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R := k[z]/(z™)
e Indecomposable R-modules are
X; = kla] /(') (1 < i < n)
e Irreducible morphisms are
VIV Xl —» Xi—l and Li—1 - Xi—l >i> Xl
e Auslander-Reiten quiver of mod R is

mwu .../\/\/\/\/

Al ONANAN AN N

”4NL3 /\/\/\/\/

Gluing Auslander—Re/ten sequences

(L=h)
0 X, T X 1®X1+1;“>X =0

Osamu lyama (Nagoya) Derived category and CM representations August 31, 2015 2/30




Relations of mod R are
(Xz ﬂ) Xz'—l Ll;l> Xz) - (Xz L_Z> XZ-I—l ﬂ'“rl; X) (1 < 1 < n)
0=(X1 55X 3X) (R™ X, =5 R #£0

o m_odR = (mod R)/[R] : stable category

odZR

(modZR) / [R] . stable category

X1(=2) e X1(—=1) s X e X1(1) oo X1(2)

/\/\/\/\/

Xo(=2) e Xo(=1) oo p C— Xo(1) v X2(2)

\/\/\/\/\

X3 (—1) e @ — X3(1) oo X3(2) e X3(3)
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kA, = | "% 7 " . path algebra over a field k
00 - k
e Indecomposable kA,-modules are
[0 0k~ko-0 (1<i<j<n)
e Auslander-Reiten quiver of mod kA3 is
[kkk]
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e Glueing

}00][ 1] kkk]\ OOkQ ........ [OkOQ; ........ [£00][1]
| «

[kkO) [~ [Okk ................. [kkO (2 (Eh [kkO[[1]

/\

[o[6] - [OK Q] vrvvessrnoe [kkE[[1) [00K][2]

we obtain Auslander—Re|ten quiver of DP(mod kA3)

ﬁ)}][\l};“m/ﬂmk] ............. OOkQ\. ........ [OkOQ ........ [£00][1]

[220)[ (S — ]2 — [kko ............. [ORK][1]mer [kko[[1]
o N N [kkkﬁ <<<<<<<< N

3 equivalence of categories
mod”(k[z]/(z")) ~ D®(mod A,_;)

VAR
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e [Gabriel, Happel] @ : Dynkin quiver (A, D, E¢7s)
— Auslander-Reiten quiver of D®(mod kQ) is ZQ

Example : For Q = Eg, ZQ) is
INSNSNSNSNS

SNLNTNLNSN
NSNS NSNS
NSNS\ NN
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Cohen-Macaulay representation

T =Ek[[Ty,...,Ty]] : formal power series ring
R : module-finite T-algebra
mod R : category of finitely generated R-modules

e No duality mod R ~ mod R°P
e mod R does not have enough injectives

CMR:={X emodR | X is a free T-module}
: category of Cohen-Macaulay R-modules

e 1 duality Homy(—,7T) : CM R ~ CM R°P J
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e Ris a T-order (i.,e. R€ CMR) =
CM R has enough projectives and enough injectives

Commutative T-orders = Cohen-Macaulay rings with a
Noetherian normalization T'

R : isolated singularity <= gl.dim (T' ®p R,) = dimT,,
for any non-maximal prime ideal p of T'

Theorem [Auslander]

R : T-order
e [? is an isolated singularity —
CM R has Auslander-Reiten sequences
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R : CM-finite <= There are only finitely many
indecomposable CM R-modules

e CM-finite = isolated singularity |

R : CM-finite with dim R < 2 = The category CM R
is mostly reconstructed from its Auslander-Reiten quiver

Example : Simple singularities R = kl[[xo, . .., x4]]/(f)

type f(xo, -+, 4)

A, | o +al+ad+ -+l
D, |z '+ zox? + a5+ -+ + 27
Es | ag+ai+a34---+a]

E; | zixi+ai+as3+---+ a7
Fg g+ at+ a5+ + a3
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Classification of CM-finite Cohen-Macaulay rings

Under reasonable assumptions

e dim 0 : k[z]|/(z")

e dim 1 : Simple singularities and their overrings
[Jacobinski, Drozd-Kirichenko-Roiter]

e dim 2 : Quotient singularities
[Auslander, Esnault]

e Gorenstein case : Simple singularities
[Knorrer, Buchweitz-Greuel-Schreyer|

= further results for non-commutative case
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CM R :=(CMR)/[R] : Stable category

Properties

Assume R is Gorenstein
(i.e. Homp(R,T) is a projective R-module)
e [Happel] CM R is a triangulated category

e Suspension functor is given by cosyzygy
Q' CMR~CMR

e Triangles are induced from short exact sequences
0=-X—-=Y—=>272-0

e [Auslander] R : commutative = CM R is
(d — 1)-Calabi-Yau : Homp(X,Y) ~ DExt% (Y, X)
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Tilting theory

Tilting theory reduces the study of a triangulated
category to that of a derived category of a ring J

T : triangulated category

Definition

U € T : tilting object <
e Vi # 0 Hom(U,Uli]) = 0
e U generates 7 (as a thick subcategory)

Example : KP(proj A) has a tilting object

0
A=(-—-0->0=>A=20—->0—--)
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Tilting Theorem [Rickard, Keller]

T : algebraic idempotent complete triangulated category
U € T : tilting object = T ~ KP(proj End(U))

Example

Endr(Us) = k[1'<—2—3']
They have the same derived categories
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Applications of Tilting theory
e Group theory

e Lie theory

e Algebraic geometry

e Mirror symmetry

Aim of this talk
Apply Tilting theory to CM representations

| .
.
.
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G : finitely generated abelian group

Assume that R is Gorenstein and G-graded

(ie. R=6D,cq Ry and RyRy C Ryip)

e CMYR : category of G-graded CM R-modules
e CMYR := (CMYR)/[R] : stable category
This is a triangulated category

Key observation

e rank G = 1 = CMYR is often triangle equivalent to

the derived category of a finite dimensional algebra
< CMYR has a tilting object

e rank G = 0 = CMYR is often triangle equivalent to

the cluster category of a finite dimensional algebra
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R =@,.( Ri : Z-graded Gorenstein k-algebra

e [Happel, Yamaura] dim R = 0 and gl.dim Ry < co =
CMZR has a tilting object T := D=0 R(i)0

Example : R = k[z]/(2") = End%(T) ~ kA,

e [Buchweitz-1.-Yamaura, in prepration]
A result for d =1
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o [Geigle-Lenzing, Kajiura-Saito-Takahashi]
R is a simple singularity with dm R =2 —
CMZR has a tilting object and CMZR ~ Db(mod kQ)

In this case, the preprojective algebra 11 and an
idempotent e € Il satisfy elle = R and I1y/(e) = kQ

e [Amiot-|.-Reiten]
A result replacing I1 by a Z-graded (d + 1)-Calabi-Yau
algebra with Gorenstein parameter 1

e [Ueda, lyama-Takahashi, Mori-Ueyamal]
Results for quotient singularities
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Geigle-Lenzing complete intersection

d = 1 [Geigle-Lenzing, 1987]
d > 0 [Herschend-l.-Minamoto-Oppermann, 2014]

o k : field

ed>0

o C:=k[Ty,..., Ty : polynomial algebra
en >0

o /(,....0, € C: linear forms

® p1,...,pn > 2 integers (weights)

Definition

e R:=C[Xy,...,X,))/(XP' =4 |1 <i<n)
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e [L is an abelian group of rank one
e [?is an L-graded k-algebra : deg T} := ¢, deg X; :=
e R is a complete intersection ring in dimension d + 1

Definition

(R,L) : Geigle-Lenzing (GL) complete intersection <>

V at most d + 1 elements from ¢4, ..., ¢, are linearly
independent

o Ext%(k, R(&)) ~ k (i.e. R has an a-invariant J) for
di=Mn—-d-1)c=> "%

e Auslander-Reiten duality
Hom, 4.5 (X,Y) = DExtyoqup(Y, X(3))
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en<d+1<= Risregular
en=d+ 2 <= R is a hypersurface
R~ k[Xy,..., Xapo) /O i X))
e Thecase d =0
R~ k[Xy, - Xo] /(X7 — il X7 )a<izn

The case d =1

(R,L) is the weighted projective line of Geigle-Lenzing
R~ Kk[Xq, - Xu] /(X — an X7 — @2 X5 )3<i<n

e domestic < (p,q), (2,2,p), (2,3,3), (2,3,4), (2,3,5)

In this case the Veronese subring R“) is a simple
singularity in dimension 2 and CMER ~ CMZR®)
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Theorem [HIMO]

3 a finite dimensional k-algebra A“M and
a triangle equivalence CM*R ~ DP(mod A™M)

The case n = d + 2 : [Kussin-Meltzer-Lenzing] (d = 1),
[Futaki-Ueda], [Ballard-Favero-Katzarkov|

e L has a partial order :
T > g<:> f—gE <afla--';fn>monoid
e d:=di+25 €L
™M .
o AV = (Rf_g‘)ogf,gg

k-algebra by product in R and matrix multiplication

5. CM-canonical algebra
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Example : n=d+ 2 =

5= Y (i — 27 and AN — @ kA,
Example : d = 1 with weights (2,3,4)

R = k[X1, Xo, X3]/(a1 X} + o X3 + a3 X3)

———> T+ T3 —>§ = I + 273

T T

Z'3 23

AM = LA, ® kAs

O%—E}l

Corollary (Knorrer periodicity)

(R,L), (R',L") : GL hypersurfaces with weights

(ph 000 7pd—|—2) and (27])1, s 7pd+2) reSpeCtiVGIy —
CMER ~ CMY R
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Example : d = 1 with weights (2,2, 2, 3)
k[XlaX27X3aX4]

R =
(X32 — Oz31X12 — Oz32X22, XZZ’ — Oz41X12 — Oz42X22)

ACM
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Idea of proof of CM"“R ~ D®(mod AM)

e [Buchweitz, Orlov] DP(mod “R)/K®(proj“R) ~ CM"R
e (—)* := RHomp(—, R) : D*(mod“R) ~ D*(mod ™ R)
e Step 1 :

Let X := {X € D’(mod™R) | X* € D’(mod "+ R)}
By Orlov's semiorthogonal decomp., the composition

X C D°(mod“R) — CM"R is an equivalence

e Step 2 : Show X = D°(mod ("9 R) by regular sequence

e Step 3 : Show mod "9 R ~ mod AM by Morita theory
[]
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(R,L) : CM-finite <= there are only finitely many
indecomposable objects in CM™R up to degree shift

e [Geigle-Lenzing] For d = 1, CM-finite <= domestic

Corollary (Classification) [HIMO]

(R,L) : GL complete intersection is CM-finite
< en<d+1 (i.e. Risregular) or

e n = d + 2 and weights are (2,...,2,2,p),
(2,...,2,3,3), (2,...,2,3,4), (2,...,2,3,5)
(i.e. R is domestic up to Knorrer periodicity)
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Higher Auslander-Reiten theory

Definition
A full subcategory C C CMER is d-cluster tilting <=

C={XeCM-R|Vie[l,d—1] Ext’ . .(C,X)=0}
={X eCMER | Vi€ [l,d—1] Ext' . (X,C) =0}

and C is functorially finite

In this case
e C = C(&) holds
e C has d-Auslander-Reiten sequences
0—>XW)—-C41—>-—Ch—X—=0
e C has d-fundamental sequences
0> RW) —-Cq41—--—>Cy—R—0
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Definition

(R,L) : d-CM-finite

<= 3C c CMER : d-cluster tilting subcategory s.t. C
contains only finitely many isoclasses of indecomposable
objects up to shift by Zw

d =1 = CM-finite=1-CM-finite
e Define a group homomorphism d : L. — Z by
— 7.) = L
d(c) =1, d(z;) = o
edd)=n—-d-1->", 1

i=1 p,;

e (R,IL): Fano <— d(&) <0

Example : For d =1, Fano <= domestic
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Theorem (Criterion for d-CM-finiteness) [HIMO]
(R,L) : GL complete intersection
Then (a)=(b)+(c) holds
(a) 3 finite dimensional k-algebra A s.t.

gl.dim A < d and CM"R ~ D"(mod A)
R,L) is d-CM-finite
R,LL) is Fano

(b) (
() (

Example : These conditions are satisfied if
en<d+1or
e n =d + 2 and weights are

(2,2,]73,]94, <. 7pn); (2,3,3,]94, SR 7pn)r
(273a4ap47 cee 7pn)r (27375ap47 cee apn)
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Example : d = 2 with weights (2,2,4,5)
R = k[Xl,XQ,Xg,X4]/(CY1X12 + OéQX22 + 053)(;5L + 054X2)

./.\\

TN 7N
AM = EAs @ kA, 7 N7 N 40
\\./ N
N gt

A 2-cluster tilting subcategory C C CMMR :

| . ./o\ ./o\
R A A W A AN
/\.mm\/'
I P AN AN
\/. \;/. \/.

4
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All conditions (a), (b) and (c) are equivalent
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