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5 H (X(S), @x(E)) — I'(X(S), 2x (E)), L o5 =id

252 3.
FTHE ARX, 0ox)D3a 7 b —5—-2Ek0ES, REERIT/NEOZFN

_l_
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. Inverse of Nishimoto's integral transformation, inverse of
Goursat's transformation and that of Cauchy's one
(A serendipity in fractional calculus)

Katsuyuki Nishimoto  College of Engineering
Nihon University

Abstract

Many papers and books ([1]~[14])) on fractional calculus have
been reported by the author already. In this paper, motivated by°
"the Fractional Calculus Operator Group {J’r v} for the functions f€$=
{flox 1 <= veRr}" [12], the inverse integral transformation to
the author's fractional calculus, which is defined by a complex
integral transformation, is discussed.

Moreover the inverse of Goursat's integral transformation and
that of Cauchy's one are reported as special cases of inverse of

Nishimoto's one.

§0. Introduction (Definition of fractional calculus)

(I) DermntmioN.  (by K. ﬁishimoto)([13]Vo1.1)
Let D={D, D}, C={C, C},

C be a curve along the cut joining two points z and — o0 +iIm(2),
g be a curve along the cut joining two points z and co +iIm(z),
D be a domain surrounded by.C, Q be 2 domain surrounded by g .

(Here D contains the points over the curve C.)
Moreover, let f=£(z) be a regular function in D (ze D),

(N =inTO+D 7€)

f=men =T [ L a o) 0
(N)-m=tm (1), (meZ), @

where —n<arg({—z)<n for C, 0<arg({—2)<2x for C, (#z

I': Gamma function ,

then (f), is the fractional differintegration of arbitrary order v (derivatives of order v for
v>0, and integrals of order —v for v<0), with respect to z, of the function f, if ](N,|<.

Note 1. See Figs. 1 and 2 for the integral curves C and C, and the domains D and D

respectively.
) et I 2
—o0+ilm(z) 2z z oo +4§im(z)
C (4
- +
Fig. 1. Fig. 2.

Note 2. More generally, if f(z) is regular except the singular points in a finite (or infinite)
number-and there are no these singularities inside C and on C, then f,(z) can be definite again
with the above definition. '



Note 3. If f(z) is a many valued regular function, we define £,(z) for the principal values
of f(2). ‘ :

Note 4. For the complex v, we consider the principal valu¢ of it, and f, (Re(v)>0) is
the fractional derivative of order Rc(v) and f, (Re(v)<0) is the fractional integral of order
—Re(v), if | f,| <.

And in case of Re(v) =0, f, is only formal differintegration regardless of Im(v)20. That
is, we have no derivative and integral for pure imaginary v.

However, as a matter of convenience, we will assume that ve R in this paper.
Note S.

Ho= 2 1) ana f..cz)=ff<z)<dz)' for v>0,

where veR.
Note 6. Formula (1) is a complex integral transformation of Mellin type.
Note 7. Notations

C: set of a complex number R: set of a real number
: set of an integer (contains zero) R*: set of a positive real number
Z* (=N): set of a positive integer R~ : set of a negative real number
~: set of a negative integer
(D) The set &

We call the function f=/(z) such that | f,1< oo in D as fractional differintegrable functions
by arbitrary order v and denote the set of them with a notation # ={f|| f,|< o, veR}.

Then we have ‘Ifil<woesfeF (inD).

(III) Unification of integrations and differentiations

Notice that the definition (in the above description) for our fractional calculus means the
unification of integrations and differentiations. That is, by the formula (1)}—having (2)—we
can unify the integrations of arbitrary order and the differentiations of arbitrary order.

§1. A complex integral transformation and its inverse

Theorem 1. Let Nishimoto's complex integral transformation be

P {5} =202 (&g _p(y, (1)
d (t-2) '

for a given constant upeR, then the inverse to F(z) is given by

-1 r(-ptl F
7 Hrz)} =gt (z_s()z-)uﬂdz' (2)

where j(c) is a regular function in D and 0% |F(z)] <=. (For the
integral contour C and the domain D, see the definition in §0. And
when p=-n(nez+) in (1), refer to §0. (2)).



7 . A Real Inversion Formula for the Laplace Transform

DU-WON BYUN AND SABUROU SAITOH

Depeartment of Mathematics, Faculty of Engineering,
Gunma University, Kiryu 376, Jspan

Let f be the Laplace transform of a square integrable function F
and set

Fn(t) = /: f(s)e~*tPx(st)ds (N =0,1,2,...)

for the polynomials

—1)"*1(2n)!
Pr(@= ), (n+ 1§!u!()n —(u)!gnw)!fw

0<r<n<N

2n+1 2 2n+1 ) :
—_ - | ——+3n+1 .
x{n+u+1€ (n+u+1+ nt+l)é+n(n+v+1)

Then it is proved that the sequence {Fy}%_o converges to F in the
sense that

o0
lim [F(t) — Fn(t)[*dt = 0.
N—oo 0

Furthermore, a general formula for this result is established.
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Campare our formula with

A. G. Ramm: Multidimensional Inverse Scattering Problems
(Longman Scientific & Technical,1992) pp. 218-222:

Let .
[ em-psa = ), p>o0 M

where & > 0 is a fixed number. We have

f@) = (18)

x du u— v) / _pg-:‘

2tb-1 d /’" Fr(v)dv
(
Here
Fr(v) = v‘1/2§/ dy cos(y cosh™! v™!) cosh(xy)
0

x /0 " dz cos(zy)(cosh z)~1/2 /o ” dpF(p)Jo (p@lbz)m) .
(19)

The inversion formula (18) is of interest since it uses only the data F(p)
on the real line and there is no need to continue F(p) analytically onto
the Mellin contour, as in the usual inversion formula.



3 . Maximum Principles for Finite Element Solutions
on a Riemann Surface

Hisao MIZUMOTO Department of Medical Informatics
Kawasaki University of Medical Welfare
Heihachiro HARA Department of Information Science

Shimane University

We shall establish the maximum principles for the finite element solutions
of the partial differential equation: Au — qu = f on a compact bordered
Riemann surface (1.

Let ) be a subdomain of a Riemann surface W whose closure {1 is a compact
bordered subregion of W. We construct a triangulation K of §l. We choose a
fixed finite collection @ of local parameters ¢; and parametric disks U; (j =
1,---,m) such that O C U7, Uj, and construct a triangulation K of Q with
width A associated to ®. K is the sum of subtriangulations K;,---, K, of K
such that each 2-simplex of K belongs to one and only one K; (j =1,---,m),
and the carrier |s| of each 2-simplex s of Kj is contained in U;. The naturalized
triangulation K’ associated with K is also defined. We assume that all angles
of the triangles ;(s) (s € K;:j=1, ---,m) are < /2.

For a partition to two parts C; and C, of the boundary 0}, we define the
boundary value problem: Au—qu = fon §, u = x on C; and *du = 0 along C5,
where ¢ > 0 and f are the Holder continuous (with exponent a (0 < a < 1))
covariant tensors, and by *du we denote the conjugate differential of du.

Further we introduce two classes of element functions on K and K': the
comparable class S = S(K) (with u) and the computable class S’ = S'(K’).
S’ is a collection of modifications vy = F(vs) of vy € S, where F' defines a one-
to-one mapping of S onto S’. We introduce the finite element approximations
wy, and uy, of u in S and S’ respectively.

Then the maximum principles for the finite element solutions are stated as
follows:

THEOREM 1. If b > 0 is sufficiently small, then for the finite element
approzimation wy of the original solution u, the inequality

4 M 2
< . d
bl < exp (g maxa) - (mgxlnd + 5 [ 12 )
holds, where 0 is the smallest value of all angles of the triangles p;(s) (s €

K;; j=1, -+, m), M is a constant which is independent of the individual
triangulation K and maxgq means




max max
1<58m o (T;M0)

maxq
Q

THEOREM 2. If h > 0 is sufficiently small, then for the finite element
approzimation u}, of the original solution u, the inequality

(2 M 1
< . —
fual < exp (sin0 mﬁa.x q) (n{lgx x| + sin § Z //M flde dy)

seK'

holds, where up, = F~'(u}) and other notations are the same as in Theorem
L.

The detailed theories are shown in [5] and [6]. The results in the present
paper will be applied to error estimation for the finite element approximations
in the forthcoming paper (7).
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f(z)=z+ 22 a,z".

zf (z)
f(z)
Ex, f(z) B A—F%9—a DEMA¥ELEEDLDN S, ZOBEHOD

75 X% S* (a) TET,

B f (z) €S N Re >a (0=a<l) ZMicd

Fh BAE f(z) €S N Re{l+sz,”—((zz))}>a (D=a<l) #*

Aledri, f(z) 3 A—F%—a ONMBEHEEEDLDNS, 20D
M#EoDns52% K (a) TET,

197541Ic H. Silverman (3B f (z) €S KNER,
HEE MBI L DO T FEBHELT, ROBRERLT

w5,
S, f(z) €S EFB. b L gz (n—a) | a,| s 1—a
BoEf(2) €S* (a) o

F.f(z) €S EF5, 4L L on(n—a) la,lSi-a

ol f(z) €K (a) o
xR IhooEBAEAHEET S,






5 SUFFICIENT CONDITIONS
FOR CLOSE-TO-CONVEXITY

SHIGEYOSHI Owa (KINKI UNIVERSITY)

Let A be the class of functions f£(z) of

the form
£(z) =z + ) az"
n=2 "

which are analytic in the open unit disk |.
A function £(z) in A is said to be a member of

the class R if it satisfies
Re(f'(z)) > 0 (z € |)).

Then a function f(z) € R is said to be close-
to-convex in |J.
In the present talk, we give sufficient
conditions for f(z) to be in the class R.
THEOREM, If £(z) ¢ A satisfies
zf" (z) 1
all + —— — | + (1 - a) —— # o + iB
f'(2) £'(2)
1) and B (|8] > N Z20G@Ba - 2) ),

for some o (o

v

and for all z ¢ |}, then £(z) ¢ R.



COROLLARY I. If f(z) € A satisfies

1+ —m —— # 1+ 1B
£'(2)
for some B8 (|R] > J2 ), and for all z ¢ |J,

then £(z) ¢ R.

COROLLARY 2. If £(z) e A satisfies

- z£"(z) H m
arg [OL____T____ + (1 - a) — ] ‘ N
£'(2) £'(2) 2

for some a (o > 1), and for all z e |J, then

f(z) « R.



E;, A note on the number of asymptotic points

of holomorphic curves

TODA Nobushige Nagoya Institute
of Technology
Let f:C+Pn(C) be a transcendental holomorphic
curve and let T(r,f) be its characteristic
function. More than ten years ago, we gave the
following definition and theorem ([31]).
Definition. A point p of Pn(C) is an asympto-
tic point of f if there exists a curve z=z(t) (0s

t<1) in |z <o which satisfies with (p,f)#0

. . .. . f)
(i) lim z(t)= and (ii) lim ﬂLE*——i = 0.
£l t51 |PIHIEN

Theorem A. If 1lim inf T(r,f)/(logr02<m, the

Y > o

number of asymptotic points of £ in general
position is at most n.

The purpose of this note is to give a result
on the number of asymptotic points of holomorphic
curves of finite lower order.

We introduce "an asypptotic spot of first kind"
(cf.[2]) and applying Theorem 8.3 in [1] we obtain

the following result.



Theorem. Let N be the number of asymptotic
spots of first kind and in general position. If
the lower order u of £ is finite, then
(a) Ns=2nu+n;

(b) N=2n-1 (0<u<1) and Ns=2nu (1=su<w),
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AXEXH RHIHEAK I=

BEHEFE C ADMARHER

A={z:a<z|<1} & B={z:1<z|<b} %
FNODER{z:|z| =1} TADZIZHLT B D ¢@) 23t
SHTEETSE, 20 0@) F{z: |zl =1}oRMBEREL L,
BEERLER, TOEORTOBITEEELELTIKEFLL
BATCBATEE J 2 AND LD TE B0, SHEETRL
W, ThE-IVEEALRT, SRFFAER fpyildoT
MRER AWG)) = (z: 1<zl <d@))} KEABHEEND
¢ +5, Z» modulus®M(9, J)=1log d(¢,J) £ LT,

M) = (M9, ) : T 20 DEAEEL S BTEE]} LB
RINEEE M) F1EATH ) 2R LBITRBELFD
BENHINEI P EEEICENTWS, £IT, {z:zl =1}
CHIET ) - Y EOEEBFTEPL L Th(B) =Pos LB

M(0, J) = M(9, T') DB, fy 1o foy! 12 A(9,]) LERT,
A)) — Bos EHEATH 2, Poy LEATRVEND D L
LEIo fortefyy iz C—Poy PEEAERICLETE o
FOBeltramiff® L & LT A@G,)) LEAT C-A@Y)) £
L & —%7 BeltramifZHz#Ho C LOoBEFAEZEhE T 5,
f=fyyofyyloh! it C LEREKT C—h(A@G)) LFA



Y=h(A(0,]) LEATLRVAND S, $#toT, HEFEHAD
EEE AT JordanMiiR v ARV THERITWTH LR, v
BOWTHBIHE 2D YOFEHKHELKRDSD PainlevéB D EEH
BRELTLAZ VT 5.

X T, HFEFEH» 5 compact £EE 2BV 72pFiC Dirichlet
BoAR 2 BT E ST H 55 Dirichleti& 54 IR T B3 2 BT
Efit % VB, E 12 Ngp-Np (CET 5 £\, 4% Nsp-Np I
B+ AE 2 &4, Y FRVWTHERITN TS 50 BFEFE
SETIIBITHE L L2 VERBEYES LI LFHON T S,
FLT Y 2BV THEERITN 2 EZEFELOERERT yOR&R
HEOHER*FEOLIICTE S,

W,y FRVWTHERFN TS 52 P EEFELEETIRETDN
EabhhwERER f ¥dHb LTI,

f - f :
5= (15 2 Gt e CxC = (EDec]

FEFEFHEEL, DL SU {0} P CiIc—FHLZITNE,
C-S - {0} icBTAH tizxL T g§) =1(0) -t L&
g YRRV THERFN2EZTFELOERERT g(y) &
EDfEL#ED, 2L T vit Nsp—-Np iKBT 5 E 2 &t
AL R THEFEOREL2F TEE I TRITEENOER
DEEETH D, M(O) BFITEST, M) 1 THH 245
Bh BB ELROBAE VI LFRELIDOTIE R RL
BoTwa,
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3. g¢ H' 4 strong outer ¥y 14 . ra s EHT
v inner BB 08 g N30 s 15/1515 FeHl
DT RN ED T h 3, strong outer M%7 5
1+ outer PRy s 3 1. i an T B hi 3.

heH' ne outer 7013 #% inner § ¢ strong
outer § -7 _ h/tht = 2 (3/131) 4> h =
Fga FeH' rafisreszeii. EHayashi /%o
12 v ha. Fiaouter B8, bad part vh 306,
Hrmw 5 =FNFl rres outer PABIF e 1t (<Bgk
nhd. F=(s+335)2 4.0 sel’ 5ol g=
FARL vh3n FeirBrhs. S+35 123
=l pes 1+ TP S=§ 72 5=85: D



rs 2.t 3. UhD pAFe H' 1285722 2 inner
$1.82 15707 TG =F/IFl ¥e35r3 3,<
32 r &L,

1 feH' BB zri0 /018 53 inner
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se H?0 32 H? 45 (5+35/1+3,)¢ Ho32H" 13
outer 52, 317 30 < 2

FH2| feH Cict<wy v3a. 1f+2HY
=1 Fly #B LT3 v 3tnznznriilErp 2.
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¥3 F=2(s+35/1+72 45Q< g
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B e, H a Ml BRIREL B s — BT T 2002,
HP €1 < p < ) nMABFEEN R (2 740 2 )11 L 7 — 2N
7 2t B TEEL 0 BEn Macintyre - Rogosin
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Dison < Owrm B &E (=2 — > > _b o> P8 Fu B %K
xE K FEK - E

R @ n kw2 —2 Yy FEMe L. s™ 1 M w (oo wms (E¥) %
Bt 5. ROKRE. EN—LOTHEO—RILEVTLLHMSA TV S,

T A (HIxiE. Brelot [1, Appendix, §26]). R4 (d22) Lo A B
H(r,0) ». EH t U T

lim r Y/ H'(r,8)dog = 0

d-1
e S (dogit s4°! LOBHER)

Rol.HiE t LV hE0VXREBEO (Xl'x?.""’xd) DOFAWBEANTH 3,
Kuran [2, 8 10] 3. COFE A £2FBEULT. ¥EH
T = ((X,y)€R™; xeR™ 1, y>01 = ((r,8)€R"; (1,8)esf'1, 0<r¢+w}
ETHROFEREZABU L.

EE B h(X,y) =n(r,0) W& T L#FIT. HR aT £ (EEMH) 0 &
RH5EBET S EB Lt HULT

. -t-2
(%) lim r Ig yh'(r,83ds_ = o
r-o r r

(dS_ i 8 =((r,0)€T ; (1,8)esf"1}hwﬁfﬁ§§)
BOW. hX,y)=yM(R Xy yeoen X 15Y)s UL T t41 LY EORE
D (X4 XyyeeenX 1Y) OFHEAT, y CAUVTOBEKTHS.

+HRES P REREED SV LOER @ wHUT. 0=S"T! naganEEm
TH3ZexFZ2xhE. # (a—-2) Cn(Q)={(r.8)€|Rn: (1,8)€Q, 0<r¢+e) E®@
FHBEKEHUT kuran OBRE2QT LS BRERLEI T LW, & (x) OBEHE.
HRIBPRIEHRMECENERBE S5, COBRAT. ROKELBLOTHRE
T3, 28, CORRRELET 37« VI LEEOROS 2 EHTO—EHLEN T



ZhHHAEIN S,

b Q RR%EHD. EEMDAINY MRS TREY - BHER) LT,

@&ﬁ%ﬁ-MlWHHMPMMMe#mf)Kﬁi%?4U7b%ﬁ

(An + X)F = 0 on Q
F =0 on 3R
OEHIE & HIET 3 EAEZEEIIZ QQ,K0), (118 (k=1,2,..0 LT 5.
t2 + (n-2)t - X(R,kK) = 0
OEF. BELZQ, k), -8Q, Kk ET 3. Bz, 2Q, kDA, k) RZEHTI%

<h>tb\umkgmki$0$éh?NT®E§&®§é&§¢°

EFE. mqm2o®E%Hf\Mne)ucMmL%mmﬁﬁMJM-WLtO
ERhAEKET S, DU

-x(R,k ) -8(Q,k )
lim r p+l fh*(r,e)f?(e)do8 = lim r q+1 fh+(r,8)f?(8)d08 =0
r- Q r-0 Q
mold.
h(r,8) = b Akra(Q'k)fi(G) + > Bkr_B(Q’k)fﬁ(Q)
KEL @,k ;) KEL(Q, Kk, )

BU. Ay, By WEH.

(1] M. Brelot, Elements de la theorie classique du potentiel (Paris,

1965).

{21 U. Kuran, Study of superharmonic functions in RnX(0,+m) by a

Passage to Rn+3, Proc. London Math. Soc. 20(1970), 276-302.



| 0. Quasiadditivity and measure property of capacity

I 5L B REARE HER

Nt A. Borichev ¥ OiLFIHRETH 5.

CoZ RNICBUBaRDBEEBLETS. DX Cuit N — alkD
EEABEBTH Y, I Cu(B(0,7)) = ArN—* Y 3. f£oT, EB
UB(zj,r;) Ko TEDRTL B3R 6IE, ConBMEHS L

Ca(B) < S Ca(B(zj,r;)) =AY r-e

3. INiZ Co(E) X ElX N — alRD content DEHIET EH L
FHEiCE 2HEELENKRT 5.

—RIC Co(E) DT 2o OFFHIiZ N — /KD content TIEAA[HE &
IEBHbNTVLS, LAL, AILH»DOEKRTN - kOB KT
TROVEALIHNT?

2D Dilbg(z) = dist(z, E€) L B F,

Ea = U B(‘T76E($)(N_a)/1v)
zcFE

EF5. bLE=B(0,r),r >0 +53/8, &biE,i2k@EH f(N-a)/N
r HBCTTRE R BR T,

|E,| ~ V= = A|E|(V—o)/N

Ehd. T, |Ey #HBERT N - alROBETH 5 E % H
5.

Theorem 1. U EREG T2 UDEHES EICstLT
|E.| < ACL(E).
X —icH K(z) = K(|z|) KIS T 28B% Cr 35, IEDMH
HBon(r) %
|B(0,n(r))| = Cx(B(0,7))
rL ~
Ex = U B(z,n(65(z)))

z€eFE
tBL.



Theorem 2. K% RVNCcH[fE v+ 5% ¢t
|Ex| < ACk(E).

Riesz X FETRIIC R[R89 T H 3 5 » Theorem 1 I Theorem 2 »
LiEH»NB.
BE Ck 7 quasiadditivity 2F> t ik, EOBEA D EIE; ioxf
LT
Ck(F) ~ ZCK(Ej)

Y2 3FEE V5. (1], [3] Tk Whitney BTG T % quasiadditivity
IKDOWTEEL A, Theorem 2 1ZENH L X E R » ABDIRD quasi-
additivity X b HES.

Theorem 3. K% RNCHES L+ 3. n*(r) = max{n(r),2r} t &
&, {B(z;,7*(r;))} R disjoint Z{RES 5. = DK E»*(J B(zj,7;) D
BOBER LI,

Ck(E)~ Y _ Ck(EnN B(zj,1;)).

P EDERIZ LP-BE, TAAF-—BERICIITLALEDTFOR
THEREI NG, 62, TNOOEE > FHMBEROBFREHCICHL,
2], [4], [5] PRERE—MILT2HITE S,
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On the behavior of potentials at the point at infinity

for regular function kernels

- (R ENTAN BRABZEHZ

G=G(x,y)%, MBEELZH>FHFra /3”7 ;i Hausdorff ZEfH X
LodEgBEEE, $4bb
0 < G(x,y) < +oo  for V(x,yDEXXX s.t. x#y
0 <G(x,x) < 400 for VxeX
Zwilcd XXX LOLEERLEKE T3,
X Lo Radon BB u ® G-potential Gu ZXRATEHT 3,
Gu(x) = §6(x,y)de(y)
X FoRERICET2E82ROLIICED B,
M= {u; I1E®D Radon HIE }
E=EG = {uck; §6uG)du(x) < +oo }
F=FG6) = {ueh ; Gu(x) » X LcHREE )
Eic, 803087 FRAELEN SR ZhOoDOBBHKE W,
E,. F, T&Y,
X LA l.s.c. ¥ u ik, ux) < +0 G-n.e. X T, &XOD
HEE2E->L X, GBI (G-superharmonic) TH B L Ebh 3,
ueB (6, Gu(x) = u(x) on Sp = Gu(x) < u(x) on X
G-superharmonic SPAD 242 SG) T#E,
FEfL Borel B u BEX U BES FicXL, u ® F Ao,
B F LMERRESN 6 ~D reduced function XA TEXHT 3,
Rg(u)(x)Zinf { vix); vesS(®), v(x) = u(x) G-n.e. on F}

RO WoO= inf _REMCC @y
wE

(6]
T, I NIy FVEEHEADRKTH B,

(0]




PAES F oL
SO(F,G) = { uesS@); Rg’a(u)(x) =0 G-n.e. on X}
L#E, EEO peM XML GueS (X.0) 2RO L,
G Z1ERI(regular) TH 5 L EDN S,

Abel Bt LOSERBDOB®KICH TS 6.Choquet-J.Deny B XU
M.1to DERICL S L, EREAMEFEELM LIERAPNEE «
NiIEQlTcHdNiE, x & Hunt Bicii 5,

ERI#E X, potential WHEBRELA 6 T—HRIC 0 1KHT B
EVOHEDHIETH BN, EDOLSTBHIETHS H0?

A Ficxl, —HEO LMl 2RDESICEET S,

(@ inf capi(FNCw) = 0 ZRDYDEX, Flk 6 T
(oEIz)

C-BFREALHMTH 5 (G-cap.thin at §)EEbLNL 5,
(b) IESO(F.G) RO ->E X, Fix 6§ TG I1-LHT
%% (G-1-thin at )& EDbNL 5B,
FRoERo Ao ERGRER~NS Z Lick Yy, ER#
T A ROBBMNINREBONIDOT, BET 5,

OB, X Eo@EEENE ¢ X adjoint # G Ak
ZABRKEERANTE X, o¥D (D~Q®) KE#ETH %,

(1) ¢ REAITH 3,

(2) VueF (6). Vel XL, £ xeX; u(x)=c } &
EEM 6 T G-1-8iTdh 5,

(3) VueF (@, Vv el 6 BT Vol XL, K4

{ xeX: Gu(x)=c IN{ xeX; Gr X=c )

GERES 6 T CARLMTH B, |

#-7T. G2 G potential DVFHIN, NER 0 OES
BBRVWT § T O WETSHIX, ¢ BIEEAIE KRB I &N T,
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B D & SIROZM- B RERTET 3,

U-8) 9XTD r (O<r<ra) EFTNTOERG 2 THUT

p(B(z,7)N8D) <

C1 Sc
—_ Tﬂ

29D OEREORLUVVIEME L E1IEH re, c1, c22¥&H %,

>a>d-B&F 3. R OFES F ETa-H0 lderiZGREAKEHK» SR

ZhEZ. COTBIC /LA

Al =sup{|f(z)]: ¢ EF}+sup{l—'£-(—z)———f—-(-w—)I: z, w€ F,z #w}

|z — we

EANENFIYNERENA(F)TERT. COEZTRDELDIZ. Ng(IDDMHE
BEINR)OBEEICHIRET h B,
@ AP S NAKRDNOEGERFIEHE E TROMHHG),(b)

ERFOHONH S,



(a) supp E(F)CB(0,2R) (V¥ f€ Ax(BD)),

(b) & fE€ A ODXF UL E(FIE RN\ 8 DT EPREIR S TThE,

TNREST. fEABDEIHU2BBRT VY v L& (F)%. xEDRS.
#7(=) =~ [ (T,B(N),7,N(e = )y + B=)
D
X ERNDZ B UL

$(z) = — /D (V,E(/)(3), V,N(z - y))dy

EEDB, REUNKX-y) 3. d23 Raldza— P UK. d=2 BRI
BTd3%. COXDIEBRENRO(IL RNID THHUTHY. ZHBH
RIEFRERFOBEBICB T 32EBRTF VY + LOERARIIRIR>TVWE
Edhh 3, |

COEEBRFIY PV EEST. T3V ILRBEREDLDOHEEAT TV
JLE@REZEX. ROTEPEONS,

EE DNIERONTARNLTRIEBBU-1<B<d)THELD7 R DY
INTVEET. RHFW-B)EHLETET S, COEE. BREODEARE
S f XHUTH. D OFATEET. D THHAMTHY. »oO. tERET
W f EEVOEHIFEET 3.
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Appell|l's hypergeometric series F4 is defined by

{a,m+n) (b, m+n)
(e, m) (c ;n)(]/m)(],n)

m

F4(a,b,c,c’;x,v)=2 X" y",

where c.,c # 0,-1,-2,...

F4 has eight contiguous functions, that is

F4(at1,b,c,c’;x,v), F4(a,btl,c,c’;x,v>,

F4(a,b,cil,c’;x,v>, F4(a,b,c,c’t1:x,v>, in short

F4(ai1),F4(bil),F4(ci1),F4(c ).

We denote
5. =X02 +Y82 4 (X+Y-118.8. +(1-8) (8 48 )
2ROy Yoy x%y x oy

E=c+c -a-b-1.

Then we have the following step-up{(down) operators.

H(a) = X8X+Y9Y+a then H(a)F4 = a F4(a+1).
H(b) = X8X+Y8Y+b then H(b)F4 = b F4(b+]).
B(c) = X9x+c—l then B(c)F4 = (c—I)F4(o-1).

B(c’)=vay+c’-1 then B(c')F4 =<c’-1)F4<c’—1>,



H(c)=(o+8)Y82+(a+8)(b+8)((X+Y-1)9X+2Y8Y+a+b—c)

then

H(c)F4= -(a-c) (b-c) (a+t€) (b+€) /¢ F4(c+1).

H(c’>=(c’+s>xa2+(a+e)(b+e>((x+v—1>8Y+2x8X+a+b—o’>

then

H(c/)F4= -(a-c ) (b-c ) (a+8) (b+8) /¢~ F4(c’+1>.

B(a) = <c+c’—2a)xv52

+(b+8) { (o -a) (X+Y-1)+2(c-a)Y) X8,
+((c-a) (X+Y-1)+2(c -a) X YD,

+b(c -a)X+b(c-a)Y-(c-a)(c -a)} then
B(a)F,= —(c—a)(c’—a)<b+s>F4<a-1).
B(b) = <c+c’—2b)xv62

+(a+8) { ((c” =b) (X+Y-1)+2(c-bIYIXD,

+(<c—b)(x+Y—1)+2(c’—b>x>YaY

+alc -b)X+alc-b)Y-(c-b) (¢ -b)} then

B(b)F4= -(c-b) (¢ -b)(a+8)F4(b—1).

H(a) ,H(b),B(c),B(c ) are well known.
B(a) has been obtained by N.Takayama

in a different form.
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