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ARTim U2 Q-ZIANEBMER V' Z 71k, ARGTHEBOFHEEME R ME2HE<E
CIEFICEPRARARTH D, FIZ. ZhoDT T 7 DR DMREIMEED 1 245 (¢-)
FERMERZIHADORE TH 5 Askey R F¥— L [22, 23] Z R 5 Z & 231982 fm:
Leonard Z7) IZ& D REINT WD, ZOREHRZ3ZT T 1984 HEDIA-FHEEDA 3] T
[Q-ZHAPRMEER 75 7 %24 T&E?%thjk%&ﬁﬁﬁk?émtoQ®E@
HETHEZERINTIEIVR WD, TNE TITRRA BRRERHERVED -7z, 206 DL
RAEMSU 723k e Uik, BITiA T (W, 8, 0] 22155,

RE 27 7 Hi5w fi&77@%&ﬁﬁ%%mﬁéo;M1757®%%ﬁﬂﬁiﬁé
N5 (C L) RITFIBROAHEHAIRETH . 77 7 OKRBREEZ KT 5, ZHi
5 U T Terwilliger [a1, B2, #3] &, 277 7 DK THKIZ DWW THAE Terwilliger {S# & /1T
N5 I HE A TR Z BEA LT, Q-ZHAEHEN 22 7 D5EIZIE, Terwilliger
RENKBERATH], ROBEE UZTEAIZIS U TREE 5 TR A sk v ElREh, 7
S T7DRIREGE 2R RT 5, 72, 22 TREEL UBBRZWAS, BEETH] & AU
BT 75113 Terwilliger B D & BERINAE LIZAE=EWN A (19 & UTEAYT S, =H
SAXIZOWTIE, 77 14 YRR U, (sly) DRI & A 72 I IR VEH AR X
NTHY (R, 20] F22H[), 5BINODHRE Q-ZHAFMER 2 F 7 OREIE D5
ZIEYGH L TWL Z 2127k 5,

75 Q-2 HHAFEREER] 2775 7 DR T (g E TIAD T) BHEREDFF £ 725
HEDIE, £ < DIERARTIDBFAET b, Terwilliger FRBUIBEREREL L @D 2% < DIEHRZ
BLEHEDD, Terwilliger [RELD L X)L TEH KR TE RV Q-ZHAFEMEN 277 7 DfflH
F7-, YT 7 DBEITIIRRYIAH SN T WD, Terwilliger iz —fifb U 7-RE &
LT, #KR B3 IRIEMTIE AL, & [THEH2HEEG] 205 [Terwilliger U 25 A
U7z, AT, FHAHAESGL U THY RS DE2EIZ LI2L D, Q-ZTHAFEH N 2
Z 70 (THRIZAT 2) Terwilliger (REXDELGRAY, ZEHX X & ORESL GO TIZIZZED
FEMLTEZEHZLEZBNT 5,

* A IV R EELE B OB R G & DYERTh 3 3¢ [B9] 1235 <,
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2 Q-ZIANIRBEIERIZ S 7 & %D Terwilliger X1
ARzEELT, T'=(X,R) IGEFEAREM I T 795, 22 TXIFHMAES. RIZ

HBEATHY, BRI X D2 EATH D, BEEL - 2 HAMOEHMZ 1 LT, X
FIZHRIZHE O PEE D, FITDERD %

D := max{d(z,y) : x,y € X}
LU, HEHRz e X IZTHLT
Li(z) ={ye X :0(x,y) =i} (0<i<D)

EBEL, MOMWE %7238 a;,b,c; (0<i < D)DFAETHLE, I 2EREAT S
TP

Iz,y) =1 ZMZTRTDr,ye X IZTDWT

Dici(@) N Ty =, [Ti(z) NTh(y)| = a;,
AN ARVASK

Divi(z) NTi(y)] = b

ZHNIZHE TR EBTH AN, XTI 7OHCRBEE AutT O 2 HEEERM & - T
Whbe & Iabb

Iz,y)=0(z',y) < Jg e Autl st. 2/ =gz, v =gy

MEL D AED & EITIZH S D2 XD (Z DG ARHICIEAR S 5 7 L IER), Bk EA]
77 7 XEIZERZ S 7 THD., TDRE K X

k=by=|l1(x)]
THEZo6N5, T/, IRZIEHERZ 57 T ORXXF) L LR :

L(F) = {bo,bl, . ,bD_l;Cl,CQ, c. ,CD}
2T FRa +bi+ e =k IS X TRINDS 0, EVEITLTE B Z L ITERT 5,

Bl 1. X ={0,1}P &L, 2HM z = (z1,...,2p),y = (Y1,...,yp) € X {177z iT £
BRoTWALEFIZLTHIEND LTI 7T 2EDS L, TIXEHER 7S 785,

IDZ77%T =Qp &RU., DIRGTEBIAKRELITR, Op FEBHMTH S Z 7 Th
D. B Weyl #f G 1 Gp WMERT 5, 7z, KXFNIRTEZSNS :

u(Qp)=A1D,...,2,1;1,2,.... D}
BB, Qpy FFEEHD 77 L UTHRIZ Qp ICHORA NG Z LITHERET 5 ¢
Q> Q= =>Qp1—>89p—- -

IRE 2. DIE. TITH I TR 25 723 %,
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17T FIDTERES X THRATMI I 0 C LOTH2R0ES (C-ARE) 2 CXHX v &
<, IO i EEBEITH A, € COX ZIRTED S

(&%ﬂ:{lif8@y%:i(%y€X)

0 otherwise
BRI, Ag =1 (BALfTH) TH B, £72. A IZT OEHOBEETIITH Y,
A=A
CHRFLT B, FEEEER]IZ T 7 DEZEONBNRERIIUATOED TH S -
A A =bi Ay + a; A Ay (0<i < D) (1)
272U A = Apy =0TH 5B, I DBEENAE%E
A :=C[A] c C*¥
cELZEIZTBH e, EO3HEENIZE D AFEAZEME LT
A= (Ay Ay,... Ap)
rRIND, B, BEETH AIXTE D+ 1A R 5 EA(H
00,61,...,0p € R

ERDZEDNMD, oy BE Ag, Ay, .., Ap ITBIT 2 A ORGEEBUIZI XS (1) I
Lo THBITRESINDG Z LIZHERET S, T OB EIZHEIZADEAHETH L, DRI

Oy =k

LB, FEMHE TS ADEAZEMANDERFKE B, c CHX &RT, "B, Je
COXEZR2TORAN1OIFHIET DL, Ey= X1 kb, 2o D+ 1 EOER S
W Ey, By, ..., Ep lXBHERECA O (b)) JFIERESE T TH 5 ¢

A= (Ey,E,...,Ep)

R 3. IHDPHEHHEAR I 70 E1d, AIZAMT O X FOEBERFO MR L —5
T35, £/, ZOGAEHERIZEEETH . TS A DREAZEMIZ Aut T DR
K& RT3,

IROMWE %5723 HE ), b, ¢, (0< L < D)DBEFETZEE, TIRER {E)2, (L
{02 1L T Q-2ERTHL L VS ¢

bi i £0 (1< < D)ho
IX| Eyo Ey=b, \Ery+ a;Ey+ ¢y By (0< 0 < D) 2)

DD SLD, 7272 UE_ =Ep :=0THY, oA TLDOMERT,
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T 1973 1T Delsarte [0 1IZ X D BAIN/MBO TEEZPSTH D, THITE-T
Delsarte (X5 L fEET VA v 2B 5 e UTH—IZHERT 2 Z &Ik L7
DTH5, ZD [Delsarte Haf] OBADERIZEI L T [0, 12, 29 FE2ZRI Nz,
BB, E10E 3 EyQE,DE/MTIITHY, /o THIEEMTH D I LN 6. af, b}, c) iE
TR THATH L Z L2595 (Krein &),

B 4. L HIRT = Qp 1EB&IEH Oy > 0, > -+ > 0p I LT Q-ZHATH 5,

%ﬁl@ 5. %lﬁ%ﬁf QD = 90 > 81 > > QD cL7-& %CZJIEF?; 0070D—1;0270D—37 e C:Egbf
L QQ-FBHEHALLD, —MIT, VYA O7NERS (Tbb k>3 L7%5) EHEN ST 7%,
Q-BIHR & 72 B EERONETF 5 7 %~ L 2\ = & A1 5 h T\~ 3 I3, 8.

R 6. LM%, T W3ICIET (B2, 1B LT Q-2 HARNTH 5 & ¥ 5,

3L (), (2) 225 D 1 BRELRLIHNR {fi} 2, {71, PEoNn5h, HH
TR XD ITIRDFERVBF SN T WS -

E 7 (Leonard [27], Bannai-Ito [3]). The f; and the f; belong to the Askey scheme.

Leonard [27] 13735 XA — & ¢ 3 +1 L B2 256 % FITEE L T Askey scheme D iy A7
(403) \ZALE T B Askey-Wilson ZIH (£ U < 1 g-Racah ZIHRX) Z LA 720, ¢=+1D
LA EEDT-BREDOFMREEIL B THRI Nz, ¢=-1DEETDOERLHA {f}2,,
{f R IFBRERA—FEZIEN & XN, Vinet % Zhedanov %12 & 0 EETEFEITHIZE X
NTW3 ([16) %% 2MH).

RIZ, Terwilliger A8 20, 42, B3] DEFHZZ BB, T, Hir e X z—D2EE L,
¥ RBET B — B() € COX 2ITRED S -

(), = {1 if y=2zel(x) vz € X)

0 otherwise

TR 2 1B % Terwilliger W8T = T'(z) 1%, BEBATH A & BONHE T B EY, ..., B
THEREINE COX DR TH S -

T :=C[A E; Ef,... Ep] c CYX

HE 8. IV 70 ik, TIZAwT IZRIT S 2 DEEIDEED X FDE#H
KHEDOFMERB DR TH S, Qp ZEL WL OO EERERFRSNIZONWT, Z
NS ZDDORBNER T 5 Z LRI N T 5 ([17, B3] &),

T DEZRIFIFHEEN 7T 7 LIZRSBRN—HD T T 7120 U THE®RZR TN, IKED, B
DFT, T OITRRBHETI A = A*(2) e COX 2 EAT 5

(y,z € X)

\ [ X[(E1)zy i y=2
(A )y,z = Y .
0 otherwise

ZDEE, B NLD -



##H78 9. The Terwilliger algebra T is generated by A and A*, i.e
T = C[A, A7].

Proof. BBEREL A D Ey, By, ..., B} 2P EKIZR D Z L ICHERET 5 &, 3H LA (2)
£ D EEETS A, Ay, ... Ap I | X|Ey Do iZB T 2 ZHATE IS Z 05, Th
5 DITHDFERDE ¢ 52 I U TR ATy 2/Ed & E; EY,... . B} %2 A* O (BHE D
BIcBT2) 2HAL LTRIFERITR D, O

% 10. The matrices A and A* act on each irreducible T-module as a tridiagonal pair.

2T, ARIGERY MVER Y = C LR TTRE R AL A 13, BUF &7
5 A OEAEROIY Vi, & A QEEZEHOIERT (V1 BEET 5 & 3o =&
st L IFIEh S [19] ;

VIZCA AT MEEE LTEBENITH D, HF0<i<d 2 0< < dITHUT
AV C VI + Vi + Vi, AV, CVia+ Vit Vi (3)
7}))}& D ﬁ.‘jo flf:l./ V,1 = ‘/dJrl = le = th+1 =0 VC%%O

RIMTIE. &4 @) 13d 55 A 3EHI (), @) »5EBIZESIDTHS, WTHIZE
<L7MDi@&Eﬁﬁ%ﬁ%ﬁ?78%@@mﬂ@aﬁﬁ@i%#6ﬁ%%ﬁ§#%%

FIFEHHLKHRTH S Z L 2L 72\,

SEXNAN DI NT A =X ¢ D1 OBRTHRWGEIZIIBRZEE L TW5 (I8, 20,
7z, Terwilliger A DX BLGw % F W72 Q-ZHABEER 275 7 ORGEDOWSEL T
IS HEINT WD, BIZIX, Q-ZHAEMEN —H 2 J 7122\ Tld, Caughman [7]
DD > 12 DGHEICR NG %E (1FIF) PE LTz, Z OFERITEE Miklavie [30]12& 0 D > 9
EFTCHIRINT WS, 7z, Ao El o 3 7 O48M Gavrilyuk-Koolen [14] 12 & D 5%
RNz, S Ikd 2RO T-IEEZ(THET 5 Terwilliger ZIAR & IF X 5 IEL 4
DEIHADWHE Z I H WD TH 52, TOFRIBEEMD 2 5 2D Q-%HApH
EHIZ S 7128 LT KRERBEEZ LT T3 [1H,

3 Q-ZIEAMBEIERAITZERY Z 7 DLICEET % Terwilliger %
34

AIEICld Q-ZHEABE TR 2" F 7 & Z D Terwilliger REUZEE T 2 FEAM 2 HIH 2 B AR
720 WEZ, Q-ZHHAXBRMEER =52 F 7128 2R D Caughman (1] D587 7245 F 1%,
INoDT T 7D Terwilliger {NE D BERIMEEZ B3 2 1% H & DS [6] IZHEDWT W25,
—HTIO) 2BRT 5 &, EBEQ-ZHAEMEN 7 71220 Tk, B T-I#HoD
REENIRE CY IR 2 EEE R, BN “ENAN O E TIAD T, T OMEPERIZR
XINZ &> THREFSTULED Z D05, 2D LD KR RIRIIZR>TWEDRS I %
RXFIDWEDNAREL 72072 EEZ DM, DIV T ADT T 7 DHEDZERE Higd E
T, BEDLTZITEHEADRNWZ L2 ZOHEIZEKRL TWS,
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HSL SR Qp 13 =877 7 Th B0, MRS & LT, DROELR PGO;,(F,)
DEFBEZEME 725 ZERIB ST 5 7 LIHEN DM 75 701 H 5, RS Z 7
LR UARXFN 2R DOflE UT Hemmeter 72 7 DRFIDH 250, ZNoITEHEFE S 5
7 T3\, Hemmeter 2777 7 BAAMZIR U R XA & R > Q-Z HAPHEEER —# 2 7 7 %
FETHZENHTOHETH 5,

IRE 11. M. AHiCE T XX sz ros7chs L35,

FEOBHBICHE Y MO BT HAIZBET 5% O Terwilliger ¥ T = T'(z) TIE =
MR Z 7 & (B Z1X) Hemmeter 275 7 &2 X TERND T, Hil-2REEEAT 5,
Hec RZEEL,

Ii(e):={ye X :0(e,y) =i} (0<i<D-1)

LBEL, BRAZ, TR ET I 7 THBI o3 LOEINL, D, D x5 =AFI3F
FELRWDT, Tp=0Thd, HEDOGELFEKIZ, i NEBFET E; = Ef(e) € CHX
ZIRTED S :

i 1 if y=2z€eTi(e)
(Ez )%Z = . (y7 S X)
0 otherwise

W e 18T % Terwilliger {31 T = T(e) 1E. BHETHI A & SCHES T B Er .. B,
THEEINDE COX O RETH S :

T :=C[AE;, E;,...,E} ] c CXX

X 51T, WHBHETS A* = A*(e) € CYX %

1v:%§:m@)

xee

LREDDE, RIRINS :

EIE 12. The Terwilliger algebra T is generated by A and A*, i.e.,
T = C[A, A7,
unless I' = Qp and the Q-polynomial ordering is the one described in Remark H.

% 13. The matrices A and A* act on each irreducible T-module as a tridiagonal pair

unless I' is the above exception.

FIRIZHIADFE L, DPOREINTWAEZ o bR INE X512, TS IFEHD
PRMEIFERLD BB > TIHAHGFEIRTH D, Leonard DEH (EH Q) & #EK
F OGO HEER U 7S TH % Leonard X (244, 45, 46] DFFRZ HWTIEHI 15
36, B7), 728, ERLOHIIMNE Askey AF—LIZRIT 28T A=K g = —1 DHEITEYT
%, ZTD&D %k Q-ZHAMHIER 25 7 1% Terwilliger [40] (2 & 0 3 FEEHD R AR
BZEDRENTEY, TOHRTIET T 7 ThLHRINIHIIMZE T - 1 FEOATH S
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(GEETIIHISN Z 2 FBHE U72AN, D TH D), BZRAIT, Leonard BIFER. =&HEx A
ﬁflﬁWﬁWJ”$®mmﬁéfltaé% Th 5,

ZERCHR S 7 O H AFRBEHIAES R FICHRIT/EHT 55, Hemmeter 2777 7 D

’ é}ﬂi:o@ﬁh}ﬁ_&:ﬁj\#méo > T Hemmeter 77 7 D&, T = T(e) DR L e %

t“é 5 DWIEDP S D PITEKIET 5, Eid. T EHUDORN iﬁﬁﬁ'ﬁ Zigam U 72 THA D

WHRHEIND, T4hbDE, Grassmann ¥ 7 DRS (ORRIZRE54) £, Van Dam

<‘: Koolen [9] 12 & D 2005 FIZFA S N2 N Grassmann 7' 7 DR FIE[FE UR XS %

FEOM, HIEOH SR EAES X BICUBIERT 2, BEOHBEE =20
#3823 N D, Bang-Fujisaki-Koolen [2] 1%, THAIZEI Y 5424 Grassmann 775 7 D

Terwilliger REX T () DHED ¢ DEENDIHIEIZ L > TEHELUSERD I L 2RLTWS,
ZIZT, T=T(e) BT 2HEREZ — DM L7z

IRFE 14. DAE. AHICTIR T IZEHEE oA Tldinwe 35, $40bb, I'=0Qp DGH
WZOWTI, Q-ZIHA L R2EEMEDIERE & UTIXHEIZ0, >0, > - >0p 2525,

W ZBER T-IfE L 3 5,
##H78 15. There exist non-negative integers €,e*, and d such that
{i:EEW #£0} ={e,e+1,....e+d}, {{:EW #0}={c"e"+1,...,¢"+d}.
INS=2DNTA=RIZEAL T, BIZIXRD LS LEHEIIGEHEI NS -
I 16. We have 2¢ +d > D — 1. Moreover, if equality holds then we have
dmEW =1 (e<i<e+d), dmEW =1 (< {l<e" +d),
and the structure of W is determined by «(I"), €, and £*.

Z OEHIT B, 41, 42] DFERO—HIZH IR T 5B D TH S0, Hiflfi Tik N7z Terwilliger
Z A D MG %it(ﬁ@%@ﬂ%ﬁéh6ovmbwﬁﬁéﬁﬁbeyﬁﬁﬁ%E
HIZH 25 7 OREDIT 2 LED S Z L 2 HMATWEDTH DM, Aok T

Z¥RT T 7 DEGED T(e) DEGRE —MDELE D T (v) DGR & OFLLZ R T iH4l %
£S5 =DM LIz,

Q-ZHNBEHEEH —H 27 7 DBA L T (v) OMERZXINT L > THEBIZRE->TL
FHZ e BBRARZN, MOFELDESLSE DT T AT Q-ZIEANFEHER 7 F 7 24K
DR TRFRFZE ER D, —H. Q-ZHAMEEN =77 70hTH, 2-FEHEI T 7 LR
ENDFEBRICKIR R T AWH 5B, Thbb, FROHUNED LD -

Q-Z AR ER 25 7 Q-Z AP ER] —H8 7 5 7
Q ZIHAGEREE R — 30 7 2 GHEIEREER s 5 T j
:@%Mini R NG, B I I T, ROMEEZ 72T 8E pijrs

(0<i,7,m,s < D)D T’d‘ét% LiZ2FHTHEE VD ¢
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Oz,y) =2%§li7=TRTDz,y e X ITDNVT
IP(z) N To(z) NLs(y)| = pijirs
PERED 2 € Ti(x) N Ty(y) IR UL THED LD,
CDERZ—REMTHED. RPHITS :

I 17 (Curtin [R]). A bipartite distance-reqular graph is 2-homogeneous if and only if
it is Q-polynomial and antipodal.

I AREHTH D L1E. (REBDFTI) [p(z) =1, TARDEZEMITH L TR EN
HEBR—BEWNIIEZD L ThS, 2%Eﬁﬁ7i#65®$§%%52525y%?
IWDWMENSEUT-HERTHD, D=5DGEE2REIBIISEINTNS

EIE 18 (Nomura [31)). If T' is 2-homogeneous then T is one of the followz'ng' (i) the
D-cube Qp; (ii) the complete bipartite graph Ky, minus a perfect matching (D = 3); (iii)
a Hadamard graph (D =4); (iv) D =5 and

(01762703764705) (1 My k— ey k— 1,k), bz = C5— (0 < { < 4),
where k=t(t*+3t+1), p=t(t+1), and 2<t €Z.
Bk D Caughman [6] DFEROEMLLE U T, IROFERDEL D LD

EI 19. If T is 2-homogeneous, then (T') determines the structure of T = T'(e).

4 Q-ZIENIEMIFAS S 7 DFRICET % Terwilliger {431

HIEICld Q-ZTEARRBE TR =¥ 2" 7 OWIZEE T % Terwilliger A% %2 B L7208, 5
BRHES TR DFRSC [B9] Tld & © — AR CHEGR Z BRI L CTH 0. Jifli O WA I E DRk
(7= UEER) T —ATHh D, ARTIERBIZZO—FEmI OV THBIENT 5, DT

T TIERIZZH T T 7 SIMRE L 7\,

Y C X ZZTRHRWHABDESGLE L, xECX2ZTDREMRINLET S :

1 if z€eY
Xz = (Z I~ X)
0 otherwise

Y Ofg w KRR w* Z IR TED S [4)] :
w=max{i: x Ax #0}, w*=max{l:x"Ex #0}

Mg w XY O 2 HABOEHMORKETH D, —H. POTIE w* OREERIES D0 HVrE
LI, 20X SITBEEATH] Ao, Ay, ..., Ap LIRIRRESEIC By, By, . .., Ep %2 BUN 72
NREPFZ DT D, Delsarte #iG 1] DRI D TH o7z, NI A—Rw & w* IZHT
% Brouwer-Godsil-Koolen-Martin [5] DG 1 Delsarte #i & & £ ERTXH 2 9 H D
Thb, £7-. Bifi L FERIZUTY IZBT % Terwilliger RENT = T'(Y) DEHK T E 503,
Brouwer ZEDHENT w IZ £ DD BT DOWTIE, BA[BIITL>TT(Y) ODEERINEED
Blriiro T ol RILTNT WS, BUFIE Brouwer O EFRERD —~DTH 5 :
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EH 20 (Brouwer et al. [5]). We have w + w* > D.

ZDEHBMTESVHRILTAEGEIZY B4 REBWHEER2RKODZ L RINTWS, RiX
ZDO—HITH B :

EI 21 (Brouwer et al. [6], T. [37]). If w + w* = D, then the subgraph induced on'Y is
a Q-polynomial distance-reqular graph with diameter w, with at most three exceptions of

I’ for given D and w.

Brouwer X w+ w* = D OB EES 77 7 EETHNIX ORI EO NS L E
AU, (3] CHEFIIFEED 77 7DPEE TR 2D L5 T OYINRE D & wilD
WCHEHAX ZDThHhEI LR LZDTH L, ZH5 DHIAMERIZD Askey A F — LI
RIFBNITA—R qg=—-1DEEHEITFEYLT D, COEMERVFITES, w+w' =D &
729Y ZT DFHREMPERI £ITT 5,

Bl 22. —fEE {2} FEICTDOFHTH S (w=0),
Bl 23. T B_fh7 7 751, EEDLec RIETDFHTHS (w=1),
Bl24. T=QpDEE, F0Li<DIZHLTQ, CQOplEFHTHS (w=i)

TROMRIIIEFIZARERTH O, MIEE SR CTH A Erdés—Ko—Rado DEED —
AL CH EERBE 21729 85, 88, FHROMEFICHET M OVWTI B 22
Banzw, TOTFHRY ITHL T, BOTBEEEATH] A* = A(Y) e CXX %

*_1 *
A_ﬁﬂE:A@)

zeY
LEDD L, Hifi L AR TOEMARI NG :

I 25. Suppose thatY is a descendent of T'. Then the Terwilliger algebra T = T(Y') is
generated by A and A*, i.e.,
T = C[A, A7,

unless I' is one of at most three exceptions in Theorem [Z1.

% 26. Suppose that' Y is a descendent of I'. Then the matrices A and A* act on each
irreducible T-module as a tridiagonal pair, unless I' is one of at most three exceptions in
Theorem [Z1.

INoOfGR2EMEE U T, THARIZET 2R/ERD Terwilliger ¥ T'(x) DB 2 FHR Y 12
B9 % Terwilliger RELT(Y) (TR T 2 Z L BN ATREIZ AR B D TH B, B, Z OHLRMH
OHERENSAFE UT, w=1DFFHY (i Delsarte 7 ') —7) £ ZD 1JHEz €Y
2D, ZFEFO Terwilliger (A3 T'(x) = C[A, A*(2)] & T(Y) = C[A, A*(Y)] TEK S 1
% X 5T K E e JEAl e BAAT SRR CA, A*(2), A*(Y)] DRERIINREZ B35 Z L2 T,
(CY,C) BT TIVT 7 4 v~y TIRXIENFR Askey—Wilson ZTHR, KUOIN6DH 5B
MRk e DRE%Z R Z LAV TE 5 4, 25, 26],
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1

1 B=
WITTERAEH BRI (VOA) ORS00 B DO AR 2D —2>TH 5.

o FLLVERT 24 OIER] VOA #2%255H4 L.

(HEERY72) VOA V 23 IEAL &0, BERINBERRIRLI A FRNT V 04 ThD. (FEEBZR) IE
HI VOA OHLERIT 8 DIEDMEEE 725 Z LB TEY ([Z2h96]), HLER A 8, 16
DEEIFE=F Y o T B FICAMHET 287 VOA LRIBLL 725 ([DM04b]). L7235,
HULEERT 24 1B Z D _REROPLEMTHSH. 22T, (FERALR) B 32 D2 =F V=
TR FITRIL D 2 72D, (FERIZR) HEf 32 OEH] (M) VOA biIRILdH Y, (EH
DEWTIE) BET 20 LN L2 ERELTEL.

[HRLEERT 24 OIER] VOA D4 FERIE) 13 TS 24 O =% = 7 &1 D53 Fa R
) ODFERIEEZEZADZENTED, B 24 D =F 2 7 EK 1% Niemeier (25> T
SEENTEY (Ni73]), THE 24 fH 5. 2 51T Niemeier #1- EFFEN D, — I
DI 2 O RLidb— bR A 727, Niemeier #&FOMEIL VL 2 O
AR F N — b RS (REOBRNT) —BRICIRES ZEBRM6R TS, Thbb,
Niemeier #-F1% (0 &) 24 fHDO/L— MR TREMS T OND. 22T, FLEM 24 O
1EHI VOA THERRZRF ATV 2.

SRR SC [LS18b4] AR TETH %,
E2RHE T 5 IR VOA XA FRI (RBINERFR), Co- AR (V/{u—ayv | u,v € V) VHRRRIE), CFT
T (Vo B—Wt), B X (V @ contragredient MFEZS V' & FIA) 2{KE L T\ 5.
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B FICRBIT D /b 2 12 GEAMR) i/ / WV AE3TH D Z Lok, (CFT L) VOA
O (FEAWAR) B/ EEARAE THDH 1 OEMICEHT 5. &I, (CFT #o) VOA V
OIFEEA 1 OZERH V 1ZiX 0-FE T YU —REEE A Y ([Bo86)), ZHa3/L— kRICHIE
TOMIEL LB NG, 20 —REMEEE HW 2 THULER 24 OEH] VOA D535
DHARIZ DN THET 5.

2 [ 24 DA-—FTASERFOLIEIZDOINT

ZOETIIMEE 24 D2 =F Y 2 THEKTF OGO OV TIHHE~D . FHlliE [Eb02]
vt iR

O AW 24 DA=FED 2 TEETD ) VL 2 DRI MLDOKTIL—RRETHE, K
DRRALT 5.

o & OREHUT 0 2> 24.
o & DEEFIRYDV— FRD 3T H i (B0 Fick b9 |9]/24.

O DY DN— RRIF A, D, ERTHY, EOMEET=F /11— FRIT (ZESD
EHT)24 Y THDHZENDND. W, 2D 245V D/L— bR O ITH LT, TE/
V2 DAY ML ® BRRTES 24 D=V o TEE TN T E —OFET 5. EE
WZ®#£0 THNE, & DERTHL— METFE (L—FRERELARVWESID)IERL
Ta=FVa 7B T2k CE, RMZRWT—ERNERD. /LA 2 DY MNVEFF
T2 WER 24 D=V 2 T LI/ VA 8 ODRT MIC KD EREIEE S
EWNL2L ODRFILEB 2D & THRTE, ZOERBEREEZHNCT L £V —Fk
TERBITHD Z ENRED.

3 I@EB VOA OEZT 1 OZERD ) —KREFEE

2 OE TIPSR 24 OER VOA DES 1 DM U —REHEED ATHEEIC ST
5.

V RO 24 OER VOA &35, Vi 124 0-8I2 X o T U — (BB A A Y, Rl
ICE > TV LT affine BRELNEF SIS, % LT [DM04b, DMO6] (cf. [Sc93]) (21T
WAREN TS ED,

o Uy ITHeHHl, 24 YRIL D abelian, 0 DWW NNTR 5.

o Vi £0 DL X, V) BEMT HERS VOA oI tid V s —HT 5.

E3 LA 0 DERY MLEERLS &) BE,
BARZER s MUVTEBES 0 Th DR, TR TRONDHAEROBRL, L) Eik.
EORESL 24 D=V 2 TBIE T ON— FROWEOBELL B X D,

2



o Vi M¥HMMDOL X Vi OFBMA T T MK LT, LU kIXIEOEEKTHY,
h_v _ dimV; — 24
ko 24 ‘
72720, Y 3= 7 v % —H#.

TILHDOSMEBEH Y —REDOSEE WS L 221 1@ OB U — (o ATREME N
/oD, ZIUSBIMOEER2E 252 LT, /kw%%;hzs ([Sc93, EMS18a+]).

o HULERF 24 OIEH] VOA OE S 1 OZEM LD (L-Ubht) U —Rfdix 71 JF 7o
W ThD.

s T EO Y — %D Y A FiX Schellekens D U A~ EFEEAVS ([Sc93)]). 43 FARTE
Z R4 2121, Schellekens DY A F DAY —RFE g 12k LT, IRaRmEIL L0,

() Vi g &72% X 9 2 ulERT 24 O1ER] VOA V OFFE;

(I1) Vi =g &2 nH0Em 24 OIER] VOA V o—EHME.

4 HILER 24 OIEAl VOA OERE

ZOFETE, HLEM 24 OIER] VOA OFEIZET HRERZ RS,

/N VAN 2 T D Niemeier B1-1%, /v 2 DRI BN ERT D — MEFD
JERELTHELND. ZOFEO VOA FHEUX, EX 1 0ZMO U —REDAERKLT 5 affine
VOA DR E L TOFLER 24 OIER] VOA O TH 5. FEERIZ, [Sc93] (2 affine
VOA DIt L L TOBERZROGEMN—25 2 b T D, ubwimbx 5, ZOFIET
VOA ZHpd 2 D3 Ly, ZOBHIE (& VOA DA %< &) Bl Lo MER
LI TN, RN T HE S TNz L icdh 508

Z DR % 3k 7‘6?5/2‘;(‘: LT, BUR T Z,-uBE (R RE 2 -V 72 BRI VOA OFER)S
o TG 19 ﬂﬁe ZEH L, BEAMOIER] VOA V & (HDREOEE &= AR
u%uz) B R g 12k LT, %@lmﬁ ELTELNDERS VOA VI ZRIJTE~ER L

T, (L) EH] VOA Vorrl) 242 515 TH 5. VI OB A CHMT L
RO, VorPlo) 78 VI Bt L MEKE Y, BEFEOHG TR Y Z L nHkD Z &
EEBELTEL.

WS BRI Z,- 8B R IET 10CH 5 ([EMS18at]).

ES[EMS18a+] Tt Vo ~OfEMETHEZD I L T, M T~ BMORIFEHTND.

BT 2 4 — BB OO BRKREE TN 71 Thd. bbhh, T AL —HMEHIL— Vv A
VOA OBHCRBEETHY, b—2 T ¥ A > VOA IFHLER 24 OIERI VOA TH 5. {1H 71 OEEN O »
H>LDIEA DI D2

gguﬁ@f IEIEHAE D L MIEROFGRATE LR\ &S oY, ERICIIER G L-F i ((HKL15]) 78

E9F 712 351F % neighborhood D¥ELL & b5,
EIORLERIE 24 TR TH LW




(1) V Z1EHI VOA, g & V OFRME n OHCFERE T 5.
(2) VI={veV|gw)=v} XV O FETAFEL)HS VOA 725,

(B) & 1 <i < n—1IZxLT, BEXI g-twisted V-IIEE V(¢') D—EBERITHFIET S
([DLMO00]).

(4) % 1<i<n—1ZHLT, V(g) OIBEAENR (1/n)Zo ITAD LREST S.E12

(5) % 1<i<n—1ICHLT, HDEEK VI-EBMEEE S V(g C V(gh) T Vol =
VI e @ V(g IERI VOA L7425 bDORFET S, & 6I2, VorW 13 ve o
Zy-graded 7o Hifli Lo MERERD.

BESIOIER] VOA 75 Z,,- Bl (R I T# LWIER] VOA ZHsT % = & 2vE
BNZAT O ([Bo86, FLMS8S, DGM96, Lall, LS12, Mil3, SS16, EMS18a+, LS16a, LS16b,
LL)), KASEE Sz,

e Schellekens DY A2 MZd 5 U —RE& g 1Zxr LT, Hu0&ER 24 OEH] VOA V T
Vieg LD bOBEET D,

%ﬁﬁ%,g@:o@¢u$ﬁ24@EW\@A% (BRI D) Z,- 800G R R E TRE YD
SERDLMND., LNLERS, BWEfEOT- DI, WORBEEEZ D ENEETHD.

o FULFERMT 24 OIEA] VOA Z it —HI72 0715 THERCE K.

S, G. Hohn 2MRE L7 78— ((H8)) looW TR 5. V % E8l VOA
EL, Vi #0 &F5. Vi T reductive U —fU & 72225 DT ([DM04al), Wb & 55K
BhcCVi Bnilthd., 22T, h @ commutant W = Commy (h) ([FZ292]) & & 5 —[FD
commutant U = Commy (W) &2 5&, hCcU &b, SHICUQW CV ThY,
UW & VI TLE2IagT 5. 22T, U N TERIND A BT VOA O
JEREZRV,V BEAITH D Z &006, U 1T VOA &7ed. 612, U OBEKIINERZ
ETHMAI L FTHLZ LD, 27 —HEROBG ((KM15, HKL15, Linl7]) Z MW,
W OBEKIIMBEN R THMY L N THLZ RN D. LER->T, VIZU W O
wvy%#ﬁk@ofwéﬁw

TV oPLEME 24 &35 ZoLE, [Ho] TEW BN —=FKF A OHD
aaﬂi@ freaons VOA V] LRABTHL I LRBINTND. 22T Af =

EILL0) OIERAT V(g*) ICEABAD, T Dk/ME

12 - OREH =T ¢ 10k LT Z,- BB ERIENEHTX 5.
EBYIIEE L LCiE V(¢ 1% GBE) L 72 %

14 - = F CIRIER VOA OIED FTHEBND. L LARNRS, —RIZIZ W BMdbnbani=n, UW
ZRHWTV 5008 L. FLEA 24 OEBEICE @ﬁ{f%ﬂﬂb\fﬁnf% HEEE X, W B0
TR SN bDE R R E 2500 THD.
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AN{veA| fo)=v})t THY, fid f O Va, ~OHL EFTHS. &b f O
FOAREMED 11 BT b TV 5, )

ZIT, ERICIND 1 EOEBIIE LT, V] OMRE AT, K & 72 D VOA
U%kR2OF3252ET, (Vi #0 ThHD) 70 HOFLER 24 OEH VOA BERTE 5 2
L &R L7= (JLS17, La])™ 1.

5 HILESR 24 OIER] VOA O—EH
Vi =0 OHEEKO FLM 4% 1653% % ([FLMS8S)).

o TULVER 24 OIEAIVOAV 28V, =0 #3472 61F, VIiZs—T %A 2 VOA V!
& [R,

WROBTEZR MR T “957 83— a UHBFEH STV 5.

o Vp AN V) L3 LTHA ([DGLOT)).

o V % L(1/2,0)9% & IL@OIIIL A FEOESY VOA & LTH- (ILY0T7)]).
o V N L(1/2,0)%% &5y VOA & L TH> ([ALY18]).

LU S, FV VT IAOIRETHD Vi =0 051E Ve OFEEIZOWTIHAE Db 7
W BRI L(1/2,0) A0 @ ENDF BRI TR,

L—rvx A2 VOA XY —FH+F VOA 25 Zo- B MR EZ AW TR S 7=
([FLMSS]). [AlkkE72 U —F 41 VOA InB D Z - ikt z iz o—> v A > VOA
DIFFERER N B 5 ([DM04a, Mil3, CLS18, ALY18, Cal8]). 7=, UV —F k1 VOA ~D
Lo - WRBEREREE RN A= v A VOA OFERLH A BTV D ([Mi04, Cr)).

ST, Vi # 0 OHARIEF—EENEH LTS ([DM9%4, LS15, LL, LS1, KLL1S,
EMS18b+, LS18a+, LS2]). 72 b, IRAEKANT 5.

o X 1 DZEMN 0 THRWHILER 24 OIEH] VOA OREEIL Y — 2 V, OfEEN
— BN E S,

— B 05 ST Tk [LS1] oA s L TR ST\ B g & ) —
I, p & g OWHREL W T ULER ¢ OER VOA, n # EOBK Y+, ke RE
+5.

(E 1: Vi & g 2 SEBEOTLER ¢ OIER] VOA V IZR LT, Vo) =~ W &b
VP =p Ziic i e OV OB CRM o BMEET .
E1511 500 O VOA W &AW ClREOFETHR SN TEY, LV # RIS 5 Th5 ).

E16,L— NS ) O Niemeder # 7, T72bb ) —FH 7, ZAMEZRNT—EHTHS ([Co69)). ZDF
HIT Y —FH 7DD VOA FElE Z 2 b,




BE 20 WO ZT =92k n OBECFEE ¢ € AutW OEBEIHIT/-7—>Th 5!
Wy =p ho (Worrl)), > g,

o NE1 & 2%NI-TETH ZOLE Vg THD LI REZEDOTLER ¢ DIE
HI VOA V 1Z WorW) LERICH D, K72, V O VOA #EEIL Vi, =2 g 2vH—EHIC
wRED.

Proof. /GE 1 15, Z,-BERERIEE V & o IEA LT VZ Zp 2o Vobl) = i 8
Bons. Wit VI O Z,-graded Hflih Lo MEKRZRO T, WEMFIZHWDS Z, OBt
7 =7, PACEME UTERT 5. ZOEBt g 1T W O n OACRMTH LS. S
HIZ, W & gl Z,-BERERIEE WD & RO Z,- BB ik 0w 2315 2 L i
RHDOT, Wl =p ivo Wbl 2y L7ez, Rz, (WobW), 2 g TH5DH. Lo T, IKE 2
M, g X IS/, V2 Wobl) = ppob) 24587, u

ZORETTEE W RN —F & VOA Vi DA LT, IROFERZFFTZ ([LS18a+]).

o BEL 1 OZEMOD V —REAEIED A3 jA1 2, AL 5, Di1oAag, Agr, AraAl ), DsgAis
F 713 DysAl, Tip % ER VOA IEAM A BT T 5.5 17

ZOFEWN G, ZASER VOA 11U —FH T VOA 5 Z,- s ks R b5
SR B. EEL, Agy OBAIEE Vi 55 Z- BB E THR STV
(ILS16b]). Li=23»T, kORI BB,

o U—TFH¥ VOA Lt H CRAIZHUEMRHERRIEZEM LT, £ TOHLER 24
DIEH] VOA Z At k=18

o XBIT, ZOMEREE VT BRI XL

6 #bHYI

ZZBEOERIC L o T, FULER 24 OIER] VOA O KERIEMTIEMRIE S, RS
7RI L —2 2 % A > VOA OREAHITTHD FLM TAE T E7p o 7=, L0 RV Efz
DI=DIT, S BRDHMENREALTND.
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BBz B W THIS N B4THIAER (c.f. [Mac], [NNSY]) DFMA X, Hopf AL ORI, %
HY — ZEDOEA MR (cf. [Y]) DILEE, BLOLE AN X — A (c.f. [AK2]) DHLERIZ DWW
TH#HET 5. FEHIK [NPY], [NN] 2 22\ 722 P IE$EW T 1.

BRARIZIR D T URD, KEHRIE, ke REFEY VRY Y L 2018) DMEHNE %
FLDEDTY. HHOBKREGA T T o MEEADREHFITO X DL L BT
ER

2 Schur%E+X—4YFE#K

EZoNARBn U, nOREZN=(N\,...,\) EEDSE. ZIZT, Ay >--- >\ >0,
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Lip(z) := Z o (kij = 1, [z <1).
(mi]')GSSYT()\) m’L]

ZIT, 2™ = H 2 B K. ZOMEE, A= (1) &5 &, ZEABIHI Ly, ... 5, (2)
(i-1)EC(N)

LT 5. ZOREENT, Schur MOV X -1 WEEEHET 5. 72770, AREETIE,
hook T, F7bb A= (n, 1) IZRELSEEEAS. 20L&, C(\) ={(1,n), (1)}
ThHd. HERDEZD, (2,,20) = (210, 201), (M, M) 1= (Myy,mpy) EEFEL. TDEE, BAEL,
CHRIZENVX—1HDHLEE U T, hook Schur IZ BRIV X -1 HZUA N TEET 5.



‘A —2n —z o0 My AT
Lig(1—e7™,1—e¢ f): Z BAK Zmm 2,

(1 —e ) (1 —e =) T imy!

My, me=0

U ) B P O
(e=n —1)(e* — 1) e !

Moy, ,myp=0
DL E, ROEHZHET-.
BEL1 A= 1"/ L, k= (k) eNN g5, ZotZE, rseNIZxL,

By = ZZ( ) ( )C,?é‘, O = S Sy (p) (q) Bk,

p=0 ¢=0 p=0 ¢=0
N A RVASN

7z, Arakawa-Kaneko D% B — X B# ([AK2]), B &, Kaneko-Tsumura BlD % &
¥ — 2B (KT)):

1 o lel e ko (1 — e‘t) _1
= e Tt
Ehr oo ki (5) W@A - (Re(s) > 0),

L 1 & Likl,m,k:r(l — Gt) s—1
e 4e(5) = T /0 B e tdr (Re(s) > 0),

DA = (n, 1Y) D hook Schur BIADHEIEE LT, k = (ki) € N 51,85 € C, Re(s1), Re(sg) >
0IZRL, AFDESICERT S !

Lip (1 —e ™, 1—e*)
by k s1—1 _s2—1
S1, 8 Z Z dz,dz
gk( 1y 2 ;1 92 / / €Z" — 1 ezz 1) n {4 ¢

Lip(1 — e, 1 — e*)
A k s1—1 52*1d dz,.
(51, 52) T(s1)T () / / (1—e=)(1 — e) Ay Zndzy

IDLE, ROEMZER[T-.

I 2. BB E) (51, 80) B X0 (51, 80) 1 81, 50 ITBHT B EFEL IR & U T2
feXnbd. 72, AR LD,

8(-p—i) = (F1PC. R(p—0) =B
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Abstract
Arthur OEEEAARDIGHE LTHLN S, Siegel EV 27 —KARDY 75712

CREEE M EENT 5.
1 Siegel EY 217 —HRA
S nDYYT VT 4w PR
Sp,,(R) = {g € GLon(R)

THRT. ThiE, kB n O Siegel {72/
9, =1{Z € Mat,,(C) | 'Z = Z, Im(Z) > 0}

ZIRDESIZEMAT 5. (HU, ENFMTH Y PEEEDRIZY >0 &EHL. )

g(Z) = (AZ + B)(CZ + D)™}, g¢= @ g) € Sp, (R), Z € $H,.

& 1.1 EFHIBEKF: 9, - CHROFEM 1, 2 279, BX k D Siegel 7 A TEAT
HbHEWS.

1. F(v{(Z)) = det(CZ + D)*F(Z) for v = (é i) € Sp,,(Z);
2. H AT
B kD Siegel # A THRDIT T MIVZEM% S (Sp,,(Z)) THRT.

— B DYG L FKIZ, Sk(Sp,(Z2)) FABRKIE C-R2Z FIVZEBTH O, £ D 1213 Hecke
TERZEVPERT 5. B ATHR F € Sk(Sp,,(Z)) »* Hecke FREGH RO, £FEH p 2D
W, /ST A —& —

(B, - Bt € (C)" /6, x {£1}"
DEE D, M LB
L(s,F,std) = [ | ((1 —p ) [ = Bipp) (1 - B{,plp_s)_1>
P i=1

1



D Re(s) >0 IXBVWTERIND. TNk, & s- FHEICHEBIZHITERL, s < 1 -5
BT aBMER2/HOZLBHSNT VS,

Bl12 n=1,195. ZOWH,
Sp;(R) = SLa(R) ~ $H; = {z € C | Im(z) > 0}.

NATHR f € Si(SLa(Z)) DH A T4M 2 1%, f BRDHD Fourier I %52 £ T
5%,

Hecke L-BE%X

L(Svf) = Z aj;r(lT)

M Re(s) > 0IZBVWTEHIND. HATENX f 2 Hecke FIFEHFH DK, L(s, f) &
K2 D LB THD. —/T, M LB L(s, f,std) 3R 3 TH Y, MfE L-BIEK
L(s, f,Ad) =83 5. 2N Re(s) > 0IZHBVWT, ROATERIND.

WE

L(s, f, Ad) =

> <1>Q<$>d<“>af<d>2> n

0<d|n

S
Il
—

> n\ —(k—=1) n\ 2 s
=2 2@ w(@)) ]
n=1 | d>0
d?|n
—1
_ H (1 _ af —(s+k—1) + af(p2)p—(2s+k—1) _p—38> )
p

U, Qd) 12 d DEBEEADZERTOMBCTH S, ZNIxE s Fi oM s L, B
2

Ir(s+ DIc(s+k—1)L(s, f,Ad) =Tr(—s+2)'c(—s+ k)L(1 — s, f, Ad)
Bz, 22T, Tr(s) = 7%/%T'(5/2), Tc(s) = 2(2n) °T(s) £BW. 51T,

L(1, f,Ad) 22k~ lght!
(f:f)  (k=1)

MDD Z R SNTWVWS
HATHARD 7T 72 S (Sp,, (Z)) ZEBRIRTTH b, KT
e dimc S (SL2(Z)) =1 for k = 12,20, 26;

2



e dimg Sk(Sps(Z)) =1 for k =12,14

DHISNTWD. =ik k= 12,14 126 U T, Sk(Sp3(Z)) ® (EHAE %RV T—H7%R)
Hecke [FR[E AR F, O Hecke fEH Z BUEFTHE L, IRO X 5 P E LT,

F18 1.3 (Eh% [M92]) (A) A € S12(SLa(Z)), gao € S20(SL2(Z)), Fi2 € S12(Sps(Z))
% ZNE N Hecke FIREAE R & T 5,
L(S, F12, Std) = L(S, A, Std)L(S + 10, ggo)L(S + 9, 920)
DN DNLDTHA .
(B) A€ 512<SL2(Z)), g2 € SQG(SLQ(Z)), Fyy € 514(Sp3(Z)) % Z % 3 Hecke [A]IRF[H
AL 9 5K,

L(S, F14, Std) = L(S, A7 Std)L(S + 13, 926).[/(8 + 12, 926)
MDD THAS.
ZOPRIE, Fia ® Fiy 2NN, —ODAATHR (A, gao), (A, gog) BHDY 7 R T

HHZEERBTE, ZOXIBR_DOIATEAPSDY 7574 VT 2BNT 5. Thik
Arthur DEEEAXNZIGCHT A2 L TRONS.

2 Arthur DEEEALAXEZDIGHA
EBHEBKRQDOT T—IE%E A=A, xR TKT.

TE 2.1 B o Sp,(A) — C ARDEM 2 Wi TH, ~RITRALMEHBRTH S &
w3

L. p(vg) = ¢(g) for v € Sp,,(Q);
2. ¢ FE o by
3. o lx K-HW, 8L, Sp, (A) DAY X7 MEARE K = Kgn X Koo 1

Koo = {(_O‘ﬁ g) € Sp, (R)

&, Kgn = Hp Sp,(Zy) IZX D ED Tz,

4. o 1T Z(U(g00))- B, HLU, Z(U(gs0)) 1F goo = 5p,,(C) DEEAAEER Z(U(goo)) D
HFLNTH 5,

5. @ X ZFHAFST, HIB,

‘aB = "B, faa + BB = 1n}

/ lp(9)|?dg < oo.
Sp,. (Q)\Sp,, (A)

3



SRARS RERBRD LT <2 VERE A2(Sp, (A)) TET.

72l A2(Sp,,(A)) IZHEARIZ, Sp,,(Afin) X (goo, Koo )-MEEIZ72 5. Arthur DEHEELR
([Ar13, Theorem 1.5.2]) 1%, A%(Sp,,(A)) ® Sp,,(Afin) X (Goo, Koo )-MEEL U T DEEF 43R
ZA-NFGA=G =L VWHSHERTHEASMERTHS.

HATHAF € Sp(Sp,(Z)) 1FRD L 512U T, o € A%(Sp,(A)) 252 5.

or(V9ookifin) = F(goo (V—1+1,)) det(Cv/ =1+ D)~*

A B
for v € Sp,,(Q), goo = (C’ D) € Sp,,(R), and kg, € K. 2O LI IZLTHRLNSE

MIPREZEE kE OIEHIAA TR W, TS5 D73d N2 FIVZER % SK(Sp,(A)) TKT.
Z D7 S (Sp,, (A)) 1% A%(Sp,,(A)) D Sp,, (Agy )-ZE R ZEMTH 5.

Chenevier-Lannes 1 [CL19, Chapter VIII paragraph 5.1] 28 W T, Arthur O HEE
NA%E Sk(Sp,,(A)) KB L. ZHIZE 5T, Sp(Sp,(Z2)) & AT A =X —IZX>TH
fRENBZ ik d. ZONRIKRBEROSETEILNTVWED, TNEEV 2T —FERD
SETSEVWMZI LI LT, ROV 7T 4 VI DEHENGLNS.

EI 2.2 Hecke FREAFRA f € Sor(SLa(Z)) LIEEAEER n,r T, n—r > 0 BMHEFK L 2
5HD%EETS.

(A)k=(n+r)/2mod2 & k > (n—1r)/2 2KET 5. Z DK, Hecke [FlIFEH A
A g € Spyner (Sp,(Z)) 12 LT, Hecke MISEAIPA Fry € Sy, i (Sp,(Z)) T
HoT,

n—r

L(s, Fy,4,std) = L(s, g, std) H L (s +k+ ? — 1, f)
i=1

725 DVRFET S,

B)k=(m—-7r)/2mod2 & k > (n+71)/2 ZIKETS. Z DK, Hecke [HR[EHE
X g € 8)_0_r(Sp,(Z)) 2 LT, Hecke MREAEA Fy g € 5y, nr(Sp,(Z)) T
H-oT,

L(s, Fy,4,std) = L(s, g,std) H L (S-I—k:-i- n;r —z’,f)

1=1
723 DOVFLET S,
FH 22 (A) 2BV, (kn,r) = (10,3,1) & LKA T 1.3 (A) TH b, &8 2.2
(B) 128V, (k,n,r) = (13,3,1) & LN TI 1.3 (B) THB. 7, r = 0 OB,

L(s,g,std) 1% Riemann ®O¥— X ((s) TH B LHET 5. ZOHED) 7T 1 V7L,
f @ Duke-Imamogle-Ibukiyama-Ikeda V 7 b Tdh 5.

4



EH 220D 754 7%, BBLEERWT—ERNTHS. Z1id Chenevier-Lannes 12
& 2 EMEE—EH [CL19, Chapter VIII, Corollary 5.4] 22645 . ZHd Arthur OEEE
RADIEHTH S. Meeglin-Renard 12 X 2 HFOFER [MR] 2 H\WE Z & T, RO K ST
HEE -THOIEN TN S.

T 23 GAEBEE—THE) i=1,21Z20WT, F; € Sk, (Sp,(Z)) % Hecke FIKEE A A
95, ReFES 5.

¢ FLAYRTOERpIZH LT, Fy D pilBIAERNT A== [, DFhiE—
T 5;
e 7N ﬁ‘f%?ﬂ(@i%é\ﬂi {kl, k2} ?é %, % + 1}

O, EH c € CX BFAELT, Fy = cFy 2725,

SEADAE RTv T 1 EAHIATER pp, THEBEI NS Sp,(Afin) X (goo, Koo )-HIEE
mr, C A%(Sp,(A)) #F 2 5. THITEENIZRS.

A7y 72 K& & Adams-Johnson [AJ87], Arancibia-Maeglin-Renard [AMR],
Meeglin—Renard [MR] DGR &0, mp & 7p, BRBTH D Z D00 5.

27 v 73 AT A-packet DEEE —EH (Moeglin [Moella, Moellb], Xu [X], Adams—
Johnson [AJ87], Arancibia—Moeglin—Renard [AMR], Mceglin—Renard [MR] D
B) Mo, wp, & R, & A%(Sp,(A)) DEHEMELT—HTEI L2005,

RATv T4 RREHRNEZORI MVO—FHED, op, ¥ pp, OEBETHZ Z L0450
5. R, Fy 13 P OEBUG L2 5.

O
S EE
REZEY VRD T LB T 25FHDOER%E TS o HEEANOBEKIZE#H WU 7.
27 3 HR
[AJ87] J. Adams and J. F. Johnson, Endoscopic groups and packets of nontempered
representations. Compositio Math. 64 (1987), no. 3, 271-309.
[AMR] N. Arancibia, C. Mceglin and D. Renard, Paquets d’Arthur des groupes
classiques et unitaires, arXiv:1507.01432v2.
[Ar13] J. Arthur, The endoscopic classification of representations: orthogonal

and symplectic groups, American Mathematical Society Colloquium Pub-



[CL19]

[M92]

[Moella]

[Moellb]

[MR]

X]

lications, 61, 2013.

G. Chenevier and H. Lannes, Automorphic forms an even unimodular lat-
tices, to appear in the Springer collection Ergebnisse in 2019.

I. Miyawaki, Numerical examples of Siegel cusp forms of degree 3 and their
zeta-functions, Mem. Fac. Sci. Kyushu Univ. Ser. A 46 (1992), no. 2, 307—
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C. Moeglin, Multiplicité 1 dans les paquets d’Arthur aux places p-adiques.
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séries d’Eisenstein, Adv. Math. 228 (2011), no. 2, 1068-1134.
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3 homOOOOODOODOO

0CO00 0000 Home(x,—): C — Set O
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0000000O0Home(—,x): C°P — Set O

y — Home (y, z)

0000000000 Home: C% x C — Set O
(z,y) — Home (z,y)

oobooooo
00 F:C—Set000O0O (representable) 00D OO0COO0OOD z0D0000ODO
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O0000000oo0o0oOooog F:C*—-Set0doooooooog
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F%HHomc(Jci,—)
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000000 F:C—Set0000D0DOO (nearly representable) 000 000CO0000 =0 Aut(r) O

00000 Goooooo
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goooooooogo

goboobboobooboo
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icl
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o L(—,y): B°® > Set 0000000 (Vy€C)
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gooboooo
oboboooooog
L:B®*xC—Set00000000000DOO0OO0ODzeB,yeCOOODODO

L(z,—) 2 Home(Z,—)/H, (Z€C,H, < Aut(z))
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1 EU&IC

g % C LofRRICHH Lie UL L, WIET 272 THE (g 0EMEAE U(g) D ¢ FL)
% Uy(g) TRT. L 1DOXRFR e CltLT, Uyg) D qg=CICBITIRHRILEL
THRons CREz Us(g) T£T (De Concini-Kac BEF#E). ZOWETIE, Uslg)
DRBGRICOVTEH 2179, BIRNEBEZ DT 2 Z EDPESKRICEZZNEHETH 2
D, RRIZNT o EFLEMLIN TR, LEBoTHIGNTWE I ERBHEN L3k
VODBURTH B,

O EODIEERIL, Uc(g) ORBGmE, IEERICE T 2 ARG ) — R D KB
amDFDWATRIRTH 5. XD IEMEICIARS &, k285 p > 0 OREPAKE L, g &
FAULV—F%%2b2k LOARRIGHM Lie R g DU U(gr) 252 5% & &,
CHREUc(g) DEBGRE, kRBU(gr) DERBGRROMIZE L WHBDIZL TWw»5 2 &
23, DAHiD GRS T3, KEIC, Lusztig [12] (& Uc(g) DEERIRBLO S E U(gr) O
WERIRBLO 73803, o7 K AUAMHADD &T, WbW23 Springer 7 7 A /N—D[FAIZ
K#aHOTiB T 52 L2 PMLUE %3 Ug) IKBIL TR, 20 Luszgtig P4
IZ Bezrukavnikov-Mirkovié¢-Rumynin [1], Bezrukavnikov-Mirkovié [2] 12 & O I figpk
INTw3, F7, ZHIRST, U(gy) ODRBGRDITH Us(g) DEBER L D 56A U T
WHRMIALZ O HEFETH S, Liedi>T, Thr6idRs Usl(g) DEBGHIZE W T
1%, AT 9 % U(gr) OEIGmZEH CIALD S, KD VOXEH 2 TFHIL Z OhtHZ%
AT eIk 3,

LU, Ul(gr) OB b >, Us(g) DEBERO BB DV THEEZD D RS
PHCfgai 2179 .



2 EfEE

g 7 C LoARKILHEA Lie fA8, h %2 Z®D Cartan 7 ET5., AZL—1+FRE
L, QZLV—IT, P27 xzA METFET S, W ZT7ANLEET S, HifiLr—F
DEAN={o; |iel} Z0EDMEEL, WMHBLTHRESZIEL—FDHEEZ AT TET:

HCATCACQCPcCh, W C GL(b*).
51T, b Lo W AZENTRBHIEEA
(,):p"xph"=C

TH->T, FV—F allWHLT(,a)/2=1%Zii7TdbDEL S,
S q BAETLET S Q LoEHBIEE Q(q) & F T

EE 2.1. glcBT 2 F LORTH Ur (= Uy(g)) &%, HAiz O F EofBEaRE
THoT, LR
kx ()\EP), €i,fi (ZGI)

& HABIRRA

k}JCM = k‘)\+“ ()\,,LL S P)7 ko =1,

kaeik_\ = q2(’\’°‘i)ei (ANe P iel),

ke fik_y = g2 f, (Ne P, icl),
ki — k! .

eif; — fiei = 0ij——"5 (4,5 €1),

J i
17@1']' 1
Z(—nr{ } eesel ™ =0 (ijel, i),
r=0 qi

1—aij

r 1 — Qg4 r —a;;—r .. . .
Z(_l) |: r f| fzfjle =0 (7’7.7617 27&])
r=0 qi

ICEDERINDZBDTHS, 22T, i e TITHLT, ¢ =q )2 b=k, £
1,7€1 WXL, Qaijj = 2(@1,043‘)/(0[1',011‘) 9%, 61, AL N Dt BB

tn _¢—n

——1 € Zit,t

[n]; =



TED, m=2n2=0IIZIINLT, 2B (n) D t %
m
!
[7?1] - W? [n]¢! = [n]e - - [2]¢[1]:
t - !

WCEDED S,
220, BB Up ICBWLWTAEIL g %
(=1 DK LFR)cC

R L T o C LOBTHZUTOLIICED S, 727 L LIFRDOSEMET -
THDET S,

(A) £> 1 I3IEDEH,

(B) (4,|P/Q) =1,
(C) g 728 Go Tk 213, (£,3) = 1.

NIA=F qio ( ZRAT 27012, F=Q(q) DIBIEA =Qlg,q | 2822, £
A FOBRTREU) 2
Us = (kx,ei, fi | N€ Pyi € I)p_a1g C Ur (De Concini-Kac form)
ICk D ED, BEERE A — C (¢ ¢) IKBL T
U(=Uc(g)) =C®aUs

LB, 2o CREBU OB, WA DGROEZNRTDH 5.

3 Hub
e, B R ICKLCZodh Z(R)

Z(R)={2€R|rz=2z2r (reR)}

TED 5,
U BHERIITRETH 2 28, ARRICAREUT 2 Schur DAHEDELID, KD X9 I

JRONED T EDHISNT 5



EIE 3.1. BE U EE M icx LT

3¢ € Hom,,(Z(U),C) s.t. zm=&(z)m (2 € Z(U), me M).

—fRIZ, LEEE € € Homgo(Z(U),C) IR LT
Ue = U/Ker(§)U
EBL. EH31ITkD

{ WERO U e ) = | | { WER U IRE }.

£€Hom,1.(Z(U),C)

L7et3> T, DI IS L TER U S EcE UL, B U I3 a s
72Xk D, B, ZOENCET, FLBENC S VREL THLMIER ENS S WH S
DEHSTELSDEND 5,

U3 Uy DRI 57D T, Uy DHLIGIE U OHLIGZED S, Thbb,

Z(UA) = Z(U]F) NUy C Uy

Bl T,
ZHar(U) = Im((C XA Z(UA) — U)

Z Z(U) ot 2%, 20z U @ Harish-Chandra Hb EWES, Up OHLDIE )
BoTwahriFi<HenTE) ([13] & L), 20 6RXHE).

EE 3.2. CREDFE
Znar(U) 2 (UL )"W°  (Harich-Chandra [A7)
DHRICEE S, 2IT

U'=) ChkxCU, ~ Ulen=)> CharCU.

repP repP
¥ 7- (Ugven)WC’ X, W o Ugven ~DYER
1
_ 2(p,wA—=2A) _ =
(1) wokyy =P Vs p=5 Y a
aEAT
BT B AREITLD Lk, O



¢ 231 DRFARTZRIF UL Harish-Chandra FOLBFLEEICES>TL 9 DD,
BADEZTHDE 1 DXRFIBOYGEICIE, UDHhiid, LTASLEHIICb o RKREL KD,
W DRETt wy DRMERZIRD 5 T 12, Lusztig DL—F « X7 bV EWEENS U
DILDHEL
€ fo (a € AT)

WEED, TITIE, ZOEROTEMIIEET 5, a BHEML—F o DL Fldea, = e,
for=fiCHB.

{(H egw> kA< 1T fg}a)‘ma, Na € Zxq (a € AT), )\EP}

aEAT aEAT

XU D C LEoHEE2E5 22 (BOMETFIE—2RdTEZD).

DL E
ki (X € P), et (€ AT)

X ZU) ICEEND I LD, FEBE, ko, ef, fEORLIGTH 2 HIE Up O E B
R L, (D1 DBFIKRIFERTHL2HLGHG, —D ey, fo IED2VTH, THHH
ei, i ZU DHERABTELALLDICR>TWE I L6l 22T, Z(U) DD
R

Zee(U) == (kox, €5, fS | M e Pa e AT)
% U @ Frobenius H/0 &£ FES (wo DERFERRADIFENTICIZ X S %),

De Concini-Procesi [7] 1, Z(U) 2% Zyar(U) & Zp(U) T X DRSNS 2 & ZGEH
L7 (&k, IEEBICE T 2 il —REDAURERE U(gr) ICBIT 257 25581,
Veldkamp [17], Kac-Weisfeiler [10], Brown-Gordon [3] i £ %), X DFEL X, RDE
BDEALT 5.

EHE 3.3 (De Concini-Procesi [7]). Z(U) 1% Zya,(U) & Zrp(U) ICX DRSNS,
512, UDE»SEE 2ARREGHR Zya(U) x Zp(U) — Z(U) 1& C RED[FIH

(2) Z(U) = Znar(U) @ 24, ()25 (U) ZEe(U).
I L O

DUF, [ (2) ol iididhz 52 5.
% 3" Harish-Chandra H/l» Zga, (U) IC2WTEZ 5. G % C _Lo#iflo > B 7z
BB T Lie(G) = g 27 TdDEL, T ZDMRI—7RALT2, ZDOLE
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T OREFEE L COMHEER Hom(T,CX) iZ P LA—HEIN2 We PIINT2 T O
B xy TRTZIEICTE). LEDBST, TOT7 74 Y RESHIEE L ToBREEER
ClT] = @cpCxr ET7 VI P DHER C[P] = @,cp Ce(N) 13, CREELTHR
WCFRMTH S :

CITI=CPl (e e(N).

Zuar(U) 1% (U2

even

YWe LRI 7D,

0
Ueven

~CIP]  (kox < e(N).

kb, CREDF

(3) Zxar(U) 2 C[P]V° = C[T/Wo]

B s N

EE 3.4. UL, ~O W OfEH (1) % C[P],C[T] e LT, C[P] ~® W OfEH

woe(\) = 2P Ne(p))  (we W, e P)

&, CIT)| ~D W DIEH

woxy = CHPANy y (we W, Ae P)

DEF S, CT| 3774 YRESHE T OEERLO T, L CHRE#EW o7

74 VRESGHRIE T ~DEH W xT 3 (w,t) = wot € T BEX2 (teT%

xa(f) = PN (VAeP) Itk hEdz &, teT I L Twot =w(tt)i™1).
—#ic, AIREEG M C L7 7 4 VIREEHE X ITEHLTw5 L E, MES

X/G ={X ko Gt}

27 7 4 YIRBESREDOREEDR A>T, ZDMEEE C[X/G] 13 CIX] Itk 5 G AETLD
2fk C[X]9 & —8T 3. O

ZRIZ Frobenius .l Zg (U) IZ2WTHEZ 5, BT, B~ % G ® Borel fi#fTdH > T
BtNB =T #ii3TbDE L, Nt % BT OWMARFEEIRELE T 5. G x G D

S K %
K={(nyt,n_t™')|ny e N5t T} C B" x B~

X DED S, De Concini-Procesi [7] (& C R D [FH
(4) Zp:(U) = CIK]
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Z ML 72, [7] Tl&, Poisson fA# L L TOERZDEDRIGZE FTH Z, 1 Poisson
RELELTORMZES I EZRL TS, 2D, Gavarini [8] (X 1, Drinfeld /&
XEMAOEBENTL2D LD b2 )R TOBENEG 2 ok, 22 T2 0iEMMIxEg
I3,

Harish-Chandra .0y & Frobenius HL D HIEE T Ziay (U) N Zgy (U) I2OWTH K S,
()& D Zyar(U) % C[PIWVe LT 2 L &, Zar (U) OIS I 2110, (U)NZ1, (U)
%, C[P)W° o fRE ClePIV &—33 2% (C[P] ~D W D% C[UP] IZHIR T %
L, DRDPMWAT, W D C[P] ~O@EEDEMICAR2). C[¢P] & C[P] O—4
(e(bX) <> e(N) ZHwBHICKD, [HH

(5) Ztar(U) N Zp (U) =2 C[P]Y = C[T/W]
& nJ A=

ZHar(U) N ZFT(U) —> ZHar(U)

(6) gl l%

C[T/W] —F CIT/Wo]

RN, ZZTp i, Tot—=tr e T OELSGHRp: T/Wo —T/W »5EE BHUE
CINIZEACS

%1, HDIAD Ziyar (U) N Zp(U) C Zpe(U) DNA—81 (4), (5) b ETEIHIF 2
DEAHBEI. GDG~DIEEH

GxG—=G  ((g,2) = Ad(g)(z) = grg™?)
BT 2 G EOAEREBDO2ED T CRE
CIGIAM@) = {f e C[G] | f(Ad(g)(z)) = f(z) (9,z € G)}

%25, G LoBEE T IcHRY 2 5% C[G] — C[T] &, C %o MG &%
C[G)AE) = C[T/W] 8L Z P o Tw5, Lad>T CREDHDIAA
CIT/W] < C[G] i3t L T, BSOS

T:G—=>T/W

NEED, BEZOEBR rm ZRDLHIICHFHITS., ge GITWLT, 20 Jordan 7%
0= GssGuni EHS. TDEE, g MR T Ot BIW HEZRCTEWITEED,



w(g)=[t] L% % t2E&L W HEIIHIET 2 T/W Om% [t] °RT). 22T, 7 e

B Rt o i
§:K—G  (0(xy,12) = 3125 Y)

DE
mod: K —-T/W

2EZABLE, A

ZHar(U) N ZFI«(U) —> ZFr(U)

(7) |
ciryw) —=2 ., ¢

1%

=

]
DRALT 5,

IVEIROF T (P )
(8) Z(U) = C[T/Wo] ®cr/w) CIK] = C(T/Wo) xq/w K.
ZIZTCUT/Wo) xpyw K| 137 7 1 ¥ IREZ kI
(9) (T/Wo) xqyw K = {([t],k) € (T/Wo) x K |1 ~q §(k)ss}
DEFBTH S, 12721, ~c 13 G LoOFRHEBIRG :

T~gy <= JgEC st ox=gyg L.

4 HMEE

(8), (9) lc&k b, HLiEEE (Homag(Z(U),C) Din) &MRBERE (T/Wo) xp/w K
DIREF IR LIS 2, 22T, ([tl,k) € (T/Wo) xpyw K 2GS % D iEEZ
&k € Homy o (Z(U),C) £FHS T EITT 5,

T o HEZ, % ([t], k) € (T/Wo) xpyw K \ZNLT, Ug,, =U/Ker(&,)U DFEBL
ZHRHZETH S,

ER 4.1. Frobenius TMIARORIILZ R, KT, Ue, , 3ARIKIL. L7h> T,
RO U AR TH 5. O

ROEIUZ L, BABRE (M) k) € (T/Wo) xryw K ORIM%RIHIHe 5 5T
5.



EHE 4.2 (De Concini-Kac [4]). k, k' € K 1T LT, §(k) ~g (k') DI Z>Tw3 L
T3, teTH (] k) € (T/Wo) xpyw K % (LT ([t k) € (T/Wo) xpw K
b) il Tho1F

(10) Ue,, = U, ,,
N AV RVASN O

ER 4.3, EEEDY —RE g, OLEONIET 2 HEDFEHIE T > LR TH 5, FEFE
CDOEITIE, BEGE 23U (g) ICHRIMEM L Tw5, LAdi>T, U(gg) D Frobenius
by Zre (U(gr)) % klgf] ER—8T2 2 LI2XkD, Gy D gf ~OEHDEE 553, C
IX coadjoint fEFl & —3T %, T 6EL I, IEEHED Y —REU T 2@ 4.2 DH
LAE N2,

Lo L, BFHOBEEICIE G D U(gy) ~DHAARRIEHICH 726D %MK T 52 LH
DL v, [4] I8 W T, JRXITOHED U ~D “quantum coadjoint action” 3§
RIn, ThnzHeT EROE#IRIN TR 5, O

EE 4.4. #1F, De Concini-Kac [4] T, G OO TH->TEk LK 5 1HO) D
FUHERRTICEENDE L) RbDRH 2 L EIT, (10) DY LOHEWRIN TV 3,
Z & De Concini-Procesi [7, Theorem 16.2) 12X D, §(k) 3 G DHFLIGTHR W & EIT
&, EEDED o T0 B EBES . (k) BHLIED L FI1CHE, U 0 H SR F T

H-o>TC,
F(kk) = exka, F(ei> = €4, F(fz) = €0, fs

TEF 2D, EHIRHIRINDG, I Teye{+l} AeP)l
EXEp = Extps g =1
Zii7z 3 H D, O

([t], k) € (T/Wo) xpyw K Z2—2®D5., 2 TU,, DEBAZFANDLZHEZEZ
5. 0k 280 G oz O Ltd5, EHA421CkD, WOk € K TH-T,
o) €O tH2bDRLHLE, Uy, DERBL Ue,,, DEBGIEIRALTHZ. L
Do TC, kK CEHEMWMATEINZL Y, 22T, K %2)FMBILE2EZ5.
GRS K — G ((x1,72) = may') OR1E G OF%ES NTTN- L 87 %, Hiffi
REFEOKEHO B2 5 ON(NTT) £ 0 THE2EPASNTVWS, Leh>T
S(KYe NTT LLTXw, ZOLEK = (xh,h™!) (xeNT,heT) tETFS, 20
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Bt 0(K) =ah? BDT, 8(k)ss ~a h2e€T. LEM>T, [f] € T/Wo DRETL LT
Ztf =h% ZiiLTwBELTR,

PLEQHFIC XD, KD (a), (b) 27T ([t], k) € (T/Wo) xpw K \HLT, U,
ZEZNUI IV ERbhoT:,

(a) k= (zh,h™!) (xe Nt heT),
(b) t* = h2.

ER 4.5, IEEBDY) —R% g, DGE, LOEMmICEIT S ke K ITHINT %
z € gj, = Homae (Zr: (U(gk)), k)

I3, REFLOLAICWMETE S, ¢ € gf D Jordan T ¢ = 245 + zpy BT
[y = Zg, (zss) £ & &, Frobenius HVLEIE € g 25D U(ge) MlEZHEZ 5 2 &
&, Frobenius HVLEEE 2y € [ 2 5D U(ly) M2 EZ 5 2 LIRHAFETH S 2 L0
5. L LXFBRTCORTHOGE, oM EHTELRVWEERH S, ge GITH
LT, HOIAA Zg(gs) C G BEBTRL RV TREERTEIRVEADRH S, BTFHOY
BT, 0(k) BRFHOGEIZIT TR, IV LEOHEEZ2EA0ENHTL S
([5] ). O

5 baby Verma IN&%
P, (a), (b) Z&7%F o, h,t 123 L CHULEEE
(11) € =& (ann-1) € Homa(Z(U),C)
2D, U MEE%ZEZ %, €D Frobenius FOANDHIBR & 5, (1) 13K % A7 T
E(ken) = xa(h),  &(eq) =0, (E(f3) Btk ).
M ZHWRIC U MBEE T 5. Frobenius HLOMEMD S, m e M TR LT
kxm=xa(hym (AeP), em=0, fom=E&(fom (a€At)

DD LD, KRz, —1b - X7 P L DORIDZHABI{RIZEY % Levendorskii-Soibelman
DFEREZH WS &,

M :={meM|esm=0 (a€ AT} #0

10



DS, UDEHERRICEY, BuaM ¢ M (A€ P) THs., M ORIBIERFZEE LT
kS —xa(h) =0 TH 5D, 28— xa(h) € Clz] BDMELERLDT, ky1d M EOEA
FE LT EARE. {ka}aep ZA VAR DT, M FOEMAEE L CRRA{LA
g, Lo ThsbseT Izl T

M'(s) i= {m € M' | kxm = xa(s)m (A € P)} # {0}.
M'(s) ~ Frobenius LD fEf % 2 2 2 & D,
xex(s) = xa(h) (A€ P).
Fhbb h=s. £ M'(s) ~® Harish-Chandra LD %2R 2HIc L D,
p(t) =¢(s*)  (p€C[T/Wo] C C[T]).

Thbt, s2cWot.
PLEIZED, B seT THHT

(12) h=st, s2eWot
T 0E, B me M\ {0} IcHLT,
kxm=xa(s)m (AEP), eam=0, fim=&(fHm (aeA™).

E#& 5.1 (baby Verma ). (12) 27z s € T ITN LT U MEE Ze[s] ZRTED 5 -

Ze[s) =U/(D Uk —xa(s)) + > Uea+ Y U(fi—¢(£L) O
AEP aceAT acAt
CDEE Ze[s| Z U MEETH S, £, Loiiwic kb, EROBEY U MAEZ, &2
Ze|s] DFMBELABICTH B, S 512 PBW BUERIZ KD

(13) dim Ze[s] = 027,

Zels) 13 O 128 % Verma MEEOELYITH 5, 7272 L, Verma HIEEL NS &,
SREELLDEBWHITED H 5. Verma MEHZ 772 —2DERIBEMEEZ DD TH -
7273, baby Verma MEHIEEMEOBKIREMFEZ O b HVH2DTH S, T3 €
2L 5,

t=h=10%%, (12) 2T seTId, s=wol (weW) tEIFTE. {>17%
5, wol (weW)BHWIIHRELZILTHS., LEB>T, ZoOHEICE, WM

11



? baby Verma M#NEE % (722 L IN6DI BICAWICHEZ S D2 H 5 A[REMEDY
H5).

R OB U IEE Ze[w o 1] OREMEE L FATH 2,

JCTIZNIET 2 G OB #EE Py & L, Z20fiifila% Ly ©RT. Ly D
Weyl % W, C W T

FE52. (>1E93, Fht=h=1TzxlZL; DIFHIRNEHILLE T3,

(i) Zelwo 1] 13772—D>DBERIRGIEE Le[w o 1] 2 D,
(ii) EREDOBER Ue IIfEE, &5 Lejwo 1] &AM,
(ili) Lelwol] = Le[w' 0o 1] & w' € wWy.

FRS2VIELWETZE, PHES2DREDD ET

L WER U, IEE } = #(W/Wy).

6 RETF

DNt=h=1&F2. %5, v Nt % Ad(G)(z) N NT OBIDIETHD #x
T, T = Zp(x)? 23 Zg(x) DR F—F7 A THZ L LTI,
U3 P=Hom(T,C*) TREDVT 5N 7 REIRTH > 7z,

U=EPU(), keU(0), ecUlm), ficU(-a).
yep
U DR Ue 121E P2 X 2B T IEA S 0hS, P DR P, := Hom(T',C*) 12 X 5 K%
i
Us = P Ue()
YEP;

DERICEF 5. U, HIRXIT U MBED 2§18, B X OHRIGTKEUS & Ue MEED 72
TE%Z, 20zt Mod(Ug), Modg, (Ug) TEY. F7, 7—VE A D Grothendieck #f
 K(A) CRT. XENF2ENRZ 2 LickD, 522BT For : Modg, (Us) — Mod(Us)
DEFX S,

ST, K(Mod(Ue)) 131 = { BB U It } 2R ET2HI Z MEETH 2. 7
K(Modg, (Ue)) 13T = { BERIRBN & U MIBE } 2FIKE T2 HH Z MBETH 5. KM
& U MBHC BT 2 X80T 5 Lick D, K(Mody, (Us)) FHARKIC P, MEEE 52, H

12



I¥, Jantzen [9, Section 1.4/5] DiwIEIC X O, B U MiHE (REDT S L z2Frve>T—
RINZ) BERIREAT Z U MBRCR S B35 2 b h s, L7edioT

For : K (Modg, (Ue¢)) — K(Mod(Uy))

IFEHT, ARSI/ P, =T 281,

7 Lusztig DF%8
B =G/B* O\ E& kB, %
B, ={yB* € G/B" |z € gBtg'} (Springer 7 7 A /¥ —)

ICEDED L, THUTIFHTEICER L 2 b =7 A T PPARIMEH L T3, i Og, i
BEORTHE, 8L T FALHE O, MEED % TE% 2121 Mod(Op,), Modr (0g,)
T&7T. Grothendieck #f K (Modr (Op,)) (FHAIWK P, kL %%, TV offzEN5
Ltk BREEHR

For : K(Modr/(Og,)) — K(Mod(Og,))

DEF 5.
Lusztig [12] 13 K(Mod(Op,)) PIHEJE B ¥ & O K(Modr (Og,)) DK B TH - T
B/P, =B t%2bD%ED, ROTFHEEA T,

F8 7.1 ([12). L3 HAAEVET 2,

(i) K(Mod(Ue)) = K(Mod(0g,)), K(Modg(Ue)) = K(Modz/(Og,)).
(i) () IKBWT [+ B, I+ B.
(ili) T<> BIcEBWT b € BISHHET 2 KA SR U BEZ Ly, & L, %O projetive
cover # P, £§ 5 L&, BHEKE [P, : Ly| DRMIGEIRLRH 5. O

FE 7.2 P71 (1) 2EL UL,
#{ WK Ue IIRE } = rank(K (Mod(Og,))) = dim H*(B,).

Lo T, BRNRHOE DS (dim H*(B,) 1%, Wb % Green ZIHAZ H W TEME
T2ILENTES), O

EE 7.3, 2D Ly OEHIRFHILTH 2 L T2, ZoHAICIE, K(Modr(0g,)) DB
DG RNGEADAI S TR Y, PR 7.1 (1) KB 2EEE (P, : Ly] 252 2FD

13



B BIIH A RRNICETRER R TH 5. £/, TDI L L, baby Verma % 75
LS MHAH (B O I8 2% BGG HAROHM) 2Hwv5 L, TRT1 2HEHZ T,
[Zelwol]: Le[w' o 1] OflGEmNELAZ 52 2 VB Ro NS (v =1 DHAICE, K
Y A MFEICAT % Lusztig 8 (Kazhdan-Lusztig & Kashiwara-Tanisaki 12 & D
AEYE A ) EFfEICE ). O

8 Lusztig FARDIERAICAIT T

Lusztig 1, IEEHTOHHM Y —REIcOw»TYH, FH 7.1 L Ao Pz ER ML
L, RIFIH50139) BFRFEATH Y, 2O, EEBICE T 2 BEERE B,
o DMEESHWS S,

%7, Bezrukavnikov-Mirkovié-Rumynin [1] I, g DXEZFEIL e IZDWVT

(14) D*(Mod(U(gi)x.)) = D*(Mod(O(s,).))
ZR L7, Tndo, Lusztig OFED ) E D (1) ICH)iEd 5 %5H
K(Mod(U(gk)x.)) = K(Mod(Oz,).))
DHE
(14) 13 2 2D 7 =L Mod(U(gk)y.)), Mod(Og,).) PHEfEZE 5 Z % b1 Tld7%
v, Ll DP(Mod(Og,).)) PIEIT, WbWZIXYF v 7 t lE»SEE D7 —X
NWEZEZDE, 7—VVEDRENR S5 2 £5%, Bezrukavnikov-Mirkovié [2] (T &

DRIt 2O ExDH LI, Lusztig D PR (i), (iil) DI CTOBBIOZEHDS, [2]
IZBW TR INT,

22T, 1], 2l o2& LT, FBPTORTEHHNT 3 Lusatig O PRZ I L %
V. 208G, XXV TOBTELRE Bioe EO D MEZHAV2 2 122, FH5,
FEHHAZ X — LCThH B & 2 HDETEEREZ T, 1] OfiROFR 2527 ([14],
[15]). 772U, —HRMBIEDIEIDH> T2 (g=sl, D& FTIMHE), 2] D= 2DIF
IE, FBIEFERRICTEZE L LB -oTwE, s itBL TBISERRTEZ ). U O
IR Ueyen %

Ueven = (€5, S(fi), kax |i€ I, N\e P) C U
ICEDED S,
V =Ucven/ Y Ueven i
i€l

14



LEL.
F8 8.1 ([15). (> 1551  RInd"V 2= Usven ®2,,,, ) C[P]. O
FE 8.2, THSINELVETZ, (FX5ICROEMEMWLT LT 2.

o />1,
o g WIS S, (£,3)=1.

ok
Db (Mod(Uy)) = D*(Mod(Op,)).

9 ZOfthdDMFRE

EE 9.1 (Kac-Weisfeiler 74, Premet DEH). e € gf 2NEFILL 5. L 2P
Ulgr)y, MEEE T2 &, peodimBrle| dim L.

NFRTOBTHHC OV T Y AR PREDEALE N 5.
F28 9.2 (De Concini-Kac-Procesi ). L ZBE U I#EL 32 &, ¢codimbBe|dim L.

T 9.2 1IZB L TiE, Sevostyanov ? preprint 3% %43, FAICIE X < 305 e\ a3
{ODdH 5.

AT, ( DEFBDOGEDAREK - TELD, (PEEDEE, UDERERIIEI 55
DD, ROVEBEZSNTVLRVEETH 2, 4B, (PMELD L ZOTL Z(U) OREEIE
[16] THRENTWV S, HAILL-> T, gD Langlands dual Lg 26 % 2 8 LK
DHTELY LT, )P LMD,

SE
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1 &

1950 EARHEEIZ A, Selberg 23V — < VEH OFRIMIAROES (£721F, TOHEABEDOMN
HHLREOES) POoEHE L “UAN—=7¥—XEKR 1, ERFELmIca I f#
Mrgmi s 0T, BEREXPY -~ PROBLZH-S. £/, ZoX¥—XEHOIEFH
WARNRSZ2Izk b, RBEHOBM TH D “FEMIRER” bIEHI NS, 1970 H4X-
%Y1, R. Gangoli, G. Warner 12 &0, ¥ NN—=7 ¥ —XEHIE, BEH1IDO (a3
7 b, TOHEIET N7 MEBEARZ) BFTNMRER OGS IR E iz, UL L
5, BIEICES ETHRB2ULOGEIZEO X VRS NT I RN o7, ZO/NRTIZ,
FEOBEE 1 OGEEMBIL, BEE2 DWW D205 (1) eV MEY 2T — i,
(ii) SL(3,Z)\SL(3,R)/SO(3), FZDW\T, o “BNN—JRIEL—-&7 X “F
HARER” (2O WTORERZMNT 5. KT, (1) 7 SfR5E 3 IREEER IR IZIE 2 B
DUHEARDE SN S, (i) 1%, A. Deitmar [, P. Spilioti & OMLFEHFZETH 5.

2 )—vrE—SEEERBERE

V=< ¥ —REBIE, Re(s) > 1 IZBWTHIXIR T 2 it Dk, 721341 5—
FTEHZINSD.

AN DHEEPHSNT NS,

(1) ¢(s) 1& C RICABMBIRE UTHIFERSINT, s = 112832 MOz Ry
TIEH L 725,

(2) BISER : {(s) == 7 30($)¢(s) = C(1 — ) ZMi7=F.

(3) Vs €C, s#1 D Re(s) =1 251K, ((s) #0230 LD,

Kz, (3) DFEEDPS Pl ORBUEEHNEIND.

EIE 2.1 (EECEH). MUF OMHE AR Y 3.

(a) m(z) = #{p: R |p<a}~ [} 5 (2 — o0)
(b) ¥(z):= Zp%;me logp~x (x— c0)
(¢) ¥(@) =%, . A(n) ~z (z—o0), ApF)=logp, (FEEREDSITIHO)

2



o LIV N—I ¥ — R, FRPHAEH & 137
X ZRHZ AL T5. EFICHK2IESERE, V-V E—XBRDA 1 7 —FHIT &
LEHRT, B {p| FH} 2846 {c| X OFRHMIF } CEEMATERINZLDON®
IWN=TE—XEBTH L. TORRIZ, “BEOES :logp” & “FHUHIRDOEZ : 1(c)”
BEXHZ 5. (DX, p e O TEEHDS.) V- ¥ — X EKROIEEFER
EHRDZEIZE o TEBEHLEONZ L DT, v NN=7 ¥ — XEROIEZEHIE %
RNRBEZLITE>TROND DN “FEIMFREH” TH5.

B : X B0 —DY) =< VERIKT, ZROELYITH 5 “FHMR" 7w (B
LD wn) &, Y50z k0un?

3 AR MN)—ZVEICNTZEIL/ANA—5F—9E
3.1 @me

G :=PSL(2,R), H:={z € C|Imz >0} £$5. G & ¥ FE HIZ - ROEEH
gz= 2t cHTEATS. 22T, g=(24) € G LBV,
I'CGZHEEBCRAEET 5. Bl Bad ye T IEUTOLS oI N5,

o v B < |tr(y)| >2 <« Fix(y) = {a,a '} C RU{co}
o v AWEHMI & |tr(y)] <2 < Fix(y) ={o,a} CCwitha e H
o 7 WWIN & |tr(7)] =2 & Fix(y) = {a} C RU{oc}

D\H 237 v 6, T3 zfzinnl ePiiohTtnsd. ZoOHiTiE, 56
AT ZRET S :

RE 3.1. TCGERAVNZPTEr—Ya VORWEEGRDRE L T 5.

orE, X =T\HE, Bl g>20a 52 )= ViiLi5,
v €T DMK S, v O T IZB T BB IEEGERE E 25, £/, v IR G 2P

mfﬁﬁﬁwaﬁﬁf,ywi(MQ”Nhgm),::ﬁ,Nmo>1f%a

32 T (F-1E X) I/ 3EILA—=JFE—9FEHK

N(®) > 128y el D/ NVLAEIER. %7z, N(y) =) Tths. 22T, l(c)
EBHRIT ¢ 22 5 P E B EAMIMAR ¢, DRI THS. Prim(l) % T ORIMEIED T-3

3



BEHOELG LT 5.

EH 3.2 (DISHT 2N N—F¥—REEK). L= ¥ — 2L, Re(s) > 1i12$H
WTHETINRT 2 Nt A1 I —FETEHRI NS,

Zr(s) = I ﬁ(l—mp)*“@)

[p]€Prim(T") k=0

EZ 3.3 (I T2V TL¥—XEK). VIL¥—XEBIE, Re(s) > 1128 W\WTHK
WS 2 FElDA A 7 —FHTEHRINS.

Ry (s) := H (1 —N(p)_s>_1.

[p]€Prim(T)

& 3.4.
_ ZF(S + 1)

Zr(s)
LELOMRE K Y, Rr(s) OFNTIIMEEIX Zr(s) OFETITEE X D ErN 5.
YT NR=T X FEDOEH 2GR L 72,

Rr(s)

£ 3.5 (Selberg [15], 1956). 1. Re(s) > 1 TEHRINT W Zp(s) &, C 2RI
AERLC T S 0 B, (EBRIEER Y 42 5.)
2. Zr(s) & s = —k (k € N) IZfidl (29 — 2)(2k + 1) DFE Y,
s=01Zh# (29 — 1) DFE, s=1 1T fOFEHERFD.  HHEHZEMN
8. Zr(s)ld s =1 ir, ICBMERO. JEAMER V- FHOEML)

22T, A =1/4+ 2} LA(D\H) KT 257707 Y A= —2(Lg + 25)
DEGHEDEART, FHROLIIZHFEFITSNT VWS,

O=X <A< <<, <=0

%72, {¢pn} C L2(D\H) EEABEERT, Agp = o, RBEDLT 5.

3.3 EIN—THAR

fZGLED REBRER, Fz fo “7—)I8H L35, R NN=FHARLIET
DI RENT, FLEFT 707 VOEEMHEIZEDHTARY MLDEREEN, 44
T OHEBBITIE LR TRMAFAD L IFENS. FHLIZBNS L(f) FHER S & i



NTWns.

Yo PN = ) vol@N\G) (), Ip(y) = f(x"tyz) di.
AESpec(A) ~v€E€Conj(T") G/\G
DRIV PTh=YarvhPiane Eid, T OHEBHOES Conj(T') = {e} ULy,

tﬁb,ﬂ»ﬂ~ﬁ%@ﬁdibﬁ%%ﬁ%ﬁé.

EE 3.6 (LA N—IHHAX (T: RAVZ b, b—Yarigl) ). FROFERDVEAL
T5. WA T 5.

Zh = M/ rh(r) tanh(7r) dr

7T
log N (
+ D5 1(/)5 %()))_1/29(10gN(7))-
’YEFth
ZZT,
o h(r) = h(—r) : MEBUERBRBIEL, |Im(r)| < 1 + 6 T (36 > 0) 2D HIX
JEgtt |h(r)| < A[L + |r|]727° 2§73 (34 > 0).

o g(u) =5 [T h(r)e ™ dr: 7— ) TAH

2m

S

SR EVa T —BEPSL(2,Z) BRIV AZ N TRENTEELDT, ZhICid 2 b
ARIZ B DM 5. T, WG - e T A XY R X1 VI DG A
nz.

3.4 Zp(s) ICET B2 A—5 O EEDIEHR

FEL>2%EEL, h(r) = 2+(81 7 — g £ B, THERRBEBO ST
Wd. 2207 — ) T g(u) = 51 5e ~(s=3)lul ——e_m“' b, ZORER
R h(r) I LT N =T HARZES T L, F;:E@nni%?%é. ON LA FH D ZF
553 Zp(s) OB THIF LI LN KRI U N THD.)

S 3.7 (LA h(r) T T 2HAR).

- 1 1 B volF\]I-]I = 1
7122()[7’721+(5_%)2_7“721+52 B kzzo[s+k 5—|—l+k]

1 Zi(s) 1 Zi(5+8)

% 1Zi(s) 2B Zr(L 1 )




ZOmEED, Zr(s) DM D C 2RO ED N, Z DM T X T—AL
THBPITRTBETHDZ o, Zr(s) B D C 2IRANOH BB HE A S 1
5. ¥1-mEOEFEADLEAIE s 51— s CTRERDTAZI > T NLOBEBELE2E5 :

Zh(s) | Z(=s) el )

Zr(s)  Zr(l—ys) o 7 cot(ms).

35 wILN—=JE—45EHROEHKREFR

EIE 3.8 (Selberg, 1956).

1
S—3

Zr(1 —s) = Zp(s)exp ( —4(g — 1)7r/0 r tan(7mr) dr).

EEHOVNVN=TIZ L > TORINZBEBERNL, —ET VBB Ty(s) & ZFEY A
B So(s) =T2(2 — 8)la(s) ™t ZHVTHIRBEBBENICEERZ ONG. FRBEKSE
ROLALIZEND exp(TE57) DA R _EY A VEBEHWTERRTEDL ZANKRA v
FTH5:

2g9—2

Zp(1—s) = Zp(s)(Sa(s) ' Sa(s +1)7")

= Zp(1 —5)(Ta(1 — 5)T'9(2 — 8))* 7 = Zp(s) (Ta(s)Ta(s + 1))

22T, I'a(z) = exp((3(0,2)) TEFINT, (a(s,2) =), o +m+2)7% IFH
TNy Y —RERTH L. (—BOLET VB, ZEY A VBB OWTIE [13)]
22, )

EE 3.9. LNOBEBERD KD LD,

o Zp(1—s) = Zp(s).
o Rr(s)Rp(—s) = (2sin(ns))?(2=29),

::f,Z@y:Zﬁg@xgm@+nf“2u%ﬁﬂwﬂ—ﬁﬁ—&%ﬁfﬁa

4 BEH ORFINMHZERICHT 2 EILN-TE-9EH
41 ES

G 2B 1 oG, JEa 8o MR —HTHOPARES O, K %2 G OMKa
YNNI MRD#EE TS, G=NAK 2aEMRE T2 e, REXD dmrA=12725.
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M = Zy(A) &HMEREL U, P = MAN ZEWREARE T35, T & G OB
BEX L, RFHRZER X =T\G/K £ T5.

o v e BRI & v G IZBWVWT, 7TEmya, € MAT &I

YU, Prim(T) % T QEHGHINETO T-HEHOEA L 5.

DX E, B ORFNHZER X = I\G/K L HRRENEE o € M 1283 5%
WN—=TX— 28 Z,(s) 1&, AN TE&RINS.

EFE 41 (T (FREF X) ITHT50¢€ M (& 2N — 2% — 2 BI80).

Zs(8) := H H det (Id —o(my) ® S* (Ad(mpap)|ﬁ)e_5l(cp)> (Re(s) > 0).
[p]€Prim(T") k=0
22T, ley) EMhi p 25 E E 2HMMAROEX. SE(A) X A D k R,
n=0(Lie(N)), lEANVEUETHS.

42 EILN—JE—SBEHIHT 2ERE

ETCEHRINIZ NN —TE =R Z,(s) I LT, UTFD “BWENTHIEE" A3
N AEMNE D IPDEEE RS,

1. po > 0 BFIELT, Z,(s) DG Re(s) > 2pp THIXNIUKR L, % Z CIERIEE
BEEHRTD.

2. Zy(s) B C 2RI EHBIBEBIC T T 0 5.

3. "=~ PHEOEM” Y FAWEROEE {s=poLir,} T DL, A
BEAE % PR\ T Re(s) = po RIZHEHAZ RO, (22T, {pg+ri} 777>
TYOEBHOELETHD.)

4. s> 2pyg — s IZHAT HEBERE AT,

FEEORWHEAZE DI ENHNSNTWDIEE

1) T:marrrh, o: APERE (Gangolli [6], 1977)

(2) T': REMW, o: BWEXE  (Gangolli and Warner [7], 1980)

B) T':®Rarv o7 bh, o:—f (Wakayama [17], 1985)

(4) G=S0(1,n), I': REW, o: HAEXE (G and Park [8], 2010)
(RpiZ, VTV ¥—XBIE Rr(s) OEFAMEESE» NS, )

G ORSA 1 T BAERER L FTH, BH o M3 OBHAE Z,(s) ORITIIEE X
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DHNZU Db o TWaWw., I 525MEE LTI TOSEREZ NS,

o GNWER 1, T 2IEREW (Patterson, Guillopé, Borthwick 12 & %
geometrically finite, convex co-compact 7 35& DHFZER &)
o G DIEHA 2L E (Deitmar IZ& 5 I 2R3 VN7 MRIGE DS [3] 78 E)

IREIDABETIE, B2 TREBRBRGETHI LRV NEY 27 —HEHDO L NN— 7R
¥—ZBRICET 2568 ([9, 10, 11]) *°, B2 T ““IROCOFEHEII LK 28X
% SL(3,Z) izxfd 2 “FHMiggEr” ([5]) Z2WTHNT 5.

5 BEIRIMNEY2S—HEICHTZEILNN—FRE—4
E3E

51 BRI MNED21S—HEICHT Z2EIL/N—J8EF—4EFHK

K/Q #8# 1 DFE_RIKE L, Ok # K OBEIR, ¢ > 1% K OHEARPEHL TS,
fl: K=Q(/3) I3EHK1T, Ox =Z[V3], e=2++3,%k5.)
KDiiaDQ Lnitfks o b5, y=(24) € PSL(2,0k) IKHLT, v/ = (% %)
rB<.

Tr = {(7,7") |y € PSL(2,0k)}
KDLV MNEV2T—BLER IO X,

[ C PSL(2,R)? 3B RBERGEORE L 72 5. (R VT M TRV, RAMR)
e I XH2 =H x HIZHDZ & D IRNBEBTIEMTS.

o i 1F7272—DDHAT (00,00) ZFED. (T g-[FME T2\ EE 50

o X :=Tg\H? %2 K D~V REY 2T —HliH &,

BRE: g OB OESIITHO LD RIS ESONIIHEIZNE D, YOHEEMED
HDEEDIS “CAN—TX—XEH PR TEEE5507

COIlj(FK) = {6} UT'gy UT'g UT'gg UT'gg U T'p

22T, Iy, g, Tp (EAHR-AHh, #EH-FEH, BY-BRatmBHlogEa6THD,
Cug, Deg (EMEE-FEM, FEMH-BEN 2 SR EHOEATH 5.

VEeDDOfEL LT, HEBHEOWMOELSL LT gy 205 L, ¥ NN=7 ¥ — X B
DRERTEB L 2N TS, F1 VML, (1,7) e Tk 2MM-HEHcE T2 (0%
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0, [tr(y)] > 2 0 [tr(y)] < 2), ME-HEFIH (7,7)) © T 1281 2 i LR SER
KEFEE B Z & THS.
BB m > 2 Z2EET 5.

E% 5.1 (T TXHTHEZX (0,m) DEILN=T¥—XEE, [10]).

> , -1
Zk(s;m) = H H (1 — im=2)w N(p)_(k+s)> for Re(s) > 1.
(p.p") k=0

22T, (pp) 13 Tg DG H-HEHCD T - EeROEE 28, (p,p) X
PSL(2,R)?2 iIZBWTUT &L T 5.

/ N(p)'/? 0 cosw —sinw
(p.p) ~ (( 0 N(p)~%/? )’ < sinw  cosw ))
¥, Np)>1l,we (0,mr) D wenmQ &mdkDITL 5.

ER : Selberg ([16], KHifk) & Deitmar ([3], 2006) ® [Fkk7R¥ — X% &2 >N
MR TIZHUTEREL TS,

5.2 Zx(s;m) OfEMEME

EH 5.2 ([10])). me2N &£95. Re(s) > LIZBVWTERINT W Zg(s;m) 13EFE
R A EAL R S D

L2 DENVN=TX =X Zk(s;m) 72 “FHWH FERCBERS, ZHoldF
MO ODTTIVT vOEAEL LRSS S.
(21,20) EH2IZXT 5, BEX 0O mDI TSIV T V%
0? 0? 0? 0?

0
AL = g2 —), AR = 2 (S ) imyp——
0 yl(aaﬁ + 5y%)’ o yQ(ax% + ayg) +imys

r35. Al v A, B (0,m) DAL b-v— ZABRDZER
L*(m) := L (T \H?; (0,m)) > f(21, 22)

ZIEHT 5. ZOERDIE f(21,2) 1, 7757 > A o AP ottmomEARET,
BRIE © f(721,7'22) = (152557) " f(21,22)  V(7,7) € Tk 27T

|¢'zo+d’

ST, B mItHLT, FRTEHRINS L2(m) DBHEE VD 2% 5.
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Ve .= {f e L2(m) ‘ AP f = (1 - %) f}.

T 5.3 ([10], Zx(s;2) DB LM : BE (0,2)). Zx(s;2) OEMEMIUFTEZ S
ns.

Zk(s;2) 13 s =1 IZALDFREFD.

@g)i&nwvw aﬁlﬁ@1+%(ﬁ@$@§@2%%mﬁaﬁé
BERE s =3 ip;(2) 12D, ¢ “FEAMEN

@ﬂ)is—ikm(keN) RO RO,

Zr(s:2) 13

loge

s =010 B(Xk) DERERD.
o Zi(s12) W& s=—kIZ (k€ N) M8 (2k + 1) E(Xk) + 23 [k/v;] — 2kN TH
BEM (MBOEAD & F13H) &#O.

SR A 5 — K B(Xk) REREDOT, TRTOEMRLMORKIIEKE 55, £
o, SOOEM - MOMEN—HT S L 2E, TNSOMKEAITS.

EE 5.4 ([10], Zk(s;m) OER LM : EX (0,m), m > 4). m > 4 2BKE 73 5.
Zk(s;m) OBEREMBIIUATFTTERZSNS.

o Zic(s;m) 13 AY @ VD e 81 BEAME L+ p;(m)? OEEEE KL T
BRE s =1 dip;i(m) IZFL 0 FEEHWEER
—MOFERE s =15 + £k (ke Z) iTF.

o Zi(ssm) kA @ VP, e B BEAM L+ pj(m —2)2 OEBEE KL TS
Wiz s=1+ip(m—2) kb “JEHUIM
—hLDRE s =2 - T + I8 (k€ Z) [TFfD.

o Z(ssm) & s = —k (k € NU{0}) 2R (2k + )E(Xg) + 250 [k/vj] —
S Brj(m) D (RBHEAD L E13H) £#5.

e m=40DLEF, Zr(s,m)F—HMDELE s=0& s=1I1TKD.

ZIT, E(Xg)BelXUrEYaT -l Xk DA 7 —BEHTHY, HR%
v1,Va, - UN 1E T OFRIBEMEE RO E 5. £z, B r(m) ZHIRIIZE X
SNBEETHD, ZDODHEM - MOMEN BT L XL, ThoDMNBELEHT .

FE T 5206548 Zk(s;m) OFBERNEI T /T2 U= THHARE %
D “EHAXN EHVWTIHHI NS, GElIX [10] 230.)
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53 Zn(s) & \/Zs(s)

K/Q 2% 1 OE_IXIK, me2N &L, YW N—I ¥ — X Z(s;m) ZEAL

7z. DR DD, Thik Z,(s) £&EL. D0,
> , -1
Zm(s) = H H (1 — ei(m=2)w N(p)_(k+s)) for Re(s) > 1
(p,p’)EPTug k=0

Ths.
& 5.5 (Hirzebruch-Zagier [12]). A1 7 —#H E(Xk) X EDMETH 5.

LEMEL Y, Llog Zy(s) DEBATRTEBTH 2D Z &b h 50T,
Zy(s) D “ET” BERTES.

- T 10— were) ™
(p,p’)€PT'gg n=0
1 1 N(p)~*ks
= exp(§ Z Z T _(]]\9[)(]9) k) for Re(s) > 1.

VZ2(5) b BHTE A IR RATBHEC X 5 2 L hib 3.

54 FFEIN—TE—IEAHK (s— 1 - s TFE)

Zm(s) OBFERIZEN S BN T 2R Z 228D, s— 1 — s TRELRZEMEIL
N=TX—REENEREIND

EZ 5.6 ([10], T NN—2 ¥ — XK.

1 N v;j—1 vi—1-21
3 (5) =/ Za(s) - (Ta(s)Ta(s + )V T [T T () ™5
j=1 1=0
‘8_3(1 o 6_28)_1,
~ N Vjil vi—l—aj(m,j)—ag(m,j)
() =Zum(s) - (Do) a(s + D) O [ ()™ =
j=1 1=0 ’
—1
'C€<s+%_1>CE<S+%_2> (m24)
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ZZT ()i Eﬁyvﬁgﬁ, g%i&l/l,ljg,...,VN LiXK @%H%ﬁ,ﬁ@{ﬁﬁ,
ay(m ) aj(m,j) € {0,1,...,v; — 1} BHRMIZE X 5N BMTH S, £/, (k(s)
B K OFFFY MR, ((s) = (L-e7) 7 THY, ¢ i3 K DHAHKTHS.

5.5 SEEEILNA—JE—yBEHOITIARTE

mEEDBEET S, H—5 7507 VOB O, = Al | 0 BE, ToOEAE
DESZ TRLDO LI IZHETOFTHL.

0<Xo(m) < A(m)<---<Ay(m) <---

IhZEMHWT, EFRGARZTTEET 5.

Det (Dm + s(s — 1)> = exp(—% o Z (o) —|—1s(s — 1))w>.

n=0
ZDELE, AR D,

~1 182 Det(DQ—{—s(s_ 1))
EH 5. : 3 (5) = (5= ) Cr(~1)+Ca
EE 5.7 ([11]) o Zi(s)=ce E—
— 1) - Det(0s + s(s — 1))
Det (Cz + s(s — 1))
e m>6DLE, Z(s) =23 x(=D+Cn Det (O +5(s = 1))
Det(Dm_2 +s(s — 1))

ZIT, M Ch (m€2N) BUT D& S CHIRMICEZ 5h5.

o Zi(s) = 2= brex(-nros 5

—1—12ap(m,j {1/] — ap(m, ])}
61/j

logv; (m>4).

5
I
"MZ

AR T WHT 28NV AN=TPHARD ““EHASAX” 2HVWS L, TAIVDIEH :

NE(T) := #{j | \j(m) < T} ~ O ¢ (-1) - T (T — ).

DRED. INED, m>40E, Z,(s) IZBL0ELE “L<” FOLER5.
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6 SL(2,Z) 3T B RAMISEE
6.1 HKEFEDER
F#z[F:Q =n%sf8keds5. Z0LE,

e OCF: %3, le. BBn DHHZ-NMEET FOL12E50MARELRIHD
I(O) : F OBERRAERK O a0 EE

[1(0)] : I(0) DD FRMBEDHEL

h(O) < 0o : O D, ie. [I(O)] DIRE

R(O) : O D H i HELHE

L. O DEBRESIZNLT, FTELDXA TOEBEHOWHEEE] %2 ZE2 L7\,

> h(O)R(0)
@

6.2 EIRER

e 9:={deN|d=0,1 (mod 4), not a square}

o dc PITHLT, Oy := {%& ‘x,ye Z, = yd (mod 2)} cQWA) B L
O IFEZRBEREZD, Zho TEREBRIIRSINS.
Bl Og = Z[V2] 1IMBKRLEEER, O3y = 7 + 2¢/27 1ZHEK T\ WEEER

o cqg> 1% Oy DHAFEET DL, PR R(Oy) =logey &7 5.

o h(Oy) : Og DEH

FRBBRIZPE L FEMIZE LT, AV AL TF/HINT, V=TT & o TiEH
ENLTERDWEARPEHTH 5.

EIH 6.1 (Gauss/Siegel).

> h(0g)logey = /2 4+ O(zlogz) (x— o).

T
= 18¢(3)

[' = PSL(2,Z) T 2N N—7¥—XBKO “BEatRmn" ZH\\T, Sarnak i%
FELEIFRR D XA TOHNERARNE 5 A 7.
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EIH 6.2 (Sarnak [14], 1982).

E:M@ﬂ%w=§+OWW®MW (@ o),

Ede

> h(0g) = Li(2?) + O(z*?(logx)?) (2 — o0).

€d<x

22T, Lifz) = [y 1o TH2.

TE Y, TRALT, ¥ ., ThBILIHET L.

(GERROMERR) % WIEBID ¥ — X B A D F O %9 5.
Co(s) = [ (1 —eg?)~".

deo
ZDEE, (o(s) & T =PSL(2,Z) iIZXT BNV N=7¥ =B EANT, (a(s) =
Zr(s+1)/Zp(s) D& SI2EITF B, b b, (o(s) 1 CRRIHEIREIZ TR S
T, s=1IZ—MNOMBEFS Re(s) > 1 THBEILRDLZ LD DN5. O

7 SL(3,7Z) I2x49 % FAIMIREE
71 ERAESORO SL(3,Z) it 3 RAhgEE
Or(3) BREZIIBBL O TRTOEALT . (le. O C 3F  REZIK)

o O cOr(3)IHLT, h(O)2XH, R(O) % MEHMEL 2.
¢ AN€ O ITHUT, p1,p2,p3 % F ORANDHDIALT |p1(N)] > [p2(N)] > |p3(V)]
BH5EDIZHESDTS.

- 1 2 2 >
LoEE, a(N) = BB o, = (120 g ¢

T2 7.1 (SL(3,Z) (259 3 FMHEHEH, [5]). T1, Tz > 012 LT
Y(T1, 1) = Z h(O) R(O)

O€eO0g(3), \eO* /{£1}
1<0{1(>\)ST1
1<C¥2(>\)STQ

a SA
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T, Ty —» oo D& &, BURDWHEARAK Y LD,

16
(T, Ts) ~ ﬁ T0T5.

7.2 SL(3,2)\SL(3,R)/SO(3) I=$ 3 3 TR

PAFTIE, G:=SL(3,R) &L, K:=S50(3) % G Ofika>v X7 NESTEEL T 5.
[:=SL(3,Z) 1 G D (RIAVNNT MTRHR) REBZMEH AR L35, T OLEED
BEEFITHROLIITHEZINS @

Conj(I') ={e} UTen Ul ynip UT'sp, UT.

22T, Ten, Dunip 13, TNENT DKM, =K7Y b uOEBEHE» SR EEG.
Lsp, D1 1, FELOANRVEARE Hyy, Hy O R RO EHEOELATH 5.

o Hy, = A, Ts, : DIV VHHEE,
T, Asp={diag(u,v,w)|u,v,w >0, uvvw = 1},
T, = {diag(£1,£1,41) | det = 1} TH 5.
o Hy = AT : HAAIN &R VIASEE,
ZT, A ={diag(y,y,y"2) |y >0}, T1 = {diag(k,1) |k € SO(2)} TH 5.

(Y

Hl— b a,B€al, PR TERINDIBDLT 5.

a(diag(z,y, 2)) =z —y, [(diag(z,y,z)) =y — 2.
ZDL E,

o A} = {diag(u,v,w) |u,v,w >0, vow =1, u > v > w}
: the open positive Weyl chamber
o Al :={a€ Al |a® > P} = {diag(u,v,w) € Af, |v < 1}

y <.
It % £503 3 72812, Conj(T) O FRlOWAES 2 BAT 3.

o & (T) :=={[y] € Conj(I') | v ~, ayt, with at, € AILTl} (dimA;r =1)
o E,(T) :={[y] € Conj(T') |y ~¢ ayty with ayty, € ALFT,,} (dim ALF = 2)

X :=G/K 2dHZEME$5 &, B U TUTOREDPM SN TS,

15



1. [ € &(0) CRUT, jiy PoWmES D\X 1081 2l c, lE—ETH5.
2. [y € Ep(D) IWHUT, 76y H5WES D\X 513 2 WHH ¢, 13—TETHE VA,
I o 13 T\X Db 5 —FHITHE 5 TR TN SRk X, 125 5.

€ Ep(M) /LT, X, ~T\G, /K, THBZERHSNT NG, 2D

R, [7]
= vol(T,\G, /K,) = vol(T,\G,) £ HX<.

g, Ay

73 SL(3,R) & Z OBEEEHE [ ICH§ 2 BAORM IR EE

PR & FAHAL T U BTG T iR TIE A <, BHEIMAR % 72 13570 —0ciB /7 £k
RIS DHEHPEET S, £ 2T, HRHERORD DI, HEIHDOTOfilz “&K
A% 29 5. NOREHOEAZ2E X, HEHOwOMBEEA 5 “HnEnA"
b RHUHARCE” LIERZ EITT 5.

o & (1) ={[y] € Conj(') |y ~ a,t, with a,t, € ATT1} (dimAf =1)
o £,(T) ={[] € Conj(I') |y ~¢ ayty with ayt, € ALTT,,} (dim ALF = 2)

BUR D 3 2051, RAUMEEHEAR S TN 5.
(1) (BAEAR) : T A2%Ra 82 &, &(T). (Deitmar [1], 2002)
T>0ZHUT, BARAKD LD,

AT):= > lley)~T (T — ).

[v]€EL(T)
aggT

ZZT, Ucy) IIPHHBMAR ¢, DRI THS.

(2) (PHMEIER) : T =SL(3,Z), & (T'). (Deitmar-Hoffmann [4], 2005)
O ZEAZIRIRIZE TN ZEBROFRIBBEOELS L T 5.
x>0 UT, BURDED .

O€0,R(0)<x

(3) (WL EHIMALRRE) : T BRI VT b, E,(D). (Deitmar [2], 2004)

7.4 DRANG VHEFBICHIST 2 ZRTHEBDSHRE A S

FHTEONTOAVES : T = SL(3,2), &,(T) 2 X &5, (ERa 52 ki
BOB AR LT, G TS S AR A 5.)
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o ALY = {diag(u,v,w) |u,v,w >0, vvw =1, u > v >w, v <1} C Hy,
o £,(T) :={[y] € Conj(T') |y ~; ayty, with ayt, € AL Ty}
o \, :=vol(I'/\G,)

T 7.2 (FHEEI, [5)). Ty, T > 0IH LT, AT, T) 2 FCEET 5.

A(Tl,TQ) = Z )"y-
[V]€€sp(T)
a2~ P <m

CL:BST2

Tl,TQ — o0 DL E, ny\‘Fﬁ)}ﬁbjO

ATy, Ty) ~ T\ Ts.

AR ZOEMT20SEM 712D,

75 BRRDBRREN 2RV /EH

K E 21E, (G,1) T 2HARII FHOER (x) THE. f & G LORBRE
ﬁ.ﬁ@Vﬂ@%ﬂ%“#Lgﬂﬁdm_Gamp VHy ¥ GOaA=RVER 7 2bD

reG

ABREEE mp(r) OBBENTHTTWS 2T 5.

Zmp (m)trow(f) = Z vol(I'y\G~) O (f)+ (unipotent contributions). (%)

71'6@ ’Yeconj(r)\l_‘unip

ZIZT, MEESIIU T TEREINS.

O,(f) == . \Gf(w‘lvx) di.

%7, (m Hy) € GIZHUT, 7(f) € End(Hy) 13, n(f)v = [, fl9)n(g)vdyg, (ve Hy)
TEHING.
FEOBAR (%) 1B 2R f O 7 L LT, FREMAETHIOEEZS.

3 (ML—22 5B, BRMER). 1 feLYG) M K-ART, TRTO
neG;ﬁbfwﬁ)#bb—lﬁ%l@%%&&ét%,f%hb—xﬁ%z@
B>,

2. ML =22 5B [ A, WUNEMIRERRE Py, OB EINETRTO 1€ G
LT trn(f) =0 2252 %, f2BRARHRE V.
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ARz “Bibd 5" oD —2D ke LT, AR (x) IZ#EHT 5 G LR
BfEeUTTRDEREZALTHDEHRAEAZHWTHKT 5.

o fla,, = g with g € Cy(Asp)W (9 G = K Py, = KM, Ay, Ny, ZHVS.)
o MIARDADIZBWT, &) HSDOEEHINZS. BRAFREHNS.)

ZZT, Cn(Asp)V 1% Ayp EO N [EEGHM S FTREZRBIET, T4 VEEW = W (G, Asp)
RERLBLDDEMTH L. T2, WARDEDIZENWT, 2=RTV b uDFHFLGE2HET
oIz, 0 IR g 2 MAT 3.
o7 :=(A+st+2)® (A—st) € Rep(G) with A = A\ st.
u,v,w N x € GDERFAMRS, uvvw=1Ttry(z) = (u?—-1)(0?-1)(w?-1) &k
52 ENHENPDOND.

RO f LRV IEE 12O WT, MTROMENRES.

i 7.4. Cn(Ag)"Y Dt g 2 Al BIHATWB L RES 5. T % SL3(Q) DARER
LU, Kr 2T O SLa(Agy) BT 2MAL T 5. 22T, Ag, FAR Q-7 7 — VDB
35, fan & Kp OFEMEEEE L, 75—V EOBBE LT fo = fan @ ftrn &BKL.
(f, n IIMEDRIT “BEHE” LzdD) ZDEE, fu itiT27 -V —HARDAHLIZ

g(ay) trn(y)
J, eom(fA) = VOI(F \G ) -
) [v]e%:p(l“) T ek det(1 — (ayty) " ngg)

LiRs.

7.6 ZEEDT 4 )0 LREEER 7.2 DFEER DO

%9, TileERT 5.

. Ay
b md('y) = det(1—(a~t) " ngp) > 0.

o a€ ALF ITHLT, I(a) :=2(a— B)(loga) - B(loga).
o s=(s1,8) €ECP L ac ALTITHLT, a=% =g s(e-f7208,

JENIZHLT, UMFDOT VI VB ZEEZ 5.

L(s)= > ind(y) tr 77(7)l(av)ﬂ-la;sa;%(a—ﬁ)—z@‘
[V]€€sp (D)
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FEANRD AR bVl (Feild) ZFRBZ 22D,

: o 9 M( 1 1 )
Li(s)= - —— - +R
(S) (651 682) (51 — 1)(82 — 1) (81 — %)(82 — 1) (8)
ERBIENRED. TIZT, R(s) &, 5 e > 01209 55K {Re(s1), Re(s2) > 1—¢}
WCBWTIERIZEKRTH S, LT AT,

tr n(a) = <a%(o‘_6)+2ﬁ — 1) <a_§(a_5) — 1) <a—%(a—5)—2/3 _ 1)

£0, MW a P a2 500 DL &,

d(a_p)—
trn(v)ay 0T

MWD LD, “EIRTTR U« —F —-EOEH” (B XL [2, Theorem 3.2]) &b

. _d(a_g)—
AT, To) = Z ind(7) trn(vy)ay SO T, (T, Te — o)

[v]€€sp(T)
03_B§T1
ag,BSTQ
N P ind() trn(y)ag 3@~
WD ALD. Tz, af 5,%'3—)000):‘:%, v =125,
£o7T, [2, Lemma 3.5] & D& 7.2 (GEHMARER) 1Z4£5. 0
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1. Introduction

REBIFRCEDEY 2 7 A M DT X — )VHEARREZE U T, BURDHMUN 70 7 HEOEGH
By E N RE<MUHEEINEHHED, 19 8 04RIZ Belyi, Grothendieck, Thara
FIZX VBRI N TELR, BEREAREZ RN, ET — VMY, a7 Oz
EOMEHOMMEEDONTE 2. T LM EOHTEHELRZEZFEDLINRL LT,
WL OMEMEN 7R A1 T EE EOBGRINEEEZ H BT Y 2 T 1 B OBGRINERARRED B iR
BMEOHIZHEL TWad. ZNENOBEBOR: DHGRIN L REC M ERER 2 Jikd 5 Z
&, T U CTaBElEm e R EcREm® L OBGER 7S & OBEN 252 8, 7RED
BT -~ L UTA LT DHEAEATVWBESTH L. AT, IhETEH
PEUATERL WL DDEH] (PR —XBEBCZ O, TLrvErarR)as
B L) 2z, 5 L7 O—bw 2z L7z,

HHEUR Q EEHRINMRBEHIK X/Q 52 o5 L, SFHEHORIERR (profinite) £

(1) mo: BEmHEEARE m(Xo),
(ii) m « BATHIEEARE m (Xg) = 71 (X(C)) D profinite SEfAL,

(iil) #axt A v T #E Go = Gal(Q/Q)

&, TN EDHRIERTLERINL - m - 19 — G — 1 DBNE. QH X -V A
X, BFNIC Go-BELHEREEH mo(X) — 1Y) 2 (m-2H£% %2R\ T) (Th
ULTHELSE. Z7aRVTFa—27 - 2143 a7—8ER1E, A&t (& <A
M) PLTDEV 2T A LM EN I DBMEEMEZD > THEERIT RIS L
MTELS. £HAAQ I, REUKQC K c C oGk CiEEHmATLIVL,
REAEDGEHIZIE, K- CREELTERDLILIZT 5.

1980 FFHEHIZ, HFERELmb X = P —{0,1,00} DA, Belyi [3] 2840 7 D
BADIRHZHRE T2/ VERXDOH T, EARTEERINSEL 458 7RI ESE
‘ﬁGQL§&Mm)@ﬂ%t,%$%é%ﬂ®%ﬁﬁ%(@%K(}ﬁ@%@%%ﬁai

63 HMRBEEY YRV Y A (A WA TR, 2018 4R 9 H) WHEATIX
1



2 H.Nakamura

IR S L EDNSFERMMIE) g = m % Gg 24 L 7z, Grothendieck [12] (3,
ZOFRRIZEHL, X = M,,,/Q (FH g, ~—27 & nfl (EPE) O5EMAEHHE
DETaTAZEM ) ITHRT 22 L 2iRIBT 5, MMAMEAR © FEIERZ I Ia
T —EY a7 —f (WS AIeER dhim O BEBFEHEED profinite 5effifk) &7 5. 2HOD
B {mo(M,,) > Gola—gg—n<o 1&, ¥ — 27 ROSHIGHCHFROBLIZHE S SR 7 & TH
HREGRVPHEEINS (/07 - RA1eIaT—t& 2457, %@mAﬁ%L%GQ Ba
D% <‘:“Chd?'§—57l:l V7 b “Lego” of G.T. D FIX, Belyi DEHITG%Z T 5 EE
AL UT, —RICEENR2NRBHFRDOEY 27 1 El % D < B A KR 5EREIZ
HLIRL T OMFEE 2B Lz Bbnd ), 070 s T L%l L7z XE [12] (1984
Esquisse d’un programme) FF5EE XL UTHRT DI L2 BN INT WP 722 &
EHOXERE UTATIZINEET] 3EEQEHZELZE WS B ZE D,
XC, A7 - XAMeIaT7—EEHEALETS77-H0 “fundamental blocks” & L TE
VaTAMITN2U T ERDBIRDEDODIGEN L LIZKYTH S -
i) Moz = Spec Q
(1) M04—P1 {0,1,00}
(ili) Mos = e pchiz
(iv) My, = the “ﬁne J-line” (of elliptic moduli)
(v) Mo = affine part of the universal elliptic curve /M,

IS DOEGRNFEARE 2 FMICER T 5 X F I RS TEH WD, Siihd 288 EE
T, BURWAJgEZe o 7O EORGRBEIED G Ha®kEl 2 R-9. AT, £5UL7%
%ﬁ@w<o#%% L7\,

11 MO8, ROEE LML ADEE x : Gg — 27 EIFEN 53 DT, 1 DHE
B¢, = emin ¢ Q ~AD Gy DIFFIAKBIT S : KOIEMICIE, & 0 € Go oL T
X(0) €25 %, o(G) =D ™" (n> 1) Itk o TEDS. Go BHNIREMGTHEHET
UBE 7 % 1 SO Tate MBEE W, 2(1) 22 <. FHAEEE, Bk mﬁKﬁk%mfﬁ
REEBRED SIRF 2D RO DRI T W25 & ZATHE NS, O IZIAI) 7035

X =G, =P —{0,00} EFNVELTHITES : ZDOHMIEARRE T X, T—F S
B U, Q™) DB CFBID S B READ Go fEF Y, ROFAD % —FT 21— 71z
WIST BIC /s /7 (n > 1) E TERI NS LER 79 = Go x (r) L[F—#
SN, BATREARRE 7 = (1) 2 Z ~D Go DEMRIZMS GEEM5IZ & 5) RIS
BN Z L DHED D 5N B (Branch cycle argument). $4b b5 19 = Go x Z(1).

1.2. BE (BTDEE). EHEDVRUNCREEY VRV Y ATHi%2 S THEW-ZDIE, JEKT
1989 B S 7228 35 MIAREE Y VRV D LA TH o7z, REEY VRY T LEER,
BRI CTETIIZ2 0 0 4 EUUBEOE DIIRBABZDF— L=V TAFAREED, £
NELRT D D ITHIEAR TR PO FHEBRIZHR I N T WS EOD (7272 LAk EIX
FHzE 0 EbEHDL5T)HD. WL T, EHO LAHOBELEDOTFIXERZ [29]
EUTHIRT 222572 (20 £ 0D 2009 127 > 7Y v ¥ D Newton WFEfr T - 7=
T — VRO AFEZROHE ZHNQT VD)., ZD L EDELNAIL Grothendieck D
it 7 — ROV D FEAR T AR TEGRI LA, O ML SR RS 2 & AU BB AR 2 o0 3
31 %, FEEODEESY, BHHEOL 1 SOBSIBILEZZ L OBETH -7, [
hﬁ@ﬁ%@%@%?é@ ZIEREM TTH B DT, T2 CRIFIZHERO0 D 4 5k E D4
FEMOGEICREI LU LS. FEIE, Uy =P —{0,1,\, 00} A €QAN#0,1) T 5L
% GQ ’\O)é%j-o %;&; E/jﬁj:ﬁ P : 7Tl(U)\) — G@ 5 U)\ D @ I_J’*”’ﬁﬁ@ %EH:%A
JO) = {01 =) 2 A BT ?5 t DFD, 1:m(Uy) 2 m(Uy) 2R
FEIHS py = py ot ERBESIZEZ SN JOA) = J(N) 2B Bh S [HE
THbB. "1 M, PLOK 4 HOEG mﬁ$ﬁ®ﬂﬂk40®A@nb®%%ﬁ$ﬁ



TURYTF4—2 - RA I a5 —HHOEENS 3

(2 GoxZ(1) ¥ UTHIEL T WA 4 DN B OMES %, D BT 72 BIET
R (BRI EBIAROBGRIVFEATE) 72507 — BT 57 u 7 REDEAT 1
VR —£11F (Riemann-Weil fEF & FIERH D) #FIHT 5 Z LT, MO HENSE
LT 5. ZNBRTEBR L, 7= EIZE T 207250 _EOFIRIKD ZFDME % D
NOFH D & THEILTE, Kummer HER DGR T, J(\) DK ERKDO TR
RIS 2 REE DO =AYy b ETREIN, HOTROEEZDOEDZE (He L
T) B TELZ D905 ([25)).

Lego & DEMR (cf. [26] §3): AF — LGwIZIE, X =P1—{0,1,00} EOFHLA N € X(Q)
BIERZ LI, WES X — Spec Q DYIET A\ : Spec Q — X ZH15 Z L IZHY T 505,
BGRIEEARE D D ZMT 55 - Go — mo(X) 2525 (Z0UE, Belyi 3527z s53 D& D
72 X OfEREIZHRT D241 TORRELIFHMANXHTE 5 Z LA D LOiEw»
OHED) . X =Myy EAKRTEE, ZDRIZIE Mys oD GHEHOY—I Kz
nz) » PO 4RDOYEER] 2522 TH-TEY, ZOMMIZTD K ST 1o Ml
AT 5.

Mos +— P' = {0,1,\,00}  mo(Mos) +—— mo(Us) To(Ux)

N T R

X=Moae——Spec@  mo(Mos) = —Co _ Ga
Sx/

o TYMWr A kDD Z LI, HaHE sy (Gg) C mo(X) 72 TIEAL, BRE LT mp(Ms)
DIRMIZH B 5\(Go) DHBZEYID H L T E TLEEEIE mo(Uy) —» sa(Go) = Gg & H D
%. T 2T kT L 7B e DR & BRI <. Go DILAREL U T rg(Us) Zey mo(Uy)
2o, (RATEABABEOHMNIC XV RIID 3 /% 0,1,00 EIEHLLZS A TA4RED
JEEEIZDWT) A =N DD ZDE W) OPELHEDRFETHS. ZDZehs N &
N DR LS, TRNENINT S EEERLFEMTH D ER. o Ts(Gg) &
sy (Gg) MW mg(P! —{0,1,00}) D7D HEDHEE UL THEHEZ TRV, D% D,

X(Q) 3 A — sy € Section(mg(X)/Go)

WHPTHD I L 2EL, EHT —NVEMOEARFHOP T, BRLATREREINS
Section 18 1%, ZOxfah, A% Belyi IO YIWHERIE - HIZHIB L 72856122
B2 522522 % FRLUTWS. Section PARIL, —M DX Hh B EhAR X Q M D BRI
EANDILRE I NT WS (cf. & [14]). Esnault-Hai [8] X, X = P' —{0,1,00} O
AREEMIRRT 5720 TEH, —BOGAICKHMNETRENDH D ZLRLTVD. K
LD L UTiL J. Stix DL [43] B’HEE L.

2. FRAR—SEHE T DHHREREL

2.1. m(P'—{0,1,00}). HIFEEMO < 3 ROBGERIFEAREIZ DM B A%, (Grothendieck
CAIRIDOBERITBLS D &) HHRIZ X A% (1960 FEARUTHI B [15]) A3 D, 1984 4ED Chicago
TOERDVEL [16] & U THIRE 72D % 2EIZ, Anderson, Coleman, Deligne 7 &%
ma v EERR R B A TE T I REE & vz,

Z OHfiTl% Anderson-Thara theory & \Whivz —HOEDHTEAINZTT YUY -
N—SBEHE KIENHFEBEHNT 5.

SIEERRO < 3 ORI E AR %2

7T=7T1(P3@— {0,1,00},0?) = (z,y,z | ayz=1) =2 F)



4 H.Nakamura

E@ﬁﬁﬁﬁg&ﬂmfﬁé ﬁDTﬁGQ®Bde%¢q(%L+MME) , BRI
MM 2 SO T TR Go %, MR maaanMﬁAmw@@aﬁ&ﬁ%
UL TWE EEZS5NEDT, ZOMT %R TENIBERANDISHPIGFTE 5.
MNAMHBELE LTOERIZ O Da’" D - EE WL E, 7TV v o - X=X
%ﬁﬁ@i%%@ﬁ#ﬁ%t%ﬁé%ﬁ?%éﬂﬁ-7—&w%ﬁ¢%x%—ﬂmuﬂﬂq

—AD Go LD Z[[Z2)* itk
B: Gy — Z[[Z?])*
w w
o — B,(%,9)
WWENLZEDTHS. ZZTrDERITL 2,y D1 DT —IIALIZEIT54% x5 L L
e,
™= /n = Iz ® Ly = 77
DTEMRBN L[[27)) THB. Z[[27)]) = lim Z[z,5)/(x" - 1,3" —1) THY, 27210
TMARA L L ED L] MHEREHFDZ LIHEET 2. A0TEB on 5T F
Vw2 - R=RBMB: Gy — Z[[2%)* MK BMHL LT, P —{0,1,00} LDV =
o —HifRIC X 2 WE R AT 5 ke, SEBER Z[[F)] B35 Fox e 7 —~)L
LD E E
.0, ab Ao A
Zl[F)) = ZHFQH =2 227
EHWBHIEN DD, ZITREEEZMNTS. £, God Py—{0,1,00} kT, 0%
0f L2 5 THIHL, 101KF5T 1ch¢51&~»ﬁa$ApmJ1J6L%¢%
T5. p:0—=1 Z2FEXMH (0,1) IR > 7AZENZEEL T 5L & f,(z, y) =p- a(p) ler

MEED. [KRTHE, EORMRIE (Ealk, fith) £T5. (AR%LICHIDICRET
BBANHE) | ZOLETF Y v - R— REBUIT

Bo(x.9) = (14 0foe)) - (1) € 227"

tﬁﬁém,é;?it%gﬁ%6MTwé.::@m,%ﬁmmﬁ&ézaﬁﬂwé
s, ﬂmm——ﬂ[]]u,Pktmn&7zwv HiAR#EE £, - X" +Y" = Z" D
(Z/nZ)?* WREMED P MR, /7" 1, ZDV¥ IECLERIK Jac(F, )@Tate HOEE D S 57
ﬁ@ggTuw())t&&T EDTE, ZOLEBEND o € Gg DAV TIERIE

DO, S RETER NG § SR~ — B ORIAD S ; 1@%@;

=-1)(¥
15 B R 0 IR W B« £ 1 1 5 — (8 Soulé JEBEC AR X 15
%%ﬁﬁ (GEAIIE, BHEIC & B L (& < 12 [16], (18], [19]) % BT 5 D05 AT

BB, AROMBKIHE B VA S 34 125\ < 5 IR E 2 %15 72) |

22. Go DEABAEETINELTOGT. FLTIFETHIOEY & LT, BU Belyi 1245 Gy
@w:wm%f{QLwLﬁ)A@%%W%@m.ay%Am()%%25.%$%é%%
l—=7m—m —>G@—>173‘b§|§§’3‘3 A0 TR o Gg — Out(r) D Aut(mr) ~ND
Fbbhlfe l/t ogi 1&, RO LS ITHERICEZHIRT 2 2 & TRED T o N 5.

@a:GQH{a:W:HT

a(z) = T-conjugate of 2X()

a(y) = 7'-conjugate of yX(?) & C Aut(r).

2T, & 0€Go T/ UT, x»=x(0) € Z* MDD TH DM, a, := pz(0) 1T
&5y Dt a,(y) = 79O f, ORERT f, e 1 o TR UT—ERIZEE 5. f,(z,y)



TURYTF4—2 - RA I a5 —HHOEENS 5

B x,y THERE NS EHHBIEREE F(r,y) © (BIER) free word LHILT &,
HOTEE Go DEIC 0 1F, ZDDNT A=K x(0) € (Z* Q)L f, € (F} C)F, TR
ARTAXEING., ZOZLEFALT, Wb IuRYT4—7 - ﬂ%E\17~
RELIE, ZDDNRTA=R%2E DEMES {(x,[)} = Z x [, DEAGIZfirN 70T &
051 (Go) Z3EM T 2ADMAEEET IV (viz. 0 € G IWNTL/8F7 X=X (x(0), f,) D
IRHEENERERIIZIRE L CT YA Y L2 TI) WA B, Drinfeld, Thara (2 & % &4)
DETIVIE

( > )

afz) =2 (Ixe€ZX)
aly) = fryxf 3f en),
__ alz) ~ 22X (m-Hi4%),

GT = a € Aut(m) s.t.
(%ﬁi*#“m()am”%&t?.::k
(),(I1) & S3-MFE of Pt —{0,1, 00}

\ (I) & “~_X> & T VERA” on M075

THHN, bz BRILE - 2T - FEALDBIRIES VT W 5 (cf.[9],[10],[11],[22] % D SCHRZR).

2.3. tEMEIIRAR. D 2 M EHICRECEY VRV DY AT A SETHWZDIE, 200242
HH TR TR S N2 47T RIREEY VRV D LD L ETH O, [HEM BRI A
U TH LU % Magnus Il & Eisenstein fEIZDWT] EWS XA PILTHELL., ZD
EEDHEERDETNHIZESTESRVWOTHELIZS WS LRV, FIRHHIZK
PERFEESEER 1281 (2002), 176-183 IZF W\ = ifigkad H [HEFIHHAR IZMBES 540 E/ P X —
FKIL L HBFD Eisenstein JIEEEIZDOWT ] & OAPRRILEREZ 2 FFTHIZE L OHT
31 LU TEHDHR—LR=VIIBWVWTH L. BHIRO < 1 JORERREL, HEEHRO
< 3RDEARRELFMKIZ RO Y AVITIEEE 2 OAHEETH S0, RO DFFTEA
HOAD FIZRERENEDD, 7TV Y7 - X=XEBOFELIORM I TR 2 &b
HTWD ([34]). ZZTiE, BRTREEELDNE Ty —Vavh, UFOLSIZ/F6N0
TG EMBICHET 5128 Y5, BABE no(Mo) = mo(Min) £Y 7 ML
7= MG AR D Weierstrass 7 7 1 N—2Z2[H] B\ {O} = {y? = 42® — gox — g3} &, TN
7 A= R MM = {(g2, 95) | A 1= g} — 2743 £ 0} TH5. ﬂﬁ@WﬁE\Knaﬁi@
LOT 74 ABEREE LTHERS. ARBHEY £\ {0} - MIZHENT, BEmiHEEA
HEOREHER 72 P B R iR & T AR OB R E R 2 ET D DICLADEI DA
METH B ([30, 85]) A%, &Hn LIz s 2 ME/NIR o M --» B\ {0} %,
JEFREERE t := —2x/y IZDWVWTHART MLae b2k, BLU, (FHahE) Bk Tate
F& M HEAR D fEFR /N D IA A Tate(q) --» E\ {O} ZEAT 2 L THAHRENTE S :

EN{O} = {y* = 42® — gow — g3} + - — — =2 Tate(q)

Il Il
M = {(g2,93) | A:= g5 — 2793 # 0} «+ - 2 Spec Q((q)).

(R d & )Tate M HIFR DO BERIVEARTE 2, S2ERO < 3 ROBGERIFERTEP S 7 7 V7
YRVKERTHEILT 5 Z 8T, BRI mo(E \ O) - mo(IM) OI%IZH 7= % Tate HifE
D RRATHIEEARE 7 OFHER AR %1, 0,2 & Im(w) N Tate(q) %ﬁﬁéﬁ’é‘é}lx T L
TEAL, RIOE =T ADOHABOBEBRA [x1, %)z = 1 ([x1, %2] = x1%0%] "%, 1) ZATZ
L, 2OZN5ADH B TEOEMAN (x(0), f,) € GT OSETRRINZHIZLND
([28] 12l B). ZZTDm I x,x CEKINZEIEREHEETH 5.

BRE : FORECTERSINIEGERNE /) P I—RB g : (M) — Aut(m) ITHL
T, TDAR - 7 —=R)VIRETT oL (M) — Aut(m /7)) 2 —ARKOEBTHO LT I L.

7



6 H.Nakamura

ZOMBIZH U, 7=l i ~OERAEW O m1(Me) = Ker(mg(M) —
GL(7P) = GLy(Z)) IZBRNIES £< € : m(My) — Z[[Z)] BERTE B LIIMERD S
%HB#’VCLV‘: (Bloch, Tsunogai) 2%, £ % mo(M) 12, BEwtEZ2EI LWETHRITIE
T EMARFITDRDFEE LT, 200007 > 70y VRHERIZO L £, B
DRI A{E,, : mo(IM) X 2% = L}men WCE L DD T LITEIIL ([30]), T D, EHIZE
R LU T—ADMK

E:mg(M) x Q3 -Z (Q=Q®2)

IZE & E-572([33]). THIT, EFRED mo(M) DI, T/ FuaI—KBH p; : (M) —
Aut(m) DBOEREET NV E LT, 2012 FIZ B.Enriquez 2 X D BA I NzFEH 7 v X

VFA4—T R4 eIaT— ﬁGﬂﬂc@iﬁé ENEEHIA L 72 G [32] #Efiirh) .
JSFHE WL DOPDHHTEFEEL TWE D, KFETIEERT 5.

3. TIEHOT - RYO/EK

Ko € GoltMLT, 77V v 7 - R=XBEHD (x,1) TORMMDHREBUAHY T 2
&%%leggzuﬂﬂx—1y-4)my_1%ﬁxbfg_z 1/(x" — 1) 128
L7 1& (DKEE) % K, (%) € Z[[Z] £ BL. GT DXTA—X f, DSETI

Ko (%) = — [0,(f,)]" (x7',1) € Z[[Z]
LELZEMNTES (cf. [19] Prop.1.8.3; [35] p.290). AN, FEM p 2EE L, xPevele
G@%Z;%pﬁﬁﬁ%@(l®pN%ﬁﬁA®ﬁD7W%ti%ﬂ@ﬁbﬁ%@)tT
5. %72, LDk, € Z[[Z]] ® p-image % &P € Z,[[Z,]] £ U, M5B p-Z 7, b

D Z, TEHE de? 358 %, mixD p i Soulé 52 ([42)) X : Go — Zy(m) 12 LT
RO AR

X2k—1(0) _ 1 2k—1 _ 2k—1 _ By, 2k
1 _ka—l = 1 —p%_l /Z; X d/{,gp)(x) = . X dngp)(x) = 5. Qk(X(J) — 1)

P

ML D ALD (SCHR [18], [48], [36] Prop.5.13). TDOR%E, x(0)* £1&7%5% o€ Gy %
£oT

_—2 2k—1 7,.(p) (1 a2k—1y [ Bop '\ L 2k—1 _
Y(o)%% — 1 /Z§ RS (1) = (1 =p™7) 5 ok )~ (1 =p™)C(1 = 2k)
LEZETILT, MED (2 < <p-1) 9T B Kubota-Leopoldt @ p #E L B
B Ly(s,w’) PEIETEB T L, LEA>To e, Gou \ U, Gopye) CRHTZHED
Ko € Z|[Z] &, TRTCOFERpITHT 2 plaY — 2B E D SHLITHE S > TWVD & H

8% (Wojtkowiak [48]).

3.1. AQ7 -RyOy. HEpyZRRY a2 BBk

(3.1) MAQZEZ%
n=1
DU |2] < 14 S fEFHEE LT C — {0,1) EOERLMBKIT RSB, 0 & 2 255
Wy TR B B A D, B O VEBIEE £ X EaEBERE SO EHH
SNTWS., 7z&xiE, BEEER
2
(3.2) Lis(z) + Lis(1 — z) +log zlog(l — 2) = —



TURYTF4—2 - RA I a5 —HHOEENS 7

i, 0l &HFLT 2, 1 =2 ICELHEOMZEYNIELRT S Z & T, EIINT 5 —iliBEED

SR E A5, DR, AR ABIHR B(T) (k € N) % REBIRUY S, By(T)us = we™
TE#EL, NIVAAMW% By, = B(0) £ <. Roger IEFML & IFIEN 5 2 #

1 n+l - IB
(3.3) lin(2) := <(27r)z) Z k)f (log 2)F Lip_j(2)

J: D Li- 71‘ U ] ;7‘6?” {L’lk}k fJ)‘O li- 731‘ U H 97‘6&” {llk}k ’\%ﬁ@"é t %ﬁﬁz{:ﬁi
@Llefﬂ MEAHER L B Z o NTVWS (lzk WS T Y T — & —D Lie B
PRI N D). BE2#EXT, M p Bl sEdn7RY)us (DT )L=p
DEGE) ZUATDOESICEATS. KCKCcC zBEEL, X =Pk —{0,1,00} (207
B ST EATE, BRI ARE T NE Ry, 1 £ 5 5. EFLR—IISA - Do
(e K—{0,1}) B&LUV 0 € G 1T/ LT

(3.4) fo(y) =7-0(n) "t em
EBE, 70T — N ¥RV THIE (cf. [35] p.290) %
(3.5) Ko o(X) = (0,2 f2 (1) (271, 1) € Z[[2]]
TREHTS. (2212, p.: G —=Z R Yz ~OHUTFEMEHSbT 7y~ —a% A2
VT BoREDLOERT) . ARBRHY ZZ)] - 2,[2,)] K& 5 k., D% &) &
L, &iEd 5 Z, Lo Z, il del) 55\
(3.6) Glo) = [ amldwtlia) < 2,
Z

LEFRTD. X7, G — Ly 1%, —BALT N7z Sould FBIED “2-f” MM T 2HDTH 5.
InzHWCTIVEA O 7 R a7 (DT )v=p DEE) O Li-RY) v 725 {Lig}y
iR v SR {li), %,

(3.7 Lin(z7)(0) = (jj—_("f),
(3.8) liv(2,7) (0 e %-— DELin x(2,7)

Ki@i@é.:M%Mﬁ##0<®fGKi®%ﬁtbfiGK%ngﬁﬁ%é.I
N 7RI a2 oW TH HHEKZRRY) g 7O LTV L D BEBEANES
NTW3 [36]-[37) B ZIE « d#igZe TN
(3.9) Lia(2) + (-1 Lig(h) = -T2
W2 LT, FOIILES T 7RI

4 nro 1 —1 n
(3.10) Lin(z,7)(0) + (= 1)<Lux ) (o) = ;5-{3 (=p:(0)) = By -x(0)"} (0 € Gk)

Y5, \AJ»“XVEﬁwzkﬁby 011/ 1%, EICRM ) € Aut(P)) % j(t) = ¢!
r¥aeE, fﬁwzltéfTﬁ_?_(u%f+Lm YOEKE LTy =6-5(7)
ﬁﬁbﬁoiﬁnm@fwé.

RV ZEBEADOHIEL R b VRFREOHFRITEZG B TEL LD ICEHETH
5. 1z z21E, HHRERX Lipg(—1) = —72/12 12/ L TH, ZOTIESI R THKE LT

(3.11) Lin(~1)(0) =~ (o) = ) F Do) (0 € Go)

48

log z

Bu(5 =) (n=2)

n! 271
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ERTIEMNTED ([36], Remark 5.14). 22T, FADKS F 1, ELD Liy(—1) &
HTBBOBELT, 01255 SMEICHAERL TH - 1ITELIME>TEE 5.
SR Y O Z RO MR, EEEE<, Lewin DEME 21 REIALNG £
WZIENTH b, ZERY) 1 7B —Hfb X 1 Zagier, Gangl, Goncharov, BLH - ¥ [40]
HFEEEUCLZOMEEIZELVE - BB IZEET UDWVWIEEDRXBHREINTWVWS, TV
A7 RY a7 CTHEMEREZE DX, WL O#EIKRE0IIEE S, VR NDBEMNZ
DWTIESHDOHD A% -7 T X S 7 WARHIA K E W,

3.2. AAET—9BEH. 7T 4wy - ¥— XK

o0

1
— <
(s,b) §;®+DS 0<b<1)
RN A L A DEBBUSTOMMBRIL XA LHAOSBEATOME LT, %X
a 1 a
C(l - n, E) - _ﬁBn(E)

THEZONS. flROD peaRERBEL, EOBHOI<a<m, (a,m)=17855DIZ
MUT, BA 411X, SAREBAR 100 Fil&im X EDOH T,

mk—1 a

a
G (1= kia,m) = =" (Bul) = G- 0B
Whk>0 k=0 (modp—1) 20 7DE 3% pE¥— 2B F"(s) (s € Z, — {1}) %
RER U7z, 2202 6y € {0,1} i ptmDEEITL, Z5THVWEE 0&2RKRL, HIHEOY
A, 0<ay <mlEpa; =a (mod m) £7%25ED%ENS. ZOHADRMXIIHE S #HFETDH
D, &< ,a; € (0,m) DEMEVE ZTRHREL 2507 L OFEHNER S TV THIR
LW ZADHB. F£7- Math Reviews 56 TD L.Washington D 3 A > M TlX, HA
[41) 23> 7zBAEUZ A3 B B/R A E “can be obtained by the methods of the reviewer [J.
Number Theory 8 (1976), no. 2, 245-250; MR0406982]” &ENNTWBHM, ptm D
£ 7% Washington DFi X THRHONTE ST, YO LS ITEILNDEDNEFIIIAHTH -
7. BOE®D Wojtkowiak & 5E# DO ILEZRSL [38] TlE, VA0 TRV v 7Bz IGH L
T, Z, EO 7, fEHE dyum(0) (0 € Gopu,y) ZHBELT, DED &S %R
1 . mk-1 a
NC / 4y (0)() = T (Bil) = Sy 1 Bel(5)

% 0 € Goun (272U x(0)F = xP¥(o)f £ 1) ITHLUTRT I EITED, ABDHE
DHEFEHE E T OIRZE 525 2 N TE 2. HRADHETIE, &t a,a € (0,m) 1,
0 DY E co DFDICESOELHHITHLZRKEAXNTHWE § 2D bRy
FIVISALERAGR D & R EMEDSIHIEIZ 72 5. F7z, T THBU 7ZHE () om(o) € Z,[[Z,)]
1%, k(o) — k.(0) € Z[[Z]] D p-EGEDHSOE (21T, 2=, 2= 0 & Z[[2]]
DZERMID (—1) £ XG50 4 ) , Deligne DX [6, Proposition 3.14, Lemme 18.5]
BN b, ED Z(k)-torsor “P, i + (—1)¥eP,, " D - UNEHE 5 A B H
07 - aAvA7VIHET L EEZ 605,

a

m
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FBpIZHU, pER EOSZRAED AFET Y —DEREZFAIRD DA p i
Hodge Bl CTH v, BHEIE HIAD THAN S5 135 p #E Hodge Bl & XN
5. p MUREL, FIEPRNGER LT E K Ao Tz, KD —#%
HIZR 4RI 3\ T, Bhatt-Morrow-Scholze (3% p £ Hodge BEEim D Hr L\ ek
REUT, A MBEE 725 28T 0 Y — (MUF, BT Ay IHRED Y — LT
R) EREBETLOGEICEAL [3]. [4] T [3] % < ORERE PLLERTO
AR L-0T, 2ThERET 5.

DPRCTIHEROBEEZEADZLIZT 5. (4] TEDBSIDL—MNLRIGE
HoTWw3) K % Q, DAMRIKIERE U, O %% DBEER, k ZRIRIKEL T
5. C % KORBME K O p#Estlifte U, k 22 DRIREKL TS, X %
Ox EDBEEAF—LE T35, ThbE, X ZTX—VREFICRD O A
F—LETRZ—-NTH3:

SpeCOK[To,...,TT,...,Td]/(T0-~'TT —7T).

CIT, BB rido<r<dziizU, rnZ 0 DFEITLTH5. (7 IZEEL T
FWARW) ZORMEZLERLDOT 74 Y AF— L%

Spec Ok [To, ..., T, TEY, ..., T/ (To - - T, — 7).

TEESBIZHDOEEMETHY, UMTFTIRILSDOM%2QBHIZERT S Z
bl Nl

AAX—L X % Xo, D pETEfifte 5. (Oc 1 Noether TRWZ &
KR 20 &5 REEROEMEA T IZ OV TR A IERE HR S 7z [5] A
H5.) C EDadic ZZH (HHWIXY Uy RigfrzEl) X 2 X 07 71
N—295,

B OB ER 2 E R T EI o5 HERIA, MEEFHIA, VVRY
U LBEEEOBENESASEBRED A4, FREIZaxAy L TWEEW
PR A AR S AITBEHWZL 7.

* FE R A BOR RN S5 teruhisaQkurims.kyoto-u.ac.jp



1 #4£RIREOY—E& piE Hodge HEih

AFXF—LXPOEELAFETY—%2FET 3 OMNTS. 2D 3DDI%
TRV =2 ZOMNMEEDBEREZFIRSDH p it Hodge i D F 2 HIT
»H5,

1.1 pEIY—IIKREOD—

XDV Ox LAEREITH D LD, X DX —VIAKREDY — HY (X, Zyp)
BRIX—VREREHVWTERINIARER Z, MHETH D, K O Galois
HEVMERT 5. (p # Hodge BRI B W T Galois (EFHIZEZETH 523, [3,4]
DFENTBWT—MIZI1E Galois FEAIEZR\.) £ 72, Huber OFEFIZL D,
Hi (X, Zp) ¥ adic ZZROT X =)L IXER Y — HY, (X, Z,) < (Galois fEH
fET)ARTHB.

KRBO I RET I —DRD VIZ Z, MEEOBKBE DO E RT o (X, Zp) B
F U RU«(X,Zy) BFIEL, ZNSIFABLE 25,

1.2 X#B de Rham JREQY —

S de Rham K€D Y — Hi p (X /Ox) 1& X OH#H de Rham &
HWOIAFREOVY - ULTERINDS O NHFCTHS. K 2TV IVLTHRS
NnNd KX FVERIE—ET7 714 /5—0 de Rham IHREQ YV — & [HEIZA
D,Hodge 74V b —Ya v PEE 5. (B Hodge 74V L —Yarvdb
BEZBIENTEDNIZTIEEDEV) X B O EEAR S IXARA R
Or MEHZZY, H zg(X/Ok)@0c 3 XDIARERY - LTHLIZ L
HTE5.

IR—NVIAFRERY—DL & LR, Ox NHEOERE DR RT ogar (X /OK)
HIFET 5.

1.3 WUV RLYvaAREQY—

WA ¥ — L DOfE%E X B X1 Spec O ICHRIZED B, (Lt DOxE
%) de Rham I HFEH Y —Z ZOMBAEEIZIOVWTEELEDTHB.) £
DRHFRT 74 N = X OXABH 27V AR Y vakeEnY— (RENEISED
V=L BIHEND) Hipyoro (/W (k) & W(k) RETER D ZENTES.
77U, 22 TW(k) I kD Witt X2 MLVOBETHY, N— W(k);1—0T
TEE D MEHIREE 2 ANTWS, Witt X7 MLOEE W (k) (IZIXBEFMHIC XD
FI#R72 Frobenius £ 5 LT o DEX B4, Hi oo (X /W (k) 121 0 1220T
PP LRBE LGS (IhE o TELSZLIZTS) BWEXD. X 20k EEER



SIE, Hi yory (X /W () AR W (k) HIBETH D, o[1/p] 124 ST 7

%. 7z, ARIRTE Ko(= W(k)[1/p]) N7 NIVZER] Hiy, oo (X /W (K))[1/p]
WIEHEE Ko MIEEHCEBSR N TH->T, Np = ppN 22T EHLDNEE 5.
Hi gorys (X /W (R)) @ W (k) 1& X (CHEIIMEIEZ 52726 D) 2N TSH
#HiT5.

FEOEMRERIENC K 0 p ZAIC T 2 & W27V AZ Y vakERn Yy —
& de Rham 3R E 0 Y — 3 SO <. Z ORI p # Hodge Hliw T
RKETEDH 20, FHMITEKT 5.

bR W (k) INEEOERE DR RT 1ogerys (X /W (k) FAET 5.

1.4 HEFEE

p € Hodge BERDEELAER (DD 5 Cy P/) 2 FREZTMENTS. X
ANEE SRANCY = i1 Sk g el ki

Hgt(Xf7 Zp) ®Zp BSt = Hliogcrys(Xk/W(k)) ®W(k) BSt

DAFHET 5. FHIC, Galois KB HI, (X, Z,)[1/p] 1L E%E L IRIE N B MEE &
o Z 21272 5. By i& Fontaine @ p AR (& xH>) o 12T
BB, HALA. 727U, p ik By THMICESZ L AMALTHS .

9] 1T & 2 RADFEAZ L U, 4 IRFEAN S TIXH SN TE D, [4) TH
(FERAF —LAD—LE EDT) HEEHZ 5 A 72, (7RBFEHZ & ITHE L
TWARBARUNE S RIEIEEHETH D, I TWET—ZEL0EHED
DEBTE2HLENDHS.)

4 p i Hodge HFRIX IR ER YV —DEMBED LB L LS VWS HDTH 5.
UL, HEEHE O GRIE—MBIT IZmL O BMEE 2 (727, B NV TEELL
BT 20FHLWV. (BTEATHLIE, TEXTHHERNOREIE HITIE
®25)

2 EEHE
Hfi T X723 203 FE0Y—DEL )L TOLEEE, MERIZTIED

DRMBSE, AREICTA2DMN Ay IFERY—ThH5S. £, B Ay DEAK
MMEE2EE T 5.

2.1 pEREER A
£, RO p DR BEE R B

Op = Im O¢/p (= lim Oc).

im
<_
TP TP



TN OFEBIIRIEE /4 RELTOADHEBTH 5. O 1XHAIZ (k %2 F
RIKL T D) MEBIZZRD, C° 2 Z DRI L T2, N—=T 7 M FEROSEE
TIE, 0L BLUC° TN Oc, C D tilt LIFENS.

Fontaine DB Aiye 1 O% @ Witt X2 MVOBR W (OL) DI TH5. IR
D3 ODEHENDH %:

Aing = W(C”), A = W(E), 0: Ais — Oc.

BHID 2 DI, Witt X7 MVOERDOEFMEIZIVELESHEDTHS. mED
G41X Fontaine DEHZRLZEHRTH Y, 2 = (z9,71,...) € yilm_mp Oc D
Teichmiiller £§% L [2] % 20 122 & 5 G4 THS. Ker 0 (FHIEA T
TIVTHDLIEVRONTED, ZTOEKILIXLITUIK E TEPNS. £z,
At D & 5 7 Witt X2 bV O BT HASR % Frobenius £iH B o 2F5 ) i
B2 DI NAERED. (0 101E2 D 5 R ERILYRT X RV, [3] TH 6
Z o TROEBHRIZZATNDS.)

Ajng 18 Noether TRWERTH 57280, BN iZALF VI WwWe Z 5
BB, (p i Hodge B0 IRTIE) B BT R 2 YOLRITE Y B & 5 72l
8N ETDHIENL L RRIICIEMEIZ RS WZ e E% V. ED3 DD
BEHROGFHELEZTNERKMLU T VWD LI RBDTHD. (D 2 DDEMN 2
VGERTH D, 0 BRHAIIB T E 2> TV 5.

BDT=DIT, A OFRHIZRIE p 2N T 5. 1 DR p RO BEH 725
1,Cpr Cp2, ... ZEET S, ZOFNIHIGT B lim  Oc D% e &ELZ
i de, p=1[ - 1TEHIND. pidKer  DTH 5. 7z, pl&
o N p) = [¢'/P] — 1 TEIY YN,

€= p/o " (1) = L+ [P+ 4 [P D/P]

M Ker 0 DERITE D Z EDHEDID NG, BB, n D W(C?) THILE
FozZrzmEL sl

2.2 A, JFEOS—

BAUROEHIE X 8 Ok LS54 [3] TREN, [4] TREEDHEIT
kI N7z,
TE 2.1. YD O LEAETE. ZDLE, Ay MBFOTEREUR RT 4, (X)

Yo R HCEGROMTH - T, 22T ONETMICHERTE
. 110, FT oM ZTF U VIREOERETFTH 5.

1. A% RT 4, (X) @ W(C”) = RU¢ (X, Zp) @ W (C?) DMFAET 5. &
512, F718T Rle (X, Zp) & GEYIZRFEIRT)p AEHH & 72 5.



2. [ R 4, (X) @ W (k) =2 RTjogerys (X /W (k) @F W (k) BMEIEL, ¢
PR B G & D,

3.0 T“@tﬁﬁﬂi’ﬂﬁtgb\f, i) R 4, (X)@LOC = RFlong(X/OK)(X)]LOC
WS 3.

IR 2.2, e RD4, (X) HX OIS ESMKEN, LOEREZO &

SIHEEINZEODROWEZ X TEEHBZI 5D TH 5.

o o BEELEOABRIE E — (&) R EIBTENETNAHIZT 5 Z
ETEYPHEES L WHIEBEERES. 3. TlE o BPENTVRWA, &
BRIZiE Hodge 74V R L—> a3 v EBFRVD 5.

o RT 4, (X) DB EMAIZIRE Z & 1F, REMIZHEH de Rham 2K E
0y —DABRME»SEPND.

o TX—INIAKREUY =N o AEHDTH DLW ONTIE|2] %
ZH. (RETOGAEMELEDZABAKTHS.) FiZ, Z O
(BXU 1. D) IBEZRDIE RT 4, (X) D52 ERTHD VD Z
ETHY, (4 DEDIT (VY FEERTZER X D) TX—)LaFrkERY —
DEMRMEE HW 2 BERD 501 TER. (—BROEALZER A
F—LDGE, ZOFEMILY, X DX — L aRED Y —DHREZ
WLZLrHTESD)

o ZOEMDIIHIZOWTIE, H & THNAT L AHEHUME (Dl LD
RETOBEIIX) BEREZ 505, A, [3] T EHIZ L 25
FRAEIZDWT (3. D— b & U T) Langer-Zink ® % de Rham-Witt
BREDHIRERL, ZI056 2. 2805 Z22HELTVS. 2o
DOMBUIIIE VNS DHEZ 5NBIETEH[4] T 3. L EERED 25
ZFROVTH S TV,

2.3 ETTEEOFECHH

1. T CIZBIT 2 DPROARERNTH 5:
dimy, Hiyyap (X /k) 2 dimg, He (X, Fp).
ZDAREFERIZ L DEBELRDOAEFER (Di & i+1D5EE) o< %:
dimy Hiogerys (X /W () )sors/p 2 dimg, H (X, Zp)ors /-

(TG00 E 4 OBEILR U RO T, “ors” 72 LTH 2 O RERILH T
T5.) =k, RSl

0— Héit(XFa Zp)[p — Hét(X?v Fp) — Héjl(é\.’f, Zy)lp) = 0



& dimg, Hy' (X, Zp)[p] = dimg, H (X, Zy)iors/p BETZ0E
OB Z YV ARY) Y AREOQ V=D H 5 Z LIZHERTIX IV,
#ilZ1E p =2 T Enriques HiliiZ B2 5 &, H} (X7, Fp) M 1IRIG L 72>
T, K26 k~NBIGT 28 EITRIET 7 14 N —D () de Rham 2
FEAY—IZIRNABTENDS Z & 0h 5. 728, Enriques HiH D5
ATEHLEOARERIIVTNIEZIZIR->TLEIEDD, HOREFEFIZ
RBEIH 3] TIREZS5NT NS,

2. 1. DRERDONEN de Rham IHREO Y —E H DA, LELDRT%E
Ok MEEL L TD length TEESHZ, 512 (K DREIZ X D) #E)ic
ERLT 2 BELH D,

3. 1.2 2. 25, Hi (/W (k) &2 W& Hyyqm (X/Or) 53 A BIIEE

DEEIZ, H (X, Zy) WHHEIHETH D Z LW D0 5. S HITEIE,

Hyerys (X /W (K)) BEEIBEZ 28 2 8 & HY g (X/Ok) HYE N

BB Z DA TH A Z L BAHTE 5.

4. Hi g (X/Ok) B &0 Hj R (X/Ok) BEBIER 51E, HE (X, Zy)

(X9 % Breuil-Kisin M2 FIWVWT HY .. (X /W (k) 2Lk 2
ZEMTES. (A ITEFBEVTWARWY [3] 12d 2 RETO5E L IFIE
Ak TdH 5.)
ARRAE SR ED K3 it D Tate FAEDFEHIE Madapusi Pera IZ& b &
N7 KB 2 DEGEIZXE Yy ThH L. Tk Z D Breuil-Kisin JIEE
CEBFBEHVCTEBETSZNTES (6. (I X 20 L
SN RGEDATHITHS.)

5. Colmez-Dospinescu-Niziol D#fZEIZ & % &, Drinfeld F£2E[f D a1k €
OY—IHRHEDILTHS.

2.4 @I YRLY ULHRERE
FEHE OBV EREAHTEZENTES. Z0ADIC, X DIAED

% Aorys £55. 0 BEC 0 lF Ayys IZDV D, Agyys (ZTEE) 2T BHIREE %2
ANBZ T, N7 VAR Y Y aAREDY = Hi oo (Ko /p/Aarys) 275
ABHIENTES, (M2 ) 22 ) varEDY— L IHINS [1].)
o LR E CEEPMIEGE L UTEE S, £z, MINT 5 Acpys MEEDE
RE DR Rl 1ogerys(Xoe /p/Acrys) BFIET 5.

EHE 2.3. XY DOk EEBEETS. Ay AFREOTY I o B E IEH
Z PR [F 1Y

RFAmf (X) ®L Acrys = erogcrys(XOc /p /Acrys)



PFET D LS 1T TE 5.

AR 2.4, o Rliggerys (Yoo p/Acrys) & W(k),Oc 1ZHiR{LS 52 & TZ
NEN Rl ogerys (X /W (k) @% W (k), RTjogar (X /Ok ) @ Oc 2355
NZOT, EOEMPSEH 21D 2. & 3. 2B ZENTES.

o WIHEEL (Cy) % 2 OEHAS5RT I EMNTES. L0 EMIZIE, Bl
IFREDY—LIFEND [3] CEAINZ X DIFEDY — L DHE
EX ST, [7) OMREAVS I L TTES. I5RLLEET D
E74V ML= aviifirdzdThb. €/ REI—- NI, LOE
Tk K Offixt Galois BEO G LANDERIEIRMEFIZ L VR SN TW
BEVWR D).

3 Ay AREOT—DORER

fEHUZ Ay IREB Y — O Xt 7 U 2 X2 ) ¥ i@ B O FEI I filth
5. DFTIRX TR, X EXDATHRTEZ LTS, T RKFLR
% D73 Scholze [8] 12 & D BAXNZRIT R =V Xproer THB. TATTE
FHIT S L, AR X — VOS] (L T X —VE) THEIT D LSRR
EHLUTC, BEOTR—IVREIFZ6DTHS. Bl X—IVERAIZ, X 1
N—=T 2 b REMIZARZDED, ZNEROFITHHT 5: X BT X —
U

X = SptOci{To,.... T, TEY, .. .. T Y/ (To -+ T — )

EROT7 74 VBRAF—LEREL, 2SS 28O % RP - R &
EBLZLIZT B, £z, 1 D p BAROEEINEY 1o = 7, 7V/P 7P &
Ed5. ZokE R %

G122 TN ST GO il VI A LR RIC S

D piEsEfifbe LCEET 5L, R[1/p] X RO[1/p] ERIZ X —V728—7 =
M RETHD. 5, R = ROpoRY Z%EMT VY VLT B L,
Roo[1/p) V& R[1/p] FRIT R =) 728—=T 22 b1 RERE 725,

N=T 27 b FERIZHUT, Aint X Acrys ORI E —ALL, Aine(Reo)
X Acrys(Roo) ZEHTBIENTED. (Aing R Aerys X—7 22 b1 NBE
Oc¢ ﬁ‘%&i’)?’:%@“@&)%.) ZNITEXD, Xproét LofE Aine x X Acrys x
LERIND.

DYy RZEM X A C EEAEDE & BIZX =L TOD Ajpyrx DIKFER
V=%, X O (Z, R TR—IVIAFERY =T Ay T VYN LIZEDL
(Bl 2 R T) 12 & A CRALZ 22 5 Z 2 A% Scholze I & WIRENT WD
T, TNZ T Ajyy AFER Y —OREKIE Ajne x ZHVWTITONS. BRR



HOH v Xprost = Xot DD DT, RuAig x DIFET Y —I3 (X 2 O¢
FEERSIR) IFEAEZR—NVIRERY—2H LTV, KEORK
DRA ¥ M RvAine x % (Deligne-)Berthelot-Ogus @ décalage & FEEXI 2
BT L) ZHWTEBIEST 522 ThHb. ZITREREZAKT 0, HlAR
RuAipsx DIAFEVY—FD p IRNAPHEA D LD 0 BFIChoTwa. %
7z, p & TSR, L, (FEENZEF LR —-HTE 5.

EE 3.1. AQx = Ln(;L)RV*Ainf,X fﬁ&b, xXBioxo Ay AFBED V—%
RI 4, (X) = RL4,,,(X) = R['(Xet, AQx)
TEHT S,

W(C°) 2T VY NTDe p EA#IZY, Ly, 3WHTE5. 72, =
R—=)VARERY—LIFLALRAIZZRZ WS FRIE p 2 HIZT 5 LM
BB VWO FRICEZR D ZENTE, TH 21D 1. 1MMEF5N05. (20
i Cld Scholze DFEH [7] > TWBAY, EHL 2.1 D 3. ZRIZFEHT 52 &
T#IFIEZ2HTE?)

Mk 2 ) AR v LERE A GEH S 2121, PUR TR 2 R & GEE S 0
TR THDZEDNNH 5. ARE N EADH u: (X0, /p/Acrys)ogerys — Xet
2FERD.

EiE 3.2.

Rlim(AQzx @
FEFRIE BB E NIV -T2 DDAT Y T4 S0, [T (BRI HKAT
U7z) AELOME E Z D0 AhEN o250, FEEISEREFEES T LR
DELHMBERICR WL V. WTICE X, & EEROIXFTOH
WCHTEZ & 57 R[1/p] = Roo[l/p] WO EIT X = EHZH L, HIET 5
A (Roo) DEFEREEIFER Y —H B W IEENIZ L AU RS0
BZEVEFHRTEILICHSE. (ZZT120EHHERBRIE, AQx D RT
DX Roe MORRIZIES>TLEI LW I L TH D)) SLERTOHE
&, 2O XS REHEBARD RIZBICOGE & O EHIZR 54, I 0 ShE 0
H FARI ]I 70 5.

Acrys/pn) = RU*O%Oc/p/ACWs :

inf
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K3. Enriques, Coble B —EFRE H 2 [F A%
e LT

[f)H 3% (MUKALI Shigeru)

KIZOWTHEH L 72, RS> T, 2 UMEL 20637 2.
F#8 Enriques. Coble, F7zI3fEH K3 i S o HEFBBOREarEtn Y —
RITITHF LT
ved(Aut §) = max MW-rk(f) (1)

DALT 57259, 72120, f:85 —PLXS O fibration Z & TES, 7,

KIKGIWT D 72\ A D Mordell-Weil FE%%1% Jacobian fibration ® Z #1 & #fiRd 3. 14
BERRIRIZ 2 THEEZERIRC LTtE2 35,

§1 EREIREOI—RT
F9. ZHUCOWTEHT S, Broatreuy —XniZoEoarsny —
RIC
cd(T) := cd(Z[T))
TEHRINS, Thbb, THHAENEZ o/ NERHDREOREZITH S, XD
DIARNTH 3.

Bl 1 BEEnOHBH7? —UBEZ" D arEn Y —Rtld n BESEAR Z]x,, . . ., 1]
DZIT, nllHFEL W,

Bl 2 HlfEF, O a0y —RuuFIFELIEAR R = Z(2,...,2,) DZNT
b B0, RS
0+ Z<+ R+ R+ 0

Ik cd(F,) =1Th 2.

BFE, EBITOMEEBIC K S LICHERL X9, ERFICOH 2 L%
ARLTWE2, 2o T, IFHHEARIFCZN 2G0T TR —X
TR K & 2> T, RILOFEBICHEDR DT, RIHITT 3,

1



EE -l HBARTIHRAD L WEGHED,, Datstuy =iz [ OFEEHa K
£ Y —RJG (virtual cohomology dimension) & FEUX,

ved(T) == ed(Iyy)

TET.
D well-defined PEICDWTIESCHR [11] 5 4] 2 K. #11, 2085413, b Ed

LR 0OT, adEuY—=Ritn, 1 £ —KT 5. ROFEWEEDKLT 3.
o WAHET DaFEV Y —RITIFEED ZNLLT,
ved(I) < ved(I) (2)
ThH b,
o FBHED BHEBER % & ETHS RT3,
o ved(I') =0 X T 2AHRIETH S Z L LFRMETH 5.

o ved(I') = 11E T 23FEEMICHH (virtually free), T4b b, FHEERD A HEH
DRSO L THH I ELFAMETH S.

FEH BH 7245173 Borel-Serre[3] Z W TR TZ 5.
Bl 3 L ~ 7" EFF54 (1,n) DI&ET
LxL—Z

(EBAENTRREIEIE) &9 5. L DESHEO, (L) 1% n XIT Lobachevsky 22 H™
T %, 72720, + IREREHD ) 6T (2?) > 0 D DDy (2D
DH") Z ANEZ 0 OEEERT, 20Xk, BEaiBatticowTi, /F
Ao (52) Xouh o QEEZGI b ONFEHEaRERY —RIuICE L », s
DEEI,

n—1 dcusp

Vcdﬁ92(L>)=={ (3)

n A cusp
DIRSLT 5.

01

ZOBNZE T, H* X BT, L= Oeﬂ—%@%ﬁ#%\wasuzznz

2—1=18ErNn5, £/, B3 EPEZEET, Hl21E, ved(SL(2,0k)) =3—1 =2
BB ZENTES, L, KIZE2RIRT, Ox 3ZDHIRTHL, ZNo6D
BE & commensurable X UEEWarEn Y =Xtz o,

2



§2 AbelHEDECREREHDIES
A% Abel fhii & 5. REEHRGAE L L CoH AR FERE

Aut A = (Autg A) x A

W%, L. BRI E L CHCORBEET, 8113 A HE 2 ET%E) &
LCEHT 259 Ch 5. BAILOEFERD %R DT, ZUT X 2HIRBEIET
HDAGADIAFTERY —RIGICDOWVTHELET 5,

WRE 1 P10 Abel HTARRIZIE LV, T2bE . AP ODBHEEOERE £, x B,
EFIfZ 5
ved(Autg A) = max MW-rk(f) (4)

DHALT S, 72720, f: A— Elx ADME fibration Z2THES. 7. Mordell-
Weil BEEUZ, #FE D TEl- 728 (AR T —V#E) DRz F+RT.

FEER, A D Picard 8 p I2BIT 2 L Al G600
1. By, E; BAFETRWEE, p=2.
2. By, B, WHEMET, Eb6bEBEREZ LB VEEZ, p=23.
3. By, B, DSRIFEC, Eb o bEERELLOLEE, p=4.

e T, (3) Z W THCRBERZEETIUL, ved =p—2% 2 %, —J7. Mordell-
Weil (b p—2ThH 5.

§3 Enriques HH

Enriques HHH DO EL 2R D IK->TE 9.

g > 0 1FREhFR DR D BEZ (HER) AERTH 2. g = 0 ITHFIE
P (EEHER ETE Z T\ % DT Riemann ¥K) ZRHEAM . g = 1 I13RFH R
C/Z+Zr, Tm7 > 0, ZFHAMT 2, WFIZHROF O — F T, DL g > 2
DHDETZHELELLD LN SHEEPES TV X HICHR S, XoT, @Xt
REGHREIZBE DT g=0,1ICET 27 7A%HADIF 5 LIFRVICEKDDH 5
ZERAEHY), TNEFEBIZ2RIUTHITLILDDBA ) THREMINDG NIETH
5. g O—MAVICHIG L WREIAZE (2o SIFAEE) ORI 5,

o B AT CIEAILRHEE DM D 7§ X7 V2RO RIC p,. T 3UZERY
FEZL (geometric genus) & XIS .



o ZIRkIAD Hilbert ZIHA%Z H(t) L T5 L ZE, p,:=1— H(0) TE £ % EMiYFHR

% (arithmetic genus)?.

MR DYI G, py = po THIFIL g 1IZH2 5 70008, 2 %L ECId—fRICHI# 13—
L, HHIANCIRET 2 LI p, > p, DIRALL . BHERBITIRESBRLT 5, %
T 2 qi=py—po > 0DERI N, AIEAIEL (irvegularity) E AT o, %
LT, P ORI 22— AT 20 L LT, XS,

P 1 —HOOREDNA S, ThbE. py=pa=0 (p,=q=0 LR % 51E,
XA, Thb b, B O DILTERE NS ?

GUEDIENL S 2 DIFHIINAE S TH 5.) T ORIEICH§ 2 Pkikd> 5 D DOf§ R L3
ot =23, p, =0DE T 2L LiEO TR N KEMNITTH 5. FHEpAa
KoX7 FVEROEDL DI, 2 BEERAZMHI->Tp, LRAKICERSINEALE
Py 3HEIC T 5. Z USRS (bigenus) &M, 1 ZEBOEE121E max{g, 3g — 3}
E—HT 5.

EH 2 [Castelnuovo] NIEHIZL E GBI Z 2 (¢ = P, = 0) & 134
THB. HHIEL,)

TlE, DEDREIZLE ) RDEALI D ?2p,=q=00P, =028 Z, MEIZHE
ISP N DA )2 2 b p, = q =072 Py # 0 75 2 REHRI DS AT
D59 0?2 ZHUTIFZANDEEE Castelnuovo & Enriques 12 & > THE D ES Z
57z, Castelnuovo ld P, =2 Db D% Enriques 13 P, = 1 DI Tp, = ¢ =0
DS D% ZNZIRERL 7. B¥# 13 Z D& Enriques Ml & WX, PRIk =0
DY FTAET S AMOMEBRED —2ICEZEo T3, 4FIIRDEEBD T, 1
Mo HAR L 2Rt TH % L EZA BN 5.

Dy 0 0 1 1
q 0 1 0 2
WAl || Enriques | 58 | K3 | Abel, C?/T, T ~ Z*

Enriques HH D5 Z 72N L TE ).

Bl 4 [Enriques @ 6 XHHIHI] 3 XIGHFZZEM CP? IND 6 KM fo(zo, 71, 22, 73) = 0
Ty AR zoz1z03 = 0D 634 (27 = 29 = 055) 1Th> TRE T, 2y
PORRELRLLOZRVwETS, 2oL &, 3EBLHABR fo(1, 21,22, 23) =0
DED % 2 BB ¢ = p, = 0 2 AT TVIFGEINTD 5.

E Z oS HEIRFR L libna v, CLBEES ¢ QEBDOEAE py —p.) %o TROR % i
D5,



6341TiR> TREFR &) Z&IFIEL fo(zo, 21, 22, 23) D 4 D DHIT O f/Oin i =0, ..., 3,
DOATHAS L) Z eIl oe, KBNS, 488 ao, ... a3 & 4EH
AR 2RXEFAXRAXQ(z) T

fo(xo, 21, 0, 13) = B0 0303 (a_g + a_; + a—22 + a_;;) + xoxr12223Q (X0, T1, T2, T3)
Lo X1 Ty T3
LFEEL (INXD, I0XTHETHZ Z Lbh5.) TRPraREn, 13, 1EA
bz lo b ZICEM2EMALL LW E2EIKRT 5.

BRI, K3l X ZBEE R0 uitée (2 0HCHR) Tc#H->Tz 5
N LR S = X/e 23 Enriques B T®H % EFHI NS Z 3%\, (7L,
B2 IS TRIDERBHE L %5 5,) EOHI4D (K3)/e & LTDORRITDOWT
. BIZIE 8] & R k.

SRNIEHT E b o 703, [EE MR Fix(e) D3IEFR S A B O B2 FIEE &
I, (-2)P! TH 5% & &, S =X/l Coble il (F7zix. WA Enriques #ilfi) <
HHEVI([5]). m>1DEE, SlEmfHD (—4)P ZER LT 2HHMATDH 5.

§4 FHEOMILTBIER

Enriques BHIHN X% 12 FEEL 1 fibration f: S — P! 23D, Z41® Jacobian fibration
Jac f : Sp — PHZHBEFEMENAIT, % @ Mordell-Weil B#%2 MW-rk(f) T&7. A
PRFSFIHRIE Sy (3FHE PRI P2 2 9 IREFE L C 2 61508, BHAH LD 9IRIE 25D 3
RHHARD U EHEE 2 IAD T—3 T 5. Jacobian fibration DEF L D, Jac f D
Mordell-Weil # MW (f) (2 PATEICH > T SIFHT 5. ko T, HOAA

MW (f) < AutS
VA6N5, Kz, (2) &0, PH1OEWLGHOAERK

ved(Aut S) < max MW-rk( f) (5)

2%, ZORNGRDOAES > DAL 2B S TIE RO o TRy, Z
Tk, ZNDHALT BB L OnFEITF LX),

#1 5 (M.-Ohashi[9]) JE#F R T 4 DI 2 H iz b DR 4 IhTH
X s =ksy, k#36,4,0 (6)

DRV SR X, (K3 I CTdH %) 2 HEHE Cremona 254
1 1
5:(:(:1:~~:x4)|—>(—:--~:—> (7)

X1 Xyq

5



DFEET 2 MG e THl> TZ 505 Enriques B Sy, = X, /e ’ﬁb’(?*ﬁl FIEL
WV, 722U, s AR o, xy D i RIEARNRRTH S, X DR ICHAMEA
BEEPEIERE (C31) © &4 LT, 5545

1—>F3—>Aut5k—>64><02—>1

X0, BEE3OHBEHZIER R OEIHICED, (XoT, FFEMIZHE CTved =1
Th3.)

ER 1 2D Enriques Bl 1% [7) THEZEI NI B; BLEWIEIN S 3 RIUBEDH TR %
LTV,

?ﬁ@t 2. PR1OEE%Z (1 fibrtion 2 3 2) HHIH S © MW %k & i
Lizd %,

# 6 Nikulin[10]—<:# [6] IZ & 208X D MW B8 0 O Enriques IR L T,
FPARLIXIEL W,

B 7 [9, Remark 5] —#¢® Enriques il S 1% (—2)P! Zz&E kv, ZoEE, HUM
BIREIXESCHE Of (H*(S,Z) ) DIRBAERDEITHETH 2 DT, 3] LD, HHaKE
0y —XJGlE 8 I L\, (Z#Ud, Barth-Peters[1] 12 & 2% kK D EELFERORTH
%5.) 720, H*(S,Z); 132 artuy —fH2iancHloTA 6N A/ 5%8(1,9)
DIFTTHSL, —H. (2P 2&EHWI L XD, £TOMEHM fibration ® MW f
B8 TH 5., LoT, RREHFHLIFEL W,

§5 Picard #{20 @ K3 #HE

M K3 Sa%2E2 %9, 5o TH - MoGATIE AR, B
J:7 WHEHR R Y6 TH 5. FEH fibration X - P22 & ii(%ﬂ%ﬂflﬂ
5. X OfEEIc, HEH - 55 (12, §5] T, MW FEEDSIEDFEH fibration X — P!

PR INTVwDE, 2L T, 2Rt L THOHEAE Aut X 13O HEREETH
L5ZEZRLTVS

T, HEHEE L K3 X o R I3E8BIK T Ty OFBSECEE 5. 2D
X% discTx %2 d TET., FED 105, HHRd T T—EBWICIE 338
HAFR K32 X, O£ T, Tx IMETIEEMEAZD T, d=0,3mod4 TH2 I &
WCHEEL 9.

Vinberg[14] 13 T d R8BIz K3, & LTX3, X, 28%E L, Zn60HCH
BIREZRRE L7z, ZDF%E LT AutXy,d = 3,4, IZEEWICHHTH 3 Z L 3bh
5. (5)Ick->T, PRI1IDPHEIIT 3.

Vinberg HHAID TXRICHREIN 72 K3 HhiA ) 23R & 2 523, ZAUZBH L TRAKAL
ERY



EHE 3 [M.-Ohashi] d = 3,4 UAOEHFE K3 o MW U328 2 L BT
Hb, i, 21IFLVOIE, HHIXd="78 LFHfETH 3.

RIFTFREL ORI B EAETH 5.

fFRE 2 Aut X, (d=7,8) DEHNaFETR Y —RITIZ 25 ?

SRR K3 it X, O H RO LR 13 Ujikawa[13] IC X > TRO SN T 5,
72, Xz DFgH fibration ® ADE 8113 Bertin-Lecacheux[2] IZ X > THHHI LT 5,

SE X
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sp,,(D2) 0000

0000180000000 Proposition 1.1 0000000000

Corollary 1.1. Proposition 1.100000000 (¢) By + Dy O By + Dy O combinatorics O O
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0000000000000000sy, (D1)# sy, (D2) 0000 (By+ Dy, By + Dy) O Zariski
ooooo

[1710000000000000000000 ZariskiNOOOOOODOOOUOO OO DO
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Theorem 2.1 0 0000000000000
ScOP'xP'O000Pic(Se)2Ze2Z0000S,.00000000000000 (a,b) 0
00000f 000000 (a,b)— (b,a)DOODO0O0O0D0O000fQ=0"+0 00000
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00002000 blow-upO0OOO000 9, 000000000000 OO000Ogg,., 00
O00000000000000000 Se,., 00000000D000B00Se,,, 0000000
gooooooood

Vz

IQ : SQ - SQ,zo
f'gl lf@ lfQ,zo
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C(t)- 000000 Eg., (C(t)000000000000000s € MW(Sg.,)00000
0000000 P,O000000 Pe Eg,, (C(t) 00000000000 sp 0000000
s€MW(Sq,.,) 00000000000 Se., 000000000000000 gogs,o fo.,(s)
000000000000
[19]000000000, contact conic CO0O0O0D000002 000000 cO0O0O00OO0O
0000CO Se., 000000 C*00000000MW(Sg.,)000000.000000
00000 Eg.,(C(t)00 P, 000000000000000000 ([19, Theorem 1.2])

Theorem 2.2.
$i.(Q) =2« P+ =2P, 0000 P, € Eg,. (C(t))0DO0ODO.
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BRIRTT A RBDORIEE
BB (TR - KB

B =

A REUFE L H LT E MY =B % H ZMOMERICEWTEAI N
[23,24] (BIZAIE (17 % EERRE) 2, ZOHEL LT ALEY, v TLrTFay
IERRIR M D555 0T L RRD T HREE Fuk(M) DERMbe UTE
A (4]), T 7 —xdFEoEGwRIEMbIZAI NS Z & &> 72 [16].
HHE (B SRR Lo E QBB =METHDDT, AL BCH5 =AM
Tr(C) MK T 5 FIEMVREIN, IT—HWHMRI VTV IT 1y 7ZEAM &
BHELERE M 2K U T EABRME Tr(Fuk(M)) ~ DP(coh(M)) DD LD &\
5 DHEHA (HEWIFFEOY—1) I 5 —WHETETH 5.

BE CRBIZE > TRERMZIFELSHELDD), ZOFEREL LD X
SHBINEEFE RSN T VD, —J, Ay BCHPEMEHKDOEDTHENE S
MZBH ST, TS =ME Tr(C) ZMET 5 Z & & BRI FEITTIEH L
WEMBEOFINESNE Z LR TES. (2D X 5%, A REDORBGHA~D
GBS 231 LCTHIZIE[15] b 5.) ARCIRENZ, 2REL VY I
DCIZHUT, Tr(C) ZAEDRBG DB &, EIRMMN SHIRO XL S hb DL
LT TE R Z L1220 T, WL D0D BB %> THMA L.

1 ARE  (Ax-algebras)

EFE 1 (A KB (Stasheff [23, 24])) (A, m = {mp}r1) D ARBETH D L1E, A=
PBrez AT X ZIRBUS E R FIVZER], moi= {my, : A% — A}, DREmy| = (2 — k)
DIEEMRTH>T, TNS5Dn =12, IZ2O2VWTIUTD A, BHBEXRZ2HHE-TEOD
ZeTHD.

k-1
0= E E + mp(ay, - a5, my(ajen, - 5 a00), Gjgagt, -0 5 Gn)
ktl=n+1j=0

ZZT, %i=1,..,niZ20T, a 3R a; DERDTLTH S (a; € Aul) 2L,
Ims| = (2— k) TH 3 L1,

|mg(ay,....;ap)] = (2 —Fk) + |aa| + - - + |ak|
MEOEDZ LR NS,
A BB ZE n = 1,2,3DE ZIZDVWTATALEMUTDEDIZHRS. my =d,



meg=- 2,92V ERTILIZLT

n=1) d*=0,
n=2) da-y)=d)-y+ (=) dy),
n=3) (v-y)-z—x-(y 2)=dms)(z,y,2)

DED, n=1D%MHLD, (A d) PEEERZKL, n =205 L0 I ZBLT
T4 =y VI ERTZU, n=3DFGFLOE - BDEE P —mz ZIADTHEESNTH
5. P ZOEKT, my,ms,--- ZEDERDKREIE—ZTEDTWVS.

ms =0D&E, B IIHBICHEAENERE., XoTIDEE, (A ) XREAMN &N
B, (A d, ) ZREEN EMARE (DCRED) 2RI, 2D, A I (A, m) Tmg =
my=---=0&7%55DIIDCRETH 5.

—F, A RE(A,m) Tmy =0272255DEBN A, REE WS,

Bl 2 fN A RE(A,m) TEHIROBEZEEDEODHE LTUTEHS. Alde =
id,e?, e® THERI BB ERT MIVERE TS, 72720 " DIREIEr &35, id
WX my 12T B ESE LTS, DFD

mo(id, €*) = ma(e*,id) = e”.

T SITHAEPL A B

ms(e?, €%, e?) = e
EAND. ZHIF AL REEKT. FiZm 2 ANTHRWY (mp =0) OTHW/NTH 5.
id(strictly unit) Z s IZE L A BBRNIIHEICHENICH SN2 kb, 20
#illZ, TN DOIEHHZ A BRRADPRWE S iRl 2o TV 5.

A REUZBWTHN AR5 2 8L T 57-0121F, BEEZFZEZ D& L. RENTE

N7 MVZEE] A ORRE

s:A—s(A) = All]

YiE, (AL = A TEDSND s(A), BBV s DI L TH B,
IDEE, AR (A m) 25 All] BIZHBEIND AR

mi s (A[))®F — A[1]

EEIZESTTRCT [my = 12740, A BBRRICBI 35 L THliMIIARS.
Rz, AL REA2 AL BBHRTHR T LRI 2EZABRIZIFRELLZEZATITO DN
o, BFmM oz Bz m, b EL 212 5.

td(mz) :=doms+m3(d®id@id+id®d®id+id@id®d) &3 5.

2



EE 3 AN (A m), (A m)DBEIoNTWEEE, ALBK: (Am) — (4, m)
AT E R RO EBRDOEE D §:= {fi : (A[1])®* — A1)} TH-T, n=1,2,...
IZDWTL NGB 22 THEDDI L THS.

Z Z mi(fr, @ @ fr,)(a, ..., an)

i>1 kit tkn=n

= > (¥ @me1¥)(a, ..., a,).

i+1+j=k
i+l+j=n

ZOBBRADn =1DGEDS, mifi=fimi, 2F0 fi: (A m) — (4, m)) FHE
Bz il d.

EE 4 A GBT: (Am) = (A,w) T, fi: (A m) — (A, m) PEFEEEL (2R
ERY—DMORAEZFEET LE5H) THLED%, A BAREKRE VS, KT, f
HADHMERTH D L E, {2 A RBEEHEZ NS,

Ao REC(A, m) 123U, REUTE DT > VIVRAE(T(A[L]), d == [m, |,A) ZRERK
THRZENTES., ZTRREN—REIFENTWS., 202 &, A BARIZIRET S
DT UINRREOBEDOEREEDSL. ZDIehd, Ay BHRDERPER A, G4
2B eDbnrd. THIT, A BARNEHROGHEN A BANGGE L5 b
5.

— i, Ax BRABIGEMGT: (A m) — (A, w) BEAET R L&, HEic A, BFAME
Brg: (A W) - (Am) BEFETLIILBHONTVWS., DF0, A RE(Am) &
(A, w') DFEfEMEZ, A BEBIGET: (Am) - (A, ) BFEETEIZENS 2 EiT&o
TEDBIENTE .

A REUZBIL T, BIZIEATD 2 DOEERTEHNDH 5.

TR 5 (H/MEEREE (Kadeishvili [7])) Ax A3 (A,m) ICH L, ZOIRETY—
H(A) == H(A;d) ED A ARE(H(A), w') & A BHRABIE MG (H(A), m') — (A, m) 2
£35%.

ZOYERImM, =0, DE0 (H(A), m) IZMN A REEET. ZOX57% (H(A),w')
Z (Am) DRB/MERL L WS . (A,m) DRUNMERIE H(A) ED Ay R Z RN T —EH
Thb.

m) =072DT, H(Am):= (H(A), my) lFIXREN EREEHT. Zhz (Am) D3
FEOQOY—REE WD,

T 6 (A, KADHE (Fukaya [5]) DR) EEDEETLERD A B (A,m) b
BIE% TR RO DGR E A BAMYL 25, D0, A HAMEHG

fi(Am)— H5 DGR
BAET 5.



A R %2 A AT THETH I 2EZ25E, LO2ODEMLY, HETE2FEFD
Ag REB(A,m) 1%, BUNALRBUZE D2 5Z22%, DCREUCE D MR BZLHT
&%. —7F, DGREDOMDFEMEEMRIFETE DG REDEFLGH (= f1 DA S
5 A BB OV TDINZL->TEDOND.

ZUTEIE, 220DCREBVPDCREEL UTHIETH S Z 2IX, THhoh A REK
CLUTALRAMTHEZ PR EFLSTHS. ThinolX, HETERD A R
X, FThe A HBAEEZDGREIZE DA TEmTNIEEI W WS Z itk b, %
NIZZFDBOTHBEDED, Tz LA A, REDOPHLA TS Z & DR £IZPA
To@EY TH5. £9, DCARBOFEMEIXY 7V 7 %2EZ 22T NIER S R0D, A
FRUIEDTFET 2L WO EERTHE R T V. K2, A RE (4, m) 2L, %D
INEERL (H(A), w') %2 BARBIIZRERR 9 2 HIEBEIEL, (4,m) & Ay BIATL R A REX
DHH (H(A),m') 1EFRT MVEME UTIE—BNILR5E, #IZ (4A,m) & A, BRI
HDGREAZ LB LRI PLERE LTIEEKRIZZS. flziarsery—ik
BIRIXRITCTH>TH DG AREBUTEREIRTCIZH>TLESZDTBhITTHS. ZTD&
5 75556, DGAREZ DG REDPH T EERIZAFEET S DIXR#EETH 2525, Tho
% Ay RELDPERLT, MM A REUZ U TIRAIE, BERERGTERZ VR ORI
DEGIZEL HDITTH 5.

ARBOZD LS ERMEIFEHAE PE—mIZEIHATE S ([13] L ZDSE X
M) . DA, FERROBIEDS A BIZDOWTEHRT 5.

2 A B C (A.-categories)
A REBOTEZHIZB LT L3 DAL ETH 5.

T2 7 (Fukaya[d]) A BC L1E, HEDOHEED Ob(C) = (X, X, -} &, &XI%
X, Y 12 U T Z R &~ 2 b oLzeRs

C(X,Y) := ®rezC"(X,Y)
&, EHIZE=1,2,... IZFUTRE2 — k DRI E
my : C(X1, Xo) ® -+ @ C( Xy, Xpy1) — C(X1, Xgs1)

NEZS5NWTEFNLN A ARBOBEBRRZ-ZTHEODI L THS.
FliZms=my=---=0TH5 A BCZDGHEE V.

Bl 8 4D0DMHX,..., Xy DPOMABUTDCIT A BEHRS.

P14




=72 L, Pij X, R %
|p12] = [p23| = |psal =1, |pua| =2

£33 C(X,X;) DHEEE L, FEEIAR A B

ms (p12, P23, P34) = P14

ANG. (HEHEZANTHANLZLSTECIH A BERE. DF0 C(X;, X;) =0 Xk
C(X;, X;) = K -idy,) .

URABEEWS & EIZIIEEHRZ2HO2EODZI 2 WS Z LIZT 5,

A RBO L Z LR, ALBICOIFRERY— H(C) D, FHZOVWTIFERY —
BLOoTTEALMBMNEEE L TEREINS., FIZ, YuROaIFEQ YV —DAZE
ZBE, CHIHSH 2D A, B 51E HOC) I3 EADEIRDE & 72 5.

200D A BEDMD A BFEN, A BHBOEREE LTERINS. A BT, (£
D fL DEFIZE>T) AGBOIFERY —DED (REEHED) EF2EDD. Ay
Bl A, FEEFIX, A BT TH->T, TOIAFETY—DORBNESEELTD
iz 5256002 x2S, (DULRELRERICARZDWHi> TADS & ZYLER
THdHZ N Dhro>TL5.)

3 =B 7(C) OBRE

FEDY— 35 —HAFMEDE R DB A B Ch S =B Tr(C) 2 kT 55
%D Kontsevich [16] IZ& > TREI N, YU TV o710y 2 EHRIKM EORAE
Fuk(M) 12 A B UTERbEEI N, The I 57—l EZL AR M _EOHEREED
EREIZZABETH LD, TOMKIZEI->T2O0E%2 ZABE L THARSZ %]
REIC 9 5. EEE, =AM FEIE

Tr(Fuk(M)) ~ D*(coh(M))

PHEAETDTHAD L WVWIDNFRERY —KI 7 —WEFETH 5.

Z D Tr(C) DFEEGEIE, Bondal-Kapranov [3] IZ& % DG B 6 =ZABEZ MK 5
FEO EARIETSH D, Fukaya [5] IC BT & D BRIICERILE T VB2, MR
D3ATY ThoES. (MHN (22,9 2 EITH5.)

Step 1. A BB C DS 7 +TEU BINTER A B C 2T 5.
Step 2. C 2B 2 HlER 0 EHRDE T A B Tw(C) ZHKT 5.

Step 3. Tr(C) :== H(Tw(C)) L ED B.



UTRZINSIZOWTIEHRIZEHT 5.
Step 1. C 13 C DIEARMIREY 7 b DA REF

X =Xqrn]@-® X, X, €C.

ARG L THIE AL B (O D WROEMDBELEL, FDOZEMAER & iz LT
W5 AL B 45, 22T, $FoZEfE,

C"(Xi[ri), X,[r;]) = €™+ (X,, X;)

IZ&koT (MEMIZHEEE T 222128 D) 5. CO A HEEm, £ LTiEm, 25
HARIZBEINDHLDEEZ -\, 7272, ZTDm, ORDOFIZ FFE5Z2BIHEm, TD
HDENNEMZHEE L2 DREZ 2D TH5H) BARBLFTFSOHRD HIFWL 50H
3. [12] #H k.

Step 2. T THIEM AL B CHEE -2 E, CITBITBRBUER (X, ) &I3M

XeC,  de(s0)(X,X)
THo>TUPNAL ETE—TF— - IVRVHGER
1 (®) + Mo (P, ) + m3(®,®,®) +--- = 0.
2T 0DILThb. X:=Xin]®- @ X)n] L, &%

ey

LATRETR L &S, 0B (X, 0) B0 BIKTH B LI, i>jDEE gy =0
ThdrrE2\WS., DFD

0 @12 P13 -+ Qu
0 0 a3 -+ oo
0 0 0 - o¢uy
0 0 o - 0

EILHoTWA.
ST, A B : Tw(C) ZLAFTED S.

o SGURF R Y Bk (X, D) ¥ T 5.
o FlFR 0 K (X, @), (Y, V) IZx L, Fozefidiic
Tw(C)((X, ®), (Y, ¥)) :=C(X,))
95,



o A HEEmIv X, &5 i € sTw(C)((Xi, @), (Xipr, ®ir)) XL

mgw(80127 ey @n(n—&-l))

= Z m*((q)l)kl, P12, ((DQ)kQ’ e Prnt1) ((I)n+1)kn+1)

k1,..., kn+1 GZZO
EEDDB. 2 Ux=n+k + -+ kg TH5.

ZDOmIv REEZ A, BIRRA 2729 2 L 2R T O RNEHRTH S [5].

Step 3. & T, Tw(C) DD IAFEOT Y — Tr(C) = H(Tw(C)) % & % &l

DEKOEIZZREZ LIRS HTHS. 2%h, Ob(Tw(C)) = Tr(C) TH Y, HnzE

[ Tr(C)(X, ®), (Y, ) & (Tw(C)((X, @), (Y, V), mI") DXBIRDIAFER Y —TH

D, B TrC) D&EIEmIY A oFEI NS, (mIv, mlv, 3B ToNnD.)
ST TOLSICA-TWS., ETVT7 MHAFET: Tr(C) — Tr(C) I,

T(X)=X[1], XecCc Tr(C)

W7z AN E CAREEF L LTHRIZED 5ND (FFSOMBEIZDOWT[12] 24 K).
ZUT, mI®closed 24t ¥ € Tw(C)°((X,Dx), (Y, Py)) DEMREE C(V) € Tw(C) H,

Q
=
Il

(X[1]e Y, ),

YUTEHESNG. 72720 T(X,0y) = (X[1],Oyp) £ L. TNED, Tr(C) B
B S MRHIN, TS EE B ARSI LA ALD L LTERING,

4 EFAHE A B EBINRNERR
BTV SHHMETEE, HFEMAE A B SB5N2 =ME Tr(C) X270 %
Bk,

EE 9 A B CHIEFRTE A B (directed A, -category) TH 5 &1, CHHRM
Kz

HC(Xs, X)) = K - idx.,

HC(X, X)) =0, ii>)
ThHsrLEEVD.

ZOYE, (Xi,... X))k (FNSE THC) DX ERELT) ZME Tr(C) DHIS
AR BRR % T



EE 10 —AE T OXNRDS
g:(El,...,En>

D= T OFIARERFR (full exceptional collection) TH 5 &1k, & H =
T Z24EKL, 2D

T(E“El[r]) ~ 57’0 . K,
T(E;, E;[r]) =0 (i >j, anyr).

-9 E xR0, FISMIERR ENT SITr £0I2DWT T(E;, Ejr]) =0 &if7-
TEE, & ZBHIAMERSR (full strongly exceptional collection) &\ 5.

5 Tr(C)DHEEICDOWT

Ay BN S35 N5 ZME Tr(C) IZDOWTHDNR>TVWDE I E WS DAL TEL.
1. C~C (A BERE) 251X Tr(C) ~ Tr(C") (ZABEFAME) HEb >, (FlxX
[22].)

INEY, ZAE TC) IZBN AL BCIZOWTERNE TN THE I LD D0 5.
2. CIERRX,,.... X, »ORDEFA EHMUNA B &3 5. (BUNRDTH(C(X;, X;)) =
C(X;, X;) THBILITIERETS.) TH6ITr#£01T20T

C"(Xi, X)) =0

ThHhdLT5. (ZDLE(X,...,X,) & Tr(C) DEFINNERRZKT.) T DHAA
#ox
A=C"xx), X=X  -&X,
rHEL. ZokE
Tr(C) ~ D"(mod—A)

MK D SZD. (DY (mod—A) IZARERA ANMBEOEFELBEDOZ & TH5.) B,
DFIEFETF CO( ,X) : Tr(C) — Db(mod—A) IZ&>THEAZONB. BzZhizko
THE X, I FEBERISE A B P ICBI 05,

C>X,— P,=CX;,X) € mod—A

(Bondal [2]).
3. D2 DALBECIZOWT, ZME Tr(C) D Ay, MBI RN TH B [10]. 7272
L, ZMABET O A EREIE, T~ TrC)=H(TwC)) hdE5kdHb A BEC
PEETDHEED Tw(C') DI LTHD. Ay HROFRMEMEIZDOWTH [10] TEYNIZE
HFEINTWa.

ZOFEIIZBEWTAREMN LR Z L%, H(C) D Ay #E5E [11] (As-decoration [13]) A3 H
HTHBL WS ZLZITTHS. DFEH, CH, HIC) D Ay LRV HHZ A BT

8



HBHLE, ZHE TrC) D Ay, BiRIZ—EM (Tw(C) LFAEREDUHE) THD
ZeMWZD [11]. ZOE5HBCofle LT, 2. Ol THRMAE] 20554
ZIZTULZED, DF0ARMBONGRE, RO DOHO KNSR LMM/N A, B H
5. PPRBEODLDODATHS & &, IRBUNED S &Ik A, BIFEHIZR S LA
BWRSTHDB. 72720 NEFMNE] W0WI5M421EZTLTVWEDOTIOHERIZ
£ Tr(C) ~ D*(mod—A) IFH D 27278\, —f&IZIE Tr(C) 75, £ DXRDOER KL
ETARTHNIMATTEZZMAE T (C) DIFSHE VA THEZ LD 5.
4. A HROIFE—EMIZONWT

AT T, D Ay HRA—EW TRV S 2 H DDHIH Rizzardo-Van Den Bergh
20| IZBWVWTHE S N T WS, [10] TIEIHISNIERRZFED ZMABETED K S Ll 2 HE
RLU72D28 D ThHo7zh, fEHIZF vy 703 5 Z &% Van Den Bergh 12 & - T
T ([20]), WEEBIEINTHR.,
5. Ay WA R =AEOH]

£ &% & Muro-Schwede-Strickland[18] IZHWT, A, Mz 722\ (Z/4Z ED)
=B OHIPHERR S T2 DY, Rizzardo-Van Den Bergh [21] Ti%, & K LD =
T Ay B A R 72720 O OB ER ST\ 5.

DLEDZ 2IZIAT, ERME A B C D oBonsd =AMl Tr(C)) D> L \WEE
DOEDEUTURYH 3.

EFE 11 CEIEFNE A BT 2. ZorE, CONERDEHE (X, &) Iz, &
TH5C DR ER (X, ) T, Tr(C) ITBWVWT (X,0) LAMT, »oE%H%
O DR 272N E DFET 5.

ZOHEFEIT[10] THN SN TIXWE A, FEIIIHZIL [26] 12dH 5.

6 T1r(C) DIEKDERH

EH 1L &Y, HPMNE ALBC»o/6N5 =AE Tr(C) OXROSHEMBEIL,
Gabriel-Roiter [6] 72 & Tl S T W S AR D RBLD 73 FHOIREUS S ILIRD & 5 kP
REPIFIEIC L > TRERIZFEITTE S, (72720, ORBUCBITZ TBFRR] 256
KB HRIZMEIEESDHEEE—T— - AVRVARRNIZE s ThboNE.) ZHIZDN
TEHLBE 10 ICBVWTHHINTWS., ZZ TRV D2OfRRHIIZE T2
R ETH 2T 5.

Bl 12 C %48 TH- 7zIEAS SN AL B C L9 5.

P14




DEDCIEX, 25 X, D420 5740, FOEEC(X, X;)dj=ij=i+1,
(i,7) = (1,4) DL EDAIHFATH Y, TNOHDUIGL 1 TH Y, C(X;, X;) DHEJEIIE
%5t idy,, TOMOBED C(X,, X,;) DHEEE p,; LRT. KT p,; DU %

p12| = |pas| = [psal =1, |p1a| =2
LED, A, B IIESH 2 S mo UHDI AR DL LT

ms3 (p127 P23, P34) = P14

DAZEAND.
ZOCIZRL, =M TrC) OXNRE LTHAIEUTOLSREDNH 5.

(X1,0)  (X2,0)  (X5,0)  (X4,0)
(e Xe, (072)  (Xe@Xs (07%) (GoXy, (57%))
(X1 @ Xu[1], (5 7%4))
menex (FTA)  exex (I 4)
Koo X, (3% F)  Kl-leXexX, (com))

K Tr(C) DEMINROFEBEILZ NS 12fHONR L ZDIRES 7 b TDE S [19].
9, FIZIE (X0 X ® X3 Xy, ),

0 piz 0 O
& — 0 0 pa3 O

0 0 0 ps

0 0 0 0

EWVHHRIFFEL RV, BRERSIE, ZHETOEIIT AL E—TF— - ARV
DAL E- W YARSRANAR

0 0 O P14
~ - - - 000 O
ml(q)) +m2(<1),<1))+m3((1>,(1>,(13) :m3<(1),(1),(1)) = 000 O #O
000 O
Eo12fHOxGOMmIZ, FIAIK
0p12 0 p1a 00 0 p1ag
(Xl@XQ@Xg@X4[1],(8 0 p2 0 )) (X1[—1] & Xo & X3 & Xy, (88%3 p24))
00 0 O 00 0 O
EWVIRRDD BN, FIXINoIFEBEHNTRY., S ELHBMTET L
RS 0p12 0
(XIEBXQEBX3@X4[1]7 00 ,0(2)3 0 )2(X1€BX2@X37<8 8 p83>)€B(X4[1]70)
00 0 O

BELRSTVWBIENIN 5.
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B 13 RIF EDHFNZENT Tr(C) 1F Dy BFRDERI Ay DA FRA A IR D S
Db(mod—A,) & ZABEFRMETHSD. &bz, ANDIEFA SN A, B

Pln

P12 P23 P(n—1)

Cn = X1 X2 X3 Xn—l HX,L

il =1, |pn| =2
mn—l(p127 T ap(nfl)n) = Pin-

EHEZD L, =AEFAHE
Tr(C,) ~ D"(mod—A,,)

PEET D, 72720 A, 13 D, BUFEOERETH S. [19] T, TOHFEZEC, DRI HI
MERGR % DY (mod—A,,) DIREISMNEBRIZERTEAERMIZE T Z 22k o TRLU
TW5.

Bl 14 PATND & S kBT E B 2 MU A B (H 25 W3 OHHR DG HE) &A%Y,
C= X—=VY
B
22T, HoXEEOIREI
la| =0, [Bl=n#0

95, ZOLE, TRTOEANGR L BRHPEARIIZ 25 THEINTWS. H
BRI RIERIR S 5 &
“\\g\.“

X[—n] —*=Y][-n]

X[n] ——Y[n]
X
EWVWD KDWIBITES. RIFARTHY, IHED L&D DIEHAD X[ IZ78>TW
MY [ T2 > TWB N THENR 2N S.

AR 15 ZDCIEZaxy N —MROWRBN EHIETH S, DFD, n=0DLEDC I
a3y A—FREMENTNEEDTHS. ZDOL E Tr(C) ~ D*(coh(CPY)) TH D,
Tr(C) DMEEIZ DWW TR LKL T VWS [1, 6].

11



B U= A% BRI U720 ) 2 WS B ST, Zhsoflix 4+
HTHB. FEE, H12, 13 13K RN IEE BRIKOTARE D A BRA AN O R I12 72 5
TW5 LU, Hl14 DA C 1727 ORETIZ R BN ERBTIEH B D3, EIRD Ay
FRIXFEIE LW, EIXZ OB & AREUE, B & gentle REXE NS EDD S
LOWBEDINWEDIZR>TWE, TDEI BRI WT T ZADREST EREUAIET 5
ZAEOREED [14] TIREINTWT, [25] DFERIE [14] 1281 28R ORH 254
LABIEHLTEREAS. —FH, ZME Tr(C) 2 BRI R ATEE (B 21X E B
HEPIBEME L 72572 8) kD7 A B C DHIE, CHEIRD A HEF>TWTH
EFEVW L THHD. HIZED LD BIBUNEFE AL B CDhT, ZR%217-5TH
BIRD A EDEZA RNV E DRI T ADEDNEDL SWHEDD, TDL5RHD
SBELTVEZWEES>TWS,

S 3k
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ON THE NOETHERIAN PROPERTY OF
SYMBOLIC REES RINGS

Koji Nishida

1. DEFINITIONS OF SYMBOLIC POWERS AND SYMBOLIC REES RINGS

Throughout this section, we assume that R is a Noetherian ring and [ is a proper ideal
of R. Moreover, Min I denotes the set of minimal prime ideals containing I. We put
N={1,2,3,---} and Ny = {0, 1,2,3,--- }. For any r € Z, we set

M = () I'RpNR)
PeMin I
= {a € R | There exists s € R\ Upepg, s P such that sa € I"}

and call it the r-th symbolic power of I . Then we obviously have [ ) D> 1" and 1) D [0r+Y)
for any r € Z.

Proposition 1.1. The following assertions hold.

r

(1) If R is Cohen-Macaulay and I is generated by a regular sequence, we have 1™ = T
foranyr eZ.
(2) If VI =1, we have I = \pergins P for anyr € Z.

Let ¢t be an indeterminate. We put
R(1) =Y 17t C Rt]
reNg
and call it the symbolic Rees ring of I. Since I ) C 10+ for any r, s € Z, Z(I ) is a
graded subring of R[t]. Moreover, we set
(1) =Y IVt C R[t,t7].
reZ

Theorem 1.2. The following conditions are equivalent.

(1) Z4(1) is finitely generated.

(2) Z.(I) is finitely generated.

(3) There exists k € N such that I*") = (I*))" for any r € Z.

2. HISTORICAL BACKGROUND

First, let us recall Nagata’s counterexample to Hilbert’s 14th problem. Let R =
Kz,y, z] be a polynomial ring over a field K. Let {(a; : 5; : %) }iz1....m be a set of
points in PZ. We set

PiZIQ( * g Z>€SpecR

% Vi



and Iy = (-, Pi. Then we have I}(Ir) = N2, P! for all » € Z. Now, let K = C,
and assume that H is consisting of independent generic points, i.e., { o, Bi, Vi Fiet,. m 18
algebraically independent over Q.

Theorem 2.1. (Nagata [13], 1954) The following assertions hold.
(1) There exists a polynomial ring S and a group G acting on S such that
SY > R (Iy).

(2) Z.(1y) is not finitely generated if m = 4% 5% 6%, ... .

Next, let us recall Cowsik’s question. Let (R,m) be a local ring such that R/m is
infinite and dim R = d > 0. Let P be a prime ideal of R such that dim R/P = 1.

Theorem 2.2. (Cowsik [2], 1984) If %Zs(P) is Noetherian, then P is a set theoretic
complete intersection.

Proof. As %,(P) is Noetherian, there exists & € N such that P*") = (P®)" for any
r € Z. Let I = P®. Then we have depth R/I" > 0 for any r € N. Let

y - @TENO [T/m[r
be the fiber cone of I. Then by Burch’s inequality (cf. [1]),
dim.# < dim R —inf{depth R/I"},_15  <d—1.

Hence there exist ay, -+ ,aq_1 € I such that I"™ = (ay,-+ ,a4_1)I" for r > 0. Thus we
see P=+T1=/(ay, - ,a41)R. O

Question 2.3. (Cowsik [2], 1984) Is Zs(P ) Noetherian if R is a regular local ring and
P € SpecR?

Example 2.4. The following is a list of negative answers to Cowsik’s question.

(1) (cf. [15], 1985)) Roberts gave the first counterezample in the case where dim R = 3
using Nagata’s counterexample to Hilbert’s 14th problem. Unfortunately, in this
example, P is not a prime ideal in R.

(2) (cf. [16], 1990) Roberts gave another counterexample. In this example, R is com-
plete, dim R =7 and dim R/P =4 .

(3) (cf. [7], 1994) Goto, Nishida and Watanage found counterexamples among the
ideals defining space monomial curves in the case where the base field has charac-
teristic zero. In their examples, the minimum value of e(R/P) is 25.

(4) (cf. [4], 2016) Gonzdlez and Karu extended the class of ideals described in (3). In
their examples, the minimum value of e(R/P) is 7.

(5) (cf. [17],2017) Sannai and Tanaka constructed a counterezample in the polynomial
ring with 12 variables over any field.



3. REMARKS ON A SYSTEM OF PARAMETERS FOR A TWO DIMENSIONAL REGULAR
LOCAL RING

In this section, we assume that (R, m) is a 2-dimensional regular local ring and a;, ay
is an sop for R such that a; € m" for i = 1,2, where r; € N. We set

Z(R) = i m't"
r=0

which is a graded subring of R[t]. Let Z(R)+ be the ideal generated by {m"t"},_; »

geee

Lemma 3.1. The following conditions are equivalent.
(1) Z(R)+ = /(art™, ast™) % (R).
(2) m" = aym" " + agm” "2 forr > 0.
(3) m?"1r2 = Qm™"2 where Q = (a}?,ah )R C m™72,

Proof. All implications (1) = (2) = (3) = (1) can be verified directly. O

The following fact plays a key role in this report.

Lemma 3.2. We have (g( R/(a1,a2)R)) > rira, where the equality holds if and only if

R(R); =/ (a1t axt™)Z(R) .
Proof.  We put Q = (a}?,a5')R C m""2. Then
riry - Lr( R/ (a1, a2)R) = (r(R/Q) = e(Q) > e(m™™) = (r11y)? - e(m) = rir3.
Therefore the required inequality follows. Moreover,

KR( R/(al, CLQ)R) =TT = G(Q) = e(m””)

< (Q is a reduction of m™"2,

Consequently, we get the last assertion by 3.1. 0

4. RADICAL IDEALS OF REGULAR LOCAL RINGS OF DIMENSION THREE

Throughout this section, we assume that (R, m) is a 3-dimensional regular local ring.
Moreover, I is an ideal of R such that v/ = I and dim R/I = 1. Then I = Mpenin P and
R/I is a CM ring. Furthermore, we have ht P = 2 and IRp = PRp for any P € Min [.
Hence, for f € R and r € Z, we see that f € I if and only if f € P"Rp for any
P € Min I.

Theorem 4.1. Let & € 1) fori = 1,2, where r; € N. Let u € m be an sop for R/I

such that \/(x,&1,&)R =m. Then

eur(R/(&1,82)R) > m1ra - eur(R/1).



Proof. If P € Min I, we have §; € P"Rp fori =1,2. We put & = Min (£,&)R 2 Min I.
Then, applying the additive formula of multiplicity and Lemma 3.2, we get

cun(R/(€,&)R) = Y U(Rp/(&,&)Rp) - cur(R/P)

Pew
> Z ((Rp/(&1,62)Rp) - eur(R/P)
> Z 172 - eur(R/P)
= 779 Z ((Rp/IRp)-e,r(R/P)

PeMin I

= TTr9- euR(R/I)

Now we introduce Huneke’s Condition. Let & € I for i = 1,2, where r; € N.

Definition 4.2. If there exists an sop u € m for R/I such that \/(u,&;,&)R =m and
(*)  ewr(R/(&,&)R) = riry - eur(R/1),
we say that & and & satisfy HC on 1.

Lemma 4.3. The following conditions are equivalent.
(1) & and & satisfy HC on 1.
(2) m = \/(u,&,&)R for any sop uw € m for R/I and (%) holds.
(3) I =+/(&1,&)R and Z(Rp)+ = +/(&1t™, &t2)%(Rp) for any P € Min I.

Proof. Let u € m be an sop for R/I such that \/(u,&,&)R = m. From the proof of
Theorem 4.1, we see that

eur(R/(&1,&2)R) = r1ra - eur(R/1)
holds if and only if
Min (&,&)R = Min I and ¢( Rp/(&1,&)Rp ) = g for any P € Min I.

Of course, Min (£1,&)R = Min [ holds if and only if 1/(&1, &) R = I. Moreover, Lemma
3.2 implies that, for any P € MinlI, {(Rp/(&1,&)Rp) = rire holds if and only if
H(Rp)y = /(&t,&12)Z(Rp). Therefore we get (1) = (3) and (3) = (2) of Lemma
4.3. The implication (2) = (1) holds obviously. O

The next result is called the Huneke’s criterion.

Theorem 4.4. (cf. [11, 12]) The following conditions are equivalent.
(1) Z4(1) is finitely generated.
(2) There exist r1,1m9 € N for which we can choose elements & € I and & € 102
satisfying HC on I.



Huneke’s criterion was first found by Huneke (cf. [11]) in the case where [ is a prime ideal
and R/m is infinite. Kurano and Nishida (cf. [12]) gave the generalized version together
with a totally different proof for (2) = (1). The assumption that R is local is essential
for (1) = (2). There exists a graded version for (2) = (1), which will be explained in
the following. For that purpose, let us recall some basic facts on the localization by the
irrelevant maximal ideal.

Let S = K|x,y, z] be the polynomial ring over a field K. We regard S as an Ny-graded
ring putting suitable weight on each variable, and set n = (x,y, 2)S. Suppose that a is a
homogeneous ideal of S such that v/a = a and dimS/a=1. We put R = S, and I = aR.
Then, the basic assumptions on R and [ of this section are satisfied. It is easy to see that,
for any homogeneous ideal b of S, we have ¢(S/b) = ¢( R/bR). Moreover, the following
assertions hold.

r

Proposition 4.5. For anyr € Z, a'") is homogeneous and a"™ R = I"). Moreover, Z(a)
is finitely generated if and only if so is Xs(I)

Let & € a™) for i = 1,2, where 7; € N. Then the image of & in R is in 1),

Definition 4.6. We say that & and & satisfy HC on a, if the images of those elements
i R satisfy HC on I.

Proposition 4.7. Z(a) is finitely generated if and only if there exist 1,79 € N for which
we can choose elements & € a™) and & € a'"?) satisfying HC on a.

Let us notice that the elements &; and & satisfying HC on a are not necessarily homoge-
neous.

5. RADICAL IDEALS OF K|z,y, 2] GENERATED BY HOMOGENEOUS POLYNOMIALS

Throughout this section, we assume that R = K|z, y, 2] is a polynomial ring over a field
K. We put m = (z,y,2)R and regard R as an Ny-graded ring setting degz = degy =
degz = 1. Let I be a homogeneous ideal of R such that v/I = I and dim R/I =1. We
put e = e(R/I). Then I = (\poyy, P and R/ is a homogeneous Cohen-Macaulay ring.
Let us regard %,(I ) as an N-graded ring. If f € [I(™],, then the degree of ft" € Z,(I)
is (r,d).

%t is> obvious that any P € Min/ is homogeneous and ht P = 2. Hence, for any
P € Min I, we have IRp = PRp, so

r(r—+1)
5 )

gRP(RP/I(T)RP) :gRP(Rp/PTRp) =142+ +r=

Then, by additive formula of multiplicity, we see

e(R/IM) =Y " U(Rp/T"Rp)e(R/P) = > e(Rr/P).

PeMin I PeMin I

r(r+1)

Thus we get the following result.



r(r+1)
2

Proposition 5.1. e(R/IM) = e for any r € N.

Let us notice that R/I™ is a 1-dimensional graded Cohen-Macaulay ring. Hence R/I(")
has a homogeneous non-zero-divisor of degree one. Therefore
[R/T0)a = [R/T] a1
for any d € N. By Propsosition 5.1, we see
r(r+1)

dimg [R/TM]y = 5

- €
for d > 0, and so
dimg[IM]y = dimg Ry — dimg[R/TM),

> (d+2> _e'r(r—kl)

2 2

= @+ 2+ 1) —er(r+ 1)}

1
= §{d2+3d+2—er(r~|—1)}.

If d > \/e(r +1), then d> > e(r + 1)2 > er(r + 1), so dimg[I™]; > 0. Consequently, we
get the following result.

Proposition 5.2. [IM]; # 0 for any (r,d) € N? satisfying d > /e - + \/e.
Here, let us introduce the condition NC as follows.

Definition 5.3. We say that I satisfies NC if [I7]y = 0 for any (r,d) € N? satisfying
d/r < \/e.

As is well known, if e is not a square number, then /e ¢ Q, and so we may replace the
inequality d/r < /e in Definition 5.3 with d/r < 4/e.

Conjecture 5.4. (Nagata’s conjecture) Let K = C and let H be a set of independent
generic m points in P%. If m > 10, then Iy satisfies NC.

Nagata himself proved that his conjecture is true if m = 4% 52,62, ... (cf. [13]).
Theorem 5.5. If [ satisfies NC, then %Zs(I) is not finitely generated.

Proof. Suppose that [ satisfies NC. Let us take finitely many non zero homogeneous
elements f; € 1"V, fo € Iy, ..., f, € [I)],, arbitrarily, where r;,d; € N for
i=1,...,n. Setting T' = R[ fit™, fot", ..., fut™ ], We aim to show T' C Z,(1).

Let a = min{d;y/r1,da2/rs,...,d,/rn }. Since I satisfies NC, we have a > /e. On
the other hand, if (.4 # 0, it follows that d/r > a. Let us notice that there exists
(r',d’) € N? such that a > d'/r’ > /e and &’ > /e - 1" + \/e. Then we have T(, gy = 0
and [I7)]y # 0 by Proposition 5.2. Therefore we see T C Z,(I) O

The next result is the homogeneous version of Theorem 4.1.



Theorem 5.6. Suppose & € [y fori = 1,2, where r;,d; € N. Assume that &, &, is
an R-regular sequence. Then we have

dy d
i e
rn T

Proof. We may assume that K is infinite. Let us choose sufficiently general element
u € Ry. Since & € (IRy)") for i = 1,2 and u is an sop for Ry /(£1,&) Ry, by Theorem
4.1 we get

Curn (Bm/ (&1, &) Rn) > 7179 - €upy (R /I Rin).
The left hand side coincides with e(R/(&1,&2)R) = didy. Moreover, we have

Cun (Ru/IRw) = e(R/I) = ¢.

Hence we get the required inequality. O

Here, let us review the condition HC.

Lemma 5.7. Let & € [1))y fori = 1,2, where r;,d; € N. We assume that &, &, is an
R-regular sequence. Then & and & satisfy HC on I if and only if

dy dy

<*) T2

=e.

Therefore, by Huneke’s criterion we get the next result.

Theorem 5.8. Z,(1) is finitely generated if there exist r1,dy,72,dy € N satisfying the
following conditions ;

(1) the equality (x) holds, and
(2) there exist & € [I))y, for i = 1,2 such that &, & is an R-reqular sequence.

Remark 5.9. Let & € [IU9)],, fori = 1,2, where r;,d; € N. We assume that & and &
satisfy HC on I, i.e.,

4 d

rL T

=e.
Then the following two cases can not happen;
oA : oy d .
(i) =>+Ve fori=1,2 ; (i) —<+e fori=1,2.
T r;

Hence, replacing the subscripts 1 and 2 with each other if necessary, we have

d d
—1§\/E and —22\/5.
™ T2



6. FERMAT IDEALS

Throughout this section, we assume that R = KJz,vy, 2] is a polynomial ring over a
field K. We set m = (z,y, z) R and regard R as an Ny-graded ring setting degz = degy =
degz = 1. Let 3 < n € N. We assume that ch K 1 n if ch K > 0 and there exists a
primitive n-th root of unity # in K.

Let H be the set of the following n? + 3 points in P% ;

{(1:0:0), (0:1:0), (0:0:1)}U{(1:0":07)|i,j=1,2,...,n}.
Then we have .
IH = (y,Z) N (Z,I) N (I7y) N m Pij7
i, j=1
where Pj; = (y — 0"z, 2 — 07x). Here we set f =y" — 2", g = 2" — 2" and h = 2" — y™.
Since f 4+ g+ h =0, we have (f,g) = (g, h) = (h, f). Moreover, we can prove

Iy = (xf,yg,zh) and (f,g9)= () P

i, j=1
Therefore, the following assertion holds.

Lemma 6.1. ]IY) =(y,2)"N(z,2)" N (z,y)" N (f,g)" for anyr € Z.

Harbourne and Seceleanu proved that %,(Iy ) is finitely generated if n = 3 (cf. [9]).
Moreover, Nagel and Seceleanu proved that Z(1y ) is still finitely generated even if n > 4
(cf. [14]). Here, we would like to give another proof using Huneke’s criterion.

First, let us consider the case where n = 3. We set

&= fohellly and & =xf -yg+yg-zh+zh-xf € [If]s.
Since (9/3)-(8/2) = 12 = e(R/Iy), it follows that & and &, satisfies HC on Iy by Lemma
5.7. Next, we consider the case where n > 4. Choosing o € K \ {0, 1}, we set
1= (fgh)(af +9)" Pand& = (2)*(yg)" " + (yg)*(zh)" ™ + (zh)*(@f)" 2 + f*“gh.

Then & € Ih(,n) and & € I,7. Although & is not homogeneous, we can prove that & and
& satisfty HC on Iy using Lemma 4.3.

7. IDEALS OF Zx,y, 2] GENERATED BY QUASIHOMOGENEOUS POLYNOMIALS
OF TYPE (a,b,c)

Throughout this section, we assume that S = Z[z,y, 2] is a polynomial ring over Z.
We put n = (z,y,2)S. Let K be a field. We set Sy = K ®7 S = K|z,y, 2], and for an
ideal J of S, we denote JSk by Jx. Moreover, for an element £ € S, we denote its image
in Sk by £k. Let us regard S and Sk as Ny-graded rings setting degx = a, degy = b,
deg z = ¢, where a,b,¢c € N. We assume that [ is a homogeneous ideal of S such that
VS +1 =n, \Ix = Ix and dim Sk /I = 1 for any field K. Finally, throughout this

section p denotes a prime number.

Definition 7.1. Let K be a field, k € N and f € I, We define
HC(Ik; k, f) :={ ¢ € N | There exists g € Il(f) such that f and g satisfy HC on Ik }.



Proposition 7.2. Let k =1 or 2, and let f € ]l({k). We assume that there exists 1 € N
such that f = y* mod xSk and HC(Ix; k, f) # ¢. We set m = min HC(If; k, f). Then
the following assertions hold.

(1) HC(Ik; k, f) = {m,2m,3m,...}.

(2) Skl Ixt, I, . 1L Dim=1] C 2, (I ).

o0

Definition 7.3. For any r € Z, we set [»%) = U (I" g ).
i=1

If £ € I®) it is easy to see &k € Ig) for any field K.

Proposition 7.4. The following assertions hold.
(1) (Ig)" = (I")q and (Ig,) ") = (I")g, for p>> 0.
(2) Let € € I®2) and n € 1) where k,¢ € N. Suppose that &y and ng satisfy HC
on Ig. Then &, and ny, satisfy HC on Iy, for p > 0.
(3) Suppose that k € N, £ € I®?) and € = y* mod xS for some i € N. Then we have
HC(IQ; k:,f@) = HC([IFP; k’,fﬂi‘p) f07“p > 0.

Theorem 7.5. Let k = 1 or2. Let £ € I®% and € = y* mod xS for some i € N.
Suppose that there exists 1 € N such that, for any p > 0, rp € HC(Ig,; k,&r,) holds for
some e, € N. Then the following conditions are equivalent.

(1) Zs(1g) is finitely generated.

(2) HC(Iq; k, &o) # ¢

(3) r € HC(Ig; k, &o)-

(4) r € HC(Ig,; k,&r,) for p> 0.

Under the assumption of Theorem 7.5, it follows that Z,(Ig ) is not finitely generated if

8. IDEALS DEFINING SPACE MONOMIAL CURVES

Throughout this section we assume that S = Z|x, y, 2] is a polynomial ring over Z. We
put n = (z,y, 2)S. Let K be a field. We set Sx = K ®z S = K|z,y, z]. Moreover, for an
element £ € S, we denote its image in Sk by &x. Let us regard S and Sk as Ny-graded
rings setting degx = a, degy = b, deg 2z = ¢, where a,b,c € N.

Let ¢ : Sk — K|[t] be the homomorphism of K-algebras such that p(z) =t* p(y) =1t
and p(z) = t°. We set

b

pK(a, b, C) = Kergp,
which is a homogeneous prime ideal of Sk of height 2. If pg(a,b,c) is not a complete
intersection, then it is generated by the maximal minors of a matrix of the following form;

t3 ul So
yB o 2"
(ﬁ) < Z’u,z I.Sg ytl ) 9
where sg, 3,11, t3, u1, ug are positive integers which are determined without depending on
the field K (cf. [10]). Let p(a, b, c) be the ideal of S generated by the maximal minors of

(#). Then we have /xS + p(a,b,c) = n and p(a, b, c)Sk = pk(a,b,c) for any field K.
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The ideals defining space monomial curves explained above are deeply related to the
defining ideals of certain finite set of points in P%.. Let us verify this fact in the case where
K = C. We put 6, = >/ € C for n € N. Let H(a,b,c) be the set of the following
points in PZ ;

{(95:85:«98]“)|i:1,...,a;j:1,...,b;kzl,...,c}.
Taking new variables XY, Z, we set T = C[X,Y, Z]. We consider the defining ideal of

H(a,b,c)in T, i.e.,
XY Z
[H a,b,c) — IQ( i i ) .
( ) ﬂ 0(1 ebj gck

irjik
Let us regard Sc as a subring of 1" setting x = X,y = Y?, 2 = Z¢. Then the equality

[H(Zz,b,c) - pc(a, b, C)(T)T
holds for any r € Z and we have the following.

Proposition 8.1. Z,(I(p,.c) ) is finitely generated if and only if so is Z(pc(a,b,c)).

It is not so difficult to find concrete examples of px (a, b, ¢) whose symbolic Rees algebras
are finitely generated by using Huneke’s criterion. For example, Huneke himself proved
that Zs(pk(a,b,c)) is finitely generated if min{ a,b,c} <4 and ch K # 2 (cf. [11]). On
the other hand, constructing infinitely generated Zs(pk(a,b,c)) is hard. Goto, Nishida
and Watanabe found concrete examples of px(a, b, ¢) with infinitely generated symbolic
Rees rings for the first time (cf. [7]), and later Gonzalez and Karu extended such class
of ideals much wider (cf. [4]). In the following, we give examples of infinitely generated
Hs(p(a,b,c)) of new type.

First, we choose a € Q with 1 < o < 5/4 arbitrary. Then, as 2 < (17 — 10«) /(6 — 3cv),
we can choose f € Q so that 2 < 5 < (17 — 10«) /(6 — 3a). Next, we write a = ug/uy
and 5 = sy/s3, taking ug, uy, $2,53 € N suitably. Let t; = t3 = 1 and a = 2uy + us,
b= S3Uo + SolUp + SoUg, C = 89 + 283t1.

Example 8.2. ([12]) If GCD{a,b,c} = 1, then pi(a,b,c) is minimally generated by
the mazimal minors of the matriz (§) stated above for any field K. We can find £ €
p(a, b, c)®?) satisfying the following conditions ;
(i) € =y® mod xS,
(ii) for any prime number p, 3p® € HC(pg, (a,b, c);2,&r,) if e, >0, and
(i) 3 ¢ HC(Ig: 2, €0).
Consequently, it follows that %s(pg(a,b,c)) is not Noetherian.

The simplest case is & = 6/5 and [ = 49/24. In this case a = 16, b = 683 and ¢ = 97.
In order to explain what is new about the example stated above, let us recall the notion
of negative curve (cf. [3]). First, we have to consider the irreducible decomposition of
elements in [px(a,b,c)™ ]y, where r,d € N. We put R = Sk and P = pg(a,b,c). Let
£ c [P(r)]d \ pl+1)

Lemma 8.3. Let £ = && -+ - &, where & € [R]y, fori=1,2,--- s. We set r; = max{/ |
& € P'Rp }. Then the following assertions hold.
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(1) & € [PU)y, fori=1,2,--- 5.
(2) ri4+ro+--+rs=randdi +do+---+ds =d.
(3) If d/r < a € R, then d;/r; < « for somei=1,2,...,s.

Proof. The assertion (1) and d; +ds+---+ds = d is obvious. We get r1 +7ro+-+-+ry =7

by considering the initial forms of &;,--- , & in the associated graded ring of Rp, which

is an integral domain. Suppose that d;/r; > « for any i = 1,2,--- ,s. Then we have
d=dy+do+---+ds > alri+ro4 - +71,) =ar,

which means d/r > a. O

Definition 8.4. Let £ € [px(a,b,¢)™) |4, where r,d € N. If £ is irreducible and

d
- < Vabc,
r

& 15 called a negative curve.

Theorem 8.5. Assume that a,b, ¢ are pairwise coprime and abc is not a square number.
Then there ezists a negative curve if Zs(pr(a,b,c)) is finitely generated.

Proof. Let us give an algebraic proof in the case where K = C. We put R = Sg,
P =ypc(a,b,c)and H = H(a,b,c) C P2. Let us define Iy to be an ideal of T = C[X, Y, Z].
We assume that Zs(P) is Noetherian. Then Z,(Iy ) is also Noetherian. Hence Iy
does not satisfy NC by Theorem 5.5. This means that there exist 7,0 € N such that
[Ig)](; # 0 and §/r < vabe (§/r = v/abc can not happen as abe is not a square number).
Since Ig) = PUT, we have [P"]; # 0 for some d € N with d < §. Let us notice

d/r < §/r < Vabe.
Now we take an element 0 # ¢ € [P™];. Let & = & -+ & be the irreducible de-

composition, where & € [R]g,. We set r; = max{l | ¢ € P'Rp} fori = 1,2, --- ,s. By
Lemma 8.3, we have d;/r; < vabc for some i = 1,2, --- | s. Then §; is a negative curve
as 5@ € [P(Ti)]di' O

Cutkosky proved that the converse of Theorem 8.5 holds if ch K > 0.
Theorem 8.6. We assume that a,b,c are pairwise coprime. Let & € [px(a,b,c)" ],

for i = 1,2, where r;,d; € N. Let &,& be an Sk -reqular sequence. Then the following
assertions hold.

r T

(2) The equality holds in (1) if and only if & and & satisfies HC on pg(a, b, c) .

If K = C, Theorem 8.6 follows from Theorem 5.5, Lemma 5.6 and Proposition 8.3 as
e(T/In(ape) = tH(a,b,c) = abc.

The following result explains the uniqueness of negative curve.

Theorem 8.7. We assume that a,b,c are pairwise coprime. Let & € [px(a, b, c)"]y, for
1 =1,2, where r;,d; € N. If both & and & are negative curves, then & ~ &.
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Proof. Suppose that §; is a negative curve for i = 1,2 and &; £ &. Then, as d;/r; < Vabc
for i = 1,2, we have (dy/r1)(dy/r2) < abe. On the other hand, &,&; is Sk-regular as &;
is irreducible for i = 1,2. So, by TheoremrefT8.7 we have (d;/ry)(dy/rs) > abc, which is
impossible. Therefore the required assertion follows. 0

Let pg(a, b, ¢) be one of the examples found by Goto, Nishida, Watanabe (cf. [7]) and
Gonzélez, Karu (cf. [4]). Then it has a negative curve in the first symbolic power.

Example 8.8. (cf. [12]) Let pg(a, b, c) be the example given in Example 8.2. Let & be the
element in p(a, b, c)>® used for proving that Zs(po(a,b,c)) is infinitely generated. Then,
for any field K, £k € pr(a,b,c)® and it is a negative curve.

For exzample, if P = pr(16,683,97), then £x € [P®]yug. One can check 2049/2 <

V16 - 683 - 97 directly.

Recently, for any k£ € N, Gonzédlez and Karu found examples of pg(a,b,c) such that
Zs(pola,b, c)) is infinitely generated and there exists a negative curve in pg(a, b, ¢)® (cf.
[5])
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COHEN-MACAULAYNESS OF KLT SINGULARITIES IN
POSITIVE CHARACTERISTICS

TAKEHIKO YASUDA

Arguably klt singularities form the most important class of singularities from
the viewpoint of birational geometry. It is well-known that in characteristic zero,
klt singularities are Cohen-Macaulay. Recently many counterexamples to this fact
in positive characteristics were constructed. In this note, we review them.

1. KL, CM AND RATIONAL

Throughout the note, we work over an algebraically closed field k of characteristic
p > 0.

Let us first recall basic classes of singularities. Let X be a normal variety. We
say that X is Q-Gorenstein if its canonical divisor Kx is Q-Cartier. For a normal
modification f: Y — X (a proper birational morphism with Y normal), we can
define the relative canonical divisor Ky, x = Ky — f*Kx, which is a Q-divisor with
support contained in the exceptional locus of f. Let us write Ky,x = Y papE,
where F runs over exceptional prime divisors and ag € Q.

Definition 1.1. We say that X is terminal (resp. canonical, klt, log canonical) if
for every normal modification f:Y — X and for every exceptional prime divisor
EonY, we have ag > 0 (resp. >0, > —1, > —1).

We also consider klt singularities of pairs and potentially klt singularities which
does make sense even if X is not Q-Gorenstein.

Definition 1.2. Let X be a normal variety and D an effective Q-divisor on X.
Suppose that Kx + D is Q-Cartier. We say that (X, D) is klt if for any normal
modification f: Y — X, Ky/x p) = Ky — f*(Kx + D) has coefficients > —1. We
say that a normal variety X is potentially klt if there exists an effective Q-divisor
D such that (X, D) is klt.

Definition 1.3. We say that X is Cohen-Macaulay (for short, CM) if for every
point z € X, the local ring Ox , is CM.

Definition 1.4. In characteristic zero, we say that a normal variety X has rational
singularities if for any resolution f: Y — X and for ¢ > 0, R' f.Oy = 0.

In characteristic zero, potentially klt singularities are rational [Elk81, KMMS87]
and rational singularities are CM [KKMSD73]. Thus:

Theorem 1.5. In characteristic zero, potentially klt singularities are CM.

In characteristic p > 0, being CM is often included in the definition of rational
singularities rather than it is a property. Let us adopt the following definition by
Kovacs.

This work was supported by JSPS KAKENHI Grant Numbers JP18H01112 and JP18K18710.
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Definition 1.6 ([Kov17]). In characteristic p > 0, we say that a normal variety X
has rational singularities if for any modification f: Y — X such that Y is CM and
for i >0, R f.Oy =0.

Theorem 1.7 ([Kov17]). Potentially kit singularities which are CM are rational.
Namely, for potentially kit singularities, being CM is equivalent to being rational.

2. NON-CM KLT SINGULARITIES

In positive characteristics, potentially klt singularities are not necessarily CM.
The existence of non-CM potentially kit singularities had not appeared in the liter-
ature until recently, however some specialists had known that such singularities of
dimension 7 and characteristic 2 can be constructed from examples of Fano varieties
violating Kodaira vanishing from [HL93, LR97]. In the last 6 years, many examples
of such singularities appeared in the literature, some in lower dimensions and some
in arbitrary characteristics. We now briefly review them in the chronological order.

(1) Yasuda [Yasl4] constructed canonmical singularities which are not Cohen-
Macaulay in arbitrary characteristic. His examples are quotient varieties
of affine spaces by linear actions of the cyclic group of order p. The lowest
dimension of such examples is 6 in characteristic 2, 5 in characteristic 3 and

[, /2p + % + %-‘ in characteristic p > 5.

(2) Gongyo, Nakamura and Tanaka [GNT15] constructed a 4-dimensional po-
tentially kit variety X in characteristic 2 such that for a resolution f: Y —
X, R*f.Oy # 0. (From Kovécs’ result, X is not CM.)

(3) Cascini and Tanaka [CT16] constructed 3-dimensional non-CM klt singu-
larities in characteristic two.

(4) Kovécs [Kov] constructed 7-dimensional non-CM canonical singularities in
characteristic two.

(5) Bernasconi [Ber] constructed a 3-dimensional non-CM klt singularity in
characteristic 3.

(6) Totaro [Tot] constructed an isolated non-CM terminal singularity in char-
acteristic p > 3 of dimension 2p + 2.

(7) Yasuda [Yas] showed that quotients of affine spaces by the cyclic group of
order p are often even terminal (and non-CM). The lowest dimension of
non-CM terminal singularities by this construction is 6 in characteristic 2,

5 in characteristic 3 and b /2p + i + %J + 1 in characteristic p > 5.

(8) Totaro [Tot] construted an isolated 3-dimensional terminal singularity in
characteristic 2. This is the quotient of a smooth 3-fold by a non-linear
action of the cyclic group of order 2.

Note that normal surface singularities are always CM. Thus dimension 3 is the
lowest possible for non-CM singularities. In the above list, constructions 1, 7 and
8 are by taking quotients of smooth varieties by the cyclic group of order p. The
others are constructed from counterexamples of Kodaira or Kawamata-Viehweg
vanishing theorem.

On the opposite direction, Hacon-Witaszek proved:

Theorem 2.1 ([HW]). There exists po € N such that in characteristic p > po,
every kit 3-fold is CM.
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Problem 2.2. (1) Can we generalize the theorem of Hacon-Witaszek to higher
dimensions?
(2) If we could do so, determine the lowest possible py for each dimension.

Results of Totaro and Yasuda mentioned above seem to suggest that the answer
to the first problem would be positive.

3. FAILURE OF KODAIRA VANISHING AND CONE CONSTRUCTION

For a normal projective variety X and an ample line bundle L on X, let C,, (X, L) :=
Spec@®,,5o H(X, L") be the associated affine cone. Whether C,(X, L) is CM or
not is characterized as follows (for instance, see [Kol13]):

Proposition 3.1. Suppose that X is CM. Then Co(X,L) is CM if and only if
HY(X,L") =0 for every n € Z and every i € Z with 0 < i < dim X.

Proposition 3.2. Let D be an effective Q-divisor on X and D be the corresponding
Q-divisor on Co(X,L). Suppose that —(Kx + D) ~qg rL for some r € Q. Then

(Co(X, L), D) is terminal (resp. canonical, kit) if and only if (X, D) is terminal
(resp. canonical, klt) and r > —1 (resp. > =1, >0).

In particular, if X is a smooth Fano variety and L is a line bundle with rL ~q
—Kx for some integer r > 1 (resp. > 1, > 0), then Cy(X, L) is terminal (resp.
canonical, klt). If H*(L"™) # 0 for some n € Z and i € Z with 0 < i < dim X, then
C,(X, L) is non-CM. Note that H*(L") # 0 for some n € Z violates the Kodaira
vanishing.

If X is a smooth Fano variety and L is an ample line bundle some power of which
violates Kodaira vanishing, then C,(X, L) is non-CM and potentially klt.

Constructions 2, 3, 4, 5 and 6 in Section 2 are based on Fano type varieties
violating Kodaira or Kawamata-Viehweg vanishing and take the

4. QUOTIENT SINGULARITIES I

An alternative construction of non-CM Kklt singularities is by means of quotient
singularities. Note that in characteristic zero, quotient singularities are klt and
hence CM. For the construction, it is enough to consider the case of cyclic group
of order p. We first recall construction by Yasuda.

Let G = (g) = Z/p be the cyclic group of order p with a generator g. Suppose
that G acts on an affine space V = A{ linearly. Considering the Jordan normal
form of the action of a generator g € G, we see that the action is determined by
sizes of Jordan blocks. Note that the only eigenvalue of g is 1 and a Jordan block
is determined by its size. Moreover sizes do not exceed p because of the order of g.

We say that ¢ is a pseudo-reflection if the fixed point locus V¢ has codimension
one. This is the case exactly when there is one Jordan block of size 2 and all the
other blocks have size 1. In this case, we can easily see that the quotient variety
V/G is again isomorphic to Ag. If g is not a pseudo-reflection, then V/G is singular.

Proposition 4.1 ([ES80]). Suppose that g is not a pseudo-reflection. Then V/G
is CM if and only if VC has codimension 2.
This holds only if either

(1) there are 2 Jordan blocks of size 2 and all the other blocks have size 1, or
(2) there is 1 Jordan block of size 3 and all the other blocks have size 1.
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Thus V/G is almost always non-CM. Let dy, ..., d; be the sizes of Jordan blocks of
gandlet D:=3".d;(d; —1)/2.

Proposition 4.2 ([Yasl4, Yas|). Suppose that g is not a pseudo-reflection. Then
V/G is terminal (resp. canonical, log canonical) if and only if D > p (resp. > p,
>p-1)

The outline of the proof is as follows. We can determine if V/G is terminal,
canonical or log canonical by looking at the convergence/divergence of the stringy
invariant of V/G, which is defined as a certain motivic integral on the arc space
of V/G. By the wild McKay correspondence, this is equivalent to the conver-
gence/divergence of weighted counts of Artin-Schreier extensions of k((t)). We can
compute the latter quite explicitly thanks to the Artin-Schreier theory and deter-
mine whether the weighted count converges or diverges.

Example 4.3. (1) Suppose p = 2. If G = Z/2 acts on V = A% by 3 Jordan
blocks of size 2, then D = 3 > 2 and codim V¢ = 3. Thus V/G is non-CM
and terminal.

(2) Suppose p=3. If G =7Z/3 acts on V = A? by one block of size 3 and one
of size 2, then D = 4 > 3 and codim V¥ = 3. Thus V/G is non-CM and
terminal.

(3) For p > 5, suppose that G = Z/p acts on V = A¢ with d < p by a

single Jordan block. If d > P/Qp—k 14 gJ 41, then D > p+ 1 and
codimV¢ =d —1> 3. Thus V/G is non-CM and terminal.

5. QUOTIENT SINGULARITIES II

Lastly we briefly review Totaro’s construction of 3-dimensional non-CM terminal
singularity in characteristic 2. Let G = Z/2 be the cyclic group of order 2 and let
G act on G3, by the involution (x,y,z) — (1/z,1/y,1/2). The only fixed point is
(1,1,1). From [Fog81] (a result similar to one in [ES80] for (necessarily non-linear)
actions which are free outside a unique fixed point), the quotient variety G2, /G is

non-CM.
Theorem 5.1 ([Tot]). The variety G2, /G is terminal.

To prove this, he takes equivariant blowups of G2, until the associated quotient
variety becomes smooth. When the quotient variety is smooth is determined by
the following criterion.

Proposition 5.2 ([KL13] ). Suppose that G = Z/p acts on a smooth variety X.
Then X/G is smooth if and only if the fized point scheme X is a Cartier divisor
of X.

Remark 5.3. We have a Z/2-equivariant embedding G2, < A%, where Z/2 acts on
A% by three Jordan blocks of size two. Thus G3,/(Z/2) is a closed subvariety of the
quotient variety AS/(Z/2) in Example 4.3, (1). The author expects that we can

similarly construct 3-dimensional non-CM terminal singularities in characteristics
3 and 5 as closed subvarieties of A2 /(Z/3) and A% /(Z/4) respectively.
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Bl 2.5, X #AX—LET5. XNk EALA—Z2DLE DX) 1Tk EAL—ATH
%. X 23k E[EA (proper) &35 &, D(X) 13k EEATHD.

C = RMod(4) ® & = EOBAIRKORIECHRSNS

@ 2.6. A%k b DGEL L, C=RMod(A) <.

() C¥k LEATHDMEFHEMEITADOEKERER V—HNFRKIT TS HICH
FRE DO A RNT0IZR s TNWAZETHD.

(i) CHk EAL—ZATHHLMEFSEMILAZ A— AWPMEEE R L& X
a7 MRHBTHLZETHD. AN A— ATNMEED o Ta L 7 T
HDHEE, SN2 DL, ARBEEBEH A — AWHINEE» S HRAMEE & 5,
V7 LD, VT bELEDEBMEEBREEY KT Z LT AEHKTHT
XHZLTHA.

2.2. Hodge #&i&. DG /I A 7> 5 EF S 415 Hodge Wil DU DWW TR 5.
WL DR DN D OICHERE LT (9], [5], [17] %7 5. Hodge #i&E%E 2 %
T2 DI NCE 2720 D1E de Rham 2 RE 0 P—0EUY TH 5. FEHIHKE ST
22— (periodic cyclic homology) HP,(A) % de Rham =7 E w1 Y —Oxta & &
BT ENRTED., LW0WHDLH, X Bk EALA—ARAF—LEL, DGREK A%
D(X)~RMod(A) £ dkoice st

HP,(A) = [[ Hpz" (X/k)
‘€T
EWVO RIS B, T 2 CHBIFAEA de Rham = RE Y —Th 5. LLTIAEFIC
Hochschild 52 DR A EE L TOE 720D, BHIRRKEARE R O— 3 RZICERE SN

Sproper ZEA & FRTOITVWERFE TRV E LS

Tk X720 T LMod (k) ~ RMod(k) TH 575, ULFHHIZRIET Mod(k) &EL Z LiZT 5.
k OFHLPED S HIRICRIFRE 2 A X AHEENR AN D, AREIZ Mod(k) 1% k-7 NVEERIOBRD 783355k
o TH Y, MFET ) A X NAREEILT Y AFETIIN 5.
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5 b D720 T Hochschild F =4 VEIEKNHERL TV, A% kE EDGREETD
L, derived 727 Y v

HHy(A) = A@%5ga0m A

T Hochschild F =1 VKA EETDH. ZOFT Y NVEFHETHHEEKRD L Fidn
<O DMNE, LLTFOMIICZEOI/RIZRET VEM S bl TidRWnWo TEIKT 5
FELLIZ[7) 2HR). 7ed HHo (=) 138K, HH, (=) 132 OFRER U—ftE L o7 Z-
WA &Y MVEREZRTZLICTD. 22 THEROIX HH(A) 13 GEYRT
ThEEDE) DGR

A=kld/(€*), (e =-1)

FEOMBEERSENS 2L THD., 22T — | FaBEr B VRRIT k-] 1
DGR¥EEL L THEHMRETH D, (IFE 072D T Koszul A b—h b, b L k[—]
ZAH DG 3 E L CoBHBRREE LThHLbT Z &icTiut kle]/(2) = kle] TH
V7] TIEEOFHEIZLTWD.) ZDIEH

Ele]/(€?) ® HH4(A) — HH,(A)

BEEZXTCHDL ewiniTH I & THEIKOR B: HH,(A) - HH,(A)[-1] T B? =
ERDBLONFEEINTNDZ ENnD. Bit Connes EAFE LiENs LD TEH
ZABND. OHoch & HHG(A) DI &T 5 &, AMBEOREEI,

32 = 07 8Hoch-B + BaHoch =0

BHIZF BIZEDAR D20, Z0 X 9 7y & b OEKIZTIE S K (mixed complex)
LIFHENG . RAEKITEE~O STAER L 5 2 L3 KD, ST IR TR NARRET
HBHORERTF x A LK C(SY k) IS DG REES A S, = 2 TRl O~
OF = A K C ~O S-ER % B EHERE DG E~D

C.(S', k) = End,(C)

359 3% (Sullivan OFERD) R (formality) 739 0 C, (S, k) 1£ DG 1R
& LTCkle/(e?) LERBETHY

kle]/(€?) — Endg(C)

ER—HTE D, ZHUTE A = kle]/(e2) MBS L C 1o 525 Z L ICxhisd 5. Al
PR T D &, HHG(A) 350 %0 (IRESRATIIZ 1T Hodge 22 E R ¥/ —)
B 7% de Rham #55 D&E 29 5.

¥ Connes fEH BIZ LT AMEEZ /e o 72 (STAER DTV o 72) HH(A) B
b5, I bAKEFRER Y — (negative cyclic homology) & J&HIRYKFEI A& £ 1
T ERLLY. AKEIRT R V=X, HH,(A) »HZORE b E— SL-EERE
LB TR BILB R, AT O—REENCIE k % k[e]/(2) — K[e]/(€) = k I £~ T
AEEE R D Z L 12 K o> T derived Hom #1K RHomp(k,—) &L 22 L1270 5. K
% k @ A-JEE L LT cofibrant 72 resolution

K= Ske2kSkedk

8 1 SOEHER 2 L 0 I O A %2 A® ACP-NFEL LT bar resolution Z & ¥, >V FH A® A°P-
INFEO BRI 72 24 7 77 I (simplicial diagram) #2< ¥, @ agaop A & & o T b totalization &
& %. Connes {EH#IE simplicial diagram (I HEZRHIEDR H Y cyclic B TRIF A T4 XS
NDEAT 77 KT ELZENBAD. Hlzid [11] B

YIEFEICIL DGAy TORLBDRETHD.
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ET5. —FLWPREORTHSD. RHoma(k, —) % & 51213 Hom & Homy (K, —)
ZEREX V. AXEILERY— HN,(A) 252 58k %

HN,(A) := Homy (K, HH,(A))

TEHETD. KOWK -2 10D k0RO 1 ek 1y En< L, f 1 K — HH,(A)
1Z, {lasiso PITE B T—EMICIRE Y, 3HHT 5 LKL LToRM

HN.(A) = Homy (K, HHy(A)) ~ (HHu(A)[[t], Oxz0ch + tB)

MWDo Libing. 22Tt (aRER U—MIC) K2 DT, HH(A)[[t]
UE 1, Tis0.0i— 1= HHI(A) 18 THZ DAL, 85213 Omoen +tB THZBND (22
O HH)(A) 1ZHRETa =T KK IESTH D). Ko, B L2V OIL k] %2
THERENS DGHREE T2 L0 HN,(A) 13 k[t]-IMEETH 5. k[t] = Homp (K, k
RHomn (k, k) DAL HIERA & LTI,

JE K E R 1 P — HP,(A) %5 2 51k HP,(A) %

HP,(A) = (HH.(A)[[t] ®pg k[t t "], Omoch + tB)

TEDD. HH,(A)((t)) = HHo(A)[[t]] @k klt, 7] £36< . HPy(A) IFZHHT k[t, t71)-
MEETHDH. ST, HP.(A) IX de Rham 2 AREr P— DM &k~ 7z,

HN.(A) = HH,(A)[[t] € HHo(A)((t)) = HP.(A)

ZEZ 5. Zhid Hodge BIKAD (Rees i) DIEFHEROMIEI TH D, Z DT —H
THodge 7 4 /v h L—3a & B9, LR DG fR¥&ITxt L T Hochschild ~28 & %
EFR L CTEn, ZHOIERBREECRIEND. 65T A RMod(A) &\ 9 Rk A
e LTV D EBF XTI, HER, EREOEROILRE LT DG L E o8 125 L
T Hochschild FEENERTED.

—f% D DG % A 12kt LT, Hodge 7 4 /v s L—3 3 (O Rees fRZ) DL
HNJ(A) C HP,(A) WEETE2, A BRA LA— A H OREIIEAT Y v 7
EFTDHZENHES. 20 Hodge & D7V o ZII IR E O JR AT & 54812 1B
fRIZ72 VD, DWTIZEIT 5. AICK LT, RMod(A) #& % K 5. 2D L& (FEiX)
RMod(A) 3 A L— A2 ThH D Z & DME+77 5% compactly generated 72
k-#R T 22 TE o D 72§ RIFRE /) A X Vo ]IZB N T (a7 bR ER-OH D
DHEBZD. RFRE /A FNABREIZOWTIE [13]) ZIR), BRI BN HFET H Z &
Th % (dualizable). & HIZHKFXTE: (dual object) iX RMod(A°P) ~ LMod(A) T4
Z HIL5. evaluation B4,

n: RMod(A) x LMod(4) — Mod(k),  (M,N)+— M @4 N

THZOND. BECE DT oD HHy(—) % & HEFITRFRE ) A4 XNV TH
v, HH,(A) = HH,(RMod(A)) 1254 HH,(A%) = HH,(LMod(A)) % ¥ .
DFEY EO gl

S~—"
I

HH,(A) ® HH,(A?) — HH,(k) ~ k

EFFET D, 22 C HHY(AP) = A@Y0pga A~ AN 4o A= HH(A) 05
LRTYLIRTES

HHJ(A) ©, HHJ(A) — HH (k) ~ k.
CHBIE AL 2 T LT, Homa(K,—) 252 &T
HH,(A)[[t]] @k HHa(A)[[t]] — k[t]

1078 b E—FRfICIE k[t] 1X BS! = BBZ O =kEr V—ERTIW
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ERD. ®k[t]/€[t,t_1] b,
HHy(A)((t) @pje—) HHo(A) (1)) — k[t,t7"]

NFEEIND., RBIOWBITAZ k-EAL—2A0OBAEREECECIZLTH
FTOFFWHATED. 2 TAFEFTHTEEHLOOHEUAFEL L TELEDTELL L

R FE AT
WL Hodge 2RE1m Y — HH,(A)
de Rham %4y Connes fEH
de Rham #{& HP,(A)
Hodge 7 4V L — 3 > HN,(A) C HP,(A)
EXART Y HN.(RMod(A) x LMod(A) — Mody,)

Kaledin |2 X % Hodge-to-de Rham 2227 R ZRIIOBLEHFM L LS. 22T
HH(A) % HHL(A) ORE 0 S0 kE 5 5.

F'HH(A)(()n = [[ HHni2r(A) -7 C HHy(t))n = [[ HHns2r(A) - "
r>1 re’
EBLIETT 4N ML —a & HP(A) IZWiLd. 50
F'HHL(A)((8))/F HHl (A)((1))
X HH(A) £ EAAITHD, 207 4V hLb—a b biEbind A7 MLRFIE
HH,(A)((t)) = HP,(A).
&< . 4 Ey-stage IX HH;(A) - t* ®JF% L CTH Y Hodge-to-de Rham A7 kL
RINOFE PSRRI I D3t & 72D Z D AR MV RINTINSLFE R
R BAEEN D Hodge & ([16) ) 72 TR Z T 261083 0, FEE A N
A L—ADOEH O & & Kontsevich-Soibelman (2 &> T Ei-i{LN TR I LT,
Z DiR{biF Kaledin (2 & » TR &7z
EHE 2.7 (10). DGR AV LAL—ADPDEFTHHETDH. ZDLE
HHL(A)(1)) = HP.(A)

1% E1-stage TiB{LT 5.

3. DG Lik % & LG

3.1. DG Lie %f. Z OfiTix DG Lie A& AW ERHER L5 U 5. Hx O EH
B3 DG Lie REDOEM L L THREND.

DG Lie {43 & 2R O BIRIZ OV TR T 2 FIETERRA 25 L BRIC L D
MHANEZEZ ONDN, 22 TREEE LS. REESHEEOLRZEVWET. X 2 C Lk
A D= ARRBEERETDEZOEFRICOVWTORFTEY 27 1 ORENRT b IL2ER
3R Ty DaRER—

HY(X,Tx)

& (non-canonical) [fl—#T& 7=, Zhux X @ Speck[z]/(2?) ~DEFEORMELE & %
K%, T X 0 SpecCla]/(z™+1) (n > 2) ~OETLE S 5 E10 5 & = huid =7k
ERY—ThbbT I KR, LL Tx 2 LieREOfgofEs &> T A,
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INEM S & SpecClz]/(z" ) ~DEE LR TE L. Tx 23 Lie REDETH D =
&G, derived 72 KIUIH 2 DG Lie fA%!t & LT

RI(X, Tx)

EDHZENRHERD. (FDOLDITEBHFEIZTNL D05 D BRI 7RI TH IR
Dolbeault resolution % & = CTKIkGIWr 2 & 1 XBARE 72 DG Lie X% 525 Z &0
Hks.) —MRIZHEPT Artin k-8 R 1I2%F LT X @ Spec R ~OEFEMEEIZ DG
Lie ’RERT(X, Tx) # HWTCRIBRTE D (RERICEZIX RI(X, Tx) BRFTEY =
FADOEEZ L TnDE LB oTEW2) | —f&O nilpotent DG Lie f$%% L (Z5%F L T
BFEZERT D (B [T ).

& 3.1. MC(L) = {a € L'| da + i[a, 0] = 0} % Maurer-Cartan st D4 & 5
%. exp(L®) % nilpotent Lie {%#% L° 7 & Baker-Campbell-Hausdorff & T3 5415
BEL 35, LOX LY iC L0 — Endg(LY), aw [a, —] —da TIEAT 5. ZOEAND
exp(L%) 2 LY IZfEH 9 %:

1
s e o= et / (e*4) day)ds
0

(pin LY). Z OfEA X Maurer-Cartan jt% 72 20 T, MC(L) = MC(L)/ exp(L°)
EB<.

Arty ZRIRIEE k &9 2R Artin k-fREORE], Set ZEAGOB & 5. V 2 DG
Lie X375 &, R— MC(V @, mpg) 2L > THF

Spf(V) : Art — Set

ZEFRTDH. mpIFROBKATTNLTV ,mglid[s®@m,s’ @m'| =[s,s']@mm/
(2 £ > T nilpotent DG Lie fREIZR>TWHHDET 5.

S 3.2. DG Lie RIXOIERA 2544 V = V! 235 iuUE B ARIE Spf(V) 5 Sp(V7)
RFEESND 2 L BRI TND.

X @ Spec R ~DOERRMEEDOHEA L, Spf(RI(X,Tx))(R) LR—H T 513, =
D &5 BRERB LB OFRERN G, —E DR T DG Lie REDLEEEmE BTty
FADOEREHEDO L~V T) il T2 Eniffsh Tt o7 7e—Fo L
Wwe Z AR

1. BEHRRICAREr P—REDOFIEZIRY AN Z ENTED

2. HRAEAAT (derived algebraic geometry) O JRFThIL T %

3. RS TIX, DG Lie {RE D o] & ERZSTE A RE O oo & 23 [ [ 1 72 5 &

V9 DG Lie U & ERRBEORRE R KIS0 8 5 [14]

EWVWo T mTHD. 1T, #1x1E Goldman-Millson @ representation variety 4%
R ORFFER Poisson ZERIKDZ T &1k (Kontsevich) (X #AY 2> >R 725 H T
H5H. 3 TIE, KEEIZ

{DG Lie ft%% } < {DG Artin 88 LICER SN E c0- A% v 7 }

ORIEPRENTWTZOT e —FORAER L V- THW. 2, DG Lie {3
LA DG 5 E DR D Koszul BEHEDO &2z & B2 5. -2

NF o IKLIZT I v b [—,—]: Lx L— L»MA>TNT Lie (RO BRI (Jacobi fH4%3K
H) iz b0 (BB LS R)

LEREYa A 2 LAMNEHRAAF—L (UFRAF v 7)) LS BN OYHAR TIZZE D
N—TEME L DENPHEKD. EMEEICE 21X DG Lie REUTZ DNV —T7ZEMOBER D723 Lie REIZXIG
LT3

BRE-IIH2EHRARTH D

14 - 1% derived ZIBGHOWFELIESA BN D
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PR ARBRMORECERMMET L ERARTHDLZEEE S TVEDTHDH N,
TITIEFEDZ EITEL EoRA TN TRICHES 5.

3.2. Curved A..-Zf2 & Hochschild aF x4 Y. HO A B 0 DKk Lo DG
RELTD. CNOEEEEZ VO THDLN, DGREE LTOEE TIHAR < curved
AoV L LTEET S, £Z CTewrved Ao 52 A v 73—~ VZIEET . IE
MRERIL [T CF I HBEZLMEL SR LTI L. DG REICITRE A/ E A
7T HEARA - AN AL TWVWIEN, Aee-IRETIZZF DR EHELE S TIZ < ARE b
v —CRRATHT 2 IICT 515, Curved Aoo-fAEk & 1%, 7—% & L UL Z-REA & k-
N7 MVZERV EIREATE AT FVZERIOBAZ DR {b; }iso

bo: k — V2]

bV = V(1]

VAR v

b3 (Ve V[—l]

by: VO 5 V[-2]

e 6 o o o o
S
no

Tl 472 Aoo-BIHRA E TN D ERICET DR 2R 7T HDOTHD. by = 0D
LE ARIETEN, ZOLX b BV O (b2 =0), by : VRV = V K
by : VO — V[-1] 28 by OFEOFEGRIIBIT HHRE FE—, by (TZDHRE FE—D
HABICHET .. LWIF—HIThoTWS (o Th =0 (i > 2) 72513 DG %
BTHD) . by #0DEEN Ao-TVET7 0 curved Ao-fRIXT, Z D & & —fRI2iX
b2 =0 WAL LAaW bR r U—42 L 5 Z L H kAR, (o ThEr V—R%%k
BI72 B0 A & < Zpunis,

T 3.3. Ax Lk FEDGRELET D ReArt, L T5. AD R | curved A-ZI &
1%, curved Aoo-f83% A ®) R (REAT & R-INEE A @ R IZ curved Ao -fiE % WL
HD) T, AQx R/mp b & D DG REDHEEIZ/ DD LTS (1a®1lg € AQr R
WHALETHDH Z L bT) . R e Arty (ZxF LT DAIg4(R) 2 A® R E curved Aso-
ERORBSHEOES L T2 (ERORAIIBRICER L TBL) . R~ DAlg,(R) T
EMEICBE T 5 BF

DAlg 4 : Arty, — Set
EERTD.

HH*(A) % Hochschild 2 F = A KL T 5. ZORERY— HH*(A) & D
&, Hochschild cohomology Extyg 4on(4, A) = HH(A) IZ/> T 5. k<406
T 5 X 512 HH*(A) IX Gerstenhaber {31272 5. HH*(A) OfEi#EED 5 H
Lie A& 1%, @U@ k% L 5 & HH*(A)[1] @ Lie ({EEEICETHLHH N0,
HH*(A)[1] 1 DG Lie REIC /2 5. =& BTH & OEURIER RSN 5:

hiE 3.4 ([7]). ARZRFEE
DAlg 4 ~ Spf(HH*(A)[1])
N Db.
Z DORMEIEA 2 0 RIS TREND.

B hRe V= bEEnAE T, MM OEAMN &L —F22M Q.8 ITF /A FOofEEZL—F D
BAECANEL 9 L35 & strict RfEAEEM SN ENLEROKRE =% L VDb Z & TIRE
Liefo&Thd s

Bcurved Aoo-fREUTH » LTSN EIC L > TEE DL THD EEH
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%l 3.5. = Z T DAlg, DK A f#HY7e355 %8 L TE 2 T <. DAlg 4 (k[z]/(2?))
Spf(HH*(A)[1])(k[z]/(2?)) THDD D,

DAlg , (k[z]/(2?)) = Spf(H H*(A)[1])(k[z]/(2*)) =~ HH?(A)

ThD. X Nk LR LA—ARRESEET RMod(A) = D(X) &72->TW5 & X,
Hochschild-Kostant-Rosenberg O EE 5, [FH

HH?*(A) ~ H*(X,N*Tx) ® HY(X,Tx) ® H*(X,Ox)
WD, HYX,Tx) 13 AF— OB, HO(X, N2 Tx ) 133 a5 1 O & TE 22 [0,
H?(X,0x) 1% Ox % twisted BIZEHT HZEMICHIE L TnD ERARTZEnTE
B,
il 3.6. X C P° % 31k 4-fold & %. Perf(X) % perfect EED 2T LT 5.
Ax = {F € Perf(X)| RHompers(x)(Ox (i), F) ~0 fori=0,1,2}

LB & Ax IZFRA L —2A 0O F 72 Calabi-Yau BUZ 2 0, a7 MRS %2 B
52 LT, Ax 1A L —APO[EAF 72 2 kot Calabi-Yau {3 A _E® perfect DG il
BEDWE L [FMEIC72 5. Hochschild A€ 1 Y — HH,(Ax) = HH.(A) OFRTH K3
MEoHEOZRER IR,
dim HHy(A) = 22, dim HH_5(A) = dim HHy(A) =1
TEDVIZO0 LD (DX 7EEZ K3E & WD), 2 kot Calabi-Yau #&E0 6,
HH2(A) ~ HHy(A) Th 5. ft->T A OEBZER (O8ZEH) 1222 Kt Th 5.
3.3. Hodge 7«4 )L kL—> a3 > DER. RIZ Hodge HIROKMIEH & LT, Fox it
HN,(A) C HP,(A)
ERALCHEZE, 22T (2) AEuYP—2 b PICHIRTER D Z LITHEFICE
WRRTHD. ZOERIKT 2RFTEY 274 % DG Lie fte LThHxW. %
T, WNERY T 4V b=y a Y OEREE XTI, K HNy(A), HPy(A) 5% O
BB E B 2D,
RESHIK X LOR7 MVIREDEREEZEZ D &,
HY(X,End(€))
EIRTEY 2 74 OBZEMPE—HTE 2. AF¥F—20H1%% %2 % & DG Lie U3k
& LTIE End(E) & RESS & 28Hiv- (graded commutator) T Lie fREDE & A7a L
T RI(X, End(E)) I DG Lie {43k (BT L% oz AhiuE € oK
Z (Spf(—) Z@BLTC) kT 25 THAI LAEZGIMMETE L. HEOHEITH ES.
(C,d) 2 d &b o k-7 MVEROaF = A AAEEL LT, BRMEOMF

DC/k : Arty, — Set, R~ {C D R ~DEFORREE }

AL {C ® R ~DOEKORELE} = {R—MEEO 2 F = A LK (CorR,d,dOrk =
d)}) ~%EZ2D. ZDOL X Endy(C) B CYERA Lie R ET5 &,
Dy ~ Spf(Endi(C))
LRI L ﬁitHEEZg. k[t]-jguﬁ% HN,(A) OERMEEZ 2 5. R ~DER% R[t]-
B (HNo(A) ®x R,d with d®r k = Omocn +tB) &5 5. R~OLBRBBHOES %
T4 0D twisted B~OEERBID = & & BTBREIC curved % 29072 Aoo- LB % %E 2 /21T hiEe

LN EERHE LTV D
BT kIO bEERE LT 5



FHEAHRAREERMTIZ B 5 A AR 2SN T 11

DHN.(A)/k[t](R) e & (%ﬁz@ﬁﬂliﬁéflﬁﬁiﬂ%jﬁé) s R DHN.(A)/k[t](R) <
B+

Dun.(ay/kpy : Arty — Set
&% %. ZAUE, DG Lie % Endyy (BN, (A)) CRRE AL, H% 0 [
D, (a)/k = Spf(Endgp (HNe(A)))
Wio 5. IS, Kft, 1M B Py (A) OATE RIS % 5 2 5 BT RO T
Dup,(a)/kft,t—1) - Arty — Set
EEZ D L, THUE Endyy,)(HP(A)) CRUB S NS
Drrp,(ay/kit,-1) = SPE(Endys ;-1 (H Pe(A))).

LLF Kt t71) % k[tF) & E<.
KIZ, DG Lie fAE DK

Endk[t] (HN. (A))

lb

00— Endk[tj:] (HP. (A))

BB XD, LREOFTIEIELEW @4 k[t*] THESND2DOTHD. ZOKROKRE R
[:0_77/(/\\“—%]1" ki3< . Fli DG Lle'fﬁi&@mw@, 774}§_$§0XEndk[ti](HP.(A))
Endy; (HN.(A)) TH Y, FBED DG Lie R¥& LTHHIRMARET VA2 LD Z LR
DR D,

—

Gr := SpfF

L. 22T, F & Grix, HN,(A) C HP,(A) ITkTF L Ch D e ARt i s s
BWT D, GridT 774 « 7T A7V SR LB LTS 2 LIk ET 5. ik
MERDEY 2 T AFIRB S5 W 5 HNo(A) D R ~OEFE TV, f NI
W @gpy R[tE] 25 BB HP(A) @ R ~OZERO (R[tY] ETo) RAT
»DH L&Dl

(W, : W @gi RIt™] = HPJ(A) @k R™)

REZD. ZOX RO (HRCERLEZRAEICSONTO) AEEOES L Gi(R)
DOEIC (RIZHOWTHETNR) RAENSSH. ZOM (W, f) 1X, HN,(A) C HP,(A)
DEWHHIpEDLZEITEBRLE Y. DF0, HNGJ(A) T W ~EELTWDLNR, f %
WL TARZEMO WAL HP(A) @) R ORPM~EDAEN TS EEZ LR
%20,

BORS%#TH. AxAL—ANOEE DG REE T2, 20L& Grixfiid
It &2 > T 5. Hodge-to-de Rham A7 hLRFIDIB(L (EH 2.7) &AW
5H&

F ~ (Endyp+) (HH. (A)((£)))/ Endgpy (HH.(A)[[t]]))[-1]
19, ¢ mapping cocone |22 Lie R OHEEZ AN D LEZTH A THS.

207K b E—FRAICIZEB IR HNo(A) C HPo(A) &9 DITEWRE R S 2005 Zh &2 Ik
LB TIEIVEMTH D
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MWbmd. ZZTHH(A)(HH(A)[[t]], HH.(A)((t))) IE&REAfH & <7 R V2Ei 214
SDOIRNERE B LTZHDTH D, FiIZT —L DG Lie®#ThH 5. GL, DT
TrA v T TAR U ERRED RES (k-valued points) 73

GLn(k((x)))/ GLy (K[[z]])

LAt 5 2 & & BOHT &, Gr = Spf(F) 1,
“GL(HH.(A)) DIRET 7 742+ 7T 2wy
LR ZENRTES.
4.
ZOFOREFIZONWTIR 7] 2B, B BEBROEY 2 7 A ERZ BT &,
{A @D curved Aeo-£ETE } — {HN,(A) C HP,(A) DX }
EEZI. NI 3.4, HFiIX 33 EiBR. L0V 4T A HmNEKEZ Lo DG
Lie RED TG HH*(A) = F 242 2 & 2 EREICEIFTE LTV 7,
A% AD R Ecurved Apo-£ETE & L7z L %, Z® Hochschild = 1 » HH,(A) % E
£TE, ZIULDG AIBE HHL(A) © R ~OETI /2> TS, 2 Zhnb HN,(A)
DG HN,(A) BFE S D, BB Quyk[t] (2 X0, HP,(A) D HP,(A)
HEFEOLND. LS T,
A HN,(A) — HP,(A)
ko T
DAlg 4 & D, (ay kit —> Darp.(a)/uee-1]

MFEE SIS, i DAIgy — Dyn, (ay/ky & DAIgy — Gr = Spf(F) ~HH RiF7-0o.
FOT=DIZITERK DAlg, — DHP.(A)/k[t,tfl] n Spf(()) =x ZRHALTVWILENRD
B, ZITHIZIAEAEMEICLDEEBETETHD. ZHIIEEDOER AT LT
HP,(A) 7 HP,(A) D HBREIC 2> TWD Z L 2ER LTS, = o8/ R
X, 20 (FA—TREV2TAD) BEREZBZTWDEITTHETE 25D TR
W, Z ORE,
(HH*(A), HH,(A)) (" A5 X8k & R0 p,q 2 BRI 5

T LTk o THR - R SN D, 2T, (HH(A), HH(A)) IC A5 R8s %2 —F
BT 5. HH®(A)[1] \21% Lie R¥ S, HH,(A) 1I21E STHERBR A Tz, 5
XL S REAEIES A > TWT, 2 b SMT

o f -: HH*(A)® HH*(A) — HH*(A)

o Lie R¥EM L: HH*(A)[1]® HH,(A) — HH,(A)

o LR T A B [ HH*(A) @ HH,(A) — HH,(A)
DOREAERFZERH Y,

('7[_7_]’L717B)

PN SO BIUE R £ 5 2 BiE 2 B0 TV 5. (HH*(A), HH,(A)) 1%,
WO SRR M 0

(Trrs Q%) = (p0Thf s Bg>0)
DOXHE & B2 8 D03, (=, =], L, I, B) iX (T, Q%) (CEBT 2D Ty @ wedge &,
Schouten Lie #53l, Lie 4>, contraction, de Rham #% DU N Fh iz~ T
WL 1, (TY, Q) PEAD & 5 I AH0ME DM TR CIE AR, RS
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(==, L, [,B) 1%, 2 2D HA 7 —%F>N 7 — (& A7 v F (AFEMAED) 1Tk
ViR END. FIZIE, HH*(A) IZI3W5 (-, [—,—]) OEITEMICIE HH(A) &
D Ey-R¥EGEED Z L TH Y, 21T Deligne T4 (BEFMIESINTND) THD.
T 60 Connes 1EI3R B 0L & LT, (HH®(A), HH,(A)) (2 Lo REEE D)
Kontsevich-Soibelman [6], Dolgushev-Tamarkin-Tsygan [2], Horel [4] 1T X D ##pk S
NTWD (Kb ZH).

W% (HH®(A), HH,(A)) D EU#EE & OB E S 2 B TH 5.

i 4.1. HH*(A)[1] ® HH.(A) ~® Lie {REVERIL HNy(A) ~OIERAZFE L,
L([t]] : HH*(A)[1] = Endy(HN.(A)) Z#FE STz DG Lie REOH LT 2 &,

p: DAlgy — Dy, (a)/k[t)

SPE(L[t]]) : Spf(HH*(A)[1]) — Spf(Endy (HNa(A)))
LRI—HEND. S6IT, B qop: DAlgy — Dyp,(a)/ki=) 13
L((t)) : HH*(A)[1] = Endg(HNe(A)) % Endgps) (HPy(A))
LSpf(—) &L B ETRHENG.
EBIT LT TR ATOMEEL 7 VITH S Z & TRIRSND:
T 4.2 (A Ehresmann 7 7 7' L — 3 VER). DG Lie (KE D4t
L((t)) : HH*(A)[1] > Endyes) (HP.(4))

I, XV-FE Y7, DFY 0-5H L (BHRZEROHPT) FE FE—FIE. FFl,
A D curved Aoo-ZETETHIER ZIND HP(A) DERIZEWATHS.

B E R 7 P —F de Rham R Ea P —OREMTh-7-. 2z [{iifH
MARER] ERed, ARERLTCHLZOMNMMBAEENER LV EN) 1HiTT
C& 72 Ehresmann 7 7 A 7 L —3y 3 VEHBOFER L 2728 5. Eheresmann 7 7
A7 b—va CERRIRABHER O TOLIFTh o 7.

FofERERWD ERO B ES D

HH*(A)[1]

L[[¢]]

S F — Endypy (HN.(A))

1

00— Endk[ti] (HP. (A))

5 X R LI (RE R E—T 7 4 =) Ths. Ko P: HH*(A)1] - F
MO DG Lie I OH & LTORBERTHS. EHELTELDDH L :

FIE 4.3. DG Lie (XD
P:HH*(A)[1] - F
X, RATEAYES L VW) & LD T,

21DG Lie (RED o@D 2O HH-R A B2 E RN EVWTRVETLH 5N 2 2 TIRERT S



14 A

o Spf(P) : DAlg, =~ Spf(HH*(A)[1]) — Spf(F) = Gr 1%, Z DEiOEHI Tk~
L OREY 2T A ERIRAIRS. SF0, BB A%
(HNo(A), HNo(A) ©ppy R[t*] =~ HP.(A) @ R'™™)
WD,
o Griffiths #EWr 2 7= 7,
e Calabi-You (RAL—ZAOEAE) OLXRFT LY EHETE-T.

M BEGEESTISH 2R T 5. WIE, FEATHAREEET O Bogomolov-Tian-
Todorov DEBLE W9 _&E D TH Y, Katzarkov-Kontsevich-Pantev [5] 12X ¥ 7
TUAINTWES OO T AN D THH.

T 4.4 (], [7]). A Z AL —ATEAZR Calabi-You DGRE LT D, ZoL ¥,
HH®*(A)1] 137 —~L72 DG Lie {0 LRI, K512, A D curved Ao-KTNT, FE
&5 (unobstructed).

(Fex D) FAEHTH DM, 3.3 THRARIZL DT, ABAL—ANOEAF THIULF X
7 —~L DG Lie f#k (L #EFA) Th o7z, Calabi-Yau O & & Z OMWHE 13 E 544
P HH*(A)1] > F %l LT HH*(A)[1] ITEET 5 2 L 2RT 2 L Tt &En 5.
WIZZNERHNTEREFIZONWTE RS, k-1 ZaREa P IAKRK1L DL
Ak DNHDT —~L DG Lie f{# L H7ed &, Spf(k[—1]) : Arty, — Set & (A4
D) A % — 24 Spf(k[[z]]) THREEND. = 2T kf[z] 3B & HBEER T o-EA7
FZE AN TS, 7—-UL DG Lie {48 L 12k LT, Lie fR# D4 k[-1] - L % 5%
5 liE, RE RE—Z2BRWT HY(L) b 5. i b Spf(k[[z]]) — Spf(L) 23 E %
0, AU, SRR lim, Spf(L)(k[z]/(z"Y)) D& Blpt D, IO ELR L L
DG B OEE O B OFE R &

EE 4.5. C % DGRBT, AL—X, [@HD Calabi-Yau &35, 1fHO= 7 k
KRR ER->ET 5. 20k &, ae HH2(C) %525 L, ZThICx LT C DA
BTFAEC = {Colnso BRED. 22 TCy 1, C D klz]/(a"H!) L DGE~DERT,
15 {Cp Ins0 11 C D k[[z]] E~OBRMER % b &b

5.
ATER TR L 72 JE I BB O R € ORI,
(HH*(A), HH,(A))

DL ONREEENEE CThH o7, T2 THH*(A), HH,(A) I (7)) AEnrnv—%
EOoTWRWERTHDZ &, ZOL NV TOMENEE THDH Z L 2 FEMRH L T
BEW. ZORBEEE ORERIZDUWT, [8] 1238 THRALAT B AU 72 i B e iRk ik ©
FZxO0MmMT 5. O, [6] X 4] THHA<Z v K (hofFbhi DG
FTZ v R) 2] Tidcaleulus X7 v R & XiZn o4 pkoc L BRATERIND
DG A7y FLLTHRONTND. TREDANT y IR (0 7H#7) T
DG A7y FELTH—HTE S Z RSN TV D Willwacher [18] ZH. Kl
AIE ONARIA T » RIFEAMEZ RS, 22 TRV IELZ22BNTICED X 5 723k
WECThoTehEA v 7 +—</VIIEIRT 5. HH®(A) ITi1X Ex-fREOHEER A>T
W5, ZOFEZEL Deligne TAE & MR TV e (Bix R FIE TR STV DD, B
ETHLIMEND ZLRZ) | E,-R¥ & T, ZEAL—TZEMOBFEOER TAE
FENIMET, n-BHA—TZER Q'S (DFERT =1 EEK) 13, E,-REIZ2->Tw
L. ERANTIE, BT 2 A — T ERDBFF > T D X5 G L WS 29
D, 2EA—TER Q2SS 2B DL, 2BV =T ES>TNDDT, YO
N—T | Ik BRECHIREREE L T2BDOL—7 ] IC L DEAMERED —onRbH b,
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FO_ODFEENANZEEEEZRFoTWNWAZ ERNgn5. SO E (F
~7/FVANT$<&5&)E¢ﬁﬁA;L10/7%#%1AH [ﬂLwﬁ
B(EFEICIE Loo-fRERE WO REDS LRV OREEN TN D, (BIRICEBIT5)
Ex-f0351%, (72) RERY—% & 5L Gerstenhaber {32725 Z ERNHHNTED,
Hochschild 2 4E v ¥ — HH*(A) 1% Gerstenhaber (R Th-72Z L6 HH®(A)
BN Ex-fREI72 D Z E M PRSI Tz, —J7 HHe(A) 1 Connes {EfIF#EH kD S1-
(] GRABEIKICE>TND EBINZD) &boCTTe. =0 By il HH(A) 7%,
HH (A) I S*ER & H 2 BREAMEZ O L D ITEAT 5. b2 ToldEix k
FEOART v FEOMREE LTREEND. MHENRANT v FEORED Z L %2H
ANEDZHIZ L > T KS-REEMESZ LT 5. ZoREMEEO#KIT, (ZofE
DFANRT y REBEOBLEFHATLEZ ERH D NETFEM S L 0n) KEEM
T, AT v RO 4 72 resolution RFk % 72TV, MR LT =4 V5B %
i U WLHANWD S D Th o7z, [4] Tl factorization 7€ = /~%ﬂﬂb\fﬁ@ L&
{725 =MRZNTYH Hochschild 2T P—DAA A « F—XAXT v FEAER
DEHERRERITKIL L TV D KS-UEEE L, A2 72 8 58 0 e & 3 I At
REBTICEE 2 LD THS. [8] T iGMPM%HHJM)%K&ﬁ@%E%ZV
YT F 2 T TR 5 2 T F O TIE, 9 LTED X D AfEENAD
DONH DDA > TRY , JLIE L L TEECHELFDRIZEMR (F U ALFRRE
TERfT & ZEoE) | FEMMEMEMNR e Eix R EICHEH T 2 HEE 52T 5. i
ZAE, MABBEVEAfT & 228 co#1% Landau-Ginzberg #5700 5% 7 (25 9~ 5 BRE T
725 TL D, WRDRA » M EfIENFET D &
oK&ﬁﬁ@?%?%%%@ﬁﬁ%ﬁ®ﬁﬁébﬁL&BJQK%%?é.::
I, EAEREOB O GE, BI1x ST ERM & RG34 T A @ Hochschild
%14 / M 1% S*EH Do -[RIZEE B-INEE.
o ZZ7EoE C 2% @ Hochschild = F = A » O EMBEVER # B L Sh &% TV
i, Hochschild =1 > % & %.

EHOBTELDHD L

EE 5.1 (8]). REAABEANRY FFALT 5. CE/NS) RGIFLECELT
L., ZOLE, oI FaTINRERTET (BFICETVITEILL Z2WHET)
(HH*(C),HH,(C)) \= KS-REH&ENAD .
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000 CALABI-YAUOOODOOO

oo oo

1. 000d

0000 Calabi-YauOOODOO,OOODO Kx OOOO compact Kahler
U000 XOOODOOOo. Calabi-YauOOOOOOGOODOOOOODODOOO,
O00DbO0bOO0o0OO0D0OoDOo00oooobobOon. Calabi-YauOOGQOnQood
0000000 0000000000. Tian, TodorovOOOOOOOOOO
O SU(r)DODOODODODODODODOO,Ran, 00O0O0O0O0O0O0O0OOOOOO,
O0000000.00000 Calabi-YauOOOOOOOOOOOOOOO
OO0o0oooooooooo.

000000 «“000”’0000000000. 000 Calabi-YauO OO
o000, 000000000000000000 XO000OO0OoO Q-00 BO
000000 Kx+B~q000 (X,B)01lc0000000DOOO0ODOOO.
Calabi-YauO O OOOODO. 0000 (0)FanoO00O0 XOOOOODOOO
m>00000000000 |-mKx|ODODOOOO DmDDDD,(X,%Dm)
O Calabi-YauOOOOQOODOO. XOOODOOOOOOODOOOOOOO,d
0000000000000 00. 0000000000 FanoOOOooOo4d
oooooooooo.

0000000,00000000000D0000wx0000D0O0DODOO
0 Calabi-YauO DO ODOOOO. O0O-0000000O0 Calabi-YauO OQODOO
000000000, 0000000000000000000 Calabi-Yau
000000000 oooooD. 0o00oo-0000o0oo0oooog
0000 Calabi-Yau 3-fold 00000000000 ODOOODOODOOODOO
ooooooooo.

goo0oooOoocoooooooo,0b0gobooooooooog.

2. CaLABI-YAUD OO O OOO Tr-LirTiNG

000 Calabi-YauOOOOOOOOOOOO T'-lifting property 0 000
00000000000 (cf [Nam96)). O0O0OO0DOO0DO0DOOOOOOOOO
oo0oooooog.

00 2.1. X00O0O0OOOO (00000O0000)000. A0 Artin 00
C-00 A0DDO000COO00000000, (Sets)0000000000.
0000 XO0O0O0O00O0 Defy: A— (Sets)0 Ae ADODO

Defx(A) :={(X — X4)| X4 = SpecA: 00, X4 x4 C~ X}/ ~

000000000. 000000000 (X < X4)0 (X — X,)000
00000,00 A-00®: X, — X, 0000 XO00O0O000O compatible
0o0000O000000000.

1



2 o0 od

Defy 0000 (unobstructed) 00000000 AJA € A0DOOO
00 A —-A0000,0000000

rara: Defx(A’) — Defx(A)
ogooooooooo.

XO00OOOoooooooooooOo,00000 ¢: X — Def(X) 20,0
gbobogooobooboboobobobgoboo: Xobooooobooo
00000 ¢0O00OOODO,000000000C0DODDOOODOOODO. (O
000 X ~o l(0)DO0O0ODDOO0OOODO. ) 00 ¢O00D00O0O0ODO,
000 Def(X)OODODODODOOOODO. DODOOOODOOCOODDOOOOO
@Def(X)pDDDDDDDDDDDDDDDDDDDDDD.DDDDDDD
oo.

00 2.2. 000000000 XO00OO0,0000Def(X)00O0OO0O0OOO
OO00000,0000 DefxyOOOOoooooooooDo.

ooooooooOooOoOoODOODODD, Artin0D0000O0O0O00O0O0O0O0
Oo00oooOoo0ooobo. o0oooOo000oD ArtinO0O00DOOOODO
goobooboo.

00 2.3. Defx 0000000000,000n>00 A4, :=C[{]/@¢*) 0
0000000 Defx(Anq1) = Defx(4,)0000000000000O0.

XO0oooooooooOoOoOoOoOo,00000000 H%(X,Tx)000
00000 (7x0 XO0O00). 000, Artin0 A, A e ADDDODO

E=0—-J— A —=A-0)

000 myJ=000000 (00000 ¢0 Atin0000000),000
0 o¢: Defx(A) » H* (X, Tx)®cJ 0000, 0

Defy (A') 224 Defx (A4) 25 H2(X, Tx) ® J

0000000 (ga € Defx(A) 000, og(na) = 0000000 na €
Defx(A)OODODO raa(na) =na 00000000, )OO0 “0007 0
00.00 HXX,7x)=00000 Defx 0000000.0

0 24. XO00OOOOOOOOOOO.0000000000 Def(X)O0
ooooo.

(i) dim X = 1.

(i) X0 FanoOODO,00000000 —KxOOO.

i) X00OOOOOO (0ooooooooo).

(

(i), (i) 0000000 H2X,7x)=0000000, ()00 10000
000, ()0000-0000oooooo.

(i) 00 dimX > 20000 H2(X,Tx) # 00000, 0000000
0000000000 00000. 00 ¢ox: X —>A™X0O00000,00-
Spencer 0000000000 OOODODDODDODDODDOOOODODDODOO. (DO
000 -Spencer 00 O [KS58, 14 ()]0 0. )



000 CALABI-YAUOOOOOO 3

000000000 XODOOooDOoooooooooooo. ooo vakil
oooooooob: zoobOooooOoo c-OboooTrooo,bo0oodg
SO0000O000D00Def(S)D TOODODOUODOODUODOODOODOODODO
O000000.000 KeODODOOOOODODODOODOOOOOO.

00000000 DOO0OO0DOOO0D0OO0d, Bogomolov, Tian, Todorov, Ran
([Ran92)), 00 (Kaw92)) DO OO OOOOOOOOO.

00 2.5. X0 Calabi-YauOOOOOO (000 XOOOOOO Kéahler O
000 Kx~00000.). 0000 DefxOQooooQ.

00 2.6. TodorovO OO ([Tod89)) 0000, SU(n)-0000000000O
O0D00000. 000 HYX,0%)=0(0<i<dmX)0OOODOOOO
0000 Calabi-YauD OOOOOODODOOOODOD.000D0ODOOOO
0000000000000000000,000000000000000
O000000. RanO00000000O0DODO KxO torsion00 XO0O0O
000 Kiahler 000000000 DO0OO0O00O0DOODOOO0.OO0DO0O0OO
000000000 Doooo.

000000000 THifting property 0000 000000000.

00 2.7. A, :=C[t]/(t"™)), B, := A, ®c A1 ~ C[t,u]/(t"",u?) € ADD
0.00000000000 X0O X, €Defx(A,)0000,

TY (X, /An) = {(X, = Y,): (X = Y,) € Defx(Bn),Yn X, An =~ Xn}/ =

O00. (X, —=Y,)~(X,—=Y)0®:Y,—-Y 0¢X,)=X,0000
ooooo.)

000000000 X00000 Defy O T'-lifting property 0000
oo0,000rn>00000

Tl (Xn/An) — Tl(Xn_l/An_l)
ogboobooboogooog.
gobooboogoo.

00 2.8. ([Ran92], [Kaw92], [FM99)) 000000000 X OO0, Defy
0000000000 THlifting property 000000000000,

ubbodgboaobgad.

00 2.9. ([Del68, Théoreme 5.5]) X OO OO OODO0O0O0OOO Hodge to de
RhamOOOOOODO

EPT = HY(X,08) = H(X, Q%) ~ HPT(X,C)
0 F-000000000.000,A€ A0 X4€Defx(A)0DODOOOO
goooo

HY(X 4, Qf;(A/A) = HPTI(X 4, Q% /a) = HPTY(X, A)

0 FE-0000. 00 HY(Xa, 0%

v )OO0 ADOOO0OO, Artin000O0O
a/A
goooooo.



4 oo oo
00 2500000000.000 (X < X,,) €Defx(4,) 0000,

T (Xn/An) = Exto, (U, /4, Ox..)
0D00.00290000000 wy,,,, 00000000

Exté, (% s Ox,,) = H' (X, Qb 1/ a)

000 (d:=dimX). 000 T'-lifting property 100000

HY (X, Q%0 ) = H' (X1, 9% 4 )

gbooboooobooo,bobob 290000. ]

00 2.10. 0000000, X000000000000 Kx~00000
Hodge to de Rham 00D D00000 E-0000000000,00000
0 Def(X)DOODODO0OD. 0000000000000000000000O
000000000000000000000 ([Ghy9s)).

3. CAaLaBl-Yau O, O FanoO O QOGO

00000 Calabi-YauDOOOOOOOOOD. 00,00000000
(X,p)00O0O00000.

00 3.1. X0 C-000000(00000000),DcXx000000
0000 (0000)000. 0000 Def(x py: A — (Sets) O

Def(X’D)(A) = {(X — XA,D — DA,DA — XA) |
(X < X4) € Defx(A), (D < D4) € Defp(A)}/ ~

000000, 000000 (X < Xa4,D < Dg,Dg = Xa) O (X <

X',D— D,,D'y = X,) 00000, A-00 &: X4 — X, 0 ¥ :Dy —

D,0000 D, X000000 compatible000000000000000.
Def(xpy 000000 Defx 000000000000,

Defx O Def x, py DOODDODOODO “ODO0OO”00O0O0O0O0O.

00 3.2. 0000 F: A— (Sets) 0 F(C)={x}0000, f: A— BO
f+A-BO000000000000000 ¢: F(AxgA')— F(A) xpp)
F(A") D00 “Schlessinger 0 0 0”(H1), (H2), (H3)OOOOOOO:

(H1) fO0000D00O ¢00O0.

(H2) A=A, :=C[t]/t*) 000 ¢O0O000.

(H3) T+ :=F(A;))0D0DO0O0CO000O.
FOOODODDOOOOO Artin0000e:=0—J— A" -A—0)000
O “0000%,: F(A)»T2®JO0000000000000O0:

(i) F(A) - F(A) OO0 o Y(0)0DDO.
(i) 0. 0 Artin 0000 DOO00ODODOO.



000 CALABI-YAUOOOOOO 5

0000 FOOODOOO,00000 Artin0000000 F(A) — F(A)
00000000000, 00, FO T'-lifting property 000000, O
000000000

F(By) = F(An) xpa,_y) F(Bn-1)
O000rn>100000000000000.
Fantechi-ManettiO OO QOO O0QO0OO.

00 3.3. (FM99)) 0000 FOOODOOOOOOO, T lifting property O
0oooooo0oooooo.

00 34. FOOODODOOOOOODOOOOO0OOOO0O0O00000. 00X
0 Calabi-YauO O OO Defx 00000000, (X < Xa) € Defx(A) O
00,00000 wx,,,000290000000. 00 H%XA,Tx,/a)
HO(X4, 04,0000 (d:==dimX), 000000001t 0000000
290000000000 (0000, =N, /4 Txasa = (Qx, 0"V

ooo.)).

0 35 XOOOOUOoOoooboobo bpcXUboooobooooobd
O, Defx O Def(xpy DODDDODODOOO. O0OO0O0O00O00O00O Hilbert OO0
gbobooboobbooboobooboon.

00000 Calabi-YauO O OOO BTTOOOOOOOOOO.

00 3.6. ([San14], [lac15]) 00000 Kéhler 000 X0 OO0, 00 m > 0
000000 |-mKx|0OODODOOO DO0OOO0O0O00OO0O0OOOOOO.
00000000 Defxpy 0000000,

T'-lifting property 0 00, 00000000000000000000O0.
000 Deligne00000000000O0.

00 8.7. 00000 Kihler 00D X0DOODODODD DOOOOOD
00,A€ADO (X4,Da) € Def(x p)(A) 0000
00000000000

EP? = HY (X4, Q% 4(log Da)) = HP*(X 4, 9%, /a(log D))

0 E-0000.00 HY(X4,9% ,,(logD4)000 A-00000, Artin[

X4 /A
0000000000, (%, ,(egDa)0 D400OO0OO0O0O00O
ooooo.)

00 600000000.BTTOOOO TYHX,/A,)0000000000
Def(x py O T1-lifting property 0 0000 0. 00O T-lifting property O
(Xn,Dn) € Def(X,D)(An) 0 X,.1:=X, X An An—laDn—l =D, X An A1
goboogooon

Hl(Xn7TXn/An(_log Dn)) — Hl(Xn_l’TXn—l/An—l(_log Dn_l))
0000 > 100000000000000000O00000O0O0O. OO0

i=n—1,n000 Tx,ja,(-log D;) := (U, ,,(log D;))" 0 OO



6 o0 od

oooddd,m=1000000000. 000000 3700
H(Xn,wx, /4, ® Ox,(Dy)) ~ Ay,

|:||:||:||]DDDDDD,WXR/ATL@OXR(DHEOXnD[l[l. ooooooo
good
Hl(Xna Q?{ZI/AH (log Dp)) — H' (Xn—1, Qi(zl_l/An_l(log Dy1))

(d:=dimXOO0O0)000,000000000000.

mO000000DGLADOOODDOUOOOODOOOOODODOO ([acls)).
0000000 (ODDO THiftng0 0000000000000 DGLA
ubboobooobod:

(*) 000 n>1000 (X, D) € Def(x.py)(A,) D000
w;eéT/An@?OXn(Dn)’iOXn-
DDDDDHl(X,(’)X):ODDDmleDDDDDDDD. O
gag Def(X7D)DDDDDDDDDD,DD Defxy OOQOOOOOOOO.

0 3.8. ([Sanl4]) X OO FanoO OO ODOO,00000000 —KxOOO
OO00OC0O0OD.D0000 DefxyOOGOODOOO.

O00.000000000000,00000m>00000000 |-mKx]|
oooobooooobbopoOoO. 00O DODOO Defxpy00O0, 000
P Def(X,D)—>DefXD Ae A0 (XA,DA)GDef(X7D)(A)DDD

O((X4,Da)) = (X4) € Defx(A)
oo0oooo. 0ooooooooood.

00 3.9.000 @: Def(xpy —»Defx DODODOODO, 000 A A e AD
A —-ADD0O

Def (x,py(A’") = Def(x p)(A) Xpety (4) Defx (A')
oooooo.

00000.0000000 HY(D,Np/x) =0 (Np,x00D0)00000
0.000

H'(X,0x(D)) = H"(D,Np,x) = H*(X,0x)
0000,00000000000000 - ViehwegDOODOOOOO. OO
0 HY(D,Np/x)=0000. O

00000003600 Defx 000000000000, O

0 3.10. 0 FanoDODODODOOO, FanoDODODOODOOOODOOO
D00D0000000000. FanoODOODOO0ODOODO0O H2(X,Tx) #0
O00000000.000 X =P(0pee0p(3))0000,000 P(1,1,1,3)
O vertex 00000000 FanoO DO OO, HX(X,Tx) #0000. 00O
T1-lifting property 0 000000000 0D0O.



000 CALABI-YAUOOOOOO 7

00000000 |-Kx|0000000000,0000000m>00
00 |-iKx| (i=1,...,m—1)00000000000000 FanoO OO
X000O000O0O0O000000.000000000000000000.

0 3.11. Def(x py 000000 Defx 0000000000000000
00o.

CcPO0D0ODO0ODODO[C]eHiIb(P)ODODO,00CcO00000
4000 S00000000. (SernesiD 00000000 ([Harl0, Exercise
132)) 0000 X P30 CO0000000, |-Kx|O D:=up (500
000 Calabi-YauOOOO. 000 Def(x py0000000. 000 Def(X)
O Hilbert 000D 0000000000000DDDOODODO, Defy O
Doooo.

0 3.12 w,'00000000000000000000000,0000
oooo.

00 wy!00000 Defx 0O0OOODOO0OOOOO. 000 TO 200
00000000000 X=TxP'0000,000000000 ([KS58)).
00,wy' 00000000,

wy' 00000 Defx 000000000000, CCcPPOO0O0O0OD
000000 [C]eHib®P)00D00000,00C00000300000
00000000 Mumford0OOOO0 COO0O0OO). 0000 X —»P3
0CO0000000 wy'00000, Def(X) O Hilbert scheme O [C] O
00000000 000000.

000 X0O0O0OO0O0 wil!0O00(00000)000000 Defy 0O
000000,00000000000,0000000000000000
oo.

4. CALABI-YAU O OODOOODOOOOOOODOOOOOODO
gboboobooobooobboobooobooon.
OO0 4.1. 000 Calabi-Yau OO O OOOOOOODOOODO

100,200000000,K3000000000O0O0O0OOOOO. O
00 Calabi-Yau 3-fold 000 toric 0000000 OOOOOOOODOO
g,0booogobgoboboo.gboobobbobo3boboboooonog
gboboogdgbooaon.

OO0o0oO0DOo0obO0oobOoooooogn, Calabi-Yau 3-fold0 000
ooo0obDO0bOoo0oooboobOobooboOoDOoboOoOoog. GressO OO
O0OooboDOoOOn Calabi-Yau 3-fold0 000000 DOOOOODOOOO
0. 0000000 Calabi-Yau 3-foldO0O0OOO,0000000000O
O0OD.0000000 Calabi-YauOOOOOOOOOOOOOOOODDO
0000000000000, O0D0000 Calabi-YauOOOOOOOO,
gboooooooooooon.

0 4.1. (1)([Fri91)) Friedman 00000 50000 X =Xs; cP40O000
0000 disjoint 0 (—1,-1)-00 Cy(i =1,2,...)0000000000. O
000 X —» X,,0¢C,,...,C, 0000000000 (Gravert 00000



8 o0 od

00). 000 Friedman 000000000, X, 000000000000
00Y,0000000000. 020000 by(Y,) =000000Y,,0O
Kihlee 0000, 00000000 e(Yy,) =-200—2m000000. 00
O Y,(m=1,2,..)0000000 Calabi-Yau 3-fold 0000000000
oooooOoooo.

(2)000 ([Ogu94]), OO ([Fri91]) D O OO Calabi-Yau 3-fold 0 (0 O O )flop
000 H)X,z)0DOOO DO |D}00000000DOO0ODOOOOO,
Moishezon Calabi-Yau 3-fold 0000000000000 OO0OOOOO
o0oooOoooo.

0000 (2,4)-0000 X = Xo4 C P°0 Calabi-Yau 3-fold 0000, O
000000000004 >1000 (-1,-1)-00C;c XO000000
d00D00 XO0DOO00O0O00OO0D0.000 Cg0flop X --»Y,00000
000000000. 00Y,00 H€|0x(1)|]DODO0O0O H,O0OOODO,
H}=8-d4*000.

(3) Ghys 0O OODODDOOO h(X)DOOODODODDOOOO0OO XO000O
00oooo. SL(2,C)00000000000000000Troo0ooon
0000000,0000000rooag.

Fine-Panov ([FP10)) 00 0000000000000 OOOOOO0O
O0000.00000 SL(2,C)000000D0000DD0O00onoog,
0000000000000 crepant resolution 0 00O 0O0OOO. OOO
HY(X,Q4%)#£00i=1,20000000000000, “0 Calabi-YauO”
oooooag.

O0-00 (KN94)OooOooooooooooooooooooooo,
gbooboboo.obod-boooooooooon.

00 4.2. ([Fris3]) SNCOOO X =N, X, 0000, D:=SingX 00,
Op(X) := (@)1 Ix./Ix,Ip)" € Pic D

D00 (0000000000). X0d-00000000, Op(X)~0p0O

Doooooo.

00 4.3. N=20000 Op(X) ~Np/x, ®Np/x, 000, 000000
00dO000000.

XOoooooooooooooooboobooo,xOodoooooo.
OOooOoOooDoOoooOog, Calabi-YauOOOOQOOoooooo.

00 44.n>3000 XOnOO proper0000O0ODOO (SNC)OOOO
gboobobooboboooon:

() D000 wxOOQOO.
(i) XO d-000
(iii) H"Y(X,0x) =0, H" %(X;,0x,) =0 (i=1,...,N)0OO0OOOO
00 (X =U¥,x;000000000).
0000 XOOO A'0O000 ¢: X - A'0000X00000,0000
00000 X:=¢ '(1)000000000D00000ODDOO000OOO.



000 CALABI-YAUOOOOOO 9

00O 45.00-000 XUOKéhleeSNCOOOODOOOOOODODOOOO
OO00OC0O0. 000000 Kahler SNC Calabi-YauDOOQOQOGOGOOOO
ubobooboooboo. oobooboooboo,boobooibn stratum
00 Hodge-to-de Rham OO O OOO00OO F-O000000D0O0OOCOO.
0000000 X;0 KahleeODOOODOOOOOOODOODOOOODOO
gob. 000 XxXxoooooooooboobooooox0000DOO
gboogooog.

00440000 Calabi-YauOOOO SNCOOOOOO0O00O0O0OOO
0. Lee ([Leel0])) 0000 Calabi-YauDOODOOOOOOOO0O. OO
0000 SNCOOOOO0OO0OO0OOO000,0000000000000000
oo.

00 4.6. (HS) 0000000 e>0000,00000000000 3
0000000 X =X(a)0 Kx ~ 0, ba(X) =a+3, H(X,0x) = 0 =
HY(X,Q%) (i=1,2)00000000000.

00000 X(a)O SNC Calabi-Yau OO OO OOOOOOOOOOODO.
OOoSNCOOOOODOoUOOODO ghingOOOODOOOODODODOO
go.

00 4.7. X;, X, 000000000000, D, CX; (1=1,2)00000
ooooooboody:Dy~D,00000000. 0000000 SNCO
OO0 XoOOOOOODOO ¢ X5 — XeoOOO Cartesian O O

chi—1> Xl

\[ﬂ)oiz \[Ll

XQCL XO

00000000000 (j=1,20004;: D; - X;00000). 00O
XWX, 000,4: Dy — X0 dp09¢: Dy — Xo,000 push-ont 00O

048. 000 X;=X,=P000,S=D;=D,CcPPO00000400
0000.0000+4%:=id¢0000,SNCOD0D0 Xo:=X;U¥ X000
0. 0000000wx,0Kx,+D;~0000000000000000
000. 000 Ngjx, ®Ng/x, ~0s(8)00000,d-0000000.
Owuw:Y,»P0O000000CE|0g(8)|00000000,Y,=P0O
00. S cyy0sS0000,us:5 —-SO0p0000000000. 00
0Y:=Y1UsY,0d-000000,0044000000000000.0
000D000000,S00000000000000,000 twistOOO
0000000 push-owt 0000000 SNCODODOOOOOOOOO. O
0460000000000000000.

g

ubooboobooboooboboo,boboabog,oobooooo
gbooooog.
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Yoo NI AR —=FHERDP SRy THAEA

)1l B — (Youichi SHIBUKAWA )*

BME
Yo NI AR —FRACEE L 2f 2@ T, Sy TREO—BbThDFy THAKEENT 5.

1 4vhO¥ovvayv

&Y. ZOHHREDIT

(1) Xinkl —Xleij (i,j7k,l: 1,...7TL)
(2) ZZ:]_ Xik(X_l)kj —d0;; (4,j=1,...,n)
(3) Yop (XY Xyj— 65 (,j=1,...,n)

THBENETNAFTN LIS E B8 C(Xy, (X )y | 1< i) <n)/T & Ap 2B ZEET B (7
Udyj 7By h—DF N VRL)., 20 Ap BRRETHD (1, 52 ® §1]. TOMEHN (RE
A:Ap > Ap®@ Ap, R¥ANie: Ap — C) IFRD LS IZEHRI NS 2 DOFEHRPREHERTLIZRE LS
kT 5).

(1) A(Xy) = > p Xirw ® Xiy

(2) A(Xig) = 2 (X Dk @ (X D

(3) e(Xij) = e((X71)ij) = 0y

X5 Ap I3y REUZH B 1, 2 E §1]. ZTOEERTHEINEH S Ap — Ap 1%, T EX
DL RIS (KECHM L UTHET3).

S(Xi5) = (X713 S(X 1) = Xij.

Ap 5 C ~DORBER T EAERD L STHEE M & —Bf B GL,(C) 3EEL LTRMTH 5. FEE, &k
DEBNZDORAINEEZS.
M>F— (F(Xm))“] S GLn((C)
ZIT, TN ELUTORBIZZRE LI M ITHEEEZ5 X2 TE5 (1, % 4 = 4l 4.3], [17,
Example 9.7]. TD& &, R A 25 & M OFD, REAMG ¢ ZHWD & M OHBATA, WHEq S &
FAWB L HIEBERTEL LR -oTWS. FEE, FFGe M IZxL

e MFG=F®GoA;

* bHEE KRR SRR Y, shibu @ math.sci.hokudai.ac.jp



o HifiiiT 1y = g;
o F(e M) D¥itlE FoS (CHAu#TH 270 FoS e M IZHERE).

FIFEHZ T TIEERL, REPREAHE (A1) A=(1QA)oc A AT N5 M OFIFEEIH L 72
272Y, GL,(C) WHTHE Il Ap Ry TRETH 2 Z B ESMIBELT VS,

ZDFRy TR Ap 1%, nikRiiR7 MVZERV = @,Co, DT VY LVEV QV LOMEEHR P VoV —
VeV (Phew)=wev) LBBAE. BE (v v} KT 2 P OFFIRROKL % P b $52 &
($mbb Ploy@u) =3, ;v @0 P, XijXp — XXy =2, P Xoj Xar — ijuxmxataé
DT, Ap DEHBRRZ L5 Z 5l 77V I OERKTIK

szk Xb] al_ZPQ%Xkaza (ivjvkvl: 17"'7”) (11)

ZX”“ 1 j—éij (@',jzl,...7n)

e
Il
_

(Xil)ikaj —60;; (,j=1,...,n)

\E

3)

E
Il
-

Thd. PAEIITEDHLD, ThizdboT EXFBRAZELUT, MEEHRP VRV VRV Ky 7
RECAp ZPRELTWE] ERBZLIZT 5.

Hg P ARTY Y - N7 A —FERA (2,3, 20, 21] (S OHBAE, TLA FEGALEAL) (PR 1)1
PXP@l%zﬂ@PXP@Dﬂ@P)@%fﬁévtkﬁﬁbfyF:@%W@Wﬁ&é@#bf,%%??~
N AR —FTERDER S VB NSk y TREZHERL L5 LRALZDRARTHS 5. £, 6] T,
BTY Yy NIRAXR—FREROMN S — MR GL, (C) @ g-analog FOBEER L EIXN 2+ v TREUE #E
BLTWw5

EHETIEEICRELC, [ ETHMALZ@ROMMAE —RIL T, —BibEhizyy - N7 22—-FfEX
DIEH SRy TRED b 2R L & 51 LilA, ZONE» 5Ky THABUIZ DO W TEEH L &bE TR
L7z,

ZOWETIHHEENEEHEL, WRBO—BLTH 2 ENHEARE, BLIOFy 7TREO—B{tThd kY
THABDOE#REZ G AT LT, &y TRE Ap O—ffb e 25 Ky THABAIRR T E 25 Z & 2 f{HISHNT
T5.

2 ENERE A,

AL LZRIZETSHMIcZEDBEEL (BRADOHAITE 14, BRL OHALE 1, £ESL), sp:L— A

Yt L A%
sp(DtL () =t ()sp () (VLU € L). (2.1)

EATHRER E $5. 72720, LP 3R LOKRE (KFARE) TH5. N (2.1)12&b, B AIFEA LM
BE 75 (ZOMBEERE LA, TRY).

l-a-l'=s,()tr()a (I,I' € Lya € A). (2.2)



EE 2.1. Wl L DR TV IVEIZBIFSRE /A K (comonoid) (L Ap,vr : A — A®p A,mp : A —
L) WrEHI-T L E, AL = (A, L,sp,tr,vL,mr) ZZNHERE (left bialgebroid) &\ 5 [4, 5.

Za(l)tL(l) X a2 = Z an) ® CL(Q)SL(I), (23)
(a)
( a)=1la®1a,
7L(ab (a)yL(b), (24)
mr(la) = 1L7
1 (ass(mo (b)) = mr(ab) = o (ati(mi (b)) (VL€ L,Va,b e A).

7272 UK (2.3) Tk, Sweedler IZ & % sigma notation [18, Section 1.2] £ HEN 35 FEZHWT W5,

:Zali®a2i :Za(1)®a(2) c AQr A.
é (@)

AR 2.2, ER2LICHNDZRE/ AN, TYVIVBEIZBIT2E/ 1 FORATHS (E/ 1 FOERITH

NBREES (DR 2HHEIZLED D).

ER 2.3. X (23)1ckb, X (24) DAL IE well-defined £ 7223 (B L BB T LHAMTH D LITRS &

ZEWER). ob, X (23) DRT, Z a(l)b(l ®La2)b(2) (vr(a) = E(a) a1y @ ace)y, '}/L( ) =
5 bty © bay) ERETEDIR D F71 KEaTRE bOT, T ye(@vn(b) (€ Ay A) L L. ZOk
R EENERBOERITIIERINTWVWS.

Iy

ER 2.4, AWHEABUE [19] 128155 x -bialgebra LHUEDTH 5.

BATF, K 24k, H 22 TRWES, RE2 KAREE L, My(R) 288 H SR K ~NOEGLEDLT KR
95, GEEASHOBERN GH) ODXMOMAHLL, TOEEDTa e GIZRL, T, € Endk(L, L)
ETo(f)A) = f(Aa) A€ Hia € G) DD (722U da:=a()). X512, HRES X 158G ADE
Bdeg: X — GHWEAET DI LENET 5.

Lap, (L™ Yy (a,b € X) %K%fnt LT, AEAK K(Mg(R) @k Mg(R)°P)[[{La : a,b €
XTI YVap s a,b e X}) 22 5. 0% € My(R) (a,b,c,d € X) 12 L, BAFD (1)-(5) DL TERE
o EEBEmREoml s TTVE [, &35,

(1) §+& = (§+¢), € —(c§), &' — (&¢') (Ve € k,£,& € Mpu(R) ®x My (R)7).
72U, E4E 1T BT BRE + FHBRETOMERL, (+&) TORE + 1 My (R)Qk My (R)P
’C‘O)ﬂ]’i’%’z’d‘ 4@@5552%0:36&51%5—1%%%%@%.
2) Y Lae(L™ e — 0ab0, > (L™ acLey — 6 (Va,b € X).

ceX (‘GX
(3) (Tdeg(a)(f) & 1MH(R)) ab —

Las(
(It (R) ® Taeg(v)(f) Lab — Lab(Iary (r) @ f),

(f @ Larm) (L™ ap — (L7 1)a b(Tdeg(b)( ) @ Lary(r)),s

(g r) @ FIL N ab = (L7 ab (i (r) © Taeg(a)(f))  (Vf € Mu(R)(= My (R)?),a,b € X).
(4) >syex (058 @ Lary (r)) LyaLay — Ez,yeX(lMH(R) ® 0% LeyLas (Ya,b,c,d € X).

(5) 0= Lary(r) @ Lary(r)-

F® v (r))s

Z DA F T I, 17 & B E RS K (M (R)@x My (R)P) [T{Lap : a,b € X} {(L Ny s a,b € X}

3



D% Ay £95. A, DEFRBEFRN (4) &KX (1.1) 20T 2L, 02 Ap O—LIZm>TWE Z LN
(e WP O—IZR>TVWAEI L EADLET) HRBINEESS.
EHE 2.5 ([7]). Bfideg: X — G & obd e My(R) H

e deg(b) o deg(d)(\) # deg(a) o deg(c)(N) = ol4(A) =0 (VA € H)
o obd()\) € Center(R)
RHFTROE, B A, EESHEMRETH B (CL [14, 15)).
ZDOEHDAENFRBUZBNT, s, My(R) — Ay, tr s Mg(R)P — A, lJIRO K5 REHTH 5.
sp: Mu(R)S fe f® 1y, (r) € Ao tr - Mag(R)P S f = 1y r) ® f € Ao
YMu(R) P Ae = Ao Qury(r) Ao IZOWTIHE, EEARERIC EOMEDOAZGLT.

) (f@g)=(f®l)e(1xg);

YMp (R) (Lab) = Z Loe® ch; ’YMH(R)((L_I)ab) = Z(L_l)cb ® (L_l)ac-
ceX ceX

E“x‘fﬁb: WMH(R) : AU — MH(R) %i%’d—éfl’_&), ij_, K’fﬁﬁ@@gﬁlﬂ (S AU — EndK(MH(R)) ’E(b—\'@
XoITEDS.

e(f ®9) = pi(f)pr(9); €(Lab) = davTacg(a); (L™ ab) = SabTaeg(ay-1  (f,9 € Mu(R)).

772U, fog € Mu(R) XU pu(f), pr(9) € Ende(Mu(R)) % pi(f)(R)(A) = (fR)(A) = F(MR(A), pr(9)(R) =
hg LE#T S (A€ H,h € Mu(R)). EH 2.5 DFMIL, Z0 e A well-defined £725 Z & 2Rl T 5. T
UT, mypr) i Ac = Mp(R) e ZHOTIRO LS IZEHRIND.

Ty (r) (@) = €(a) Iy, (r) (a € Ag).

3 Ry TEHAE A,

Ap = (A,L,SL,tL,ALJTL) EENMEMAE, S:A—- A%ZR A LOKEHCHRE, L 2K LP L RBLER
LT 5 (ZORMEGE v LP 5 I L LTHL).
RN (2.2) T, A LOKE LIRSS LA &4 L INFEHGE Ap 28 A U7,

tA:l-a=s;(Da;Ar :a-l=tr(l)a (Il € L,a€ A).

INEFEBIZUT, BEA LIC L IBRSE2EAT A N TES (£ L ks E VA, 4 L kS %
AL # L.

VAir-a=as,(v ' (n):;AY ca-r=aS(s.(v"1(r))) (re L ac A).
BE31. BB S:A— A, sp:L— A, tp:L? 5 AN
Sot; sy, (3.1)
R AT ST, ROWEE S DMBEOUERR Sy 4 AL @ LA — AL @ L' A H—FEINZIFET 5.
Sag,ala®@b) =S5(0)®S(a)(a,be A).



Ap(a) = 3 aq) @ ag) % Sweedler’s sigma notation [18, Section 1.2] 32 & &, X (3.1) &
ey Slay)ag) 7 well-defined £7%2 ZLITHERT 5L, REMV DI LADYS.

R 3.2. B S:A— A, sp:L— A, tr: L > A 7 A= L»AB1) &

> Sla)a@) =trom,oS(a) (Yac A) (3.2)
(a)

EARTHOIE, WOMEE S ONBEOHER Sag 41 AV @ 1A = AL @ pA B —EIITEET 5.
Saw,, Ala®b)=S(b) ® S(a)(a,be A).
G AL A— AV @A % Ap = Sag, a0 AL 087! LEHTS.
£ 3.3. 420 (3.1), (3.2),
(AL ®ida) o Ap = (ida ® Ap) o A, (A ®ida) o Ap = (ida ® Ap) o Ap

AT ENHERB A, R ADOKACDA S A — A DM (AL, S) 2L, ROVEEE L DGR Sag,, a
DG4 SZ;@L,A BT B L&, Ml (AL, S) 24y THE (Hopf algebroid) &\ 5 [4, 5].

SagraoApr 0§71 = SZ;@L,A oAyrpoS.
EIE 3.4 ([7]). HEY)7% Ug(lj’ € My (R) 1T U, BHL2.5 D A, Ay THRE LS. 72720, L' = My (R)P,
I/:idMH(R)ap.

WHE T, POt Td BHERE (quasigroup) 2 FHWT EOEHIZE T B 0% € My (R) 2L 72
(7,9, 10, 11, 12, 13, 16]. 2D 0% € My(R) »SEE 2Ky THARM A, BT, KRB KH A FE
S:A, = Ay 1E, TR, ROXSITEREIND.

S(f®g)=9® f;S(Lap) = (L ap; S(L™Nap) = Lay  (f, 9 € Mu(R)).

HHOBBETIE, My(R) 2 BILLTESNS A, 2OV THEN L 8],

T

HHOMAE 5 A TR WABTAERS L OBMBRI £ TREM L LIT2. £/, @6y Hosic i
HERIR I AT L7 2 2 v, MIRAID L LTH L DA 212 SOV Ve, SR BB
DS DREH % H L L7,

AR (17K05187) DB % — 513725 DTH 5.
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ERIbEES =LV NEEICDOWT

KB —F (LAKRZE BURBEERD

ABSTRACT. 5% 517 BB (R, m) O m-#E#E A F7 L0 L~ N EE DT
X, TNE2ELEFERE R®, Rees KB L UHERBEROEE L Wo 21 T 7LD E
ERBRANELINT VWS EEZ SN TWS, ARETIE, MM ADERa—zy -
R a— LA RBFBRMIZRT S m-¥EES T 7 IVOEKILE Nz e L)L MEBUZDWT
EREFFS. FHRAEI N ~)L MEBUE, 1990 EEIZAHESIZ L T, Kl ~b
NREL D & FEAEREER D RIS & OBIRMEBH Z 8z, BAIZZ OREEIFSE fTh .
TR LT, 3E4E, Corso-Polini-Rossi [1], Phuong [10] (2 & 5T, Sally IO iw
MIESEI N 1 eV~ MEREZHIFEIT 2BICEMTH D Z L WREB I .

AL TIE, Sally IMEOMIE L ZDREZBNTIHLLHIL, ThHEHAWVWT, E
HALENZE 1 B I OE 2 b IL)L MEEUZ & 5 m-HEHE A 5 7 L OREE D Fr 72 723 48
ZRNT 5.

1. A

AHEDAAIE, S. K. Masuti K& M. E. Rossi [k & OILFEHFZE [8] (DI LD T
»H5.

AFEEBEBUTRIZH SR WY, (Rm) 2FADE LI -2y - w3 —-L1fH
FrERE$ 5. 72720, BB R DPERNADIETH % L1, RO m-HEZMIEAHEA T
HHZTHD. AFERERDOKullikitz d=dimR >0& L, fiEDzd, FRE
R/m 3ERIKTH LD LINETS. [Z# ROMMERAITTNLEL, J = (a1,a9,...,a4)
FROERATTINTH-T, [OHIEERTEDETS. (72720, JHIDHKRTH
5%, BBEKEr >0/ LT, FAXIH = JI"DBEDILDZ RS, T DHIE
DOEEEIED. Rees IZE o TEAINZEDTH D, 5BIZEET S Rees fSBR AL IREL
BROMIGE Z T 2BRICEBEREEH 2 R -TE£DTH D)

AETIE, T T7TIVOEMAUOMSEZFMAICHWS. £33, TOEEEZENT
5. re RV EEBETHDLIE, HI2BHn>1 a, e’ (1<i<n)BPEFELT, ¥
Rz +az" '+ 4a,=0DKO VDT R NS, BT,

I={zeR|xlxI L%}

ERL, 177NV DEHAGLIER. RVEFNIADIETH S L WSIIRED RTIE, H
BEH > 0DMEEL T, [EEDOBE N > r 2L T, %X 0t = JIn B 2D, T
bbb, JRIDOEREINZT V=Y ay I iz UTHiBE R>TWb 2
EMD. Rees IZX > TEFHHEI N T W 5.,

1



B 25N m-¥ERA T 70V OREEZEDFET D812, Rees RECR BELEIREER D &
WL 25, IF, REDARETLLIZHNL T,

=> I"t"CR[t], R'(I)=R[It,t"|=> I"t"C R[t,t"]
n>0 neL
ERED, TNFN, 1T 7NV I D Rees B, ik Rees RELE WS, X507,
G(I) /t IR/ @]n/]n—i-l

n>0

CRED, 1T TIVI OREREERE NS,
Rees (RECR(I) D []V\]K BIF¥HAAE R(I) = ( ) &KL, #EK Rees fAEX
RUI) D R, - e B 28Har R = R0 e &Y. T8, 45710

WA EHNT, ZThEN,
R() =Y T, R(1) = T

n>0 nez

ERTIENTES. 2F0, 177 )VOEEAD L I Rees [REXDBILKITH RS B
RBTHDEVWASL. THIT,

G =R/t R(I) = P17 /T+

n>0

SRl

LEDS.

:memmﬁﬁ%%ﬁmﬁ%tmot,4?7»&%%?5&&%@%@%&%?
HEIZ, )L NEHBDBEERPEN THDEEZONT WS, IRIZ, TOEBIL)L K
R DERZ BN T 5.

ATTNIEmIERTHEI Lo, EEOn € ZIZNLT, FRER/IIZT
VT 4 VEROWGENAS. [>T, RMEEE U TOMBKIIDEKRTDORE lg(R/I™)
MEZD, TNEnIZOVWTORBEAZEDE I DL IL)L MK E NS,

366:, &)ZD{GK )EZ}0<Z<d7bﬁfL/wC +§j\j<%73~ ﬁn>>0Lﬁb’C %égiﬁ

tatr/r+) =) ("5 ) = ("5 ) e 1t

MO NDZ ERELHENT WS, ZDIIRDLZBIEHAZATT7IVI DI ~ZIE
RNEMEY, &Re;(I) AT TNV I DE i LIV~ MMRE L IEI.

B2, SCHEIEGRIID o(I) 1, 1 F 7V I DEMEE LIFIEN, FBFFERO L)L N
BOWEIZZ OEEEREZENICRE2Z L TCE R Wb TWb., 177V [ Ol J
XU T, FRXeg(l) =eo(J) BEDLD, THIT, RAA—T Y - ¥a2— LA JFFER
o, JRTOERATTANTHEZ S, Ehey(l) = x(R)J) DY LD, D
Y, a—TV - vIA-VLABFRNIZBEWT, m-¥#ERA T 7V OEEE (1) 1XH
FHCTHA EWZ 5.

WIZ, EHEE N2 )LV MEE (EHRE LRV M) IZDOWTEBZRANS,
AF TN UT, L(R/TY) % n OB E AE D%, [DIERILEI NI
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NEEC (GEBIR VAL MERED & WS, RBEIIADIETH B & WS IRED T T,
5B A{e,(I) € L}o<ica MIFAEL, +AREVELE n > 012 L T, FX

- d d—1
a0 () (" 5 )~ (") e catn

D DNLD. ZDARDEZHEREA T 7V I DIEKLI Nz b~ v ZIEA (Efe
ARV R ZIHA) Y, &R (1) 2 BRI Nz~ MEE GER eV ~L
MEHD) W, i, Hheg(]) = () YLD Z Eh 5, EHftEhizei~L
FEREBUZBWTH, TOHEEE () ZHHTHL L WVWAS.

RGO HEL, FEHREESNZE L eIL)L MREE (1) B X OHE 2 e L)L M BRI
& (1) IZHEH U, Rees REBCPHEAERBERDOMED D ZT S DTH 5.

T, AHROEATHRZMNT D, FE6] 12X >T, EFbINLEL LA
IV REE (1) 1T LT, ARERX

e () = e(I) = Lr(R/T) + Lr(I?/JT)

NEZ 6N, 61T, MO25EMENFAHEE % 5.

(1) &1 (1) = 2o(I) — La(R/T) + Lr(T2/JT) B3 D 2.

(2) EEDOEE n > 212 LT, vt = JIn H3EE D ViD.
ZOEMESRMEDRR DD &, d> 2% 51E6(I) =(5(I2)J]) THYH, BH3I<i<d
R LUTe(l) =020 >, 5612, GDHIFa—xzy - ¥a—LVAEBTHY, d>3
ROERI)BIA—TY - vaA—VABRERSL. Z0Zehs, Fhe(l) =) -
Cr(R/T) + (R(I2)JT) ZiliT=F & 5724 FT N T RRVWEEEROLDOTH DL VA 5.
W, R R(T2/JT) = eo(I) + (d — Dlr(R/T) — Lr(T/T2) SR DIDZ & A5, Edo
REXRODELIFER T DL D HIZES5BVEDTHD I N5,

(6] 1, 552 LIV MREG (1) IZDWTHIRD & S BERE2T>TWS. d>2
D& EAFER

&y (1) > @ (1) — (1) + Lr(R/T)
DR DNLE, IRD 2 MDA L 72 5.

(1) (1) =& (1) —eo(I) + Lr(R/T) DD LD,

(2) EEOER n > 21K LT, InH = JIm B30 31D,

ZDREMEZMD RO NED L &, & (1) = (1) —Lr(R/T)+LR(12/JT) TH Y, I3 <i<
AU TE(I) = 02K DD, T61T, G IEI—TY-YIA—VLAETHY, d > 37
SIEFR(N)bA—Tv-va—VLARER5. £oT, FAXey(I) =,(1)—co(I)+Lr(R/T)
7T AT TN HEERVEEEROLDTH L L VWA D.

X 50T, [6] THE, EBUEINZE 3 eILL MEEe () W EATH S Z L 2FEHAL
72 BT, &(1) ORI K BHEMHERBER G 03—y - v a—- LA O F-E 5 X
TV, (N3 GHEFR LN, BESRFERTH D)

LD LB - HOKREEZRT 51T, ERLEINAE L BXUE2 L)L b
FREUTIE, Il L M EHERARDEEH R Rees A - BEERBERDENE I LTV
T, FHZ, OARLR L OENHRERIEETHLIEEZOND.
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2. SALLY JIEE

WEAE, L)L N ERBOZEENTSEIE, Sally IBEOMHRZE AT 5 Z & TRHELFEE
ZRETVWS. AREIZEWTH Sally HOFHED MG & B I FH DT VW E 720,
AHIDHIIX, Sally IIFEDOEZRL ZDEENZDVWTHNTEIEDTHD. T DHES
& U T I-admissible filtration DB& % /9 5
AHEITIE, (R,m)x (A SEE IZRS W) a—x2y - v a— VA FAiERE
WORED FTHAITHS. RFTERRDA T 7 IVDH{I,},ez D' [-admissible filtration
THhodelE, ROIFMZEW-TILTDHS.
(1) R=1, THD, EEDOn e ZIZRHUT, I, DI, DEKD LD,
(2) FERED m,n € ZIH LT, LI C Lyn DD 2O,
(3) HEEER L > 0DBFEL, EEDOn e ZIZXHLT, I"C I, CI" k20 D,
Bl ZIE, I DEIZED {I"} ez ¥, RV ADIETHZ & &, {In},ep 1 I-
admissible filtration % 723, AL TIX, Z D I-admissible filtration & W5 HEfHAIZ
BWT, Sally IMBEOHERZ BN L 72\,
AR, ZT={I,} = {l,}nez % I-admissible filtration £ 9 5. ZHIIXL T,

=Y "I,CRIt), R(Z)=) ILt"CRItt

n>0 nez

ERED, TNTN, T D Rees RE, JEK Rees R EWVWSH. 51T,
G(I)=R(I)/t"R(ZD) = P /Tt

n>0
LRED, TOREEREERE NS, ¥, I 5 [-admissible THDZ & &, R(Z) M R(I) E
GRAEKRTH S Z EHHEETH 5.
BHn € 2 UT, (r(R/11) 2 T DRIV NEE LIRS, B2 {ei(T) o<icd
PEAEL, FAREVEE R > 01T LT, FA

ta®/t) =@ (") —e@(" T ) e )

DD ALD (ch]7]). TDARDELIEA%Z T DI~V M ZIHALIEY, SR8 e (T)
I DAL MMEEE WS, (RBEHBEE o(2) 12T OEEE LIFIEN, Fhey(Z) =
(I) =(p(R/J) D E D LD)
2T, Sally DO EEZMIT T 5. W. V. Vasconcelos [11] IZfE-> T,

R(Z)>1t
S=5,(I)= % N@InH/J I

CRED, IO JIZBT S Sally MIEEE WS, Sally bﬂﬁik“)b\f, IRDEEARVEE RS

fpRA 1 1 ([11]). IRDIE L\,

(1) SIFARERIRBA E R(J)-NEETH 5.

(2) Assg() S C {mR(J)} TH 5. WoT, S# (0251, dimgy S =dTH5. 7
72U, Assgy S, R(J )ﬂﬂﬁSOD%.% UNOE S D



3) TP n e ZITHLT,
n+d-—1

tar/ ) =@ (") = feo@) — tar/m (") < b,
NS AIRVASR
(4) e1(T) = eo(T) — Lr(R/L) + lrin, (Sp) DD D, 7L, p=mR(J) £T 5.
(5)S # (0) &F 5. RU)-MEES HI—T> - va—L A TRAVE X, SR
depth G(Z) = depthy ;) S — 1 BV LD, ETHIT, SHAI—TY - vaA—L 1 R(J)-
NBECH D2 L2, depthG(I) > d— 1 B iD= L HBEHTHB.

2D &SIz, Sally fi#f & 1% I-admissible filtration Z & T DK J 12 & > THEEE 1
T2RBUSTEMBED Z 2 TH B, EakElE LT, Sally M#EES D IL~)L MDA T D
LILAOL MEREDORHIEIHE 705 Z &0, BEMERREBER G(7) DR S T AR TH 574 L,
IDEEREREZELIOTHL L VRS, Rz, mEl (3) DERX

e1(Z) = eo(Z) — Lr(R/11) + lr(),(Sp)

ZRZI1Z, 1 eV MR e (Z) BHNHNIZNS WEZ L2 X514 TTIVDH
FUZAME 5. EE, Corso-Polini-Rossi [1], Phuong [10] IZ &> T, FRXe () =
Go(1) — Lr(R/T) + 1 %73 & > 72 Sally iIEE S, ({In}) OMEMT A Tz, L
Ui, FROFEEOAEAL X2 DLEOMERIZA L TIX, Z 0 Sally JifE S O
MEEENATAILIFHLL, £5—TRTI2HENDHD.

Sally IIEEAEE L Ch S H 4 <, M. V. Pinto (2 & o TIRD & 5 AR EUS & InfEd
BAINT.

EFE 2 ([12]). B> 11T UT, RN E R(J)-INEE%
R(I)thfl

€0 = D) = T = @
n>/{

YiEd, OO QU E R(J)-HH TR

L9 = L(T) = [ R(J)
LHEDD.

ZoLE, FEEEI>1IZHLT, COH LO HHRERRIBAN E R(J)-INEE%E 7
U, Rz, oW =85 2i5., 3512, B> 1L T, M E RJ)-MEEE LT
D5ERH

0— LY = O 5 cth 50
DD ILD. TROE, M. P. Pinto M AL CO X LO X, Sally MMEE S Ok %
RS D LD RIRBUTEMBETH B L WA 5.

—HT, £>202 %, OY OMEITEHTH D, HE 1 THEMN L7 Sally ifE S @
L BEVWEEZFEODELE—MITIEIAHETH L. T LT, Fi7zbH O Fab Dt
7T, COUIZDWTIE, HAED FTIEEATR NS <, KFEICFLTHEMTH
52 ML 7.
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DR, C=Ci(T)=C?, L=L,;T)=LY L&D, XHFE R(J)-IEED5ELS
0=>L—>S—->C—>0
ZHEHT 5.
WmE 3 ([8,9). JNL=J 5. ZOLE, WAELL.
(1) Assp) C C{mR(J)} TH5B. >T, C#(0) %613, dimgyC=d &2,

772U, Asspi C &, R(J)NIEEC OERNTLAEOEEL T 5.
(2) EEDn e ZIZXRL T,

n+d

a®/1) = @) (" ") = fel@) ~ tatr/m) + it} (" 5T

d—1
+d—2
+ &45/Jh)<”d__2 )-—mgc;)
NS A RVASH
(3) el(I) = eO(I) — KR(R/Il) + gR(Ig/J11> + KR(J)v<CP> 753}5&; D fLO f:f:b, p =
mR(J) &9 5.

(4)C # (0)&F5. RUJ)JEEC Pa—xzy -vxa2—b A TREHAEVWEE,
depth G(Z) = depthg ;) C = 1 LY LD, 5T, CHI—TY - vaA—LA
R()-IEETH B Z L L, depthG(Z) > d— 1D VDI EVBEFFTHS.

ZD&ST, JNL=JL WS RED FTIE, MEMNSIBEC H, S LRI, b

VA)V MO ER, FHZ, 1 b L MREUTH U TEMR&E 2 R 75D TH
LEWVNR 5. o
M, EEDOncZ Iz LT, FXJ NI = JrT RO LD Z &A%, Huneke [5] &
FRE6] IC L > TREHINTVWEZ Do, A T 7NV DEFINZT7 4V ML —T 3
Yy BEZ B LTI, JNL=JL LWHOREIZHRBREDTHD LW B,
ZOMBEIDRELT, IROKMEPEOSND. FE 6] DIER I NZE 1L L)L
MMRE e (1) 1B 285 (BB 1 EITTHMA) B INITHES.
% 4(23,6). (Rm)za—x> - -va—LAEZFEEL, d=dmR >0&7T5.
T ={I,} % I-admissible filtration £ U JN L, = JI ZRET . TD&E, FEX
el(I) Z eo(I) - €R<R/]1) —f-ER(IQ/JIl)
DD LH, 51T, RD2EMEDPFRMEE L5,

(1) 81<I) = eo(I) — ER(R/]l) —i'_ER(]Q/JIl) 7535&3 b f["j

(2) (EREDEL N > 212U T, L= JL, DY D.

DO ILD. X517, MERBERGI) IEa—x2Y - vI—VLAETHY, d>3745
X Rees REAR(I) B I—T Y - -V AERERD.

51T, MOMBEDHARBEDOTAAERIIBVWTEETH 5.

WAL (§). 1<n<d&l, JNnL=JLY 35, ZOLE, R(I)N Serre DZM
(S,) 272372 561F, C B R(J)/ Anng(y) C-HEEE U T Serre DA (S,) &7
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3. FAER

INEFTHRRTELEY, RERe (1) > (1) —Lr(R/T) +Lr(12/JI) IZXLT, &
A& (1) =eo(I) — lr(R/I) + (r(12)JI) 21729 & 5 7% m-¥eEHEZ A T 7 IV IFRWHEE %
FOZennhroTwnsd., izl T, X

&1(I) =eo(I) — Lr(R/T) + Lr(I2)JI) + 1

BT LD mMERE A T TV OFGEDOMRANEAR LWL LTEZ 6N 5.
BT TR U 72T = R(J)-DIBE C DEAME 2 V5 Z 2T, ROEHE 52
7. THRAREDIHERTH S, 72U, C=C,({I") &L, B=R(J)/mR(J)=
(R/m)[ X1, Xa, ..., X4 EEIRIE R/m LD dEBSHAERL T 5.

T8 6 ([8]). (R, m) ITMHIANERa—2Y -~ I— VL FAEEL, d=dimR >0
N N :@t% XD 35D FETH 5.
(1) &1(1) = &o(I) — Lr(R/T) + (p(T2/JT) + 1 DD T2
(2) HBEEH m > 21K UT, BN E R)-IEEE UTORE C = B(—m) 5K
URVASR
(3) HBEHm > 2023 LT, (r(I™T1/JT") =1THH, Bn>3 (n#m+1)
XL T, Intl = JIn DS D 31D,
ZDEE, MROELMEDRES.

(i) 7y(I) ;= min{r € Z | fFED n > r iIZX LT, "t = JI"} =m + 1,
(i1) d > 2D & &, &(1) = (r(I2/JT)+mTHYH, 3<i <dIZHLUT, &) = (")),
(4ii) depthG(I) >d — 1,

\ G

(i) GU)Wa—Tv - XI—-VARTHZIL L, B IVBEFHTHS.
22T, EEH (FH6) ORHLRDS (1) = (2) IZDOWTHHHOME.2HN T 5

6 (1) = (mwm%@wﬁ GRe (1) =2 (1) —Lr(R/T) + Lr(I2)JT) + 1 3K Y 37
DIENS, @3 (3) &V, lry),(Cp)=18%5. £oT, CIIZLHARB LORK
B1DRUNDLRWIIEEE 725, éak,R(ﬂi@@#f%é@fmm Eno, f
B5 X0, ClE B-MEEE UT Serre D&M (S) Zii7z3. £oT, CRIZHAEB L
OB 1 OEBIMBEE 725, U EXD, REAE R)-IIEEE UTOREC = B(—m)
DB DEER m > 21X LT D LD, O

FEM (FHG6) 2FEHRATTILVOEEICEHTSZE T, ROZRVBEBLSNS. 277
U, IDEBRATTILVTHBEE, EEDOneZIZWH LT, FXRI"=1"DPHbHr>Z
L ThHA.

2 7 (8]). (R,m) XA ZI—2Y - v3—L A JHFERE L, d=dimR >0
CT5. [ FEHm-BERZSTTINLETE, ZOLE, ROIZEMENAETHS.
(1) e1(I) = eg() — Lr(R/I) + Lr(1%/JI) + 1 DK D 32D,
(2) IREATE R(J)-MEEE UCORBL C;({I"}) = B(—2) B E D 32D
(3) Ur(IP)JI*) =1Td Y, I*=JI DY LD,
7



ZOLE, ROEKEMEPRES.
(i) d>2D&E, ey(l) =Llr([*/J])+2THY, d>3DLE, e3(I)=1, ZLT
4<i<diZUT, (1) =000 LD,
(i1) depthG(I) > d — 1 3 D 32 D.
(iii) GI) WA=V - IA—VABTHDI L, P& JVBETHTHS.

EH6BLIURTOERME 2T LR m-MERZAS T T IVOEMKRKFZBNTS. 20
%, Huckaba-Huneke IZ X > THZoNZHDTH 5.

Bl 8 ([4]). kITIEEA 3 TldRWKkE T 5. R = k[[X,Y, Z]] 2K k £ 3 28N
BERE L, ZTOMARKAT T IVEm = (X,Y,2) 95, Z0LE, [ = (X XY+
)Y (Y3+23), Z(Y3+Z3))+mP & 95,, [WEROEHm RS TTIVERL, IX
DEAEDRHES.

(1) Cr(I3)JI%) =1TH b, I*=JI* HEH L.

(2) KBS E R(J)-MFEL UTOREL CH({I}) = B(—2) 23 D 32 D.

(3) eo(I) =76, ey (I) = 48, ex(I) = 4, e3(I) = 1 DK D 3L D.

(4) depthG(I) =2 = (dim R — 1) 23K D 32 D.

ZOBEY, BEHEIZBWCG)NA—TY - vaA—L A LIERSARNI EHHN5

AEEDKRDIZ, EEHOINHEZEOPHENT 5.

ABEDFEHEZH WS Z & T, Coro-Polini-Rossi IZ X BIRDFEERNRE L THES
na.

%9 ([1]). (R, m) (IR a—2 Y - v I— VA FEAERE L, d=dimR >0¢&
5. 2D K% FRe (1) =e(I)—Lr(R/T)+1 DD LD7 51X, depthG(I) > d—1
TH5.

%&k,%2t»«»b%ﬁk%Tém%%@ L7z0.
d>2D, &, B2V M) IZOWTIE, 6] &0, AFEX

(1) > & (1) — (1) + Lr(R/T) > Lr(I?/JI)

DHES . TH0T, FNey() =6,(1) —eo(I) +Lp(R/T) WO SiDZ & &, Fhe (1) -
So(1) + (r(R/T) = Lr(I2)JI) RO D Z EHWFAEE 2D, ZDEE, 7,(I) < 2T
HoT, BB GU) IZa—TY - xa—LABEAR3. T4bb, () DFHEE
UTLR(I2/JT) BE 2 5N0TWT, X6 (I) = (x(12/J]) 234 F 7V TIZEW
LEDTHBHZENbMNE. T5IT, ZORDERL LT, %Roy(]) = (x(12/JT) + 2
EEDELI LIRS,
INIZHLT, ROREEZ5.

% 10 ([8)). (R, m) 3R DIEARI—TY - v 3— LA BifBE L, d=dimR > 2
L35 ZDEE, 6(I) <R(12)JI)+2751F, depthG(I) >d—1,7%5. 51T,
G Wa—xzy - <va—LATHdIre, B JIVPBELNFMELRS.

—HT, FAe) =e.(]) —e(l) +lr(R/I)+ 1207514 T 7V I O
fgEhs, ARuoE D L EWFSEE Td 5 Masuti K& Rossi RIZHMA T, H. L. Truong k&
DOHFEMIFE L UTHIBEINTWT, SR ENFoNT WS,
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FROBENIUS SUMMANDS OF GRADED RINGS

NOBUO HARA

We are motivated by a question arising from commutative algebra, asking what
kind of graded rings in characteristic p have finite F-representation type (FFRT).
In geometric setting, this is related to the problem of looking out for Frobenius
summands. Namely, given a line bundle L on a projective variety X, we want to
know how many and what kind of indecomposable direct summands appear in the
direct sum decomposition of the iterated Frobenius push-forwards F¢(L*), where e, i
are non-negative integers with 0 < i < p® — 1. We will consider the problem in the
following two cases.

(1) two-dimensional normal graded rings (a joint work with Ryo Ohkawa [HO])
(2) the anti-canonical ring of a quintic del Pezzo surface

After reviewing the preliminary results in Section 1, we will take a look at the
result obtained in [HO] in Section 2. Our description here is based on the Pinkham—
Demazure construction: A two-dimensional normal graded ring R is isomorphic to
the graded ring R(C, D) = B, H*(C,Oc(|nD])), where D is an ample Q-divisor
on the smooth curve C' = Proj R. We introduce the invariant § = deg(K¢+ D’), the
degree of the canonical divisor of C' plus the “fractional part” D’ of D. It is known
that Spec R has a log terminal singularity if and only if 6 < 0, and in this case, R
has FFRT (Proposition 2.2). On the other hand, we will see in Theorem 2.3 that
if 0 > 0, then R has FFRT only in the exceptional cases where the characteristic p
divides a denominator of the fractional coefficient of D.

In Section 3, we introduce an attempt to looking out for Frobenius summands on
a quintic del Pezzo surface X and its anti-canonical ring R(X, —Kx). Unlike case
(1) above, the present situation in this case (2) is far from satisfactory, and we have
not yet come to a conclusion whether the anti-canonical ring has FFRT or not. We
give partial results and examples on the Frobenius summands of F*(wy") mainly in

. . 6_
the cases ¢ = 0 and ¢ = ”Tl.

1. PRELIMINARIES

Throughout this note, we work over an algebraically closed field k of characteristic
p > 0. For a noetherian commutative ring R over k, the Frobenius ring homomor-
phism sending a € R to a? € R will be denoted by F': R — R. For a k-scheme
X, we denote the (absolute) Frobenius morphism (idx, F): (X,O0x) — (X, Ox) by
F: X — X and its associated ring homomorphism by F': Ox — F.Ox as well.

From now on, We always assume that R is an F-finite (i.e., F': R — R is module-
finite) integral domain. In this case, we can identify the e-times iterated Frobenius
ring homomorphism F¢: R — R and the inclusion map R < RY?° into the ring
RYP° of pe-th roots of R, for all e =0,1,2,. ..

1
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When R is an N-graded ring R = @nzo R, over Ry = k, the ring R'/?" has a nat-
ural Q-grading (actually, a #Z—grading) and the inclusion map R < R'/? preserves
the grading. Note that the category of finitely generated Q-graded R-modules is a

Krull-Schmidt category. For each e = 0,1, 2, ..., we have a decomposition
(*> Rl/pE IMl(e)EBEBMT(nee)

in the category of finitely generated Q-graded R-modules with each Mi(e) indecom-
posable.

Definition 1.1 (Smith-Van den Bergh [SVdB]). Let R be an N-graded ring over
Ry = k such that each RY?" has a decomposition as (¥). We say that R has finite
F-representation type (FFRT) if the set

(M@ e=0,1,2,...:i=12,... . m)}/ =
is finite, where = denotes isomorphism of graded R-modules admitting degree shift.

Example 1.2 (rings of FFRT).
(1) Let R = k[x1,...,x,] be a polynomial ring. Then R has FFRT, since

Rl/Q_k[ 1/‘1 . ;/Q] — @ Rl’lf/q---,x;"/q%REBqn
0<it,..yin<q—1

is a free R-module for all ¢ = p°.

(2) Two-dimensional rational double points have FFRT (Artin—Verdier [AV]).

(3) Tame quotient singularities have FFRT ([SVdB]). Namely, if R = S¢ is the
invariant subring of finite group G of order not divisible by p acting on a
polynomial ring S, then R has FFRT.

(4) A Cohen—Macaulay ring R is called a Frobenius sandwich if an iterated Frobe-
nius ring homomorphism of a polynomial ring S factors through R, i.e., there
exists a power ¢ of p such that S C R C S. If R is a Frobenius sandwich,
then it has FFRT. For example, R = k[z,y, z|/(2? — f(z,y)) has FFRT.

Remark 1.2.1. Rings in (1), (2) have stronger property “finite representation type,”
i.e., there exist only finitely many isomorphism classes of maximal Cohen-Macaulay
R-modules. On the other hand, rings in (3), (4) do not necessarily have this property.

Remark 1.2.2. Rings in (1)—(3) are F-regular, but Frobenius sandwiches are not
F-regular in general. It seems natural to ask if F-regular implies FFRT, since this
is true in dimension < 2. But this implication fails in higher dimension ([SS], [TT]).

Section rings. The first example of a two-dimensional graded ring that does not
have FFRT was found by Smith-Van den Bergh [SVdB]. Let us review their con-
struction. Let X be a smooth projective variety over k, L an ample invertible sheaf
on X and let
R=R(X,L)= P H"(X, L")t
n>0

be the section ring associated to (X, L), where t is a homogeneous element of degree
1. In what follows we denote the n-times tensor power L®" of L simply by L".
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For each ¢ = p°, the éZ—graded R-module R4 decomposes as

qg—1
RV = @ HO(X, FE(L)" = @D (RY)i/q moa 2.
n>0 i=0
where the graded R-modules
(R ijgmoaz = @ HUX, Fo(L)t" = @ HOX, Fi(L') @ L™)
0<n =i mod q m>0

appearing as the direct summands are in one-to-one correspondence with the coher-

ent sheaves F¢(L') on X. Thus the decomposition of (RY9); /qmod z into indecom-

posable graded R-modules are described in terms of the decomposition
FeL)y=Fg.. . oFed

Me i

of the vector bundles F¢(L") into indecomposable bundles .7:;e’i) in Coh(X).

Proposition-Definition 1.3. Let the notation be as above. Then R = R(X, L) has
FFRT if and only if the set of isomorphism classes in Coh(X),

(FV e €N i=0,1,....p =1 j=1,...,me;}/=

is finite. In this case, the pair (X, L) is said to have globally finite F-representation
type (GFFRT).

The following proposition generalizes [SVdB, Example 3.1.7].

Proposition 1.4. Let C' be a smooth projective curve over k of genus g(C') > 1 and
let L be an ample invertible sheaf on C. Then the section ring R = R(C, L) does
not have FFRT.

Proof. In view of Proposition 1.3, it is sufficient to show that there appear infinitely
many isomorphism classes of indecomposable direct summands of FfOs when e
ranges over all non-negative integers. This is verified case by case as follows:

Case 1: ¢(C) = 1. If C is an ordinary elliptic curve, then FfQO¢ splits into p°
distinct p°-torsion line bundles. If C' is supersingular, then FfO¢ is isomorphic to
Atiyah’s indecomposable vector bundle Fe; see [A].

Case 2: ¢g(C) > 2. In this case, the vector bundle FfO¢ is stable and so is
indecomposable for all e > 0 (Sun [Sul, see also Kitadai-Sumihiro [KS], Mehta-
Pauly [MP]). O

2. FFRT PROPERTY OF TWO-DIMENSIONAL GRADED RINGS

In this section, we consider the condition for two-dimensional normal graded rings
to have FFRT. Specifically, we will answer the following question:

Question (H. Brenner). Does the ring R = k[z,y, 2]/(2? + v + 27) have FFRT?

It is known that two-dimensional F-regular rings have FFRT. On the other hand,
due to Proposition 1.4 we could expect that a two-dimensional normal graded ring
R has FFRT only if Proj R = P!; see Theorem 2.1. So, Brenner’s question is in
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a critical case, because the ring R = k[z,vy, 2]/(2? + y> + 27) is not F-regular and
Proj R = P!, In this case, however, it is known that R has FFRT if p < 7, since it
is a Frobenius sandwich in characteristic p = 2, 3,7 (Shibuta [Sh]).

Pinkham-Demazure construction ([P], [D]). Let R be a two-dimensional nor-
mal graded ring over Ry = k. Then there exists an ample Q-Cartier divisor D on
C' = Proj R such that

R R(C,D) =@ H’(C,Oc(|nD]))t".

n>0

Let g(C) denote the genus of the smooth projective curve C. We write
m si
D=|D —P;
D] + ;_1 -

with closed points P; of C' and coprime integers r; > 2 and s;. We then put

m

D,:ZTZT_l_PZ

=1

and call it the fractional part of D.
We now state the main results of Hara-Ohkawa [HO]. Let the notation be as
above.

Theorem 2.1 ([HO)). If g(C) > 1, then R = R(C, D) does not have FFRT.
Proposition 2.2 ([HO)). If deg(K¢ + D’) <0, then R = R(C, D) has FFRT.

Remark 2.2.1. Note that deg(Kc + D’) < 0 if and only if C = P! and m < 2
orm =3 and (ry,7m9,73) = (2,2,7),(2,3,3),(2,3,4),(2,3,5). These are exactly the
cases where R(C, D) has a log terminal singularity.

Theorem 2.3 ([HOJ). Suppose C = P!, deg(K¢ + D’) >0 and ry,...,7, are not
divisible by p. Then R = R(P', D) does not have FFRT.

Idea of proof. In what follows, we briefly sketch the idea of the proof of the
theorems. When D is an integral divisor, then R is the section ring associated to
the line bundle L = O¢(D), and we have the correspondence between the direct
summands (RY?);/, moa z of RY? and the vector bundles F¢(L?) on C as described
in Section 1. The obstruction is that we do not have this correspondence in the case
where D is not an integral divisor.

To overcome the above difficulty, we import notions from the theory of algebraic
stacks [B], [Ol]. What we will use is the orbifold curve

¢c=C[VP,..., %/P,] = C.

This is not a scheme (if D is not integral) but is a one-dimensional root stack of
weight (r1,...,7y) over Py, ..., P, € C. The orbifold curve € is something like the
“minimal covering” of C' on which D becomes integral. We summarize properties of
¢ in the following lemma.
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Lemma 2.4. For eachi =1,...,m, there is a “stacky point” Q); on € lying over P,
satisfying the following properties.
(1) m: € = C is an isomorphism away from Q; and P;.
(2) Q; is a Cartier divisor on € and 7 P; = r;Q;.
(3) If E is a Q-divisor on C such that ™ E is integral, then
1,.0¢(m*E) 2 Oc(| E]) and R'7,O¢(7*E) = 0.
(4) € has a dualizing sheaf
We = 7T*U.)C X O@(Z(T’Z — 1)@1)
i=1
It follows from the lemma that 7*D is an integral Cartier divisor on € and if we
denote £ = O¢(m*D), then
HY(e, L) = H°(C,0c(|nD)))
for all n € Z. Thus
R=R(C,D)= R(€,L)
is the section ring associated to the line bundle £ on €.

Corollary 2.5. R = R(C, D) has FFRT if and only if (€, L) has GFFRT in the
same sense as in Proposition-Definition 1.5.

Now let ¢ = degwe. Then d¢ = deg(K¢ + D’) by Lemma 2.4 (4). If §¢ < 0, then
(€, £) has GFFRT by [CB, Theorem 1], from which Proposition 2.2 follows.

To prove that R does not have FFRT in Theorems 2.1 and 2.3, it is sufficient
to show that infinitely many indecomposable summands appear in FfO¢, when e
ranges over all non-negative integers. In case g(C) > 1 (Theorem 2.1), this follows
as in the proof of Proposition 1.4, since 1, FO¢ = F¢O¢ by Lemma 2.4 (3).

The proof of our Main Theorem 2.3 is again due to case-by-case verification.

Case Jz = 0. In this case, it follows that m = 3 or 4 and the weight (r1,...,7,)
ordered as ry < -+ <, = r is either one of the following: (2, 3,6),(2,4,4), (3,3, 3),
(2,2,2,2). We have a separable r-fold covering f: E — C' = P! from an elliptic
curve F with assigned ramification indexes (71,...,7y,). It factors through € as

f-ES e 50
with ¢ unramified. We can use the unramified morphism ¢: £ — € to prove the
following; see [HO] for details.

(1) If E is supersingular, then ¢*FfQO¢ is isomorphic to the Atiyah’s indecom-
posable bundle Fj. of rank p® and degree zero [A]. Hence FfOg itself is
indecomposable.

(2) If E is ordinary, then p =1 (mod r) and there are exactly s = 2= equiva-

lence classes of non-trivial p®-torsion line bundles on E with respect to the
action of Gal(E/C). If Ly,..., Ly are complete representatives thereof, then

FiO¢ Z O @ L1 @& -+ - @ pilLs,

where ¢, L1, --- ,p.Ls are non-isomorphic indecomposable r-bundles on €.
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Case §¢ > 0. In this case, we have the following theorem, which follows similarly
as in the case of smooth projective curves of genus g > 2 [Su, Theorem 2.2].

Theorem 2.6. If ¢ > 0 and ry,...,r, are not divisible by p, then F¢Og is stable
and so indecomposable for all e > 0.

Example 2.7. Let R = k[z,y,z]/(z* + v* + 27), the ring in Brenner’s question.
This is not a rational singularity but Proj R = P! and R = R(P!, D) for a Q-divisor

D = (00)—5(0)—2(1) on P'. By Theorem 2.3, R does not have FFRT if p # 2,3, 7.

Example 2.8. Let R = R(P*, D) for a Q-divisor D = £(oc0) + 3(0) — 1(1) on P.
This is a rational log canonical singularity but not log terminal. The ring R does not
have FFRT if and only if p # 3. In the exceptional case when p = 3, the weighted

projective line € of weight (3,3, 3) is a Frobenius sandwich.

3. THE ANTICANONICAL RING OF THE QUINTIC DEL PEZZO SURFACE

The FFRT problem for graded rings is wide open yet in higher dimension (i.e.,
dim R > 3). We do not know even the answer to the following question.

Question. Let X be the smooth quintic del Pezzo surface in characteristic p > 0
with anticanonical bundle L = wy'. Does the section ring R(X, —Kx) = R(X, L)
have FFRT?

The setup in the question above is considered one of the simplest non-trivial cases
because of the following reasons:

(1) Del Pezzo surfaces of degree K? > 6 are toric surfaces. In this case, the
Frobenius push-forward of any line bundle splits into line bundles [Tol, and
it is easy to see that the anticanonical ring has FFRT.

(2) In order to prove that R(X, L) is FFRT, one has to know the decomposition
of F¢(LY) for all i with 0 < i < p°—1. However, when L = wy', it is enough to
consider 0 < i < -1 since FE(L7) is dual to F(wy ” @ L™%) = Fe(LP' 1),

In this section, we will study the structure of F¢(L*) mainly in the extremal cases
1 =0and i = 1%. Since the quintic del Pezzo surface X is obtained by blowing
up the projective plane P? at four points in general position, we work under the

following notation throughout this section.

Notation. Let 7: X — P? be the blow-up at four points P, P, P3, Py € P? in
general position. Let H be a line in P? and E; = 7~ !(P;) the exceptional curve over
P;. Also let E = Fy + Ey + E3+ Ey.

Theorem 3.1 (case i = 0 [H]). Any indecomposable direct summand of FfOx
(e =1,2,...) coincides with one of the following vector bundles of rank < 3.

(1) line bundles Ox, Ly = Ox(E—21*H) and L; = Ox(E;—7n*H),i=1,2,3,4;
(2) an indecomposable rank two bundle G given by a unique non-trivial extension
0— Ox(—m"H) - G — Ly — 0;
(3) an indecomposable rank three bundle B given by a non-trivial extension
0= L1 ®Ly—B—Ox(Es+ Ey—7n"H) — 0.
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Furthermore, for any power q = p° of p with e > 1 one has

4
FOx =2 0x® @L?(q—m DB g@%;q_g)

i=0
Case 1 = 1%. Let L = w)_(l and assume that the characteristic p is an odd prime.
We consider the decomposition of F¢(L?) in the other extremal case, i.e., i = i

2
Let ¢ = p¢ for e = 0,1,2,... Note that the vector bundle Ff(Lq;Ql) is self-dual.
We begin with constructing the L-stable bundle F of rank three which is supposed

to be a unique non-trivial indecomposable summand of Ff(L%). We require F to
sit in an exact sequence

0—-G2rm"H—FE)—F - Ox(E—7"H) — 0,

where G is the rank two bundle given in Theorem 3.1 (2). To identify the isomor-
phism class of F, we also need the following splitting condition: For i = 1,2, 3,4,
the restriction of F to U; = X \ F; splits into line bundles as

(%) Flo, =2 Op,(n*H — E) @ Oy, ® Oy, (E — n*H).
We fix an open covering X = U UV with U = X \ Ey, V = X \ E; and let
Fu=0y(n"H —E)® Oy ® Oy(E —7n*H),
Fv =Oy(r"H — E)® Oy © Oy(E — " H).

Then F is given by gluing Fy; and Fy via an isomorphism ¢py : Fulvnvy — Fvluav
corresponding to a transition matrix

1 o v
Topy=10 1 f
0 0 1

with o, 8,v € k.
Proposition 3.2. Let F, . denote the vector bundle given by gluing Fy and Fv
with the transition matriz T, 5 .
(1) Fap~ satisfies condition (x) for i =1,2,3,4 if and only if aff = 2.
(2) If F is an indecomposable bundle satisfying condition (x) for i = 1,2,3,4,
then F= ]:1’171/2.
Conjecture 3.3. Assume that p is an odd prime and let ¢ = p° for e =0,1,2, ...

(1) The rank of the maximal free summand of Ff(L%) is hO(Lq%l) = —5(1?3.
. B
(2) FE(LT) 2 OY F & (Friape)®

Proposition 3.4. Conjecture 3.3 (1) implies Conjecture 3.3 (2).

q2

-1
8 .

54243

Proof. 1f Conjecture 3.3 (1) is true, then Ff(Lq;'zl) = Oi ® @& for a vector bundle
& of rank 3n, where n = (¢*> — 1)/8. It follows that £ is obtained by gluing

Er = Oy(r*H — E)*" & 0" & Oy(E — 7" H)®",
Ev = Ov(n"H — E)®" & OF" & Oy (E — 7" H)®"
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with the transition matrix

I, A T
O I, B
o 0 1I,

Here we note that £|y, splits into line bundles for each i = 1,2, 3,4, since U; = X \ E;
is isomorphic to an open set of the sextic del Pezzo surface, which is toric. As in
Proposition 3.2, this splitting condition implies that AB = 2I". On the other hand,
we see that the line bundles Ox (E—n*H) and Ox (7" H—E) are not direct summands
of Ff(qu;l) (and hence of £). This implies that rank A = rank B = n. Then the
transition matrix is transformed under elementary transformations within row and
column blocks to

L, I, i,
O L, L, | =T,
o o0 1,
It follows that & = (fl’l’l/g)@n. OJ

Remark 3.4.1. Conjecture 3.3 (1) holds if and only if the natural pairing

Hom(Ox, L%) X Hom(L%, Ox) — Hom(Ox, Ox)
is a perfect paring. Choosing appropriate affine coordinates x,y on P2, we can
identify Hom(Oy, Lq%l) &~ Hom(L%7 Ox) = HY(X, L%l) with a subspace of V' =
<:L’"yj |0<4,7<qg—1and q;—l <i+j< %> Then the pairing above is identified
with the pairing

(,): HYX,L'T) x HY(X,L'T ) — k

given by

(¢,1)) = the coefficient of the product ¢1) in (xy)?*

for ¢,v € HY(X, Lq%l) C V. Taking this into account, we can rephrase Conjecture

3.3 (1) into the assertion that a certain ‘fT_l X q:%l matrix is invertible mod p.
M. Tano has implemented a computer program to examine this assertion and verified

that it is true up to p® < 100.

Finally, we shall take a look at examples which we hope illustrate the behavior of
the single Frobenius push-forwards F,(L?) for all ¢ in the range 0 < i < p%l. In the
following, we put M, ; = Ox(E; + E; —n*H) for 1 <i < j <4.

Example 3.5 (p = 5).

4
F.Ox=0xo@P LY &BoG*,

=0

4
FL=0Fe@ox(-B)e H  M,;eB%

i=1 (4,5)=(1,2),(1,3),(1,4),
(2,3),(2,4),(3,4)

F*(LZ) o~ O??l(i D JT_‘EBZ')
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Example 3.6 (p = 7).

4
F.Ox=0xae@PLPeBa g™

1=0

4 4
FL=0YePLrfe@ox-E)e P  M;eB™,
1=0 =1

(4,5)=(1,2),(1,3),(1,4),
(2,3),(2,4),(3,4)

4
F(L*) =09 e P Ox(—-E)* b vFaes
=1

(4,7)=(1,2),(1,3),(1,4),
(2,3),(2,4),(3,4)

F(L%) = O3 @ F°

Acknowledgments. 1T would like to thank the organizers of the symposium for giving
me an opportunity to present a talk and this report. I am grateful to Masaya Tano,
a graduate student at the Institute of Engineering, TUAT, for his computation
mentioned in Remark 3.4.1. This work is partially supported by Grant-in-Aid for
Scientific Research, 16K05092.

[SS]

REFERENCES

M. Artin and J.-L. Verdier, Reflezive sheaves over rational double points, Math. Ann. 270
(1985), 79-82.

M. F. Atiyah, Vector bundles over an elliptic curve, Proc. London Math. Soc. (3) 7 (1957),
414-452.

K. Behrend, Introduction to algebraic stacks, in Moduli Spaces (eds. L. Brambila-Paz et
al.), London Math. Soc. Lecture Note series 411, pp. 1-131, Cambridge University Press,
2014.

W. Crawley-Boevey, Kac’s theorem for weighted projective lines, J. Eur. Math. Soc. 12
(2010),1331-1345.

M. Demazure, Anneaux gradues normauz, in Seminaire Deamazure-Giraud-Teissier, Singu-
larites des surfaces, pp. 241-266, Ecole Polytechnique, 1979.

N. Hara, Looking out for Frobenius summands on a blown-up surface of P2, Illinois J. Math.
59 (2015), 115-142.

N. Hara and R. Ohkawa, The FFRT property of two-dimensional graded rings and orbifold
curves, preprint arXiv:1706.00255

Y. Kitadai and H. Sumihiro, Canonical filtrations and stability of direct images by Frobenius
morphisms, Tohoku Math. J. (2) 60 (2008), 287—301.

V. B. Mehta and C. Pauly, Semistability of Frobenius direct images over curves, Bull. Soc.
Math. France 135 (2007), 105—117.

M. Olsson, Algebraic spaces and stacks, American Mathematical Society, Colloquium Pub-
lications V. 62.

H. Pinkham, Normal surface singularities with C* action, Math. Ann. 227 (1977), 183-193.
T. Shibuta, One-dimensional rings of finite F-representation type, J. Algebra 332 (2011),
434—441.

A. K. Singh and I. Swanson, Associated primes of local cohomology modules and of Frobenius
powers, Int. Math. Res. Not. 33 (2004), 1703-1733.

[SVdB] K. E. Smith and M. Van den Bergh, Simplicity of rings of differential operators in prime

characteristic, Proc. London Math. Soc. (3) 75 (1997), 32-62.



10 NOBUO HARA

[Su] X. Sun, Direct images of bundles under Frobenius morphism, Invent. Math. 173 (2008),
427-447.

[TT] S. Takagi and R. Takahashi, D-modules over rings with finite F-representation type, Math.
Res. Lett. (2008), 15, 563-581.

[To] J. F. Thomsen, Frobenius direct images of line bundles on toric varieties, J. Algebra 226
(2000), 865—874.

TokYO UNIVERSITY OF AGRICULTURE AND TECHNOLOGY, 2—-24—-16 NAKACHO, KOGANEI,
TOKYO 184-8588, JAPAN

E-mail address: nhara@cc.tuat.ac. jp



	½ø
	Q-Â¿¹à¼°µ÷Î¥ÀµÂ§¥°¥é¥Õ¤È¤½¤ÎTerwilligerÂå¿ô
	Q-Â¿¹à¼°µ÷Î¥ÀµÂ§ÆóÉô¥°¥é¥Õ¤ÎÊÕ¤Ë´Ø¤¹¤ëTerwilligerÂå¿ô
	Q-Â¿¹à¼°µ÷Î¥ÀµÂ§¥°¥é¥Õ¤Î»ÒÂ¹¤Ë´Ø¤¹¤ëTerwilligerÂå¿ô

