TOWARD CRITERIA FOR K-STABILITY OF LOG
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ABSTRACT. This is my proceedings of “64th Algebra Symposium”
at Tohoku university. In the proceedings, we give a simplification
for the proof of “a valuative criterion” for the uniform K-stability
of log Fano pairs.
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1. K-STABILITY OF LOG FANO PAIRS

We work over an arbitrary algebraically closed field k of characteristic
zero. Throughout this proceedings, we always assume that (X, A) is an
n-dimensional log Fano pair, that is, X is a normal projective variety
over k and A is an effective Q-Weil divisor with (X, A) a kit pair and
L := —(Kx+A) an ample Q-divisor. (For the theory of minimal model
program, we refer the readers to [KM98].) We recall the K-semistability
and the uniform K-stability of (X, A).

Definition 1.1 (see, e.g., [Tia97, Don02]). (1) The following data
e a normal projective variety X and a surjective morphism
p: X — P
e a p-semiample Q-line bundle £ on X,
e a G-action G,, ~ (X, L) commuting with the action
Gy ~ P} with (a,t) — at,
Date: December 24, 2019.
2010 Mathematics Subject Classification. Primary 14J45; Secondary 14E30.

Key words and phrases. Fano varieties, K-stability, Minimal model program.
1



2 KENTO FUJITA

e a G,,-equivariant isomorphism
(X\ X0, Llanay) = (X x (PP {0}),piL),

where A} is the fiber of p at 0 € P!,
is said to be a test configuration of (X,L). We simply say
that “(X,L£)/P! is a test configuration of (X, L)”. For a test
configuration (X, £)/P* of (X, L), let Ay be the Q-Weil divisor
on X defined by the closure of A x (P \ {0}).

(2) A test configuration (X, L)/P! of (X, L) is said to be trivial if
the ample model of £ over P! is G,,-equivariantly isomorphic
to (X x P\, piL).

(3) (see [LX14]) A test configuration (X, £)/P! of (X, L) is said to
be special if £ is ample over P! and the pair (X, Ay + Xp) is a
plt pair.

(4) (see [Wanl12, Odal3]) For a test configuration (X,L)/P! of
(X, L), the Donaldson-Futaki invariant DFA(X, L) of (X, L) /P!
is defined as follows:

n ' (L‘"+1)+(£'n'(KX/P1+AX))
n+1 (L™ (L) '
where Ky/p1 := Ky — p"Kp1.

DFA(X, L) :=

In the paper [Fujl9al, the Ding invariant, introduced by [Ber16] (see
also [Fuj18]), plays an important role.

Definition 1.2 (see [Ber16, Fuj18]). For a test configuration (X, £)/P*
of (X, L), the Ding invariant Dinga (X, L) of (X, L)/P! is defined as
follows:

(£m)
(n+1)(L™)
where D(x ay),c) is the Q-Weil divisor on X" supported on & with

Dix.ax)0) ~o —(Kxpr + Ax) = L,
and lct is the log canonical threshold, that is,
lct (X, Ay + D((X,AX),Q; XO)
= max{c € R| (X, Ax + D(x.ax)c) + ¢Xo) is a sub-lc pair}.

Ding, (X, L) := — —1+1ct (X, Ax + Dix.an).0); Xo)

Definition 1.3. A log Fano pair (X, A) is said to be K-semistable
(resp., Ding semistable) if DFA(X, L) > 0 (resp., Dinga (X, L) > 0)
holds for any test configuration (X, L)/P! of (X, L).

In the papers [Derl6, BHJ17], they systematically treat the norm of
test configurations.
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Definition 1.4 (see [Der16, BHJ17]). For a test configuration (X, £) /P!
of (X, L), let us consider the normalization of the graph

N
N
X x P! X
of the rational map X x P! --» X. The minimal norm (resp., the
non-archimedean J-norm) |[(X,L)|lm (resp., JN*(X, L)) of (X, L)/P!
is defined as follows:

(I'piL-©°L")  n(L™)

Il = THEEED HET)
. _rpLm-etn) (e
PR = TG ey

Remark 1.5. (1) The definition of test configurations in [Fuj19a]
and the above definition differs. In [Fuj19a], we consider (X, £)
over A'. If we canonically compactify (X, L£)/A' over P!, then
we get the same notion.

(2) In [Fuj19a] and [BBJ15], we focused on JN*(X, £). Recently, I
recognized that considering ||(X, £)||,, is more natural in order
to prove a “valuative criterion” for K-stability of log Fano pairs.
It is the purpose of the proceedings explaining this observation.

Definition 1.6. A log Fano pair (X, A) is said to be uniformly K-
stable (resp., unifomrly Ding stable) if there exists 6 € (0,1) such that
DFA(X, L) > 6+ JNA X, L) (resp., Dings (X, L) > §- JNA(X, L)) holds
for any test configuration (X, £)/P! of (X, L).

We recall basic results:

Proposition 1.7. Let (X, L)/P! be a test configuration of (X, L) with
L ample over P!,

(1) We have the inequalities
1
— X L) < (X, L)l < 1 TR, L),

(2) We have ||[(X,L)||m > 0, and equality holds if and only if
(X, L)/P! is trivial.

(3) We have DFEA(X, L) > Dinga (X, L), and equality holds if and
only if L ~gp1 —(Kxp + Ax) and the pair (X, Ax + Xy) is
an le pair. (In particular, we have DEA(X, L) = Dinga (X, £)
for any special test configuration.)
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Proof. (1) See [BHJ17, Proposition 7.8 and Remark 7.12].
(2) See [BHJ17] or [Derl16].
(3) See [Ber16] or [Fuj18]. O

2. A VALUATIVE CRITERION AND THE PURPOSE OF THIS
PROCEEDINGS

We recall “a valuative criterion” for the K-stability of log Fano pairs
introduced in [Lil7] and [Fuj19a] independently.

Definition 2.1. Let I’ be a prime divisor over X, that is, there exists
a log resolution o: X — X of (X, A) such that F'is a prime divisor on

X. (The following definitions does not depend on the choice of ¢.)

(1) Let A(F) be the log discrepancy of (X,A) along F, that is,
A(F) =1+ ordp(Kg — 0" (Kx + A)).
(2) The divisor F' is said to be dreamy if the graded k-algebra

P H(X,o*(krL) — jF)
k,j>0

is finitely generated, where r is some (hence, any) positive in-
teger with L Cartier.
(3) For any = € Rx, let us set

vol(L — zF) :=volg(c"L — xF)
(see [Laz04a, Laz04b]). We define
7(F) :=min{T € Ry | vol(L — 7F) = 0}.
(4) (see [BJ17]) We set

BEF) = (L")(A(F) = S(F)),
JF) = (L") (7(F) = S(F)).
(6) (see [Fuj19b]) We set
sy B (AT
)= e =1~ (5t7)

More generally, for a divisorial valuation v = ¢-ordg with ¢ € Q+¢, we
naturally define A(v) := ¢ A(F), 7(v) :=c-7(F) S(v) := ¢- S(F), etc.
See [Fujl9a] for detail.
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In [Fuj19a], I proved the following “valuative criterion” for the uni-
form K-stability of (X,A). For the K-semistability, the result was
proved by [Lil7] and [Fuj19a] independently.

Theorem 2.2 (see [Fujl9a)). The following are equivalent:
(1) (X, A) is uniformly K-stable.
(2) There exists 6 € (0,1) such that S(F) > 0 - j(F) holds for any
prime divisor F over X.
(3) There exists § € (0,1) such that B(F) > ¢ - j(F') holds for any

prime divisor F' over X which is dreamy.

Nowadays, it has been known that the invariant B (F'), more precisely,
the invariant
A(F)
S(F)’
is more important than 5(F') and j(F). See, for example, [FO18, BJ17].
Actually, I proved the following result in [Fuj19b]:

Theorem 2.3 (see [Fujl9b]). The following are equivalent:
(1) (X, A) is uniformly K-stable.
(2) There exists € € (0,1) such that B(F) > & holds for any prime
divisor F' over X. R
(3) There exists € € (0,1) such that B(F) > € holds for any prime
divisor F over X which is dreamy.

The purpose of this proceedings is to prove Theorem 2.3 directly, by
changing the original proof of Theorem 2.2 a bit.

Remark 2.4. It is more convenient in many situations that considering
not only divisorial valuations but also all valuations in order to consider
K-stability of (X, A). Actually, in [BJ17], they showed that the uniform
K-stability of (X, A) is equivalent to
A(v)

inf > 1,

% S()
where v runs through all valuations on X with A(v) < +o00. See [BJ17]
in detail.

3. FROM TEST CONFIGURATIONS TO ﬁ

Let (X, L)/P! be a test configuration of (X, L) with £ ample over
P! and A&, integral. As we have seen in [Fuj19a, Proposition 2.10], we
can naturally get the divisorial valuation vy, on X obtained by the

restriction of the valuation ordy,. The following theorem is important
in [Fujl9a].
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Theorem 3.1 (see [Fujl9a, Theorem 5.1]). We have
DFA(X, L) = A(vx,) - Blvx,) = A(va,) — S(va,)-
The following theorem is important in this proceedings.

Theorem 3.2. We have
1%, L)l = Alva) - (1= Bloma) ) = S(oa).

Proof. The proof is similar to the proof of [Fujl9a, Theorem 5.1]. Since
Xy is integral, we may assume that £ = —(Kxy/p1 + Ay). Let

/\

X x P!
be the normalization of the graph. Set
B = Ky/]pl +A:)7_H*(KX><IP’1/]P’1 +AXXP1)

— (Kyp + Ay — 0" (Kypr + Ax)),

where Ay and Axyp1 are the strict transforms of Ay. By [BHJ17,
Proposition 4.11], we get

OI‘dg(0 B = Ol"dXO (Ky/]pl —f- Ay — H*(KXle’l/IP’l —|— AXX]P’l))
= A(UX()).

Therefore, we have

1 1 41 * pon ¥ %
06Ol = = s (@) + (@ (rpiL - 0°0))
= —DFA(X.£)+ 5 (£70.5)
= —Al) - Aun) + s (67 Alv) %)

= A(UXO < UXO >
by Theorem 3.1. U
Remark 3.3. In [Fuj19a], I showed the equality
1
JNNX L) = —— (v
( ) ) (Ln) J (UXO)

Thanks to Theorem 3.2, it is more natural to focus on [|(&X, £)||,, than
to focus on JNA(X, £) in order to evaluate 3(F).
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4. THE UNIFORM K-STABILITY AND THE UNIFORM DING STABILITY

Let (X, L)/P! be a test configuration of (X, L) with £ ample over
P!. In [Fuj19a, Section 3], I considered the behavior of the invariant

Dinga (X, L) — & - JNMX, L),

under the processes of certain minimal model programs (MMP, in
short) achieved in the important paper [LX14]. In the proceedings,
we consider the behavior of the invariant

Actually, the invariant also non-increases under the processes of certain
MMP in [LX14]. We briefly see the proof. The proof is more or less
same as the argument in [Fujl9a, Section 3].

Theorem 4.1 (cf., [Fuj19a, Theorem 3.1]). Let m: X' — X be the log
canonical modification of (X, Ax+Xy), that is, the pair (X', A ye+2X))
is lc and Kyiepr + Ayie + X} is m-ample. Let E be the Q-divisor
supported on X with

E ~Q KXIC/IE” + Axlc + 7T*£.

(Of course, E is m-ample.) For any 0 < t < 1 with t € Q, let us set
the ample Q-line bundle

Ly =7n"L+tE.
Then, for any 6 € [0, 1/n], we have
Dinga (X, £) — 5+ (4, £)ll, > Dinga (X, £2) — 6 | (X, £5)]).
Proof. From the definition of E, we have
Dy = Dyaie a0y = —(1+ 1) E.

Let X)° = >0 | E; be the irreducible decomposition and let us set
E =3  eE;. We may assume that e; < --- < ¢e,. Under the setting,
we have

let (X', Ayic + Di; X)°) = 1+ (1 + t)ey.
Let
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be the normalization of the graph. Moreover, let us set ¢; := ©*Ll°
and ¢y = II*pi L. Then we have

Dinga(dr) = —% + (1 +t)es,

1

o = s (07— =600

Thus we get

(n+1)(L™) (Dinga(¢o) — 0 - [|dollm) — (Dinga(¢r) — 6 - [|d¢[|m))
= (65" + (n+ Der(L™) = 6(n + 1) (duiv - 65") + on(dg™)
(=& + (n+ DA+ t)er(L™) = 6(n + 1)(uiv - ¢/") + 0n(d)"))
~ (16w << ) = (@) — tn + Des (L7)
o(n + 1)(¢tm (6" — ¢5"))

= (1—dn) Z (&7 dg™) = (67 - &g ) — tea(L™))

7=0
n—1
+ 6(” + )Z (((btrlv (bt JH (bn . ]) (¢triv ' (btj : 6n7j> - tel(Ln))
7=0
= (L=dn)t)y (¢ 077 - O (E — 1))
7=0
n—1

> 0.
This completes the proof. 0

Theorem 4.2 (cf. [Fujl9a, Theorem 3.2]). Assume that (X, Ax+2Xp) is
le. Leto: X° — X be a G,,-equivariant small Q-factorial modification.
Fix 1 > 0 such that

HO .= 1

I+1

is semiample and big over P1, where L° := o*L. As in [LX14, Theorem
3], let us consider a (Kxop1 + Axo)-MMP

XO N Xl N Xk
over P with scaling H®. Set \g := 1+ 1 and
Ajrr r=min{ A | Kyjpr + Ays + AH? is nef over P!},

(lﬁ - (KXO/Pl + AXO)>
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where H? is the strict transform of H° on X7. Then we get
[+1=X>M2Z 2> =1

(see [LX14, Theorem 3]). For any0 < j <k—1 and X € [A\j+1,\;]NQ,
let us set

Ez\ = m (Kxj/]}nl + AXj + )\Hj) .

Moreover, let (X, £>)/P" be the ample model of (X* L% ) over P'.
Then, for any 6 € [0, 1/n], we have

Dinga (&, £) =0 - [[(X, L) [l = Dinga (A, L%) — 6 - [[ (X, L%) ||

Proof. Let E be the Q-divisor on X supported on X such that F ~q
Kxo/pr + Ayo +H°. Then we have

A
Dxi=Diasaeh) = ~3 1

E,
where E7 is the strict transform of £ on X7. In order to prove Theorem
4.2, it is enough to show the inequality
Dinga (X7, £3)=0-(X7, £3 )llsn = Dinga (X7, L3, )=0-((X7, L5 )l
forany 0 < j <k —1. Let

Yy

>N
X x P! X7

be the normalization of the graph. Let EV = Y% | E; be the irreducible
decomposition and let us set E/ = Y7  ¢;E;. We may assume that
ep < --- < ep. Moreover, let us set ¢y = @*Ei and ¢y, = [I*p]L.
Then we have

Ding A (¢y) = — (TH) + A
N O § 2D B S
Note that
N1 s ,
Prj1 — O = =Dy +Dj_( . -1 )E]'
At P M TN T AN -1 A =1
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Thus we have

(n+1)(L™) ((Dinga(¢,) = 6+ [|6a, [lm) — (Dinga(dr,.1) = 0+ 163,4.1lm))

= () + T+ Dea(L7) — 60+ (6o 652) + n(65

)

= (O ek Dea(L?) Bk D 0,,) + Ol )

)\j+1 —1
Aj

= (=an (lep - ep™) - (722 - 52 ) (o D)

+ 0(n+ 1) (Puiv - (X, — Ox.))

— >\j+1 . /\J N . j ‘n—j « _ ¥
N <)\j+1 —1 )\J — 1) <(1 6”) Z <¢)‘j+l ¢)\j © <E elXO)

=0

n—1
+ dn+1)) (cbmv S A C OO elxg))>
=0
> 0.
This completes the proof. O
Theorem 4.3 (cf. [Fujl9a, Theorem 3.3]). Assume that (X, Ax + Xp)
is lc and L = —(Kyp+Ay). Assume also that there exists a birational
map
X --» X°

over P' such that (X°, —(Kasp1 + Axs)) /Pt is a special test configura-
tion and the discrepancy of (X,Ax) along X§ is equal to zero. (By
[LX14, Theorem 4], such birational map always exists after a base
change of X over PL.) Then, for any ¢ € [0, 1/n], we have

Dings (X, £) = 6 - (X, L) [m = Dinga (X7, L%) =6 - [[(X%, L)[|m-
Proof. There exists the extraction 7: &’ — X of A} and we have

KX’/[P’I + AX’ = 7T*<KX/IP’1 -+ A/\{) Let

XxpPrd—y—=. xs
lo
X/
be a common resolution of the base locus of birational maps. Set ¢q :=

@*(_<KX’/IP1 + A){/)), gzﬁl = E*(—(sz/pl + AXS)) and d)triv = H*pTL
Let E be the Q-divisor on Y supported on ), with E ~g ¢1 —¢y. Since

)
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—F is Z-nef and =-exceptional, F is effective by negativity lemma.
Therefore, we have

(n+1)(L™) ((Dinga(¢o) — 0 - [|dollm) — (Dinga(¢1) — 6 - [[d1]lm))
= —(¢g") = 8(n + 1)(duiv - 95') + on(dg )
— (= (") = 0(n 4 1) (Puiv - ¢1) + n(¢7"1))
= (L=0n) ((67"") — (¢5"")) +0(n + 1)(duiv - (6" — 5"))

n n—1

= (1=0n) ) (¢7 057 E) +(n+1) Y (bun- 67 07 - E)
j=0 Jj=0
> 0.
This completes the proof. O

Corollary 4.4 (cf. [Fujl9a, Corollary 3.4]). Take any § € [0, 1/n].
The following are equivalent:

(1) For any test configuration (X,L)/P', we have the inequality

(2) For any test configuration (X,L)/P', we have the inequality
Ding (X, £) > 6 - (X, L)[m-

(3) For any special test configuration (X,L)/P', we have the in-

Proof. Follows immediately from Theorems 4.1, 4.2 and 4.3. U

5. A SIMPLIFIED PROOF
We recall the following theorem:

Theorem 5.1 ([Fujl9a, Theorem 4.1]). Assume that there exists § €
0, 1) such that, for any test configuration (X, L)/P of (X, L), the in-
equality Ding, (X, L) > 6 - JNA(X, L) holds. Then, for any prime
divisor F over X, we have B(F) > § - j(F).

Remark 5.2. One of the idea of the proof of Theorem 5.1, which was
already appeared in [Fuj18], is to consider a sequence of test configura-
tions and taking a kind of limit. The proof is technical and complicated.
It is an interesting problem to simplify the proof of the Theorem 5.1. In
particular, I want to rephrase Theorem 5.1 without using the language
of JNA(X, L) and j(F). More precisely, I want to get a direct proof of
Corollary 5.4.

We also recall the following easy lemma, proven by the log-concavity
of the volume function (and the restricted volume function).
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Lemma 5.3 (see [FO18, Lemma 1.2] and [Fuj19b, Theorem 2.3]). For
any prime divisor F' over X, we have

1 J(F) n
s o) = 1

As a consequence, we have the following corollary.

Corollary 5.4. If there exists 0 € [0,1) such that, for any test configu-
ration (X, L) /P of (X, L), the inequality Ding, (X, L) > 5-||(X, L)||m
holds. Then, for any prime divisor F' over X, we have

B(F) > nn 1)

Proof. By Proposition 1.7 (1) and Theorem 5.1, we have 5(F) > (6/n)j(F).
If 7(F) < A(F), then we have

n+1

by Lemma 5.3. Thus we may assume that 7(F") > A(F'). In this case,
by Lemma 5.3, we have

. 0 J(F) ) T(F) )
> . > : :
BE) 2 0 I Z a1 AG) - nm 1)
Thus the assertion follows. O

As a consequence, although there is an unsatisfactory point (the
proof of Corollary 5.4), we can get a simple proof of Theorem 2.3.

Simplified proof of Theorem 2.3. By Corollary 4.4, we have already seen
that the following three conditions are equivalent:
(i) (X, A) is uniformly K-stable.
(ii) (X, A) is uniformly Ding stable.
(iii) There exists 6 € (0,1) such that, for any special test configura-
tion (X, L)/P! of (X, L), we have DFA(X, L) >4 - ||(X, L) ||m-

By Corollary 5.4, the condition (ii) implies that the condition (2) in
Theorem 2.3. Obviously, the condition (2) in Theorem 2.3 implies the
condition (3) in Theorem 2.3. By Theorems 3.1 and 3.2, the condition
(3) in Theorem 2.3 implies that the condition (iii). O
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