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BIEXA T T OREEBSHRNEZIIDOVT

1. B & YA

AT, RNREDRVEIHATER I NS 1 T 7V ( squarefree monomial ideal)
DR E L BN Z D Cohen-Macaulay M2 D W THEEI T 5,

UFTIE, S =Klry,...,0,) Z K K En ZEROZHAREL TS, V = [n] =
{1,2,...,n} &£BK.

VOREESL 2V ODETHRWVHDESE AN, FEN FFCFROEF cA %A
=9V EOBEMEAE (simplicial complex) THhd L5 5. FIZHi 520
RO RO icVIZRLT i} e A ThHhE2EDLHET S, BARIELR A 1T
T,A D F % A OH (face) £ F\, dim F = §(F) — 1 2 F ORIt (dimension)
EED. ZITHF) I F OREEZRT. dimA =max{dimF : Fe€ A} ZA D
{RJG (dimension) £ F 5. A DT RTOMKM (facet) DIRENFEL W &, A 2l
(pure) TH3 LD,

A%V LORKNER F &2 A OMH,W 2V OMNEGELTE. Z0LE,

Ay = {FFeA: FFCW}
A D W NOHIPR (restriction) £ 5 5. V O, ZZTHRWERDIAES W ITXK
LTAy PHiTHBEEARFTIAAN THDEWVD.
V = [n] EOHKIGEIK A ik K 12X LT,
[A = (a:il---a:ip . 1§Z1 < ---<z'p§n, {il,...,ip}¢A),
K[A] = Klry,... z0]/Ia
ZZNZN A O Stanley-Reisner € 7 7 JU, Stanley-Reisner IR X LS. P§F72
KK IZHUT, dimK[A] =dimA+1 DD ZDOZ EBHSNTWS.
Pp=(z; : i ¢ F) £BL &, [ DIELD R WHEZE R IT

In = ﬂ Pr

F:facet in A
THEZLNS.
In DFEFHARZ (symbolic power) # 2N x W TEHT 5.
BRI > 11T LT,
¢
W= (\ Pk

F:facet in A
% In @ (-th symbolic power & & 5.
HH R E D Cohen—Macaulay M & 55X & D Cohen—Macaulay PEDEAFRIZDWT
IFIRD Z EDERALT 5.
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Proposition 1.1. BfAEKR AL (> 11280 T, RIZEMETH 5 -
(1) S/IA & Cohen—Macaulay TH 5.
(2) S/I i¥ Cohen-Macaulay TH Y, I§ —I TH5.

2. 3| LDGE
FLE AN Z D Cohen-Macaulay PEIZEI U TIFIRDEMNEALT 5.
Theorem 2.1 (Minh-N.V.Trung[5], Varbaro[10], Terai-N.V.Trung|[8]). BRI
XU, IRIZFAETH 5 -
() fFED (>11ZxL T, S/I \& Cohen—Macaulay TH 5.

(2) % (>3 12/ LT, §/IV 1E Cohen-Macaulay T» % .
(3) AR FEAE THB.

WHE AR ZIZE U Tk Cowsik-Nori OEH [2] DFEE L U T, IRDEHMBERNLT 5.

Theorem 2.2 (Terai-N.V.Trung[8]). KR A LT, IRIZEETH 5 -
() fEED (> 112U T, S/I§ 1& Cohen-Macaulay TH 5.
(2) % >3 1T LT, S/IL & Cohen—Macaulay T 5.
(3) S/Ia 1F5ERR X (complete intersection) TH 5.

ROFADRT LT, () ITBVT, (>3 2 (>212FTHILIETER,
Example 2.3 (fifif (pentagon)). A Z FHDO ML LT L L &,
In = (2173, 2124, DTy, ToT5, T3T5)
THb. ZDEE,
(1) S/Ia RFERZTXTIHA .

(2) S/I% 1% Cohen-Macaulay 38 Td 5.
(3) £>31Zx LT, S/I4 & Cohen-Macaulay T\,

.
2 5
A:< b

3 4

3. 2FDOGE

RIZ 2% D Cohen-Macaulay YEIZDWTHE X TAS. F T HEAREARD 1 IRITD
LEREZD,

A % LIRGTCOBKEIRE T5. 2D & A ZHRIZTTT7 A 2ARTIEN
T&E5.
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S/1? @ Cohen-Macaulay #1375 7 BEIICHET 5 2 LT E 5. ORI,
diamA DEZEZBNVELTE IS, HAES V =[n] 2F227 77 A BEHTH
BEMELLD. EED i,j e VIZHLT,

dist(i,7) = min{k : Jig,i1,...,10 € Vs.t. 1 = iy, i, = J,
{ip>ip+1} € E(A)(p = 07 1a SR k— 1)}
rBL. D E,

diam(A) = max dist (4, j)

Z A DER (diameter) &5 5.
Theorem 3.1 (Minh-N.V.Trung [4]). A % 1 IRGTHEMRER A 2 HRIZAR U7
J5 7835 ZOLE RIXEMETH B -
(1) S/I(AQ) & Cohen-Macaulay TH 5.
(2) A RS T, diam A < 2 DK D 2D,
Example 3.2. A % 1 IROTTHARINEIR A 2 BRICAR U757 7835, ADnfl
BDEE damA <2 £3250D1F, n=2345DBETHY, ZDLXIZRY, 5/1Y
7 Cohen-Macaulay (272 5.
Proposition 3.3 (Minh-N.V.Trung [4]). A % [HRESG V LD 1 KTO FARKE
wed b, S=Klwy,...,x,] (V=[n]) £BLELE, RIZFAMHETH 5 :
(1) S/I3 & Cohen-Macaulay TH 5.
(2) A IFIRDO VTN R BARIER T H 5 -

7o, 2DL &, S/IA & Gorenstein TH 5.

2 LR ER DG D FHH N.V. Trung -Tuan[9] IZ L > THZ 6N T W5,

LoD 1 IR RAREARIE Gorennstein Y% 5 A TWAH A, —MITIROEH
ANDAVAC IS
Theorem 3.4 (Rinaldo—Terai-Yoshida[6]). ® U, fEEDEK K 1T LT S/IZ A
Cohen-Macaulay 75 51X, S/In & Gorenstein TH 5.

Remark 3.5. 72, Kk K IZWH T3 RERBETRVWEBbNEH, 5D 25137
TIEMTE R,

Stanley-Reisner 1 7 7 )V HMREL 2 DBRIHA THEBR I N T WS & ZIFIRDEH AL
AVACIESN
Theorem 3.6 (Hoang- T.N.Trung [3]). HARKHEER A IR U T, Ta 13RE2 DH
HATERINTWS LTS, ZOLESRIIAMTH S :

(1) S/IZ 1& Cohen-Macaulay TH 5.

(2) S/Ix V& Gorenstein TH O, I3 =10 TH 5.
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NONCOMMUTATIVE QUOTIENT SINGULARITIES

IZURU MORI

ABSTRACT. Tilting objects play a key role in the study of triangulated categories. A remarkable
result due to Iyama and Takahashi asserts that the stable categories of graded maximal Cohen-
Macaulay modules over quotient singularities have tilting objects. This paper proves a noncommu-
tative generalization of Iyama and Takahashi’s theorem using noncommutative algebraic geometry.
Namely, if S is a noetherian AS-regular Koszul algebra and G is a finite group acting on S such that
S is a “Gorenstein isolated singularity”, then the stable category CiMZ(SG) of graded maximal
Cohen-Macaulay modules has a tilting object. In particular, the category CMZ(SY) is triangle
equivalent to the derived category of a finite dimensional algebra.

1. PRELIMINARIES

This is a report on the joint work with K. Ueyama [6], [7]. Throughout this paper, k& denotes
an algebraically closed field. Let A = @;cnA; be an N-graded algebra. The category of graded
right A-modules is denoted by GrMod A and the full subcategory of GrMod A consisting of finitely
presented modules is denoted by grmod A. The category of graded left A-modules is identified
with GrMod A° where A° is the opposite graded algebra of A. For M = @®;czM; € GrMod A
and n € Z, we define M, € GrMod A by M>,, := ®;>,M;, and M(n) € GrMod A by M(n); =
My+;. For M, N € GrMod A, we write Ext’y (M, N) 1= Ext&\joq.4(M, N) and Ext’ (M, N) =
@nez Exty (M, N(n)).

If A is graded right coherent, then grmod A is an abelian category, and, in this case, we define
the quotient category tails A := grmod A/ tors A where tors A is the full subcategory of grmod A
consisting of finite dimensional modules over k. Following [2], we will view tails A as the noncom-
mutative projective scheme associated to A, since if A is commutative and generated in degree
1 over k, then tails A is equivalent to the category of coherent sheaves on Proj A by Serre. If A
is not commutative, then we will write X = Proj,,. A so that tails A = coh X is the category of
“coherent sheaves” on an “imaginary ringed space” X.

We say that a graded algebra A is connected graded if Ag = k, and locally finite if dimy A; < o
for all i € N. An AS-regular algebra defined below is the most important algebra studied in
noncommutative algebraic geometry.

Definition 1.1. [1] A locally finite connected graded algebra A is called AS-regular (resp. AS-
Gorenstein) over k of dimension d and of Gorenstein parameter ¢ if the following conditions are
satisfied:

(1) gldim A = d < oo (resp. injdimy A = injdim 40 A = d < 00), and

, , k(¢) ifi=0

2) ExtY(k, A) = ExtY.(k, A) =

(2) Ext)y(k, A) = Extiyo(k, A) = q o i
If S is a right noetherian AS-regular algebra of dimension d, then we may view tails S as a

quantum projective space of dimension d — 1 since S is a commutative noetherian AS-regular

algebra of dimension d if and only if S = k[z1, ..., z4].

This work was supported by Grant-in-Aid for Scientific Research (C) 16K05097.
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2 1ZURU MORI

Let A be a graded algebra. We denote by GrAut A the group of all graded algebra automor-
phisms of A. If G < GrAut A is a subgroup, then the fixed subalgebra A% := {a € A | g(a) =
a for every g € G} of A by G is a graded subalgebra of A. If S is a right noetherian AS-regular
algebra and G < GrAut S is a finite subgroup, then we may view S as a (homogeneous coordi-
nate ring of) a noncommutative quotient singularity, since if S = k[x1,...,z4] is the polynomial
algebra (the only noetherian commutative AS-regular algebra), then Spec S 22 A?/G is a quotient
singularity. The purpose of this paper is to study noncommutative quotient singularities.

Triangulated categories are increasingly important in many areas of mathematics including alge-
braic geometry and representation theory. There are two major classes of triangulated categories,
namely, (bounded) derived categories D?(C) of abelian categories C, and stable categories C of
Frobenius categories C. For example, derived categories D?(coh X) of coherent sheaves on schemes
X have been extensively studied in algebraic geometry, and stable module categories modA of self-
injective algebras A have been extensively studied in representation theory of finite dimensional
algebras. Let A be a noetherian AS-Gorenstein algebra. A graded right A-module M is called
maximal Cohen-Macaulay if MQ(M ,A) = 0 for every ¢ > 1. The full subcategory of grmod A
consisting of graded maximal Cohen-Macaulay modules is denoted by CM%(A). Note that CMZ(A)
is a Frobenius category, so the stable category CM” (A) is a triangulated category.

In the study of triangulated categories, tilting objects play a key role.

Definition 1.2. Let 7 be a triangulated category. An object T' € T is called tilting if

(1) thick(T) =T, and
(2) Homy (T, T[i]) = 0 for all i # 0.

A tilting object plays an essential role in this paper due to the following result. It often enables us
to realize abstract triangulated categories as concrete derived categories of modules over algebras.

Theorem 1.3. (cf. [4, Theorem 2.2]) Let T be an algebraic Krull-Schmidt triangulated category
and T € T a tilting object. If gldim End7(T) < oo, then T = D’(mod End7(T)).

One of the remarkable results on the existence of tilting objects has been obtained by Iyama
and Takahashi.

Theorem 1.4. [4, Theorem 2.7, Corollary 2.10] Let S = k[z1,...,z4] be a polynomial algebra over
an algebraically closed field k of characteristic 0 such that degx; =1 for all i and d > 2. Let G be
a finite subgroup of SL(d, k) acting linearly on S, and SC the fized subalgebra of S. Assume that
S is an isolated singularity. If we define the graded S€-module

d
T := P ki),
=1

then the stable category CMZ(SG) of graded mazimal Cohen-Macaulay modules has a tilting object
[Tlcm, where [Tlom is the maximal direct summand of T which is a graded maximal Cohen-
Macaulay module. As a consequence, there exists a finite dimensional algebra I' of finite global
dimension such that

CMZ(8%) = Db (modT).

The stable categories of graded maximal Cohen-Macaulay modules are crucial objects studied
in representation theory of algebras and also attract attention from the viewpoint of Kontsevich’s
homological mirror symmetry conjecture. The aim of the present paper is to generalize Theorem
1.4 to the noncommutative setting using noncommutative algebraic geometry.
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2. MAIN RESULTS

Let A be a graded algebra, and G < GrAut A a finite subgroup such that char £ does not divide
|G|. In this case, the group algebra kG is a semisimple algebra. The skew group algebra of A by
G is a graded algebra A x G = @;enA; @ kG with the multiplication (a ® g)(b® h) := ag(b) ® gh.
An element of A x G is often denoted by a * g := a ® g. Two idempotent elements

1
e::?Zg, and € :=1—¢
Gl =2

of kG play crucial roles in this paper. Since kG C AxG, we often view e, ¢’ as idempotent elements
of A x G. Moreover, since e(A * G)e = A% as graded algebras, we usually identify e(A * G)e with
AG.

In [5], Jorgensen and Zhang defined the homological special linear group HSL(S) < GrAut S for
a noetherian AS-regular algebra S, and proved that if G < HSL(S) is a finite subgroup, then S
is a noetherian AS-Gorenstein algebra. On the other hand, in [9], Ueyama introduced a notion of
graded isolated singularity for noncommutative graded algebras, which agrees with the usual notion
of isolated singularity if the algebra is commutative and generated in degree 1. For a noetherian
AS-regular algebra S over k and a finite subgroup G < GrAut.S, it was shown in [6] that the
condition that S * G/(e) is finite dimensional over k is closely related to the noncommutative
graded isolated singularity property of S¢.

Theorem 2.1. [6, Theorem 3.10] Let S be a noetherian AS-regular algebra over k. For a finite
subgroup G < HSL(S), SxG/(e) is finite dimensional over k if and only if S© is a noncommutative
graded isolated singularity and S * G = Endgc (S).

If S = k[z1,...,24] is the polynomial algebra with degx; = 1 for all 4, then tails S = coh P4~1,
and it is well-known that Opa-1,Opa-1(1),...,Opa—1(d — 1) is a full strong exceptional sequence
for D’(coh P4~1) so that @?:_01 Opa-1(i) is a tilting object for D’(coh P4~1). Suppose that a finite
group GG acts on a noetherian AS-regular algebra S over k of Gorenstein parameter ¢ so that the
noncommutative projective scheme X = Proj,,. .S associated to S is viewed as a quantum projective
space. The inclusion map f : S¢ — S induces a functor f, : tails S — tails S©. If G is non-trivial,
then f.Ox, fiOx(1),..., fsOx (£ — 1) is no longer an exceptional sequence for DP(tails S¢) where
Ox is the “structure sheaf” on X, however, the following result shows that @f:é fxOx (i) is a
tilting object for DP(tails S¢) if S¢ is an “isolated singularity”.

Theorem 2.2. [6, Theorem 3.14] Let S be a noetherian AS-regular algebra over k of dimension
d > 2 and of Gorenstein parameter £, and G < GrAut S a finite subgroup such that chark does
not divide |G|. If S« G/(e) is finite dimensional over k, then

-1
P r.0x (i)
1=0

is a tilting object in DP(tails S¢) where X = Proj,,.S and f : S¢ — S is the inclusion.

There exists another full strong exceptional sequence Q%47 (d—1),...,Q%, (1),Q9,_, for D’(coh P4~1)

P Pd-1 Ppd—1
so that @f:_& prd_l(i) is a tilting object. In the setting of the above theorem, if G is non-
trivial, then f*le{I(d— 1),..., f0%(1), £.Q% is no longer an exceptional sequence for DP(tails S¢)

where Q’X is the “sheaf of differential i-forms” on X, however, we will show in this paper that
@?;01 Q% () is a tilting object for DP(tails S¢) if S is Koszul.



4 1ZURU MORI

Definition 2.3. Let A be a graded algebra. A linear resolution of M € GrMod A is a graded
projective resolution of M

s PP Pl PY s M=o

where each P’ is a graded projective right A-module generated in degree 3.
A locally finite graded algebra A is called Koszul if Ag is a semisimple algebra, and Ay :=
A/A>; € GrMod A has a linear resolution.

Note that an AS-regular algebra of dimension d and of Gorenstein parameter £ is Koszul if and
only if d = £. In particular, the polynomial algebra k[z1,...,x4] is Koszul if and only if degz; = 1
for all 1.

Theorem 2.4. [7, Theorem 3.20] Let S be a noetherian AS-reqular Koszul algebra over k of
dimension d > 2, and G < GrAutS a finite subgroup such that chark does not divide |G|. If
S x G/(e) is finite dimensional over k, then

-1
P 1.0 (i)
i=0

is a tilting object in D’(tails S¢) where X = Proj,.S and f : S¢ — S is the inclusion. As a
consequence, there exists a finite dimensional algebra A of finite global dimension such that

DY (tails S) = DP(mod A).
We define a graded right S * G-module U by

d
U = P V. kGli).
=1

Using Theorem 2.4, we will show the existence of a tilting object of the stable category CMZ(SG)
if S¢ is a “Gorenstein isolated singularity”. The main result of this paper is as follows.

Theorem 2.5. [7, Theorem 4.10, Theorem 4.17] Let S be a noetherian AS-regular Koszul algebra
over k of dimension d > 2, and G < HSL(S) a finite subgroup such that char k does not divide
|G|. If S« G/(e) is finite dimensional over k, then

eUe

is a tilting object in CMZ(SG). As a consequence, there exists a finite dimensional algebra T' = e’ Ae/
of finite global dimension such that

CMZ(8%) = Db (modT).

If S is a commutative AS-regular Koszul algebra of dimension d, then S & k[z1,...,z4] with
degxz; = 1 for all 4. In this case,

e HSL(S) coincides with SL(d, k).

e S G/(e) is finite dimensional over k if and only if S¢ is a (graded) isolated singularity
(see [6, Corollary 3.11]).

e ¢/Ue = [T]|cm (see [4, Proof of Theorem 2.9]).

Thus it follows that our result is a noncommutative generalization of Theorem 1.4. However, our
proof is different from the original one given in [4]. Thanks to Theorem 2.4, we can give a more
conceptual proof using a diagram of triangulated categories.
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3. FLow OF THE PROOFS

In this last section, we give a list of results needed and a flow diagram for the proofs of Theorem
2.4 and Theorem 2.5.

First, we will give properties of a “Gorenstein singularity”. Let A be a noetherian graded algebra.
The graded singularity category is defined by the Verdier localization Dg, (A) := D’ (grmod A) /D’ (grproj A)
where grproj A is the full subcategory of grmod A consisting of projective modules. We denote the
localization functor by v : D°(grmod A) — DEE(A).

Theorem 3.1. Let A be a noetherian AS-Gorenstein algebra over k of Gorenstein parameter £.
(1) (Buchweitz equivalence [3]) D§,(A) = CMZA.
(2) (Orlov embedding [8]) If £ > 0, then there ezists an embedding ® : Dg;(A) — DP(tails A).

Next, we give a property of a graded Frobenius algebra.

Definition 3.2. A locally finite graded algebra A is called graded Frobenius of Gorenstein pa-
rameter —¢ if Hom, (A, k) = A(¢) in GrMod A.

The tilting object below was essentially obtained by Yamaura [10].

Lemma 3.3. (Yamaura tilting object [7, Lemma 3.11]) If A is a graded Frobenius algebra of
Gorenstein parameter —{ such that gldim Ay < oo, then @f;éA(i)/A(i)zl is a tilting object for
grmodA.

Next, we give the following generalization of BGG correspondence. For a graded algebra A, we
define A' := ®jen Ext’ (Ao, Ap). Note that if A is a Koszul algebra, then (A!)! =~ A as graded
algebras.

Proposition 3.4. (BGG correspondence [7, Proposition 3.3]) If A is a Frobenius Koszul algebra
of Gorenstein parameter —0 such that A' is graded right coherent, then there exists an equivalence
K : D’(grmod A) — Db (grmod A')

of triangulated categories, which induces an equivalence
K : grmodA — DP(tails A')
of triangulated categories.

Finally, we give a property of an “isolated singularity”.

Proposition 3.5. [7, Proposition 3.18] Let A be a right noetherian connected graded algebra,
and G < GrAut A a finite subgroup such that chark does not divide |G|. Then the following are
equivalent:

(1) AxG/(e) is finite dimensional over k.
(2) (—)e: tails A * G — tails AC is an equivalence functor.

In the setting of Theorem 2.5, (S * G)' is a Frobenius Koszul algebra of Gorenstein parameter
—d ([7, Proposition 2.27]) such that ((S * G)')' = S * G is noetherian. The key point of our proof
for Theorem 2.4 is to show that under the equivalences

grmod (S * G)' *%> Db(tails S * Q) # Db(tails ),

the tilting object in grmod(S*G)' obtained in Lemma 3.3 corresponds to the object @?;01 Q% (7)
in DY (tails S) ([7, Corollary 3.15]).
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The following is a diagram of triangulated categories which are essential for the proofs of The-
orem 2.4 and Theorem 2.5.

Db(grmod S * G)

U:= @?:1 fg*GkG(N o >[Ue = @Z | Qsk \ e’Q€]

D(grmod SY)

Verdier localization

(%

m
Orlov
P (o ~ A ‘embedding VgL GG
DC(tails S * G) = Db(tails SY) — D¢, (5%)
. —)€e

1\1 AN 9

U _ DL i+ 1\} Ty R L m \

7 1

7 K 2
BGG correspondence s ’ Buchweitz
K : * : equivalence
: / . . ! /
“grmod(S * G)'  DY(tails S) - CMZS¢
d—1 (S*G)'(i ; d—1 i /: )
D 7(é'*c)!)(i()21 Py (i +1) e'Ue
Yamaura tilting object a tilting object our tilting object

where X = Proj,,. S, Y = Proj,,. S * G, and M@ N means that N is a direct summand of M.
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oooooooOo ML::@T(O,~--,O,c)DDDDDDD Endg(M;)0 RO NCCROO OO
ceLl

00 43. 000000000 ¢t=2000000R00000000000000000000
Or=t=20000000R03000 A, 000K[X,Y,ZW]/(XW-YZ)0OO0OOOOO
00000 NCCROOOO [BLVAB|0OOOOOOOO0O00000¢t=20000000 4.20
[BLVdB| 0O OOO00000O

O00000000000000 Endr(M,)ODOOOOOOOOOOO0OOOOEndr(Mz)0O RO
oooooococMOOOObDOOOOoOoDOOOoOOoOOoooDooogo [SdeBl,SectionlO,ll]
goooooboooobooOooooobooooocCcM ROOOOOODOOODOUOODDODO
0000000000000 0000000 [HN, Section 3]0 000000O0ODO 4.20 NCCR
goooooooooopooOoooboooboDbOo0 MO “DOP0DO0O0OOODODOOOOCO
NCCRODODOODOOOODODOODOOOOOUODOOOOOOoDOo

044.00 420000 r=3,t=3000000000000 RO3000000 300 Segre
00000C(R)=Z?000000000000 xO0000 (0,0000000000000 3.20
goboobooboobbobobuooboobdteonicdbogooonoooobDooDg
000000000000 0D0OD000000 1000 CcMOOOD conicOO0D0OOOOOODOO
goo
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0000000 4200000000000000 conic00000 M, O0OO0OOOOEndg(Mr)
O RONCCROODODOOOOOOO M ,OOODOOOOOODOOONCCROODOOOO
00000000 00DO0000OM,0D0 (2,2) 000000000000 0OOOOOO (-1,-1)
0000000000000 00 MOD0O0UOEndg(M)O RO NCCROOODO

0000 420000000000000000 Gorenstein 0000000 ZOODOO Z20
OO0 NCCROOODDDOOUOOODO [NakjD(OODDOOODDOOOODOOODODOOODODOOODO
00 14000000000000 GorensteinJ O OO0OO0O NCCROODOOODODO)

gb.oooooooooboobobobobooooooobobobobooooooobbobo
gbobogoobooobooboboobooooobobobooboobobobooboobobobobo
gbobobobobod
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ON THE EXISTENCE OF SILTING OBJECTS

M K

ZBRORIGMICEWT, HEERIIEER Ny 270550 —DThHh 5. HMmIERH
HERD — i b & U T 1980 FLEIZE A X 1, IEFEFRITHIEL TN T WS, KR, MR
THULY 7R BE 2 72 DS RIE, BREEZ 5 SR I T BRI SN TE D [H, R, K],
BA DRk 2 I8 CIEH I T W 5.

BERMEOB AP OMENRZRD - &, TNOEHEFTFMEFRF>T WS MHITR
DER (EERE) Lk, GAONTMENRO D (EFKT) 252 ETIMO B AT,
FLUWENREED KT HiETHS. ZDHiEIL, Bernstein-Gelfand-Ponomarev @ #i
LB T [BGP] IZ&H % £iH, Auslander-Platzeck-Reiten [APR] X° Brenner-Butler [BB],
Riedtmann-Schofield [RS] 612 & > TEAL I Nz, BB UMHER DR &%, HER
FWOTHAREE IFRS B WVWHTH .

T DGR EMBET B7-2DIZ, DK D752 DD —fRALHEA X 7z,

o (ZMPEIZHITBMENFRO ML) EENROZEE (EBERE) [A]]
o (FEIZH T 2MEIAFO— ML) & rEMEFOLR (1 REE) [AIR]
R R E N, AR B L rHERIZWDOTHAHEE WS S TH 5.

IR 5 1 B LR
SHEROIRE C BUINRE C A T R

N [AIR}[ t:; 25 ENTRE
Wk C e
|kl A~ Dk

2T, BRAMOB A, S, R ZTOERIZEHT 5 EEHRIZL->-THE
KFAMEDE»ND K] 2OLE, —DTHHEMNRER DTS T LA TENIX, HEMHE R
IZE o T, BRI E K DU RGOS NDG. T2 T, —DDKE 2RI, ¥R DS
WEITHZeTHd. Z0O [38EME] 12 LT, 22 TIRROBEIZOWTEZTWL.

R 1. —DDMEMRNSEREZMRO KT Z & T, TRTOEMENRZHERTE 507

Z DR EERNCIR I NI, — D DOMEJFIR E HEMEEZ ROV R UIZ K > TIAR
TOWEMNREZBMATE, ZOREKRT “HBETE LWVWR 5.

—H, BZ5 ZABI K o TIFEMIRBGFEEL RV L35 5. HlZIX, RISRoeH
R DA RIK L iR DA FERE R LM TR VWE A ARNNZ LR DL ENEEE L,
MR R % FF 7272\, 85 O, Buchweitz-Rickard D& [B, R2] & v, AFHERE D
SERENREIZ X B Verdier % (1FEB) L RAZ LN TES. TDH, ZH 5 DHIZIRD
SefzRl S 7.

e 2. FREEIZI WO TH MR Z L2720V D TIERWHR?

Kz, HCARNZ LB (G H S ARIRIC 0) D&tk e UT, A H S ASHRTAERZ
Z o EORRBEIZDOWTEET 5.
1



2 EsEZN, =

g8, N, A ZMRBEAKRE EARIOGL IGERE U, RO XS LEEZEZ 5.
e mod A: ARRAR (47) AMEED 572 5 (INEEE)
e proj A: HIFZMEED 572 5 mod A D Fa ik 43
e DP(mod A): HIFEE mod A DA FLE K
o KP(proj A): S INEEDE proj A DEFEFE b E—H (REERE)
—MRIZ, T Z2IROEM 2~ =AB L 3 %: - Krull-Schmidt - 5% - Hom A R.

1. MEMHZS SR

ZITI, BA5NE—DDHMENRN S, BOMEMNEZED 1T HIE (BIEER,
silting mutation) \Z DWW THRGHT 5.
U, B ROEREL S BT 5.

F L.1. =BT OXR T W ai#EE (presilting) TH 5 & 1%, RO > 01/ LT
Homy (T, T[i]) =0 %723 &£ EZWS. IHITMAT, T =thickT &7:5 & &, T % %{E
R (silting object) & &, T Z T, thick T & T O T & &L H/ND thick #iBE%2 KT

T OFEARK LG RORBBEOES 2 st T L ELZ2IZT5

BIZAE, B A 1358 25K K (proj A) DB R TH D, TDY 7 b Al HEETH 5.

W, R EZRD (b 2RRED) ZABEIL, TREREL»RW I EARISNT WS
[R1, K]. D0, IROBEFRELVFONS.

EIH 1.2 (Rickard, Keller). T 2R =AM, $7205, T 13H % Frobenius B DL RE
EeLTRoNDETE. ZOLE, THEENRT 28274013, T X T OERHACHE
[FE% iR EOSEREROE & = MBEEEIZ 5.

WA ST [ B AR M A T A K S (AL

R 1.3. (1) YEMDN R IR R B BRI K 7 D BUS, HEMDTRDEY J3ITKAFE L n
(T DATHRE D).

(2) T BHEMISRZ RO S IE TREONR X, Y IZ A KER > 0T, Hom (X, Y[(]) =
0275,

H S — O p 2 BT

Bl 1.4 AZ2A4N—1-52THAONDZLERET S ZHIE 2D E=A1THER & [H
MTHhHsd. ZDLE, T :=KP(projA) (= DP(mod A)) %% Z 5. Happel DFER [H] 225,
T X Auslander-Reiten 7 4 WN—%2 D Z L HBHIONTE D, BEEIIRD & 512582128

ENANPAN

BRI EBERIT SR, K iﬂ%@ﬁﬁ@ﬁ%‘f’ﬁ]"i’?@b 22[§0)§Q721_3— ERIZRD. IHIT, i< ]
D& &, Homy(j,1) = 0D LD, F7=, T@EF"CO)/7 MI3ZERTZIETHEZOLOND
(i[1] = i +3). Lo, fHRLERICKDIRBBONS.

sit7T ={i®j|0<j—i=1 (mod3)}
RIT, YEMEA R 2 E AT 5 [Al

EHE-EHE 1.5 (EMEER). T2 T OEENRE L, BN X 25 T=Xo M. ik
DIATY LD, FHTLOWHREEET 5.
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AT 7 1 X O (KWuNg) Aiadd MEWL f: X — M 205 (add M 13 M OHERAD).
DFD, M lFaddM IZEL, TEDOH g X — M f 2@ 5. T
Hom ARADT, ZHIFWDOTHAGETH 5.

25y T 2% fRESMICEETS X LM S Y - X[

ATy 73 TOEBNRHRTXZ2Y LOEZ5: YO M.

CDLEYOMITE BENRIZRD. 22 TINE, uy(T)FEE, TO X IZHTS
EEELITR. BN, BEE L (T) 2 E£RT 5. FERBIUOLGLERE2FLDT, &
BEMRINZLIZT S, 72, X WEMNOL &, ZOLEZBHLRLR L WS,

FR 1.6, (1) ZEIZELIOED FITH S 0.

LDFEET,

2) X=0BLOX =T TEERAGETH5: uj(T) ~T, uz(T) ~T[F1] (EEFIE).
(3) T HHEARMD & & EMZM/MIENIE, ZBEE LRI S.
(4) pd(ux(T)) =~ T A D LD, (R B K D 32D.)

WA RIZ L > T, ~ D THHEMHRE R DTS Z 2 TE L, BHITL < OHEMENT
RE/DIENTES. Lo T, TRENE KP (proj A) IXIEEUZZL < DHEREN R ZFFD Z
ENbIN5G.

Bl 1.7. Hl14%RTAHED. ERRT =idj (i < j) OBENAZRIZIRO 3FEEH 5.
(1) p5 (T) =i (j+3)

o fG+nes G=it
(z)ui(T)_{(iJri’s)@j (j#i+1)

ZIho, B 1LIZOWTEZTWL . BHZ, B R IZR Y, IROWAZEAT 5.

B 1.8. T IXHLEENR T BMFIEL, TR TOMEMNRY T ORERI R RO KL
IZEoTROoND & &, T IXEMEESR (silting-connected) THH E\ND .

Bl 1.9. Fl 1.7 TR7ZE 51T, TOLTBRICB I 2 HEMEAERIL, (1) 257 (2-1) “¥
THT? (2-2) GEDIFB” OIFHTHB. TD2D, EHHROE (K 1.4) 2 AN,
KP(proj A) BHEMUELETH B Z L DVbn b, X 5617, LED 2 DOMEMIRIL, W25
S —DEENL HHNELERDOADEDIRLT, £ RFHICEL.

RD & 5 7 MEMTEAE 2 e RERE 2 K DL iP5 T W5 [AL A, AAC, AM, BPP).
EIE 1.10. ZBR A PRDOWTNHAD L &, KP(proj A) IXHEMEEETH 5.
(1) Fr% uER
(2) K7 HEARINZ JuER
(3) BIRERBEL ST uER
(4) #HFLD Braver 77 7 % ik
(5) Dynkin BYFTE 2N FRZ% SCER
(6) B BRAIEIR I DB R 2 B
AR 111 EOEHIZEWT, (2) DHEEZIRWT, KP(projA) 1353, EAEBERT (silting-
discrete) 1272 > T\ 5 HEMHBER & 13, YEMDH R OEED D 5 BKR THRIZZ>TWDH &
T2V, HEMEEEROS S IZHIEERE TH D Z DD RELKIX[A] 2BH). (2) TIRE 5
I, ADEREBIO L & KP(proj A) X HEMERERIZ 2 5.

TEBERL (tilting-discrete) Z B AL T, (3) B XU (5) DXFMMEDIRE % H S AGHYIZ E X
MZ2ZENTES. DF 0, ERIRHEH I AHNZ LB B X O Dynkin BIFTS 2% 5
B (205G, HEINIZH D ASINIZR ) OS82 REBIERBIZ 72 5 [CKL, AM].



4 EsEZN, =

HEMERETdD > TH, — D DOUHEMITRD S HI DIEMOS R, BELZEDADIRD KL,
H U<, AR EDOADRRD KU TEET 2 23RS 20,

5l 1.12. A % Kronecker %t 95%: D0, 74— 1—=2 THAOLNSZ% T
B, ZOLE NMLBERNTHS. 61, T := KP(projA) (= DP(mod A)) @ Auslander-
Reiten 7 A /N —I3IRD & 5 75850 % RMERE S, 2o FS 7 MZkoTBOED
(cf. [ASS, H]):

(in[1] = tny1) E7z, BHOTRIEH] 14 &R KD BRRRETEIENTE, EIHERSH]
L7 EFRIBRIZ, (1) SEZ VBT (2-1) “Y7H T (2-2) “EDIT 2" O 3FEELH S.

EM 110 &0, T IFHEMERETH 5 0%, BNAZROADREDIRL TIER{LNRVED
NHBIErERTHAELD. T =001, U:=-1,00, 8L &, UIXTOBNELED
ADFED KL TIRES NN, EBE T O D777 OERAZRDOA TR0 FHH O
RAMPOHBILIITET, /2, ~F @5 WAL RZF--TLES &, U 2R
DA TUEW, BBNALRTIRIUANRSD ZEDTERW., —F, BWAZRZ2 WX
T UIXENRSTWS.

bz e, BHAELRZRETRTILIZUTHEMIZBZELTALS: T,U csilt T
W UT, T UIRUDPT OMNELRTHE I L 2EKRT 5.

Op @ 1g
TRTOEFEHD o2
HAERR S IZE T 020
20 @ 3o
0p ® 1
-21® -1
ITARTI1IHFEHD 1, @0
SR RS L
0,1,

Z DD RRRIT, 52 A DS T WS TR OB A %1 % [AGI).

el
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Bl 1.13. A2 24 N— 1=2 THAL6NDZILET, Lt -7l

1 2
As 27 Yo o Y
Nz N

1 2
ERHOEDLT L. ZNE 2 00EMNEEEZ ROV —FOREI A2 DH S AFFLZ
TLERO ALK, X, 777 o o D Brauer 77 7% R ERBTHS. ZDE
&, KP(proj A) DSEMEHAE T Z &%, S REBINFIRIC K D BT & 5. FEllIEE < 25,
BEMS R 2 1TH (g 175) e eS8, TOEAEXRT MLVEEEMEZFRET S, DL &,
A DRI ZR OV IR LU TR ONDEMIIRD g 1751 & A[l] D g THIDEEEI L
D, A& AL DEEZRZROME DB U TIEENR SN &b nsd. — /T, A[l] ~ uy(A)
R0 B 1 OEBITDD S TR,

AR 1.14. 2 00 HHMNEFEEZ ROV E—HOE I A2 O H AR ILIZ oER I, HEHHE
it (MEMEBER) 7R REoRE 2 K D720, oG B AR THEMEES (HEMTEER) 23N
BHE > TND.

2. WG RDAEE - FAFAE

HIfiClE, =D CHLEEMEN R Z RO 5 Z A TENIE, BB K DEMENRERS
N5 ezbl. ZORTIE, THEMENTSR iL‘OT%ﬁf'é_%ﬁ”J IZDOWTEZRD.

DP(mod A) @ KP(proj A) (Z & % Verdier i D”(mod A)/KP(proj A) 2 A DRFEE & VW,
Dg(A) THT.

ROBEFEA L CHISNTWDS [B, R2).
EH 2.1 (Buchweitz, Rickard). A H3%57K-Gorenstein % JtER, §72bb6, EB I UHDH
CABRTPERZ S 1K, ZABEE Dg(A) ~ CMADMEFSNS. 2T,

CMA := {M € mod A | Exty(M,A) =0 (fEED i > 0)}
THH, CMAZZDLEETH 5.
HIENIZ B WTC, STRERE AR E DM R 2 B0 T LMo 720, B FREREX
HERETIEY S 7
WD Z EHHISNT WS [AI
i 2.2, AMFHERMTRVWE 5.
(1) D*(mod A) 753?4@1@5(]”2%%%’) 2 ADWERKBIXICERFD Z LKA TH 5. FRZ,
A DRIBIRTT R 72 51, DP(mod A) IFHEMT S % & 4\,
(2) A BEHE AR SIE, 225 fIIREE mod A IFHEMER R & K572 72\, & - T, Buchweitz-
Rickard DEB L D, A ORFRENZHEMD GUIFAEL 20,
Z TR 2 & 2 5. IRDYEMRAL (silting reduction) AV EEZ2 5% E| 2 H 729 [ATL TY].
T 2.3 (FEMERIL). T % T O RE U, IRE 72T LIET 5 FED X € T I
LT,
Hom7 (T, X[¢]) = 0 = Hom7(X[(],T) (¢ > 0).
ZOLE BHRRETFET — T/thick T ZIROESOHOEEF 25 &K T

silty 7~ silt (7/ thick T) .



6 itz
ZIZT,silty TIXHIRD K S %2 sit T DA EETH %:
silty T :={U €silt T | UET ZEFMRKETIZFKED }.

BIZINK, T DHERES R 2 R CIX, LR ORISR IT EOEBLDRGE % 72 U (i 1.3),
HERRL2EHT A Z 2 TE 5.

FEFLEENZ B 1) 2 M R OTAE - A Z W5 7-D121%, ¥R(EZ T = DP(mod A) &
FOT=AEUTHEHATHIZI .

IROFERDIEFESNS.

EHE 2.4, FHMTRWEAHCARRITARZ S TEROR RN, EENR2Z & 20,

i, Fl2.2 (2) o—fbz 52 TW5.
¥ 72, Buchweitz-Rickard DEH L 0, EH 2.4 13T ITIRD R ZEL .

% 2.5, A 2 YHAI TR \WAK-Gorenstein £ tER & T 5. D& E, CMA IXHEMDNR %
R0,

R 2.6, BN XS TE L BN S IMREA £ 2 5 LIRMAED B, RO Z L HH 5T
W3 [Y].

FIR. A = D,y A & IFEBUORA & H OAMKZ EELY U, Ao RABUGEA IR Y i
T5. ZOLE, PWHA & RO % EE mod” A YR S % F5-.
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TENSOR STRUCTURES OF RIGHT BOUNDED DERIVED
CATEGORIES OF COMMUTATIVE RINGS AND BALMER SPECTRA

RYO TAKAHASHI

INTRODUCTION

This article makes a report of the talk given by the author at the 62nd Algebra Sympo-
sium, which was held at Osaka University in September, 2017. The talk is based on joint
work with Hiroki Matsui. The complete proofs of the results in this article that are due
to Matsui and the author are all stated in [10], together with more detailed information
and other related results.

Tensor triangular geometry is a theory established by Balmer [2] at the beginning of the
current century. Let 7 = (T, ®, 1) be an (essentially small) tensor triangulated category,
that is, a triangulated category T equipped with symmetric tensor product ® and unit
object 1. A (thick tensor) ideal of T is defined to be a thick subcategory of 7 which is
closed under the action of 7 by ®. A proper ideal P of T is called prime if it satisfies:

XY eP = XePorYeP.

Prime ideals of tensor triangulated categories turn out to behave similarly to prime ideals
of commutative rings; both share a lot of analogous properties. Among other things,
the Balmer spectrum SpcT of T, which is defined as the set of prime ideals of 7T, has
the structure of a topological space, corresponding to the fact that the Zariski spectrum
Spec R of a commutative ring R has a Zariski topology. Tensor triangular geometry studies
Balmer spectra and develops commutative-algebraic and algebro-geometric observations.
It is related to a lot of branches of mathematics, including commutative algebra, alge-
braic geometry, stable homotopy theory, modular representation theory, motivic theory,
noncommutative topology and symplectic geometry. As Balmer [4] addressed an invited
lecture at the International Congress of Mathematicians (ICM) in 2010, tensor triangular
geometry has been attracting a great deal of attention.

Let R be a commutative noetherian ring. Let D™(R) be the right bounded derived
category of finitely generated R-modules. It is then a routine to verify that

(D™(R), ®%, R)

is a tensor triangulated category. The main topics of the talk at the symposium by
the author concern the structure of the ideals of D7(R) and the structure of the Balmer

spectrum Spc D™(R) of D™(R).

1. TENSOR TRIANGULATED CATEGORIES AND BALMER SPECTRA

In this section, we introduce some of Balmer’s works on general tensor triangulated
categories. All the materials in this section are taken from [2, 3, 4]. First of all, we recall

the definition of a tensor triangulated category.
1
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Definition 1.1. A tensor triangulated category (T,®,1) is a triangulated category T
equipped with symmetric tensor product ® and unit object 1. To be more precise, 7T is
both a triangulated category and a symmetric monoidal category such that the triangu-
lated and symmetric monoidal structures are compatible.

Here are several examples of a tensor triangulated category. Note that all of them are
essentially small.

Example 1.2.

(1) Let X be a (quasi-compact and quasi-separated) scheme. Denote by DP*f(X) the
derived category of perfect complexes of Ox-modules. Then (DP*(X), ®§ ,Ox) is
a tensor triangulated category.

(2) Let R be a commutative ring. Denote by K®(proj R) the homotopy category of bounded
complexes of finitely generated projective R-modules. Then (K®(proj R), ®r, R) is a
tensor triangulated category. This is nothing but the affine case of (1).

(3) Let k be a field of positive characteristic, and G a finite group (scheme over k).
Denote by mod kG the stable category of finitely generated kG-modules. Then
(mod kG, @4, k) is a tensor triangulated category.

(4) Let k,G be as in (3). Denote by D°(mod kG) the derived category of bounded com-
plexes of finitely generated kG-modules. Then (D®(mod kG), @4, k) is a tensor trian-
gulated category.

(5) Let R be a commutative noetherian ring. Denote by D™(mod R) the derived category
of homologically right bounded complexes of finitely generated R-modules. Then
(D™(mod R), ®%, R) is a tensor triangulated category. This tensor triangulated cate-
gory plays a main role in this article.

Next, we give the definitions of a (thick tensor) ideal and a Balmer spectrum. We recall
here that a thick subcategory of a triangulated category is by definition a nonempty full
subcategory which is closed under direct summands, shifts and cones.

Definition 1.3. Let 7 be an essentially small tensor triangulated category.
(1) A thick subcategory Z of T is a (tensor) ideal if it satisfies the following implication.
ac€T,z€l — auel.

This is an analogue of an ideal of a commutative ring.
(2) An ideal Z of T is radical if T = /T, where

VI={aeT|a®- - ®aecTfor somen >0}
————

n

is the radical of Z. These are analogues of a radical ideal and the radical of an ideal
of a commutative ring, respectively.
(3) A proper ideal P of T is prime if it satisfies the following implication.

rQ@yeP = xe€PoryecP.

This is an analogue of a prime ideal of a commutative ring.
(4) The Balmer spectrum of T is defined by:

Spc 7 = {Prime ideals of T}.

This corresponds to the Zariski spectrum Spec R of a commutative ring R.
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(5) The Balmer support of an object x of T is defined by:
Spp(z) ={P €SpcT |z ¢ P}.

This corresponds to the subset V(f) = {p € Spec R | f € p} of Spec R for an element
f of R. Note that the containment is opposite.
(6) We put
U(x) := Spp(x)t = {P € Spc T | x € P}.
This corresponds to the subset D(f) = {p € Spec R | f ¢ p} of Spec R.

Throughout the rest of this article, we assume that all tensor triangulated categories
are essentially small, so that we can always define their Balmer spectra.

We make the definitions of a maximal ideal and a minimal prime of a tensor triangulated
category.

Definition 1.4. Let 7 be a tensor triangulated category.

(1) An ideal of T is said to be a mazimal ideal of T if it is a proper ideal of T which is
maximal with respect to the inclusion relation. We denote by Mx 7 the set of maximal
ideals of 7.

(2) An ideal of 7 is said to be a minimal prime of T if it is a prime ideal of 7 which is
minimal with respect to the inclusion relation. We denote by Mn 7 the set of minimal
primes of T .

Each Balmer spectrum has the structure of a topological space such that the Balmer
supports are closed subsets. We state this here together with several fundamental prop-
erties which will often be used later.

Proposition 1.5 ([2]). Let T be a tensor triangulated category.

2) Ewvery proper ideal of T is contained in a maximal ideal.
3) Mazimal ideals of T are prime.

4) Every prime ideal of T contains a minimal prime.

)

1.5.1) {P}={Q€spcT | QC P}

Conversely, any nonempty irreducible closed subset of SpcT has this form.
(6) The open subset U(x) of SpcT is quasi-compact for each v € T. Conversely, any
nonempty quasi-compact open subset of SpcT has this form.

(7) For an ideal T of T one has
vVi= () P
ZCPesSpcT
The equality (1.5.1) corresponds to the equality
{p} ={a€SpecR[q2p}

of subsets of Spec R for a commutative ring R and a prime ideal p of R. Again, the
containment is opposite.

Thus, ideals of tensor triangulated categories have a lot of similar properties to ideals
of commutative rings.
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For a full subcategory X of 7 and a subset S of Spc T, set

spp X = | J spp(x),

zeX
Spp 'S = {z € T | sSpp(z) € S}.

The following theorem is a celebrated result due to Balmer [2, Theorem 4.10].

Theorem 1.6 (Balmer (2005)). Let T be a tensor triangulated category. Then there is a
one-to-one correspondence

Spp
{Radical ideals of T} 1-1 { Thomason subsets of Spc T }.

spp!

Here, a subset A of a topological space X is said to be Thomason if one can write

A:U&

i€l

for some family {B;}ic; of subsets of X such that B¢ = X \ B; is a quasi-compact open
subset. A subset C' of X is said to be specialization-closed if it satisfies the implication

reC = {z}CC.

We notice that this condition is equivalent to saying that C' is a (possibly infinite) union of
closed subsets. Therefore, a Thomason subset is always specialization-closed. The name of
a Thomason subset comes from the fact that for a quasi-compact quasi-separated scheme
X, Thomason [13] gives a complete classification of the ideals of DP*f(X) in terms of the
Thomason subsets of the underlying topological space of X.

Theorem 1.7 says that for a given tensor triangulated category 7 the understanding of
the structure of the Balmer spectrum of 7 provides a complete classification of the radical
ideals of 7. Since each ideal of T is the kernel of some tensor triangulated functor from
T and vice versa, classifying ideals of T leads us to the understanding of the structure of
tensor triangulated functors from 7. In this sense, the above theorem is quite meaningful.

For each tensor triangulated category 7 one can define the structure sheaf O on
T, and then the Balmer spectrum Spc7 has the structure of a locally ringed space [4,
Constructions 24 and 29]. More precisely, for each quasi-compact open subset U of Spc T
we define

T(U) == (T/spp ' (U"))",
where (—)" stands for the idempotent completion. Then it holds that
SpcT(U) =U.

The assignment U +— Endyy(1) induces a presheaf of commutative rings, and we define
the structure sheaf O7 on T as its sheafification. Thus we obtain a locally ringed space

SpecT := (SpcT,Or).

The following theorem due to Balmer is also well-known. We refer the reader to [2,
Theorem 6.3] and [4, Theorem 57]; see also [3, Proposition 6.11].

Theorem 1.7 (Balmer (2005, 2010)).
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(1) Let X be a quasi-compact quasi-separated scheme. Then there is an isomorphism
Spec DPEF(X) = X

of locally ringed spaces.
(2) Let k be a field of positive characteristic, and G a finite group (scheme over k). Then
there are isomorphisms

Spec DP(mod kG) 22 Spec™ H* (G, k),
Spec(mod kG) = ProjH*(G, k)

of locally ringed spaces.

Here H*(G, k) stands for the group cohomology ring. For a graded-commutative ring
A, we denote by Spec! A the set of homogeneous prime ideals of A. For a commutative
nonnegatively graded ring R we denote by Proj R the set of homogeneous prime ideals
of R that do not contain R, = €, , R;. Note that ProjH*(G, k) is nothing but the
(projective) support variety Vg (k).

The isomorphism in Theorem 1.7(1) says that a scheme X is reconstructed from its
derived category DPef(X); see also [1]. This is actually because of the tensor structure
of DP*f(X). Indeed, only from the triangulated structure of DP*f(X) the original scheme
X cannot be reconstructed, since there are a lot of derived equivalences of nonsingular
algebraic varieties (e.g. the Fourier—-Mukai transformation).

The second isomorphism in Theorem 1.7(2) is obtained by restricting the first one.
Key roles in the proof of Theorem 1.7 are played by the classification theorems of
ideals due to Hopkins [9], Neeman [11], Thomason [13], Benson—Carlson—Rickard [5] and
Friedlander—Pevtsova [8]; see also the works of Benson-Iyengar—Krause [6] and Benson—
Iyengar-Krause-Pevtsova [7]. The Balmer spectra are described for some other tensor
triangulated categories by several authors; details can be found in [4].

Let (7, ®, 1) be a tensor triangulated category. Balmer [3] constructs a continuous map

>0

p% : SpcT — Spec" RY,
which is given by
p7(P) = (f € R} | cone(f) ¢ P).
Here,
R% = Hom¢ (1, X°1)

is a graded-commutative ring.

It is seen that for 7 = K"(proj R) with R being a commutative ring we have Ry = R,
and it is also observed that for 7 = DP(mod kG) with k being a field k& of positive
characteristic and G being a finite group (scheme over k) we have R% = H*(G, k). It is
shown by Balmer [3, Propositions 8.1 and 8.5] that the isomorphism in Theorem 1.7(1)
in the affine case, and the first isomorphism in Theorem 1.7(2) are given by the map p%
given above. Thus the following conjecture has been presented by Balmer [4, Conjecture
72] in his invited lecture at the International Congress of Mathematicians (ICM), which
was held in 2010 at Hyderabad.

Conjecture 1.8 (Balmer, ICM 2010). The map p¥% is (locally) injective if T is algebraic
as a triangulated category.
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Let f : X — Y be a continuous map of topological spaces. We say that f is locally
injective at a point x € X if there exists a neighborhood N of x such that the restriction
fln of fon N is injective. The map f is called locally injective if for all points z € X it
is locally injective at z. Also, recall that a triangulated category is called algebraic if it is
described as the stable category of a Frobenius exact category.

It is known that the conjecture does not hold for a non-algebraic triangulated category;
indeed, if 7 is the Spanier-Whitehead stable homotopy category SH™ of finite pointed
CW-complexes, then p% is not injective; see [4, Theorem 51]. On the other hand, as we
have seen above, the conjecture does hold for K®(proj R) and D®(mod kG).

Now we introduce some notation, which will be used throughout the rest of this article.

Notation 1.9.

(1) Let R be a commutative noetherian ring.

(2) We denote by Spec R the Zariski spectrum of R, namely, the set of prime ideals of R
equipped with the Zariski topology.

(3) For an ideal I of R we define V(I) the set of prime ideals of R containing I, and put
D(I) = V(I)* = Spec R\ V(I).

(4) The set of maximal ideals (respectively, minimal primes) of R is denoted by Max R
(respectively, Min R).

(5) We denote by mod R the category of finitely generated R-modules, and by proj R the
full subcategory of mod R consisting of finitely generated projective R-modules.

(6) We denote by D*(R) the derived category D*(mod R) of the abelian category mod R,
and by K*(R) the homotopy category K*(proj R) of the additive category proj R, where
* € {—,b}. There are obvious inclusions

K°(R) € D°(R) C D(R).
Taking projective resolutions induces an equivalence
D™ (R) 2 K'(R)

of tensor triangulated categories. We will often identify D™(R) with K™(R) via this
equivalence.

From the next section on, we will investigate the structure of D™(R) as a tensor trian-
gulated category. We close this section by giving comments about how hard it is.

Difficulities for D™(R). The tensor triangulated category D™ (R) possesses a lot of defects
on its structure, compared with the other well-established tensor triangulated categories:

(1) D7(R) does not have arbitrary products or coproducts. (However, it does have some
specific infinite coproducts, which will somehow play a crucial role in the proofs of
our results.)

(2) D™(R) is not closed under duals. For example, in the case where R is an algebra over
a field k, D™(R) is not closed under k-duals.

(3) In particular, D™(R) is never rigid. Recall that a triangulated category 7 is called
rigid if there exist an exact functor D : T°° — T and a functorial isomorphism

Homy(a ® b, ¢) = Homy(a, D(b) ® c)

for a,b,c € T. In fact, D™(R) is even never closed as a symmetric monoidal category.
There are a lot of results on rigid tensor triangulated categories, but we cannot use

them for D™(R).
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(4) One has
thickp- ) R # D™(R).
Indeed, the left hand side coincides with KP(R). There are several results on tensor

triangulated categories (7, ®, 1) satisfying thick7 1 = T, but they are not available
for D™(R).

Thus, results in the literature are quite limited on tensor triangulated categories that can
be applied to our tensor triangulated category D™(R).

2. COMPACTLY AND COCOMPACTLY GENERATED THICK TENSOR IDEALS OF D7(R)

In this section, we classify compactly or cocompactly generated ideals of the tensor
triangulated category D™(R). We begin with recalling the definitions of compact and
cocompact objects.

Definition 2.1. Let 7 be a triangulated category.
(1) An object M € T is called compact (respectively, cocompact) if the natural morphism

&P Homy (M, Ny) — Homy (M, H N»)

AEA AEA
(respectively, @ Homy(Ny, M) — HomT(H Ny, M))
AeA AeA

is an isomorphism for all families {Ny}ica of objects of T such that the coproduct
D e Na (respectively, the product [], ., IVy) exists in 7.

(2) We denote by T°¢ (respectively, 7<) the full subcategory of T consisting of compact
(respectively, cocompact) objects of T.

(3) An ideal of 7 is said to be compactly generated (respectively, cocompactly generated)
if it is generated by some compact (respectively, cocompact) objects of 7 as an ideal.

The following equalities hold for compactly and cocompactly generated ideals of D™(R).
Fact 2.2. There are equalities

D™(R)* = K°(R),
D™(R)* = D°(R).

The second equality in the above fact is due to Oppermann—Stovicek [12, Theorem 18].
The first equality is well-known, and actually proved along the same lines as in the proof
of the fact that the compact objects of the unbounded derived category of all R-modules
are the perfect complexes over R.

Next, let us recall the definition of the (usual) support of a chain complex. Note that
this notion is different from that of a Balmer support introduced in the previous section.

Definition 2.3.



8 RYO TAKAHASHI

(1) Let X € D°(R) be a complex. The support of X is defined to be the union of the
supports (as R-modules) of homologies of X. One has equalities

Supp X = U Supp H(X)
i€Z
(2.3.1) = {p € Spec R | X, # 0}
= {p € Spec R | x(p) ®p X # 0}

of subsets of Spec R, where k(p) denotes the residue field R,/pR, of the local ring R,.
(2) For a full subcategory & of D”™(R), set

Supp X = U Supp X.

XeX

It is easy to see that the following hold.
e Supp X is a specialization-closed subset of Spec R.
e There is an equality Supp X = Supp(thick® X).
Here, thick® X stands for the ideal generated by X', that is, the smallest ideal of D™(R)
containing X'.
(3) For a subset S of Spec R, set

(S) = thick® ){R/p |pe St

D™ (R
The second equality in (2.3.1) holds even for unbounded complexes of non-finitely gen-

erated R-modules, while the third equality only holds for complexes in D™(R).
The following theorem is the first main result of this article.

Theorem 2.4 ([10, Theorem 2.12]). There is a one-to-one correspondence

Cocompactly generated _ Swe Specialization-closed
ideals of D™(R) 161 subsets of Spec R

Thus the cocompactly generated ideals of D™(R) are completely classified.
In fact, this one-to-one correspondence is not just a bijection of sets. For ideals X', Y
of D™(R), define X AY and X V) by:
XANY=thick?{X kY | X € X,Y €V},
X VY =thick?(X UY).
It is then seen that for specialization-closed subsets A, B of Spec R there are equalities
(A) N(B) = (AN B),
(A) vV (B) = (AU B).
Using these equalities, one can show that the set of cocompactly generated ideals of D™(R)
forms a lattice with join V and meet A, and that the bijections in the theorem are lattice
isomorphisms; see [10, Proposition 2.18].

On the other hand, using the above theorem, we observe that the assignments X +—
XN Kb(R) and thick® ) <+ ) make a one-to-one correspondence

{Cocompactly generated ideals of D™(R)} = {Thick subcategories of K°(R)};
see [10, Corollary 2.14].
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To prove the theorem, we need to extend the Hopkins-Neeman smash nilpotence the-
orem as follows; see [10, Theorem 2.7].

Lemma 2.5 (Generalized smash nilpotence). Let f : X — Y be a morphism in K™ (R)
such that Y € KP(R). If f @ k(p) = 0 for all prime ideals p of R, then f& =0 for some
nteger t > 0.

We do not state the proof of this lemma, but give several comments on the proof.

Remark 2.6.

(1) If we assume further that X € KP(R), then the assertion of the lemma is nothing
but the original smash nilpotence due to Hopkins [9, Theorem 10] and Neeman [11,
Theorem 1.1]. In the proof of the original smash nilpotence, one can reduce to the
case where X = R by replacing the morphism f : X — Y with a morphism f': R —
RHompg(X,Y) via the isomorphim

Homgs () (R, RHomp(X,Y)) = Homgs gy (X, Y).

Thanks to this reduction, one can identify the morphism f € Homgsgy(R,Y") with

the element f(1) € HY, which plays a key role in the proof of the original smash

nilpotence.

(2) We show and use the following statements; see [10, Lemmas 2.5 and 2.6].

(a) Let T be a tensor triangulated category. Let f, g be a morphism in 7, and let X', )
be full subcategories of 7. If f@X =0and g®) =0, then (f®g)®(X*)) =0.

(b) Let & = x1,..., 2, be a sequence of elements of R. Let f be a morphism in K™(R).
If f®rR/(x)=0,then [®*" @ K(x) = 0.

Here, X' ) stands for the full subcategory of K™(R) consisting of objects E such that

there exists an exact triangle

X—>FEF—=>Y ~

in 7 with X € X and Y € Y, and K(x) stands for the Koszul complex of R with
respect to . The statement (b) is deduced by using (a).
(3) We need the assumption that Y € KP(R) to have the equality

anng, (fp) = anng(f),

for all prime ideals p of R. Here, the annihilator of a morphism f: X — Y in D7(R)
is defined by

anng(f) :=={a€ R|af =0in D(R)},
which is nothing but the kernel of the morphism R — Homp- g (X,Y) given by
a— af.

By virtue of the generalized smash nilpotence, we can prove the following key proposi-
tion. For an object X of D™(R) we define the annihilator ann X of X as the annihilator
of the identity morphism of X.

Proposition 2.7 ([10, Proposition 2.9]). Let X,Y € D7 (R) be complexes. Then the
following implication holds true.

V(ann X) C SuppY = X € thick® Y.

Again, we do not state the proof of this proposition but give some comments on it.
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Remark 2.8.
(1) For every X € D™(R) one has

V(ann X') O Supp X.

The equality holds if X € DP(R).
(2) The original statement that is due to Hopkins and Neeman and corresponds to the
proposition asserts that for perfect complexes X, Y over R the implication

Supp X C SuppY = X € thick®Y

holds true; see [11, Lemma 1.2].

(3) Proposition 2.7 does not hold if V(ann X) is replaced with Supp X or if SuppY is
replaced with V(annY’); we will see this in Remark 3.14.

(4) In the proof of the proposition, we first take a truncation Y’ € KP(R) of Y such that
V(ann X) is contained in Supp Y’. Then we consider the morphism R — Hompg(Y",Y)
sending 1 € R to the inclusion morphism Y’ — Y. The stream of the proof is similar
to [11, Lemma 1.2], but we need to make various modifications.

(5) In the proposition, we can replace the object Y of D™(R) with any full subcategory )
of D™(R). Indeed, we find an object Y € ) such that Supp Y contains all the prime
ideals (minimally) containing ann X. Then V(ann X) is contained in Supp Y, and we
can reduce to the case where the subcategory ) consists only of Y.

As a corollary of Proposition 2.7 we have the following result. This result will be used
in the proof of Theorem 2.4, and several other places.

Corollary 2.9 ([10, Corollary 2.11 and Proposition 4.11}).
(1) Let X be a complex in D™(R). Then it holds that
Supp X = Spec R <= thick® X = D™ (R).

(2) Let I be an ideal of R, and let X be an ideal of D™(R). Take a system of generators
x=2x,...,%, of [. Then it holds that

V(I) CSuppX <= R/IeX <+— K(z)edX.
Proof. (1) The implication (<) follows from the equalities
Supp X = Supp(thick® X) = Supp D”(R) = Spec R.

As for the implication (=), for all objects M € D™(R) one has that V(ann M) is contained
in Supp X. Hence M belongs to thick® X by Proposition 2.7.

(2) We have
Supp R/I = V(ann R/I) = V(I) = V(ann K(x)) = Supp K(z).
Using Proposition 2.7 completes the proof of the assertion. O

Now we can obtain the proof of the main result of this section.

Proof of Theorem 2.4. Let X be a cocompactly generated ideal of D™(R). Then one
can write X = thick® C for some full subcategory C of D®(R). What we want to show is
the equality X = (Supp X). As to the inclusion (D), Corollay 2.9(2) implies that R/p is
in X for all p € Supp X'. As for the inclusion (C), it suffices to show that C is contained in
(Supp X) = (SuppC). Pick an object M € C. Then M is a bounded complex of finitely
generated R-modules, whence it is in thick{R/p | p € Supp M}. Now we are done. U
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As a corollary of Theorem 2.4 we have the following result.

Corollary 2.10 ([10, Corollary 2.16]). The following are equivalent for an ideal X of
D™ (R).

(1) X is compactly generated.

(2) X is cocompactly generated.

When this is the case, we simply say that X is compact.

Proof. Since KP(R) is contained in DP(R), compact generation implies cocompact gen-
eration. Therefore (1) implies (2). Let us show that (2) implies (1). Let W be a
specialization-closed subset of Spec R. Put

A = thick?{R/p | p € W},
B := thick®{K(z) | xR € W}.

Then A is cocompactly generated, while B is compactly generated. We see that Supp A =
Supp B = W. Using Theorem 2.4, we obtain A = B. O

As another corollary of Proposition 2.7, we get the following result.

Corollary 2.11 ([10, Corollary 2.20]). If R is artinian, then all ideals of D™(R) are
compact. Therefore one has a one-to-one correspondence

{Ideals of D™(R)} = {Subsets of Spec R}.

3. THE BALMER SPECTRUM OF D™(R) AND CLASSIFICATIONS OF THICK TENSOR
IDEALS

In this section, we consider the structure of the Balmer spectrum of D™(R), and
make correspondences among some classes of ideals of D™(R) and subsets of Spec R and
Spc D™ (R). The section consists of three subsections.

3.1. The structure of Spc D™(R).
We investigate the structure of the Balmer spectrum of D™(R) as a topological space,
comparing it with the Zariski spectrum of R. We start by defining a tame ideal of D™(R).

Definition 3.1.
(1) For a subset S of Spec R, we define the full subcategory Supp' S of D™(R) by

Supp 'S ={X € D'(R) | Supp X C S}.

One easily sees that Supp™' S is an ideal of D™(R), and furthermore, the following
equalities hold.

e Supp ' S = Supp ™! Sp-

e Supp(Supp~' S) = Sspar-
Here, Sspo stands for the largest specialization-closed subset of Spec R contained in
S. (This is the spcl-interior of S in Spec R if we use the terminology in the next
Subsection 3.2.)

(2) An ideal X of D™(R) is called tame if X = Supp ' S for some subset S of Spec R. We
set
*Spc D™(R) = {tame prime ideals of D™(R)}.

One can construct the following correspondence between Spec R and Spc D™(R); see
[10, Propositions 3.4 and 3.7].



12 RYO TAKAHASHI

Proposition 3.2.
(1) For p € Spec R, the full subcategory

S(p) :={X e D (R) | X, = 0}

of D™(R) is a prime ideal of D™ (R)
(2) For P € SpcD™(R), the set

{ICR|R/I¢&P}

of ideals of R has a unique mazimal element s(P) with respect to the inclusion relation,
which is a prime ideal of R

Concerning the correspondence constructed in the above proposition, the following
statements hold.

Theorem 3.3 ([10, Theorems 3.9, 4.5, 4.7, 4.12 and 4.14]).
(1) One has the order-reversing maps
S :SpecR=8SpcD7(R):s
such that

s-S=1,
{S .s = Supp ' Supp.
In particular, the inequality
dim(SpcD™(R)) > dim R

between the Krull dimensions holds.
(2) The subset *Spc D™(R) of Spc D™(R) is dense. There is a commutative diagram

S

Spec R Spc D™(R) > Spec R

*Spc D7(R)

such that S’ is an open bijection, §' is a continuous bijection and s is a continuous
map. In particular, the image of S coincides with *Spc D™(R).
(3) There is a commutative diagram

Smin

Min R Mx D™(R)
Spec R S SpcD™(R)
Max R¢ Smex Mn D™ (R)

such that S, is a homeomorphism, and the injective map Spax 1S also a homeomor-
phism if R is a semilocal ring.
(4) The following are equivalent.
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(a) The map S is continuous.

(b) The map S’ is homeomorphic.
(¢) The map s’ is homeomorphic.
(d) The set Spec R is finite.

Here are several comments on this theorem.

Remark 3.4.

(1) Recall that for a topological space X the Krull dimension dim X of X is by definition
the supremum of the lengths of chains of nonempty irreducible closed subsets of X.
For a tensor triangulated category T we have

dim(Spc T) = sup{n > 0 | chain {Py} C --- C {P,} of subsets of Spc T}
= sup{n > 0 | Ichain Py C --- C P, of points of SpcT}.

(2) Note that Max R, Min R, Mx T and Mn T are all Ty-spaces, and that, in general, any
finite subset of a T;-space is closed. Thus, to show Theorem 3.3(3), it is enough to
check that the top and bottom horizontal maps are bijective and injective, respectively
(after we verify that they are induced).

(3) The following are equivalent ([10, Lemma 4.6]).

e All specialization-closed subsets of Spec R are closed.
e There are only finitely many specialization-closed subsets of Spec R.
e There are only finitely many closed subsets of Spec R.
e There are only finitely many prime ideals of R.
Using this equivalences, we can deduce Theorem 3.3(4).
(4) More precisely than Theorem 3.3(1), we actually have a commutative diagram

*Spc D7(R)
0 | inc
Spec R s Spc D™(R) ° Spec R

Spc D™(R)/ Supp

such that sS is identity, S’,g, s', 6, are bijections, S’,g are open and closed, and
s,6', 5 are continuous ([10, Theorem 4.5]). Here, Spc D™(R)/ Supp denotes the quotient
topological space by the equivalence relation induced by taking Supp(—), and 7 the
canonical surjection. (To be precise, we define a relation ~ in Spc D™(R) by

P~Q <= SuppP = SuppQ

for P, Q € Spc D™(R). Then ~ is an equivalence relation in Spc D™(R). We denote by
Spc D™(R)/ ~ the set of equivalence classes, and by 7 : Spc D™(R) — SpcD™(R)/ ~
the map sending each P € Spc D™(R) to its equivalence class [P] € SpcD™(R)/ ~.
The set Spc D™(R)/ ~ is a topological space, where a subset S of Spc D™ (R)/ ~ is
open if and only if 771(S) is an open subset of Spc D™(R).)

(5) More precisely than Theorem 3.3(4), the following assertion holds true ([10, Theorem
4.7]). Consider the three conditions

(a) The map S is a homeomorphism,
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(b) The map s is a homeomorphism,

(¢) The map 76 is a homeomorphism.
Then (a) is equivalent to (b), and (b)A(c) is equivalent to the four conditions in
Theorem 3.3(4).

Suppose that R is artinian. Then R is semilocal, has only finitely many prime ideals
and satisfies Max R = Spec R = Min R. Hence, Theorem 3.3 yields the following corollary.
Corollary 3.5. Let R be an artinian ring. Then the following statements hold true.

(1) The maps S : Spec R = Spc D™(R) : s are mutually inverse homeomorphisms.
(2) One has dimSpcD™(R) = dim R = 0 < oo.
(3) All prime ideals of D™(R) are tame.

In fact, a more complete statement holds true; see Theorem 3.11.

3.2. Classifications of ideals of D™(R).
In this subsection, we consider making correspondences among compact, radical and tame
ideals of D™(R), and specialization-closed subsets of Spec R, Spc D™(R) and *Spc D™ (R).
First of all, we explore the relationships among these three properties of ideals of D™ (R).
Proposition 3.6 ([10, Lemma 5.8|). Let X be an ideal of D™(R).
(1) There are equalities of ideals of D™(R):
cht = <Supp X>a
xrad — \/}7
Xme — Supp ! Supp X
(2) There are inclusions
cht g X g Xrad g Xtame
of ideals of D™(R), all of whose supports are equal. In particular, every tame ideal of
D™(R) is radical.

Here, X¥ (respectively, Ap) stands for the P-closure (respectively, P-interior) of X,
namely, the smallest (respectively, largest) P-ideal containing (respectively, contained in)
X. Also, cpt and rad denote the compact and radical properties, respectively.

The assertion (1) of the above proposition is seen to hold just by checking the defintions.
In relation to (2), the following statement holds: Let W be a specialization-closed subset
of Spec R. Then (W) (respectively, Supp ' W) is the smallest (respectively, largest) ideal
of D7(R) whose support coincides with W; see [10, Theorem 6.6(2)].

To state the main result of this section, we introduce notation.

Notation 3.7. We use the following sets in the rest of this subsection.
Rad = {Radical ideals of D™(R)},
Tame = {Tame ideals of D™(R)},
Cpt = {Compact ideals of D™(R)},
Spcl(Spec) = {Specialization-closed subsets of Spec R},
Spcl(*Spc) = {Specialization-closed subsets of *Spc D™(R)},
Thom = {Thomason subsets of Spc D™ (R)}.
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Proposition 3.6(2) implies the inclusion
Rad O Tame.
The main result of this section makes correspondences among the above six sets.

Theorem 3.8. [10, Theorems 5.13 and 5.20] One has the following diagram, which is
naturally commutative. (More precisely, the diagram with sections and bijections and the
diagram with retractions and bijections are commutative.)

Spp
Rad ~ Tho

spp~!

()rad

Here:

fr~g <= gf=1and fg=1 (i.e. (f,g) is a bijection pair),
fdg <= gf =1 (ie. (f,9) is a section-retraction pair).

Agpa = the spcl-interior of A in *Spc D™(R),
[ ]
B = the spcl-closure of B in Spc D™(R).

; _

SW) = Upew {Sk)},
S (A)= {peSpecR|S(p) € A},
. Sp(—) = Spp(—) N *Spc D™(R),
sp~'(B) = {M €D (R)|SpM C B},
SW)= {Sp)|peW},
s(B)= {s(P)|P € B}.

\

Moreover, the following are equivalent.

1) The pair S : Spec R = Spc D™(R) : s of maps is a one-to-one correspondence.
2) The pair ()9, ()ept) of maps is a one-to-one correspondence.

3) The pair (S,87Y) of maps is a one-to-one correspondence.

4) The pair ()P, ()spat) of maps is a one-to-one correspondence.

5) The equality Rad = Tame holds.
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The spcl-interior Agyq is the largest specialization-closed subset of *Spc D™(R) contained
in A, while spcl-closure B is the smallest specialization-closed subset of SpcD™(R)
containing B.

Here are some comments on the above theorem.

Remark 3.9.

(a) The one-to-one correspondence Rad = Thom in the diagram of Theorem 3.8 is
nothing but Theorem 1.6 due to Balmer, while the one-to-one correspondence Cpt =
Spcl(Spec) is nothing but Theorem 2.4. Thus this diagram connects Theorems 1.6
and 2.4, and gives rise to several related correspondences.

(b) The proof of Theorem 3.8 proceeds step by step; for example, we show and use the
equalities

Aspd = A N tSpC D~ (R)7
Bl = {P € Spc D (R) | P™ € B} = Upc g SPP(R/5(P)).

(c) Theorem 3.8 yields a commutative diagram

/1/\)“\

———— Spcl(Spec) Tame ———— Spcl(*Spc)

where the bottom bijections are the ones in the diagram of Theorem 3.8. Further-
more, the conditions (1)-(5) in Theorem 3.8 are also equivalent to the following three
conditions.

(6) The map Supp : Rad — Spcl(Spec) is a bijection.

(7) The map ()™ : Rad — Tame is a bijection.

(8) The map Sp : Rad — Spcl(*Spc) is a bijection.

For the details, we refer the reader to [10, Corollary 5.21].

The corollary below is immediately obtained from the above theorem.
Corollary 3.10. If every radical ideal of D™(R) is compact, then Rad = Tame.
Proof. For each radical ideal X of D™(R) one has X = X.pr = (Xepr)™. Hence
(™ Cpt = Rad : ()en
is a one-to-one correspondence. Theorem 3.8 implies Rad = Tame. O

We are interested in what rings R are characterized by the eight conditions (1)—(8)
appearing in Theorem 3.8 and Remark 3.9.

Theorem 3.11 ([10, Theorem 6.5]). The equivalent conditions (1)—(8) are also equivalent
to the condition that
(9) the ring R is artinian.

Furthermore, when this is the case, every ideal of D™(R) is compact, tame and radical.
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The most difficult part of the proof of this theorem is to show the necessity of the
condition (9). Here, let us only check the last assertion of the theorem. Suppose that
R is artinian, and pick any ideal X of D™(R). Then Corollary 3.5(3) implies that X is
compact, and that taking Supp(—) makes an injective map. Hence the equality

Supp(X) = Supp(Supp " Supp &)

implies that X coincides with Supp ™" Supp X', which shows that X is tame. In general, a
tame ideal of D™(R) is radical, and hence X is radical.
Using Theorem 3.11 and Corollary 3.10, we immediately obtain the following.

Corollary 3.12. Suppose that R is not artinian. Then there exists a non-compact radical

ideal of D™ (R).
3.3. On Balmer’s conjecture for D™(R).
From now on, we consider Balmer’s conjecture stated in Section 1 for our tensor tri-

angulated category D™(R). First of all, we investigate the difference between radical and
tame ideals of D™(R). We have already learned that the following holds.

Xrad C Xtame

The following theorem says that if X is compact, then the equality does not hold under
mild assumptions.

Theorem 3.13 ([10, Theorem 6.6]). Let W be a nonempty proper specialization-closed
subset of Spec R, and put X = (W). Assume that R is either a domain or a local ring.
Then

Xrad C Xtame_

Proof. Since W is nonempty, it contains a prime ideal P. Take a system of generators

T =2xy,...,x, of P. It is essential to think of the following complex.
C = P K(=)|i].
i>0

Thanks to the shifts, this infinite direct sum exists in our tensor triangulated category
D™(R). Since Supp C' = V(P) is contained in W, the complex C' is in Supp ' W = x'tame
by Proposition 3.6(1).
Suppose X™4 = X®me Then C belongs to X™4 = v/X. Hence there is an integer n > 0
such that
o4 ;:\C@)E...@%q

g
n

belongs to X'. Note that C’ contains

D := P K(a")[ni]

>0
as a direct summand. Therefore D is in X = (W) = thick®{R/p | p € W}, and we find a
finite number of prime ideals pq,...,p,, in W such that

ann D D (ann R/p1) -+ (ann R/p,) = P1- - Pon-



18 RYO TAKAHASHI

Krull’s intersection theorem implies

ann D = ﬂa:ZR =0,
i>0
and we have p;---p,, = 0. Thus for every prime ideal p of R there exists an integer
1 <t < m such that p contains p;. Since W is specialization-closed and contains p;, the

prime ideal p belongs to W. This shows that W = Spec R, contrary to the assumption
on W. ]

Using the above proof, we have an observation related to Proposition 2.7.

Remark 3.14. We use the same notation as in the proof of Theorem 3.13.

(1) Tt holds that Supp C is contained in Supp R/P, but C' does not belong to thick® R/P.
Indeed, we have Supp C' = V(P) = Supp R/P. Assume that C is in thick® R/P. Then

0=annC 2O (ann R/P)" = P

for some integer u > 0. Hence the equality Spec R = V(P) holds, which is contained
in W since W is specialization-closed. Therefore W coincides with Spec R, which is
a contradiction.

(2) It holds that V(ann R) is contained in V(ann C'), but R does not belong to thick® C.
In fact, we have V(ann R) = V(0) = V(ann C'). As Supp C' = V(P) is a proper subset
of Spec R, it is observed from Corollary 2.9(1) that R is not in thick® C.

Now, we consider Balmer’s conjecture (Conjecture 1.8) for our tensor triangulated cat-
egory D7(R). First of all, let us check that the triangulated category D™(R) is algebraic.
The category C(R) of right bounded complexes of finitely generated R-modules is a
Frobenius exact category with respect to the split short exact sequences of complexes in
C (R), and K™ (R) is the stable category of C*(R). Thus K™(R) is an algebraic triangulated
category.

Recall that Conjecture 1.8 concerns the continuous map

p'D_(R) : Spc D™ (R) — Spec” Ri- (p)-

One can actually observe that

. — RO —
(a) RD_(R) = RD_(R) =R,
hpe _
(b) Spec RD_(R) = Spec R, and

Thus, Conjecture 1.8 for D™(R) just claims the local injectivity of the map s.
We can show that under quite mild assumptions the algebraic tensor triangulated cat-
egory D™(R) does not satisfy Balmer’s conjecture.

Corollary 3.15 ([10, Corollary 6.10]). Assume that dim R > 0, and that R is either a
domain or a local ring. Then s is not locally injective. Hence, Balmer’s Conjecture 1.8
does not hold true for D™(R).

Proof. By assumption we find a nonunit x € R such that the principal ideal xR of R has
positive height. We apply Theorem 3.13 to X = (V(x)) to get

ﬂ P = Xrad g_ Jtame _ ﬂ P.

XCPespc D™ (R) XCPetspcD™(R)



TENSOR STRUCTURES OF RIGHT BOUNDED DERIVED CATEGORIES 19

Hence we can choose a prime ideal P of D™(R) such that X C P C Prme,

Assume that s is locally injective at the point P. Then there exists an object M € D™(R)
with P € U(M) such that sl is injective. Then U(M) contains two distinct points P
and P*?™e which are sent by s to the same point in Spec R. This contradicts the injectivity
of the map s|y(ar). O

We end this section by stating a bit about the case where R is a discrete valuation ring.
Since everything is clarified when R is artinian, the case of discrete valuation rings should
be the first nontrivial case, but in fact, it turns out that even in this case the structure of
D™(R) is highly complicated. For the details, we refer the reader to [10, Section 7).
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Introduction

In the theory of toric varieties, a fundamental result is the fact that a toric variety
of dimension r with an ample invertible sheaf corresponds to a convex polytope with
integral vertices in R". In this note, we define quasi-polyhedral sets in R as a general-
ization of convex polytopes. For a quasi-polyhedral set P, the cc-dimension is defined
as the dimension of the characteristic cone of P. A convex polytope is the case of
cc-dimension zero. We call P a quasi-polytope if every proper face of P is bounded.

We recall the theory of cusp singularities defined by Tsuchihashi in this view point.
This cusp singularity is defined for a pair of an open convex cone C and a discrete
linear group I' acting on it. Since the cusp singularity is constructed by contracting a
toric divisor, it is important to consider the singularity with the toric resolution. In
Section 4, we describe the construction over an arbitrary field by using a formal scheme,
and algebraize the toric resolution to a scheme morphism. In Section 5, we consider a
quasi-polytope of maximal cc-dimension with a group action. Such a quasi-polytope
gives a cusp singularity if the action satisfies some conditions. Finally, in Section 6, we
introduce beautiful examples obtained by Tsuchihashi recently. The four-dimensional
example has a simple normal crossing exceptional divisor consisting of four irreducible
components with 48 quadruple points.

1 Quasi-polyhedral sets

Let r be a non-negative integer and let M, N be mutually dual free Z-modules of rank
r. We denote Mr = M ®z R and Ng = N ®z R, which are real spaces of dimension
r. Then there exists a natural perfect bilinear map

<,>1MRXNR—>R.

Although M and N have standard roles in the theory of toric varieties, we may ex-
change the roles in the study of dualities (cf. [I3]). Points in M and N are called lattice
points, and those in Mq and Nq are rational points.
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Since each u € Ng is a linear function of My by the bilinear map, {x € Mg ;
(x,u) > a} is a closed half space of Mg for every a € R if u # 0. We denote it by
(u > a). The closed half space (u < a) and open half spaces (v > a), (u < a) as well as
the hyperplane (x = a) are defined similarly. We will use this notation also for u = 0,
where the set is not a half space nor a hyperplane.

A non-empty subset C' C Mg is called a polyhedral cone if there exist x,...,x, €
Mg with C' = Roz; + - - - + Roxs, where Ry = {c € R ; ¢ > 0}. It is known that C is
also expressed as (u; > 0)N---N(u; > 0) with uy,...,u; in Ng (cf. [O, A.1]). We say
C is rational if x4, ..., x4, or equivalently wuq,...,u;, are rational points. In this case,
we can take these points in M and N, respectively.

For a subset £ C Mg and x € Mg, we denote £ — 2z = {y —x ; y € E}. A
subset F is said to be locally polyhedral at x if E — x is equal to a polyhedral cone in
a neighborhood of the origin. This is equivalent to the condition that z € E and E is
equal to (ug > a1)N---N (u > a;) for some uy,...,u; € Ng and aq,...,a; € Rin a
neighborhood of z. If dim E = r, then we may assume that (z,u;) = a; and w; defines
an (r — 1)-dimensional face of the polyhedral cone for every i by reducing redundant
members. A non-empty convex subset P is called a quasi-polyhedral set if P is locally
polyhedral at every point z € P. Then it follows that P = P, i.e., P is closed. A
quasi-polyhedral set P is rational if uy,...,u; and aq, ..., a; above are rational for all
. A non-empty subset () of a quasi-polyhedral set P C Mg is called a face if there
exist w € Ng and a € R such that P C (u > a) and Q = PN (u=a). If dimP =r
and P has an irredundant expression (u; > a1)N---N(us > a;) at a point z € P, then
P is contained in (u; > a;) and PN (u; = a;) is a face of dimension r — 1 for each i.
We call P a quasi-polytope if every proper face of P is bounded.

For a non-empty closed convex set D, the characteristic cone cc(D) is defined by

ce(D)={y € Mg ;x+ Roy C D}

for z € D (cf. [G, p.24]). This is a closed convex cone which does not depend on
the choice of x since we assume D closed. We define cc-dimension by cc-dim(D) =
dim cc(D) which has a value between 0 and r, and is zero if and only if D is bounded

(ct. [G, p.24]).

2 Open cone with lattice

We fix Euclidean metrics on the real spaces Ng and Mg. The metrics are used in the
proof of Theorem 2.3 and in the definition of the characteristic function of a cone.
Let C' be an open convex cone in Ng, i.e., C is the interior of a full-dimensional
closed convex cone in Ng. We assume the closure C of C is strongly convex. Then
the dual cone C'* in Mp is also a strongly convex closed cone of dimension r. We set
C* = int(C"), which is an open convex cone in Mg. Note that if z € C* then {u €
C ; (z,u) < a} is bounded for any a > 0. Actually, there exist linearly independent
r1,...,x, € C* with x = x1 4+ -+ + x, since C* is an open convex cone. Then the set

is contained in (x; > 0)N---N(x, > 0)N (21 + - -+, < a) which is clearly bounded.



For a subset S C C*, we set
K(S)={ue Ng;(z,u)>1forallze S}=()(z>1).

€S

Clearly, K(S) is a closed convex set of Ng which might be empty.

Lemma 2.1 Assume that S C C* is discrete in Mg. Let u be a point of C. Then
(1) w is outside K(S) if SN (u < 1) # 0, (2) K(S) is locally equal to the convex set
Meesn=n(® > 1) at w if SN (u < 1) = 0. A point u is in the interior of K(S) if

SN (u<1)=0. In particular, K(S) is locally polyhedral at every point of K(S) N C.
Proof If there exists x € SN (u < 1), then u is outside K (S) C (z > 1). Assume

SNu<1)=0. Set S; =SN(u=1)and S, = SN (u>1). Since u € C = int(C),
C*N (u < ¢) is bounded and S N (u < c¢) is a finite set for any ¢ > 0. Hence S is
finite, and there exists a = min{(z,u) ; z € Sp} > 1if Sy # 0. Then a™'u € K(S,)
and a 'u+C C K(S,). Since a 'u+ C is an open set which contains u = a 'u+ (1 —
aNu and K(S) = K(S1) N K(S2), K(S) is equal to K(S1) = Nyes, (z > 1) in this
neighborhood of u. It is locally polyhedral since S is finite. QED

Lemma 2.2 Let A C Nr be a bounded closed convex subset and ug € Nr a point
such that the conver hull B = conv(A U {uo}) is of dimension r. Let D be the cone
generated by A — ug. Then, for any subsets E C Ng and F' C (D + ug) \ B, we have

BNconv(AUE)=BNconv(AUEUF).

In particular, if conv(A U E) is a polyhedron, then P = conv(A U E U F) is locally
polyhedral at each point of P Nint(B).

Proof By a translation, we may assume ug = 0. If 0 € A, then B = A and the
assertion is obvious. We assume 0 ¢ A. Then B\ A is an open subset of D (see
Remark 2.3). Let u be a point of BNconv(AU E U F). It suffices to show that u is in
conv(AU E). We may assume u ¢ A. Since u € conv(AU E U F), there exist s > 0,
v1,...,0s € AUEUF and aq,...,as > 0 with

ar(vy —u) 4+ -+ as(vy —u) =0.

If v; € F for an 7, then take the maximal ¢; > 0 with v] = u + ¢;(v; — u) € B. Clearly
¢; < lsince v; € B. Since u+c'(v; —u) € D\ B for ¢; < ¢ <1, v, € B is in the closure
of D\ B, and is in A since B \ A is open in D. In particular, ¢; is positive. Namely,
we can replace a;(v; —u) by (a;/¢;)(vi — u) in the equality. If we do it for all v;’s in F
we get an equality which says that u is in conv(A U E). QED

Remark 2.3 Here we prove this fact. Let w be a point in B\ A. Then there exist
p€ Aand 0 < a < 1 with w = ap. Since A is closed, there exists an open convex
neighborhood U of w in Ng which does not intersect A. Suppose that U contains a
point z of D\ B. Then there exist ¢ € A and b > 1 with z = bg. For the real numbers
0 <a <1 b>1, the equation ta + (1 —¢)b = 1 has a solution 0 < ¢t < 1. Then
tw+ (1 —t)z =tap+ (1 — t)bg is in U N A, which is a contradiction since U N A = ().
Hence w € UN D C B\ A, which means B\ A is open in D.

3



Let Sc be the set of elements m € M N C* such that there exists u € C' with
(m,u) =1and (m',u) > 1form’ € (MNC*)\{m}. If (m; > 1)N---N(my > 1) is the
irredundant expression of K(M NC*) at a point u, then my, ..., m; are in Sc. We see
easily that K(M NC*)NC = K(S¢)NC, and hence K (M NC*) = K(S¢) as closures.
We set Q,, = K(S¢) N (m = 1) for m € S¢, which is locally equal to the hyperplane
(m = 1) at u in the definition of S¢. Then, we get one-to-one correspondences m — Q,,
between S¢ and the set of codimension one faces of K(S¢). NN (C\ {0}) is contained
in K(S¢) since (x,u) is a positive integer for x € M N C* and w € NN (C \ {0}). In
particular, K(S¢) is not necessarily contained in C' (cf. [AMRT, II, 5.3]).

Theorem 2.4 Let © be the convex hull of N N C. If C' contains K(S¢) and ©
contains Kqg = dK(S¢) for a positive integer d, then © is a locally polyhedral closed
subset of Ng. The vertices of © are in NN C.

Proof Since NNC C K(S¢), © is a subset of the closed convex set K(S¢). Since
we assume K (S¢) C C, the closure of © is contained in C. Hence it suffices to show
that © is locally polyhedral at every point u € © with assuming v € C'\ int(Ky). Set
S1={m € Sc ; (m,u) < d} and Sy = S\ S1. Then a = min{(m,u) ; m € Sy} is
greater than d.

We set b = d/a, which is a positive number less than 1. Since (1/d)u is outside
int K(S¢), S1 is not empty by Lemma 2.1. Let Ay be the union of (r — 1)-dimensional
polytopes K4 N (m = d) for m € 5.

We set ' = bu and will show that F = {v € NNC ; v'vN Ky = 0} is finite. If
it failed, we get a sequence {v;} from this set such that lim; . |v;] = co and |v;| 1oy
converges to a unit vector w. Since v;’s are in C, w is in C \ {0}. Hence (m,w) > 0
for every m € Sc. Since (m, v’ + cw) = (m,u’) + ¢(m,w) and (m,v') < d for m € Sy,
there exists ¢ > 0 such that min{(m,u' + cw) ; m € S;} = d. Note that (m,u') =
b{m,u) > ba = d and (m,u' + cw) > d for m € Sy. Hence u'+cw is a point of Ay which
is not on KyN (m = d) for any m € Sy. Furthermore, v’ 4+ ¢'w is a point of int(Ky) for
¢ > c. Since w is also the limit of w; = |v;] ™} (v; — «'), and since v; = v’ + |v;|w;, the
segment u/v;, which contains u' + cw; if ¢ < |v;], intersects K, for large 4. This is a
contradiction.

Assume that v € N N C and «/v intersects K;. Let ¢ > 0 be the minimal number
with v/ = v/ + ¢(v — u') € Ky. Since Ky = dK(S1) NdK(S;) and u/'v" C dK(Ss), there
exists m € Sy with (m,v’) = d, and hence v’ is an intersection point of /v and A,. Let
A = conv(Ap) and B = conv(AU{w'}). Then w is in the interior of B unless S1 = {mq}
and u is on Ky N (mo = d). In this case u is in the interior of © or locally defined by
(mo > d) at u. We assume v is in the interior of B. Set ' = (N N C)\ E. Then by
applying Lemma 2.2 for uy = v/, © = conv(F U F) is locally polyhedral at each point
of int BN O, in particular, at u. If u is a vertex of ©, thenu € E C NNC. QED

The characteristic function ¢ of a strongly convex open cone C' is defined by
o(u) = [ exp(~(z,uw)da

for uw € C. Important properties of ¢ are written and proved in Vinberg [V1, §2]. In
particular, ¢(u) is a positive valued differentiable convex function satisfying ¢(Au) =
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A" ¢(u) for A > 0, here r is the dimension of Ng. Furthermore, by defining ¢(u) = oo
for u € C'\ C, the map ¢ : C — (0,00] is continuous, and {u € C' ; ¢(u) < a} is a
closed convex subset of Ng for every a > 0.

A subgroup T' of GL(N) is also considered as the subgroup {'¢! ; g € T'} of
GL(M), and acts on both Ng and Mg linearly from the left. Namely, the equality
(9(z),g(u)) = (z,u) holds for g € I', x € Mg and u € Ng. We say I' acts on C' if
g(C)=C for all g € I'. Then I acts also on C*. Since g(M) = M, I" acts on K(S¢)
and K (S¢) N C. Note that det(g) = £1 is uniquely defined for g € T

Let C'/R. be the set of half lines {R,u ; u € C'} with the topology as the quotient
space of C. For any A > 0, {u € C' ; ¢(u) = A} is homeomorphic to C/R,. The
following projective transformation maps C' to the cylindrical area R, x (C/R.).

Take points ng € C and xy € C* with (zg,up) = 1. Let p : Ng — Ngr/Rng be the
natural surjection, and let Do = p(C' N (g = 1)). Then, the map

. (1 pu)
q:C— Ry X Dc, qlu)= <<$07u>7 <xo,u>> ,

is a homeomorphic projective transformation. For x € C* and a > 0, the subset
C N (z > a) is mapped to {(t,v) € Ry X D¢ ; at < [,(v)}, where [, is the affine
function on Nr/Rng such that [, (p(u)) = (z,u) for u € (xg = 1). Since x € C*, there
exist my, M, > 0 with m, <1, < M,. For § C C*, ¢(K(S)NC) = {(t,v) ; t <
I, for all x € S}. We regard D¢ as the quotient C'/R, through this homeomorphism.
If a linear automorphism g of Ng fixes the cone C', then g induces a homeomorphism
on D¢ which is compatible with that on C. We see ¢q ! is also a differentiable
convex function, which satisfies ¢q~1(At,v) = N'¢pg~'(¢,v) for X > 0. In particular,
{u e C; ¢(u) = a} is homeomorphic to D¢ for any a > 0. Furthermore, ¢ extends to
a homeomorphism C \ {0} — R, x De¢.

Lemma 2.5 If a subgroup I' C GL(N) acts on C and the quotient Do /T is com-
pact, then the condition of Theorem 2./ is satisfied.

Proof Let OK(Sc) be the boundary of K(S¢). Then I' acts on 0K (S¢) N C
which is naturally homeomorphic to C'/R,. Since ¢ is constant on each orbit of T
and (C/R;)/T" is compact, ¢ is bounded on 0K (S¢) N C' and has the maximum .
Let u be a point in the interior of K(S¢). Then a = min{(m,u) ; m € S¢} > 1 and
(1/a)u € OK(Sc)NC. Hence ¢(u) = a "¢((1/a)u) < A. Since K(S¢) is the closure of
its interior as a convex set, ¢ is at most A on K(S¢). Hence K(Sc¢) C ¢71((0,)]) is
contained in C. The vertices of K(S¢) are rational points and form a finite number
of orbits since D¢/I' is compact. Hence there exists d > 0 such that all vertices of
dK(Sc) are in N. Since K(S¢) is the convex hull of the union of proper faces, and
hence of vertices, dK(S¢) is contained in the convex hull of N N C. QED

3 Toric type cusp singularity

Let C' C Ng be an open convex cone such that C is strongly convex. In this section, we
assume that a group I' € GL(N) acts on C' and the quotient D¢ /I is compact. When
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the action of I" on C'is free, a singularity, which we call a toric type cusp singularity, is
constructed by Tsuchihashi [T1, Proposition 1.7] (see also [AMRT, p.162, Appendix]).
In this paper, we call such pair (C,I') a Tsuchihashi pair if the action is free. We will
discuss on I'-invariant fans and their blowups.

We define the canonical fan 11 by the convex closure © of N N C as follows. Let
F(©) be the set of proper faces of ©. We get the following lemma by Theorem 2.4.

Lemma 3.1 Fach Q € F(©) is a polytope whose vertices are points of N N C.

Since @) € F(O©) is a polytope in a hyperplane (z = a) with x € C* and a > 0,
R, (@ is a rational polyhedral cone generated by the set of the vertices of ). Define

I={RoQ;Q € F(©)}u{0}
where 0 = {0}, i.e., the zero cone. The following lemma is easy.

Lemma 3.2 Under the assumption of this section, 11 is a fan of Nr with the
support C'U {0}. The action of T' on C induces an action on 11 \ {0} such that
(IT\ {0})/T is finite and every stabilizer is finite. The action is free if and only if that
on C 1is free.

Similarly, we can also define a fan Il from the I-invariant quasi-polytope K (S¢).
We consider the case that I' acts on a fan ¥ of Ng with the support C'U {0} which is
locally finite at each point of C'. Then ¥ is said to be I'-invarinat or I'-admissible if
(X\ {0})/T is finite (cf. [AMRT, Chapter 2]). In our case, this finite condition follows
from the compactness of D¢ /T

Let X be a ['-invariant fan. A support function of ¥ is a real-valued function h on
C' U {0} such that the restriction to each o € X is linear and Z-valued on N No, i.e.,
there exists m, € M with h = m, as functions on . We call it a support Q-function if
we weaken the last condition to Q-valued on NNo. A support function h is continuous
on C since ¥ is locally finite. We say h is convex if h(u + v) > h(u) + h(v) for any
u,v € C, and strictly convez if h(u + v) > h(u) + h(v) for u,v which are not in a
common cone of ¥. For example, h(u) = min{(z,u) ; x € M NC*} is a strictly convex
support function of IIj.

For an element p € ¥\ {0}, we set X(p<) = {7 € ¥ ; p < 7}. Let p € ¥ be an
element of dimension at least two such that X(p<)Ng(3(p=<)) = 0 for every g € T\ {1}.
Let u be an element of N Nrel.int p. For each 7 € 3(p<), we set

F(r,p)={o<7;udo,(Rou+o)Nrel.int 7 # 0} ,

which does not depend on the choice of u. Then, the I'-equivariant blowup, or star
subdivision, Blp, X of ¥ at u is defined by

Blr, ¥ = (2\ [ g9(Z(p=))) U (U 9(Q)),

gerl’ gerl’

where
A={Rou+o;0€ F(r,p), T € X(p=<)}.
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Note that, if I' acts on X freely, then p € ¥ of dimension r satisfies the condition
since X(p=<) = {p}. Clearly, Blr, ¥ is [-invariant. The barycentric subdivision of 3
is done by iterating the blowups for all elements of dimensions from r to 2 in ¥ in this
order. Namely, let 3 be a set of representatives of X /T, and take a primitive element
u, € NNrel.int p for all p € 3. The I'equivariant blowups at u,, for all p € 3(r) do not
depend on the order, and all cones of ¥\ X(r) remain in the obtained fan. Furthermore,
cones in X(r — 1) satisfy the condition in the new fan. Thus we can blowup ¥ at all
cones of dimension greater than one. A subdivision of 3 to a non-singular fan can also
be done by these blowups if we take u,’s properly.

Lemma 3.3 If ¥ has a strictly convex support function h, then Blp, X has also a
strictly convex support function.

Proof Let U = U,es(pxrel.int7. If v € U is in rel.int 7 and v = au + v’ with
a € Ry and v’ € o € F(1,p), then define I(v) = a. For v € C, we set [(v) = (g7 (v))
if there exists g € I with v € g(U), and define [(v) = 0, otherwise. Then [ is a support
Q-function on Blr,, ¥ which is strictly convex on the subdivision of each 7 € ¥ (p=<),
while h is linear on these cones. Now, we replace [ by a multiple ¢l of an integer ¢ > 0
so that [ has integral values on N N C. Then the finiteness of ¥/I" implies that, for
a sufficiently large positive integer d, dh + [ is a strictly convex support function of
Bl , X. QED

We assume that 3 has a [-invariant strictly convex support function h. For each
v € (1), denote the associated prime divisor by V(). Since the toric variety Z (%)
is not of finite type, a divisor on it may be an infinite sum. Namely, an infinite sum
D =% a,V(y) is a Cartier divisor if the restriction D|U(c) to the affine toric variety
U(o) is principal for every o € ¥\ {0}. A Cartier divisor D =} a,V () is [-invariant
if a, = g(ay) for all v € ¥(1) and g € I'. The associated invertible sheaf Oz (D) is
also ['-invariant if D is so. For a support function h of 3, the associated Cartier divisor
is defined by D;, = — 3 h(n,)V(y), where n, is the primitive generator of v (cf. [O,
p.69]). When h has only non-negative values, the coefficients of Dj are non-positive,
i.e., Oz)(Dy) is an ideal sheaf.

Lemma 3.4 For a strictly convex support function h, the restriction of Ozxy(Dp)
to V() is ample for all v € ¥(1).

Proof We set N(y) = NN (v + (—v)) and N[y] = N/N(vy). Then V() is the
(r — 1)-dimensional complete toric variety defined by the complete fan X[y] = {o[v] ;
o € X(y=<)} of N[y]r, where o[y] is the image of o in N[y|]g = Nr/N(7)r (cf. [O,
Corollary 1.7]). There exists an element mg € M such that A = my on 7. Then
{(h —my)|o ; 0 € B(y=<)} induces a strictly convex support function h of X[y] which
defines an invertible sheaf isomorphic to Oz (Dy)|V (7). Hence it is ample by [O,
Corollary 2.14]. QED



4 Power series ring

We fix a field k of an arbitrary characteristic from this section.

Let o be a strongly convex rational polyhedral cone of Ng, and let {ny,...,ns} be
the set of primitive generators of the one-dimensional faces. In particular, 0¥ = (n; >
0)N---N(ns > 0). We consider the topology of the ring k[M N ¢V] defined by the
ideals

Ip={(e(m);meMnN(ng >d)N---N(ns >d))x

for d > 0. We denote by k[M Na¥]" the completion of k[M N V] with respect to this
topology.

We denote by ((M))y the k-vector space [I,,car k€(m), which is not a ring if r > 1.
An element of ((M)) is written as an infinite sum Y- a,,e(m). We regard k[M NoV]"
a vector subspace for every cone o. Then Y a,e(m) is in k[M NoV]" if and only if
a, =0 form & MNoY and there exist only finite m with a,, # 0 outside mq+ M No"
for every my € M NoY. Note that ((M)), has a structure of k[M]-module.

Let (C,I') be a Tsuchihashi pair. We consider a I'-invarinat fan ¥ satisfying the
following conditions.

(1) For any 0,7 € ¥\ {0}, there exist at most one g € I' with g(o) N7 # 0. In

particular, g(o) # o if g # 1.
(2) There exists a strictly upper convex I'-invariant support Q-function h on ¥,

i.e., h(g(u)) = h(u) for u € C and g € I', h(u+ ') > h(u) + h(v') for u,u’ € C and
the equality holds if and only if v and «’ are in a common cone o € 3, and h(u) are
rational for all u € NN C.

Since (X '\ {0})/T" is finite, we may assume that h(u) € Z for every u € N N C by
replacing h by dh for a positive integer d, if necessary. For each v € ¥(1), let n, be the
primitive generator and V() the associated prime divisor of the toric variety Z(X).
Then D, = — >, h(n,)V () is a Cartier divisor. The restriction of the line bundle
Oz)(Dpy) to each prime divisor V(7y) is ample by Lemma 3.4.

We consider the reduced divisor D(X) = Z(£) \ T, and let Z(X) be the formal
completion of Z(X) along D(). The formal scheme Z(X) is covered by affine formal
schemes U, = Spf k[M N¢V]" for o € £\ {0}.

The quotient Z (3)/T" is defined naturally. Namely, W=2 (3)/T is covered by U,
for o in the set of representatives ¥ of (X \ {0})/T, and U, N U, is U, if there exist
g1,92 € T with p = ¢1(0) N g2(7) € 3 and empty if otherwise. Note that the p here
exists uniquely by the property (1). It follows also that W is separated.

Let A(C*) be the completion of the semigroup ring k[M N C*| with respect to the
topology defined by all monomial ideals of finite codimensions. A(C*) is described as
[Tnerno+ ke(m), and each element is denoted as an infinite sum >°,,c ysno+ Gme(m) or
simply 3 a,,e(m). For g € I, we define the automorphism g* of A(C*) by

(4) g (O ame(m)) =3 ame(g™" (m)) .

Note that (g192)* = g597, i.e., I acts on A(C*) from the right. We denote the invariant
subring A(C*)' by B(C*,T'), which is integrally closed since so is A(C*).



Proposition 4.1 Z() is a formal scheme over Spf A(C*), and HO(W, Og) =
B(C*T).

Proof The action of I' on A(C*) can be extended to ((M));, by applying (4). Since
W is covered by open subspaces U, for o € T, a section of Oy is written as (sq),c5
with s, € k[M NoY]". We will show that each s, is in B(C*,T"). Let g be an arbitrary
element of I'. Take a point z in the relative interior of o. Since ¢ # 0, z and g(z) are
in C'. Hence the segment £ = xg(z) is contained in C. Since C' is the disjoint union
of rel.int ¢’ for o/ € ¥\ {0} and the intersection £ N o’ is a closed segment or a point
if non-empty, there exist a sequence

0-:0-070-17"'70-l:g(0-0) 62\{0}

such that x € rel.int oy, g(x) € rel.int oy and ENo;_1 No; # 0 for i = 1,...,1. Since
oi—1No; is in X\ {0}, by adding this cone if necessary, we may assume o; 1 < 0; or
0; < 0;_1 for all i. Then we can take 19,...,7 € ¥ and go, ..., € I’ with o; = ¢;(7;)
for all i since ¥ is a set of representatives. We have 7, = 7y since g(oy) = 0;. By
assumption, g; *(g;_1(7i_1)) < 7 or g; 4 (gi(7)) < Ti_1, and hence (g;4.9;)*(55,_,) = 5r,
as an element of ((M)); for each i. Hence

e = (9h90" (90 '91)* (s7) = (90" 90) (57, -

Since 0y = 0 € ¥, we have 1o = 7, = 7, go = 1 and g, = g. Hence g*(s,) = s,. Since g
is arbitrary, s, is in B(C*,T).

If o, 7 € ¥ has the relation g(c) < 7 for an element g € T, there exists a restriction
map OW(ﬁT) — OW(UU) which is given by ¢g*. Hence s, = ¢*(s;) = s,. Since any
two elements of X is connected by this relation, all s,’s are equal. Thus we know
HO(W,0p) C B(C*,T).

Conversely, for any element s € B(C*,T), (8,),ex defined by s, = s for all o is
clearly an element of HO(W, Op;). We are done. QED

Assume that ¥ is non-singular and has a positive valued strictly convex I'-invariant
support function h. For each o € Y(r), there exists a unique m, € M with h = m, on
o. The toric variety Z(X) is covered by U, = Spec(k[M N¢V]) for o € X(r), and the
invertible sheaf Oz s (D},) is the associated sheaf of the ideal k[M No¥]e(m,) on each

affine open set U(c). Hence the induced sheaf Og(z)(Dh) on the formal scheme Z(X)

is that of the ideal k[M N oV] e(m,) C k[M N o¥]" on each U(o).

Proposition 4.2 Let p : Z(E) — W be the natural morphism. Then there exists
an invertible ideal sheaf L C O, such that p*L = (’)2(2)(Dh) .

Proof It is enough to show that k[M N V] e(m,)™ on each U(c) for o € & form
an invertible sheaf on W. For 0,7 € ¥, the intersection U(c)NTU(7) is covered by U(p)
such that there exist g1, g2 € I with p = g1(0)Nga(7) € X. Since e(g1(m,)), e(ga(m,))
and e(m,) defines a same Cartier divisor on U(p), e(g1(my) — g2(m,)) is invertible in
k[MNpY]". Hence the restriction of k[M Nc¥]"e(m, )™ and k[M N7 e(m, )™ to U(p)
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through (g;1)* and (g5 ')*, respectively, are equal. Hence these invertible sheaves on
the affine formal schemes are patched together to an invertible sheaf £. The relation

PpL= (92(2)(Dh) is clear by the construction. QED

Here we omit the proof of the following theorem (cf. [I4, Theorem 2.4)).

Theorem 4.3 The ring B(C*,T") is a quotient of a formal power series ring of
finite variables, i.e., a complete noetherian local ring with the residue field k.

Lemma 4.4 The morphism §: W — § = Spf B(C*,T") of formal schemes is adic
of finite type (cf. [EGA, 1, 10.12, 10.13]).

Proof Form € MNC*, the infinite sum Y- 1 e(g(m)) is an element of the maximal
ideal of B(C*,T"). Take a positive valued I'-invariant strictly convex support function
h of ¥. Then P = {z € Mg ; (z,n,) > h(n,)} is a quasi-polytope contained in C*.
For each o € X(r), m, € M NC* with h = m, on o is a vertex of P such that P —m,,
is locally equal to ¢" at the origin. We set f, = > cre(g(ms)). Let {y1,...,%}
be the set of edges of 0. We set z; = e(y;) for ¢ = 1,...,r, then k[M NoV]" is the
completion of the polynomial ring k[xy, ..., z,| by the monomial ideal I = (x;---z,).
For g € I'\ {1}, g(m,) is not on the face P N (n,, = h(n,,)) of P for i = 1,...,r by
the condition (1), and hence e(g(m,) —m,) is in the ideal I. If we write f, = ue(m,)
in the k[M]-module ((M))y, then u is in 1+ I C k[M No¥]"*. Hence u is a unit on
the affine formal scheme U, and f, generates a defining ideal of U (o) with the residue
k[z1,...,2,]/(e(m,)). Hence the morphism ¢ : W — S is adic of finite type. QED

Let qo : WO — Speck be the fiber over the residue field. By this lemma, WO is a
k-scheme and (Wp),eq is a union of V(v) for v € X(1).

Lemma 4.5 The morphism § is proper and EA\WO is ample.

Proof Since each V(v) is a compact toric variety and (1) is finite, 17[/0 is also
complete. Hence g is proper (cf. [EGA, III, 3.4]). Since the restriction L[V (v) is
isomorphic to (’)2(2)(Dh)|‘/(7), it is ample by Lemma 3.4. Hence £|W; is ample.

QED

By this lemma, § is algebraizable to a scheme morphism [EGA, III, Théorem 5.4.5].
Namely, there exists a proper morphism ¢ : W — Spec B(C*,T") such that W is the
completion of W along the closed fiber. Furthermore, there exists an ample invertible
sheaf £ on W such that £ is the pull-back to W. We have ¢.Ow = Ospec (1)

by Proposition 4.1. If regard —Dj, = D_j, as a closed subscheme of Z(X), then the

quotient D = D_;,/T" is a scheme with the structure sheaf O /L. The exact sequence
0—L—05 — 05 —0

is algebraized to

0 —L— 0w — 05 —0.

Let so be the closed point of S = Spec B(C*,I"). Then W, = q (po) is equal to Wo,
and is a subscheme of D with the same support (W) req-
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Theorem 4.6 Then k-scheme S\ {so} is geometrically reqular at every point, i.e.,
So s an isolated singularity of S.

Proof Since the toric variety Z(3) is smooth over k, the local rings of W are
geometrically regular. Hence every point of W is also geometrically regular. The
proper morphism ¢’ : W\ Wy — S\ {so} is isomorphic since L|(W \ W) is trivial and
¢-ample. In other words, ¢ is the contraction of Wy to the point so. Hence each point
of S\ {so} is geometrically regular. QED

By Theorem 4.6, we can apply Artin’s algebraization theorem [A, Theorem 3.8].
Namely, there exists a closed point v of an algebraic variety V', and B(C*,T") is isomor-
phic to the completion of the local ring O, by the maximal ideal. Namely, the cusp
singularity is realized as a k-rational isolated singularity of an algebraic variety.

5 Quasi-polytope with group action

We say a quasi-polyhedral set P C Mg non-degenerate if P contains an interior point,
and strongly convez if P contains no line (cf. [I5, §1]).

Let P be a non-degenerate strongly convex rational quasi-polyhedral set. For each
point x € P, we denote by C, the cone generated by P —x. Since P is non-degenerate,
locally polyhedral and rational, C, is a rational polyhedral cone of dimension r. Hence
the dual cone C)Y C Ng is a strongly convex rational polyhedral cone. We set

Y(P)={C);x € P}.
Then Y(P) is a fan of Ng with the support |X(P)| such that
int(cc(P)Y) C [Z(P)] C ce(P)Y

(cf. [I5, Theorem 1.4]). There exists a one-to-one correspondence () — o¢ from the set
of faces of P to X(P) such that = € rel.int @ gives 0g = C/, and rel. int o, is contained
in int(cc(P)Y) if and only if @ is bounded (cf. [I5, Theorem 1.5, Proposition 1.6]).
If P is a quasi-polytope, i.e., if every proper face of P is bounded, then [3(P)| =
int(cc(P)Y) U {0} [I5, Lemma 3.2].

Let P be a quasi-polytope of cc-dimension r. We consider the case where an
affine transformation group I of M is acting on P. Namely, each § € T is an affine
transformation x + g(x) +m, for v € Mg with g € GL(M) and m, € M. We denote
also ¢ the element *¢~' € GL(N). Then the group I' = {g ; ¢ € '} acts on both M
and N from the left. The corresponding ring isomorphism ¢* : k[M] — k[M] is defined
by the map e(m) — e(g~(m)).

We define

P={(z,t)e Mg xR;t >0,z € tP},

where 0P = cc(P). Then P is a strongly convex closed cone (cf. [I5, Lemma 2.2]). For
A(P) = (M & Z) N P, the semigroup ring A(P) = k[A(P)] has a grading defined by

A(P)g = @ ke(m,d)

meMNdP
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for d > 0. Here we denote e(m, d) for e((m,d)). The action of I' on M induces a linear
action on M & Z such that g(x,t) = (g(z) +tmy, t) for (x,t) € Mg x R, which fix the
cone P. Then Z(P) = Proj A(P) is equal to the toric variety on which T acts (cf. [I5,
Proposition 2.5]).

Now we assume that I acts on the set of proper faces of P freely, and it has only
finite orbits. If we set C' = intce(P)Y and T' = {g ; § € T'}, then (C,I") is a Tsuchihashi
pair and we get a cusp singularity (cf. [I5, Proposition 3.3]).

The rational support function hp on |3(P)| is defined by

hp(u) = min{{(z,u) ; x € P}

for u € [X(P)| = C*U{0}. If Q is a face of P, then h(u) = (z,u) for z € Q and
u € og. We have hp(g(u)) = hp(u) + (mg, g(u)) for g € I'. Hence hp(g(u)) — hp(u)
is an integer if u € N N C. Since X(P) \ {0} has only finite cones modulo I', there
exists a positive integer d such that dhp is integral on N N C'. We take the minimal
d. Then dhp defines a Cartier divisor Dp = Dp,, = — 3 ex(p) dhp(n,)V(7) and an
invertible sheaf Ozpy(Dp). Since g~ (Dp) = Dp — (e(dg~*(my))) as divisor, we have
an isomorphism

9" (Ozpp)(Dp)) = Ozp)(Dp)

of invertible sheaves by multiplying e(dg—'(m,)). We denote the formal completion
of Z(P) along Y(P) = Z(P)\ Ty by Z(P), and pull-back of this invertible sheaf by
OE(P)(DP)' If the morphism p : Z(P) — Z(P)/T is defined, there exists an invertible
sheaf £p such that ﬁ*EAp = 02( P)(Dp) by the above isomorphisms for g € T
Although the fan ¥(P) might be singular and does not satisfy the condition (1)
in Section 4, the algebraization of the quotient of Z (P) by I' to a scheme morphism
q: W — Spec B(C*,T") by Lp is possible as in Section 4. Namely, the condition (1)
is satisfied if we replace I' by a sufficiently small normal subgroup I of finite index.
The assertion corresponding to Lemma 4.4 is also proved by taking a sufficiently small
I, while ¥ being non-singular is not necessary. Thus we get a projective morphism
q : W' — Spec B(C*,T”) for I, then ¢ is obtained by taking the quotient by the action
of the finite group I'/T”. Then ¢ is the contraction of Y (P)/I" to the closed point sy of
S = Spec B(C*,T'). The algebraization Lp of Lp defines an invertible sheaf on S\ {so}.

Example 5.1 Let {p; ; i € Z} be a set of points in Mg = R? defined by the
recurrence relation

o] 28] L [-2
Do = 0 y Dit1 = -1 ) Di 1 9

and let P be the convex closure of this set. Then P is a quasi-polytope of cc-dimension
two with a cyclic group action.

 Also, for any I'-invariant subdivision 3’ of 3, we can algebraize ¢ : Z@’) /T —
S = Spf B(C*,T') to a scheme morphism as a toroidal modifications of ¢ : W — S if
the toroidal embedding (W, S\ {so}) is without self-intersection [KKMS, II, §2].
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6 Examples by Tsuchihashi

Cusp singularities in arithmetic quotient spaces of Q-rank one are classified by Satake
[S, §3]. In particular, there are 3- and 4-dimensional examples obtained from quater-
nion algebras over (Q or an imaginary quadratic field. Some explicit calculations are
done in [Ch]

A beautiful 4-dimensional example of cusp singularity is obtained by Tsuchihashi
[T2, §6]. The Dynkin diagram

which we denote by A, gives an infinite Coxeter group.

This group is realized as a linear Coxeter group [V2, Definition 2] as follows. Let
K be the simplicial cone generated by the standard basis {e1,...,es} of R*. For the
vertices of this diagram labeled from 1 to 4, define the matrices by

-1 0 0 O 1 100

5 = 1 100 5y = 0 -1 0 0
2010’ o 01 0 [’
0001 0 101
10 10 100 O

5y = 01 00 5y = 010 2
00 -1 0| o0 1 11|
00 11 000 -1

~—

which operate on R* with the coordinates (1, zs, 3, 2z4) from the left. Then the
subgroup G = (s1, 9, S3,54) C GL(4,Z) is isomorphic to the Coxeter group. Namely,
the relations

si=sy=s3=s1=1, (5151)° = (s283)" = 1,

(5159)% = (s354)° =1, (5183)" = (s284)* =11

are checked easily. Each s; fixes the facet K N (x; = 0) of K for i =1,...,4. Then by
Vinberg’s result [V2, Theorem 2|, G is a linear Coxeter gorup, and these are actually
the defining relations of the group. We denote the set {s1, 2, 83,84} by S = Sx. Then
the parabolic subgroup H; generated by S\ {s;} is a finite group of order 48 for each
7. On the other hand, the Dynkin diagram obtained by removing the edge connecting
1 and 3 (resp. 2 and 4) defines a Coxeter group of order 1152, which is isomorphic to
the automorphism group of a regular 24-cell (cf. [C2, p.148]). These groups have an
important role in the construction. It follows from [V2, Theorem 2] that there exists
an open convex cone C'; and we have

Ug(K):CU{O}.

geG
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Tsuchihashi found a subgroup I' C G of index 48 such that H; N T = {1} for every i.
Then I" acts on C freely, and (C,T") is a Tsuchihashi pair. The cone 0y = K is non-
singular and the 4-dimensional cones g(og) and their faces for g € I" form a ['-invariant
non-singular fan with the support C'U {0}. There exists a strictly positive h, and we
get ¢ : W — Spec B(C*,T") as in previous sections. This is a resolution of the cusp
singularity since Y is non-singular.

Let v; = Ryge; for i = 1,...,4. Then ¥, = X[y] is a 3-dimensional complete
non-singular fan on which H; acts. Let V; be the complete non-singular toric variety
associated to >; for each i. Although the canonical divisor of W is not g-ample,
—(4V4 + 3V, + 3V3 + 4V}) is g-ample.

These 3-dimensional fans are described as follows. Let {e1, €2, e3} be the standard
basis of R3. For an order (i,j,k) of {1,2,3} and €, ¢€;,6, = £1, the cone generated
by {eiei, €iei + €j¢€;, €;6; + €je; + erex} is a nonsingular cone in R? with the lattice Z3.
There are exactly 48 such cones and form a non-singular complete fan A;. Then, ¥,
and Y3 are isomorphic to A;. The fan A, consists of the same set of cone but in R?
with the lattice Z* + Z(1/2,1/2,1/2), which is also a non-singular complete fan. The
fans ¥, and ¥4 are isomorphic to A,. Hence, each of V; has 48 torus action invariant
points corresponding to the 48 maximal cones.

The exceptional divisor of ¢ is a simple normal crossing divisor consisting of these
four toric varieties. There are 48 quadruple points, and all four components go through
each of these points at an invariant point. For a choice of the group I', I have calculated
the intersection of the four irreducible components. By cutting the fan ¥; with a cube
with the center at the origin, each square face is triangulated to six triangles. Figures 1
through 4 are the nets of the cubes and each triangle on the net presents an invariant
point of the component. The invariant points of each component are numbered from 0
to 47, and the four points labeled a same number form a quadruple point of the normal
crossing exceptional divisor.

Tsuchihashi also found a very nice example in dimension three. Let €2 be the
Dynkin diagram:

3
Q
1 2
Define the matrices
-1 00 1 30 1 0 0
s = 110, s9=10 =1 0|, s3=1] 0 1 3
301 0 01 00 -1

Then S = S = {s1, 52, 53} generates a linear Coxeter group acting on R?, with the
base cone K generated by the standard basis of R?. Let G be the linear group generated
by S and the order 3 rotation

14



Let ¥ be the fan consisting of the 3-dimensional cones g(K) and their faces for all
g € G. Then the subgroup

H = (rs;5953, 1528351, 7535152) C G

of index 12 acts on X \ {0} freely. Thus we get a 3-dimensional toric type cusp
singularity. This example is analyzed more precisely in [K].

In this example, 3(1) has only one orbit and ¥(3) has four. Hence the exceptional
set E of this cusp is a normal crossing irreducible divisor with four triples points.
Furthermore, h : CU{0} — R defined by h(u) = min{(z,u) ; x € MNC*} is a strictly
convex support function of ¥. In this case, h(n,) = 1 for the primitive generator n,
for all v € 3(1). Hence D}, is the canonical divisor of the toric variety Z(X) (cf. [O,
2.1]). The canonical divisor is defined by the Euler form

_ de(my) de(my)  de(ms)
= etm) " e(ma) " elmy)

where {mq,mo,m3} is a basis of M. Hence g*w = det(g)w for g € GL(N). Since
det(g) = £1, w®? is invariant by the action of I'. Hence we know Oy (—2E) ~ wi?,
where wyy is the canonical invertible sheaf of W. Since Oy (—FE) is relatively ample
for the contraction morphism ¢ : W — Spec B(C*,T"), so is the canonical sheaf wyy.
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29 40
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6 | 45 30 | 21 2 |23 26 | 47
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39 20
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30 | 33
21 24
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21 18
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23 | 16
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40 | 47
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Figure 4:
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klz,y)/(xzy +yz,2?> —y?) OOODOR 0000000000 000D0ODOODOOO0OO
R = klx,y]/(xy, 2% —y3) 0000

(2) Y ={(a,y,z,w) € C* |2y — 2w(z +w) =0} 0000000000000 CO P!
ooooooooo ¢, 0000000000000 000000F =0¢,@0¢, 00O

_ (k+kt? Kt 3
DDDDDDDDDDDDDDDDDR_< it k+mg mod 3 0000000

[10] O Gopakumar-Vafa 0000000000000 0O0OOOO

00 64. 000000000000 XOOODDOOOODODOO Y =2Spee(B)DOOOO
000 f:X—-Y0DOODOOYDODOOO p000000D0D00O00O0OO fYp) 0O Ccxp!
00000C 000000000 !000000000000000000D000000
RODOw = length(R), w® = length(R*) 00 00n; O j 000 Gopakumar-Vafa 00
0000000000X O0000000000000000000000 (-1,-1)-000
0000X 0000000000000 4000000000000 n; 000000

D0000000000000w=Y_;52n;, w® =m0
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gbbbuoooobbboodobbboooob

goood

0. O

00000000000000000 (of [7],[1000)000,000000 (0
000000000)0000000000000000000,00000000
00000000000000000000. 0000000000000000
0D0000000,00000000000000000000000000000
0.0000000000,0000000000000,00000000000
000000000000000,00 [24], 25, 2600 100000000000
000000000.000,000000000020QO0000000 (0.Q
000000000,000000000QO000000000000O0O0O00O0
0D0000000000)00000000000000000,0000000
00000000 (0000000000000000000000)0000K
Palka 000 0000000000000,

00000000000000000000000000000000000. 0
0000000000000000000000000000000000000
00000,0000000000000000000000000000000
000000000000, 000000000000000000000000
00000,000000000.00,0000000000000000000
00000000000000000000000.

000000000000, 00000000000000000000000
000,000000000000.0,00000000000000 [17]0 [19)
0000000000, 0000, (170 [190000000000000000.
00,00000000000000000.00,(17]0[19000000000
000000000000000,0000000

. ogobboogoooobood

00000000000, k0000000,00,0000000000. S0
0000000O0000.0000,000000000 X0000000000
00000 (00,SNCO0O000)BO, X\SupB>SO0000000000.
000 (X,B)0 SOSNCOOODOOO. SO0000.00 P,(S)0000000
0#(S)0000000000:

P,(9):=r"(X,n(B+ Kx)) (neN), E(S):=x(X,B+Kx).



2 oooo

000, xX,B+Kx)0 XO (B+Kx)0OOOO. 00OOOO SOSNCOO
000000000000, p,(X)=P(S)0000,0000000000000
00000.00000,00040000000000000000 (00 [11)).
S000000000SOSNCOOO (X,B)000000000000000
0.00,(X,B)000000000,(X,B)0 (0000)0000000000
00000000.00000000000000SNCO00000000000
0000000,000,0000000000000.00,000000000
0300000000,SNCO000000ROOD0O0O000000000O0OOO
00,00000000000000SNCO000000000000000 (O
000000000)00000000000000.0000,00000000
000000SNCODO00000000000000 [25, Chapter 200000
00000, [25 Chapter 2] 000 [35]00000000000,00000000
—co0000000000000000000. [25 Chapter 200000000
00000000000000000,0000000000000000000
000000.0000,00000000000000000000000,00
0O0000000000000000.

SOo0dfdpoDobo0ooooooobooboo0oooo. bood, B+ Kx O pseudo-
effective OO 00, B+ Kx O ZariskiOOOOOOO. B+ Ky O ZariskidO OO
ooooooo:

B+ Kx =(B+Kx)"+(B+Kx)™.
000, (B+Kyx)"OnefQUOO (OO, B+KxOnefOOOOOODO), (B+Kx)™
JdoodoooooooooooobooobooobooooOo. Doooooooon
O00D0Oo000o0ooobOoooooooooo,0oo0o0ooooo.

00 1.1. (00 [12,00 [6) 0000000000, (B+Ky)*0OOO0O0OO.
00,%S)=0000,0000n0n(B+Ky)"~00000000000

0,00 1100000000000 [12]0,000000 60000000.

0000, (X,B)0000000000000000000. f: X - W
0 Supp(B + Kx)~ 00 (-1)000000000000000000 (OO0,
Suppf.(B + Kx)~)O (-1)00000000000000000000O0O00).
C:=f(B)000.0000,000000.

00 1.2. (cf. [35], [25, Chapter 2, §3)) 0000000000, 00 (1)-(4) 000
0o.

(1) Cco SNCOOODOO.

(2) 000n€Z0000, P,(W\ SuppC) = P,(X \ SuppB) 00 0. OO,
"R(W \ SuppC) = R(X \ SuppB) 00 O.

3) i((B+ Kx)") = (C+ Ky)"0OUOO (0. C+ Ky O (2) OO pseudo-
effective 00000, 00 ZariskiDO O nef000 (C+Ky)TOODO), C* =
C—(C+Ky)">0000.



goboooooooooooboooobooooo 3

(4) 7: W —=WDO Supp(C+Ky)-0DOOO0OOO, (W,nr(C)0ODOO0OO
Doo0o0o0o0Dooa.

0000 (W,C)0 (X,B)0000000,00, 000000 (almost minimal
model) 000O00. O0,[35)000000000000000000000000
000000000000000000000.

R(S)=0000,001.10001.2@)000 n(C+Ky)t ~0000000
0,00000.0000000.,0000000000000000.0000
n(C+ Ky)t ~0000000 P,(S)=100000000000. (0. %S)=0
000,S0000.00000001000.) 00,1(S)0 P,(S)>00000
000-,00000000000.(000000000000.) k0000000
0oo,0000000.

00 1.3.%S)=00,k00000000000000.0000,00 (1)0 (2)
ooooao.

(1) (Blache [4]) 1 < I(S) < 21.

(2) ([35) [C*|#0 (|C*)D QOO C*¥OOOOO)DOO, I(S) <6.

00,000 (W,0)0000, |[C#*|=0000000 CO00000000000
gbobobdoogobb.ooobb,obbbuodbbbooobobbuoogb. bg
O,|C#*|4#00000000,(W,C)0000000000000O0O00OO0O. O
go,buoggobbbooggooboogob,bgogooboooobo.

014.V000D0DODO0OO000,DO0VOODOOOOOODOO,R®V\D)>000
0,p00000000000000.(V,D)000000000000O0, D+Ky
Onef0 0000000000, E-(D+Ky)<000000D00EODOOD.O
O00,Dp0000D0O0D0D0O0O00 D+ Ky O pseudo-effective 0 000000, F
0(-1)000,E-D=0000.000,00000(V,D)0000O0O0OO0O DO
00000 (-1)0000000000000000000000. 000000,
OD00D000E-D=1000 (-1)00000000 (OO (Vv,D)0O00),00
0Doooo.0000 P,(V\D)=P,(V/\D)ODDDODODODODDO.

gobbooogn

(W,c)OOoOoOoO SOSNCOOO (X,B)0D0D0000ooo. ¢ :=C—0%|0
00.0012(4)00,Cc'00000000000000000000.7:W —W
OSwppC’'000000.000,W0O0000000000000O0O0O0O0O0O0,
woooooooooovooo.g: W —-VvV0oooooooooooo. ¢=cC
000 (000, [C#]=0000),&S)>000WOO0O00OOnef0ODO, g0
ooooooo.

000000000,000VO000000000000. woooo oo,
C’<000C-Ky<0(KpyOWDOODODODO,000000000000000
0000000000000 000 (0000 [34)000)0000oonoooo



4 oooo

000.CO00000000000000,CO000000000000,coa0
0000000000000 W,0 (WOoOoooooooooooooooood
00)000000000000000000000000000000000 (O
000000000000000000000000. [25, Chapter 2, §4] 000
0). V0T <0,C-Kp<000000CO0O00000000000000O.
m:V—-V0VOOOOoOoooooooo,0000¢:W —V0O,gor=mog
0000000000, D:=g(C)000. 00,DOSNCOOODODOOOO,
oooooooog.

00 1.5. SORS)=p,(5)=00000000000000000000. 00
00,00 (1) (4o00000.
(1) DO SNCOOOOO.
(2) 000n€Z,0000, P,(V\ SuppD) = P, (W \ SuppC) D0 D0. OO,
®(V \ SuppD) =&(W \ SuppC)(=0)000O.
(3) (V,D) 0 almost minimal (000, (V,D)000 (V,D)000000OOO
0)0,D¥ + Ky =g.(C*+ Ky)=0000. (D¥000000 120 C#
ooag.)

0000,0000(v,D)0(X,B)0000000000.00,(V,D)0d (W,C)
000000000000000000000000,000000000

2. 0000b00obOoboobooogoogo?

(10, 0000000000000 O00bOOooooOoog,ogsSsNCOOogon
gobbogoobboooobbooob. oo, ooobboooobn
gogd,bbobboobboodddooooobboodooooooooo . oo
gdogooooog,bboooboooooobooooob,gogooogoaa
O0000.00,00000000,00000000D0DOCODO00 (DOOOoOo
Enriques0000000O0O).

O0,+k000p(>00000000,0000000000.S0000000O
00000000000000,(X,B)0SOSNCOODOOO. (W,C)O (V,D)
00000, (X,B)00000000o0o0o0o0o0ooo. (oboooooooo,
O0o00oooooo,(WwW,c)0ooooooo (Vv,D)Doooooooooooo
000,00000.) C# D¥00000000,001.2000 15000

R(S)=000,X0000000000000. XO0OOOOoooooooog,d
gligdgoli2ooo,0ooooon.

00 2.1. XO0OoOoOoooooooo, (w,c)oooo,000oooooo.

() WODODOOO0OO0OO0. 000, Ky=0000.
(2) C*=0000.00,C00000000000000000 (CO0000
000 (-2)00000).

OoOoobo sooooboboooobooooooobooooobooooooooo.
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ob,X0Oo0o0bod —cocbbgbg. 0obg,00boobob,0obof
O000000o (w,C)000000oooon.

() 000000000 (000,0000000)000.p=0000000
[8] 9,00 [33)000000000.00,p>0000000000.00
00, [20,82]000.

(2) p=0075,(5)>000000000. (00 [9], Zhang [36].) 0OOOOO
000000 (1)0000000000,0000,50000000000
0000000, [36)000000000000,000000 (W,0)00
0D00o0o0o0oooo.

(3) OO0 (SuppCOOO)00O0O0OOOO. (OO [5,88),[14].) 00O, S
0000000000000, S000000 BOOOOOO,0000C
00000000,00000000000000.0,00000p>00
0Do0ooooooo ([14).

g,boogdgbbbduogbobbo,gobboooobood.

00,S00000073,(8)=0(000,00 130000000 I(S)0000,
I($)>1)000000000.00,0000000,p=000000000. (0
00000000000p>000000000000000,000000000
0O00000,p=0000.)0000,0020000000000

I. |C#|=000000.00000,00124000,C0000000000
0000000000.~:W—-W0OSuwpCOOOODOO. 0000, WOO0O0
00000000000, 0000000 WOOOO Enriques0 00000, O
O000000000000000000. ooo0, Blache [4], Kudryavtsev [21]
[22], O O O Zhang [29] [30] [31], Zhang [37] [38] [39] [40] [41)DD0O00ODO. OO
0000,WO000000000000000020000000 K30000
0. 00000000000000000 Blache [4/00000000, K300O0O
000,00000000000000000,0000000000000000
oo.

II. |C*]4#000000. 000000,0000000000.00000001
000000000000000000000. 000,000000000000
00.000,S000000000000000000000000000S00
0000 S\SingSO0000000000000000000000000000
00.S=45\SngSO00,000000000,00000000000 (W,C)
0I1Ioo0ooooo.

00000,000000 (v,D)0000000000.§000000, (W,C)
00000000000000(V,p)00000000000000000, (V,D)
0ooo0ooo,(Ww,C)0000.00,001.5000,Dp0SNCOO0O00 (V,D)
0000000000,000000.00,(v,D)00000000O0.



6 oooo

m:V—-V00000O0OODOO,vo0o0oDoo,D—|D#¥|000000000.
D=7, (D)0000,D#00,D+Ky=0000.000,Ky=-D0 nef00O
0. vOoOo0OOOO0oODODOO0O0D0OO0000OD0O00000000,vVOoooDod
D00000000000000000D0. 000,00 (A),(B)DODOODOODOO
ooooao.

(A) VOOOOO log conic bundle structure 00 0. 0000, PO000000
000 (D0D0ODDODOO0OO P O000000000000)AR:V -P'O,0R
000000000000 000D000000on.

(B) VOOOOOOD10,VO000000 -K,000000.0000000
VoooOOdel PezzoO OO OO,

(A)0000DDO0OO0. FO ROOODODDOOOODD,D=-K;00000
00,D-F=2000.000,kh:=homO0000,A0VOPOOPOOOO
0000D0000,Ah0V-DOOO0O Ay p000000000A(0DOO0OO
0DA'0O000DDO000O0)D0000000O0000 (AlDDooooOoooao
00)000.000,000000000.

00 2.2. (V,D)0000 (A)0D00000000.0000,V-pO00000
AlL00D0D0D0D0D0D0D0D0D0000.

ooooo (v,b)oooooooooooO,0000000ObObOODOO,DO
uo.

00020000000,000,(S)=2000000,002000000 del
Pezzo 0000000 ([1],[27],[16)0)00000000000.

00 2.3. ((18) I(S)=2000,(B)000000000.

000, I(S)=200000(v,D)00000000.0000 (18000,
00,(B)0000000000000000.

00 2.4. (V,D)0000 (B)0OOOO0000O0.0000,(v,p)0000 1-0
500000000000,

0 1. (cf. [14, Example 2.5]) Hy, Ho, H; O P200 HiNH,NH; =0000000
O,P :=H NHy Py:=HyNHs, Py:=H;NH,000. H,000 P, (1<i<3)
0000000000, pw:V, —P2O030 P (i=1,2,3)0000000000,
E = p'(P) (i=1,2,3)000. @ :V — V030 uy(H)NE; (i=1,23)00

goboooood,
4

i=1
000. POOOOO1-(1)000000000. 000 (V,D)0 [5,8]0000,
Y{3,3,3}00000000.0,00000I(S)=3000.



goboooooooooooboooobooooo 7

O 2. (cf. [14, Example 2.6]) V, = P! xP'O00O. 4, by, (00000 Vp — P
03000000000,4,06,/,00000V,—-P030000000000.
P1 Izélmzl,Pz32620z1,P33:€2m23,P4I:€3mZ3DDD,/LO2‘/1—>‘/0|:| Pl,...,P4
00000000000, By =uy (P), By = pg (P OO0, py 0V — V02
O Einuy(h), BEsnup(é;) 0000000000,

3

D= MQ(E1+E4+M6(Z(&+E)))

=1
000. DO0ODO0O 1-Gi)000000000. 000 (V,D)0 [5 §]0000,
Y{2,4,4)00000000.0,00000I(S)=4000.

0 3. (cf. [14, Example 2.7)) Vo :=P! x P! ¢, (i =1,2,3),; (j =1,2,3)00 20
0000000. P:=0N4y, Py :=0,N03 Py:=103n0, P,:=0N¢000,
Vi — VO P,...,P,00000000000. E =" (P) (1<i<3)00
0. :V—=Vi030 B Nuhl), Banph(l), BEsNph(4;) 0000000000,
3
D= (Ey + Ey + Es + iy (O _ (4 + 1))
i=1
0D00. pDO0OO0O1-()000000000. 000 (V,D)0 [5§]0000,
v{2,3,6}00000000.0,00000 I(S)=6000.

04.COP2O0O0O0 2000, H,H,,H;0P200000, 000000000
oooo.

(1) H,,H,,H;0 10 POOOO, P¢COOO.
(2) H; (i=1,2)0 C0000 PO000OOOO, H;0C0000 20 (P, P
ooo)oooo.

u:V - P0PP,RPO0000D0OO0DDOOOOODOOODODOO,
" (CUHUH,UH;)00200000000000000. DO pY(CUH, U
H,UH;,)00O0O 20000000000 (-1)-00000000000. DO 20
000000000,00000Y000000,00000 A,00000000
000000D0O000.00000 I(S)=4000.

O 5. (cf. [32, Construction 5.4])) 0000 P2PO0000OO0 (z,y,2)000. P =
(0,1,1), P, = (1,1,0), Q; = (1,0,0), @, = (0,0,1) 00, 40000 Q.P;, Q. P,
Q.P, QP 0000. 1000300¢000000, 3= (l,e,e—1) (000,
e= -0 000. QPNQPE = (1L,LL,1), @R N QP = (66— 1,0), Q1PN
QP =(0,1,)000,00000000E,=V((1l-ez+ey—2)0000. 00,
Q1PN QP = (1,6,¢), 1P, N QP = (0,1,0), Q13N QP = (1,1,¢) 000, O
O0D00000E =V(z—ex)0000.Q,,Q000001000000000,
000000000000 000000 BOOO. 00,00 QP (1<i,j<3)
0E+E0000006000000100000000000. 0000000
0D00V,DO B,P2008OOO0 QP (1<i,j<3),E, B O0VIOODOO0
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0D00000.pO00003000000. B+E0000000 40000
0D00000,00000 pO0O0O0ODOODYOOOOOOOOOOOOOO. O
0000, I(S)=3000.

ogoboobo,pobooboboboboo0o,ooboobobbobD,ob0on
pOoOooOOooOOoOoOooOooobooboobo.ob,b0200 C)H,Hy,H;O00OO0OO
gobbobuoooobbobuooooboog.

(i) (i)

—2
-2 £2 ﬁ /9
-2 —2 —2 ‘—2 _
1 0 — 2

Hy .| H,

02
- Z2 Ly /o
-2 -2 |2 -2
_1 T T T
U3

0100300 Dp000O00O0O0O0O,[14)00000000000000. Y{3,3,3},
Y{2,4,4},Y{2,3,6} 0000000 DOOOOOOOOOOOOO.

002400000000000000,000000000000000000
0,0000010000del PezzoDDO0O0O000D (B)OOVOOOOOO 1
0000 del Pezzo0 00 0000000000)0000. 000, Belousov [2] [3]
(30 [2100000000000000)00,00000 10000 del Pezzo O
000000000400000000000. 00, Palka (321000000



0000000000000000000000 9
. 00bodood

200000,00000000D0D00OO0ODODODODOODO. 200 1ODOO,
(A)O (B)ODDOOOODOOODOOOOOO0DO0DO0DO0DO0O0O0O0O0O0OO,000000
O000,00 (B)OOOUOOO0Oooo.O00,0000000000000,00
guooooooobobn.

SO00000000000,(X,B)0S0SNCOOO (cf §1)000. 0000
r(S) = p(X)-#B00000.000,pX)0 XOOOOOOO #B0 SuppBO
O000000o0oOo0oooo.0g,«(S)0sgosNcOoooooooooooo
good.

O000,0000000000O0,-(S)D00000000OOOOODOO0OO
O0SO0000000. ShokurovO OO OOODOODOOOODOOOOO (DOOOO
00,00 28)0000000OD), 00000 oo0ifo1ooooood
00 (pseudo-toric surface) 00000000 (half-toric surface) 0000000
gogoob,ggoobboobobboddooooooobobobobbboooooon
O000000000000000000. [28|000000 -100000 »(5)0d
googd.

goodoooooobbbbbooooad.

o0 3.1. S000ooobooooboboboooboooooooo.bobo, o
gogoo.

(1) 7($)>-2000.00,r(S)=-20000000000,5020000
00000G200n0 (n>0)0000000000000000000
oo.

(2) 00,S0000000000000000.0000,r(S)>-10,r(5)=
~10000000000, S0 H[-1,0,-1)00000 (H[-1,0,—-1]00
005 (85))000)00n0 (pn>0)0000000000000000
ooooo.

00310000000000. (X,B)0S0SNCOOO0O0O0,(W,C)0 (X,B)
0000000000.000,r8)> (W \SuppC)000,00,r(S)=rW)\
SuppC)0 000000000000, (W,C)0 SwppBO 000000000000
0000000000,000000000000.000,000000 (W,C)0
000003100000000000.000,Hodge00000000, [C#]=0
000000 »(W\SuppC) >1000. ([C#|=0000000,C000000
000000000000000000000.) 000000,S0000000
00000000000000000,(X,B)0000000 (V,p)0000oo
3100000000000, §00000000000000000000000
00000000 r(S)<000000000000,000000000000.

obo,b0310b00000,b00b00b000b000b0000b0.



10 oooo

00 3.2. BCPPOOOOOOOO,000008:=P2\BOOOOOODOOOO
gobbooodgb.bobog,bbbodad.

(1) SOODO0O000O0O0D 1000.
(2)00,B00003000000000O0O,S0D2000000000 G20
ZariskiD OO OOOOO.

000000 ()0 (2)0,000000000000 [13],[1400000000.
goboobboo,boobooobboobbooobboo saobbouobbo
0, 0000000000000DO00DO0ODOOOd.

0032000000000000DO000DOO0OO0DOOODOOODOO,O000,S80
000000000000000000 (2)00000000.0000,Q000
O0000000000000000000000000 Levin-O0O [23)00000
000,00000000000000D000O0,0032(2)00,0000000
00O potentially dense U0 OO O DOOOOO.
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GEOMETRIC CHARACTERIZATIONS OF RATIONAL
HOMOGENEOUS MANIFOLDS

WEKRY - TR JEE 5%
1. LIz

ARIZBEWT, ZHA L ITEERR EEE S N7 IER R RS K% 2k
T 5. LMK X DL RIKOHBIRREBERZ2 0L &, X 2FHBLHk
RERER. AR, SELRAE L XGRS E LA %2 kT 5. A. Borel &
R. Remmert OFER (FHL2.1) 2L D, 2TOFEELHFARITT —NVEHHEK &
EHEELADORE L THRIND Z R MS5NT WS, AR TIX Hwang,
Mok % HubMZ R S N - A R OB 7 ML O#EE (VMRT #a) DO
Moo N2 DEELHARDREMIHIZ OV T 5.

ARIEATDO XS IR I NT WS, I8 2 ETHEELHARONIZET
Lo AFERZ2 F L O 5. 3B TIL AR B £ O & BRI O 2 M
DE#ERZ LD, TNE2HWT VMRT DEFHFEE2DBRSL. 512, Eh—IL
W1 OEHSEBELRAIIN LT, D VMRT O 2 BARMIZEiR T 5. 6
4FIZBWT, VMRT O# S h S i 2 DFEE LR DRHEA T2 O W THESL T
5. FARMNZIX [4) OB RHEER VS, B, A X LORFAREE
LU, PE)IXZRR YT 1y 7 ORKRTOHEAL Proj(Sym(E)) &5 5.

2. FEEHIRDDFIZONWT

ZDETIIFELHFERDODEIZDOWTIRRS, A. Borel & R. Remmert 12 &
D, AFTOFEELFEAROEECHE NI SNT WS @

1B 2.1 ([2)). (FREOSTISRKIL T — AL SRk L AT % Rk OB L
WTHD. 610, FEHEOHNSESRKEEESTIL B G DU B
Pz X BEFIRE G/P LM TH 5.

GIRTTD T — ROVERRRIZ ) —< v D272 T 29 DI+ AI2E D
giIRTLEFENR T MVZER CI DRGZEM CI/A & U TRl N5, —F, AHEH
ZRMRIZEIN E T 0 VX VRIIBICE D DI NG, ZOETIIEEDSFEIZD
WTHEET 5.

MIEREAE G T L, 20U =% g = Lie(G) 12 G EOLEAREREFI~R Y
MVERKROEGLE LTERI NS (BIZIX, 6,9.1]28) . ZorEHRZA
WHZ 5.

EFE 2.2. G 2EfGMERER, gzt — e d5.
(i) g BWIHEEHBRA T TV EEET, »DOERSATTIV Dg = [g,g| B0 T
BWEE, GlgldThThBfie v,

REEFEY VRV I MBI DHHEOERE TS 57075 AEAEZOLHEE,
VAT ¥ VR Y WEAEH OH I MESEIT RSN UE T, ARIIRE s 5T
e B (BF9SiE®’ 5 117K14153) | O KR— b 2ZFTVWET.

1

i



(i) g WHMA T 7N g DEM g = Pg & NFBLE, GLglETh®
NHEEM NS,

211240, AHEFEHSHAZ DT 57021, FERMIEAEE: G
& DHRR A HE P O G/ P 25T Xk, 22T, G/P PHEELER
heied G OBENEE P % G OMPMBAB LITR. G OEEHE G — G
2L 5L, GdLie(G) 2 Lie(Q) il L UAMSHAREBTH 5. 512,
G/P1Z G OEMIZBEL CTHEEIZRS. > T, GE2HHH 5 B HGR
REREE LTV, ZO&Si1ce3Z kizk by, BRI ABEEG
EAPEEATY —RE g lE— 0 — TR T 5. LT, BB AREHE G I
AT 2 LB — B Lie(G) % g 27

FAHE 2 AT AREUE G ORRE RS T PR 0 B 2 G DR L ILVER ¥
EWER. R VIVER D RE & IR o REIC B U TIROFER A S T\ 5.

8 2.3 ([6, Theorem, Corollary B, 21.3]). BEs: BAlsR I BEE G 120
U, BARHHENLT 5.
(1) R VIVERD BRI D RECTH 5.
(i) G OHEAEFEMAHE P I L, PBRRVIVESRZELZ 2 & P AR
YIRS RFETH B Z L IXFAETH 5.
(ili) G DEZD RV IVEAREZ AW TH 5.

GDRVIVESHE B 2#EET 5. P%GDEZDOKRYIWEHSREE T 5. @
23 (i) &0, PROEDZRVIVEDEEB 288, B & B IZEWZHZLO
T, D gc GMPFELT, B=g 'Bgtikb. ZOLE, Q=g 'Pgt
EDDHEL, G/IP=G/QHMD Q& BE2ELHYINEAIEETH 5.

— 7, PEHMY —RE gz L, FoMAR#ES Y —REb 2 gDRLIL
MaRE, FLIESRE b 2E5T g DD Y —REp 2 SR KE & 1T
B ZDEE, RBELT 5.

il 2.4 ([6, Theorem 13.1], [25, ff@d 9.31]). FHMIEREH G 2D Y —
R g izt L,

{G DR AHRE Y — {g DY —RE}; H — b := Lie(H)

IREEBRIIEPTHD. THI1T, ZOBEHRDT, GORVIVESHEEL g DRV
IVERIREL, G DR & g DI REUE Z N E — 0 — 1T
T 5.

Dbz d e, AHEAZRAEZ BT 570101, &LHMY — 5K
gzt l, TORVIEDMRE L 2 —DEEL, bZ2E&O Y REp %
ST E .

FHHY —REb 2 GBI R p 2 0HT 572012, gDAILXK
VIRRE Y B —DEET S, VR O REI AT DT, g DR
ad: g — gl(g) IC & BB ad(h) B THS. fE-TC, ad(h) iIZHEEND g ED
ML EBULFERSS A EETH D, g I ZFRIREGZMOMAIETH L. Z il
£0, goI— bERSRESES (HIZIX, [7, Chap. 8] ) :

g:h@@ga

acd



=L,
= {z € glad(h)(z) = a(h)z for all h € b},

® = {ach’\{0}g. # 0}
t@‘% 3661, @@%EA: {@1,@2,"',&@}%%[/, (I);EIEODH/‘—]‘OD
HELHLEDL—MDEESADRTE 10 =Pt UD. TD&E, LTFMKT
T 5.

i 2.5. FEdid 5D , AR T 5.
1) b:=h BB o+ 9o 1T gDRLVIVEDRETH 5.
(i) 1) Db ZELEEOBIHI MR p 1T L, T CAPFEL,

p=be P 0.

acedt(I)

LREND. 2L, (1) = (X, cans ba € Blka, € 2} 2T 3.
IR, ZDp%&p &0<K. 51T, pp iSRS 2 B0 i %
Pr i<,

BERA. (1) W— b a,8 € ®IZH U T [ga, 85] = Garp DAV LD EITHERET
5.:@t%,%%4?7»Db—wbyﬁb—JXU1w I LT, Db =
Docor 9o 28D, 2O NG, THREVIEEHnIZOWT, Db=02&
7525 2 EDMEHUZ DS, /o T, bIFARY) —RETH B, WAMEEZRT T
DI, b ZEIZED g D[RS — B0 DEFIELZERET . ZDL &,
b’ 1% ad(h)-AZERDT, V— bZERSRLFERIZ, 5 O DHIES S HF
HEL, V=0 @@, g0 LMTF2. IELY, & CShD SIS LE—
DODEDNV—h —acd Z25L. ZDLE,

sI5(C) 2 go D g0 @ [ga, §-a] C U’

LI B M, sly(C) IXAETRVDTHIE.

(ii) b Z B LLEOBIHIEB 2 ARE p 12X L, p A ad(h)-AZERDT, (i) &
FRRIZH 2 @ DIMAEE T WEIEL, p=hO @D, crp 8o ENITD. ZDLE,
Ot CTHERDILD. 6T, a,B,7€d Pa=B+yDD —acT %l
T2 B, -y eTHEOVILD. ZDILhoERIIHKS. n

Tz kY, AEEEZMEG/PIXHBRIIIERT 2R G BIADT, FH
Y —R& g & HAML— POEREGEADIHAESTOM (g, 1) ITEVIRES.
BHD) —REBEIEML— P 2THEE LTESNL T U F UMBIC L Y RS
N50T, BHEEELHAG/PIX (D, IZEVEEHHADTERIIEE
5. 12720, DidghoEEzdT4VFUKETHY, I C AXZTDIESD
WArEETHS. AT, BGASUTHEMLV— b, &k, V—MDOEKA %
{1,2,-- 0} LWEELT D, T+ v FUMEOHKDEFE ST (7, P. 58] (T4
5.%?,mﬁg?fV#VE%HZDKﬂﬁ?%ﬁ@%g%ﬁ%%DUH:
<.

5 2.6. (1) Ag(r) IZEHE R FNIVZER CHL O r IRGTRIEER 2 25 % R 5
A= BZfFF T BT T AT VLK G(r, CHY) IZHIET 5.



(11) E%;&@?ﬁﬁ (7"1 <y < - K1y < 5) Kﬂb, Ag(?“l,rg,"' ,T’S) tif]ﬁ;%
RRIK

{(‘/7"17 V7’27 T 7‘/7’5)“/;’1 - ‘/7’1'+17 ‘/Tz xCH o T {Kﬁ%ﬁﬁg%ﬁﬁj\%ﬁﬁﬁ }

IZRIRS 5.
(iil) w & C" DIFBLATMME LR E T L. 20L&, TIAT VLR
K G(r,C") DEHES

OG(r,C") == {[W] € G(r,C") | (W, W) = 0}

BEHEZD. n=2+10D21<r<L(DEZE, Br)liZOG(r,C*1) iz
WInd B, £z, n=2U0D1<r <20, E, Dy(r)lXOG(r,C*)
SIS B, — 4, OG(L,C¥) ix =D O H\NMZ FEBRR BRI Sy D>
5720, Dyl —1) & Dyy(£) 1% Se_y E[HEITH B, OG(r,C") #BEXR
TS AR VERAK, S, 2 RAE ) —ILEHKELZ NS (OG((L+1,C%H2)
DEEFIR AL UT S, 2 EHETHZ b H BN, ZIZTIL[18 DRLEIC
WD) .

(iv) w & C* OIFBILHAFERIRE IR (> TV o719 2BR) &7
5. ZDEE, TITATUERMEG(r,C*) OENES

LG(r,C*) .= {[W] € G(r,C*) | (W, W) = 0}

%25, 1<r<(DEE, Cyr) X LG(r, Y IZHET 5. LG(r,C)
EOVTVLITAVvITSARVERE, LRSS ISV T7VY
TAIVEZBRRIKE NS,

FR 2.7 ERBIN S, BIZIE Ay (1), Ay 1(20 — 1), Cp(1) 12T (20 - 1)
POCOSZEM PP LRI TH 5. LhkiAE UTIXRTRHELZD, HHD—
DIFAEWIZBDERIZH D, & HITHIET 2 EHIRFRRIERE SL(20) ThH 5.
—H, C() TR AEEEY Y TV o T4y ZEESp(20) TH 5.

fRd 2.8. dimD(I) = §(d*T \ @7(1))

ZEER. LR D0 € D) T U D) Dol B 5% % T,(D(1)) L EL &,
dimD(I) = dim T,(D(I)) = dimg/p; DK D LD, 252X D, NI b
ZEME UTg/pr & Dor\a+ (1) 8- £ D, EEDOILV—hF alZX U dimg, =1
THdBZ o ERITMS. n

I CcJcCAIZHLT, Mg BB R p; Cpr Cg&ENoI
WIGT DAL, Cc P Cc GaERS. 20L&, BRBHY ny; -
G/P; — G/P IZRBEADE L 725, ZOFIZHUTLARHAEILT 5.

& 2.9, LAABOF, 1, OEED T 74 8—1% (D\ L, J\ 1) %% BEIA &
T4 VI UHBICHINT 2HEEEESHRIRTH S, 72720, D\IIET1vF
VR D 25 TGS BIEMANY RN CALNE T V¥ VEB LT 5.

FERR. mp DIEED T 7 A N—IFE P /Py b RS ZENTE S, YR AEE Py
DVT 1t RfREZEZDEL, PPOLI=FRT Y MRE R, (P) Z&2 P OIEfE



FREBE L 725 (6, Theorem 30.2]) . & 512 Z OEHIMREHEE £ OHLTE
52 LT &0 PR AEHEE G 2185, G IiZHIRg 5 Y —RE Lie(Gr) 1%

P (9.9 9-0® [0, 9-0])
acdt(I)
ENTE. ZHET A vFURED\ LI T ) —RETHB. X512,
H AR 72 5 5 pr — Lle(G]) IZ&5 ps CPpr @@p_J =8

( . (ba,g—a]eega))<%

acd+(I) aED+

LTS, T0id Lie(Gr) DY RETH L. £ T, pj ST S
G DRI #E%E P, &K &, Pi/P; =G /Py 275, LEilp; Oftidd
S ERMES. m
AHEEZRIKD(I) DA —VEERHIFROH, N0, aFErY—0
FHEIZDOVWTHE DI BRI T WS (FIAIE, [24) 218) . Kz, D(I)
D=V p(D)) I8l & —5T 5.

SELEDZDIZ 2 DEHEBRD,

EF 2.10. FHEHELEA X BEWVWL— b a, (BFIX[7, 104] 22M) %
FAWT D(oy,) &RINDLE, X ZRWIL—MIRRT 2HBEFESKEL
I35,

EH 2.11. FHEEZHRADA) 2 ZTLESHRE LTS, D(A) & G/B i
ANCRAIAN

R 2.12. RWLb— MRS LAWY —)VE 1 OFBEEL IR D(k) &
YIVIT AV I T TARVUERMRCy(k) (72720, 1<k< ()& Fyk) (7272
U, k=3%72134) TH5.

SR BVl — MRS L RWE I =V 1 OFHSEE LR D(k) 125t L,
TAVFVHEDIRERETHD, ap FHVIL—MThHD. 5T, T «
VX VBEORHE (7, 11.4 12X D, DE)IFATOWTIATH S :

Bul(0), Colk) (k < 0), Fa(k) (k =3, 4), Ga(1).

Bo(0) l3ZFRERE U T Dy (0+1) EABITH 5. EBR, Bo(0) 1FIERER 2 IR
QX TEEND (0 — 1) RTEKBEN EM % N5 A — &I T BHHEZS T A
XY OGU—1,Q* ) THY, Do (0+1) IR 2 T Q* I2&EN 5B ¢
TR 3 28R 2 /N T A — AT B ER 7T A<V DRERIES OG (¢, Q*)°
ThHd. ZIT, Q¥ VIRIHHEEMOBEHH Z2HNTQ* ' =Q*NH &
AL EIZED,

OG(£,Q*)° — OG(f — 1,Q*1); [PY] = [P N H]
BREEEMGDN, THFFABETH S, £z, EE2T7TTHRRLZED, C(1) =
Ay (1) THB. BBIZ, Go(1) 1R Q5 LRAMTHZEZ SN TVD (BIX
1E, [3,23.3]21). /-5T, Go(1) 2 By(1) TH B, BLEIZE D, By(l),Co(1),Go(1)
EZENTN D (0+1), Ay 1 (1), B3(1) L ARTZENTELDT, BVWib—
MR T 2 HHEEZHRIATDH 5. n

[V
(/)



SRR DR RS f - X S Y DRTOT 7 A N=DP 2L & f%
PLEREWVWS. BRELIRIKIEL < O P F Gz £ D.

iR 2.13. EREELHAD(A) = G/B XA D P FfEiE% & D,

SRR, @201, D ay € AITHLT, D(A) — DA\ {ax}) i P!
RThsb. n

3. VMRT IZDW\WT

ZDETIIEHMBOLIHEGHE VMRT IZDOWTHIGNTWAZ R
5. HHEROZRMEIZE L TIX[13] 2, VMRT O —#&mizB L T,
8, 12, 15, 17, 18] Z# BRI N7z .

3.1. RIEMIROEMIEHRE VMRT OESR. AHEHROKIZ & 0 HbON S L
F e BRI S RIR LIPS, 72, KIEHERT — K BWEELRLHAEZ T 7 / Sk
LIRS, K<HISNTWDED, 77 SRMRISHEES A TH S, Z0x
TIRWT D72 WRY, X 2B GERSR) SRS E 5. P16 X AD
Bz NTA—=ZM1FT 5 Hom AF¥— L% Hom(P!, X) &2 <. F£7z, FEEs
[Pl XIZHL, ¥Iitd 5 Hom AF — LD g% [f] € Hom(P!, X) &7 <.
AHHEHRLC c X IR UZDEHE L 22 ik b IEElS fo P - C C X
WEES. 7agyT 4y 270&ER (HIZ1F 23, Chap. 1, Theorem 2.1.1] £
) 12k 0 P EOERORY MIVRIZEMRKROEME LTHITFZ2DT, X D
EF%%TX @fc CLJ:%@I%EL/ fé«TX Ciﬁbff)é?é‘ﬁal Z as ... Z Ay, ﬁ)ﬁﬁ
LT,

fé’TX = ﬁ]pl (al) @D ﬁ]pl (ag) D...D ﬁ]pl (Gm)
LT 5.

T 3.1. LB obe, 2TOHLaeg > 0M1EH DL E, C%2H
HEEHI (free rational curve) 2\W5. £72, a; =2 > a, 2723 H
HABERR C 2 ZENBEMAR (standard rational curve) &\ 95 ([13,
Definition IV.2.8] Tl& MBUNGHLS ] LIFATWS Z 2IZIERT D) .

e WAPREMERS f: P! — X 285 A =X {3139 % Hom(P', X) DFIERS
A ¥ — L% Homyy, (P, X) C Hom(P!, X) &2 <. 512, Homy, (P, X) DIE
Bt Z Hom}, (P, X) &2 < (BT & D™ IXIEME (normalization) Z KL, IX
7t E LU TWS DT TIEAW). BRI Aut(P) IZHARIZ P xHomy, (P, X)
& Homp, (P, X) NMEF L, 06 OERMFHEZ ZNZEN

Univ(X), RatCurves"(X)

£E89 ([13, Comment I1.2.7, Definition-Proposition I1.2.11] ZH) . AR
CCXIZTHU, Hixd 5% [C] € RatCurves"(X) & <.



EH 3.2 ([13, Corollary 11.2.12, Theorem 11.2.15]). Lilgd5DH &, BIFD
CiE I EWiN s AIRVAS)

P! x Homp, (P!, X) Univ(X)
i 5 lp
Hom}, (P!, X) —— RatCurves"(X).
To, UkuldZnEhnE Aut(PHYRTHD, pldPLRTH 5.

IR 3.3. —f%iZ, RatCurves™(X )5 X DF ¥ TAF=LAD HAR AR
% RatCurves"(X) — Chow(X) 7% TTTE) ZOHFIFE AL DR THY
(generically injective) TH DM, —MRIZITHT UHEH TIEARW.
A EAR Pt x Homp, (P!, X) — X XL, Univ(X) O3l 55
Univ(X) - X
NEES. BUF, RatCurves”(X) DRI M ZEEL, p: U - MIZKD
Univ(X) — RatCurves"(X) DRI ERE L%, U — X IZ X DFHliE G EZ KT,

U

U—X

)

& 3.4. L m0b e, 1 U - XKWL LB L E, BRI MEX
BoR9 &\ 5. KRR BERIER 73 D 5 B KEEHERE DS R/ N D £ D % iR /NE K 2
(minimal rational component) & \5. X 512, MUNGHEEES M DA F—
LELTC EEBAENRSIE, MZI DA (unsplit) &5, £7z, MUNFEE
DMEEED r € X 1ZHU p(t™Hz)) DESEE M, 5L, p, U, — M,
Etp Uy = X IZTEOFINT 2 EEBKEEZ Y. [13, Corollary 11.2.12] IZ& D p,
WPLHRTH 5.

B 3.5. MUNFBEEE D M IZXH L, M A C EEANTHESZ L& C LG
E’J’Cﬁ)é &l iﬂfﬁf%é B, M P C EEARRSIE, AR -
RatCurves (X) — Chow( JIZE BB (M) S C EEAERTHS. —HKIZ,
Chow(X) M C EH#EMZR DT r(M) B4HKERD, 7 M — 1(M) DER
THHEZ o M OFHMEBHRES.

Bl 3.6. X Cc PP 2IERrE3IRE & 5. X IZEENDERII22TADATDH
D, X IFEMTIIEDLDNRY. 2055, X OMUNEMES MiZa=y 20D
BEThHd., iz, 2KOEFMOMNESIVHRE L UTHNS 3=y 7 DIHFEE
TEDT, MIF—IZAF—2& L TC EEARTIXARL.

EIHE 3.7 M %z X OM/NEEET 95, — ROz e X &[C] e M, IZx
U, BAFAENLT 5.
i) CIXFEHTH 5.
(i) M, 13FER A D C EHHTH D, dimM, = —Kx.C -2 %727
(iii) [C] € M, P M, DB D—otTh L, CIIEERNTH 5.



(iv) fe(o) =2 (0€PY 2T BE, flXolBVWTIEORAATHS. THb
B, fo®ollBI AW (dfe), REBHETR,
(V) M, 2oV (2) LARITH 5.

EPA. (i) 13 [13, Theorem I1.3.11] & RO IZ & VHES. (ii) DH VLS
D Fikl& [13, Theorem 11.1.7, Theorem I1.2.16] o/ S. M, DFHEHTH %
Z &1 [13, Proposition 11.2.2] & #8/NE LR 73 DIRED B/MEP SHES . (i)
(& [13, Corollary 11.2.9] K DS, (iv) & (v) (X [11, Theorem 3.3 KOS, m

EF 3.8. X OMUNGEED M & —fRDO/z e X 1T U, B 3.7 (iv) IZ &
D, ROPDVEED :
To t My = P(Qx,); [C] = [Im((dfc),)]
DS % 2 ICH 1T BB, (tangent map at z)
C, = Im(7,) C P(x )
X DRz ICHF 5 VMRT (Variety of Minimal Rational Tangents at
r) LWV S. IHIL, O r e XITRU L, BNEESZ L LEH 3T (v) T
&0, FHEH
T:U- — P(Qx)
NEFS. ZORME/R%E /7 O—/NILEER (global tangent map) &\ 5.

L B(E)

ST \L projection

U——"-=X
EH 3.9 ([11, Theorem 3.4], [9, Theorem 1, Corollary 1]). E%& 3.8 DIRKE D
be, BARNDPENLT 5.
(1) 7 : My = C FHBRATH 5.
(ii) 7o : M, — Co IINEHH TH 5.
WoT, 7, : M, = C, IZEHTH 5.

@8 3.10 ([1, Proposition 2.7]). &€& 38 DIREDH &, 7, : M, — C, ¥
[C] € Ma IZBWVWTIEDIAATHBZ L L, CHEHENTHSZ LIXFAMT
H5.

Bl 3.11. ZHA X Cc PN WEMTEHOLNTWAGE2E XS, Z0OLE, X
DRUNGEL KD M IZEMROBETH L. EHIT7T () I1I2kD, —Dre X T
BO] e M IZHL, CIZEHEAHBFRTHS. £/, 2 DODHL

T[pll — Tx|g, Txlg — TpN‘g

2D, (IFEENEHEEETHE NSNS, koT, mE31012k Db,
T XEDAARTH D, £z, FEEM s Z2EIERI 2 I2B T 3ELAICLD —
BENZE 50T, 7, ZHHTHD. DLEIZED, 7, M, — P(Qx,) IXEAHE
DAARTHY, T M, =C, 2755,




AR 3.12. X EOMUNGHES G M & —BORre X ITHU, p, iU, > M,
Cotg Uy = X Z MR R ATRE S B 4T, TZ/[I/MI & KMI/MI %%M%Mux —
M, DR E MEEHER 72 95, BREH Ty a1 € Ti )1 &
Tulg-12) = Txpe @ Oy-1() DEEHE A S &, [11, Theorem 3.3, Theorem 3.4]
ZED Ty |10y 13 Tx o @ Opr(y) DIBARTH S, ZORIZE D EE D5
g H(z) = P(Qx,) PEGH T, THD. £oT, #EHK, JRzHT :

(1) T;O]P’(Qx,z)(l) = Oqfl(z)(Kuz/Mz)‘

3.2. EA—IE 1 DEBFEESHKRED VMRT. X 20—V 1 OFHEE
Lk 5., ZorE, XOYI— VOB ERT LIZIETICE8EAR
DT, SEMMRER |LIZE D X ZHHERIZHOALZ 2 TES (HIZIL,
[24, Theorem 6.5] ZI8) . X 512, ZOHSAAIZEL T X IFERIZ LV ED
N5 (FIAIE, [13, Theorem V.1.15] ZH) . -T, #l3.1112 KD, #EEH
T WZHDIAARIZIR D, M, 2 C, DD LD. £/, HE3.1212&b0, C, D
DIAADERPEONDS. — DL U T VMRT C, 1F—HD Rz e X
WEBWTDOAERINDD, X BWEHLRSIXHEBWEHERIZZ DEEDET
VMRT IZEHI N, FNSREWIZEERAETH S Z LIZHEET .
—IZ, -1 OFHEELRIED VMRT OREIZ5E2ICRE I N
TWa (FIZIX, [8, 14, 15) %2 2MR) . £73, RVWEHIL— MR T 2
EHEE LA (B 2.10) ZO2WTEZX S, HfExT« ¥ U HE DI

U, ZOHr FHOHK L2 EETIHFADESREZ Nr)Cc D eBL. D
EELAFAEDALD.

8 3.13 ([14, Theorem 4.9] ). #HH5L T« » F UHME DIZHL, X %
HHEELZRED(r) 295, r BEHOHEHAREVWEML — b2 51, X OfF
HORIZBIT S VMRT D 26 r HFHOHEMZDM Y RNTRONE T 1~
FUBMIE D\ {r} &£ TDIHFRDIIES N(r) DMIZXIE 5 A HEE L A
(PA{r}H)(N(r)) TH 2.

ZOfmEEAWTEWEMIL— Mg 2 FHEEE L RKD VMRT O
WEIRE®D Table 1IZE L DB, 72720, O1) IZXOXARTB2LEMEDE 1 —
WVEHOEERERTERT. £72, ZRRIEOREY, x Yy x ... & ZDH i Fi# p,
XU, piO(ar) @ p5O(as) @ ... & Olay,as,...) 1T X DKT. £TOHEIC
BWT, VMRT DDA AT ST B EAER D 5k R IZ L B HDIAA L
T 5.

M 2.1212 & 0, BEWHEHL — MOSIn L WEBZMKITY v Lo T4y
2752 UERME Cuk) (127U, 1<k< )& Fyk) (72720, k=3%7
134) O3IFEEDATHS. TNSIZEALU TIPTS5,

W& 3.14. (D,r) = (Cp,r), 1=2,...,0 =1, (Fy,3), (Fy,4)cxdmd2E

HEB LA D(r) D VMRT IZZNZNLARNICE D EZ 6N 5:

(Co,r) P(Opr-1(2) ® Opr1(1)272) 2D~ — b v ¥ —HEFRHRIZ & 5 51
#IER |O(1)).

(Fy,3) P! LOBEBADHEZNT MVIREIZIDEFE DT TAT VIR G(2,E)
EXDTY 2y A —EERERIZ & B TR,

(Fy,4) AY —IVERRAK Sy C P O[] .



D[ Fuir | X [ VMRT | H®HZEA

Al <1 G(r,C™1h Pr—1 x P& O(1,1)
By | <(-2] OG(r,C*) [P-1x@*=n-1] O(1,1)
(—1 | OG(l—1,C**) P2 x P! 0(1,2)
4 Sy G0 —1,CHY 0(1)
CZ 1 PQé—l IPJ2£—2 0(1)
<n-1 LG(r,C%) (i 3.14 B1])
4 LG(¢,C%) pét 0(2)
Dy | <0-3 OG(r,C%) Pt x Q*=D | O(1,1)
(-2 | OG(t—2,C¥) | PLx P! xP3 |O(1,1,1)
(-1, Spa G(2,CY 0(1)
Ey 1 E(1) Sk—2 o)
2 EL(2) G(3,CH) o(1)
3 EL(3) P! x G(2,C*1) | O(1,1)
4 E(4) P! x P2 x P4 | O(1,1,1)
5 Ei(5) G(2,C%) x P> | O(1,1)
6 E(6) Sy x Pk=6 O(1,1)
7 Ey(7) Es(1) x P*=7 | O(1,1)
8 Ex(8) Ex(7) o(1)
Fy 1 Fy(1) LG(3,CY) o)
2 Fy(2) P! x P2 O(1,2)
3 Fy(3) (fr 3.14 Z18)
4 Fy(4) (fid 3.14 %)
Gy| 1 Q° Q’° O(1)
2 Go(2) P! 0(3)

TABLE 1. ©h— )1 OFHEELRAD VMRT

FiZ, VMRT REEZRRIK TR,

SEBR. B ZIE [14) 2. 7z, Cu(r) & Fy(4) ® VMRT % % O 5528 i
HIZBELTIE, £NEN[19, 20 IHEBRAH S, Fy(3) D VMRT IZB L TiZ
[10] IZFEL WAL A > TV 5. ]

4. VMRT 12 & 2 FEZ AR DR 1

Z DETIZ VMRT OBLED S ¥ A — IV 1 OB L MARDRATT 12D
WTHZ 5. HIEICEWTHHEEELZHAD VMRT D&% A72H%, N. Mok
[16] & J. Hong, J. M. Hwang [5] IZ& D, KWHFIL— MIIGS 5 G HEE
ZHAIX VMRT IZ X ORI ond Z e BMmshTng .

EHE 4.1 ([16,5)). €I —NE1 DT 7 ) ZRRIK X TR L, X EO—ED Iz
B35 VMRT C, C P(Qx,) BWEVHHMIL— MINIST 2 FHEBLHRIKG/P
O VMRT EHEFRETHNIE, X EG/P LATH 5.

MEE 31312k D, BEWEMIL— MG 2 EHEEZHFIKRDO VMRT 1XH
OEHSEE LRI Z L IZERETS. 202 e LElEH 4.1 0BT



Huwosihtnwsg, —f, md2.1212&), EVWEHL— MIRELRWE /71—
VB OEHEBLHRIIY VTV T4 o2 T AR VIR E 200D F, 1Y
DERMEDATH 5. Zho DS, VMRT IZEHEE LA TZ L. L,
INHIZHUTHEM41 LFEUZ A D LD I & A Mok, Hong, Hwang (Z
SOFHEINTNWS

TR A42. EA—IVEIDT7 7 ) ZRHRAEXITHL, X EO—DORIZET S
VMRT C, C P(Qx,) BEA =V 1 OFHEEFEE LK G/P D VMRT & 5%
FAfEcHNE, X IXG/PLAMTHS.

72, B 4.11ZB# LT, G. Occhetta, L. E. Sold Conde, J. A. Wisniewski
IZEBMDFERBIONT WS -

T 4.3 ([22]). X 2 A=V 1D7 7 ) Sk §5. X I3 NG
B p:U—>M%zES, TOFHEGH U — X DPIERRNTH 25 LE
T5. oI, EEDre XITRU, Hr) D (FEIhiz) FHEESRR
th 7 LARZR 51, X IZEHSELRIKTHS.

R 4.4 EHAL G EHASIIPTOVAY, Ebon—FAnoE5— 42 (A

HIZ) S DI TIER W, EH 41 DR IE—KDHIZHE T 5 VMRT D&
DAERETNERVWETH S, —HT, EHASIIMEBEOAIE TS ()

DEBEMZ KT L TWBED, HEERIZKZHDIAA T ZIKET D HBED RN K
MBENTWS.

EH A3 DFIHIZB VW TIROFERDIAERIZHETH 5.

EI 4.5 ([21], [22, Theorem A.1]). LK X 1T L, AFIXFEMETH 5.
(1) X ZEH =B p(X) LRCBO P dfiEz b5, 5 DRSS
FRIZ N (X) ICBWTHIEMHNLTH 5.
(i) X 3H 5T 1 »F VI DITNBET 52 ELHRIKEDA) =G/B &
FARITH 5.

% 4.6. 77/ SRR X DEHEEZRIKTH S Z & L AN DSRMZ 7234
FCRRR Z WIEET 5 Z L XA TH 5
(i) Z 26 X NIFHEHPFEET 5.
(i) WHHELHIK Z X p(2) DO P ffEE 2 B H, TN o DR 2 b iRl
N(Z)IZBWTHIPMNLTH 5.

AERA. X 2 AHEEZMRIKRE 375, EH21I12X D, FHEMEARBEE G &%
DYITRDARE P PFIEL X = G/P &b, ZDLE, PIZEENERLIL
WA BEZHAWT Z =G/B gL\, Wiz, Z23%M4 (), (i) 2wz
o, EHA5I2KD Z=G/Beb. &M (>1) £ X IZEHEEL KK
G/B DHMEH DB TH 205, TNIXEHEELIRATDH 5. m

COREMVTERAZZED LIS IZRTY, dHOT A T 7 DARRS :
EMA3DOFHOT A TT . BFHOREDL L, U — X DERED T 714 /83—
SEHEEELRA Z LA TH L. G Aut(Z) DEATEELENKRS L T
5L, Z=G/Pemntsd. ZIT, GIFPLRMIIZAEEE, PlxZ ORI
DHETHD. ZoLE, MHIZELT U - XIZG/PET7 7A43—



LLTHD 77 AN— e RBb, 77AN—HR 1ZT ¥ A7)0 e H(X,G)
EEDL., ZOAVA 7NV EHWT, X FOXGCHRE; - X 2fld5Z &
MTED. oI, EEOBWIAEEP Cc GIZXRL, G/P RE2EZLZ
EMWTED

qpr Ep/ = EG XaG G/P/ = (EG X G/Pl>/ ~a— X.

272U, EEDh e GIZNL, (2,9P") ~g (xh,h lgP") & 35. ZD LI
EDDE, EEOBMPRRAEE P, C P, C GIZHU, qp,oqp.p, = qp, Zii72
T EHRES qp, p, : Ep, — Ep, WIFIET 5. K2, PIZEENDRLVIVEBSEE
B2V, 1:U:=Eg > X &BLt, ROAEXRX %27 :

I\

U—>X

E7z, MEH2.1312LD, BEEIZECRNOBIIRERSEE P, 2% p(G/B) il &
D, G/B— G/P,IZ3EFNENP HTHS. t>T, U:= Ep i p(G/B) fHD
PR U — Ep, %FED.

WE, p(U)=p(G/B)+172DT, R46%2#EHTHITIFZTHITHS 1O
VR P REESRETH S, EHITICEY, URP FEEp U > M %
L0, ZOP HRMENY EIRD BB L ERTIENTES. T
R, UL p(G/B)+ 1D P EffE 2 R > Z L B0 5. TS DED B ik
KDY N (U) B WTHSITH D Z L ILHHICHRTE S DT, R4612X0 X
DHEBEMENRED. n

EH A3 DFHEFERRDO T A T T2V L, FHA2DFHNRY VT LD
TAV DT ITAIVERIKE Fi(4) T U THRIT S L2 mRT I eNTES:

EE 4.7 ([19,20]). X 2CH— V1 D7 7 ) LKL T 5. X 1352
INGBIE D p: U - MZEDL, 70— UG U — P(Qx) DR DIA
ATHDENETS. FEDz e X IZHL, Y)YV TV ITav o035
AR VERRIKE 7213 Fy(4) O VMRT & HgRfETH NI, X idEzhThy v
TVITA4v 0T ITAIVERIKREIT F(4) LABLTH 5.

SEE 4.8, iz Hn @Y, Cuk) (1 <k < ()% Fy(4) D VMRT 1% EH%
BRIk TIZAW. UL, 2050 VMRT IZAHEEE LK E H 2RO /ER I
B LMEE LTEATED, TOHEZHWT X EIZG/PRE2RKT S
el TE5. L, ZOG/PRZEKT SEFP, TOROEMRIIBWV
T, LIFUIXER 43 LRI UFERZEAT S I e TE R0\, fiizik>
WBED D B, G [19, 20) 2SI N7z 0.
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IX=NVgeT7AYV o7 ) ARL

N IR

1 &

REAHRAT 2, ARBERTE P BER M I W T, HEESRED 2 W0 ITkE4 2k
RS X 20T B4R arEn Y M HEOREELEAETH D, W
TR DBD, FHIZ, X EObHIEOENIFEn Y —HigDREE e LTHE X
S, REEBEARE BRENEFEN R E 5. T UT, SRMED KR E, 20
RIS % T B8 (DD \WIXRIAREE, FIREREE) & U T R BEAREOREE N E
#IND. KT, DUFORRWTEERIE, 2O LOREIES K OHEAEEZ 5.

(A) X ZEERENEELRMAL T2 &, X LORRR (X LoRAEHE) »
Betti AR ERY —DREBELE LTEIOND. z€ X & THLE, ¢k
95 X ONHMEARRE 7 (X, 2) 25, IROBAEZ 723 &5 %t UTE
HINSD.

(X EoRFRY = {n(X,2)-HE8 ), Ew— E,.

[HUE, ZED 2282774 —THY, m(X,z)HEE L m(X, 1) DO
Az O>EEDOI L THS.

(B) X 2Kk EOEMEH KTl S PRARBZRMEALT 2L E, XDIZTX—)LY
1 b Xy EORTEBMHERAREENRI X —LaFER Y —DREEL LTE X
S5, 2% X OBMAKNETEEE, v 2N T8 X DT R —IVEAKE
X, x) DS, IROBFREZ-T &5 LEIEREE LTERINS.

{Xo EORFFEBRE TR ) = (74X, 2)-BERES ), E— E,.

HU, B, 3EDz 28I L7744 X=TH Y, (X, z)-HRES L IEX, 2)
DEREH 2R OBEREEDZ L TH 5.

*FOR KPR P BRI ARl BEAFSE B (B (C)17K05162 3 & U5 (A)15H02048)
DEPZZITTED £7.




(C) X 210 DRk LOEREFAITH S 2R RBEZHEKE T2 E, X EOD
Ox HEE Dy INEEA de Rham AR Y —DRFRHE L LTEI NS, b,
Dx ¥ X EOMAEHZETH D, B X OFEERL = (t,..., 1) & &
LE, Dy =@, uOxt(2) BED. XD EERR s 2/OLE, o %
Bl 95 X O de Rham AR n8(X,2) A, IROBEEMEZTHEZT XDk
FORIREREE LTEEINS.

(X ED O il Dy B} — Repy (r%(X,2)); E — E,.

AL, B, ZEDzitBIF2774=Thb, AHIFaR(X,2) Dk LD (Fl
REGEEE LTOD) ARIRTGRHID L TETH 5.

(D) X 28 p > 0 DKk LOEFESEH TR S b RRBZREATHL L EH, X
D Oy #HEE Dy INEEA de Rham AFREBR Y —DBREEL LTHEZOND. 7%
B, Dx ¥ X LOWMDEARRTH O, RITRIC X OEESR = (f,... 1)
2LBLE, XIED Dy =@, 0x1 (2) LXEDHDTHD. X Dk HH
Mo aRorE, 02BN T XDANTT 1 7 74 FEKREE (X, x)!
R, MOBEAEZTE-T L5 k8 EORIREEEE LTEREINS.

{X LD Oy 388 Dy B} = Repy (m5 (X, 2));  E v E,.
AL, HEDEKRIE (C) LAKTHS.

(E) X 218 p > 0 D kb LOHEFES I Tl o 7 REZRIkE L, W=
Wi(k) % kD Witt B8, K = Frac(W) % W Ok T5LE, X/WDEDT
AV IV ARNVOE (EFRIFBIFERRD) BRIV AXY) VI KERY— DK%
B L TEZAONS., XDV EAMRz 2RO L E, r2HHALTEX DY
U A ZOVHARE? 77 (X, ) B3, IROBEMEZ #7239 & 5 7 K EORIMEHEE
LTEHIND.

(X)W EDT AV 2 ) ZAZIL} — Repy (7 (X, 2));  E s E,.
fHU, #LEDEKRIE (C) LFAKTH .

(A)~(E) 28T 2 HARHE, RADRMICTBVWTHRIELHETERINALHDT
HEH, WHWRW T T2 O EOREATEVEHZ SN, T o DEICEFRLH 5.
Bz, FEAHD Abe (LOBNTH D 1 IRAFER Y —HEHZAL EE, (A),
(B), (C), (E) DIEEHIE (XKD IRERV—DEAEAHT) BLHISNTWS

1 Z @Fl¥EIE Esnault-Mehta [EM10], Esnault-Srinivas [ESr16] %12 & 5.
ZZNIE [Sh0) 281 B 7 ) ZAXIVIEAREL 138725 : [Sh00] IZB1F 2 7V A ZOVEEARBEHI AR
DEDDIRKBNFEHETH 5.



LEDTHAHL, £, BABORRAFEEE2ZEZ L E1E, (A), (B), (C), (E)D
e B E, # 2 1E Hain [Ha87], Deligne [D89], 24 [Sh00], [Sh02], Olsson[O111]
FIZXOMARSINZEDTH S, UEITHIRU i EEIZ aREn Y — PR
DEKHFERENEF —THNREDTH S I L DBNE AT L. KD EHIES,
X ORPEHRIRIGEIT, TRX—VEETA YV 7V ARNVESET 2HEAR, OF
D (B) & (E)ITBITEHEAHDLVMPRBEREZZLZILTHSEH, £IITE
EF—TWRMETIERVELIEEENTVE LS ICBbns.

ARETIX, 2HIZBWT, X 2 C LOEREHN I Tl o 2R REBERIEDIGEIZ,
(B), (C) DERAEED b 5 BIFRIZ D\ Tk X7z Malcev-Grothendieck @ & B % #H/+3
5. RIZ, 3HINZHWT, Malcev-Grothendieck D EHL D IEEIRK Td 5 Gieseker
FH8 &, Esnault-Mehta (2 & & FRDEHRIZOWTHERS. Z1iE (B), (D) DEAK
HOBRIZOVWTORRTH L. 4HiTIE, TAVIZVARARVDOEZREBRNT2H &,
Gieseker D p EIRTH % de Jong FRIZDOWTHARS. Zhid (B), (E) D
AHOBERIZOVWTOFHETHS. HHITIE, de Jong FAUTEET 2 [ER-Esnault,
Kedlaya X Esnault-ZEH OFERIZDOWTBEXRS.

&BIZ, MBS VY RY T LITEWT, AFROAFICET #EOM2% 52T
X o -BREDERE, FHZY VYRV LABMLHEOH)IIMERE, SGELED
JEERIE RS AE L BGRD 70 0T AELH O R KERE A, R ZER GG %
HLUEIS5.

2 Malcev-Grothendieck D EE

X % C LOEHHZNTHE O P RABEHAEL L, 12 XOCHERET DL,
XL EAES N R GRS RMER L AT S, - T, 1HiD (A), (B), (C) TihR7
FIE TR EEARE 1 (X, x), T & —)VHEARE 78X, z), de Rham AR 7{R(X, )
MWEZRZINDD, BRLFANS X B[R A

(2.1) X, z) 2 m (X, z)", Repe (18%(X, 7)) = Repe(m1 (X, 2))

MHdH. TIT, m(X, o) FZm (X, z) DEIERSEHIET, Repe(m (X, z)) & m (X, )
DCLEDFRFEELTD) ARRGRIDLITETH S, (Hi#E [SGAL] TR
NTHEY, £ Riemann-Hilbert MIGDRFETH S.) o id, #f(X, ),
(X, 2) (X, 2) 1T ThRebiEw] BIARE, BREMETHEZL2RLTWS.
NAHRIEARREE (X, 2) 1%, TOEHRIZ X ODEFELRREL L TOMNMHZ WS D TR
BINZERZRINZEH D TIHRWD, TX—)VEARRE (X, 2) & 5\ 1% de Rham &
A mR(X, ) DEZRIIRBTH Y, /- T, MHKERFEODSHED L &
RENZEZSIND L WVWD 2 LTk,

EORMWT, TR —IVFEAREE (X, ) & de Rham HARE n{R(X ) DBIfRIZE
Do TNBIESIMT? Xy LORAEBMRATREEZEZ S A5 L, X OFRT

3



A=V g:Y — X 2525221 snh, 2oL EHEZR Dy IE Oy

2 & BIEE 9.0y 1% Ox 8 Dx L 725, g WEAREE ([[X — X O
DY) THRWEE, 9.0y 3EE (H5 r 5 0 LEMASLD)ITIZR S 30
DT, 7YX, z) BEEWERE & 78X, 2) BIEAWFIZZR S, 2F D 78(X, 2) A EH
ROoIE (X, 2) AR S, ROTHIEX, ZOFHEOHZFERTL2HEDOTHS

EIE 2.1 (Malcev-Grothendieck [Mad0], [Gr70]). X % C EOE#KEH A THE S i
REERE, %2 X OCHFHEE L, m4(X,2) PHHTHZ LT 5L, 7iR(X 7)
LHHTHS. D DIERED Ox #EE Dy IFHZER (H 5 r I35 0O LA
) ThH 5.

EHL 2.1 OFEIHOBIKIZIRDIE Y TH 5 : H LE TR\ Oy #4%E Dy NN H - 72
L35, TNIEHBPETE Repe(mif(X, z)) OXREEDZDT, FEFEME(2.1) (2
L0, HHTARWER p: m(X,2) — GL,(C) 22D 5. m(X,z) 1ZTERERK LD
T, 57 FPARERRCOHSIMRERIZHLT, pidp: m(X,2) — GL,.(R) —
GL.(C) L4 ffd 5. HIZ, RODHIERER — RT, |R|MWER»PDAERK

p:m(X,z) 2 GL.(R) — GL,.(R)

DPHIHTRWE S b Drensd. ZOpIFHHTARVART X —IVIEY — X (¢
2T Xy LOBIITRWRATEBRKATHEE) 2 €D 5DT, (X, z) WAPTH
H5EWVWSREITKT 5.

mB, EH21OFERICIE X, 2) & 7B(X,z) UrBNZRVwDT, ZhldE
W72 ERTHD. —FH, EIZBRZEERHIE, (X, 2) B8N Tws0T, REWT
0. R 2. ITHIAREINREEI & 5 2 5 Z LT EIREWIET H 5.

3 Gieseker 78 (Esnault-Mehta D EH)

REITIE, EH21DOIEEBREE RS, kZ2EBp > 0 DA, k% T DR
a9 5. X 2k LORMRERERZA Tl S 2 REBEHIR, «%2 X O kA
WEU, Xpap 2 X, 2 D k~OHREEWL T L. Z0LE, 1Hi0D (B) DAEIZ &
D, ap BEERET D X DT R —)VEARE o8t (Xp, op) PERSIND. —FH, 1HOD
(C)DAEIZLY, 1 2HELTEXDANT T4 7 74 NEARE (X, 2) DE
#ZIN5.

HHTRW X OERIX -V HE g Y — Xg NG5 A0NELE, HEEDOE
BRARIER K BEEL T g ED2ERT X —VHE ¢ Y — X OIEELHE L
TRoh, ZorE, gAY — Xy — X IZX2HWHL Dy IEE Oy DJIE
B Oy FEB(H B ri2is 2 OF L) Tl Ox @i Dy ML 25D T,
T (X, o) DIEEHZR & & mi (X ) BIFEIHIZZ S, DE D, o (X, x) B EM
75 (X, ap) BEIZER S,



Gieseker 1% 1975 £ D X [GiT5] T, ZDHEFEDW, DF HIRD X 5 72 Malcev-
Grothendieck D EH D IEFERAL Y 2D & FRL 7.

F48 3.1 (Gieseker TAH). k #1E8 p > 0 DE2K, k2 ZORBEHA LTS, X %2k
FDIEMIERER I TH O DR RBEHIR, 02 X DEAHKEL, X002 X, 2
DENDHELWETE. ZOLE, (X, 27) PHHETH D LT 5L, (X, 2)
LHHTHS. D WIERED Ox 88 Dx MFHIER (H 5 r 1295 0 LA
) TH 5.

S 3.2, 58, Gieseker YUk = k DBBIIRBTIERSTH S  EBE, k=kD&
E D Gieseker PHEZINEL T, —ROGEIZOx HED N E 2L 5L, HARZR
B4 Homp, (Ox, E) ®, Ox — E &, @uk 2 L AIIZARZ0T, ZHhEHHM
RTHY, R->TEIXTEERIZRS.

B ORISR X ETEATWBGE, MHENEARE m (X, 2p) 3EEL A
WD T, 2fiTik~7z Malcev-Grothendieck D EHDFEHZ Z D F FEMLTH T &
X TER\WV. Gieseker FAMNIE L\ Z &1 Esnault-Mehta [EM10] 12 & D 2010 412
REFAX V77

£ 3.3 (Esnault-Mehta). Gieseker FARIZIE L\ .

PAR, Esnault-Mehta OEHOFEHOBERE 2 5T 5. 3.2 £ 0 k IZAREEAK L
RELTEWDOT, ANESIRET S. F: X — X % Frobenius G4 & L, XD
BEEZ 5.

Strat(X) := {(En, 00)3 | En: 385 Ox M1, 0y, 0 F*Epyy — By}
Z D Strat(X) ODRNREA NI T4 774 FREER., Tk, EFEE
{OX Jfﬁfl% DX Bﬂﬁi } = Strat(X)

& % [GiT5, Thm. 1.3]. /> T, 74 Xg, 27) BEHTH 5 L WHIKED N T, TE
D Strat(X) DGR (E,, 0,)5 DER (DD r 12T 25 (Ox,id)*" LR ) TH B Z
LEREIEEV. BB, (B, 0,2, 2@ TY 726D (E,,0,)52,, WEHTHS
R RBEADTHD I LITHERLTEHL.

PR, X EOBEREHRKOx(1) ZEEL, X LD 0 TRWVEEHEE Oy I E 2
K UTEDOHRE u(E) = deg(E)/tk(E) := (c1(E)ei (Ox(1))4mX=1) /rk(E) € %
LED, EOERKAR%

pmax(E) := max{u(E") |0 C E' C E : #5085z Ox At }



LEDD. (ZNIFHERTHL ZEDHONT VWD) £72 pp(t) 2 E O#FY Hilbert
ZIHA (pp(m) = tk(E) "'\ (X, E(m)) (m > 0) £ 725 QRELER) £ 5. 7z,
E DEE DR Ox B E # E,01Z8 LT

w(E') < p(E)  (resp. pe(m) < pe(m) (m > 0))

MWii7zINTWBEE, Flidp%iE (rtesp. Y LE) THDEWVWD. EDEREDES
HEE Ox IBEE' #0123 LT

p(E) <p(E)  (resp. pp(m) < pp(m) (m>0))

M-I NTWB L E, EidpuBLE (resp. x BLE) THdL\nH. Zho D
A

pEE = YULE = PUE = pPLE
EWSEBRDDH 5.

XCT, (By 00)2, € Strat(X) 2RI 5. ZDEE, EI& E, 1T (BB —
ED) FATEE Ox Bt 25 Z 2o T WS, BEEr 2B<.

£7, E, D Chern ¥ c;(E,)(ZREMY 1 2 ) OBUENFEREH L L TER72H D)
IZDOWT, (F)"Epy X E, THEZ L XD pci(Eyim) = ci(E,) £\ 5 BFHEDH
5. }oT, i>0DEE, (B, Ep TMETEENDZ L&D, LoTy(E)=0
b, FHZ, w(E,) =0, pe,(t) = poy(t) L7 5.

BIZ, 5 ng iU, E,(n > ng) BRT p PLEIZKRDS : EE, B C E,,
WE') > u(B,) =0T 2 E (F)'E' C By &9 p"u(E') = p((F*)"E') < fiax(Eo)
ERBDT, 0< m(E) < pmax(Eo) /D" £720, pimax(Eo)/p" < 1)r 2725 & 5% n
LU TINEFIEES R 5.

HITPCEMARERRIZ LD, ng2 RS VNRDE, (B, &, Strat(X) D
Wb {(E],)e i CHEL, P LETHBEIBBDDIRELTETLI L
MEAD. [>T, EE, P uLETHIGHEITERNEZANIE, —MD Strat(X)
DXFHIF (Ox,id)2e, DIERDIEDIRL E UL THITE I EARERS. (Oy,id)2, D
(Ox,id);2 o 12 K BIEABUT Iim, H'(X, Ox) Dt 5. k BWREMETHS Z &
"o,

HY(X,0x) = H'(X,Ox)ss ® H'(X, Ox )uilp
(AU HY(X,Ox)s = HY(X,0x)" =t @5, k T, HYX, Ox)uip (21 F* D3I
) L WS fEROZEBHIGNT WS, T58, (KE(X,z)={1} &b

H'(X,05)""=" = HY(X,F,) = Hom(r{!(X, 2), F,) = 0

L20T, HY(X, Ox) I F* BRSBTS 5 2 212745, fEoTlim  HY(X, Ox)
=027, £oT (Ox,id);2, DIRDIEDEL & L TEHITDZHRIT (Ox,id)2,
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DEMEZD. AEXY, EHERTERIC, SE,PuRETHDLRKELTED
Ll BDT, THHRET 5.

BEBCr 31 D& 1%, FEIIZIRDE S IC85 i p L RRDZERCITHT B 1R
LR =)V FRER Y —OHE HL (X7, Q) = Hom(m$" (X7, 25),Z) @2 Q = 012 &
D, Picard A ¥ — L DB DHEIIL Pick™ 230 £ 5 DT, Picard A ¥ — L4
DEE 0 #4) Pick 13ERE 5. & E, 1X Pick D [E,] 2EDBDT, MEEHE
DneNIZNUT, [B,)]=FEm,] &250<m, <nPEFETSH. ZD&ZHE
O (F)"E, — By, — E, BWEET 3. 58 F = Ker(Bpo —3 Bpe) 13
Xy LD DRFTEBMEH AR F, Iz EH 50T, EHOKE XD EHET,
B, TAHEE, 2X0x 5. INLVETOneNIZNUTE, 20x 8452
EMEX, I5IHLDHEMRITED, (B, H Strat(X) DML L LT (Ox,id),
LRABIZRBZENERB.

r> 202 EE, GEHIFRO LS ITRDE. M 2B r TH Hilbert 2 IHA
M po,(t) =T 2 Y LZEOx MHEDEY 274 T 5. (ZHiE Adrian Langer
[Lan04a], [Lan04b] iZ kX W& 7z) T &, [E]l— [F*E| 2L O BHEHE, -
M- MDEED. BE, P puLETHDLMWMELZDT, pZERSIXYLETH
B85, B, blEM DS B 2EDS. A, % {[En]|m >n} C M D Zariski
AL, Ni=NwmA LT3, ZOLE, F3LRNERERE N - N %
HET 5.

kDA RADORBEAG D & £, Hrushovski OFER [Hr]? 12X 0, H25 N DA
ukm>0T(F)"(u)=ulB2LDDEFEENEZXS. wlZHIET 5 pZE Ox
MEELTHLAMS: (F)"E — EWNEETS. $5Lr=10¢ X LAKD
B k0 BIXERE O LD, I E O uZENICFEFEL, EH O
AN LS PEN

kDB DIRD & Z1E, BIMKLWES PRSI S LT X, M, N D472 ET IV
2L oT, SOMYLHM EORMFERMs TOT 714 3— X M, N, 22D, K
FRALBEB D25 78X, x) — 7YX, x,) DFHELD (X, 2,) = {1} THBZ LI
FEETRL, MIBEOL I u=[Elc N, e, RIXOFEVRBEIL, TEHOFE
D 5.

MO TRMIZE LB &, ChernFHDHIE 1 LEIRIGENDIRAEIZ L D Noether
REY2T74 M ETOHEHRNTE, Hrushovski DFERIZEI OV PHEEZEHT L, &
WHORUTHS.

3Hrushovski DFEHIXE TVEGRZ AV 5 £ D TH 503, BRI ZLEEA Varshavsky [V18]
LD EZL6NTWS.



4 de Jong ¥78

ZOHITE(TAY) 2 VAZNVDEZEZHHL, Gieseker D p ERTH 5 de
Jong FREDFERZBR B,

kZERp>0D%2K, W=W(E)%EDWitt B, W, :=W/p"W &35, %
TIOVAR) YA NEEHT S, (7L <X [BOTS, §5-§7] 24.)

EE 4.1. k EOREEHIKR X 1T LT, (X/W)ays (resp. (X/Wy)erys) 2 X/W E
(resp. X/W,, EYDZVAR) vHA e F5: ZONRIIM(i:U— T,0) TH5.
BU, ilZ X OFBAAF—LUPSHZnlNT 2B W, AF—LT (resp. W,, AF—
LT)~DOW, EOMMDIAAT, §iFKer(Or — i,.0py) EOPDREET pW, C W, E
DHRE: PD G L B AL 72D TH S, (PDIEEIZDWTIX[BOTS, §3] 217.) MR
MO OBMRIZARICEEZ S DL TS, /2, HR (iU — T,6) ODWEIZAF—
LT D Zariski il 6 HARICEZ DD LT 5. £/, (i:U = T,0) — I(T,0r)
IZEDEED (X/W)ays (resp. (X/Wy)ays) EDBEZE Ox/w (resp. Oxyw,) & EHE,
INEHEE LIS, 2B, Wi =kRDT, (X/Wi)ays Oxw, DT EETNTN
(X/E)erys, Oxi &<

AR AR L 7208, KREARIE, ZVARY) T A FOERIE X/W H 250
X/W, DAHRIZUNE ST, oTX/W H2WEX/W, iIcBLTHEFHTHS &
S22 Th5.

(X/W)erys £ED Oxpw MMBEDOEE 25225 Z 213, &% (1:U < T,0)1IZd LT
Or It BEr 25 %, §o: (U — T',68) = (U= T,5) T U TEOH o Er — Ep
ZEAFIIZ, 2D o HHEOIAADE FFFAMELLL5IZEDD I L LFAETDH
5. (X/Wo)erys ED Oxp, MEDBIZOWTHHAMKTHS. 7V ARNVOREIR
DEIIEDS.

EE 4.2, (X/W)ays LD Oxjw MEEDE (resp. (X/Wy)erys LD Oxw, MEEDJE)E
NIV ARNTHD L, LD o Er — Ep WEIZAME D2 THS. 7Y
AN EDNAREFERTH S 21X, FED (U — T,0) 1238 UT Ep BWARER Op IEE
LRBZETHD. (X)W )erys ED (resp. (X/W,)erys ED) HIRFRZ Y A XV D75
T % Crys(X/W)(resp. Crys(X/W,)) &&EHL. £z, W, =k72DT, Crys(X/Wi)
D X% Crys(X/k) &L,

X %k EWOoDRREBEHAE U, SpfW LS 272 p AR F— L4 X 12FS
EUJARETH D LIRET DL, X, =X @y, Z/p"Z B EE, X < X, IFARIC
(X/W)erys DRFRE 2D, > T, E € Crys(X/W) P52 605 & #EE Oy, IR
Ex, BWEE Y, > Tl Oy M Ex 7 Ex :=lim Ex, ICEDELS.

BT, X DVREEE L = (L, ..., 1) ZFDLT D, X, DX, xw, X, ND 1 IR
BR/NEREZ X eBE, 1 X — X, (i =1,2) 25 d5L, 7VARIVDE

8



FIZED, [FRY

. * = = *
€:mylx, — Ex1 <— 7w FEx,

WEES. 0, %A
d
Ex, <= m3Ex, — 1 Ex, = Exy, @ (Q}Emﬂu>

a?%&,ﬂww%%®ﬁﬁﬁé&

im 6, d
EX — EX D @ E;(dti - Exdti == EX

=1

LEDEES. X EOL L0 oM EREREDY &

- o\" s
(4.1) 1ﬁ?::ﬂgox(a)<0pﬁﬁﬁmt
ieNd
LREDDE, LD L OMMIZEY Byl Oy BHER%E DY IRt OMiE2Fo. %
L<, B+

Crys(X/W) — {Oy HEEHE %iﬁD iRt} Ew Ex

TR E 725, (ERBEMEOEHES LU LEORMOFEIIZ OWTIE [BOTS, §4] &
)

k BV S0 7R% A X 1%, By, B0 &5 SpfW LD pEERAF—
L X A~NDFEL EIF2FED. /o T, B Crys(X/W) (B IEH 258D D INEED
BEFETHD. LrULanrs, X EREIIZES BIF X d s Z & id—Micix
%ﬁf%&m@f KIBHZ D TR I WD DI TRV, £z, (41) 1281
5 DY DEFITIE, L(2) TREL (2) BHELNTVRIZ LI HEET 543
Wb 5.

[Fkk D 1 Crys(X/W,) I U THEHD VD, FZ, n=1D&ZIE(ZDeE
1% X @ SpecW; = Speck ~DFb EIFIE X HETH ), DY % X EOL L0
DI EFIZEER (RN IE DY = @, Ox () £725) ¥ 2 &, BEFME

(4.2) Crys(X/k) — {Ox SHEERZE DY MY, Ew— Bx

BHs. DY OFHITEL (2) TREL (L) bR TWEDT, T 1Hi (D)
IS Dy EIERLY, #-T, 4.204UDOEIX 1 Hi (D) D Ox #$E Dx MEFD
B IFRRD I EITERTAIMNEND D, FEE, ZITEATVIEDANKRE .
TAVIVAZNVOEZIRD KD IZERT 5.
1z TLRL0) LW EBHiEENEKRT S L TH 5.
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EFE 4.3. Crys(X/W)g % Crys(X/W) ® Qfpflfb L §5, T74bb, Crys(X/W)g
& Crys(X/W) O RENRE L, HOELEZ

Homcrys(x/w)q (£, E') := Q ®7z Homeyys(x/w) (£, £)

LEDTTELEETS. 2LT, Crys(X/ W) DXRE X/W EDT7AYV 27U A
RN END,

PAFR, Crys(X/W) DMK E % Crys(X/W)o DR L ALT L EE, Thi QRE
rELZEIZTS.

A ED¥ESFD T T, Gieseker FARD p #ERTH % de Jong FRED EIRZBRS. k
EREHp > 005K, FEZTORBEGLTS. X %k EORMAEAEG KT
HODPRRBEHRIK, 2% X OEAHEEL, X 2. % X, 2 Dk ~NDOHEKEH L
T35, Z0&E, 180 B)DAEIZED, 2 2HRET D X DT X — VAR
(X, o) WEHZEIND. —F, 1HOD (E)DHEIZLY, 2 2EHLTEX DY
) 2 ROVEEARRE V(X 1) BERI NS,

HHTRW X ORI X —NV#HEHg: Y — XgBERAONZEE, HDEDF
BRAER K BPEELTC gD AERTZ—NVHE ¢ YV — X OIEEHLE L
TRon, ZOorE, Gh: Y — Xp — XICEBHWHEBRT AV 2V ARV
Q® Oyryw DI Q @ hOyryw FEB(H 5 riZHT 5 Qe O, L) T5w
TAVINARNERBEDT, 78X, vp) BIEPAZR L & 77(X, 2) BIEEIHIZZ
%, D% 0, a(X,z) ARSI a8 (X, ) B EHBICRS.

de Jong PREUFZDHFEDHNK O IO L 2 FIRTEH2HDTH 5.

F48 4.4 (de Jong FH). k 21 p > 0 D%ELRR, kEZORBBALL TS, X 2k
EDBATHEFE R A T S DRRBERIE, 2 X DEEHRE L, Xp 02 X,
DENDREEHRET D, ZOLE, 18Xy, 0p) PEHWPETHZ 2 T5L, 77X, 2)
LHHETHS. DEVEED X/W EOT AV 7V ARVITER (HD ricxtd 5
(Q® Oxw)® LAM) TH 5.

¥ 4.5. (1) de Jong T % de Jong HH PR 725w (B 5 <) FE LR,
[ESha] IZ& 5 &, 2010 FMIZEMEEI N LS TH S.

(2) de Jong PR k =k DHAITREERNTH S TR, k=k DL ZDde Jong
FHERELT, —ROBAIZX/W EOT AV I VARVERLD, D Xi/W(k)
NDRIERLE & £FELE, ZVARY) YAKRERY —DOEEAHEMIZ &L 0 [FE

Heyo(X/W,€) @k (Q@ W (K)) = Hey(Xg/W (k) &)
Nhbd. HtoT, BRIRGH
ngys(X/W7 8) QK (Q ® OX/W) — &

10



XX /W) NG ERTEABMELZDT, ThEHBRMEZRD, f#£oTEIXEK
A

(3) de Jong PHEDIED FT, fFED X/W EDT A 27 AZVISEBDILKR D
DIELUTEITSE I ENE XN, deJong TRMRING (5B, (£ p7e B FE0ITH
TEHIRIET X =)V AFER Y —DER H L (X5, Q) = Hom(m$" (X7, 27), Ze)@2Q =
012 &b, Picard A% — LD HEA S OHHIML Pic™ 230 £ 22 DT, Picy™ it
J& 9 % Diendonné IHETH 2 1IRZ VAR ) varER Y — HL (X/W,0x/w)

crys

0725, INKVEBTHET AV IV ARVDILREERTHDLIENERS.

5 de Jong FIEICEEAY 2GR

ZOHiITI, de Jong FRUZEIT 2 fE-Esnault, Kedlaya X° Esnault-2£# D453
WOWTIHEARS., ZOHTHE kIR p > 0 D5ELRKR, WikkD Witt B, KIEW
DREERTH B L U, XXk BRMEEEP N TH S 2RISRk L 95,

9, X/W EOTAY 27 ZAZ VDR Crys(X/W)g D HE%E 2 DOEHT 5. %
T, 0: W — W % k E® Frobenius 5 0FH Eife L, F: X — X% X kO
(4 Frobenius Bt & 956, ZDL &, (Fo)llkb5[ZRULDHEF

F* 2 Crys(X/W) — Crys(X/W),  F*: Crys(X/W,) — Crys(X/W,)
PEHZI N, HIHIE
F* 2 Crys(X/W)g — Crys(X/W)g
ZOEBIT. INEHVT, X/K EOPERT A Y 27V AZ)VDE Conv(X) %

Conv(X) := ﬂ Im((F*)" : Crys(X/W)q — Crys(X/W)q)

neN
LiEH B0, £, B Crys(X/W)E %

Crys(X/W)g = {€ € Crys(X/W)q| F*E = £}
B EHBLD
(5.1) Crys(X/W)§ € Conv(X) C Crys(X/W)g

VWS AEHBEAEDHE. ZDLE, MK ILD.

EARRDEHE L IZRR S AKOERIZDOWTIX [B], [LS07] (VU ¥y NgFrzefil % vz
%), [Og84] [Og90](ﬂ5(%“j'/f FEHAWEZER) 22|, 22 TOEH L OF{EYE X Frobenius BT
(B0 1= £ 5.
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EE 5.1 (F-Esnault [AE], Kedlaya [K]). k Z GREKEL T 5. 78Xy, 27) ¥H
7251, EED E € Crys(X/W)G ZEBTH L. (0FD, kHWHEREZSE,
Crys(X/W)§ DXFIZHY S de Jong FAUKIEL )

ZDOEMDFEHDOMIE Z B X50. f: X — Speck ZREEH & L, £7z, |kl =p°
L. £ Cys(X/W)E &L 2 LA O (FF)E = ENDHB. ZDXS7BHA
M de % £ EOD Frobenius fiE & W\, £7z, M (£, ) 2 X/W EOF 714V 2V
AZNEND. FHAS3) KD (E, Q) BFTAY 2V AZNELTHNREEZ, &€
MEMTHLZ 2 nmBIEL V. BE1D (L, 0,) DO FT7AV IV ARLE
TYYNEE LD ZLIZED, (det&, det D) DERMNETH B (fAl[EHT >V V%
EHLHRPIZRS) LIRELTEIVWDT, INESRETSH. 35 &, Lafforgue 2
& % BEAD Langlands Xt [Laf02] & BIERIZ & 22 D p R [A] &2 W2 ifam i &
D, (£,®¢) & X DEFMTOD Frobenius DEHZHANEL W & 5 BRI Tl & 9
% Q8 F Rk E NG (AR, [K)). KE 7 (Xp,a5) = {1} &0 F = frFR &%
Speck LD SN Q, 8 Fo WFET 5. T2 (E,0) B f5(&, Ps,) DIZEFT
52 EDDMNY, EIFERRDTE BEBRELIRS.

kz—fOBEE p >0 DREREKRDGEIZET. g Y — X 2EHETHODRE L
T2, HRZVAZNVIFTEDY - QR RgOxw WX/W LDTAYV ) AR
Ve UTREHSN, Crys(X/W)§ IZES % (Ogus [Og84], Morrow [Mo]). TD & &,
IRDIE D LD,

EIH 5.2 (Esnault-S. [EShb)). m$( Xz, z7) BEHIAZR SIX, LEOEE Tl o 27
g:Y — XIZHLUTQ®Rg.Oxyw FEHRTHS. (0FH, HNZ Y AX)L IR
ERY - UTEED Crys(X/W)G DHRIZHN T S de Jong FRAUITIEL L)

ZDEHIE, kDPERIKD & ZIZEM51 SRV, ER—D & X, @Yz
HIRA EDWES PR AXF—L EOETVE L ST, kBPEREDZEIIREIES
ZEIZLDEEHENS.

ML ED#ERIL, Frobenius #i&X° Lafforgue/ i Langlands X j&72 &% W T W
LW EIRT, BEmSMFEN 2RI IR THD L EZ B8 TR T,
PATFIZHEA T 5 Esnault & 25512 X2 2 0081 L 0 REBERMAFHTH B L X
5. EMERRS.

£ 5.3 (Esnault-S. [ESha], [EShb], S. [Sh]). 7$*( X7, 27) DY EEAT fimax () <0
R 5IE, FEDE e Crys(X/W)g ZEHTHS. (DD, pmax(Qy) <0751 de
Jong FAUFXIEL W)

SR DRI BWTIE, BEWIGUT F 74V 2V AZ0VO REBHER] % U iXnwir iz
WY, ZOHDIFERLTEL I LITTS.

T[EShb] LB WCTIRADURARZHERICEVRIATVS

8HLob b, fla2d o> T MHBERRAIEN] CIERRE VWS Z 2220 TIE, AKX DER®P 1N
L& B DD,

12



F 5.4. K0 IEHEIZIX, 788 Xg, 2p) BWEHIAT, 2OMOWT DAL DA IT
EMEBERTHDIENRINT VS,
(a) € DIER DML DBEER 1 DL &,
(D) fimax (%) < 293D & LR DB KD DB 2 A FD & .
(€) fmax () < 153D E DIEBEDOBEIR D DB 3T D & &,
(d) 7 >4, pmax(Q%) < N(r)™t 22D E DIER DB KD DA r LTFDO & E. fH
U, N(r)=max,p>1arp<rlcm(a,b) &9 5.

BB, p>30DLE, (a) DHAED de Jong FHEDIKRER Y —% HWIZFEHN
Esnault-Ogus (Z & O &5 T\ % [ESha, Proposition 2.10].

EI 5.5 (Esnault-S. [EShc]). k 2 ARAKE 95, B L, FEED Conv(X) DXLRN
IR OIE, EED E € Crys(X/W)g EEBTH 5.

kDHRED L E, EOWERR(5.1) I28WT, —~HLDE Crys(X/W)E DXL
XU TIEERL 5.1 £ 0 de Jong PRUKIEL K, F7zde Jong P/ (ZTNIE—FLHD
[ Crys(X/W)g DRI T2 FHTH D) IXEH 55 12K W EAFDE Conv(X)
DIFUITN T S de Jong FRRICHAE S NS, > T, Crys(X/W)f € Conv(X) D7
WERE NI L 72 5. Conv(X) (ZIEBEF F* 2MEF L, Crys(X/W)§ &% DIEE
MEe7B0DT, 3HiD Esnault-Mehta O EMDFEIIZ B 1F % Hrushovski O & DFH
PO LI BRBDRHNELIVWEEBDLNED, ZDXIREDIFHSNTVZR.

5.5 IFIRDRZEFRFD.

% 5.6. k BWERRKD L &, B2 5 de Jong AN IE LT NI, de Jong FHH
IXIEL W,

dmX >32UTY < X 2150 FHYINE 95 & SIZT X —)VEARFED
B n8t(Ys) — 78 Xz) DRIBITH 5 Z & (T X —I)VEARRED Lefschetz EHE) &, 7l
SR UBT Conv(X) — Conv(Y) BWEEFERM TH 5 Z & (Lazda-Pal [LP]) & HW\
N, YIZXT 5 de Jong PN S X 1IZXT 5 de Jong FHEDRED Z & AEH 5.5
EHVWTSZASDT, R5.6H8H5.

EHL5.3 &I 5.5 DFFHHOMIE 2 R R 72D DHEfiE T 5. £9, T4V IV A
AV E € Crys(X/W)p WL TE=QRFE £7%45 W EWIHZ E € Crys(X/W) O
ek, EOMTLERNZLIZT S, (BB, EDHTFIIVOEIFMLT S :£E=QRF
L7235 E € Crys(X/W) IEEIZHFIEL, E:=E/Ker(p" : B - EN)lEn>00&
EW EEHIZRS. ) £72, ne€ N (resp. n,m € Nyon <m) I LT, HRGHEF

Crys(X/W) — Crys(X/W,) (resp. Crys(X/W,,) — Crys(X/W,,))

Wb, ZHZLkD E € Crys(X/W) (resp. E € Crys(X/W,,)) D% E, L&
<. F7z, Crys(X/W) £721& Crys(X/W,,) DNRE D (X — X) € (X/Wy)eys T
D% By £ L. (THITHEE Ox B 5)
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AN, EHL5.3 DFEHOMIEZ RS, £3, IROEH (7 V) A& Y ¥ Chern D
HIR) %2R

EI 5.7 (Esnault-S. [EShal, [EShb], S. [Sh], Bhatt-Lurie [BL], 27 ) A& Y > Chern-Weil
). k2B p > 0 DR, X &k EOWOSIRRESHRAKLE TS, ZDL &,
W ESEHZ: E € Crys(X/W) 2 LT

¢ (Ex) =0 € Q®z HZ (X/W)
NI ARVASR

Z DEMOREH 01251 2 EUE Chern-Weil BER D IRFETH 5.

EHL 5713 Q® E € Conv(X) D& FiZiX [ESha] B WTEEHE 1z, Z DG4
X, B Conv(X)DEHLY, EEDn e NIZH LT (F)"QeEM)2Q®F %
723 Q® EM™ € Conv(X) BFEAEL, ZOHEEZH VWS ILIZLD, HEHNES
RN D, RIZ, E e Crys(X/W) DRFFERZ L 2i21%, &8 5.7 1% [EShb]
WHEWT 2D DHFEICEVEEHI N« —DIX [ES8] 124 £ % modified splitting
principle & FEIEN S FiE%E A WZGHAT, £ 5 —2F BGL, ®27 ) ARV IAKRE
Oy—, WEZ Y AX) Y Chern W, 7V ZAXY) »aFRELTY—D Poincaré
DAfiREP £ U Cech-Alexander 7i# 12 & B5tBEZFALUZEHTH 5. b, UED
BEid 2 ) A& v Chern ¥ ¢ (Ex) & H2 (X/W) IZB W TEEIZ 0127225 TW
%. [ShliZBWTIE, [EShb] 281125 1 DHD AED— b AR FIET X N
R A B 5.7 ZFEH L CTWA. (5.3 DFEIHD 72O I1ZIEZNTHH T
#» %.) Bhatt-Lurie ®gERHZ [EShb] DFERHD 2 D H D FH{ED —fkfb & A7sE 5 Fik
Thdo L.

RIZ, €€ Crys(X/W)g DRWIETDIFEE% FiET 2IRDEM%ZRT.

EH 5.8 (Esnault-S. [EShal, [EShc], 7 V A& Y ¥ Langton EH). k 21 p > 0D
TR, X %k EOWSPRRESHRMAL TS, 20L&, £e Crys(X/W)g it
LT, % DT ET, B € Crys(X/k) D u BLEIZIRDSHDWFIET 5.

HUZ ZT, By € Crys(X/k) P uPLETH D LE, B D (X = X) € (X/k)erys
IZBBE B x BRI Ox MBETH D, 2D, E; DERED 0 TR Crys(X/k) 12
BIDHAIRNEE IZHLUT, ZN6D (X = X) € (X/K)erys (Z BT DIEDEELIZEE
UT u(Ey) < (B x) PRV DZ 95, ZOEMII Langton DEH [Lang75)
DI VARNVIZHTLHLUTH 5.

COEHERTIE, ETEOKTEERLRIZLY, TNEERLT (T)E x
ERAR Ox BEZTED Z L, HIT (1) E), € Crys(X/k) % p YLEIZTELZ L
EREIEIWV. (7)), (1) 2RTHERZEEALHELURDOTUT, FRHZZD AR
ZRAB. By e Crys(X/k) 2 (7)) £7213 (1) TR R7ZED 228> TWRWE EiT,
Ey D BeCrys(X/k) %, (7)2ZBATWA L S ITRERENVEINS, (1) %%
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ZATWVWD L ZITIERRALEBINRLLE LT, (E) = Ker(E - E; — E|/B) &
BL. 58, UBE)IFHUVTEDKTLRE. ZOBEEZFEVRT EHS a e NI
SHUT(E) (7)) £721% (1) OFMERETIENRENG. kB, LD
HHCRHEIZRDDT, B x PR O NFETH D X577 E € Crys(X/W) IZH LT,
E— ((E) &\ 5 #fE% Langton #E L IERZ 129 5.

EH 5.3 DFEHDFHIICRES. 145 &0 kISR p > 0 DREEAATH 5 L KxE
LTEWOT, UFZIMRETS. X % k LOKEHTHES L RREESHMAL LT,
[max () < 0THBEET S, £ LT, € € Crys(X/W)g &L, EH58 %
WT, EDIT ETE) €Crys(X/k) D ubPLETH2E5%bDrld. 75L&,
IRRE pimax (%) < 0 % F\W T Mehta-Ramanathan [MR83] Digii 235 Z &2 LD,
Ex = Eyx DEEE Ox NfFE U THE pu BLE (F)"Ex (n € N) 2T p PL5E)
LB IENEADL. HITEH ST ORS¢ (Ex) = 0(i > 0) Z HW\WT, Adrian
Langer OFEH [Lanll, Thm. 4.1] 2 Wb &, 5 bc NIZXH LT, (F*)Ex 2EFT
HHE» DM u ZE (F*)"(n e N) IZKBFIERUPET uLZE) T =031 > 0)
THB &% Ox M5 {G); DIEKRTETLZLNER 5.

ZITm(X)={1} ChBEIRETS. j2—DEEL, G, DBz r &L &
9. MZ3MTERLZEYaI71&L, F, : M--—» M $3HTED-AHER
L5 M, & (F)"IZLD (EEHD) B T5. 95&, Esnault-Mehta O xEE
(Strat(X) DR RVEBL NI &) & M D Noether 2 FHWT, r=1%4561XH#
DREZNIIHUT M, ={[Ox]}, r > 185 FADPRERNIIHLTM, =0T
HEIENERD. —H, GOWELD [(F)"G,] € M, £725DT, fkKr=1
T, 2 ceNIZTHUT (F*)G; =Ox L2 IZENFERD. TDcldjiTiks
WESIZENBDT, H5ceNITHLT (F*)Ex 7 Ox DIEADIED KL THIT
52 rilib. 3HITHRZEIIE, FOUMERENEEFNS HY(X,Ox) ICHFI/E
H32DT, c2 RELEDERTIX (F)'Ex ZO0x DEME RS, T5L (F)°E
X Ox ) DEME 25,

(F*)°E, = O%k B, Fz, nomeNIZHLT

Do = {(G,0) | G € Crys(X/ W) 0 : G — O3, }

B, BREHIZED, m<ndD& &, Frobenius IZ X BF| R U F* LB EN R
4 B
(5.2) Dy — HL (X)W,

crys

PFIES D, m=1DL X, HL (X/k)~D F* DERBHEETH S I L H 3 i
D HY (X,0x) DEELRKIZEASDT, (5.2) DMEAND F* DEFHIZHEETDH 5.
W->T, {LED D, DIl, F* ZflEDfET & AHBRLEE (0%, ,id) £756

Ehbnb.
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(F*)°Es 13 (F*)°Er = OF5, OEREDT D ZBL, (n,m) = (1,1) IS8T 5 E
@%%Wb,c%k%<t@#K%t(Wy& Oy, LHRBIEWDRE. 5
& (F*)°E3lE Doy B, (n,m)_(2,1)6563‘6L@$%5>b, cHIZREL L
DIPADE (F*)Ey = (9@5 t?&%’tﬁ%ﬁ%. INZHEOIELTWL.
H4.5(3) TRz & D1 X/W)=0Tdhb. ft>T,

crys (

Hio (X)) = i HE (/W)

IZBWT, HUOHHRITEIT B8 HY (X/ W) = HL (X k) R85 & 5 7%
N € NDVFET 5. HIEREDEME D DD c € NIZTHUT (F*)°Ey & Oi’?jw L5,
T2, (F*)°Eyy € Crys(X/Way) D Crys(X/Wis1) NDHIRAS (F*)Eyy THD
"5, (F*)°Eni1 i EDyy — Dy DEDLEED S, (n,m) = (N,1), (N, N) I3
LB (5.2) 2 BLUTHRS E, 2Nl ngys(X/WN) — H.yo(X/k) DBDILTH Y,
TNEOTHD. foT, (F)Eny (2 TN ERESLALSTY) OFy, &
ARl %%, ZOFMERDIET ZLIZRY (F)ER 0L, LM, £oT (F*)CE
b%@@@mm%tﬂmfﬁé ENERD. F*CWWWWM—%CW%WW)
FRRDT, ZHED E2(QR0xw)™ &b, EH53DFMENITET 5.

RIZFEER 5.5 DAL DI 2R 2. k, X 2 EHOEROED & U, r e NEZERIC
—D STHEETS. ne NIZNULT, S, % W, BEHZESr D FE € Crys(X/W,)
T By € Crys(X/k) 8 u B LEPD V(B x) = 0(Vi > 0) 2729 5 DD FHAH
DEALTD. ZDLES, FARESITLRD (FEE, n=1D2ZBIDLSLE
B DFFED Adrian Langer DfEH [Lan04a, Thm. 4.1, 4.2] (& Simpson (2 & 2% 4

Digam [Si94, Lem. 3.3, Cor. 3.4]) oWV, n B —HD & SIFEHRLH S, — S,y
DT 7AN=—HBHRTH 2 Z WL GwM» 645, S :=lim S, LB L IN
B8 r D E € Crys(X/W) T E; € Crys(X/k) 8 u BLEREDDRMBEOESL L
25,

B r D € € Crys(X/W)g 2IEEIZL 2L, EH5S LD, D EcSEHWVT
E—QeELHTE. ZOLE, FE e Crys(X/W) X SBT3 & IH 520
7%, Langton #4F F*E — ((F*E) Z B0 R U FER ((F*E) 12 S ITET 5.
TIZTLF(E):=/("(F*E) B &, Iz E O Langton-Frobenius 5 & R U & IFA.
Langton-Frobenius 5| & /& U i Fronbenius 5| E R LZEZ 7 AV 7V ARV QR F*E &
Bl EOMT F*E Z2BYNIEZ S L WO BETH 5.

[ (LE™(E))men 2E A 5. %S, WEREALDOT, NAKGREEID, HDH5ND
HWOBIIN = {m1,ma, .} KHLT, E:=lim _ LF"(E), € Crys(X/W) %% well-
defined £72%. e € NIZX UT, & (LF" °(E))menmse P bll“&)’Cl_JbE%;ﬁ? El
Y, H2NOHWABII N = {mi,mh, .} IZHLT, E® :=lim _ LF™ "(E), €
Crys(X/W) & well-defined & 725 2%, fEE»AS LFEC =E&RDILERTIL
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MTESL., )toT
Q®E = (F)(Q®E®) e Im((F*)* : Crys(X/W)g — Crys(X/W)g)

B, INBRETDe e NIZHUTHD EDPDTQRE € Conv(X) &7425.
FHOMELY QE FEHL 2. INEEeSTHE IO E =0,
THBHIeaRTIENTES. THL, KLV E =LF™(E), THEI N5
LE™(E), = OF), £ %25, EH5.3 DI 5T 5 L8 % H\ s & LF™ (F)
EMT AL, HBce NIZHLUT (F)(Q®LF™(E)) = (F)™T(Q® E) =
(F M EMERTH DI EMNE X, oTEREREmE. ZNTEHS.5 DI
MW5ETT 5.

S Sk

[A] T. Abe, Langlands correspondence for isocrystals and existence of crys-
talline companion for curves, arXiv:1310.0528.

[AE] T. Abe and H. Esnault, A Lefschetz theorem for overconvergent isocrystals
with Frobenius structure, arXiv:1607.07112.

[B] P. Berthelot, C'ohomologie rigide et cohomologie rigide a supports propres
premiére partie, prépublication de 'TRMAR 96-03.

[BOO] P. Berthelot, D-modules arithmétiques II: Descente par Frobenius, Mém.
Soc. Math France (N.S.) 81 (2000), 1-136.

[BO78] P. Berthelot and A. Ogus, Notes on crystalline cohomology, Princeton
University Press, 1978.

[BL] B. Bhatt and J. Lurie, in preparation.

[D89] P. Deligne, Le groupe fondamental de la droite projective moins trois
points, in Galois Groups over QQ, Springer Verlag, New York, 1989, pp.
79-297.

[E88] H. Esnault, Characteristic classes of flat bundles, Topology 27 3 (1988),
323-352.

[EM10] H. Esnault and V. Mehta, Simply connected projective man-
ifolds in characteristic p > 0 have no mnontrivial stratified
bundles, Invent. Math. 181 (2010), 449-465. (Erratum available

17



[ESr16]

[ESha]

[EShb]

[EShc]

[GiT5]

[Gr70]

[SGAI1]

[Ha87]

[Laf02]

[Lan04a]

[Lan04b]

[Lan11]

at http://www.mi.fu-berlin.de/users/esnault/helene _publ.html,
95b (2013)).

H. Esnault and V. Srinivas, Simply connected varieties in characteris-
tic p > 0, with an appendix by Jean-Benoit Bost, Compositio math.
152(2016), 255-287.

H. Esnault and A. Shiho, Convergent isocrystals on simply connected va-
rieties, to appear in Ann. Inst. Fourier.

H. Esnault and A. Shiho, Chern classes of crystals, to appear in Trans.
Amer. Math. Soc.

H. Esnault and A. Shiho, A remark on de Jong conjecture, in preparation.

D. Gieseker, Flat vector bundles and the fundamental group in non-zero
characteristics, Ann. Sc. Norm. Super. Pisa, 4 Sér. 2 (1) (1975), 1-31.

A. Grothendieck, Représentations lin€aires et compactifications profinies
des groupes discrets, Manuscr. Math. 2 (1970), 375-396.

A. Grothendieck, Revétements étales et groupe fondamental, Lecture
Notes in Math. 224, Springer Verlag 1971.

R. Hain, The Geometry of the mixed Hodge structure on the fundamental
group, Proc. Sympos. Pure Math. 46(1987) Part 11, 247-282.

E, Hrushovski, The elementary theory of Frobenius automorphisms,
arXiv:math/0406514.

K. S. Kedlaya, Etale and crystalline companions, preprint.

L. Lafforgue, Chtoucas de Drinfeld et correspondance de Langlands, In-
vent. math. 147(2002), 1-241.

A. Langer, Semistable sheaves in positive characteristic, Ann. Math. 159
(2004), 251-276.

A. Langer, Moduli spaces of sheaves in mized characteristics, Duke Math.
J. 124(3) (2004), 571-586.

A. Langer, On the S-fundamental group scheme, Ann. Inst. Fourier 61
(2011), 2077-2119.

18



[Lan15]

[Lang75]

[LP]

[LSO07]

[Mado0]

[MRS83]

[Og90]

[O111]

[Sho0]

[Sh02]

[Sh]
[S194]

V18]

A. Langer, Generic positivity and foliations in positive characteristic, Adv.
Math. 277 (2015), 1-23.

S. G. Langton, Valuative criteria for families of vector bundles on algebraic
varieties, Ann. of Math., 101 (1975), 88-110.

C. Lazda and A. Pal, A homotopy exact sequence for overconvergent
1socrystals, arXiv:1704.07574

B. Le Stum, Rigid cohomology, Cambridge Tracts in Mathematics 172,
Cambridge University Press, 2007.

A. Malcev, On isomorphic matriz representations of infinite groups, Mat.
Sb. N.S. 8(50) (1940), 405-422

V. B. Mehta and A. Ramanathan, Homogeneous bundles in characteristic
p, pp. 315-320 in Algebraic geometry—open problems (Ravello, 1982),
Lecture Notes in Math. 997, Springer Verlag 1983.

M. Morrow, A Variational Tate Conjecture in crystalline cohomology, to
appear in Journal of the European Mathematical Society.

A. Ogus, F-isocrystals and de Rham cohomology II — Convergent isocrys-
tals, Duke Math. J., 51 (1984), 765-850.

A. Ogus, The convergent topos in characteristic p, pp. 133-162 in
Grothendieck Festschrift, Progress in Math. 88, Birkhauser (1990).

M. Olsson, Towards non-abelian p-adic Hodge theory in the good reduction
case, Memoirs of the AMS 210 (2011).

A. Shiho, Crystalline fundamental groups I — Isocrystals on log crystalline
site and log convergent site, 7(2000), 509-656.

A. Shiho, Crystalline fundamental groups II — Log convergent cohomology
and rigid cohomology, 9(2002), 1-163.

A. Shiho, Chern classes of crystals II, in preparation.

C. T. Simpson, Moduli of representations of the fundamental group of a
smooth projective variety I, Publ. Math. IHES 79(1994), 47-129.

Y. Varshavsky, Intersection of a correspondence with a graph of Frobenius,
J. Algebraic Geom. 27(2018), 1-20.

19



GRS L B3 DR FRAE D AREEIZ DWW T
L FAT R -
hE B
PN TR = = Ay
B2l REFY VARY T A 2017THIHG6H

Contents

1 [F# : Riemann O —4% &K 2
2 Critical Value 3
3 {RE LD critical value 5
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WZDOWTIE, EHEDHEARARTRYERTEY, BRI LTIEIYWRED v
HEDIZRB I % THRMIEE 72\,

o IEHIREERDPHAIZE VT HIASESFRB DD DIIIED, Zndb b
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1 [REE : Riemann Dt —4% KK
Riemann O — &K (s) 1%, Re(s) > 1I1TH W THIFINH T 2 5%
s
n=1 n’
WZE o TERIN, IROMBHHIME %KD !

o C(s)13, BRTHRIKC THREINS s — 1 OHEMICFH IR
NS,

o IHIT, L(s)=m 2T (8) C(s) &9 B,

s
2

HEEN: C(s)=&(1—s)

N RVAC R
C (s) DFFTRE
BEE > 1128 U T, Bernoulli# B, %
v % e L2k
i 2+Z( Y Bk(%)!

i

1
WZEoTEDS. HONZ, B,ecQThd. MUDKEONZHELTAS L,

1 1 1 5 691 7
Bo= - Bs=-— ,Bi=—, Bs= —, Bg= ——, By =, ...
) 2 307 3 427 4 3()’ 5 667 6 27307 7 67

ElRoTW5,
EHE 1 (Euler, 1742) #H k> 1126 L T,

22k—1 . C(Zk)
C(Qk’) = mBk 7T2k, q:#c\-, W € Q

HBEAZHVNIE, KBPEA5

1 HDOBEmMIZHLUT, ((s)iEs=milHWVT, QITfiz L 5.
J:V)nib<;53:, Bk >1I1IT/HLT,

(—1)" By,

C(1—2h) =

C(—2k) =0 (HHZRZERD).




B O TDEIZDWT, Lichtenbaum [8] IFIXRDFARZ R U 7=.

F#8 1 (Lichtenbaum, 1973) %k > 1126 LT, 2DHEEZRWT, ¢ (1 - 2k)

k #Bu2(Z) ey L - - .
&, (1) Ty N IZHELW. ZZT, K, (Z)IXZ D higher K Bt %37

ZDOFITIRD & S IZffk I gz,
EIE 2 (Borel, Voevodsky, Rost, ... , &x#MICIE, Rognes-Weibel [9])

r #EKa—2 (Z)

1-2k)=2-(-1 :
C( k) ( ) #K4k71 (Z)
LB, BRI,

69172
36.5%.72.11-13

H# Ko (Z) = 7)691Z, ¢(12) =

o T\W5.

2 Critical Value
7,

HIEERI - TEGROBE] (BFE2IF— 199244 H5)
WBRRENT WS, [¥— XK DOEOHRED 3 Bfg] 2Bt Z 7.

ET— Y HEDEDEBED 3 BB
o T—YEBDEDER 1R  FENE - Ak
L(s)Ds=mn¢eZ TOME%Z#EY % period % 7zl regulator TH|>7z & &
Y R BR (Q DAERIRIEKRIR) BT 5 %2,RT. 72720, L(s)»
s =n CHEMAPMZRFD & 1L, leading term 25 X 5.
o T—YEBDEDIER H2ERME: pEME
WY ARBERAZR L, pite L KEZEA - MlT 5.

o T—SHHDEDNIEM 5 3L : HERHMEIK
period ¥ 7z 1% regulator TH| o> TEML S N7z L(s) DRFEEAE KO 2 B ©
"Jonsz pitt L NEORREIZREEETH D, Diophantine data & FEOFS
FTonsTHAS.



Tate, Birch, Swinnerton-Dyer, :&#f, Deligne, Beilinson, %51, Bloch, Ili#k, A&
FH, Fontaine, Perrin-Riou, ..... W ik fJ‘%ﬁ)’Hﬁ@Eﬂﬁ N1 @/@Eﬂ’?ﬁ% LU
T,

LIEWVWO DD, £, FLAZDOY—-XEBIZOWT, @Mi 3 Befs &
HEATWERWDTIERWEA DD, TNEZANEBRDOL ZA1E, 1 BRI
ELTOWEREWEGEIZEAETIELWES D H.

Critical Value

BARIZBWTIE, regulator BN T 3 & 5 BFFRMEIZFRNT, critical value %
FEABILILTB.

Motive
M 7% (f§8D7-) Q EE&HEI N7z motive & § 5.

M®DLEE: L(M,s):= HLP(M,S) (Euler £%)

p<co

BEZD. 272U,
-1
Lp(M,s):det<1—p_S-Frobp|M1p> , UFp

T, ZNREFEB DY [izkshnwerfInhTtnwsg, ZZT,
o M, ¥ M D ¢ i realization
o [, I pITHBIT S IEMERE

I 51T, MRAT Lo (M,s) 2%, M ® Hodge realization IZ&>TEEZH, %
NEFAEMIZT HBOETH 5.
WE, A(M,s):= Lo (M,s)-L(M,s)H C EOAEERIEHI RIS N,

BBEER . A(M,s)=e(M,s)-A(M,1-5)
iz 95, 2720,
e M: M ® dual motive
e (M, s) IZEHE s DFREEBOM
9 5.

% 1 (Critical value) 2D & &, k € Z 2 M IZDWT critical TH 5 1,
Lo (M,s) & Log (M,1—5) BEBSH s =k 2RI L2 WS,
k€ Z M MIZDWT critical TH 2 & &, L(M,k) % critical value £\ .

4



Critical value IZB89° %, IR®D Deligne DT 2] IZEH/TH 5.

F18 2 (Deligne, 1979) Motive M (ZD\\T & % F(iI# invariant ¢* (M) 234F
ELUT, ke ZD critical 78 513,

L (M, k)
(2my/=T)"™ . e+ (M)

L5 d(k) e ZWEEST B, L, +£=(-1)"

€Q

Remark

e Deligne period ¢* (M) I%, M ® de Rham realization & Betti realization

DM OERIND.
° Dehgne FREITE O NDORIRIGE ZRWVWT, WE7ZIZ wide open TH 5 &
Bbns.
. ﬁéfa\f “ 5 T critical value Z o> 7z LA PRI N LTH, ZTDOA
Z &M Deligne period £ LW I & 2R DI, —MIZIX highly non-trivial
BETH 5.

3 {RBLEEOD critical value
KENIZE ZIT:

e Langlands FAIZ KNI, motivie L BRI L (M, s) 130RE L Uz K > TFK
TILEMWTES.

£oT, PHRZEULZa5E, (A LEBORFREZFARLZ &N, Thbb,
motivic L B DRREZFARD Z L, WS Z L IZh b, EBROE I A,

o WIRT D (£721%, £S5 FHIND) R L WEORIKMEZTN D DA, B
ED & ZARMMEZ AR D 1O DUE—DTHETH 2 L5 I bhs.

Motive B D FEEMFRK & U T DRAMREER :

e Motive R D /i TR EREREIHNILX, motivic L BRI DR FRMEDRFZEIZ,
AR 2B LRV, & U IIENEXRONHA BRI NG, LWnorz
WZI AR H D DIZA SN ?



JREY
Ramanujan’s A: z € = {w € C | Im (w) > 0} IZX L T,

= qH (1—¢")* = Zan q", q=-exp (2mV—12)
n=1 n=1

E9BHE, AIFEI 12D SLy (Z) 2T % cusp form TH 5.

oo
= E anpn”®
n=1

95,
L(n,A)
(2ry=1)" ¢ (A)

HEAFE, Eichler-Shimura cohomology BlEmDIaH & LTI NE R U7z, END S
1%, 12 Manin 1Z & - T modular symbol D¥Ew & U T—Mfb X 7.

ROFEHIX, ZOBROEGRDFBIMD TRERFEL 52 7-. HHOMED
728 full modular DIFEIZRE L Tk R 3,

3 “periods” c* (A) such that €Q, 1<n<1l, £=(-1)".

£ 4 (FAH [11], Rankin-Selberg method %=L\ T)
f= Zan ¢" € S (SLy (Z))

M Hecke[E G Ta, (f)=1THB LTS, ZDLE, g€ Aut (C) (=K C D HFE)
XL T,

( Ln j) ): L) <kt t= (1)
)

Crv=1)"er 2m/=1)" = (1)
=7z U,
) = Zan (fyn=s, f7(2) = Zan (f)° ¢" € Sy (SLs (Z)).
RHZ, .
(27T\/__<f)7’{2i< )GQ( ) ({an (f) | n>1})



EARRE

WEEOMAR Y, FAMEREROMEE L B ORREDMRENEDHHIX, BIF
DFEH (X213 T0ZFHE) ITESKHEDORBETH 5.
7,

o Ay ($) (resp. Sy (H)) THIEH LD type A DLREIFZA (resp. cusp form) D
Zefll % XK.

RDE DRI EHZE RS -
o THIL$H, H IZOWVWT, H CH &£T5.

o Ay (5), Sa(9) X Qstructure 25D, Thbb Q HN%EM Ar (9,Q),
SA (S;Ja Q) VC‘\’

Ay (8) = Apx (9,Q) 5 C, Sa(9) =8a (H,Q) ®5C
LB ELONREFEET S, 7L, QlFQ oREEAA.

o O c Ay (H)DHNDHIR @ |5 D cuspidal component 78Sy (H) IZEL, F¥
2P e Ay (9,Q) &olE, TS, (9,Q) KET 5.

N (53,@) & Hecke EBERNN S ERIEEZRFFD.
T 5T,
o LHBDOBEAF/ROMEIZLD, Eisenstein 2 F € Ay (9') 1%, Hecke
HIEA ¢ € Sy (9) IZH LT, Petersson W (¢, E [q), 73 ¢ D L EEDK5k
i L(n,¢)2525.
o [LFZO Eisenstein fi#l E122WT, Fe Ay (9,Q) TH5.
PLED &SRBz d et k. 20L&, {6} % Sy (9, Q) D Hecke EH

E |s @ cuspidal part = Z a; ¢;, a; € Q

LRELNS,

NI AIRVASR
AEDEwD S DI DWNA 5 & 512, A LB ORIRMEDREM 2R 72HD
HEMRERZE LT



o REKBADEE®D Q-structure, L <%, HEJEXOBEHMEOHER
o NRELLHRE L HEMDESFRTR
o FENFRIZEN S Eisenstein MED EiTiE

DEHLTWS., ZLT, oD ELBAED LRKMEDONRBMEZRT Z L
MTE 5.

Hermitian tube domain EDIERIEREIZAIZEE U TlE, EMNZRRARD canonical
model DEEHIZ &V, Fourier %8 (372 bH ¢ EHH) % H\WT Q-structure % 15
FEADEMIZEAT LI ENTES. LAL, Z0 Fourier REUZ & 5 Q-structure
& compatible 7 L BREIDFE D RKRT, Mo TVWEHDIFRSNTNWS.

# L Wi (Mahnkopf, Ash, Ginzburg, Raghuram, Shahidi,
Harder, Grobner, Harris, Lin, ... )

EFED & S ERIRIE A DO AIZ A & 72\, Whittaker model 55 % {8 - 72 £
LEBOMAFRPtac RIS NTWS
Langlands functoriality 2% 2 % &, %Zli 725 DI GL,, DRE L KB D 72
75, GL, @ algebraic automorphic representation MR- L B D FRiFkAE IZ EIE
H»SWMOMEI L ZEZARHTH L, LWIEXATTEHVES.

o FHMRERIE R DIGE 1L Fourier £24 % i 5 72 7%, 730 D IZ Whittaker model
% Shalika model 75:@0 T rational structure Z2EH AT A EMNTE 3.

o (R L ORI FROIIRFE S EDOFFTHED p (m, ) MIHATLED &,
0=02 22D ETHMIFLTCLEI BENDAH 72, Sun [12]1I2L - T,
JEND Z 2T UT, p(m,Ily) # 0 DRINT=.

o L(m,I)/p(m, 1) € Q DILDEHMIEHINT WS, p(m,II) % Deligne
period & BRI B DIFKRE#HL WHETH D L EbN 5.

ZOH L WIRNDIFFR IR T R E A TIED S0, QLD S, FHEEHE 1M
DTHEL UnEETE TV, BIkodH 5 f1E, HlAIE, Grobner-Lin [7] %, %
NOBI X 725 % ZR_I N7z,

4 FHRAEME (HEKRZF) &DREROEN

BRI, E & ARARFIEG (M KF) & OEFEMRIC L > THERLONLRERZ
fEEICHE T 5.



SO (V) x GL (2) @ L KN DFFIKMEICDWT [3, 4]
THE 5 (HE-7HA [3) e he S (Do(N),e), newform
o 7 hIZIBES B GLy (Ag) DEER cuspidal £Hl
o V:R EEMSHR2MEAVEHRINZQ EDOXRT MILZER]
o 7: SO (V,Ag) DEERILREIRBL T 7, X EHIHZR 1 IRouRB
o n=dimgV >452Dk>2n
D E,

k—n+1
2

L, QDERDEAMRES S Too ZEH, partial L B

P(m,7)= ( k= (p, h>)[%] bk =

s(s,m®T HL S, TRT
p¢S

WIR%E AT-THEDDFEHET 5

Ls (tnp,m®7) - P(m,7)"" € Q.
Remark
o L(s,7@7)ESO(V)x GL((2) D LK TH 5.
o L(s,T@7)lds—1—sIZBELTHBFEXZR DX DT s % normalize LT

& 5. (automorphic normalization T& » motivic normalization TIX7Z2\ D
T, tok € ZIZE2TWND.)

Z DS Difgii [4] 1IZBWT ¢
o A KZE Q2 S RRFEREKIZ,
e SO (V,A) DEFIKRBL 1 12DWT, 7, 2 —ROERRITRIIZ,

o flit (T72RDOBEHK) D critical point 721 Tld7ZR < D critical point (2 (5%
RN S, WL DO critical point IXERAL) ,

ZTNENILEE L 7=,
F7z, BELERSC [4] 12H D HAIT L B Appendix TlE, RS N 72REME A Deligne
DFHE compatible TH B Z EARINTWVWD



n=dimg V=4D&ZE

D3 Q LD 4 57u#ER T definite, i.e. D ®g R ~ H (Hamilton quaternion) &9 5.
Accidental isomorphism:

SO (D) ~ {(d1,ds) € D* x D* | N (d;) = N (dp)} /diag Q"

EEWEIZT. ZHIEETSZ 81255 T, RO Rankin triple L B D WH D
% unbalanced case DIEFUDRFFREIZES T 5 REWEDN LD EH 66N 5.

%2 (HE-HEX[B]) e fieSi(To(N),e), newform, i=1,2,3.

o m: fi (TATBHEL 72 GLy (Ag) DEERY cuspidal KB
WE,

o k?1>8,k’2:]{33:2,€283:1,

e ID: definite 72 Q LD 4 JTLHER T ma, m3 1 D* (Ag) ~D Jacquet-Langalands
transfer Z £fD

CIRET DL, IRDEK DD :
Lk —1,i® fo® f3)- 75" (fi, fi) 2 € Q.

EIEDEEBA DK

o SO (V,Ag) DEERILREIZRIL 7 12X LT, V @ codimension 1 DR ZE[M] W &
SO (W, Ag) DEERIRIERIL 0 T, 7 |SO(W,AQ) WZEHNEHED%E & 5.

e ZD o & GLy(Ag) DB cuspidal I 7 2*5, G ~ SO (n+ 1,2) D Eisen-
stein series Z#%9 %. G D maximal parabolic subgroup P C, Z® Levi
component 2% GLy X SO (W) (272 % % D % Eisenstein series DRFHIZE S .

e GDH S5 —DD maximal parabolic subgroup @ ® unipotent radical (abelian)
B LT, % stabilizer 23 SO (V) 12725 & 5 7 Fourier iz & b, =5
i@ T AR DEEZEALTHERNZ L 5. ZhIE, BEISRRO
MEIZ LD, LERBORRMETRINS.

o AREMIZIE, Eisenstein series @ Fourier fRE DR & compact #f LD LR
REAVEREOME & 2 THE Z 0o, LEKEORIFEOREIMEDL
>,

10



Bocherer 18 [5, 6]
D ={Z=X+V-1Y € Myn (C) | Z="Z,Im (Y) > 0}

£$5. ZorE, FHIEKE D : 9, — CHEZ kD Sp, (Z) IZBIT 5 Siegel cusp
form TH D & 13,
@ (y(Z)) = det (CZ + D) - & (2)

B 259 p) €Sm(B)1(2) = (AZ+ B)(CZ+ D) AL TH

DiLH, %D Fourier EHA
D (Z) = Z a(T,®) exp [2mV/—1tr (T2)],

T>0

T:(“ bﬂ)a@cez&ﬁéit%w5.
b/2 ¢

EXE2UMAT, —Dp 2ZFDHHIAR LTS, ZD& &, Hecke EAFER O IZK
LT, B(D;E) ZIRDIRIZERT 5 :

1
B(®B) = —— > a(T, D).
w(E) {T|det T=Dy /4}/~

Z Z T,
Ty ~ Ty <= Fy € SLy (Z) such that T} = "vTyy,

w(E) X EZEEN5 1 ORBOMEEERT.
Bocherer 1% 1986 2R D FAEZFEH U 7~.

T8 3 (Bocherer, 1986) & D AIKIFT HEH Cp WFEL T, BTDRE 21K
KEWIZXLT,

L (%,W(QS) X XE) = Cp - DFF - |B (9, E))?

MR ONLD. 72720, 7 (D) 1 @I 5 GSp, (Ag) DEREIRIL, L (s,7 (D)) I&
7 (P) DAY )V LEHE, xpld EICHIGT 5 2R TH 5.

ZHIZBR LT, @ [5] TIRIROEEGEHI T WS,
EHE 6 (HE-FE [5))

11



Explicit refinement of Bocherer’s conjecture

X 51T, preprint [6] IZBWTIE, Bocherer PR DIEEAL T N2 CREHH I 1
TWa5.

EE 7 (HEF-FEF[6]) WX, R3FEHR-BINY 7 bTRZVWETS., ZDOLE,

L(3,7(®) L(L7(®) % xz)
L(1,7(®),Ad) '

|B(; B)|*
(®,2)
CDEMDZRE LT, IROFERIPHES.

%3 (RE/ IV LEBDHOEIKMEDOREME) ¢ 2, £TD Fourier (7% a (T, D)
PREBEBORTIERZIZEZND L D2 normdize 5. ZDLE, £TDMHE?2
R B TR LT,

_ Dgﬂ . 92k—5

L7 (®) L(3,7(P) % xp) (P T

w(E)? - Dyt 2%

MR D AL,
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Fuler 2 DMERD I DFEREIZ DT

By Byt
PN TN 2

BR

1 U ®Ic 1
1.1 WHZ Euler 52 . . . . . 2
1.2 EBEEuer 2. . . . . 3
1.3  Mazur-Rubin O &k Kolyvagin £ . . . . . ... ... ... ... 5

2 AERE 5
2.1 BIMEDTER . . .
2.2 EAEDOMEL . .. 8

3 =M Euler RDIER 12
31 Step 1 DEBERE . . . . 13
3.2 Step 2D@EBERM . . ... 14
3.3 Step3DEBERR . .. ... 15
3.4 117 5 16

1 BFU&HIC

Euler £ DO MGux "R (higher rank) | OHEIC—BILINIZIRER, L WIHIEZLH
1, 90 LT Perrin-Riou [Per98] I X » TIRIBI N TW7h3, Z0%EdH £ DRI
ot B> THHE L, David Burns & ARBEARS & oL [BSS] T, mlE
Euler ROMGRZ 57 DL DV B THED 11F 2 2 L3 TE D THRET 5.



1.1 HHEMA Euler %

T, WA TEuler 2D (Euler system argument) ; ORI IO W CHEH T
% ([Rub00] 2). K 2fREWKL L, p 2R L T2, T 2HREKEH Z, iEc, K
DI AT T HE Gy = Gal(K/K) DMEFHB A>T 26D T2 (0b®2 Tpi
FH).
Euler &%, A’m7 - aRERY—DILOEFD

c=(cn)n € HHl(K n), T

ThH-T, HWY e T VLABRAL 2R THDTHS (22 Tnld K D square-free 75
AF7NEED, K(n)ld mod n DFHEETH 2*1),
Euler 2 D& DOIIUIZLL T DD TH 5.,

Step 1. Euler % ¢ ® "Kolyvagin 845 (derivative) ; Z{F% :p X& M ZEEL, &
n X LC, "Kolyvagin fEf#%*2) D, % ¢, ICHiLCTmod M %273 %,

(Dy - ¢y mod M) € H' (K (n), A)% = HY(K, A)
(ZZTA=T/MT, G, :=Gal(K(n)/K))*3. ZDXHIZL T ¢, D Kolyvagin E5r
k(c)n := (Dy - ¢y mod M) € H (K, A)

PTE I,
Step 2. Kolyvagin B3 DEE D k(c) := (k(c)n)n #% MMinite-singular PR

Vn : square-free, Vq | n: prime, vq(r(c)n) = gogs(/i(c)n/q)

R I ERRT, ERIELARVD, vy & ol i HY(K,A) 225 Z/MZ ~DHEFRTT
H% (F I3 Minite-singular IEEHR, EWIEN2). finite-singular BIRZ i 7 § 76D
% D1k "Kolyvagin £ EMEENS™, 9% D, k(c) IF Kolyvagin £TH 5.

LIEMEICIIPLEI D, K=QDEEOMBERICH2bDEAL A=Y LTHE 2T LW,

*2EFRIE L \0DS, Dy i Z[Gn] DILTH B,

*3 HIREG HY(K,A) - HY(K(n), A)%n DSFEBIC% 2 X9 HIRLEZZZ T0 3,

MUK () B2 H B cq 5 “K E?OIG k(c)n 2o, £V IEDBRA Y FTHL, ZOHRER
MKolyvagin [T (descent) (WS 2 ZEbH 3.

5 AR LED



Step 3. finite-singular BAff & Tchebotarev BEEMZ I AICH V5 2 LT, «k(e) I
£ D T O Selmer #D L2 6 OFHf (B % W IHHERE) 252 5.

D Eoiimic kb, Euler % ¢ & Selmer 222D Th 5.
ZCCHEELRDIE, LEBOMEERERT S Euler FBLIELIEHET 22 ETHD, #
D X 5 7 Euler 2128 LT Loz 1T 218,

L %o fi & Selmer FED[H DR

EV ), BEmIC B W IR ICHRE LSRR o b 2 LiCkh %, Euler RVEHEELED
NBFLAFZ ZICH 5.

L La2s, LEBOMEEBEFRT 2I0E, wOoTh “HYOHICTFET 2 2 &3l
FeEhw, —ficiE, A A" HYORICEET 2 LI Tw s (r iRy &
(T 2fkArd %) JEA%ET, LIFLIE "I (rank) ) EWHEN2Z). (202 & ORLIZ
Rubin-Stark P4 [Rub96] % ([AZ5) EMEH P4 BuFI01] 2 5.) L7 >7T, ko
Step 1~3 13 Tr =1 OHEOMHG, LMRL, Z2hzr>1058Ic—#LTsI N
R N20TH 2T,

IO LEBMT -0, TBEr @ Euler %) %2 “\"HVOILOEEH L LTER
L, d#iy7% Euler %% T8 1 @ Euler %, LMRT20BHARTH S, ZDLHIT—
At X 7z Euler %% "EE Euler % & FES,

1.2 =B Euler %&

q_lﬁ:l

L BB LBIRT 2700 THEA TV BT, 22V TXDFELIHHWT 2, p ik
ﬁTKﬂLT,r:hr:rw@¢@%mﬂwmjﬂnvk%<(ZZ@T@):
Homg, (T,Zy(1))). TOL &, EMETFE» o offilizlmiie L<, T @ LB
ISR T 270 (Wbws T¥—%I0)) 23

T

q%®%A@mfﬁm“%ﬂ (1)

*6 X IEMEICIE, BTHHT L9, N HY ORICHET 5.

*T %7::&@:, r=005abE V)zé "% 0 @ Buler %1 3#FZ 5 I LHTELH, TR0 D
Kolyvagin %) %2 bDid (B4 EBBUHETIE) FAB I LIETELRL, ZOHAIREIMEICHE S R
Etilbng,

* X hIEEICIE, T*(1) @ LD s =0 1281 28HE (leading term).

3



DHIZIFET 5 L PRS2 ([Kat93, Remark 4.14] 2). ¥ — & juasHiffiic

N, o B ). T) 2)

DHIZHEATHE EFPHTZ2DIE (BRSCEL T =2Z,(1) oH&IE) HE-TH 2
([Rub96, §4] ). Rubin 13 Z O 7% "8 (integrality) 3 % T = Z,(1) DHEI
SHLALERL, T

r 1 Vo e /\2;, 0 HomZp [Gn] (Hl (K(n>> T)v Lp [Gﬂ])a
{a € Qn, N\, o HEWT)| oo = Naie) }3)

DOHIZE = F TEEA TV 2 L PR L 72*10 ([Rub96, Conjecture B'] ). 2z (1)
D lattice 17> TWTC, (2) & HREW* ([Rub96, Proposition 1.2] ). T = 7Z,(1)
DEAEO L BEIE T4 Artin L BT, ¥—%J0i Stark Jo, L WFIEN 5712,
Rubin ® ¥4 [Rub96, Conjecture B’] 1% Stark PR DK% TH D, "Rubin-Stark ¥
By LI Nn s,

D T IZRHLTH, ¥—=FI0H (3) DFIEATH S EFRTZ I EFIEL VL EED
ns, EBE EAHEFPEZIELT, ¥—2i00 (3) ICA>TWw5 Z EIFHAICEEHT %
ZLDTE% ([BuSa, Remark 2.9 & Theorem 2.17] ). (3) 3—R#AW 2208, FEiF
2 s L OEEZR > T0 T, BALMREDTH 2.,

PLEXD, EFE Euler %13 (3) OJuo%E £ D (TEll % 2 VABRAZI72§b D) &
LTEHETRELSS. 3) %

T 1
ﬂZp[G“}H (K(n),T)
EFRT LTS, EFE Euler %
c= (Cn)n S H ﬂZp[Gn}Hl(K(n)’T)

BhEZ ol E, THUTHLTELL D Step 1~3 ZfTwic\v, ZhzFEEICHARLE
TR &) DG RIDIFERIRTH 5.

0 XYIEMECE, HY(K(0),T) TEk < HY (Ok(n),s,T) TH2 (S iZEWHERL (bad places) 2&4H
RIEEAZ LD, S D Euler AIF%ERWA LBEEE#£Z2).
10 «Pp(a)"DEFEIZ, a=a1 A ANar, D=1 A AN, DIED E ZIZ

®(a) := det(pi(a;))
ThY, MOBEIIZIOEBREZIWIERET 2 (§2 ).
e =0,1 D& X1F(2) EFL.
*12 TRubin-Stark 76, & .



1.3 Mazur-Rubin D&M Kolyvagin R DIE5H

FeATHE S & LT, §1.1 @ Step 3 @ "HEFEML (25 Mazur & Rubin [MaRul6a] 12
EoThINTwL (B, MERRH-%). 613 TERE Kolyvagin £ DERZ S
Z, ZHUT X > T Selmer HEOMEEIREZIT ) w2 ED L7, Lo L, #6 DMm
X Tstub Kolyvagin &, &\ 9 Rk R Kolyvagin RICL2#EHTE R WS DT, &
B Euler %226 &£ 9 il Kolyvagin 2% %7 (Step 1 £ 2 D T&ERSik,), F7fFik
ELTHZND stub Kolyvagin FTH B I &% L) Lo THEDD DD, &) HBE
(BRINTORP-7DOT, M LTE2RDATTEEA20DTH %,

6@ TRMy OBRAIL, HE Kolyvagin %% “A"HOIuoEEFH L LTERLZZ
EXh b, —HTERAZEFE N HYomo%EF D & LTHE Kolyvagin R E&# L%, T
% L, mlE Euler %72 6 EilE Kolyvagin £23HAAICE4, Mazur-Rubin @ stub Kolyvagin

RITHY T 2 b DIEERE Kolyvagin RZ Db DIk o nwI L sk E, JEHFIC
I ELEMNEALDTH L. ZOEKT, Fxr D ‘N HIZ X 2 EHRE Kolyvagin £ D%E
#£iZ TIELWw, 82 TEwEEYH

AT, “ANHY % ‘N HY 252228 TEDEIBHRTIEL oD

0>, %@ﬁ?ﬁlﬂﬁiifﬁ%%b R L 72w,

2 HAE|EAR

AEiClE, §1.2 TR EHE L lattice (3) OREMN MLz 52, ZOHEIZOWWT
D—fGR %z BT %,

RzAHAERE L, X Z RMEEL T 5,

HEA o X 5> ROBGZ6NTVWELETE. ZDLEE, o WFET 5 HEHA

r r—1
A_X%/\ X
/\il?r'—)z H—l 33'@.%1/\ CNT_A NTip1r NN Ty

LT @ TRTZLIZT S (22 Tr BIEDEE).
RIZ, sEDMERB o,...,0s: X 5> RBPGEZ6NT0wEETE (IZLs<r). C

DEFE, HEF ~
<p1:/\RX—>/\R X



I QINA Ny TRTZEICT S, 2 ORI HER Y

/\,, Homp(X, R) = Homp ( A XN, X)
sol/\.../\(ps}_)soso...ogpl

BZEDTWEI ISR\ (ZOHERKIZX S & DR & TELT, EWnwWHIET

H35).
RO LD T EICTERT S ¢

(1 A= App)(z1 A+ ANxy) = det(pi(x;)).

2D EIFEINE RN Z AT CICilED o 55,

21 RABDER
LUF, B4F Hompg(—, R) % (—)* LWEEET 5 2 LICT 5,
EE 2.1 ([BKS, Definition 3.1]). r ZIEEEEE T2, RN X O r XRIME (r-th

coexterior power)*13%
M = (AR)

*

EEET 5.
FR 2.2, (i) RPP%2— 8T, X PERERHY R0 L&, AR
oy /\RX — ﬂRX
x> (D= d(x))

FARCH 5+,
(i) RHMEIE §1.2 TR lattice (3) DHARZLZ ML TH 5. FFE, R =17Z,G] (G
FHER 7 — VR 15T X YRR D & &, 6, 2EET 248

o {o € Qg \ X ‘ voe (XY, @) e R} () X (4)

*13 = DAHTIRD S DTH B, Burns i3 T ERN (exterior bidual) j EFERZ EZ|EL TS, A
T TRIME) L) AHTZ DT BRI D LTI RS (EE 2.6 ).

*L4 SRR JRPHLT % 2 L CHIINBEOSLAIRETE, AHIBEOSARAR ICRE S,

15 R=7Z[G] = ETH ko,



ZFERICH 216 ([BuSa, Proposition A.7] ). (4) L% YIS THEZ DX
Rubin [Rub96, §1.2] , fi%

{veqyes, \ X ] vbe N\ (X7), o) e R}~ (s </\;(X*)>>*
ThHHIEREML TS (22Tl

(X (/\RX>

@1 A ANpp = (T A Ay > det(p(25)))

TH2)., Lo THRLZDORIMENRX ITIEVDHDZEZ TN, 1 Itk2B%2 L -
TV2EIADMBRETH YT, T2, ko koEz s %
Lol OB EcE2 2 2 LRk, WzE, R=2Z/p"Z Dk
BEETO NRX 2BA2LNTELILTHD. ZOXIBBRETIIQ, 2T
VIYNTBHEHEATCLEIDT, 4) DEMBICE->TERT S LEERZ 2RI 0,
Kolyvagin %2 %2% 2 58813 Z/p"Z © & 9 s Lotz > 0T, 'Q, 27 vV
VL% CTHMEMT2ER) IR L 72 2 £ 23, Tk DERE Kolyvagin 2D EHRD
REI2HTH 5.

“16 ZE 1 Q 1= Qu[G] EBL T EICT B L,
{zey @, \) X ‘ Vo e \T(X7), @) € R}
o (002, A\ - o (A7), 2/7))
~ ker (Homp (\}(X*),Q) — Homp (] (X*),Q/R))
=X

r
r
A
Zl
i

@ 2, N X = N\ (@ 82, %)
é_\t Homg (/\; Homg (Qp ®z, X, Q), Q)

= Homp (A\}(X"),Q)

o (QIFHEHMIETHD, Qp Q®z, X IFERA RS Q MBECZ 2 Z LICHER).
AT mpziz D2 ESRETH A, LI ORELDBETH 2 (kere 1F torsion TH Y, koT
(ime)* =~ ((AR(X*)) /kere)™ =~ (AR(X*)™).
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22 RABOMH
DT ofindE 2.3 & 2.5 T, RNAEOEELWEHZH 2.
#RE 2.3 ([BuSa, Proposition A.2(i)]). ¢: X — Y % RMFEDHG & L,
Extf(cokert, R) = 0
ERET S, TOLE, EEDOIEAREL r IS LT,  23FFET 2 M
f&x>+fﬁy
THHTH 5,
A, {RAE Extp(cokers, R) =0 & O, « DI
YT X
eHTh s, koT, D oIFEEI NS AR
AL = ALK
SEHTH S, Ko TINDOIX
rﬁx>+fmy
IFHHETH 3. O

IR 2.4, 8 2.3 ORE Exth(cokert, R) = 0 1%, BIZIZRDTUDDEEITHT S
Ns:GzHERT—NLRELT 2L E,

(i) R=Z/p"Z[G],
(i) R =Z,|G] T, coker: %3 torsion-free (Z, ML LCTHH).

NS EARICEZ RETHE (G L LTREAED 7 —LIEKD A a 7% &
%), boE—fRIC

(i)’ R ¥ 0 XJt Gorenstein 5%,
(ii)" R & Gorenstein Z,-order T, coker: %3 torsion-free (Z, M#EE LTHH).



THii7z TIN5 ([BuSa, §A.3] ), JIGH EREL T2 b DIt Hecke BRTH 5.
DX BEEZ, BOIEETF ()" := Homg(—,R) 2% "2 H[® -7 6ILICER %, &

W (LRIZHIRS L) WEBHRD DX I RFRETHS., 2FDH, TR0 Xt

Gorenstein Bty £7:13 TR 7% Gorenstein Z,-order T X %% torsion-free; ® & ¥,

X = X" 2= (= o))

FFABENC 2 5418 RABUIBOSBET (—)* ZHVTERINZ DT, ZOKI) BREFR
Wiix %5225 ECHRLDTH %,

iRl 2.5 ([BuSa, Proposition A.4]). R % 0 XJt Gorenstein & L, G ZHR7 —~)L
Hed2, ToLE, FHD RG)MEF X EIEEE r 2L, HARRFE

G
(ﬂR[G}X> ~ ﬂR(XG>
N5,

At £97, BITF Hompg)(—, R[G]) 3BT Homp(—, R) LH—#TE2 2 LICHEET
29 k5T, ZhoDBETOME (-)* RMEMBOBND B, £, [EED R[G] INEE
Y iZx LT

(Y*)¢ = Homg)(Z,Y™) ~ Hompgg) (Y ®z16) Z, R[G]) = (Yo)*

DO ElcEEZ L TEL.
R %% 0 XJL Gorenstein BHD & &, R[G] %) THh 5, HE 2.4 ThNLHIZ, OX
JG Gorenstein BR_EO BRI KB TH 5. Lo T,

(XY = (X)) = (X")e)™ = (XM)e

18 5% D, X BEHIN (reflexive) &) 28, CHENEX X EVwIIETHH S,
*19 Homp (X, R) — Homp (X, R[G]); ¢ = > ,cq o(o(=))o~t 134 Hig,
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DY D, TnzHes L,

EE 2.6. ME23 L 25N E-oTwAR I tiEENE N

(i) RO IZHHZ R,
(i) R G A5 (invariant) % & 5 #4F & Al

EWIHILETHD, INSDITHORE IZZNZF N

(1) A x4z 0o,
(i) #HE1E G A% (coinvariant) % & % #ff & Al

EWVIHIHFETH S, R, AREENRZESICRS X ICERINTEIDTH D
(ZHOZ ES TRMAE EWVILRNTEATHS D).

Hx lZRIMEZ .
X = (AL)
EEFELD, AL, NRX @ THOER) 285H-T, DO 12Xk > TR
X = (ALX)

RO ND, L) HROBMOMLATOIDBHRTSH 50, R=7,[GlDEEITIE, C
D THlDEF, & LT Rubin ® lattice

{ac cQez, \ X ] Vo e N\ (X7), ®() e R}

*20 o DRIBEDERIL, PIZ 2586, GALERY XC % (X*)g)* TEHETLLIBLDTH S,

10



BENBHD (FE 2.2(1) ), ©% ad hoc BHIR%ZZ\T 5. —MIC THIDERER) ¢
ETE2D05DEZHbDo> TRV, botEZNIOLBRNLEERNTEZH)T
H5.

AR, A8 TAEuY—Nhdo,), RIMEET TarEny —NARbD, L)
MR %5213 221, §1.2 TR X IHI1Z, €=tk GHETIEAR L) RO HIciA
TLREFHRTZ2ONELVEELNSY, ZHEFRRD THEmcBwThsErY —X D
HAKRERY—DFVRREFE, LLITFEDBNLERL I ENTE2DTIERVNEE).

AR DIRRIC, A0 HI TR L 72 198 7 el 1
N\ (X = Homg (AL X\ X)
(pl/\'-'AQPsH@sO"-Ogol
D TR DEERZGATES, ROLIICHRICED L I LBTES !

/\;(X*) — Homp (ﬂRX ﬂ;_sx>

O (f=> (V= f(PAT)))

(ZZTFNRXH) =2 R T e Ny (X*), AT € NR(X*) TH ), ORI K
5P e Np(X*) Db, 5 @ TRY. 728, XORAPTATH 2 I EWERLD
WrHois :

NiX —= Np "X

NrX —> Nz "X

ER 2.7 RFETIEEEL KR 023, RABEDOKRDOMWE D KFETH % ([BuSa, Propo-
sition A.3] ).

*2L SR L RIVEOBIGRIE, (M 2.3 L 2.5 2 & T 5L) GALME G AEHTOBRIITVE LES
(@ & Hom OB EBE22). ZOFROTFT, EHE2.2(1) DR

T T
Or : /\RX — ﬂRX; 1A Axr = (1 A A e — det(pi(4)))
X, /IVLEH

Xg —>XG; T — Z ox
oceG

[ R R S I
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'R % 0 XJG Gorenstein BR & L, R MEEDERRT

0X Y AR

BHsrLds, ZOLE, EROIFEEE r LT
r+1 r r
im <gp : ﬂR Y — ﬂRY> C ﬂRX
WY LD (22 TNRX B NRY oy eaklLTwa (A 2.3 2l)). ki,
©:Y — RITHERY
r+1 T
w:fh Y—+FEX

ZHET 5.

ZAUTHY T % b D% Mazur-Rubin 13 [MaRul6a, Proposition A.1] T& 2 T\ 7225,
513 (RIETIE B VEFED) M TE R OFEHINE L < *22, TR 2S§UEA 77V
By w0 DA REZ BV T»T,

D &) RMWHEIE TStark %) OEEZ T HERICHEICZ 5, Stark R% §1.1 D Step 3
THELKRHZRTHDTH 5.

FOME T Burns & 5 [BuSa] & FMITIAR [Sak] ICk > THHRINTWII L
IERLTEL.

3 & Euler RODIEEH

AHiTlE §1.1 TIHBR7 Euler £ D& Step 1~3 @ "EFEHGU I OWTHEFLL, &EIC
JEHIC WA LIRS, $9550EE 25, K 2f8UkL L, p2FEi, T % Z,
RED G D p#ERBLET 2. n T K D square-free %A 77V %2EKL, K(n) T mod
n ORFE, G, TKn)/K D72 ERTOTHo%, £, pXE M ZEEL,
A= T/MT L5, fiHord, H(K(W),A)CS = HU(K,A) 2 2>Tws LT
2. THES riE, Step 1 & 2 DEBRICB W TIREZEDIEOEETHL LW (b AA, b
HAExr &L Trp2ts (§1.22H1)).

ARETIETA T 7R POICEHAT 2 E L, MEICBSPOREVEELHAZT 2%
E) 2 LICEREZLTES GHHICB T 23O G IE b D LM oTwZ sk

22 MRUEHE R R R0 0 ) FEICHEED S 5, RIMTIHH 2RO 0T (A 2.3 2), 2o sifii
TH5.
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V), T, ZITREHORY, BEZRLEHALDICLT0LD, T OREERIES 5
& —#IC Gorenstein Zy-order T k'3 Z DA, A OREERIZ 0 Xt Gorenstein
BRICH 2, REGRDTEERS Hecke BT H LI T Oi&iwIZEM T2 L9 2L TH 3,

3.1 Step 1 DERERR

Step 1 DINE X, "Kolyvagin fEHF D, % Euler & (D n 453) ¢, I L T2 5 mod
M %9 %2 &, Kolyvagin B k(c)y, & HY K, A) DHFIfES ) EwH) T L ThoT
([Rub00, Definition 4.4.10] ).

INomEBEHIEaGE 2.5 # 0w 3 LfEHICTE 5. SR Euler £

c=(cn)n € Hﬂ;p[Gn}Hl(K(n),T)

DEZ 6N TWw»5 L L2,

(D - cn mod M) €, H'(K(n), A)

Z/MZ[G)
BEZDL, TBE, Gy AEWITITAB Z E

T

(Da - o mod M) € (ﬂ Hl(K(n),A)> o

Z/MZ[G ]

X3 <icb 2% ([Rub00, Lemma 4.4.2(1)] 2). @i 2.5 X D

Ga , ,
(ﬂZ/MZ[Gn1H1(K(n)’A)> = [y p H E ), ) = (), HY (K, A)

PIRY SE2 DT, (N pp HH (K, A) DHOTE
— , " 1
K(C)n := (Dy - ¢y mod M) € ﬂZ/MZH (K, A)
MTELZ LD, 20D TEE Kolyvagin E5y ;) EMERXRZLDOTH S, HEH DI
B TGAEE T2 L 2BMEL L, L)W EZR WD ID L) BiEMmIETE X
W, RAEEEZLIERRLELEOTRLEIDTH S,

23 X5 Ly & Qp DHMKIEKROBELEICE V2 TH K,

*24 72 £ %% 13 [BuSa, Definition 2.3] 2.

*25 Tmod My &i3, THAAM T — ADHEET 28 N, (6 HY (K ®),T) = (e, H (K1), A)
Wk 2BELED EVIEETHS. T — ADRNBUCHZFHET 2 2 LIZAHTIE AL, HY(K(n),T)
73 torsion-free & W IIIRENPKHIETH 5 (ZDIREIZERE 2.4 TERZLIHICHARTH B).
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3.2 Step 2 DEREAR
Step 2 DINFFIZ, "Kolyvagin By DEE D k(c) := (k(c)n)n 2 Minite-singular BIfR,
Vn : square-free, Vq | n: prime, vq(k(c)n) = QDEIS(FL(C)n/q)

%?ﬁﬁf‘?‘ LAY, Lw) I ETH-% ([Rub00, Theorem 4.5.4] ). 22T, &
FLAVD, vy & of i3 HY(K,A) 6 Z/MZ ~D¥EFRRTH % ([BuSa, §§3.1 &
4.1] ZIH). ChoEBikeznd 2 ek, i, Bl ogamEEshs. 20 ThYy
71 IZOWTU N CHT 5.
%9, MMinite-singular BIfR) DEREKE (M2 &) 2 EZBHSICLTEL. Step 1
DEbER TR X912, k() 1F

r 1
(), a1 A)
DILTH 5. §2 D& D ITHERRL L 72 HE[H]7H
/\R(X*) — Homp <ﬂRX, ﬂR_ X>
O (f=> (U= f(PAD))).

EROIT L, (R=2Z/MZ, X = H(K,A), s =1 £ LT) vg,¢F € H'(K,A)* 132
Nz HEH A

(), ) (Y, 1 (K, ) 5)

%%ET% ( @@Hﬁ%%m%th,@ﬁ ERT). TDI LD 5, Minite-singular BY

r—1

Vn : square-free, Yq | n: prime, vq(k(c)n) = apgs(m(c)n/q) in ﬂZ/MZHl(K, A) (6)

RSN (Thzhi/ $uDEE D 23 TERE Kolyvagin % TH % ([BuSa, Definition
4.1 1))

(6) EXDEHICLTRT I ENTES, £7, ﬂZ/MZHl(KA)O)ﬂ:ki EHED D
G Ny arp(HY (K, A)) = Z/MLTH 2 2 LIEET 2. kT, %R

a(r(e)n) = P ((Dasa) i (Y, 1, A)
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DR LD T LI, MO & € \jp(H (K, A)*) ISR LT

v (K()n)(®) = ¢ (K(C)n/q)(P) in Z/MZ
DR LD Z & LTSS, NOTEIE, v, BSTET B HERA (5) DD S,
Vg (K(€)n)(®) = K(c)n(vg A @) = (1) h(c)u(@ A vg) = (=1)" g (R (K(c)n))
THY, FRICAHLI
g (5(c)nsa) (@) = (1) g (2(k(C)n/q))
ThH5., Dll&y,
va(@(#()n)) = 5 (B(K(C)n/q)) (7)

ZREET T THS I LDBbh T,

22T, FiE, (P(k(c)n))n EBEE1 D Kolyvagin £ D TH 226 (1), koT, (7)
i GEILZ:) BEBLL DA D Step 2 IC L > TREN D, LWIHIDHIITHS, I, &
OGP 1 OGaIREINSE N v 7 ThH 5,

3.3 Step 3 DEREAR

Step 3 DINFIZ, "Kolyvagin & k(c) Z T T @ Selmer BHEORGERE X T 5 &
) ZETHol, ARETIE I NDOEEROBIE 7 1T 2R 2,

a8y 2 Kolyvagin & Rubin @ /5 Tl%, Kolyvagin E47 ® finite-singular B{% &
Tchebotarev % g % BN L T AIC Selmer BED L6 DFfix 5.2 %, LI ik
D BN 7D E STz ([Rub00, Chapter 5] Z). Mazur-Rubin 1& Z D754k
Y &9 C, Kolyvagin RO % E- 725 ((MaRu04] ), % 212l MStark %)
DFH ZJTOWHHEDFR S N 72*27, Stark K &1F, ROWEHEFROLDTH S ¢

*20 GEHDWE: D € N, (H' (K, A)*) O lim /\Z G J(H (K (n), 7)) 150 5855 1 @ = ($u)n
2E2E, & #MOTEE 1 D Euler % ®(c) := (Pn(cn))n 2MEND (2D XS 7% "B r ® Euler
F oM 1 @ Euler £%2 2 5k kX {HsTw3 ([Rub96, Corollary 6.3], [Per98, §1.2.3
® Lemme], [Rub00, Proposition 8.5.2] 2d)). Z® Euler % ®(c) ® Kolyvagin %5 x(®(c)) I
(P(k(C)n))n IC—HKT B VDS, Lo TRIZ, (P(k(c)n))n IFFEE 1 D Kolyvagin £k % &b
»5,

*27 Stark % D% % 713 Howard @ /5 [MaRu04, Appendix B] IZMi% %3 5. D74 771k Mazur
& Rubin #* Darmon P, ZKIRICHRT 2BICOH W s (MaRull, §8] £8), FHFIE 2
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(i) Stark %25 (HAIZ) Kolyvagin £ % ([MaRul6a, Proposition 12.3],
[BuSa, Proposition 4.3] Z),

(ii) Stark &% H\WT (HAIC) Selmer FEOEERE (Fitting 4 7 7V DWRE) 23T
Z % ([MaRul6a, §8], [BuSa, Theorem 3.19], [Sak, Theorem 4.10] Z:lif).

ZD Stark RZ2EA TSI LT, Step 3IFRDEHICHHTES @

Step 3-1. Stark %%\ T (HIZ) Selmer #D Fitting 4 7 7V 2 IRET 5,

Step 3-2. Stark 5 & Kolyvagin RO HRIZ—X—X)E03H 5 2 &L Z2RT,

Step 3-3. Step 3-1 & 3-2 #&bH+¥ T, Kolyvagin %% H\>T Selmer #® Fitting £ 7 7L
ZRET 5,

ZDIbikbDEHEL DX Step 3-2 TH S (Z 2T Tchebotarev HEEEH S HWw3), Z
D Step DX, BEEr O Stark 2D 7% §NEE SS, (A) 76 % r @ Kolyvagin £ D 7%
TINHEKS, (A) ~OHARZERY (RoMHE (1))

SS,.(A) = KS,(A) (8)

MHECHZ L ERTIETHS, Step 1 & 2 DERITIE r IMEEDOEDHER T X
Mo, T r kLT rp = ranky, (@ HO(KU,T*(I))> %L DRENSH
(§1.2 1),

Mazur-Rubin ® 5P Kolyvagin £ DOMEmTIX, HH O/ME % H W TR Kolyvagin £
DEF SN ([MaRul6a, Definition 10.3] Z{), ZDERTIE (8) VA TH L I L%
Mo, T TRA IR E O ERZ A L% ([BuSa, Definition 4.1]
ZM). 728, ) VHETHE I ENRELDTH 5.

v|oco

3.4 A

b Euler 52 O BRI O BAFNIIBIR T2 oI N Twiwy, L2 L, Rubin-
Stark PR Z{GETIUE, L BIKOME & BIRT 2 ERE Euler 3L TE 2 2 L3AI6 N

D)jERBER T 272912 Tunit &1 &9 bD% [Sanld, Definition 5.3] IZBWTEHAL LA, In
M Stark ROFMEF 2 5. X D EILI N T Stark 2% EA L 7% DiE Mazur-Rubin [MaRul6a,
Definition 6.5] TH 5. (TStark £y LWV IHIAFBHESIC L >TOF 6, AHTOHKIE, Stark 2D
HARGI2Y Stark TGO THERTE 255, L wHTED LI THS ([MaRul6b, Proposition 9.10]
Z).)

*28 fik o 3 HIEZ R L ((MaRul6a, Theorem 12.4] ), 2HHEICOVLTIEr = 1 DHAICOARL %
([MaRul6a, Remark 11.5] 2IH). £5Eix r > 1 OGBSI RICHFTELLI LT EREEZLT
3% ([MaRul6a, Remark 11.9] Z#).
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TWw3 (ZOEE Euler 213 Rubin-Stark 7G5 %235 DThH ).
Fc OBEDIDH E LT, XROXDLBRE S :

s = (1 (OF 22, ¢} ). )

Z,[Gal(L/K)]
ZIZT

o p: AR,

L/K: fREBUEDHRR 7 —NWIEKRT, K DT XTOMBFE R L TREIHT
520,

r: K DR S O %L,

x: Gal(L/K) — Z): AWTRIEE,

(—)X: x oz & 5BF,

€1 /x € Nz, (cain/ i) (OF ®z Lp)X: L/K 23T % Rubin-Stark 60 (p, x) #5
(Rubin-Stark P Z{K7E),

o Ar: L DA 7 7IIVHIED p 7.

Biiyiikboduk [Biiy09, Theorem A] 1& (9) %, L %* Leopoldt 48 7% jii 7z #FEREE D
GAICEE L T/, #7571, Rubin-Stark 762> 5 B2 1 @ Euler 2% 1E D, B
1 @ Kolyvagin 2O#5mz M 2 BEdfive b DThH > 7. F4 13k Euler-Kolyvagin
FOMEMEBEL T, ZOBEBENLERELTL) - HOEAIC (Leopoldt P S KER
T) AHLAZE W) b TH 2,

(9) © TEEENG bRAEHI NS DRI NS, EFE Euler 2O BEm O AR
FRIZDOWTH SRR Z D T FETH 5.

Eif

562 IR BYY YRS Y L TOFHDOEEZ TS o770 77 LABEE O PR HKES
Sh, RHAZEKS A, £y RO LBEEHEOHINHES AICEH LT,

[BuF101] D. Burns, M. Flach, Tamagawa numbers for motives with (non-
commutative) coefficients, Doc. Math. 6 (2001) 501-570.
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Artin REUZATRET 2 RFBFR B O K817

LI B (LK)

d

2

1

A E G & DB D D OFESITIELS 2N E TICEB I NIRRT K TIEH D08 —
B, ERIFEARAE R OFEREZ B 25 L E1E 0o TR W I E3% 0, ERIFEFH R
RO BWITIZZEN BT —2%o TEH]) BETHL LW HE L TEHES k(€ Zag) 1
k>10&E3EY 27 —liff & TN 2 R BR ORI & Well 2 RER Y —DHIC
Fex 2B CRITE 2 812H 0, REHIBRRFA ORI 2 A0 LTI K 0 AR 03K
MPIMEEEZ D AREMEWSIETIADND., T2 THEHS k> 1 &0 FFFREES O
regularity condition (Zxf)&5 9 %. MHEMEROLEITE =1 D & 213657 5 GLy(R)
D =% Y RBL) limit of discrete series & F-{X41 discrete series @ limit (ZFEFRIZ72 > T
WD, ZOZERERICLH - TES k=1 DEEOMITICE > 1 OFZEREZ D 2 LA
LrxbD. ZOBA (k=1)1Z Weil 2FRF0 P—2ZEBTEXR2VRH DT 27 —Hhi
FEOEARY MAROaRsEa—0ine LT (FHEBEIZIIRIEEE & L) EBINLHD
REEMPEHATE S, —EREE LTo EH W) HE (regularity D Z & TIiE7Z2 W)
AT L REITBIRICEE L < 722, R (AIRIRD) afRtn O—|[ZEBLTE R0,
FlEBTCELLE LTHL 7=V ZEBRAOEAH EA AR BRGNS E 0 ST
VW EEEEGE & OFMENE HINTI FIEIZORFHD S HEERNE N ORBURTH S.

O — IR K BER SN MERRERE G 2B 25 & & G(Ag) OREAIR A
PRIUFRTL 2% L CEDIERRE SICBIT D52 =4 U R 1 13 Langlands (2 & » T2
DHEINTWD [21]. BRI F L I3ERB = @ 1, ORBLIZERI O ML op DZ
ETHD. ZIOREATRY HTICIE G(Ky) DRI Mo = Qyoomy D EARKI 7R EELH X,
BERD. X7 Mop WED XD RMEEER OB E L THEHTE 2003 1o DIFHICE
BEn, ZOERBIZGCTC7— U =B, Hecke TEFFE, 1ENTIEA EZE O IE MW 2 4 O 7= 5056

B

4 62 [l (B S LR DY MCB T B (2017 4£ 9 A 6 H (K)). FE A b/L & A5 B 34K
DNEILRFE ORI AN HS T 5 . B NEIC AT [18],[17],[19] & Z 0 SChkA SIS iz,
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B Z B ERRLNE I DO LBREHMT L2 LN TE D, ZOFIADFEL [28] 7
SZHEIIR DD THIKE S L HITEI L b —F I i,

AT DF 2 OHEBR IR L B L(s,7) 28 (AIREZ R T X TOFERT) B
INTWDHEE Zhdd D Artin RELDO L A% & ARRE % b < WPTAF D ZZ RV T—
BT oLE o OMWEZMBIT T2 L THD. & <IZG OXMMBEHNERBIELF D
X, T ZFEBTHEME L TIERIR b OREND N E D M biEmd D, £ BRI
G =GSps/Q,GL,/QB LV GLy/K(K/QRE2WRIR) D& =, Artin REUZIET D mo D
B2\ T Henry H. Kim (b= FR) & O T SR RIS OW TR~ S [15],[16].

F9, Fx OWIEOERE L 2o R RBIEXNOLE ORI E L, kIR OHF-
TZRIEZABN T 5. RIS BRORE - [REAREZIRAD.

2 Artin R

Z OENBT 2 L [7]) 2R ST AEEA Q Offakt e T EE Go = Gal(Q/Q)
D FAREA PRI ST 2 5l
p:Ggo — GL,(C)

D&% Artin RBLE W H L Hfiset e 7 Go 13 Krall i AHICBI LT = Xy Ml
THY, GL(C) ITIECDbEELBEDNAEZAND. ZDLE, Gg DA™ M)
O plFARMEERAT L6 50K THIR L/Q 3éd - T,

Go 2 GL,(C)

&/

Gal(L/Q)

DEINTpIE L ~OHIRZRFRET L. LN TIEHEEDOIZD pp b p TRTZLICT 5.
LOBERY O & LERp ZRIDFEAT T L0k LT, Dy, :={o € Gal(L/Q) | “v =
v} & p CONMRELE VD). BIOV ZED &, 7€ Gal(L/Q) TH-Tv' =TvkD b DONTF
159 50T Gal(L/Q) N T 77D, 7 = D,y BT 5. 3T, 0 € Gal(L/Q) 1% v ORISR
KF, := Oy v OMDOEKERM o : F, — F, 5| & ZFOTHERE D, , — Gal(F,/F))
EHETOININTEN RO TS, ZZCIOROEE I,, L RT:

l1—1,, — D,, — Gal(F,/F,) — 1.
WL, 2 p COEMREE V). ZOBED 0 ITKFELTVDN Dy, RRRZDETIZTH 5.
7aX=y 2 F, — F,, v — 2P O D,, ~OFH Eif & —2[E L Frob, T&EJ. Artin
MRER K Ot e 78 G THRBKICERIL TE DR EICAEIX K =Q DA ).

2



KH p S p(L,,) = {1} 2T LE p TRYETHD VD, Zhido OIRD FITES
220 L/QITFARKIER ThH 2 DT, p 1IFARMEL IR FE p (2t LT p 3G TH 5.
Artin BH p2EZ D2 LT GeDV :=C" ~0O CHBEGIERANG 26N TS ERD
ZENTEDL. EMERE L, X p B LCVIMERA L, ZOEER %

Vi .= {z eV | plo)r=xforal o€ l,,}

ET%. T ZITiE Frob, MEH L, ZDEAZHNL v OFRICK S0V ENHERTE
5. ZDEE pIIHET S LEBZRTERT 5!

Definition 2.1. EF2 Artin 28l p IZ%} L C,

L(s,p) = [ Lo(s, ), Ly(s,p) = det(idys,. —p~*p(Froby)lys,.) "
P

Zp®D Artin LB E W9 . 72721, s ITEREE.

Artin L A% L(s, p) 1% Re(s) > 1 OFPH THEXHNR T 5 Z ENEGITFEATE, S HIZ,
Brauer (2 & > TRYHICHBEAI T SN D Z EFEH STV 5 (2]

Example 2.1. FHEAKQ LD 3IRZEK f(z) := 2% —o — 1 ONEEZ L = QF & T
5. Sz DAERIE o = (123), 7 = (12) Z W THEHERAE (S3 OFREBL) o : S5 — GLy(C) %

Lo) = (%3 COl ) 1) = (? é) ICEoTERTS. 2P, G=e"5". ZDL X,
3

p:Go "2 Gal(L/Q) ~ &5 — GLy(C)

X odd > OBER 2UR5T Artin RELE 725 . T2 T odd & I13#EFRILE c OVERH OHBIZEN —1
ERDHEEEZND (DFEV, det(p(c) = —1). BKL/QILp =23 A TIIRZETHY,
p#23 DL XX fo(x) = f(z) mod plIWBELEAT p(1,,) = {1} LD, £z, folx) D
BERIT 08 1,2,3 125 LCTERE D, ~ (o), (1) BEVL L7425, 5T, Rkoik
BITIS LT ap = tr(p(Frob,)) = —1,0,2 & 72 %. 7=, det(p(Frob,)) = (2%) RAMD .
FoT, p#£23D L XX

1
_ p —2s
WP+ (53)P

LD, BT DFE M p=23DLEILD,, =1,, ~ (1) L7210, ag3 := tr(Frob,|yn.) =1
EHERTHZENTED. Lo T,

Ly(s,p) =

1
L23(87p) = 1 _ 23—5

3



Definition 2.2. ( Artin T4 ) B TARWEER Artin RIL p 13202 IE AN fREbT ke <
ns.

Definition 2.3. ( 78 Artin 748 ) BB TZRWEER Artin i@fﬁp AR, BIS, GL, (Ag)
DD RAIFREIR 7 = @), BFEL THRMEZERS p 23 LT L(s, m,) = Ly(s, p)
ISR SED. 72120, Lis, mp) 1ZRATRB m, O LB TH S (cf. [12]). £z,

Example 2.2. 22 H EOIERIBIEL fo3(1) = ¢[],51(1 — ¢")(1 = ¢*"), ¢ = 2™V =1r
BEZB. TRIES 1, Loov 3, B () ORAIIMIREA L IR T S
fos(T) = 2@1 bog" LB &, Example 2.1 D a, IZXF L Ta, = b, DT XTOREpIZxL
THCYSED. ZHUX L(s, p) DRI THH Z & 28 B THBT 2 L 0 ITRBIMEE R A
PEE D L(s, p) I3 FHEIN T ER S 5.

T DHRRIED SR IS L(s, ) .= [[, L(s, mp) A FRICIERNCAT GRS o 2 &
PED DT (cf. [12]) 58 Artin TAIT Artin TARZE . Artin PAEZIEIAT 5 58 L LT
REWEZFER T 5 2 EBNESDOFTE NI TETH D, p DBIVNSWEEND OFFEIZ/R > T
WD KD IR R UVIRTL (B BN FIECd D 72 8) I T AUSHRBIMEZFE 32 2 &3 L
WEEDLND., ZZTRMEHTIZE 5T, b LIRBIRBLITH > TN Artin ZHLUZKHIE
T 57 BIEEORBFOMENOHEE N KM EI N TND EHERIT 2 OIXEmMYAROZ L LR
bivs,

ZOXIREEDO T, KRBT 22 OBKITIZE A LT XTOHEHK p T L(s,m) =
Ly(s,p) &0 TWD X OMBHE R o ZMRDZ LD D. GLy,n > 3 OEEILR
MZEINEEAEIE Z RV O TEIHTHI L7 £ 918 1y 25819 2 B ERIM: A IR
LD LIXTERVAG = GLy/Q F721% GSpy/Q OLE I xIFr2E Fﬁﬁ‘?‘ﬁ?@f*ﬁj_%ﬁ“
SOTEDRMMN D 5. FHEEINTIE GLy/Q DIBA L ITE W GSps/Q DBAITIZERE
1% Artin REBUH IS LIFRNWZ L 23T 5.

3 GL,/QDBE

Z O ONEFITHMFIZIT well-known T 2 233CHkI [6] <0 [10] FE03 5T B b . GLa(Ag)
DREMBERZ 7 =), 95, 2O L&, HDHEEK Artin KH p : Gg — GLy(C)
MIAEL T, m, p ARG & 72 DB p .6t LT Ly(s, p) = L(s,m,) DD o> T\ D &

22t — ““T(())eme% RS AT B B p DR L T

Loo(s,p) :=Tgr(s)" Tr(s+1)", Tg(s) =7 3[(s)

2R EMICIE Tr,p BRI E 72 5 BME AR TR CTOFRE p) (LT Ly(s,p) = L(s,mp) 785 7
EERD.



2'2’9’—5 & (Artin motive (2T 2 W o~ KFDOERIZHE D [9)]), AR 7R L BA%z v
71@/: ZX Y (cf. Appendix of [24]),
L(s,To0) = Loo(S, p)
W% . —JTGLy(R) OB =% URIOFAT L AFIZR < MBNTIY (of [22] D
33Hi), 2D, RIA—F—FHRHZ LT
7(1,sgn) if (nt,n”
Too =~ ¢ 7(1,1) if (n*,n”
n-

m(sgn,sgn) if (nt,

BHHDH. 2T, BRI c RY — Ci = 1,218 LT, (i, xo) = Ind 2™ v @ x
. . b .
X BRI BR) EOFEEE v1 @ xo g O xi(a)x2(d) DIEBUE S NTFFERIT

HD. FTo, sgnld 0 TRWHEEIZKH L TEDHFEEZEXLBEBTH L. K (1, sgn) I&
HEHCRANERBLOMIR & FET, S 1 OEJIREEX L LR TS, 20— 7T, n(1,1) R
m(sgn, sgn) IFIERITH KOERITH 722 < KRN 5 O MBI DR 22 L FEBLTE 722
. EOHBLY Casimin FRAROEAN | Th b, DRI CHRILE I 5B
PEEITRE S0, 2R sgn MBHDONRT A —HIZBINDE (nt D L) 2HDH &
TIEAMENE )N D, L EOFIFREAE K EO GLy/ K ITH L THESHICELETE L.

HERF L TORED (1, 8gn) & 725 GLQ(A@) DR FBAIRBIRBUZ T odd 72BERK) 2 ot
Artin 3 p : Gg — GLy(C) 28%xHi&9 % [8]. 1 uma&%ﬁz&mAmn%ﬁi%ﬂ%
T& 5 Z &2 Khare-Wintenberger (& & % &7 —/ /L FROMRER ([14]) OJFfE L L CGEH ST
W5 (cf. [20]). £D—FT, BEK 2 kot Artin KB p : Gg — GLa(C) Teven 726 D (odd
TRWEGE)VIT T E U TERFR A TORIN 7(1,1) X° 7(sgn, sgn) & 725 L AR E
DRIT D & TFHEIN TODRRIRITITE > TR, £-20 X ) 2 BREL) 5 Artin
KHZHERLT D FELS OB, 20O &9 RIUIARESR T & BEMT D 2 EnTE R
WO B IDIRARIIR T A T T D TH D, m(1,1) R0 m(sgn, sgn) & 72 5 5 AR
BT E X 0 O Maass wave form & FFEINLTWD. 2D X 9 72 Maass wave form (Z%f LT
Blasius-Ramakrishnan 1% [1] (IZFBWTH v 7 REPSHERRL T & 72 & FR L7220& T Ofw T
Y72 I A ([1] @ Proposition 6.6 ) #IL L T\ 5 Z LIZRNM & FEEZFEIL TS, 2
= DESYIE GSps/Q DEFTHUH 5.

even 7RBER) Artin K3 p D PGLy(C) ~DEHALD AR D & &, ZHITHIET D Maass
wave form [ ZEARANTHER TE 5 (cf. [3] @ Theorem 19.1, p.112). &V —fIZ Artin K3
DA fif T o 551 LIEZ L (base chnage) & WV TxHS T 2R BEB AR T 5 Z &
M TELVNEREYZ form 2L TE L0 E 9 NEIRBO BRI FEB LEE L TB Y FS
7RRE TR,



4 GL,/Q,n>3DizHE

ZO%E S GLy/Q DA L RIRETH 2 H3RFFRZERH] A H AR IR HE G (/L < — ML)
ZFFIZ720. GL,(Ag) DREWIRER Z 7 = @)m, &35 Hifi & FRIC LT, & 25K
Artin &8l p: Gg — GL,(C) MFAEL T, m, p BAGME & 72 5 F B p 123k LT L(s, p), =

L(s,m,) WALV SLoTWD LT 5. n* nj:tr#(()) LB ZDEE, L(s,Te) = Loo(s, p)
THY,
Too > T(€1,...,€y) i= Indg(Lﬂg )61 ® R €y, € € {1,sgn}.

7‘:7‘:“1, 6 =1&R05In", ¢ =sen &8I n &L—8HT5H. GL,/ QDL X LFRIT L
I GL3/Q OHEIT Artin RBUZ KT D RBE A2 BARICHERCS 2 7iEIE S 2 09
%%Fw%f%a

5% GSp4/Q0)i’Z'é

Z OFIHFRIC[15] O 5 Hi & A 9.4 ICBHE T 5

5.1 EBAIFH & Artin RIF

G = GSps/Q &5 (RB=I1L [15],[29] #ZH). G OEREE G = [G,G] = Spy Dxf
FRZEMIZ UL 2 0 Y — L FL2ER Hy — {Z € My(C) | 'Z = 2, m(Z) > 0} & 7%
DEFEHELZHA D, FRRS—FABERITITES L WOBERH Y, TR OM
(ki ko) € Z2, Ky > ko > LICHRHE LTV 23, TS (b, k) OERIR A S —FABR F IR
FIFRB 7 RIE L TWD ERGET D, 2D & &, mIZBEKIZ Artin £ p : Gg — GSp,(C)
DX LIF D E D INEERT 5. Jo7, CAP £33l L endoscopic BHOZFEL Y, 2D X9
7o RBUIEER Artin REUZKHIG L AW Z 03005, Lo T, 7L CAP T% endoscopic
THARWVE LTIV, 20L& Arthur D457 5 GSpy @ globally generic 81 w9 23MF1E
LT, & md 3ARMEAZBR < X TOFEATREDD {70, 72} 1% L-packet & 722 ([15] D
SHEIFETIX[30] D 2f). bHAA T, =1L ODHEELHDH. T DA L-packet I3 singleton
ToH 5. 79 1% generic transfer (2K Y GLy ~R ,EE’JT%M?EEEH ELTIlift SNnH06 GLy
DEREFDFFMDEZ T, T, DT T T U AT A —H— 1 Wy — GSp,(C) & HIR
7285 B GSp,(C) € GLy(C) LA RKIT N, DT v 7 7/7«“/\"?% 2=t —8T5
(GSpy(R) DT 2 7T 2 KT A— 5 — oSN T 213 [26] % BIB). T 1 Artin 3
KT D EWVIRERD T, BIFIORER LY | I, = 7(e1, €2, €63,€4),6; € {1,8gn}. ZDOWN,

3QLy(C) DARELAIER B Sym™ %2 @ det®2 Sty & #HIE.
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4% T GSpy(C) ITfEAE & 2 b O &L [AMEIZZ2 53581E (nT,n7) = (4,0),(2,2),(0,4) D & &
THh,

W(l,sgn, Sgn)uﬂ-(L 1,sgn), or W(Sgn, sgn,sgn) if (nJruni) = (2’2)
Too < 7(1,1,1) if (n™,n7) =(4,0)
7(sgn,sgn, 1) if (n*,n")=1(0,4)

DD, 12721, 101X GSpy D LR LV #E B L OFREE

X1 ® X2 ® x3: B(R) — C~, = x1(a)x2(b)xs(c)

o O O 2
o O ™ ¥
@I
—
o

(2BIY % (EMUE S ) BRI Ind 2 O X @ xe @ xs Th 5. ALICHN D FHHRIUL
TRCBENTHD Z LIL REEOFEN D DND. —77[29] OFEH (Corollary 3.2.3) £V 74
FEFROWTRE BB LARNT EBH0 5O TIEHIY—2 VR Artin ZBUZRHE L
RN ENGnD. LD S &

Theorem 5.1. ( [15] D 9&i ) Wfa7 2% 2 DERI P —7 VRIS Artin KBTS
L7220,

ZHL (1, sgn, sgn), m(1,1,€), m(sgn,sgn,e), € € {1,sgn} OW/NK A 7DV = A
MEIENER (1,0),(0,0),(=1,—-1) TH L. HHMARES (Kc = GLy(C) DREIZREL) &
L TiE#HFh Sym!Sty, 1, det ' Sty TH 5.

g = LieSps(R) & L, Z(g) ##EFE I gc DB EAEER U(ge) O LT 5. Z(g) 12 C 1
D2EKZEATHY ZDENRTE Ay, Ay T 5 ([15] D 4HISH). Bk > ky 12X L
T GLo(C) OREAIEBLE Wik, k) = (P ), Sym™ 2 @ det™ C?) L&D 5.

BHFEB 1, co BEROSpa(Z) DETRIEBHET AT LT, Siiey o) (L €1, €2) & O fRAEHINA
7 NIVERIEE F - Hy — Wiy ko) T2 T, F(VZ) = piy o) (CZ+D)F(Z2) 132 AF = ¢;F
Zhi 7z LI 2RERTH D b OREDOTHES & 5. Harish-Chandra OFER LV Z v
HIRRIE C X7 hVERE 722, £BLn(1,sgn,sgn), 7(1,1,¢), m(sgn,sgn,e), € € {1,sgn}
ITENEN

5 5 5
5(170) (F’ _E’ 0)7 S(Ovo) (F7 _Ea 0)7 S(—l,—l) (F7 _E7 0)
(BT D, MOERFZEZ WS & Hecke 1EHFE & Al 72 AR
o 5
Sao(ls=15:0) = Sen (I, —15,0)



BB BID K-type ~DOEBPHERTE 5. 5(2’1)( , 12, ) EHEZDAY >y MI LB
73 (adelic form & classical form OFIZA T D) IE#MbZ T 5 Z & (Hecke (EHZR 2 EH LT
% Z &) 72 LIC Artin L BAEL E XSS 2 &9 v d % ([15] @ Remark 4.3 & Section 6 %
ZH). S00)(T, —3,0) DTl [11], [27], [23] TS TV D.

120

6 GLy/K, K/QRE2RXRADIZE ([16] DIESR)

K/QZE2WIKE L, Gal(K/Q) = {1,0} T 2. K ®C~DMDiARE 0oy, 005 &F
5. & GLy(Ag) DRBARMRILE L, & 5B Artin Bl p : G — GL2(C) b -
T UEEALETRTO K OFMRFER vkt LT, L(s,m,) = Ly(s,p) £7>Tn5 LT 5
2O L EHIOEm & RRIZ LT

L(8,Too,) = L(S,Tooy) = 2(27) °T'(s)

WD, ZhHE e, = 7(1,1), i =1,2 %# <.

T DHLFREED ) NV DGR Nicjo 2T 5 & &, 713 GLy(Ag) DPRFFEIRIZ transfer S
NZENE Asal lift & W\ Asai(n) TRT. b, « ;é mof ThRWE E | Asai(m) TR AHY
ThHDHITENHN0, FORIEOSRIEN S GSp4(A@) DR E’Jf%ﬁ”i‘?fﬁ descend T°%. %
NI LT e, 70770 AT A—F—DFHEIC

Il ~ 7(1,sgn,sgn)

D35, RS, THTFIERY — 7 VI U3t L7g .

1] @%%%i)ﬁxotﬁﬁf FROEY ThD. GLy(Ag) DRAMRAERB 7 TEHEZ 0D
Maass wave form (ZXHET D H D% & 5. Z 25 even Artin L p : Gg — GLy(C) &
EVT2WERTH 5. BT, 2 IRIK K Z#UISER Y, JRAH T GLy(Ag) ORSHIREIFR B
BC(r) #1E%. Z#vEx EFLH1ET GSpy(Ag) IZdecend L, ZNa Il & 95 &, Bk L7z X
DIZRIEY e ~ (1, sgn, sgn) & 72V IEATERITE 5 BNAE> THRIS LGN L2230
7. BT [1] DA 6.6 13750 T 5.

7T SEROEE

GSps/Q DA Artin KIUT ST DR D type 08 L2 RENLHIC
HI— A FERUTRE LIS W2 3o te. O Z ENRGIEE 3 RIEA iﬁéﬂté&%ﬁ
DERTERNEWVW) ZEIZHD. LvL [4] 18] DFEFE LT Z O & 5 7S Bz
2 72K D ZRRBLUT I N T, Nom — X & W S R R 22 xbic 2 VT, BFio

8



Artin ZEUSKHS T N ERBE AN EAR RO H 5 EO_T U 7 & L TRIRTE
52 LA LT (4] TIRU(2,1)/Q Blbi T ).

G =GSps/QDHE, D= Spy(R)/H, H:=U(1) xU(1) EBL & 24k cEl#EL
FRIRDOREEN A D Z L0337 %. Lie(H)e = CHf @ CHy L3<. 72721

0 —v—1 0 0

0 . 0 —/—1
) HQ =
v—1 0 0
0 0

H; =

o O O O
o O O O
o O O O
o O O O

0
0
0 v—1
n = (,ul,,u2) € X*(LleHc) =7ZH,® ZHy ~ 7% WX L/T

‘Cu = Sp4(R) XH Cu/(g€h7z) ~ (g’€<ﬂvh>z)

DERIZ D EOBERKREZED D, 12120, TV U7 (x,) 1% (H;, HY) = 271, i = 1,2
ERDEIITEDOND. £ CLIEH D 1RILEBC TH =exp(h) € H,h € Lie(H)c
DOIERN el T2 55 ?60)“(3?)5. Section 5 Cifii U72 GSp,(R) ORI =4 VU &
(1, sgn,sgn) % Sp,(R) IZHIR L7z b DI (564) PRI ToH Y £ OBERIIK O minimal K-
type 28 (L,0) Db D% Voo £ 5. —J7, w(1,1,1) & Spy(R) IZHIFR L72 & DIFEEN TH
D, Thx Voo, &7 5. ZO%HEO minimal K-type [IRTIZAZEY (0,0) TH D (L5
DOFEWRIL[13] OME 311 HEZ2M]). 2O L ZRBMLILTND

Theorem 7.1. ( [13] DEHE 5.4,p.224 ) T % Sp,(Z) & cocompact lattice, J 72> H I'\Hy
WXy k&I D arithmetic subgroup &35, T D& ZWRMNEKY LD

1. H3<F\D, ﬁ(_g’_l)) e V((LCI)v V((LCH) NEHGT 5.
2. k> 51Zx LT (C,C) BT e [RIH
S(k,k)(l“) (024 S(k+1,k) (F) ~ Hg(F\D, E(_Q’_1)>

PFAET S
L, HUFERE O aREr Y —Th Y EITEY =7 VEATH 5.

ZO XD, TRt s A 08 LT Artin REUSXHS T2 & i S 2 A 0 BRI
/ﬂff/l/ﬁx_ﬁfnﬂﬂjﬂ‘%’) k75>’C?—55 MEEZ Z 2B U I L TR &2 2
3‘(3?)%) Carayol (X U(2,1) DHEIZ CM miE INT INERATWD., U—F VDG4

3 AN ijﬁ%%%ﬂﬁfﬁ‘é@f% DT DOFFAM T BIE D AENE 2 5~ 2 71k
75§%2 LbNDTHAH. T LEAKMOER L ZDRAGND 7 — ) TR (FEMATHI 72

9



T Whittaker function DR 23U E T Vg o) DHBEIT [11], 27] FIZ KV HESL S
7B % [25) Z O T Voo PHe (ZOBEIX 2 RIe~ 7 MVERE) IRk L 2%
ANWT7— ) =@BiC LB OHMm &M T 5 Z EDNMY BT 2L THH LW
I DINFLAETH S (cf. [28] D spilit SR Iz 0).

Remark 7.2. Section 5 Thm U7z GSpy(R) O ==% U &BLL Totally degenerate limit of
discrete series (&L C TDLDS) & FEFILTWD [5].

8 Artin RIEBRICHELEH

Z OEIOWNEAIL [15],[16] DN L BIET 5. Artin REUI RIS T 2 R RELO MR
RDEATITEFTEIZDOT, ZD X5 RERIFRZ S HORBUKRBE 7 NHAZ—FLTE
BRIZ Artin RIAIEDIZITE OFT, IRD (BEL W) RFEDLE L 72D,

1. Hecke [&A 8D AE B LM
2. WEIKHL DT 0 TR OIFE
3. AREZ R 012 LT mod ¢ a7 RHEDIELE

WTNOEMES GLy/Q, Too ~ m(1,8gn) DZEEFRWTEEHAT 5 Z & NBUEDOEAT CTIEIE
HICHELWE W) DR TH D, 2D DM 2 E T 1T Rankin-Selberg L B% & A
BRAEEDE S TEOREEICBE 4 5 — MR B Artin HEOFELENRE S (cf. [15],[16])

9 HiE

OB Z 52 TS WE LI E ZK S A, R ERER S A, i)l HES%E4E, 38
X777 AEEEDO T 2 IEER L EFET. FMHEENANWA LA RER A
LCLKIEEWE LI HE ZRK S A, HEO/E—RSYE4, B LY Carayol, Kerr D fEF O EH
PR LIFE 2l LT E & W L2 BFIES AR L EF £
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HKIRED 13 a €0 P —1E 0B

AU (REOREEBRAT SR
Yasuhiro Wakabayashi (Graduate School of Mathematical Sciences, The University of Tokyo)

%=

fRIR’E (dormant oper, do’per) & i%, IEEEEUAR EERR I N7 ABHRE B DR 2 R EHEATE
FHTH D, Felaax (W) i mKIRICE R0k 2 R EMAFEMS HEAIHIET 3
bDTH L. ARTIE, 0L [23]) I TER I N7 HRIREDRA FFsfaas, 1cBEd 2 56 % I
H BT 5. RHEMAREEE G o LT, sftERngEthit Lo TRIRBEEN G ) Lk aila%
BAL, INSZ0HT2ZELICEIVRIRG EDEC 254 2a 37 MET 3. 2 G 36
PR DA 2 - 7 ATMREDIIRE VWA 2. ZDa vy FEY 254 LOAEEEAREZ Fv7-
aFERY—WGOMEH (CohFT) ORYNE & U2 DIFH:E L TH 515 Witten FHROHEDE
T 5.

1 BEUOHIT: R DBHAHER

AREE 62 0] REEES VRY T LTI EZEAFIC X 2HENRTICHETDE, TRIREDHZ
T 1B 2 B & RERSALIC O VLTI L 7o oL IR [23] T L 2 ROFER & M
T%:

1. RIEZ 0T 2 (IREHEAEZ DL D) av 87 bEY 274 DR
2. KIR/EIC Xk 3 a K€ 0¥ — 5 DB DORE K
3. Witten ¥ TKRIEE, FE{L.

& ZHTHRIRE Lid o e Wil 72 5 9 b (RIREDERICAN 2 A0S, F 9 I3BHE Y 2 A 52
HRICOVTHEEMT 2 2 &R0 & 9. X 2EELE C B S 7ol JERE, 2 LChllf %
REFRE (D 2 I2ERA» D287 7 Riemann [fi) &L, K 2 ZOBIBAL T2, WE, G4
BRAED B THEERF RN Z RO X EOE=y 77 n (> 1) BEAXBEBS RO OWTEZ L ):

d
Dy = D:i=—+q-—— n—-1=—+ dn- 1
y =0, g Tt it a (1)

72720, FEDO DIZBWTq, ,¢,€ K THY, zld X ODREIEEL T 5. H#or /o K
HERDFAZ- BICBZ T NB L2 BVIHZ S . Z24Ud, 2D X)) B AR Dy = 0 OFILENT
PR IZBE U CRFTIIZ C ED n RIGR 7 FIVZERZ 2T, L wH e THD. TCLoRT L%
MzE%T) ZEETROMHDPDDDIIESG . K, RERDINETHUE Twa 2 LR MED S5
W, ZLTCICk 2 AN 7 —TETHL T2 & RMOTEAE L % (H 2 0IFEHEESY d D)
DEBC E—HT B0, RFINICGEZ N353 (bbBA) BB
BICk o TRINZ O DTH 205, DS RZNFEWRT) RBIIC2 2 & ) BB IEH IS H
THB2 DX WMo HERE, B EEZ2%61F, REBIE» S 7% 5857 VORI
2, ENVELIRADME, Thbbn b3k RbDTHS. 2D X I ITEIETREN 2 R
TR 2 W13 1870 EfUCIR £ D, % < DEEE (H. A. Schwarz, L. 1. Fuchs, P. Gordan,
C. F. Klein, C. Jordan, et al.) X o TSN TEL. ZDOFHEICOWTIFZ 2 TIFFEEL < A
L7, Ih b ARROE A TALICH) B uiR e, 20k ) otz #
O TEEEEM, <bH 5.

EVWHZET, TR EEEp > OREPAKE L, #itHo X %2 (C ETidkl) k EE#Z
7RG, JERER, 2 L CHEA 2 REIBRICE S THY (1) D & 95 Mo X Dy =0 2% 2
£, X Otz g( 0) &L, Dy=0DMEERERZ o, ,o.€X(k)(r 0)DLiCHBLET

1wkbysh@ms .u-tokyo.ac. jp
RECES Y RP T DB L) B BICE T, BIRP IO X ) AR TRy, TR EATH
LBV TL £l
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5. ZOLE X* = (X, {o;}_y) % (g,7) OB EREER L AL, TORVD b & THD S
B Dy =017 TX* EERI NN, EMERZEICT2. 25T, C ETEZ MO
X Dy = 0 & IEESUA BT 2 ORARRKZEIZM7E 5 9 26, 23Uk, IFER OB A D22
&, BIBUA K OIto p KO T KP ($fETH 0 ) 2K ET5_7 FLERMEL TR
ZRELDTHS, LVWHIZLETHAT. &w%@@ L2 = Pl =0 b 0B LI, KITE
F 2GSy d: K — Qg OFIE KP TH B8 ,mwﬁi(k@ateﬁ)Kp_;éxﬁ7—
FETHE TWRDTH 2. BZEMOXICIE (KP EOXNZ FLZERELT) RIEDEARRILTH
5. 22T, X* BELEIN (1) DX % n BRI HERAD I & BREORTTIIn L% 2H
% (BHEOZD) "BROBHAAER, LIPSRZ LIl L) (ABAAZHNIEARICE > 72 A KE
MHEZFNGTTHD Z LICERINL) - 29, TR Wi, LixEIBEEDET
filian 7 TAREUR 2 e KIRIC S D R OIREESHELMICH 5. T D X ) 2o iU ic
FHEL RO EPBRENED, (D EEFITI) DBEDXI BNy 7R %E LTS EEIC
F D mDd, 2 LTENL 5WHE D %My HIBRRXDBEET 2 O»fHICIE S 6% \0». C Lo
LICHRZ E 2D X ) 2o iBcBET 28 EHE D (LI r2R) EELTLAVE)ITH
5. L) T ETIAELOMEOHEE LT T (HEREEHRLD) R GBHIABRADENLS
WHBDONEBRETRHNBIETERS, 228752 8IcLE). UTFTIE, 29 24r>0 (220
n>1) DHEHITOVWTELS

2 BRAMSAEADES

FEATOIIED 72 D> THREL D LW T RA O BBV RIVISGHR I N TWw 2 7 — R 13 % v, BIR
NI R D & T 2B T RADHAETRHON TV SFIRICOVTHAL L ). P =
Proj(k[s,t]) & k LOSHEMRE T 2. kD 3T0a,b,ciT X > TEF 3 HBMBIT TR L 1EZRD X
) o iR TH > 7

c 1 c+a+b\ d ab
) .

d2
Dopcy=0, Dype:i=— — —t—
by by + ( + dx + z(xz 1)

dx? x z 1
(7220, 2:=5/t) . 2NIF 350,100 ICEBWTHEERRMZFFODT, (0,3) B mifh & R0
P* := (P,{0,1,00}) LS AR EPRIRELDTH . TlE, a,b,c BED L I AHHlAADED
EEIW Doup oy = 0DFMPICH 272259 . ZOMIHT 2% 213 Y. Thara IZ k> TRD K H I
HzehTwd (cf [5],§1.6) :

Dapey =003HEMD < TabceZ/pZy 2> Tb>c>a£71da>¢> b (3)

22T, () BRARRMZ — Z/pZ HIR L TR B 2ME {1, | p} S Z/pL DWERET 5.
b L Dayoy =0 2SEMD 7 512, BIsK

a (@a+1) b b+1) ,
2

a b
: =1+ — 4
ya,b,c(x) + T+ c (C + 1) 7+ ( )

1 ¢ 1
(7L, MEDTD0 EABMEETEDZLDET D) BEP 2 Y cy1p i1 o(x) 57552
THRREMOILIE L 7 5. 2 LT (3) 5, R BBRAMAHRABE £ 5& L2 @53 L
BB S NS, (0,3) B MM S RBUR LD (1) THASNS L) Ay BT GEY)AZ
BEEHIC X D) BRI ARATES NS 1D, (g,r,n) = (0,3,2) DEEE U X ) BEICHfE
INLVoTEVESY.

ZoflzE s T VBB HlE LT (g,7,2) = (2,0,2) DEADH 503, TNEIARENIC LOKROF
WIRZ ST E R, éﬂiiﬂﬁ* (EHOHBIRD TIX) ZOBELI»TL>T0RARVDOTH L3, &
7o LTINS A I B 2 R D AMOERE Lo 2w ERL S LHEDES I D,

3{mk¥)if:.§+§iéh“@>f;%¢w§ﬁ%f)itLAJm(,,)m
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3 T D BHAFENDSKEEAN

YO MAEAEED LRI, DEET (1) Dk AR ZERNEORRE LTl
FWA LS. (1) THAONEHbOMIEME D BARZREFRY P LK LD

q1 qz qs gn—1 qn
0 0 0
d 0 0
0 0 0 1 0

ERINDEREMNET S, L THENT 2, L5072, THUIRD X I BEKRTHS: L
y DB HTER Dy =0 DR TH2 L E (D Y W) Iz k5 THEASNDRY FAHOYIN I
VICBE L TKEICR Y WIAEEDOKEYTIBIE D Lk I LT Dy =0 DB o0 5. i, A
TENGHEZ TS LI BBERABRICE R (= TERBD %)) WMo, KRz ik
BRI2% KR (0 b, KON 2RO 2 T EOB K n 1ck2) B MInT 5. —H, X7
NV EDOEERE DKW DL XX, 208k TpBIZE) ICko T2 I ENTES. plliEL 2
AZERIZOWVTUEZ T TEFEL SR (IEfEZRERRIZ [15], Proposition 1.2.1 & £ &2 SR I /-
W) A, —STEIYE TER (SRS THRZ UV (b2 0IETEHR) IS 2REFER 27 b v
HWADE) 12BT 2, p BEEOMHMEADREE ) L L TERINIHOTHS. EhitlcBT, Tp
FREDH L) IENGNTREEZ DD (= Tp#iEENFICA S ) L&, RPN ZRRBIZS
DI EDEETH S Z D (—HTEERCIEANHETEZED) K{AsNTwS. DEXD, My
Tt Dy = 0 BSFEM P 22 £ 9 &, NI 2868 V O p HFRIC K > THRHITE 2 2 &3 T

Dy =003%M D> TH 25 (e KRICKD) «— V 2URARICE < DARFGIW 2 £

< V O p i (6)

LA ERO V DX SISO Gri ths BEWiE% A7 TRt 2 > 727 PV (GL, 3H)
DT E% TGL, Fy LS. XD EMEINICE ) &, EoRBTI (DFD (5)1cBIT2 A) DXif
B LD —BETDIA v THHITH Y, ZI06EFICH 2 EMBENORTIERTHELEL S (5
D DRTIERE) X9 mEEBiE -7 GL, % GL, FEMATVS. Lo LFERIE, E=MA1741
W& 27 =Y kD BB GL, Bl (5) @2 7cb (0 h E=AIB»TH & LT 2Ry
THELE%D) #L1GL, FLELTRINS. HiBOEZA, GL, FLIR3EIIC () drlbi Lk
oy R & RHIG T 2 At & GL, FHRICfiZe & v, B amic X b, UM Tk GL, /ETIE
%<, GL, E» 6 iFE I N 2 kil & PGL, FH £ = (£,Ve) L LTEHKSINS "PGL, Fy %
o Z izt

HIR/E & 13 v o 72 fi] 72 5 9 2, & BEEICRI DT 72, HEREREDS PGL, & 2 A DERICIE (—
i) Y FWZ L. KR PGL, ‘EE &, PGL, F £* .= (£,Ve) TH D, 1 Ve O p B
NEBICLBZBDEVLTERSINZEEBEETORNRTHS. Fll D 2 it 2 Fho>FEl7x
XFRICOWTHRET 5 2 L IR PGL, EICOWTHME T3 L THBLEE->TLEHTY (5%
TOHERPS) ZLEZARVES . K288 HEIZRD &k 512 (k) IAHEHARHEZ S -
T) Stz ohs:

(RAHERIR ED) KEEHENL SWHZODEHTNEI 5 TERS. (7)

4GL, FTId%{ PGL, FZ2#F I BMHZFICRDO 20564 2% 1. (KIK) GL, FIZACHMZ% 270, 20X )
BRREFFETIES 274 % HROPTOVER) & LTERT 22 EBHELZ L. 2. % XX LORIE GL, FIZMEREG
HELTLEI 20, BA LTREZ#EZ %9 A TEIENRTIEZv. TRIE PGL, EDO%A L) 13 &1 ™KIR GL, E
DEY 274 OHEFETOBA L) 1SHIGL TE D, FEfER o OZ M HICHETE 20 TH 5. Lid>T MRIR
PGL,, FOEA LT, DIFI%2FBZ 20T, FMD 2o ABRXE2HD v ) il BRS 2 L ko,
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B 2 25603 £ OB RADEAIL DL TR DB THE . (2) O X 5 B D A
BT HTER Dypey = 0 253U S NS P* LOIKIR PGL, B2 €4, | L&iT 52 Lot 5. @5

IR H RO T 5 C £ 10X D, 2 DOIKIE PGL,, 2 €8, ., €8, #iIITH 5 7
DT, KOGE Bl 2 LB TH S 2 & DMHICHED® 5N 5

FHZ, Doy > EX, 1 3FRHLD MM X OELD S PX EOWIRPGLy Fo (MEYHARD
%5Y) BHEND B NI WNEZEZ 5. Lo THIBDFHED S, (0,3) B0 gftE REERER_E DRI
PGL, FORBEEAREL5E & Pﬂ—*“?@ﬁé_&#“@é.%u:@@mmyqaam
(FfiEi7e 2 & 72238 (g,7,n) = (2,0,2) DEHAE D) 1SR 2 BURINGHEIZBAFEIC X DIRA ik &5
‘?J.é k> TEZ ST S (cf. [14], Chap.V, §3.2, Corollary 3.7; [11], Theorem 2; [17], Theorem
1.2). Bk e flni & EDAIRE /2 2 & BRDMRIRE IS S AR 23ii > T 5 2 E~DEFRETH D

B S 2 i DR ROWIE & & S ITHAFEEZ B 33w o e n, RIS I SR 2855
TRIRFDBA L) 3ol b, o b —INARIUZE ) B> TR 2D0HID 72 Tk 6
5512595

R 1. ZORXEFEIIBWT '—’T?J EWEATW S B DI, A. Beilinson-V. Drinfeld (cf. [1], Def-
indtion 3.1.8) 12X D “oper” £ DWERZ{TEHAINIBEZIEL TW30, C BRI A5 EhRR
FoEER, AES RPNV — 7HORIGERICE O THRLNANRE L TEST 5. 206 13—k KdV
FEfEDREZER Z N T 2 b D & LT 2 THRONIERmTH Y, [1JITBWTIRMNT v 77 v
AMEDOSIRICE T (EEICERE L 2 wilido b &) BAI Nk, BiGEmL X1, Bk (@
DRDZRNELAICEWTIR) HAHEOERKRBOMIENRZEEWNIET 2 L8204 “oper”@EEEK
L5 TV5 LI THS. LidVZ, BIZIETPGLy F X R. C. Gunning £ D [3/ 1B THlbi
7z (Riemann T L) THHEAGE) &L <CI1d THEAR) 22B&icfhie sz, ZOXIHITEEZD
S5 Z 503 LD DD S BRICHEICHEE L T EANEETH D, BROEIW 2 ICLHNARE
BrERf-oTw»3

*7‘5 fh@?ﬁl@’?%?&’) 7t Difaild, S. Mochizuki 12 & O EERERT T & 7z p it Teichmailler B

Wz T A XIRICIH>TW0B E WA 5749 . Rzl TR 2% 61X, p i Teichmiiller B
mkiﬁﬁﬁﬁiﬁﬁéh#ﬂ%mﬁﬁ%ﬁ®r%%&§P@Q$(=Eﬁﬁ)%ﬁwﬁjp@%%

BT 2GR TH 5. DRIV THEMEH SN OO H %28, ZN 5 DIRAIZVTICE

J:, "VEZERT ) EH0 p MEBOWIZE,) ICENI NS, BRIZERNT 228, rift S LEME LD
R PGLy 'E (=RIREIER) 2D a v 87 FEY 274 OfERIE p tE Teichmiiller BER DT
ipTirbii:.

R 2. Lo 1 oSz, ALET THEESE, ICOoOLTHHLTEI). X 2 Eff
VI RIS RS R g > 1 OAHINEARIE & T 2. © 0BG LI, ¥ OEELEHS U= {(U, C
Y00 : Uy = C) o TH Y, Z DPERZMDY T—RGBEH, TEINDLDD (REREHREE
EBEfRIC X %) FEfEME (U] TH 5. ¥ LG U O 9 LFEET 2 EEMEIHR g Da v 7
I Riemannifi X ERBICA 2L E, (U] 13 X LORBBETCHL LTSN LICL LS. X LS
WG (W] D52 6N L E, U B L T2 ARSI X OIARED PGL, £#B% %
5. (Riemann-Hilbert WinZz N1 T) ZORBUTIGT 5 X Lo & PGL, FHRF X
PGL, Et k%, ZOMHEICLD, X LoSEMELEOESE X LD PGL, EORBE2FDLE
HLOMDO—R—HErEsns.

5% < AN ZIEMTT.
6uoper” ¥ “operator (=fEfZ%) 7ICIHIA TV % (operator DFEMR) 728, MIGT 28T E) oWIXELTD E, %
oper DI ETH I LITL 7.
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4 AV BMEI 21571 DB

ML Eofns o, (RE) iz % < Feomar a3 2 Bk o (RIRE DA EFRTE~ &
Yo (BUFob D THB) . RIVEOHZ LT 2EHT %9 2 TReE RV
BN 72 URIVEDEY 254 ) 1Tflize S 2w B5E L 2R 8l FoRIVEZ 50T 3 €Y 2
IABEZD () SURE B D | pifE Teichmiiller Blign (Wi 1 22HOZ &) ozhicEk
VTR MR E 2 0 LORIREDOMAZ ST 2P 274 205 . TSRO L
BALIZ L 7230 TIRIREDSED X H IR 288 ) O 2 BET 2 Z L WEEL LS TH S, R Z O
R (BLORBRIEIEHNT 2350 —NGOMERERKT 2 RICBVWTDH) 226, IRIREZ ST
€Y 274 @Y oARICa Y N7 MUT 2 08ICFA. BIE S 1 5. ERBREGRE G 23BERE
HOLEICOWTE, BEHC 2] O Tav A7 PP 274 DBRE L VOZDEY 2 7 4 ICHT
LA Rt e St M, % (9,r) MO EZEMBERHTL2ES 2794 RAY v 7 LT3
(R<AmsnTw»z X9, m, . 13EEs, ERR, 2 L TEA% kb 1D Deligne-Mumford A% v 712
FhEBIND) &, YMHEED 27413 M,, LOFRRAY v 7L LTRBINS. ZHIERMNEL
E HHAR DS E AR IS 2 TV 2 08I (24U X 0 TARBUh R IR R A G810 B W T O I 42 X
R CIERFE (log smooth) 22t R & BT 2 L 23T & 2) % AV TEDOM& % MM R R~ &£ —
BULL, Z2No 20T 2 LI DI NS. L 2AD G BRI TR VWA, 20 X ) 72
JRTIZEY 2 74 EYICa v 87 Mudik v, 20 k9 RREEE RN T 272012 23] DT
TEMEENLETEHB EOREBEERIEBN G F) 25NR2EAL, 2ho20HT2E 294 %%
A7 FFIEC DI THEAZENEENL, oW TEEL2w (FERERE X OB T 2 3
DWW 23] ZHI W)

EE 3. (b Lo) (F#) iR ((balanced) twisted curve) & &, H&f5HEIH DA %2R
e LTRSS, fEIE (tame) , 2 LTk EEA % 1 RIT Deligne-Mumford 2% v 7 X T H, X
DEMEHRI-THEDTH 5

o [X % XOHEY 2T A (X| D%DOIREIBID S R HHMIMHET 2L E, X x| X
(CX) 13 X DI R & BT 5.

o HARKHE coax : X — |X| 13 |X| OB PAE LTI ASY v 7 LCRBLE 2 5.
o T % |X|ICHIFEHMD—DET S, ZDEE, TDIEEDIY —ILILHH Spec(A) — |X| &R
DIy — L&
71 : Spec(A) — Spec(k[so, to]/(soto  uo)) (9)

(2721, ug € k) ISHLTT, BIFRL X |y Spec(A) RUTOX I HRIAS v 7 LA E 5

[Spec(A[s1, t1]/(s1t1 w1, st n*(s0),t7 0" (t0)))/ml; (10)

7R, u kDTG, LF EICBWTHEEZR IR, 1 1 D IE RS2 28TH D, iy DIE
HIZ (S1,t1) = (4317<71t1) (VC S [Ll) ko THEZ6NS.

&4 (kL) (¢9r) BORNSENRERRE IRXDL I BT—FTH2 :

X* = (X, {ox,: 6 — X}_)), 1D
L,

e X1¥ (k ko) f2tuliftcd b, HEY 2 74 |X| 1T X > THZ & N B EAEREBIMFRDOFEE DS g
EBHD,
TCDEIRIY— VLTS —AEHOMIEE T IR L TR Eb—> (LEd->TRIL) FET 3.
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©0x;:6;, =X (el)FHVICELLRVX DT AY v 7,
THY, ROFKM %2 HTT:

o % Im(ox,;) 13 X DIFFDIIEEND;

o %6, 13k b —N%Pv—7 (gerbe) ;

o X2 % X OIFFRILID S Im(ox,) (=1, ,r) DMZRYROTHES NS X OBIED A
Ty tTnE, Zoxeen (I ) EHRINS.

AT EIENLEMRRE X% = (X, {oxi}i) BEAONT L E, X BLXUFZDTIZH S Spec(k) 12id (&
NThVEE EHERIC) BARLWERESAD, FRE L THRONIWHBAY v 7 Xoe | iiﬂ‘m’]t;
FIET Spec(k)os FIERERA A Y v 7R E 2 5.

RIZZD X I ITHEA L ZRift Efanegihifio Loesmansg (%) B2 ERL LY. 20
2O ODEEEER LR o kv, G %k LERI NG PR BEEE L. T2 G D
MAKF—=7R, B%T%&% GO Borel i HEET 5. 4,b, g2 ZNEFNT, B,GD Lielt L, T
DEAGEE BT — G, I LT

5—{ng\VteTad() =A@t =} (12)

EBIZH). T%2BHOTICNTZHMAL— b2 THhr oL 2EAELTEE, gITIZRD 25421 T
YO h—BINABET 74 VL= ay (gl BEE S ¢

e g’=0b, ¢ =t 97'/a" =P ro
o {FHED ji, jo € ZITHL T [ght, /2] C gi 2.

G OB p IR LT HRE b & 32 B RBAIER L TLES. 20X 9 A HEz s
IS b, LUFD & 5 BEHE (5o, (+4)a, #ER, 215 % MEHTHELSH 3.

(*)ap : h %2 G D Coxeter & ¥ 2% & &, A% p > 20 DILY 2D,

(x%)gp: GIZ A, 2n<p 2),B (4 <p), bLIZCp (4m < p) BIHHLEE & [AAL

(x%)Gp 1F (¥)ap L DBAFMETH 2 2 LITHEEI NI AL Y7o TUT DR TIE, &&F (x)6p
ZIREL &9

ST, X* = (X, {oxi}iy) & (9,7) MOFMN ERNLEMBE L, 75 : € - X % X LD

BIFEHRETZ. HRGLMOAAR B —» GIZX 2WEROLRZT I LItk D, &5 26 G EH

e €q (=€ BG)—X%fH5. X8 LONBWGEZ mp, e ZBLTHIERT I LICKD &Ep,

ICZNFNEREEE AN D (RERELTHONIMBAY v 72 2 NZNERE, £ L BX) .

'Efgﬁ s (Teioe o) D G ALY 5 75 5 Ox K Tlog/kh,g = ﬁc*('fggg/klog) &7 40 b

L=y a v gt oFEIN2ET 74V L —vay {Tlog/klog}jg,l DHRICEE 508

D EE Ox FMEE glog/klog/ £1o% pios F g7/ = @, 97 1T LS TEMROBRERNI~N & 57

it g %
Tt o o s = 0" (13)
ael
7o, Ve # £ EOMBINERTE T 5. DD Ve i3, Ox BB Tion jpios — Tpion paos P9 B, 76
BB LIS DI Tosn 10s — Tt s & DABD Tron piox LOMSETR L5 b0 THD.

EES. (i) XX LOBNGFIEDX I LI E® = (€5, Ve) DI L, ROFGMEALT DT
bH5:
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. vg(Txlog/klog) CcT.

EGE [klos”
o HacT IZHLT, ROARGHIFAATH S :

Ve F-1 F—1 70 —a
TXIOE/SIOg - ’];I‘lc?g/klog - ’];I‘lc?g/klog /,Tglgg/slog > 8e (14)

7R L, RBEOFIIEMDRE (13) 12X VBN HETH 5.

(i) 1EN G E EN .= (Ep,Ve) BBRTH B L1Z, T EHE BT O X — BT (7L, BT
ETORFEAY Yy 7 LT 2) BRI THZ EEE2 )

(iii) RERBRIgN G FL IZEEIEN G EEY .= (€3, Ve) THH , Ve D pMENFELLZHDT
bH5.

Rtk o TER L 2 niff ENZE IR EORIREFEIZN G E 2 Z2 03072 5 23\ 70 D IR RS
THD. HPICHEIOONDE L), GO & EIFRERN G ED TICEWh N7 HA &g
ZoEmfki: (GRFEMICE D) EBRIE (BN i) M EREmRTH, 2F 2L TARERNG
B 2MRIEEINZG G ELED S L 2 A0\,

XTI,

Zzz...

DpG,g,r (15)

% (g,r) o g ZIENLEIR XX = (X, {ox.:}]_,) £ Z D EORIREILEIN GEES DL (XX, £%)
ERET L2288 T K (XX, EM)ICHLTXX DHEY 27428 DY T2 LItk D n,,
Oprar = Mg, WIEE S, (23] THI L L EEHO O L ORKDERTH 5

EHE 6 (cf. [23], Theorem A). (i) Oper . ZERITE3g 3+ r DSEREHMGRZH> (FIC,
EHAR [Oper 7 2 F50) 22T k EEA7% Deligne-Mumford 28 » 7 TEBEh 5.
Eho, B g, Oper, — Mg, XA LY, ZOHD 2 AOHBH KR4 3 % 9

B OPL DWRIRADD 7 < & b D EHET B,

(ii) &SI (s)g, ZET 2. CDEE, Ope 1F My, HERINZY—LE%Z (DFD,
My, ~OFEDLIIIC %2 Opg,, PIEEDBERILSE, ZD LT, B2y =1k 2
9 BB BB A S v 2 DEET B)

LD TZDRRICED, KIRG EOEY 2 74 DN EWZ 2 a3V 87 MuakfS, #DiK
T, GBFEERDOBEIZZDa v Ry Y 294 BB ITMETHEONTVwE D E 8T 3
(cf. [21], Theorem C). FfiZ G = PGLy OHBAIE I SIHWETR L LT, DpZGZZgT D3RS (ol
f5) THBZ EDSS. Mochizuki IZX > TREINT WS, —~fROBAIZZ D & 9 BIROFERDL D 37
DODELEFDPOTORGH, HANICEHEVHFLTuRL, LeL, (ZofbhEwiRE
bDELT) Operyr PIIBIAS [Opc 71 & > T2 FREIEY)IC Opg, ), L TR IHi%
BHITE 5. IRIEEEAS T Gromov-Witten A& & Donaldson-Thomas A& & & o HEA L &
DORERICB W TEHEELRHRE 2R, 20 L) 282 EIFgMcB L OIdEEA&EHZ2H-oTws 2k
BEIETHRVES ). UTFTR, ZoREEAR [Op,, " 2V TadEny — oM
ZHERL £ 9.

5 JMEOAY—MBEOEREAREEOHZ LITF

atrEwY—NEOME (BUF, CohFT) 13 M. Kontsevich & Y. Manin 12 & - TEA I 7-#&
(cf. 9) THY, G257 —7y FZ2ERID Gromov-Witten B3 72§ REE 2 ANBYK L 72 b D

Sy, Z o> 2 PElIXIE & FfEIC 2 5.
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TH 5. FBFIZ Gromov-Witten BEFmICHZR T 2 b D721F Tld 7z , Witten r A E Y #H+° Fan-Jarvis-
Ruan-Witten (FJRW) BGRICHET 2 DR E03H 5. WInoBad C LER S - RBuliiio
V274N TE CHREa T —HIckoTHEALNED, 22 TR Q, (=Q DIREEAE, 1
Ep LR LZFER) 2R/ LETSE (K o) M, 1§25 1LY —LarEny —#F

H,(0,,, Q) : @H;t My, Q([4])) (16)

2R 2R Ty — OB ZEAL X 9. Piree, Proop, Prann FZFNZNLTD X9 7, Kift
SRBURZ RIS > TRV ADE 2 BEICE>TEE S (bW “clutching morphism” & W
Enz) #Ed5:

Ptree Dngl,ﬁ-i-l k EInngz-ﬁ-l - m91+92,r1+Tza (17)
(I)IOOP : mgs,Ta-i'Q - mgs-‘rlﬂ“s? (18)
Prain S)3194»7“444 - m{h,m (19)

(f:fft,gl, 594, T1, , T4 6i%ﬂ%‘ﬂ#ﬁ%ﬁ’éf)b,291 1+Ti>0(i:1,2), 293+T3>0,
BLW29s 2+m>0%RKT) .

& 7. (1) JREAYV—KIZDER (CohFT) LI, RDXIBRTF—IDI L LT 5!

A= (H, m, 17 {Ag,r}g,r2072g72+r>0)a (20)
7272 L,
o HixQ LOHMRRITRZ FIVER (e:={e1, edqimen} ZHEET D) ;

o N FIERMENTERTY Y I H H — Q (np ZHEEK e ICBIL TITFIFIR L 72 b D Diif151] %
(°)ap £F2) ;

e 113 H DIL,
o % g, KL TA,, 13 Q #HE HE — HE(DM,,, Q) (H:=Q) ,
THH, ROWHEW73°:

o H N, EHE B EOHL,,, Q) LICZNENE A SNS ¢ RATEE S, ©EARLIEH0 L
Wb B ;

o ERD vy, 19 EHITHRL T, ROZEXDIY 2D
n(vi,v2) = /7 Aos(v1 @va ®1). (21)
[970,5]
o [EED v, ,vp 4r, € HIZH L TRDEXDIRY LD

(b:ree(Agl +9g2,r1+72 (vl ® & Upy 41y )) (22)
- Z Aglﬂ"l-‘rl(vl ® & VUry ®61)778162 ®A927T2+1(62®/U7“1+1 ® ®UT1+7"2)5

er,e2€e

7L, @

tree

13 Piree P OFBEINDEUT DX bt

H;’(t(ﬁmﬁ‘gz,ﬁ-ﬁ-w’@l) - H;t(ﬁgl,ﬁ-‘rla@l) ®@l H;’(t(ﬁgzﬂ‘zﬁ-la@l) (23)

£E9 5.

9IS DMWEIFERKIIILIER ¢ DELY HFITHKS 7o\,
10H®’ ORI T v Y VB DB, HE, (Mg, Q) IKBIL Ti& My, EOMWERBHBRFED r OO ik
CEDFEINSEHOZ L ZIEL TS
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o EED v, v, €EHICHLTRDOERXRDED 7D

(I)ikoop(Aga-‘rl,Ts (Ul ® ® UTS)) = Z A937T3+1 (Ul ® D Ury; D1 Q 62)778182’ (24)

el,exce

L, o

loop

1% Proop 22O FE I NI HE, (Mgt 105, Q) — HEY Mgy rar0, Q) ET 5.

o EED vy, v, € HITHLTRDEXDKD LD

(I):ail(Ag4,r4 (Ul 02y 02y Um)) = Ag4,7"4+1(vl oy ® Ury & 1)3 (25)
7B, OF 13 B DS EEEINDH HE (M, 10y Q) — HEYy (Mg ras1, Q) ET 5.

ZITIERITIRIRED CohFT ZEH# L & 9. t DA D Frobenius AL 4 ERITLA & 7 2 45 HREHHE
TAX—LZ A, 95 W2 (G,T)DWeyl BEE T2 L, t DHKRR W IFHZHIRYT 2 2 Lick
D th, ~O W FHIDSEX 5. FiRe LT?‘%%*L%FE?IX%—A the/W % G Ol Z 12 & 2 HYIEA
THOKRAY v 7% [(thg/W)/Z) EL L. 612, T,([(Key/W)/Z]) % [(thee/W)/Z] I2E T 5
Moy v —7DRA% v 7 (stack of cyclotomic gerbes) kﬁ‘% U Z DAY v 7 BZ DHIR

EMTH2 I L3005, 20, BENORAFEAZ Ag L LT, RD L) ITEINS:

L((tee/W)/2)) = 11 B2, (26)
pElAG
(772U, BZ, := BZ). COWHATHESE Ag ICIENATENH ), Sk e EHL 2 EICT 5. KKK

HBIEN G F E* .= (€, Ve) &F*B%’*nﬁﬁﬂﬂﬁmﬁﬂ o; (ief{l, ,rHICHLT, E*Do; b
D7 7AN=6 (REZREFHEICLD) REZHEAALRp, € Ag %, E* Do, TOEBLLT
EET S, TNRHIZIFC ED G =PGLy (0% b ity Z: Teichmiiller B IGT %) DGE,
SLBEEBEL¥EREITE I (PGLy ED 6 HE X115 Riemann [ FO S IC X 3) Fi)ﬁ
DAY D GEFEOEERTD) FREMNGTREDDIZE STV, ﬂé{i%%&z%“ﬂwéfﬁ*Hp
i, KOREICEMToORRICH 2 L)% (DFDEMUELRXVLTEZS6NE) e, 06 FFES
NE3HDTH %:

Ovcy, T My,
evil (27)
jﬂ([( reg/W)/ZD
KIS, Tu([(Kog/ W)/ Z]) DI LY =N adEny —{f2E2 L ):

V = Hi(Zu(((teg/W)/2)), Q) (28)

FEAI R (26) 1 L 7e 3> THEMDET 5: V =@ ,cn, Quep. SIT, Fpe A iCHT 2 e, 13
ERMRTICE TS 1 e H(BZ,,Q) £5%. $£72, 29 2+7r >0 2&ETIEEEEOHM (g,r) 128
LT, Q MU AL, , 2RO KX ICERT 5

Ng ot VO = H3(0W,,.Q) (29)
V)] W

r ¢
®vi — (ﬂg‘ﬁ’ ((H ev; (v; ) Nel(] Dsz'r]V“)>>
i=1

o TN AN 7y ICEREE MBI HEY (Opc 0, Q) — HPM(M,,, Q) 25T (HPM(,Q)
13 Borel-Moore $%UV—E¥@?20§?M( Q) T3] 2ET)

7272 L,
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o cl A ZNH A (Opey)o — HEM(Opg o Q) (A(Opey)o & Opery PFFE Chow
) 2#7,

e ( )* i3 Poincaré B HBM (M, ., Q) = HY T —*(m, ., Q) & T.

0V Vo % Tpi=p; € Ac DEEn(ep,ep,) = 750 pL# Py DEE n(ep,,€p,) = 01
ICE>TEES Q REHMART ) Y7 LT 2. DL E, ROFHHL Y L0

EI 8 (cf. [23], Theorem B). &ff (xx)g, ZIRETS. DL E, RDT—FIFarEn Y —1Y;
DM E 55 :

K& 1= (Vo1 (NG g Y r2029-21r0) (30)
E7, (L TR S5 Frobendus B (V,n) (& FHHICZR 5.

ZDXH I (REWIC) IEEBEAGDONRICEL S CohnFT Ol H74l L %)%%Z’J“%D%BE hTIEZ
PO TTH S, LinLAahss, FAOEH 9 (1), (i) 25 ba05 L 512, C LoRRICHKT
s> CohFT & DESEMED R X412 D b BEEZE . fhod CohFT ?:J:lﬁx?‘% JLICKDRRA R G IC
BT 2KRHR G FD CohFT fthET % Frobenius fRE DG 2 EOMBESIFFI 5. Bl 21X, SLo
Wess-Zumino-Witten #H D 7 — 2 a VIEROESREE T2 2 ik D, fRIK PGL, EicBIT 5
Frobenius fAELDBfIE 2 HAAIICHRET 2 2 Lositicks (iR 10 22 2 L) .

25T, 20 CoFT 248 LR TR NS | (R, ep.) IC1KIE7 LT EARTRAD 2DF 3 5 10,
HiF 2o DfElE AT HY (M, ., Q) ’lIYi Z> ZEDaDD (ZDXI) BT —F1F "2 RIuhiHNE
THOME) LRMMT I ENnTES) . 3, XX % (g,r) BNz mA & GERrE) A%l
METHEE & (p), € AL L JJ‘L“C/)\O)%‘}ﬁz‘JS‘Iﬁ h Vo

A gl ®e,, ﬂ{X* LR () DIKIR G EDRBRDE] (31)

L7ehoC, HERE LTIg % (7) 23K T 2720, 2 F D IRIEDE %% BEARNICRD 2 72 0121k
COEHD (—RT2Lk{bhoknikIik) ALEREZRODNITLI VI EIZARSE. ZLTINE
CohFT Db OB ZHMH T2 2 L2k D, /NS (g,7) (FFIC (g,7) = (0,3)) 1R T 2RIRE
DI (B2 VIR A, (R ep,) ZHNZ ZLIHHES NS, CohFT LB3ESICIDEI %
B2 EFAEREEZNZ OV (g,r) DOREVZAANEROET (EILT2) ZHDLTEDLI LD
EWVADL. TIRFEFBICIA LS ETIORT 2 L3k TRIRED S Z 1) 1CBES 2R 22 %
REHNML LHL

EE 9 (cf. [23], Corollary 6.3.1; [21], Theorem H; [22], Theorems A and B ; [4], Theorem 2.1).

(i) (KHE PGLy FOMA EFWHRAR) HALF 8 Apar, = {0,1, ,Z2lodeT, %
(ni)7_y € AT IZH L TRDERDIR D 3L

1 r . (2n;+1)jm
AZz. ( ) pg_l p Hi:l sin ( D
PGL2,g,7 ®eni = 22g9—1 .
9 - 29—2+ B
i=1 j=1 sin“Y " (J?)

(32)

(ii) (RIR PGL,, EOEZ LIFHRAR) p>n max{g 1,2} £T5. ZDLE, ROFXIL
URVASR

pr=D(g=1)-1 (I, ¢;)(n=Die=D)
freao® =" 2 e e @

(€150 Gn)ECXM
¢P=1, ¢;#¢;G#5)

HSERL 9 (iii), (iv) KBV TREM ( a,p 2L TR, [21], §4 KB 2imn o ZogEIcbary 7+ e
Y27 4% CohFT %Z[HRRICHILT 2 Z L3 TE 5.

10
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(iii) (PRIK PGL,, FEARIR PGL(,_ ) FORIDIE) 1<n<p 1E92. ZOLE, BAAR
WS L Apar, = Apcr,_,, BFEL, 2D ETH (p;)i_, € AjG, 1K L TROEXDIL
URVASY

Zz. " Zz. "
APGLn,g,r(® €p.) = APGL(p,m,g,r(@ €upi))- (34)

i=1 i=1
(iv) (ﬁ(HR PGL(p_l) /E@f%é\) APGL(;}—I) = {.} (#/'{{T»%{ﬁ\) THh ; RDOEXDH D LD

Zz.

APGL(p,l),g,T(e?T) = ]" (35)

R 10. LOEHTHRRIERHRITOVTHLAIR L 72\,

9 (G)IcovTE, (FNcfliins X H12) KRHR PGLy "ED CohFT \CMBES % Frobenius fRELD
ik & SLy Wess-Zumino- Witten BEID 7 — 2 a VERDFEERE L #IKT 2 2 LIk DRI
5. (Lo L, AR L L TORIR PGLy F& WZWHEIOE 70 vy 7 & ORI KIAR E L
Tam-oTwizwv.) 2L TAHLEEL SVEHRZFET L0 L, Hibko&ms iRz i %
BA ETORRLEET 22 LDHELPOSND.

F 72 (i) \ITDWTUE, Sl ERER L 7RIRED CohFT 2 M L 72 fER T3 w2 L lIcEFEREINE
V. ZOWRARERTROORE B> TO LD, EH 6 (i) TERLE Oppar o/ Mgo P4
WL 5 —WAETH 5. FEEE, [EE S N IERRAEH X LOKRIR PGL, F2 08T 2EY 25
A1 (X D Frobenius 12 h) XU LD) B2 REMN Grassmann %A LR TH B 2 LRI N
. BRI Y — AR X D 20U, W(k) =k © Witt B) BEZES 8 (o) X0 o
W(k) E~DZEW) LKL E "TW(k) BVFHZ ) HX Grassmann ZREENEER I NS, iE>T
C LotHEX Grassmann ZHRIED Gromov- Witten A RICBIT 2 BERI OGRS R (Vafa-Intriligator
NA) 25 2 &L THHEOHRNAX 2G5,

(i1i) TH-Z 72 ERIE DD CohFT Hflich 2 2 L2 FRT2HDOTHZ. LhEOETRE L
T, "AIKPGL, EDEY 274, & RIRPGL(,_,) FDEY 2741 DD &ML LT
D) BNEPRINDG. 2FD, ZNO6DEY 274 DD (evy, ,ev, L A[Ha7Z) HHER 2 [H R
Dbt g — Dby, e PHRENG. CORRE (i), (i) #MHAEDES ZLIZLY, Bl
REVEGIIE T 2KIK PGL,, FOMEEZ R Z LiF 2 2 LR S.

(iv) TERLTw2 2 &, SARBUHR EICHE T 2RI PGL,_1) Fi3 (A& % fR>0)
ME—D>TH2, TLTHD. BMAZ% 51, KIKPGL(,_1) ED CohFT 13 HWZ CohFT & [AHY
Ths.

6 Witten FHEDEELL

KRHR/ED CohFT %M L T Witten A (Witten-Kontsevich DEH) DOFELUZOVWTEZ L.
Witten T4 (cf. [25], [8], [6], [7], [12], and [16]) IZTAEICE W THREHEE L RE#R (£
BV =< Vi) DEY 274 DRXXHHICE T 2 - 2DERETH D, K5 SAAHNE B & 1751
BRI TH 2 2 2 TFRT B D TH . 2D L0 5, HZ CohFT OAEISIE KAV P&
DY IR E %5 2 EEPI, Y 2 T4 LD o O BT B DMERRE 0 i R X o TR
D Z ey s. T TRELDEZ T WIRIR G EODEREBIEZRD LI I L TERI N D
BTH D!

Zz. K29-2 - “~d. .
Zi e | ¥ 2 S (/ et ) Tt (30
gr>0 0 dp >0, \Y[OPG g RV iy i=1
p1. . PrEAG
hgg_Q - T T . n
= &Xp Z rl Z /7 AG>Q7T(®€P1‘)H il thupi ’ (37)
¢,r>0 dy,mdrz0, \Y [Mg,r] i=1 i=1 i=1

P11, PrEAG

11
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REL O RO (=1, 1) 32NN Ope BEOM,, Of i FHO ¢ ez LT, 230
BRBEDOEEHIZLLT D X 9 % Witten PO TRIRE, B TH %:

EIE 11 (cf. (23], Theorem C). &fF (+x)g, ZIKEL, l1d g, r, pITBIL THFAREVET 512,
#n LIZxtL, RD &) B ElEZEA L) -

(2n + 3)!! >, m+2n+nu o)
L, = + t;, (38)
n 2n+1 athrl e ; H2n+1 pEZA:G 1 patiJrn,p
hQ"_l 2i+1)l(@2n 20 1) 2:
= 2n+1 Ots, pOty_1_; pv 8tn =i, p¥
1(Ac)
+ n, 1 (Z tO ptO p) n,0 16
pEA
DEE RO LI L TRDOEXDEL D 320
Zz.
L,Zg =0. (39)

7 ¥pbic

AR TR HEAAREBEE G 1T 2K G EoBZ &2 T 2555 % W oL 7.
5% D Witten PROBELUCEI L T, HiROBELSHRED X ) ICEEL BB I 20 (R AHI;
{7 &) 1oV TALIEHBPLZIEIBErorb L. LaL, 252 5EEHINZD
A IZOWTHAICHEL Cuinw it bdhh, hE D (M- 2EL LD 2IT) Rtk
SEEREARVTEI) LEBIE VAL WA, £, EHE RS BRI (1) g, 2REL
TG D02 H 508, ZHUS ()G p DIRD VLT GITB W TGN D > 720, KEIICH £
< W WEHEELZOTIE 2, HRFR TR IO L) IKEKFEZ2 ORI T LR T Z LR T Wi

,EVLYHEICK S, S, T XK (1) BEGEIRDBROTERERT I EBNEL S .

ﬁﬁf{%//d’\/ﬁbfo)uﬁfﬁﬁ’(‘fnu L7ZiZb20b s TRBFETRIED Lo i EIZOWTA L
iz v, R RNERBIZREE LT Miura Bz 2&2055 213, 4] Z1F Riemann 1 _E®D PGL,
Bl (B2 TE AL X9 I0) MGG T 2 —77, Miura PGLy "Eld\Wb W 5 7 7 4 V&
EMHENZ B D ERIET S (cf. [3]). [24] T, Miura PGLy /E & fRBUHR E o FHE RS & WX 3
ERRR LR =8 T 52 %2R0, k) UNEEREMOKE L %5 k9 &) IEEHED
B 72 ARBU B (R D S T T I % R L L 72

Zofic b, BB LR EOKIR PGL, E3fHAG ORISR (REY 2y b7 —7 HHEY
LHARNICH 2HEFR) ERIRHT SN2 2 ERSNTED (cf. [10], [14], [19]), £, [19] T
ERIR PGLy FOEY 2 74122 (C LOBBIE LTD) > 7L o T 4y 7 RMIEEIZ OV
THXNTW S, EH9 (i) OHZRNAR D & O T, KRIR PGLy "FO MRS Z DAthsr ¥ & o Btk Ic >
W, DRDEAVPHITITELLEWZ S5, L2L—KDO GIZNT52KIRGEDEY 254
BELE (EOXIRBHIZBOLTY) DI EWNghoTuinEinzis. 55295 L%
&0, RIR G EOZ BT, oZ o228 EZHEL TS FETH S

BRI, B 62 [0l fRECEY v AY T WS TGIREOER 2 5.2 T B ot —h A4 ¥ — DRI,
ZOEEMED TEBALHL EiFcw. 2L KEDZHFVH TR TAMEFH LI LLHD,
BT PFREAEERE LR EDPHMAINI DD LW E 2 FOBFEVHL LiF b,

12¢f. [23], Remark 6.2.3
3 21F Miura GL,, E% V = A (RELAEaxnfTdl) ELTHRTZGIIE A AR LY B TS
4V DAETATH Y, %nu%;ﬁ%mﬁ%hwf@riféaj%@ CEoTEEBLDTHS.

12
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*TRDIERECIE, (K, B, Z) KL THERTHS LEIRETHS, BbhoEM 4.8 »5, Zol&ik (K,B,2) I
X5,
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5 EfeRERRONE

EH 3210k, BRFFARNOSBIZRIHEARARE, £ 7238 4.8 5 6 WER REH O
SHEIEE S NS, LaLl, HERETRERERREBREHBINTHRY, 20U 28]
W& AR TR,

R REBICET 2 —o0FE» 60 5. 7 ZMNBBERERE L, V C % m OFTHN
KRHETD, £l p: Vo 1l Zr(G, V) KT 2EERZ PV THh 2 EIREL, ZOREE
iz x £ 95, EREREHOERDS y (FEFRE LS. ¢ 2 Frobenius HAMZ#EMN T 5 &,
IndZ (V) — m 21342725, ¢ DEAHE x OFE~NZ bATH2 2 En b, ZOWERMEGH

X Rz (G,V) c—Indf((V) -7

ISR, 7 OB S 28R 2, (Z5(G, V) DEHEDS c-IndG (V) 1372 2k (G, V) Ik
TH5 I EICHEET 5.) MIZ 2D k) BEHBHIUL, -IndF (V) = X®z,(cvyc-IndZ (V) = 7
\Z Frobenius HAEMHTHRIGT 2 V — m (ZEAME x DEEX7 Fvekhs, DE»S, BEFFAE
Blr DR R TH S EE, H5 K OWEIRELV &M RIRE v IS0 LT x @2, (¢.v)c-IndF (V)
DEE%R2 L LRABTH S,

&, HREBREROSFICET 2BURICO VTR, BT G =GLy(F) £33, »w{D
S EHAELLY. K =CGL(0) (O F O8HE) &1,

P {(s ) acer st o= {(5 ) acer} v {(1 )[ser)

EBL., P=Mx N & GOM/NIERETHETH D, k%2 FORIREEL, q=H#KrreZ tE
(L 0<r<q—1%2%Hr 2L T, GLa(C) \& C? @ r ZOFFEE Sym” (C?) ICHARIIEAL,
WE— D BERIRIL V, 2R, BRI, r o piERTRE r =Y 0 rpt (g=pf) EL, ¥
REKEESTSym" (C?) =CX " @ CX™ 'Y @ - @CY" tHOTEL L,

V. = { > aXFYTF gy € C}

ki <r;

Lhn, (EELK >0, k=Y "kp.) n = CEEETSE, K=GLy(0) = GLy(k) —
GL2(C) 2f8%. THUTLD V. IZ K OBEEBE %, S56120<a—b<q—1 %K
DL (a,0) THLT Vo =Vop@det’ EBL, T2EV,, 13 K OMREEZS52, £/ KO
WHIEBIE CNTRE SN MR ONTV S, V,p & Vo y DSAEITH % 72 OMFE+53 5
X, (a—d,b—V)e(q—1Z(1,1) k2 ETH 2.

O DWRATTNDEKIG w ZHEET 5 &, Hl 4.5 & FHRIC, Hecke Bt Hi (G, V) &
CITy, T3] LM A2, (—ICEEME o OBD HICKFETS.) A e CX el <
Xa: Hi(GV) = C % xa(Th) = 0, xa(To) = X TED S, Hi(G, V) OBFRIFE X
no TR EN 3.
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F =Q, D%AI213 Breuil 12 & b BEER #EBLZ pHI N Tw 5,

FE 5.1 (Breuil [Bre03]) F=Q, £32%. ZDEE X\ Oup(a.v.,) -Ind% (Vo) IZBERITF
RRITHY, ko TRTOMWHFABRREIRZRCT. £\ Qupe vy c-Ind% (V) ~
XA B (G Vy11p.0e) AT (Vom140) THH, FARIXZHDOHTH 3.

ER 5.2 o Oup (G, IndF (Vo) 1213 diag(w, @) 8 A fETHEAT 5.

728 Barthel-Livné & X U8 Breuil I3FFARI L IZR S 2RI D W R > T3, HF5HE
B XU Znz M7z Berger [Berl2] Oiin 6, XEZT 5, (C =C OEHITIHEED G I
NLUCZDOREPRILT S, C DEED p THLIHAEICZORENMITRILIT 2 2 L 2MREL
TEOPREZTELLS%,)

% 5.3 G =GL2(Qp) DEEKIE p RBEUI TR THARBITH 5.

Db (2723 2086 ERAENCFASE25E) BEFESINTOIRTOHEATHS. F#£Q, D
BHOBUIRZEN L ). £ Breuil D HSERNICHIES NS 2 L 2dR 3.

W 5.4 ([Morl12, Theorem 1.3]) F »°Q, DAGWHEKRTHZ LT 2™, a—b#£0,q—1 &
2L, 5 K OBNIERY LHOIAAR IndZ (V) < X) @np (v, cIndg (Vap) BEET
%, B (cIndZ(V) 329 THEDT) X Oup(av, ) -Indf (Vo) BHFERBITIELL, &
7RO S 2 Fo,

2FD, F=Q, DBBELERLY x\ Oup(av, ) -Indf(Vap) BEERIFFERBD & 21 N 7
bOILHE->TVE, ROEHIE, Z2H2DH GLa(Q,) DEE & D b % OB R KB AET
52 LZRLTVS, EHBL1 LEZOBROTED S, diag(w,w) DIEFHZEE T % £ GL2(Q,) D
WA R BB AP CH 5 C LITHERL K ).

8 5.5 ([BP12, Proposition 10.2]) F % Q, D _-XILKET 2., ZDL ¥, diag(w,w) 2°
HENC/E T 2 G OBERIER REBISIERMEAET 2. X DFEL S, FERD n € Zog ITHL T,
dimHompg (V2 _p p—1,7) = n & 7 2 WHUER REH 7 3AET 5.

58, F=Q, DHLAICE, 0<d —b <p—-1I1ZHLT

1 (Va’,b’ ~ Va,b ERAES Vg/,b’ =~ V;)—l—a,b)a

dim H Va/ "y ® -1 dG Va -
im Hom e (Var b, Xa @9 (G,V ) - IndE (Va b)) {0 (Z LAY

ERDTENEMS1 DFEHE D b B,

il 5.5 DOFENC I 1) % WERVBRF RETARBOMIC X, Paskunas [Pas04] I2 &k D& Z ok
G A% coefficient system (¥ 7213 diagram) 12k 23 L, 2387 FFHERB - Ind$ (V) Ok
iz Hwvw 5, B3 LT Hu 12 X % canonical diagram OB [Hul2] 2 &b b 555, X D EE

LT FIC LIELIZIREDE D, BZ 6 RENRRETRARL, F£Qpy 55 3RE2HRTH S Libns,
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MEBERE2ELZ LIFTETVRVE)ITH S,
7, RLFBLT 5.

i 5.6 ([Schl5]) F %z Q, D _XILKET 3L, G OUNBERREEZIIZHARFRTIE R,

c-IndG (Vo p) B8 Vo THEBRS I, o THERTH 2 2 LR L & 9. WM He (G, V) ~
ClTy, T3] # BT, 5e4R7

)@2 (Tl,Tgf)\)

c-Ind% (Vs c-Ind (Vap) = Yo @Gy ) -Indf (Vo) — 0

LEBS1D6 F=Q, DEAICIE G OB RESIIERER L4 3,

PDEDXHIZ, G=GLy(F) DEEICE - TT o BEHUBR RETIIZ 0 THEZ 9 2kHE) 27vl
OPHIHLTWEDATH Y, FHEHIZEA0ZDEAENEH T 5 I2IE R WIRETH 5. 5B
N S A

SE R
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BIREFDRRMICH T2 RHATKETIE
- IS5 FRIDKETER

MR Bk (2 LK) FEAS SERStEY 45—

1. FX

SEOFEEIE, ARHOEY 27 —REGHIZOWTTH D, THREEORGR] L7272
S0z, MBI ETRWENRS Z LiE, HEBIKC LOFREEG ORI TH A
S, ZHIIHERECG LOMBEE2ER B2y, AETH D, SDIIE, o EhidibX
NV, Wb 5 i (adjoint, adjunction)

Homg aigebara(CG, Mat,(C)) = Homygoups(G, GL,(C))

KiD\E%Eﬂﬁéﬁﬁbf%ﬁUT%%ml%F::Ti B BRI DRBLD & %
S>DT, BADHNEED ﬁ@im(ﬁ AR BT M VZER e F 2 B L BIRIRIE) T
BHEEDDHEEZZD, tbag Wb, SO (H5AAC ERBEEEZ 50
RA YV M, EESp (L7z2-oT, plddbEH) OKE LORBGHREEZEZ S, 2V
ZeTHB, bbAA, FOWMMEEIZICEZ EICESMIATERILT S, GDOAEN p T
g niX, Maschke DERE (1898) & D, kG IFPLHEMARE TIE RV D T, ERERMELE
WERIMEIX R B, —F 5 L WhlE

C(Z/2) = (S (g) CAREE LT, k(Z/2) = kla]/(a?) kREELT, 727U p=2

Z T, Z/2 132 OKERE, k[z] X 1 Z2BZEHARBTH S, 0 &5 32REGRwmIE
(BRBEOEY 27 -G LI TWS, BT, ARBOXRBEHREE 726, 20
Va7 —RKEREREKT S 21295, ZOMHRI L Schur (1875-1941) DEFTH -
7= Richard Brauer(1901-77) 3 Z DI & A ¥ OFEFEMGRZ /ED EiF 72, 1920 — 50 FANEH
DFETH % [7, Chapters VI, VII], [8] » %, #MFEAEREFHTW < 200, FEH Bk
HHMWE, TLUTTREZ AR LEZ [P, ZITOME/FHEDS L, HOo0ITEEHIC
fEhri, ZUTHENITEIrNZEDEH L, ZHKRELREIL, Mo EENRE
ESNTWTH, BRIEINTZ, 2D HDRELL L, HHEK, MEDS WX

e-mail address: koshitan@math.s.chiba-u.ac.jp.
134, p.234]
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(MOMBIRE G252 L) Dok S22 LT, 201242 AD Brauer D
YO FHO—HHOMY] [18]. 2015 4D Tp=20r D7y 1 FAEMKR] [25]8
Hlzoho, TEREMEBEOSEEH ] Z2HWTC, H5EKNIOIL T, TRTOEEZ A
BUICHRS, 2WS HIEET, WAWARME/ FRZMHENTLE D, EWHIAZXAILD
MXMENIED -, o & HIEMEIZE 5 & Gerhard Michler 72 &1 1980 4D 53 TIiZ
ZOHATERZIHAL TEWZ2 27, 2D 22IZ, Gunter Malle D& RTHAHTH S,
INEH2EHRERTHS, LD DL PR/ MEDITITHRMAE ERHEE) 2F v 2
THIEHS, I EILREINZE TS, $5L, SIRULEORRBEICEALTF v >
THZLERAETE S, 26 HOBAERBEFMAFIZOVWTHME PHIES, U —BARMT
i%@ﬁﬁp@%@i WEREWAWARZ EBbDroT WA, T5LEDITY) —RIEHEE
B p LIXER B GAETHD, ZOHORIGMIEL TIX, G. Malle I&FEF 12
ﬁbhoyhﬁL£12E%ﬁ®%w#&T%%@mtkﬂ IMELTWB, WThuTL
TH, BEELBRAMITFEDOS> by W1 TP/ BLXUETARY VOEAFED 2 DIZFL
TIHZZI0ELSSVDRIBEDZ > NIRRT, —ﬁ@ﬁgﬁ#% ¥ ILM. Isaace, G.
Malle, G. Navarro DX [17] 72285, ZHIFEVRIZE T, Ty A FRZMEIC
EHRAMHEOG G IREI NS ] & IEMEIZER U7z &# D EAIZ “%éht%ﬁf%ém
HEEDNELSR>TUE 72D, SHOF#EHOKRA >V bk

ARBEFFEO N E T2 fioT, AT LDF v 7T, LI NTLT
A IR D KB T D ARIFRAEEZ FENTUE S

Thbd, L\VD I EiE, BRIICRN - A BIENE 22 T2 WAS, HEIEED SR
ETED, RHHALAEZALZLOEBESIEFIZE N 2 ESE

2. BFFKIEFE D1

AR, R p BiDTHL, GREICARMTH S, T I TREB®R L IXHREEG D
KIGRZ2ERT 5, —H, RAEGR L X G OEWHRE Ng(P) (22T PIXG OIEAIAZR p-
AR ORBlwEERST 5 127 5,

2 FRIKIGTlEd 55 [19] 12 7 4RI 5 VETE TOEHRIENTH 2

301544 HRAY - A=N=T 4 V7 7y NTOWMELLTHD THELS Nz, Malle 137 OBFHEOE
HEHDDBR—LR=VIZENTWS, FAb72F72FZTDHICWA, EEEEIL 72, HRAIZZ DD
A%%Bmm&mmiﬁwm%if FAB i & S Gk 3 DF 0z, 22, 23] 24).

Yo b ARXDHTE>TWED Ty A FHLD T LW T A R PEEMITIF. BHREOEAIC
IRET DI LNTED, T4 F E.CDade HEMPE DO DOH THRRT WS A ([10, 11, 12, [13]). 1%
53 ADEWVRIE. ZOREEHD Dade 1T K BFEHITRZICHRINTHRVWE R RV &

SINTRWHT DI, HlD7 )b~ —DEMIZ Andrew Wiles 12 & - THEH X 1722, Gerhard Frey
(7 Z A dhfR) OEBES KE WIS
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Kk ... mod-kG

!
Fafr - mod-kNg(P)

Z 2T, mod-kG \FHERERL kG-NBE2 P52 7 —NIVEDZ L TH S, BAF Ir(GQ)
TGO (CL) BREEaRORE (FEE2 £ T ROBFIE, B, Iy (G) T, X
B p LRTHLHMNEELDEE, | X| THEA X OOz EkdT 5,

(2.1) McKay F78.[26] P % G @ Sylow p-if53#f & 9 5,
Irr,y (G)| = Irry (Na(P))| 1EAY7Z2 5592

Fhil % B 2 THhD,

(2.2) . FTIE G Z Ng(P) &5 DR T—FNIWHIRNS,

(1) G =63 BWHAMEE), p:=2, P:=((12)) 95, PG D2 D Sylow 2-1B
I, 9§58 N := Ng(P)=P 255 Irr(G) = {1g, 1’ := sign character, 2}, U
2o T, Ity (G)| = [{1g,sign}| = 2 = |Irro (V)| = |Ier(NV)]. #EPIT, (2.1) I
JSL LT\ 5,

2) (LD ULHEKRELLT) G =M (EVAZX—F), p=11&F328, o
&, GO Sylow 11-#n#f2 P ddE, PXZ/11xZ/11, £ LT N := Ng(P)
= Px(Z/5%xSL(2,5)) CEER) »bhd, LT Atlas[6] 2 L5 5 Iy (G)| =
50 = [Tt (N)| TS, ZOXIITKERFETE (2.1) IFFHZL TW5,

(2.3) ®HE. Isaacs-Malle-Navarro [17] G (2 L TOD McKay FAZfEND 5 121F,
G IR~ » 77 1 52 inductive McKay condition (LA iMc & I&ED) Z w7z L T\
L% F v 7T NEHSTH S,

ZOZRMIEMT E T, 2 I TRAEERSNBV, KRHHIZE > T, G OIMBE AR
Out(G@), ZLT Out(G) 2E8L G £ D REVWHAD G OBHEFFEOILIE L ¥ D 55
T, BRENT WD, FEZRHNZ, G PEERFE (quasi-simple) T, Out(G) K EIFETDH
ix
G & iMc Zjili7= LT\ 5%
& RO DOOSERMENT-TREH Q : Ity (G) — Ity (Ng(P)) PMFEET 5,
(1) Q1 Out(G) DFEH & wJ#1 (Out(G)-equivariant)

65 72T, |G =2%0-320.59.76.112. 133 . 17-19-23-29 - 31 - 41 - 47 -59 - 71 = 8 x 10%3. [I5].
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(2) Q 1 Z(G) (G DFD) ~ORIFEE A 7272 L, QIZHTHES 2 DDEL DR
% T THALTHEPRIEE S 2V,

nonrd, T, Fx, EVa 7 —RIGHIZELEHHHF L. LORKICH G 2R TOR
Bamdibsd e, ThE2EIZTEY ZKI Jf%ﬁbt<t»%?‘§%h%éo ZZT, 7avy
DEEET 5,
kG IZERIRTE k ERETH 20 oA BMED (MENEEE LTo) BRI —ER
WX 5,

kG = By x By x --- x B,

DFE D, & B XmMIRE (Ml 77 v) & UTHEBFIT, kGO T ay 7 LIEENS, B
AN ke BT EZP—DD T Y7 BIIZHEENTVWS (VIR 5L kg-Bi#0 &
125 B2 —2RH5) B, INEEGOETOY I LIFY EOFE T, By =: By(kG)
MENZET D, MRBIZ BTEGD 7 Uy 2 2ERT2ILeT5, §5&, BOR
JERE (defect group) D A G-#:4% 2 [RNT —BMWIZEET 5, AREE L I1E. Sylow p-#47
HO—ILT. WAWBRELER. FEOURH508,. 20550 —2F

DA BRE L LTDOLE By B — B,
1 ® By B1fo DIDHEE L 15 GDEHEEH DS B TH/NDE D

EHRIND, TIWZE DD pHE LWVIRMBEFASTVRVWAYY a7 DOEMI D H
@jﬁﬁ pREE D, ZDDIXG-HBERVWTEMICEE S, £ TOEEN B-INEE X
(DF D, X IZEEG-MEET, XBA{0} &2 D) 1k, H2EHN ED-IHE%E KG £
THEELZMBEOEMNKNFIZR > TWAKRMAIZ, ET B Y7 By DARREELIZ G D Sylow
p-ERARECMR S, REHEE D ORBGRDY B ORBGwmE K S <Kl (i) LTw3
EEAD, (FERZ, AREEE ZHTHIE S Sylow pERREO—B{LTHZ), (ZDH
=Dz ik 29 2R),

Bldb b A Ak EERKGGRETH 208, BIZEWVEE L UTHIRREUZ > T W5,
AR, fEO7ZDIZ, kIFRBNAKRE T2, a7 7ay 7R (—#fk) &
LT

BFEEM (L72d > THM) RE < B DA (defect group) 13 HHA

RIZ, 78y ZEERTO Braver WG DFEVPBE, GO p-7av 2 B(kG D70y 2 - AT
TADZE) BWAREED 2F2L 35, N:=Ng(D)&d %, Brauer DFE—EEHN S|
EN D70y 27 bhM—DRES, ZDb% BDOT7 77— (Brauer correspondent)
LIPS, TDEHI
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bk, HIBREENEE BISS OEME T U TCEEE 1 THNS AN O T Oy 2
(b DAREES DT 5),

SEOEE RrKE] OBHRTE A,

j(igﬁ ...... mod-B
I
)%'ﬁfr ...... mod-b

XT, ZTHTH< McKay PO Ty JEEWRERTE S, Thbb,

(2.4) Alperin-McKay ¥%8. [1] B, D, b % LD@EbO & $5, £/ N:= Ng(D) &¢
éo :@H#\
[Irro(B)| = |Irro(b)| 1&ENET B TH A 5 07

ZZTIn(B):={xehr(G)|x\d BT 25 } (EMAEHELEZLGA TR, 29, p.231]
M), 72, Irrg(B) := {x € Irr(B) ) P x (1), p*~ 4 fx(1)}. TZT. G D Sylow p-
IABEDNIEZE p2, |D| = p? T. a,d FEHRINT VD, Irg(B) IZET BHEEE ¢ 1L B I
JEd 5 & X height YU DB, LIEIEND, FETIED LD, DD G D Sylow p-iB it
DEEFa=dBDT, xOEIEHE < pfx(l) &R0, L7z -> T, Alperin-McKay ¥
UL, McKay PREO—ALIZZ2oTW5, ZLTIZHUIBEL TH TEHAIY Alperin-McKay
TNRY Y - XY AALGME] IAMcBAERS D, T4805

(2.5) EHE. iAMc. Spith [B2] GO 7w w2 B2iAMc 278X, B IZBILT
(2.4) 13H0L T B0,

3. BFFKIEFE Zd2

DRES IR coOL 02 HET S, G, p, B,D,b, N:=Ng(D)%¥Ths, ZIT
FETEAC (R CHHMBIBTELZFL) TRV VLB EATH, 2S5, HR
LRt T MBE, ((G) T kG OIRFEM IR (L) QM. £ L TG DEA weight
CiE, & (Q,9) DI THhb, ZITQIXGDpntEEdT RCHEIK, SITHEMADEH
W k(NG (Q)/Q)-IEE, SIFFEREZEDDAEMS>THL, £/, (Q,9) IZHLT, G
%U}:’)o D Z DFEROERL (?7) 1%, Britta Spith (2 2012 4 Oberwolfach T2 - 72K, i

Bd (7)Y -y FHEZ- T, RRNEERD 2133772 2T U722 Thd, EBEMNL
& Z DR OFEE T, Shigeo IZMEEF LNz, LHESLTWVW5S,
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FELETHRIZEALTWE D, G-EETHLEALBLEFALDLD, EALRTIEITT
5, LED T, LFOFREPERS NI,

(3.1) ¥#8 Alperin DEAF8 (Alperin’s Weight =AW conjecture) [2]
U(GQ)=|G DEA(Q,S) 725 | IFIELWEZES S H?

iMc DBLLTH 5. ZDOFREDIFMKIZEME L Gabriel Navarro & Tiep IZ&X > TH A 6N
Tzo T2DH

(3.2) EH¥. Navarro-Tiep [31] G IZX L TD Alperin DEAFEEZHEID 5121, G
WU T IR 7 LR EASE inductive Alperin Weight condition iAWe % F =
J3NE+RTH B,

ZD20DZ LI LTH, BRDZLRWS, T Ty ZlHAH 5, FHEEMIL Alperin
W& o THRHZEBEICIRIEI N T WS, B L SEOHEMMAKE, (B) X BIZET %IEMH
B EG-INREDMEE, Z LT TEHMA(Q,S) W BIZET 5] ki, [S% kNg(Q)-IEtL
BB, SIEN(Q)DHBTuy 2 BILETEH. ZOBDGADT 57T —i%H o
MBILIE>TWVWE] WS Z2Ths (RYIFSELST, 29 23M1),

(3.3) ¥48. 7OvUhk Alperin DEHF18 (Block-wise Alperin’s Weight =BAW
F38) 2]
((B)=|B DEA (Q,S) =5 | ZFIELWES S N7

ZLTZINIZHLTH, R0 MFR 7oy 77 VR v OEATEOSEM] iBAWC
NEFRTE S, £7-F£7-. Britta Spiath DZIHTH 28

(3.4) EHE. iBAWc Spith [33] GO 7H v 2 BAIBAWe 2713, B IBLT
(3.3) 3T 5,

H L &mEIZ, Braver DE I L0 FAZARRS,

(3.4) Brauer O& & € HF18. Height Zero Conjecture=HZC [3] B ZGD7 1 v
7. D% BOARREET D, TOHR, RIZELWES S 2 ?
Irrg(B) = Irr(B) < D (& wAJ#.

S IZZ NS —HDHENE S LWMEHET, 2015 410 D5 KA Y - Wuppertal KETERDTH 5
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RIZ, Brauer D@ X ¥ a0 P iAMc BARGERIZHE T DOWVWT WA Z 2 BIRTON 5, #
Bd S —ERRED, ZOFEKIFE, BIRFEXICLERICKRELERNH 2T,
T. TROEHTHRERSEMHDEHE, ZI T, T8 SHEREEGIT involve EHNT W
51 Lid, TG OEDREH & TNDIERIAREN PIFAELTH/N =S Lo TW0WEZ
Ll DEKREZET 5,

(3.5) EE. (Brauer D& & £ 1 FH L iAMc). Navarro-Spith [30] ¥ p L HREE G
2525, TIT, GITinvolve TNTWVWETRTOIEAHEMEE S 12X L TiAMc A
AL L TWB T 5, 358 Brauer DEI Y HEFH (3.4)= IFIEL W,

4. BATRETEICEAY 2R

(4.1) FHE. (Kessar-Malle [I8]) 7777 —DEILu P (3.4) IZBWVWT, « &IiE
L\,

Ind, ARBEMBEODEZ T = 2Iflio THETRURER, &\Wo &L DFEHT
H5,

(4.2) EHE. (Malle-Spéth [25]) p=2DEFHED Y v A T4 (2.1) 1ZF LW,

AERHIZ, BB AA IMc 2flio T, 2 U THRBEME O DB TH 2+ 012> THWT
Wb (£57),
EENED S ZEHIZOWTHEBN LAV

9 FED Navarro-Spiath OEEL, 2 LT Spath (I2&5 22070y Zhk (#) BHEEAOIRE EEEE
(2.5), (3.4) IXFEIX, T2DTATT7IE NHEEZLE, HHERIIAERFERT, 2012F7HIZEL K->
7z |37 28, 2011 £ Z A% 53 5 & Navarro, Spith 1% "I/ We admire Murai’s results!” & ZE# (Z[a]H* >
T, [AfJEHEE>TWAEZ 2 EWHT,

Oy h4 %4 (2.1) KBV, Yy A1 HEOHMXTOREIL p =252 G EHBREMEHIZRSNT
W7z, B2 A, Malle & Spiith (2L 2 ZDEGEIE, p=2 LWVWIREVRMNLEDOD, GIMEEDOERET
H5,

Vg2 ThE, ZO—HD 3 D20@MXDE >0 FiE, Zhd WHEXS AD 28] %6 21X Dade
MEZH U72#E Gb] [9, Corollary 12.8] % EFLffi5 Z & T&E 5 1] & Britta Spath 2RIKN 72 Z &5,
BEOTHo 7,

—7—



(4.3) E¥. (Spath-##&). 22, 23, 24]

(1) G % & % ARIFATHEFEE S O A (universal covering) TH-> T, B & AR
MDZERO2GO7OYy 2235, BLH DOBKEFETHNIE, B IZH LT iAMc
(=95 AVAL IS

(2) Bid, ¥R GOTOy 7295, HIZHLEH BAXRFE (nilpotent) 71 v
7 ThNIE, iIBAWc IEHAILT 5,

(3) S & HHIEAHEHIAE, G &2 S OEEMHEL T5, EIZG D Sylow p- i #HIZK
EREC, 2 BHD Out(S) RIBKEEE LT3, T5L. GOTARTOT OV B
WX LT, iAMc, iBAWc Dilj A3 KA S 5,

EROEHIE, RFFL A, RAEBHIIKERE, REDEMPF K DITED, EiFnwsrns
T — R D T TODOEHDIFIHDOBRIZIE, EIZTWAWALRAT Y T THRELLDED
T, EREFNBEFIFE IR (CLHALTWS),

5. BFAKETE Z03—&UBENLED

BESETIZRLS T, BRZ20 S 5 WHIT TETWAERE LB A A, R K FA
D—=DTRHDDEN, SETHTREZLODL ST, REORERZS] ITEEST,
KOG (Lo T, K0#LW?) PRIZBEKRLTWS, DE0. [TV TDH
AR R HEF A8 Broué’s Abelian Defect Group Conjecture ADGC) TH 5 ( [4, 5] &2H4),
ZZTIHFADGC IZBEALTHEDFEL 1T RV, ROEEDAZMMAMLTELITE Y
b5,

(5.1) E¥E. H71-BA (2002) 21, R0] G % BEF LA REET Sylow 3-8 HE D X w]#:
72rd3, LT, B,b2FNENG, No(D)DETawy 22 T53, $5&, RD2D
D=MEILFRETH 5,

D®(mod-B) = D"(mod-b).

ZZTDPA) 17—~V A OFEF (bounded) 3K (derived category) % & L T\
5, RTHEAMYDEY, T0E-oTEI UL TR Fr) OBfRIZZ->TWS, B2
AZED B, blx, HWIT 707 =6l >TW\W5D,

HEE TEERY BUUIEAZI A, BIOGEECHEIEEE I 5 72 KIRRFOBIRD J5 2 1L
BHOEEZERLET,
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Schur D3 EEH D —fA iz DWW T

RERFZRZGEER ZEsER LR &N (Shunsuke Tsuchioka)*

1 AvhkO¥o>vay
L.Schur(1875-1941) I% 1926 2R D73 EE B % FERA U 7=.

EH 1.1 (Schur /3 #EH, Schur partition theorem, SPT). n > 01Z2DWT, PANDZM% 57
TnDAEIN= (A1, \) 1, TENENEBAFET .

(a) FEED 1 <i<LIZDWVWT )\ =+£1 (mod 6)

(b)) EED L <i<LIZDWT N —Aip1 23WWDILD, N, €3ZDEE >1E >,

FENZDOWTDREEZMRT S, A = (A, , \p) 2338 (partition) TH D & 1E, &N 5
ANDN—=F EER) BB TH-T, TN > >N > 1ROV DIETHDL. £
) =€, A= 20 A my(A) = {1 <i <l A =35} (S| 12 &> THIRES S Doz
xY) LRELT, TNTNADEZ, XDV A X, XD j OHEEE LIEL.

ADPEHRB R >0DRETHDLE, N=nthdIl ez, nDREDESE% Par(n) & &
U, nElO%EEZE Par & FH <.

| PEEEBEDOTYTL—b C,DCPariz2WVT, Vn>0,|CNPar(n)| = |DnNPar(n)|.

AR THEIEH (partition theorem, PT) &1, EOFOME (5 £ NEDI T AC & D %%
TN, TC) nONEE (DR nONENIRAKS 2] L\WS EEEZEKL, X D &L,

2 FEuler 9% FE
HWAEIEIIZ, Euler 12& 5% N3 Strict '~ Odd 2355, 22T, ALY 2 b5El (strict
partitions), ##4# (odd partitions) & FEIEN 2 HEIDES Strict £ Odd %

Strict := {\ € Par | Vi > 1, m;(A) <1}, Odd:= {\ € Par | Vi > 1, mg;(\) = 0}
LEHEINDG. HAHELT, TITRBEKCLZEDEENEES. D% D, CCParlzDWnT

ge(a) =Y _ICNPar(n)lg" (=) ¢ (1)

n>0 xec
L7 E, ARSI DENR JStrict = g0dd ErERE IV, BEFOREKEZEZ S L
. 1
gswiar(@) = [[1+ ). gowal)= [ 1=+
i>1 P> 1w q

MRNY, ZORRDPD gsuict = godd PRS ND.
*tshun@kurims.kyoto-u.ac.jp, The research was supported by JSPS Kakenhi Grants 17K14154.
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3 Rogers-Ramanujan E2# - 8FX - 2EIEHE

SPT &, & D E#Z Rogers-Ramanujan 73 #EH (RRPT) @ mod 6 i TH 5. Ramanujan H*
Hardy (235 72 FMAOLLFORAXD, ORI TH S (Hardy ORIFIZFIRI7Z [Har]) .

EHE 3.1 (Rogers-Ramanujan #73%%).

1 [t VE VB4 J2n/5
e 2 2 '

67471'
1+

1+

JEZE7ZNY, (2) ZNT- SRR ERE F(a,q) 2FEAD :

F(x,q) = F(zq,q) + 2qF (z¢?, q). (2)
(2) &0, clz,q) = 52D BANTHE
xq xq
elx,q) =14 =lt— =
c(q,q) L+ s

2R, RRESBOLEDIE 1/ c(l,e™?) &b, KT, F(1,q9) & F(q,q) 28T NI L.
EH 3.2 (Rogers-Ramanujan THSF ).

7L2

q - 1
Lo - L a=gma—pe

n>0 n>0
PP LL—— d
SU—a)-(—g) oy (1=¢2)(1 =g F3)

I TRADOIRIL, F(1,q9),F(q,q) D~ HTHS. TN F(x,q) =3, 50An(ga" T B L

An(q) = q"An(q) + > An1(q)
M2 EDASNBEDT, Aglg) =1 THhE

2
n

B q
Al = T

THc067. RREFXNIVFNLRED T %2 L TWED, Hardy FAOBFEITFHTE b o
72, SEEE, 1915 F I HAK E 172 MacMahon @ Combinatory Analysis 1Z1%, TRamanujan D5E
EWVWIEDRHBEH, TITEFREUTHENINT WA, Ramanujan 1 1917 412 Proc.LMS % &
{5 TWT, 1894 4EiZ Rogers »* RRMEE X% 2 T\ Z & 2HF R U7z [Rog]. & T MacMahon
& Schur 1%, RREFXE, BAFO RRPT & OFRMEMEZMAICEIE L7 ([An2, §8] H50) .

EE 3.3 (Rogers-Ramanujan 73 #|EH, RRPT). R & Ts1 & R & Tso DD NLD. TIT
R={\ePar|1<Vi<lA), \i—Aips>2)
R/:{/\GR‘K()\)Z].:)\K()\)ZZ}

Top={A€Par|m(A)>1=1i==+b (mod a)}.



SPTIE R Ts; ®mod 6 iTHB. ZDFE5% 6 IcTHUE, Toy K Te, k5. RIE
Shi={X€Par |1 <Vi<l(N), A\ — A\ip1 >3}
YEDESEN, n=90rE (6,3) € S, HBRTNEBHIESDH > LS BELS
S3:={\ € Par | N IZHEHDOZEM (b) 2§73 }

YEMERLAZEDE RO mod 6iET 5L, S5'% Ty AEDILD, L\WIDASPT TH5. [#
Gl (N — Xip1 > 3) ITINAT, THNZ—r 0%k ((6,3),(9,6), - Z&E W) 2 RRPT
IR o R HTH 5.

4 AndrewsDL P E1-2.3I12&L5 RRPT & SPT D3RR

RRPT ® SPT A2 D, \Wbpa RR MAHIEHE] OHMNARGEHOELZEE L, SPT Dt
A G LS. B, (1) ORBLIC R >TVW5 &5 &

Gelw,q) ==Y a' Mg (3)
Aec
BEZBLILTHD. Ge(l,q) = ge(q) L>TVRNIEE VDT, (3) D2 DFIFFIIZHEEL T
X\, G.E.Andrews 12k 2 &, C'% D &FEWT 5 b2 4 1k
(R1) Ge(w,q) \2D\WTD q ZH FHRERNENLTS
(R2) ¢ N HBREME Ge ® TRRI 225
(R3) ¢ MEMHS R ABALTC N D A2HiET 2

CERIIND [And]. THIEKRHHLRSGE & WS REDB D, BUETH D EIEEDZEA i\ T W
500k, DEEHEZGEHT LTV IV ALRGFELEVRSEE b,

(R1) {22\ TIE, C C Par ' [Anl, §8] DEED [V > 7 43#4 5 7 )V (linked partiton ideal)
(AWTIFEBRBZFHIFLRWV) THIE, Ge(r,q) D q ZRSFRAPFEL, »OThERDBZT
NIV ZXLMHB. RE S313) VI REAFTIVIZR>TWT

Gr(z,q) = Gr(zq,q) + 24Gr(2¢°, q) (4)

Gsy(7,q) = (1 +2q + 2¢*)Gs, (2¢°, q) + 2¢*(1 — 2¢°) G, (2¢%, q) (5)

PHBIZZ 6N (EEEHBHL<RW) . £/ @)X Q) LH—THD I LIZEFEMLLD.
$ 91X RRPT 2iFHHT 5. FEZELEH, NS

S

n>0 (I-q)-(1—g") Hj2n+1(1 —xq’)

(—1)"$2”qn(5;+3) _m(l _ xi+1q(2n+1)(z‘+1))

2EZD (1>0). fi ZEOOL DIXEH DN,

filz,q) = fi—1(z,q) + 2°¢" fi—i(2q, q) (6)

MDD (ZZTf=0), Wwbhrzs, MR high school algebra THIRET® 5.



HANZAIT 215, (6) & (4) LHMRMEDS Gr = [ PHBIES N, N (R2) DIAFHIT
H5. (R3)ZHD. gr(q) = Gr(1,q9) = fi(1,q) &

Z(_l)nqn(5n+l)/2(1 _ q4n+2)/A (7)
n>0

YEMENED (A =], (1-¢"), FEHERZLIEZHTIRD (-1)"q"Cm T2 2L, 2
neZ
Tl gt/ 2gant2 (Gt (nd)/2 _ (G Dn'/2 p2on 5t 2 (n/ = —1—n). (7) &

Z(_l)nqn(Sn+1)/2 A - H 5n+1 q5n+4)—1

nez n>0

(Jacobi —EHE) 2hbbEdL

gr(@) =[] =)@ - g th)~!
n>0
MR H5NBHD, FHUEE ST g, (q) THD. TATRRPT R'~ Ty, HWREHE Nz,
SPTIZ2WTH (R2), (R3) 25%& L, itz I LS. SPT X RRPT OERMFITMATE
oI TR N2 —DEIL] 5D T, RRPT L0 dHLWeEZLNS., LrLdklED
(R2) IZ2WTi, £ Tk, kA (5) 2 < 7201

Gs, /TI0 - 20" = 3 Bufaa” ®)
n>0 n>0

2k > TREMIL B (g) BEBETBL, (5) &b

(1 +q3n—1)(1 _|_q3n—2)
1— qdn

Bn = anl

Mz5N3. By=1&0 Gg, 2 Z &M TE. (R3)ICHD. WHEIZz=12LTLES L,
(8) DAREMN 0 IZIRZDTHEENBETHD. £I T

N

Gs, = [[ (1 — 2¢*") Jim > "B, — Byoa)
n=0

n>1

LT (ZZTB1=0), z=1¢3H

95, = Boo [ (1= ") = [T+ )1+ ¢*"*2)
n>1 n>0

AL, AAD g, = H(1 — ST = BTl TH BT 2B UL, SPT S5 ~ Ty
n>0

WRE N7z, FOM, Bessenrodt ¥ Bressoud (2 & 5, @HH % H\\/= SPT OB STV
% [Bel, Bre] ([An2, §4.4] &) .
B, TmolmWEHEBH U7z SPT & Eli I AR EHBOER
Z q|)\\ _ H(l +q3n+1)(1 +q€3n+2)
)\633 TLZO

Dfel %, ENRARIERFNIZENT ISchur [HE X 22 2DIF#H LWL S TH S (Hardy i& TRR
EHEXAIDELWAREZRRTL20EFHL V] 2R TWS [HW)) .



5 AndrewsD3/N5X—4% RRPT & SPT®Dp=5hkk (5SPT)
1970 £, Andrews IXL > € 1.2.3 ZHE Ui, RRPT D 3 /35 A — X —f{LIZ/&I LU 7= [An3].
EHE 5.1 (3737 A—X RRPT, Andrews). HRE L k,a>170<l/2<a<k>(%¥LkTL
E Appa ™ Bppa BHRDD. 22T, BEREHEIUTOLBVTHS :
" {erm|muwbmw} (¢ D8R
{X € Par| (A1)g11)/2.(A2).(A3)} (L DFE)
Biga = {\ € Par| (A1),1,(B1),(B2),(B3)}.
(A1), mi(\) > 1 =i € bZ
(A2) mi(\) =0<=1i=0,£(2a —€)({+1)/2 (mod (2k — £+ 1)(£+ 1))
(A3) mi(\) =0<=i=/(+1 (mod 2(£+1))
(Bl) 1<Vi<lA)—k+1, N Agp—1>20+1, DONEU+1D)ZHROIE>1E >
(B2) 1<Vj<(C+1)/2,5 2 mi(\) <a—j.
B3) Yiimi(\) <a-1.

(=0, k=a=2»MRRPT RV Ts, %, £ =0, k=2, a=12RRRPT R' '~ Ts, %,
(=k=a=2MSPT S5 ~ Ts, %, TNENEILTE. &, (=4, k=a=3,T 5L

Ay33=0CoNC5, Byzz={\ePar|(S1),(52),(S3)}

7203, EHEOEEE 0 < 4/2 <a<k>/ 75%&’6&’CV67’:@, NN A4$373 1;81 B4’3’3 Lo TV
5. UMUSPT D S3 @& L2 EDLIIT, e U7 S5 =DBf35C Bz BERT DL
(385 A—& RRPT Ay ~ Bf 33 MY LD] & Andrews I FAEU [An3] Z i < < o7z,

E&E 5.2. C,:={\e€Par|mi(\) >0=1i¢aZ} % a-class reqular FEIDEG L T 5.

Andrews D48 = E# (Andrews-Bessenrodt-Olsson [ABO], 5SPT) S5 ' Cy N Cs A0 37
D, ZZT S5 = {/\ € Par | (Sl)g,(S2)2,Vj > 0,(83)3,(84)],(85)3}

(S, mi(\) >1=ie (2h+1)Z

(S2)p, 1<Vi <lN) —hy \i = Nign > 2h+1, DN € 2R+ 1)Z72561X > 1F >
(S3); msjt3(A) +msj2(A) <1

(54); msjr6(A) +msjra(A) <1

(S5); msjr11(A) + msjr10(A) + msjps(A) + msjra(A) <3

ARTSPT D p=2h+1KEl, ROEIRGEEBELTVS (To, = CoNCs ITHET
3). (S1)n,(S2)n & (O) D—FITH 5. (S3);,(S4);,(S5); 1%, (S1)2,(S2)2 bHHES &

A&, shift? ((3,2)),shift] ((6,4)),shift] ((11,10,5,4)) ZEAZEE 2V (5> 0)
D& R NRR =2 DEE] TR 56N5.



— SPTOFYFL—b #p=2n+1>31220T S, '~ CoNC, HHD LD, ZIT
S, &, HEAMRES Q, CPar2[HNT, Ne S, THHI LN

Vk > 0,V € QX (& shift] (u) & HIE R )

Tl tEFEIND (AEMZ) [Schur IERIZE]] OEAETHSD. /- shift];(,u) &, u
DIRTDN=b p ZkpZRLUTASNSAEITH 5.

5SPT 1%, 2044, Andrews-Bessenrodt-Olsson IZ & - TREHHE 1172 [ABO]. ZDFEX (3) D
ZEAEBUCEED L DT, FMlZE [Tsl] ILEWZDT, BRI NV, 20 5SPT OFFHIIZ I

o FEHHDZEITIZHBEBIE AT RTH S
e 5SPT M3 D AL DARE D S 2T 6 AW
REDREDES. Bz TABBFETHRKIZEEZ TS SRS TR -7,

6 FEE:SPT®Dp=2h+1k (SPT)

2016 4F 2 H NANT, EH NN, RRBEL OB > 2 IER X A & DIFRMEICS VT,
SPT O — D& p=2h+ 1 REFBZSNDEHMEFR - FEHL 72 [TW].

EE 6.1. G p=2n+11220T, ARELQ, %

(p+1,p-1), (h+1,h), 2p+1,%"p—1)
(p+27*7p_2)7 (h+2a*ah_1)a (2p+27*h+17p_2)

(Bh, "2 h+2), (p—2,%""22), (Bh+ 1,273 h+2)

CHEFET D, « ZTANFA—RT, ZTIITHEAND ENENL D LD REROBERLTWD.
Fl 3« D afHOUT 2RI IBILIETH 5.

FI 6.2 (Watanabe-T, pSPT). fEEOAH p =20 +1 > 312DWT, S, % CyNC, MY L
D, ZIZTS,:= {)\ € Par | (Sl)h,(SQ)h,(Q)}.

ZiE p = 3,5 T Schur @ SPT, Andrews 5® 5SPT IZZNETN—HT 5. p = 3 DEHEIX
Q=0 &Z>THLWVWDT, p=50D&&E X :={\ € Par| (S1)2,(52)2,(¢)} 2FA 5. TIT,
Q5 ={(6,4),(3,2), (11, %1,%9,4) | 11 > %1 > %3 >4} THD. A e X IF, TRTDFj>0ZDVWT

o shift!((6,4)) ZEERVDT, % £9, x3 # 6
e shift!((3,2)) ZEEXRVDT, (x1,%) # (8,7)

LLTH X BEDSAG. (Sl bhbts L, Q5= {(6,4),(3,2),(11,10,5,4)} £LTH X 1%
BbHo6d, BAED X =55 2R 5.

pSPT D & 57 [GETE 2] #W%EWNZ PT DR RTZ 572 DIEESZHY, Bessenrodt 512 &
% 71SPT OFHDAAD D > 72LAE, HETH L. [(RREFAD) BICHHEAGHZHGFT 20
ARG Z LTV &S Hardy 12 & 5 Rfi# [Har] (2 & 11E, RRPT @ mod 6 BT
% SPT=3SPT LI TR VL VWoTEWES S, 512 5SPT OERMRELER D &,
pSPT O [HEIZfEHEZ ] GEHZ LB DIFEHLMMITH L E VRS,



7 pSPT O (hEF - EFED) RFHWER (5, DERICDOWVT)

Dbk, NIEED p €Y 27— A URBEROMZEN S, pSPT (ICE N7z, FEIHIZREN
T, FHRA 7 =R & ORI, FHIHEER S A (RIMS) 12 & 555 (crystal base)
DHEERDIGHE L TASONS. A = (aij)ijer AFMETEE GCM (generalized Cartan matrix)
[Kac, §2.1], (P,PV,l1={a; |i€ I}IIV ={h; |i€I}) % AD Cartan 7 — X &35 [Kal, §2.1].

EET.1 ([Kal, §72]). fEZ Y AZLE 1%, AN (K])*(K5) 79 6 O (B, wt, (éi)ie[, (ﬁ)ie[, (51)1'6[7 ((pi)iej
Thb (ZZTBIREA, wt:B— P, : B—ZU{—ox}, &, fi : B— BU{0} IZE%0 .

K1) Vi € I,Vb € B,;i(b) = e;(b) + (hi, wt(b))

K2) Vie I,Vbe B,e;b# 0= Wt(éﬂ)) = Wt(b) + Oéi76i(éib) = Ei(b) —1, g@i(éib) = (pl(b> +1

(K1)
(K2)
(K3) Vi€ I,Yb € B, fib# 0 = wt(fib) = wt(b) — as, 5;(fib) = €i(b) + 1, 0:(fib) = i(b) — 1
(K4) Vie I,vbe B)YY € B,éib=Vb < b= fit/

(K5)

K5) Vi e I,¥b € B, pi(b) = —co = éb = fib=0

KEHEEY 214 b X e PTIZOWT, MEIZEFH Uy (A) OFBEDRE V() OfffmEEE B())
DIFAE L — RV ZFEH U 72 [Ka2, Theorem 2]. #IHZ Y A XV D S5 H, B()\) D disjoint union (2
o TW5 regular 7 V AR IVIFRHZIEETH S, TN 5 IET vV ILEHOMEEBEE X parabolic
ARBUZET 57l %2 5 2, X 512 Young % Littlewood-Richardson #1H] &\ o 72 FH#$
DT Rky 212 Bbn R okt — Mz ig (F121F [Kal, §5] 2 28D HEEW o (Filx
X [KN, GJK?] #28) 267267, WAMBHEORIGREHIF 2 ) AXVOREGEATHE .

12 7.1 (Kleshchev £ 25 — 4 [Kle]). M p > 2120WT, BHIRBIOES Irr(Mod(F,.,))
i, Az(,l,)l 4 B(Ag) THIKH] Z AT parameterize TE 5 : |_| Irr(Mod(F,S,,)) = B(Ao).

n>0
EFE 7.2, RIS §5. R LONMHORUNER RS, 1%, odd7 {t; |1 <i<n} THE
XN, LT 2ERRBRNICRD RBRETHS 1<a<n—-2221<bc<nT|lb—cl>1).

ty =1, talayite = tasitalas1, tote = —tcto.

AFERE S, DKk EOAY Y REHIE, Mod™ (k) DELELIZFNETHS (22T, super
DB EB O RO T HIFhA. [Kle, KKT] 2 ¥ 2BBENEW) . ARTHE

(a) Mod*™(Q&,,) DELE%E [RFRHEDEH A Y > KB
(b) AWM p > 31201T Mod® (F,6;) DE%RE RO p V25— A Y L HBHi
CIES.  [BK1, Theorem 8.11] THIREED ALY VRBGHIZB T HEY 2 7 —HIAINZ 5 7=,

EE 7.2 (Brundan-Kleshchev). #FEH p > 3122\ T, BHRIOES I (Mod™(F,G;,)) 1,
AZ(,Q,)l B B(Ao) THIKAIZ AT parameterize TE 5 : |_| Irr*(Mod*™(F,6.,)) =& B(Ao).
n>0

ZIZCEMTL EEM 72027 ) ZAZVEBLE, 2 BRI LD SRR 2k A JTS 92 FE
TE% %ML $OTHL I LITERET S ([OV] Ll X 7z [Gro] DRk TH 5. [KS| D2
VALV B(oo) DRI EH %2 W) . [Perfect crystal (2 & 5 5#E/ S 2 [KMN?, KMN3]
izks &, Az(i)l B2 ) A2V B(Ag) D B(Ag) C Par 72 5 52 BiZ p-strict p-restricted %27 #| RP,,
L5035 NTWS [Kan] [Kle, §22].



EFE 7.3. \eERP, &iE, UTFORUEDVED IO L EEHRINDS.
e mi(\) >1=icpZ (JF: ZHIX ) € Par 2% p-strict THDIL VI L TH5)
e 1<Vr <IN, A\ =X 1 <p (FEZU N €pZDEE<IE ) .

FeddE, I (Mod™(F,S;,)) #* RP, T parameterize T N7= Z £ 12725 (Z O A[HEMIE LLTA
HEmIZFE XN T [LT] THIO TIRE I N7z, Sergeev duality # W& E H 5 [BK2)) .

EFET74. p>21220WT, Ry={\€Par|Vi>1m()\) <p} LEXETS (pEHIZEI) .

STCFEPEO VD Z IFX<HENT WS [Jam| DT, ACVEMEZR DL, bAZET
(5% DEDY T AR ODIFAERHIFF U< 725 (LAD 117HDORHESHNE Schur (2 & % [Sch]) .

TV 25— KBGO M (Brauer-Nesbitt DFEH) kb, R W N0, THRTIIER LA,
Par(n) ——— Irr(Mod(Q&,,)) Strict N Par(n) ——— Irr(Mod™(Q&,,))
R, NPar(n) —— Irr(Mod(F,S,,)) R!" N Par(n) —— Irr"(Mod*(F,&,,))

RP; W S5 ¥ X LWAS, RP3 1E S5 & [ REEOMENBIELTNE] 2L ITHEEL X5,
R}" = S3 3 % parameterization |& DHFREED 3 A U fi#f75)% =419 %] [BMO]. XIFEE
D5EY 2T —AVREBDOIFED S, Bessenrodt-Morris-Olsson 1%, RO PT 2 FHELZ (X
5125 ALY RITINIC DOV TOFHERRT WS, ZOLOFHEIZDWTIL [Be2, §3] A& 72
fRFiTH5). ZOTHINESPT LEMTHD I L, METIDOBYTHS GEAHIXHE) .

£ 7.5 ([BMO, §3, Conjecture]=[ABO, Theorem 3.1]). Schurs %, LA NDSZM% 723 Par D
HAEGL UTHET S, ZOLE CNCs N Schurs B .

[ 1§Vi§€(/\)—2,)\i—/\i+225 (f:f:b/\1€5ZifC&i/\l+)\l+1E5Z@a%2&i>) s

o Vj >0,ms;43(A) + msj2(A) <1,

o Vj>0,msi11(A) +msjro(A) +msis(N) <2,
o Vj > 0,ms55410(A) + msjr6(N) +msira(N) <2,

o Vj > 0,ms5411(A) + msj+10(A) + msjps(A) + msjra(A) < 3.

2 7.3 ([BMO, §3]). Hhf @5 : S5 — Par % [(55,55) DHbN%E (55 +1,55 — 1) ICEEHZ 3]
IZE > TEZET S L, Imageps = Schurs D3 D LD, RHZ S 2T Schurs TH 5.

bRHLNDOWIZFEIL, Schurs, Schurs C Strict & [d UMEE A HRF T & % Schur, C Strict % A D1,
[ABO] O F5#ECTaHAEHE % I\ T Schur, K CynCy R LIz Z A Slh% 5 7-. Schury I3
DN, LOHAT 1 DOOHRNRERI [Ts1] 1IZHD. BAIIZIEL 72 Schur, DEHIT [TW,
Definition 5.2] IZ® %. Schur; 221} %5121d [KOR, LT 2 &tz a— ) AT (v
12 & BIRITHADRE S 5 2 HY, ZHUZDWTIREIES B, Schur; ~ CyNCr 2RTIZIE, Al
7.3 D & SIZ p-strict 7 S, 2 Schur, # RO 2 EHH 5. Schurs, Schury (Z BRI A 5
mirotz (25 %H Schury IFFLET 200N HETHS) H, 53,595,957 »51E S, DERITHET
LMW TET.



8 pSPT® (M#EF - EFAFD) R|HHER BEAICOWT)

bbb EEBOFEIITIE TR X 2IEAMEDIEH] © X 5 LB {LOKMEALO NS, &
LEZOTHIE (BEOAPFRLT) SIS W5 DI TRAY ([Ste, Ts2] & AL h
I, perfect crystal B [KMN?, KMN3] iZ & % regularity OFEH % [T E 2006 LRW) .
AEFIDORERS 23R R B, —fIZ C CPar & i < jIZDWVWT

CH={NeC|mp(\)>0=i<k<j}
LK. S, OfAaEmIMEEE LT, R
Sg)‘p*h,jﬁh o~ SgPﬁLl’ijrh % Sgpfh,jpfl’ A= (AT, )
TH->T (ZZTj>1), ROMEEZEODLEDEMKTE S [TW, §2].
o € SI()j+1)p7h,(j+1)P+h7)\ c Sg;p—h,jp-‘rh Z2OWT, (1A €S, < (uAT) €S,
o vE S}(}j—l)p—h,(j—l)p+h,)\ c S}j}'p*h,jzﬂrh IZ2WT, (\r)eS, < (A ,v)es,

ZZTHIAE (1) 2, p A EZTDEFAMARTRASNDHEEEKL T WS,

CORBH RN L, RUEE S, 22 x SHLI L §pHL2 1y Lol AFERTE B [TW,
§3]. SYUPTLIPTL 3 (AP )T Ao Kirillov-Reshetikhin perfect crystal B? (Z#id [JMO] T
M X N7z, KR 7Y ZAZ)IZDO0WTiE [HKOTY, HKOTT] 22X hiz\») LERERDT,
B2 bR ERUT Y ARG AR5 25 Z £ TE [TW, Corollary 3.10, ZHZ&->TS,
F (AP DTS ) 2200255, I CHRIRNARBEIZ R 2, S, EOMBERE f; # S, O
(% 1 D8] ZEHFEHTE S [TW, Theorem 3.16] (GEMZGRA TW 2720 0, RIEGE
74 cancellation DFER, WO VL-oTWE Z &iEbnd) . —H, S, (B"2)® & perfect crystal
D—fk# [KMN2, KMN2] 12 & 5T B(Ay) L AMADT, 2 ) AZVHGEEZENS 2 S, < RP,
MZ 5N, RP, 'S CynC, P LVwoT (B [TW, §5.2) 381) , EEMMAZSN5.

ZD XD ITEERIE, perfect crystal HimiZ & 2 FAR S AR DIGHBR DM, INEFTH SN
TWVWS & D% Par DIAEBITL DL RV 1 7Y AXVOER L FHRIRL 2 L 2FET 5 (A
BHOI MM 12k 5, A, M2 Y 2 ZVER R, = B(Ao) B 5. Third R, < C, b5
N5, Wk L7z AP M2 ZZVARP, = B(A)) b ZO—HITH) . ZHETOLDYZ
Young wall 7R EBLITIE, [Ts3, §1] DEKT 73 s% H 727\ | perfect crystal BAHW SN S.
Iperfect crystal iZ KR crystal D7 ¥ VIVEIZIRS | 05 FH (Zhidk/z e 21X [KNO] D1~
FEIZEIPNTVWD) DHE, TD KD 7% perfect crystal 735U 7z [Ts3, §1] (20 [Ts3] DF)
Thot). LT, ZDYRDMUAD perfect crystal 2 HWT [Par DEDEEIZ LB L X)L
127V AZVER] (BLXOZORKEELTOPT) 2252k, TERWESIEHFZATWV.

UL (AT B B2 137K SADDI R E BB, KD [Par DEAEAIZEZL AL 1S
D ARNVOFES] OPAZIRW. EEHOGEHOARENE ZIZhH 200 L HfEL, o) —i
(& B\ & perfect crystal) IZDWTHMD PT A2 65 ¥ E LW, #HlxIFEEIT Bﬁll) B DTH
Mnil2WT, EEHLAKO PTAZ6NE20E LNRVWEZEITVWEAD, BURTIHIZFIFEM
2T EIRNRETH S, £72 [BKL, Theorem 8.11] DFEBLTH % [Ts3, Corollary 6.11] %, [Ts3,
§1] % [TW, §3] THiAI T W2 AY) e DO MoNir £ 5 L, FEo DY) kibHic
TEZLMGEING. ZOBA, HARGEIE [Strict 12 “E#%2DE) | #2) 2 ZVHEERA
D B(Ao) LRBIC B ZeEASNE. ZARMOXIRT, OhiZk->TFHEINTVA [Oh
Conjecture 0.1] 2%, HHRERMEDOE L TELL RV I EDBH SN TV 5.



PT ®Y) —#H - REGAMWGEIA X [ASW, LW] R EZLHH SN TV, bbb OifiHE Zh s D
TATFTEOMEERSHIZTEI L, SHOMETHS. HlxiE, bhbho EEmE 147
B Schur PT) LA 250795, [GKW, Theorem 1.1] @ TAY) B RRIES R » Ol#% £
HEBILIFEWHREIZ R B LA,

BB, bhbhoEjfi, 2O THEENMEIN, p = 3,5 TEEHRINTWVZ (51T
p = 3 TREBHRMIEY [BMO] M50 TWE) #, [BK1, BK2| 12 &3 RP, &\ 7
Llnso I (Mod™ (F,&,,)) @ parameterization TW o7z AlREN SN LS bNs, R C
Strict & —ME DA (55 VIEHHEL) p >3 THOIFBZ L THo7. bhbhl Schurs, Schurs
% —#1b U 7z Schur, C Strict E#H L [TW, Definition 5.2, THH R’ 7255 L HEZTWV5.
Schur, '~ S, 4%, B&RMS S, DES7% MMihn] #%E25A5ILI3TE A7, i
Schur, & S, ZFHNVTEREIND, LWIHEIKT S, 1T& DIRENZS S5 & HEXTWS. ISchur, %
A\ 7z parameterization T, XFHED p A VAR HIVN =Ml N5 ] Lo IE4S S S
DHETHD (R, 12L& 5 | ],5,Irr(Mod(F,S,,)) D parameterization TZ DEEMEK Y LD &
iZ [FMP] TREN2AS, BUETIE [Jam] O Specht MEEDFAEDH LR TE ) .

9 mI&IC
IO, BHDOWEZ 5 AT EI o EERZXAZIZUOH LT 5 organizer D AR X AN K
WZLET., HoREeS5TIVWEL-.

0 o0
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2= &) RE DR L HuED Gk

K 5K (RIRRFER B B R

Z OANAEIE Benjamin Harris 1K & OHLFRFFEICHED <.

G%Lie#f, gaZDLicBRET 5. GO g* ~ORMHERZEZA L L, ZTOWE (REMHTUE) IZERZ
Y7V T4 v 27k (Kirillov-Kostant—Souriau B ) 2 ® . #ud Gk, REFEHUEE G ORE
RV KRB DBRIZOVWTERTIEDTH 5.

g"/G  — {G OB =% REDFEEH } (1)

138 D HIE Y DIZHEE Lie FHTH U T Kirillov [6] (2 & > TEAI N7z, kL FHAREE Lie BHIZDOWT
3 (1) OEADHIZ 1N 1 G H Y, S SICKREOMDOEE B TH B4R, HIR, Fmn L2 HuE oMl
DEE TR E N D (8]).

—Jif8i#) Lie BEOLEITIE, BE Lie O L 2D & 5 R GIdEFETE v, g* /G O % #2412
BET 2L (1) OMBGADEH N EEDOHIZHIENTE T, REOMOBHEN HiEz M > TRGERTESL Z LD
LIFUIRBZE SN TWS. DUR TR Lie BEO 1 =& YV RBEUZDWT, BEIRBEOME, 81, #HE2, 6
BEEDEITHIGLT WS hERS.

1 BERRIR

G % Efl Lie Bt §5. 72720 2 2 TIEEMHY Lie B & 13#EEE RN Lie HOEOZ 2 255, R
PEBE & REONIR T, —1¢%/G 2ZZA200WHARTHS. /-1g* 2 RERRC LD V-1g LA
U, ¥5(2 Lie BBOMDIAA g < gl(N,C) %ffio> T /—1g % gl(N,C) OEHZEMEARRT. G- C/—1g*
PREHMEETH B 1k, WIET S gl(N,C) O AR ThE I T 5. ZNE G- CV/-1g" H
BHEAIT 22 Z L LAMETHS. G- C —lg* WEERETH B L1F, WL 5 gl(N,C) DI EETI
ThHdrIL LT 5.

BRI R B ORI MBS DG & L EEPIEOH A Th T 5 b, FHHIE D5 & (JAEHER 72 L AR
S5NTWVWA. HEEHE IOV T —BINRERIXE SN TWARWD, HMISd 2 REITM/NRE &2 CEE R R
HEND ([14], [15] & & &2 2H).

I TIRERMBLEDG G 2D . REMFHLE O C V-1gr IZHLTEec O LD, G(E) 2T DREELHS
B, g() 22D LieBir 5%, g/g() DYV TV T4 v BRI T AR T LT 1 v o4 % G(&) &
T5.

R HHHE I AT 2RO T — 2 0o REPEEINS.

TE 1.1, X7 (O,A) WERFMPUET — X £ 13, FRAPE O C V—1g" &, &£ 0T 2 G¢) o
SRV A PEE > TVTIREAZTEDLET 5.

o dA¢ = f|g(£)’



e g-Ae~Nye (Vge@).
o A iFG(E) = G(&) RAIL .

(O,A) ZERHEHET—R 2L, €O %D, AMlg ~gTLITHIETEE X € V/—1g & T 5.
Xe RPHMITRDOT, H5 Cartan HAREt C g BWEMELT X € /-1t &7 5. g D Cartan & 0 %
Oty =t b5tk y, K=G% 235, qCgc 2EEBDBEAINRE, q=1+n%2ZD Levi & T
5. l=gc(§) 2A7T L& q% O D polarization &\5. F 7z polarization q 1%, o € A(ge,tc) LT

(N a) e Reg = a € A(n, t¢)

T®H 5 & E admissible polarization £\ 5. X 512 q N g DIXIEH admissible polarization D 5 HEKTH
5% & 57 q % maximally real admissible polarization ¥\V5. ZZTql, E¥ g Cgc KT 5 q DHEHE
KgTH 5.

(O, A) IZxfJsd 5 #&B1E, admissible polarization q % & % & Harish-Chandra Il 0% E R F I‘?,’g(g)mK
EE-TEHRINDG (|9 22M). s=dim(nnt) &L, virtual (g, K) fifE%

X(0,8) 1= SIPIIEE o ) (€ @ Cypoy)]
JEz
YEETS. X(OAN) qoe Hlzkbimv. b UAME
a € A(n,tc) 7D «a i imaginary root = (£ + pr,a) >0 (2)

EWERE, BB G OBNL 2 ) EB (0, A) BEELT X(0,A) = [1(0, A)x] L% 5.

Z OREAIE Zuckerman FE & Y BFE L MAEDELZEDTHD. X € V-1t DL E O ZHEMIH
H, XeeV/—1g? or& O 2MEMHE L XX, BHEHE O IZEREBERAD A 13Z0 EOERHE
WA EEDD. 208 1(0,A) 1170 Dolbeault IAED Y — L AEIZAS ([16]). WHTHEDO & 1%
qNg C g BEOBMELE S REUZ72 0, 7(O,A) 1& GBIL) =2V ERFIRBUTR S,

F72 O BREAPUED R TRITVTRAD & & regular £\ 5. regular ZRBUIEIZ IZFEMEBH LGN T 5.
K12 rank g = rank € D & &, regular 72258 M B E I JHEBCRIRBL R T 5.

2 R

ARRRTRIL m 128 U TR ©(g) = Tracen(g) & G EOEEKZEED 578, MEXGCRILZFLTE G |k
® distribution & UCTHEZERTE DI e H 5. HIAIE, #HFE Lie OB =% 1 RBLCHEH Lie HF D
BE#) admissible ZBUZDWTIE f € CX(Q) 1T 5 w(f) »¥ trace class (2720, f— Tracen(f) #* G L
? distribution ©(7) 2ED 5. O(m) 2 HEHEHRTI SR L T g LoD distribution §(r) 21535.

BED HIEIZ I NIE, 838 O L RE 1w BXIRT 5 & & 0(r) D Fourier #1138 O LOBEHTHZ S
nb.

EBE, FE Lie OB 1= 2 ) RELOER 0(x) 1IZEBINNIZ A2 D, Fourier Z#t f € (g) — f €
S (V-1g*) %

f©) = [ ) fla)da
g

LIsE,

(O(m), f) = f(&wo (3)

£eo



MBI D., TZTwold OOV YTV oTF1v I RA»SEEIRBEAEEKT.
f&i#) Lie BEDBERY admissible READ B G 0(r) DEFEZIEIEL T

0(r) = \/oxp - exp* (O(r))

E¥5. ZOMEICKY, m BMER/NEEEZ RO Z LIS U T 0(r) DEBURBOMS iR E AT, £/
O(r) B £V 0(r) FAT L' Bz 3 ([1]).

G »ay Ry soEEE, Kirllov [7] 1I2& 0 (3) BREhrz.

GHIET LR LT m AERMETOEAIZ 1 0(r) BERIIZ A D, RI1ED (3) ORDHIT S (1)),
EZAD m PREMEBE T2 WEEITIE 0(n) 13— RICHEBBEBREE O REZ B bR TRY. #£oT
O(m) 1 V/—1g* O#LED Fourier ZH & 1355 L < 72257200,

Rossmann [12] IZEDOREEHEHEDOND D12, PLUEOERILOT DY 1 7V 2o THRIENEESLZ L%
RUTz. 7 % regular Z2ER/NMEIE % b DEER admissible & & U T, Oc % % DMHER/NEEIZHIGT 2%
Lie B gc ORBMEHLIE L T 5. 2n = dimc O¢ = dimg —rankg 2 BL. ZOL &, HHHE 2n KILOY A
2V C BIRDIERCHHE 0(n) 23b T3 : f € C(g) KA LT

O(m). f) = /C Jwor. (4)

T 2T Fourier £ f % gc FOERBIBIZDIEL T WS, wo, 1 Oc DERY Y TL 2T 1w 2 KAD 5 E
FHEA2n A THS. C DRIV NI FEERSZ2WD, BMAPPRT L5001 7V ThHs. £/
ClE—EMIZIZEE ST wo, DFFIRGEDOFRER Y —DIt L AR S.

IO @A) DYA TN CIE, © eXILT SHEEHRIKDRZEEDRMEY 1 2 )Wz Xk b RI 5 Z LAY Schmid-
Vilonen [13] TREINTWS. X = Gc/B % G DEFLOBEEZ AL TE. X LD G RAEE LR © D
Wit Bl itk > TFEEI N, [4], B TRI N, m iR T S X LD G FZE F &, Beilinson-
Bernstein X3, Riemann-Hilbert xfi&, ARG [10] DGKTHRSOND. ZDE E [13]1F, (4) IZHNEY
A7)V CH F QRS 1 7z & % twisted moment map DERTHZ 65N B Z & %R LTz

HIEICRER U 72 PRMBE ML 2N =2 U RB 1 I2OWTERATAL D, EHRMELUE O 1T LT
HIfiOR S Z2HWS. U % Ge DRIV N MEQHTK 28030295, niZHEds X EO G H
Bl F ORMEY A 2 &k, (13| BT 5 I LICX D ROEHIGS NS ([2]).

T 2.1. (O,A) % (2) 273 FHAPLUET — X £ $5. F7z q % maximally real admissible polarization
35, ZOLEMHI=RIVKRI T =71(0,A) IZDVT

<9(7r)7f>:/cfw(9c7 C:{9§+UPIQEG7 ’U,GU, gq:uq}
DD LD,

O=G £THENS, CDERITBVT u- p DEAETNIE (3) 1275 5.

3 38

G 2 EMHNRER, H2ZOWMoRERL 5. ZZTEH22=€¥Ya5—¢ L, HPEERELSDD
ZRVFEEEEZ D, PEOHEICENE, GOa=gYVERE LX(G/H) & G-bt MIET 5. 22T
bt ={¢eV/—1g*: &y =0} £BVI-.



L?*(G/H) @ annihilator ideal XEH T2 Z &2k b, IROTEHIGHTE 5.

EE 3.1. L GOBMHNI=R )V RE 1 2 L2(G/H) CHFEGT 545, 7 1dd5FHEMT )\ € Ge-ht 5
EED Ge D—WEZRIE EOHZ2 0N ML LTHEBINE, 512202 E, hlh 2 DS
A—Z1% G - bt @ Zariski FAEIZ A 5.
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GROUP CHARACTEROIDS AND QUIVER REPRESENTATIONS

(O KZ fEER (Nobuo liyori. Yamaguchi University)

SR OHEHEONEIE, TERZOELEAS AL DREMEDO—HTT, BLI AL, AREEOHIEEHR
DEEZ VA WA RPN SEZERZLUTWET, FlAIX, SR %2 BRNER R A, ZTORMFEIZDOWN
THEBT I 7 EDHRBRENSEZERE L TVWET, SHIK HABHREZ A N—FZ, TOXRBEZHN
THOBEEIZOWTERELTWVWEZWEERWET,

c5F.

“n € Lo XU, w(n):={p: prime| p|n}

CFEBDORDBEE T AT, ny e NIFIRD 3 DDEM (V)ngn, (2)7(ng) C7,  (3)w(n/ng)Nw =0.
Tl IR E T 5,

auh

m(G) =7 (|G]),
*Gr = {z € Glz!¢l= =1},
-7 =7(G) —m,

=D DRBNOBRLEE {p} 1F, HiTp &KRT,
ZOEIPDRTHEIIOVTIIBERREIZHHL £7,
Definiteion of a Quiver.

EE OWOMQ = (Qo, Q1, (5:Q1 — Qo), (r: Q1 — Qo)) WRD 2 DDEMZHiT-T & & quiver & IF
3

(1)Qo (#0), Q1 = FESTH 2,

(2)s, 71E, Q175 Qo ~NDEHTH 5,

Qo D7t% point LIFLS, Q) Dit% arrow LIER, 7z, arrow a € Q1 1T L, s(a) =a»Dr(a)=bD
L&, aSbora=(a—b) THY, arrow DEPERH ayay - ap TEM (o) = s(agyr) for 1 <1<k —1
%7295 D% path L IEX,

TAN=QDPOEERONDIEER2DODI A N—2/MNLET,

EE. Q= (Qo, Q1, (5:Q1— Qo). (r:Q1— Qo)) & quiver T2, Fa=(a—b)eQ THL, ¥
VANV 'ED, QF ={la|ae @i} TS (QiNQF =01THEETE), GBS, r2ROLSITE
b3,

5:Q1° — Qo 3(fa) :==r(a)7: Q¥ — Qo (T(*a) := s(a))

ZDEE, QP :=(Qo,Q, s 7T) % Q D opposite £\,

Date: December 25, 2017.



2

EE%' Q = (QOa Qla (5 : Ql — Qo)a (T : Ql — QO)) %3 quiver & b’ Qop = (Q07 lljpagv?) % Q D
opposite £ 3§ %, Q ® UD-quiverQ" = (Qud, Qvd, std, rud) %, ROXTEHRIND quiver TH 5 :

Bd = Qo, L1ld =Q1UQTP,

ud ) sla) ifaey wd ) (@) ifae@
i my‘{;@) facgr M7 m%‘{?m) if o e Q.

F72, TV TR I7A4N=IZBWVWTIE, XAy =109 - oy D oppsite 1X 1y = taptag_q - -tag, (ZZ
T, 'ta)=aTHd) TEEEINALT S,
SEOFETE, RIZRTHDE T A N=PHVLNET,

5 (poset @ quiver) .
P(=(P,<)) poset &L, Pop = P, P = {a = bla,b € Pandb<a} &L, Qp HBHWVIE, P =
(Po, Py, s,7) % poset P D quiver & FEE,

ST, GEARME, Sgp(G) & G DIIHERIKE TS, (Sgp(G), <) (=Sgp(G)) £ LT poset A% (G
DIIRER LIFZ), quiver Qsgp(cy BT HIDFHEDENRTH 5,

Quiver DRIFDEHE

RZWHEL T 5, FH quiverQ D R EORBTHD L1F, FaecQitfl F, THRES (H5WViE
R-module, R-algebra) TH bV, Ha=(a —b) € QL ITNUT F, = Fau : R[F] — R[F] (%
W F, — F) WRERABL LD IEEEKRT S, £/, &3 A v = ajag-ap WU, Fajasor =
Fop, ©Foy_y 0 0Fa, LEHZEBLTEL,

AR B, (G).
G A2AWREE, n &2 FEBH, L,(G) ={zrcGa"=1} 8%, ZMRE B,.(G) %
%H(G> = SpanZ{@’Ln(G)kp € IIT(G)}
LEDD, ZOAEREIZ DWW TEAKARIEIZL FOMED Th 5,
HE
(1) B,(G) &, HEBOFEIZ L HRIC Z-REL %5,
(2) 2 DDEHES mln AR K < H < GIHL, HIRGTE Res( ") 2 B,(G) = B, (G) &
Res(y ) () = flL,.x).
YEHTBHIENTE, TR ZHAKTH S,
(3)X CGITHUL
C(X):={D C X|D: G-:48 }
rHlk
C® B, (G) ~ CICEG],
N ARVASR



T, C®B,(G) LiziFIB{L7: Hremitian BEASRD LS IZEHRTE S, f,g€ C®B,(G) XL

[f.9lGm) = |G| p Y f@

€L, (G)

ZOHNRBIZDWTIROEZELMEBENE D LD ET,

E12 (Frobenius propoerty)
K<H<G%GDEAHE, mnZikmn’ed200F8KELTS, feCxB,,(K) LT

) H|,n) [|HI\ " .

(Lm (K)) te K\H

ZIZTap€DIEDEC(Ln(K)DRFITLEL, BCAIZKHL XA X BD AITBI2RERBET 2, 2
@t%hﬂgﬁﬂi@@%mﬁj#6C®%MH%MDCﬁ%E@T%D\ﬁ%ﬁkTo§f€C®%M )
£ geCB,(K)ITHL

[f, Indly ()] gy = [Reslymd (f), g)ae.m)

Remark. L CTm=n= |G| D& &, F% D Frobenius property I3@ & #HIRIZ 35 1) % Frobenius reciprocity
—H %, WEIZBVTIR A (f) ORICDTH#o b OEMALE LA, FTEVELET,

Generalized m-Brauer Characeroids.

GEABMYLL, 1Cn(G) %25,
B, (G) :=Big,(G) B [, +](@.x) = [*, ¥ (ccl.)-

DEIITEBEEERL THL

B (G) 1B 2HEHE G 0) generalized m-Brauer characteroid EWERZ L1235, K m = {p} ®
& &, generalized p-Brauer characteroid (& —#% p-Brauer /& & —#(9 %, Z ® generalized 7-Brauer
characteroid DRI & UL TMABEIF SN 5,

R 28 a,b% oGy + 0G| =1 DX IITER, bZ-FEEH: CR B,(G) - C® Z[Irr(G)] ZIXRD
SIZED B,
f(a) = f(21917).
DL EfeB,(G) = feZlr(Q) HED LD,

Z @ generalized p-Brauer characteroid D EEREE L U TIRDBH 5,

EE m Cm Cn(G) 75,

1g 1) B (H
(18 |y, gy © B (H)-
ﬂ'z( )
UF,
(Hm) 1 IH) cpor e q(Hom) (H,m)
Ind (e = Ind ey BEO inde T = Ind e Tl (50
(H7T ) (HalH‘ﬂ—’l) N N (H,Trl) L (H,Tl'l)
Res(im) = ReS(e ey ,)  BET resger,) = Resnyls,, o)



4

DESIEHEEEH L TH L, KIE, characteroid 25EHE DL L MBS - B2 E DI 2 DRLTWVWE L
DTHbB,

Quivers of our cases.

INETOEMNPIAN—DREZHANTZED IS ICEBITE 20 2HHT 2, IRO3DDT A1 N=HRX—
7y R THB,

(1) Qsep(@)x (2, | ). (i1) QSgp(G)x({neZ>o|nf\G|},| y» (if) Qsgp(a)xan@-
(ii) 1 (i) DEH 2 A N—TH %, (iii) D 27 D poset DA—KX—V) ¥ FIZBHEDOH D L Hi7sd DEFHL TV
B, Q% (i)~(ill) 272 Q = (Q)" DI A N—DE b —D LT B, Ha(= (H,n) &5 (H, 1) € Qo
R ac@Q iz,

Fo=C%B,(H)or B,(H), Fa —{ ]

£35, TOLE, FIZQoORHELE, ZOWE[HMODTT, IROEBMILILD,
EIE Y & @ D path 95, LED f S .FS(A/) el g < -Fr('y) W ULIRDSRIL T 5,

[P (), g]]‘}(w) =[f, ‘Ft”/(g)]fs(w)'

%R m3Cm,mCn(Q) & HHK <L<GIZHUIRDVKLT %,
L,n3) . L, L,73) . L,w
[, res( w2 ind 2 (9)] (a1,my) = [resiem2 ind (57 (£, g](acma)

722U, f€Br (H), g€ Bn,(K) LT 5,

* pgenCn(G)BLUOHK<HLGY T3, fellp—1Br(H)], g € Zlg — IBr(K)] i LT,
RDIENLT B

L,m). L,w L,m). L,m
[, res( ) ind (2™ (9)] 115y = [resg D ind (5™ (), gl

Application.

PAEDEE & @ O & DERITIROEH DS > L BEHELRED L Bbihd, 72770, ETRALZEH %
EEXWZEDIZEELRN,

TR GEARE, 1Cr(G)tTh, I0OLSLEO MG £, g L

> f(@)g(x) = 0(mod |Glx)

z€G

MALT B,

L OEHIIFHEE OSBRI E IZE PN D NSO THANLMEED X 5 I1IZ/IZE S,
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