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Fractional calculus of elementary functions by
. . +
the extension of their n-th (ne2 )

differintegrations
by

Katsuyuki Nishimoto 7 KI-

Abstract

Many papers ([1]~[10]) and books (11, 12] on the fractional
calculus have been reported by the author already. 1In this paper,

fractional calculus of elementary functions which are obtained by

. . + R . . .
the extension of their n(e2 )th derivatives and integrals are dis-

cussed.

References

K. Nishimoto; Fractional derivative and integral, Part I, J.
Coll. Engng. Nihon Univ. B-17 (1976}, 11-19.

——————————— ; Table of fractional differintegration of elemen-
tary functions, J. Coll. Engng. Nihon Univ., B-25 (1984), 41-
46.

——————————— ; On the fractional calculus of products z8, 27

and log az, J. Coll. Engng. Nihon Univ., B-32 (1991), 1-6.

——————————— ; On the infinite sum Q =3 " {1/k(k+m) (k+m+l)-.
k=1

’

--(k+m+n)} (n€z+U{0}, mez+)(A serendipity in fractional
calculus), J. Coll. Engng. Nihon Univ., B-32 (1991), 7-14.
----------- ; A generalization of Gauss' equation by fraction-
al calculus method, J. Coll. Engng., Nihon Univ., B-32 (1991),
79-87.

K. Nishimoto and S. T. Tu; Fractional calculus method to a
generalized linear second order (Nonhomogeneous and homogene-
ous) ordinary differential equation of Fuchs type, J. Coll.
Engng., Nihon Univ., B-33 (1992), 27-52.

K. Nishimoto; Some values of products (zB-zY)a obtained by
computer, J. F.C., Vol.l, (1992), 1-6.

----------- ; Fractional calculus method to a generalized
linear third order ordinary differential equation of Fuchs

type, J.F.C., Vol.l (1992), 23-34.



[ 10]

[11]

——————————— ; Power functions in fractional calculus of
Nishimoto and that of Lacroix and Riemann-Liouville, J.F.C.,
Vol.2 (1992), - .

----------- i Solutions of Gauss equation in fractional
calculus, J.F.C., Vol.3 (1993) -~ .

——————————— ; Fractional Calculus (Vol. I, I, II and ),
Descartes Press, Koriyama (Japan), 1984, 1987, 1989 and 1991.
——————————— i An Essence of Nishimoto's Fractional Calculus
(Calculus of the 21st Century): Integrations and Differentia-
tions of Arbitrary Order, Descartes Press, Koriyama (Japan),
1991.

A. Erdélyi, W. Magnus, F. Oberhettinger and F. G. Tricomi;
Tables of Integral Transforms, Vol.I, McGraw-Hill, (1954)
ppl8l-212.

J. L. Lavoie, R. Trembley and T. J. Osler; Lecture Notes
(Springer) Vol.457 (1974)p.333.

K. B. Oldham and J. Spanier; The Fractional Calculus, Academic
Press (1974).

B. Ross; Methods of Summation, Descartes Press (1987).



2.  STARLIKENESS AND CONVEXITY OF
GENERALIZED HYPERGEOMETRIC FUNCTIONS

SHIGEYOSHI Owa KINKI UNIVERSITY

Let Ap be the class of functions of the form

f(z) = zP + § akzk (pe N=1{1,2,...})
k=p+1

which are analytic in the open unit disk |J. Let
S;(a) be the subclass of Ap consisting of func-
tions which satisfy

zf'(2)

Re{———————'} > a (z ¢

f(z)
for some a (0 < o < p). A function £(z) in S;(a)
is called to be p-valently starlike of order o
in |J. Further, a function f(z) € Ap is said to
be in the class K;(a) if and only if zf'(z)/p
is in Sé(a). A function £f(z) ¢ K;(a) is called
to be p-valently convex of order o in [J. We
denote by S;(O) = S; and K;(O) = K;.

Denoting by SFt(z) the generalized hyper-

geometric functions, that is,

F . (z)= F al’aZ""’asfz]
s t s t bl’bz" .,bt,



(al)k<az)k"‘(as)k zk

k=0 (bl)k(bZ)k"’(bt)k k!

(s <t + 1),

we discuss the starlikeness and the convexity

of generalized hypergeometric functions SFt(z).



3. CLOSE-TO-CONVEXITY OF GENERALIZED

HYPERGEOMETRIC FUNCTIONS
SHIGEYOSHI OwA KiNkl UNIVERSITY

Let Ap be the class of functions of the form

fz) =22+ | az* (eN=11,2...D
k=p+1

which are analytic in the open unit disk [J.
A function f(z) € AP is said to be p-valently
close-to-convex of order a in |J if there exists
g(z) € K; such that
f'(2)
Re{——————— } > a (z € )
- g'(2)
for some o (0 < o < 1). We denote by C;(a) the
subclass of Ap consisting of functions which
are p-valently close-to-convex of order o in U.
Further, a function £(z) ¢ Ap is said to be

a member of the class R;(a) if it satisfies

Re{ f::) } > a (z ¢ )

for some o (0 < o < 1). Also we denote by

1 _rl 1 _pl
(50 = C, and Ry(0) = Ry



We denote by SFt(z) the generalized hyper-

geometric functions, that is,

dq,89,...,48_;
F (z) = F_ | L 2 s’
st s tly. b b
1’ 2,"', t,

o (al)k(az)k...(as)k zk

k=0 (b (bl (b, k!

(s <t +1).

In the present talk, we discuss the close-
to-convexity of generalized hypergeometric

functions SFt(z).



&, A CRITERION FOR P-VALENTLY
STARLIKE FUNCTIONS

SHIGEYOSHI Owa KiNkI UNIVERSITY
MamorRU NunokawA GUNMA UNIVERSITY
SE11CHI Fukul WAKAYAMA UNIVERSITY

Let A(p) be the class of functions of the
form
f(z) = zP + ; a_z" p e N)
n=p+l n
which are analytic in the open unit disk U.
A function f(z) belonging to A(p) is said to
be p-valently starlike in |J if it satisfies

zf' (z)
Re{ _— }. > 0 (z e |)).
f(z)

We denote by S(p) the subclass of A(p)
consisting of functions which are p-valently
starlike in (J.

In the present talk, we show

THEOREM, If £(z) e A(p) satisfies
£f(z) # 0 (0 < |z| < 1) and

(2) £"(2) 1
ol (1 ) - e M



> 0 (z e |,
then £(z) € S(p) and

zf'(z)

-p <p (z e |)).
f(z)



5_. ON THE DIFFERENTIAL OPERATOR D"f(z)

B — MRLK - HF
BEBrfrnE== ERAX-ET

A%, BUMRUATERDD f(z)=z+az22+------- b~
EHFOES 2T 3,
COBEKL(Z) SHU THEAERAR DV 2 RDEDICEET 5.
D°f(2)=f(z), D'f(z)=Df(z)=2f (z),
n22N& &, Df(z)=D""'(Df{z)).
fZ)EAITH LT, Fala)2TRTO z€UIKDNT
D"“’f(z).

—Ii<a
D*f(z)

Re{

EWETRELT S, ZOLE, ROZENKRILT S,

TEEE, a>l2BEETDIL. TRTO a1 Ko T
Fou:(a)TTF.(a)

PEILT B,

Miller and Mocanu @ Marx-Strohhicker differential sub-

ordinate system(1987) OERIC I Y RDBENTRE LS,



AR f@EATHNULT. TRTO zeUicHonT

zf" (z) 3
Re{1+ }<—
f' (z) 2

zf' (z) 21— 2)

< — »D, f{2) BERT
f(z) 2 — z

AL

2. hIFELRIT3,

ZORENS f(2)EFn(a) PEFTER 230t E

bhd, Zhdi#ET3,
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1) R Fep= Y4 Sy + Samf - Ss2)=0
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_oxctioned. valuts = D,00, 4,4, 4 =z

C03€,1 S1=0\1 +a2+033%1

B .H =B A
92 G € 00t Aa03v 050y = o€ HY,
) (5 N
Case 2 S, = -“TEHTQH-Q,;*CQE““QQ*'%}
Q,1 aﬂ
Si= Q0+ Qolia + RaQy = %o
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Case 3 B H
2056 - Si=~——m——¢ 202 1 &
S‘ Gz (Qa—041) i : 3
. a1 p H
Sy= - ! & 4 0+ 20,0
Olz(a.z‘a.ﬂ > 7 a’. 3
Sy = Qfas
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3. HRY —= rEOES & TS

G.Schmieder Univ. Oldenburg
3 M f0 RS RFEFER

RZzE¥ g O Riemann f, £ 0 BEAEER % & ¢ % #Z % homo-
logy BEx = {a;,b;}/., ZEBCEET 5. L&EO KK TOH &5
Riemann & (R',x') — 3 74 b 5 £# homology H&Ex' = {a),b}}I,
b -7l Riemann @ R — & (R,x) » 5 (R, X)) ~0ZAE K
D # (R') X', i’), i,(aj) ~ a’,{l?i,(bj) ~ b_ly (.7 = 112""59)’ % (R) X) D
EBHLLE i, i5~id homology Bl HSbd. 2 >DEH
(R, x",i") & (R, X",7") WEIMETH B L% Rh»r o R~ODEAE
BT fol! =i",LB26DNEOMBILEEHETS. B4 DEHE
B[R\, i % (B x) ® (BUH=)ERE Lk (Ry) OESEDRHK
C(R,x) i Torelli ZHio g & h, Lich->T (R, x) DES
DREIBITIHORE M(R x) ZRT 5 EWTES. 2hit, <A
LNTWB &SI, Siegel EXEEM G,othicEHBHENS. [R,x,] €
C(R,x) w2 FBTHR, X\ = (1;)i =104 2XIGE € 2EE
C(R,x) = G, 27, L, S5 ZOMABRERL (11,722, , Tgg) B
5RBCDOTEMNEESE2ERE:C(R,x)—C? T&HT &L,
D(R,x) :=6(C(R,x)) £¢9 5. 87, PERTHLIAHRIEHHETH
A5, ROZLRGLANIC/RL 70 :

EFEBI. [A] dmcD(R,x) RgdL<I20TH 3.

[B] dimg¢ D(R,x) =0 &% 303, RBE Opic BT 2 &M HED
LEICR 3.

[C] dimgD(R,x) =g £T 35L&, »EDLH>BHALEMNK Z =
DiyxDyx---xD, WEET 5 :

(i) D(R,x)C Z;

(i) &j)=12---,g9ic>0T, Ir,(C(R,x)) =9D,.



D,oEE20,%55:5To,(Rx) tEL. LoEBick-T, %
NoDf% (R x) dspan L& BT ENTESB. £h%o(R x) TF
. AL LOERBICEL->T, fix Do;(R,x) bspan DRA &5,

ST, LTERLAFAILAESKELCERICL T BEuRES U
IBMENBONDE, TOEREIILCBRBZNLNERS D T\,

LR a vy b 1I2EH & Riemann BONKTH % & &3,
FECRENRERE, d2VREROK:E, ERT I3 EHTE 32,
THEDE, TOREFHKEOTATAIL 12D 5 4 -5 [~1,1] 2@
EL, E&De €[0,1] E2VWTED [—¢,e] KHIGTEMIEHEL T
nif, HFLVWEMR Riemann @ R.BE SN 3. Fhizit LH D Rie-
mann @ ROHIx 2 BRRBE T &H<C. THLTAShEFHFLLE:
(Re,x.) LEE, ST o502 %2 TR F(RX) TRZI:
F(R,x) = {(Re, x.) | € €[0,1]}.

B, &j=12,--,9i20T, 0;(Re,xe) R7¢5 * —~2eD &
SBEHTH 5.

¥. Span i385 A — 20 EGEHKTH 5.

EEI CHEEOEBE P SRR EDFEENBF SN 5.

ERIL. &40 D;(R,x) RFAOK{0r,(C(Rx.)) | £ € [0, 1]} &
E-oTEVWRLCEh 3.

%- gj:l)Z,-n,glC’DL\—C, T:-,J(C(R,X))=D]

EBELT, LOoBRBEZEMKR 208 D(R,x) it &> THHRL
Ehalte— UL DR x) =272 % — BERTEIb0OTIRA
V. EE D(R,x) @ distinguished boundary point ZEB sh 3 & 5
’Z Riemann @ RBFERBICFERRLR SO THE I E&bbh-TWV 3,
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/0. Y—=HEODHEEEEBREAFOERE

e RORERILREE

2o0av A7 v Y -< yEXNSEHFECR 2 2H0H
E+HEHEENEROEEREKGR C- AETH3, &
WS T ERFELNTVE, T CTRAIBBBAI A FEIC
FET - AZEETN OO0 ) —~VIRRFEIETH S &5 C
el FiEZY) —<=vYHKDONWTELTH D,

FTHONTVEIRRL LTROEHELESD 3,

%2 (Nakai-Sario [2]). 220 —< vE#FA b
ENOOEHIEL v |

SECOEBHEIHEBAZ* 5L, TCTDTATT 2S5 C
ERIXVEUToC & #8B4k,

TE. il g THIEERY) —~vyHOHLEI LA 2H
CRBE Ry ET B, TR g1 LT, & Ry LASHER
BoOEZEIrHA .

B2 1 O DOVWTHIORELWT L bh 5, H



Bl1o)—~<rErR y* =z(z-1)(z-0a) (a € C\{0,1})
TEEINZIH, COLERYB2Z,
TE. FHEL ) —< vEORRR

4 (e®-a+1)?

I(e) = 27 a?(a—-1)2

DETRETE 2, BHEHKEZ J(a) 22 Q(V=1) BB
ZOEEER Y —< v ERFETEERBES . Q-1 Lk
R & EABA ) —<  EIE T O REMKE & [ L3
DFET 3o
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n L i FFAR
Bl e E H 7L

DtF@Mde L 4813 o BWIATE o) i
25 (Re)nBlE4 D, D2 2/ o k4 « T 4. (DNE-DUD.)
fz DVE~» 67 2& s KR EY E D
Sk, $E DUE o« k< 2k < h b, i o, |
LERlam T b, ) = |
P lem 1 EYT AFe e d Erdat £ E
A 2< mF O f[‘yas:-m?u\av map H:D—=C ¢
b=F 0w D, A=% oD
nheto tIFRE. 4T,
@ A o Belevaw TREBC p (e hy=pde) L7
pe anformad map WD =D R F = ke t)”
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L B X KA L T Fow T ) Y- onformed map wh € C



tff) Yeweh cFug ¥ 2D-EBT, DD,

2t Bes T, e B ot KB ki,
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AR $ 5,
BE

D% (rewen) X @ABA, Azl oskel m B4, (f:b—aﬁi

ARAARE T L, L, R A=12; ralo) < |
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/2. Residual Julia set ic>WT

T B K

R AT E T3, R2=RoR, R" = Ro R*! LIZHIMNCTE
#£953, £/ R0 =id &£95%, BEEOK (R}, 12T

JR) ={z€C|zD\HEBEETH (R} FERKES S
Vo }
F(R) = C\J(R)

LEHET B, J(R) % R D Julia HA, F(R) % R D Fatou &
EFE3S, Sullivan [3EH3 [2] T Julia 324 & Klein B£0 limit set D
KaWE (3 B\ i3 Iteration Theory & Theory of Kleinian groups )
AL TO5, FIAE. ZOFEL Julia EEVIRDLIITEZLS
ZEiZbhrobhTna,

J(R) 13013 & b 3 REBURNDTEEAKAES,

CITHEE AD (R-) BRAETHBHEIL R(A) =R (4) =4
LB ETH S,

Abikoff DX [1] TLEX N7: residual limit set E[EKIC J(R)
DIBUD Jo(R) ZXOZDITERT 5o

Jo(R)={z € J(R) | z ¢ 8D for VD;component of F(R)}
Z D& X residual limit set E[EREISIRDOBRI T B,

FE 1. JLH(R#0&ETE, CDEX J(R) IFTRAEEST
HO. J(R) T dense THB, XHIT Jo(R) IIFFTBERSTH 5,

Iz [1] iI2¥1+ % function groups {TDWTDFERE[ERED Z &
%%% 5%, D% F(R) ® component T 582 A& ET S, D b5



2AETHBNS J(R) DEIMEL YD 8D = J(R) E155%, ZObF
Jo(R) =0 ThH5B, COWEEZ 5,

EH 2. J(R) % disconnected &9 3, F(R) ' 5T2AZE
component %=1 iFUT Jo(R) # 0,

R DF critical point @ forward orbit A% R @ (super-)attracting
cycle iIZI 3 5 & = R % expanding rational map EFE3S, F(R) D
SEEAZ component DEUIELZ —DOTH D, £le. F(R) = F(R?)
Th 5,

TEH 3. R *% expanding rational map £33, Jo(R)=0 &
1L A0IE F(R) H' R*— 52 AZE component % & DBfH-DZ Dl
(its 7

references.
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/3. On the locally univalent Bloch constant

BER B E =
B &

Ale,r)={z€C:lz—c|<r} tLEIL A=A0,1) &L %
% Ho(A) = {f : fisanalyticin A and f(0) = f'(0) -1 =10} &L
fE€H)(A) ¢ ae A KDVT,

r(a, f) = sup{r > 0:3Q with a € 2 C A such that
f maps Q conformally onto A(f(a),r)},

&1L, {BL supd =0. ¥4k r(f) = supear(a, f) EEL. TDLE,
Bloch constant B &, locally univalent Bloch constant By K

B = inf{r(f): f € Ho(A)},
By, = inf{r(f): f € Ho(A) and f'(z) # 0}
LEEXIND, 1989 FEFCOERI, -

V3 I'(1/3)(11/12)
0.4330--+ = — B =l 1™ — 04719 -
£ =7 V1+V3T(1/4)

T(1/3)r(5/6) _
gBong—fm)——_o.stm .

%% L, L it Landau constant T® Y | r(a, f) b Y IcF(a, f) = sup{r:
A(f(a),r) C f(A} #FvT B tEIRICEEXEND.

[ SRR

<

1990 £ Mario Bonk 1, [3] € 52 44 Y I Ahlfors D FFli % E &Y IC
HRL
V3

~~4+107"<B
Tt

ERSERPEM LA 107" B ER B OEKBZ 2 w23, SO
FHRAEEE. 2T, BALFET By & L KDOWTThboiHlio



WHEHEL I EREL LA, 20T CREEAVE, 2, 3%E%
Ma 3t kT Ebrok. BohAFHHAR

Theorem 1 1
5+ 107%7 < B,

TH5. RUFMAR, L COTHRYIOC L cFEET 3. chiei,

Fo={f € Ho(8) :0< |f(2)] < T, 2 € A)

|2’
LB E,
Bo = inf r(f)
B YLD T & &, RD distortion estimate ZFV 5.

Theorem 2 Suppose f € Fy. Then

el | _ld

for z €A
T—[| ST ™ *€

1
log f'(z) — 2log . +

% 3k
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tische Typus, Ann. Acad. Sci. Fenn. Ser. AI 336/6(1963), 23 pp.



/4[ The derivative of a holomorphic curve and its

applications

TODA Nobushige Nagoya Institute
of Technology

1. Introduction. Let f(z) be a transcendental meromorphic
function in the complex plane. The following theorem is
well-known(see[1]):

Theorem A. If Za#wé(a,f)=1 and §(»,f)=1, then f is of
regular growth and the order of f is either infinity or a
positive integer.

Our purpose is to generalize Theorem A to holomorphic
curves. S.Mori([2],[3]) gave some results in this direct-
ion.

2. Definition and Lemma.. Let f:C - P?(C) be a linearly
non-degenerate, transcendental holomorphic curve and let
(£ £ )i > ot

107 o dne
f. The characteristic function T(r,f) of f and the defici-

-{0} be a reduced representation of

ency §(a,f) of a in ¢t are defined as usual and we deno-
te the order of f by p(f). We introduce "the derivative"
of £ as follows:

Definition. We call the holomorphic curve induced by
the mapping

(f11'1+1,... ’f‘;11+1,w(f1’... £ ,1)):C > oot

the derived holomorphic curve of f and express it by f',
where W(f1,"°,fn+1) is the Wronskian of f1,°?',fn+1([4]).

Lemma 1. T(r,f')<(n+1)T(r,f)+S(r,f) ([41).

Lemma 2. f' is transcendental and p(f)=p(f').

Remark 1. f' is not always linearly non-degenerate.



3, Theorem. Let X be a subset of Cn+1 in general position

and {e1,"‘,en+1} the standard basis of Cn+1. As a
generalization of Theorem A, we can prove the following
Theorem. Suppose that f is linearly non-degenerate and
that
(1) 8(ey,£)=1 (3=1,°++,n); (2) I {S(@,f)=n+1.
Then, f is of regular growth and P(f) is either infinity
or a positive integer([41).
Remark 2. We can extend this theorem to the case of

moving targets([4]).
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/7 On the spectral synthesis of potentials
with respect to continuous function-Kernels

FH#EZ GLREE

X 28 2 AE %2724 Fcompact Hausdorff 2

Med 30 XXX LOREHEBEEBCGx y)IF. 02
G(x,y)< o (x#y), 0<6(x,x) Soco%jlrd & x, HEiELT
VirhBE BB ERIENSE, XED -BRBED VR E
2EEM, TOMLES Tcompact HEZEZHFE->bD4L Kk
ZMx EFL, v EMIZH LT, udG-potential %
Gu, uDG-energyx EG, u) &F\X. EWG = {u
EMEWG, ) <o} L&,

L EME XOHTES AL T, Gu DSpectral
synthesis 2V AIC&E N B ( ss(Gu) C A &iF, BN
AKEENBEWG NOWEDS (n. ) EFEEL T,
X £ Gun P Cupou. = (B)n »0) 2@
LEXTHB, £, EEDODUEM & udBE supplu)
PRCHEBEOHESA 0K LT mmu)wabéé
&. 6 3. spectral synthetic TH 3 & = L,

G E[SS]&E&EL,



EEL HEMEELH/-TGED)ET 3,

C ESS]TH21-DOREIOS+HF B EMHIL.
POEBEOHEE 0+ dDC-NEEH 0ITH 51 1,

EH2 Ge[D] 2 (PO %2kdT T3, & X,
ROFH(),(2) 2T EEMPEEDT 3,

(1) EHLT//VIVEBE, 5K B (G, £)-resolvent
FET 3,

(2) EEO L EMc & supp(u) 8L HEEOHES
WK LT, 20BN EEh. FICM L TN ELE
THBEWG NOMEDOH (p. ) T, Gu. + Gu.
Ko > UZMITHOONEET 3,

CITRONAAEEZ CORFMEL Y X, Zh&
D, BRAMBEY v viFESG0IIH LT, wkt usy
E-a.e. BHWE., wbLE3H usv Th3ZE%21E83,

EHS GE[D] BPOEMALTEL, £% CoBEF M
BEd B, (Gr) 50 2(G, £)-resolvent &9 3 &
E.G0(x,x)=0THBEED x€X 1t L T,

pG vex £ — &, (p >o)

THbDo L. €« & xi2HBF BDirac METH 3,



/8, AMZEM EOWREHEIIHO>NVT
¥ O #F B § RERKF L KF

( X, W) & countable base %%~ ((-FMZ=EM. 1 € ¥, £ ¥
5.

(Doob convergence property): 4L XDIEEOHES VLOR
B he OBMA {ha) OWEBEK h PHEELES L THRL
SiIF. F0EHB h THENTHS.

(X, W)ETcoMESENII>E, X ELOFRNEBORT
sheaf {& Doob OPNHEMEAFHHOLEbN 2. COMEI—KROHFAN
ZREITIERD IV,

5. (P-BAOEM (X W) L. KOGreen BHOFELRET
3. k(x,y): XxX — [0, o]
1) lower semi-continuous, continuous if x#y,
2) for every y € X, x — k(x.y) :
potential, s-supp(ky (< ))={y},
3) Vcontinuous potetntial p on X, I u €EM* (X):

p = ku

Firiz, LRoZHfsmrITHANZEBLECBNT. RO LD 2k

. BEZI.

(£88) S:X LTEHBINLFALZEHMBEOMKT convex
cone.
EE1l. AE® ©:5 - R
(1) 0 =d(s) <o, V s€S
(2) ® (cs) = cd(s), Vvc ER", V s€S



3) s, 8" €5, s=<s" = d(s) <d(s")
WXL TROAREXBED I :
Ino€E N, IM € R", ® (u) éM{gui(u), VYu €S,
L u. € M (X)NSs.
(id8) S*: H-cone MEKT. S Ddual%xR¥.
So: S* PDuniversally continuousZ T DE A .
%. U A#X®D a relatively compact BIER4T £ 2 .
K #ZU &£ 3 compact &5 ¢ T 2L %,
JiocEN, 3M ER*, supx R°Vus< Mgui(u), Vu €3 (%)

EM2. A% (¥) o Doob covergence property.
Green B OB FE T 2HMEM LBV TIE. U.Schirmeier[4]

WKE->T, HHORXRBFODL L THEHIATWEH, LEZOERTZD
BIEBHIC 2> T W 3.

3
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Q. VS -RBEERETESBANMKORAREHLOVT

JKHEH  #akh LBERFREHFHR

RP moBfK B cEEsnA~sF/ PR uvicdLlT, ROEHKD
BSHZRYT :

(1) lu(z) — u(y)|EM|z - y|°, Vz, y€ B;

(2) lgrad u(z)|SM(1 - |z|*)*77, VzeB.

(2 2HET S C RS, &4 (1) *EET 07T, FRANK
(1) — (2 #HRULBEEBBELITE.

%@ 1.0<a<lidnt%, BLos@MMYK us (1) 2
BT+ 3851E (2) bEST 3.

i BB % @ - v T2, Hardy-Littlewood [2, Theorems 40, 41] & &
¢¥ Duren [1, Theorem 5.1] 2B L T& L \.

Wiz, Y7 vy vE A(G) KB 2 FAMMBCHT 5RETE
EHic-owTHLE. k<alk+1R2BHEZELE. J0LE,
u € AL(G) &g,

|D’u(z + y) + Dju(:c —y) - 2D3u(1:)|§M|y|°‘"k

BERTDTEG, $xTDy, txy€G EFxTD ], |jl=k, &
SWTHKITAEE%20), 0<a<l s, Af(B) B~y —%
# () 2EETrHHDLEL T 3.

FE 2. K RHEAGHOa v~y +E&EL, Uil G-K Tm
FIMET 5. CoLE, u€A(G), a<2m »D Hutaom(K) =0
o, uid G TmFEMTH 5.



CHODERERRTADICE, ROFEBLETDH 5.

BE 1 (cf [4, Lemma 2.2]). u 8%k B(z,r) LTHHAMESE,
Viu(z)|SMrF dy ;
(Vwul) EMer* [ Ju(y)ldy

x,T

oo, VikkmorsF+xz v b%2RL, LT,

oo 1/2
|Viu(z)| = (Z ﬁ|DJU($)|2) .

lol=k
%8 2 (cf. [3, Proposition 3 and Theorem 2 in Chapter III}) .
L, u €A(G) B o1, ¥Bbir, rZ1, OEBOKRBCGIRHMLT,

lu(y) — Pe(y)|IEMr®, VyeB
LN BE~[0) ROFER Pp BWHEET 2.

@ 3. a<2m<ntk, KRR ©0a v/ 7 rEET Hiovaom(K) >
07 oiE, u€A(R"), R"—K Etm minchr B R 2ETiEm
itk WHEH u PEET 5.

FHEEOREARES K >VWTOREOKER Ullich [5] ®—#%1t
cioTWws, 21 Uy[6)] oRAICHEBEZRT 5.

e Z B
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2 / On Stein-Weiss Theorem and Two
) Weighted Estimates for Integral Operators

Anatoly A. Kilbas NI - CENKE - BEKFE
Silla Bubakar NI N— EIKE
[ig 8 BRERE

Stein and Weiss [1] proved the following results.

Theorem 1. Leta > 0,1 < Pp<oo,l <g<ooap—n< p<
n(p—1),1/p ~ a/n < 1/q < 1/p,(v +n)/q = (4 + n)/p - o. Then the
Riesz potential

I06) = an(e) [ AU ey = C2 D

for 0 < « < n is a bounded operator from Lo(R™;|z|*/?) into L(R™; |z|/9)

(Lo ztmarea) " < ([ appra)”, o

where the constant k > 0 does not depend on ¢.

The condition ap —n < g < n(p — 1) in Theorem 1 can be weakened
on subsets 2 € R". Let B = {y € R : Jy| < 1} be a ball in R* and
B¢ ={y € R*: |y| > 1} be its exterior, and define operators

U3e)e) = ee) [ 2200, (Ble) = nte) [ 2O

with the constant c,(c) given in (1).

Theorem 2. Leta > 0,1 < p< 00,1< g<oo,lfp—afn<1/g<
1/p,(v+n)/g=(s+n)/p—a.If 4 > ap — n, then the operator 1% is
bounded from L,(B;|z|#/?) into Ly(B;|zf*/9). If 4 < n(p - 1), then the
operator Ige is bounded from L,(B°¢,|z|*/?) into L'(Bc, [z]*19).

Theorem 1 can be extended to the weighted spaces Ly(R";u) with a
general power weight u(z) = (1 4 |z|)»/P My |z — z#/7, 0 < lz1] <
[£2] < ... < |za] < .

The results above are closely connected with the so-called theory of two
weighted estimates for the integral operators

(Ko)(z) = /Q K(z,t)e(t)dt, z € Q, (4)

1



with a given kernel K(z,t) being measurable on £ x Q. This theory deals
with finding conditions on measurable non-negative functions u(z) and
v(z) given on  such that the estimate of the form (2), its reverse or a
weak type estimate hold (see for example [2]). The following assertion is

true.

Theorem 3. Let1<p<¢g<oo,1/p+1/p'=1, S € R and

] 1/q

k(z,K,p,q,B) = /n K(t,z)Pou(t)? (/n K(t, 3)(1"'3)”'U(3)_p’d3) "

ifl<p<g<oo,
1/q

k(z,K,p,q,6) = / K (t,2)(1)? (ess sup,eal K (2, 5)'Pu(s)™1]) " dt
L/ ]
fl=p<g<oo.

If thereis B, 0 < B < 1, such that k = sup,¢q k(z, K, p, q, 8) < oo, then
the two weighted estimate holds

@ Ke(@idz) <k ( [ ueeenpa)”. )
1] 0

Similar statement is also true for ¢ = co. When 0 < ¢ < p < 1, the
conditions are given for the estimates reverse to (5) for the operator (4)
to be hold. Discrete analogue of such results are given. From Theorem 3
we obtain the following power estimate for the operator I§ given in (3).

Theorem 4. Let1 < p < ¢ < 00,0 < a < nyuy < nfp,us <
1/p',v1 > —n/q,va > —1/q. Let there is 8, 0 < B < 1, such that
—a+n/p < (n—a)f < nfq,2(r1+v2)+n+2/q < (n—a)f < 2(p1+ p2) -
a —2/p". Then the operator I is bounded from L,(B;|z|* (1 — |z])#2)
into L‘(B; [z|*1(1 = |z])*2).

(1] E.M. Stein and G. Weiss: Fractional integrals on n-dimensional
Euclidean spaces, J. Math. Mech. 7(1958), 503-524.

(2] E.M. Dyn’kin and B.P. Osilenker: Weighted estimates of singular
integrals and their applications. J. Sov. Math. 30(1985), 2094-
2154.
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Some Topics in Nevanlinna Theory, Hyperbolic .
Manifolds and Diophantine Geometry

Junjiro Noguchi* (EILK-B)

We will discuss open problems in the Nevanlinna theory in several complex variables,
the theory of hyperbolic manifolds, and Diophantine geometry. Some of them are
already posed ones and known, and the others may be new. In the course, we will
give a survey of the affirmative solution of S. Lang’s conjecture on rational points
of hyperbolic spaces over function fileds ([No10]). We will also give new methods to
construc hyperbolic hyperbolic hypersurfaces of large degree of P?(C), and those of
which complements are hyperbolic and hyperbolically imbedded into P"(C), which
affirmatively support some problems posed by S. Kobayashi in his famous book [Kol].
(These are joint works with K. Masuda.) In the end we will propose algebraic and
arithmetic analogues of hyperbolic pseudodistances, and discuss some problems.

Remark. This is an expanded version of [Nol12].

§1. Nevanlinna Theory

1.1. Transcendental Bezout problem

The transcendental Bezout problem, say, on C™ asks if it is possible to estimate the
growth of the intersection of two analytic (effective) cycles, X; and X, by the growths
of Xi,t = 1,2. In general, the answer is negative; M. Cornalba and B. Shiffman [CS]
constructed an example of X;,7 = 1,2 in C? such that the orders of X;,i = 1,2 are 0,
but that of X;NX, can be arbitrarily large. On the other hand, W. Stoll [St] established
an average Bezout theorem as follows. Let X;,i = 1,...,q be effective divisors defined
by entire functions F;(z),7 = 1,...,qg on C® with F;(O) = 1. One says that X; or
Fi(z), i =1, ..., q define a complete intersection Y = N{_, X; if Y is of pure dimension
n — ¢, or empty, and that Fi(z),i = 1,...,q define a stable complete intersection if
Fy(z) = Fi(tgz, . t4%n),i = 1,...,q define complete intersections for all t = (¢, ...t
with 0 < t; < 1. Put Y; = N_, {Fi:(z) = 0} (with multiplicities). Let N(r;Y) denote
the ordinary counting function of Y and set

1 1
N(r,Y):/o /U N(r;y,)dtl.-.dtbg

Let M(r; F;) denote the maximum modulus function of F;(z). Then W. Stoll [St] proved
1.1.1 Theorem. For any 6 > 1 there is a positive constant Cy such that

q
N(r,Y) < Co [J log M(6r; ).

i=1

* Research partially supported by Grant-in-Aid for Coperative Research (A) 04302006
represented by Prof. Fumiyuki Maeda (Hiroshima University), and by Grant-in-Aid for
Scientific Research 92087.
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In the proof the following type of estimate plays an essential role:

1 1
1
log ———dt, ---dt, < Cglog M(6r; F
/o / F(2)] o log M(6r; F)

for an entire function F(z) and ||z|| < r.

Any probabilistic measure g in the unit disk would give a similar result if the above
type of estimate holds. Therefore it is interesting to ask
1.1.2 Problem. Characterize what kind of measures can be applied to get an average
Bezout estimate?

1.2. Nevanlinna’s inverse problem

For a meromorphic function F on C we have Nevanlinna’s defect relation:

> br(a)<2

a€P1(C)

The defect §r(a) has a property such that 0 < ép(a) < 1 and ép(a) = 1 if F' omits
the value a. As a consequence, there are at most countably many a € P!(C) such that
6r(a) > 0; such a is called Nevanlinna’s exceptional value. Conversely, for a given (at
most) countably many numbers 0 < é; < 1 with Y 6; < 2 and points a; € P}(C). D.
Drasin [Dr] proved the existence of a meromorphic function F' such that §p(a;) = 6;.
It is known that the defect relation holds for a linearly non-degenerate meromorphic
mapping f : C™ — P"(C) with respect to hyperplanes in general position (H. Cartan,
L. Ahlfors, W. Stoll), and for a dominant meromorphic mapping f : C™ — V into a
projective manifold V' with respect to hypersurfaces with simple normal crossings (P.
Griffiths et al.). W. Stoll asked

1.2.1 Problem. Does Nevanlinna’s inverse problem hold for f : C™ — P*(C) with
respect to hyperplanes in general position, or for a dominant meromorphic mapping
f: C™ — V into a projective manifold with respect to hypersurfaces with simple normal
crossings?

This may be a hard problem, but the following will be easier.

1.3. Order of convergence of Nevanlinna’s defects

Given a divergent sequence {z;}2,, we classically defines its order by the infimum of
p > 0such that 302, |z;|™? < co. Thus for a sequence {w;}{2, converging to 0 we may
define its order of convergence by the supremum of o > 0 such that 3 .2 |wi|* < oo.
As seen in 1.2, there are at most countably many Nevanlinna’s defects values a; of a
meromorphic function F on C. W.K. Hayman [Ha] proved that the order of convergence
of {6r(a;)} is 1/3 for F of finite lower order A; i.e.,

1.3.1 > 6r(ai)® < A(e, ) < 0

for a > 1/3. Moreover, A. Weitsman [W] proved the above bound for o = 1/3.



Let f denote a linearly non-degenerate meromorphic mapping f : C™ — P*(C).
Then V.I. Krutin’ [Kr] proved that

1.3.2 Theorem. Let f be of finite lower order A and o > 1/3. Then there is a constant
A(a,A) > 0 such that

Y 65(Di)* < Afa, ) < 00

for any family of hyperplanes D; of P™*(C) in general position.
1.3.3 Conjecture. The above estimate still holds for a = 1/3.

Now let f be a dominant meromorphic mapping f : C™ — V as in 1.1, and D;
hypersurfaces of V' with simple normal crossings.

1.3.4 Problem. Does the estimate
Z 8;(D;)* < Ala,A) <

hold for a > 1/3 and for f of finite lower order A?

1.4. Order of a meromorphic mapping into a projective manifold

Let f: C® — V be a dominant meromorphic mapping into a projective manifold V'
of dimension n.

1.4.1 Conjecture. If the order of f is less than 2, V is unirational.

Note that if the order of f is less than 2, then any global holomorphic section of
tensors of Q¥(V), k =0, 1, ...,n must identically vanish; hence, V is rational for n < 2,
and for n = 3 V is rationally connected by J. Kollar, Y. Miyaoka and S. Mori [KMM].

Here one also should remark that any non-constant holomorphic mapping of C™ into
a complex torus has order > 2. Similarly, one may ask

1.4.2 Conjecture. If V admils a holomorphic curve f : C — V of order less than 2,
then V contains a rational curve.

In other words, can one construct a holomorphic curve g : C — V from f such that
Ty(r) = O(log r)?
1.5. Holomorphic curves

Let f : C — V be an algebraically non-degenerate holomorphic curve into a projec-
tive manifold V, and D;, i = 1, ..., q hypersurfaces of V with simple normal crossings
whose first Chern classes are the same w > 0. P. Griffiths [Gr] posed

1.5.1 Conjecture. The following defect relation holds:
Zé,(D )< [ I‘V)]

where [ =Ky ] = inf{t € R;tw + ¢, (Ky) > 0).



Assume that V is an Abelian variety A. Then ¢;(K4) = 0. By making use of the
solution of Bloch’s conjecture (A. Bloch [B], T. Ochiai [O], M. Green and P. Griffiths
[GG], and Y. Kawamata [K]), the above conjecture implies that

any non-constant holomorphic holomorphic curve into A can not miss a smooth ample
divisor of A.

This is a part of the following conjecture due to Griffiths [Gr]

1.5.2 Conjecture. Any non-constant holomorphic curve into A intersects an ample
divisor D of A.

Ax [Ax] confirmed this when f is a one-parameter subgroup, answering a question
raised by S. Lang. M. Green [G2] proved that A\ D is complete hyperbolic if D contains
no translation of an Abelian subgroup. J. Noguchi [Nol] proved Conjecture 1.5.2 in
the case where D contains two distinct irreducible components which are ample and
homologous to each other. His arguments were based on an inequality of the second
main theorem type ([Nol}, [No3], [Nod4], [No6]):

1.5.3 Theorem. Let V be an n-dimensional compler projective manifold, D a complex
hypersurface of V and o : V\D — A the quasi-Albanese mapping. Let f : C — V be a
holomorphic curve. Assume that the closure of a(V\D) in A is of dimension n and of
log-general type, and that f(C) is non-degenerate with respect to the linear system of
H°(V,Q"(log D)). Then we have the following inequality of the second main theorem
type:

KTys(r) < N(r, f*D) + small order term,

where K is a positive constant independent of f.

If K > 1 for an Abelian variety, then this implies Conjecture 1.5.2. Thus it is
interesting to investigate K.
1.5.4 Problem([No2]). Compute the above positive constant K.

See [No9] for a new type application of the Nevanlinna calculus to a moduli problem.

Cf. [GG], [No8], [LY] and [Lu] to see how the methods used in the Nevalinna theory
are related to the topics dicussed in the next section.

§2. Hyperbolic Manifolds

2.1. Finiteness and rigidity theorems

Let X and Y be compact complex spaces. Assume that Y is hyperbolic. In 1974
S. Lang [L1] posed a conjecture to claim the finiteness of the number of surjective
holomorphic mappings from X onto Y (cf. also Kobayashi [Ko02]). This has motivated
many works. See Zaidenberg-Lin [ZL]. The first result in this direction was given by S.
Kobayashi and T. Ochiai [KOJ:

2.1.1 Theorem. There are only finitely many surjective meromorphic mappings from
a compact compler space onto a complex space of general type.

At the Taniguchi Symposium, Katata 1978, T. Sunada asked the following problem:



2.1.2 Problem. Let f,g : M — N be two holomorphic mappings from a compact
complez manifold M onto another N of general type. If f and g are topologically
homotopic, then f =g.

This is true for Kahler N with non-positive curvature and negative Ricci curvature
(Hartman [H] and Lichnerovich’s theorem), but still open for N with Ky > 0.

The above Lang’s finiteness conjecture was affirmatively solved by Noguchi [No10]
in 1992:

2.1.3 Theorem. Let X and Y be as above. Then Mergyj(X,Y) is finite.

It is interesting to recall the following conjecture also by T. Sunada {Su]:

2.1.4 Conjecture. Let f,g : X — Y be two topologically homotopic surjective holo-
morphic mappings. Then f = g.

In the case of C-hyperbolic manifolds there are works by A. Borel and R. Narasimhan
[BN] and Y. Imayoshi [I1], [I2], [I3]. H. Nakamura [Na] recently gave a partial answer
to this conjecture for varieties of a special type, too.

Lately, Makoto Suzuki {SuzMk] proved the non-compact version of Theorem 2.1.3.
In view of his result we may ask
2.1.5 Conjecture. i) Let Y be a complete hyperbolic complez space with finite hyper-
bolic volume. Then Aut(Y') is finite.

ii) Let X be also a complete hyperbolic complez space with finite hyperbolic volume.
Then Holyom(X,Y) is finite.

G. Arérous and S. Kobayashi [AK] proved that if M is a complete Riemannian
manifold of non-positive curvature with finite volume, and if M admits no non-zero
parallel vector field, then there are only finitely many isometries. The proof based
firstly on the fact that Is(M) is compact. In the case of Conjecture 2.1.5 Aut(Y’) and
Holyom (X, Y) are compact, too.

In the case of dimension 1, Theorem 2.1.3 is de Franchis’ theorem, and we know a
stronger theorem called Severi’s theorem.

One may ask for a similar statement for compact hyperbolic complex spaces.

2.1.6 Conjecture. We fiz a compact complez space X and set
Sev(X) = {(f,Y);Y is hyperbolic and f: X — Y is surjective, holomorphic}.

Then Sev(X) is finite.
Making use of the idea of the proof of Mordell’s conjecture over function fields for

hyperbolic spaces proved by Noguchi [Nol0], Theorem B (see 2. 2) we see that any
element of Sev(X) is rigid ([No10}).

Let (f,Y) € Sev(X). Then the diameter and the volume of Y are bounded by those
of X. In light of these facts, it is interesting to ask

2.1.7 Problem. There is a positive constant v(n) such that the hyperbolic volume
Vol(Y) > v(n) for every hyperbolic irreducible complez space Y of dimension n.

2.2. Hyperbolic fiber spaces and extension problems



In Noguchi [No10] (cf. also [No3]) the analogue of Mordell’s conjecture over function
fields for hyperbolic space which was conjectured by S. Lang [L1] was affirmatively
solved:

2.2.1 Theorem. Let R be a non-singular Zariski open subset of R with boundary OR
and (W, m, R) a hyperbolic fiber space such that

2.2.2 (W, 7, R) is hyperbolically imbedded into (W, 7, R) along OR.
Then (W, m, R) contains only finitely many meromorphically trivial fiber subspaces with

positive dimensional fibers, and there are only finitely many holomorphic sections except
for constant ones in those meromorphically trivial fiber subspaces.

It is a question if Condition 2.2.2 is really necessary. In the case of 1-dimensional
base and fibers, this is automatically satisfied by a suitable compactification (see J.
Noguchi [No7]).. On the other hand, we know an example of hyperbolic fiber space
(W, m, A*) over the punctured disk A* such that even after a finite base change it
has no compactification at the origin into which (W, 7, A*) is hyperbolically embedded
along (over) the origin (see Noguchi [Noll]). Condition 2.2.2 was essentially used in
the proof to claim the extension and convergence of holomorphic sections, so that the
space of holomorphic sections forms a compact complex space.

2.2.3 Question. Is there any ezample of a hyperbolic fiber space (W, m, R) of which
holomorphic sections do not form a compact space.

From the viewpoint of holomorphic extension problem it is interesting to ask
2.2.4 Problem. Let (W, m,A*) be a hyperbolic fiber space which does not satisfy 2.2.2
at the origin. Is there a holomorphic section having an essential singularity at the
origin?

The following is based on the same thought.

2.2.5 Problem. Let Y be a hyperbolic complex space {or a hyperbolic Zariski open
subset of a compact complez space) which does not admit any relatively compact imbed-
ding

into another compler space so that Y is hyperbolically imbedded into it. Then, s
there a holomorphic mapping f : A* — Y with essential singularity at the origin.

In the case of a compact Riemann surface M, T. Nishino [Ni] generalized the one
point singular set to the set of capacity zero:

2.2.6 Theorem. Let E C A be a closed subset of capacily zero and f: A\E — M a
holomorphic mapping. If the genus of M is greater than 1, then f has a holomorphic
extension over A.

Later, Masakazu Suzuki [SuzMs] extended this to the higher dimensional case:
2.2.7 Theorem. Let M be a complez manifold whose universal covering is a polynomi-
ally conver bounded domain of C™. Let D be a domain of C™ and E C D a pluripolar
closed subset. Let f : D\E — M be a holomorphic mapping. If the image f(D\E) is
relatively compact in M, in particular if M is compact, then f eztends holomorphically
over D.

Thus one may ask



2.2.8 Conjecture. Let N be a compact Kihler manifold with negative holomorphic
sectional curvature, or more generally a compact hyperbolic complex space. If E is
a pluripolar closed subset of a domain D C C", then any holomorphic mapping f :
D\E — N exztends holomorphically over D.

2.3. Hypersurfaces of P"(C)
S. Kobayashi [Kol] claimed
2.3.1 Conjecture. A generic hypersurface of large degree d of P™(C) is hyperbolic.

For example, in the case of P3(C) the possible smallest degree d = 5, since the
Fermat quartic of P*(C) is a Kummer K3 surface. Thus we ask

2.3.2 Conjecture. A generic hypersurface of degree 5 of P3(C) is hyperbolic.
The followings are examples for Conjecture 2.3.1.

2.3.3 Exmabples a)(R. Brody and M. Green [BrG]). The hypersurface of P3(C) defined
by
zg + -+ zg + t(zozl)d/2 + 75(2:022)‘1/2 =0.

is hyperbolic for even degree d > 50 and for ¢t € C*.
b)(A. Nadel [N]). The hypersurface

R D) N e ) + 50 2 0

is hyperbolic for e > 3 and and for t € C* except several numbers.

c)(J. Noguchi). There is a simpler one:

Zg +---+ Zg +t(202122)d/3 =0

for d = 3e > 24.
d)(K. Masuda and J. Noguchi). In P*(C) we have the the following hyperbolic
hypersurface: —
.. 7.—- Zg -+ -..ﬁ-}i,;&:t{zo’zyzg zozlzg)"/“ =0,

where d = 12e,e > 6.

A. Nadel used Siu’s theorem ([Si]) to get his Example b). In the case of the other
examples, H. Cartan’s second main theorem and the ramification theorem ([C]) was
used. But you should not try to prove Example e) “by hand”, since you have to
check possibly about 130 4 x 4-matrices to be of full rank. We have checked them by
computer....Thanks to “MATHEMATICA”.

G. Xu [X] recently proved an interesting theorem answering to a conjecture of J.
Harris:
2.3.4 Theorem. On a generic hypersurface of degree d > 5 in P3(C), there is no
curve with geometric genus g < d(d — 3)/2 — 3. This bound s sharp. Moreover, if
d > 6, this sharp bound can be achieved only by a tritangent hyperplane section.

Now it is of interest to recall Bloch's conjecture [B]:



2.3.5 Conjecture. Let f be a holomorphic curve from C into a hypersurface of P3(C)
of degree 5. Then f is algebraically degenerate.

Note that Conjecture 1.5.1 implies this.

There is a corresponding conjecture for the complements of hypersurfaces of P*(C)
by S. Kobayashi [Kol]: :
2.3.6 Conjecture. The complements of generic hypersurfaces of large degree of P™(C)
are hyperbolic.

In the simplest case of P?(C), it is known that d must be greater than 4 (M. Green
[G1]), and that the complement of 5 lines in general position is hyperbolic and hyper-
bolically imbedded into P2(C).

2.3.7 Conjecture. The complement of a generic smooth curve of degree 5 of P?(C)
is hyperbolic and hyperbolically imbedded into P%(C).

We know at least the existence of such a curve by M.G. Zaidenberg [Z].

2.3.8 Theorem. For each d > 5 there exists an irreducible smooth curve of degree d
of P2(C) whose complement is hyperbolic and hyperbolically imbedded into P?(C).

If we allow d to be larger, Eamples 2.3.3 provide such exapmles:
2.3.9 Exmaples a)(K. Azukawa and Masaaki Suzuki [AS]). The complement of the
following curve
2§+ 28 4 28 + t(2021)Y? + t(2022)Y? = 0
in P?(C) is hyperbolic and hyperbolically imbedded into P?(C) for even degree d > 30
and for t # 2,4. Remark that the curve in this case is smooth, and this provided the
first example of a smooth curve in P%(C) of which complement is hyperbolic.

b)(A. Nadel [N]). The curve in P?(C)
20°(25 +127) + 277 + 23°(23 +42]) = 0
has the same property for e > 3 and and for t € C* except several numbers.
c)(J. Noguchi). We also have
2@+ 28 + 28 4 t(202129)43 = 0
for d = 3e > 24.
d)(K. Masuda and J. Noguchi). The complement of the hypersurface

2§+ Frg e S (50 23) 7 = 0,
with d = 12¢,e > 6 in P3(C) is hyperbolic and hyperbolically imbedded into P3(C).
This is the first example in P3(C) to be found.
The constructions of Examples 2.3.3 d) and 2.3.9, d) can be generalized for any higher
dimensional P*(C).
2.4. Non-algebraic hyperbolic manifold

So far, all known compact hyperbolic manifolds or complex spaces are algebraic. I
have been once asked by I. Graham and lately by Y. Kawamata

2.4.1 Problem. Is there any non-algebraic compact hyperbolic manifold?



§3. Algebraic and arithmetic hyperbolic pseudodistances

3.1. Algebraic hyperbolic pseudodistance

Let V be an algebraic variety defined over a number field K, and ¢ : K — C be
an imbedding. Then V naturally carries a structure of a complex manifold denoted by
V7. The following conjecture is due to S. Lang [L1].

3.1.1 Conjecture. If V7 is hyperbolic for a 0 : K — C, then there are only finitely
many rational points on V.

Note that its function field analogue was proved as seen in Theorem 2.2.1. G. Faltings
[F] proved Conjecture 3.1.1 for V contained in an Abelian variety defined over K.
Related to this conjecture he also posed ([L2])

3.1.2 Problem. Let V be an algebraic variely defined over a number field K. If V7
is hyperbolic, is V™ hyperbolic for another v : K — C?

Through a discussion on this problem at M.P.I., Bonn, S. Bando mentioned an idea
to use chains of algebraic curves to connect two points on an algebraic variety instead
of chains of holomorphic mappings from the unit disk. Here we explore this idea. Let
M be a complex algebraic variety, and P,Q € M. Let {(f;, Ci,pi,qi)}:=§ be a chain of
smooth algebraic curves with algebraic morphisms f; : C; — M and points p;, ¢; € C;
so that

P = fo(po), fi-1(gi-1) = fi(pi), 1 < i<t fulqe) = Q.

Let dc,(p;, ;) denote the hyperbolic pseudodistance of the 1-dimensional complex space
C;, and set

Dm(P,Q) = inf {Z dC.'(pi,‘Ii)}»

where the infimum is taken over all possible such chains. Then we have

3.1.3 Theorem. i)Dys > dy.

1) Dy (P, Q) is a continuous function defining a pseudodistance on M.

ui)If Dp (P, Q) is a distance, then it is an inner distance and its topology is the same
as the underlying differential topology.

iv)(Distance decreasing principle) For an algebraic morphism f : M — N, we have

Du(P,Q) 2 Dn(/(P), £(Q))-

So, we call Dp(P, Q) the algebraic hyperbolic pseudodistance of M. For instance,
Dp(P,Q) = 0 for the complex projective space, the complex affine space, and Abelian
varieties.

During the preparation of this paper the author lately learned that J.-P. Demailly
and B. Shiffman [DS] proved an approximation theorem for the Kobayashi-Royden in-
finitesimal form on a complex projective manifold by possibly singular algebraic curves.
So far, it is not clear if their result implies that Dps(P, @) is the same as the original
Kobayashi hyperbolic pseudodistance. Thus we ask
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3.1.4 Question. Does the algebraic hyperbolic psuedodistance Dp(P, Q) coincide with
the original Kobayashi hyperbolic pseudodistance?

3.2. Arithmetic hyperbolic pseudodistance

Let V be an algebraic variety defined over a number field K, and P,Q € V(K). The
arguments in 3.1 naturally leads to the following definition of the arithmetic hyperbolic
psedodistance. Set

Dv(P,Q) = ZDV’ (P%,Q%),

[K Q]
where o runs over all possible imbedding of K into C. We call Dy, (P, Q) the arithmetic
hyperbolic pseudodistance, which also satisfies the distance decreasing principle for K-
morphisms. If L D K is a field extension, then

DVK(‘P}Q) = DVL(P’Q)'

There is another way to define the arithmetic hyperbolic pseudodistance DVK(P, Q).
We use of only chains {(f;, Ci,pi,q:)}i=5, connecting P and Q such that all f; : C; — V
are defined over K and p;,¢; € Ci(K), and set

Dy, (P,Q) = inf {Z De, (P.',q.')} :

Then [DVK(P, Q) > Dy, (P,@), and DVK(P, Q) satisfies the distance decreasing princi-
ple not only for K-morphisms but also for field extension L/K.

D, (P,Q) 2 Dv,(P,Q).

In what follows, dy, (P, Q) stands for Dy, (P,Q) or Dv,(P,Q). If V is a curve of
higher genus, dv, (P, Q) is a distance. For this moment we do not know any substantial
implication from this pseudodistance, but may consider many many problems!!! Some
of them are
3.2.1 Problem. i) What is the lower bound of dv, (P,Q) in the case where dv, (P, Q)
is a distance.

i) The relation between dy, (P,Q) and the heights hx(P) of rational points P €
V(K). For instance, is there a relation between 1/inf{dy, (P,Q);P,Q € V(K)} and
sup{hk(P); P € V(K)}?

Here it is of some interest to recall the following result due to J. Kolldr, Y. Miyaoka
and S. Mori [KMM]:

3.2.2 Theorem. Let k be an algebraically closed field of characteristic 0 whose order is
uncountable. Let W be a proper algebraic variety over k. Then the following conditions
are equivalent.

i)Given finitely many arbitrary points z; € W,i = 1,...,m there is an irreducible
rational curve containing all z;.
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ii) Given two arbitrary points z,,z2 € W there is an srreducible rational curve con-
taining 1 and z,.

iii) For a sufficiently general (z1,z2) € W x W there is an irreducible rational curve
containing z, and z3.

If W is smooth, we have more equivalent conditions.

iv)Given two arbitrary points z,,z2 € W there is a connected curve containing
and zo, which is a union of rational curves.

v) There is a morphism f: P} — W with ample f*Tw.
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il I RERRFHEFFE

APPELLF4§®@9ﬁ&£%mziiﬂ%ﬁabf

X '(l-x) zxX—yzzyy-2xy zxy+czx- (atb+1) (x%(*'yzy) -abz=0

y(l-y) zyy—xzz xx—2xy ny+c ’zx- (atb+1) (x%(+yzy) —abz=(0

FORBETARTT c, ' IRETHRNEL X

f = FyGaub,c,ixy) = ) Bl s MY
f1 = xl-cF4(l+a-c, L+b-c,2-p,c';x,y),

f2 = yl—ch4(1+a-c/, 1+b=¢’,c,2-¢/;x,¥),

fq = xl_cyl--c/F4 (2+a-c—c’, 2+b-c=c’, 2-¢, 2-¢"; %, V),
AOEDDEERERT.

Ix=0) . {y=0), C:=i{D:=(x—yP-2 (xty) +1=0) P& E L&A

aorb=0,-1,-2,... D& { IHEFRNBHLRD T<E EHHT
BEHETAER 1 RABSZEAELT. AR
Hrcu1%1=Orhﬂvn®t%<ﬁ>ﬁxﬁﬁﬁ§@.

l+a=¢/ or l+b=¢’ = 0,-1,-2,... DL = <ty> RAREHHZEME.
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B A%k (BRBK - &%)

§ 0 GARMEROKE. X % dimeX24 7 2MEBEOHESHE r £ X £
@ exhaustion function & $ 5.  Qg=(xeX1(x)<e} 8L,

MLnnxn\E;Lwﬁiﬁﬁmmmmmﬁmmﬁ\%%‘ﬁﬁmwmu:;m
BREN TV, cmwmmm&mw%ﬂmbf‘k@i%&%ﬁuﬁbf@ﬁ&%
BEELIELNTES.

(1) K=moal & LT K &# o 72 complex manifold ® germ & L TOEFR.

(2) X&HknLk.

§ 1 K \Zibo7: germ DK

ﬁE%QIQMm}(Kﬁotym@%%@me&mem&ﬁamaﬁﬁﬁE
T5.

SEg . B O, EOBERMED canonical family 1 FHE T B WAL RO family
#% complete TH BT L ERT I & A RS2 B

£78 method 1= & 1) B & N7z B FHEED canonical family 13 AT -versatity” & FRE T
EEE%ﬁOCEﬁﬂ%hTEO\%wﬁﬁtLT\:@ﬁ%%%%@ﬁmwu
formally versal T. (< reduced complex space % parameter space REOKRICAT L T’
complete TH % Z £ &f%5. T O family #¢ complete TH 5 T &id. ROZERD &
ns.

FEH (cf. [EL[Fl]) p:F— © % Schlessinger's conditions (S1), (S2) il 72§ fibered
groupoid £ ¥5. T D& &, formally versal element weF(T) i1XM & 5 7 lifing
property £ #2 {EE® infinitesimal extension S—S LT, ROEHRTRINT
morphisms 1243 H#% TR & 172 morphisms i Lift & nas.

w T

3 AN
T AR over T L
a—> a S — §

it SREOEHOEEE (S) PHLT I LA TS, (S2) BRI T B T
Lit [Si] WL WIREES LA,

§2 XAWh0EH. HESELLVROHFEEENHFLNL.

FFAEEH 2 (M2) X ORI L T, formally versal T X PIOAEEDGAED
compact subset* {27 > 7 germ DOEE L Tt complete %2 b DHFET 5.



E OFAEEE2 i (dimeX24 %3 MBOEESEEAOEROSED) (BK,
Bemarkungen (5.10)]~DEEWRETH 5.

§ 3 smoothness. A TH method K versal 1. parameter ZEf# ) smoothness (=2
TOEREF RS,

F HAX,0.)=0 = HFHEEE1., 2 THEDL N versal IR parameter Z2[4 4% smooth.
%2, Bogomolov-Tian-Todorov's smoothness ¢ analogy #%E% ) L.
FE3 Ky=1ly = FETE1. 2 THDL NI versal KR parameter Zefi1 smooth.

§4 (1, D)-OMEROER. dmeX24 250, D-LUFRICOVTH, [AL2] D
BB EnTIHNILO.  FT, (Vo) % X O normal Stein completion & L THH 1
LEHMTERE LTS E &, depth(V,0023 % BEFOT T (S2) Y LD LA4F
(Ful2] 6B oh 5.

Lo T, dimeX24 1D depth(V,0)23 % B (1, D-AMBEROEHIC BV Tk, ER
1. 2 L EBOBEEEEIELND. £ spacialcase & LT, T, RAGEoLN5.

Z M % dimg(V,024 #D depth(V,0)23 7% 2 ERMULHFRA (DIEHERES) RO
MEMNEREEL TS, COLE M Ko HEESRE D gem KO (ML,
Theorem 1] TR & 72) formally versal convergent family & complete T® .

*y X P EaEEY compact subset & 2, Remmert quotient p: X — X 28 LT K=p'i(a
Stein compact subset) TH Db DEF .
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29. ERBIERADERA D Bogomolov-Tian-Todorov's smoothness
principle MFEAICDOWT

REREX (EBTHEAN-E) - FBAK (EEEK - &%)

compact Kihler manifold DZEFE DA, versal KD smoothness (2 L TR OEFEHS
Hb,

EH ([BL.IG-M], [K],[R], [Ti], [To]) X % compact Kihlermanifold & ¥5, Z®& X,

Ky=1y = X ® versal & (¢ parameter space) 1% smooth .

ERBIERD (Vo) DEFICBVT, COEERD analogy &£ X TH7z\,
Ui=V\o &35 &, dime(V,0)24, depth(V,0)23 DREN T, (V,0) D versal & &
U D versal IR (FREHRAED vesal IOV TRA LBBHIWER D) Li3—%T 2 (cf

M]) DT, LLF U OZERIC B W T Bogomolov-Tian-Todorov's smoothness theorem @)

analogy ¥ 25 Z & IZT 5,
BEi7; analogy 12EC D 7272w,

BRORH (cf.[AM]) Z %ZDATERED smooth THWREBEHAET K0 %3
bDEF B, (V,0) % (K, ', O-section) O contraction 7 185 N3 FHIM TGRS LT

5L, Ky=ly 7245 U @ versal JRi% smooth Tl 7%\,

Bogomolov-Tian-Todorov's smoothness theorem 2R ¢ principle ICE S W T w3
(1) Kxy= 14 % 54, non-vanishing £ (n,0)-form £ > T, X EOEEZHEOTH
FHEEGEED (n-1,1)-form KT 2RI FBRICEREND,
Q) ERENZIFERRG, A% TO 00-lemma 1o T, BEL LICHEIT 5,

33-lemma ++ compact Kiler manifold + 0 pure Hodge structure < & » TR E LTV S
2%, U EIZH pure Hodge structure #2775 L %2 > (mixed Hodge structure DFFIEDSHI S 1
TW3) OTo-lemma B Y Tk, ZOBETH. (mixed Hodge structure D&
BPD) versal ROBELEEIRIONZwHEV) OP T OHEDEBETH - 720

[Al 2k 5T, U:=X \(EUH), X 3AKEHA, H HBFHE, EBIEET
ErH=p ERELTEV, X,:=X\H, X_:=X\E &8 &, U_L® mixed Hodge
strucwre 12 Xy £ & X_ | mixed Hodge structure 2 551 222 213 (cf. D)) »

X, L& X_. E® Hodge structure 2B L T, £ €1, [01],[02] X L, kA%

LN b,



8 3
(1) X, ETit, A9 (p+gn+1) T do-lemma HEL H LD,
(2) X_ ETiE. A (p+q<n-2) T 30-lemma L h 22,

DHEBELT, ROKRIEBOLNL,

}F{}
Bz}

(1) X, £ non-vanishing meromorphc (n,0)-form TH& DCE %2 b DA LT
£, U DEFED versal ﬁli dim¢Im(H!(Xo, Ox,(-D)) = HI(U, Ou)|-k TStk 24t

(2) X_ ki closed meromorphc (2,0)-form @= z @ dzindz; (0;;)%* U LIERI
BTHFTH AT OLDOINFLETLETRE, U @'T%a) versal i
dimelm({H!(X.., Q%) — H(U, Q) = HIU, Oy KT DS #tk 2 &t

References

[A-M] Akahori, T. and Miyajima, K.: A note on the analogy of the Tian-Todorov type theorem
on deformations of CR-structures, Preprint 1992.

[A] Artin, M.: Algebraic approximation of structures over complete local rings, Publ. Math.
LH.E.S. 36 (1969), 23-58.

[B] Bogomolov, F.A.: Hamiltonian Kzhler manifolds, Dokl. Akad. Nauk SSSR 243 (1978),
1462-1465.

[D] Durfee,A.H.: Mixed Hodge structures on punctured neighbourhoods, Duke Math. J. 50
(1983), 1017-1040.

(G-M] Goldmann, W. and Millson, J.J.: The homotopy invariance of the Kuranishi space, I1l. J.
of Math. 34 (1990), 337-367.

[K] Kawamata, Y.: Unobstructed deformations - a remark on a paper of Z. Ran, to apper in J.
Alg. Geom..

[M] Miyajima, K.: Deformations of strongly pseudo-convex CR structures and deformations of
normal 1solated singularities, in Complex Analysis, ed. by Diederich, K. (1991), pp. 200-204.

[O1] Ohsawa T.: A reduction theorem for cohomology groups of very strongly q-convex Kihler
manifolds, Inv. math. 63 (1981), 335-354.

[02] ------- : Hodge spectral sequence on compact Kahler spaces, Publ. R.I.M.S., Kyoto
Univ. 23 (1987), 265-274.

(R] Ran, Z.: Deformations of manifolds with torsion or negative canonical bundle, Preprint
1990.

(Ti] Tian, G.: Smoothness of the universal deformation space of compact Calabi-Yau manifolds
and its Petersson-Weil metric, in Mathematical Aspects of String Theory, ed. by Yau,S.-T. (1988),
pp-629-646.

[To] Todorov, A.N.: The Weil-Petersson geometry of the moduli space of SU(n23)
(Calabi-Yau) Manifolds I, Commun. Math. Phy. 126 (1989), 325-346.



30. Quasiconformal stability of
Kleinian orbifords
o R 31k -1

A Kleinian group G is a discrete subgroup of PSL(2,C), which is also
regarded as an isometry group acting on the upper half space H3={(x,y,t)| t >0 }
properly discontinuously. The quotient space Mg=H3/G admits hyperbolic orbifold
structure: when G contains torsion elements, Mg has the exceptional set (branch loci)
where the hyperbolic structure is singular. We remove the tubular neighborhoods of
the branch loci and the projection of the cusped horoballs from Mg and take the
intersection with the convex hull of Mg. The resulting topological manifold with
boundary is denoted by (Mg)o - ‘

Combined with the finiteness theorem of Ahlfors ( cf. [4] ) and Sullivan
( cf.[2] ), a recent work of Feighn-Mess [3] on finiteness of branch loci can be

summalized as;

d(Mg)o consists of a finite number of connected components which are
topologically finite.

For a finitely generated group '=<y1,"-“ym>, we define Hom(I", PSL(2,C))
as the set of all PSL(2,C)-representations of I'. It is regarded as an analytic set in
Vr= (PSL(2,C))M. In the case where I" is a Kleinian group, we further define an
analytic subset of Hom(I", PSL(2,C)) as

Homp(I', PSL(2,C))={6 € Hom(I", PSL(2,C)) | tr20(y)=4 for Vy : parabolic }.

We say a finitely generated Kleinian group G is quasiconformally stable if there exists
an open neighborhood of U (< Vg ) of the identity representation 1 : G - G C
PSL(2,C), such that each point of Homp(T', PSL(2,C))NU is induced by global

quasiconformal deformation.



Marden [S] proved that geometrically finite torsion-free Kleinian groups are
quasiconformally stable. It is easily generalized to the case with torsion ( [7]).
Conversely, Sullivan [9] showed that quasiconformally stable Kleinian groups
without torsion are geometrically finite. In this note, by developing the Sullivan's
argument on (Mg), for a Kleinian group G possibly with torsion, we shall give a
proof to the following result:

Theorem. Quasiconformally stable Kleinian groups are geometrically
finite even if they contain elliptic elements. Thus, quasiconformal stability and
geometric finiteness are equivalent.
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