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tl 'On the fractional calculus of functions
)q—l and log(a-—z)
by

Katsuyuki Nishimoto

(a~-2z

Abstract »
Many papers and books on fractional calculus have been publish-
ed by the author already ([1]~{9])). 1In this paper, fractional cal~
culus of functions (a-—z)q_l, log{a - 2z) and log { (z -a)(z-Db)} etc.

are discussed.

§0. Introduction (Definition of Fractional Calculus)

(I) Definition. ([1], [5] Vol.l)

Let D= {D, Q}‘, c={cC, g},

be a curve along the cut joining two points z and -=+iIm(z),

be a curve along the cut joining two points z and =+ 1iIm(z),

19 40 |10

be a domain surrounded by c, Q be a domain surrounded by g.
(Here D contains the points over the curve C.)

Moreover, let f=f(z) be a regular function in D (zeD),

_ _ _ I (v+l) £(zg) -
£,= (), = (), =LX S L Lac (v§z7), (1)
a (&-2)
(£) = 1lim (£) (mez™), (2)
-m
v>-m

where
-m<arg(¢-z) <v for C, Osarg(¢-z)<2n for o
t %2z, 26C, vER, T; Gamma function,
then (f), is the fractional differintegration of arbitrary order v
(derivatives of order v for v >0, and integrals of order =-v for v < 0)
with respect to z, of the function £, if [(f),] < =.
Note 1. Consider the principal value for many valued function
f.
Note 2. For the complex v, we consider the principal value for

our convenience.

Note 3.
derivative for Re(v) >0,
fv=(f)\, is original for v=0,
integral for Re(v) <0,
for veC, if |(f),] < =.
And in case of Re(v) =0, f, is only formal differintegration
regardless of Im(v) 20. That is, we have no derivative and integral

for pure imaginary v.



(II) The set &
We call the function f = £(z) such that |fy| <= in D as frac-

tional differintegrable function by arbitrary order v ana denote the
set of them with symbol.gc. Then we have
£yl <= &—> feF (in D).
(Im) Lemmas
We have the following lemmas ([5]Vol.l, pp46-75, [5]vol.2,

ppl29-142, [5]vol.4, pp6-41)
Lemma 1. Let u=u(z)ef and v==v(z)éf respectively, then

< T(at+l) ‘
(u.v)a—-ggg r(u+l—n)r(n+l)ua—nvn (3)
formally.
Lemma 2. We have ([5]vol.l, p.28)
(%), =e 1" LB SPT for Ir(a-s)/Ti-B) ] <= (4)
Note. We calculate as (for example)
r(-1) _ . P(v=1) _ . F(v=2+1) ., (v=2)r(v=2) _ _
2y~ MNTGe2) T AR T2 g F(e2) g (3)

However we calculate this as r(-1)/r(-2) =Tr(1-2)/T(-2)
— (-2)r(-2)/1(-2) = -2 for our convenience, if [r(-8)| = |T(a-8)| ==

in (4), using the relationship I(z+l) =zT(z).

§2. Fractional calculus of functions (a.--z)q_l .

Theorem 1. We have

=:r(l—%—2) (a__z)p+q—l ( ‘F(l—g—g)
-p r(l-qj r(l-q)

where zeC, and p(eR), g(eR) and a(eC) are constants, and z ¥ a.

((a-2)%7h <« )

§3. Fractional calculus of log (a-2)

Theorem 1. We have

(1) (log(a—z))\,———-r(v)(a"Z)—“ (L)
=-e 1™ r(v)(z-a)”’ (z % a) (2)
(i) (log(a-z), = (log(z-a)), (3)
3 — Y - v
() (log ((z-a) (z-b)})y = - e +7" rv)L2zR1xlzma) (z%a,b) (4)
(z-a) (z-b) :
. v v
() (log(z2-al)), = - el r(v) 222l * (z-a) (z&ta) (5)
(z"-a”)
z-a —imv (z-b)" - (z-a)" +a, b
(v) (log(==)) =-e r(v) 2220 20 z 7 a. 6
z=b v (z-a “tz-b)" <a*b ) )

where |[T(v)] <=, veR, and a and b are given constants.



2 UNIVALENCY OF CERTAIN ANALYTIC FUNCTIONS

SHIGEYOSHI Owa KINKI UNIVERSITY

Let A(n) be the class of functions of the
form
_ T k _
f(z) =z + ) a,z (ne N=1(1,2,.
k=n+1
which are analytic in the unit disk |J.

For n = 1, Ozaki and Nunokawa (Proc. Amer.

Math. Soc. 33(1972), 392 - 394) have shown that

Lemma [, If f(=) ¢ A(1) satisfies

W 22 L L G
e —_— > — z ¢ ,
z°f'(2) -2

then f(z) is univalent in |J.

THEOREM . If £(z) e A(n) satisfies
£(z)f'(z) # 0 (0 < |z| < 1) and
zf' (2) zf'" (z)

refa S22

SR WP
£(2) £'(2)

for some o (a > 0) and B ((2a-n)/2 < B < w),

then

b



f a
Re{ ———EEZ——— } > : (z € U)-
22 £' (2) n + 2a - 28

COROLLARY [, If £(z) e A(n) satisfies
£(z)f'(z) # 0 (0 < |z] < 1) and

zf'(2) zf"(z) 4 - n
Re{z - —————} > (z e D,
£(z) £'(2) 2
then f(z) is univalent in |.
COROLLARY 2. If f(z) e A(n) satisfies
£(z)f'(z) # 0 (0 < |z| < 1) and
zf'(z) zf'"(z)
Re{ - — } > B (z e )
f(z) £'(z)

for some B ((2-n)/2 < B < 1), then £(z) is

starlike in .

COROLLARY 3, If f(z) € A(n) satisfies
£(z)f'(z) # 0 (0 < |z] < 1) and
zf" (2)
Red ———
e{ £'(2) } < F (z ¢ U)
for some B (0 < B < n/2), then £(2) is

close-to-convex in |J.



COEFFICIENTS ESTIMATES FOR

3
STRONGLY STARLIKE FUNCTIONS
SHIGEYOSHI Owa KIiNnkI UNIVERSITY
i UNIVERSITY OF
Wancang Ma éINCINNATI

Let A be the class of functions of the form

f(z) =z + ) a_z
n=2 1

which are holomorphic and univalent in the unit
disk |J. If £(z) in A satisfies
zf'(z) m
larg(——————~], < — a (z e )
f(z) 2
for some o (0 < o < 1), then f(z) is said to be
strongly starlike of order o in |J. We denote by

*
S (a) the subclass of A consisting of functions

f(z) which are strongly starlike of order o in (J.

THEOREM [, If f(2) € S*(a), then
2

— a (0 <a < 2717 )
3 v

20(1 + 1702)
9

|a4| b

(NZTIT < a < 1).

When 0 < o < ,’27[7 , equality holds if and

only if f(z) is Ka3(z) or one of its rotations.



The inequality becomes equality if and only if

f(z) is equal to Ka(z) or one of its rotations

when M 2717 < «a <1l. If o = H’27I7 , equality

holds for Ka(z), Ka3(z) and their rotations.

THEOREM 2, Let f(z) ¢ S*(a) and
F(w) =w + § A_zZ"
n=2 o

be the inverse function of f(z). Then

IA2| < 2a,
2

S0 (/5 <o < 1)
|A3l h

a (0 < o < 1/5)

and
© 2a(l + 6242)
5 (1/ J 3T <a'< 1)

a,l <

A

Q

A
<
~

2
— a (0
3



b On the complex oscillations of the third order
linear differential equations

A =it
HRIEH

A#ETR. CLTHEIHORSHER
(1) w" + 2A4(z)w' + (A'(z) + b(z))w = 0,

coT AlR), b(z) REBEREK. OHERMR O & zero & pole
DINEERAETANRL ROV THET 2, FENEY foMri
o(f), zero DIREIEH R M) TRT L ied 5o COLHFORXE
PpENBH-T(egl]). Bic2BoOFBRALDVTOHORE
Vo LHL. SEELDLSHTHEHEISEENO SO THIIBEY
DLODTFuv—moTE360ERNE, R RBEEEHONR
wWEEbR B, 4 odic (1) oFsEH LTV, Langley iz (1)
DEABO 2+ + YBERICREZIEZAVTVW 2P ERE
HLTW3, cCTit. (1) icxts 3 adjoint HER

(2) w'" + 2A(z)w' + (A'(z) = b(z))w = 0.

EEVARELANT B, Bics 2z k3. (1) xEx8 {fi, f2, fs}
2o T 5 E g1 = W(fa, fa), g2 = W(fs, fi), g3 = W(f1, f2)
it (2) OEEREL T, COUEBESWTHRTHEDL I LITX
D, SIBCELTROERLEE S,

=@l (1) xR {fi,f s} 2Bo2EF 5. Ric, o(fi) >
o(f2) 254
(3) a(f1) = o(f3) = o(g1) = o(g3) 2 o(g2)-

coEEHMS () pgs@sEcd (Dt Q) 0EEHENN
HEER-TH22o2LMH, NEVWAREETES I EHRIN
2, COTRKEVWHRECTEBCI LT B, NRIEHEAL TR



w2 (1) BBERE {f1,fo. s} 2o &2, 5 2 RARE {h1, hs, h3}
WHEHELT

(4) o* = max {A(h;), A(1/h;)}-

155<3

IAB

FE20HTFHICDVWTRROGEABFHTH %,

aE: (1) SGgRE TR f1, LizEoLT 53, f=afitcalf
(c1, co constants), g = W(fi, f2) L BiF .

_ fll f! al gII
(5) — - =4 — = —2A(2).
7 Fd s (2)
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& Results on the multivalent FTunclions
Ao BE 8K T8

nPeN=112,3,-1, Us{z:lzt< L} 3L ¥T¥k
Apln)=17F: Fz)= 2%+ K}i acE* 3 U < EH
YEz3,>0ka. RoafFEnrBDonz v b,
LEMMA A (Ozaki, One, Unezawa [12).
fe Al =)<t (2eU) > £:univolent.
Lemma B (Nynokawa, Kwon, Cho £23). p-ten
Feheot), 18"l <2¢pl) (zeU) = T+ p-vslenk.
AB. NS o lemmas FHE LK HRE 28 a2,
HET 3,
THEOREM 4. m-zenl, feAuw,
£ Tl -1l s L (2eT) > £ univalent,
CoroLLARY 1 ( Lemma A oTGE ). Mm-2en,
FeAun-), £ s L (20 = £ univalent.
THEOREM 2. -1, -leal, fehpll),
Y] 5 ol +- +\¥W€o)\<u{>l) (2 U)

= £ P-Va\eﬁt



CorolLARY 2 (Lemma B adiik). »-L,me
N, §€hptn), 5% < 2(pl) (2¢ ) = £: p-valenT:

References
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gereral second order derivalive, Sci. Kep.
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Relationship Between the Aalytic Solutions
of the Heat Equation

B HE(xvy Frv) BEAYTYHER

For a fixed real number a, let T, = {t > 0|1 — 2at > 0}. Then we
consider the heat equation

(1) Au(z,t) = Ou(z,t) on R" xT,
with the initial condition
(2) u(z,0) = F(z) on R",

where F(z) satisfies [gn |F(z)|ze"”’2dz < 0o. The solution of these
equations is expressible in the form

u(x,t)=/nF<s)h<z—s,t>ds, (s €R, teT.)

2

for the heat kernel h(z,t) = (47t)~ Fexp {—%}, and u(z,t) has a

holomorphic extension u(z,t) to C".

For any fixed t € T,, the integral transform (1.3) is one-to-one
because {h(z — &,t)|z € R"} is complete in L*[R", e=2€d¢]. Hence,
fort',t" € T,, u(z,t') is determined by u(z,t"), and we are interested
in the representation of u(z,t’) in terms of u(z,t").

The result is as follows.

Theorem Let u(z,t) be the solution of the heat equation (1) with
the initial condition (2), and let u(z, t) be the holomorphic extension
of u(z,t) to C". Then, for any pair (t',t") € Ta x Ta, u(z,1') 1s
expressible in the form

u(z,t') = {877t (1 — 2at")(t' +1" - 4at’t”)}“2‘// u(Z,t")

(Z — =) - 4a(t’72 + 1"27) Y2 s
- e — ) Wan(X) — d\N dY,
e‘(p { 4(1! + t” — 4(lt’t”) e‘(p it ( ) -)tll

i



where Z = X +iY € C", and W, (X)) =

—aX?

T = 2at"’
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7 Inversions of Hermite Semigroup

B dE(xv Ky BEXZIZHRH

We let u be the Gaussian measure 71;6“”2dx on R. Then the
family of the normalized Hermite polynomials

L2 4" -2 n=01,2,...

e
Vannp! dzn ’

is a complete orthonormal system in L%(y). For any f € L%(p), let
f(z) =377 s ashs(z). If ¢ is nonnegative, then the series

S sane hy(z) converges in L%(p). Hence we can define the
linear operator e~“H on L%(x) by

ho(z) =

o0

e fl(2) = S aneha(2),
n=0

and the operator norm of e~ is 1. The Hermite semigroup on R

means the family {e=°#|c > 0}. More generally, for every complex

number ¢, we consider the operator e~ “# which was examined in

several papers (for instance, see [4] and [10]).

Let D(e™#) = {f € L% (u)|e “# f € L*(u)}. Then we characterize
members in D(e~ ).

THEOREM. For any ¢ with Re < 0, let w = e¢. If f is a C*™-function
in L?(p), then the followings are equivalent:

(1) f is a member in D(e~<H),

(11) The series

L (L= fu*\" d” lw]?z? 12
HX::OR! ( ~lll[‘|2 > /l; drn I:f(x)exp{_l+|{L.|2 }] d

converges.



(ii1) The integral
=2|w|*

el =g
//c'/mf“)‘p{ Tl %] P (T Tulf (el + el 7 1)
(ol + ol + 1)z = (juf* - ol + 1)y?}] dady

Eexp[(

Is finite

REFERENCES

1. T. Ando and S. Saitoh, Restrictions of reproducing kernel Hilbert spaces to
subsets, Preliminary reports, Suri Kaiseki Kenkyu Jo, Koukyu Roku 743
(1991), 164-187.

2. N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68
(1950), 337-404.

3. V. Bargmann, On a Hilbert space of analytic functions and an associated
integral transform. Part I, Comm. Pure Appl. Math. 14 (1961), 187-214.

4. W. Beckner, Inequalities in Fourier analysis, Ann. of Math. 102 (1975),
159-1382.

5. N. Hayashi and S. Saitoh, Analyticity and smoothing effect for the Schrodinger
equation, Ann. Inst. Henri Poincaré, Physique théorique 52 (1990), 163-173.

6. E. Nelson, The free Markoff field, J. Functional Analysis 12 (1973), 211-227.

7. S. Saitoh, Integral transforms in Hilbert spaces, Proc. Japan Acad. 58
(1982), 361-364.

3. , Hilbert spaces induced by Hilbert space valued functions, Proc.
Amer. Math. Soc. 89 (1983), 74-73.
9. ———, “Theory of Reproducing Kernels and its Applications,” Pitman Re-

search Notes in Mathematics Series 189, Longman Scientific and Technical,
England, 1933.

10. F. B. Weissler, Two point inequalities, the Hermite semigroup, and the
Gauss- Weierstrass semigroup, J. Functional Analysis 32 (1979), 102-121.

Proceedings of AMS, to appear.



8 INEQUALITIES FOR THE SOLUTIONS OF
THE HEAT EQUATION

SABUROU SAITOH, GUNMA UNIVERSITY

In this paper, we shall examine the time dependence of D*u(t,z) for
the solutions u(t, z) of the heat equation

(1) du=~0u on R'xR®
satisfying the initial condition

(2) u(0,z) = F(z) on R"
for Lo(R™,dz) functions F. Here,

N Hlel i
D :617&1"'617&""0"25 :O’]
1 n j=1

For the functions Du(t,z), we obtain naturally the following in-
equalities.

THEOREM 1. For the solutions u(t, z) of (1) and (2), the derivatives
D>u(t, z) at any fixed z are extensible analytically onto the right half
plane Rt = {Rer =t > 0} on the complex 7 =1 + it plane in the
form D*u(r, z).

If 2|a} + n > 2, then we have the inequality

an=1oled+dn-2(la| + 2 — 1)
H?:lr(aj + }2-)

// |D°‘u(7,z)lzt‘“|+%‘2dtd{§/ |F(&)]*de.
R+ "

If n =2 and |a| = 0, then we have the inequality
2 [ it a)Pdi < [ RGP
R R" ,

Typeset by E$§§-AMS-TE)(



in the sense of Fatou’s nontangential boundary values u(if, z) from
R*.
If n =1 and |o| = 0, then we have the inequality

.2 4 47 2 2
Q/RIU(zt,a:)I dt < {/R|F(€)I d€}”,

in the sense of Fatou’s nontangential boundary values u(if, z) from

R*.

For the solutions u(t, z) for Lg(Rn,e““’IQdm) initial functions F, we
have

THEOREM 2. For any fixed =, the solutions u(¢,z) of (1) and (2) for

LQ(R“,G“'xlng) functions F' are extensible analytically in the form
u(t, z) to the following domain D, on the 7 plane such that

1 1 1 .
= — — < - =
for a>0,D, {|T+4a|>4a}\{t_ Qa’t 0},

for a=0, D, = R,

and . )
it D, = —| < —1}
or a<0, {I=+ 4a! < 4|a|}

In particular, for n = 1 we have the inequality

1 i
[ st
R t+it (t+it)3

for any ¢ > —2a and for any point z.

? JEe(t+2a)
cosh(4az\/€)

1 oo
27 Jo

dt < /R |F(€)[2e% de

(to appear in, General Inequalities = International Series of Numer-
ical Mathematics 103(1992)
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/5 Some notes on the oscillation theory for
higher order linear differential
equations with entire coefficients

TODA Nobushige Nagoya Institute
of Technology
1. Introduction.
We are concerned with the linear differential
equation
k-2 (3)
(1) w e 3 A (z)w' ) =0,
j=0

where kz2 and A ---,Ak_2 are entire functions at

0’
least one of which is transcendental.

For a meromorphic function g in |z|<w, we
denote the order of g by p(g) and the order of
N(r,1/g9) by i(g).

Let {w1,...,wk} be a fundamental set of
solutions of (1). Then, it is known that
(I) At least one of Wapees Wy is of order infinity.
(IT) Suppose that k23 and that for some s (1sgssg
k-2)(resp. for s=0), As is transcendental of order
<1/2, while for j#¢s, either Aj is a polynomial or

p(Aj)<p(As). Then, A(w1...wk)=m. (resp. A(wiwj)=

o (1#£3)).



2. Result.
Lemma. There are Wiy such that p(wi/wj)=®.
Theorem. Let f1,“-,fk+1 be any k+1 solutions
of the DE (1) any k of which are linearly inde-

pendent. Then, X(f1---fk+1)=®.
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34 Moduli of ring domains obtained by a conformal welding

79118 8B TS
x5 X8 EHRITHA T=
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FRR WS 2 FiW oz T, —D0 conformal welding K-> THSNLAD
AR O moduli A ENHEEEMAL STV T,

ST, FOHEEN O NEREEXSUSHESHL I EEHRERLIT.
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welding i —ETR7Z v, FERO L) KHERS LD,
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35 commutators in discrete sgroups
HiR 188 SREFEMKE

Auto Q) DEE X f =(az+b)/(cz+d), (a,b,c,dEC,ad-be=l) ‘b XN 3,
a b

f OIFFERCBERRC SLR,CO)NEE A{ } BHoT, ROBIIHLWTI

c d
tr(f) =tr(A) =a+d & HTE, B ) =tr2(f)-4 , 7 (f,e) =tr([f,g])-2 BEF 3,
¢, f,g€0uto(0), [f,g]ld commutator fgf~'g™! 2F ¥,

G.Rosenberger (1986) 13 Auto() OBE f, g H» SERI N3N IEWFHF
Fuchs Bf <f,e>Thd &%, | v (f,g) | 22-2cos(n/7) %EFLBHL 1<,

AutoC) OEFE T, g MoEREND FEMEN discrete group <f,g> 220
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Gehring-Martin I &> TE ST,

SITH, TRSOBRLETFEOENZLT, XHICICET I EROERSE L
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-
~—

BE XK

[ 1] H.Furusawa, A remark on the hyperbolic collar lemma, Tohoku Math. J. 39
(1987)291-298.

[2] F.V.Gehring & G.J.Martin, Inequalities for mobius transformations and
discrete groups, J.Rein Angew. Math. 418(1991)31-76.

(3] F.¥.Gehring & G.J.Martin, preprint.

(4] T.J#rgensen, Commutators in SL(2,C), Riemann surfaces and related
topics: Proceedings of the 1978 Stony Brook Conference, Princeton Univ.
press 1980,301-303.

[5] G.Rosenberger, All generating pairs of all two-generator Fuchsian groups,
Arch. Math. 46(1986)198-204.






3¢ W(Lns€)a BEBRE AT o
penT of approX mation (= 5un 2
e o AN S AR AL S
T 3 5P
Gt L=RYBFU(Ln. () 9 EEEREPHRE
¥43. 79 Lim £ Set & LGIEZC,
Z=(3Z ,2,) W =(W_ W, W)
e BY Z7Il7 AN W) E SR Heit
B%33. Thebs drzi-|1- 2 5w "
Ye 2B 9T (2 Dall) E.
D.(5)=12e B d¥z5)< ad®z)§
1RETI. (7 a>3—§— L33, )
SeL(@) A 49 cht of appmx“m’f(on
T e, (392379503 Fe S, 3 F1W
Da (3) A7 .RE B3 = h I BT &>,
1755t 96.(0) 4 Da(3) 2 £)J 14
Y, GM ()oin’c OF a)of?ra)(zmq(fzon /%4/,?
WERE Lp(e) tdccelzi. Lp(@ar
FAT\L . RaEEBE (L R,



@ cel@) 9,9. - GQGo9lehiIxng
Szt (TR (1), (2D (3), @i, AR
K

(1) felb(@)

(2) Pac€ B 1227\ T dX (5 Fe(w))=C%")
) Varc BM/ T hid 3 Geades oy [ /

AT LT d (G0, L) = C(1);

4) 3" 9 (cm,aao’t subset K 2

(DN K+ ¢ LI7TE 9 557
37

GD S/GLD(G) S D;r;cmet PCI)’LIEC(VU/’}

0BT e Lirw, (M7 LA

Divichlet pelshedion 13, convex ¥
RS Truw, )

@ 719859 Sn9 Jal2d) 27
Ears mcf)—tar?jt%&'7t261/ Yt FRS T,



37 Extreme Kleinian groups {22 W T
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| ' BEEFILS
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(1] T.Jérgensen. On discrete gzroups of Mobius
transfcrmations, Amer.J.Math.,98(1976),
739-749.

ro] T.Jérgensen and M.Kiikka, Some extreme
discrete groups, Ann.Acad.Sci.Fenn.,l
(1975),245-248,

3] T.Jérgensen, A.lascurain and T.Pignataro,
Translation extensions of the classical
modiilar group, to appear.

[+] H.Sato and R.Vamada, Extreme Kleinian 3sroups,
to appear.

[5] R.Yamada, On Jfruensen's inequalities for
Kleinian groups, “Yaster’s thesis ,1991
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39 Punctured Surface ® Teichmiiller %A
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3P . tUHE Tey - Ta L CGay, Cag. Gp & Ty O
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p \Z AT BIS 5 Poincaré distance, ' ¥4FI(C AL A CVER § 5 #1155
)7 Fuchs B 7% 513, FHAMPETE order & %5, WS % T XX
T % IEH 2 Rt TaE K S L7z Teichmiiller disk - T Teichmiiller-
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HHE D LD, T2 IZ, H(G) & Klein # G Dlimit set @ Hausdorff
dimension T» %,

F7o, MELZFERIC NG,



Y tuBEm e%t‘zemaﬂ\ Q(n%(‘k(:f)\\z
K;Z2% (3 A LA

MESG R balN 7 bnthen v L E={x;vl)
=0} e 5, G-FEAolCWdati-p3 (dat) 200
Bt odsysihs, dx/di=v B xlt;y0), 7
b SMB ot YRR Lo E Y v L, M=y,
yet} A zockeMESe s F v S heTeds
tube v« $8, Fri Ta-2FzT 2 & ) 4N Bovel
AT 013 L E cublube v § o subfibe kol
o Tig|re 6 TR 3,

PATF U\ goﬁenuiaﬂ) T hbhtdivvzo AL
T3 R @FBEN =377 3 8% > module X % 033
b3 extrenal length o Z& & -fZic i<, q,
W20 »Bove { 78] v, gxﬁ’iﬂu 2 | 4f~ “YeA n w3
G Bwela B ¢ 1 (N, D-ad. ebimn, module
M5 e € o L 8hodn s § (A g)-ad Yol 3,14
T Mz subtube 2 %ee Mz 23 L ¢ chano e 3 3,

TE 1, P>19o xx, g(c)f—ﬁcif’fwl"/wi‘wﬁ ok



TRl Mr,(r‘)ct,m)=5(_5L§('c)/?r(c)° SE %)U/Pu:J)
(M Ugre o v kikigs w3, 4lux TOw Stv'c’f—‘fs
52 Lmz, R = MF(r’;q',w):o « k3¢ r(\[—,ﬁ
L, 808 (Tar, )-ade wos § twd = M (M) e, wa
E 9 E poalm extremal ¥ $ i, AT ={cer;
jler=o}a Jlux 0o ¥, xecel Ty o0 =q'
o | Pt (4607 [FIabwy=0% 7 3%, 13
p-alm extremal v b 3,

2eZ2, M (7;qw)= gro@(o/g(c_)’ 2 2im gle)=
s sup (qiviw ™)z E({eer; }(a)=o}>:oti&@?
3, L-alm extremal Mo BRo=X121% E =
{Xec)q,u)lvu)ltww)—’:?(c)) v 50z, m(E)>0 N
aecel =¥T LIy -2 ARG T/H S% 5 3,
Z§ " 1oalm, extremal T©h 32z 13, §LsnC
£ oae = Y (t) /leww] oy ELzw 3 T PRI A 2
ThI Tzl x5y y,00T, Y(knx exdt§,
(. dldqdt=1, ¢~ E, taeu= Y (t)=0 & 71,

Fad8 ernrmxtut o s Bh-{Eom, 1 -cat
AR oZHm T a Nt &5 (=, (>> | ©o ¢ 3 ‘éé_vz) b=

DA =13 oalm extrnemal it oo G d 3 eBRbLlrw,



Boanth , Bnawnan, HNKMY\ ¢ Russancle Pee blams on
va\pQﬂ/x Ano\(&d/w, Bubl . London Math.Soc. 16
(1984) 490-5(72F1:B3 Gomfan WA 758
EBRL, 7.57 ¢ LT Vuononen stdd LT3R5
B Dubintnandz=Bho 23, ThE X5 =105
TEIN T2l 58 oxnei®id Lard =g
RF) Goncan 7482 L Tamnazov AEF 2, Dubinin
RGeS e | 5 o F — G-Tals® « &3
) — B39 i eMeALy>, 37 4x:R
Wo A Xo, X =34 L, YorX e4ili@2kiibo 1 97%
ET(%e, X)), ta P - modale My (F(Xe, %) & M(Xe
Y cegieh3, B X, %, P o axDumed dostanae
<'h3 wni (x(,xz) TFimo X, o Rr o @) [-a,a]
Wo G- 2GRS T, T =0t L1, [-0o,—atm(T)]
[a-m(3), 0773, 7 39, M(T,7,)2

M3 .%3%), hsaG-Ta TR b3 18 E 5 Con-



denser » F—Qa[mctt}zﬁ}\\ 7 w35, A E pomedde
v B T30 v KL HEE s 0+ ERC 3, Gonlan o
B9 7.58 1%, Fdr o LR Lo Mo, 1] Kl
BT =33 LT, My(3,R-3) = 22 50 EF 5 2 3,
TLERF 24X n 1R 2 sFEE (2 ).
Lemma. p22, T, 3% L0, 11<R W » 5oz T /g 1Y)

{%/S, (AN = ;i (w,(]c), m, (1)), 'Ht:'n\l(fo,l]'Jo‘]I)

tH g, » l '\ i
(F-z)‘ﬂ”"'"'((w/z)"“’- T ) P-2> (p>2)
MP(.SC/:Y;)E
| w/y
F Qb M/Z, <F:2>.

Bize 9lm, Loprelsi e vdd),

T2, p>2 v 33 ECRITA) E £ R-EL%E
Aot b MF(E,R~E)= o, $ e HES L %o
M,(E R-E)=oo.

| < F<2®B§t¢/p\§ Tw, E WNXREriaoPlEPfrzsrne

M (B, R-EV<oo Tnd 3,



&3 extnemal distanceas - /M

T3 8% K 2

v

KiFE 4

MES G R = bvz, pomodule 0053 w585
&4 %Itw £, Y odihr ot funktaRin,
&qlru&l"di<w o, FIRGWH T poprucas o),

\Ei‘? L, P22 33, E, Eji:&0 (= ?\f&) [o.1]¢R
rad B8 2 L=mun (m(E) m(ED)>0 ¥ L, Ak
n lamma Fas s om, pim L, p) EXAL3, | 1%
>0 T p-pructar T, V(0,10 €E, 1= 62
QA,V\VLSWPX("’O b, %) =b, Y(o,xe B, 1= Ba 2
JLMM_@X(,,O fai,a)2e > b 77 61%,

81(701T&d§|Pd12(CAB)P<{>(W\,Q,#).

@y, Tow HDETHFID . 0\ <), 0<x, <] o 7%
M =EAT 34850 3) {0, Lu=dx=Vh 0cn<i=va}
&), B 3E%FFh a3, Arka E(0,0) EF
(St l, Doz -F3Tvk 2A 2 EFTFs ED,
CHh 3, Dg lwl<! N am=uriv=F2l = §y :,"‘ZI%H:,

r"’ﬁ%‘?if W= (= E’—{;}K?é, D,5tn Do ¥ph o



e Byl 3 3 ¢, |w|=1ILtox Ay to<e<tiz 73 Lz,
i
| =Dooth-|

l'wl<1 A {
A2 2 X5t
[+
Ayl ).
:l:) QAI_E:W\I(At{\EA)/ {: QA,t"ml(A‘L‘EA>c i—;(
L[ /A Lat
> (e —-1) > Tl -
EOEMN=-Ma)el3 3¢ L/t <M/t M),

S \‘k(ao( IMF Io(udv
lwl< |

BRF A =2l M 3 Ey o FpAs B At B e 17,
TP 2. o X,>0 ¢ SHie e (, X, #&Rr - e s

(e, TRIEAED eV 1, B8 b, ¢, (b e )e

SRoVEREL 5 T 3t ok v T3, basp R, 2

AP0

< b %ﬂ V'(o,xl)e Eo s val,méxﬁo‘ﬁ(x,,xl) >, 40/
V(Oxll) € E(V\) (Cy\-!h)lﬁ-,\/'mo‘)-a co, J2(= Qm =min
(o (EYY, m(ED)), m—m (1€ EM). 7 3,
Sxoo L qrad h 17t = oo
FH) Dl bz, ECID 2EA4mily

g A TP XD lar/cuk k| dx = oo,

2523, x>0 ¢ hedBme, {LY1+Re 5o in 3
reflczeis Bz “j_ﬂ(b,\—c,‘)lﬂ“/ m™ = e 44

g | a~vad L\ril = ¢a,
A >0 T






2 KR35 BMO Z2f] & quasi-hyperbolic metric iC DWW T

RBRZEER &l RE

§1. BMO ZRIOFATEH
fi38 D c C Lo BET RS B8 f ik

1
171 = 1/llp = sup 1 /Q |f = foldm < oo,

%3t ¥ BMO B# (function of bounded mean oscillation) ¥ LW 2 D2k %
BMO(D) t ®bbF. & T sup REICETALEKD D HOLTOBAELH
KDoLTEBHDEL dm it 2 KT Lebesgue B, fo = m(Q)™ Jo fdm 5 3.
#iC L°(D) c BMO(D) C L}, .(D),0<p<oo, t%a Y £k BMO(D) iEH %
0 ¥ &7 LT Banach it % 3.

Z® BMO(D) REBRTEERDON S 1 KtD BMO TR b itjloZERT
HETEREELELY. 05 R—KERED BMO ZR%R 5 LTROFBER
LEBREXRNTHS. COFEXY D OEROBRIOELIEWBEL IR VD
BHEBET D e H#TED,

FE 1. (cf. Reimann-Rychener[12}) f € Li, (D) i2WT f it d(Q,8D) > M(Q),
A>1, %3 DADEEDIESE Q L BMOBE L2Y LA Db ||fl.o< K T
H3r+5. B0 ¥ f i3 BMOD)BBERO LAY ||flp < AKX =T
d(-,+) & Buclid 354, 1(Q) 1t Q DR, A >0 RiETERTH 3.

Whitney 5 AV i 0BBOIADFEIL BMO BB R 5 LTREY
BdDTHYENREAE Q,Q CD K20 Ta ' <UQN/I(Q)<a,QNQ #0
2o QUQ CQ'CDRBIEHE Q" HHEETNI |fo— fol < Callfllep %
ZruSEEAHEICEITOTLS. IOREDERERTFEDICHIKDLTIE
f4ICBLTHRHTHNS.

COEBIC Lo TH A BMO OEZICE VT “EEMICET I HOMIES
o % “BREICFT AR ORMIEAE", b3 L b EREMICETRATF- RV
(BR)(BA) IEATE”, “(BA)(FA) k" HICR | A THFER norm #B{OoND VS E
BRiCELTHEDAVL I b, £ D ko quasi-hyperbolic metric |dz|/d(z,0D) ICBiL
—BEE 2B BMO(D) BAg T W 4¥iC f € CY(D) it |V f(2)| £ K/d(z,8D)
ki BMO(D) BBEBTH 2 - e h¥atbh 3. HFicHMBRICHLTIR S
DMHRRILL f € HD) »* BMOH(D) BT 2 b0 LB +HIERER f o



Bloch B OB L 7t 5 = £ TH %. quasi-hyperbolic metric ZELFICEHEWVTY
FENEBEERAETLICRS.

FROFELZHONWE BMO IKBAL—RIIBREFTETH S - &, IMEHRIC X
hFHEFER LD BMO ERIXFBEAUKEOHEB Lo BMO EvF—HTE sz
s Raoi¥ o¥ il

BMO(D) & ® DEED Lebesgue AIEICEFL TV IICH 22 b o TSR
ERICX>TARE 3. Ihik L? 2% Holder B ABKRZEMICRAVEL
WHHETH 3. Reimann(ll] it C EOBERERICKT LTI OELIHHAL I HIC
Jones(8] WHFMLEEIKALNII—ROBER EOBEARABERICH L THRILT
B EIREELTVS.

EE 2. (Reimann[ll], Jones[8], cf. Astala[l]) g: D — D' % FEEKE O
FRE T2, E0IT g,07" RIITHEXNEEL T, g i ACL ¥ T3, EDL ¥ g 0
EHEZRTHL00LETHFHEREED f € BMOD) KxiL f'=fogte
BMO(D') 23t TH3. £/ Dt & g ® mazimal dilatation K IZ DMK
FTHEMC 21 HFHFEL CHfllep < Nf'lepr < Clifllap. FEIC g ¥ EHERT
HEHEITRIBHER A> 1 HELELT A Y fllop <1 len < Allfllep-

FEETRECERERCHFER D, D' ICXbhvEw3 I tThd. SHER g
RUEEML BMO(D) B% f icxt LT’ & ®FEEIF quasi-hyperbolic metric D%
AAREE» b2 3.

/= BMO %6t quasi-disk BT 2. H 2 L FEE T2 ¥ BMO(H)
BISIE# I BMO(C) BSICHIRT% 3. I f € BMO(H) KL 2D C ~AD
g f %

f(z), z€H,
@={ o leeva
KX hEDNIE f 13 BMO(C) B 2 3. XoT #% D #f qiasi-disk (32b b
C LoBEAERIC X 2 MITMKEOR) Todhir BMO(D) Bt I BMO(C)
BBICHIRTEZ b2 2T OMBRILL

EE 3. (Jones[8]) BEERFEIK D # C Ico\wT BMO(D) B#»#1c BMO(C)
BRICHERTE 2 - DOLETHEBEIE D »* quasi-disk 252t TH 3.

BEEEITRD Jones DEBE KU quasi-disk A —HEfEKTHI L L SIEEICX 3.

EHE 4. (Jones(8]) #HIK D # C ic>WT BMO(D) B A #ic BMO(C) BI%
KR TE 2 -HDRE+HEHBIT D H—EfER A2t °H 3.



COEBOHBERAEVEELIOTHE. LALBIAMObIOFEXAVE
O, XM ATEHE 3 OFHERIMOATLAVEITH S.

§2. MIERE

T 2 XFEEFE D «cxtL BMO(D) #* Riemann i D LD/ LTEE
2T t%RLTED BMO Z[H33% Riemann A ETRBAL LS S rF3c ik
CHRARILVAD. 20RIO—DL LTI I CRUTOMBEELEX 3.

' (1) BMO Z2f%{%% ¥ % Riemann ERIOEAIBEREGBHTE = k.

(2) Jores DEE % —M D Riemann HEICHIRT D - k.

BUIFo §2 ©fRE (1) %, §3 CRHIRE (2) & 5. (2) KoL TIR—ARD Riemann E
KR T3 t RBKRBEETH Y CREORMER ¢ L T—ROFEAR EA
H&T 3.

4 BMO Zf81% Riemann @ R LICHFVTEEL LS. 0~ », B[
Wrn:U—->R*¥¥E#HEHEL T2 Riemann H RICDOVTEZR LS. T0HEEED
RitrE#gIL

BMO'(R) = {f € LL.(R)|f o® € BMO(U)}

THD. L LEESRYO RCFEARTHIHE BMO'(R) R—RICIZdI P
BMO(R) t—¥ L v, £

EE 5. (Osgood[10], Gotoh(3]) D * ¥E#HE n: U —» D 2FH>FHEHRHK L ¥
3. 20t #%ic BMO'(D) C BMO(D) #ir+ 5. * bl Fo&MRFE
TH5.

(1) BMO'(D) = BMO(D).

(2) BMO'(D)n H(D) = BMO(D) N H(D).

(3) D © hyperbolic metric pp(z)|dz| ICBIF 2 A ERI—RRICT » LIl T
5. T ROLIHIEHR K >0 PFEL

|dz|
d(z,8D)

< Kpp(z)|dz],

X 5> THIAIX D #* puncture ¥ T1X BMO'(D) # BMO(D) t & 3.
ZEITHRIC
Ifllsr= sup lfodllew < o

h3B% fe Ll (R) o TZEME% BMO"(R) tEHXS5. T I Tsup it AN
DEMER ¢: U - ROLEICOVTERE YD T 3. BMO 0EHRLEM] X

3



h R #*FEERTS3HEICIE BMO"(R) = BMO(R) t 2D X bic2hbD
norm REVICMLOENERE CFMECE 3 -t b2 3. X>T BMO"(R) i}
BMO(D) D—#it & » %43 DTLTF BMO"(R) % BMO(R) t bbF =
L &S,

§3. BMO Bf

Riemann RO FEEREMNER g: R - R KoL THEED f' € BMO(R)
It L foge BMO(R) ¢ %23t % f% BMOEBERYBRZ L IKT 3. WHEIH
log |z| 12 588897% BMO(C) B3t T» % #*& 5 IC Riemann [H_E® Evans-Selberg
potential, Green B b BMO BBt 2 Y LH» b ENHD norm BRAFRTH S C
tbhrd. COWELXFIBLT R # compact ThRVEBEICOVTIX BMO
B FEMST 2 cE5. R #£ED Riemann [ ¢ L £D_E® Hahn metric
pr(2)del %

pr(2) = inf p(2)
KEhEDS. cTinf i RAD, Rz 2 BUHEGSHEHE G C R o2l
SLTBRB b Dt L pe(z)|dz] it hyperbolic metric ¥ 3. R # C,C Thhi¥
pr(z)|dz] RIBAE L 2. pp(z)|dz| & “BASHEY” /IAEERERE L D LR 3. pp(2)|dZ]
Z PRI D IC# 1) % quasi-hyperbolic metric |dz|/d(z,0D) @ Riemann E~®D
—RRlLe ot 3.

EE 6. (Gotoh[d]) EHIER g: R— R iKHVT R it compact TRVET .
DL E g BMOEBER 23 :-DOLE+THERHEIR

(1) R#C B3B/BERKDVTIRDIEH r> 0 RUERE p *HELEED
2€ERICHL g it B(z,r) kX pEERBZtTHB. 22T B(z,r) it Hahn
metric IKCOVTOR z D r AFLT3.

() R=C %385 (20t % R i1 C £kt C\{0} THB2) KouTit
R=C»2 g #BERA AR5t TH3.

T RFMA BMO BB %% T 358 ( BMOH BR) IKowT b R HFME
HTHIFEAILODLTREN BN T LT E S,

FE 7. (cf. Gotoh(3]) R % FHEIfFKE T2 EERER g: R— R »* BMOH
ERTHI-00BBTIERHERIIER K> 0 »*FEL

pr(9(2))ldg(2)] < Kpr(z)ldz|
ERBIETHE. ChiRELDIEHR K > 0 #HFELEED 2 € R ICHL
9(B.x) B R CBOLTHRBTHE L LAMBTH S,

4



5 R A compact TH 3H& oL T ITFEME# g: C - C #* BMO
BERrh-TBY B AEEROERY BMO Efft L THOVEAR norm TFHE
CERL LB A LRAIADROERICRS. EHLIKERICERX O NAFEEAK D
BU D EORBICERL RVET] {2} 1L {z.} KOs FOEBERBEK
g:D-CTBMOEBEBERBZIDOIELHET I tdbbhroTw2. BRIR
WL BN IFEEBICOVWTHED BMO Bt L TOVEA R norm DFF
ficowTirX< bAroTLAL. UTHEBRICOLTHEIWICELONA[R
PR~ S, MUK U Lo&F {2)2, ¥BA LT 5 Blaschke HOHEEN
g:C-C;

=l
Ioxf LT {2} OB Carleson BIE du(z) = Tioy(1 — |2/%)dé,, (2) @ Carleson
ERE Clg) L BEEDHIT g(2) = (9(z) ~ /(1 = (9(2)), ¢ €U, Cug) =

supcey Clgg) E ¥ 2D E

FE 8. (Gotoh[5]) g ® BMO Efgt L TOVEMAR norm & C.(g) REVICAE
DEDHIMEFT 5 EHTFHETE 5.

$ICHBERBE DT f, Tdegf, =00 EXBICH 2 2bbFVEMARK norm AR L
REBLDMNFETZZ tHbHrD

§4. Jones DEBD—M 1L

FE LIS Tiink BMO BB oBBAHE IR  2GETHHI DI
P2rboPFELAL LEERIEDRE N TRV L RARBREARI D XS
Bbhd. UFiKpotiRoolELXERLT 2 eHICEDIA L LT Jones i
X3 BMO B OLaE TREHEICEE T 2 R O— RO FEFEBRA~O—RIEICOWVT
Bk S, BLITFiIcEx 3 ERAEIRH1 21X pointwise BMO multiplier DRFET I 5]
BICHH%TH B (cf. Nakai-Yabita[9], Gotoh[7]).

A> 0% TRAT OER LT 5. FEER D LOEAE Q i d(Q,0D) > M(Q)
YW TEEHFBEA VLR OLEY AD) tT3. D ROFEIEHEDT
Qo,@Q1,---,Qn W
1 Q)

2 5 Qi) =7
hBEEHBYPEFR D NOFBEFF Q,Q IcxfL

6(Q,Q) = min{n > 0]Q = Qo.Q1,+,Qu = Q' it FFEH )

QiNQiy1 # 0, 0<i<n—-1,
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rE®wsb. £D L ¥ BMO(D) B% f i
|fQ - fQ'I S c“f”*.DéD(Q) QI)) Q)QI € A(D)

it W& Q,Q € AD) KL C(lfo - fol+1) 2 6p(@,@"), lfllep €1
%3 fe BMO(D) »*HET 3.
EEcBRYES T ETR>EKC D 0 A < dQ,0D)/I(Q) £ 22 +2 s )
dyadic ZIEHHDE~D Whitney I X hiELND AD) OEIE D(D) I
DBTEBT I LIRS, EEEBK Q@ -, Qn € D(D) i QiNQin £0
% J7-3 & % Whitney St &R LiCL Q,Q € D(D) iKKxfL

Wo(Q,Q) =min{n > 0|Q = Qo, @1, "> Q. = Q' 13 Whitney $ }

rEH 3. Wp it D £ quasi-hyperbolic metric icxtis LT b D(D) TR
metric Wp & 6p HHEEFTE Lo b 22/ (A(D), 8p) DRI IAEC (D(D), W)
DEEICL > TRES.

F2 4.(F)(Jones(8]) i D #C k>VT BMO(D) B At IC BMO(C) B8
BICHEE T X 2 RO DOBETHRER

Wn(Q, Q) < My(Q,Q), @ Q €D(D),

BRAEH M>0DEETDIILTHSH. 22T
(1+1(Q) +d( )( Q)+lQ)+d(QQ))

$(Q,Q) = Q)

= D&M 7SRRI — R (uniform dimain) EFRTRB. ZOBEORHER

60(Q,Q") < M6c(Q,Q'), @,Q' € A(D),
rBERTCECOZ AL TFREIND LS

E£8 9.(Gotoh[6]) K D; XU X OBHFHRK D, KDV T BMO(D,) B »%
ic BMO(D,) BB T ¥ 3 L0 ORETHRKR

6p,(Q,Q") < M6p,(Q,Q"), Q,Q € A(Dy),
REEHRM>00HFHETIIETHS.
BMO(D,) B#i% (A(Dy),6p,) £ Lipschitz #tBIs # § < A = OREE £

6



»¢ (A(D2),6p,) £ Lipschitz BEMEBICHETENRIE Y £ D BMO(D,) B
b BMO(D;) BBUCHRTE B LRARL TV 2. EE+SEEIcoVTHR f €
BMO(D;) Lz &3 i LTiBbhk (A(D2),ép,) £ Lipschitz HETRIH
% gtLT f®D\Dy E~DHE f % f(2)=9(Q), 2€QeD(D2\D1) &
spnit o f ks BMO(D,) By k-T2,

Jones DR L KR VER R TH o L OIIxT LEA DR L - HK3RVER
iuﬁﬁ&#bﬁ%r&&n.%h%ﬁ%nth%#&i#coufub#ofn
frvs. 274838 D D quasi-hyperbolic metric 2t < SERERAM % kp LT BHEE

5D1(QaQI)’ Q) Ql € D(Dl) (28

d(Z, aDQ) d(ll, aDg)
d(z,0D,)d(7,0D,)’

|z - 7| |2 - 2 :
log <1+d(z,8D1) l+d(z’,8D1) . |z =2 <d(z,0D,)/2,

|z — 2| > d(z,8D,)/2,

kp,(z,z') +log
le.D2(z’ zl) =

KIS L EB ORI
kp,(z,2') < Kjp,,p,(2,2) + L, z,2' € D,
rEDLTENTES.
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