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7 Fractional calculus of Psi functions
( Generalized Polygamma functions )

Katsuyuki Nishimoto College of Engineering
Nihon University
and
Shih-Tong Tu Chung Yuan
& Christian University
Abstract

Many papers and books on fractional calculus ([|]~[?]) have been
published already by the author. 1In this paper, fractional calculus
of Psi functions are aiscussed.

§0. Introduction (Definition of fractional calculus)

(1) Dernmion. ([1], [5] Vol. 1)
C be a curve along the cut joining two points z and — o+ Im(z),

gbe 8 curve along the cut joining two points z and co +1Im(z),
D be a domain surrounded by g.? be a domain surrounded by ¢

(Here D contains the points over the curve C)
Moreover, let f=f(z)be a regglnr function in D (ze D),

() =t o J+1) J0 - v
Lo=U)=cN), i L T df' (v¢Z7), M

Von= T (1), (mez*), )
where —n<arg{~z)<x for C, 0<arg({~2z)<2n for G

{%z,zeC, veR, I': Gamma function,

then (1), is the fractional differintegration of arbitrary order v (derivatives of order v for v>0,
and integrals of order —v for v <0), with respect to z, of the function /, if |(f),] < co.

Note 1. Consider the principal value for many valued function /.
Note 2. For the complex v, we consider the principal value for our convenience.
Note 3.
derivative  for Re(¥)>0,
Jo=(f), is { original for vy=0, where veC, if |(f),|<o .
integral for Re(v)<0,
And in case of Re(y)=0, f, is only formal differintegration regardiess of Im(v)20. That

is, we have no derivative and integral for pure imaginary v.

(I) The set &
‘We call the function f = f(z) such that | f,| < co in D as fractional differintegrable functions
by arbitrary order v and denote the set of them with a notation ’:{{“-}yl(w, vER }

Then we have Ifl<oe=feF (inD).

(IIT) Unification of integrations and differentiations

Notice that the definition (in the above description) for our fractional calculus means the
unification of integrations and differentiations. That is, by the formula (1)—having (2)—we
can unify the integrations of arbitrary order and the differentiations of arbitrary order.

(IV) Lemmas



. - I‘(a—[]) - I'(a—ﬁ)
B —p=ixe _ V" "/ _p~«a
I (=AY o
. Iax—B) e T'a—p)
(i)  ((a—2f)= =) (a—2zy ( TP l<f°) [6] 0]
__\8, _ _~imaT(a-8) 8-a (| f=§)
((z-a) )u— e W(z-a) @ ( I'-(_-r_ﬂ) < [6] (5)
i _ s _, (1rt»i<e)
(log(a-z)) =-T(v)(a=z) ' =e " r(v)(z-a) ' (z*a)[6](6)
(iii) { e
(log(a-z)), = (log(z-a)) (z+a) (JFeIf<® y[6] (7)
() Let u=u{z)e F and v='v(z)e.¢' rcspect_ivcly, then
) = 3 Ta+1) .
w2 Fartomrarn e @Vl D (8)
formally (Generalized Leibniz rule).
§1. Fractional calculus of Psi function
Theorem 1. We have
¢a=(p(ﬂ)q=—e—bmr(l+a)EZZ(z+mf1_a (1)

m=0

where GER+, 242 v{0} and ¢ =y (z) is the well known Psi function.
Proof. We have the Psi function [10]

(g) = -y -taST(L 1 -
Plz) =~ z+§(m zm) (zéz uio}), (2)

where Y is the constant of Euler. Hence differentiating both sides
of (2), with respect to z by arbitrary order & > 0, we obtain

g - S, - (),

= - edl"q F(l+a)z-l-a - e-l“u T'(l+a) E (z+m)-1—a (3)
m=1

by Lemmas (ii). Therefore we obtain (1) from (3) at once, under the
conditions.

References

[ 8] K.Nishimoto; Fractional Calculus, Vol. 1l (1984), Vol. 2 (1987),
Vol. 3 (1989), Vol. 4 (1991), Descartes Press, Koriyama, Japan.

[9] ——— . ; An Essence of Nishimoto's Fractional Calculus
(Calculus of the 21st Century): Integrations and Differenti-

ations of Arbitrary Order, Descartes Press, Koriyama (Japan),
1991.



Z On Mittag-Leffler Type Function, Fractional
) Calculus Operators and Explicit Solution of
Integral and Differential Equations

Anatoly A. Kilbas ~35 - vEILK - BRAE
[ig L B AE

We introduce the function of the form
Eomi(2) = Z cp 2" (1)
n=0

with .
_ T Tle(im+1)+1]
=1 = I__Io Tla(im + 1+ 1) + 1]

where o, m and [ are real numbers such that

(n: 1,2’...),

a>0, m>0, aim+1)+1#0,-1,-2,--- (i=0,1,---,n—1). (2)

E,mi(z) is an entire function of a complex variable z. In particular,
if m = 1 then E,1,(2) = T(od + 1)Esa141(2), where E, g(z) is the
Mittag-Leffler function [1, Chapter 18] and therefore we call Eq m(2)
the Mittag-Leffler type function.

We denote by I§, ¢ and D§, ¢ the Riemann-Liouville fractional inte-
grals and derivatives [2, Section 2]. The following two statements give
connections between such fractional calculus operators and the Mittag-
Leffler type function (1).

Theorem 1. If > 0, m >0, | > —1/a, then
az(m—1a (I(‘,’+[t°'Ea,m,1(at°‘"‘)]) (z)= x“’[Ea’m,,(a:v""") -1], a#0.

Theorem 2. If « # 1,2,---, m, | be real numbers satisfying (2) and
I>m—1-1/a, then

(D8, (1204 Eg gm i (at*™)]) (2)

= Ry ot e Bami(aT), @ # 0.

In particular, if a(l = m) = -1,-2,---,—[a] — 1, then

(D& (120D By t(a2°™)]) (2) = a2 Eaymi(az®™), a # 0.

1



We apply these results to find explicit solutions of integral and differ-
ential equations.

Theorem 3. Let « > 0, m > 0, and let ux > —1/a, fr (k=10,1,---,1)
be real constants. Then the Abel-Volterra type equation

a(m-1) rz 1
_az o(t)dt iy
ole) = (o) Jo (z—t)—= +k§0fk$ y, 0< <00, a#0,

is solvable in the space of functions such that z#**p(z) (k = 0,1,---,1)
are locally bounded on (0,00) and its solution ¢(z) is given by the formula

!
o(z) = Z [e2#t® Eq m u, (az™).
k=0

Theorem 4. Let « > 0 with o # 1,2,---, m > 0, and f,ur (k =
0,1,---,1) be real numbers such that a(im + px) # —1,-2,--- (1 =
0,1,2,---;k = 0,1,---,1) and pp > m—1-1/a (k = 0,1,---,1). If
ofpx —m) # =1,-2,---,—[e] =1 (k = 0,1,---,1), then the differential
equation of fractional order

!
(D5‘+[t°‘(1_"‘)¢(t)]) (z) = ap(z) + Z ka"‘(“"_’"), 0<z <00, a#0,
k=0

is solvable in the space of functions such that z#**p(z) (k = 0,1,---,1)
are locally bounded on (0,00) and its solution o(z) is given by the formula

[a]+1
lp(:c) = Z ijaliEa,m,zj(a:cam)
=1

l

Tla(ps —m)+1] .., _
+ kX_%fk F[O’(ﬂk -m+ ]) + 1]23 Ea,m,pk(a:v )’

where l; = m — jla (j =1,---,[a] + 1) and ¢; (j = 1,---,[a] + 1) are
arbitrary real constants.

[1] A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi: Higher
Transcendental Functions, Vol. 3, McGraw-Hill, New York-Toronto-
London, 1955.

[2] S.G. Samko, A.A. Kilbas and O.I. Marichev: Fractional Integrals
and Derivatives. Theory and Applications, Gordon and Breach,
New York-Philadelphia-London-Paris-Montreux-Tokyo-Melbourne,
1993.



k}_ ON A CONJECTURE FOR SAKAGUCHI FUNCTIONS

SHIGEYOSHI OwaA (KINKI UNIVERSITY)

Let A denote the class of functions of
the form
f(z) =z+ ) a z"
n
n=2
which are analytic in the open unit disk |j.
A function f£(z) in A is said to be Sakaguchi
function of order o if it satisfies

zf' (2)
Re{ }>a (z ¢ |)
f(z) - £(-2)

for some a (0 < o < 1/2). We denote by Ss(a)
the subclass of A consisting of all such
functions.

Further, let R(o) be the subclass of J
consisting of functions f(z) which satisfy

f(z)
Y LI R
z

for some a (0 < o < 1).

In 1987, Z. Wu has conjectured

CONJECTURE, If £(z) e S_(0), then



f(z) € R(1/2).
In the present talk, we prove the conjecture
by Z. Wu is not true.
THEOREM, Let (2b+1)/2 < a < (3b+1)/2,
0 <b <1, and (a+b)b® - 2(243a)b + a > O.
2 3

Then the function f(z) = z + az” + bz is not

in R(1/2), but f(z) ¢ SS(O).



l THE STARLIKENESS OF A CLASS
OF INTEGRAL OPERATORS

SHIGEYOSHI Owa (Kink1 UNIVERSITY)

Let A denote the class of functions of

the form

f(z) = z + a z
n=2

n

which are analytic in the open unit disk U.
Let S*(a) be the subclass of A consisting of
functions f(z) which are starlike of order o
in |J. For £(z) ¢ A and g(z) € A, we define

1/ (o+1)

Y+o+1l z
J f(t)“g(t)tY‘ldt}

O

with o > 0 and vy > O.
Recently, Y. C. Kim, K. S. Lee and E. M.

Srivastava have shown that

Theorem 1. Let £(z) € $¥(8) and g(z) ¢ S (8).

*
Then the function F(z) is in the class § (a).

In the present talk, we improve the above

theoren.



*
THEOREM 2.  Let £(z) € § (ny) and
*
g(z) € § (nz). Then the function F(z) with a > O,
y >0, 0 < ny < Ny, and anl+n2-n<l is in the

class S*((anl+n2-n)/(a+l—n)), where

y+otl-n Jz 1/ (ot+l-n)

Y

f(t)“g(t)tY‘l‘“dt}
V4

F(z) = { 0

REMARK , If we take ng = Ny and n = 0 in

Theorem 2, then we have Theorem 1.



5 A Linear Operater and Its Aplications
to Certain Am\] ho  Funcbions

B )»

S A PHE 5

BrahU={z: 18<1] " EE[THI

fay=z2"+ 2 a, 2" pen-fLiat)
k=pe!

A & L fIERER Ap L E<

= Cx0, -1, -2, - 122F7, F{];,‘((]SP(Q,C_)I)\"
(&)n
(a,c; &)= 2"l zel)
¢ Z (C)m

Zi%o T ETE. 2T " (Q)m ';ALXFZH;Z"‘)*L;
Poc.M\ammer s/méo/ &k 3.

1, (n=o0)
(@) = ) "

() o.Ca+1) - (ath-1) (neN)
NS ]ﬂcz)e Ap v C%0,-1-2, ¢

Pp Eo &3 linear operafor Lpacc)

[_P(a, . Z)f(z)= ¢F(a,c;2)>o<f(z)

CRETI. R, ki convolution T'&3.



BEE A & Re ) vo &S MREK:e7I
fizde Ap »v F3 X (€< )z m20

e

Lraofe | Lpat, dﬁx) ( Lp(a,c) fte)
Re{(l-— (—_z + \—L 7 Py ) }

> X (zel) .
ry $3k, {aed
Re{ ( L”(“’”ﬁ”)/“ } > ot )@ ¥-1) (2el)

zF

23, 220 Y =Fq(, HL )/z %Y.
Qo SEIBT Sharf &4,

TER 123 , S Po’musa;ﬂ/ M?%J:ﬂ:.”\f\‘f’? 2 A4
fk , :miﬁr& RuSCAQwQ/A derr‘vai‘:‘ve x
Libera opo.mﬁr = Kl 3 %‘ A



6‘ Analyticity in the Meyer Wavelets

SABUROU SAITOH

Department of Mathematics, Gunma University, Kiryu 376, Japan

The identification of the images of the integral transform by the
Meyer wavelets is examined from the point of view of analytic func-
tion theory. Furthermore, the interrelationship among multireso-
lution analysis, sampling theorem and interpolation problem is re-

ferred.

The theory of wavelets is developing enormously in both mathe-
matical sciences and pure mathematics. See, for example, I. Daube-
chies (4] and C. Chui [3] as basic references. The theory will match
the theory of reproducing kernels (see [4, pp. 31-33]), in partic-
ular, the general method (see [5] and [6, chapter 6]) for integral
transforms using the theory of reproducing kernels. The theory of
reproducing kernels will give a good understanding as a unified one
for the wavelet transforms, frames, multiresolution analysis and the
sampling theorem in the theory of wavelets. The general method
for integral transforms needs case by case arguments, in a crucial
point ([6, pp. 84-85]), and so, in this paper we shall examine typical
wavelets of the Meyer wavelets from our viewpoint using the theory
of reproducing kernels. The general interrelationship the theories of
frames in the wavelet transforms and of reproducing kernels, see [6,
chapter 7). We will not refer to it in this paper for its generality.

REFERENCES

1. N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68
(1950), 337-404.

2. J. Burbea, Total posstivity of certain reproducing kernels, Pacific J. Math.
67 (1976), 101-130.
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;/Z7 On the order of holomorphic curves with

maximal deficiency sum

TODA Nobushige Nagoya Institute

of Technology

Let f:C+Pn(C) be a transcendental holomorphic

curve, let (f1,"°,fn+1) be a reduced represen-

tation of £ and let X be a subset of Cn+1 in

general position. Put

1

f 0}.

A4 .o n+1,
X_dlm{(c1, 1Cp,1)EC :cqf 4o hC

n+l n+1-

Then, it is easy to see that 0sAsn-1.
It is known that

ZasX §(a,f)sn+A+1.,

Theorem. Suppose that

(1) 6(ejlf)=1 (]=1 I.'.In)O
If there exists a subset {aj}?=1(n+k+1éq§m) of
X such that

- gq _
(ii) Zj=1 6(aj,f)_n+A+1,
then
(I) there exist A elements (say b1"..’bk) in
{aj}Jg=1 such that G(bj,f)=1 (3=1,°°°,A);

(IT) £ is of regular growth and the order of £

is either infinity or a positive integer.



Remark. 1) When A=n-1, we can give an example
satisfying (ii) for which neither (I) nor (II)
holds.

2) We can extend this theorem to moving targets.

Bibliography
TODA,N., On the order of holomorphic curves with
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On the Schwarzian differential equation {w,z} = R(z,w)

a6l =H
HERIE#®

@iz, CLe Schwarzian 5%
v 1w 2_ _ P(z,w)
= () -3(5) -2 =gy

w/
NN P(Z, w)! Q(za w) i UNCOE\'C@glEiQ“@{-@%&‘iﬁE
R &4 %, Schwarzian 183K i3 Ishizaki (1], Laine 2] o1 T
B b &b 7o b, Steinmetz 3] cHRb UM HER

(2) (w')? + 2B(z, w)w' + A(z,w) =0,

oot Blz,w), A(z,w) it wit 2 WTOEERTEOGRKRIFE
R LoMEEzHNS.

@ 1. Schwarzian 58X (1) #HER w(z) 2H->E$ 5, O
&=, w(z)it, RiccatiFERFT LR —RBOFER (2) 21T
() RUToRTd 5:

_ P(z,w)
(3) {w1 Z} - (w+b(z))2’
(4) {w, 2} = c(2),

c o b(z), c(2) it w(z) izt LT small 3E K. Hic. w(z) 5 (2)
AELTBAICR. AR —KRARERu=1/(w-T), TECT,
u(z) #5 (2) o ¢, deg, B(z,u) £ 1, deg, A(z,u) =373 b DiT
REIN 3,

8 logcHuk 2 oBFNEBEC>VWTUTOEEZ D

5,



T 2. (2) © deg, B(z,w) £ 1, deg, A(z,w) =3 %{FEEL. &
KR w(z) 2Fo2:T 5%, CDEE, BUR—ROKEEK

_a(z)w+ B(2)

= ey ) = B 20,

ckoT. Q) RUTFOWTFhhicREELS:

(5) (v)2 = a(2)(y — e1)(y — e2)(y — e3),
(6) (3 +b(2)y)* = a(2)y(1 + c(2)y)?,

' a'(z) 2 2
(7) (y ~ %a(2) y) = y(y* —a(z)),

(8) (y’ - ;;((?) y) - y® —a(2),

oo, a(z), b(z), e(z) it w(z)icxd LT small B T, e, e,
e33R BEH.
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75 Harmonic DiMENSION oF COVERING SURFACES

IE M 5 K R EKH

BN &g F RKE LK

V% Heins O &K D end (Ki#g) ¢4 5. VIEoIEHMEFMEH D
oy B
P(V)={u:Au=0, u>0, uldV =0}

DERTOEK%E dmP(V) &L, VoREHKRT LM,
0< bpy1 < an<b,<1(n=1,2,-+2), im0 a, =0 % & 72 4 ¥ 7
{a,}, {b.} et LT, #HiEK D= D({a.}, {b.}) %

D({an}, {ba}) = {0 < || < 1} - G[ b]

LED S, DocopyDy, -+, D%, U [an,b.] TDi0 LR E Diy1 D
FTE (mod. m) 2l &beTEohsend 2 W=W({a,},{bn}) &
ER

AT A1
Heins it [ (i) limsupRs(z) < oo (T, Rpix {|2] < 1} i ®
R3z—-0

1
33 I =U,[an,b,) cBI$ % f(2) = logm @ balayage ) 72 5 ¥,

0o bn )
dim P(W) = m; (ii) ) loga—=oof&1’9€£d1mP(W)=lj TH5C
n=1 n

EERLID, RO EWBKILT 5.

FE. (1) 2=0 5% DOFEABREO & &, dim P(W) =m.
(II) z =0 4k DOEAERAD & &, dimP(W) = 1.






]7. J B B O S P & FBCEME 0 Dirichlet %

BiH X 2 INSP S

(X, W) % Bliedtner-Hansen O @% ORHZEMTl1eW &L, P,
X LOHERAEBERF v v+ VvORK, H, 2 X LoBRBM
o2k, Ri=He+(Po—Py) LBL. Ry i3 algebra TH 5. M
% X Lo signed Radon filED2k& T 5. BEER o: Ry — M
e LS

fER, ¢ XOREEV icxt L, U(f)|v204=>f XV TEFEM.

ity L&, WiKTI2RERRLFS, RERER o X525
hick &, f,g € Ry DHE gradient fIE &, f € R, D gradient A
Bz, #AMZEMOBE EEkRIC

Of,9] = %{fa(g)4—90(f)-'0(f9)-f90(1)h 65 =051

TERTBE, §;>0(NVfeERy) BR&nsd. D[fl=6(X) % f
® Dirichlet B4 L EF&HT 5.

AL X Led)—20RBEEW (1e W) BEXShi L,
Po, R oG 21% Py, Ry TRTCERT S, W icxdd 54
BERBE o R - MBH-T, ROoFHEHKILT EE, W E W
BEWCEBETHIEWV S

fePy gePi= [fdr(g)= [gdo(s).



CORBBROFMGLEETS 5 :
fE€RNC, g€ R;NC.= [ fdo™(g) = [gdo(f).

72172 L, C. % support compact 72 X Lo EGREK O 2&k.

BT, W REBRBEEE W (1eW") 2o b0 EHET 5.
IoEE, RRREMBELEOBMMEMOBA LERIE, KO

BRI,
(I) Pu = {p € Py| fpdo(p) < oo} & covex cone T, f € Qu =

Py — Py, 51
Difl+5 [ o) < [ fdo(f) < co.
(I1) Hee = {u € Hy|D[u] + [u?do(1) < oo}, Py = {p € Ps|

o(p)(X) < 00} EBCEE, € Hpt Qui, g € Poy— Poy 12X L
l[fI<p 2319 p € Pr BHEET LI,

2.0(X) + [ f9do(1)+ [ fgdo™(1) = [ fdo(g) + [ gdo(f).

BEEHOBNBLEOICEEBR Yy b —28dby, BIAITEER
V5 —LFLOBBBYE T v v v ViR B T 53, Dirichlet

Moy (F0) M7 53R, Lo—&kwmicEEhs.
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Gauss Maps of Nearly Minimal Surfaces

JOJI KAJIWARA *
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Jinan Television University, Jinan, Shandon, China

FUMITOSHI SAKANISHI**
Arake College of Technology, Omuta 836, Japan

This is a result of Chinese-Japanese Joint Work in Kyushu University. Let x:

M— R3 be a connected oriented m‘inimal surface immersed in R3. By definition, the
Gauss map g of M is the map which associates each point p € M with the unit
normal vector g(p) € SZ of M at p. At the 1992 Summer Seminar on the theory of
functions of several complex variable in Nagano Prefecture, Prof. H. Fujimoto gave an
one-hour invited talk, explained his results [4], [5], [6], [7] and [8], then Prof. N.
Sasakura gave a question: How about the Gauss map G when g maps each point
pE M to a unit vector g(p)e S? which is not necessarily a normal of M at p but
close to the unit normal vector?. The aim of the present paper is to give the following
answer to the above Sasakura’s problem:

Let M be a minimal surface, G be its Gauss map M, and F : M — P™(C)
be a Cl-mapping. When the first derivatives of F are close to those of G so as to
satisfy some inequalities with a constant C, we prove that the Gauss map of F is
1/(1-2C)-quasiconformal. We also prove that the Gauss map of a 2-dimensional

manifold immersed in R™ is quasiconformal when its mean curvature vector H

satisfies !HF' < - CR for the Gauss curvature R.

AMS No. 53A10, 30C60, 30A10
*Supported in part by Grant-in-Aid for General Scientific Research (C). no. 04640082
from the Ministry of Education, Science and Culture of Japan, 1992

*Supported by Program for sending College Teachers to Domestic Institution of Japan
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424L. Three dimensional hypersurface purely

elliptic singularities of (0, 1)-type
Y IS

In the theory of normal two—dimensional singularities,
simple elliptic singularities and cusp singularities are
regarded as the next most reasonable class of singularities
after rational double points. They are characterized as
two-dimensional purely elliptic singularities of (0,1)-type and
of (0,0)-type, respectively. What are natural generalizations
in three-dimensional case of simple elliptic singularities. The
notion of a simple K3 singularity was defined as a
three—dimensional isolated Gorenstein purely elliptic
singularity of (0,2)-type. A simple K3 singularity is
characterized as a normal three—dimensional isolated singularity
such that the exceptional set of any Q—factorial terminal
modification is a normal K3 surface. Here we are interested in
a three—dimensional hypersurface purely elliptic singularities
of (0,1)—-type. Let f € C(zo.zl,zz.za) be a polynomial which is
nondegenerate with respect to its Newton boundary T (), and
whose zero locus X = ( f = 0 in C4 has an isolated
singularity at the origin 0 € C4. Then the condition for (X, x)
to be a purely elliptic singularity of (0,1)—type is given by a
property of the Newton boundary of F(f) of f.

In this talk, we show how to classify the principal parts of
defining equations which define three—dimensional hypersurface
purely elliptic singularities of (0,1)-type, and refer to the
relation to simple K3 singularities with respect to the

deformation theory.



Examples (s 21)

No. 2, x3 + yz3 + y2w2 + 24 + w6+s + xyzw =0
No. 4, x3 + y3 + zsw8 + 24 + w12+s + xyzw = 0

No. 6, x2 + y5 + yz4 + yaw4 + w1°+s + xyzw = 0
No. 7, x2 + y4 + 28+r + z4w4 + w8+s + xyzw = 0
No. 8, x2 + y4 + 26 + z4w4 + w12+s + xyzw = 0

No. g, x2 + y4 + 25 + z4w4 + w20+s + xyzw = 0

No. 10, x2 + y3 + 212+r + szG + w12+s + xyzw = 0
No. 11, x2 + y3 + 210 4 58,6 4 15%s 4 yyow =0
No. 12, x2 + y8 + zg + zsw6 + w18+s + xyzw = 0

No. 13, x2 + y3 + 28 + sz6 + w24+s + xyzw = 0

No. 14, x2 + y3 + z7 + zsw8 + w42+s + xyzw = 0

x2 + y3 + z + J.zsw6 + uw42 + 42+s + xyzw = 0

(@D] u =0 : purely elliptic (0,2)-type
2 uw =0, x = 0 : purely elliptic 0, 1)-type
()] u =0, a=0: purely elliptic (0,0)-type
No. 15, x2 + ysz + 25+r + 22wa + w4+s + xyzw = 0
No. 16, x2 + ysw + z4 + zaw2 + w8+s + xyzw = 0

No. 18, x3 + y3 + z4w + zaw3 + w9+s + xyzw = 0

No. 19, x2y + y4 + yz8 + yw + w8+s + xyzw = 0

No. 20, x2z + y3 + z4 + zaw6 + w24+s + xyzw = 0
No. 24, xzz + y + z + zsws + w12+s + xyzw = 0

2 9 3.6 9+s

No. 25, x“z + y3 + z°7 + zw +w + xyzw = 0
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26, A Construction of Hyperbolic
Hypersurface of P"(C)
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S. Kobayashi conjectured in 1970 that a generic hypersurface of large
degree of the complex projective space P"(C) of dimension n is hyper-
bolic, and that its complement is hyperbolic and moreover hyperboli-
cally embedded into P*(C) ([K1, p. 132]). Hyperbolic manifolds have
attracted interest not only fromn the view point of complex analytic geom-
etry, but also in relation with Diophantine problem. It has been hoped to
write down an arbitrary dimensional equation which defines a hyperbolic
manifold.

The above Kobayashi’s conjecture is still far from the solution, but
there have been some progresses on the existence of such smooth hyper-
surfaces of P"(C) for small n. Cf. Brody-Green (1977) and Nadel (1989)
for hypersurfaces of P*(C); Azukawa-Suzuki (1980), Nadel (1989), Zaiden
berg 1989), Grauert (1989), etc. for complements of curves of P%(C)

A -
e Jfﬁmre has been no known example of dimension greater than 3 (or-2—
in-the latter-ease).
We will prove the following existence theorem in a constructive way.

Main Theorem. There ezists a smooth hyperbolic hypersurface of
every degree d > d(n) of P"(C), such that its complement is complete
hyperbolic and hyperbolically embedded into P™(C), where d(n) is a pos-
itive integer depending only on n.

Furthermore we will confirm Kobayashi’s conjecture for a family of
hypersurfaces of a restricted type.

Let {Mj(z1,...,2,)}5_; be a set of distinct monomials of degree 1
with non-negative rational exponents. We will introduce a notion that
{M;} is a k-admaissible set (2 < k < n), which will be explained in the
talk. Let [; be the smallest positive integer ! such that all the exponents
of M'l are integers. Let dj,1 < j < s, be positive integers such that
lidi =---=1ld, =d.



Let X be a hypersurface of degree d of P"~!(C) defined by
XM e M =0, e Cr
Theorem A. Let the notation be as above. Assume that

1 1

— < .
j=1di (s —2)

S

1) If {Mj(z1,...,2n)};=, 8 n-admissible, then X is hyperbolic for all
(cj) € (C*)*.

i) If{M;(z1,...,2n)}=, s not n-admissible, then there is an algebraic
subset ¥ C (C*)* such that X is hyperbolic if and only if (¢;) €
(C*)*\ L.

iii) There is an integer d(n — 1) such that for alld > d(n — 1) there are
smooth hyperbolic hypersurfaces of degree d of P"~!(C).

For the hyperbolicity of complements of hypersurfaces we have the
following.
Theorem B. Let the notation be as above. Assume that

Siet
j=1dj 8—1.

1) If the set {M;, z,41} added a new variable z,4+1 is (n+1)-admissible,

thenfthe complement P"~1(C)\ X of X is complete hyperbolic, and

hyperbolically embedded into P*~1(C).

) If {Mj, 241} is not (n + 1)-admissible, then there is an algebraic
subset = C (C*)* such thq,jP"‘l(C)\‘ X is complete hyperbolic, and

yperbolically embedded into P"~!(C) if and only if (c;) € (C*)* \

—_—

iii) There is an integer d'(n — 1) such that for all integers d > d'(n—1)
there are smooth hyperbolic hypersurfaces of degree d of P*~1(C)
such that their complements are complete hyperbolic and hyperboli-
cally embedded into P"~*(C).

In the course of the proof, we use the Nevanlinna-Cartan thoery, espe-
cially the ramification thoerem for holomorphic curves, and an elemen-
tary, but a bit complicated algebraic computation.
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We consider sufficient conditions for a singular Hermitian line bundle (L, k) over
a compact complex space X to be big and, cosequently, for X to be a Moishezon
space. A holomorphic line bundle L is said to be big if dim ®| e+|(X) = dim X for
some v € N, where &|,¢-| is the meromorphic map to some PV by means of the
global sections of L®”. A reduced and irreducible compact complex space X is said
to be Moishezon if the transcendence degree of the meromorphic function field of
X over a complex number field C is equal to the dimension of X. X is Moishezon
if and only if there exists a bimeromorphic holomorphic map from a projective
manifold to X. This problem arose from an attempt to generalize the following
theorem due to Kodaira: A compact complex manifold is projective algebraic if
and only if there exists a positive line bundle on it. There are several works in
this direction. Demailly and Siu used smooth Hermitian metrics, their theorem are
motivated by the conjecture of Grauert and Riemenschneider: A compact complex
manifold admits a smooth Hermitian holomorphic line bundle whose curvature form
is positive definite on a dense subset of it, then it is Moishezon. But it is not enough
to characterize Moishezon spaces by smooth metrics as is mentioned below. Let X
be a non-projective Moishezon manifold. Then there exists a proper modification
7 : X — X from a projective manifold. By Kodaira, X carries a smooth integral
Kihler form @. Then the push-forward =.& is an integral Kahler current which
is smooth on the complement of some proper analytic subset of X. However, X
does not have a smooth Kihler form (Kihler and Moishezon imply projectivity).

On the other hand, Li and Shiffman used singular Hermitian metrics and proved:



A compact complex manifold is Moishezon if and only if there exists an integral
Kihler current on it. In our M_a.in Theorem, the curvature current of a line bundle
may have singularities and nagative parts.

Let M be an n-dimensional complex manifold and let L be a holomorphic line
bundle over M with a smooth Hermitian metric h. We denote the curvature form of
h by ¢(L,h) := /—1(27)"188logh. Set M(q, L) := {m € M;c(L, h) has ¢ negative
eigenvalues and n — ¢ positive eigenvalues at m} for each ¢ = 0,1,---,n and put

M(< ¢,L):= M(0,L)UM(1,L)U---UM(g, L). Our goal is the following:

Main Theorem. Let X be an n-dimensional reduced and irreducible compact
complex space and let L be a holomorphic line bundle over X with a singular
Hermitian metric h. Assume that the curvature current ¢(L,h) is smooth on the
complement of some proper analytic subset Z C X and that c(L,h) is strictly
positive on some tubular neighborhood B of Z. Then f Xoeg(<1,L) ¢(L,h)" exists,
where X,eg is the smooth locus of X. If ereg(Sl,L) ¢(L,h)" > 0, then L is big, in

particular X is Moishezon.

The proof is based on some lemmas; the decomposition principle, Demailly’s
generalization of Weyl’s formula for the asymptotic spectrum and the absence of
essential spectrum. As a corollary, we reprove a characterization of Moishezon

manifolds.

Corollary. Let X be a compact complex manifold. Then X is Moishezon if and
only if X has an integral Kihler current which is smooth on the complement of

some proper analytic subset of X.
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[1]‘5. Shimizu, Automorphisms of tube domains, to appear.

[2]1 S. Shimizu, A classification of two-dimensional tube domains,
in preparation.

[3] J. Dadok and P. Yang, Automorphisms of tube domains and
spherical hypersurfaces, Amer. J. Math. 107 (1985), 999-

1013.
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1. M % C* #® Kahler 3t& G 2R OEHERLEEX, D =
M ORELSLETS. SR G HSHRICKRES, M O 2 5 P, Q O
B% d(P,Q) TEL, D O& P Ho8R 0D TOWE% dop(P) =
inf{d(P,Q); Q € D} &F 5.

M 2% n RuGEFRSEZM P, T, G Fubini &0 &%, D ¥ M
T (BHEDOERT) #NTHIT, BIH —logdop 13 D THEBEHEELFHANC
72 % (Takeuchi [17]). T D&ERIT, —IZ, M DY holomorphic bisectional
curvature D\ IED 5T Kahler Z & THIUTKIL L, Greene-Wu [6] 12 &
D, Kahler Zketk M OBMER D ioxt U, % —logdsp D ‘HESH
MHEDOES 2K T 8D, M O holomorphic bisectional curvature % fj i
T N T3 (cf. Takeuchi [18], Suzuki [15]).

KFEHTIE, D 2% n &yt Kahler LK M DA n—q (1 < g <n)
D|OHFEBTHBHAIT, B —logdsp © “NI¥ n—q OEBMBORES’
#RIEBEBALUTHHZITWL, ZOJ5HE LT, P, ® Stein ZRFEEKRD
4 R D g-convexity, g-completeness (2B 9%, Barth [1], Suria [14]
(Eastwood-Suria [4]) FOEER (RUZN 6 DHIGEHNA) 2 SUERNE S
N5 Exd~BIEICT5.

2. §2 T, M % n IRJG paracompact HEERLZHEER, D2 M O
FMEALETS. D(CM)I, KK, ZOHES M\ D 2Fin—q KTD
analytic set &[] Uk EFRME 2R ODEE, M THE n—q DBEBMNTH S
L9 ([16]). V¥ n— g OHMMIL, BR 0D ORAHLEBETH 5.
HEOEROBMERBIMNE n—1 0BNTHY, TEOEBIIAE 0 D
BWTHAD. M OFOHFEE D H¥ (weakly) g-convex THE, D iz M
THE n—q OBMIIEED,2<¢g<n-1DEX, M =C" AT
A, TOHIRILLIE (3], (8]).

Fujita [5] 12 & D, C™ DB&ES D B n—q DEMICL B 2D D

1



BA5% 813, D DA n— g OBMBEUC X 5 T exhaust SNSHIET
»H5. ZOBEIT, Hunt-Murray [7] 2% A U7z (¢ — 1)-plurisubharmonic
function & HFEMETH B, I Tid, XEMIZIE Slodkowski [13] i &
5, ROBTERBEBRTES.

F3% 1 (cf [13], [5], [11]). ¢ :D — RU{—oo} % ¥, Pec D
ETB. o WP TN n—qDENTHA L, PDESTERINK
f£E D weakly (n — g+ 1)-convex function f IZX L, P @5 U(f) T,
PeA AceU(f) THAEBEDHE A XL,

(¢ + f)(P) <max{(¢ + f)(Q); Q@ € 0A}

EBBLODFEHETHIEERVD. 7,01 d, D OB HE P THHn—g
DE|MICIEBEE, D THH n—qg DBLTHEH L.

BHEOBEROSESLATMBERINE n—1 0N THS. C* ROBH ¢
DN, ALE n— g OEMICTE BT HDMLEAFFHZ, ¢ Y weakly g-convex
ERBIETHS. LYEELSELRABHEN C° RO BOTEUZH
22 EIEBLAONTVAN, M n — ¢ OFMBIRIL, —ICIE C* K
DbDTHMTSE I ENTEREL.

FHE 2 (cf [2]). ¢:D— RU{-o0} &, DDBEH PIIXHL, P
DO U & U LD strongly 1-convex function h T, ¢ — h 28 U THHE
n—q OBMEBDZLONFHETHEE, D T n—qg DBRBNTHS
En.

3% 3 (Diederich-Fornaess [3]). ¢:D — R {3, D D& & P iIx
L, P OififE U & U £® g-convex function ¢1,¢2,... ,pt DFEL T
olv = max{p1,p2,... 0t} EHEIFBHEEZ, D T g-convex with corners
ThHbEND.

Bungart & Diederich-Fornaess 12 & 5, ROEMPER A SN TIN5

Bungart OELFERE ([2], 1990 ). ¢ : D — R Z#kiSiil
n—qORBMBEEETS. IDELE, D LOEROERRE ¢ > 01T
L, D T g-convex with corners THAHH  T,D L |p—| <e &%
2HDO0FHETS.



Diederich-Fornaess DiE{LIEE ([3], 1985 4). ¢ :D — R %
g-convex function with corners £9°%. ZD & &, D LOEREDEkBIE
e>0icx L, D E®D g-convex function ¢ T, D L [p—v¥|<e &7 5
bODWHEHETA. 22T, d=n—-[n/q)+1T,[ ]id Gauss iLEZET.

Diederich-Fornaess (3, X 512, fE&E® pair (n,q) XX L, LOEURE
BOFTOD §it, REBOETHEIEARLTNAS. 2<¢<n-10D&Z,
§>qTHBIEICHEETS.

Bungart O:ELER L D, C* OB%EA DIt LT, D 28 C™ THH
n—q O¥MIZIE BT & &, g-complete with corners (2755 Z & &3[R
T»%. %1, Diederich-Fornaess DEUEHR LY, 2D & &, D (CC")
% g-complete 275 5.

M OB%ES D3, 0D O/ E Qi L, Q D TEHRINIL, Q %
WD n—q RITD complex submanifold § T, SCM\D &85 HON
BT B EE, &M (C) 2Wlcd &0H T Licd 5. Bungart DEHE
HOGH&E LT, C" O n— ¢ OBMNEBIL, &4 (C) ZWIcTHS
FROWAFOBR E L THHEMITONEZ 0G0 5.

3. §3 T3, M % C® D Hermite 3t & G 22 n RitEEHEHE
ZREK, D% M ORESETS.
M OE P OEYDRBFEBER (21,...,20) 13, ROZKH

1 = —,— ) (P) = 6;; < <
Zz(P) 0, G (OZi, ag]) ( ) 61] (1 >45] > n)

AWtz d &%, P Tnormal THBERFIRILIZTAS.

M O£ P, P T normal WRAMBEREZRD. 2 DORAEER
(21, ,2n) & (w1,... ,w,) B3I P T normal 7L & &, P TORRIT
§l (0z;/0w;)(P) i3 unitary THB. LEdi->T, o 2 P D T C*
® & &, Hermite 751 (0%¢/82;0z;)(P) & (8%p/0w;0w;)(P) D, §XT
DEFMEIT—HT 5.

T 4 (11)). ¢:D — RU{—oo} Z L¥EKENLHELK P % D D
14, 2=(21,...,2,) % P T normal WRAERERETS. JOLE,
W,le)(P) %, ¢ —aljz||* 2 P ThH n—q DBMENLSE LT a € R

3



DERELTEETS. CIT |l2P =X, |z THB. £DLIN
a € R BEE LT EXIE, W[p](P) = —00 &KX

W,lel(P) 2% P T normal BEFEEZORBIFIKSTICRES
Z &, P T normal BEEDORAEER 2 = (21,. .. y2n) &, EED
a < W[p](P) IZ L, v —allz||? 2% P THH n—q O|MIZHB I EN
o5,

o NP DL T C? JDEE, ¢ O Levi form Lfp] O, P T normal
BRFEERICETS, P TOIXTOEFESE ... o0 (AL 0 2
ay > > an) TRTE, Wilpl(P) = an—gt1 €1 2.

operator W, iIZB9 2 EUHHEELEIT 5.

(1) ¢ % D TLYEHELERETE. 00L& oD THH n—g¢
DOE\MIZIE B 12D OBE+FEER, D £ W, e] >0 ERBBEILETHS.
Fi, 0 W D THHE n—q ORBMZESLDOLEFFEHER, D D
£E PItHL, POEBU EEHe>0T, U LWpl2e &5 b
OOFEHETHIETHS.

(2) a % D LO#EFBEY, ¢, (v € N) 2 D TLh¥EE BT,
W,lps] > a 2#i7cT O LT 5. {e,}ven DY D EO—HRIURF, F /2
BRI THAEX, D E Wllime,] >a &K%,

(3) ¢, %I D TLEY#EEE, Pe D ETH. ZOLE, p(P) = (P)
o D koo >y THhIZ, W[el(P) > W [p|(P) &L755.

4. §4PIgE, M % C™ O Kéhler 3t & G ZH 2 n RICEFE
FLREETS. M IZHRIC, C° O Hermite & g=ReG 2HDOHE
9n WG Riemann ZREAE bAHLENE. ZDEE, Greene-Wu [6] D3k
A TBEELT, RERTIENTES.

®wE. DA M OB%S, P %, ROWEEMILT (PalEb 1D
D) QecdD BEATSHEIN D DHLET B!
(i) dap(P)=d(P,Q).
i) P& Qid M ADOHHIR ¢ THNS.
(i) Q %1% n—q &KILO complex submanifold S T, S C M\D &
HAELONEHETS.



DL,
1 . [0
(*) - Wy[—logdsp)(P) > me{g-,@}

LW FMOKLTB. ZIT, 0 =0(P) i, (i) OF ORI £ LD
M @ holomorphic bisectional curvature Oix/METH 5.

SFE8IC I, Riemann #AFETRAAM SN, BB OESITHT 55 1,
% 2 £ AR &, operator W, OHE (3) EH 5. B# —logdsp 3,
PitBWWT ‘(x) OABOMU LOBEGHEERD BE n—q+1 RO
WA RO ALENH B, TOHAIL, S D Q TOD tangent space %, §
ICIR->T P ETHFIBBLTRONEER n — ¢ IRILD tangent space
&, R € O P TO tangent vector & Tk OB HMIZIES.

D % §2 D&M (C,) %Wlcd M OBEADEE, M 4 complete T
H50, £7213 De M THE30Dh»O&EHENHNIT, D OF & P Il
U, EORMBOEMH (1), (i), (i) 2#HET5 Q € 0D BEICHFLT 5.

PeM&r>0isl, BPr) = {Q € M; dP,Q) <r} &¥<.
PeDic#tL,O(P)ic& b DN B(P,dsp(P)) L.® M @ holomorphic
bisectional curvature O FRAZX T I &iZT 5.

D H M THH n—q MO EE, BFTIICE, &4 (C) ZMW7cd
LODOWAFIORIEE LTHEIFE I EICEET S &, operator W, OHHE
(2) & LOWEN S, 0D A STBES A (C M) BEELT, DNA D%
HEPIZBOT, A%ER (x) BROIADIEDGNE. 51T, TOHRE
Bungart O UEEEH NS &,

(1) M @ holomorphic bisectional curvature \IED &

(2) 0D 8L M OHBEES L (strongly) 1-convex function 2%

FET 556
DEBEICIE, De M THBH, M » complete ThHEMD—F DFH
DOF T, 8BR 0D 01 1213 T D L global iZAEK (x) VKLY S
ZEWRENS.

5. §5 T, M #1EZ 72i13FER D holomorphic bisectional curvature
¥ n RkocEEs Kahler 284k, D # M QA n— g OBMEASES &
5. B —logdop KM LT, HEREROKIZEXRSNS.

)



@8 1. M @ holomorphic bisectional curvature 2¥IEH (resp. IE)
DEx, 0D #FTHES A(CM) NEELT, B —logdsp T DNA
b, AI¥ n — g DY (vesp. ME n —q OHREEN) 1105,

&8 2. M O holomorphic bisectional curvature 281ET, D € M T
HBH, M B complete THZ0DMNIDEHE, B —logdsp 13 D 2
RTHH n—q OEBEMITTS. ,

M DOB£ES D OER 0D ' M ® C? O real submanifold (£ &4,
B DRTGBEVICER > TOThE0) 0L %3, 0D 23CHRES T
(C M) BWEIELT, BREEEE dop 13, DNT £ C? HOBEITES
(9. LIcdi-T, @i 1 D5, ROBRIFONS.

ST 1. M O holomorphic bisectional curvature % iE (resp. F#£1)
E$5. DM THh#in—q OBMNT, D e M » 0D H¥ M O
C? ¥ D real submanifold @ & %, D (& strongly ¢g-convex (resp. weakly
g-convex) TH 5.

M & D OIRENGE 2 LR U & X, Bungart OEMUER KD, BI
—logdsp 13 g-convex function with corners TiHEHUENS. v: R— R
WO /T, u >0, u" >0 %Mk &E, ¢ B8 D T g-convex with
corners 75 5, &k voyp bE 7 D T g-convex with corners 2745 Z &
BT A E, 2DEX, D Id g-convex with corners TdH 5 exhaustion
function #FEHOZ 0 h 5. L1h - T, Diederich-Fornaess O {UE
HLabHd3E, HEOD g-completeness (with corners) 2B 3 IR DFER
"EOSNS.

£ 2. M O holomorphic bisectional curvature Z1IE& L, 51
DeM ThHaH, M » complete THEIDD—HFERETSH. ZDLZ,
D& M THE n—q OBMTHNIEL, D i3 g-complete with corners T
H5B. LIzdi-T, D i g-complete TH 5.

113, S P, ® complex submanifold T, &&#E W45 D RITH
n—q U D& E, WES P,\S i strongly g-convex TdH% &9 Barth
(1] OEROIRICE > TS M =P, ©& &, FE 1 (3 Takeuchi [17]
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DILEE LT, WARAFHFEEAOCTOAETORTIENTES
([10])). F7z, EE 2 05, S DB P, O, FEHFBESTORITH n — ¢ UL
@ algebraic set D & %, P, \ S #% g-complete T& % & 9 Hartshorne
DERLBEINS. S (C P,) ¥ non-singular @ & ZIZRNIT, Peternell
[12] i2& b, P, \ S 13 min{2¢ — 1,q}-complete TH B EW ), L DHEA
PHERBA SN TN AS.

6. %I, M % n RJC Stein ZREK, D = M DAL n—q OEM
BES & 5. M D5 Kahler &N S, D OEREMBE dop =
FLIE X, B8 —logdsp IZHL, §4 OAREK (x) ¥ D D& A TRAL
T5. LzdioT,h 8 M @ (1 DD) l-convex exhaustion function ® &
X u>0u">0THh3 C*HOBE v:R— R T, —logdsp+uoh
WD TR n—qDBMNERLEBDERDFIBEIENTES. LT, K
DERMVEONS.

FIE 3. M % n KJG Stein ZREK, D %2 M OHH n — ¢ OHEME
#45E35. ZDEX, D I3 g-complete with corners TH5b. Lich-
T, D i% g-complete TH 5.

D DR 0D X M O C? D real submanifold @ & &, Hizk D BE#
—logdysp +uoh i3, 0D DL T C* FOMBUIESE. TDIENH, K
DFERNFEINS.

FE 4. M % n RJT Stein ZRMEK, D & M O n — ¢ O#
NEESETS. 0D B M O C? D real submanifold D& %, D i
g-complete TH 5.

8D X M D C? D real hypersurface TdH 554, T8 4 1T Suria
[14] (Eastwood-Suria [4]) D&ERTH D, EH 4 3, TORKROILER T
FIFEBRICTS » TV 5.
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4% B 3E %

Conformal mappings of a once-holed torus

WA W HH B TEKRF

1. @Lyic

Rié Ry~ >d Riemannfii& 45 & &, Ri%Z RyodricE i
AL ENTERRAI ., ABHTR, COMBEE, & R
1t iz once-holed torus ThH 2SI EKT 5. HREFEENIKAEXS
feic, & Ryt sew o—H {a, bk} 2 & 3. ZLT, SHNE
Bird fi R — RyT flay), fll) e ZFhay bickERr—0TH
ZLEOBLOBEETBLOOLEFTRENER, a, bi, o — b2 RE
TETARFE Y —HOoBRENESORMOAEXNTEA S (EE1).
FERV—HEMOIBANEASOBENES GEDL LN, 0K
BOERNR, SREATHITEBREINS (FHE2)., Ihos Zo0FEH
A28b¥ 2 &E, RiE Ry once-holed torus ¢ & 3541, BEEORM
Blexd s —ooREx21E 5. 38T, TEI1 LEH2 OFEWICHL
BERESCERIC>VWTARARS,

EC, FH1BEW _REX FoEKR, BaRdBs, LR
ot EREVHEY, FA4HT, FOE-TWa2HEEZW 20
T 5.

B#% i<, once-holed torus @ Teichmiiller 78 [ iz > W\ T B A
3.

2. ExEH®E

g1, Kerékjarté-Stollow O EBHROBERK S B —2Th
% X 5 72B9 Riemann f %, once-holed torus &1F 3. COERICHKEAL
W, F—35 2 (¥ 1 o Riemann i) » o5 —H 2RV bDEFE
f [6] i © & % Riemann @ (once-punctured torus) & once-holed torus
ThHphlEiLFEs L,



Once-holed torus Rz 0 Lo x T n v —#y = {a,b} &0
41 (R, x) %, marked once-holed torus & 5. (R, \') (£ # Ly =
{a’,b'} ) %%]® marked once-holed torus &4 5. f4 R 5 R'»
h~DZHER (MFEHNER) <, fla), f(b) ¥xhnzhd, b Lk
Tou—sThdreE, fE(RX) S (R)X)ohF~0EAERLIT
5. &%, fRhro ROLE~DEAERTHLEE, fiR (R X)
o (RX)DE~DEABERTHZEVS. (Rx)» 5 (R,X) 0L
f\@%%?}{%fﬁﬁfh?‘ % & %, 2450 marked once-holed tori i3 B

’”'“ﬁ![_”ﬁ”(%é Ew,

, —f%ic, REo (—®&x) 4 7nrcicxil, REOESHR
AN Jordan BB ccl T — R b02EkDBIENE S (extremal
length) #A(R,c) & %%. % L C, marked once-holed torus (R, x) i
Xt LT,
®(R, x) = (A(R,a), A(R,b),A(R,a — b))

EBC. T, x={ab} &+3. FERO0<A(R,c) <400 (c=
a, b, a—b) B®ILT 20T, ®(R,x) 1k (Ry)® = (0,400) x (0, +00) X
(0,+0) DHETH 2.

ZEHO REA FE

F(a,B,7) = a®+ B+ = 2(af + fv + ~a)
TED .

EB®1. (Ry,x1) & (Ra, x2) 2> D marked once-holed tori & L,
O(Ri, xx) = (o, B, ) (K =1,2) £BL.

(i) (R, x1) 5 (Ra, x2) Oh ~OEHERBIFLET 510 OBES
NE&fR, FAEKL

{ F(oy — az,f1— f2,m — 72) <0,
F(Oél,ﬁl,’h) < F(az,ﬁz,’h)

BWEIT 5 ETH 5.
(ii) (Ri,x1) & (Ro,x2) PEHVICHFAEMETH 2 O DMEFTE
i, (D)o Z>0FRERCBVTHCESNRITEILETHS.

(1)



DEHER, T,
(ahﬁl)’h) = (012, 182)7/2)

EHLEMETH 5.

COFEETE, o LOHEELLEERER V-—B1 25T
EIREHMEDAA Ry — RyPFP 32ROk ->TWwW3E, TDXIHK
s e P —BIKERT BB, LB, Bi% RIcEAN
CHHAD IO EI PEERTALDICR, TS5k, FEFTO Y-
EOMOBALICEL-T, (R ) WEI>EDLLILERANDILENS S.
x = {a,b} % once-holed torus RO {E#+ o v —HK LT 5 & &,

{pa+gb,ra+sb}  (p,q,r,s €L, ps—qr=1)

5 ROE# T —BThHD, ChoDHILL-T, REDIEE X
ro R (AEHNI) R<CEnhTwnab,

e, AP = (f E)GSL(ZR) p b EE B ZRIEHITT

p(p+9) g(p+9q) —pq
r(r+s) s(r +s) —rs
(p—r)p+g—r—s) (g—s)p+g—r—s) —(p—r)(g—s)

20(P) & £7.

S

2. (R,{a,b}) % marked once-holed torus & L, P = ( P49 )
r
% SL(2,Z) o st 5.

(R, {a,b}) = (o, 8,7),
(R, {pa+ gb,ra+ sb}) = (¢, 5, %)

EL, W~z bl a, By), (o, B, Y)EFhFhae dlkT. T2,

WEILT 5.



3. FP=—F3Z2~ADOHHAAK

b= 2T'&, T"EoBtEx e n v —%yY ={d,b'} ol (T, X)
% marked torus &\, T/ Ficiz, d-BAE» 1 Th % & 5 75 FR] Abel
WMo steti—oBEHET BN, oo V-EEr (T x') %, marked
torus (77,x') @ modulus & W5, 7(T",x") @ E¥FEH cBEv. &
i, FEoreHicxL, 7= 7(T',x) &7 % marked torus (77, x')
BEET S, > D marked tori PEWIKEARMETH 270D NE
+5%mi, Fhsomodulli A—K$+ 22 ETH S,

& T, (R,x) %= marked once-holed torus &4 3 & %, (R x) 2%
B H AT E B X 57X marked torus M THELEST ZH, FDLD
7% marked tori i~k LD SWEET EHEALI D, JORicoWT
3, Wici®~ % Shiba DEBEBEANTH 3. (R, x) 2EH DA
% ¥ % marked once-holed tori (7", x') ® moduli 7(T",x') D&k *%,
M(R,x) & %7.

w3 (Shiba [3]). M(R,x) ix, HHOBMK (—&icBlLL 75
svat) THA.

COMKR M(R,x) ik, (R, X) »S5RDOEI>ICLTHREENS,

EE4 ([2]). ¢(R,x) = (o, 8,7) &L,
U1={T€H|Im72%},

Us

)

EBL.

(i) OU; NOU,NOUs # ¢z 51, M(R,x) B—A» 510, £hid
oULNoU, NAUzIc—ET 5.

(i) oU; NoU, NOUs =pta 5, UhNU,NUzRETHRVHIL=A
oo, M(Rx)RFhoHNEMNTSH 3.

TGH'Im(—l)_

T

{
U3={T€|H]|Im( ! )

1—7

IV =)=

\th_‘h,_/




FH1OEH DI, TFROEELERST 5.

EFH5. (R, x1) & (Ra, x2) % marked once-holed tori &9 5.
(i) (R1,x1) 25 (R, x2) PP ~OFEHBERVBERT 5 L&, BE
Ba (&
M(Ry,x1) D M(Rz,x2)
BRI T B EEREETH 5.
(i) (Ry,x1) & (R, x2) MEV I SAREETH 2 2 & &,

M(Rl)Xl) = M(Rz,Xz)
BRI T A EEREETH 5.

FH4 524, TH1E, KAZHA TR GIINESGLLT
ERRFEICLVIFEHEINS., FE2HPR Y EEH4 L SUFNTE
KEhigons.,

4. ZRERXF

EE 6. (R, x) % marked once-holed torus & L, ®(R, x) = (o, 5,7)
£t 5. HoWiest & |dr]/ImricBs 52 M(R, x) oEB%20L ¢

%L,
-1 ( F(a,ﬁ,v))
TEE\TT

TH 5.

Y%2E L RoBloEErE e v—RKeds&, MR X)1E, HoH
CEMERICLS M(R,x) DB THBh 5, M(Rx) & M(R,X') @
WHPERRELY, £-T, 6 Do, FEFEr Vv -—HD L&
DHICEOT REGTEEZSE, §78bb, EALLETHS. 0%
ROWH = 2« &5 (Shiba [4]). M6 &b, x MO BATS
((a,8,7) RED B M) F(o,3,7) BRETH B I EBDM 5 :

. x &X' % once-holed torus RO -0k v P — K &35 &,

F(®(R, x)) = F(®(R, X))



BEALT 5.

CoFicky, FE2ENLZREATHOWP) &, ZRERXF
EOMEBELC LN - TL B,

EET7. —RXERXAFELRECT 2 =Z2REFTIIREDIET Lie #
G Ed2E, ORSIRR) 1o Goth~DRFERELTHS. *
DBEO(SL(2,R) 3 G oMt SUERKIIC—HL, % KerOik
{(tI}thbn. 7T, IISL2,R) 0B TH 5.

Fo@¥aTMoBEMEE, 2,2, —1 07T, Gii Lorentz 8 O(2,1)
EEETH L. EBT L, O, PSL(2,R) »5 O(2,1) o#ifix%
SUHERS SOT(2,1) o L~0EEESRE2FZET L LB 0 5.
PSL(2,R) t Ho HE% /A EZ 24014 & Mob(H) offic 312
WREESE 20T, B, Mob(H) » o SOt(2,1) o E~0EEE
%85, Lhrl, CORBERR, BRick{HoshTWL3 b0 (cf
Ahlfors [1]) t WBECORE OZ WL 2R W &2, MISEHETHEICLD
Mohs.

5. Once-holed torus ® Teichmiuller Z

Ro%* Riemann @ &4 5. Riemann i R&, Ro» S RO L~ %
mAER fEOM(R f)oLkr2EX 3 (E~N0BEAE/R f: Ry— R
BEETZL5B REPDELS.) 2058204 (R, fL) &
(Ro, fo) BHWIEETE 3 &1t fLof{' B Rib s RO E~DEHE
BLEAEIEY 7 THBIELEERT S, CORMEMMRIC X 5 EMEE
[R, f] ®4 1k T(Ro) %, Ro® (i#7) Teichmiiller £ & 5. T(Ro)
i, EF I EERTN Banach Z Ko ELHE>. ThBFRK
TTERBDIR, Roa v s v BELoESA2BREOCEAEZRVWILSOD
KR E %, o, FOLEICRES.

& 7, marked once-holed torus (R, x) o % fE % (R, x] &40
#a% TE4 5. 1% marked once-punctured tori @ % £ [6] { 3{ &
Ghoz ToFnEessL, Lhi2+soEaEd 2 :To=T\T.
Marked once-holed torus (R, {ao,b0}) 2B E Y 5. & [R, f] € T(Ro)



i [R, {f(a), fbo)} ETZ MG S ¥ 2B/ EL L. COERE, Ro
s once-punctured torus ©& 3 hEMP I LT, T(Ro) » 5 T 7213
ToD L~ ——HWiETHs e ms,. 2H5LT, itz T
% T(Ry) EE—BT 2 &icd 5. iz, chold, EHRFLIER
IS hkik &7 5.

E5d:T — (R)P%2D[R, x] = ®(R,x) &EHTS. C0EHPE
S2WT, ROEEMBIEHINS.

cEg., (1)9:7 — (Ry)’rE#gcahy,

(To) = {(e, 5,7) € (R4)
{

o «p '
Q( ) (Oé, ﬁ) ’Y) € (R+)3 I F(O(,

Th 5.

(i) @: To — B(To) £ : T — O(T1) B3 h b EMIT 195 2
B Th 5. $ic, O3 Teichmiller R oD E M 712 KIEE %
513,

:7T — (Ry)’hEgcdsctid, EF1 (i) XoEDEHIH» D
HRoEFZEoMAKRAII L, A= M(R,x) &7 % marked once~holed
torus (R, x) SEET 3 &0 3 HE» S EHY(T) sk oh s, &(Th)
3, BEfa=0=v%28Mc T 2EEGETCAER_ERMEOEERS D
—D2Th 5.

Qicky, TREBROSI2ERFNSHMAOBEETAT L LN
T& 5., CO#EIE, Teichmiller 2R 7o, IO RFHBE &L WILL T W
% . T % once-holed torus @ Teichmiiller ZEf§j & IE3s C & i3 5.

HBUO—#RICRD, Ry2EE® Riemann & 3 5. RoOHCOHFH
Egwiz, Teichmiiller 2 T(R,) o5 ER B (R, f]— [R, fow™]
YT 5. COLINBAREEGL2EOBTHE, RO (FH)
EF a7 —BELWVS,

Teichmiiller 2 o & TiicB W TR, TF a2 5 —HoOoKid

(2) [R,{a,b}] — [R, {pa + b, ra + sb}], (” q)eSL(Q,Z),

r S



oFELTWSE. Tho T E~DBERLT (2 oo bo2EDRT
2t %, once-holed torus € 72 5 —H LY, M TEKY.

TEoKRBEERD = (a,F,9) 241, M RTHIEO(SL(2 7))
cEHENDE (FHE2) M3 TrsTotbt~oMaEEERI?
DR BHT, TREEEFIERT S, TOBAFEKLHHEK
HtHEEINS

CEE9.

O(F)={(e, 3,7) €VT) | < f < v < 20+ f}

TERENZTOEHNESFiE, TevB 32 MOBKFKTH 3.
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Abstract

In the Fall of 1988 we found ([9], [7]) that there is a completely
natural and intimate relationship between the diffeomor-
phism group of the circle and the Teichmiiller spaces of
Riemann surfaces. Such a relationship had been sought-after by
the physicists from conjectures connecting the loop-space (geomet-
ric quantization) approach to string theory with the path-integral
approach. In fact, the coadjoint orbit spaces of Diff(S') appear
as the fundamental complex analytic Kdhler manifolds that are
the “phase spaces” in the loop-space method. On the other hand,
the Teichmiiller spaces of Riemann surfaces are the basic spaces
over which one has to integrate in string theory when following the
Polyakov sum-over-moduli approach.

We showed that indeed there is a holomorphic and Kahler-
isometric relationship between the coadjoint orbits of Diff(S*)
and the Teichmiiller space. (The latter is equipped with the Weil-
Petersson Kihler metric.) More precisely, the remarkable homo-
geneous space Diff(S!)/SL(2, R) (which is one of the coadjoint or-
bits of Diff(S!) we mentioned above) embeds as a complex analytic
and Kahler submanifold of the universal Teichmiiller space. Sur-
prisingly, an infinitesimal version of the Mostow rigidity theorem

follows immediately as a corollary of this work.
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Later (in [4], [5], [6]) I found that this very homogeneous space,
Diff(S')/SL(2, R) — considered by the previous work as a Kahler
submanifold of the universal Teichmiiller space — allows on it a
natural period mapping II. This II is a holomorphic immersion
into an infinite dimensional version of the Siegel upper half-space,
and it precisely generalises the classical map associating to a genus
g Riemann surface its Jacobi variety (or, equivalently, its period
matrix). We prove that in infinite dimensions the Siegel symplectic
metric from period-matrix space coincides with the Weil-Petersson
on Teichmiiller space. Utilising the fact that the group of qua-
sisymmetric homeomorphisms of S! acts by bounded symplectic
operators on the Sobolev space of order 1/2 on the circle, we (Nag
and Sullivan [8]) have recently extended II to the entire universal
Teichmiiller space.

It should be mentioned that all this is related to “non-perturbative
string theory” via the search for universal moduli spaces parametriz-

ing simultaneously all Riemann surfaces of arbitrary topology.
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