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Osaka Math. J., 5

Analytic functions in a neighbour-
hood of boundary point; of Riemann surfaces,
Kodai Math. Sem. Rep., 27 (1976), 62-83.



Bent Fuglede (Univ. of Copenhagen) Finely holo-
morphic functios

In view of the fact that subharmonic functions
generally are only semicontinuous it became natural
to study in potential theory the weakest topology on
R* (n>1) making all subharmonic functions contin-
uous. This topology was introduced by H. Cartan
in 1940 under the name of fine topology, it is strictly
stronger than the standard topology on R”. The
neighbourhoods of a point x&R" in the fine topology
(briefly: the fine neighbourhoods) are precisely the
complements of those sets (not containing x) which
are thin (=effilé) at x in the sense of Brelot. It
follows e.g. that the irregular points for the Dirichlet
problem in a domain U are nothing but the finely
isolated points of CU.

The fine topology is Hausdorff, completely regular,
and Baire; and moreover locally connected [4]. Tt
is neither normal nor Lindeldf, and the only finely
compact sets are the finite sets. Despite these latter
shortcomings a rich ‘“fine potential theory” — very
similar to classical potential theory, which it extends
— has been developed, starting with the introduction
of a suitable notion of “finely harmonic” and more
generally “finely subharmonic” functions defined in
finely open subsets of R* {5, 6, 11, 13, 14].
example of applications of this fine potential theory

As an

in may be mentioned that it led to a proof of the
existence of asymptotic paths (e.g., an Iversen type
theorem) for discontinuous subharmonic functions
also in higher dimensions [7, 9, 15, 16].

The subject of the present talk will be a similar
extension of (mainly one-dimensional) complex anal-
ysis obtained by introduction of the algebra of “finely
holomorphic functions” defined on any given fine
domain U in C. A function f: U—C is called finely
holomorphic if f is a “fine C*'-function” in the sense
that the fine derivative (using the fine topology for
the independent variable) exists at every point of U
and represents a finely continuous function on U.
Several equivalent definitions of finely holomorphic
functions will be discussed, as well as a number of
properties of such functions, for example their infi-
nite (fine) differentiability, and the fact that a finely
holomorphic function is uniquely determined by the

sequence of its fine derivatives of all orders 0, 1, 2,...
at any given point. Also, the zeros of any finely
holomorphic function (#0) form a countable set.
See [2, 3, 8, 10, 16, 17] and the survey [12].

A discussion of the value distribution of finely
holomorphic functions leads, by specialization, to a
strengthening of the classical theorem of Nevanlinna
and Kametani on the value distribution of a meromo-
rphic function having a compact essential singularity
set of logarithmic capacity zero.

At the end it will be described how the finely
holomorphic functions form a natural, wide gener-
alization of the monogenic functions of Borel [1].
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ysis 17 (1974), 296-310.
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3 (1971), 227-244.

Connexion en topologie fine et
Ann. Inst. Fourier 21,

5. B. Fuglede: Finely Harmonic Functions.
Springer LNM 289 (1972).
6. B. Fuglede: Fonctions harmoniques et fonc-
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24, 4 (1974), 77-91.
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monic functions. Math. Ann. 213 (1975), 261-
274.

8. B. Fuglede: Finely harmonic mappings and
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morphes. Ann. Inst. Fourier 31, 4 (1981), 57-88.
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16. Hpgfat (K - #)

boundary incompressible minimal planar surfaces

Incompressible and

M % m &Rt compact smooth Riemannian mani-
fold with convex boundaries, I"={y,, 7.} % k
fi® disjoint Jordan curves (k=2), S % k-ply con-
nected planar surface, f f* ($:#8EE%& (S, 95)~(M,
M) DT L3 5. fH incompressible [resp. bound-
ary incompressible] (inc., d-inc. &%) &3, fi:
7 (8)—= 7, (M) [resp. fe,0: 7,(S, 85)—r,(M, dIM)] S
HHRTHEL L, Il BT 2EZ LI 2SO
RAVCHIRY 2 &34069 3 I @ Jordan Higd par-
ametrization L - T3 &% 5. FE. 53
inc. ;0 g-inc. 2 [ %851 f Bdhid, (1) K
T smooth 75 inc. > d-inc. 75 [I" %83 ] f*
BH-T, (Fa=fs 2 (¥)s,0=fs0 iTEN), B
S LEEHETLOORTEHBER/NIBNMEATHD,
m=3 QLEBMMEATHS. () AD2HO0%H#R
BAMWIUCHEEES. () 51K m=3 > M 3
orientable &+ 3 %. k=2 D&%, () WAEKELLE
S* BEAD, BAO2EHE (BA), k2304 %,
—BRITIBEA LR S,

17. /NBERE (RK « B) E/NhEmoRERICDO
T

R®* OHOBELL W E/NE £: DR (D
={1¢|I<1}) i, Z® Gauss Bfick 28 G(D)CS?
DOEENM 27 VLMWL ST RETHS (Bar-
bosa-do Carmo). #iz, G(D)SH (H iz S® D¥Ek
) 2513, 8 IRETHS. —F, Gl 1ho
GD)2H 1335 - %13, ¥ RFRETH S (Schwarz).
FHETH, GD)=H OB EITONT, £ OREMIC
BLTHBohBELERET 3.

R* NOEEOBEERB/NIE £=(&,, ,, %,) 12,
ERIEE f CHBEREH ¢ LE2BLT, E()=Re
{5 su@xz}+er, k=1,2,3 4= F1-g2)/2, g:=ifC1
—8%/2, ds=fg) LEIN B (Weierstrass). &, 52
BELVE/MEE £: DR o0, Gzl
1> GD)=H LIRET D&, R D@4 EE L,
DplREHLETEY, g)=C LMELT . %
7o f i3 DTBEELII. COEE, ROEEH
BALT 5.

ERE. Re{(/dC) (/)
HIE.

OB, B R

18. #OME (K B) —BY - EHLOEA
T =R FOREHC DT

DY —~ YEEDT — AWM LT T
X7 P REDBEE LRI SOEFROKIBHEBR),
24127 —BEHEOBELYDWHEENEZ SN 3.
BROERNTEDRFT 4V 7V« J v ki35
FIISIBURYET, —H A5 trajectories % & D4
I3 LTIt & QLRI REICBT B IURMESE 2 5
ha, ChoDBRIIDVWTROX S BEENELH
7. Q7D ZFEAEM IS OB EICIR - TR~
i, BMTEAIURED S HBAICEEBE 2, #ie
WY ERMENEL ) VoD LREEENSN TR
U A & AT 22 A SR ke s o

ERMAELT, BRBAMSR, ) - EROBEE
WaD V-1 550 STEROHREBR) SHBHOICD
BAIEMICO I A€ 25— EEEMICERRLT
WAHZ Ebhhb.

19. EEEM (®RK+®) On analytic and geo-
metric properties of Teichmiiller spaces

G 2% 18 Fuchs #, @ Teichmiiller ZZf]%
T(G) &3 5. T(G) D Bers’ embedding OPFFIC 1>
T, Zuravlev [1] i3, MEBMBAOFH i (Grunsky
DOFER) ZAVT, EETREEELBOTNS.
FEETE, HOFEEFHELT, TG OERO—
HE 2579, Bic, Earle, Krushkal, Kra itk > T
#oht, HRKT Teichmiiller 22f§ _® Carathéo-
dory metric @ SEfdkic DT D FIFEH %, Bers-
Ehrenpreis, Krushkal & 2575 U7z T(G) @ EAIMMEIC
BT aREMmILT D,

[1] 1, V. zuravlev: Univalent functions and
Teichmiiller spaces. Soviet Math. Dokl. 21

(1981).

20. BEEL LK B) 2EORBMBICHITBE
BEICDOOHT @)

ZH C(z) WBHERE 4 2%, ROMELE
Z5. M@ ). C@z) OLicimss 2EOHER R
T, A% RICBOWTHEZS &X1T2EXDOEHRS E,
FItnlss, C0S5HHEEGDODETRTHRET
B3 & BRROMY . ADFBRE ¢=0, ¢ IZEY
IS, &L, Fh ¢ LIIMAESAMHMERNEREK
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EEEEBEY, ThoE q,, qp LT, EE
¥9q,--qy @ Riemann T R(Wgq,--qs) #EZ 5. f=b
+edgqyqu, by ¢ 13 C'(2) LOERIEY, B0
Riemann H LOEMEEE LT, f OFHOLEFEEE
O BEEE 2 —c*qq: gy WOMREIEBOFFITHE
SINEE, fREEIFETL E1IEBOEED fIC
LT, B VO —cqq,--qy ® Riemann WHEE %
A, ThoBEE I) OMOITNTEEZ TS,

21. BEEL LK -8) 2EOHERICHITEE
HECDHT AD

TEBEORBICE VT, ROMEAELB.

P9SE (D). BLMEAEE E, F O& 2« BEREROE

W LTHRLNEPEDEEDZEREHETHC &.

I (D). E, FO&E4PERMEBOZEE L TH

bhs L&, 20X BHBOBMBBEETIIL.

2O, BETHVWEDFE2EDIEREEETSC
&.
ME O R, D21 THhiT E F gk UTIEAN
HEOEETRIENWCE, BLUF2) L=0DL%, &
¥ f=b+cdg DFIESLISLD points équivoques %
T, E, FREMEBOFE TR, £HTHG
W EMEZOFTERTHS. ME I Ko TH,
EY ¢ OABEEICH > TOEMBOEEEEL TE
Zoh3.

22. EEEEX GEK - &%) BRRTXI A1 VEH
&

f-nrz > DOESR B OFEMETEHERRILE A
DBEITRT .

TR R TCZEM C~ ¢ DFS fiiix 5% - &%
SCeEX, SC ORLLGE T v LT HUHER
RAEEZBEE SC-HESHEBA L LR

EF. o- s M2 TCHABHEK X 28 2C-
A2 A4 VEREKTHB ER, ROZEEAITHED
9.

(i) X BEAMMNTH .

(i) XOHENLS 28 p, 9 KHLT fE0(X) BF
ELUT f(p)=f@-

(i) XOFEEpIH LT, pBILBHEESR ¢
=(fy, P2r) DEIEEE ¢, 5 X 2B TIEAEBE L
TENS.

ROFEEDED 722,

FHE. X & ZC-R24 vEREKETH. ZOR,
H (X, 0)=0 (k=1) HKD fz>.

23, A W (BBEXKK.E8) ERERO fibre ®
—#EIC o0 T M

2EHTAREPOEHEO—HELONTO, BF
REWOROERE, SEHENRBEROBEICHR
THLEARERLD . ED

V% n+1 Rt Stein ZREEK, f %2 V o C ~
OERIB®REL, f @ fibre 3TRTIREEKET
% . fibre ® HH S F % 1% Riemann M & A8
LTHBETHE LE, F BB THE LS. F
D genus g, ERESDOMEE v, type (g, v) ITDOWT
bRIRICERT 5.

EFE1L LOBBEOLET, C KBTS (V) £4
T e(Cf(V) BH-T, FEED yce T2,
fibre f“(y) DB b 1 DO BHBE T, type
(& v) (@ B]R, 1Sv=w) THELBHE, f DEED
fibre DEEDORS BHBR T, &~ type (g, v) TH
h, type B (g v) K D/NEL LB L ESOBD
A3 C KB (V) £E5%2DL 5. E&D

24. EH K (BREZK-#H) EMERO fibre ®
—BHEOOhTAD

V,fie2nTid () LRBE L, 2=f(V) L EB%,
PTTR SO fibre 394 XTHEHATH - T, Riemann
HWELTHYR T, genus 0 LIRETS.

f DEREOEKE 3 LT5E, LOKEDOD L
T, > LHLFEAED fO fibre BTRT T IKEFE
h, ZoRf(Z) 9 T3 aRBEAE2DL 5.

FIE2. LOEHRT, C itF3d (N) £E4TRL
oCI) H-T, HED y€e it DT, fibre f71(y)
75 type (0, v) (v BW) TH2LT 5.

Do={yeD—f(I/(») i type (0,v)} LB &,
hiR, -3 hoBAHEEROCCHEIHERT
HBoT,v23 RHEBEOERTEMR, v=1 F
12272513 ordre n—2 OEBMNRTH 5.

&) TSR, BE, 32, p.233-236 BE.

E2 C itk s (N)E41E polar set & bh—i
K—BOFHEELETHS.

25. $REENHE (RE4K < #) On the invariance of
uniform H-convexity by a biholomorphic mapping

2,2 %, C oho C-ROBRESOHREN
FREL, ¢: 3-Q %, ¢lo: =0 s biholomor-
phic T% % & 578 C*-diffeomorphism &3 5. D
K, RBEALB.

E®. k=472 5iF, 2 # uniform H-convex Th
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Brid, O BESTHBC LIIRAMITIES.

—IBIT, RO EMNEB: k22 DB, 2 A8, C-
GOBSELATME 0 CERSNAER D o1
% Stein iR F={D} 2bb, TTD p L
T,

Imli_n‘ #,(z, $)>|0p(z)| +dist (z, 32)*"2 Vz€dD

BEOIISL S, @ & Stein FERELD. BL,
k=oco DIPLIT, dist(z, 022 i3, 3 Nl IT
stUT dist (z, 0Q2)¥ LHET 3.

FEEI, LOREREALT F 225 LK
J:a't, 7—1‘1?‘

26, ZERX (LK «8) FREMEHRICKTS
weak Nullstellensatz (CDNWT

ROBRERELET.

FE. C"302, RIIFAE.

(a) 213, H=(R) @ spectrum SH=(Q)) OFT
dense.

(b) 2 ET3zwFEBRMBKIL

(b)) H=(R) itBi4 % weak Nullstellensatz A3hk
3L, i€ fir, LEH™(Q) MBRMEE LT 2 CTHEE
Exkbreghid, 3g, -, e €H(Q) 5.t fig+ -+
frge=1o0n 2.

(c) H=(2) OBBAERK proper 41 F7niddisl
LH 1 >HEMEE L TEBERE DD,

@ Clfu, fo3 D=, LOSH @), firs
freH"(Q), LEN

TOERIZ, £HEIED category T2 v FEHE,
weak Nullstellensatz & U TRt %5 & DT, Hay-
es DED 1 D0 analogue TH 5.

S. Hayes, The weak Nullstellensatz for finite
dimensional complex spaces, Pacific J. Math. 99
(1982), 45-56.

27. ZERA (LK - 8) HREMBERORBITES
[2D20T

N. Sibony %, Prolongement analytique des fon-
ctions holomorphes bornées, C.R. Acad. Sc. Paris
275 (1972) T, 1 DOZELAMEHD class 2(Q) %
BAL, ThEEHEK LTS Hartogs HR ELOH
REMEEOBITEEICOVTRUL. T, ¥
LWEELRAMERD class 2(Q) =¥ AL, Sibony
DR EY, i L best possible LHHINEHE

7.

V, p.s.h.on £,

def

Ve s ()L V=V ZUpper Envelope of {—log R}

z T, F i, Hartogs fil& M(2,¢e™") LtOHFRIE
AEPAETXTHSLDOEL, R 3, 2 LD F O
HIEETH B,

X, Sibony LFEDEDBRICOVWTHERT 5.

28. EREEkR ((EMK - E) Bergman ZZRDBEI%
DBEEEICDNT

C* OHALEK B, T p TS TEAMEBOLK
A?(B,) % Bergman ZEf & k3 (0<{p<l). n=11T
%L Horowitz [1] iX p¥q B o1 A & A° &
BEHELE RICT S AR LK. Shapiro [2] i
Horowitz OEREZIBL n22 OEZIKHELINC
LAERLE. COBEOEKIT Shapiro OHEREM
RBIAMTHELLIbOERET I LSS, £
HREIKOED ¢

B, o, ¢: (—o0, 00)—>[0, o) EIEFAIEELN
B3, r—oo DEE PN)/p(t+1)—e0 LFTB. DL
,

{4°(B,) DEEEEI2{4(B,) OEAHE} 2 D).
BL, feA4(B,) Lid, ¢(og |f) 43 B, LTRHST
HHIEABER f 2#E%T 3.

1. C.Horowitz: Zeros of functions in the Berg-
man spaces, Duke Math. J. 41 (1974), 693-710.

2. J.H.Shapiro: Zeros of functions in weighted
Bergman spaces, Michigan Math. J. 24 (1977), 243-
256.

29. #EIFIR (Blik -8 2FIRSER n B
RO BRETIFER

H%un REBEESER M 02T HLSER n &
KDLk ET 2. HIZARITAB T4 Hilbert 22
Fcis 5. QU M) & peEM B AER n EROF
DEKETS. a, fEM) KRLT p DEDHOD
W z 2T, a=adz'/\Ndz", = 5.dz"/\+
Ndzt EEDU aANp)<3NB(P) % le(p) PS8
P TEHTE. A.(p):={aEH; (3/32")-(@3/
azVa(p)=0 (iy+-+i,<m—1)}. XeT, M) cxt
LT, Aa(p; X):=max {X"aAX"a(p); a € An(D), la]
=1} &L, FZL m=0,1, 2,+)

BE. M IWNERDEEF (4. 1) ST & ERIK
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SED. HARE mITH U Ao, mi= A/ A0t TIM)—[0, +00)

BEHINT, do,n(p; 1X)=12|""20,m(p; X) (A€C,

(p: X)ET(M)) DRILD . dom REMIFERTH .
TREE Aon ODEEKAZGBATS.

30. BEJIFIR (FLK +B) Bergman 3HEDIER]
i ES

DA C OHREMKETS. DO Bergman & ¢
© peD Y ZERMEBRBRORKEE U, B/ME
2L, &7%.5D) % X V:=(1/)XQ@Y+YRX),
X, YET,(D) TEEEN B T,(D)QT,(D) DM
L¥43. Rg.s % D @ Bergman B DO HRT ~ v
A, R BEhEHBTRERZLEILOOLLT, 4,
% SYUD)D(E*)—~(Z,, Rité*)ESKD) O B/NEHEE
&9 5.

wm@ D % C OERAGERTZOREE L &
525, U,L, 4, 3 pDEHKEST (&o
T p AEVT) KIFRILD.

(1) L=2 > r(D):=-21 BERK

(2) U=/,

(3) UL—1/nTdhb, HEHRILE DA tube
BOLEICRS.

FE. D BEAHERO LR, (1) RV () #
BRI L 8 RILOFINS 5.

31. S5KER (ZILK -#) Sibony @ P-metric
EFDEH

N. Sibony (Ann. of Math. Studies 100) {3 P-met-
ric ##A L. th% 4 UBEL, Grauert-Reck-
ziegel ®AD differential metric £ 22 hTh
% P-metric k3. FELTC O D ETH
2 % . P-metric RkO XS uHEELD. (1) EME
BichAT EERAE, & RREMSHRICH UTE,
(i) Cp<Pr<Kp, on DxC". ZDIER%EHEZ 5. ¢
% C OBRBESAMBEHREL D % {9<0} OHFH
R4 &4 5. Sibony DOEREZ-OH AL DI’ K-
hyp. €% 5.

CZTREDESH D LOBRRERBEMOHFEL
C-hyp. %% % 5. RiT Bergman metric % By(p,
2) &L Bo(p, £)<cPp(p, &) L1353 1dD—2>D+45
SBAi5L25. T c BEEH

32, HOMRE CELK - B) N EREMOK
EE=FILFRICONT
X RFMTEREREM, R B3 V97 P BEERS

Bk, 7: X=R 27 a - ELAOENERETS .
I'={s: R—X; TEHl, nes=id} LEL. S %R DE
BATHRSES L L, ROZBEERET S

(4) YieR-SicxfL, X,=n"'() BRHHTH
5.
(2) codim S=2 THAEHL XL, VreS kKH LD
BiEE USt BEFELT, Xlus=a"(U-S) & Xlv
=z"WU) ic WM icEAE T 5.

EE. H3 VERMBEELT {s¢); sel'} B X
T Zariski BEL 513, BRAHMEEE 12 RoR B
BELT, X O R LAOBEY X=Rx X 3 Rx
X CERRABETHS. Bic Xy B—RETHEU 5
¥, R=R tWh3.

F®. WbhWw5 Lang FAMNRIhIE, EOER
<, X B—BBTHBENIEHELT, R=R &
WMhal &nans.

33, BREEM ERZEKR) CxC OHREEOEBE
B Db DEMEICDONT

D % CxC* Op%E& &L, H & bases L, i, , k %
bONTEBET S, T, ROWMERAREZEZLS.

F:(z)=5gf—j£7, FT(Z)LagTH‘agT

FZ(Z)za—gl——ia—z;—, F%"(z)=-ag—‘+ja_zz_

Fs(z)=%—j£—z, (2)= agl +j ag,
L, 2o, 2, O BumOBEMAE

9z, > 0z, 0z, 09I,

DTE#HIH, H ITEAEE 5 B f(z, w)=fi(z4, 21
Wy, Wa) +f2(2 1, 225 Wi, wo)j ITRD @), (i) AT L
(m)-hyperholomorphic (m=1, 2, 3) &FIh 3.

(i) fu f: & D T C'class,

(i) FX@)f(z, w)=0, f(z, WFiw)=0 in D (m=
1, 2, 3).

12420, 2=2,422, W=W,+Waj, 21, Zay Wi, W2EC

A#iEO H 252 HIERIB % & FA#ic hyperhol-
omorphic BIBCHIET 5BIEMBEERL, ThO
SOOI OVWTERT A ETHS. ChiIBH
By HEY 2 - LT, BORELSERRINHE
DEETHA.

34. RHEE ERAZEA) CxC OERERE
DIBIERECDIVT
H. Cartan-P. Thullen it & » T @B 3 hic “Julia

10—



OFHE THubL  TEREFARIENFERTHS 0
A&#E T3 (m)-hyperholomorphic B DHEIT
PLEET 5.

35. WERR (K - %EpH) Stability of Kihler
metrics in deformations of two dimensional non
compact complex manifolds

JNE-Spencer (33 ¥ ¢ 7 FERZ A O E
B B MNER icxtd 3 Kahler HBOREWAET
L7-. (Ann. of Math. 71 (1960)). A#H#H TIIROER
(EET s TR & o M) E2KRRKFEI NI
BEZREOTMARE TS, HE Xo=5(0) (r=0
eM) Ficii Kahler 3t do® BEET 5. & (T
FOMH T 07 P BB Yo X, LT, Yo O
MNEF Y, ((eM) Licid Kabler 3t & ds? BSFET
Z. cOBds? izt LT C AIMATHY, dss
i dot it Yo b—BTBLIRMBEWTES.

36. B W WP -HB) YSIRTUBRGELE
D H¥ -1 ERFOEBRICDNT

284 vERK S Lo sy -1 SO BRI
ORIz sy -1 ERTHET L, RO S tory
11 O BB O BRI sEEREL 5

sy N ERTHHT &%, POTRERERIRS
hit:. '

T, roax=vEHK G torsy -1l #
WOBFAHMHNOBEB DIcO>NWTERS. ThEbb,
b L DBEEER G, DR I/7Y Y- THEETH S
c LR, EMIE, G LOFER DOEME D 2 D
2GHBOERA24 Vv THBLE, G LEDRE A VFHK
OBFEHMMAOEBIIA LA v THBLE, G LD
F - FERICEERTHOCENEYEBFEET S &
EEF - TITEDNS.

37. FISERE (uk-B) CR BATHEOH/A
#E35 foliation [2D(VT

CR BAZREORHER foliation K2 T4 E
TRELhTNSEERIZ Levi foliation (F4b b,
leaf D#EZEfI A Levi null space TH 5 b D) tBL
<3 TH5. UL, Levifoliation TS Vi % fo-
liation OFIZEMH SHMSN T, £ T, Levi
foliation THWE D —BHISBEE BETHILE
FkH5C L TH5. —ILO—TIfH & LT maximal
distribution %% % , maximal distribution b8/
# foliation 252 51 dDOLETHEHELEERS.
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