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j_ Nishimoto's fracticnal calculus: Its applicatiocns
to differential equations, and
some Infinite sums

by
Katsuyuki Nishimoto College of Engng.
Nihon Univ.
Abstract

in this article, by using the author’s fractional calculus,

fracticnal calculus of elementary functions, and of products, appii-
caticsns te ordinary differential squations, and some infinite sums
which are obtained as serendipities in his fracticnal caleulus, ars
reported.
$1. Introduction
I} Preface

Integrations and differentiations of arbitrary order are com-
menly called "Fractional Calculus”. This name is due to L'Hosptal's
guestion "What if n be 1/2?" to Leibnitz (Sep. 20, 1835} when %=he
notation dfy/dx" {ne2%) for n-th order derivative was adopted oy
Leibnifz.

The rirst presentation by this author on "Fractional Calculus"
was given at the branch field of complex analysis at the meeting of
the Mathematical Society of Japan, March, 1971. Then it past exact-
ly 20 years since the first presentation of the author.

When the author's talk was closed, a professor in the asudience
made a comment about the author's talk that the problems for "Frac-
Zicnal Calculus” have been solved perfectly already, then there are
no problems for research study in the branch field of fractional
caliculus.

However, after this commentary three international conferences
on +the subject "Fractional Calculus”™ were held.

The first international Conference on the subject was held June
15th and 18th, 1974 at the University of New Haven (U.S.A., Prof.

B. Rcss director, and the reports at this conference were published
as Lecture Notes in Mathematics Vol. 457 (Edited by B. Ross) by
Springer (1875},

The second conference on the subject was held from August 5th
to 1ith, 1984 at the University of Strathclyde (U.K. Prof. G.F.
Roach director), and many fruits that developed from the conference

ere published as Research Notes in Mathematics Vol. 138 (Edited by
3.F. Roach and A.C. McBrid) by Pitman {1985).

The third one was held from May 29th to June lst, 1983 at the
centre of Nihon University (Tokyo)} as an event of the 100th anni-
versary of Nihon University (Prof. K. NMishimoto director}(39 experts
in this {ield attended the conference from 16 countries around the
world). The proceedings for this conference were published by the
Coliege of Engineering, Nihon University (Edited by K. Nishimoto) at
*he and of February, 1890.

(T, Fractional calculus of the functions of a single variabie

in previous volumes and a paper ([!],[2], and [1¢]) we had
defined the fractional differintegration of the function of one
variable as follows.
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é; COEFFICIENTS OF INVERSE FURCTIONS
FOR SOME SUBCLASSES OF ANALYTIC FUNCTIONS

SHiGeEYOSHI OWA (Kink1 UNIVERSITY)

Let A be the class of functions of the form

£(z) =z + § d_z"
n=2 0

which are analytic in the unit disk |J. Let 0

<
Q) = {w:lw - 1/(22)| < 1/(2a), 0 < a < 1}
and

£C0)

{w: Re(w) > 0}.

A function f(z) € A is said to be in the class Fa if £'(2) = Q(=2).
*
Similarly, a function £(z) ¢ A is said to be in the class Sa if

zf'(z)/£(z) ¢ {(a). Note that

£(z) ¢ Fa o Re{l/f'"(2)} > a (z ¢ P



(a0 = 1/2)

h (z) =
Z(1 + (1-2a)2) 2102/ (2a=1) ) 22y

is in the class S;.
With the help of functions kq(z) and ha(z), two results for
coefficients of inverse functions of f(z) belonging to the classes

*
Fa and Sa are shown.



‘:7 NOTES CN RUSCHEWEYH DERIVATIVES

SHiGgevosHl OWA (Kinki UNIVERSITY)

Let Ap denote the class of functions of the form

a_z" (p ¢ N=1{1,2,3,...1)

£(z) = 2P +
+1

nﬂ

U1 8

which are analytic in the unit disk |J. Using the convolutions, we

define the Ruschewevh derivative Da+p_1 by
1 2P
DC‘:'*‘F" f(z) = =T ;":f(Z) <0 5 ‘?)
(1 -2)%°P

for £(z) ¢ Ap' A function f(z) = An is said to be in the class
R{a+p-1) if it satisfies

0*Pe(z)  y  a+p -1

S ——— (z ¢ {)

Re -
U p®*P-te(y) @ +p

for some a (a > -p).

THEOR_EM I, If £(z) ¢ R(atp), a > 1-p, p ¢ N, then

. D¥Pr(z)

Re{ P l > 8(a,p) (z ¢ 1D,
L DLL'Fp‘J.f(z) )

where
2(a +p) - 3+ (blatp)? - blatp) + 92
E(a,p) =
4{aq + D)
REMARK, Theorem 1 is the improvement cf the result by

A. XK. Soni (Intermat. J. Math. Math. Sci. 5(1982), 289 - 299).



THEOREM 2, If £(2) € R(o+p), then

Da+pf(z) 1/2

R J&+p-I
e > —_
L Da+p—Tf(z) .t p (z £ ).




g NOTES ON QUASI-HADAMARD PRODUCTS

SHiGeyosH1 OWA (Kinkl UNIVERSITY)

Tapavyukr SEKINE (MiHoN UNIVERSITY)

Rikuo YAMAKAKMA (SHiBaURA INSTITUTE OF TECHNOLOGY)
Teruo YAGUCHI (NiHon UNIVERSITY)

HrtosHr SAITOH (Gunma CoLiEGE OF TECHNOLOGY)
Mamoru NUNOKAWA (Gunma UNIVERSITY)

Let Ag(p) denote the class of analytic functions of the form
e a2 . 3 p+n . .
f(z) ayz nélap+nz (ap > 0; 34n >20;pel)
in the unit disk {J. A function £(z) ¢ Ao(p) is said to be in the
class So(k,p,a) if and cnly if

k

m(p‘l-n
] (p+n - a)ap+n < (p - a.)ap

‘ n=lt P

for some a (0 < @ < p), where k > 0.

In the present talk, two results for guasi-Hadamard products
of functionms belonging to the class SQ(k,p,a) are shown. Qur results
are the generalizations of the theorems by V. Kumar (J. Math. Anal.
Appl. 126(1987), 70 - 77), and the improvements of the corresponding
theorems due to T. Sekine {(Univalent Functicns, Fractional

Calculus and Their Applications, 1989).

THEOREM [, Let fj(z) € Sc(kj,p,aj) for each j = 1,2,...,m.
Then the quasi-Hadamard product fl*fzé—-~*fm(z) belongs to the class

Sg(k,p,a), where

m
k= ] kj +m -1 and a = max (a,.).
T

j=1 1<j<m



THEOREM 2, Let fj(z) € So(k,p,a) for all j = 1,2,...,m, and

0 <ac< Ty where g is a root of the equation

(p + 1)k(m'1)(p - mr) - p(k'l)(m“l)(p . r)m = () (0 < r < p/m).

Then the quasi-Hadamard product fz*fz*"‘*fm{z) belongs to the

class So(k+m-l,p,ma)‘
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Convexité et inégalités différentielles

concernant la densité de Poincaré

Shinji Yamashita (hFHEID) (HURHZ A B2

Soit A un domaine du plan complexe € = {lz| < =} tel
que &£ N A contienne au moins deux points. Soit éA la
densite de Poincaré de la métrique de Poincareé &A(Z)Edz[,
7z € A, de sorte que 1/5A§z} = 1 - [zf2 si A est le
disque unite ouvert. Pour une fonction complexe g

définie dans A et pour =z = X + 1y € A npous éecrivons g,

= % ( g% - i %g , de sorte que gzz = (gz)z‘ Nous
demontrerons le
Theoreme. — Soit 5{(z) = 5A(z). Z € A. Alors, les trois

propositions suivantes sont équivalentes.

(I} -A est convexe.
(II} iﬁz{z}{ < 6(2)2 pour chaque z € A.
(1I1) |8(z)8,,(2) - 25,(z)% + 15,(2)1% < 8(2)* pour

chagque 2z € A,



|0

The Poincaré density, Lipschitz continuity,
and superharmonicity

Shinji Yamashita (I F#) (R KRR

Let A be a domain in the plane € = {|z| < + =} such that
€ N\ A contains two points. Let Proj(D,A) be the family
of holomorphic universal covering projections from D =
{|lzl < 1} onto A. It is easy to observe that

sup (1 - 121%)7 ) - ()]

is the same for all f € Proj(D,A), which we denote by A(A).
We call A of finite type 1f A(A) < +o, Adding to many
necessary and sufficient conditions for A to be of finite
type we propose two criteria Iin terms of the Poincareé
density 5A {well)} defined by SA(z)(l - lwlzjlf'(w)[ = 1,

2z = f(w), £ € Proj(D,A), weD.

Theorem. A domain A 1s of finite type if and only if
the following (1) holds and If and only if the following
(ii) holds:

{1) lzéA is Lipschitz con?inuous in A.

(11} There exists a constant vy, 0 < ¥ < 1, such that
1/6A? is superharmonic in A.

A detailed study ylelds the following: A domain A 1is
convex {(and hence simply connected) if and only if the
following (1i1) holds, and if and only if the following
(iv) holds:




(1ii) "1/% is Lipschitz continugus:

A

11/8,(z) - 1/8,(w)| < 2lz - w| in

(1v) 1/8, 1s superharmonic in A.

~-page 2-
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l.a densité de Poincare, la continulité de Lipschitz,
et les domaines de Bloch

Shinji Yamashita (U F#RT) (RFEAILKZLEZEH)

Nous etudions la réciproque 1/8, de la densité de
Poincaré by de la métrique de Poincareée 6A(z}}dzi d'un
domaine hyperbolique A du plan complexe. Si f est une
projection universelle et holomorphe de D = {lz] < 1} sur
A, ou f € Proj(D,A) en notation, alors 3§, est définie
par 1/8,(z) = (1 - }w!z)lf'(w)l, 7z = f{w), w € D. Pour =z
€ A {k = 1, 2) nous définissons dA(Zl’ZZ) comme

k

1"infimum des distances usuelles de Poincare de L8 et w
U = f{ = 1
dans D, ou Zy ftwk), K 1, 2.

Théoreme 1. — La réeciproque 1/6, de &, est Lipschitz-

continue par rapport a dy

(1) %1/5A(Zl} - 1/8,(z,)| < K d,(z;,2,) dans A

2

i et seulement si 1/6A est Lipschitz-continue au sens

ordinaire:
(31y  li/8, {2 )2 - 1/8,(z }ZE < 2K lz, - z,1 dans A
A1 A2 - 1 2 —— -

Une condition suffisante pour que A satisfalt (I) et
par conseguent, {II), va se démontrer. Une fonction g
holomorphe dans D s'appelle de Bloch si fgll =

/
sup Ll - ]wizjlg'(w)\ est finie. Si ¢ est une
weD



transformation de Mobius de D sur D, alors gl = lg-ol.
Donc, nous pouvons definir que A soit de Bloch si une f
€ Proj(D,A) est de Bloch. Si A est de Bloch, alors Ifl
est constante pour toute f € Proj(D,A), la constante qui

s'écrit par lAl. En effet, lAl = (inf 6A(Z)J_l. Nous
ZEA
avons le
Théoréme 2. — Si est de Bloch, alors (I) et (II) sont

A
vrales pour K = (cy + 2)1Al, ou

- L 3 11| =
Cy = 64[13/3 + 55/11) = 3.2020472. ..

Encore, si A est simplement connexe et de Bloch, alors
nous pouvons adopter 'K = 4JAll, tandis gque si A est
convexe et de Bloch, alors nous pouvons adopter K = ZiAl.

Nous allons observer dans le théoréme 2 que les

puissances 1 et 2 de 1/6A dans (I) et (II) sont

exactes: Il y a un domalne de Bloch A tel que 1/6Aa
n'est pas Lipschitz-continue par rapport a d dans A

A
pour chaque o, 0 < o < 1 et encore l/éAa n'est pas
Lipschitz-continue par rapport a la distance euclidienne

dans A pour chaque o, 0 < o < 2.

-page 2-



| 2. Best approximation in reproducing
kernel Hilbert spaces

DU-WON BYUN AND SABUROU SAITOH
Faculty of Engineering, Gunma University

Let E be an arbitrary set, and let Hg be a Hilbert (possibly finite
dimensional) space composed of complex-valued functions f on E ad-
mitting a reproducing kernel K (p, ¢).

Meanwhile, for any subset X of E we consider a Hilbert space H(X)
comprising of functions F on X. In the relationship of two Hilbert
spaces Hx and H(X), we assume that

(a) for the restriction f|x of the members f of Hx to the set X, f|x
belong to the Hilbert space H(X),
and
(b) the linear operator T'f = f|x is continuous from Hg into H(X).

Then, we shall consider the fundamental approximation problem

inf |[|[Tf~F ,
s Tf— Fllax)
for any F € H(X).

For the sake of the nice properties of T and its adjoint 7™ in our
situation, we will be able to give "algorithms” to decide whether the
best approximations f* of F in the sense of

fief};fK ITf - Fllax) =T = Fllax)

exist. Furthermore, when there exist the best approximations f*, we
will be able to give "algorithms” to get constructively the best approx-
imations f*. Indeed, we shall give intrinsic representations of the best
approximations f* in terms of the given function /. This point of view
will be important 1n this paper.

Typeset by BK%'A‘MS-’I’EX



The contents in this paper were outlined, in part, in the Preliminary
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I 3 Analytic extensions of functions
on the real line to entire functions

DU-WON BYUN AND SABUROU SAITOH

Faculty of Engineering, Gunma University

Following the general method for best approximation in reproducing
kernel Hilbert spaces [1], we shall discuss best approximation of func-
tions on the real line by entire functions. We shall need a concrete form
of the reproducing kernel in the general method. So, as a typical re-
producing kernel space for entire functions we shall take up the Fischer
space F, normed by

a? 2
1905, = % [[ rre=r ey
T JJc
for fixed a > 0 and whose reproducing kernel is given by
Ka(z, -ﬁ) = eazﬂz

(cf. [2]). On the other hand, as a function space approximated by
the Fischer space F, we shall first determine an Lo((~o00, 00}, W(z)dz)
space with a natural weight W(z)

1Flizom = [ IF@PW(e)da,

in connection with the Fischer space F,; and the general method. Under
these situations, we shall examine the best approximation problem in
the sense that for F € Ly(W)

. f .— N
jnf |Tf ~ Fllpyow)

for the restriction 7'f(z) = f(z) of F; to the real line. However, in this
case {Tf; f € F,} will be complete in Ly(W) and so,

inf | Tf—-F = {.
fien?aﬂ f oawy =0

Typeset by EZ\:%-A‘MS*TEX



Therefore, the condition for the existence of the best approximation f*

in the sense
NTf* = Fllp,owy =0 for f*eF,

will become the condition that F can be extended analytically to the
member f* € F, except for a null Lebesque measure set on the real line.
Furthermore, we will give a constructive sequence {f,}5%, (fn € Fa)
such that

Bim ([T fr = Fllg,w) =0
for any function F' € Lo(W).

The contents are as follows:
§2 . Determination of the natural L,o(W) space.
83 . Existence of best approximation.,
§4 . Representations of F, functions in terms of the restriction
to the real line.
§5 . Approximation of F' € Lo(W) by F, functions.
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Quasiadditivity of Riesz capacity
61 8k B8R BERE IT¥EX

Let 0 < o < n and kq(z) = |2|*"™ the Riesz kernel on R".
Define the Riesz capacity by

R (E m{inf{Hng:kaxf(x)ZlonE,fZCl} if 1 < p< oo,
PN L inf{||p)) ke xp(z) >1on E,p >0} ifp=1.

It is obvious that R, , is countably subadditive, 1.e.

Rap(E) < Z Ro,p(Ek)
k

with £ = |J, Ex. The main purpose of this talk is to investigate
for what decompositions the inequality

Rap(E) 2 N Rap(Ex)
k

holds with some positive constant N. We refer to this inequal-
ity as “quasiadditivity”. Quasiadditivity for decompositions into
spherical shells has been considered by Landkof [2, Lemma 5.5 in
p.304] and Adams [1, Theorem 7.5].

We shall show that the Whitney decomposition {cf. [3, p.16])
assoclated with a certain closed set has quasiadditivity.

DEFINITION. Let F' be a closed set having no interior points. Put
8(z) = dist(z, F') and let mg be the measure defined by

mg(E) = / §(z) Pdz.
E
We associate the least number d = d(F') for which

ms(Clz.r)) < Ngr™™?



holds for all z € F and r > (0 with a positive constant Nz, when-
ever 0 < 3 <n~d.

The constant d(F) is related to the dimension of F. In fact, if
L is an m-dimensional affine subspace in R”, then d(L) = m. We
can easily see that if F is an m-dimensional compact Lipschitz
manifold, then d{#) = m. By definition if F; C F,, then d(F}) <
d(Fa).

Our main result is

THEOREM 1. Let 1 < p < o. Let {Qx} be the Whitney decom-
position of R* \ F. Suppose ap + d(F) < n. Then

Rap(E) 2 N3 Ray(E)
k

holds with E, = E 0\ Q) for some positive constant N.

Since d({0}) = 0, we see that Theorem 1 is a generalization of
the aforementioned results of Landkof and Adams. Our proof is
completely different; it relies on the following comparison between
the Riesz capacity R, , and the measure mg,.

THEOREM 2. Let 1 < p < oo. Suppose ap+ d(F) < n. IfE is
measurable, then
Map(E) < NRyp(E)

for some positive constant N.
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1. D. R. Adams, Sets and functions of finite LP.capacsty, Indiana Univ.
Math. J. 27 {1378), 611-627.

2. N. 8. Landkof, “Foundations of modern potential theory,” Springer,
1972.

3. E. M. Stein, “Singular integrale and differentiability properties of func-
tions,” Princeton University Press, 1370,



Some properties about products

15— of harmonic spaces

MOE &2 | FERRT AL RFE

R® 285572 25RKAu=0 o@HEY (R* . W) »
Re*U 28058581 Au=0 o@mEs (ko MdE) Lo
B2 ERLBEESHS. R L0 Brownian semi-group (P i) o0 @
(P ) -excessive functions®ESII R FOE®D (52735 AHAER
Au=0 (28T 4) hyperharmonic functions OEHFIT—-HT 22 ¢
MEL{HIONTWAS., WE, semi-group (P )& R ED uniform mo-
tion @ semi-group ( Ti)iso & @ product (Q)vso HHERRT A

SO, R FOARFER Qu=0 Ik AFMOEM (R,
o) HE® hyperharmonic functions®E &L, (Q.) —excessive
functions DEEE —HT 2. Lis->T, (R, ¥ ) % semi-
group ( T ) eso (2 associated Z2F{MEME$T2L, (R,
# ) w2on@MER (R, Ha) v (R ) ® product
ELTH#BTES.

IOZlE, HHEHFOLET-RELT, 2Ho0HFMER (X
C) v (R O product 1D £ B BEEMAMKL, h
SORMEFMOBMOBRIIOWTEEYT L. £z, ZOL5% pro-
duct DOBEEWOLAGELERS 2. £D product DFEIWD
WTOXBTTEREICODVWTIERT .

(X, iﬂ* } X a locally compact space X with countable

base F @ a harmonic space (€,0) with 1€ ‘ﬁ(k Y. {Pileso



12X > a sub-markov semi-group associated to (X, ‘J'FY(*) el
T A. ’ﬂ—-“:[ Te" Jero ERY = (0, ©) £ uniform motion
(B4 % a translation semi-groupT & ¥, a harmonic space

( RYME) 10 associate LT3 L 0=( Q0o . 200
semi-group | P eleso & TT* o pr‘oduc’t W& » THEEND

a semi-group & 7.

el a harmonic space | X .Y 17 associated 2 a sub-
markov semi-group (P ) .-e #% strong Feller TH3H o, a
semi~group @ @ strong Feller kernels Wi 7’)‘%%{% a sub-
markov resolvent W= (Wylx>o DEEL T, £/, a proper

potential kernel W % &L .

EFE. 2@ harmonic spaces { X, m*} £ (RY . #o) »
product space ( X x R% , ’ﬁi‘} 7 @ I associate F 3
@~—harmonic space THDODOLE+ &ML harmonic space
( X, ﬁf*} I” associate T 5 semi-group { P.)es>o #° strong
Feller #WMT & TH5.
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Extended interpolation problem

for finitely connected domains
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On algebroid solutions of some algebraic

,
y
B

)

differential eguations in the complex
plane

Nagoya Institute

TODA Nobushi
g€ of Technology

Let ajk {(i=0,1....,n; k=0,1,...,qj) be entire

functions without comnmon zeros such that an £0,
0

anqn#O and at least one of a5y is not constant.
Put

ES

k
Aw)= a.,.w , . =de .
Q, () kEO ik dy=deg Q,
and we consider the differential equation

n .
(1) 5 0. (w)(w')l=0.
j=0 -

We suppose that the D.E.{1)} is irreducible
over the field of meromorphic functions in |z| <=
and that it admits at least one nonconstant
finite valued algebroid solution in |z| <=,

We say that the solution w is admissible if

T(r,a.kjanq y=S{r,w)

]
n
for all ajk'

Theorem. Suppose that
{i) anq is polynomial and the other coefficients
of ?1) is of order finite;
(i) qn+n>qj+j (3=0,1,...,n=-1).
Then, any algebroid solution of the D.E.{1) is
not admissible.
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SE B RIKIE

Fefferman-Stein ©H!-BMO duality theorem = & #LiE, HIR™) o It 22 1t

BMORMIZ® L, St n=1 DBSERMIREAO (B ) B ZHo
dual space Z’'BMOA (LEEU&BMO%@K) E—HLTWABIELRLTWA,

- A ﬂ&ifﬂﬁ%i:HlG) real part DZEMI D dual space HBMOH (FiF1 K & o

BMO) & %o TWhI £ %5 LTV %, Hardy 22f H' 12403, Riemannfii
FTHLERINTVEDLITTH 52D 5, AEOHE%Riemann FTE 2 5

Z L #C %D, Riemann [ R #fcompact bordered DB, HI(R)* = BMOA(R)
ThbI EFMmSNLTWS (Gotoh, Shiga) o AFEETix, % Riemann
#ll R 2* SOy end (Thby, HEERANEREOHRITHART, BAER

D harmonic measure0) TH L EEREZ B,
&AM, (compact bordered Riemann surface D& & 13 R 7% 1 ) Heins[4]

DB G, SO end KBV TE X, —#K HR)* = BMOA®) & MBS &
WZ kAbhL, FITHNEROBES LR, koL ) BElrEL L,
F%H Riemann@ R Lo (EH{E) FAEK w7 b ®R) KET & 13 uon

BRI OB f Dreal pant k5 TWA I L EED A, I IInHER
DEEWEE & LT o B A &R~ Dcanonical projection, 72, D/

ol gy g f PH L WLTCEZ D, #2720, f(0) =u(0) £HloTH
o ZDEE
EIE R 2SOy, end THELE, h TRy o dual space ¢ BMOH (R )
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LEELTwEDS) B0 W @5 (0B L/F—HTE 555 &
DIHER T F D EEEILERIC T B
Lemma 2. R %% SOy end ThbsEE, HIER OR DI ETBMOH T

» % quasi-bounded harmonic function iz R £1K CBMOHT» 4,

I o OLlemmasDEHDRIEY & LT .
Corollary. SOy end Tit ERFBABBEAKizn I T dense T2 5.

PELE,

Lemma 1 ®3iERHIZiE, Burkholder-Gundy-Silverstein M %8 (Maximal
function 12 & Bh IROBEITIT) & Hyperbolic geometry D & 2D i&in %
BAwb, /2, Lemma 2 @i IIGreen B DO weight (T& ODIC L 2
BMOHDHATIF 269 o

%I, COEEPLBELNE -ODERIIOVWTENS, —#IIFuchs
HrAo, TACHBE LR EHE ELFERS 02 (o Fisher[2)) o

COERER, Bor0lERE o T AR, LEEEL Y
B8  Fuchs#I'7° SOpp end® RET 5L &, TAINEEL LM

E 5%3*38}_, $ HA0 D BMOD 6 I T F % BMOBIEL D £~ D& % fEH
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{1] Fefferman, C. and Stein, E. M., uP spaces of several variables, Acta Math.

129 (1972), 137-193.

[2] Fisher, $. D., Function theory of planar domains, John Wiley & Sons,
1983,

[3] Gotoh, Y., Riemann@ LOBMOBEIZOW T, HEAKEELH T,
1985.

[4] Heins, M., Hardy classes on Riemann surfaces, LNM 98, Springer , 1969.

[5] Shiga, H., Hardy spaces and BMO on Riemann surfaces, to appear.



PLU’GJy [rﬂyfekljo];'c f&v’a-—‘j@ﬂé%a‘fc}f‘ EV‘OuI‘Jj

9]

o— %

IKRA93 T#rﬁemen o FZE I )> 07

inig A R 5 2R

Tdriensen D FE A (T Tfﬁrjer\Sen/ Awer MaTh T 197€)

G=</x, B> CPSLC2 C) & non-elemenlory discrete

I4

3%&??’-'@75; o &

[TRA &t L6 ABATRT -2] 2

e 1 E best ‘pcss(uﬁ % 3
G=<A,B” 7 nen-ale w\ey\"{wy purely kﬁerbcffc
3h‘>u~§p AT G lman (1956) 1RE A R0BR & %
| trABATRT - 2| 7
G=<A,B” V\Oé\-'QIQW\QzAtC\Vy porely L;/)?Q»i?offc Jrewp
"B KRG RECEBEOTHET A
£ | G=<ABYCPSL(2R) E ron-clementury

furet;; ix/vfey'bo](c ii’m.tj? v ’q fJ Za X F,

1) [t ABATR™ -2 | 74
2) LT A -4 TITARATB =2 74

i 4 0 bk pessible &%

§ -

POEEGMENLARE2LTED ~finr



ky-t;erbo{kc TR AR 4 maltipliers & X b qod Vi
Vi, (o<t <) Sixed poats £ T4, Th s Pg, %
L, P &= Db s odb Sl ¢=(R% Pis) t32
S eI LABY = (t, 1 8 e (TR )X (T t1) 9
M B

TR D G=LKAB7CPSL(2,IR) & won- e{emenf&w—)’

murely hyperbelic Greap £ L (1, G f) & <A B” kAT
| / ﬁ ] LP 4 " ; . )

W tize, Gyo, P70 o ¥ TG 5 LAE7 A

Type I 92X ¥

N T,ABATRY -2 >t
2) Pt A~ T It ABATBT 21 >4

(6 1% best lgofséiofe T 8% .

(2) tiye, tayve, e v v ®2, T3t {ABY A

') C-ABATBT —2 (-~ 4
2) [t*A -%1 TIHABA™R —2| 75

4 ¥ best possible T K3,

HERE N Puraitsky , MaTh 2o (1972) @ H. Sato, Tohoku

Math J. (1488) o453 T AV T HET k3.



Teichmyller T)EPQE\G) i‘%—%h\:'ﬁﬂ
\J{%\ ‘?E{ = F\{ i b- %)‘au? "

Suppose that D is a simply connected domain of hyperbolic

23

type in the extended complex plain €. Then the Poincaré density Pp in
D i3 given by pD(z)=(l-[g(z)IQ)"fg'iz)I. where g9 is any
conformal mapping of D onto the unit disk a=(z:1z!<!}. For each
{function ¢ defined in D . Wwe introduce the hyperbolic L~ nornm
u@uD=e§§§up!w(z)IpD(z)‘z. Next for each function { which is locally
univalent and meromorphic in D , we define the Schwarzian derivative
of { by Sf={f“/{'}’— %(f"/f‘)ﬁ. Let ™ be a Fuchsian group acting
on & . We denote the Banach space of bounded holomorphic quadratic
differentials for [ by By(a.[}, i.e., a holomorphic function ¢ on
& belongs to Bz(a.T) if (p-y)(y'12=¢ for every vel and el <=, Let
Sil)z(Sfif is conformal in a) and TCJ)=(SfeS(l):f(A> is & quasidisk}.
Ue also define S(M)=5(1)1NB, (4. and T =T(IINB, (A T). For any [,
it Is known that T(IicS(FeB,(a.0), T is open and S(I) is closed

in By(a.I}. T coincides with the Bers embedding of the Teichmuller

space of I .

Sugawa €213 =1 n#i3 Gehm‘ng 210 §18%

1?:\277{%"1 . fé’-%,") %’Q i{gpu&cb\ii\%} 2 ﬁjt‘?‘ S(T) -
Tr) s¢ va3=ckiEefite, == v F 148 Fuchs

2031t Ra AT IRE 1Y
&az«*ema B R Fondos 8% T 2/7 © € - {918
EEESS S = T(M) »¢ e1i3 a4 T3,
BRcha (1) e s Do AR =R 13EY
B B35 5y BN Th Spival 380 limit sel 145 %
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{13 Abikoff.¥., Some remarks on Kleinian groups. Ann. of Math.
Studies 66 (19713, 1-5.

[2] Gehring.F.W.., Spirals and the universal Teichmul]ler space, Acta
Math. 141 (1978), 98-113.

{31 Sugawa,T.. On the Bers conjecture for Fuchsian groups of the

second kKind, to appear in J. Math. Kyoto Univ.
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On generalized power series in hyper-
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A GEOMETRIC CHARACTERIZATION

OF A SIMPLE K3-SINGURARITY

BB K AHKFIEF
A OE BT RARLEAEER

A simple K3-singularity 1s defined in terms of the Hodge
structure as & three dimensional analogue of a simple elliptic
singularity. It is well known that a simple elliptic singularity
is chracterized by the geometric structure of the minimal
resclution. The aim of this talk is to prove that a simple
K8~singularity is also characterized by the geometric structure
of a Q-factorial terminal modification which is a three
dimensional analogue of the minimal resolution.

Let f: X - X be a good resolution of a normal isclated
singularity (X. x). We denote £ Y(x)

) red

it into irreducible components Ei (i =121,2,..,8). If (X, x)

is a Gorenstein singularity, then we have a presentation of

by E and decompose

canonical divisors:

*
Ky = £ Ky+ igxmigi - ngijJ .

where my >0 for any { € I and mj > 0 for any je J.
Definition 1. Under the previous situation, the divisor

> m,E. 1is called the essential divisor and denoted by EJ.
jed JJ )

Proposition 2. A Gorenstein isolated singularity (X, z)
iz purely elliptic if and oniy if the essential divisor EJ 18
a non-zero reduced divisor {(i.e. J = ¢ and m.,= I for every

;€ J) For any good resclution F.



For a Gorenstein purely elliptic singularity (X, x). we
define the type of a singularity according to the Hodge
structure of EJ. Since EJ is a complete variety with normal

crossings,
n-1
)~ ardi™ hE) = e O l(E)).
J i=1 -
where n = dim (X, x) and Hg'q(n) means the (p, g)-component

i e, 6

of Grg+qu(*). Since (X, x) 1is a purely elliptic
n-1

. n~1 _ _
singularity, H (EJ, @EJ) = H (E, GE) = C

n-1

Therefore H (E @E } must coincide with one of HO’l

TI(E
3 n-1

J’ J)
Definition 3. For an integer 1 ( 0 < i < n-1), a
purely elliptic singularity (X, x) is of type (0, i) , if

Hn_l(EJ. GE } consists of the (0, i)-Hodge component.
J \

Definition 4. A normal isolated singularity (X, x} of
dimension three is called a simple K3-singularity, if (X, x) is

a Gorenstein purely elliptic singularity of type (0,2},

Definition 5. A projective birational morphism g: ¥ = X is
called a partial resolution of the singularity on X, if g is
an iscmorphism on the outside of the singular locus of X and Y
is normal. A partial resolution g: ¥ = X 1is called a
Q-factorial terminal modification, if Y has only @-factorial
terminal singularities and the canonical divisor KY is

g-semli-ample.

Theorem. Let (X, z) be a three dimensional normal
18olated singularity. Then, (X, z) 1% a simple K3-singularity
if and only «f D = 9~Z(X)red 18 a normal K3-surface for a
Q-factorial terminal modification g ' Y = X of the

tingularity.
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