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ON (o, B)-CONVEX FUNCTIONS OF ORDER Y

SHIGEYOSHI Owa KiNKI UNIVERSITY

Let An be the class of functions of the form

f(z) = z + ) a
k=n+1

kzk (neN={1,2,3,...})

which are analytic in the unit disk |J. A function
f(z)eAn is said to be (a,B)-convex of order vy
if it satisfies
zf' (2) zf'" (z)
Re{oc——— + B(l + —'———]} >y
f(z) £'(2)
for some o > 0, 8 > 0, y < o+8, and all ze(],
where a+8>0. Denoting by An(a,B,Y) the subclass
of An consisting of all (a,B)-convex functions
of order y, we have

THEOREM [, If £(2) e A (a,8,y) with
Yy > {a-(n-1)B}/2, then f(z) ¢ Sz(é), where

2y-ng+ Al (2y-n8)° + 8ng(a+8)
4(a + B)

*
and Sn(d) means the subclass of An consisting

of all starlike functions of order ¢.



THEOREM 2,  If £(2) ¢ A _(o,8,y), then

A/ 2£' (2)
Re —_— > § (ng),
f(z)

3(0+8) 65-7(0+8) 6 2+{5(a+8) +nB-y )} §- (a+B-y) = 0

where

for 0 < 8§ < 1/2, and
3(a+8) 85-4 (a+B8) 624+ (atB4n8-v) 6-np = 0
for 1/2 < & < 1.



ON P-FOLD SYMMETRIC (a,B)-CONVEX
;l FUNCTIONS OF ORDER Y

SHIGEYOSHI Owa KinkI UNIVERSITY

Let F(p) denote the class of functions of

the form

np+1

f(z) = z + z (peN)

nzlanpﬂ_
which are p-fold symmetric in the unit disk [J.
A function f(z)eF(p) is said to be p-fold
symmetric (a,B)-convex of order y if it satisfies
zf'(z2) zf" (z)
Re{a——————— + 8|1 + —_———__]} >y
f(z) £'(2)
for some a > 0, 8 > 0, y < o+8, and all zel),
where o+g>0. We denote by F(p,a,3,y) the subclass
of F(p) consisting of all p-fold symmetric
(o, 8) -convex functions of order vy in |(J.
Denoting by S*(p,ﬁ) the subclass of F(p)
consisting of all p-fold symmetric starlike
functions of order §, we have

THEOREM., If f£(z)eF(p,x,8,y), then
*
£(z)eS (p,s), where



5=6(P,a,8,v)=4

Y(2a-(p-2)B8-2Y)

2(a+8) (a-(p-1)B8-v)
(a-(p-1)B-2v>0)

1
T (a-(p-1)8-2y=0)

1 2 2(a+8-y)/pR -1
JO[ 1+¢PB/ (a+B) dt

(a-(p-1)B-2v<0).



AN APPLICATION OF A CERTAIN

3 FRACTIONAL DERIVATIVE OPERATOR
Ho M. SRIvASTAVA UNIv, oF VicTorIA
SHIGEYOSHI OwA KINKI UNIVERSITY

Let A be the class of functions of the form

f(z) =z+ ) a z"
n=2 o

which are analytic in the unit disk |J. Using the

incomplete beta function

o (a)

(b(a,C;Z) = E ——L zn+l (Z € U):
n=0 (¢)
n

where ¢ # 0,-1,-2,..., and (k)n is the
Pochhammer symbol defined by

1 (n = 0)

M, =
A(A+1) ... (A4n-1) (n # 0),

we introduce the linear operator L(a,c) by

L(a,c)f(z) = ¢(a,c;z)*xf(2z)

for f(z) ¢ A, where the symbol "%'" means the

convolution.

Also, with a fractional differential operator

ch,B,n

0., » We define the following fractional



derivative operator Ng’i’n by

r(2-g)T(3-a+n)
N3 8N £(z) = 283% 5 NE(2)
' 2 r(3-8+n) 2

for f(z) ¢ A.
In the present talk, we show some properties

on the fractional derivative operator Ng’B’n.

3

THEOREM I, If 0 <a <1, 8 - n < 3, and
0 < B <1, then

L(3-atn, 3-8+ NS 5K (1/2) € §¥(1/2) .

THEOREM 2, If 0 < a <1, 8 - n < 3, and

0 < B < 2, then

L(3-atn, 3-8+ NG £ K (8/2) = R(8/2).
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Two criteria for starlikeness

g E R — Mok ERE
Milutin Obradovit RA TS5 — R Kk#%
B MmE&H TR AKEHERT
wRo&g— HRREEKRY

Let A denote the class of functions analytic in
the unit disec U-{z: | 21 <1} and normalized with
£(0)=f" (0)-1=0. By 0., n & N,={0,1,2, -+~ },we

denote the class of functions f £ A such that

Prrif(z) n o+ 2
Re{—mm———ror—} < —w— 2z 2 1,
Drf(z) n +1
where DOf(z)=f(z),D'f(z)=Df(z)=2f"(z),----,D"f(z)
=D(D""'"f(z)), n = N={1,2,----- }. The class 0, 1is

proved that 0...C 0, for all n 2 N, and that 0.,

n = N, is subclass of starlike functions,S* in U.
3n+8
THEOREM 1. Let f € A, 2= 0 and B < —qa .,
2(n+2)
n < Nm. If
Drt2f(z) Drrif(z)
Ref{ + B } << B(a, B.n),
Drrtf(z) Drf(z)
nt3 3n+6
z £ U, where B(a, 8,n)- @ + —
n+2 3n+8

then f 1s starlike in 0 and f = 0,.



COROLLALY 1. If f cA,a= 0, B< 2a and
2f" (z) f(z) 3

Re{a (1+ — ) + 8 ——} < —(2a + 8),
f' (z) zf (7) 4

then f ¢ S* in U. In Particular.

7zf" (z) f(z) 3
Re{ly — — ——} < — —> f € §°
f'(z) 7zt (7) 4
zf' (z) 1 - =z
and ———— <<
f(z) 1 - (z/ 2

THEOREM 2. Let f ¢ A, = 0.a + 8= 0 and

n £ No. Tf
Dr*2f(z) 2 Dr*'f(z) §
Drrif(z) o D" f(z) o
2 1
<O e

then £ ¢ S* and f = 0..

COROLLALY 2. If f = A,a= 0,a+ 8= 0 and

zf' (z) |a 7€ (z) 8 1
-1 L —,
£ (z) £(z) o% 38
then f ¢ S*.
In particular, for B=1 — o,a = 0, we have

zf' (z) |1 72 (z) 1-1 1
£ (2) £(z) g% 31-¥

zf' (z) 1 — =z
=> f 7 §* and —m— <<

flz) 1 — (z/2)
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8 Nagel-Stein approach regions and
minimal fine limit theorem

1 a4 B BEKRE LER

It is well known, as Fatou-Naim-Doob theorem (see (3]), that a non-
negative superharmonic function u on a Green domain D has minimal
fine boundary limits at almost all Martin boundary points X, i.e. there is
a minimally thin set Ex such that u(P) has limit as P approaches X out-
side E'x . This beautiful theorem, however does not seem to tell the whole
truth. The following simple example serve as an illustration. Hereafter
we let D be the upper half space {(X,y): X = (z1,...,2Zm-1),y > 0}.

(1) The set of the form {(X,y) : 0 < y < ¢(|X|)} can be minimally
thin at 0 if ¢ decreases sufficiently fast at 0. This implies that we cannot
get any information for highly tangential boundary behavior from the
minimal fine boundary limit theorem.

(i1) There is a result, similar to the classical Fatou theorem, but
where approach regions are not necessarily in nontangential cones, or
more precisely, can include a sequence of points of prescribed tangency
([4)).

The main purpose of this talk is to show that there must exist
a theorem ‘stronger’ than minimal fine limit theorem. In view
of the Riesz—Martin decomposition, we treat the boundary behavior of
Green potentials and that of harmonic functions, separately.

As to Green potentials v, their boundary values are expected to be
0, and hence it is important to characterize the set A, = {P : v(P) > c}.
We show that A, is represented as the union of a set £ “thin at 8D with
respect to capacity” and a set F' “thin at 3D with respect to measure”.
The first thin set has already appeared in [5].

THEOREM 1. Let v be a Green potential. Then there exist a set E thin
at 0D with respect to capacity and a set F' thin at 9D with respect
to measure such that v(P) converges to 0 as P approaches 0D outside
EUF.

Then we show that the intersection of the Nagel-Stein approach
region and a set thin at 3D with respect to capacity (resp. measure) is
ordinary thin for m > 3 and "nearly thin'([2]) for m = 2 (resp. ‘even-
tually empty’ for m > 2) at almost all boundary points. This result is

Typeset by HAE- ApS-TEX



sharp, since the minimal thinness can be characterized by a Wiener type
criterion; and if a set E is restricted in a nontangential cone at X € 4D,
then

E is minimally thin <= E is ordinary thin (m > 3),
E is minimally thin <= F is nearly thin (m = 2).

The boundary behavior of positive harmonic functions is more sub-
tle. We feel that a set thin at D with respect to measure must be a
suitable exceptional set. But we have gotten only a weaker result, though
it is strong enough to yield an alternative proof of Nagel-Stein’s work.
Things are very complicated, since the boundary values of a harmonic
function are different at different boundary points.

THEOREM 2. Suppose a subdomain Q of D has 0 as the only accumu-
lation point on 0D. Let h be a positive harmonic function on D. Then
there is a set F' thin at 8D with respect to measure such that

lir%osc(h;(Q+X)ﬂC(z,r)\F)=0

for almost all X € 0D.

Let G = U; G; be the union of ‘grids’ Gj in (1, §2]. Then GNC(0, R)
is thin at 3D with respect to measure for any R > 0. We constructed a
harmonic function h such that |k| < 1 and osc(h;GNC(X,r)) = 2 for
all > 0 and all X € D ([1, Theorem 1]). This shows that the size of
the exceptional set in Theorem 2 is best possible.
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7 Analytical extensions of the members of the
Bergman and Szegd spaces on some tube domains

)1 8k By BEKRFE LF¥H
® X BHEXRE T¥%H
EH U BEKRE L¥EH
B =R BHERFE L¥#H

We [3] obtained the isometrical identity

= | [ it iasy

= (2n)Y @ f(x)
_2(2j+1)!/ ‘ Oz

— o0

2
dz

for analytic functions f(z) on {|Imz| < r} with finite norms

{/_: /_:: f(z + iy)|*dzdy}¥ < o0

and gave applications to the analyticity and smoothing effect for some
nonlinear partial differential equation. For its importance, we will give
a higher dimensional version of the identity. Since the result of the case
of the product

{Imz1] < i} x {|Imz3| < ra} x -+ x {{Imz,| < rp}

is similar to that of the case of n = 1, we shall discuss the case of the
ball

{(Imz1)* + (Imz3)? + -+ + (Imz,)* < 1},

which is a typical one. We shall discuss the Bergman and the Szego
spaces in Sections 2 and 3 and, as a result, we shall derive a fundamental
inequality between the Bergman and the Szego norms in Section 4.

Typeset by HA - AnS-TEX
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On the generalized Cartan conjecture

TODA Nobushige (Nagoya Institute

of Technology)

Let f=(f1,...,f ) be transcendental sys-

n+1
tem in the complex plane; namely, f1""'fn+1
are entire functions without common zeros and
lim T(r,f)/log r ==, where T(r,f) is the charac-
igjistic function of £ ([1]). We put

S(f)={a: meromorphic in |z | <o, T(r,a)=S(r,£f)},

So(f)z{a: meromorphic in |z|<», T(r,a)=o(T(r,f))

(r»=)},
l'=a subfield of So(f) containing C,
A_dim{(a1,...,an+1):a1f1+...+an+1fn+1=0, ajaF}
and
n+1
X:{j§1aijfj: £0, general position, aijeF}.

Generalized Cartan Conjecture. For any F1,

.,Fq of X, the defect relation

q

Y. S(F.)sn+A+1
, i

i=1

holds.
It is known that this conjecture is true

when A =0 ({21,(3]). The purpose of this talk is



to give some results concerning this conjecture.

Theorem 1. The generalized Cartan conjectu-

re is true when (i) g=n+A+2 ([4]) or (ii) A=1([51]).
Theorem 2. For any F1,...,Fq of X,

q
L 8(F;)sn+1+A(n-A(£)),
=1

1

where A(f)=dim{ (o

Hh

, O )i oa £+ 10

17 141 n+1 n+1"

0, a; eS(£)}([5]).

n+1

Corollary. The generalized Cartan conjectu-
re is true when A(f)=n-1.
References
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" OR & M
Boundary behaviour of solutions
of the Dirichlet problem
Wolfhard HANSEN Universitat Bielefeld
FRG
Let U C R™ be a nonempty relatively compact open set. Given a con-
tinuous real valued function f on the boundary U* of U, the classical
Dirichlet problem asks for a continuous extension of f to a function
h on the closure U of U which is harmonic on U (i.e., which satisfies
Ah = 0 on U). The Perron-Wiener-Brelot method using upper and
lower solutions always leads to a generalized solution Hy f which is
harmonic on U. The classical Dirichlet problem admits a solution if
and only iflim, .. Hy f(z) = f(z) for every z € U* and then the solu-
tion is given by Hy f. Whence the interest in the boundary behaviour
of the generalized solution.

Using general potential theory this problem can be treated simul-
taneously for a large class of linear differential operators of second
order (e.g. L =3 __, X} +Y where X;,...,X,,Y are smooth vector
fields such that the generated Lie algebra has full rank at each point).
Our standard examples will be the classical case (L = A) and the heat

equation (L = A — %)



It is well known that Hy f is obtained by balayage on 0U: Fix a
P-set X containing U (e.g. X = R"ifn > 3, X C R" relativeley
compact open if n < 2). For every z € X let EEU denote the unique
measure on X such that f sdscu RCU(z for every superharmonic
function s > 0 on X where RSU = inf{t : t > 0 superharmonic on X},
RCU(I) = liminf, ., R U(y) Then s Y(f) = Hy f(z) for every z €
U,ie., EEU is the harmonic measure corresponding to z.

1. Accumulation points of harmonic measures. For every
z € U* let A(z) denote the set of all measures u such that (55{{)
converges to u for some sequence (z,) in U converging to z. Then
always EEU € A(z) (J.Kohn and M. Sieveking 1967). It is a striking
fact that either A(z) C {Ez,EEU} or A(z) = {ae, + (1 - a)sEU :0<
a < 1} (O.Frostman 1939, N.Boboc and A.Cornea 1967, J. Lukes
and J. Maly 1981, W. Hansen 1983). A point z € U* is called regular
if im, ., Hy f(z) = f(z) for every f € C(U*). Clearly, the set U*

reg

of all regular points is characterized by U, eg = 12 €EU* 1 A(2) =

(e} ={zeU*:¢e, =cW} and U is regular (i.e., the classical
Dirichlet problem is solvable for every f € C(U*)) iff U* = Ureg-

Let U*

Irr

denote the set U* \ U}, of all irregular points and UZ,, the

sem

set {z € Ur, : A(z) = {efV }} of all semiregular points. Then Hy f

(W]



has a continuous extension to U for every f € C(U*) iff Ugen = UL,
(U is called a semiregular set). If U is semiregular then . Is open
in U* and negligible (i.e., EEU(Ui*;r) = 0 for every ¢ € U) (H.Bauer
1962). The converse holds as well (I. Netuka 1973, J. Lukes 1975). In
fact, U* \ Uk,, is the closure of the union of supports of all harmonic
measures 6EU, z € U (J.Bliedtner and W. Hansen 1976, J. Luke$ and
J.Maly 1981).

2. Fine boundary behaviour. Fix z € U*, take a continuous

potential p on X and let g = p|y-. Then clearly

tlim Hyg(z) = <V(g) (%)
since ﬁgU is finely continuous and Hyg = EEU on U. An approxima-
tion argument immediately shows that (x) holds for every g € C(U™).

In fact, if z is polar, (%) is even true for every resolutive function ¢

which is sEU—integrable (M. Brelot 1944/45, E. Smyrnelis 1968,1973,
H. Bauer 1985,1987, W. Hansen 1986, I. Netuka 1990).

3. Regularizing sets of irregular points (joint work with
I. Netuka, J. Reine Angew. Math. 409, 205-218(1990)). Given f €

C(U*), does there exist a solution of the classical Dirichlet problem

for f7 Trivially, the answer is positive iff

lim Hyf(z) = f(z)  (s%)

3



*

for every z € Uj,. But do we really have to know (%) for all irregular

points? Let us say that a subset A C U*

irr 18 regularizing provided

that every f € C(U*) satisfying (+*) for all z € A actually satisfies
(%) for every z € Ug,. (Recall that (x) holds iff e2U(f) = f(z).)

It is well known that there are always countable regularizing sets
(M.V.Keldych 1938,1941, M. Brelot 1961, G. Choquet 1968). Recall
that if (z5,) is a sequence in U* converging to z such that 555’ — p then
p=ac;+(1 —a)sEU for some 0 < a < 1. Thus quasi-isolated points,

1.e., points z € Ui, which are isolated or satisfy ]imz__,z‘ze(jt\{z} sEU =

Irr

¢:, play a special role (partial results by N.S. Landkof 1947). Following
G. Choquet, a set 4 C U, is said to be a piquetage faible if A is dense

in Uy, and if there is no point z € U*_ such that lm; ., ca EEU =¢&,.

irr irr
As shown by G.Choquet there always exists a countable piquetage
faible and every piquetage faible is regularizing. Choquet’s question
whether every regularizing set is a piquetage faible has a negative
answer.

Our counterexample (for classical potential theory in R®) led to
the introduction of a topology A on U;%, which is finer than the initial

one and such that every piquetage faible is A-dense in U, (but not

irr

*

conversely). The A-isolated points are the quasi-isolated points. If et



is negligible (which is true for every U in the classical case) then the

*

following can be shown: A subset of U, is regularizing if and only if

*

it is A-dense in U;% . For the heat equation an example is constructed

with a A-closed proper subset of U

> which is nevertheless regularizing.
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LA AREHBE NI ERTE, CDEERDIENNR D,



"(R) WX BRELARAROBITER (F) ORBEMWRAESIL (R)
CEBHRMAEHBRTHEAEBS LV DD E—KT B."
COIENOMMAHBERDZEASER L2 OMBELTRET 2
CEHMEELE B, | EBROBS, WUARESAEEOZERL, 20
REFRETDLE, 2" ULAARYL, SO EHORAEEZ LS
RELNXEZF >BRET, AREMCIE 2 LAB I EhDN3,

X AZSABEER L, 1 DOBKS KRB, Z N2 T THRERE
THB5E & BASRBEERA D OO S 5 TekE LT RE X
BAHELNDHSE, ELTHEOREE, 1 2OXR0%5EZ{ OH0
BHISHERT (R) KL -TZ02UN0BERINZLIRHONE
ATHO, 2N 0%80 (R) KE-T2NHEECERINALSK
HEESNT IO 2 &b 3. ZnEIHIBES VD LT 3,

[,  BEREy7Sti A2 ghes.
DS, P(XLY) 220HBOFTESERET 2L, S hizE
BThhiEER

PR CAY ), RCELY )=k (P (LY )

ZWrd, BLAREORE, rIR2BEBT d=] 0L xizlom
BT, d>] DEEIZ k=] EFB3ZEHHKS. O ENS
PCLY) O—BEFEREZHEOCRIFNDCREETH 3 &9 5.

EIAT2EBORENSZHEAOEREIERELRV T THY
TRESERLT, 20ERE20BRERORII—ETHE. #nT2
DEEAN g, ZORAROBMNnOBHERE @n)-type LD &
T35 Z29593L20% type T FROEEREZG LT LONBIE
KP(LY) RUSERSE () RAKBICRENR hiesH



ORBPVECEEC L > TRO 4, THOoLAINCRET I DT
HBEENGMD.
1. O, D-type @ & %,

P(XY)={ RI(X,Y)=kXd

RZ( LY )=HEOZHERX
2. 0,2)-type D& %,

PCXY)=XY+] RI(X,Y)=XH(XY+I—e;.)
R2( LY)=YTI( XY+I—ej”)

PCYY)=x"y™m RCLY)I=4X
Ry(XY)=BY

PCXLY)=X"Y+] R(LY)=AX

R(CKY)=C P (LY -1y ™

{HL, e; RU e;.' EAHLTIHAD 1 DdEBOSEKTH 3.
3. On-type (n>]) 0L &,

PCXY)=pXY +q(0 Rl( Y)=X
Ry XY )= (P (X)) /50D

HL, p(0) & o) BREVCEZZEAERT o0%—q0 1 p() @
Bh, b 22 WL ORAR-,
4. @n)-type (g>]) D&k,

P(XY)=x"—y™ RCLY)=AX

RZ( LY)=BY

PCXY)=4x"—¢y™ R(XY)=X( x"—Y

m.a
i )



R(KY) =Y (X" y™)

HL, aRU'bIZ om=btm B 2FOENTCH 3.

UERL > THRMSHRATERBAR DS EXER & 20HMiteT
R{zhTn 3.

0. ST%973 e RZE iR,
COREMHERSHBEROTELZ LS, RTROZENTL 3,
THRISHEHAEHB I EES L LTl TH S ",

RIS TRES SREMBOTESESL P(LY ) EEN TR
REEBHIBEHOATH 3, RO—BIEREILTEOCRITNC
BEZETHS. COLIBBERXIZREMCHREHEK, 2hize
DREWSECEFTRO MWBEDO L NACRET 3.

PCLY)=0p(X)(q(X)Y + v(x D"
P(RY)=1" (o + b}.(xlw p( X)) e
P(X,Y)=YH(aJ.Xn+ bjy“)""

COHTETOBRMBRANE—0R B30 3BEOHBTHS. 2
LTIhERAFEC T 2B HXERIEMEEELROBOCH 3,

R(LY) =X Cats b s yhs
R(XY)=YTI(a s+ b )k
2 J J

U, b &k ik =ak ERATEOBRTHS.

ChT2TORARESRBEMER DB HXSR & 2 OHMARE
HR .

REINSOZHEAEROBT, @HRE HMMOA - MO Rty



AR ObDERD B E, 2ORPEEFRICLT, 2FHoREMNLE
CRETRD A MBOENMCIRET 3.

1) Rﬂxm=u+xﬁ—z
RZ(X,Y)sz—*_. A

2) R(XY)=aX
%uxbﬂzﬂﬁﬂﬂ)ﬂdﬂ

d

3) RO =C1+ )% =)
Rf&H=H+Yf—I

1)

RﬁLH=U+XﬂH+Yf—I

R%&H=H+Xﬁ“+¥f—1

CNSOZHEABRI LB RELAREF OBINRRGHBHICIKRT 0,
1) @ X+1=0, 2) 3 XY+I=0, 3) &£4) FF& X+]=0 &
EY+I=0 HEehEhORAHETH 3.
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