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/1 STARLIKENESS OF A CERTAIN INTEGRAL

SHI1GEYOSHI OWA KINKI UNIVERSITY

Let A be the class of functions of the form
f(z) =z+ ] a zD
n=2 %

which are analytic in the unit disk |[J.
A function f(z) ¢ A is said to be a member of

the class R(a) if it satisfies
Re{f'(2)} > « (z € |))

for some a (a < 1). We also denote by S*(B) the

subclass of A consisting of functions which

are univalent and starlike of order 8 in |[J.
Further, for f(z) ¢ A, we define the

function g(z) by a following integral

z f(t)
g(z) = fo ——7:——-dt.

In the present talk, we consider the
starlikeness of the above function g(z) for

f(z) belonging to the class R(a).



THEOREM,  If f(z) e R(a) with vy < a < 1,
*
then g(z) € § (3), where 0O <3 <1/2,
8tlog? - 4t(log2)? - 3t

8tlog2 - 4t(10g2)2 - 4t + 2

and t = 282 + 5 - 1.

REMARK, If 3 = 0, then
8log2 - 4(log2)? - 3

Y = 2 = -0Q.228.. .,
8log2 - 4(log2)” - 6

and if R

1/2, then y =0,



f ? NOTES ON SAKAGUCHI FUNCTIONS OF ORDER ©

SH1GEYOSHI OWA KINKI UNIVERSITY

Let A be the class of functions of the form
f(z) = z + ) a_z
n

n=2

n

which are analytic in the unit disk |J. A func- -
tion f(z) in A is said to be a member of the

class Ss(a) if it satisfies

zf'(z)
Re{ } > o (z e P
f(z) - f£(-2)

for some o (0 < o < 1/2). We call f(z) in the
class Ss(a) Sakaguchi function of order a.

Theorem I, If £(z) e A satisfies

1 + az Z

f(z)*[ [ Vi )] # 0 (0<|z]|<1)
l - Rz 1 -z

for all o (o] 1) and 8 (|8] = 1), then

f(z) € SS(O).

THEOREM 2. If f(z) e A satisfies



z
f(z)«

(1+2) (1-2) % 1
Re > o - —
z 2
f(Z)‘k——Z——
1-z

for some o (0 < a < 1/2) and for all z ¢ {J,

then f(z) ¢ Ss(a).

- THEOREM 3, If £(z) e §_(a) and g(z) ¢ K,
then fxg(z) ¢ Ss(a).
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4 On cerfain class of multivalent
functions
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ZRICELS»HE S Hb, FEOEEC, £OFIELRLE

% ds2 = Edx2 + 2Fdxdy + Gdy2 & L <,
aw  Aw F-iy EG-F?
3z "oz (= G

DB w=u+ivicLoT, FBIEXEE & ds2=A(du? +dv?2)

DTES N, S ICFREEE, BITHE AD, SEU-ZVEL

AT IENTED, RAAEE B OZFL p=p(u,y) #5, ufm,

VEB OB IEHZ 7 MV E el=el(u,v), e2=e(u,v), BUEH

Ry PVE e3=edu,v)e LT, Bt B LTHE

,Z= X+ 1y)

= p(w,v) = p(u,v) + = ci(t;u,v)e'(u,v)
(7275 L cl(tu,y) & C- & ET2) KB, B S 2FE-TVAD
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q On the moduli set of continuations of an open
Riemann surface of genus one

- P N LBERFEFER

R 1 OB % 7212 Riemann @& L, x = {a,b} X T DIFHE
homology & (mod R) & ¢ 5. ®(R,x) = (o, 3,7) eR %,

a= AR, a), B=AR,Db), v=AR,a+b)

TEHS. 22T, MR,c)i?, moddRT c i homologous 72 RL D
Jordan HliBhR 24 O BEN R ST E XD .

(R,x) O D moduli D20 EE&%E M(R,x) £¥95%. M(R X)
2, FXEHEHARNOHEMAKE 231 ATH 5 (Shiba [1]) . M(R,x)
2, B(RXY) REDRODEIRKLTREEN S :

EE 1.
Uy={r€H|Im7 > 1/a},
Uy = {r € H| Im(~1/7) > 1/8},
Us ={r € H|Im(=1/(r + 1)) 2 1/7}

EBL. OULNOULNAU; £ ¢ & &, M(R,x) R1 A 5710, oUIN
AU, NOUicZE LW, AU, NOU,NOU; =¢D & &, M(R,x) 3 FLEA
ZHEUNUNU;cRET 3HAARTS 5.

B 1 OB % 73 Riemann & R&, % D% homology EIE
(mod AR)x D # (R,x) D26z R THRbT. Ok, R »5R,~0F
BEANREINSG.

EE 2.

O(R)={(a,8,7) ER3 | &* + 3+ v* = 2(aB + By + va) + 4 < 0}



H o Poincaré it & |dz|/Imzic £ 5 M(R,x) DEE%: RORHH 2
ey e, og(R) THEH T (Shiba [2]) . WHIKI R/ i, xD &b
HickosdF REITREZBTH 5.

EE:}' @(R’X)Z(a)ﬁ,’y) &:TZ’&'

2af+By+y2) = (@@ + 8 +77)

ox(R) =log 1

F® 4. j%, (R, x) » 5 marked torus (R, x') O~ 0FFHHIED
AdbEFTE, CnEE, RO3IFEHEEBIT {(Re,xt) o<t CR EF
BEE DAL j (R, x:) — (R,X),0<t <1, BEET 3 :

(i) jo=J, 1 =idp (8> T, Ro=R,R1=R);

(i) 0<t, <ty <175, j,(Ry) CJy(Ry) s

(iil) M(Re, xe) &, &I (1 A)M(R,X) <.

coEEEHWT, Shiba #H R Riemann @O HEKF TV WL
ShOEERE, —MBROBESRILETEHIIENTE S, Bz,

8 5 (Shiba OERERE). M(Rx) = {7 — 7|l < p} &¥ 5.
Modulus 755 & 2 E7 € M(R,x) KE LWL I Z (R, x) PEFEOLE
KBWT, ZREHAZOBOBESOTRO L S 2HEHE, HAXHE
[0, (p? — |7 — 70|?)/20] K — % T 5.
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P, k322Xt i, iih €273
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SR, Propriionadly axiom E HE T
Eo o A Bewknicha  Zid (Matl. Ann .,
1979 ), U. Schirmier o 213 ( DenZinas
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7 ABED D T Thgani 2 % (4 (Ouba
T MaZk ., 1991) 13, P, v
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) UL EHEERE IC X 2 N3 NTA fEROREMA T
|2
TRRBSZE
RIRAE TR EE

DGR" (n22) K¢ L,z € D IKHLT z & D ORRG D° & DEDIE
g% 6p(x) TET. D LoUsTUHPERE (quasi-hyperbolic metric) kp %

ds
kp(z,y) = inf [ ——
D(x y) II; [y 5D(z)

CE%H+ % (Gehring-Osgood [2]). £ ZTinf X z & y %#H& D N rectifiable
arcs ¥ £TICDWTHRDY, ¥ 7z ds (& 7 @ Euclid SARERTH 3. '
%7, D _LICHIORERE jp %

‘ _ : |z -yl
io(z,y) = IOg(l * min{§D(I)»5D(’J)}).

TEHT 5.

M >0 NeN&ET3 DHDPEX N » M-Harnack chain & (3] D N
DEREROARF {B;}Y, TB;NBj #0 j=1...N-1 »Dr(Bj) =
Md(B;,D¢) j =1,...,N, ¥{licTd0%kw5. £TTr(B;) & B; DFE,
d(B;,D°) & B; ¥ D° ORIDERETS B, z € D I LT, z 25 By OHLT
y € By 2% D ADEX N © M-Harnack chain {Bj}_ﬁv:l BT B8R ye D
&fk% Hyn(z) TET.

M>0NeNO<v<ltFd3 DWAND(MN,v)sequence Lt D A
D EEPZAREE) AF 2 = {5} Tzjm € Hun(z) j=12... 22
sup; vI6p(z;) < oo kilircTdDEVS. D RD (M, N,v)-seqence z ICXfL,
H(z) =U; Hun(z;) 8L

EH M>0,NeN,0<v<1l &35 BEFRERDeR" 23 (M, N,v)RHF
NTA SR TH 5 & [, 70, ho, Mo, > 0 & No € N BSFEL TRETATHFE
5: z€D D bp(z) Sro Ao, 6p(z1) 2 70, 6p(25) £ hov! j=1,2,... %
#7e3 (M, N,v)-sequence z = {z;} TH >T Huon,(z) N H(z) # 0 %% b D
FET 5.

Typeset by AxS-TEX



M, N,v 258fELT D 5 (M,N,v)-IRE NTA iR & & > T\ 51, Bilkc D
RN NTA fRTH B L 5.

X ® LOEERATOEE 5] 0—AULT, 5] OBRRETEDE IRLT 3.
AR CRROBRLYRET 3.

E B AFER D XN NTA IR TH 2 e H0BBE+TI&RER, 20 € D X
UFIEEH ¢, C BFELT,

(1) kp(ze,z) £ cip(zo,z) +C

MEEDz e D KOWTHRINTZETH3S.
D 3ERAELERME(1) 7, 5 c1,c0> 0 BFELT

p(zo)

[}
k <l
(2) p{zo,z) S c1log 5(2) + co

BEED z € D KOWTRILTIHELREETHS. [1JTEEHE (2) % quasi-
hyperbolic boundary condition &, [7]"CX%M: (2) %/ THHR % Holder FHIK
LA TS,
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K, 0. Fyadedvichs, Comm. Pue Appl. Math,
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HER) T4 F

AR DR , FEAHEIME

SAKCHE AEBAREE

D% R*'(n>2) ¢ L, HY(D) T D LoFEAMBKLSEKY,
p>0 KL T LP(D) T D E® Lebesgue SIEEICEIT 3 p RATHS NS
EERT. ¥, bp(z) =dist(z,8D) &+ 5. BWMBAROEFRETICELEL
TROMEEXEL S :

(A) H*(D) c L*(D)

LEB p>0 kKDL (THLE) .

(B) /D h(z)ép(z)"™dz = co; VA € H*(D)
ExB m>0kEkD L GETHESHE) .

AWBECRME (A) XURE (B) k2wt #&ER ([3), [9), [10], [11))
XL, ChbtBIETIHERELILHTHZ.

§1. EEAFBARDATE S M

Ut(D) T D LoEESEATMBHE LA EE T D.H Armitage [1], [2] &
D 5H/R CH-FBOK, 0<p<n/(n—1) bt

(1) | U*(D) C L¥(D)
ERBLER, Vo € D CHLT, B, C=C(D,p z0) > 0 HFELELT
(2) /D u(z)’dz < Culzo)?, Vu € UH(D)

BRDILDT trbB . UEDOPES Armitage DHERE > T (2) %
LY —BOFRTHRD L wOHETTDIADITH B2, L (1) & (2)
REMETH Y, Tbic UND) ¥ HY(D) KBERL 2 HBSVEELAED C
EEREELTHL ([12).

K IC k-Lipschitz OB EER~3. 6 € (0,2) L LT, a.(f) TH
B 78 OM#E LD barrier DRAMEEET () = 1/6, ay(8) =2/6 — 1



Tdhh, "‘&YC n Z 3th, lime_.o a,,(@) = 00, Ctn(l) = 1, hmg_.g oz,,(@) =0
ChB ETE>O0HLTO= Ztan ) (1/k) € (0,1), @ = a,(6) LBV
<, ROBXELS :

A
n+a—2’
1
nta—1-n’
czT a=nn+au(8)+an(2-0)—2)/(n+2a,(6) ~2). DR, RDE
B2 D ILD.

Aa>n4a—2
(3) pa(k) =

Aa<n+a~—2

FE 1([3]). D %H5F k-Lipschitz TR ET 3. 0<p<pa(k) btk
U+(D) C L*(D) T 3.

limg—o pa(k) = n/(n—1) KEETNHE, Armitage DERRFRT C1-FR
CHROUDOC Ebrd FEER1OIAE LTRAER I (. [8])

% D %A Lipschitz $83%, P % D LOFFRAME Holder BHEAB L T
3. %L UHD)C L?(D), p> 152 Pe LYD), 1/p+1/g=1%DbH,
A—P B+ 3 D ® Martin #5R 1 Euclid 5 0D ¢ —% (F#) 7 5.

M.Masumoto [5) @ n = 2 Dt ¥, EHFEREFMT 2 el EoT
IOEEAEREYB 0 € (0,1) KL T ¢(f) = min{26,6/(1 - 0)} &
B HRER D XAR-BEEEEHcE, 0<Vp < g EHLT
Ut(D) C [P(D) THB. CHEEE 1 FHBLT3XETTES DD
SiEr LTHAMKCHE (BF) HendC EHNRENTHLLERLT
w3,

SE3% D B % Wed & & Holder HIR EFFE N D -

eeD *BEETE EF¥c, C>0BHFELT

kp(a,z) < clogggi(% +C, z€D,

(8L kp & D E® quasi-hyperbolic metric T$ 3. &I, W.Smith and
D.A.Stegenga [7] & Holder IRICHR (A) £47¢F p> 0 BEETD T LE
FL, BECbLn=27T D XHREGORRYWOR LD L &RL. B
HKELSAL50TREEORFRLTVINELESTHD. LLHT, (A)
W T p> 02550, EEm>02%H-T

(4) h(z) = O(6p(z)™™), Vhe H*(D)

KR OO C ERASICHE»N S, K. Shimomura [6) HAIHES NTA F i (4)
DU R FH-TWw5 T & % T 5 L, AHEE NTA SRR & Holder T



FLTH3 LMD IEERHEM LA Chhbb Holder BHTO (4)
DRIZED P DITHLH, MhicEX (A) & (4) OREELEDT, (A)
TWET p> 0 BFETIFARIYRET 2 L REGBOKELHRETH 2.

§2. LIRFBARDIFTRI &

S*(D) T D LoFRESRMERLELRT FUHIECEL TR
ROZODEEHER X OBRROHRBRTH 5.

EHE 2(9) DEFARCHERETSE. seST(D)#BHD0<p<1
e LT
P
(5) / 8p( S: npFpdT < 00

P, s RESMNKC 0TH 3.

EE 3 ([10). D ¥ EXROEFSHEEE TS, D LOSAMBE s 2
20<p<LlicswLT

P
(6) / _J_ﬁ_ll_r:)nx np 7P dz < oo
PRcEE, s REEZHK 0 TH 3.

LR EBICRNIER n—np+p BXV¥ n—np+2p RXX b TH 3.
Chbodrb DX HRCV-FEEAZLOE m=1¢LT (B) XRHVIALD, m=2
ETHHERDORBEILDWT (B) B DILDC & 2533 3. Lipschitz SR
DVTREKHREK D ILD.

EE 4 (cf. (11]). D %H5 k-Lipschitz B ¢ 3 3. 0<p< 1, my=
2 an(2 - Ztan™}(1/k)) &M,

h 14
(7) L 5D($),,zn,,+mkp dz=oco, VheH*(D)

TH5.

n>3 DR 1<m<?2 limeoome =1, limggomp =2 TH3CE,
n=2%bH 2-2p+mp=2-p/(2-6),0 = Ztan"}(1/k) THB L &
KEKT 2. (7) 55 ST(D) KOVTHRVIAUONE S 2REESAXELEGD L
LHGZhbE. LrLEdb n=2 DOFE 1 M.Masumoto [4) 25 ) %



AERONMEY T 2 LI X > THRER D 05N 0- BT Sl % 8 7 2 1,
0<p<1, B(p8)=2-p/(2-0), s € S*(D), s£0 Dk

| ik d= =
b 8p(z)fed) *F =0

fbacaé%Lk.cnm—wwonmomr@(ntnwunfﬁbﬁ
of%éﬁt&%ﬁ%?%&%m,#ﬂﬁ%&m%wfdﬁﬁmﬂﬁmm%
(B¥) BeENB3CEnBEENTSH DT & %R LTHBEE .
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\( Some equalities derived from tne fractional

z

differintegrated functions g(z, o) = (e”:2)

a

and h(z, a) = (log z'z)u

by
Coll. of Engng.
Nihon Univ.

Katsuyuki Nishimoto

Abstract

Many papers and volumes about the fractional calculus have been
reported by the author already,

In this paper some equalities derived from the fractional
differintegrated functions g(z, a) = (ez-z)u and h(z, a) = (log z-2),
are reported.






't 7 A generalization of Legendre's equation
by fractional calculus method

by
Katsuyuki Nishimoto Coll. of Engng.
Nihon Univ.
Abstract

Fractional calculus method to obtain a particular solution to

ordinary {(nonhomogeneous and homogeneous ), and partial differential

equation of Fuchs type is developed by the author recently,

Some generalizations of Nishimoto's differential equations
nave been reported by the author and his colleagues (S. Owa & et.zal.)
already. In previous papers, generalizations of Gauss'
equation and of some other differential equations were reported by
means of fractional calculus ‘Nishimoto's fractional calcuius

method In this paper a generalization of Legendre's

equation is reported.

§1. leneralization theorems
Theorem .. If feF and f_c_: = 0, then the nonhomogeneous differ-
integral®* =squation of Fucns type ’‘see Note for « )
Liwlzi, m, n, a}
n
— n rla+2)
=@ . n_y S ¢ . @ tly
m -2 1) +;,_—,f£ﬂ1—k { fla+2-K)r (k+1) (z e
Fr(a+2) n-1 H n
BACEEER IR Tor 2“1«*‘:? (2" %= 1) (1)
nas a particular solution of the fornm
, . n -1-{(2a/n) n 2a /n
Y= {f < {z -1 ) s {z -1 N {
¢ a1 ) 1 (z 1 /a—m+2, )
where me2, (n-1)e2u (), 2€C, 2, =@=@(z), f=r(z) is known, and
2 1s a given constant.
Note.
For m2zn 1) is a differential equation,

for n>m>0 {1} is a differintegral equation,

for m<0 (1) is an integral equation.






On the conjecture of Gackstatter and Laine for
some differential equations

6B =
RALESR

FEFETR. CETREMNERSFER
(1) Qzwow. . wr) = Za,,(:)w“’w"‘ w2

3)’ " D) E.;n.if@ : i V(T w :5(7" w
’E%Oi%éicc;\‘:\ G k tatter-Lamne/GLI{TU » ¥ 8 A0 E % + 2
%

?
Q.
B
78
o
O_
[77]
o
=
=
o)
jou ]
I8
—Th

o KO —ENUL SR IFHLEDNDFHMEHy 5 2 T?!:

e
2) Y Qizowiw¥ =0, deg, Q{z. w] =y
;=0
2 qn >q,-J =01 .. n-1|Dcz2#EH RETFZTswz TiF_C

N’evanlinnau‘)t_”‘i SEEDLD T 5, fID12EERKE -_ mir. 7). N(r A
au(»\_ o N J
=Tir fYz= TEHS. BEER. B8EFEE T 2,

ERERHr), 0<r< 0. #85(r VT332, FCR 2EEEE 1A
X e LTpiry=0(T(r. f)lasr —0.r € E. 3K ->T5H4%,

SEAFEH az)w fitd L Tsmalzs s s, Tlray=5r fl o3RI+ 2
I TH 5,

MEEEUEROERBECOES - 75, SEUHEEYHER wiz) 28 ML
FE (admussible) T2 22 Tira)=S(r w8 MOEEDER sz il

s —

TFE =

TRILTA2I=2TH A,
el

O{sebicat LT 2988 Mz = 7 wiz) » admussible c-powmnt TH 3 £ iz

W) =2 TH2FTED 2z S M TH LT s U DBRTEE T DS
T 5
FRATE. ACH LB M ARG HERDE TS

e Ir3 o

w(z) BHFER (1) DHE X  admissible soiu
T Mitx LT adoussible TH 2 2 ‘;’?559

HOBS TR - L
TH 5

2. iz 1) DEE



(3) P(z,w') = Q(z, w),

(4) w' =w? + Mz, ww' + N(z, w),

PQMVEENEThEBEVEKE*HERET 32 HEA

EE:deg, [Pz w')] > deg, [Q(z. w)] 72 54 (3) iz deg, M(z. w)] < 1. deg, [V(z. w)]
25 (4) 1’ a@e%’&%t 0,
dFBi2 . Steinmetz{S| Dz H B 74 FTic L B, LD EonTRN B &

UTo@ED,

% 5. Test-powertestic & - 7T, VN(row)=5S(r w) 53,

R TOEMHELETER T 2EX 5,

i) m(r. 7 w) + Vi(r.riw) = S(r w),
(11) M(z.7)#0. V(z,7) #0, (whenever V(z,w) £0. M(z.w) #0).

hz)= S0 4 F(zim) s T(rh) = Srw) 2@ nt &5 4 2RD 50 3
CEERLLUTAM) =0 AM)Z002 0 FLOEEITH>VWTEBT %,
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Some notes on the growth of entire and

F:7 subharmonic functions along asymptotic
paths
TODA Nobushige Nagoya Institute

of Technology

Let f(z) be a transcendental entire function
of order p and finite lower order jy. We consider
how quickly log|f(z)| tends to infinity along an
asymptotic path. The following results are known.

I. There exists a polygonal path ' tending
to «» such that

log|f(z)]|/log|jz| » » as z»» on T
(141).
I. If the set
{z:]f(2)}|>K}

contains at least two components for some
positive constant K, there exists a path T
tending to « such that for zeTl
log|£(z)|>|z]| P/ (201} -e(2) (04 (2)20 as zw)
(£31).

As an improvement of II, we give the
following.

Theorem. Suppose that for some positive

constant K the set



{z:]|f(z)]|>K }

contains at least N(z2) components D1'°"’DN’

Then there exists a path Fj tending to « in Dj

such that on Pj

(2p+1-N)}-e(2z)

loglf(z)|>|z|{0/ (02e(z)+0 as z+x)

(3j=1,...,N).

Using Theorem 8.17 in [2], we can give a
subharmonic analogue of our Theorem, which is an
improvement of a result in [1].

References

[1] A.E.Eremenko:Growth of entire functions and
subharmonic functions on asymptotic curves.
Siberian Math.J., 21(1981), 673-683.

[2] W.K.Hayman:Subharmonic functions, Vol.2.
Academic Press, London 1989.

[3] J.Rossi and A.Weitsman:The growth of entire
and harmonic functions along asymptotic
paths. Comm.Math.Herv., 60(1985), 1-16.

[4] M.N.M.Talpur:A subharmonic analogue of
Iversen's theorem. Proc.L.M.S.,(3)31(1975),
129-148.



Representations of the Norms in Bergman - Selberg

N j Spaces on Strips and Half Planes

SABUROU SAITOH, Gunma University

For a simply - connected regular region D, let Kp(z, %) be the
Bergman kernel on D. For any q > 0, we set K (z,u) = ['(2¢)n?
Ap(z.u)? Let Hg (D) be the Hilbert space admitting the repro-
ducing kernel K (z,%). Then, for ¢ > %, K,(z.%) is the reproducing
kernel for the Bergman - Selberg Hilbert space Hg (D) on D com-
posed of all analytic functions f(z) on D with ﬁnlte norms

”f”?{,\rq(p) = T / lf()*Kp(z,7) " %dzdy.

For ¢ = -;—, K%(z,ﬂ) 1s the Szegé reproducing kernel on D.
In this paper, we shall establish

THEOREM 1.1 Let D, be the strip {z;|/mz| < r}. Then, for
f € Hg,(D,) we have the identity

.9
~" '>n+2q-1

s

(A) ”f”i[,(q(p,)

Y M | [ o

s Tt ) ) T
J1>j2>>jn20

Here, the summation Zj1>j7>m>j,,20 in (A) i1s understood as one for

n=20.

Conversely, any C'™ function f(z) on the real line with convergent
summation in (A) can be extended analytically onto the strip D,,
and the analytic extension f(z) belongs to Hg (D,) and satisfies the
identity (A).

THEOREM 1.2 Let D be the right half plane R* = {z; Rez > 0}.

Then, we have the identity

(B)
= 1
2 _ § n 2_2n+42 1
”'f”H’\’q(m') - s n'l'(n+2¢g+1) / 02 (= (=) 2 e
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Conversely, any C* function f(z) on the positive real line (0, o)
with convergent summation in (B) can be extended analytically onto

the

f(=

10.

11.

12.

13.

14.

15.

16.

right half plane R*. The analytic extension f(z) satisfying lims_ o
) = 0 belongs to Hg (R*) and the identity (B) is valid.
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Infinite order Sobolev spaces, analytic continua-
2 l tion and polynomial expansions

I 84 B HEAE ¥R

In (1] we have shown the following theorem.

Theorem A. Let A(a) = {z: |argz| < a}. Suppose 0 < a < /2.
If F is a square mtegmble function on A(a), then

// |F(z + iy)!zdwdy
Aa)

oo

(2sina)® [ . ;
= sin(2a) 2?7197 ()| dz,
Z e [T

where f stands for the trace of F on the positive real azis. Conversely,
if [ is a smooth function on the positive real axis for which the right
hand side of (1) is finite, then f has an analytic continuation F and
(1) holds.

It may be natural to consider what happens if the coefficients
(2sin @) /(25 + 1)! in the right hand side of (1) are replaced by ar-
bitrary nonnegative numbers c;.

Define the infinite order Sobolev space W(c;;R*) on Rt by

W(e;iRY) ={f:3 ¢ / T 29 f (o) de < oo,
j=o0 V0

and the weighted Bergman space on A(a) = {z: |argz| < a} by

B(w;A(a)) = {F : F is analytic on A(a),

// |F(re'®)*wrdrdd < oo},

where w > 0 is an even function of the argument 6.

If ¢j, = ¢jo41 = --- = 0 for some j, > 1, then W (c;; R") reduces
to a usual finite order Sobolev space. If {cJ} includes a subsequence
of ‘large’ positive numbers Cj(k), then only the constant function 0
belongs to W(c;; RT).

Typeset by ApS-TEX



Theorem 1. W(c;;R*) # {0} if and only if

(2) > (i1 < co.

=0

If {c;} includes a subsequence of ‘suitable’ positive numbers Ci(k)>
then W(c;; R*) may posses analyticity, i.e., every element in W(cj;RT)
has an analytic continuation to an open set in C. It is not so difficult
to see that if there is such an open set, then it is a sector Ala).

The angle 2a of the sector in Theorem A is restricted by a < /2.
We show that the restriction a < 7/2 is sharp by the following two
main theorems.

Theorem 2. Suppose c; satisfies (2). Then there exists f € W(cj;RT)
such that f fails to have an analytic continuation F € B(w; A(m/2))
with w = 1.

In other words, the infinite order Sobolev space W(cj; R*) always
has a function that fails to have an analytic continuation to a ‘con-
cave’ sector A(a),a > m/2, unless W(c;;RT) reduces to {0}. The
next theorem shows that a = 7/2 is critical.

Theorem 3. Suppose w is an even positive integrable function on
(-7/2,7/2) and suppose limg_, 4/ w(8) = 0. Then there ezist cj
satisfying (2) with the property that every f € W(c;;RY) has an
analytic continuation F € B(w; A(r/2)).
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Nevanlinna Calculus and Families of Abelian
Varieties with Level Structures

s

F O HKER RRTERFEER

I PERBRMGE RETOBRWNES#ES DEEETS. RE
DY ¢g>2D3/%7 b Rieman OKT DL TDHBILAEHT b
DDLEDEY 251 ZMITHREASIC/L S (Parshin-Arakelov DE
H). 774/X=%32/%7 b Rieman BDORXH Y ICERE Abel LiE
BETHERETAEV 25 LBMIZ, HBa /%7 VEERITZEMOD
Zariski FABR A DHEEF D (2], [4]), #iZ, R » Kahler X 512 hid
ARAMBEABOBOMEER O ENRINTNS (4]). 2D LS
BT IHERDDIEROEDOEHITNOTEREHERLITN -
Thd., ZITRIDEBEEAERELET, KD DI Abel BREED L
NVBEZHBATEEICED, HIETBEIV 251 DFMBHEERS
lEXEZ B ([9)).

UTFT,REHNEARBNTHSELTSE. A- R% REEHINIHKESE
g-RITERR Abel BREEDE BILLTH &L, TDEN R 24T
W ELUARIBRLEW) &ET5. A— RO 2BOFEYE 24,..., 24,
i)*l/’\‘ll/ n-*ﬁf&?i)% & ‘i, —-}&0)5‘ teR ‘:*‘T L/ $1(t), ...,ng(t) b‘
A¢D n-torsion points Z 2 THEKT A ELETE. LRIV n-tE%E
H2A-> ROEY254%ZM% A(g,n,R) TET. A(g,n,R) DT
A—>RTRERBUET7AN—ZRHODDDEI 2514 % Aueg(9,n,R) &
. QUI R LOEED Hodge StEBER 2B bD &L

A(B) =int{ [ aK AP} 2 -

EBL. T/ k(g) T,EX kD Siegel €V 2 5 —HBANEBEF S %
Rl E I kDOR/MEET S
. bLy(R) L0745, A(g,n, R) = Adeg(g,n, R).
FEE 1. 925 &5 (HHHEE) .
1) n>gk(9)/2 5o, A(g,n,R) IHFRBTHEFEMNTH 3.
i) n > (1+ max{y(R),0})gk(g)/2 72 51T Adeg(g,n, R) = 0.
. Nadel [3] i3 dimR =1»D y(R) <0 DFAITi) 2RLT
AV



A(g,n,R) DT A - R TZDERBAFO(t € R) D’ —FD t i
SMHUBRTHLHODLHKE Al'(g,n,R) LD &, Ay, (9,7, R) =
A'(g,n,R)N Ageg(g,n,R) £EB K.

EH 2. 92>25&F 5.

)n>3g(g+3)/(g+1) 75, Al{g,n,R) BERR TESFENHT
H5.

ii) n > (14 max{y(R),0})3¢(g +3)/(g +1) % 51 Al (g,n, R) = 0.

LARDOEHDIEA T, [3], (1] THEHN 7 Nevanlinna Calculus %
RETHWAIEIZLDLENS.

ED N

[1] Y. Aihara and J. Noguchi, Value distribution of meromorphic mappings into
compactified locally symmetric spaces, to appear in Kodai Math. J. (1991).

{2] G. Faltings, Arakelov’s theorem for Abelian varieties, Invent. Math. 73 (1983),
337-347.
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Meromorphic Mappings into Compact Hyperbolic
Complex Spaces and Geometric Diophantine

2(:;‘ Problems
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S. Lang 1t 1974 L& ¥ T 4 A 7 72 & ZBEICOL T D
DFBE B~ T ITE, £ON TR EERINICbAREG

~

2 SDTFEICONTIEEELNRENB SN OTHRET S,

REYATL0 MNEHEERFERE L, X2 XKW Zariski BsE
L4 FERER f X > YRIXRHTHEEE, B f(X) IR
A AL HDEL, DL S fOREE Mergom(X,Y) E
st 3.

T A, YW 51, Mergom(X,Y) BABELTH 5.

S. Lang(1974) i3 Z O EBEZREM 23 A 1T de Franchis DEHDEF
WITHE UTTFR UK, £DB/IK (1976) S LROETTEEEZ T
Wiz VK-ES (1975) R LRE D44, BB Y \—RETHS L
WHEBDOHET, TOTFRDORILT A LERLIL. EOBRIODT

i3, ZORBEAECHBEER TS . 8 A ORBILESR, M

M, Kalka-Shiffman- Wong, ED Horst £iC L hRah T,
=0, X et ey
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W=a"YR), n=7W, Wy=n"1(t) (t€ R) LT 5.

£ B. & W IR T, W, R) & (W,7,R) ICOR = R— RIiC
N> THEICEBPAENTVA ERETS. 0K (W,n,R) dR4



HREOHWL T 7 A N—HFEMETH, W, R) OEEOFEE
YT W o B 7 7 A N—H S 2RO EMICHRT 5.

FEBEFOICLD 185 FIIRONTWERETRHETLHDT,
FOMREEFBALOES. LHL, EEBRENERDEY 254
IKDWT FEBAULOEHREHR . FIZAE, ROKILT 5.

R X, Yoy FEL, 2 € XEFEKRES, Z CHA(X,)Y) %
1 2OBHRAETHE, WEER ¢.:f € Z — f(z) €Y BHFAND
ERRETSHS.

B, Severi DEBEDO—L, YAFET 37 b Tl 8 R 22
DFAERKHLMBELH D, THFEII DT HEMR L.

?

JAW w T T M Vd 3 M2 712 /‘/ﬁw()



(7 WEIZE B 45 BB O MR D v T

KE E¥ BiGF B &R
‘R B LI RFEEFEE
gE ET B TRKRF
R B B LEKRF
ZN == A U RFEEE

ICM90Kyoto!Z T, RE-RHEMHENL 7z, BRIk
DEBIZHRWCTEHECREBEOERIINT H1EL H S
WEZRTD, ZOFERITTRENZRE ZRIZTO
i, EEHOEBEOER DL T DOFeffermaniit O # T
HEETH 5.,

FAL, TOFEEZHEFIC Kﬂooﬁ@km FETo,
EHOEEE R UELES . Bl

CZHERFmE, X= HC 2 OTEEOEREDZEM

Y A&, FOBMBEED OBBEEYEIET 5.






qﬂ @;PT\E Fg&’t@ Liouvi”e’,wn‘:‘}_\/ifg
L

TRE A A% mRH R

INE R TOLN ETE 45 99

EEE X EBEmz 1122 D BRI U AL LY 3
BRATZE RS « 75 CLE(RETA
M WITXE 0 d=—B 31 ¥ m—-1.m—1) pEY
LR T A (RF I Lipschity RiZ 273 3014,
FIIYiet XEOBAFEHEE D - £ UBRA LT
Vw3InETA3
() T3 X Lo C-n3FEE 3384 A< LEFE
(te. Xer=lt<e)@ X, ceR) TH-T

J dde TACO

N X
}-&M:m Au.l) Z(V) N
BT eTI48 0 30010 EEIFIKYd I T
te e
g ae) =

siHIEne 73
N oM XS nt LR EGTEOERN] PO AnIFRE



?I) >< A /"}u’f @ob&j/@\rvwwu %,’C W )I. &L fgt

HAFEREAK + X>B(@) 1247 (U fof{R,©
NI ETIOEEFE LLE T3 (Casornti~
Weierstrap g EIF ) FiZ ool 3 05 X £ 2130
JFRACT ST X E oy CHHL o w1 2B LT ER4%e
TEH e ddehAw 2z 0 T

m(t,y)l JHrddgt/\L\)

Lo Aup <+

Fo 4+ i)

FiE =T L0 E I 0PRS

e CULOEFE 21583

EFE A C 2 m=1 L2 0BETI 9 4L
IRMTES 273 d3

n(A,r): = j A dde J,? Ci+n2u)
AN {uag<r)

0>

_—
s €W(A, t)

FET2T3S6 03 AL ARE R A5 ICRH LT
C«SOYAiﬁ - Wey gy S‘tv,:(?; N ‘E}l‘i /> ];§< 1 O Al

C-38. 0 RAE % B %30 4 g FL 11 E 32
(> PR D

=



‘)% BR7 7 A N—ZER-IZ BT 5 B 5 Dolbeault
-
[ & 2 DI

g FUMNEER - 3
JEVR 3 UK - &

M%Z, BEZMEBEESHEE (NSaVNs ) NTL 7748 %25 4
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1R Hi(M,F"?(E)) =0, ¢>1.
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HP(M.Q(E)) = {¢ € HY(M.F"?(E)) | dp = 0}/OH (M, F"P~H(E))
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COHELTHEEZE)-EGCn d-arTudl—»2EBon2d, GO% G DI
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1. G° 2% finite type Th 5,
2.

H?(G, Q) =

Do H(G/G, Q) Q Cldz? A d2X | |J] =1, K| = p},
forl<p<yq
0, forp>q+1

T I Tdz, dzid G° LD global 1-form TH %,
3. H?(G,Q") id HausdorffAZ#H% b2 (p,r>0) 6

4. BHO(G, F™PY) & HO(G, F7?) DRSS 2R,
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Let X be a compact complex space of dimension n. We assume
X is reduced and irreducible. As is well known X admits a

stratification X =XDX ,D--DXD X, =¢ such that each

stratum Xi— Xi—1 is either empty or an i-dimensional camplex
manifold and that X=X, ,
a (topological) retraction Ui -—> Xi - Xi_1 which is a

admits a neighbourhood Ui with

fiber bundle (whose fibers are not necessarily topological
manifolds) . Let C,(X) be the set of i-chains generated by the
real analytic simplexes and let IC, (X) ={£¢C, (X); dim{gﬂxk!
=i+2k-2n and dim)agﬂxki < i+2k-2n-1 for all k} and define
IHi(X) = Hi(IC.(X)). Then IHi(X) does not change if one
replaces the stratification by a finer one, so that it is a
topological invariant (Goresky-MacPherson). As a candidate for
the analytic representative of IH(X), the L2 cohomology group
of X was proposed in [CaM]. In a series of papers [0-1,2,3]

the author has verified their conjecture affirmatively in

case X admits only isclated singularities.



Recently it turned out that the method ofﬂb—2] and [Oh?]
can be used without any significant changes to prove the

following.

Theorem  There is a canonical isomorphism between IH(X)

and the L2 cohomology group of X.

By a sheaf theoretic characterization of IH(X) and a theorem
of Mostowski assuring the existence of a Lipschitz stratifica-
tion of X, the proof of Theorem is reduced to showing local
L2 vanishing theorems which can be shown by a similar method
as in the isolated singularity case.

Unfortunately it is not clear at the moment whether our
result gives a natural Hodge structure of IH(X) 1in case X
is a Kahler space. We can reduce it to a gecmetric problem
concerning the equisingularity.
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’%@ 57 5t Picard modular ¥ & PlEd 885 ®

LN = Rk B OKF
HFH EE A B ORE
BM?WUAzmﬂ)&UTwiﬁiﬁﬁéo
ay =2, a;ys ZKJ - —1+i (j<®), where i = V -1.
A TEE 3 V=0l E® Hermitian form (u,v) =
A vy OB E R (5-,1+) TH B,
vt o= (vevi(v,v)>»0), V= {vevi(v,v)<0},
p = v/t

S B<, D OECEHIMUE At W
(geGL (V) 1 (gu,gv)=(u,v)}/(center) TH 5%, aeV
LU oo WHET BHEM R, %

v B v - 2{(a,v)/(a,a)}a‘

TED S, R, W& A > L % Hermitian form % & H R,

D mirror o := (veVlia,v)=0) & &I &Il fix T 3
Picard modular group I’ & F @ principal
congruence subgroup ['(1-i) * T O &DILED S

[ = (geGL(6,ZLillg A g = A),

D(1%i) = (gellg = 15 mod(1-i)).
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FE (D HknaLef(Lm~jm,~,%=
(0,--+,0,1), ey~ e, (1j<ks6) WET BEMEALBT
ERETh S,

(2y [(1-i) W+ Aut(D) @ lattice T & Y 35 cusps

2 H D,

(3y D/ (1-i1) . 8k xtr i Sg CEBTH» Y 35
cusps 10 transitive WIER T 2.

(1) D, % D(i-i) B free WYEMT S D O subset

A
3 5 &0 D W D - U N Dia € 2[116, (a,)=-2)

(3) Do /M- i PlEOERZSEOWMEBOERM Xg
‘C@ﬂi‘)%o}(g Ci?'X@J:“BHm?EFuE]tb'C'-?rk‘Bh%o
Xl,-'~,x8)| |xj xk

; . 8
vl,--,v8 lyi vk X0 1<j<kg8}y/(C ).

GL(’Z,‘L‘)\({
(8) Xg ™D Do, ADBEHOIETRE. ROWASTH

}—1/4d

J M3 ot - vk t 1<i<6,
o

22T ci b ld HYWwBEE A LSRR cycles.



Analytic automorphisms of C?
which preserve the coordinate axes

73 R — BB
REEMAE

\ )

(1)Dx2 C*"oO#FERL T3, DENFAZELFAMBER TANRN—7THK
D bLbOEEROLPZVWEE, DY CEHFERDEEE, n=1Dk %
CEHERIZIC/ITTHA. CEFERL:r WO OHEEZYIET VP ERONKIE
HERTRAENE, DT n=2%r7353, 2 TEYIET U PERDESIE
AIBE@RICOWTHEREZRLL, SEFNL3DHE:R, YIAET UVHBER
PIZBRLT WEHTFAEGCAH L THWT, ROEBLEFOERXELOT
®E LW,

(2) r¥EBELT, A(r)={(z,y) € C}lyl £ 1, [zllyl” £ 1},
Ar)y={(z,y) € C* 0 < |aflyl" < 1,lyl < 1},
E={z|S1lyl=1}u{z=0]yS1}u{y=0} LiE&ES

EM, 0<r<1:F3. D¥CHOCEEHDLTS, S:D—-C* iz
BHTHEBERT S(D)NE =¢2#HTLNET S, L L (z,y) €S (A'(r))
TEIZ|IS(z, )| 2 L %2 ERLAEHNIE, R S(D)n A(r) = oHR D
hASR

(3) (7),8) Tit, LNEBOGHERNE, TOROORELEL,

BFQ I C [0,00] GuﬂLTA = Z+ X Z+®gg%i%%
Ar={(a,b) e Asb=ar,r eI} LEDHSH, FIZT(0,00€4,TH5.
C’EOTRAER2KNO AR OC?) DHIR O, %

Or ={h(z,y) = Zhabx“yb € O(Cz);hal, =0 forV(a,b) ¢ Ar}.
EEDDE, O3 EBREEO2E C 28T,

(4) CPCHOERECARE 2k OL 8% Aut(C?), BEMZ FOEH
HCRE &GN O LB IHEZ AX T 5:

= {T(z,y) = (ze*®Y) ye'®¥)) € Aut(C?);u,v € O(C*)}.
R IC[0,00] oL T, kDL D ICEL.
AX; = (T(z,y) = (ze*(®Y) ye!@¥) € AX;u,v € Or}.
(5) fid. AXIBIC% 5,

() r € QU {co}. f—hﬂ_pqma% AX( Db DI 4K, 2 b
£ C=C\{0} LB 1EHOBEEO2HKE OC) L E<.



#HE. (2) AXo = {(cz,yeXx®)); x € O(C),c € C*}.

(b k,leN, r=1/knkt %

AX, = {(ze"C"Y) cye=ix="y)) y € O(C),c € C}.

(¢) AX o = {(zex(¥), cy);x € O(C),c € C*}.

(7) 8. REIC[0,c0]iilel2HRTETE,
TEAXDBIJT €O Wiz, TeE AX:-% 5,

FE.FRELeZLETH S,

(8) A. a:C—C 2IEHIFE TeAXELT 5,
LLJT(z,y) =e®CVR LB I ERT TROEDOBNERICK 5,
T(z,y) = (£eX®Y) cye™x(=)) Z 222 1 EBROBRBERTH 5.

(9) E. Andérsen [1] IZ C"OEMBCHEEALT, FLWERL TR
L7z, BRBIDFEZAWT, XOEELTATS, CCLOFER2 —#

Rw =deAdyjey?2 F 25, AXDEIE AP%2 AP = [T € AX;T v = w}
LEDB,

ZH. U,equioo AXr TERENSBIZ APTHETH 5,
EE. AP = AXHPRD ISP E I I, RBEREETDH 5.
SEXH

[ 1] E. Andersén, Volume-preserving automorphisms of C7,
Complex Variables, 14 (1990), 223-235.

[ 2] Y. Nishimura, Applications holomorphes injectives a jacobien

constant de deux variables, J. Math. Kyoto Univ., 26 (1936),
697-709.
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FF 1k BHEPERA
=i

UF(X,2) 2 2 Ru EHHRA, ©: (X, 4) — (X,2) 245 R
HRRHEET 5. (X,2) ORAMBRERE LT, $FAHEK P,(X,2),
WHEHY Pu(X,2), BAMH Py(X,2) 5b 5, chooficia (i)
py épa épgl (ii)pf:0¢>pa:0¢>pg:0’ (m)pf =lep, =1
DL RGNS B, () ORHEEG AT EE, (X, 2) 2HEMUERSA
LV, ARSI oW Tk P. Wagreich [6], H. Laufer [2], S.S.T.-
Yau (8], M. Tomari [4] St X W ELHFR SN T %, [2] < Laufer i1
Pu(E) =ps 2 252 BT BRNDESA 7V ENS—BILFEET 5 C
LERL. Z=FE%xifitcd (X,2) B/DHHEBRERS LT, KD &
I IREMERMtEE

T (Laufer, [2]) = @/ MRl &+ 5L &, ®aEE: (1) (X,2)
FENEFIE, () A O E0MERS Aot L AiZ = —A; K g, (i)
Xoz) 3HEAMSRAEATAOFED | KT EEHSSRITES G
RADWNESETH B, (iv) pgy(X,2) =1 T (X,z) i3 Gorenstein ,

UFTEs8WT pr 22 ThHsLHR0nHBEAICo>VT S, Laufer ©
HRCHMUT 2E DRI LEFVAROAEEL B,

&L p(X,2) 2108 &, E¥ 170 ETp(E)=ps%
1T HDDIBERNGBEDE, BN AL 70 ENS,

G 2. pp(X,2) 21703270, 2RTEHBRESBLOZ DT
EOBRARBIC VT, —BEEET 5.

o (X,A) — (X,A) 2 pe Azt 5 REMREST 5,
COLEFAESLOY A IV ELCTEETHIRELRF A 71 7| ("
44 7V KA LOLDOFERLE, ADBDO TR LD & 5 71
e b >0Tid, WEAY A4 7 i 50T id Wagreich | E4E+ o
JNICOVWTRHIREEMFOLoRBETHRS L AH LM, B/
A7 NVICOVWTHRD2EDE S GEMNE SN B,

MHE 3.0 E—-L BALORNH A7 LTH 5,

t i 4. (X, z) #» numerical Gorenstein 14 % &5 < pr 2l A4
OT, RN TR VWET S, CO L&, B/FRAERNT AT
NEBRABH BT, —K>Z+F 15,



KOEFIR, pr =2 1>V TiEEKR— KM, Yau [8]. —ax D1
Bpp 22 oWTRHED (M) [T, B&E—E2 (8) [1] c&vEs
fnte,

FEW. py 2273 % Gorenstein HREHIC> VT, py, 2pr +1,

CHoDERDP S pr 2208 RA(X,2) KoV TKRDOLILE
MNEDERHEEZL B

E#E 5.

I A-Z=E, .

I AoBHR s> S>> 551 RuBirE A%, blowing-down
LT CE2HBRAOEABBH I iz pp(X,z) L0 /hauv,

III (X,z) !z numerically Gorenstein ©, —K = Z + E,

IV (X,z) & Gorenstein T, p; =ps +1,

INSDAZHOMoMFEIzI>VWTHIDVELW, I oIl o uvwT it
BHICRE 20 72 L. COFICODVWTRREMBED 126, & 54T,

EH 6. (X,z) 78 Gorenstein T—K =Z+ E %4715, p, =
Dy +1&715%,

& » T, Gorenstein HESHic>\WTit. [II - IV 30 %x 2, L
Lo, T &I, 8L I & IV 2 50T it Gorenstein 45 5 &.4c
BBoTHHVWICHT TH 2, 2OLIREHBOF+ 7254 2 B4
ConwTR#FEHRTAERANS,
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BARZEN f € Clzg,... 2] & 12 wo,...,wy 25 3HEK &+

b, f= > Cig.in20 - Znin EELE L LI N bO%
woio+ +Wpin=1
3
WA BHS. fEEA (ag,...,a,) % b 255 Brieskorn Bl L5 & &z

¥ %o B A1, Brieskorn Bl £ I, ( 25° + - - + 22" ) 155 Brieskorn
Btd s,

TH 1. f € Clzg,21,23] 2 & & (a0,a1,a3) % & > 55 Brieskorn
PEHRALL. (X,2)={f=0} CC® 3RAcMIsEEss s> -
ER R

(1) a3 2 l.em.(ag,a1) TH 3 & 5,

pr(X,2) = (a0~ 1)(ar = 1) = (ag,ar) +1} =% 3.,
(i) Lem.(ag,a1) S a3 < 2lem.(ag,ay) B DT> 5. o)
MoRKEI XAt (le, Z=F),

(i) ic>0Tid. HOEBRSD L 51212, Laufer 5 & o Reid -
SLHBERNEHEBFRAONEA»SH SN TV 3, (1) OFEHic -
DT, H-ED () Rt s BRAAELSEBEOBRES I VTO
MROBET., BCLVEBONAEABRIISVTOARZ(E S,

SS.T-Yau [4| 3 A HE RS (X, 2) c>WCHANE 2 b0 AT
Lo pr 22N AHRAIKCSVTH, CHOKL%E Yau 0 F £ %
AR L T8 & Yav ZRH L & 13 3,

EE 2.0 pp(X,2) 22 543, (X,2) 08 RAENI S/ BRI A
PABATEL, ZE<0B 5 {2} = Yau 5l s 45, ZE=0% 5,
TOMNEES ADBKILS 505 ADHHES By <. suppE C By
T BIOEEDBEMRS A>T ZA =0%2814 bDEE4 5,
SP &, Zp,E<0 %5 Yau 5l {Z,7,} 24 %, Z5,E=01%
2 BiOBKR S 572 % BiOWYES By <., suppE C B, T, B,
DREEOBRKINST A>T 214 =045 244+ b0%5E4 5, o0
LE. ZB:E<0 2 5 Yau 25 {Z7BlaZB,} 9 b, ZB;EZO AN



ji COXDBREEE VRS, COBRERERE (m E) °&T
T 5, D& XK {Z,ZBI,...,ZBm}’S:Yau A E 0 S,

~ Brieskorn B0 2R TERE NS H 2O EAD Yau #7 %
ar:ﬂ«"%&:\ BES A7 VERARY 4 7 LOBGE, R, RaEH p, =
I EOBFEIc BT, AR 08 Yau MELERCH LM

WA B EEARND,
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PURELY ELLIPTIC SINGULARITIES

B Ik AL s B3k

In the theory of two-dimensional singularities, simple
elliptic singularities and cusp singularities are regarded as
the next most reasonable class of singularities after rational
singularities. What are natural generalizations in
three-dimensional case of those singularities.

Let (X,x) be a germ of a normal isolated singualrity of
dimension n. Suppose that X 1is a Stein space. Let nx
(M,E) — (X,x) be a resolution of the singularity. Then for
1 <1i{ <n-1, dim (Rin'OM)X is finite since mn 1s an
isomorphism outside of x and hence Rin'OM has support on X.

They are independent of the resolution. In fact

i _ i+1 -
dim (R R'OM)X = dim H{x}(x.ox) for 1 <1 < n-2
and
n-1 2
dim (R "'@M)x = dim F(X-{x},0(K))/L™(X-{x}),

where L2(X—{x}) 1s the subspace of T[(X-{x}.,0(K)) consisting
of n-forms on X - {x} which are square integrable near X.

We denote them by

1 o 1 -
h™(X,x) := dim (R n-OM)x for 1 <1 £ n-2
and
s n-1
pg(X,x) := dim (R n-OM)x'

The invariant pg(X,x) is called the geometric genus of
(X,x).

Definiton 1 ([W1]). For each positive integer m. the

m-genus of a normal isolated singularity (X,x) 1in an



n-dimensional analytic space is defined to be

2/m

dp(X,x) = dimc M(X-{x},0(mK))/L (X-{x}),

where K 1is the canonical line bundle on X - {x}, and
Lz/m(X-(x}) 1s the set of all holomorphic m-ple n-forms on

X - {x} which are Lz/m-integrable at x.

The m-genus 5m i1s finite and does not depend on the choice

of a Stein neighborhood X.

Definition 2 ([W1]). A singularity (X,x) 1s said to be

purely elliptic if Bm(X.x) = 1 for every positive integer m.

When X 1s a two-dimensional analytic space, purely
elliptic-singularities are quasi-Gorenstein singualrities, i.e.,
there exists a nowhere-vanishing holomorphic 2-form on X - {x}
(see Ishii [I2]). In higher dimensions, however, purely
elliptic singularities are not always quasi-Gorenstein.

In the following, we assume that (X,x) 1is quasi-Gorenstein.
Let n : (M,E) — (X,x) be a good resolution. Then

Ky = m'Ky + iglmiEi - JngJEJ .
1 20, m‘j >0, InNnJ=20,

where E = UEi is the decomposition of the exceptional set E

with m

into irreducible components. Ishii [I1] defined the essential

part of the exceptional set E as E. = 2 mE,, and showed
J 37
JjeJ
that If (X,x) is purely elliptic, then mJ =1 for all j € J.
Theorem 3 ([W2]). Let n : (M,E) — (X,x) be a good

resolution of a normal isolated quasi-Gorenstein singularity

(X,x) of dimension n 2 2. Denote n'l(x) by E and

red

decompose E 1into irreducible components E (1 =1, 2, ..., r).

i



Then the following three conditions are equivalent:
(1) Bm(x.x) £ 1 for any m € N.
(1i) (X,x) 1s a Du Bois singularity.

»
(111) Ky = n Ky + M mE; with m; > -1 for all 1i.

1

Definitin 4 (Ishii [I1]). A quasi-Gorenstein purely elliptic

singularity (X,x) 1s of (0,1)-type 1if Hn-l(EJ.O) consists

of the (0,1)-Hodge component Ho’i(EJ). where

n-1
C =~ Hn_l(EJ,G) - Grgﬂn_l(EJ) - o u¥ (e
1=0

in the sense of Deligne’s canonical mixed Hodge structure.

L

Let A be an integral divisor whose support 1s contained in
the exceptional set E. Define the intersection number of

c2(M) with A = 3 aE to be

i
cz(M)'A =3 ai{cz(Ei) + cl(Ei)Cl(NEi)}’

where NE is the normal bundle of Ei in M.
i

Theorem 5 ({W3]). Let (X,x) be a quasi-Gorenstein normal

isolated singularity of dimension 3, then

-K -cz(M)

_ 1
2{Dg(X.x) - _—_EZ___—} = dimc H™(M,0).

Consequently quasi-Gorensteln purely elliptic singularities

of dimension 3 are classified into 6 classes.
1
[1] h (X,x) = 2p, (0,0)-type.
P = 1 — Hilbert modular cusp singularities.

p > 1 — Tsuchihashi cusp singularities ({T]).

(21 nl(x,x) = 2. (0,1)-type.



(3] hY(X,x) = 2, (0,2)-type.

Example 6. Consider the singularity x of the affine cone
over an abelian surface. Then (X,x) 1is a purely elliptic
singularity of (0,2)-type, which is a quasi-Gorenstein
singularity, but not Gorenstein singularity.

1

[4] h™(X,x) = 0, (0,0)-type

xP yq vzl e WS Xyzw = 0 (

kel 1o
+
Fel o]
+
|

+
0=
A
-
N

(51 n(X.x) = 0, (0,1)-type.

x8 + y3 + 23w3 + z7 + w7 = 0

(6] hl(X,x) = 0, (0,2)-type

Definition 7. A three-dimensional singularity (X,x) is a
simple K3 singularity if the following two equivalent
(Watanabe-Ishii [WI]) conditions are satisfied:

(1) (X,x) 1s a Gorenstein purely elliptic singularity of

(0,2)-type.

(11) The exceptional divisor D 1is a normal K3 surface for

any Q-factorial terminal modification ¢ : (Y,D) — (X,x).

Example 8. Let f(x,y,z,w) be a quasi-homogeneous polynomal
of type (p,q,r,s;h) with p + q + r + s = h, and suppose
f{x,y,z,w) = 0 defines an isolated singularity at the origin in

C4. Then the origin i1s a simple K3 singularity.

Let (X,x) be a simple K3 singularity. Consider a composite

of partial resolutions (M,E) -2, (Y.D) -, (X,x), where ¢ |is

a Q-factorial terminal modification and p 1s a good resolution.



Let Eo be the proper transform of D.

Proposition 9. The o-Hlow-up gives a Q-factorial terminal
modification of simple K3 singularities defined by a
quasi-homogeneous polynomial.

Theorem 10 ([W4]). Let o be the i-th elementary symmetric

i
polynomial in p, q, r and s. Then
o

1 _ » 3
(1) 3: = -(p KY) )
0.0
172 L
(2) 7, = CZ(M) 0 Ky.

Theorem 11 ([W4]). 1In the same notation as above,

919

94
where the summation 3 1is taken over all terminal quotient

= 24 - 3 (v - mphs
i

singular points of indices r(yi) on Y.

Example 12. Consider the singularity x2+y3+z7+w42 = 0.

The minimal resolution of this singularity is unique and has

three terminal singularities, which are of indices 2, 3 and 7.

Then
42x545 _ _ 1 1 1
TT7ea - 240 (2 gl (B0 3 (7- P}
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