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Power functions in fractional calculus of Nishimoto

and that of Lacroix and Riemann-Liouville

Katsuyuki Nishimoto(BAX)

Abstract
We have two difficulties in fractional calculus of power
functions. That is, one of them is the problem of index law in
fractional calculus and the other is the one of fractional
calculus of products of power functions. In this report, these
two difficulties in Nishimoto's fractional calculus are com-

pared with that in Lacroix and Riemann-Liouville's fractional

calculus.

§0. Introduction (Definition of Fractional Calculus)

(1) Definition of Nishimoto

Let D= (D, D), C={C. C},

be a curve along the cut joining two points z and -=+iIm(z),
be a curve along the cut joining two points z and =+iIm(z),
be a domain surrounded by C,

be a domain surrounded by g.

(Here D contains the points over the curve. c.)
Moreover, let f = f(z) be a regular function in D (zeD),

+0 O +Q O

£,= (), = (), = rlvrl) S £e) o (v¢27) (1)
¢ (g-2)
(£)__ = lim (f), (mez™), (2)
vV a-m

where
-n<arg(¢-z) < for C, O <arg(t-z)< 2v for C,

¢ %2z, zeC, veR,
r ; Gamma function,
then (f), 1s the fractional differintegration of arbitrary order
v (derivatives of order v for v >0, and integrals of order -v for
v < 0), with respect to z, of the function f, if | (£f)y| < =.
Note 1. Consider the principal value for many valued function

f.
Note 2 For the complex v, we consider the principal value for

our convenience.



Note. 3.
derivative for Re(v)> O,

fo=(f), 1is original for v=0,

integral for Re(v)< O,

for veC, if [(f)y] <=.
And in case of Re(v) =0, f, is only formal differintegration

regardless of Im(v) 2 0. That is, we have no derivative and integral

for v =pure imaginary.

The set F
We call the function f = f(z) such that |f,| <= in D as fraction-

al differintegrable function by arbitrary order vy and denote the
set of them with notation &. Then we have

val<°° & feF (in D).

(11) Definitions of Lacroix and Riemann-Liouville
(i) Lacroix's fractional derivative for power functions

The following fractional derivative of order & of the
function x® was given by S.F. Lacroix(1819).

I - -
¥ xf= _TBrD B (ped/ax, Bez , & 20). (3)
F(p+/=K%

(ii) Riemann-Liouville’s fractional integral

In 1876, following definitions on fractional calculus are reported by G. F. Bernhard

Riemann and J. Liouville,
Fractional integral of order a:

f:(a,x)=—l—J-xf(t)(x—t)""dr (right hand), (4)
o) J,

_ I .
fax, b)=7'—(a—)J', Sflee—xy~tde  (left hand), (5)

where a<x<b, a>0 and I' is the Gamma function.

Fractional derivative of order a:

frax=-L ff_(ax) (right hand), (6)
dx

b= b (eft hand), (7)
dx

where a<x<gb and 0<a<].

Starting with.above definitions, we will discuss the difficul-

ties described in abstract.
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NEIGHBORHOODS OF CERTAIN
ANALYTIC FUNCTIONS

Shigeyoshi Owa Kinki University

Hitosni Saitoh Gunma College of
Technology

Mamoru Nunokawa Gunma University

Let Tn be the class of functions of the form

p(2) =1+ ] Pz (ae )

which are analytic in the open unit disk .
A function p(z) ¢ Tn is said to be in the class

Pn(a) if it satisfies
Re(p(2z)) > o (z ¢ U
for some a (o < 1). For any p(z) ¢ Pn(a) and

6n > 0, we define the dn—neighborhood N6 (p(2))
n

of p(z) by

Ndn(P(Z)) = {q(z) € Tn: ké‘nlpk - qk‘ L ‘Sn}’

where

q(z) =1 + ) qkzk
k=n

urt er, et a e the subclass o
Furth let Q (o) be th bel £ T,

consisting of functions p(z) which satisfy



Re(zp(z))' > a (z e B

for some o (a < 1). In the present talk, we

show the following result.

Theorem.  If p(z) e Q (o) (o < 1), then

N(1-ays, (P(2) € Py@)

where

1 2
o [ —a a
0 1+ t®

The result is sharp.
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CN QUASI-HADAMARD PROLUCTS
Shigeyoshi Owa Kinki University

Let An(p) be the class orf functions of the

form

o]

k , ,
£(z) = a_zP - ) a,z {a_ > C; a,
P k=p+n K P K

> 0)
with p € N, n ¢ N which are analytic in the open
unit disk {j. Let Tn(p,a) and Cn(p,u) bte the
subclasses of An(p) consisting of functions £(z)
which are p-valently starlike of order «, and
are p-valently convex of order o, respectively.
Denoting by (fl*fz)(z) the quasi-Hadamard
product of functions fl(z) and f2(z) belonging

to An(p), we have

Theorem I.  If £.(z) e T (p,ay) (3=1,2,...,m),
then (fl*fzk"'*fm)(Z) € Tn(p,B), where




The result is sharp.

Theorem 2,  If £,(z) e T (p,a;) (3=1,2,....m),

then (flkfz*---*fm)(z) € Cn(p,s), where

The result is sharp.

Theorem 3. 1If £,(z) e C (p,ay) (3=1,2,...,m),

then (fl*fz*"'*fm)(z) € Cn(p,B), where

m-1

np (p-aj)

j
m
(p+n)™ L (ptn-a;) - P

J

=Nz

1

The result is sharp.



A NOTE ON BRICT-BOUQUET
DIFFERENTIAL EGUATIONS

Shigeyoshi Owa Kinki University

Let £(z) and g(z) be analytic in the open
unit disk |J, and let o and B be complex numbers.

In 1678, S. S. hiller and P. 1. Mocanu have

studied the Briot-Bouquet differential equation

zw' (2)
(1) w(z) + = g(2) (w(0) = g(0)).
aw(z) + B

In the present talk, we consider the
following Briot-Bouquet differential equation
f(z)w'(z)

(2) w(z) + = 3(2)
£'(z) (aw(z) + B)

(w(0) = g(0)),
where £(0) = 0 and £'(0) # 0.
Note that if f(z) = z, then the Briot-Bouquet

differential equation (2) becomes (1).

Theoremn. Let o and B be complex numbers
with o # 0, f£{(z) and g(z) be analytic in | with
£(0) =0, £'(0) # 0, and g(0) = c. Further let



f(z)

P(z) =
zf'(z) (ag(z) + B)
and
1
S(z) =
ag(z) + B

If either Re(P(z)) > a > 0 (z ¢ ),
Re(S(z)) < b (z ¢ ), aw(0)+B is real, and
1 a

<b < -

aw(0) + B B 2(ow(0) + 8)

or

Re(P(z)) > a >0 (z € U), Re(S(2)) > b (z ¢ ),

aw(0)+B is real, and

a 1

1
A
log
A

2(aw(0) + B) aw(0) + B8

then the solution of the Briot-Bouquet

differential equation

f(z)w'(2)
w(z) + = g(z)
f'(z) (aw(z) + B)

w(0) = g(0) = ¢)

is analytic in | and it can be calculated

explicity.
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[1] S.Fukui.A remark oo a class of certain analytic
functions, Proc. Japan Acad.66(1990), 191-192.

[2] S.S.Miller and P.T.Mocanu,Second order differential

inequalities in the complex plane,J.Math.Anal. Appl.
65(1978), 289-305.
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Clavs it g 18 BHonc Sfmngly outer T\,

{1 %/ﬁ% rrsv e H it 7 innerl’ﬂﬁg L



outer ¥k selifiL 2 = gh &8s, This
inner - outer Iﬂﬁ&?ﬁ%xﬂ%whﬁﬁ%/; Beur(ing
(1949) 2 R¥1h3,

ik 48 » H'p outer BE s Cianer + jnver)
- Strongly outer REAEE 4 T AE 4. ¢
T heH' s outer A v tts. 0L s
h=C(g+3.09 rH¥MEz32. 2272 3.
13 immer (Im 3,9, <0 _ (3 - 3.0 «" no
g 14 strongly outer vh3. &L 34 degree
h o tinite Blaschke product 7¢ 5 1% g2 8 degn?e
h o finite Blaschke product TH 3.

:EPBH 118 H. Helson (1990) o Stmngfy outer
AR Pk 7ire k. Hayas]«i (1984) @ Toep[itz
VEI% & kernel nt8F b E 8 vp 3,

T 3, -3, 1souter Ti#/s0 . § 2 2- 3,
o inmmer MALTIY 3. 30b3 class (xtL7

Ch=CpivpN?g, 233,227 PP,
¢ inner 7~ G, 11 Strongly outer Th 3.

T Nakazi _ Sum of two inner functions -
. to appear in Proc. Edinbu,rgh Math .



WE 2SS ICxtF 3 Bers projection ¢ £ DIGH

gl e xK-B

Bers projection It Teichmiiller Z2ERICFPVTEELBHF LR -TERTDH 3 2,
SITREAE—BOBAREICOVTHIER, ENICLoTH L ORBEESOHEICOVTH
RLZZEEXEHBFELTS,

F9. DEREERI2ALUELLRIHRFE CAHOREEG LTS, (20 &5 2H
BELr R LHPRIIKTS,) E=C\DrlL<T, L) ={velLl=C;v =
Oon D}, M(E)={p € L¥(E);|pll <1} tEH S, Fik, p€ M(E)% Beltrami E#
KR (BUKCIERLEhi) BEATRE v Co C B ERTB L, w=vw'id

’

DETIREAL» 6 Schwarz B85 Suw = (L7) - H(L )2 DEEHE N, Lo
Sws € Ba(D) = {p: D - C:IE8l, ||¢|lp = s:slg|<p(z)|pD(z)"2 < oo}

T#% 3 (Beardon-Gehring [1]) . & =T, ppit D(DEKS) LTOEMIE -4 % #FD Poincaré
density £33, H(p)=p(p)=SuwtEJFL LKL, ¢: M(E) - By(D) % Dicxt¥
% Bers projection ¥ FERZ L iC T3, (BH D Bers projection it DR £ 212 EFED
HETHB,) hRELT, KOHHERIEARNTH S,

#nf8.  Bers projection ¢ : M(E) — By(D) RBERERIER T, FFIC 0ICRT 3 Gateau
#53 do : L°(E) — By(D) RRD X 5 i E¢ 3,

do®[v|(z) = ——//

CORBECIINAEEELALVHASBESICH T 5 Bers projection iICDOWTH LN AR
¥HENT S, £7.

ﬁd (¢ =¢&+inv e L¥(E)



FHE. CRALTHEARHNEES DIFHAFREOHEEI PO 25 L &, ZniC
%44 % Bers projection  : M(E) — By(D) RM#TH 3, HIC, DHFEFGOR, FRIC
R 28D Gateau I RMHTH S,

COFEEO—oDIEHE LTRORSESICAATE 3,

% (Overholt(2]).  D#* conformally rigid kRt 33 &, CIR 3 #HESREROT
»35,

$h. COFEIHRVT, —BIC DORDLERICT 3 & L IRHERL,

Bl CREEI(0,1) R aEE (Fhbb, AAkRELRL) 2 v MRETIRTHAE
REDbD LT3, Cheik W RIENED 200FHIREE C, Coics3 T, BH k1, ke € (U,1)
% kym(Cy) = kym(Cy) ¥ 3 X5 ICERY | WREHFAHMOMESTERAEB v

’U.(:C) = /::(1 + leI(t) - ngz(t))dt,

LI Ty, X2 REREN C, CoORFHEKET5, £2 T, [z] 3 EH =z OBEIBY ¢
LT
Flz+iy)=[z]+u(z - [z]) +iy forz+iyeC

pEBhE, P C— CRUBLEERERL RS, £ALI I k=max{s o5} T
3. —FEDHr LG M, BR FRBEARSES D = {z+iye Cz-[z] € [0,1)\C}
D& BRERS IO TR EMBEA~DOFTBETH 3 5, global KILFTBH TRV, o
C. p% FO Beltrami Rt TRIE, p € M(E)\ {0} TRH 2, &(u) =0TH3,
$t> T, KiCd: M(E) — By(D) ZEH TR AV,

(&R ]
[1]. Beardon, A. F. and F. W. Gehring, Schwarzian derivatives, the Poincaré metric and
the kernel function, Comment. Math. Helvetici 55 (1980), 50-64.
[2]. Overholt, M., The area of the complement of a conformally rigid domain, Proc. Amer.
Math. Soc. 103 (1988), 448-450.
[3]. Sugawa, T., The Bers projection and the A-lemma, J. Math. Kyoto Univ. (to appear).
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Isomerical Mapping between the Szego

and the Bergman-Selberg Spaces
b SR BEAZIZRHEM

For a simply connected planar domain 2, let 9Q denote the bound-
ary of Q in the complex plane C. We suppose that there exists a con-
formal mapping ¢ of Q onto the upper half plane U = {3z > 0} such
that, for some sets Aq(C 0) and Ay (C OU) consisting of finite
numbers of points, ¢ is extended to 90\ Aq analytically and topolog-
ically, and the image of 02\ Aq under the extension coincides with
AU\ Ay. A function f analytic in Q belongs to the Szegé space on
if there exists a sequence of rectifiable Jordan curves Cy,Cs, -+ in €,
tending to the boundary 8 in the sense that for any bounded subdo-
main Q, of Q with 9Q, C Q and for all n > N, (depending on Q4) Cy
surrounds 2, such that fc lf(2)?|dz]| € M < o< [3, p.168]. Then f

has the nontangential boundarv values f* belonging to L? [()Q ld=|]
and the Szegé norm of f is equipped by {5 [, [f*(z SIRE |}3. For
any q > %, we shall consider the function space H,(Q2) as follows:

= {g : analytic in Q|// l9(2)|> K (z,7;Q)t Ydzdy < oo}

and the norm [|g|l,.a in H () is given by

lolq = / 19(=) 2K (=, Q)1 1dedy,

where A (z,%;Q2) is the Bergman kernel on Q with respect to the
measure dzdy/m. The space H () is, in common, said to be the
Bergman-Selberg space on Q and H,({2) is exactly the Bergman space
on . For any ¢ > 0, let A (z,7; Q) = ['(2q)K (2,7 Q). Then,
for any q > i, K,(z,7;Q) is the reproducing kernel of H (92) and
Ki(zw : Q) is also that of the Szego space. Hence we write the Szego
space on 2 by H1(£2). Moreover, for 0 < ¢ < 2, Ky(z,w: Q) uniquely
determines the reproducing kernel Hilbert space H,(2) admitting the
reproducing kernel A',(z, % ). For these analytic function spaces,

refer to [L. p.203] and [2. §7].
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THEOREM. For any fixed ¢ > 0 and for any g € H,(§2), the function
g - qgg—,l belongs to Hy4+1(Q) and the following identity is valid:

"

P
”quJl=:Hgl“'qg;;7”q+1IL

EXAMPLES: Let Q; be a half plane, Q» = {|z] < 1}, Q3 = {ISz] <
2} and Q4 = {Jargz| < a < 7}, and let p1(z) = az +b(a, b €
C, a#0), pa(z) = i(1 +2)/(1 = 2), p3(z) = ie* and 24(z) = iz7%.

Then, for any ¢ > 0, we obtain the following identities:

—

1fll.0, = [1f llg+1,0, for all f & H,y(h);
1fllaas = 1£/(2) = 20 (2)(1 = 2) " Hlg+1.0, for all f € He(S2);
1fllg.s = 11" = qf||q+1 o, for all f € H,(Q3);

I les = I1F/(2) = als= = D=7 f(2)llg+1.0, for all f € Hq(S24).
REFERENCES

1. V. Bargmann, On a Hilbert space of analytic functions and an associated
integral transform. Part I, Comm. Pure Appl. Math. 14 (1961), 187-214.

[V

. J. Burbea, Total positivity of certain reproducing kernels, Pacific J. Math.
67 (1976), 101-130.

3. P. L. Duren, “Theory of HP spaces.” Academic Press, New York and Lon-
don, 1970.

4. S. Saitoh, Hilbert spaces induced by Hilbert space valued functions, Proc.
Amer. Math. Soc. 89 (1983), 74-73.

. “Theory of reproducing kernels and its applications,” Pitman Res.
Notes in Math. Series 189, Longman Scientific & Technical, England, 1933.
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Approximation by the Solutions of

the Heat Equation

4 HiR BHEXZIER
mEk =80 BEXZRIZEH

Throughout this lecture, a is a nonnegative constant. Put R =
(—00,00) and let, for 1 — 2at > 0, the function W,, : R — R, be
defined by
_ —ax?
1= 2at’

Then we shall consider the heat equation :

VVa’t(E) T € R

Urp(z,t) = w(z,t) on Rx{t>0} (1)
satisfying the initial condition
u(z,0) = F(z) on R, (2)

where F belongs to the weighted L?— space L*[R,exp(—az?)dz].
More precisely, let up(z,t),0 <t < .3—1(;, be the solution of the Cauchy
problem for (1.1) and (1.2) (if @ = 0,¢ is considered on (0, 00)).

For h € L%(R, exp{W, :(z)}dz] and for any fixed ¢,0 <t < 3=, we
want to minimize the following expression :

/'; lup(z,t) — h(z)|*exp{Wa..(z)}dz,

where F runs over L’[R,exp(—az?)dz]. In fact, the class of the
solutions up is dense in L%[R, exp{W,((z)}dz]. Hence, we shall de-
termine the condition for A to exist the extremal solution up such

that
/m lup(z,t) — h(z)|*exp{W, ;(z)}dz = 0. (3)

Moreover, our minimizing problem will be connected with the ana-
lytic extension problem of A to the complex plane C.

Our results are as follows:

Typeset by AyS-TEX



THEOREM 1. For h € L*[R, exp{W, (z)}dz], there exists a member
F € L*[R, exp(—az?)dz] satisfying (3) if and only if

(1 + at)e? :5 Nk
R"“)e“p{”sal—zatﬁ (1= >}“€

3r”+y
-exp{w—m)}dxdj< 0o. (4)

THEOREM 2. For a member h(z) in L%[R, exp{W, ;(z)}dz] satisfying
(4), the analytic extension h(z) is expressible in the form

h(z) = 1 ox {_(l—‘%at) }
Y Teva(mt(l—2a0}3 D 16K(1 = 2a1)

St -457585 i)
Jexp $t(1—2at) ~ $(1—2a0) [

(19 — 16at). X2 (=65 +48at)Y? Z:+i\Y
dXdy.
e"p{ 16¢(1 — 2at) B —2at) TSl 2at)} 4}
Z=X+1iY.
REFERENCES

1. T. Ando and S. Saitoh, Restriction of reproducing kernel Hilbert spaces to
subsets | Preliminary reports, Suri Kaiseki Kenkyu Jo, Koukyu Roku 743
(1991), 164-187 (in Japanese).

2. N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68
(1950), 337-404.

3. P. L. Duren, “Theory of HP spaces,” Academic Press, New York and Lon-
don, 1970.
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On the frequency of zeros of solutions of
w'"+Aw=0, where A is entire and transcen-
dental

TNDA Nobushige Nagoya Institute
of Technology

We consider the differential equation

(1) w"+Aw=0,

where A is a transcendental entire function of

oxder finite. For a meromorphic function £ in the

complex plane, let p(f) be its order, u(f) its
lower order and X(f) the order of N(r,1/f).
It is known that

(i) Any non-zero solution w of (1) is an entire

function such that p(w)=uy(w)=+w.

(ii) Let Wy W, be two linearly independent
solutions of (1) and put E=w1w2, F=w1/w2.
Then, (a) p(A)s1/2 5> A(E)=+w; (b) p(F)=+w.

(iii) Let Wyr Wy, Woy be pairwise independent

solutions of (1). Then A(W1W2W3)=+w.
Our results are as follows.
Theorem 1. Let w1,...,wq(q>2) be pairwise linearly

independent solutions of (1). Then,

(q—2)T(r,F)<N(r,1/w1w2--~wq)+S(r,F)



Theorem 2. Suppose that the set
{z:]a(2)|>K} (X>]a(0)])
has at least N components. Then,

P(E)=4= or N/u(A) + 1/p(E)s 2



BMO BRI OIRRAIGEHEIC D W T
®ik £E (KK H)

LUTFCREEMOAD 2 KT Euclid ZE 04 28 5 #—RETOEE b FEkoO
BMABAMERTTE. AR D Cc R? LoBHTRY 2BK f &

1710 = supm(@)”" /Q If = foldm < o

3t % BMO(D) BBt v>5. T dm ik 2 KT Lebesgue BIE, fo =
m(Q)'lfodm, 2k sup & D Lo, CFEFLAEEROTRTOMELRD
SEICOVTHZ DTS,

D Lo#MIcESAIREBESR Q T d(Q,0D) > 321(Q) &3 b DkEF
BEHFB LU EORKE AD) tdbbForicd3. 2k D % 32(Q) <
d(Q,8D) < 661(Q) &3 dyadic REAEHT Q OIS Whitney S5 L £ D2tk
% DD) tEbT. 2D E Q1NQ: #0 23 Q1,Q2 € D(D) icxt LTI
1/2 < U(Q2)/1(Qy) < 2. £7= D(D) C A(D). Qo,Q1,,-++,@n € A(D) &

QiNQi1 #0, 1/2<U(Qin)/HQi) <2, 0<i<n—1
3L ¥ HBEPE TR FERIC Qo,Q1,, -, Qn € D(D) i
QiNQinn#9, 0<i<n-1
%3 ¢ ¥ Whitney 8§ &£ .. Whitney ${3HBHTH 2. Q,Q € A(D) xfL
6p(Q, Q) =inf{n > 1|Q = Qo, @1, -+, @n = Q" HIFEHR}
%7 Q,Q € D(D) icxtL
Wp(Q,Q) = inf{n 2 1|Q = Qo,Q1, -, Qu = Q' it WhitneysH }

LEDD. XD ¥ §5p(Q,Q) = Wp(Q,Q), QQ €D(D). ¥ HbKMISFTEI
EROBEA® Q,Q KH L

. Q) +1@) + 4@, @)\ (. . KQ)+1Q)+d(Q.Q)
Q. Q) =log (1 * Q) )(1 * Q) )

EBLE P(Q,Q) ~6r(Q,Q), QQ € AR HEDCR i
WD(Q) Q’) S M¢(Q7Q‘)v Q) Ql € D(D)

1



RBERM>0DHEET I L E—HREAKL LS.

%E (Jones [3]). $BIX D C R? kkoLT BMO(D) g »# K5 BMO(R?)
MECIECE 3 - 00RETOREIT D *—BRERL 22 THD.

TR DEBYKROFIC—RIET . R D, c R2RUE0R/BHER D, K
20V T

6D1(Q1Q') < MéDz(Qv Q,)y Q> Ql € -A(Dl)

BABBM>0XEETILE D, it D, CEATIHEG—RER PRI ECT
3.0k &
Wn,(Q,Q) € M6p,(Q,Q"), Q,Q € D(Dy)

REERM >0 #FEETEIIBICCOIIRER M >0 »*FETLE D, &
D2 ‘:%Taﬁﬂ—ﬁﬁgt &5 Zo7T WD;(Q,QI)'l Q»Q/ € D(Dl) i quaSi'

hyperbolic PE&E
' : d
kp,(z,2") =u*1/f[,d—(C|TC|DJ
I, 7% 6p,(Q,Q), Q,Q €D(Dy) R

d(z,8D,) d(2',0D,)

/ s >
sz(Z,Z ) + log d(Z, aDl) d(zl,aDl), lZ z | - d(z78D2)/23

jD:,Dz(z7 zl) =

|z = 2| |z - 2| ,
log (1 + d(z,c'?Dl))(l + d(z’,aDl)) , |z =2 <d(2,6D,)/2,

CHIGLTED D, 2 D, BT 3 HE—BER L k2 LH0LETSEER
kp,(2,2') < Kjp, p,(2,2)+ L, 2,2 € D,
RE3EB K L>0DFEETII L THS.

=& ([2]). Rk D, C R R 2 0B ER D, <>V T BMO(D,) B
HICH 3 BMO(D,) BMBICHIETE 3 = OLE+HEEE D, # D, KT 3
H—BER 23t TH3.

BEX

(1] F.W. Gehring, Uniform domains and the Ubiquitous Quasidisk, Jahresber. Deutsch.
Math.-Verein., 89 (1987), 88-103.

[2] Y. Gotoh, BMO extension theorem for relative uniform domains, to appear in J.
Math. Kyoto Univ.

[3] P. Jones, Extension theorems for BMO, Indiana Univ. Math. J., 29 (1980), 41-66.



BMO multiplier icoWT
Tl RE (KK H)

Stegenga [3] I XNITHUMA T Lo AHIBIHK ¢ iICD>VT ¢ A BMO multiplier

ERBRBOLBEIREIL ¢ € L(T) »o

1 M

VAR
RBEM M >0 OKETSEZ ETH3. R® Lo BMO multiplier 0S84
(Nakai-Yabuta [2]) 3060 TV 3. & 6IC n KTE B* £® BMO multiplier @
FEMTEIMONTVI LS THE. & & CH—RFER LD BMO multiplier ©
WM 252 3. LT CHEMDAS 2 KT Euclid ZM0 2 2 5 »—MKT
DHE D EROBRRHSWILT S, LT D ik CoESRFER LT 2. D LoFHIE
B ¢ IKowT, £ED BMO(D) B f ¥ L ¢f € BMO(D) t AB L ¥ ¢ i
BMO multiplier T$ 3% & \> 5. Qy € D(D) % —>@EE¥ 5. BMO multiplier %%
BY5IiHioTit fe BMOD) KXt LES% 0 L 24 & A\ norm

£ llee.p = 11£lle.0 + | flos

ERATIEINEMENLL. ZOLE [ ¢f it BMO(D) EOBERAVERE
¢35, EOVERRE norm % |¢f| ¥ 3 3.
EE 1. ¢ % BMO multiplier TH 3 A= HDBE+HEHER ¢l <M 5D
1 M
_ - d Ny —
m(Q) /a 4= doldm < 505 Go)

ZEEBM200FETEIeTHE. L0 ¥ |9 < AM »RET5.
i< BMO multiplier ¢ ICX LTI M < Ag||dl| 53 M >0 ¥B 3 - L AXT¥ 3.
IIT ALA >0 RETERTH S,

D(D) koS F RB2FEH C>0KHL F>C ! »o
CTSFQ)/FQ)<C, QNQ #0, Q,Q € D(D).

%ifiZed & & admissible ¥ F 5 = £ICT 3. admissible & F Ic%t L A(D) LoBE
BF %

Q € A(D)

F(Q)=F(Q)+log(2+%)

KEDESHS. ST QRQNQ#D 23 D(D) DESBO—DLF 3.

1



EE 2. $ D ICBT % admissible R F I LUTORBHRFEETS S.

(1) BBEH M >0 #HFEL Wn(Q,Q0) < MF(Q), Q€ D(D).

(2) L®(D) Bf ¢ KOV THIER M >0 ' HFEL

1 M
;@/Q|¢—¢Q|dmﬁ Q) Q € A(D)

tHNE ¢ i BMO multiplier.
F 1. S D ICoLTLUTO&BRFEETH 3;

(1) BBEHE M >0 HHFEL Wp(Q,Q) < MY(Q,Q), Q€ D(D))
(2) HIER M >0 It L

;%Q—)/qus— boldm < mﬂ%—o), Q € A(D)

TH3 E5% ¢ e L°(D) iXEIC BMO multiplier.
BB D EHIERM >0 KL

65(Q, Qo) < M log (2 + ,(—g—) ., Qe AD)

A%k % Holder SR\ 5. Holder HBXERTH 3. FAERA—BRERIEE
i Holder A TH 5.

% 2. S D # Holder AR TH 2 A0 OLEBETIERHRDIER M >0 iIxfL

1 M
m-(éijw-%ldm < my Q € A(D)

t 3 ¢ e L®(D) »#%IC BMO multiplier t 2352t TH3.

1]

2l

(3]

(4]

SEXM

L. Brown and A. L. Shields, Multipliers and cyclic vectors in the Bloch space, Michi-
gan Math. J. 38 (1991), 141-146.

E. Nakai and K. Yabuta, Pointwise multipliers for functions of bounded mean oscil-
lation, J. Math. Soc. Japan, 37 (1985), 207-218.

D. A. Stegenga, Bounded Toeplitz operators on H ! and applications of duality be-
tween H! and the functions of bounded mean oscillation, Amer. J. Math., 98 (1976),
573-589.

K. Zhu, Multipliers for BMO in the Bergman Metric with application to Toeplitz
Opetators, J. Funct. Anal., 87 (1989), 31-50.



A note on the Grishin’'s lemma

B oa A BT I K

MwiIHEESQCR hz2) LTEERINLS - HAMABEAHEZTR
TN o w=u-—-v. mFLu, vEQEOFAEMEH THL. 2
NDEX, wizQ FTHEALZBVWT (g.e.) EZENA. uw [w]id
QLEDS —HAMEAHWIZHET 3 Riesz chargeZ/Ri7. M IX
LOEAHEOHRART. $5I. u. vEM®T IZHL, bLu—-vE
M* 26l u=xv EERLTM® TKRNDIEFEZANS,

ZDEE, QWOME x ERLELEZrOKROKRE FTERLEH
RREEE do . o ZL2MEBWOEHICETIES

E={x€Q! liminf |w doxnrn =0}
r->o

5z, u [w] OE EANOHIBROEMEICHEET 2HEIZO>NT. KD
HREA®RET 3.

ETE. vVIZFEESQCR® n22) L TEEBESOL q. e lZFEADS
—LREAMEKE T A, 20 %, wiCHET BRiesz charge u [ w]
NDESGELNOHIPR wu [w] | E FFETHS






HERNBEROLFEEFE L £ OIGH

JKEH  #&3A

=~

BRFLEMFER

BRI G oo C™ KoMK v m JFuThH s &k, G £T
ATy =0

BRI T2EEEVS, B v Bors7+ b

1/2
IV u(z)| = (Z 1D"U(r)lz)

lul=7
L, EEEqLE LER r O B(0,r) ETOESE
1
Alu,r) = u(y)dy

|B(0,r)[ Jbe0,r)

2EZLB.

EE. Bk u MR B(0,r) oNE T m BIITHHE S,
IV,u(0)] < M,r™7 A(|ul,r)

PRI S, ST, EEM, i, j, m, Rumn EFIKETS.

T OES (m = 1) 1Kid, Stein KO A (1] © Appendix C.3 iZF W
Thh, t{HohtERTHAS. COEBEEFAETSE, 71U 7 VE
ENHERTH 3 ERANEKROBRECEECOVWTHRLEI LB TE S,
FEOIFHD 2 HIT,

1 T —14n
AI = A, AJ+1(U,7‘) = m/(; AJ’(U,t)tZJ 1+ dt
&, BR, EHT, ROWEEZHET 5.

B . B u HER B(0,ro) OREMT m BRITH BRE S,

u(0) = Z ;A (u,r), 0<r<rg

=1



CT, ¥ R, j, m, Wxn 2FikEST 3.
CORBE» S,
(1) |u(0)] < MA(|ul,7), 0<r<ry

ERBIENRES. bBAHA, ERM FrickELRW, £/, D; = 0/0z,
ETBE, HUROBLEBEEICLD,

1 Y
= —_— U — 4S5
B0 Jssoy “¥) ] W

ThHohro, (1) ZHLLIE, #HEH»S

A(Diu, 1)

D)) < Mr 7t [ uty)lay
B(0,r)
—f%ic, u A B(z,r) ETm @HLESE,
D <3 [ )iy
(27)

T,
/ |Dou(=)ldz < Mr! / fu(y)dy
B(0,r) B(0,2r)

COFEEEZEHEORLED &,

[ i@ <ok [ )l
B(0,r)

B(0,218ly)

¥ v ORMESEILTm BTS20 S, (1) 2FHT L EEEBOERED
Boh b,

2 E XK

[1] E. M. Stein, Singular Integrals and differentiability properties of func-
tions, Princeton Univ. Press, Princeton, 1970.



FF vy e VOHBREBEICSOWT
7KH  #3k LERFLEHER

R tORIFE p O a FF v s A 3K EF v v 0

|z[*™" (a<n)

Roi() = [ Rale=0)du(y),  Ralz)=

log* L (=n)

|=|
2EAD. RAClET 287 {z,} BERITH 3 &1,
Ra(IJ-H) < K‘RG(IJ)

ERBEDER  BEETEEEEVS, Y (r)=rP, p>1, D&, X
fil [0,00) ETIEMEBAMMTS 2% ¥, &5, XE[0,00) LTIEME
BRI ¢ 2ZA5. ¥, o 3RO (A) KL EET260E4 3

Y(2r) < My(r), r>0

D& &

[o 2]

Y U(e(lz,]) Rap(z;)) < o0

1=1
ERBFFAICHRT RS {z,} BEETEEE, £F Vo v Rap O
FRTOoMBRECEELTH LS.

TH 1. DUEofk#oblT, ROLS E BEET S :

(1.1) smoim o @(lz)Rap(z) =0

(1.2) i R.(277)Ca(E))) < 00

CCT, Ca=Chr, RaFBERDL, E, ={z € E;277 < |z| < 277+1}
ThH5.



Ui, {e(lz;)Ran(z;)} BERTH BERST {z,} BEET S E &1,
FF v v+ Rop OEARBECEEZTARI I L5 2.

U(r)=rDL&, FE1IEID E OLHE (1.2) 3 E NEATRETH
HILEERLTVE, THIDPORDERSES,

EE 2. LtoR#kmiz,
¥(r)¥(r'H>M>o0, r>0
DALY B & &, ROBAIRE 0B(0,1) LoEE E NEET 2 :

(2.1) lim o(r)Rap(ré) =0,  VE€dB(0,1)- E

(2.2) Cyor,(E)=0

B, Gardiner K ([1]) 4, ¥ =9, a =2, o(r) = [Ra(r)]%, 0< 6 < 1,
DEGERL, RABESE O 92 FATRTEDEL p(n—-2) TH 3 &
ERLI. (22) 8k BE&, Choprm-a)(E) =0,

FH¥EER H ={z=(21,..,2,);z, >0} LD 7Y —vBIEF v 2 1

Gau(z) = /H Gal(z,y)du(y)

Z2\WTiR, BRECBLVIHEBEHEOEESGRLICECKE coT

lz -yl = [T —y|*" (a <n)
Galz,y) = 7 -yl
log Iz =] (a=n)
B E X

(1] S.J.Gardiner, Fine limits of superharmonic functions, Math. Proc.
Camb. Phil. Soc. 108 (1990), 381-394.
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Moy (B o a7 2 T2 0 ¥ =Fh KoM )
FFR(FAB) 753, A#FE T 27T
L P Y = K A A
S ) ¥ A )
BIE - 2,30 FR2 AL3. Eveo Py
KEMr, fom + dm) & Kk, 50t B )
THOTESE W (F) 2PESRTHII L (u, m4)
FEY T3S evs 1, (M, m) B3R5 283
LS Ao TAFABA 1 2,
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K3kE o T~k € FX3 ¢ 3-p¥siy Avis
e vamy.



IR NIRRT Y IVICDNT

Lo (ZEKRE HEFER)

DEFRPOBEITHEHIA-LEK LT 2, [FOBEER JdS. @R’
EFORZMURTF YO v IV A(x), R*-L LOBSE B(x)2 4L
5, £ BBy 2 BETHILEBH JIYy] VEED, FIC,
B(x) = 0 in R*-D B, JdS. #LicE@¥T 2 FHEER. A(x)
EEBANT PV RTFT I vILEF D,

ZEH DolRuxAETOY -—EEzZ{; }(1sitg)e T 5,
(D& > T Jilyy] = §,(1<<q) & 2 F o EEGR

JidS. A HE—DED,
(DEBOFHBEBER G {J S H(1SiS) D —REATERE D,

JidS. FWELBIZARZPMILRFYIYIL R #EHEA (x),
Bi(x) & BL . FTRom<, (x,2)-FEHD2EHFEHEK K O
Bk D RO BB v (i=1,2) iox L T J.dS, A (x),

Bi(x) dFRRZKD LD,
z

m




x5 (1) £¥m I = {(r,z) [ r > 0}

(n) /7 = §%/4c® + §%/0z* - (1/r)d/gr.

(n) v(r,z) C(II)NC?(K) s.t. v =1 on Co and = 0

(n

on C;; /"v =0 on K; v =1 on K and

(z) ¢ = é (1/r)(dv/in)ds (<0).

1

0 on K”.

i

(%) u(r,z) € C'(II)NC*(IT-K) s.t. 47u = 1,0 on K, IT-K;
& u = 0 on JKU {»},

(n) & (x,y,2z) = (r cosb,r sinf,z) = R* AN ML & =
(a,b,c) E ALK, (a,b) ® dr-, dé- 7% a’,
b"¢ 43, a = [a,b,c] £&EL,

Ji.= ( Grad v,|/cr)[0,1,0] on L
= (v/er)[0,1,0] in R®
(1/r)[- d4v/dz,0,3v/ir],

o>
|

0 in D, in R*®*-DJL.

lwe)
1

Jo = (1/r)[e,0,3] on L.
A, (21/r)[du/dz,0,-du/dr] in R 2.
(1/r)[0,1,0] in D, = 0 in R ®*-DUL.

BHL.(e,8) @8 x TOKOBAAEERY kI,

B2

1t
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On non-asscociative hypercomplex n-tuple
spaces associated with normed spaces.

i3 l_u a ﬂ SASAYAMA INSTITUTE

198745104 2 A4 £ ¢TRe L A2 G s Fib 24 5 4 gy

7‘? asseciative 5 DRE BT Ao - <3 algebra ¥ L 1= .
A.E.Taylor 1§ £3complex couple space E(C)9 ¥a ;{L
L 1 hypercomplex n-tuple space E®) 71‘"‘1%3"1-‘ i9 %
sy 2 Bty £ 4 Fréchetﬁkﬁ AR L %9 b inn
C.R.iA Kt) Ak, (¢f. Ref. Zurnal Mat.,1989 ,75232)
1% 19894 Y PAMA T B@) T BE f(X)9 e b
Frechet S #%5 W% r(xyr Apai Uy (XpseonXp) (i=1,..
eeyn)O Fréchet ok« qh Fhenn Cauchy—Rlemannﬁﬁ'&«

N S s £ 4""1/{{ bro (cf.J.Sp.Math.,V0l1l,23,1988-1990,

.12 »PP.1
594 G 4l ¥iti¥- non-associative,non-commutative

algebra 9 ¥ & 2%~5, associative case ¢ xay; SREWNIN S
&l B.. associate It n-tuple space E(e)ﬂ\‘§>~1 ’63’
¥4 mi X, associative case vy} Z Xjeq= Z nleixi
té\iqﬁ? A & » associative g »ﬁ EC’)/" 7‘;‘,/\/ module
ity =90 L &» non-associative :) i s . ANg- Kg @i‘vﬁ’¥
»' % Ry r;, non-associative supra-module RER LRV AS
B34 ¢ 38”3,
%, 44=&# Lie algebra,Jordan algebra,Alternative
algebra 3 gy . '« k& 3R9 (] {k K, ”’5'}(1‘ CHT LS

(Supra Jacobi Identity) :(}}i)i\z)X+OK2X)7K1+(XX&)>I<2_o

(Supra Jordan Identyty): (KX)X\QQK(X)‘@) )



Supra-
(Left Alternative Law): XZx= K(kx)
Supra-

(Right Alternative Law): X7£(2=(X?l<)21< “"Ke@,XCE(C‘J\),
(31) #\%’L#‘ﬁiéﬁmié)\m Le ModulevwdMl§eguns (&) afnr
Lie Module %3 :¢x'4%,

fl *a Fréchet & 5<f™ 4 associative case jc® (T3 3Wgn <

A G rrt LT ALIT AR T < Easat

(ﬁc;ﬁ) » non-associative 147 _open subset DCE(?)

" "\'L«’?ﬁ)lB .. @ssoclate tnrw n-tuple space ET'(S) A9
n

B8 r(x)= Zi—luie' Ayt % Fréchet {44 5314 2
'i"’-f,%f%:,w % u (Xl,..,x y(i=1,..,n) AALD T P 5

H B sk o C R -equations
a Z . 2. u, (j,k=1,...,n)
XJ Uy = =T Ji Xy i

LA

1
%@?Qh axlujzo (k,*Q,h:l,...,n)
J:

tIMRIS Fias, we
n
K o= S K o1 .1 ¥k
®Osn= /T4y ¥ u ¥y Tgs)
i=1

(A P-4 2 93¢ Elak )



On generalized homogeneous polynomials

in non-commutative hypercomplex n-tuple

spaces

% SASAYAMA INSTITUTE

Gt }%' 4’ ﬁ 9 /7?7}*/2 'L /L L\ri? ISJ[B': asesociate imﬁ-" iﬁl

N - 3"" > - . g ﬂ_ﬂ
B0 R eI R e BT Ii\f) 2 AN 7~} )47 hyper-
complex n-tuple space E(@)t;b‘wi)ﬂi/l;f’{
(a) o1 oF 4 E T - ' T
NGRS INUREE RN ST R RE LS -

okt © M
N

- M

m EN
THRE A 4G LA s, POO- Z;”ff)m t @)
Lh s B ARIERYEX k3, 40 P Py xRt S LE B
Ta G, Py NN 20 Pm(xw’é&(rank)wc«“ Roos ik
(4] (incpmpressible)) KﬂSQdé 1F /Z'jnf'é ST E( zusammendruckbar)
taas ey fedd pm'aﬁ’,';rankr«‘%L:';;Eﬁ;.;f‘gaﬂ;‘u{gaziéﬁ%%:

(RN Vg onr: 2126 E58) PO Fickl TR 2 1 4o PR R,

ia ?%5\4‘ pm g nHm_]_?( n ED%\/&‘/}\ 5’(‘1) L limsupm\/;mzl.

o i (1)
(st ) e 0 ey €8T ami my =l el § e ey
X1 35G 945 48 DCE(G) &9 Banach/ff]B' -associate
IT\T‘: E'(S’}/\")L%Eif(?()ﬂ\ (xl,..,xn)'u“( m:lﬂﬁiﬁ.’ﬂé iz
Fé*echetif?‘l‘ﬁ;?ﬁéfi“”x‘ n m
y ( ==
RN DN ;dxi)] £(x)
1
-1 .

ES E(@)\:ajlré dx‘gvu'('a m;?“‘) aj{vyi@f{‘%ﬁc
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'tgéio 2 RN ¢ 1237t g:;o;—'—-_' 5

r-~->l2 LA : :o.o . = ¥

Ziﬁ ejm 39 : eJm(m 1,2, ) 33
P IS T % Banach 2\ B'

2A-v8 , Erb 2-3 3B

2B dx 1" K - 1K 51 <ase,
® |80 C & xS K ety

2 A°-V B Ir5 6 478

B | BRI
—}‘i‘ﬁﬁ\gé‘:::u, =1
) .’(n?)\- E(Q ) ( EJ J 1
] k’ ooy - .
Y : 1/2 n .
® {Jl"‘jml (1§,k=1l kl ) ,
L n h 2 . :
. i = : . K s (9‘,‘] ,no,J =l,uo
631“'% thl XJI...Jm_l hgm 1 m
..,n;m:l,z’...)'m(Qm) iz Qm?\ module, b":j]'k I3
(el..-.»en) cyyy $ARB LIS,
2~-2 3 Q"K) ! @) - ;
Lab/AB 11msup (a) i ( n a).
1<agp < l?ﬁm o i—:ﬂlp \é)giﬂi,o\’ se
n— X
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Trace inequalities characterizing X, Y and Z=(YX)-! of PSL(Z2,R)

BRER @RKL

X, Y, Z=(YX)"' < PSL(2,R) & action %#¥® trace ODEEIZLD TH 2
Bk TRAICHRETEAZ LA SMIEHREYT S,

Mxx , Itr (D1, (@)
7 () tri®tr()trX).

(3 (Y"1, XD = (Y XYX).

ZZTIH2EKk) LBNADIE, trace O tr(X) = tr(X) =
tr(UXU-), U € PSL(2,0) &%23Z L5, trace BOAXT X, Y, 7 2id#k
LEDELTH, —REMICL 2IBROEHEE X, Y, 7 D120 action O
[ EZIEES 2EHBEIHEINOTES, L L. COHBENS K, 1> 2
BEREEO L ZIZI3FIR T 2 Rienann B TOHERICEANILRTRYHE. B
%50 BRI, building blocks IFEh 2E AR Riemann FEED moduli
DWE, LT Teichnuller 70D ABREIERATHIPERLDHEAL. % 7-BEEEH
5 WL2,R) OFADOBERIBEDTEET 3 & X122 DRSSO IR

JBHXNh S,
EZAT. (D), (3) DABE. X, Y DITFIZROm) Az L o4 —FE@ET
tr([Y 5, X D) = te([X 4, YD = te([Y, XD = tr([X,Y 1))
= te([X Y D = eV, KD = te((X, YD) = te(Y, X))
= tr((X° 1,270 D) = te([Z°1,Y 1)) = ete.
ERBZ NS,

(X, Y, Z) = (UXU", UYU"*, UZU°1), U < PSL(2,0),
(X’ Y, Z) # (Y1 Z’ X)’
K, ¥, D =@ v, x,

D% U THEIAE LR A2 L0%0h ) | ABRIGRE FHExRS, T,
(2) DMEOTFFIE. X, Y, 7 @ action @ MHEsEY) Aig— %Iz & axis
DFE%E . JENEHEL: & RS EED (B0 & ZLEFEET ) —
ERLTWAILDAND, £+ Q)DEIGRD & S5 HBREE,

EBL X &Y BWHAEDLE X & Y O axis 1% ax(X), ax(¥) »%
intersecting, parallel and disjoint = tr([Y"!,X"']) <, = and > 2.




BIFO X, Y, 2 5 TR L EORBISITEHAT 2.

FH2, ax(X), ax(Y), ax(Z) OREIFRDOENIER S,

(A) $THS disjoint I2BRBHEET,

A)-1 pX),q(X),p(Y),q(Y),p(2),q9(Z) Mz DMz 3H Eiz (K) FEt
D 23354

A)-2 pX),a(X),p(Y),q(2),p(2),q(Y) M OMEz aH ki () Bt
RN IZE3ES .

A)-3 p(X),a(D),p(@),a(X),p(Y),q(Y) DNz a0 Eiz () HEt
DI AGE .

@M)-4 p(X),q(X),p@),a(Y),p(V),q(2) H3Z oMz o Eic (R) st
EN 2388,

(B) 2@ E¥ER H WTEhsEET. p(X),q(Y),p@),a(X),
p(Y),q(Z) iz sl kiz (R) REtED ICESES,
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