H (X)) D EXHAEHLOEVIK
L ETHDOILEINEER S, 1 <a<1EMLTRE®
2a-Riesz capacity THR#BSH o 3H, 0<a< lotzxiz. Mo
capacity b o5bh 35,

BH. Xoe R BIEAECR" &43, 20 &% X, &

L e LT RN\ TE(E, 50) OERIBRATS 3700 HE+
BRI Cro(E) >0 THB. & T Con(E) 8

1 (n=1,a > %)
max(0, log 1 2=7) (2 = n)
Kao(z,y) = |z —y|**™ (1< 2a<n)
min(|$|2a_la |y|20—1) (n = l,a < %)

lz = yl(lz — yl6 + |z —y|= )22 (n>2,a < 1)

ICBd9 % capacity Th 3, iRy Lz—yOlOAELEDT,



EC K

e H%E R" OHBYiHEI. E%* HOAWRREHBAREGET 5,

BOLE Xo b L@ 23 LT R\ T (B, 50) OEMBRA TS
3ORO0EH. }<a<153VR0¢H. a#£l0L&TH3,
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Capacity & ¢ D5 H
481 )11 L 58 feA ko FE

1. Capacity —fix

E#. Capacity

R4 R capacity 2 FFEE LTV 32, & 2 TRIRDIED capacity
*EETD. k(z,y) % z, yDIEROTHEHEEB L L, JIE du(y) i<
K5BED% k(z,p) TET. phHEXTBEECEE fo L i, M
k(z, f) EEL. EREOESIIHL T,

Cie(E) = inf{||ul| : k(-,p) > 1 on E}

EEE, ED (KIIxf3 % )capacity L FER. k(z,y) 2*FRIK DD Green
B G(z,y) TH B L ¥, R* LD convolution IS 3 8 k(z —y)
THDHLED, HICKUTHS. 0<a<nDE ¥ ky(z) = |z]*™™
EBE, alRD Riesz & VI, kJISKHEGT B capacity % alK D Riesz
capacity £ V5. a =2 Dk ¥|X Newton capacity Y FE3, n =2 D
X338 capacity & 2 3.

ZE. Capacity DEXNIBLHE
o HFiE ECF = Ci(E) < Cy(F).
mEHME Co(UE;) <3 Ch(Ej).
EEgit E; 1 F = Ck(E)TCk( ).
=S ‘C?‘f?%ﬁ@ﬁ'ﬁ K]' | K = Ck(KJ') Il Ck(K)
Capacitability Cr(E) = inf y5g Co(U) =sup kce Cr(K).

U open K compact

o M5 Cr(E) = sup{|lul : k(n,-) < 1,suppp C E}.

Capacity KB IC A 3 H BRI 4 G

& b AARFIEIERIYEICBE§ 2 Wiener criterion TH 5 5 .

EXyTthin TH 2 Lt iEH 5 Newton(FLR M n=2DL &) X7

iy ru “C*limm-»gu,(a:) >u(y) 500 H2LEEES. —#H
z€ . .

i, Eily) ={zeE:277 <[z —y] <2177} £ &K

EI. Wiener criterion

yedD, E=R"\Dt+%. 20t ¥ TFRFME.



e yid Dirichlet RIREICBIF % IEHI .
o Y2, 20 NCy(Ei(y) =0 (n=20¢ ERDLEFRLD. )
¢ FElf yTthin ThW,

Capacity iZ Sobolev D RERICHICHEI LS. AR DL p> 1iICXL
T capacity # Cp(E,D) = inf{||Vu|} :u > 1on E,u € C§°(D)} T
EETS.

E#. Sobolev-Hardy OAEK ([13])
1<p<g<oo T3 EKRIIFAIE. |
o T T Borel & EiCxf L Tu(E)P/1 < A;C,(E, D).

o TRTDue CP(D) X LT(fplultdu)’ < Aol Vull,.

fiIfE. Capacity IBEMEOBE L TExXONEZ XS, TOEIZI—
ficix, FELI>. LoEBRRLETSSEBERYE X 35, ek
ik RE T, BANMBEADICHICIE, capacity OFHli, #HE % #
RHZEH, BENARTDS.

Bl 21X, Newton capacity ® n— 2/RORER¥E%XRL T, ¥H TIEAIA
iICxt9 %, Poincaré @ cone A E X B . Eit, cone THRLTH, K
TOH L ZHE NFICEANIER VL LV S, Kuran O54(11]
bHE. ThHDFRHEIE Wiener FHEE- T, +o&ETLL2EL
P, EEMICOP»B L, BRilEoTtikohTttoaTh b5,
Sobolev DIRERICOLTE AN, p* BEANRRIE, #1x 1T, Lebesgue
AEE LT, RYIOFHERIEL T, I LHTHHICRS.
Capacity # V> % b, B4 fREIC sharp A2 52 3 = L ptHsk
37, MBI ENTRDLZ2DOTII R, £IICENS capacity DEFEL
DHE AT AREOHBRICRZOTH S,

BER.

o BRI RHE % capacity 2L TEBIT3 - ¢.

o capacity #FFL (FH~B Z k.

o capacity IC X 3R RIT AHEICEYT - ¢&.

< DUl % minimal thinness, boundary layer, Nagel-Stein @£ H,
Nagel-Rudin-Shapiro DEE R & @B LTEX TV I 3. k hbiF, I
HHMEE O HE * O RNEX AL T 2 HE (quasiadditivity),

ATV Cr(Ey) < Chll E5) € Cl(Ey)
k 7 k

TEBKEL , XL BETENS.



2. Minimal Thinness

EF*. Martin Z=f

Martin Z2f5] 13 Poisson 45> % —#ib L, —f¥ D fER ¢ Dirichlet 558
#EX B0 Martin iCX > TEHAINE. G 25K DO Green B
HelL, 2o c DEBEFEALE LT, g(z) =G(z,z0) B, TDLEHR
K(z,y) = G(z,y)/9(y) #EBA LS. K(z,y) X ykiEHTEZNIT,
D\{y} D kT, x: oFMEHTH Y, Harnack FE L D y; —» ¢y € 6D
o K(y;) BECREBS Y% &, REBEROEYFI% & ->T, WK
TBHLLT, y;OfTEE% vyt 5. y*O&ik% DD Martin BR ¢
Lo, ATET . ye AW LT, K(z,y) = Ky(z) 1 Ky(zo) =1 %
W73, x DIEOFTHMBEIC R 3.

Martin 3R I KBRS ¢ TN T ON B, —ICIEDHEM
B h B XN TOIEDORMBAR A h OEREICR->TLES b ¥,
minimal ¥ MHEN % . K, 2 minimal iICh 3 X5k, y € ADLKR A,
TZ L, minimal boundary ¥ 5. D EOEZDIE DTS A 1oxt
LT, A\ EOBIRAE p, X —FEHICTHFEL T

h = K(-,y)dun(y)
A,

EERIND LI DA, HE&K Martin DEBTH 3 .

Martin SER # IR ET 20 R K ABETHS. DIBLALL L XiT,

Martin B IT B OMHER L —K L, +XTOER A 1T minimal
THDI b TV, EBITIZ, NTA #H3% (Non Tangentially
Accesssible) ICOWT I @D = L 2RI T % ([10]). NTA kit +53ic
— M AR T, BHRO Hausdorff IKTTA n—1 X h b AT WL S AtH
B XHFETD.

ZE#. Minimal thinness

ﬁf % IEOBEBIR v 0BG EICxt$ % regularized reduced function ¢
T5. IR EETull by 22 E0EFAFBERSAD, THRERDY,
THEERICRD XSKFRIEL b DTH B, KMEEIcL X, ELT
u, EONTIX E LT u; ODET 0 ¥ 37 Dirichlet FIEOETH 2 .
yemaﬂLr,Eﬁyfmmmmymmtuﬁg;ug@ﬁ&ua
SN, KyA'minimal TH Bt 2o, EOET KB EY 23 Green
potential XFET 2 -t tAfETH B . chitF 7, 11111r~—»y K(v,z) >

K(v,y) t 2%, HIBvofELFET, ¥Eo thmness @E% rH~
Lbha.



ZE¥. Minimal fine limit
DEDB# f7* y € A; T minimal fine limit a% > ¢ 1%, yT mini-
mally thin TH3EE E C D2*H>Tlim 2~y f(z)=a th DL

z€D\E
223V, mflim,,, f(z)=a tEL.

ZE. Minimal fine limit theorem
h=Ku, DEDIEOFTATEH T2, cor ¥, H=Kug%*jlo
IEEOFEAIBEIE, u % Green potential ¥ 1T,

mf lim u(z) =0

zoy h(z)

. H(z) dupg
f1 = —=
oy h(z) dup, (v),

Hup ae. y € AICxF L THRILT 5.

fiJ#8. Minimal thinness D% 4T

Minimal fine limit theorem IZ KZE—#TH 2 7%, ElLkH)RIEFR2EE)1T
EDOXSI/ONB7E5 5 D7 4710, minimally thin set O EZE T
gy, BAEKZESEA, minimally thin 7° Y5 204535 h 23 0¥
ERBEDERL L.

DlLEDRREICR LT, DAEZERIR, Kot kU, CHefio L *
i, KOTBO Wiener b TV 3. E C DIcxfLT, RP
{X Green potential IZ7 % A* % @ Green energy %v(E) TE3. *h
Z0(z,y) = G(z,y)/[g(z)g(y)] % Naim DO T3 ¢, F1HTE
Fe L 7o capacity Co(E) IC—¥ T 3.

FE. Wiener criterion 1 ([12])
E C D& y € DT minimally thin T» 3 -0 HE+H5ET

S22y (Ej(y)) < o0 THB,

LOEBRILEY RS 2 55, Green energy TiisrH - =RIC
RORVCDOIRETHE. bo t BANICGHEEABI R VAR S »?
TDLOIT, yEFLIHANSE., —RICHBEARZORE R o
PERE & HBCRTHE I ST AR QD EFNC Whitney 53832 = & »tHISES .
QrNERFTOHEL t,t 5. ZOr ¥, Uk >D Whitney cube
QO TEZNWE, W(ENQr) =t2C2(ENQk) > A|[ENQk| TH 3
SCIKERTS.

E¥E. Quasiadditivity ([1])
EcDicxtLT,

Y(E)= Y YENQ:) ~ Y #Cy(EN QL) > AlE|.
k k



Quasiadditivity Z L iiE, BOERICX 208 % & oIy TE T,
(KD Wiener criterion 2§ b N 3, FAFIC, BEOSBEIBEONS.

EE. Wiener criterion 2 ([1])
BERPRy» 0 QD TOMEHEY Re(y) £ 5 &, E# yT minimally
thin TH 3 - D NHE+SGHEIT

2
EJMEVCAEn@)<m.
k

EE. HA%MH ([6])
FRIES EAXER S T minimally thin THNiT,

/ |z — y| "dz < oo.
E

ELIRBL EXBODP R Z 70T THNF I NITTAEBETIH B,

EE. 7O quasiadditivity X —# D NTA fE T T T3 ([3)).
it Hardy DA%3X ([4]) &, Green energy % Dirichlet 5> TE <
LICX D REING.

v v

3. Boundary Layer

Volberg([16]) i< & > THFHAFMAEICEET 3 boundary layer A X T
W3, LIEFO DEBEAAAKRE S 3.

ZE#. Boundary Layer 1
ECD%*A%ar L, Q=D\EXFES*EUHEBLLRETS. Q
DOFMFEIXT L, DEER cHHo>T

w(0,1) > ¢|I|
DI RTOM T C ODICX L THRILT % & ¥, Q% boundary layer
LR

Boundary layer {Z minimal thinness ¢ E#E 4L BE»H 3. = = TiL,
D% — D FEIRICHEIR L T, boundary layer #%E# L, %D capacity
KL DRHEERTHLS . 0% DEKOFEFAZE L +1E, &(0,1) =
@2m) I THB. fEoT, KO—MILIEKTHSS.



##. Boundary Layer 2
— RIS L T
w(0,I) > cw(0, )

AL T D & ¥Q =D\ E% boundary layer EFE8, 2K L, 22T
IIEROD EDFT RT?D surface ball #FH< 3 5.

COEBEXIOIKBEORATALS. LESL IZBEELT, w =
w(iI),w=w(,I) t$5%5. 2Ot %, reduced function DEFEH HQ
LG-w=REr23oT, FH0%KRAT 2 EICEY, boundary
layer D LE 13§41

RE(0) < (1 - c)@(0)
thd. S CTIRER oS yIlBRE ¢, Hao(z, 1)/(0,1) 1X
yiCF1F 3 Martin #% K, \CHUORF 3. %€ 5 T boundary layer D LE+

5y Gt it R
Rg (0)<1-c

DT NTOFEFR I L TRIL T2 & ik 3. & 6iC 2 Ml Martin
DEB D b R

Ry (0) < (1 = e)h(0)
P RTOEDTHMBIB S LTRILT B L L RAETH S,
Ky(0) =1 T» %% 5 minimal thinness DE&E LY, Q = D\ EH

boundary layer THNIE, EIX TR TOEER A yT minimally thin T»
% ([7]). & HIC quasiadditivity % 5 ¢ &£ DE%WJ&W@EE’Q@%

RIETOMB X EBRE OB E X, d(y) = ZkR()CﬂEﬁQU
<.

EE. D% CYfHIRr 32 L RPALT 3.
o HDHEHe > 00H>T ||®loo < el © X QT boundary layer T
5.

o 7% boundary layer THNIE, ||®] o0 < o0o.

m$@ﬁmnu RE (0) 8 EOREMM r Bo, TomEHmMmE
(0) <Y.R EDQ"( rHVSE., %Pz, ﬁféy(O) ? quasi-

add1t1v1ty ROV, THTEMTIERL, ﬁ,E\’y(O) HEIC 1

Lh/hTwvz vy, Martin BOHEE REHMEX* ET 3.



4. Boundary thinness

Boundary layer i KHEHUC B 2 1F, T X TOER 5 ¢—4HEIC minimally
thin TH 2 X5 RFHETH S, 1T A CEZEOD thinness (statistical
thiness) 2D IXMIAZ A 25527 LIEO L, DEFZE[ {z: z, >
0} L&, 1 REEELTERLZDOTCR AL, BHREWk T, thin
BB Er FiEx 3. Ei}

ZtkCZ(E N Qk) < 00,
k

FIZA(F) = inf{ZT;‘_I : F C UB(zj,7;),z; € 0D} (Hausdorff type
content) ¢ L T,
A(FN{z, <t}) =0

th330TH3 ([2).

. Statistical thinnes and boundary thinness
o FLDO2oODFD thin BEIIT LA EFT X TOER S T minimally
thin TH» 5.
o MIC, T LAY TRTOEHRS T minimally thin & & 28 &1,
LD2ODORDOEGOMTEREINS.

CDXSREESYE A BT, minimal fine limit theorem DR IC
b5, MARKARTLAPB L3510, HRTHEEEDAL—FT
¥4 2 X5 h¥EAE, minimally thin iCh->TL XS5, T hid, Y
5B IC X, minimal fine limit theorem I AR TlE v ¢ # /BT
5. & Z A5 Nagel-Stein([15]) {Z, Fatou DEE D, H 3 BE OENIE
SHEICHASRTE A 2 ¥ %/~ L/, £ 2T, minimal fine limit theorem
I b 5% T, Nagel-Stein DEHE ¥ E < X 5 7, fine limit theorem
YENZOVAELHIREMEETE A, L0 200D thinESH S
DHNIICTESS S ¥ oh 3.

F¥E. Boundary behavior

QR FEEOAT, BRZEDLD DNOES LT3, o &, u%
DEDOEEOEFHMEEKL+2L, L2 o0FD thin B4 Er Ft
HYH, TONP>OLUH[> THEFRICHEI , BLATRTOER
BT uDEREIEETS. LI udFAMLEOIE, E=0 Lt TX,
—7, Fi% Nagel-Stein DB L 12, LA EZTDOL L,



5. Sets of detemination

SFCiR, EBRTCYDTWEGEZBATE LY, T TR KT
Lﬂﬁﬁé%il5.%ﬁ@kbﬁD%Cmﬁﬁtfé.u@ﬁﬁ,
Martin #DOH b D i Poisson #% P(z,y) = —0G(z,y)/0n, ZHVT,
Do ~ToFHMBH % Poisson #5> [, , P(x,y)du(y) THEF = ¢
AN é’ % . Bonsall-Walsh([6]) I 2 & iZ3#0iC, DROAIEVTES L,
[p Pz, y)dv(z) »55 OB Z YORBREERT »E X 1.

E#. P.P.B.
E C D?7* Positive Poisson Basic (P.P.B.) t X, 0D EDOEEDOIEDH#
RS ficxt L T, A >0t ;€ EXH-1T, f= Z]- /\jP((l:j,') 7
BLEEES.

—74, minimal thinness DEFZ X HIC L - L5 ZEREZ LN TV S,

E£3%. Determination _
ECDdycODICERER*ED D tid, (FEDEFAFBIS h = Puy,
HEEPy)EROWE, wmn({y}) 21 R2EEEFS.

PPB. b, RllE%*xE®H 5 = ¥, XU, minimal thinness DA% IT K
DEEHTHE. 0<p<1ITXHLTE, =, Bz, pé(z)), §(z) =
dist(z,0D) ¥ &X.

EE. ([8]) EC DICXLELTFRAE.

EiX P.P.B.

EEOIEFMBEDOZE h 1IZ3F L supg h(z) = supp h(z).
ER4XToOER[ yCRiEEED S .

FEDO (/-3 H3) piiH L E T T ~XTOEFH A y T minimally
thin TV,

e EED (X111 H3) p(CﬂLpr |z — y| " "dz = o0

28, D% —f#o NTA R LAt &, P.P.B. DEF% Martin £
FHOT, ACTE, LoeBRESY&ELROTHRILTS.
NICIE, Martin O L WEHE A LETH 5. — kD Martin ZZfE~
DOHFEATFEED ¥ S A ldFO N T L v,



6. Capacity CBIEDLILE

Riesz capacity ¢ Hausdorff Al DO IT B O TV 3. —f#HiC
n—a<pfB<nDtE CyE)=07%0iE EDOBKIC Hausdorff HIE
RoTH3. thit, Mp(E) =inf{3r) : E C UB(z;,7;)} 26K
7C Hausdorff content ¥ 33 ¢ ¥,

Mﬁ(E)l/ﬁ < ACQ(E)I/("_O‘)

THEI PO, I TH>n—adABEHTH->TB=n—ad
EEICRRPIDDHE. LHL, —H TR Co(E) ik n— aROESEHK
THL. TITRALDLDOERTn — kOB EHB LV, 20k
VI, ép(z) = dist(z, E¢), E, = U, 5 B(z,65(z)?) £ T5.

EEB. n-a<f<ny=(n-a)/frtT5. UrHAREZLT2¢L
UDBIEE IS LT

M,@(E'Y) < ACQ(E)'

EE. f=nDtTREOELTEELLXSIC, quasiadditivity 7
LEGICEHHINDG . B<nD ZICRAEWLEEE *END. £
N1 Lebesgue Al D X 5 7x base measure #*FLEL LV HTH 3.
7, Riesz BEREDDD LD B, Bessel i go1C 35 < Bessel R %
ERTNTS BEEDL L. ZNIL Bessel AR O 5 TEMEKL ,
AR ED»HLTH3B. Bessel BERICK LTI, ARESICEINZ ¢
WHSNIMGFERTHTHZ. S 610, IPAE~ADIERXZAON 5.

EE. p>lLin-ap<f<n,y=(n—ap)/f tT3L, (a,p) icxt
3% Bessel capacity Bg pixf LT

Mg(E,) < ABo,(E).

Z OAREK ¢ Capacity Strong Inequality (C.S.1.) ([9])) ¢t &€ 3 ¢,
Nagel-Rudin-Shapiro([14]) Of§RO%KB A5 X 5. ZhidH 1 Hi°F
L7z, Sobolev-Hardy D AREX ¢ F LiE#TH 5. M, (F) TR L
DB Fx RITHCHETER L, tangency 70 tangential region - &
% maximal function # B> 74~ 3d D & 335 . F7/, Hausdorfl content
Mgl X 2N %

[ 1urants = [ ol o)l > epyae



CEERTD.
8. p>lin—ap<fB<n,y=(n—ap)/B t+5¢L,

(1]
2]

[10]

[11]

(12]

[13]
[14]
[15]

[16]

/R My (ga * FYPdM5 < Allf|2.
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On the generalized R.Fueter's polynomial p(z)
18 in the quaternionic quadruple spaces.

2R SASAYAMA INSTITUTE

RS TR PR RACLLIN 2 ¥ TR I A
b . _
A I RN S T WY T
w=f(z) = ¥ T c p

m=o0 (_n1+n2+n3=m) yhong n1n2n3(z) "
3 B MR R U5 2 0 2 Te(i936) 7 y,;ﬁ &
|I'¥% A 1987)&’;%}7\ \ 7= Quaternionic quadruple
space E(ER) A f/;.’;i R A )1\"/%,5\ > 19 z"%yli,rf; 3 3
B,B'& s n 4 % \'\n, tm = K APMIAL § 5 Quaternionic
quadruple space % E(ER),E‘(ER) 12 § f?a F(%)i_’E(ER)

$9 BTG GRGIBBE T O KA 0 K Eay

4
) ,
A6 38 niF(p)- ) M L, F@ 5x, -
kl,...,k =2 k," """k 1
m 1 m
1k1x1;.. .;ka—lkmxl) %5 R B0 T X Ex tinxo+
W

igxg+i, x, 1 71’12,13’14"1 quaternion units U 3 3,
By B'A9) ﬁﬂﬁ M U multilinear function Em(xl,
cox JAWE(ER)"8) E'(Eg N9 m-linearW¥ £ (%, -

e %m) &y p(z)ﬂmﬁpmszmA (% )(m2+m3+m4=m) N

R.Fueter 9 mStih e w &1t & v 1 ﬁd:%)\ 9 i3k



TR R AR AEMTH S, B~
(m=0) p o= lim=1) py =l (xy=iyxy),p g =y (xg=igxy),
Poo1=ty (X4-1,xp):

(m=2) p200=1/2[g2(x2,x2)—£2(x1,xl)]—ﬁz(xl,xz)iz,

Pp1o= £o(xysxg)=1ol,y(x,x5)-ig4,)(x),%,),

Puoo™ 1/2[[2(x3,x3)—£2(x1,xl)]—ZZ(xl,x3)i3,...

Pro1= £o(xpsxy) —ipfy(xyux,) = 1,4, (xx0)
1 . . .

(m=3) P3,,="6 Ly (xy=ipxy,Xp=iyX s Xy=isxy).
Po3o= 1/6[45(xg-igx ), xg=dqgxy,x3=13x)],
Pypo=1/ 6Ly (xy=iyx sxy=iyxy,xg=ign)) +

)+

£3(x2—12x1,x3—i3x1,x2—izx1

Ly (xg=iyx g, xy=igxy,xy=1ox )1,
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In a similar way to define a complex analytic structure on a two
dimensional manifold S, we define a complex projective structure on S as a
certain equivalent class of projective coordinate coverings {(Uq, Zo) } o OVer
S. Here, {(Ug, zo)}q is a projective coordinate covering by definition if the
transition functions fup : Zg — zp on UgNUp are complex projective
mappings = Mdbius transformations. A projective structure determines a
unique complex structure on S. In general, a Riemann surface S with a fixed
complex structure admits distinct projective structures subordinate to the
complex structure.

We consider representation of the projective structures on a Riemann
surface S. Let w : U — S be the universal cover of S with the covering
transformation group I". The pull back of a projective structure on §
determines a projective structure on U, and analytic continuation of the
projective coordinate coverings defines a local homeomorphism f:U0- C
globally, which is called the developing map. Since the projective structure
on U determines complex structure, U is identified with the unit disk U.
Then, the developing map become a holomorphic local homeomorphism f: U
— C and T become a Fuchsian group I" acting on U. For each element Yy €
I, f differs from foy by the left composition of a complex projective
mapping m. Hence a homomorphism % : ' - Mob = { Mobius
transformations } is defined by the assignment ¥ (yY) = m . This
homomorphism is called the monodromy representation of the projective

structure.

— 51 —



We are interested in projective structures on hyperbolic Riemann
surfaces of finite volume which are identified with cusp forms in the Banach

space
Bo(I') = {¢ = S¢|fis a devepoling map compatible with I" and llQll., < = },

where Stis the Schwarzian derivative of f and ll¢ll. is the hyperbolic sup-
norm of ¢. Further, we consider bounded projective structures whose

developing maps are covering:
S(I')={ ¢ =Sfe By(IN | f is a unbranched (unlimited) covering map }.

Their monodromy images ®(I') are finitely generated non-elementary
Kleinian groups which have the invariant component f(U) of the region of
discontinuity. They are called function groups. Their classification was done
by Maskit, which informs us of the possibility of these covering projective
structures. We investigate the structure of S(I') as a subset of Bo(I'), in
particular the isolated points of it.

Hejhal proved that if y?(I') is a Schottky group, then @ is isolated in
S(TI). Later, Kra gave the necessary and sufficient condition for a
geometrically finite @ to be isolated in case y%?(I') does not contain a
parabolic element of rank 2. Though this assumption was not stated in his
theorem, it must be required in the proof. We remove the assumption about
parabolic elements and establish the final statement concerning the isolation of
geometrically finite covering projective structures. This improvement is

motivated by Gallo's work.

Theorem. Geometrically finite @ is an isolated point of S(T) if
and only if (x?(I'), A) is a Koebe group without an APT and without a

non-rigid parabolic subgroup of rank 2 such that all the component

subgroups except for A are triangle groups.
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Let B, be the Banach space consisting of all ¢ holomorphic
on E with the norm [[pA™2||o, = ess.sup|p(z)A(z)~2| < oo, where
A%(z)|dz|* is the Poincare metric (jleE Then following are the

common concerned problems

EXTREMALITY CONJECTURE 1. If ¢ belongs to By, then the Te-

ichmiiller mapping corresponding to ¢ is extremal.

TAMENESS CONJECTURE 2. Suppose that a Teichmiiller mapping
corresponding to holomorphic quadratic differential o is extremal.

Then ¢ belongs to B,.

UNIQUENESS CONJECTURE 3. If ¢ and 9 belong to B, the the
Teichmiiller mappings corresponding to ¢ and v concide with each

other if and only if ¢ = 7.

These conjectures have partially solved by many authors such
as Sethares, Reich, Strebel, Hayman. Based on these results, Re-
ich further asked the question whether a Hamilton sequence, if
one does exist, can be obtained in a more direct manner.

We give a partial answer for Extremality conjecture 1 and



Reich’s problem. Our result can be stated as follows

THEOREM 1. Let ¢(z) be holomorphicin E, iflim__ % =0,

and
1

Li(r,p) = O(1 —

1 , 1.
—log —r) T —

1

Then the Teichmiiller mapping corresponding to ¢ is extremal
for its boundary values, and there exists a sequence of numbers
{R,} such that 0 < R, < 1, limp—oo Rn = 1, and {o(Rn2)} is a
Hamilton sequence.

From Theorem 1, two corollaries are derived to show that
Extremality Conjecture 1 is true under some suitable conditions
which are more general than those of Sethares, Reich and Strebel.
For conjecture 2, we give a counterexample to show that conjec-
ture 2 is false. For the uniqueness problem, we consider a close
relating class of Teichmiiller mappings @ which keep boundary
points fixed, comparing with the results of Sethares and Reich, we

obtain a deeper conclusion as follows.

THEOREM 2. Suppose f € Qg, and p(z) = *}:— = kT%%)LI’ where
¢(z) is holomorphic in E. Suppose

1
1 -7

! log ), r—1.
r

II(T,QD) = 0(1 _

Then A(r,p) = O(log =), r — 1, and lim__, (1 — r)i(r, ) =

a # oo.
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Global real analytic length parameters for
Teichmuiller spaces
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Global real analytic angle parameters for
Teichmuller spaces
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Local Uniform Canvevgence and
Convergence of Julia Sets
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30 Holomorph-convexity of certain covering spaces

of projective manifolds

SHIGEHARU TAKAYAMA NAGOYA UNIVERSITY

A complex space Y is said to be holomorphically convez if, given a sequence of
distinct points {yn}nen in Y without a limit point in Y, there exists a holomorphic
function f on Y such that { f(yn)}nen is unbounded. Obviously a compact complex
space is holomorphically convex. Y is said to be Stein if it is holomorphically convex
and holomorphically separable, i.e., if T and y are two distinct points of Y, then
there is a holomorphic function f on Y such that f(z) # f(y).

In this talk, we give a partial affirmative answer to the following conjecture due
to Shafarevich:

Conjecture. The universal covering space of a projective manifold is holomorphi-

cally convex.

It is necessary to assume manifolds to be projective, since C2—{0} is the universal
covering of Hopf surface and it is not holomorphically convex by Hartogs’ theorem.
Kodaira has shown that any compact manifold whose universal covering coincides
with C? — {0} is not algebraic. Furthermore, C? — {0} does not cover compact
Kéahler manifolds.

Let (X,w) be a compact complex manifold with a Hermitian metric w. Let (L, h)
be a holomorphic line bundle on X with a smooth Hermitian metric h, and denote
the curvature form © := /—108logh. Let  : X —Xbea holomorphic infinite
étale covering from a complex manifold X. We denote the pull back @ := 7*w, L:=
7L,k :=n"hand ® := 1*O respectively. Fix an origin z, € X and denote d(zo, 7)
the distance between zo and z € X with respect to the complete Hermitian metric

o.



If L is ample, L has a smooth Hermitian metric k of positive curvature and
L® has enough holomorphic L? sections H(Oz)(f , L®*%) with respect to & and &
for large k € N by L2-estimate. Furthermore, if X has a compact subvariety V
of positive dimension, then, obviously, X is not Stein and (o)o, the zero locus of
o€ H&)(f,f@"), must intersect with V. So (¢)o can not go far away from z,
that is

d(zo,(0)0) := :él(laf)g d(zg,z) £ 8\613 d(zg,z) < +00.

Note that the above properties and the following assumption () do not depend
on the choice of the metrics h, w and zg. Our main results are to show that the
existence of non-constant holomorphic functions on X under the assumption which,

in a certain sense, is opposite to what we talked above.

Theorem 1. Let o
(L,h) —— (L,h)

! !

(X,G) — (X’w)

, Lo € X and d(zo, ) be as above, but not necessarily L is ample. Assume that
() Im_sup{d(zo,(0)o) | o € Hy(X, L")} = +oo.

Then I admits a flat Hermitian structure, that is, L is given by a representation

m1(X) — S in the unit circle. In particular, L= O if X is the universal cover.
We have existence theorems on condition that L is not trivial in some sense.

Theorem 2. Assume that X is the universal cover, k(L) > 0 and (*). Then there

exists a non-constant holomorphic function on X
Where x(L) stands for the Kodaira dimension of L, i.e.,

() { —co  if HO(X,L®) = 0 for any v € N,
MEV= 1 max{ k € NU {0} | Ty—yo0 =" dim HO(X, L®) > 0 } otherwise,

Theorem 3. Assume that L is ample and (). Then X is Stein and L is torsion,

i.e., there exists m € N such that LO™ Osz.
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Amn(r §)=0f tZ oL, drio Bl 5 e 1L,
Mt~ Ly, vndd. mod S w X 55 S Sk)



CH3. F0 Sux) s BASS T HY), B ovbe
19 GRS 2d3= Lo bdor 13.(02])
Mt~ i’a,w% sl wmod S v X s S D Snlx)
2 bl S p~ come 78 BMK) 7 Pprcwrve
F3. ¥ Ragil p~1123,

TR Ali BZEESH 23 RE Pocumne

St Placawe, X=P°, M= P*1A £T3&,
Mﬁwfuw%hv&a(.wfa»‘»)( |

= M7 tauwtly vukbd. wsd Splk) o X.

@V/}PMW;\WhélﬂJ/ZL@ Po corver &
£ 2, Nﬂ"‘%y}ﬂzé vk, wrd SHCE) w X 55
htcwmme S b Foe M/rz‘cw/t%mﬁd el S
X tuize b hdvanzar ((1303])

T2, At P’o $22r0 B2 5 5 YB3 Curve
ELX= PP, M=PPVA £33, a2 Me= Agnl.
poddl. mmod SulX) w X = erw:ﬂ,m
mod St(x) o X. A

(I Y. Adachi- M-Suguke , T, Moth. K7oto U (1552)
(2] —— /)wc Symp. o Pune Mk vl 2 (199

BJ 7//40(4044, J. MaZf. Soc. dafmm, Cr39¢«)



Three dimensional hypersurface

37 . .
cusp singularities
E & N *k HERF H¥ER
Three dimensional quasi-Gorenstein purely elliptic singul.‘arities
TYPE | Cohen-Macaulay non Cohen-Macaulay
(0,2) simple K3 simple Abelian
(0,1) 0 :
(0,0) | Gorenstein cusp cusp

In the theory of normal two-dimensional singularities, simple el-
liptic singularities and cusp singularities are regarded as the most
reasonable class of singularities after rational double points. They
are characterized as two-dimensional purely elliptic singularities of
(0,1)-type and of (0,0)-type, respectively. What are natural gen-
eralizations in higher dimensional case of cusp singularities. The
nation of a Gorenstein cusp singularity is defined as a normal iso-
lated Gorenstein purely elliptic singularity of (0,0)-type.

Here we are interested in a three dimensional hypersurface purely
elliptic singularities of (0,0)-type, i.e., a three dimensional hyper-
surface (Gorenstein) cusp singularity.

Let f € C[zo, 21, 22, 23] be a polynomial which is non-degenerate
with respect to its Newton boundary I'( f) in the sense of Varchenko,
and whose zero locus X = {f = 0} in C* has an isolated singularity
at the origin 0 € C*. Then the condition for the singularity (X, z)
to be a purely elliptic singularity of (0,0)-type is given by a property
of the Newton boundary of I'(f) of f.

In this talk, we classify the principal parts of defining equations,
which define three-dimensional hypersurface purely elliptic singu-
larities of (0,0)-type.



No. f

1 TP 4 ySH 4 5 L St 4 zyzw
2 P4yt + 24w 4 2y
3 3+ y3 + 25+ wbt 4 ryaw
4 o+ + 2+ w4 ryzw
6 2 +y5 + 2% + w4 ryzw
7 2+ yt + A Bt 4 zyzw
8 2+ yt 4 28 + W  zyzw
9 z? + yt + 25 + w4 zyzw
10 o2+ y3 + 2 4w oayzw
11 ¥+ y3 + 210 + w4 zy2w
12 2 +y3 + 2% + w4 zy2w
13 o + 3 + 28 + wht + zyzw
14 o243+ 27 4wt 4 TYzw
16 3+ 3w + 2t + Wt 4 zyzw
17 3+ 3+ 25 4wt 4 ayzw
18 B+ 2 + 2w+ 0 4 zyzw
19 2w+ y* + y2® + w4 zyzw
20 2tz +y3 + 2 + w4 zyzw
21 iy + y? + 2T L bt 4 ayzw
22 ¥z + y* + 223 + w4 zy2w
23 2z + yt + 25 + wbt 4 zyzw
24 o2z + Y3 + 28 + w4 zyzw
25 2?4+ yt 4+ 28+ wBt 4 zyzw
26 22w+ yt + 2% + w4 zyzw
27 o w+ y3 + 28 + w4 zy2w
28 o*w+y3 + 27 + W f zyzw
29 2+ y° + 2% + yw™* 4 zyzw
30 o+ y° + 2w + wd + zyzw
31 2 + ytz + 28 + w4 ryzw
32 +ytz+ytw+ 2"+ w4 zyzw
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(X,2) 22 REEHBREAE L. 7: (X,4) — (X,2) %
TORNEFRRMEETE2LE. ALOES A 7 VT2 OHEK
BEP1TH3E3B60D0DHNTR/INE LSO —BICEHLET 3,
ChEBR/PEARY A 7 v eV, Dk, Tz ETRY, £1
ALDES 470, XEOBRES 4 7 L EBRHCEES b
DEFESY A 7V EVWEKTRY KBBERIY A 7 V&5
L &, & OH R R % Numerically Gorenstein &\ 5, Ll E DR
EDbET, (X,2) WM T, EXEBRRENMB1IETH
BLE. (X,2) 2 RBMBHNERAL VS (S.S.T. Yau [5] ),

—RiC, 2REERBRAVC-FAE 6oL &, TOBE
REHOPARE EoRNN 75 7R BRI 3, UIT. AIAES
BEB TS 72RKOEIBHERACO VT, ROL S RERVE
5h 3,

FEH 1 x:(X,4) — (X,2) 2. HANBRSAOR/DER
HeET L&, AREBRIL Y 3,
(1) (X,2) # Numerically Gorenstein % 2 L&+ 4 &
HRAOWNHS S 7BRDODEIIKRBIETH 3,
All) T Alt

= 3;;

A A,,l, .

1ot2L by, by 2 2,-E? = EO¥ (—n ¥ 2TO
BEogR&rEL(=t)r#L,. cctc Q= ELTWw3,



(2) (X,2) WC*-fEfEH> L L. o (X,2) RBISIHR

BRARTRVWET 2, Cne &, (X,z) ¥BAKARKRATS S
12 DOMBEFDEBIIZ R~ Y, P (E klinearly equivalent) | 7:
i=1

£LOR)E EnX ickit 5 conormal sheaf T P, = ENA4;,
(i=1,---,n),

(8) (X,2) BC-fEA%2HESL. »o (X,2) R HsiHHE S

REATCRVBRAEMAKREATHILE, (X,2) 0l RAB KT
BRKRTEA LN 3, max(3,-2Z%), co & & -Z¥ = (b; —1).
i=1

[1].
[2].

[3].

[4].

[5]-

COLDRHREAROARGBHRIZLEFAELE S
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39 A characterization of generalized

complex ellipsoids

B ExE &K & SRKY¥ LR

I would like to announce the following charac-
terization of generalized complex ellipsoid

(+) E(n;nl,...,ns;pl,..‘,ps)

1 n s 2p.

n
= ((z,....2) €C x-+.xC 5 N EN <1

n n
in C%=C lx...xc S, where pi,nieN and n=n, +--+n

Theorem. Let D be a bounded domain in C"
and E a generalized complex ellipsoid in C" as
in (s). Let x € aD. Assume that:

(1) x € 9E and there exists an open n.b.d. Q
of x in C" such that DNQ = ENQ ; and

(2) there exist a point b € D and a sequence
(Qv} C Aut (D) such that Qb(b) — X as V - o

Then we have D = E as sets. In particular,
at least one of the p.”s must be equal to 1.

1

This gives an affirmative answer to Problem 1

in [A. Kodama; MPEDFMIE 819 (1993), 56-65] in the



. o .
case where 38D near x 1is C -smooth. As an imme-
diate consequence of our theorem, we now.obtain the

following:

Corollary. For arbitrary integers p, 2 2,
any bounded domain D in C" with a point x €
aD n BE(n;nl,f.,ns;pl,...ps) near which 8D coin-

cides with 8E(n;nl,..,ns;pl,..,ps) cannot have

any Aut (D) -orbits accumulating at x.

Finally, it should be remarked that, in the
joint paper with S. Krantz, D. Ma [Indiana Univ.
Math. J. 41 (1992), 173-195], we have already
obtained the result as above under the stronger
assumption that E also admits a point b € E and
a sequence {avl C Aut (E) such that av(g) — Xx.

Our proof of the Theorem is based on the scaling
technique developed in our prevgous papers and a
recent result on localization principle of holomor-
phic automorphisms of complex ellipsoids due to
G. Dini and A. Selvaggi Primicerio [preprint, 1993,

Firenze].
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#* = {% °f HREHRY
.
Y Teadadr . 5.8 (9. =5

afifotnane "{EAR P&t s,
2k RPN T.T,---Tm o
Tomed,, 16Bsm o et Ihp Rg (I€Rpsm,
o hgs 1) ¢BELT, Ta-%,Ta,
thnde?r  stepwise t+ 3,
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Riemann 1180 c @AET 3 Waonsktan 1t, % o 2 k4
TOEL Y



45 Bl 5 T8

Twisted (co)homology B¥D3Z Bl & HERMIEIE
AKX B WK EH

0. f¢
HHEOPHDITH - 3K Riemann o Lz ATHIE LTH
7c Gamma BA3%> Beta Bts L CTv¥ 32 HUTD XS AES

dt
— t)

I'a) = /;00 t“e"%, B(a,p) = ./0 t*(1 - t)ﬂt(l
(Re(a),Re(B) > 0) TEEI 1

I'(otl) =al(a), I'(a)l(l-a)=

B(aaﬁ) = I'(a-{—ﬂ)

sin(ra)’
EEOBBEANICAMbhTwEY, chboBBERXCLY
Gamma %, Beta Bt zh ¥h C. C* LoBFERIEHICHFHT
BT tp8bhs i Th{, Beta BAICEET 2 AKX
(1)

Bla, $B(~a,—) = (

27r\/1_1(a+ﬂ)> ( 1—e[a+f] )
af (1—ela])(1-€[B])
Mz b TEEF, T CTTela] =exp(2nv/~1a) THo

H2THL 5 Y Beta BIS B(a,B) k. S t*(1 - t)P & 1-
form dt/(t(1—1t)) & OEXE (0,1) LS LEdDTI, COX
ShbDEZS KL TFIRRRS twisted (co)homology B2k 1%
R ET, SMBEAK v & C° H form ¢ L DOEENS L TH
¢

d(up) = ud(p) + d(u) A = u(d + dlog()A)p

#¥8%7. L w=dlog(u) 25—ffix 1-form Z LN d 24 LA
Uo7VEfFE Vo = d+ wA 2T form ¢ KT 3EHICETHE
B33z eickb, £l « %X X 31 de Rham cohomology

I'(a)Ir'(p)



BOX5Ahb0eELZCeNTEET, ThH u ICBIT S twisted
cohomology BT,

—7 cohomology ## % % & ¥R T\ e Z{fliBI v % homol-
ogy DHICHAIAHRET, DX b chain & L T topological % chain
¢ X 2D LETOLZMBEB u OOF E D (c,u) TE®. boundary op-
erator 0, & LTI% topological 7 boundary & ZZ{HiRI% v OE %k
2D LOKIRL b 00 EHICEEZ D, ThbH

du(c,u) = (0c, ulac)

TEDET, TD chains & I, T homology %% Z 7c b DA ZMBEE
u ICB83 % twisted homology BT,

Beta BB LI FO X5 KELE T, $Ft°(1-t)f % u L A%
LET. OB

w=d10g(u)=—a—:i—t+tﬂ_—dtl

it C—{0,1} ET—IER]%A 1-form THEDTV, =d+wA Zd D
b Y IKFHWT twisted cohomogy ZHEK L ¥ 3, twisted homology
DHlk. topological % chain & % ®_EDLAHEIM t¥(1—t)P Do3EL L
DT chain #E»_LEED boundary operator 3, & THERR L ¥ 35

LRSS t(1—t)? B3 % twisted cohomology BEDIT dt/(t(1 — t))
& twisted homology BEDTT ((0,1),t%(1 — t)?), (arg(t) = arg(l —
t) = 0) & pairing & LT Beta Bt B(a,f) BEZRIHTW
2 E230TT, BIC B(—a,-B) % t72(1 - t)~° i+ 3
twisted cohomology BfDiT dt/(t(1 —t)) & twisted homology #f
D3t ((0,1),t~*(1 — t)7P), (arg(t) = arg(l —t) = 0) & ® pairing
EHBRLET. A Beta EDLIDLICALRUTALVAAE%2T
BDOD BCHANnZ EREDHEON, LEDRITLE Y. T ORI



K3 3840—2o%%X (1) 2HWTHHALELI . EX (1) 0
BB 3 = >DORBAHER twisted (co)homolgy HDRZ L A& >
TW3DTT, THbLAIHES form dt/(H(1 - t)) DHTRHET,
#e# 2% chains {(0,1),t*(1 - )%} & {(0,1),t=*(1 —t)~P} L DA
BEhEDOTT, cOT Ehrbn%EXi twisted (co)homology BfE]IC
HB=-D>DHER% pairings (i) ##5> (ii) twisted cohomology &ffd]D
4 (iil) twisted homology MO M %V 3 Riemann’s
relation & A3 DTT, TOFEBICKZTIE ZAMBIH u(t) & L
T

u(t) = [t - 23)

j=0
tFrciick Y BERMBEROARYBH RO XL 0Td, LU
FTo#ETCExO L*FBHEL 3,
1. IR b D UEH

VEW%n-Rvector ZEfdj& L V* L W* ZhEhV ¢ W
DORFZEE e LETo e¥cE V & W* & icIERIEA pairing [, | A3
HoklFdE, ENCEDV 2o W ADBIUW* b V* ~D
RIBEZRE: W & V* LoD pairing [, | 5|&EcEhEF, UOD
vector ZZJDIHE%

1
e,...,e" eV, e,...,ep €V*

flv'--,fn EI/V’ fl:"'afn € ‘/V*v
TEh, ThooFEECKLTIED2D n xn {75

Qvye = ((ei,€j>),-j, Qwwe = ((fi,fj)),-j,
Quw- = ([e" fi]);;, Qwve = (' e5)),;,

#EVEF, coT (, ) & dual pairing #F L ¥3, CTETOIR



REKD diagram TERLTEEE T,

Qvw-
Vol{e,...,e"t « [,] = {fi,....,falewW"
i N / T
vio (, ) isom. (, ) wao
! / N ]
V*s{e,...,en) « [,] = {fY....f*}ew
Qwve

oD Quve, Qvwe, Qwve, Qwws ORICIRELT ORI 2P
h¥3,

Lemma 1.

-1 -1
Quww- Q. = QwvQyp..

C® Lemma % ¥ ¢ ® Riemann [ X @ (co)homology #f
w3 & Riemann OFHREERELLEBONET EEV = V* =
HY(X,27) BXU'W = W* = H;(X,Z) & LT dual pairing 355
CELbITWE & L. B HY(X,Z) & Hi(X,Z) & O pairing T
HreAARELET. M,...,09 % X _EO—KRMILAIER] 1-forms & F
BENL, . g7y THY (X, Z) oBEREhET. Hi(X,Z)
o symplectic ZF#EIE% 71,...,929 Z & hiE, B LHD Riemann
BFRArFoh 3,

2. Twisted cohomology #¥
t B3 % Z{lREEK

n+1

u(t) = [t - 2)~

J=0



o LT s+ % &

w = dlog(u(t)) = 3 t“idt

=0

._.zj

B M(2)=P'— {z,...,2041} LDIFR 1-form ©F, V, =d+
wA IKX 3 M(2) =P —{z,...,2n41} £ twisted cohomology Bf
HP(M(2),V.) s p#1 De & 0 &k b H'(M(2),V.,) & n
WETHBC & KN ICE DEILRTVEFo {20,..., 2041} IC—
WNoOBE b 2T & #F X P! Lo meromorphic 1-forms

dt dt
;= — , 1< <
¥ t—2z; t—z_; ( sjsn)

» HY(M(z),V.,) ~® projection cp;-L ebT, COBOREERXEZ S
TenTEET,

t B3 % 2RI
n+1
1/u(t) = [[ (¢ - )~
7=0

THYTRROBI/RE T hE. parameter a = (ag,...,0np1) OFF
BHRFTRTHhbocdbDTHE HY(M(2),V_,) #BbhEd, o D
HY(M(2),V_,) ~® projection p; ebT, TOROEEEXEX D
TeERTEES, TOZEE. intersection K X b HY(M(z),V,) D
WHZER L hoTRETo ¢f 2 o] LOZAR LTFOXS kY
¥,

Theorem 2.

_ — (1 1
<‘P;-»‘Pj>=27r -1 (_+ )a
ay 4 798|

2 - _ 1
@) (0F07) = (Phay) = —2rV/=T—,
J

(] 0x) =0 if|j—k|>2.



Twisted cohomology BfDZR&HICEHL Tk [CM] 2B L T FX
e
3. Twisted homology B

LRI u(t) = H;:(} (t — zj)% wBdF % twisted homology B
H,(M(2),0,) . p# 1 Dt &R 0&%hY H(M(2),0,) k. n
KRthdces KN ckhHmohTtwid, Hi(M(2),0.) O
ERLUToX5cENnEt, $F M) ADLE Ly 2D, 2L TOE
t—z; O argument ZEOE Y, to FEHEKRELLTH z; (0S5 <n+l)
DHEIEDHEILEDboT B ro0p % p; £ LET. (pj,ult)) % p;
& u(t) Dp; CESfTEERE DML LET, D chains T

1
—(p;_ t 1<5 <L
l—e[aj_l](pJ lau( ))a SJsn

v = e -

Licb DT Hi(M(2),0,) DEEFENET. $bBA ] =0
&&OTV‘iTO
t 1ICBIY 5 MR

n+1

/u(t) = [Tt —2,)7

j=0

YR CFAO#ER T T hid, parameter a = (ag,...,an41) D
BENRTRCThbolkdDTh 2 H(M(2),0-,) #BbIEF,
Hy(M(2),0_,) OHE 77 (1 < j < n)% 7} orxrH
BICED EF, £ OZMR. intersection ICE D Hy(M(z),8,) D
WZEf@ e hoTwrid, RABBUTOLSKEDbhTVWE T,
¥¥. H,(M(2),0,) oixe H{(M(2),0_,) DT & %FEF chains
(pyu(t), (p',1/u(t)) ZE D EFo p,p ODRIRICE T topologi-
cal AR EHE EF DK KBTS u(t),1/u(t) ODEDEOEEFE L.
TRLOFTRTOMTEHREhET, [KY] LBWT v & 7] 0%
HEBMEHEIhTwES,



Theorem 3.
1 —elaj_; + aj]
(5 = (1 — e[a;_1])(1 — efa;])’
-1

+ - —
(3) (7,’ ’7j+1) - 1—e[a,~]
o) = T

(’Yja'Yk):O if |7 — k| > 2.

4. Twisted Riemann’s [ERABEGFHRR

HY(M(2),V,) & H{(M(z),0,) &® pairing [, | & LFD
twisted O CTEDE T, H'(M(2),V,) OFT ¢t & M(z2) Lo 1-
form ¢ TEE N, Hi(M(2),8,) DT vt # >, (p,u(t)) TEEH
Tw3e¢LT

[p* 7] = [,+ pt = Z/ u(t)p

TEDHET, HY(M(2),V_,) & H(M(z),0_,) & DR dFEEEIC
pairing 23 ¥ D ¥ 3, TH b D pairings A% compatible L >Tw3
zeionTi, [CM] %BBLTLEE v, V = HY(M(2),V.,),
V* = HY(M(z),V_,), W* = H,(M(z2),d,), W = H{(M(z),0_,)
LBEX,

EFeV,n; eV, 65 eQ e eW (1<j<n)

ZINoDEROAEOHKE L LT, twisted (co)homology D388 A
b T% 3R RfT5
— (), T = (6he)),

B XU twisted S TTF 2 BAWETF

= (l&h 67D, P = (I 7))



I LT Lemma 1 2857 3 L LU TFOREELBET,
Theorem 4. (Twisted Riemann FBIR=)

(4) PP =L,
¥ ity
(4" tp= IT1PY =,

%K, Section 2, 3 '(’%ii_?’ciﬁwji, ’)’jk B LTk Ien,Ip 2%
(2),(3) TRAEKHCOI TRt IKFELTL KX v, n=1¢7F
hEchirzx L (1) oXeE A B30T,

5. BRMBIH~DILA

B®TS P (%71t P~) ©&F| vector DKL, EAMIC
X n—1EHDOH 2 parameter (a, [,v) DERMAHI Lauricella’s
FD(aaﬂ’ v; Z)

i (a)V1+---+Vn—1(/Bl)01 to (ﬂn—l)l’n-l I zv,,_l
(7)V1+'--+Vn—1.(1)"1 "'(l)l’n—t ! nol

Viyeeny Vp-1=0
z = (zla v azn—l)’ lB = (ﬂh e a/Bn—l)y (0.‘),, = a(a+1) v (a+V_‘1)

BHRICTHDHBROMOEE L Ao TWT, BFIC L DE NI pa-
rameter (a,f,7) BEHEITNHTWEIE0TT, d3bAAn=1%b
Beta B8, n = 2 &b Gauss OBYEMEKCET 2D E A0 %
To AKX (4) o (1,1) RAWCERFT 220 T, Fpa,B,v;z) 7%
I ZIRBRK

FD(CY,['),’Y;Z)FD(]. “aa—ﬂal —7,2) -1



7(7 1) Zﬁ,z,FD(a B+ej,v+1;2)Fp(l—a,e;—fB,2—7; 2),

e; =(...,0, 1,0,...)

Bl c R TE LT,
SRS v L LT hkERt=(t1,...,tx) D—KRDED n+2
B iR

+
Uk n(t) = H 1425 tizi)™

ELlcbDIcDOnThH LI [Cho] TERIhTwET,
[KI1],[KI2],[Ter] It & b, T D& D Twisted Riemann FHIBIHR
i (4)(E7eix (4) © k RONEE Lo dbDTHONBZ T EHHD
htTwi¥d, &bic Twisted Riemann FMBARK & Lo RS
WKHEB LTy Ukn(t) & Un_gn(t) 2ot U 2BRMABIRE O AKX 28
[KM] Tk bohTwido. 2. TOBEOBRMEN ([Kit]) 255
e F ZIRBIRRA~DICHIE, [Mat] 2B LT AT v, Th bk
FOBERTRBEREDAOTE~DEZ L DICHBEL DN E TS

ZATEA% v & LT exponential factor 2 F->Twn5 3%k L B L
[KHT] THIEE h T\ 3 AFEERANEA S bbhid. COBY
HE DT, g-analogue, HERHK L OERMBEH ([Koi]) ko>wTDC
DEROTRAFEFEN T E T,
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